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Preface

This book is about the interplay between algebraic topology and the theory
of infinite discrete groups. I have written it for three kinds of readers. First,
it is for graduate students who have had an introductory course in algebraic
topology and who need bridges from common knowledge to the current re-
search literature in geometric and homological group theory. Secondly, I am
writing for group theorists who would like to know more about the topological
side of their subject but who have been too long away from topology. Thirdly,
I hope the book will be useful to manifold topologists, both high- and low-
dimensional, as a reference source for basic material on proper homotopy and
locally finite homology.

To keep the length reasonable and the focus clear, I assume that the reader
knows or can easily learn the necessary algebra, but wants to see the topology
done in detail. Scattered through the book are sections entitled “Review of ...”
in which I give statements, without proofs, of most of the algebraic theorems
used. Occasionally the algebraic references are more conveniently included in
the course of a topological discussion. All of this algebra is standard, and can
be found in many textbooks. It is a mixture of homological algebra, combina-
torial group theory, a little category theory, and a little module theory. I give
references.

As for topology, I assume only that the reader has or can easily reacquire
knowledge of elementary general topology. Nearly all of what I use is sum-
marized in the opening section. A prior course on fundamental group and
singular homology is desirable, but not absolutely essential if the reader is
willing to take a very small number of theorems in Chap. 2 on faith (or, with
a different philosophy, as axioms). But this is not an elementary book. My
maxim has been: “Start far back but go fast.”

In my choice of topological material, I have tried to minimize the overlap
with related books such as [29], [49], [106], [83], [110], [14] and [24]. There is
some overlap of technique with [91], mainly in the content of my Chap. 11,
but the point of that book is different, as it is pitched towards problems in
geometric topology.



VIII  Preface

The book is divided into six Parts. Parts I and III could be the basis for a
useful course in algebraic topology (which might also include Sects. 16.1-16.4).
I have divided this material up, and placed it, with group theory in mind.
Part II is about finiteness properties of groups, including both the theory
and some key examples. This is a topic that does not involve asymptotic or
end-theoretic invariants. By contrast, Parts IV and V are mostly concerned
with such matters — topological invariants of a group which can be seen “at
infinity.” Part VI consists of essays on three important topics related to, but
not central to, the thrust of the book.

The modern study of infinite groups brings several areas of mathematics
into contact with group theory. Standing out among these are: Riemannian
geometry, synthetic versions of non-positive sectional curvature (e.g., hyper-
bolic groups, CAT(0) spaces), homological algebra, probability theory, coarse
geometry, and topology. My main goal is to help the reader with the last of
these.

In more detail, I distinguish between topological methods (the subject of
this book) and metric methods. The latter include some topics touched on here
in so far as they provide enriching examples (e.g., quasi-isometric invariants,
CAT(0) geometry, hyperbolic groups), and important methods not discussed
here at all (e.g., train-tracks in the study of individual automorphisms of
free groups, as well as, more broadly, the interplay between group theory and
the geometry of surfaces.) Some of these omitted topics are covered in recent
books such as [48], [134], [127], [5] and [24].

I am indebted to many people for encouragement and support during a
project which took far too long to complete. Outstanding among these are
Craig Guilbault, Peter Hilton, Tom Klein, John Meier and Michael Mihalik.
The late Karl Gruenberg suggested that there is a need for this kind of book,
and I kept in mind his guidelines. Many others helped as well — too many to
list; among those whose suggestions are incorporated in the text are: David
Benson, Robert Bieri, Matthew Brin, Ken Brown, Kai-Uwe Bux, Dan Far-
ley, Wolfgang Kappe, Peter Kropholler, Francisco Fernandez Lasheras, Gerald
Marchesi, Holgar Meinert, Boris Okun, Martin Roller, Ralph Strebel, Gadde
Swarup, Kevin Whyte, and David Wright.

I have included Source Notes after some of the sections. I would like to
make clear that these constitute merely a subjective choice, mostly papers
which originally dealt with some of the less well-known topics. Other papers
and books are listed in the Source Notes because 1 judge they would be useful
for further reading. I have made no attempt to give the kind of bibliography
which would be appropriate in an authoritative survey. Indeed, I have omitted
attribution for material that I consider to be well-known, or “folklore,” or (and
this applies to quite a few items in the book) ways of looking at things which
emerge naturally from my approach, but which others might consider to be
“folklore”.

Lurking in the background throughout this book is what might be called
the “shape-theoretic point of view.” This could be summarized as the transfer



Preface IX

of the ideas of Borsuk’s shape theory of compact metric spaces (later enriched
by the formalism of Grothendieck’s “pro-categories”) to the proper homotopy
theory of ends of open manifolds and locally compact polyhedra, and then, in
the case of universal covers of compact polyhedra, to group theory. I originally
set out this program, in a sense the outline of this book, in [68]. The forma-
tive ideas for this developed as a result of extensive conversations with, and
collaboration with, David A. Edwards in my mathematical youth. Though
those conversations did not involve group theory, in some sense this book is
an outgrowth of them, and I am happy to acknowledge his influence.

Springer editor Mark Spencer was ever supportive, especially when I made
the decision, at a late stage, to reorganize the book into more and shorter
chapters (eighteen instead of seven). Comments by the anonymous referees
were also helpful.

I had the benefit of the TeX expertise of Marge Pratt; besides her ever pa-
tient and thoughtful consideration, she typed the book superbly. I am also
grateful for technical assistance given me by my mathematical colleagues
Collin Bleak, Keith Jones and Erik K. Pedersen, and by Frank Ganz and
Felix Portnoy at Springer.

Finally, the encouragement to finish given me by my wife Suzanne and my
sons Niall and Michael was a spur which in the end I could not resist.

Binghamton University (SUNY Binghamton),
May 2007

Ross Geoghegan



X Preface
Notes to the Reader

1. Shorter courses: Within this book there are two natural shorter courses.
Both begin with the first four sections of Chap. 1 on the elementary topology
of CW complexes. Then one can proceed in either of two ways:

e The homotopical course: Chaps. 3, 4, 5 (omitting 5.4), 6, 7, 9, 10, 16 and
17.
e The homological course: Chaps. 2, 5, 8, 11, 12, 13, 14 and 15.

2. Notation: If the group G acts on the space X on the left, the set of orbits
is denoted by G\ X; similarly, a right action gives X/G. But if R is a commu-
tative ring and (M, N) is a pair of R-modules, I always write M /N for the
quotient module. And if A is a subspace of the space X, the quotient space is
denoted by X/A.

The term “ring” without further qualification means a commutative ring
with 1 # 0.

I draw attention to the notation X < A where A is a subcomplex of the
CW complex X. This is the “CW complement”, namely the largest subcom-
plex of X whose 0-skeleton consists of the vertices of X which are not in
A. If one wants to stay in the world of CW complexes one must use this as
“complement” since in general the ordinary complement is not a subcomplex.

The notations A := B and B =: A both mean that A (a new symbol) is
defined to be equal to B (something already known).

As usual, the non-word “iff” is short for “if and only if.”

3. Categories: | assume an elementary knowledge of categories and func-
tors. I sometimes refer to well-known categories by their objects (the word is
given a capital opening letter). Thus Groups refers to the category of groups
and homomorphisms. Similarly: Sets, Pointed Sets, Spaces, Pointed Spaces,
Homotopy (spaces and homotopy classes of maps), Pointed Homotopy, and
R-modules. When there might be ambiguity I name the objects and the mor-
phisms (e.g., the category of oriented CW complexes of locally finite type and
CW-proper homotopy classes of CW-proper maps).

4. Website: I plan to collect corrections, updates etc. at the Internet website

math.binghamton.edu/ross/tmgt

I also invite supplementary essays or comments which readers feel would
be helpful, especially to students. Such contributions, as well as corrections
and errata, should be sent to me at the web address

ross@math.binghamton.edu
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PART I: ALGEBRAIC TOPOLOGY FOR
GROUP THEORY

We have gathered into Part I some topics in algebraic and geometric topology
which are useful in understanding groups from a topological point of view:
CW complexes, cellular homology, fundamental group, basic homotopy theory,
and the most elementary ideas about manifolds and piecewise linear methods.
While starting almost from the beginning (though some prior acquaintance
with singular homology is desirable) we give a detailed treatment of cellular
homology. In effect we present this theory twice, a formal version derived from
singular theory and a geometrical version in terms of incidence numbers and
mapping degrees. It is this latter version which exhibits “what is really going
on”: experienced topologists know it (or intuit it) but it is rarely written down
in the detail given here.

This is followed by a discussion of the fundamental group and covering
spaces, done in a combinatorial way appropriate for working with CW com-
plexes. In particular, our approach makes the Seifert-Van Kampen Theorem
almost a tautology.

We discuss some elementary topics in homotopy theory which are useful
for group theory. Chief among these are: ways to alter a CW complex with-
out changing its homotopy type (e.g. by homotoping attaching maps, by cell
trading etc.), and an elementary proof of the Hurewicz Theorem based on
Hurewicz’s original proof.*

We end by explaining the elementary geometric topology of simplicial com-
plexes and of topological and piecewise linear manifolds.

* Modern proofs usually involve more sophisticated methods.
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CW Complexes and Homotopy

CW complexes are topological spaces equipped with a partitioning into com-
pact pieces called “cells.” They are particularly suitable for group theory: a
presentation of a group can be interpreted as a recipe for building a two-
dimensional CW complex (Example 1.2.17), and we will see in later chapters
that CW complexes exhibit many group theoretic properties geometrically.

Beginners in algebraic topology are usually introduced first to simplicial
complexes. A simplicial complex is (or can be interpreted as) an especially nice
kind of CW complex. In the long run, however, it is often unnatural to be
confined to the world of simplicial complexes, in particular because they often
have an inconveniently large number of cells. For this reason, we concentrate
on CW complexes from the start. Simplicial complexes are treated in Chap.
5.

1.1 Review of general topology

We review, without proof, most of the general topology we will need. This
section can be used for reference or as a quick refresher course. Proofs of all
our statements can be found in [51] or [123], or, in the case of statements
about k-spaces, in [148].

A topology on a set X is a set, 7, of subsets of X closed under finite
intersection and arbitrary union, and satisfying: § € 7, X € 7. The pair
(X,T) is a topological space (or just space). Usually we suppress 7, saying
“X is a space” etc. The members of T are open sets. If every subset of X
is open, 7 is the discrete topology on X. The subset F' C X is closed if the
complementary subset! X — F is open. For A C X, the interior of A in X,
intx A, is the union of all subsets of A which are open in X; the closure of

! Throughout this book we denote the complement of A in X by X — A. More
often, we will need X < A, the CW complement of A in X (where X is a CW
complex and A is a subcomplex). This is defined in Sect. 1.5.
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A in X, clx A, is the intersection of all closed subsets of X which contain
Aj; the frontier of A in X, frxA, is (clxA)N (clx (X — A)). The frontier is
often called the “boundary” but we will save that word for other uses. The
subscript X in inty, clx, and frx is often suppressed. The subset A is dense
in X if clx A = X; A is nowhere dense in X if intx (clx A) = 0.

If S is a set of subsets of X and if 7(S) is the topology on X consisting
of all unions of finite intersections of members of S, together with X and 0,
S is called a subbasis for T(S).

A neighborhood of x € X [resp. of A C X]is a set N C X such that for
some open subset U of X, z € U C N, [resp. A C U C NJ.

For AC X, {UNA|U € T} is a topology on A, called the inherited
topology; A, endowed with this topology, is a subspace of X. A pair of spaces
(X, A) consists of a space X and a subspace A. Similarly, if B C A C X,
(X, A, B) is a triple of spaces.

A function f : X — Y, where X and Y are spaces, is continuous if
whenever U is open in Y, f~}(U) is open in X. A continuous function is also
called a map. A map of pairs f : (X,A) — (Y,B)isamap f : X - Y
such that f(A) C B. If (X, A) is a pair of spaces, there is an inclusion map
i: A — X, a— a; another useful notation for the inclusion map is A — X.
In the special case where A = X, i is called the identity map, denoted idx :

X — X. The composition XLy 9.7 of maps f and g is a map, denoted
gof: X —->Z fACX,and f: X Y isamap, f| A: A— Y is the

composition 4 — X £, Y; f| A is the restriction of f to A.

A function f: X — Y is closed [resp. open] if it maps closed [resp. open]
sets onto closed [resp. open] sets.

A homeomorphism f: X — Y is a map for which there exists an inverse,
namely a map f~! :Y — X such that f~'o f = idx and fo f~! = idy.
A topological property is a property preserved by homeomorphisms. If there
exists a homeomorphism X — Y then X and Y are homeomorphic. Obviously
a homeomorphism is a continuous open bijection and any function with these
properties is a homeomorphism.

If f: X - Y isamap, and f(X) C V CY, there is an induced map
X =V, z— f(z); this induced map is only formally different from f insofar
as its target is V rather than Y. More rigorously, the induced map is the
unique map making the following diagram commute

This induced map X — V is sometimes called the corestriction of f to V.
The map f : X — Y is an embedding if the induced map X — f(X) is
a homeomorphism; in particular, if A is a subspace of X, A — X is an
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embedding. The embedding f : X — Y is a closed embedding if f(X) is
closed in Y f is an open embedding if f(X) is open in Y.

Let X; and X5 be spaces. Their product X1 x X5 is the set of ordered
pairs (x1,x2) such that 1 € X; and zo € X5, endowed with the product
topology; namely, U C X; X Xo is open if for each (z1,22) € U there are
open sets U in X7 and Us in X3 such that (z1,22) € Uy x Uy C U. There
are projection maps X2 X, % X2£X2, (xl,xg)lﬁmci; the product topol-
ogy is the smallest topology making the functions p; and ps continuous. All

finite products, ]._.[Xi’ are defined similarly, and if each X; = X, we use the
i=1
alternative notation X™; X! and X are identical. There is a convenient way

n
of checking the continuity of functions into products: f : 7 — HXi is con-
i=1
tinuous if p; o f : Z — X is continuous for each j, where p;(z1,...,2,) = ;.
n

In addition to being continuous, each projection HXi — X is surjective and
i=1

maps open sets to open sets. The product f1 X fo : X1 x Xo — Y7 x Y5 of
maps is a map.

In the case of an arbitrary product, H X, of spaces X, a subset U is

acA

open if for each point (z,) there is a finite subset B C A, and for each o € B
an open neighborhood U, of z, in X, such that (z,) € H U, C U where

acA
U, = X, whenever a ¢ B. This is the smallest topology with respect to which

all projections are continuous. As in the finite case, continuity of maps into
an arbitrary product can be checked by checking it coordinatewise, and the
product of maps is a map.

When we discuss k-spaces, below, it will be necessary to revisit the subject
of products.

One interesting space is R, the real numbers with the usual topology:
U C R is open if for each x € U there is an “open” interval (a,b) such
that € (a,b) C U. “Open” intervals are open in the usual topology! Our
definition of X™ defines in particular Euclidean n-space R™. Many of the spaces
of interest are, or are homeomorphic to, subspaces of R™ or are quotients of
topological sums of such spaces (these terms are defined below).

Some particularly useful subspaces of R™ are
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N = the non-negative integers;
n
B" = {z € R" | |z| < 1} = the n-ball where |z|? = fo,
i=1

S = frgn B™ = the (n — 1)- sphere;
=001 C R;
R} = {z € R" | z,, > 0};
R ={z e R" | z, < 0}.

Addition and scalar multiplication in R™ are continuous. R? and B? are other
notations for {0}, and, although —1 ¢ N, it is convenient to define S~ = .
An n-ball [resp. an (n — 1)-sphere] is a space homeomorphic to B™ [resp.
Snfl]'

It is often useful not to distinguish between (z1,...,z,) € R™ and
(1,...,2,,0) € R™ 1 that is, to identify R™ with its image under that
closed embedding R"® — R™*+!. This is implied when we write S*~! C S,
B" ¢ B™t! etc.

Let X be a space, Y a set, and p : X — Y a surjection. The quotient
topology on Y with respect to p is defined by: U is open in Y iff p~1(U) is
open in X. Typically, Y will be the set of equivalence classes in X with respect
to some given equivalence relation, ~, on X, and p(z) will be the equivalence
class of z; Y is the quotient space of X by ~, and Y is sometimes denoted
by X/~. More generally, given spaces X and Y, a surjection p: X — Y is a
quotient map if the topology on Y is the quotient topology with respect to p
(i.e., U C Y is open if p~1(U) is open in X). Obviously, quotient maps are
continuous, but they do not always map open sets to open sets. The subset
A C X is saturated with respect to p if A = p~1(p(A)); if A is saturated
and open, p(A) is open. There is a convenient way of checking the existence
and continuity of functions out of quotient spaces: in the following diagram,
where f: X — Z is a given map, and p: X — X/~ is a quotient map, there
exists a function f’ making the diagram commute iff f takes entire equivalence
classes in X to points of Z. Moreover, if the function f’ exists it is unique and

continuous.

X/~

If A C X, and the equivalence classes under ~ are A and the sets {z} for
x € X — A then X/~ is also written X/A.

If p: X — Y is a quotient map and B C Y, one sometimes wishes to claim
that p| : p~1(B) — B is a quotient map. This is not always true, but it is true
if B is an open subset or a closed subset of Y.

A closely related notion is that of “weak topology”. Let X be a set, and
let {Ao | @ € A} be a family of subsets of X, such that each A, has a
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topology. The family of spaces {A, | « € A} is suitable for defining a weak
topology on X if (i) X = UAO“ (ii) for all o, 8 € A, Ay N Ap inherits the

(e}

same topology from A, as from Ag, and (iii) either (a) Ao NAg is closed both
in A, and in Ag for all o, 5 € A, or (b) A, N Ap is open both in A4, and in
Ag for all o, 8 € A. The weak topology on X with respect to {Aq | @ € A} is
{UC X |UNA, is open in A, for all « € A}. This topology has some useful
properties: (i) S C X is closed [resp. open] if SN A, is closed [resp. open] in
A, for all « (ii) each A, inherits its original topology from the weak topology
on X; (iii) there is a convenient way of checking the continuity of functions
out of weak topologies: a function f : X — Z is continuous iff for each «,
f | Aa: Aa — Z is continuous; (iv) if (a) in the above definition of suitability
holds then each A, is closed in X, while if (b) holds each A, is open in X. By
custom, if one asserts that X has the weak topology with respect to {A,}, it
is tacitly assumed (or must be checked) that {A,} is suitable for defining a
weak topology on X.

Given a family of spaces {X, | a € A} (which might not be pairwise

disjoint), their topological sum is the space HXO‘ whose underlying set

acA
is J{Xa x {a} | @ € A} and whose topology is generated by (i.e., is the

smallest topology containing) {U x {a} | U is open in X, }. There are closed-

and-open embeddings ig : Xg — HXQ, x — (z,0), for each 8 € A. The

acA
point is: ig(Xg) Nia(Xe) = 0 when 8 # «. In practice, the inclusions ig are

often suppressed, and one writes Xg for X5 x {#} when confusion is unlikely.

In the case of finitely many spaces X1, ..., X, their topological sum is also
n

written as HXi or X1 II...II X,,. The previously mentioned weak topology
i=1
on X with respect to {A, | @ € A} is the same as the quotient topology
obtained from p : H Ay — X, (a,a) — a.
acA

A family {A, | « € A} of subsets of a space X is locally finite if for each
2 € X there is a neighborhood N of z such that NN A, = () for all but finitely
many « € A.

It is often the case that one has: spaces X and Y, a family {A, | « € A}
of subsets of X whose union is X, and a function f : X — Y such that
f | Ay : Ay — Y is continuous for each «, where A, has the inherited
topology. One wishes to conclude that f is continuous. This is true if every
A, is open in X. It is also true if every A, is closed in X and {A,} is a locally
finite family of subsets of X.

An open cover of the space X is a family of open subsets of X whose union
is X. A space X is compact if every open cover of X has a finite subcover. If
f: X — Y is a continuous surjection and if X is compact, then Y is compact.
Products and closed subsets of compact spaces are compact. In particular,
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closed and bounded subsets of R™ are compact, since, by the well-known
Heine-Borel Theorem, I is compact. The space X is locally compact if every
point of X has a compact neighborhood. The space R is locally compact but
not compact.

The space X is Hausdorff if whenever x # y are points of X, z and y have
disjoint neighborhoods. A compact subset of a Hausdorff space is closed. In
particular, one-point subsets are closed. If X is compact and Y is Hausdorff,
any continuous bijection X — Y is a homeomorphism and any continuous sur-
jection X — Y is a quotient map. Products, topological sums, and subspaces
of Hausdorff spaces are Hausdorff. The space R is clearly Hausdorff, hence all
subsets of R™ are Hausdorfl. In general, a quotient space of a Hausdorff space
need not be Hausdorff; example: X = R, x ~ y if either z and y are rational
or x =y.

A Hausdorff space X is a k-space (or compactly generated space) if X has
the weak topology with respect to its compact subsets; for example, locally
compact Hausdorff spaces are k-spaces. (The Hausdorff condition ensures that
the compact subsets form a family suitable for defining a weak topology.)
One might wish that a category whose objects are k-spaces should be closed
under the operation of taking finite products, but this is not always the case.
However, there is a canonical method of “correcting” the situation: for any
Hausdorff space X one defines kX to be the set X equipped with the weak
topology with respect to the compact subspaces of X. Indeed, this k defines
a functor from Spaces to k-Spaces, with kf defined in the obvious way for
every map f. In the category of k-spaces one redefines “product” by declaring
the product of X and Y to be k(X x Y). This new kind of product has all
the properties of “product” given above, provided one consistently replaces
any space occurring in the discussion by its image under k. The main class of
spaces appearing in this book is the class of CW complexes, whose definition
and general topology are discussed in detail in the next section; CW complexes
are k-spaces. It should be noted that throughout this book, when we discuss
the product of two CW complexes, the topology on their product is always to
be understood in this modified sense.

A path? in the space X is a map w : I — X; its initial point is w(0)
and its final point is w(1). A path in X from © € X to y € X is a path
whose initial point is  and whose final point is y. Points z,y € X are in the
same path component if there is a path in X from x to y. This generates an
equivalence relation on X; an equivalence class, with the topology inherited
from X, is called a path component of X. The space X is path connected if X
has exactly one path component. The empty space, (3, is considered to have no
path components, hence it is not path connected. The set of path components
of X is denoted by mo(X). If z € X the notation mo(X, ) is used for the
pointed set whose base point is the path component of x.

2 Sometimes it is convenient to replace I by some other closed interval [a, b].



1.1 Review of general topology 9

A space X is connected if whenever X = U UV with U and V disjoint
and open in X then either U = () or V = (. A component of X is a maximal
connected subspace. Components are pairwise disjoint, and X is the union of
its components. The empty space is connected and has one component.

X is locally path connected if it satisfies any of three equivalent conditions:
(i) for every x € X and every neighborhood U of x there is a path connected
neighborhood V of z such that V' C U; (ii) for every x € X and every neigh-
borhood U of = there is a neighborhood V' of x lying in a path component of
U; (iii) each path component of each open subset of X is an open subset of X.
Each path component of a space X lies in a component of X. For non-empty
locally path connected spaces, the components and the path components co-
incide. In particular, this applies to non-empty open subsets of R™ or B™ or
S™ or R%} or I.

A metric space is a pair (X,d) where X isasetandd: X x X > Risa
function (called a metric) satisfying (i) d(z,y) > 0 and d(z,y) = 0 iff x = y;
(ii) d(z,y) = d(y, x); and the triangle inequality (iii) d(z, z) < d(z,y)+d(y, 2).
For x € X and r > 0 the open ball of radius r about x is

By(z) ={y € X | d(z,y) <r}.
The closed ball of radius r about x is
B, (x) = {y € X | d(z,y) <r}

The diameter of A C X is diam A = sup{d(a,a’) | a,a’ € A}. The metric d
induces a topology 7y on X: U € 7y iff for every x € U there is some r > 0
such that B,(x) C U. Two metrics on X which induce the same topology
on X are topologically equivalent. A topological space (X, 7) is metrizable if
there exists a metric d on X which induces 7. Metrizable spaces are Hausdorff.
Countable products of metrizable spaces are metrizable. The Fuclidean metric
on R™ is given by d(z,y) = |x — y|.

A family {U,} of neighborhoods of the point z in the space X is a basis for
the neighborhoods of x if every neighborhood of x has some U,, as a subset. The
space X is first countable if there is a countable basis for the neighborhoods
of each « € X. Every metrizable space is first countable, so the absence of this
property is often a quick way to show non-metrizability. Every first countable
Hausdorff space, hence every metrizable space, is a k-space.

If X and Y are spaces, we denote by C(X,Y") the set of all maps X — Y
endowed with the compact-open topology: for each compact subset K of X
and each open subset U of Y let (K,U) denote the set of all f € C(X,Y)
such that f(K) C U; the family of all such sets (K,U) is a subbasis for
this topology. An important feature is that the exponential correspondence
C(X xY,Z) — C(X,C(Y,2)), f — f where f(z)(y) = f(z,y), is a well-
defined bijection when Y is locally compact and Hausdorff, and also when all
three spaces are k-spaces, with “product” understood in that sense. The map

f is called the adjoint of the map f and vice versa. When X is compact and
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(Y,d) is a metric space the compact-open topology is induced by the metric

p(f,9) = sup{d(f(z), 9(z)) | x € X}

1.2 CW complexes

We begin by describing how to build a new space Y from a given space A by
“gluing n-balls to A along their boundaries.”

Let A be an indexing set, let n > 0, and let B"(A) = HB;L where

acA
each B = B", i.e., the topological sum of copies of B" indexed by A. Let
S"H(A) = ]_[53—1 where S7~! = §"71 Let f: S" 1(A4) — A be a map.
acA

Let ~ be the equivalence relation on A[]B™(A) generated by: z ~ f(x)
whenever x € S"!(A). Then the quotient space Y := (A]] B"(A))/~ is the
space obtained by attaching B™(A) to A using f. See Fig. 1.1.

Proposition 1.2.1. Let ¢ : A[[B"(A) — Y be the quotient map taking each
point to its equivalence class. Then q | A: A —Y is a closed embedding, and
q| B"(A) — S""1(A) is an open embedding.

Proof. Equivalence classes in A]] B"(A) have the form {a} U f~!(a) with
a € A, or the form {z} with z € B"(A) — S""!(A). Thus ¢ | A and ¢ |
B"(A) — S""1(A) are injective maps. If C is a closed subset of A, ¢~ 1¢(C) =
f~Y(C) U C which is closed in A[][ B"(A), hence ¢(C) is closed in Y. Thus
q | Ais a closed embedding. If U is an open subset of B"(A) — S""1(A),
q 1q(U) = U, hence ¢(U) is open in Y. Thus q | B"(A) — S~ 1(A) is an open
embedding. O

There is some terminology and notation to go with this construction. In
view of 1.2.1, it is customary to identify a € A with ¢(a) € Y and hence to
regard A as a closed subset of Y. Let el? = ¢(B?). The sets e’ are called the
n-cells of the pair (Y, A). Let e” = e — A. By 1.2.1, € is open in Y. Let?
e" = e" N A. The map qo := q | B" : (B",5"1) — (e",e") is called the
characteristic map for the cell e?. The map f, = f | STt : 571 — Ais
called the attaching map for the cell el). The map f itself is the simultaneous
attaching map.

Before proceeding, consider some simple cases: (i) If Y is obtained from A
by attaching a single 0-cell then Y is A][{p} where p is a point and p & A;
this is because B is a point and S~! is empty. (ii) If Y is obtained from A
by attaching a 1-cell then the image of the attaching map f: S° — A might
meet two path components of A, in which case they would become part of a

L] . . o . . .
3 &7 is sometimes called the “boundary” of e?, and e” is the “interior” of eZ.

Distinguish this use of “interior” from how the word is used in general topology
(Sect. 1.1) and in discussing manifolds (Sect. 5.1).
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single path component of Y; or this image might lie in one path component
of A, in which case it might consist of two points (an embedded 1-cell) or one
point (a 1-cell which is not homeomorphic to B'). (iii) When n > 2 the image
of the attaching map f: S"~! — A lies in a single path component of A.

Proposition 1.2.2. If A is Hausdorff, Y is Hausdorff. Hence e}, = cly Eg

Proof. Let y1 # y2 € Y. We seek saturated disjoint open subsets Uy, Us C
B"(A) ] A whose images contain y; and yo respectively. There are three cases:
(1) ¢ (y;) = {2} where z; € B"(A)—S""(A) fori = 1,2; (ii) ¢ 1 (y1) = {1}
where 21 € B"(A)—S""1(A) and ¢~ (y2) = {aa}Uf !(a2) where az € A; (iii)
q¢ Y(yi) = {a;} U f~1(a;) where a; € Afor i = 1,2. In Case (i), pick U; and Us
to be disjoint open subsets of B"(A) — S"~!(A) containing z; and z: these
clearly exist and are saturated. In Case (ii) let z; € B? — S"~! where a € A.
There is clearly an open set U, containing z1, whose closure lies in B? —S1~1.
Then U and the complement of ¢l U are the required saturated sets. In Case
(iii), use the fact that A is Hausdorff to pick disjoint open subsets W; and
Wo of A containing a; and ag. Then f~1(W7) and f~1(W3) are disjoint open
subsets of S"~1(A). There exist disjoint open subsets V7 and Va of B"(A) such
that V;NS"~1(A) = f~1(W;) (exercise!). The sets V; UW; and VoUW are the
required saturated sets. So Y is Hausdorft. It follows that e}, being compact, is
closedin Y. Soclye™ C e. Since ¢~ (clye ™)NB" is closed in B and contains
B — 871 B" g (clyen). So e = q(B") C q(q (clye™)) = clye”. O

We have described the space Y in terms of (4, A,n, f : S"71(A) — A).
Note that there is a bijection between A and the set of path components of
Y — A. In practice, we might not be dealing with the pair (¥, A) but with a
pair “equivalent” to it: we now say what this means.

Let (Y, A) be a pair, and let {e, | @ € A} be the set of path components of
Y — A. Let n € N. Y is obtained from A by attaching n-cells if there exists a
quotient map p : A[[ B"(A) — Y such that p(S""}(A)) CA,p|A: A=Y,
and p maps B"(A) — S""1(A) homeomorphically onto Y — A. This implies
that A is closed in Y, and that each ga is open in Y. See Fig. 1.1.

Proposition 1.2.3. Let f =p | S"1(A) : S"~}(A) — A. Let X be the space
obtained by attaching B"(A) to A using f. Let ¢ : A[[B"(A) — X be the
quotient map. There is a homeomorphism h : X — Y such that hoq = p.

Proof. Consider the following commutative diagram:

AT B™(A)
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1
S2

£

Y obtained from A by attaching two 2—cells

Fig. 1.1.

By definition of p and ¢, functions i and k exist as indicated. Since p and ¢
are quotient maps, h and k are continuous. By uniqueness of maps induced
on quotient spaces, k o h = id. Similarly h o k = id. ]

Let Y be obtained from the Hausdorff space A by attaching n-cells. Then
Y — A is a topological sum* of copies of B — S"~1. By 1.2.2 and 1.2.3, Y
is Hausdorff. Let p : A[[ B"(A) — Y be as above. Denote p(BZ) by e?; by
1.2.2 and 1.2.3, e} is the closure in Y of a path component of ¥ — A. The

sets e are called n-cells of (Y, A). Write e” = e” — A. As before, e™ is open
in Y. Write é” = e” N A. The map p, := p | B : (B, S" 1) — (e,e)

o
is a characteristic map for the cell e?. The map f, :=p| S"1:8" ! — A
is an attaching map for e”. p | S"71(A) : S""HA) — A is a simultaneous
attaching map. We emphasize the indefinite article in the latter definitions.

They depend on p, not simply on (Y, A), as we now show.

Ezample 1.2.4. Let (Y, A) = (B2, S'). Here Y is obtained from A by attaching
2-cells, since we can take p : S'][B%? — Y to be the identity on B? and
the inclusion on S'. The corresponding attaching map f : S — S! for e?
is the identity map. But we could instead take p’ : S']J[B? — Y to be
r : (x1,22) — (—x1,72) on B? and to be the inclusion on S!. Then the
attaching map f’ : S — S would be r | S!, which is a homeomorphism
but not the identity. Nor is it true that attaching maps are unique up to
composition with homeomorphisms as in the case of f and f’. For example,
define h : I x I — I by (z,0) — 0, (x,%)r—> %Jr%, (x,%) — %f%, (z,1) — 1,
and for each z, h linear on the segments {z} x [0, 1], {z} x [3, 3], {z} x [3,1].
Define p” : ST[[B? — Y to be r €27 s r 271"t on B2 and to be the

4 In fact an exercise in Sect. 2.2 shows that B™ — S™™! is not homeomorphic to
B™ — ™! when m # n, so there is no m # n such that Y is also obtained from
A by attaching m-cells; however, we will not use this until after that section.
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inclusion on S'. Then the attaching map f” : S' — St is €27 1 e2mih(1:t)
(0 <t < 1); f” is constant on {e?™ | % <t < %}, hence f” is not the
composition of f and a homeomorphism.

Proposition 1.2.5. Let A be Hausdorff and let Y be obtained from A by
attaching n-cells. Then the space Y has the weak topology with respect to
{el |a € A} U{A}.

Proof. First, we check that {e” | « € A} U{A} is suitable for defining a weak
topology (see Sect. 1.1). By 1.2.1, A inherits its original topology from Y.

When a # 3, ey Nej = ég N ég which is compact, hence closed in e? and in
€5 (by 1.2.2 and 1.2.3). The subspace e N A = ég is compact, hence closed
in A and in e}}. Next, let C C Y be such that C N A is closed in A and C'Nel
is closed in e for all . We have p~1(C) = Up;l(C’ Ne.)U(CnA). Each

«
term in this union is a closed subset of a summand of the topological sum

All (HBE), and different terms correspond to different summands. Hence
«

their union is closed, hence p~1(C) is closed, hence C is closed in Y. O

Proposition 1.2.6. Let A be Hausdorff and let Y be obtained from A by
attaching n-cells. Any compact subset of Y lies in the union of A and finitely
many cells of (Y, A).

Proof. Suppose this were false. Then there would be a compact subset C' of
Y such that C'N 22 # () for infinitely many values of . For each such «, pick
To € 22 NC. Let D be the set of these points z.. For each o, D Ne, contains
at most one point, so D Ne, is closed in e,. And DN A= (. So, by 1.2.5, D
is closed in Y. For the same reason, every subset of D is closed in Y. So D
inherits the discrete topology from Y. Since D C C, D is an infinite discrete
compact space. Such a space cannot exist, for the one-point sets would form
an open cover having no finite subcover. |

Note that, in spite of 1.2.6, a compact set can meet infinitely many cells.

If we are given a pair of spaces (Y, A) how would we recognize that Y is
obtained from A by attaching n-cells? Here is a convenient way of recognizing
this situation:

Proposition 1.2.7. Let (Y, A) be a Hausdorff pair,® let {éq | a € A} be the

set of path components of Y — A, and let n € N. Write e, = clyéq. The space
Y is obtained from A by attaching n-cells if

(i) for each o € A, there exists a map po : (B", 8" 1) — (AU éq4, A) such
that po maps B™ — S™~1 homeomorphically onto ga;

® This is just a short way of saying that (Y, A) is a pair of spaces and Y (hence
also A) is Hausdorfl.
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(ii) Y has the weak topology with respect to {eq | o € A} U {A}.

Proof. If Y is obtained from A by attaching n-cells then (i) is clear and (ii)
follows from 1.2.5. For the converse, we first show that if (i) holds, then the
family of sets {eq | @ € A} U {A} is suitable for defining a weak topology on
Y. Since Y is Hausdorff, the compact set p,(B™) is closed in Y, hence e, :=
clye, C pa(B™). If e, were a proper subset of p,(B™), then p_!(e,) would
be a proper closed subset of B™ containing B™ — S™"~!, which is impossible.
Hence e, = po(B™). It follows that each e, is compact, hence that each e, Neg
is closed in e, and in eg. The fact that e, = po(B™), when combined with
(i), also gives e, N A = po(S™~1); this implies that e, N A is compact, and
therefore closed, in the Hausdorff spaces e, and A. So {e, | a € A} U{A} is
indeed suitable.

Assume (i) and (ii). For each a, we have seen that e, = po(B™). By (i),
o = Pa(B™ — S™71). Hence e, — Co = Pa(S™1) which is closed in e,. Thus
Cq is open in ey, and therefore each eq is an open subset of Y. In particular,
an open subset of eq is open in Y — A.

Define p: A]] B"(A) — Y to agree with p, on BZ and with inclusion on
A. p is onto, and p(S™"1(A)) C A. The restriction p |: B"(A) — S""}(A) —
Y — A is clearly a continuous bijection; to see that it is a homeomorphism,
note that any p, maps an open subset of B” — S”~! homeomorphically onto
an open subset of e, (by (i)) and hence onto an open subset of ¥ — A, since
eq is open in Y — A.

It only remains to show that p is a quotient map. Let C C Y be such
that p=1(C) is closed in AJ] B"(A). Note that p~1(C)N A = CnN A is closed
in A. For each o, p;'(C) N B? = B Np~1(C Ne,) is closed in B?, hence
is compact, hence p,1(C) is closed in B™, hence p,!(C) is compact, hence
C Neq = papyt(C) is compact, hence C N e, is closed in e,. By (ii), C is
closed in Y, so p is a quotient map. (I

In the special case where A is finite this theorem becomes simpler:

Proposition 1.2.8. Let (Y, A) be a Hausdorff pair such that {éq | a € A},
the set of path components of Y — A, is finite. Let n € N. Y is obtained from
A by attaching n-cells if A is closed in'Y and, for each o € A, there is a map
Po : (B™, 8" 1) — (AUEQ, A) such that p, maps B"—S"~! homeomorphically

[e]
onto e,.

Proof. “Only if” is clear. To prove “if”, note that (i) of 1.2.7 is given. Writing
a = clyeq, it follows, as in 1.2.7, that {e, | @ € A} U {A} is suitable for
defining a weak topology on Y. It only remains to check (ii) of 1.2.7. Let
C C Y be such that C' N e, is closed in e, for each o, and C N A is closed in
A. Since A and each e, are closed in Y, C N A and each C Ne, are closed in
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Y. Theset C = (CNA)U UC N ey |, which is a finite union of closed sets,
so C is closed in Y. Thus (i) and (ii) of 1.2.7 hold.

In applying the “if” halves of 1.2.7 and 1.2.8 it is usually easy to check in
a given situation that p, maps B" — S"~! bijectively (and continuously) onto
éa, In general, a continuous bijection is not a homeomorphism. However, given

that our continuous bijection extends to a map p, : (B™, 8"~ !) — (Auéa, A),
and that Y is Hausdorfl, we have:

Proposition 1.2.9. Let (Y, A), {éa | @ € A} and n € N be as in 1.2.7, and
let po = (B™,S"71) — (AU éa,A) be a map such that p, maps B"™ — S"~1
bijectively onto ea. Then P maps B™ — S™~1 homeomorphically onto Ca.

Proof. Since B" is compact, p, : B" — el is a quotient map. The restriction

Po | B — 8"t — ég is a bijective quotient map, hence a homeomorphism.
O

Ezample 1.2.10. The one-point space {v} is obtained from @) by attaching a 0-
cell. The “figure eight”, with topology inherited from R, is obtained from its
center point {v} by attaching two 1-cells. It is also obtained from the discrete
two-point space by attaching three 1-cells; see Fig. 1.2(a). The torus, with
topology inherited from R3, is obtained from the “figure eight” by attaching
a 2-cell; see Fig. 1.2(b). The space Y illustrated in Fig. 1.2(c), with topology
inherited from R?, is not obtained from the indicated subspace A by attaching
a 2-cell, even though Y — A is homeomorphic to B? — S1, because (i) of 1.2.7
fails. The space illustrated in Fig. 1.2(d), with topology inherited from R, is
not obtained from () by attaching 0-cells, because (ii) of 1.2.7 fails. The space
Y illustrated in Fig. 1.2(e), with topology inherited from R?, is not obtained
from A by attaching a 1-cell because (ii) of 1.2.7 fails — this demonstrates the
need, in 1.2.8, for A to be closed in Y.

Now we can define the spaces of interest to us.
A CW complex consists of a space X and a sequence {X" | n > 0} of
subspaces such that

(i) XO is discrete;
(ii) For n > 1, X" is obtained from X"~! by attaching n-cells;

(iii) UX i

(iv) X has the weak topology® with respect to {X"}.

6 By (i)-(iii), {X™} is suitable for defining a weak topology on X.
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It is customary to say “let X be a CW complex,” etc. but two different
CW complexes could have the same underlying space, as in Fig. 1.2(a) for
example. For induction arguments it is convenient to write X ~! = ().

The subspace X™ is called the n-skeleton of the CW complex X. If X = X™
for some n, then the dimension of the CW complex is min{n | X = X"}.
Otherwise the dimension is co. A 1-dimensional CW complex is also called a
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graph.” The CW complex X is countable [resp. has finite type] if each X™ is
obtained from X"~! by attaching countably many [resp. finitely many] n-cells.
The CW complex is finite if it has finitely many cells.

Clearly, each X" is closed in X, and, by 1.2.2, each X™ is Hausdorff. A
little more work shows:

Proposition 1.2.11. Every CW complex is Hausdorff.

Proof. Let X be a CW complex. Let x1 # zo € X. For some n, 1 € X™ and
ro € X™. By 1.2.2 there are disjoint open sets U, and V,, of X™ such that
x1 € U, and 29 € V,,. X" is obtained from X" by attaching (n + 1)-cells.
Let p: X" [[ B""1(A) — X" be a quotient map such that p(S™(A)) C X",
p | X™ = inclusion, and p maps B"T!(A) — S"(A) homeomorphically onto
X+l — X" We find disjoint open subsets of X"*!, U,,; and V1, such
that U,+1 N X" = U,, and V41 N X™ = V,, as follows: just as in the proof
of 1.2.2, there exist disjoint open sets U}, and V,,; of B""!(A) such that
U, 1 NS"(A) =p 1 (U,)NS™(A) and V), N S™(A) = p~ (V) N S™(A); the
required sets are U,y1 = p(U,, 1) UU, and V, 41 = p(V, 1) U V,. Proceed
by induction to build disjoint open subsets of X™, U,, and V,,, such that
UnNX™ !t =U,_1 and V,, N X™ ! = V,,_q, for each m > n + 1. Then

U = U Uy and V = U Vi are disjoint open subsets of X, 1 € U and
m=n m=n
zo € V. O
The n-cells of X are the n-cells of (X™, X"~ 1) as previously defined. If
e is an n-cell of X, €™ = e” — X" ! and é" = " N X""!. An n-cell has
characteristic maps and attaching maps as before. A 0-cell is often called a
vertex.

Proposition 1.2.12. A CW complex X has the weak topology with respect to
its cells.

Proof. This is proved for n-dimensional CW complexes by induction on n,
using 1.2.5. For an arbitrary CW complex X, U C X is open iff U N X" is
open in X™ for all n, iff U Ne? is open in e’ for every i-cell e’ of X such that
i < n and for every n, iff U Ne is open in e for every cell e of X. O

Proposition 1.2.13. A compact subset of a CW complex lies in the union
of finitely many cells. In particular, a CW complex is finite iff its underlying
space is compact.

Proof. Suppose this were false. Then there would be a compact subset C' of
X such that C'Ne, # 0 for infinitely many values of o (where {eq | a € A} is
the set of cells of X). For each such «, pick x, € ¢o N C. Let D be the set of

" In discussing graphs it is sometimes sensible to enlarge the definition to include
0-dimensional (i.e., discrete) CW complexes and we will occasionally do this.
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these points z,. By an induction argument similar to that given in the proof
of 1.2.6, DN X™ is finite for each n. So every subset of D is closed in X. As in
the proof of 1.2.6, one concludes that D is an infinite discrete compact space,
a contradiction. O

Here is a way of recognizing that a given space admits the structure of a
CW complex.

Proposition 1.2.14. Let X be a Hausdor{f space and let {es | a € A} be a
family of subspaces with the following properties:

(i) X = U{ga} and e, # €5 = eq Neg = 0;

(ii) for each a, there is® n(a) € N such that €a is homeomorphic to the space
Brle) — gn(a)—1.

(iii) letting X* = U{eg | n(B) < k}, there exists for each a (writing n = n(a))
amap pe : (B™,5"1) — (X" Uéq, X" 1) such that po maps B"—S"!
homeomorphically onto ga;

(iv) (writing e = clxea, and calling eq an n-cell of X when n = n(c)) each
cell of X lies in the union of finitely many members of {ga};

(v) X has the weak topology with respect to the set {es} of all cells.

Then (X,{X*}) is a CW complex. Conversely, with cell notation as before,
any CW complex® (X,{X*}) possesses Properties (i)—(v).

Proof. Let A C X° and let e, be a cell of X. Then AN e, is finite by (iv),
hence compact, hence closed in e,. So A is closed in X, hence also in X°. So
X0 is discrete.

Next, we show that X™ has the weak topology with respect to {e, |
dim e, < n} where dim e, = n(a). Let C C X™ be such that C' Ne, is
closed in e, whenever dim e, < n. Let dim eg > n. By (iv), there are only
finitely many cells eq,, ..., eq, such that egN gai # (. Assume dim e,, < n if
1 <randdimey, >nifi>r. Fori¢<r ey, C X" We have

.
Cneg=CnegnX"c | J(Cnegnea,)

i=1
because

S T
egNX"™ C Ue,@ﬂgai nNX"c Ueﬁﬁeai.
i=1 i=1

8 We will see in Sect. 2.2 Exercise 3 that this n(a) is unique.

® The C in CW stands for “closure finite” which is a name for (iv); the W stands
for “weak topology”. Note that, by (i)—(iv), {ea} is suitable for defining a weak
topology on X. As in the proof of 1.2.7, eo = po(B™) and is therefore compact.
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And U (CnegNeq;) C CNeg. It follows, since each C'Ney, is compact, that
i=1
C'Neg is compact, hence closed in eg. By (v), C' is closed in X, hence in X™.
By induction, it follows that X™ has the weak topology with respect to
{eq | dim e, = n}U{X"~1}. This and (iii) together imply that X™ is obtained
from X"~! by attaching n-cells (by 1.2.7).
Obviously X = UX " and X has the weak topology with respect to

n
{X™}, the latter following from (v) and what has just been established. Thus
(X,{X*}) is a CW complex.
The converse is clear from the previous propositions. (]

In the finite case we get a simpler criterion:

Proposition 1.2.15. Let X be a Hausdorff space and let {¢q | a € A} be
a finite family of subspaces which satisfy (i), (ii), and (iii) of 1.2.14. Then
(X, {X™}) is a finite CW complex. In particular, X is compact. a

Ezample 1.2.16. Let x € S"'. Let ¢; = {z} and ¢; = S"~' — {z}. This gives
S™~1 the structure of a CW complex with one 0-cell e; and one (n — 1)-cell
es. Now consider B™ D S™ 1. Let 23 = B™— S"~1. This makes B" into a CW
complex with the 0-cell ey, the (n — 1)-cell ex and an n-cell e3. Note that all
this makes sense when n = 1.

Our next example is very important. While the notion of “fundamental
group” only appears in Chap. 3, this example shows how to create, for any
group G, a CW complex whose fundamental group is isomorphic to G:

Ezample 1.2.17. Let W = {z,, | @ € A} freely generate the free group F(W),
abbreviated to F, let R = {yg | 8 € B} be a (possibly empty) set, and let
p: R — F be a function. Then (W | R, p) is a presentation, and if the group G
is isomorphic to the group F//N(p(R)), where N(p(R)) is the normal closure of
p(R) in F, it is called a presentation of G. Often, R will be a subset of F' and
p will be the inclusion, in which case we simplify, denoting the presentation
of the group F/N(R) by (W | R). If R = (), so that the group is the free
group generated by W, the presentation is often written as (W|) rather than
(W | 0).

Associated with (W | R,p) is a CW complex X called a presentation
complexr, having one 0-cell €°, a 1-cell el for each a € A, and a 2-cell e% for
each 8 € B, as we now describe.' There is only one possibility for attaching
the 1-cells to form X!. Choose a characteristic map hq : (B, S%) — (el,e1)

[e%)

for each a. We define an attaching map fg : S' — X! for the 2-cell e%

19°G'is finitely generated [resp. finitely presented) if W [resp. W and R] can be chosen
to be finite. If W and R are finite (W | R, p) is a finite presentation of G. For
more on presentations and presentation complexes see the Appendix to Sect. 3.1.
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as follows. The element p(yg) is uniquely expressible as a reduced word in
the letters {z,,2,' | @ € A} consisting of, say, A letters. If A = 0, let fz
map all of S to the O-cell €*. If A > 0, p(ys) = zg, ...z5), where'! each
€; = £1 [z := z,]. Partition S by the A roots of unity {1,w, ...,w* 1} where
w = 2™/ This defines a CW complex decomposition of S having A 0-cells
{w? |1 <7 <A}, and A 1-cells {e}} such that 8]1 ={e¥Mt/A | j 1<t <}
see 1.2.15. As a characteristic map ¢; : [-1,1] — e} choose a homeomorphism
which maps 1 to e?™/. Let r; : [~1,1] — [~1,1] be the identity if ¢; = 1
and be t — —t if ¢; = —1. The required attaching map f3 is the unique map
St — X such that'? for each 1 < j < A, fgo¢; = hq, o7;.

A
Hle (cj) Sl
j=1

A
DICE
A (ha)
HB;. Y X!
j=1

Up to cell-preserving homeomorphism, X does not depend on the choices of
characteristic maps hy, but it does depend on the presentation rather than
on the group F/N(p(R)).

Here are some simple cases of this construction. The one-point space cor-
responds to the trivial presentation of the trivial group (W = R = (). The
“figure eight” CW complex with one 0-cell and two 1-cells corresponds to the
presentation {x1,xs | @) of the free group of rank 2. The torus CW complex
in 1.2.10 corresponds to the presentation (1, z2 | xlmgmflagl) of Z x Z.

The distinction made at the beginning of 1.2.17 between presentations

of the form (W | R,p) and presentations of the form (W | R) deserves a

comment. The point is that we might wish to allow y3, = yg, when (3, # (.

For example, let W = 0 and B = {1,2}. Then F(W) is the trivial group {e}.

Letting R = {y1,y=2}, there is only one function p: R — {e}. (W | R,p) is a

presentation of the trivial group. The corresponding CW complex, X, in the

spirit of 1.2.17, has one 0-cell, no 1-cells, and two 2-cells (a “bouquet of two
2-spheres”). On the other hand, there is no presentation of the trivial group

having the form (W | R) which yields that particular CW complex X.

1 (L'é means Tq.

12 Intuitively, this says: attach Bg to X! by wrapping the j'* of the A intervals of
S' around the af" 1-cell, in the “preferred” direction (as defined by choice of
characteristic maps) if ¢; = 1, and in the other direction if ¢; = —1. We have
written this out formally to illustrate how the terminology and the properties of
the quotient topology are used.
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We turn to some standard methods for manufacturing new CW complexes
from old ones.

Proposition 1.2.18. If {X,, | « € A} is a set of CW complezes then X :=
HX"‘ is a CW complex with X" = HXS O
(e} «

It is sometimes convenient to have cubes rather than balls as the domains
of characteristic maps. This is because the product of two cubes is a cube.
An example of this is Proposition 1.2.19, below, so we pause to discuss cubes.

Let I™ = HXi where each X; = [—1,1]. Then I C R™. Let I™ = frgnI". I™
i=1

is the n-cube. Note that I' # I. The map I — B™, defined by: 0 — 0 and,

for x # 0, x — (t(x)/|x|)x, where t(z) = max{|z1|,...,|zn|}, is a continuous

bijection. Since I"™ is compact and B" is Hausdorff, a,, is a homeomorphism.

a, takes I"™ to S"~'. WHEN WE USE (I",I"™) AS THE DOMAIN OF A

CHARACTERISTIC MAP, WE ALWAYS MEAN TO IDENTIFY (I”,}")
WITH (B™, 8"~ 1) VIA a,,. All this makes sense for n = 0 if we define I° = {0}.

Proposition 1.2.19. Let X and Y be CW complezes. Then X XY (with the
product topology understood to be in the sense of k-spaces) is a CW complex
with (X x V)" =U{X*x Y7 |i+j=n}. O

The special case of 1.2.19 where Y = I (with two 0-cells, 0 and 1, and one
1-cell) is very useful in constructing homotopies: see Sect. 1.3.

Proposition 1.2.20. Let (X,{X"}) be a CW complez, let {eq | @ € A} be
the set of cells of X, let BC A, let A=U{¢s | a € B}, and let A = ANX™.

If B is such that o C A whenever a € B, then (A, {A"}) is a CW complex
and A is closed in X.

A CW complex A formed from a CW complex X by the selection of B C A
as in 1.2.20 is called a subcomplez of X. A CW pair is a pair (X, A) such that
X is a CW complex and A is a subcomplex of X. It is usually convenient not
to distinguish between the CW pair (X, ) and the CW complex X.

Proof. We verify the axioms (i)—(iv) in the definition of a CW complex. Ax-
ioms (i) and (iii) clearly hold. To verify Axiom (ii), we show by induction
that A™ is obtained from A"~ ! by attaching n-cells and that A™ is closed
in X". This is clear when n = 0; assume it for (n — 1). Then A"~! is
closed in X"~ 1. Let A, = {a € A | e, is an n-cell of X}. Apply 1.2.7 to
(X", X" 1) and {e" | @ € A,} to conclude that for each a € A, there ex-
ists po : (B, S"71) — (X"7lu EZ,X”_I) such that p, maps B™ — S7~1
homeomorphically onto ga, and that X™ has the weak topology with respect
to {eq | @ € Ay} U{X" 1} Let B, = A, N B. Consider (A", A"~1) and



22 1 CW Complexes and Homotopy

{e™ | @ € Bn}. Since A" ! is closed in X™ ! and e® ¢ AN X! = A1
when « € B, (i) and (ii) of 1.2.7 hold. Hence A™ is obtained from A"~! by
attaching n-cells. The subspace X™ has the weak topology with respect to
{e" | a € A,} U{X""1}. To show that A™ is closed in X", we thus observe:
AN X"t = AnX"t = A" Lis closed in X" 1; when a € B,,, A"Ne? = e;
when o € A, — B,, A" Net = A" nen = A" nen which is a compact
subset, hence a closed subset, of ell. This completes the induction, and estab-

lishes Axiom (ii). The fact that A™ is closed in X™ obviously implies Axiom
(iv). O

Note that the union of subcomplexes of X is a subcomplex of X. Note also
that each X™ is a subcomplex of X.

Proposition 1.2.21. Each path component of a CW complexr X is a subcom-
plex, an open subset of X, and a closed subset of X. Hence, a non-empty CW
complex is connected iff it is path connected.

Proof. The first part is clear. For the rest, let A be a path component of the
CW complex X. Cells are path connected, being the images of balls under
maps. Hence, for each cell e of X, either eN A = e or e A = (). This proves
A is both open and closed in X. O

Let X be a CW complex, let {A,} be a family of pairwise disjoint sub-
complexes, and let ~ be the equivalence relation on X generated by: x ~ y
whenever there exists « such that € A, and y € A,. Let X/~ be given the
quotient topology, with quotient map p : X — X/~. Define (X/~)" = p(X™).
It is in fact always the case that (X/~, {(X/~)"}) is a CW complex; the non-
obvious part of the proof is the fact that X/~ is Hausdorff, which is in turn a
consequence of the fact that X is a normal space. However, we will only need:

Proposition 1.2.22. If there exist pairwise disjoint open sets U, C X such
that, for each o, Aq C Uy, then (X/~,{(X/~)"}) is a CW complex. In
particular, if A is a subcomplex of X, then (X/A,{(X/A)™}) is a CW complex.

Proof. Apply 1.2.14. The Hausdorff property is clear under these hypotheses.
O

With this CW structure, X/~ is the quotient complez.

To end this section, we discuss continuity of functions X — Z where X is a
CW complex and Z is a space. The recognition problem is easy: by 1.2.12 such
a function is continuous iff its restriction to each cell is continuous. On the
other hand, the building of continuous functions is usually done by induction
on skeleta:

Proposition 1.2.23. Let (X, A) be a CW pair and let the n-cells of X which
are not cells of A be indexed by A. Let {hy : Bl — e | « € A} be a set of
characteristic maps for those cells. Let Z be a space and let fr,—1 : (X" 1U
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A) — Z and g : B"(A) — Z be maps such that f,_10hs | STt =g |Sn1.
Then there is a unique map f, : (X"UA) — Z such that f, | X" TUA = f,_1
and fnoha =g | Bg.

Proof. By 1.2.7, X" U A is obtained from X"~!U A by attaching n-cells. The
result follows from the properties of the quotient topology stated in Sect. 1.1.
O

Remark 1.2.24. A Hausdorff space Z is paracompact if every open cover U of
Z has a locally finite open refinement V; this means: V is a locally finite open
cover of Z and every element of V is a subset of some element of . It is a fact
that every CW complex is paracompact; for a proof see [105]. This arises, for
example, in the proof that a fiber bundle whose base space is a CW complex
has the homotopy lifting property.

Historical Note: CW complexes were introduced by J.H.C. Whitehead in [154].
In his exposition primacy was given to the “open cells” e rather than the “closed
cells” e, presumably because each eq is homeomorphic to an open ball while e,
need not be homeomorphic to a closed ball. The shift of primacy to “closed cells”
has become standard.

Exercises

1. If X% =0 then X = 0; why?

2. Show that a compact subset of a CW complex lies in a finite subcomplex.

3. In Example 1.2.10(a) and (b) it is asserted that some familiar spaces have partic-
ular CW complex structures. Prove that these spaces (endowed with the topol-
ogy inherited from the Euclidean spaces in which they live) are homeomorphic
to the indicated CW complexes.

1.3 Homotopy

Let X and Y be spaces and let fy, fi : X — Y be maps. One says that f,
is homotopic to f1, denoted fy =~ f1, if there exists amap F : X x I — Y
such that for all x € X, F(x,0) = fo(z) and F(z,1) = fi(z). The map F is
called a homotopy from fy to f1. One often writes F; : X — Y for the map
x — F(x,t); then Fy = fo and Fy = f1. If F' is a homotopy from fj to f1, one
writes F': fo ~ f1.

Proposition 1.3.1. Homotopy is an equivalence relation on the set of maps
from X to Y.

Proof. Given f: X — Y, define F : f ~ f by F(z,t) = f(z) for all t € I;
F = f o (projection: X x I — X), the composition of two maps. So F
is a map. Thus reflexivity. Given F : f ~ g, define F' : g ~ f by F'(z,t) =
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F(xz,1—t). The function ¢ : I — I, t — 1—t,isamap. F’ = Fo(idxgq), so F’ is
a map. Thus symmetry. Given F : f~gand G: g~ h,define H : X xI —-Y
by H(z,t) = F(z,2t) when 0 < ¢ < 1 and by H(xz,t) = G(z,2t — 1) when
% <t <1 Let ¢ : [O,%] — I be the map t — 2t. Let ¢ : [%,1] — I be
the map ¢ +— 2t — 1. On X x [0, %], H agrees with the map F o (id X ¢1); on
X x[4,1], H agrees with the map G o (id x ¢2). Since X x [0, 1] and X x [1,1]
are closed in X x I, and the restriction of H to each is a map, H is a map.

Thus transitivity. O

A map f: X — Y is a homotopy equivalence if there exists a map g :
Y — X such that go f ~id : X — X and fog ~id : Y — Y. Such
a map g is called a homotopy inverse of f. The spaces X and Y have the
same homotopy type if there exists a homotopy equivalence from X to Y.
If g is a homotopy inverse of the homotopy equivalence f, then g is also
a homotopy equivalence. A map homotopic to a homotopy equivalence is a
homotopy equivalence. Any two homotopy inverses of f are homotopic, and
any map homotopic to a homotopy inverse of f is a homotopy inverse of f.
The map idx is a homotopy equivalence. A homeomorphism is a homotopy
equivalence.

Definitions parallel to those of the last paragraph hold for maps of pairs.
A map f:(X,A) — (Y, B) is a homotopy equivalence if there exists a map
g: (Y,B) — (X,A) such that go f ~id : (X,A) — (X,A) and fog ~id:
(Y, B) — (Y, B). Such a map g is called a homotopy inverse of f. The pairs
(X, A) and (Y, B) have the same homotopy type if there exists a homotopy
equivalence from (X, A) to (Y, B), etc.

Let (X, A) and (Y, B) be pairs of spaces, let fo, f1 : (X, 4) — (Y, B) be
maps of pairs, and let X’ C X. One says that fq is homotopic to f1 relative to
X', denoted fo ~ f1 rel X', if there exists amap F : (X x I, AxI) — (Y, B)
such that for all z € X, F(z,0) = fo(z) and F(z,1) = fi(x), and for all
e X' and t € I, F(a',t) = fo(z'). Then F is a homotopy relative to X'
from fy to f1. By a proof similar to that of 1.3.1 we have:

Proposition 1.3.2. Homotopy relative to X' is an equivalence relation on
the set of maps from (X, A) to (Y, B). O

It is customary not to distinguish between the space X and the pair (X, 0),
so that homotopy between maps of spaces is considered to be a special case
of homotopy between maps of pairs.

Proposition 1.3.3. Let fo, f1 : (X, A) — (Y, B) be homotopic rel X', let
90,91 : (Y,B) — (Z,C) be homotopic rel Y’, where fo(X') CY’'. Then goo fo
and g1 o f1 are homotopic rel X'.

Proof. Let F : fo ~ f1 and G : go ~ g1 be homotopies which behave as
required on A, B, C and X'. Let p : X x I — I be projection. Let (F,p) :
X x I — Y x I denote the function (x,t) — (F(z,t),p(z,t)) = (F(x,t),t).
(F,p) is a map. The required homotopy is Go (F,p) : X x [ — Z. O
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The space X is contractible if it has the same homotopy type as the one-
point space. Equivalently, X is contractible if id x is homotopic to some con-
stant map from X to X.

Proofs of 1.3.4-1.3.7 below are left as exercises:

Proposition 1.3.4. Any two maps from a space to a contractible space are
homotopic. O

Proposition 1.3.5. Any two maps from a contractible space to a path con-
nected space are homotopic. O

Proposition 1.3.6. The product of two contractible spaces is contractible. (I

Ezample 1.3.7. The spaces R, R, and I are contractible. Hence also (by 1.3.6)
R™, R} and B™ are contractible. If p € S™, then S™ — {p} is homeomorphic
to R™; hence S™ — {p} is contractible.

The subspace A C X is a retract of X if there is a map r : X — A such

that A<5X 54 is the identity. Such a map r is a retraction of X to A.

The subspace A C X is a strong deformation retract of X if there is a
retraction 7 : X — A and a homotopy F' : X x I — X relative to A such
that Fy = idx and F} = ¢ or. Such a homotopy F' is a strong deformation
retraction of X to A. A pair (A4, A’) is a strong deformation retract of the
pair (X, X') if (A4, A") C (X, X’) and the retraction r and the homotopy F in
the previous sentence are maps of pairs.!?

Proposition 1.3.8. If A is a strong deformation retract of X then A — X
is a homotopy equivalence.

Proof. In the notation above, r is a homotopy inverse for inclusion. O

For building homotopies involving CW complexes the following example
is fundamental.

Lemma 1.3.9. The subspace (B"™ x {0})U(S"~1 x I) is a strong deformation
retract of B™ x I.

Proof. One standard proof involves “radial projection” of B™ x I onto the
subspace(B™ x {0}) U (S™! x I) from the “light source” (0,...,0,2) € R*1
We give a variation which avoids complicated formulas.

Let f : B" — I be the map f(z) = 0 if |z| < & and f(z) = 2|z| — 1 if
1<|z[<1.Let Y = {(z,t) € B" xR | f(z) <t <1}. Let Yy = {(z,t) € Y|

13 If F is not required to be rel A while r remains a retraction, one says that A is
a deformation retract of X. If this is further weakened by only requiring r o i to
be homotopic to id4 then A is a weak deformation retract of X. Note that A is a
weak deformation retract of X iff i : A — X is a homotopy equivalence. When A
is a subcomplex of the CW complex X the three notions of deformation retract
coincide; see Exercises 2 and 3 below.



26 1 CW Complexes and Homotopy

t = f(x)}. There is a strong deformation retraction F : Y X I — Y of Y to
Yo, namely F(x,t,s) = (x,(1 — s)t + sf(z)). And there is a homeomorphism
h:(B™"xI,(B"x{0})U(S"*x1I)) — (Y,Yy), namely h(z,t) = (3(t+1)z,1).
(]

We are preparing for the important Theorem 1.3.15. The building blocks
of the proof are Lemma 1.3.9 and the following (compare 1.2.23):

Proposition 1.3.10. Let (X, A) be a CW pair and let the n-cells of X
which are not in A be indexed by A. Let {ho : B — X | a € A}
be a set of characteristic maps for those n-cells. Let Z be a space and let
Fo1: (X" YUA)xI — Zandg: B (A) x I — Z be maps such that
Fo10(ha xid) | S77t x I = g | S"! x I. Then there is a unique map
F, : (X"UA) xI — Z such that F,, | (X" 'UA) xI = F,_ and
Foo(hyxid)=g| B} x1I.

The proof of 1.3.10 requires a non-obvious lemma from general topology;
see [51, p. 262]:

Lemma 1.3.11. Let Z and W be Hausdorff spaces. If ¢ : Z — W is a quotient
map then g X id: Z x I — W x I is a quotient map. (]

Proof (Proof of 1.3.10). By 1.2.7, X™ U A is obtained from X"~! U A by
attaching n-cells. Thus there is a quotient map p : (X" 1 U A)[[ B"(A) —
X™UA which agrees with inclusion on X"~ 1UA and with h, on B? C B"(A).
By 1.3.11,p x id: (X" U A) x I)[[(B"(A) x I) - (X"UA)x[isa
quotient map agreeing with inclusion on the first summand and with h, x id
on the B} x I part of the second summand, for each a € A. The desired result
therefore follows from the properties of the quotient topology stated in Sect.
1.1. ]

Proposition 1.3.12. If Y is obtained from A by attaching n-cells, then (Y x
{0}) U (A x I) is a strong deformation retract of Y x I. Hence any map
(Y x{0})U(AxI)— Z extends to a map Y x I — Z.

Proof. By 1.3.9, there is a strong deformation retraction F' : B" x I x I —
B"x I of B"x 1 to (B" x{0})U(S" ! x1I). Let A index the n-cells. Consider
the diagram

(ATIB™(A) x I x I

pxidxidl \

Y><I><I——f——>Y><I

Here, p : AJ[B"(A) — Y is a quotient map, and f agrees with

AxIxI Ax q—ndusion v o7 on A x I x I and with
(pl) xid

projection

B xIxI—2sBrxT Y x T on B" x I x I for each o € A.



1.3 Homotopy 27

By 1.3.11, p x id x id is a quotient map. By the properties of quotient maps
stated in Sect. 1.1, the map f exists and is the desired strong deformation
retraction. For the last part, any map g : (Y x {0})U(A x I) — Z is extended
by go fl to a well-defined map ¥ x I — Z. O

The last sentence of 1.3.12 illustrates the following basic property. A pair
of spaces (Y, A) has the homotopy extension property with respect to a space
Z if every map (Y x {0})U(A xI) — Z extends to a map Y x I — Z. In the
presence of this property, a map on A can be extended to X if it is homotopic
to a map which can be extended to X.

By 1.2.7 we have:

Proposition 1.3.13. If A is a subcomplex of X, then X" UA is a subcomplex
of X. Moreover X™ U A is obtained from X"~ 1 U A by attaching n-cells. [

Proposition 1.3.14. Let Z = U Zy, be a CW complex, where each Z, is a
n>1

subcomplex of Z. For alln > 1, assume Z,_1 is a strong deformation retract

of Zy, (in particular Z,—1 C Z,). Then Z1 is a strong deformation retract of

Z.

Proof. Let n > 2. Let F(") : Z,, x [L, L] — Z, satisfy Ft(n)(a:) =gift=1
orifx e Z, 1, and FQ(Z,Z) = Zp_1. Let F(Tf) : Zy — Zp_1 be the map
n—1

n—1

induced by F(Tf) . Define G : Z,, x I — Z, to agree with projection (z,t) —
1—1

n

z on Z, x [0,2], with F™ on Z, x [1, L], with F("~D o (AQ x id) on

) —
n—1 P

Zux [, ), with FO20 (FU Y xid)o (Y xid) on Zyx (715, 745

n—1’n—2 n—2’n—3

1
n—1

and with F®@o (F™) xid)o. ..o (F" xid) on Z, x [}, 1]. Then G™ is a strong
2

deformation retraction of Z,, to Z;, and G agrees with GV on Z, 1 x1.
Define G : Z x I — Z to agree with G(™ on Z, x I for all n > 2. By 1.2.12,
G is continuous. Clearly, G is the required strong deformation retraction of Z
to Zl. O

Now we are ready for the Homotopy Extension Theorem for CW com-
plexes:

Theorem 1.3.15. (Homotopy Extension Theorem) If (X, A) is a CW
pair, then (X x {0})U(A X I) is a strong deformation retract of X x I. Hence
(X, A) has the homotopy extension property with respect to every space.

Proof. Let Z, = (X x {0}) U (X" U A) xI) and let Z = X x I. Then
Z_y=(Xx{0})U(AxI),and Z= | ] Z,. By 1.3.13 and 1.2.19, each Z, is
n>—1
a subcomplex of Z, and of Z,, 1. By 1.3.13, X" U A is obtained from X" 1UA
by attaching n-cells. Hence, by 1.3.12, (X" UA) x {0} U ((X""TUA) xI) =
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(X" x{0})U((X""tUA) xI) is a strong deformation retract of (X" UA) x I.
It follows immediately that Z,,_; is a strong deformation retract of Z,. By
1.3.14, Z_; is a strong deformation of Z, as claimed. The last part is proved
as in the proof of 1.3.12. (|

Examination of the proof of 1.3.15 shows a little more which can be useful:

Addendum 1.3.16. Let (X, A) be a CW pair and let F': (X x{0})U(AxT) —
Z be a map. The map F extends to a map F : X x I — Z such that, for every
cell eq of X — A, Fl(ea)zFO(ea)Uﬁ(éa x I). O

The definition of the homotopy extension property has nothing to do with
CW complexes. Therefore the last part of 1.3.15 is more powerful than it
might appear; it says that the existence of a CW pair structure on the pair of
spaces (X, A) ensures that (X, A) has the homotopy extension property with
respect to every space.

Corollary 1.3.17. If (X, A) is a CW pair and Z is a contractible space, every
map A — Z extends to a map X — Z. O

Exercises

1. Prove 1.3.4-1.3.7.

For the next two exercises (X, A) is a CW pair.

2. Prove that if A is a weak deformation retract of X then A is a deformation
retract of X.

3. Prove that if A is a deformation retract of X then A is a strong deformation
retract of X.

Hint for 2. and 3.: Apply 1.3.15 appropriately.

1.4 Maps between CW complexes

A map f: X — Y between CW complexes is cellular if f(X™) C Y™ for all
n > 0. A homotopy F' : X x I — Y is cellular if it is a cellular map with
respect to the natural CW complex structure on X x I given by 1.2.19. There
are similar definitions for pairs.

The key fact is that arbitrary maps are homotopic (in well controlled ways)
to cellular maps. CW complexes are built from euclidean balls of various
dimensions, and, although one aims to simplify their homotopy theory by
making things formal and combinatorial, there are places in the theory where
the geometry of R™ must appear. This is one such place:
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Proposition 1.4.1. Let m > n. Let U be an open subset of R™ such that the
space cl U is compact. Let f : cl U — B™ be such that f(fr U) C S™~L1. Then
f is homotopic, rel fr U, to a map g such that some point of B™ — S™~1 is
not in the image of g.

Proof. There are many proofs in the literature. The most common involve
“simplicial approximation” of f (see, for example, [146, 7.6.15], ). We give a
proof here which assumes instead knowledge of multivariable calculus.

Let V = f~3(B™ — S™~1). Define € : V. — (0,00) by e(x) = distance'4
from z to fr V. Using partitions of unity (see [85, pp. 41-45] ), there exists a
Clmap §:V — B™—S™"1 such that | f(z) —§(x)| < e(x) for all z € V. Since
|f(z) — g(z)] — 0 as x approaches frgm V', § can be extended continuously to
g:clU — B™ by defining g = gon V and g = f on (cl U) — V. Then f is
homotopic to g by the homotopy

Hy(x) = (1= 1)f(z) +tg(x).

We have g(cl U) N (B™ — S™~1) = g(V). We will show that g(V) is a proper
subset of B™ — S§™~1,

Identify R™ with R™ x {0} C R™. Then V C R" x {0} C R™ and ¢g(V) =
gp(V') where p: R™ — R" is projection.

An m-cube C in R™ of side A > 0 is a product C' = I x ... X I;; of closed
intervals each of length A\. The m-dimensional measure of C is \". A subset
X C R™ has measure 0 if for every e > 0, X can be covered by a countable
set of m-cubes the sum of whose measures is less'® than e.

Clearly V' C R™ has m-dimensional measure 0. Since § is C!, so also
is gp | p71(V) — B™ — S§™~1 By the Mean Value Theorem, given any
compact subset K C p~1(V), there exists u(K) > 0 such that |gp(z)—gp(y)| <
w(K)|z —y| for all z,y € K; we may take u(K) = sup{||D(gp):|| | = € K}.
It follows that if C' C K is an m-cube of side A, then gp(C) lies in an m-cube
C’ of side v/m.p(K).X. Thus C' has measure (v/m.u(K))™.(measure of C).

It is a theorem of elementary topology that every open cover of an open

subset of R™ has a countable subcover; see pages 174 and 65 of [51] for a

proof. Hence we may write V = UV" where each set V; lies in the interior
i=1

of a closed m-ball B; C p~1(V). Let € > 0 be given. Each V; can be covered
by countably many m-cubes C;1, Csa, ... such that each C;; C int B;, and Z

j
measure (C;;) < e. Hence, by the above discussion, ¢(V;) can be covered by

countably many cubes C;; such that Z measure (C};) < e(y/m.u(B;))™. So
J

14 All distances in euclidean spaces refer to the usual euclidean metric |2 — y| =

(S(? — 2.
15 Of course, this is m-dimensional Lebesgue measure, but we need almost no mea-
sure theory!
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gp(V;) has measure 0. But, clearly, the countable union of sets of measure 0
has measure 0, so gp(V)(= ¢g(V)) has measure 0. Clearly, B™ — S™~1 does
not have measure 0. So g(V') is a proper subset. O

Proposition 1.4.2. Let e be an n-cell of the CW complex X, and let z € 82
Then X™ — €™ is a strong deformation retract of X™ — {z}.

Proof. Let h : (B",S"71) — (eg,ég) be a characteristic map. For any y €
B™ — 8"~ the formula x — x + (1 — |z|)y defines a homeomorphism of B™
fixing each point of $"~! and sending 0 to y. Hence we may assume h(0) = z.
Let H : (B"—{0}) x I — B™—{0} be the homotopy (z,t) — (1 —t)z+tx/|x|.
Note that H is a strong deformation retraction of B™ —{0} onto S"~1. It is an
easy exercise to check that a function H’ exists making the following diagram
commute:

(B"—{0})x I —L— Bn—{0}

lh|>< id lh\
(en— =) x I — en {2}

i.e., that if (h(z1),t1) = (h(z2),t2) then h(H(x1,t1)) = h(H (z2,t2)). Since h
is a quotient map, so is h |, and also (h |)x id by 1.3.11. Thus H' is continuous
and is therefore the required strong deformation retraction. O

If X is a CW complex and S C X, the carrier of S is the intersection
of all subcomplexes of X which contain S. It is a subcomplex of X, denoted

c(s).

Theorem 1.4.3. (Cellular Approximation Theorem) Let f : X — Y
be a map between CW complexes and let A be a subcomplexr of X such that
flA: A=Y is cellular. Then f is homotopic, rel A, to a cellular map.

Proof. We will construct H : X xI — Y such that Hy = f, H, | A= f | Afor
all t, and g := Hj is cellular. This H is defined by induction on (X" U A) x I.

For each vertex e? of X? — A, there is a unique cell d such that f(e) € d.
Define H | {€°} x I to be any path in C(d) from f(e%) to a vertex of C(d):
call that vertex g(e?). (There is such a path because C(d) is path connected.)

Assume H already defined on (X" ! U A) x I with the desired properties.
Extend H to agree with f on X™ x {0}. By 1.3.15, H extends to a map
H:(X"UA)xI —Y.Let g= Hy. Theng | X" ! =g | X" ! and is
cellular, but g might not map n-cells of X — A into Y. We claim that g
is homotopic rel X® ! U A to a cellular map. For each n-cell e of X, the
carrier of g(e™), C(g(e™)), is a finite subcomplex of Y, by 1.2.13. Let d™ be a
top-dimensional cell of C(g(e™)). Write g : € — C(g(e™)) for the restriction
of g. If m < n, the next step can be omitted, so suppose m > n. Since

L]
qg@™) c Y™t ¢g}(d —d) C e” —e™ We want a homotopy of g, rel €™, to
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[e]
a map which misses a point of d™, for then, by 1.4.2, there is a homotopy

of ¢, rel €™, to a map of €™ into C(g(e™)) — 2, and after finitely many such
homotopies, rel é" we will obtain a map of e” into Y.

If gle™) N d = (), there is nothing to do. Otherwise, let y € g(e™) N d
g (y) is a compact set lying in e™. Let D be a neighborhood of y in d which
is homeomorphic to a closed ball, and let U = ¢~!(int D). Then cl U is a
compact subset of e and ql: clU — D. By 1.4.1, the desired homotopy of

g, rel e — U (hence rel é”), exists.
Doing this on each n-cell of X, we get the desired homotopy of g, and,
hence, in the obvious way, the desired H : (X" UA) x I =Y. O

Addendum 1.4.4. The homotopy H : X x I — Y obtained in the proof of
1.4.3 has the property that for each cell e of X, H(e x I) C C(f(e)).

Proof. Assume the induction hypothesis H(e xI) C C(f(e™)) for allm < n.
It is clearly true when n = 1. Let en C eml U...uJ gmr Then g(e™) C

H(e" x I) = H(e" x 0) U H(e™ x I) C f(e Uc em)) C C(f(e™)).
(The last inclusion holds because, if e™ N e" # (Z], then C(e™) C C(e™).)
The other half of the homotopy of e™ takes place in C(g(e™)) C C(f(e™)). So
H(e" x I)C C(f(e™)). O

Corollary 1.4.5. Let X be a CW complex; X is path connected iff X' is path
connected.

Proof. As in the proof of 1.4.3, there is a path from any point of X to a point
of X! so X is path connected if X! is path connected. For the converse, let
w : I — X be a path with w(0),w(1) € X'. Without loss of generality assume
w(0),w(1) € X9 Apply 1.4.3 to produce a cellular path, necessarily in X1,
from w(0) to w(1). O

Exercise

Give an example in as low a dimension as possible of a cell e of X whose carrier is
not covered by the set e.

1.5 Neighborhoods and complements

Let A be a subcomplex of a CW complex X. In general, neither its complement

X — A nor the closure clx (X — A) are subcomplexes of X. When we study
“end-invariants” of groups, complements will play an important role, and they
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should be subcomplexes. So we introduce the notion of CW complement,
and set out the basic properties. Closely tied to this is our need for a good
definition of the “CW neighborhood” of A; this should be a subcomplex of
X, a neighborhood of A, and, in a reasonable sense, the tightest subcomplex
with these properties.

The subcomplex A is full if it is the largest subcomplex of X having A° as
its O-skeleton. The full subcomplex of X generated by the vertices of X9 — A°
is the CW complement of A, denoted!® by X < A.

The CW neighborhood of a subcomplex A of X is N(A) := |J{C(e) | e is
a cell of X and C(e) N A # (0}, the union of all cell carriers which meet A.
Clearly, N(A) is a subcomplex of X. See Fig. 1.3. If Y is a subcomplex and
A CY, we write Ny (A) for the CW neighborhood of A in Y, omitting the
subscript when there is no ambiguity. Note that Nxn»(A) C N(A) N X" but
equality does not always hold (see Exercises).

A = XA —= =— NA) ———

Fig. 1.3.

A path w : I — X is descending if there is a partition 0 = tg < t; <
. < t, = 1 of I such that w([t;—1,%;)) C ¢; for some cell e;, where dim
e1 > dim es > ... > dim e,. If » = 1 there is no dimension condition.

Proposition 1.5.1. If z € ¢ then C(e) = {y € X | there is a descending path
in X from x to y}.

Proof. By induction on dim e. If dim e = 0, the Proposition is trivial. Assume

the Proposition for cells of dimension < n, and let dim e = n. Let eq,..., e

be the cells of X such that e;Ne # ). We have & C C(e), so each e; is a cell of
k

C(e), hence C(e;) is a subcomplex of C(e) for all i. Thus eU UC(ei) C C(e).

i=1

6 This complement and its symbol < are non-standard, but are natural in our
context. When X is a simplicial complex (see Sect. 5.2) clx (X — A) is indeed a
subcomplex of X, but this is not always so when X is a CW complex.
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k k

But e U UC(ei) is a subcomplex of X containing e, so e U UC(ei) = C(e).
i=1 i=1

Using induction, it is now an easy exercise to finish the proof. J

Proposition 1.5.2. Let A be a subcomplex of X. Then N(A) = {z € X | for
some y € A and x € X there are descending paths from x to y and from x to

Proof. This follows by considering the definition of N(A) in the light of 1.5.1.
O

Proposition 1.5.3. A is full in X iff whenever x € X — A there is a descend-
ing path in X from x to a vertex of X — A.

Proof. Let A be full and let z € e € X — A. Then C(e) ¢ A, so C(e)? ¢ A°.
Apply 1.5.1. Conversely, let A not be full. Let B be a subcomplex of X such
that B® = A° while B — A # (. Let = € e (B — A). Then C(e) C B, so
C(e)?  BY, so, by 1.5.1, every descending path from x to a vertex of X ends
in A°. a

Note that N(A) can fail to be full even when A is full. For example, let X
have two vertices vg and v; and two 1-cells e; and ey where & = {vg, v1} and
¢z = {v1}; and let A = {v}.

Proposition 1.5.4. Let A be a subcomplex of X and let B be the full sub-
complex generated by A°. Then B C N(A) and X < (X < A) = B.

Proof. Let e be a cell of B. Then C(e)? C B® = A% so C(e) N A # 0, hence
C(e) C N(A). The second part is clear. O

Proposition 1.5.5. Let A be a subcomplex of X. Then X = N(A)U(X < A)
and AN (X < A) = 0. In particular, N(A) is a neighborhood of A.

Proof. Let x € eC X.Ifall descending paths from z to X% end in X — A° =
(X < A)° then C(e)? C (X < A)° and hence z € C(e) C X < A. If there
exists a descending path from x to a vertex of A, then C(e) N A # 0, by
1.5.1; hence © € N(A). This proves that X = N(A) U (X < A). To prove
AN(X < A) = (), suppose the cell e lies in AN (X < A). Then Cle) is a
subcomplex of X < A, so all its vertices lie in X° — A°. On the other hand,
C(e) is a subcomplex of A, so all its vertices lie in A%, a contradiction. The
subcomplex X £ A is closed in X by 1.2.20 and is disjoint from A, so its (set
theoretic) complement lies in N(A). Thus N(A) is a neighborhood of A. O
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Exercises

1. Give an example of a finite CW pair (X, A) such that cl(X — A) is not a sub-
complex of X.

2. When (X, A) is a CW pair prove that (X £ A)" = X" £ A™.

Give an example where N(X < A)U A # X (compare with 1.5.5).

4. Give an example where Nx=» (A) is a proper subset of N(A) N X".

w
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Cellular Homology

The natural homology theory for CW complexes is cellular homology. Cel-
lular homology theory is geometrically appealing at an intuitive level, but
some technical subtleties are hidden in the theory and should be exposed to
view for a thorough understanding. There are two ways of defining cellular
homology: a formal way, given in terms of singular homology (Sects. 2.2, 2.3),
and a geometrical way, in terms of incidence numbers and mapping degrees,
given in Sect. 2.6 after an extensive discussion of degree and orientation in
Sects. 2.4and 2.5. The chapter ends with a presentation of the main points of
homology in the cellular context.

2.1 Review of chain complexes

As with our other review sections, this one is intended either for reference
or as a quick refresher. Proofs of all our statements can be found in most
books on algebraic topology, for example [146, Chap. 4], [77, Chap. 2], or, on
homological algebra, for example [83, Chap. 4].

Throughout this book R denotes a commutative ring with an identity
element 1 # 0; R-modules are understood to be left modules unless we say
otherwise. An important case is R = Z; we use the terms “Z-module” and
“abelian group” interchangeably.!

A graded R-module is a sequence C' := {C), }nez of R-modules. If C' and
D are graded R-modules, a (graded) homomorphism of degree d from C' to
D is a sequence f := {f, : C;, = Dptd}tnez of R-module homomorphisms.
A chain complex over R is a pair (C,0) where C is a graded R-module and
0 : C — C is a homomorphism of degree —1 such that 9 o @ = 0. 0 is the
boundary operator of C.

1 At various points we will explicitly assume more about R, namely that it is either
a principal ideal domain (PID) or a field.
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When (C,9) is a chain complex, we have 0,, : C;, — C,_; for each n.
Define Z,(C) = ker 9y, B, (C) = im Op41, and H,(C) = Z,(C)/B,(C); the
last makes sense because 0 0 d = 0. Elements of Z,(C) are n-cycles, elements
of B, (C) are n-boundaries, and H,(C) is the n-dimensional homology of C.
Then Z(C), B(C) and H(C) are graded R-modules.?

If (C,0) and (D, ) are chain complexes over R, a chain map is a homo-
morphism f of degree 0 from C to D such that 8’0o f = fod.If f,g: C — D
are chain maps, a chain homotopy from f to g is a homomorphism h : C — D
of degree 1 satisfying 8'h+ hd = f — g. Since chain maps take cycles to cycles
and boundaries to boundaries, it follows that a chain map f : C' — D induces
a homomorphism of degree 0, H(f) : H(C) — H(D). If f is chain homotopic
to g (i.e., if there exists h as above), H(f) = H(g). The chain map f : C — D
is a chain homotopy equivalence if there is a chain map g : D — C such that
go f and f og are chain homotopic to the respective identity chain maps (of
C and of D). The chain map g is a chain homotopy inverse for f. If f is a
chain homotopy equivalence, H(f) is an isomorphism.

If ¢ L5 D % B are chain maps, then H(go f) = H(g) o H(f). Also,
H(id¢) = idg(c). Thus, H is a covariant functor from the category of chain

complexes and chain homotopy classes of chain maps to the category of graded
R-modules and homomorphisms of degree 0.

Morphisms of graded R-modules C' 4. D % E are exact at D if

ker g, = imf, for all m. A sequence of such morphisms
(n+1) (n)
L ot T o) I o) s epact if every three-term

subsequence of consecutive R-modules is exact at its middle term.
An exact sequence of chain complexes over R of the form

0 — " - C -2 " — 0is called a short ezact sequence; it induces a

“long” exact sequence of R-modules

H(4) H(p) O H(4)

Hn(C") Hn (C) Hn(C")

Hn_1(Cl)

where 0,.{z"} = {i710p~!(2”)}. Surprisingly, 9. is well-defined and is there-
fore a homomorphism; it is called the connecting homomorphism. This long
exact sequence is natural in the sense that if the following diagram of chain
maps commutes

0 c’ C c” 0
J/f/ lf lf”
0 D’ D D" 0

where the horizontal rows are exact, then the following diagram commutes for
all n:

2 Graded Z-modules are often misnamed “graded groups,” rather than “graded
abelian groups.”
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HH(C/) - Hn(c) - Hn(C”) L’ n—l(Cl)
Hn(fl)l Hn(f)l Hn(f”)l J/Hn—l(f/)
Ox

Hy(D') —— Hy(D) —— H,(D") —%— H,_,(D).

Exercises

1. Just as with chain complexes, an exact sequence

0 M—2s>M b M 0 of R-modules is called a short exact se-

quence. It splits (or is splittable) if one of the following three conditions hold.
Prove they are equivalent:

(i) the epimorphism (3 has a right inverse;

(ii) the monomorphism « has a left inverse;

(iii) there is an isomorphism ¢ making the following diagram commute

M/ @ M//

where ¢ : © — (2,0) and j : (z,y) — y. (The importance of this is that
if the sequence splits, the middle term is isomorphic to the direct sum of
the other two.)
2. With R = Z, give an example of an unsplittable short exact sequence of abelian
groups.
3. Show that if M" in Exercise 1 is a free R-module then the sequence splits.

2.2 Review of singular homology

Here we quickly review the basics of singular homology.
The standard n-simplex A™ is the closed convex hull of the points
Po, .., Pn in R™ where p; has (j + 1)* coordinate 1 and all other coor-

n
dinates 0. Hence A™ = thpj |0<t; <1 and th =1,. A singular
Jj=0 J

n-simplex in the topological space X is a map o0 : A" — X. Let R be a
ring as in Sect. 2.1. The free R-module generated by the set of all singular
n-simplexes is denoted by S, (X; R) and its elements are called singular n-
chains (over R). When n > 1, the i*? face of the singular n-simplex o is the

composite map A" 1 —>A"—7 > X where F; is the affine map which sends
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p; to p; if j < ¢ and p; to pj41 if 7 > i. A singular O-simplex has no faces.
By definition S, (X; R) = 0 when n < 0. When n > 0 the boundary operator

n
9 : Sp(X5R) — Sp—1(X;R) is defined by d(o) = Z(—l)i(a o F;); when
i=0
n < 0, 0 = 0. The graded R-module {S,,(X; R)} is abbreviated to S.(X;R).
One shows that J 0 9 = 0, so (S.(X; R),0) is a chain complex over R called
the singular chain complex of X . Its singular homology modules are denoted?
by HA(X; R). The ring R is the ring of coefficients.

A map f : X — Y induces a chain map S.(f) := {fx : S«(X;R) —
S.(Y; R)} defined by fu(o) = foo. We have* (go f)u = g4 o f4, and idy =
id. We write f. for H,(f) : H2(X;R) — H2(Y;R), the homomorphism
induced by f (or by fx).

For A C X, the homology of the quotient chain complex S, (X; R)/S.(A4; R)
is denoted by H2(X, A; R). When A = {), this is identified with HA(X; R).
When A C B C X, there is a short exact sequence of chain complexes

0 — S.(B;R)/S:(A; R) — S.(X:R)/S:(A; R) — S, (X:R)/S.(B;R) — 0

where the arrows are induced by inclusion maps. This is natural in the sense
that a map of triples f : (X,B,A) — (Y, D,C) induces a commutative dia-
gram whose vertical arrows are chain maps:

0 —> S.(B;R)/S«(A;R) —— S.(X;R)/S+«(A; R) —— S.(X;R)/S«(B;R) ——> 0

0 ——> S.(D; R)/S+(C; R) —— S,(Y; R)/S+(C; R) ——> S.(Y; R)/Su(D; R) ——> 0

and hence a natural long exact sequence of a triple (X, B, A), namely
©— H2(B,A;R) — H2(X, A;R) — HZ (X, BiR) % H2 (B, A;R) — -
If A=0, H2(X,0) is identified with H?(X) and this becomes the long evact
sequence of a pair (X, B):
- — H(B; R) — H(X; R) — Hi'(X, B; R) — Hy' (BiR) — -
Homotopic maps of spaces, or pairs of spaces, or triples of spaces induce

chain homotopic chain maps. Thus singular homology is homotopy invariant.
Homology “turns” topological sums into direct sums: i.e., there is an obvi-

ous isomorphism H2 H Xa; R) = @H,LA(X(X; R). The homology of the
acA acA

3 The A is for singular homology; we reserve the notation H.(X;R) for cellular
homology.
4 The reader can formulate what this says about S as a functor.
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one-point space {p} is given by H2({p}; R) = 0ifn # 0, and HZ* ({p}; R) = R.
It follows that H2(S% R) = 0if n # 0 and H{*(S°; R) =~ R® R.

Singular homology satisfies the excision property that if clxU C intx A
then the inclusion map (X — U, A — U) — (X, A) induces an isomorphism of
homology modules. Such an inclusion is called an excision map. An immediate
consequence of this, using homotopy invariance, is that if U C V C A with U
as above and if the pair (X —V, A —V) is a strong deformation retract of the
pair (X — U, A — U), then the excision map (X —V,;A—-V) < (X, A) also
induces an isomorphism of homology modules.

When X = UUYV, where U and V are open subsets, there is a short exact
sequence of chain complexes

0——=S.(UNV;R) —> S.(U;R) ® S.(V; R) —L> S.(X : R) —=0

with i(c) = (¢, —¢) and j(c,d) = c+d. This induces a Mayer- Vietoris sequence
which is natural in the obvious sense.

= HAUNV;R) — HAU;R) ® HX(V;R) — HA(X;R) — HA ((UNV;R) — -+

The following proposition is an easy consequence of the theory we have
just outlined:

Proposition 2.2.1. In the long exact sequence of the pair (B™,S" 1), 0, :
HA(B", 85" Y% R) — HP [(S"" Y R) is an isomorphism for 2 < k < n. For
n >0, H2(B", S"" 1 R) is isomorphic to R, and for k #n HA(B",S"" 4 R)
is trivial. O

Historical Note: Early definitions of homology were applicable only to simpli-
cial complexes (Sect. 5.2). In the period 1925-35 extensions of the theory to large
classes of topological spaces appeared: to metric spaces by Vietoris and to compact
Hausdorff spaces by Cech (see Sect. 17.7 for the latter). These agree on the overlap
- compact metrizable spaces. Singular homology, applicable to all spaces, was in-
troduced in 1944 by Eilenberg. With proper precision of wording all these theories
agree on finite CW complexes.

Exercises

Prove that S™ is not contractible.

Prove that if m # n, S™ and S™ do not have the same homotopy type.

Prove that if m # n, R™ and R™ are not homeomorphic.

Prove that if Y is obtained from A by attaching n-cells, and if m # n then Y
is not obtained from A by attaching m-cells. Hence the dimension of a cell in a
CW complex is a topological property.

Ll e
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2.3 Cellular homology: the abstract theory

The homology theory to be used in this book is cellular homology. We give two
equivalent treatments. The first, in this section, is the traditional approach
which is efficient but is hard to grasp intuitively, even with a good prior
understanding of singular homology theory. The second treatment in Sect.
2.4-2.6 is more intuitive. A full understanding involves both approaches.

When X is a CW complex the homology modules H2(X; R) can be com-
puted from a chain complex much smaller than S, (X; R). Define C,,(X; R) =
HA(X™ X"~1 R). Call its elements cellular chains in X (over R).

Proposition 2.3.1. Let the set A mdex the n-cells of X. Then C,(X;R) is
isomorphic to @R and also to @ ,ég).

acA
Proof. By excision H2 (X", X!, R) isisomorphic to H2(B"(A),S" ' (A); R),
hence to @HHA(B”, S™~1), hence, by 2.2.1, to @R. The second statement

acA acA
also follows by excision. O

For reference we note that excision also gives:

Proposition 2.3.2. For all k, HPf(X", X" YL R) is isomorphic to
HA(B"(A), S""1(A); R), and these are zero when k # n. O

Define 0 : Cp,(X; R) — Cp—1(X; R) to be the connecting homomorphism
0:HAX™ X" L R) — HA (X" !, X" 2; R) in the long exact sequence of
the triple (X", X"~ X"~2),

Proposition 2.3.3. (C.(X; R),d) is a chain complex; i.e., o0 =0.

Proof. If we consider the long exact sequences of the triple (X"+1 X" X7~1)
and of the pairs (X", X™) and (X™, X"~1), we obtain a commutative dia-
gram

H,,?+ (Xn+1 X™; R) N HA X" X" 1. i R) N Hn 1(x71.717x7L72;R)

(n) (n—1)
am / k /

A A 1,
H2(X™;R) H2 (X"} R)

nl

where j(™ : (X", 0) — (X", X" 1) denotes inclusion. By exactness we have
8™ 0§ =050 908 =0. O

The chain complex (Cy(X; R), 0) is the cellular chain complex of X (over
R). We write Z,.(X; R) and B,(X; R) for the cycles and boundaries respec-
tively.

If X and Y are CW complexes and f: X — Y is a cellular map, f induces
a homomorphism fx : C,(X; R) — C,(Y; R) in the obvious way. The proof
of the next proposition is an exercise:
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Proposition 2.3.4. {fx : C.(X;R) — C.(Y;R)} is a chain map. If g: Y —
Z is another cellular map then (go f)u = g o fu : C.(X;R) — C.(Z;R).
For all X, idy = id : Cp,(X; R) — Cp(X; R). O

Thus C.(+; R) is a functor from the category of CW complexes and cellular
maps to the category of chain complexes over R.

The cellular homology of X (over R) is the homology, H.(X; R), of the
cellular chain complex C,(X; R). The fundamental fact is that it is naturally
isomorphic to singular homology:

Theorem 2.3.5. There is a natural isomorphism 1 : H,(X; R) — H2(X; R).

Remark 2.5.6. Here, as usual, “natural” means that if f : X — Y is a cellular
map then f,oy =1¢o f,.

For the proof of 2.3.5 we need a lemma about the singular homology of CW
complexes. The support of a singular n-chain z in X is the union of the (finitely
many) compact sets o, (A™) such that the singular n-simplex o, occurs in z
with non-zero coefficient. Thus every singular n-chain has compact support.
So if X is a CW complex, 1.2.13 implies that the support of the n-chain z lies
in X™ for some m. This implies:

Lemma 2.3.7. If {2} € H2(X, X¥) then, for some m, {z} is in the image
of i - HAX™, X®) — HA(X, X*). O

Proof (of Theorem 2.3.5). Consider the following diagram:

(n+1) (n)
8, Jx
H (XL X™ R) ———— H2(X™; R) ————> H2 (X", X"~ R) = Cn(X; R)

0= H2(X"T1, X" R)

The homomorphism ¢ is not well defined but the relation jin)(iin))_l has
its image in Z,(X; R) and the ambiguity in defining ¢ is clearly resolved by
factoring out B, (X;R). Thus the relation ¢ defines a homomorphism ¢ :
HA(X™1: R) — H,(X;R) which is easily seen to be an isomorphism.

We claim that the inclusion map i : X" — X induces an isomorphism on
n-dimensional singular homology. By 2.2.1 and 2.3.2, H2 (X!, X7;R) = 0
when k < j. It follows from this and 2.3.7, together with the long exact
sequence of a triple, that H2 (X, X"*1; R) = 0 when k < n+ 1 and hence, by
the long exact sequence of the pair (X, X"*+1), that i induces an isomorphism
as claimed. The composition of isomorphisms
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Hy(X; R) = HA(X"'; R) —= HA(X: R)
is natural. O

We have now seen that singular homology can be computed from the
cellular chain complex. For this to be useful we need a better understanding
of the homomorphisms 0 and fx. We do this in two stages, first algebraically
in this section, then geometrically in Sect. 2.5.

In 2.3.1 we saw that C,,(X; R) can be viewed as the free R-module gen-
erated by the set of n-cells of X, but this is rather vague. We should pick
generators for C,, (X; R) in some geometrically meaningful way, reflecting the
fact that

Co(X;R) = Hy(X", X" R) = D H (el e ).
acA
To begin, we choose, once and for all, a generator \, € H2(B",S" ! R)
which is isomorphic to R by 2.2.1. Later (after 2.5.17) we will be more specific
about our choice, but here we will only use the fact that we have made a choice.
Next, we choose hq : (B™,5""1) — (e",e"), a characteristic map for each

o)
n-cell ell. It follows from the proof of 2.3.1 that the homomorphism

D e e R) — HP (X", X" R) = Cu(X;R)
«@

induced by the inclusion maps ¢, : €}, — X" is an isomorphism. Moreover, by

excision ha. : HA(B™, S R) — HA(e",e"; R) is an isomorphism. Indeed,

only the homotopy class of the characteristic map h, matters. Writing h, =

iq 0 hg (B, S"71) — (X, X" 1) we can sharpen 2.3.1 to read:

Proposition 2.3.8. The R-module C,,(X;R) is freely generated by the set
{hax(Apn) | @ € A}. O

Let eg_l be a cell of X. To understand the boundary homomorphism
9 : Cn(X; R) — Cr—1(X; R) we must understand the coefficient of Ag.(An—1)
in Ohax(An). That coefficient is the image of 1 € R under the following R-

module homomorphism from R to R (omitting explicit mention of R in the
homology modules):

) ha* bov
R > HnA(Bn,Sn_l) = Hﬁ(eg,ég) T HnA(Xn,Xn_l)

I ——— ) VY la*

Hf_l(Xn—17xn—2)

h g fecti T
= _ _ B _ _ projection _ _
R<— HL (BY1 802 —— 2 (e ) = @, H (585

1l=——- A1
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Similarly, if f : X — Y is cellular and if A and B index the n-cells of X and
Y respectively, we understand fy : Cn(X;R) — Cn(Y; R) by understanding

the coefficient of hg.(\,) in the chain fg(ha, (An)), where we also choose a

characteristic map hg : (B",S""1) — (€f;€%) for each n-cell €} of V. That
coefficient is the image of 1 € R under the following R-module homomorphism
from R to R:

e B . Fu
R—= HZ (B", 5" 1) —>= H2(en,e1) S gA(X, X — = gA(Yn, Yl

12

o

=1 A n ne1 ~ﬁ* Alsn :n projection Arsn :n
R<———— HR(B",S") —> HA@p,e0) < @, HA(@, &)

l<=—————

To understand cellular homology geometrically we must understand these
complicated homomorphisms R — R. We tackle this in the next three sections.

2.4 The degree of a map from a sphere to itself

If f and g are maps from S™ to S™ it is important to know when they are
homotopic. This turns out to be a simple matter: they are homotopic if and
only if they have the same “degree”. The degree of f, deg (f), is an integer
which counts algebraically the number of times that f wraps S™ around itself.
The main issues, all treated in this section, are:

. The definition of deg(f).

. If f ~ g then deg(f) = deg(g).

. For every d € Z and every n > 1 there exists f with deg (f) = d.
. If deg(f) = deg(g) then f ~ g (except when n = 0).

. Product Theorem for degree.

T W N =

First, we dispose of the case n = 0. There are four maps S° — S°. We
define the degree of the identity map to be 1, the degree of the map which
permutes the two points of S° to be —1, and the degree of both constant maps
to be 0. Obviously, 1. and 2. hold while 3. does not.

For the rest of this section we assume n > 1. The abelian group H nA (8™ 7)
is infinite cyclic. The degree of f is the integer deg(f) such that f.(k) =
deg(f)x where k is a generator (it doesn’t matter which generator) of
HA(S™; Z). By homotopy invariance of singular homology we have:

Proposition 2.4.1. Homotopic maps S™ — S™ have the same degree. (]
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To exhibit maps of every degree we start with the case n = 1, the circle.
For d € Z define fi 4 : S — S by ¥ s 2™t 3 map with “winding
number” d.

Proposition 2.4.2. The map f1,4 has degree d.

Proof. This is an exercise in applying the definitions given in Sect. 2.2. Apply
f1,4 to the singular 1-simplex (1 — ¢)pg + tpy — €™, O

Whenever g : S — S™ is a map, its suspension Xg : S"T1 — S7F1 s
illustrated in Fig. 2.1; a formula is:

(V1-tg(m=a),t) if —-1<t<1
(Xg)(z,t) =14 (0,...,0,1) ift =1
(0,...,0,—1) if t =—1

In the exercises, the reader is asked to check that Y'g is continuous, and that
g1 ~ g2 implies Xg; ~ Ygo. Define X"g = X (X" "!g) by induction. X"g is
the r-fold suspension of g. It is convenient to define X%g to be g. For each
d € Z, and each n > 2, define f, 4 : S® — S™ to be X" f; ;. The map
fn,0 maps S™ onto a proper subset of S™, half of a great (n — 1)-sphere. By
considering fo 4 := X f1.4: 5% — S2, and then generalizing, we may think of
fn.d as wrapping S™ |d| times around itself, in a “positive” sense if d > 0 and
a “negative” sense if d < 0. This is made precise in 2.4.4.

- s S T

g on every level

_ =

g

Fig. 2.1.

Proposition 2.4.3. For n > 1, f, 1 is the identity map of S™; fn,—1 is the
map (T1,T2,%3,...,Tns1) & (T1, —22,23,...,Tnt1); fao i homotopic to a
constant map.
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Proof. The statements about f, 1 and f, _1 are obvious. For the statement
about f, o, one proves by induction on n that P, does not lie in the image of
fn,0, where P, = (=1,0,...,0) € S™ C R™*1. This is clear for n = 1; assume it
for m; if fr41,0(x,t) = Pyy1, thent =0, and fy, 0(x) = P,, a contradiction. By
1.3.7, 8™ —{P,} is contractible. So, by 1.3.4, f,, o is homotopic (in " —{P,},
hence in S™) to a constant map. O

Proposition 2.4.4. deg(f,q) = d.

Proof. The case n = 11is 2.4.2, so we may assume n > 2. Let e} = S™ QRQH.
Then S™ = e’} Ue™ and Sn-t = ey Ne”. The spaces e’} are homeomorphic
to B™, hence they are contractible. The Mayer-Vietoris sequence in singular
homology gives (omitting the coefficient ring Z):

HR (€)@ HiMeh) — HA(S™) 2 H(S"7Y) = Hity(e}) @ H (")

— n n—1

implying that, for n > 2, 9, is an isomorphism (between infinite cyclic
groups). Naturality of the Mayer-Vietoris sequence implies that for any map
f 8"l — 8§71 the following diagram commutes:

(Zf)«
e

H(S™) H2(S™)

On lan
n— £ .
HnA—1(S 1) - HnA—1(S 1)

This implies that deg(f) = deg(X'f). Since fn.qa = X fn_1,¢ and deg(f1,4) =
d, this completes the argument. O

We turn to Item 4 on our initial list.

Theorem 2.4.5. (Brouwer-Hopf Theorem) Two maps S™ — S™ are ho-
motopic iff they have the same degree.

In view of the previous propositions the only part of this theorem not yet
proved® is that for n > 1 every map f : S™ — S™ of degree d is homotopic to
fn,d- We begin with the case n = 1.

A map p: E — B is a covering projection if for every b € B there is an
open neighborhood U of b such that p~1(U) can be written as the union of
pairwise disjoint open subsets of ¥ each mapped homeomorphically by p onto
U. Sets U C B with this property are said to be evenly covered by p. The
space B is the base space and E is the covering space. For example, the map
exp : R — S, t— e?™ is a covering projection.

The following two theorems about covering spaces are fundamental. The
proofs are elementary, and are to be found in numerous books on algebraic
topology, for example, [74, Chap. 5].

5 A complete proof of the Brouwer-Hopf Theorem is included here because it is
omitted from many books on algebraic topology. The reader may prefer to skip
it and go to Theorem 2.4.19.
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Theorem 2.4.6. (Homotopy Lifting Property) Let p: E — B be a cov-
ering projection, let F: Y x I — B and f : Y x {0} — E be maps such that
pof=F|Y x{0}. Then there exists F : Y x I — E making the following
diagram commute:

yx{0}—L-p

A

O

Theorem 2.4.7. (Unique Path Lifting) Let p : E — B be a covering
projection. If w; : I — E are paths, for i = 1,2, such that pow; = pows and
w1(0) = wo(0), then wy = ws. O

Consider a map f : S' — S, and the covering projection exp : R — S,
Let to € R be such that f(1) = e2™0 (where 1 € S' C C). By 2.4.6, the
path w: I — St f(e?7i) lifts through p to a path @ : I — R such that
@(0) = tp.

Proposition 2.4.8. The number &(1)—w(0) is an integer and is independent
of the choice of to € exp™t(f(1)).

Proof. Let ©(1) = t1. w(0) = w(1), so €270 = 271 hence to — t; € Z. For
a € R, let T, : R — R be the translation homeomorphism z +— x + a. If & is
replaced by @ where @(0) = ti and exp o w = w, then T(y; 4,) 0w = w, by
2.4.7. Hence t} := @(1) = t1 + t{, — to. Hence t} — t;, = t1 — to. O

The integer w(1) — @(0) will be denoted by o(f).
Proposition 2.4.9. Two maps f,g: S — S are homotopic iff 5(f) = 5(g).

Proof. Let F : S* x I — S' be a homotopy. Define G : I x I — S! by
G(t,s) = F(e?™ s). Let w(t) = G(0,t) and let @ : I — R be such that
w = expo &. By 2.4.6, there is a map G : I x I — R such that Gy = &. Note
that 0(F,) = G4(1) — G4(0), a formula continuous in s and taking values in
the discrete subspace Z C R, hence constant. Thus §(f) = d(g).

Conversely, let 6(f) = §(g) = d. Let w,7 : I — S! be defined by w(t) =
f(e*>™) and 7(t) = g(e®™). Let @ and 7 be lifts of w and 7 such that d =
w(1) —o©0) = 7(1) — 7(0). Let 8 : I — R be a path from ©(0) to 7(0).
Then s — ((s) + d is a path from ©(1) to 7(1). By 1.3.17, there is a map
H : 1 xI — R such that H(t,0) = &(t), H(t,1) = 7(t), H(0,s) = 3(s),
and H(1,s) = ((s) + d. Clearly, there is a function H making the following
diagram commute:

Ixl -1, Rr

(exp |)><idl lexp

Slxy L, g1
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By 1.3.11, H is continuous. One checks that Hy = f and H; = g¢. 0
Proposition 2.4.10. §(f1,4) = d.

Proof. Let d € Z C R. The map @ : I — R, t — td makes the following
diagram commute:

I— >R

St —— g1
fi,4

where w is defined by the diagram. Thus 6(f1,4) = ©(1) — ©(0) = d. O

This completes the proof of 2.4.5 when n = 1. Now we assume n > 2.

We need some preliminaries (2.4.11-2.4.18).

Let K and K’ be two CW complex structures on the same underlying
space X . The complex K’ is a subdivision of K if for each cell eg of K’ there

is a cell d, of K such that gﬁ C dg.

Proposition 2.4.11. Let L be a subcomplezx of K and let K' be a subdivision
of K. Then there is a subcomplex L' of K' which is a subdivision of L.

Proof. Let L' consist of all cells e of K’ such that e C L. We show that L’ is
a subcomplex and that L’ is a subdivision of L.
Let e be a cell of /. By 1.2.13 there are only finitely many cells of K’,

e1,...,er such that e Ne; # 0. Slnce eCcL,eCL,so eZﬁL#V)for all 4. Let
d; beacellostuchthateZCd Then for 1 <4 <, d HL#@ hence d;
is a cell of L, hence e; C L, hence e; is a cell of L', hence ¢ C L. So L is a
subcomplex of L.

Given a cell e of L', there is a cell d of K such that eC 2 Since e C L,
éﬁ L +#0,s0dC L. Thus d is a cell of L. Finally, if x € L, there are cells e,

of K" and d, of L such that = € gz C dy. So gz C L,soe; CL,so x liesin a
cell of L'. Thus L’ is a subdivision of L. d

Let I' := [—1,1] have the CW complex structure consisting of two vertices
at —1 and +1, and one 1-cell. For k& > 1, the k** barycentric subdivision
of I' is the CW complex I} whose vertices are the points i/2*~1, where
—2k=1 < 4 < 2*=1 and whose 1-cells are the closed intervals bounded by
adjacent vertices. The k" barycentric subdivision of I"*! is the (n + 1)-fold
product CW complex I,?“ = I,i X ... X I,i. This is obviously a subdivision

of I"*1. By 2.4.11, there is a subcomplex IZJFI of I,?Jrl subdividing I "*1.

Proposition 2.4.12. For each open cover U of I"t! there exists ko such that
for every k > ko every cell of I,ZH'I lies in some element of U.
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Proof. Let z € U®  I"t! where U®) € Y. There are intervals Vl(z), e vai)l
which are open sets in I' such that = € Vl(x) X ..o X Véi)l = V@ c U@,
{V, | € X} has a finite subcover V(@) ... V(@) gince "' is compact.
Clearly, there is a subdivision I ,17’ of I'' every cell of which lies in some Vi(mj ).

Let ko = max{k,...,knt1}. Then for each k > ko every cell of IZ'H lies in
some V@) c U;), O

L]
Corollary 2.4.13. For each open cover U of 1™ there exists ko such that

for every k > ko each cell ofIZ‘|r1 lies in some element of U.

Proof. For each U € U pick U’ an open subset of I"t! such that U/ NI "+ =

U. Let U’ consist of all the sets U’ and the set I"*1 —I™+! Apply 2.4.11 and
2.4.12toU'. O

Proposition 2.4.14. Let X be an n-dimensional CW complez, let €™ be an
n-cell of X and let U C em be a neighborhood of z € e™. There is a homotopy
H: X xI — X such that Hy = id, H; = id on X —en for all t, and
Hy(e" —U)cen.

Proof. As in the proof of 1.4.2, pick a characteristic map h : (B",S""!) —

(e, &™) such that h(0) = z. h='(U) is a neighborhood of 0 in B™, so there is
a € > 0 such that h(B.) C U, where B = {x € B" | |z| < €}. By 1.4.2, there
is a homotopy H : (X — int h(B.)) x I — X such that Hy = id, H; = id on
X —eé™ for all t, and Hy(e” —int h(B")) C &™. Extend Hy to be the identity
on all of X x {0}. By 1.2.8, X is obtained from X — int h(B) by attaching
an n-cell. So, by 1.3.12, H further extends to map X x I to X as required. [

Proposition 2.4.15. Let x1,...,Tm, Y1,---,Ym be distinct points of S,
where n > 2. There is a homeomorphism k : S™ — S™, which is homotopic to
id, such that k(z;) = y; for each i.

Proof. For any z € S™, S™ — {z} is homeomorphic to R"™. By choosing z
different from each x; and each y;, we may work in R™. Let M > 0 be such
that every x; and every y; lies in (—M, M)™. We will show that there is a
homeomorphism h of [—M, M]™ which fixes every point of the frontier, and
takes x; to y; for all ¢. Clearly this will be enough.

The proof requires two elementary lemmas whose proofs are left to the
reader.

Lemma 2.4.16. Let N be a compact convex neighborhood of a point x € R™
and let y € int N. There is a homotopy H : N x I — N such that Hy = id,
H, =1id on fr N for all t, H; is a homeomorphism for all t, and Hi(x) = y.
O
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Lemma 2.4.17. If n > 3, there exist compact convex pairwise disjoint neigh-
borhoods M; of x; and N; of y;, and points x} € int M; and y, € int N; such
that no four points in {x},..., 20, Y1, ..., ym} are coplanar. O

We now complete the proof of 2.4.15 for n > 3. By 2.4.16 and 2.4.17, we
may assume that the line segments L; := [z;,y;] in R™ are pairwise disjoint.
Since each L; is compact and convex, C; := {z € R™ | |z — u| < € for some
u € L;} is a compact convex neighborhood of every point of L;, and if € is small
enough, the sets C; are pairwise disjoint and lie in (—M, M)". Applying 2.4.16
separately to each C; to move z; to y;, and extending the resulting homotopy

m

to be the identity on R™ — UC“ we obtain the desired homeomorphism k.
i=1

The case n = 2 is left as an exercise. O

We remark that 2.4.15 and 2.4.17 are false when n = 1. The fundamental
geometric Proposition 2.4.15 will be used in the proof of Theorem 2.4.5. It is
also the core of the proof that higher homotopy groups are abelian (compare
4.4.5).

For n > 2, give S™ the CW structure consisting of one 0-cell €, lying in
Sn=1 c 8™, one (n — 1)-cell "' = §"~1 and two n-cells e} = S VR
A map f:S8™ — S™ preserves hemispheres if f is cellular with respect to the
given CW structure, f(e'}) C €'}, and f(e) C e”.

Proposition 2.4.18. For n > 2, every map S™ — S™ is homotopic to a map
which preserves hemispheres.

Proof. Recall that we may identify I"™*! with S™ via the homeomorphism
an+1 |2 ¢ — x/|x|. By the upper [resp. lower]| open hemisphere we mean the
set of points whose last coordinate is positive [resp. negative]; their closures are

L] L]
closed hemispheres. We are given a map f; : I "t — I"*!, Using the Cellular
Approximation Theorem with respect to various CW complex structures, we
will obtain a map homotopic to f; which preserves hemispheres.

Define . 1
Uy i={(z1,. ., @ny1) € I [ 2y > 75}

. 1
U-={(1,...,2n41) € A | ng1 < 5}

By 2.4.13 there exists k such that every cell of the subdivision I ZH lies in
FH(Uy) or frH(UL).
Let ¢ : I' — I' be the piecewise linear map which fixes 0, 1 and —1, which

takes i% to 0, and which is affine on [—1, —%], [—%, %], [%, 1]. The homotopy

G: IZ'H xI — IZH which takes (21, ..., Znt1,t) to (x1,..., Tn, (L—t)Tpi1+
td(xny1)) has the property that Gy = id, G1(U4) lies in the upper closed
hemisphere, and G1(U-) lies in the lower closed hemisphere. Let fo = G; o fi.
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L]
Then f5 takes each n-cell of T Z‘H into either the upper or the lower closed
hemisphere.

We now regard fo as a map IZH — S™. Here, S™ has one vertex, one
(n — 1)-cell (which is S™7!), and the two closed hemispheres as n-cells. By
1.4.3 and 1.4.4, f is homotopic to a cellular map f3 which maps the (n — 1)-

skeleton of T ZH into S”~! and which maps each n-cell of I Z‘H into one of
the closed hemispheres.
L]
Let ef,..., ey be the n-cells of IZH which are not mapped into S™!
by f3. Pick z; € g:’ such that f3(x;) ¢ S™~ . Pick y; in the upper [resp.
L]
lower] open hemisphere of I™*1 iff f3(x;) is in the upper [resp. lower| open
hemisphere of S™, and such that y1,...,y,, are distinct. By 2.4.15, there is a
L] L]
homeomorphism & : I ™1 — I™*! homotopic to id, taking z; to y; for all i.
Let V; C 2? be an open neighborhood of z; such that k(V;) is entirely in the
open hemisphere of I "*! containing ;. See Fig. 2.2. By 2.4.14, f3 is homotopic
° L]
to a map fy : I™1 — S™ such that, for 1 < i < m, fa(e? —V;) = fa(e?) C
m
Sn=L fu(el) = fa(el), while f4 = f3 outside Ue?. Since k is homotopic to
i=1
id, so is k7!, hence f; is homotopic to f5 := f4 o k~1. If y; is in the upper
[resp. lower]| open hemisphere, then f5 maps the neighborhood k(V;) of y; into

m
the upper [resp. lower] open hemisphere of S™. f5 maps I "*! — Uk(Vz) into
i=1

S"~1. Thus f5 preserves hemispheres. O

Fig. 2.2.

Proof (of Theorem 2.4.5 (concluded)). Let f : S™ — S™ be a map. By 2.4.18,
it may be assumed that f preserves hemispheres. Let g : S~ — S"~1 be the
restriction of f. Then for each x € S™, (¥¢)(z) and f(z) are not diametrically
opposite points of S™. Thus the line segment in R" !, {w;(z) := (1—¢t)Xg(z)+
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tf(z) | 0 < ¢ < 1}, does not contain 0. The map (z,t) — wi(z)/|we(z)| is
a homotopy from Xg to f. By induction, ¢ is homotopic to X" 2h where
h: St — S'is a map. By 2.4.9 and 2.4.10, h is homotopic to f; 4 for some d.
Thus f ~ X" 1h ~ Z‘”*lfl,d =: fn,d- O

From the definition of degree one deduces:

Theorem 2.4.19. (Product Theorem for Degree) Let f,g: S™ — S™ be
maps, n > 0. Then deg(g o f) = deg(g)- deg(f). O

Corollary 2.4.20. A homotopy equivalence f : S™ — S™ has degree +£1. O

Together with 2.4.4 and 2.4.5, this corollary implies that a homeomorphism
h :S™ — S™ is homotopic either to ids» = f,,1 or to the homeomorphism
fn,—1. If the former, h is orientation preserving; if the latter h is orientation
reversing. (For this to make sense when n = 0, define fo,_1 to be the map
which interchanges the two points of S°.)

There is another important theorem concerning degree, the Sum Theorem.
For this we need the notion of the “wedge” of a family of spaces. If X is a
space and z € X, we write (X, x) for the pair (X, {z}), we call (X, x) a pointed
space®, and we call x the base point. The wedge \/Xa of a family {(Xq4,zq)}

(03
of pointed spaces is the quotient space H Xao/~ where ~ identifies all the

acA
base points z,. The wedge is also called the one-point union. The point of

\/Xa corresponding to the equivalence class of {z,} is the wedge point. If

eoéch X, is a CW complex and if for all « the point z,, is a vertex of X, then
\/ X, acquires a quotient CW complex structure as in 1.2.22. The wedge
acA

point is a vertex. When each X, is an n-sphere, \/Xa is also called a bouquet

(0%
of n-spheres.

Let the base point v of S™ be (1,0,...,0). Thenv € S° c St C....

Consider \/ S% where (S7,v,) is a copy of (S™,v) for each .. There are
acA

1
canonical maps Sg: \/ S5 for each 8 € A, ig is the inclusion of S as

ig
acA
the [-summand of the wedge; gg is the identity of Sj and maps all other

summands to vg € Sg.

Exercises

1. Fill in the details in the proof of 2.4.2.

5 By a pointed CW complex we mean a pointed space (X,v) where X is a CW
complex and v is a vertex.
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2. In the definition of “suspension” prove that Y'g is continuous when g is; and

that Y'g1 and Y go are homotopic when g; and go are.

Prove that homeomorphic CW complexes have the same dimension.

Describe a CW complex structure for R”™.

5. (for those who know category theory) Show that “wedge” is the category theoret-
ical coproduct in the category Pointed Spaces. What is the category theoretical
coproduct in the category Spaces?

W

2.5 Orientation and incidence number

Let e be an n-cell of a CW complex X. Recall that a characteristic map for
e is a map of pairs h : (B", 5""1) — (", &™) which maps B™ —5™~! homeo-
morphically onto ég =el— ég Two characteristic maps for el are equivalent
if they are homotopic (as maps of pairs). When n > 0, an equivalence class of
characteristic maps is called an orientation of e?. An orientation of a 0-cell
is an assignment of 1 or —1 to that cell.

Our first task is to prove (2.5.2) that each cell of X admits exactly two
orientations. This is trivial when n = 0. From here until after the proof of
2.5.1, we assume n > 1.

A characteristic map h : (B",8""1) — (em,e") induces a map h’ :
B"/S"1 — e /én. Now e” /é™ is obviously homeomorphic to X" /(X" —e™).
By 1.2.22, the latter is Hausdorff. The function A’ is a continuous bijection
(see Sect. 1.1). Since B™ is compact, so is B"/S™"~1. We conclude that A’ is a
homeomorphism.

A special case of this occurs when S™ has a CW complex structure con-
sisting of one 0-cell and one n-cell (see 1.2.16). Thus B"/S"! is homeo-
morphic to S™. WE PICK, ONCE AND FOR ALL, A HOMEOMORPHISM
k, : B"/S"~! — S™ 5o that we may pass back and forth unambiguously be-
tween these two standard spaces. Later in this section (see Convention 2.5.16)
we will be more specific about this choice.

If hy and hy are two characteristic maps for e}, where n > 1, we have a
homeomorphism ky, o (hh) "t ohf ok, 1 :S™ — S By 2.4.20, its degree is +1.
Thus it is homotopic either to idg» or to the canonical homeomorphism f;, —1
of degree —1.

Theorem 2.5.1. Let n > 1, and let e be a cell of X. Let hy, ha be charac-
teristic maps of e*. Then hy and hy are equivalent iff ky, o (hh)~ o h} o k1
has degree 1.

The proof is given after that of Lemma 2.5.5.

Corollary 2.5.2. Fach cell of a CW complex admits exactly two orientations.
If n > 1 and if h : (B™,S" 1) — (eg,ég) determines an orientation of e},
then hor determines the other orientation, wherer : (B™,S"~1) — (B™, 8"~ 1)

is the map (T1,...,on) — (—T1, T2, XT3, . .., Tn).
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Proof. First, we observe that r |: S"~1 — §"~!is not homotopic to id. For n =
1, this is obvious. For n > 1, consider the homeomorphism t5 : S*~1 — §7~1
(z1,2,3,...,2n) — (T2, 21,23, ..., 2,). By 2.4.3, r |=t5, o fn—1,—10t12. If
r | were homotopic to id, then f,,_1 _1 would be homotopic to id (conjugating
the homotopy by t12), which is false by 2.4.4.

It follows that r : (B",S""!) — (B",8"!) is not equivalent to (i.e.,
pairwise homotopic to) the identity map. Clearly (hor)’ : B®/S"1 — en/en
is the composition h’ or’. So k0 (k') Lo (hor) ok;! = k,or' ok, !, and this
map does not have degree 1. Thus h and hor determine different orientations
of el!. By 2.5.1, every orientation is given by one of these. O

The proof of 2.5.1 depends on some lemmas.

Lemma 2.5.3. Let n > 1. Let a = (0,...,0,1) € S™ and b= (0,...,0,—1) €
S™. Let et and e be the closed upper and lower hemispheres, respectively.
Let f,g: S™ — S™ be maps such that a & f(e™)Ug(e™) and b & f(el)Ug(el).
If f and g have the same degree, then f| ~g|: S"™ ! — S™ — {a,b}.

Proof. We consider f and g as maps (S™, S""1) — (S™, 8" —{a,b}). As in the
first part of the proof of 2.4.18, f and g are (pairwise) homotopic to maps f’
and ¢’ which preserve hemispheres, hence, as in the proof of 2.4.5, to suspen-
sions X f"” and Xg¢”, where f”,g¢" : S"~! — 8™~ These homotopies restrict
to homotopies S"~! x I — S™ —{a,b}. So f| =~ inclusion o f” and g| ~ inclu-
sion o g” (as maps "~ ! — S™ — {a,b}). Now degree(f”) = degree(Xf") =
degree(f) = degree(g) = degree(Xg”") = degree(g”). So f" ~ ¢”, by 2.4.5,
hence f| ~ g|. Note that, while 2.4.18 is false for n = 1, the part of the proof
used here works for n = 1. O

Corollary 2.5.4. Let f,g : (B",S"!) — (eg,ég) be characteristic maps
inducing f',g' : B"/S"1 — er/en. For t € (0,1), let A, be the annulus
{z e B" |t <|z|] <1} and let S, = {x € B" | |z| = t}. Let z € e”.
If there exists t such that f(Ay) U g(A;) C e —{z}, and if f' ~ ¢/, then
fl=gl: S —eq—{z}.

Proof. Since B"/S™~! and €7/ ég are homeomorphic to S, the result follows
from 2.5.3. In fact, f |~ g | as maps from S, to €™ — {z}. O

Lemma 2.5.5. Let z € e™, let f and g be two maps (S™~* x I, 5" 1 x{1}) —
(en —{z},em), and let H : "1 x {0} x I — e — {z} be a homotopy from
F18" 1t x {0} tog|S™ 1 x {0}. Then there is a homotopy K : (S"! x I x
1,57V x {1} x I) — (e — {z},e™) from f to g extending H.

Proof. The map (S™~1 x {0} x I) U (S"™1 x I x{0,1}) — e — {2z}, which

agrees with H on S™~! x {0} x I, with f on S"~! x I x {0} and with g on
8™l x I x {1}, extends, by 1.3.15, to amap L : S" ! x I x [ — e — {z}.
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The set e"—(image of L) =: U is a neighborhood of z in e”. By 2.4.14, there
is a homotopy D : X x I — X such that Dy = id, D; = id on X —gg
for all ¢, and Dy(e? — U) C ™. Define M : §" ' x I x I — e — {z} by
M(z,s,t) = L(x,s,2t) if 0 <t < % and by M(z,s,t) = Dar—1(L(x,s,1)) if
% <t < 1. It is a matter of planar geometry to construct a homeomorphism
h I x I — I x Iagreeing with id on I x {0}, taking (0,¢) to (0,2¢) and
(1,¢) to (1,2t) when 0 < t < , and taking the rest of frg=(1 x I) into I x {1}.
The required K is M o h™1. O

Proof (of 2.5.1). “Only if” is obvious. We prove “if”. By the hypothesis and
2.4.5 h, ~ hly : B"/S8""! — e /e". Let z € e”. There exists t € (0,1) such
that A; is mapped into ég — {z} by hy and by hg. By 2.5.4, there exists
H: Sy x1I— el —{z}such that Hy = hy | Sy and Hy; = ho | S;. Therefore,
by 2.5.5 and 1.3.17, hy =~ ho. O

An oriented CW complex is a CW complex X together with a choice of
orientation on each cell. If A is a subcomplex of X, it is understood to be
given the inherited orientation (each cell oriented as in X): we call (X, A)
an oriented CW pair. A quotient complex X/~, as in Sect. 1.2, is given the
quotient orientation: the vertices {A,} are oriented by +1; all other cells
receive their orientation via the quotient map X — X/~.

Let X be an oriented CW complex, e’ an n-cell and 63_1 an (n — 1)-cell.

First, assume n > 2. Choose characteristic maps hq : (B", S""1) — (e?,em)
and hg : (B"1,5"72) — (egfl, égfl) representing the orientations. Consider
the commutative diagram:

h
xn—1 )eg_l o Br-1

e | | |

) 1 —1_%n—1 —1/%n—1 -1 -2
En S X (X ) < ey e < B S

B
halT knll/

Sn—l Sn—l

Here rg is induced by inclusion and is clearly a homeomorphism. Unmarked
arrows are quotient maps. s,g is the indicated composition, and k,_; is as
before. Since h’ﬁ is a homeomorphism, we obtain a map

kn-10(hj) "t orgl osapohy | S"TH — 977!

whose degree, denoted by [e? : eg_l], is the incidence number of the oriented

cells e and egfl. One should think of it as the (algebraic) number of times
e™ is attached to egfl. By 2.5.1 we have:

(03
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Proposition 2.5.6. For n > 2, the definition of [e! : egfl] depends on the
orientations but not on the specific maps ho and hg. O

Note that the definition of [e : egfl] also depends on k,_;. Indeed, the
homeomorphisms {k,, | n > 1} have been chosen once and for all. We will say
more about how we want them to have been chosen later (see 2.5.16).

We now extend the definition of incidence number to the case n = 1.
Given an oriented 1-cell el and a 0O-cell e% oriented by € € {£1}, choose

a characteristic map hy : (B!, S%) — (el,el) representing the orientation.

Define the incidence number [el, : e%] by:

e ifhy(l)=e % and ho(— 1);&6%
[eé:e%]: —€ %fhoz(l)7é % and hq(— )*6%

0 if ho(1) = ha(=1) = €j

0 if ha(1) # €} and ha(—1) # €

Clearly we have:

Proposition 2.5.7. The definition of [el : e%] depends only on the orienta-
tions. O

Proposition 2.5.8. Let e and 6271 be (oriented) cells, n > 1. If 6271 is not
a subset of e, then [el : egfl] =0.

Proof. When n > 2, the map S"~1 — S"~! whose degree defines [e? : ey 1
is not surjective, so, by 1.3.4 and 1.3.7, it is homotopic to a constant map. By
2.4.3 its degree is 0. When n = 1, the Proposition is obvious. O

We say eg is a face of e, if eg C eq.

Now we turn to numbers associated with maps. Let X and Y be oriented
CW complexes, and let f: X — Y be a map such that, for some n, f(X™) C
Y™ and f(X" 1) € Y™!; of course cellular maps have this property for all
n. For each e in X and €} in Y we wish to define an integer [eq, : €5 : f]

measuring the (algebraic) number of times f maps e} onto ej- First, let n > 1
and consider the commutative diagram:

ha n f ~ hg

B en T 2¢ B"
Bn/sn 1 v N ea/ég Tﬁ)Y'n/(Y'n _é‘g) = é’rﬁl/eg E’B Bn/Snfl
kn e
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Here € is a cell of Y; izg is a characteristic map defining the orientation; f/ 5
is induced by f, and is well defined since f(X™ X" 1) C (Y™, Y" 1);rgisa
homeomorphism as before. Let [e]? : €p - f] be the degree of the map

ko ()"t orgto flyohl ok, S — S™

For the case n = 0, let €5 C X have orientation ¢ and let é% C Y have
orienta.tion €. Define [ef, : €} : f] = e€ if f(el) = €3, and [eD, : €} : f] =0
otherwise. From 2.5.1 we conclude:

Proposition 2.5.9. The definition of [} : € f] depends only on the orien-
tations. g

As with 2.5.8 we have:

Proposition 2.5.10. Let e, and €} be oriented n-cells of X and Y respec-
tively. If €}y is not a subset of f(eg,) then [ey : €5 : f] = 0. O

The number [ef; : € : f] is called the mapping degree of f with respect to
eq and €j.

Next, we discuss product orientations. Let X and Y be oriented CW com-
plexes. We define the product orientation on the CW complex X x Y by
specifying an orientation for each e’ x €3 where ef, €f; are cells of X and YV’

b L[]
respectively: (i) if m > 0 and n > 0, and if hy : (I™,I™) — (e, e™) and
~ L] o
hg: (I",I™) — (ég,ég) are characteristic maps defining the separate orien-
tations, e x €3 is to be oriented by hq % hg. (i) If m > 0 and n = 0, so that
é% = {yg}, if ho orients e}, and if 1 orients é%, then e’ x €3 is to be oriented
by the map I'"™ — e x é%, x +— (ho(z),yg); if —1 orients é%, the opposite
orientation is to be used. (iii) If m = 0 and n > 0, the rule of orientation is
similar to that given in (ii). (iv) If m = 0 = n, with €% oriented by €, and é%
oriented by €, then e x é% is to be oriented by e€.

We can use this to define a preferred orientation on the CW complex I"™ as
follows: when n = 0, the canonical orientation is 1; when n = 1, the canonical
orientation on I' (with two vertices and one 1-cell) is: 1 on each vertex, and
(the equivalence class of) id : I — I' on the 1-cell. The canonical orientation
on I" is then defined inductively to be the product orientation on I"~! x I'.
We leave the proofs of the next two statements to the reader:

Proposition 2.5.11. If I" is factorized as I" x I®, and each factor carries
the canonical orientation, then the product orientation on I™ x I® coincides
with the canonical orientation on I™. ]

Proposition 2.5.12. Let r > 1. Let e be the r-cell of I™ obtained by con-
straining the ijth coordinate to be €; € {1,—1}, for 1 < j < n —r. Let the
remaining r coordinates be indexed by p1 < p2 < ... < pp. The canonical
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° L]
orientation on e is given by the characteristic map (I",1") — (e,e) taking

(w1,...,27) to (Y1,...,yn) where y;; = ¢; for 1 <j<n—r andy,, = x; for
1<5<r. O
Proposition 2.5.13. Letr; : [™ — I™ be the homeomorphism (x1,...,2Ty) —
(T1,...,Ti—1, —Ti, Tit1,.--,Tn). Then r; is orientation reversing.

Proof. If n = 1, this is obvious. Next, let n = 2 and 7 = 1, let M; be the
cos(tmw) sin(tm)

matrix [Sin(m) — cos(t)

}, and let a, : I™ — B"™ be the homeomorphism given

L]
in Sect. 1.2. Then aglMaQ | I? gives a homotopy from a;lfL_lag to ry.
For all other cases, embed this matrix in the appropriate n x n matrix. (For
another proof, adapt the first paragraph of the proof of 2.5.2.) g

Now we discuss the incidence numbers of I"™ with its (n — 1)-dimensional
faces. For ¢ = %1, let F; . be {(x1,...,2,) € I"™ | z; = €}. Bach F;. is an
(n — 1)-cell of I"™. All cells are canonically oriented.

Proposition 2.5.14. [I": F; 1| = —[I" : F; _4].

Proof. This is clear when n = 1. Assume n > 2. Recall our permanent choice
of homeomorphism, a,, for identifying I™ with B™; see Sect. 1.2. Consider the
following commutative diagram:

—1
ay | ° bn . . o

L]
gn—1 " I"/(I”*Fii) ~ Fi,l/Fi,l

3
R

’
hi

° kn—1
T4 ["*1 —_— In—l/ln—l ? Snfl

3
|
R

’
hi -1

on I"/(I™ = F; 1) =% i,—1/Fi -1

Here, h;: I""! — F; . is the canonical characteristic map
(1, yTp_1) — (X1, .., Tiz1, € Tit1, ..., Tn_1) Of F;, given by 2.5.12, and
r; is as in 2.5.13. All other arrows are the obvious quotients or inclusions or
are induced by such. By 2.5.13, r; is orientation reversing.
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The required incidence numbers are the degrees of f and g where f [resp.
g] is the composition of maps leading from the top left [resp. bottom left] copy
of S"~! to the right copy of S"~1. Note that f = go (a,or;0a, ). By 2.5.13,
r; has degree —1. So, by 2.4.19, deg(f) = —deg(g). |

Proposition 2.5.15. The maps b, and c,, in the above diagram are homotopy
equivalences. Hence the incidence numbers in 2.5.14 are £1.

Proof. Let e™(t) = {x € S™ | t < xpg1 < 1}. The space €"(0) is the upper
closed hemisphere, while €™(1) = {north pole}. The reader can easily con-
struct a homotopy H : S™ x I — S™ such that Hy = id, H¢(e™(0)) = e™(¢),
and H; maps S™ — e™(0) bijectively onto S™ — e™(t), for all t. The map H; is
a quotient map (see Sect. 1.1), and since H; ~ id, H; is a homotopy equiv-
alence. Clearly this implies that b, and ¢, are homotopy equivalences. The
second part then follows from 2.4.20. (]

Proposition 2.5.14 makes a relative statement about incidence numbers.
But even though we know, by 2.5.15, that these incidence numbers are £1, we
cannot say which is which (when n > 2) until we specify the homeomorphism
kn_1 which “was chosen once and for all” earlier in this section. In fact we
are only making our choice now:

Convention 2.5.16. For n > 2, the canonical homeomorphism
kp—1:B"1/Sn=2 — Sn=1 s to be chosen to make [I™ : Fy, 1] = (—1)"T1.

Proposition 2.5.17. [I" : F; 1] = (—1)"1. Hence™ [I" : F; 1] = (—1)".

Proof. This is clear when n = 1. Assume n > 2. The orientation on F, ; is
givenby I"t — F,, 1, (21, -+ ,@p—1) — (1, -+ , -1, 1); and the orientation
on F_11is I"™' — F,_11, (1, ,2n—1) — (z1, -+ ,@pn_2,1,2,-1). Let
h : I™ — I™ be the restriction of the linear automorphism of R™ which is
the identity in all but the last two coordinates and is given by the matrix

[ ]
[9 4] in those coordinates. Then h is orientation reversing on I ™ (compare the
proof of 2.5.13) but matches up the above orientations on the (n — 1)-faces.
By considering the diagram defining incidence numbers, one sees that this

implies [I™ : Fy,_1,1] = —[I™, F,,1]. The conclusion follows, by induction, from
2.5.14, 2.5.15 and 2.5.16. O
We now interpret the incidence number [e?? : eg_l] and the mapping degree

[en : ey : f] homologically, where f : X — Y is a cellular map of oriented CW
complexes. It is to be understood that singular homology is taken with Z-
coefficients. We saw in Sect. 2.3 that the coefficient of hgi(Ap—1) in Ohas(An)

is the image of 1 under a certain homomorphism Z — Z. We wish to claim

" The choice in 2.5.16 which leads to the incidence numbers stated in 2.5.17 is not
a universal convention. For example, choices used in [42] lead to [I™ : F;1] =
(_1)7172'.
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that this integer is precisely the incidence number [e} : egfl]. However, for
this to be true some further once-and-for-all choices must be made correctly.

By an easy exercise in singular homology using excision as outlined in Sect.
2.2, there are canonical isomorphisms

HA(B", §"1)——>HA(B"/S"~1, v)<—— HA(B" /S~ 1) 2> HA (§7)

when n > 1. Let x, € H,?(S”) be the image of the generator A, €
HnA(B", S™~1) under this composition of isomorphisms. We also have a ho-
momorphism 9, : H2(B", 8" 1) — HA | (S"~!) which is an isomorphism for
n > 2 and a monomorphism when n = 1; see 2.2.1. Indeed, the image of A;
under 9, : H{(BY, S%) — HE(S%) =2 Z & 7Z is the homology class of the sin-
gular O-cycle ({1} — {—1}), with the 4+ or — depending on which generator
of HA(B', S°) has been chosen as ;.

Now we make our choices. Let ko € HZ(S°) be the homology class of
{1} — {~1}. Define the generators A, € H>(B",S"~!) and ,, € H>(S™) by

H(8%) =—=HP(B', 8%) — H{(S') < H3)(B?, §') — H5(8%) =— -+

Ko A7 K1 f Ao | K2

This specifies A\, n > 1, for the first time. We also define \g € H§*(B°) to be
the homology class of the singular 0-cycle {0}. With these choices we get:

Proposition 2.5.18. The coefficient of hp«(An_1) in Ohax(A\n) is the inci-

dence number [el : egfl].

Proof. We leave the case n = 1 as an exercise. For n > 2 the claim can be
read off from the following commutative diagram of singular homology groups
(A’s omitted):

Hyp(B", 8" 1) ————> H, (e}, ") —————> Ho(X", X" 1)

= n—
Hy i (S —————H,_(&") — > H, (X" X772 <— Ei%’n—l(eW

/m

— — Op—1 —1 ®en—1 — — —
Hyy(X"H X = e ™) <— Hyoa(ep ™' 671 ) <—— Hyoq(B" 71,8 7%) — Hy g (S™71)

= I P

Hy (X" /X" 807 <— Hyoa(ef /871 <— Hy o (B"71/S772).

1 en—1
el7)

The point here is that, by our choices, A, — k,_1 on the left and \,_1 —
Kn—1 on the right. O
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Similarly, one proves (exercise):

Proposition 2.5.19. The coefficient of hg«(An) in fu(hax(An)) is the map-

ping degree [e, : €} @ f]. O

Exercises

1. Let X and Y be oriented CW complexes. Give X x Y the product orientation.
Prove
(a) [ea x €' e’ﬂ“1 x ey] = [eq : e’ﬂ“l]
(b) [eq x & :eq X ég’“l] = (-1)"[eT : ég"’l]

2. Prove 2.5.19.

3. Prove the n =1 case of 2.5.18.

2.6 The geometric cellular chain complex

In Sect. 2.3 we defined C,,(X;R) to be H2(X™, X"~ 1: R) and we called its
elements “cellular chains.” There is a more geometrical way of defining cellular
chains which (this author believes) gives more insight into what homology is
about; we have been preparing for this in the last two sections. Temporarily
we will call the new chains “geometric cellular chains” but we will drop this
distinction (and the “geom” superscript) after this section.

For X an oriented CW complex and n > 0 define C£°™(X;R) to be
the free R-module generated by the set of (already oriented) n-cells® of X.
For n < 0, define C8°™(X;R) to be the trivial R-module 0. Elements of
Cgo™ (X R) are called cellular n-chains in X (over R).

There is a canonical ring homomorphism Z — R taking 1 € Z to 1 € R.
If n € Z we also denote its image in R by n. This applies, in particular, to
incidence numbers and mapping degrees in what follows. In the context of
R-coefficients they are interpreted as elements of R.

For n > 1, define 9 : C&8°™(X; R) — C°°"(X; R) by

n

Aep) = len:efMep™
B

8 Because of potential confusion, we spell this out. Each n-cell e? of X has been
equipped with an orientation at the start. When n > 1, this orientation is the
homotopy class [h] of some characteristic map h : (B™,S" ') — (el,&%). The
ordered pair (e, [h]) is a generator of Cp(X; R). If [hor] is the other orientation
of el (see 2.5.2), the ordered pair (ely, [ho7]) is not in Cp(X; R). Similar remarks
apply to the case n = 0. Thus, although there is a bijection between the n-cells
of X and the generators of Cy(X; R), it can be misleading to think of C, (X; R)
as simply the free R-module generated by the set of n-cells.
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where o and § index the n-cells and (n — 1) cells, respectively. This is a finite
sum. For n <0, define 0 = 0.

Define ¢ : C8°™(X; R) — C,(X; R) to be the canonical extension of the
function e} — he,(A). By 2.3.8 ¢ is an isomorphism. The discussion at the
end of the last section then shows that the following diagram commutes:

CEeom (X R) —2> C\y(X; R)

la lc’)
O™ (X R) —Y = Cp_\(X: R)

Thus (C2°™(X; R), 0) is a chain complex and is canonically chain isomorphic
to (Cn(X; R),0) as defined in Sect. 2.3.

If f: X — Y is a cellular map between oriented CW complexes, define
fu: CE°™(X; R) — C&°™(Y;R) by

falen) = Ylen &« flan.
B
By 2.5.19 the following diagram commutes

CEeom(X; R) —2> C,(X; R)

| |

CEon(Y; R) —2 > C, (Y R)

Thus fy is a chain map.
Theorem 2.6.1. (Sum Theorem for Degree) Let n > 1 and let

S”i) \/ S;Li) fsid
acA
be maps. The degree of G o I is Z deg (GoinoqyeoF).
acA

Proof. We use the CW structures with one vertex and one n-cell for each
sphere. We have deg(G o i,) =[S : S™ : G] and deg(gq o F) = [S™: ST : F].
By 2.4.19

Zdeg(Goz’a oguoF) = Z[SZ St GIS™ Sy s F.
At the level of cellular chains we have:
(GoF)u(S")y=> [Sn:8":G[S": Sy F|S™.

[e3

Thus deg(G o F) is as claimed. O
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In the exercises, the reader is asked to provide direct proofs of: 9o d = 0,
frop=¢o fuand (go f)g = gu o f4 using the definitions of this section
as well as basic facts about degree (Sect. 2.4) and singular homology (Sect.
2.2). These are instructive in that they show why it is not easy, perhaps
impossible, to give a self-contained treatment of cellular homology from the
geometric viewpoint — one which completely avoids singular homology.

We have now reached our goal of defining cellular homology in terms of
oriented cells, incidence numbers and mapping degrees. In the rest of the
chapter we establish the basic properties of homology in these terms AND
WE DROP THE DISTINCTION BETWEEN Cg&*™(X; R) AND C,(X;R).

Historical Note: Cellular homology as described in Sect. 2.3 was introduced
by N. Steenrod in lectures and was popularized as an appendix to [Milnor-2] which
circulated widely as a preprint for many years before it was published as a book.
The geometric treatment preferred here in Sect. 2.6 (and throughout this book) is
folklore.

Exercises

1. Prove: 9(I™ x I"™) = (0I™) x I" 4+ (=)™ (I™ x oI™).

Prove the following from the definitions given in this section, without using the
equivalent formulation in Sect. 2.3:

2. The composition C’n+1(X;Z)—8>Cn(X;Z)—6>Cn,1(X;Z) is zero, where
X is an oriented CW complex.
3. If f: X =Y is a cellular map between oriented CW complexes, then 0o fu =

f#00.

4. If X —f>Y—g>Z are cellular maps between oriented CW complexes, then
(go f)u = g4 o f# and idy = id. Hint: Use 2.6.1.

5. If f: X — Y is homotopic to a constant map then fx : Ho(X; R) — Hn(Y; R)
is the zero homomorphism when n > 0.

2.7 Some properties of cellular homology

We begin with some properties whose proofs are exercises:
Proposition 2.7.1. If X is path connected, Hy(X; R) = R. O

Proposition 2.7.2. If {X,, | « € A} is the set of path components of X, then
each X4 is a subcomplex of X, X = HX‘X’ and H,(X; R) is isomorphic to

@®H,(Xa; R) for all n. In particular, Hy(X; R) is a free R-module whose rank

is the cardinal number of A. O
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Corollary 2.7.3. The homology of the one-point CW complez, {v}, is as fol-
lows: Hy({v}; R) & R; H,({v};R) =0 forn > 0. O

Proposition 2.7.4. Let (W | R,p) be a presentation of the group G :=
F/N(p(R)), and let X be the 2-dimensional CW complex constructed in Exam-
ple 1.2.17. Then, for any choice of orientations on X, H1(X;Z) is isomorphic
to the abelianization of G, G/|G, G]. O

The last proposition shows how incidence number is related to the notion
of exponent sum in a group relation.

Proposition 2.7.5. If X has dimension d, then H,(X;R) =0 for alln > d.
O

Proposition 2.7.6. If i : X" — X, then i, : H;( X", R) — H;(X;R) is
an isomorphism for 7 < n and an epimorphism for j =n+ 1. O

Proposition 2.7.7. If X has finite type and R is a PID then H,(X;R) is
finitely generated for each n.

Proof. Since R is a PID the modules of cycles are (free and) finitely generated.
O

Now we turn to homotopy invariance; it is particularly easy to understand
in the geometric cellular chain complex.

Let f,g : X — Y be cellular maps between oriented CW complexes. We
wish to show that if f ~ g then f. = g. : H,(X; R) — H,(Y; R). By 1.4.3,
there is a cellular homotopy F : X x I — Y from f to g. We regard I as a CW
complex having two vertices and one 1-cell; it carries the canonical orienta-

tion: 1 on each vertex, and (the equivalence class of) (I',I') — (I,{0,1}),
t+— 2(t+1). We give X x I the product orientation.

By considering the definition of incidence number together with 2.5.8 and
2.5.17, the reader can check:

n—1

Proposition 2.7.8. If "~ ! and ey are (n — 1)-cells of X, then we have
[en=1 x I : eg_l X {j}] = (=1)""bap. If €72 is an (n — 2)-cell of X, then

(03
[en=tx T 62_2 x I =[en 1t 62_2]. a
A chain ¢ € C,,(X; R) has the form Z mqeg, where A indexes the n-cells
acA
of X, and only finitely many m,’s are non-zero. Define c¢xI = Z ma(enxI) €

acA
Cn-i—l(X x I R)

Corollary 2.7.9. 9(c x I) = (—=1)"*1(c x {0} — ¢ x {1}) + (dc) x I. O
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Recall that Z,(Y) = ker(0 : C,,(Y; R) — (Y; R)) is the R-module of
n-cycles, B, (Y; R) = image(0 : C41(Y; R) — C,(Y; R)) is the R-module of
n-boundaries, and H,(Y;R) = Z,(Y; R)/Bn(Y; R). Cycles 2,2’ € Z,(Y; R)
represent the same element of H,(Y; R) iff z — 2’ € B,(Y; R), in which case
z and 2’ are homologous.

Theorem 2.7.10. (Homotopy Invariance) If f,g: X — Y are homotopic
cellular maps, then f. = g« : Hy(X; R) — H,(Y; R) for all n.

Proof. Let z € Z,(X; R) represent {z} € H,(X; R). Then f.({z}) = {f«(2)}
and g.({z}) = {g#(2)}. We must show that fx(z) and g4 (z) are homologous;
ie., fu(2) — gx(z) € By(Y;R). By 1.4.3 there is a cellular homotopy F' :
X xI—Y from f tog.

O(Fy(z x 1))

Fy(0(z x 1))
= (—1)"" (Fy(2 x {0}) — Fu(z x {1})) by 2.7.9
= (=1)"(fa(2) = g4(2)).

Thus f4(z) — gu(2) = 0((—1)" " Fu(2 x I)) € B,(Y; R). O

By 1.4.3, every map is homotopic to a cellular map ff.:.X—-Y is a map
between oriented CW complexes, we can define f, : H,(X;R) — H,(Y;R)
by f. = g« where g is any cellular map homotopic to f. This is well defined
by 2.7.10. In fact, we can regard H,.( - ; R) as a covariant functor from the
category of oriented CW complexes and homotopy classes of maps to the
category of graded R-modules and homomorphisms of degree 0.

Corollary 2.7.11. If X and Y are oriented cw complemes and f: X =Y is
a homotopy equivalence, then f. : H,(X; R) — H,(Y; R) is an isomorphism
for all n. O

Corollary 2.7.12. If X; and X5 represent the same CW complex X oriented
in two different ways, then the identity map id : X1 — Xo induces an isomor-
phism H.(X1) — H.(X3). O

In this sense, cellular homology is independent of the choices of orientation
on cells. So from now on we will mention an orientation only when discussing
chains.

Corollary 2.7.13. If the space X admits two CW complex structures X1 and
X, these yield isomorphic homology groups.

Proof. The identity map idx is a homotopy equivalence X7 — Xo. O

Our proof of Theorem 2.7.10 was direct. We showed that for any cycle z,
fu(2) and g4 (z) differ by the boundary 9(Fx(z x I)). When we come to the
corresponding theorems for cohomology in Sect. 12.1, it will be helpful also
to have a slightly stronger statement:
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Proposition 2.7.14. Let F' : X x I — Y be a cellular homotopy from f to
g. Define Dy, : Cp(X) — Cry1(Y) by Dy(el) = (=1)" L Eu(el x I). Then
{D.} is a chain homotopy between fyu and gu.

Proof. We use the proof of 2.7.10 and 2.7.9 to get:
ODy(el) = (=1)" "1 9Fy (el x I)
= (1) Fg0(el x 1)
a x40} — el x {1}) + (=1)"" Fu((9eqy) x 1)
er x {0} — el x {1}) — Dp,—1(0el).
So 0Dn(eg) + Dn-10(eq) = fy(eq) — g (eq)- 0

We end with a generalization of homotopy equivalence which will be
needed later. A cellular map f : (X,4) — (Y,B) between CW pairs? is
an n-equivalence if there is a cellular map ¢ : (Y, B) — (X, A) such that
gof| (X"t A"~1) — (X, A) is homotopic to (X1, A"~1) — (X, A) and
fogl: (Y"1, B" 1) — (Y, B) is homotopic to (Y"1, B"~1) — (Y, B). The
map ¢ is an n-inverse for f.

It is straightforward to prove:

Proposition 2.7.15. An n-equivalence induces isomorphisms on homology
modules in dimensions < n — 1. O

Exercise

Prove all the unproved statements in this section.

2.8 Further properties of cellular homology

Recall from Sect. 2.1 that whenever

0— 0 -%0ole" —0
is a short exact sequence of chain complexes, there is a connecting homomor-
phism O, : H,(C") — H,,_1(C") for each n, giving rise to an exact sequence

s H (C) 2 H o (O) 25 H o (C7) 2 Hy oy (C1) 2

This purely algebraic fact can be used in several ways. Throughout this sec-
tion, let (X, A) be an oriented CW pair. There is a short exact sequence of
chain complexes

% Some authors have a slightly different definition of n-equivalence.
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0 — Co(A; R) 2 Cu(X;R) 2 C.(X;R)/Cu(A; R) — 0

where the boundary homomorphism on the quotient chain complex
{Ch(X; R)/Cp(A; R)} is induced by the boundary on C,(X; R). The alterna-
tive notation C, (X, A; R) is also used for this chain complex. The n*" relative
cellular homology module of (X, A), denoted H,, (X, A; R), is the n** homology
module of the chain complex C,(X; R)/C.(A; R). There results the homology
exact sequence of (X, A):

Proposition 2.8.1. The following sequence is exact:
. — Hp(A;R) =5 Ho(X;R) 25 Ho(X, A R) 25 Hy 1(A;R) — ... .
O

This is only formal until we interpret H,, (X, A; R) geometrically. We may
do so in two ways.

First, let Z,(X,A;R) = {¢ € Ch(X;R) | 9c € Cp_1(A;R)} and let
B,(X,A;R) = {c € C,(X;R) | ¢ is homologous to an element of C,,(4; R)}.
The elements of Z,(X, A; R) and of B, (X, A; R) are called relative n-cycles
and relative n-boundaries respectively. Clearly, B, (X, A; R) C Z,(X, A; R).

Proposition 2.8.2. H,, (X, A; R) 2 Z,(X, A; R)/B.(X, A; R).
Proof. Consider the commutative diagram

Co(X; R) -2, Cno1(X;R)

[ [
Co(X;R)/Cr(A; R) —2— Cpoi(X5R)/Cr1(A; R)
Here 0 is the boundary homomorphism. Note that Z, (X, A; R) = p~*(ker 9),

and B,_1(X, A; R) = p~!(image 0). By the Noether Isomorphism Theorem
(i.e., (M/P)/(N/P) = M/N) the result follows. O

The second interpretation of H, (X, A; R) is in terms of the oriented quo-
tient CW complex X/A:
H. (X, AR)  ifn#0
Proposition 2.8.3. H,(X/A; R) =
Ho(X,A;R)®@R ifn=0.

Proof. There is a unique homomorphism r making the following diagram com-
mute:

Cn(X;R)

Cn(X/A;R) s Cn(X;R)/Cn(A;R)
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Here, ¢ : X — X/A is the quotient map, and X /A has the quotient orientation.
Since p and g4 are chain maps, and g4 is onto for each n, r is a chain map.
Clearly, r induces a bijection of generators when n > 0. When n = 0, ker r
is isomorphic to R, generated by the (oriented) vertex {A} of X/A; the other
generators are mapped bijectively to the generators of Co(X; R)/Co(A; R).
The result follows. O

Homology of CW pairs works like homology of CW complexes. There is a
pairwise Cellular Approximation Theorem:

Proposition 2.8.4. A map f : (X, A) — (Y, B) between CW pairs which is
already cellular on the subcomplex Z of X is pairwise homotopic, rel Z, to a
cellular map.

Proof. The proof of 1.4.3 achieves this. O

A cellular map f : (X, A) — (Y, B) of oriented CW pairs induces a chain
map fg @ Co(X; R)/Cr(A;R) — Co(Y; R)/C,(B; R) for each n, and hence
fo i Ho(X, A;R) — Hy, (Y, B; R). Theorem 2.7.10 has an analog (with similar
proof: use 2.8.2):

Theorem 2.8.5. (Homotopy Invariance) If f,g : (X,A) — (Y,B) are
pairwise homotopic cellular maps, then f. = g. : H,(X, A; R) — H, (Y, B; R)
for all n. O

The connecting homomorphism 0, satisfies the following “naturality”
property for algebraic reasons (see Sect. 2.1):

Proposition 2.8.6. Let f : (X, A) — (Y,B) be a cellular map of oriented
CW pairs. Then, for all n, the following diagram commutes:

Ho(X,A;R) —%— H, 1(AR)

Thus, we have a commutative diagram

s j % Ox
s Hp(A;R) —> Hn(X; R) —2> Hp (X, A;R) ———> Hp_1(A; R) ——> ---

l(f)* lf* lf* l(f)*
j 8

.. ——> H,(B;R) L Hp(Y;R) —> H, (Y, B; R) ——> Hy,_1(B; R) —> - --

whose horizontal rows are exact.
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Next, we turn to the excision property. Let (X, A) and (Y, B) be oriented
CW pairs where X is a subcomplex of Y and A is a subcomplex of B. The
inclusion ¢ : (X, A) — (Y, B) is an excision map iff X — A =Y — B. This could
be taken as the definition of excision in our context; it is compatible with the
definition in Sect. 2.2.

Theorem 2.8.7. Ezcision maps induce isomorphisms on relative homology
groups.

Proof. Let i be an excision map as above. Then Y = X UB and A = X N B.
By elementary algebra

Cn(X; R)/Cn(A; R) =2 [Cn(X; R) + Co(B; R)]/Cn(B; R) = Cun(Y; R)/Cn(B; R)

and this canonical isomorphism commutes with J’s. O

The same algebraic trick used to derive the homology sequence of the ori-
ented CW pair (X, A) can also be used to derive an exact sequence expressing
the homology of a CW complex in terms of the homology of two subcomplexes
which cover it. To see this, let X be an oriented CW complex having two sub-
complexes A and B such that X = AU B; then AN B is also a subcomplex.
There is a short exact sequence of chain complexes

0— C.(ANB;R) = C.(A;R) @ C.(B; R) - C.(AUB;R) — 0

where i(c) = (¢,—c¢) and j(c,d) = ¢+ d. [Here, of course, we consider
Cn(A;R) C Cp(A U B;R), etc. The direct sum of two chain complexes is
defined in the obvious way, and H,,(C & C’) = H,(C)® H,(C").] The general
procedure for generating homology exact sequences can be applied here, this
time yielding the Mayer-Vietoris sequence of the complexes A and B:

.. — Hp(ANB; R) % Ho(A; RY®Hp(B; R) 2% Ho(X;R) 2% Hy 1(ANB;R) — ...

This sequence is “natural” in the sense that if f : X — X’ is cellular, with
f(A) c A" and f(B) C B',and if X = AUB and X’ = A’UB’, then the Mayer-
Vietoris sequence of A and B maps to that of A’ and B’ by homomorphisms
induced by f, so as to give a commutative diagram.

In closing, we remark that cellular homology can be axiomatized. Suppose
that to each oriented CW pair (X, A) and n > 0 we associate an R-module
hn(X, A) and a homomorphism!® 9, : h,41(X, A) — hy(A,0), and to each
map of CW pairs f : (X, A) — (Y, B) and n > 0 we associate a homomorphism
fu i hn(X, A) — h, (Y, B) satisfying:

10 Convention: write hy,(A) for h, (A, 0)



2.8 Further properties of cellular homology 69

(i) idi = id and (g o f)« = gu 0 fu;
(ii) (f|)*8* - a*f* : h7L+1(X7 A) - h"L(B);

(ili) the sequence
s b (A) by (X)L b (X, A) 2L h, 1 (A) — .
is exact;!!
(iv) whenever f,g : (X,A) — (Y,B) are homotopic, then f, = g.
hn (X, A) — hy(Y, B) for all n > 0;
(v) excision maps i : (X, A) — (Y, B) induce isomorphisms i, : h, (X, A) —
hn (Y, B) for all n > 0;
0 ifn#0
(vi) ha({v}) =
R ifn=0
where {v} is the one-point CW complex;
and, finally, suppose ¢o : ho({v}) — Ho({v}; R) is an isomorphism (see 2.7.1).
Then for every finite CW pair (X, A) and every n > 0 there is an isomorphism
b(x,a) : hn(X, A) — H, (X, A; R) such that ¢(1,},0) = ¢o and all diagrams of
the following kinds commute:

ha(X,4) —L  h.(Y,B) host (X, A) —2 ha(A)

Jﬁs(X,A) Jd)(Y,B) ld)(X,A) l¢A
Ho(X, A;R) —"— H,(Y.B;R) H,(X, A;R) —%— H,(A;R).

Properties (i)—(vi) are the Filenberg-Steenrod axzioms for finite CW pairs. This
Uniqueness Theorem, which we shall not prove (see for example [61]) implies
that any “homology theory” h, satisfying these axioms — e.g., singular ho-
mology — agrees with cellular homology on oriented finite CW pairs. We have
seen in this chapter that cellular homology H.( - ; R), with the connecting
homomorphism 9, satisfies them.

Exercises

1. Let (X, A, B) be a triple of CW complexes. Establish an exact sequence of the
form

- — > H,(A,B;R) —> H,(X,B;R) — H, (X, A;R)

- > H, (A B;R)——> -

2. Discover a Mayer-Vietoris sequence for the triple (X, A, B) in the spirit of Ex-
ercise 1.

1 Here (A, 0)<> (X, 0)(X, A) and h_y(A) = {0}.
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2.9 Reduced homology

An augmented CW complex is a CW complex X together with an additional
cell of dimension —1 called the empty cell. If X is a CW complex, the aug-
mentation of X is the augmented CW complex so obtained. There is only
one empty cell; all augmented CW complexes have at least that cell in com-
mon. The empty cell is considered to admit a unique orientation. Thus if X
is oriented, its augmentation is oriented too.

The cellular chain complex of the augmentation of X is traditionally
called the augmented cellular chain complexr of X and will be denoted by
(Co(X;R),0). Here, Cr(X;R) = Cn(X;R) for all n # —1, C_1(X;R) = R
(think of the free R-module generated by the empty cell), 9 = 0 : C,,(X; R) —
Cn-1(X;R) for all n # 0, and'? 9(e%) = ¢, € {1} C R, where ¢, is the cho-
sen orientation!3 of €. Clearly D00 =0,s0 (C.(X;R),d) is a chain complex.
Its homology modules, ﬁn(X ; R), are the reduced cellular homology modules
of X.

Proposition 2.9.1. H,(®;:R) = 0 if n # —1, and H_1(0; R) = R. When
X #0, Hy(X;R) X H,(X;R) if n # 0, and there is a short exact sequence

0 — Ho(X;R) X Hy(X;R) — R — 0

where q. is induced by the chain map q : é’*(X; R) — C.(X; R) which is the
identity in dimensions # —1 and is zero in dimension —1. ]

Combining this with 2.7.1 and 2.7.2 gives:

Corollary 2.9.2. fIO(X;R) is a free R-module with rank «, where o+ 1 is
the (cardinal) number of path components of X. O

Corollary 2.9.3. If X is path connected, H,(X;R)= H,(X;R) foralln#0
and Hy(X; R) = 0. In particular, the reduced homology of a contractible space
18 trivial. O

A cellular map f : X — Y between oriented CW complexes induces fy :

Ci(X;R) — Ci(Y; R); fy is defined as in Sect. 2.7 whenn > 0,asid: R — R
when n = —1, and trivially when n < —1.

Proposition 2.9.4. f4 : C.(X;R) — C.(Y;R) is a chain map.

2 This homomorphism Co(X;R) — R is called the augmentation and is usually
denoted by e.

13 Unless there is a reason to do otherwise, one should give the orientation +1 to
each vertex. In that case the statement 5(62) = 1 can be interpreted as saying
that the empty cell is the boundary of each vertex.
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Proof. By 2.3.4, it is only necessary to check the commutativity of

Co(X;R) —2— R

lf# lid
Co(V;R) —2— R.
If f(e)) = €, where e is a cell of X oriented by €, and &} is a cell of ¥
oriented by é5, then d(e%) = €4, while df4(ed) = €nésés = €. O

Thus, a cellular map f : X — Y induces a homomorphism f, : H,(X; R) —
H,.(Y;R). Clearly this satisfies id, = id and (g o f)s = gx 0 fu.

Proposition 2.9.5. If f,g : X — Y are homotopic cellular maps between
non-empty oriented CW complexes, then f. = g. : Hy(X; R) — H,(Y; R) for
all n. g

_ If Ais a subcomplex of the oriented CW complex X, the chain map g :
Ci.(X;R) — C«(X;R) defined in 2.9.1 clearly induces an isomorphism of

quotient chain complexes C,(X;R)/C.(A;R) — C.(X;R)/C.(A; R). Thus
there is no need to define relative reduced homology modules. The short exact
sequence of chain complexes:

0 — C.(A;R) — C.(X;R) — C.(X;R)/C.(A;R) — 0
gives the reduced homology exact sequence of (X, A):
— H,(A;R) — H,(X;R) — H,(X,A;R) — H,_1(A;R) —

This sequence is “natural” with respect to cellular maps (X, A) — (Y, B),
just as in Sect. 2.8.
We get a more elegant version of 2.8.3:

Proposition 2.9.6. H,,(X, A; R) = H,(X/A; R) for all n. O

Finally, if X = AU B where A and B are two subcomplexes we get a short
exact sequence of chain complexes

0 — C.(ANB;R) — C.(A;R) ® C.(B; R) — C.(AUB;R) — 0

giving a reduced Mayer-Vietoris sequence

L ﬁn(AﬂB;R) — Hn(A;R)GBEIn(B;R) — Hn(X;R) — flnfl(AﬁB;R) —

as in Sect. 2.8, which is again “natural” with respect to maps f : X — X'
taking A to A’ and B to B’.
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We repeat that reduced homology of non-empty CW complexes only differs
from homology in dimension 0; for the empty CW complex the difference
occurs in dimension —1.

A closing word on terminology. If 9 : Co(X;R) — C_1(X;R) := R is the
0" boundary homomorphism in the augmented chain complex, it is easy to
check that the reduced homology modules I:I*(X ; R) are also the homology
modules of the following reduced cellular chain complex:

.— C3(X;R) — C1(X;R) i ker Jp — 0 — ...

This explains the name “reduced homology.”
Exercise

Let X be a CW complex and let Y be obtained from X by attaching an n-cell
to X"~ ! using the attaching map f : S""! — X"~!. Write ¢ for X" ! — X and
f=iof:8"' — X. The following formulas express the changes which occur in
homology when an n-cell is attached (coefficients omitted):

(i) Hp(Y) = Hp(X) when k # n or n — 1;
(i) 0— image(fi) — Hn-1(X) — Hnoo1(Y) — 0 is exact;
(iii) 0 — Hy(X) — Hn(Y) — ker(fi) — 0 is exact
where f. : H,—1(S"™') — H,_1(X). Describe the unmarked arrows and prove
(i)—(iii). Establish analogous formulas when simultaneous attaching (in the sense of

Sect. 1.2) of a set of n-cells occurs. Deduce that finite generation of homology in each
dimension is preserved when finitely many new cells are attached in this manner.



3

Fundamental Group and Tietze
Transformations

In §3.1 we define and study the “combinatorial” fundamental group of a CW
complex and we show how to read off a presentation from the 2-skeleton. As
an application, we prove a version of the Seifert-Van Kampen Theorem. We
end by showing that the abelianization of the fundamental group is the first
homology group. In §3.2 we give a combinatorial treatment of covering spaces
suitable for later group theoretic discussions, and we introduce Cayley graphs
in this context. In the remaining sections we relate this to the fundamental
group as it is usually defined in topology. It is good to understand both points
of view. The final two theorems of the chapter, 3.4.9 and 3.4.10, are extremely
useful in group theory: they give precise information about p~1(A) where
p: X — X is a covering projection and A is a subcomplex of X.

3.1 Combinatorial fundamental group, Tietze
transformations, Van Kampen Theorem

Let X be a CW complex. A non-degenerate edge of X is an oriented 1-cell
ey of X. If hy : (B',8°) — (eé,éé) is a characteristic map representing the
given orientation, then hg(—1) and hg(1) are the initial point and the final
point of eé, respectively; they are vertices of X, and might not be distinct. A
degenerate edge is a vertex v of X. Its initial and final points are also v. An
edge of X is a non-degenerate edge or a degenerate edge.

An edge path in X is a finite non-empty sequence of edges 7 := (71, ..., 7)
such that the final point of 7; is the initial point of 7,41 for all i. The initial
point of 7 is the initial point of the edge path, and the final point of 7 is the
final point of the edge path.

Edges have inverses: if 7; is non-degenerate, Ti_l denotes the same 1-cell
with the opposite orientation; if 7; is degenerate, we define Ti_l = 7;. Edge

paths have inverses: define (71,...,7;) "' to be the edge path (Tl;l, T h.
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Certain edge paths can be multiplied. If the final point of 7 is also the initial
point of o the product edge path is 7.0 := (71,..., Tk, 01, .., 0m). Whenever
a triple product is defined it is obviously associative.

Any edge path has a unique “reduction.” Intuitively this is obtained by

removing, step by step, a degenerate edge or an adjacent pair 7;, 7, * or 7'[1,

3

7; of edges (unless this leads to the “empty edge path,” in which case the
reduction is (v) where v is the initial point of the given edge path). To say
this in a correct way, choose an orientation for each 1-cell of X, and let F' be
the free group generated by the set of (oriented) 1-cells. Define a function ¢
from the set of edges of X to F' as follows: ¢ sends all degenerate edges to
1 € F; if 7; is a non-degenerate edge whose orientation agrees with the chosen
orientation (so that 7; is a generator of F'), ¢ sends 7; to 7; and 7';1 to 7';1 (the
two meanings of Ti_l are clear). Extend ¢ to a function @ from the set of edge
paths to F, sending 7 := (71, ...,7%) t0o (1) := &(11)d(12) ... d(73) € F. Call
7 reduced if either @(7) is a k-letter word in F', or kK = 1 and 71 is degenerate.
By convention 1 € F is a 0-letter word. The reduction of an edge path o is
the unique reduced edge path 7 such that ¢(c) = &(7). Clearly, the definition
of reduction is independent of the orientations we chose for the 1-cells of X
in defining F.

An edge loop at v is an edge path whose initial and final points are v. A
cyclic edge loop is an equivalence class of edge loops under cyclic permutation.

We consider an oriented 2-cell €2. In Sect. 2.6 we defined the “homological
boundary” 863 = E[e% s ellel; we saw in 2.5.8 that the only possible non-zero
terms in this sum involve 1-cells contained in e,2y, and the order in which these
1-cells are considered is irrelevant. Now we define the “homotopical boundary”
Ae% to be the reduced cyclic edge loop obtained by taking those same 1-cells
with their incidence numbers, but in strict cyclic order as one goes around the
“edge” of e% in the positive direction. This is made precise in the following
paragraphs.

Let h, : (B%S') — (e?w(.a?y) be a characteristic map representing the
chosen orientation on e%, and let f = h,| : S — X! be the correspond-
ing attaching map. First, suppose f~1(X?) # ). Each path component of
St — f71(X?) is an open interval mapped by f into some gé By elementary

(o)

analysis there are countably many such open intervals: label them I, j > 1.

Let eéj be the unique 1-cell such that f(I;) C g};j.

° o
Proposition 3.1.1. f maps I; onto e}j,j for at most finitely many j.

Proof. Let the 1-cells of X be {el | @ € A}. Pick z, € el. There is an
open cover of X! consisting of X! — {z, | @ € A} =: U and each .. The
open cover {f~HU)} U{f (el) | o € A} of S has a finite subcover U =
{F7U), f 1L, .., f~ (el )}. If the proposition were false, at least one

oy
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o0
[e]

of the sets f~1(e L.) could be written as Uljk with all ji’s distinct and no

k=1
I, covered by any member of U other than f’l(o ! .); this is because each I,
meets f~1(zq,). Replacing f~ ( .), in U, by all the intervals I]k, we would
have an open cover of S' having no finite subcover, a contradiction since S*
is compact. O

[e] [e] [e]
For convenience, label the intervals I; so that Iy,...,I} are those men-

tioned in 3.1.1 (mapped onto 1l-cells). Arrange further that I;,...,Iy are

labeled in cyclic order with respect to positive rotation on S*. First, assume

there is at least one such interval (i.e., k > 1). For each 1 < j < k, we define
[e]

a local incidence number i; = +1 of e% with eéj along I; as the degree of the

self-map of S! indicated in the following commutative diagram:

° £l 1
cdlj —— e,

S
k1

Sl L) eéj/ééj % BI/SO AL SN Sl'

o

/

Here, p; 1s the restriction to cl I of a degree 1 map S' — S! which is constant

on S — I and is injective on I], gj is the quotient map; r; is the unique map
making the left square commute; h 3, and kp are as in Sect. 2.5. Clearly, f]

is homotopic, rel fr I;, to a map which takes I; homeomorphically onto géj,
hence r; is homotopic to a homeomorphism. By 2.4.20, i; = %1, as claimed.
The homotopical boundary of the oriented 2-cell e% is the reduced cyclic

edge loop Ae% represented by the reduction of the edge loop (Téll, e ,Tg‘;),
where 75, is the edge e}jj with the preferred orientation.

Proposition 3.1.2. (7%,...,7% ) is indeed an edge loop, and is unique up
p B1 Bk
to cyclic permutation.

Proof. Consider! I where j > k. Since f( ;) is a proper subset ofeﬁ , f(fr Ij)

is a single point of eﬁ,. Thus there is a map g : S' — X!, agreeing with f on

k
I; when j < k, such that g | S! — I; C XY, Indeed, adjusting g on
J J

1 Tt is not to be thought that the labels > k occur in cyclic order: there might be

o
infinitely many intervals I, perhaps infinitely many in each quadrant of S*.
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[e] [e] [e]
each I; (1 <j <k) by a homotopy rel fr I, we may assume that g maps I,

homeomorphically onto éﬁj when 1 < j < k. It is then obvious that we have
a cyclic edge loop as claimed. (Il

There remain two cases. If f~1(X?) = 0, then there is a single 1-cell e

such that f(S!) C gé, and we define Ae% to be the degenerate cyclic edge
loop represented solely by the initial point of eé. If f~1(X°%) # 0 but k =0,
there is a single vertex v common to all the 1-cells which meet f(S*), and we
define Ae% to be the degenerate cyclic edge loop (v).

Clearly, a change of orientation on the cell e,2y causes an inversion of Ae%.
That Ae% depends only on the orientation rather than a specific characteristic
map h, is an exercise.

We can now define equivalence of edge paths. Let ¢ and 7 be edge paths
in the oriented CW complex X having the same initial point and the same
final point. Write ¢ ~ 7 iff either 7 is the reduction of o, or there is an
(oriented) 2-cell 2 such that 0.7~ = A.pup.v.v™ g A" where .y is an
edge loop representing the cyclic edge loop Ae%; see Fig. 3.1. We will call
either of these an elementary equivalence between ¢ and 7. The relation ~
generates an equivalence relation on the set of edge paths in X, which we call
equivalence.

My

— v—=>

2P

Fig. 3.1.

The next three propositions are left as exercises:

Proposition 3.1.3. Products of equivalent edge paths are equivalent. Inverses
of equivalent edge paths are equivalent. O

Proposition 3.1.4. Let the edge path T have initial point vy and final point
va. Then T is equivalent to both (v1).7 and 7.(vs). O
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Proposition 3.1.5. If 7 is an edge path with initial point v1 and final point
va, then 7.1 is equivalent to (v1) and 7=1.7 is equivalent to (v2). O

Let v be a vertex of X. Our discussion shows that the set of equivalence
classes of edge loops at v is a group whose multiplication is induced by the
product operation, whose identity is the equivalence class of v, and whose
inversion is induced by the inverse operation. This group is the fundamental
group of X based at v. It is denoted by 71 (X, v).

Proposition 3.1.6. The definition of equivalence of edge paths is independent
of the orientation chosen for X. In particular, m1(X,v) does not depend on
the orientation of X . O

Proposition 3.1.6 clarifies the role of the chosen orientation of X in this
section. We must choose an orientation in order to define equivalence of edge
loops at v, but the definition of equivalence turns out to be independent of
this choice.

Proposition 3.1.7. 71 (X, v) depends only on the 2-skeleton of the path com-
ponent of X containing v. U

Theorem 3.1.8. Let X be an oriented CW complex having only one vertez,
v. Let F be the free group generated by the set W of (oriented) 1-cells of X,
let R be the set of (oriented) 2-cells of X, for each e?y € R let 7 :=171(y) be an
edge loop representing Ae?/, and let p: R — F be the function? e?/ — D(1(7)).
Then (W | R, p) is a presentation of 71(X,v).

Proof. Let G = (W | R, p). It is enough to define an epimorphism ¥ : G —
m1(X,v) and a function &' : 71 (X,v) — G such that ¢’ o ¥ =idg.

Each edge of X is an edge-loop at v. Define ¢ : W — m1(X,v) to take
o € W to the equivalence class of the edge-loop (0); 1 extends uniquely to an
epimorphism ¥’ : F — m(X,v). Fix €2 € R. Let 7 := 7(7) = (it ..., T,
where each 7; € W and i; = £1. Using the notation introduced earlier in this
section, @(7) = ¢(11)" ... ¢(1,,)" € F. If the reduced form of this element of
Fisoi'...o}" (each oy, € W,each j,, = 1), then ¥'($(7)) is the equivalence
class of the edge loop (0{1 ey ai" ). This in turn is the reduction of the edge
loop (7{',...,7i), which is equivalent to the edge loop (v). So ¥'(®(7)) =
1 € m (X, v). Thus there is an induced epimorphism ¥ : G — 1 (X, v).

To define @', consider @ : {edge loops in X at v} — F; & maps an edge
loop and its reduction to the same element of F. If ¢ and n are two edge
loops such that o.n™! = A.py.v.v "t us. A7, as above, where p;.us represents
Ae2, then &(0)P(n)~' = P(A)D(p1.p2)P(A)~" which is conjugate to H(7),
since 7 and pj.ug differ by a cyclic permutation. Thus @ induces a function
¢ : 11 (X,v) — G which is clearly a left inverse for ¥. O

2 Recall @ : {edge paths} — F, above.
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Thus, Example 1.2.17 gives a procedure for constructing a 2-dimensional
CW complex having just one vertex, and any prescribed group as fundamental

group.

Corollary 3.1.9. Let X be an oriented 1-dimensional CW complex having
only one vertex v. Then the (oriented) 1-cells are edge loops whose equivalence
classes freely generate m1(X,v). O

Corollary 3.1.10. Let X be a CW complex having one vertex v and no 1-
cells. Then m (X,v) = {1}. O

If A is a subcomplex of X, with v € A, the inclusion map i : (4,v) — (X, v)
induces an obvious homomorphism ix : 7 (A4,v) — 71 (X, v). The example
X = B?, with cells {v}, S* and B?, and A = S', shows that ker iy need
not be trivial (by 3.1.8 and 3.1.9). Indeed, this homomorphism i is a special
case of “the homomorphism induced by a map,” but that definition is best
left until Sect. 3.3.

There is a sense in which 71 (X, v) is independent of the base vertex v,
provided that X is path connected. Let 7 be an edge path in X with initial
point v and final point v; 7 induces a function h, : 71 (X,v) — m(X,v'),
[0] — [r7t.0.7], where 0] € m1(X,v) denotes the equivalence class of the
edge loop o at v. Clearly, we have

Proposition 3.1.11. h, is well defined and is a group isomorphism whose
inverse is hp-1. O

The CW complex X is simply connected if X is path connected and
m1(X,v) is trivial for some (equivalently, any) vertex v of X.

A tree is a non-empty CW complex, T, of dimension < 1 in which, given
vertices v1 and vy of T, there is exactly one reduced edge path in T with initial
vertex v; and final vertex vs.

Proposition 3.1.12. Fvery tree is simply connected. Every simply connected
CW complex of dimension < 1 is a tree. Every tree is contractible.

Proof. A tree T is clearly simply connected, for if (71,...,7,) is a reduced
edge loop in T at the vertex v then n = 1. Conversely, let X be simply
connected and of dimension < 1 and let v be a vertex. In the absence of 2-
cells, the equivalence relation on edge loops at v defining 71 (X, v) boils down
to reduction: no two distinct reduced edge loops are equivalent. So there is
only one reduced edge loop. It follows that there is only one reduced edge
path from v to each vertex of X.

The fact that trees are contractible follows easily from 1.3.14. O

We say that T is a tree in X if T is a tree and is a subcomplex of X;
T is a mazimal tree if there is no larger subcomplex of X which is a tree. If
X is path connected it follows that a maximal tree in X contains X° and,
conversely, any tree in X containing X° is maximal.
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Proposition 3.1.13. Let (X, A) be a CW pair with X and A path connected.
Let Ty be a mazximal tree in A. There is a mazimal tree, Tx, in X such that
Tx NA=Ty.

Proof. Let T denote the set of trees T in X such that TN A = T'4. This set
T is non-empty and is partially ordered by inclusion. Let {T;} be a linearly

ordered subset of T and let T = UTi' Clearly, T € T. By Zorn’s Lemma, T
contains a maximal element, T'x, as required. (I

Next, we review the rules for altering a presentation of a group. Let (W |
R, p) be a presentation of the group® G. A Tietze transformation of Type I
replaces (W | R, p) by (W | R/, p') where: S'isaset, ¢ : S — N(p(R)) C F(W)
is a function, R' = R][ S, and p’ : R" — F(W) agrees with p on R and with v
on S. A Tietze transformation of Type II replaces (W | R, p) by (W' | R, p'),
where: S is a set, W = W][]S, v : S — F(W) Cc F(W’) is a function,
R'=R]]S, and p’' : R" — F(W’) agrees with (inclusion) op on R, and* with
s s4(s)"ton S.

Ezample 3.1.14. Starting with (a | a®), a presentation of the cyclic group
of order 3, a Type I transformation might change this to (a | a®,a%); a
Type II transformation might change this latter presentation to (a,b,c, |

a®,a, ba, ca?).

The following is well-known (see [107] or [106] for a proof):

Theorem 3.1.15. Tietze transformations of either type applied to a presen-
tation of G yield another presentation of G. Conversely, if (Wi | Ry, p1) and
(Wa | Ra, p2) are presentations of G, then there are presentations and Tietze
transformations as follows:

Type II Type I Type I Type II
(W1|R1, p1) === (W|R/, p) === (W|R, p) === (W|R", ") <= (W2|Ra, p2).

Moreover, if the given presentations are finite, then the intervening presenta-
tions can be chosen to be finite. ([

We are now ready to generalize 3.1.8 by explaining how to read off a pre-
sentation of the fundamental group of any path connected CW complex from
the 2-skeleton. Note that (by 3.1.13 applied with A a one-vertex subcomplex)
such complexes always contain maximal trees.

Theorem 3.1.16. Let X be an oriented path connected CW complex, let T
be a mazximal tree in X and let v be a vertex of X. Let F' be the free group

3 Recall the notation for presentations introduced in 1.2.17.
4 Note that by our conventions S C F(S) C F(W').
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generated by the set W of (oriented) 1-cells of X. Let R be the set of (oriented)
2-cells of X and let S be the set of (oriented) 1-cells of T. For each e?Y € R, let
T :=7(7) be an edge loop in X representing A(e2). Let p: R[] S — F take
each €2 € R to &(7(7)), and take each o € S to the one-letter word o € F.
Then (W | R[] S, p) is a presentation of m (X, v).

Proof. We claim m (X, v) = m(X/T,v) 2 (W —S | R,p) =2 (W | R[]S,p),
where ¥ is the only vertex of X/T', g : F(W) — F(W —5) is the epimorphism
of free groups sending w to w when w € W — S, and w to 1 when w € S, and
p=qopl R— F(W —S).

There is an obvious epimorphism « : 71 (X,v) — 71 (X/T,v). The proof
that « is an isomorphism boils down to showing that if Ae% is represented
by the edge loop (7'{41 ,-..,Tin) in X, then the edge loop in X /T obtained by

ST
deleting those edges 7; which lie in T" represents Aég, where ég is the 2-cell of
X/T corresponding to e%, which is clear. This is our first isomorphism. The
second isomorphism comes from 3.1.8. The third isomorphism comes from

Tietze transformations

_. Type II , Type I " Type I
(W =S| R, p) == (W | RLIS, p) == (W | (RLIS]IR, p") <= (W | S]IR, p)

where p' =pon R, p' =idon S, p” = p’ on R[] S, and p” = p on the second
copy of R. O

Corollary 3.1.17. Let X be a path connected CW complex. If X' is finite,
then m1(X,v) is finitely generated. If X? is finite, then w1 (X,v) is finitely
presented. O

Another corollary of 3.1.16 expresses the fundamental group of a path
connected CW complex in terms of the fundamental groups of path connected
subcomplexes:

Theorem 3.1.18. (Seifert-Van Kampen Theorem)® Let the CW complex
X have subcomplexes X1, Xo and Xg such that X = X; U Xy and Xy =
X1 NXs. Assume X1, Xo and X are path connected. Let v € Xg and let iy :
Xo— X1, i0: Xog— Xo, j1: X1 — X, and ja : Xo — X be the inclusions.
ThenS (jig, jog) : m1(X1,v) * m(X2,v) — 71 (X, v) is an epimorphism whose
kernel is the normal closure of {i14(g)izx(g)~" | g € m1(Xo,v)}.

Proof. By 3.1.13, there is a maximal tree T'x such that T'x, := X; NTx is a
maximal tree in X; for i =0,1,2. Let (Wx | Rx [[ Sx, px) be a presentation
of m1(X,v) as in 3.1.16. Using restrictions of the items in this presentation,

® Theorem 6.2.11 is a useful generalization of this.
S Notation: G * H denotes the free product of G and H.
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form presentations (Wyx, | Rx, [[ Sx;, px;) for m1(X;,v), i = 0,1,2. Abusing
notation, we have obvious homomorphisms

<WX0 | RXO HSmeX0> “—#> <WX1 | RXI HSX1;PX1>

Tog l ljl#
<WX2 |RX2 HSX2apX2> J—> <WX |RXHSXapX>'
24
Note that Wx, € Wx, C Wx, Rx, C Rx, C Rx, Sx, C Sx; C Sx,~f0r
i=1,2. FOR THIS PROOF ONLY we introduce a convention. Let Wx,, Rx,
and Sx, be copies of the sets Wx,, Rx, and Sx, respectively. If o € Wx, we
denote the corresponding element of W, by &, etc.
The desired result is obtained by applying two Tietze transformations:

Type 11 Type 1

(Wx | Rx11Sx, px) = Wx[[Wx, | Rx[[Sx][[Wx,,p') =—

(Wx1IWx, | Rx[1Sx [IWx, [1(Rx,[15x,), 0")

where p’ = (inclusion) o px on Rx [[Sx, and, for each & € VTZXD, o) =
g.07% p" = p' on Rx [ Sx [ Wx,, and, for each 7 € Rx, [[Sx,, p"(7) =
px(T) S F(Wx) C F(WX HWX())'

The latter presentation can be rewritten as

(Wx, ITWx — Wx, )[IWx, | Bx,[1(Rx — Rx,)[15x,

H(SX - SXI )HWXOH(RXOHSXO)’ PN>-

If we ideptify (WX —Wx, ) H WXO =Wx,, (RX — Rxl) H RXO = Rx,, (SX —
Sx,)[ISx, = Sx,, and Wx, = the appropriate subset of Wx,, then this
becomes:

<WX1 HWXz | RXI HSX1 HRX2HSX2HWX0aﬁ>

where p = (inclusion) o px, on Rx, [[Sx, for i = 1 and 2, and for each
& € Wx,, p(¢) = 6.0~L. This is clearly a presentation of

(Wx, | Rx, [T Sx100x0) * (W, | R, [] Sxa00x2) /N

where N is the normal closure of {i 14 (g)i24(9) | g€ (Wx, | Rxo 11 Sx0, Px0)}-
]

Some notation is useful here. If G; and G5 are groups and if S is a subset
of the free product G * G, then we write (G1,G2 | S) for a presentation of
G1 % G2 /N(S). The notation indicates that generating sets for G; and Gy are
on the left of the vertical bar, and relation data for G; and G2 are on its right,
together with the additional relations S. In this notation, the conclusion of
the Seifert-Van Kampen Theorem 3.1.18 can be rewritten:

7 In the Appendix to this section we discuss this and other variants of “presenta-
tion”.
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m (X, v) = <771(X1,v),771(X2,v) | i1 (g)iag(9) ™', Vg€ 7T1(X0,U)>

In the special case where i;4 and i24 are monomorphisms this becomes the
free product with amalgamation which is defined in Sect. 6.2.

To end this section, we point out a variation on 2.7.4 showing the relation-
ship between m1 (X, v) and H;(X;Z). Let 7 := (Tiil, e ,T]ik) be an edge loop
in X at v where 7; has the preferred orientation (X is oriented) and i; = £1.

k
Then h(r) := Zz’jTj is a 1-cycle in X.

j=1

Theorem 3.1.19. This function h induces a homomorphism h : m (X,v) —
Hy(X;Z) whose kernel is the commutator subgroup of w1 (X,v). If X is path
connected, h is an epimorphism.

Proof. Clearly, h is a well defined homomorphism. We may assume that X is
path connected: otherwise we could work with the path component containing
v. We first deal with the special case in which X has only one vertex. Then the
result follows from 3.1.8, since the effect of abelianizing the group (W | R, p)
in that theorem is to produce the abelian® group Hi(X;Z).
In the general case, pick a maximal tree, T', in X. Consider the diagram:
(X, v) —>— m(X/T,0)

o

[ [
H(X;Z) —*— H\(X/T;Z)

Here, « is the isomorphism discussed in the proof of 3.1.16, h’ is the version
of h for X/T, and g, is the homomorphism induced by the (cellular) quotient
map ¢q : X — X/T. The diagram clearly commutes. By the special case, h’ is
an epimorphism whose kernel is the commutator subgroup. It only remains to
show that ¢, is an isomorphism. The discussion of relative homology in Sect.
2.8 and Sect. 2.9 shows that the following diagram commutes and the top line
is exact:

Hy(T;Z) — Hy(X;Z) =2~ H\(X,T;Z) — Hy(T;Z)

Ry

H(X/T;Z)
By 3.1.12, j4 is an isomorphism, hence also g.. O

Thus, for path connected X, H;(X;Z) is the abelianization of 71 (X, ).
The homological, or abelianized, version of the Seifert-van Kampen theo-
rem is:

8 The free abelian group generated by W is Z; (X;7), and the abelianization of
Ae? is 0€2, so the result is Z1(X;Z)/B1(X;Z).
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Proposition 3.1.20. With hypotheses as in 8.1.18, j1. + jox : H1(X1;Z) @
Hy(X2;Z) — H1(X;Z) is an epimorphism whose kernel is {i1.(2) — i2.(2) |
z € Hl(Xo,Z)}

Proof (First Proof). Apply 3.1.18 and 3.1.19. O

Proof (Second Proof ). The Mayer-Vietoris sequence (Sect. 2.8) gives an exact
sequence

Hi(X0;2) 2272 |y (X052) @ Hy (X 2) 2792 |y (X32) —2

Ho(Xo;Z) 2222 [o(X1;7) & Ho(Xa; Z)

The rightmost arrow is a monomorphism, by 2.7.2 and the definition of 7.
Hence 0, = 0. The result follows by exactness. O

Appendix: Presentations

We defined a “presentation of G” in 1.2.17. However, the term is also used in
subtly different (though roughly equivalent) ways.

Given G, asubset S C G and a set T of products of elements of SUS ™! each
of which is obviously trivial in G, one may read that (S | T) is a presentation
of G. Strictly speaking this is nothing new since T' C F(S). But it can cause
confusion. For example, one says that

0-1] fo-1] | [o-1]" Jo-1]*[o-1]""
10711 10| 110 11
is a presentation of SLy(Z). This really means that there is an isomorphism?

{a,b | a* a?b=3) — SLy(Z) taking a to 1 and b to 0-1

10 11

Another way of writing “presentations” is this: Let G be a group, W a set
disjoint from G, and R a subset of F(GUW). Then elements of F(GUW) are
“words” in the “alphabet” GUW. By saying (G, W | R) “is a presentation of
the group H” one means: letting (S | T') be a presentation of G (i.e., T C G
as above), (SUW | T"UR’) is a presentation of H, where T"UR' C F(SUW)
with 7" mapping bijectively onto T' C G and R’ mapping bijectively onto R.
We give two examples:

Example 3.1.21. If G is a group with subgroups A and B and if ¢ : A —
B is an isomorphism, the HNN extension of G by ¢ (see Sect. 6.2) has a
presentation (G,t | t tatg(a)™ V a € A). Here W = {t}, abbreviated to t,
and R = {ttatg(a)™! | a € A}.

9 There is obviously such an epimorphism; that it is an isomorphism requires proof.
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An obvious variant replaces G by more than one group:

Example 3.1.22. If G1, G2 and A are groups and ¢; : A — G; are monomor-
phisms, the free product with amalgamation of G; and Gz across A (see Sect.
6.2) has a presentation (G, Gz | ¢1(a)da(a)"t V a € A).

Many authors prefer to write relations as equations. For example, they
would write the presentation given above for SLo(Z) as (a,b | a* = 1, a? =
b%). Our previous presentation (a | a®) for Z/3Z would instead be written
{a | a® = 1). And the presentations in the last two examples would be written

(G,t |t at = ¢(a) Va € A)

and
<G1,G2 | ¢1(a) = ¢2(a) Ya € A>

Exercises

1. Prove 3.1.3-3.1.5.

2. Prove that our definition of AegY only depends on the orientation and not on the
particular characteristic map h~. (Material in Sect. 3.4 may be helpful here.)

3. Describe the abelianizations of the groups in Examples 3.1.21 and 3.1.22 in the
common language of abelian groups.

4. Prove that there are only countably many isomorphism classes of finitely pre-
sented groups.'® We will see explicit examples of finitely generated groups which
are not finitely presented in Sect. 8.3.

5. Show using Tietze transformations that the following presentations define the
same group: (i) {a,b,c | ab = ba,c* = b); (i) (z,y | t ‘ot = y,t 'yt = z). (See
Exercise 3 of Sect. 4.3 for another way of looking at this question.)

3.2 Combinatorial description of covering spaces

Let Y be a CW complex. An automorphism of Y is a homeomorphism A : Y —
Y such that whenever e is a cell of Y so is h(e). The group of all automorphisms
of Y will be denoted by Aut Y: the multiplication is composition, (h'oh)(y) =
W (h(y)).

Let G be a group. A G-CW complex is a CW complex Y together with a
homomorphism « : G — Aut Y. We write g.y for a(g)(y). The homomorphism
« is also called a cell-permuting left action of G on Y. The stabilizer of A C'Y
is G4 = {g € G| g(A) = A}. The action is free, and Y is a free G-CW
complex, if the stabilizer of each cell is trivial. The action is rigid, and Y is a
rigid G-CW complex, if the stabilizer of each cell, e, acts trivially on e. There

10 The interest here is that there are uncountably many isomorphism classes of
finitely generated groups — see [106, p. 188].



3.2 Combinatorial description of covering spaces 85

is a sense (explained at the end of Sect. 4.1) in which “rigid G-CW complex”
rather than “arbitrary G-CW complex” is the natural equivariant analog of
“CW complex” .1t

An action of G defines an equivalence relation on Y: y; = yo mod G iff
there is some g € G such that g.y; = y2. The set of equivalence classes (also

called orbits) is denoted by G\Y: it is given the quotient topology.'?

Proposition 3.2.1. Let Y be a free G-CW complex. The quotient map q :
Y — G\Y =: X is a covering projection, and X admits the structure of a
CW complex whose cells are {q(e) | e is a cell of Y}.

Proof. Let X™ = U{g(e) | e is a cell of Y having dimension < n}. XY is
discrete. X = UX " If A indexes the n-cells of Y, the G-action on Y induces

n
a G-action on A. Write B = G\ A. Consider the following diagram:

BrA) Tyt —E— v

N
B (B[ X" —2— X7

Here, B"(A) is regarded as a G-space, where g € G maps Bj, to By, by
the “identity”. Thus B"(A)[JY™ ! is a G-CW complex. The map p is the
quotient map described in 1.2.1; it can be chosen to satisfy ¢g.p(z) = p(g.x)
for all z € B*(A)[[Y" ! by defining p to agree with a characteristic map
heo on Bl for one a in each G-orbit of A, and then defining p on the other
B™’s using the group action. The map r agrees with ¢ on Y"~! and maps B
homeomorphically onto B, where 3 € B is the orbit of a.. Since 7 is a quotient
map (see Sect. 1.1), there is a map p’ making the diagram commute. Moreover,
p' | X™ 1 = inclusion, p/(S"~1(B)) C X" 1, and p’ maps B"(B) — S"~}(B)
homeomorphically onto X™ — X"~ 1. The map p’ is a quotient map, since the
other three maps in the diagram are quotient maps. So X" is obtained from
X"~ ! by attaching n-cells. Since ¢ is a quotient map and Y is a CW complex,
X has the weak topology with respect to {X"™}. Thus X is a CW complex.
Next we describe the inductive step in the proof that ¢ is a covering pro-
jection. Suppose U, _1 is an open subset of X™~! having the property that
¢ Un-1) = ¢ {Up_1)NY" 1 =U{g.Vs,_1 | g € G}, where V,,_; is open in
Y and ¢1.V,—1 N g2.Vu—1 = 0 whenever g; # g». Then certainly U, _;
is evenly covered by ¢ | Y™ 1. Let W,,_1 = p~ ¢ (Un,_1) N B"(A), let
Sp_1 = p Y (V1) N B"(A), and let T,,_1 = (p')"Y(U,_1) N B*(B). Then

1 Tooking ahead, and using terminology from Sect. 5.3, we find a useful way of
rigidifying: when Y is a regular G-CW complex, its “first derived” |sd Y| is a
rigid G-CW complex.

2 This action « is a left action of G on Y, hence the notation G\Y; we reserve Y/G
for right actions.
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T,,—1 is evenly covered by W,y (via r) and r |: Sp,—1 — T,,—1 is a homeo-
morphism. The sets S,,_1 and W,,_1 are open in S"~!(A), while T},_1 is open
in S"~1(B). Choose S,, open in B"(A) so that S, N S""1(A) = S,,_1. Write
Wy =U{9Sn | g € G}. Then W, is open in B"(A) and T, = r(W,,) = r(Syp)
is open in B"(B), while T}, N S"~Y(B) = T,,_1. We leave it as an exercise to
show that S, can be so chosen that ¢S, NS, = @ whenever g € G. Define
Vi = p(Sn, UV,_1) and U, = p'(T;, UU,—1). Then U, is open in X™ and is
evenly covered by p(W,, UV,,_1) =U{gVn | g € G}.

To see that ¢ is a covering projection, let x € X. There is a unique m and
a unique cell e}* such that « € gg”b. We have q’l(ég”b) = U{g.g?{z | g € G}

. . . o o]
where e is an arbitrarily chosen m-cell over ej". Clearly, g1.€7' N go.e' = 0

whenever g1 # go. Write U, = ggl. By induction, choose U,, C Up41 C ...
as above. Let U = U Uk. Then U is an open subset of X evenly covered by
k>m

q. ]

Neither part of 3.2.1 need hold if the action is not free: for example, take
G =7y, Y =[—1,1] with O-cells at £1 and one 1-cell, and let the non-trivial
element of G act on Y by t — —t. However, we have:

Proposition 3.2.2. Let Y be a rigid G-CW complex and let ¢ : Y — G\Y be
the quotient map. Then G\Y admits a CW complex structure whose cells are
{q(e) | e is a cell of Y}.

Proof. Similar to the first part of the proof'® of 3.2.1. g

The map ¢ in 3.2.2 is not, in general, a covering projection (unlike the
situation in 3.2.1): for example, take G = Zgy, Y = [—1,1] with the CW
structure consisting of O-cells at —1, 0 and 1, and 1-cells [—1, 0] and [0, 1]; let
the non-trivial element of G act on Y by ¢t — —t.

We will sometimes refer to the n-cells of X (in 3.2.1 and 3.2.2) as the n-cells
of Y mod G. We say Y is finite mod G if G\Y is a finite CW complex.!*

Our next task is to show that when Y is a simply connected free G-CW
complex, and v is a vertex of X := G\Y, then 71 (X, v) = G. For this we must
define lifts of edge paths in X to edge paths in Y. If 71 is an edge of X with
initial point v = ¢(?), there is a unique edge 71 of Y with initial point @ which
maps to 71, by 2.4.6 and 2.4.7. Call 7; the lift of 7, at v. By induction we
define the lift of an edge path 7 := (71,...,7%) to be the unique edge path
7:=(T1,...,7) with initial point ¥ such that ¢(7) = 7.

Pick a vertex 0 € Y with ¢(0) = v. Assuming Y simply connected, define
X : G — m(X,v) as follows: choose an edge path 7 in Y from o to g.v, and
let x(g) be the element of 71 (X, v) represented by the edge loop ¢(7). Path
connectedness ensures that 7 exists.

13 The reader should consider why the argument would fail without rigidity.
14 Alternatively, one says that G acts cocompactly on Y.
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Proposition 3.2.3. x is well defined and is an isomorphism.

Proof. We first show that x is well defined. Let 6 and 7 be edge paths from
¥ to g.0. Since Y is simply connected, & and 7 are equivalent. (To see this
[using ~ for equivalence] note that o ~ 0.(g9.9) ~ 0.(¢671.7) = (0.0 )T ~ 73
the first and last equivalences are elementary, the other comes from 3.1.3.)
Each elementary equivalence on the way from 6 to 7 induces an elementary
equivalence on the way from ¢(&) to ¢(7). Hence [¢(¢)] = [¢(T)].

X is obviously a homomorphism. Let x(g) = 1. If 7 is an edge path in Y
from v to g.v, the corresponding edge loop 7 at v is equivalent to the degen-
erate edge loop v. If two loops at v differ by an elementary equivalence, their
lifts at © have the same final point. Hence this also holds if they are merely
equivalent. It follows that ¢g.0 = o, hence ¢ = 1. So x is a monomorphism.
But x is clearly onto, for given an edge loop 7 at v in X, let ¢g.0 be the final
point of 7. Then x(g) is the element of 7 (X, v) represented by 7. O

We immediately conclude, using 3.1.17:

Theorem 3.2.4. Let Y be a simply connected free G-CW complex such that
there are only finitely many 1-cells [resp. 1-cells and 2-cells] mod G. Then G
is finitely generated [resp. finitely presented). O

We have seen in 3.2.3 that the quotient of a simply connected free G-CW
complex has fundamental group G. Conversely, given a path connected CW
complex X, we now show how to construct a simply connected free m1 (X, v)-
CW complex X having quotient X . This is the “universal cover” construction.
It is common to define X as a quotient space of a function space — an efficient
but non-constructive procedure. We prefer to construct X as a CW complex,
skeleton by skeleton. We shall see in Chaps. 13, 14 and 16 that even the 1-
skeleton and 2-skeleton of X, as constructed here, exhibit interesting “end”
invariants of the group m (X, v), so the work involved in the construction will
be worthwhile.

Let X be a path connected CW complex. Choose an orientation for X, a
maximal tree T C X, and a vertex v € X as base point. Write 7 = 71 (X, v).
Give 7 the discrete topology.

Let X0 = 7x X©, let pp : X0 — X© be projection on the X °-factor, and let
mact on X° by §.(g,va) = (§g, vs). This m-action is free and py is its quotient
map; po is a covering projection. Pick as base vertex v := (1,v) € 7x X% = X0.

Next, we define the 1-skeleton X!. Part of the 1-skeleton is w x T, but we
will attach more 1-cells. Let the (already oriented) 1-cells of X which are not
in T be {e} | B € B}. For each 3 € B, let gs € 7 be the element represented by
the edge loop )\.eé.u_l, where A and p are the unique reduced edge paths in
T from v to the initial and final points of e}j; see the proof of 3.1.12. By 3.1.16,

the elements gg generate 7. Pick a characteristic map hg : (B', S%) — (e}, e 5)

representing the chosen orientation; let fs : S° — X° be the corresponding
attaching map. For each § € B and each g € 7 attach a 1-cell ebg tomr xT
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by the attaching map fg,: S® — X0 C 7 x T, =1+ (g,hg(—1)) and 1

(998, hs(1)). The resulting CW complex is X' = | (7 x T)1I HBé’g /~,

8,9
where ~ is defined in the obvious way by the maps f3,4. Note that m x T"is a

subcomplex of X1. Now, X! = [T 1T HB% /~ where ~ is defined by the
B
maps fg. The map (7 x T)HHBé,g — THHBé which is “projection onto T”
8.9 B
on m X T and is “identity”: Bé’g — Bé on Bé,g induces a map p; : X1 - x!
extending pg. For each g € 7, the self-homeomorphism d“g of (mxT) HHBé’ 9
B9

which is (g,u) — (gg,u) on ™ x T an~d is “identity”: Bj , — Bj ,, on Bj
induces a self-homeomorphism dj of X'. Clearly, p; o d; = p1. Moreover, the
homomorphism g — dgz makes X1 into a free 7-CW complex containing the
previously defined m-CW complex X0 as a w-subcomplex. By 3.2.1, p; is a
covering projection, and the cells of X L are the p;-images of the cells of X1
It is easy to check that X! is path connected.

We remark that if X has just one vertex, then 7" = {v} and our construc-
tion of X! is called the Cayley graph'® of m with respect to the generators
{gs}: a vertex for each element of 7, and an edge joining g to ggs for each
g € m and each (g,08) € G x B.

Proposition 3.2.5. Let 7 be an edge loop at v € X, and let T be the lift of
T with initial point (g,v) € X'. The final point of 7 is (g§,v) where g is the
element of m represented by 7. In particular, either every lift of T is an edge
loop, or none is.

Proof. Let (g,u) € m x X0 = (X1)°. A non-degenerate edge 7; in T from u to
w lifts to an edge in X! from (g, u) to (g, w). If 75 is the edge eb (6 € B) with
the preferred orientation, having initial point « and final point w, 73 lifts to
an edge of X! with initial point (g, ) and final point (998, w); TEI lifts to an
edge of X! with initial point (g, w) and final point (gg;l, u). Applying these
remarks inductively to 7 := (7'{41 e ,T]ik ), we see that 7 has initial point (g, v)
and final point (gg,v) as claimed.® O

15 The Cayley graph of a group with respect to a finite set of generators is an
important construction in group theory. We will see that the number of ends of
this graph is a quasi-isometry invariant (Sect. 18.2) and gives information about
the structure of the group (Sect. 13.5). It is the basis for the “word metric” on
the group (Sect. 9.1) and its geometry determines whether or not the group is
“hyperbolic.” Some examples are discussed in the Appendix.

16 To simplify notation, some details are omitted here: when 7 is in T the -

coordinate is unchanged; when 7; = Tgﬁ the m-coordinate is right multiplied by
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Let h., (32 SH — (e ?/, v) be a characteristic map representing the given
orlentatlon of e .Let fy: 8 ! — X! be the corresponding attaching map. By

3.2.5, any representatlve edge loop p of the cyclic edge loop Ae lifts to an
edge loop in X!. From this we deduce:

Pr0p031t10n 3.2.6. There are maps f7 S' — X1 such that p; o fA, = fy. If
fw is one such, then the others are dg o f7 where g € T.

Proof. Let i, = (1{*,...,7im) where 7; has the chosen orientation, and i; =
+1. Let K be the CW complex structure on S' having vertices at the m!"*
roots of unity (compare 1.2.17). By 1.4.2 and 3.1.1, f, is homotopic to a map
f': 8' — X! such that the restrlctlon of f' maps the interior of the j*"
1-cell of K homeomorphically onto Tj with orientation indicated by 7;; or else
m = 1, 71 is degenerate and f’ is constant. By 3.2.5, f' lifts. By 2.4.7, if f' is
one lift, then the others are d; o f' where g € . By 2.4.6, the same is true of
fy- O

We now define X2 and p, : X2 — X2. For each 2-cell e% of X choose

h., as above; choose a lift f7 of fy, and, for each g € m, attach a 2-cell 6'2779

to X! by the attaching map dg o fy. The resulting CW complex is X2 =

<X1 HHBA2M> /~ where ~ is defined by the maps d, o fv- Then X2 =
v.9

<X1 I HB,%) /~, where ~ comes from the maps f.. Just as before, the map
2l
)~(1 11 HB,QW — X1 I ]_[B?y which is p; on Xl and is “identity”: B'Qv,g — B,QY
7,9 2l

on ngg induces a map py : X2 — X? extending p;. And, just as before, the
free m-action on X! extends to make X2 into a free =-CW complex for which
p2 is the quotient map. By 3.2.1, ps is a covering projection, and the cells of
X? are the pa-images of the cells of X?2.

Theorem 3.2.7. X2 is simply connected.

Proof. Let 7 be an edge loop in X2 at . Then 7 := ps (7) is an edge loop in
X at v. By 3.2.5, 7 represents 1 € 71 (X, v). Recall that equivalence of edge
loops is defined in terms of elementary equivalences each of which is either a
reduction or a formal move across a 2-cell (see Fig. 3.1). We say that 7 is of
distance < n from the trivial edge loop, (v), if it is possible to pass from 7 to
(v) by n elementary equivalences. We prove, by induction on n, that if 7 is of
distance < n from (v) then 7 is of distance < n from (9). If n = 0, 7 = (v) and
7 = (0). The induction is completed by observing that if 7 differs from o by

ng . The resulting g is indeed the element of 7 represented by 7, as we saw in the
proof of 3.1.16.
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one elementary equivalence, then the same is true of the difference between
7 and &. Indeed, when the difference is a reduction, this is clear. When the
difference is an elementary equivalence across a 2-cell e%, this follows from the
fact that if p is an edge loop representing Ae then for each g € m, some lift
of p represents Ae O

A covering transformation (or deck transformation) of a covering projec-
tion p : E — B is a homeomorphism d : E — FE such that pod = p. The
covering transformations form a group of homeomorphisms (with composition
as the group multiplication).

In the present case, ps : X2 — X2 is a covering projection, and the
elements g of m give rise to covering transformations dy : t +— g.t. Since ps is
the quotient map of the m-action, these are the only covering transformations.
Note that when g # g € 7, dy # dg.

Here is a general property of covering projections, which we are about to
use (compare 3.3.4):

Proposition 3.2.8. Let p : E — B be a covering projection, let n > 2, and
let g : S™ — B be a map. There is a map §: S™ — E such that po g =g (call
such g a “lift” of g) and any other lift of g has the form d o g where d is a
covering transformation of p. O

Now we are ready to define p : X — X extending ps. By induction, assume
that for some n > 2, a free =-CW complex X" has been defined whose quotient
map is pp : X" — X” As above, we denote by d, : X™ — X™ the covering
transformation corresponding to g € 7. By 3.2.1, the cells of X™ are the p,-
images of the cells of X™. Choose a characteristic map hs : (B"+!,S") —
(et ¢ e "t1) representing the given orientation of each (n + 1)-cell, ef™!, of
X Let Js:S™ — X" be the corresponding attaching map. By 3.2.8, there is
a lift f§ S™ — X" and all lifts have the form dg o f§ where g € . Attach

an (n + 1)-cell e(ﬁl to X™ by the attaching map d, o fs, for each g € w. The

resulting CW complex is X1 = [ X711 HB;;I /~ where ~ is defined by
4,9

the maps dgofg. Xl = <X” il HB?H) /~ where ~ comes from the maps
s

fs. We define pp4q : X7+ — X7l _extending p,,, and we extend the free -

action on X™ to a free m-action on X™t1 just as before. This is easily seen to

complete the induction. Let X = UX”. Define p: X — X by p | Xn =

By 3.1.7 and 3.2.7, X is simply connected. Summarizing:

Proposition 3.2.9. Given a path connected oriented CW complex X, a vertex
v € X, and a mazimal tree T in X, the above construction yields a simply
connected free m (X, v)-CW complex X and a covering projection p: X — X
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which is the quotient map of the m (X, v)-action. Moreover, the cells of X are
the p-images of the cells of X. O

We will review in Sect. 3.3 the well-known fact that this action can be
defined in a purely topological manner.

Remark on Notation. For n > 2, (X)" = (X™)". But for n = 0 or 1,
these can be different; for example, consider X = B2. In ambiguous cases X"
will always mean (X)".

Propositions 3.2.9 and 3.1.8 imply:

Corollary 3.2.10. For any group G, there exists a simply connected free G-
CW complez. O

We will recall in Sect. 3.3 that the simply connected covering space X is,
in a certain sense, unique and is a covering space of all other path connected
covering spaces of X. Anticipating that, we call X the universal cover of X
(remembering that our particular construction of X appears to depend on
many choices).

Knowing X , we can easily construct a path connected covering space of X
with any subgroup H of 71 (X,v) as fundamental group. Let X (H) = H\X.
Consider the following diagram:

/\

X<—X

Here, py is the quotient map. The construction of X gave that space a natural
base point 0 = (1,v). We give X (H) the base point & = py ().

Proposition 3.2.11. There is a map qg making this diagram commute. Both
pr and qi are covering projections. )_((H) admits a CW complex structure
whose cells are the py-images of the cells of X. The cells of X are the qp-
images of the cells of X(H). m (X (H),v) = H.

Proof. There is obviously a function ¢ making the diagram commute; py is
a quotient map by definition, so qg is continuous. It is not hard to show that
an open subset of X evenly covered by p is evenly covered by gz. By 3.2.1,
the CW complex structures on X (H) and X are as claimed. The isomorphism
of m (X (H),v) and H comes from 3.2.3. O

Here is a well-known corollary.

Theorem 3.2.12. Every subgroup of a free group is free.l”

17 This, together with Exercise 6, is the Nielsen-Schreier Subgroup Theorem.
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Proof. Let F be a free group and let H < F' be a subgroup. By 3.1.8, there
is a 1-dimensional CW complex X (having exactly one vertex v) such that
71 (X, v) is isomorphic to F. Form the covering space X (H); by 3.2.11, it is
a CW complex whose fundamental group is H. Being a covering space of a
1-dimensional complex, X (H) is 1-dimensional. By 3.1.16, H is free. O

If we let G = 71 (X, v) and consider the subgroup H < G, we may ask: what
special property does X (H) exhibit when the index [G : H] of H in G is finite?
To answer this, we observe that the isomorphism y of 3.2.3 actually defines a
bijection between G and the set p~t(v) C X, under which g € G is mapped
to g.v € p~1(v). The action of H on p~!(v) partitions p~!(v) into equivalence
classes in bijective correspondence with the cosets {Hg | ¢ € G}. These are
also in bijective correspondence with qj;'(v) C X (H), where gz : X(H) — X
is as in 3.2.11. This proves:

Proposition 3.2.13. If [G : H] = n < oo then the covering projection qm :
X(H) — X is ann to 1 function. If X is a finite CW complex, then X (H)
is finite iff H has finite index in G. O

Appendix: Cayley graphs

Cayley graphs arose in our construction of the universal cover, but they de-
serve further discussion. Given a set of generators S for a group G, the asso-
ciated Cayley graph has a vertex for each g € G, and a non-degenerate edge
for each ordered pair (g,s) € G x S, with initial point g and final point gs.
Thus, if we give the orientation 41 to each vertex, the Cayley graph, denoted
here by I'(G, S), is an oriented graph.

If 1 € S then I'(G, S) includes a loop at each vertex. If s € S has order
2, then two edges (g, s) and (gs, s) join the vertex g to the vertex gs, one in
either direction.!® The graph I'(G, S) is a G-graph under the action of G on
the vertex set (also G) by left translation. In fact, as we have noted, this is a
free action with quotient graph G\I'(G, S) having one vertex and an edge for
each member of S.

The pictures in Fig. 3.2 are intended to give some insight into Cayley
graphs. We name the groups by presentations, but it is the named generators
which determine the Cayley graph:

(a) G={1},S=0
(b) G={1}, 5 ={1}.
(c) G= <$|’$>5 {«}.
(d) G=(x|a?),S={1,q}.
(e) G=(z]2%), 8= {z}.

'8 Some authors disregard orientation in I'(G, S) and include only one edge from g
to gs when s has order 2.
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Fig. 3.2.

(f) G=(z]| (B3>, S = {xaxQ}'

(8) G= <.’L‘ I :I,‘3>, S = {17‘757332}'

(h) G = (z,y|2° 9% (2y)*), S = {z,y}.
(In this picture the sides of the pentagons are z-edges; the others are y-
edges and should be double since y has order 2; the reader should compare
this picture with the pattern on a soccer ball.)

(1) G= (x,y | TYr = yxy), S = {x,y}

The group in (h) is the alternating group As. The group in (i) is the
(infinite) three-strand braid group Bs; only a small portion of the Cayley
graph is shown since these groups are infinite and so have infinite Cayley
graphs.

Exercises

1. Fill in the missing details of the inductive step in the proof of Proposition 3.2.1.

2. Prove that an automorphism of a CW complex maps n-cells onto n-cells, and
that the covering projection in 3.2.1 maps the interior of an n-cell homeomor-
phically onto the interior of an n-cell.
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3. Prove: Let 7 be an edge loop at the vertex v € X and let 7 be the lift of 7 to the
1-skeleton X (H)' with initial point (Hg,v); then the final point of 7 is (Hgg,v)
where g is the element of 71 (X, v) represented by 7.

4. Let ~ be the equivalence relation on S™ whose equivalence classes consist of pairs
of diametrically opposite points. The quotient space S™ /~ is real n- dimensional
projective space RP™. This is also the quotient space of the action of Zy = (t | t2)
on S™, where t.x = —z. Find a Z3-CW complex structure on S™ and hence a
CW-complex structure on RP™. (RP? is called the [real] projective plane).

5. What is the fundamental group of RP™? Answer this using covering space theory
and also using 3.1.8 or 3.1.16.

6. Prove that if F' is a free group of rank n and H < F' is a subgroup of index j
then H is a free group of rank 1+ j(n — 1). (Compare Theorem 3.2.12.)

7. Describe the universal cover of (S' Vv S') x S'.

8. Describe the universal cover of the presentation complex of {(z,¢ | t~'xtz™2).
(For more on this see Example 6.2.10.)

3.3 Review of the topologically defined fundamental
group

The fundamental group as defined in Sect. 3.1 is usually called the “edge path
group” or “combinatorial fundamental group” because its definition involves
the CW complex structure of X rather than just the topology of X. In this
section, we review the more usual “topological” definition and its elementary
properties. Proofs of all assertions can be found in [74] or [146].

Let (Y,y) be a pointed space. A loop in Y at y is a map w : (Il,}l) —
(Y,y); its inverse is w™", the loop t +— —t +> w(—t). The product w;.wy of two
loops w; and wy is the loop defined by t — 2t +1 ¢ w1(2t+ 1) when ¢t <0
and by ¢t — 2t — 1 3 w2 (2t — 1) when t > 0. Two loops wy and wy (in Y at y)

L]
are homotopic if the maps of pairs wy,ws : (I',I1) — (Y, y) are homotopic.
The trivial loop is the loop taking I' to y. Products of homotopic loops are
homotopic. Inverses of homotopic loops are homotopic. If w is a loop, w.w™!
and w™l.w are homotopic to the trivial loop. If wy is trivial, ws is homotopic
both to wi.wy and to wy.wi.

Let 71 (Y, y) be the set of homotopy classes of loops in Y at y. If [w] denotes
the homotopy class of the loop w, then the pairing (jwi], [we]) — [w1.w2]
defines a multiplication on (Y, y). This multiplication is associative. If we
define [w]™! = [w™!] and 1 = [trivial loop], 71(Y,y) becomes a group, the
fundamental group of the space Y with base point y. We will see in the next
section that when X is a CW complex the two definitions of fundamental
group agree.

IfwisaloopinY at y and f: (Y,y) — (Z,2) is a map, then fow is a
loop in Z at z. If w; and wo are homotopic loops in Y at y, then f ow; and
f owsy are homotopic loops in Z at z.
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LetwbealoopinY at y,let f,g: (Y,y) — (Z,z) be maps, let F: Y xI —
Z be a homotopy such that Fy = f and Fy; = g, and let a: (I', 1) — (Z,2)

be the loop t — F(y, 3(t+1)). Then fow is homotopic to a.(gow).a™rel 1.
Define fy : m(Y,y) — m(Z,2) by fu([w]) = [f ow]. This fu is well defined,
and if g : (Y,y) — (Z, 2) is such that f ~ g rel {y}, then fu = g». Moreover,
f# is a homomorphism.

It (V,y) < (Z,2) <& (W,w) are maps, (9o f)4 = g4 o f4, and

(idy)g = id. Thus 7 is a covariant functor from the category of pointed
spaces and homotopy classes rel base point to the category of groups and
homomorphisms. Nevertheless, in most cases of interest, the homotopy invari-
ance can be expressed without restriction to base point preserving homotopies.
In order to say this precisely, we define a base point y € Y to be good if the
pair (Y, {y}) has the homotopy extension property with respect to any space.
We need not dwell on the pathological situations under which a base point
might fail to be good. The important case for us is an immediate consequence
of 1.3.15, namely:

Proposition 3.3.1. If X is a CW complex and v is a vertex of X, then v is
a good base point for X. O

The desired homotopy invariance theorem is:

Proposition 3.3.2. Let f : (Y,y) — (Z,z) be a map such that f :Y — Z is
a homotopy equivalence, and let z be a good base point. Then fu : m(Y,y) —
m(Z,2) is an isomorphism.*®

Proof. Let g : Z — Y be a homotopy inverse for f. Let a be a path in Y
from ¢(z) to y. Define H : (Z x {0}) U ({z} x I) — Y by H(z,0) = g(x),
for z € Z, and H(z,t) = a(t). H extends to a map H : Z x [ — Y. Let
g = H(-,1). Then g is also a homotopy inverse for f, and g(z) = y. By our
previous remarks, (g0 f)4([w]) = [B].[w].[8] 7" and (fog)%([o]) = [V].[o]. "]
for suitable [5] € m1(Y,y) and [y] € m1(Z, z). Thus f4 is an isomorphism. O

Let p : Y - Y bea covering projection, where Y is path connected. Let
g €Y and let y = p(g). Let G be the group of covering transformations.
Assuming 71 (Y, ) trivial, define ' : G — 71 (Y, ) as follows: choose a path
& in Y from § to g.§, and let x’(g) be the element of 71 (Y, y) represented by
the loop p o @. Path connectedness ensures that @ exists, and the triviality of
71(Y,7) ensures that x/(g) is well defined. By analogy with 3.2.3 we have:

Proposition 3.3.3. x' is an isomorphism. Its inverse is explicitly described
as follows: let [w] € m1(Y,y), let Z€ Y, and let 7 be a path in'Y from § to 3;
(X)) H[w))(2) = (t7 wT) (1) where (17 1wT) is the unique lift of T~ wT with
watial point Z. O

19 For variations on 3.3.2, see Exercise 2, and Remark 4.1.6.
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The explicit description of (x’)~! in 3.3.3 is important, for it shows how
71(Y,y) acts on Y on the left. We have already seen this action in the CW
complex context in 3.2.9. There, the action appeared to depend on the CW
complex structure, on orientations of the cells, and on a maximal tree. Now
we see that the action depends on none of these. However, it does depend on
the choice of base point § € Y such that p(g) = y. (For more on this, see
Exercise 1.)

Finally, we recall the important “lifting criterion” for covering spaces, a
special case of which we met in 3.2.8:

Proposition 3.3.4. [Lifting Criterion] Let p : (E,e) — (B,b) be a covering
projection, let Y be a path connected, locally path connected space, and let

y €Y. Amap f: (Y,y) — (B,b) lifts to a map f : (Y,y) — (E,e) iff
fa(m (Y, y)) < pg(mi(E,e)). If f exists, it is unique. d

We have reviewed the abstract part of covering space theory (here and in
2.4.6 and 2.4.7). The other part of the theory consists of existence and classi-
fication theorems. Since we have built the universal cover of a CW complex in
Sect. 3.2, we will get that part of the theory (for CW complexes) at essentially
no cost in effort. It will be given in the next section.

Exercises

1. If p: Y — Y is a covering projection, the group of covering transformations G
(being a group of homeomorphisms) acts on the left on )7; this is independent
of the choice of . But the isomorphism ' depends on 4, so the corresponding
left action of m1(Y,y) on Y, given by 3.3.3, depends on §. For [w] € m1(Y,y)
and Z € p~'(y) define Z.[w] = &(1) where &(0) = Z and & covers w. Prove this
defines a right action of 71(Y,y) on p~'(y) which is independent of §. Write
down explicitly the corresponding right action of G on p~*(y).

2. Prove that a 2-equivalence induces an isomorphism of fundamental groups (this
generalizes 3.3.2).

3. Let f,g : (X,z) — (Y,y) be pointed maps and let H : f ~ g be a homo-
topy between f and g. Let w be the loop t — H(z,t). Prove that fz and
g# : m(X,z) — mi(Y,y) are conjugate homomorphisms, more precisely that

Fa([r]) = Wgs ([T lw]

3.4 Equivalence of the two definitions of the
fundamental group of a CW complex

Now we will show that our two definitions of fundamental group agree. Let
X be an oriented CW complex and let v be a vertex of X. Just until after
Theorem 3.4.1, we will denote by 7¢%9¢(X, v) the “edge path” fundamental

group defined in Sect. 3.1, and by ﬂozj (X,v) the “topological” fundamental
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group defined in Sect. 3.3. If wy,ws : I' — X are maps such that wy(1) =
wa(—1), their product w;.wo : I' — X is defined by the same formula used
for loops, namely, ¢ — w1 (2t + 1) when ¢t < 0, and ¢ — wy(2t — 1) when ¢t > 0.
We call wy, wa,wi.wa, etc., “paths” even though the domain is I' rather than

I. A characteristic map h : (I',1') — (el,e1) of a 1-cell e} defines a path

h : I' — X. For each non-degenerate edge 7; (= oriented 1- cell) in X, pick
a characteristic map h, for the underlying 1-cell representing the orientation
of 7;; regard h,, as a path in X. For each degenerate edge 7;, let h., be the
constant path at the point 7;. With each edge loop 7 := (71,...,7%) at v,
associate the product path h,; := (...((hr,-hry).Bry). ...).r,. Thus h; is a
loop at v, a parametrization of T.

Theorem 3.4.1. This association induces an isomorphism o : wi%%( X, v) —
top X
m P (X, v).

Proof. We claim 7.’ (X, v) is trivial. Thus the isomorphism y’ of 3.3.3 is
defined. By 3.2.3 and 3.2.9, the isomorphism y is well defined. Let o = y'ox 1.
Then « is indeed induced by the association 7 — h.

/\

,/Tledge S ﬂ.ioiv )

It remains to prove the claim. Let w : (I',I!) — (X, ) be a loop. By
1.4.3, w is homotopic to a loop in X!. Clearly, any loop in X 1 is homotopic
to a loop of the form h, for some edge loop 7 in X at ©. By 3.2.7, 7 can be
transformed into the trivial edge loop by elementary equivalences. If ¢ is a
reduction of 7, it is clear that the loops h, and h, are homotopic. If o differs
from 7 by a formal move across a 2-cell, so that (in the notation of Sect. 3.1)
o™ = Appvv g AT then hg h1 ~ hy o1~ hx-Pyy ps-ha-1, where
w1.p2 is an edge loop representing some Ae%. Careful consideration of the
definition of Ae% will convince the reader that h,, ., is homotopic to the
constant loop at the final point of A\. Hence h, =~ h,. Finally, note that if 7 is
the trivial edge loop at v, h, is the constant loop at . O

From now on, we will write 71 (X, v) for both groups, understanding them
to be identified by the isomorphism « of 3.4.1.

Just as with cellular homology, it follows that we may speak of w1 (X, v)
without reference to a particular CW complex structure on X, and that,
by 3.1.16, different CW complex structures lead to different presentations of
the same group. To take a simple example, choose for S™ the CW complex
structure consisting of one vertex, v, and one n-cell. Then 71 (S, v) & Z by
3.1.9, and for n > 2, m1(S™,v) = {1} by 3.1.10. For this, the combinatorial
approach is simplest. On the other hand, the topological approach allows a
trivial proof that m; preserves products:
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Proposition 3.4.2. Let {(X4,%a)}aca be a family of pointed spaces and let

DB HXa — X3 be the projection map. Then py : m HXQ,(:ca)> —
@ «
Hm (Xa, Ta) s an isomorphism, where p(x) := (pa(x)). O

(03

Hence, writing 7™ for the n-fold product of copies of St (T™ is the n-torus),
we get m (T, v) = Z™.

Of course, we have seen another proof that 71 (S, v) is Z. Give R the CW
complex structure with vertex set Z and 1-cells [n,n + 1] for each n € Z. Let
Z act on R by n.z = x+n. Then R is a simply connected free Z-CW complex
whose quotient is homeomorphic to St. By 3.2.3, m1(S*,v) is isomorphic to
Z. Similar remarks apply to T" since its universal cover is R".

Since we are concerned with presentations of groups, it is useful to refor-
mulate 3.1.16 topologically. Let (X, v) be a pointed CW complex. By 3.1.16,
m (X', v) is a free group. Choose an attaching map f, : S' — X' for

each 2-cell €2 of X. Then f, o ki : I' — X' is a loop, where I! IS

is the quotient map I' — I1/I! M, 8! chosen once and for all in
Sect. 2.5. Choose a path A, in X' from v to f,(1) := fy o ki(—1). Let
gy = [Ay-(fy 0 kl))‘gl] € m (X' v).

Proposition 3.4.3. Let i : (X',v) — (X,v). The homomorphism i
m (X1, v) — 7 (X,v) is an epimorphism whose kernel is the normal closure
of {gy | € is a 2-cell of X}. O

By 3.3.1 and 3.3.2 we have:

Proposition 3.4.4. Let f : X — Y be a homotopy equivalence between CW
complexes taking the vertex v to the vertex w. Then fyu : m (X, v) — m (Y, w)
s an isomorphism. O

We can now improve the theory of covering spaces of CW complexes begun
in Sect. 3.2.

Let X be a path connected CW complex and let v be a vertex of X.
Recall from Sect. 3.2 that for each subgroup H < m1(X,v) there is a cov-
ering projection qg : (X(H),v) — (X,v) such that 7 (X(H),v) = H. We
now have the language to strengthen that statement. The universal cover X
is a free left 7 (X,v)-CW complex, hence also a free left H-CW complex.
Moreover, X is simply connected. Therefore there is a canonical isomorphism

X : H — m(X(H),?v) defined in Sect. 3.2. On the other hand, gz induces

a homomorphism qpx : m(X(H),v) — m(X,v).
Proposition 3.4.5. qg4 o x = inclusion : H — m1(X,v).

Corollary 3.4.6. qgx is a monomorphism whose image is H.
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It remains to show that these covering spaces X (H) are essentially the
only path connected covering spaces of X . For this we need to know that CW
complexes are locally path connected. This is easily proved in three steps (the
details are an exercise):

Proposition 3.4.7. (i) B™ is locally path connected; (ii) if Y is obtained from
the locally path connected space A by attaching n-cells, then Y 1is locally path
connected; (iii) every CW complex is locally path connected. O

Proposition 3.4.8. Let ¢ : (E,e) — (X,v) be a covering projection, where E
is path connected and X is a CW complex. Let H = qu(m(E,e)) < m(X,v).
Then there is a homeomorphism h : (E,e) — (X(H),v) making the following
diagram commute. In particular, qu is a monomorphism.

(E,e) b (X(H),7)

(X, v)

Proof. Apply 3.3.4 to ¢ and to gg. Uniqueness implies that the resulting lifts
are mutually inverse. O

Pointed covering projections p; : (Eq,e1) — (X,z) and py : (E2,e2) —
(X, z), where F7 and E5 are path connected, are said to be equivalent if there
is a homeomorphism h : (E7,e1) — (Es, e2) such that py = h o ps.

So, up to equivalence, there is a bijection between the path connected
pointed covering spaces of the pointed CW complex (X, v) and the subgroups
of m (X, v), such that the fundamental group of the covering space correspond-
ing to H is mapped isomorphically to H. Proposition 3.4.8 also completes
the explanation given in Sect. 3.2 for the name “universal cover” — a path
connected pointed covering space of (X,v) which covers all path connected
pointed covering spaces of (X, v).

We close with two very useful theorems linking topology and group theory,
one a special case of the other. Their proofs are left as exercises.

Theorem 3.4.9. Let (X, A) be a pair of path connected CW complexes. Let
i: (A,v) — (X,v) be the inclusion of a subcomplex and let p : (X,7) —
(X, v) be the universal cover. (i) There is a bijection between the set of path
components of p~1(A) and the set of cosets

{g.(image iy) | g € m(X,v)}.

(ii) If A denotes the path component of p~1(A) containing ¥, then w1 (Az, D)
is isomorphic to ker iy. O



100 3 Fundamental Group and Tietze Transformations

Theorem 3.4.10. With notation as in Theorem 3.4.9, let (X (H),v) be the
pointed covering space corresponding to H. (1) There is a bijection between the
set of path components of qﬁl (A) and the set of double cosets

{H.g.(image ix) | g € m(X,v)}

. (ii) If As denotes the path component of qﬁl (A) containing v, then m (Ag, )

is isomorphic to 2;1 (H). O
_ In summary: (i) mo(qy (A)) = H\m(X,v)/image iy, and (i) A; =
A(z;(H))
Exercises

1. Prove 3.4.7.

2. Theorem 3.3.3 establishes an isomorphism between the group of covering trans-

formations of X and 71 (X, v). For a subgroup H < 7 (X, v) establish a similar

isomorphism between the group of covering transformations of X (H) and the
group N(H)/H where N(H) denotes the normalizer of H, i.e., the largest sub-
group of m1(X,v) in which H is normal. In particular, when H is normal®® in

G the group of covering transformations is isomorphic to G/H.

Prove 3.4.9 and 3.4.10.

4. Prove that if G is finitely generated there are only finitely many subgroups of a
given finite index in G.

5. Prove that the intersection of finitely many subgroups of finite index in G has
finite index in G.

6. Prove that if H has finite index in G the set of subgroups conjugate to H is
finite.

7. Describe a CW complex X having one vertex v, one 1-cell and one 2-cell so
that X — {v} is a path connected space whose fundamental group is not finitely
generated.

8. Prove the following transitivity property of regular (= normal) covering projec-
tions: given two cells e; and ez mapped to the same cell of X, there is a covering
transformation taking e; onto es.

w

20 When H is normal in G the covering projection gy : X(H) — X is said to be
regular or normal.
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Some Techniques in Homotopy Theory

This chapter deals with five topics which help in understanding homotopy
type and how to alter a CW complex within its homotopy type; for example,
to reduce the number of cells in a dimension of interest. The most important
theorems are 4.1.7 and 4.1.8 which are the key ingredients in the Rebuilding
Lemma 6.1.4. That in turn tells us much about topological finiteness prop-
erties of groups (in Chapter 7). The last topic, the Hurewicz Theorem, is of
fundamental importance in algebraic topology.

4.1 Altering a CW complex within its homotopy type

In this section we define “adjunction complexes” and show how to alter them
without altering their homotopy types. As a first application we study Tietze
transformations of group presentations from the topologist’s point of view. If
we are given a path connected CW complex whose fundamental group G is
known to be finitely generated, we will show how to alter the complex within
its homotopy type to a complex whose 1-skeleton is finite, and we will see
what can be done to the 2-skeleton when G is finitely presented.

Let (X, A) be a pair of spaces and let f : A — Y be amap. The adjunction
space Y Uy X is the quotient space Y [[ X/~ where ~ is generated by the
relation a ~ f(a) for all a € A. If, in addition, (X, A) is a CW pair, Y is a
CW complex, and f: A — Y is a cellular map, then we have:

Proposition 4.1.1. Let ¢ : Y[ X — Y Uy X be the quotient map. Then
YUy X admits a CW complex structure whose cells are {q(e) | e is a cell of Y
or a cell of X which is not in A}.

Proof. This is similar to the first part of the proof of 3.2.1. The n-skeleton is

Y©ug XT O

With this CW complex structure, Y Uy X is called the adjunction complex

of f. For example, if K is a CW complex and f : ]_[S;L_1 — K" lis a
acA
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simultaneous attaching map for the n-cells, then there is a homeomorphism

K™ — K" 1uy <H BZ;) which matches cells bijectively.

acA
Another example is the mapping cylinder of a cellular map f : X — Y.

This is the adjunction complex Y Uy, (X x I) where fo: X x {0} — Y is the
map (z,0) — f(z). We will denote the mapping cylinder of f by M(f). The
map X — X x I sending z to (x,1) induces an embedding i : X — M(f);
the identity map of Y induces an embedding j : Y — M(f). Both i and
j take each cell of the domain homeomorphically onto a cell of M(f); one
frequently suppresses ¢ and j, identifying X with 4(X) and Y with j(Y),
writing X € M(f) and Y € M(f). The map X x I — Y, taking (z,t) to
f(z), and the identity map on Y, together induce the collapse r : M(f) — Y.
The following diagram commutes:

Proposition 4.1.2. The map r is a homotopy inverse for j, so r is a ho-
motopy equivalence. Indeed there is a strong deformation retraction D :
M(f)x I — M(f) of M(f) ontoY such that Dy =r.

Proof. The required D is induced by projection: ¥ x I — Y and the map
XXxIxI—XxI, (x,t,8)— (z,t(1 —3)). O

The proof of 4.1.2 gives a “canonical” strong deformation retraction of
M(f) onto Y. Thus the same proof gives:

Proposition 4.1.3. Let X = AU B and X' = A’ U B’, where A and B are
subcomplezes of X, while A’ and B’ are subcomplexes of X'. Let f : X — X'
be a cellular map such that f(A) C A" and f(B) C B’. Then there is a strong
deformation retraction of M(f) onto X' which restricts to strong deformation
retractions of M(f | A) onto A, M(f | B) onto B’, and M(f | AN B) onto
A'NB. O

Returning to the general adjunction complex Y Uy X, where (X, A) is a
CW npair, Y is a CW complex, and f : A — Y is a cellular map, we now
show that the homotopy type of YUy X only depends on the homotopy types
of (X,A) and Y, and the homotopy class of f. We need some preliminaries
(4.1.4 and 4.1.5) which have independent interest.

Let n > 0 be an integer and let (X, A) be a pair of CW complexes with
X non-empty. The pair (X, A) is n-connected if for each 0 < k < n every
map (B¥, S¥~1) — (X, A) is homotopic rel S¥~! to a map whose image lies in
A. Thus (X, 0) is never n-connected, and (X, A) is O-connected iff each path
component of X has non-empty intersection with A. For any « € X, (X, {z})
is 1-connected iff X is simply connected.
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Proposition 4.1.4. (Whitehead Theorem)! Let (X, A) be a CW pair. The
following are equivalent:
(i) A is a strong deformation retract of X ;

(ii)) A < Xisa homotopy equivalence;
(iii) (X, A) is n-connected for all n.

Proof. (i) = (ii) is clear; see 1.3.8.

For (ii) = (iii), let » : X — A be a homotopy inverse for ¢. Since r | A is
homotopic to id 4, 1.3.15 implies that r is homotopic to a map r’ : X — A such
that r’ | A = id4. So we may assume r | A = id4. Let f : (B¥,S*1) — (X, A)
be a map where kK < n, and let H : X x I — X be a homotopy from idx to
i or. Define

F:(B*xIx{0})U (B x{0,1} x U (S¥ ' xIxI)—X

by

H(f(x),t) on B¥ x I x {0}
f(z) on B¥ x {0} x I
H(irf(x),1—s) on B*¥ x {1} x1I
H(f(z),(1—-s)t) on SF1xTIxI.

F(x,t,s) =

By 1.3.15, Fextendstoamapﬁ :B¥xIxI— X.Let G: B*xI — X bethe
map G(z,t) = F(x,t,1). Then G(z,0) = f(x), and G(z,1) = H(irf(x),0) =
irf(z) € A. If v € S¥=1 G(x,t) = H(f(x),0) = f(x) € A. Tt is easy to see
that ((B*¥ x {1}) U (S*~! x I), S¥=! x {0}) is homeomorphic to (B*, §*~1)
(exercise). It follows that f is homotopic rel S*~! to a map whose image lies
in A (exercise).

For (iii) = (i), let fo = idx. The pair (X, A) is O-connected, so foy |:
X%UA — X is homotopic, rel A, to a map into A. By 1.3.15, f; is homotopic
rel A to amap f;: X — X such that f1(X°U A) C A. The pair (X, A) is
I-connected, so by 1.3.10, fi| : X' U A — X is homotopic, rel X° U A4,
to a map into A. Again by 1.3.15, f; is homotopic, rel X% U A, to a map
fo: X — X such that fo(X*U A) C A. Proceeding thus by induction, and
observing that the homotopy f,, ~ fn11 is rel X" 1 U A, we get a well defined
limit map f: X — X such that f | A =id and f(X) C A. Combining all the
homotopies, we can get a homotopy idy ~ f. The details of this last step are
left as an exercise. g

The last two propositions lead us to an important theorem on piecing
together homotopy equivalences:

Theorem 4.1.5. Let X = AUB and X' = A’ UB’, where A and B are
subcomplexes of X, while A’ and B’ are subcomplexes of X'. Let [ : X — X'

! This is the version we will need most often. The full Whitehead Theorem is stated
in Exercise 1 of Sect. 4.4.
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be a cellular map such that f(A) C A" and f(B) C B'. If f| : A — A/,
fl: B = B, and f| : ANB — A’ N B’ are all homotopy equivalences,
then f : X — X' is a homotopy equivalence. Moreover, there is a homotopy
inverse g : X' — X for f, taking A" to A, B’ to B, and AN B’ to AN B,
and homotopies go f ~ idx and f o g ~ idx, which restrict to homotopies
go fl~ida, fog|~ida, go f|~idp, fog|~idp, go f |~ idanp, and
f og |2 idA’mB’-

Remark 4.1.6. Even the special case in which B C A and B’ C A’ is of interest.
It says that if f: (A4, B) — (A’, B’) is a cellular map of pairs such that the
induced maps A — A’ and B — B’ are homotopy equivalences then f is a
homotopy equivalence of pairs. Note, in particular, what this says when B
and B’ are single points.

Proof (of 4.1.5). By 4.1.2 f is a homotopy equivalence iff ¢ : X — M(f)
is a homotopy equivalence. Write f1 = f |1 A — A’, fo = f || B —» B/,
fo=f|ltAnB — A NB' For k =0,1,2, fr is a homotopy equivalence.
So, by 4.1.2, A — M(f1), B — M(f2) and AN B — M(fp) are homotopy
equivalences. By 4.1.4, the pairs (M (f1), A), (M(f2),B) and (M (fo), AN B)
are n-connected for all n. The proof of (iii) = (i) in 4.1.4 shows that we can
construct a strong deformation retraction of M(fy) to AN B which extends
to strong deformation retractions of M (f1) to A and of M (f2) to B. So X is
a strong deformation retract of M (f). For the second part, combine this with
4.1.3. O

Now we are ready for the main theorems, 4.1.7 and 4.1.8. Suppose (X, A)
and (X', A") are CW pairs, Y and Y’ are CW complexes, f : A — Y and
ff A = Y’ are cellular maps, g : (X,A) — (X', A4’) is a map of pairs,
g: X—>X',g/:A— A and k: Y — Y’ are homotopy equivalences, and the
following diagram commutes:

X—a—Toy

Pk b

X =—>A ——Y’

Theorem 4.1.7. The induced map G : Y Uy X — Y' Uy X' is a homotopy
equivalence.

Proof. Consider the commutative diagram

M(flux —"— vusx

| le

M(fYUX' —" s y'Up X!
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Here and in what follows, we write M (f) U X for M(f)U; X wherei: A —
M(f) is the canonical inclusion — i.e., we literally apply the convention of
writing A C M (f); pisinduced by (¢ |)xid: AxI — A’ xI, k:Y — Y’ and
g : X — X'; his induced by the collapse r : M(f) — Y and idx; similarly for
h'. By 4.1.5, p is a homotopy equivalence.

To see that h is a homotopy equivalence, consider the commutative dia-
gram

M(f)uX b YUy X
x A;e
M(q | X)

See Fig. 4.1. Here, ¢ : Y[[X — Y Uy X is the defining quotient map. The
inclusion m : M(f)UX — M(q | X) sends X to the copy of X in M(q | X);
M(f) C M(q| X) because ¢q | A = inclusion of. By 4.1.2, we need only show
that m is a homotopy equivalence. By 1.3.15, (X x {1})U (A x I) is a strong
deformation retract of X x I. Any strong deformation retraction of X x I to
(X x {1})U (A x I) induces a strong deformation retraction of M(q | X) to

M(fluX. O
! h
s M) E— Yux
\'s
M@ UX v Y
X
\ collapse
X A M(f)
)
Y
M(q|X)
Fig. 4.1.

Theorem 4.1.8. If the hypotheses of 4.1.7 are weakened from ko f = f'og|
tokof~ flog]|, it is still the case that Y Uy X and Y' Uy X' have the same
homotopy type.
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Proof. Consider the diagram

X<—>A;">M(f)

A
f/

X/_(_)A/—)}ﬂ

Here 7 is the collapse and k = kor. The right square homotopy commutes. By
1.3.15, k is homotopic to a map k such that koi = f'og |. By 4.1.7, M(f)uX
is homotopy equivalent to Y’ Uy X’. By the proof of 4.1.7, M(f) U X is
homotopy equivalent to Y Uy X. O

Here is a useful application of 4.1.7:

Corollary 4.1.9. Let X be a CW complex and A a contractible subcomplez.
The quotient ¢ : X — X /A is a homotopy equivalence.

Proof. Apply 4.1.7 with X = X', A=A, g=id, Y = A, Y' = {q(A)}. O

Theorems 4.1.7 and 4.1.8 are powerful technical tools. For example, 4.1.8
implies that if Y is obtained from A by attaching n-cells, then the homotopy
type of Y only depends on the homotopy classes of the attaching maps. We
now discuss an application of this to Tietze transformations.

For each presentation P = (W | R, p) of a group G a procedure was given
in Example 1.2.17 for building a presentation complex X p, having just one
vertex v, such that 71 (Xp,v) = G (by 3.1.8). The 1-cells and 2-cells of Xp
are in bijective correspondence with the sets W and R, respectively, in such
a way that if P = P’ := (W | R, p') is a Tietze transformation of Type I,
then Xp is, in a natural way, a subcomplex of X p/, such that all cells of Xp:
which are not cells of Xp are 2-cells.

Proposition 4.1.10. Let P’ be obtained from P by a Tietze transformation of
Type 1. Then there is a homotopy equivalence h making the following diagram
commute up to homotopy:

X pC va< \/ Si)

a€R'—R
inclusion
h

XP/

Proof. The attaching maps for the 2-cells of Xp/ which are not in Xp are
homotopic in Xp to constant maps. Apply 4.1.8. O
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Similarly, if P = P” = (W' | R, p’) is a Tietze transformation of Type II,
then Xp is a subcomplex of Xp» and we have:

Proposition 4.1.11. The map Xp — Xp~ is a homotopy equivalence.

Proof. (Xpn)t = XEV \/Si , i.e. the wedge of X'}, and a bouquet of circles.

«
For each «, the 2-cell ei of X p» which is not in X p has a characteristic map of
the form f, : I? — Xpr where fo(I' x {—1}) C Xp, fa(£1,t) = fo(£1,-1)
for all t € I', and f, | I* x {1} is a characteristic map for S}. The strong
deformation retraction of 12 onto I' x {—1}, (s,t,u) +— (s, (1 —u)(1+1t) —1)
for 0 < u < 1, induces a strong deformation retraction of XL U SL Ue? onto
XL. This can be done simultaneously for all , giving a strong deformation
retraction of X p» onto Xp. O

Proposition 4.1.12. Fori =1 and 2, let P; := (W; | R;, p;) be presentations
of the group G. There are homotopy equivalent CW complezes Yp, and Yp,
obtained from Xp, and Xp, by attaching 3-cells. Moreover, if Py and P are
finite presentations, Yp, and Yp, can be obtained by attaching finitely many
3-cells.

Proof. If in the proof of 4.1.10 we attach a 3-cell to Xp V ( \/ Si), for
a€R'—R
each a, by a homeomorphism $? — S2 we obtain a 3-dimensional complex
homotopy equivalent to Xp. By 4.1.8, we can attach 3-cells to X p/ itself to
get a 3-dimensional complex homotopy equivalent to Xp whose 2-skeleton is
Xpr.
Applying this remark in the context of 3.1.15 gives us:

Type I1 p! Type 1 p Type IP” Type 11

P Ps.

In terms of associated CW complexes, this gives:

T 11 T I .
Xp 25 Xp 22 XpC—> XpUU{ed |ae A} =24

Type II Type 1
XP2 P XP// P ng XPUU{@% | 6 E B} = ZQ

Indeed, the proof of 3.1.15 shows that A and B are in bijective correspondence
with the sets Wi [] R2 and W [ Ry respectively. The spaces Xp,, Xpr and
Z1 are homotopy equivalent. The spaces Xp,, Xpr and Z, are homotopy
equivalent. By 4.1.8, we can attach 3-cells to Xp, and to Xp, to get Yp, :=
Xp, UU{E} | B € B} and Yp, := Xp, UU{E) | « € A}, both homotopy
equivalent to Xp U(J{e3 | v € A[]B}. The last sentence of the Proposition
is clear. g



108 4 Some Techniques in Homotopy Theory

Remark 4.1.13. There are examples in [52] of finite CW complexes X and YV
each having one vertex, such that XV.S? is homotopy equivalent to Y'V.S?V S2,
while there is no CW complex Z such that X is homotopy equivalent to ZV S2.
This is related to the existence of finitely generated projective ZG-modules
which are stably free but not free. (See also [7].) In the proof of 4.1.12, X p has

the homotopy type of both X p,V < \/ Si) and Xp»V \/ Sg . Dunwoody’s
acA pBeEB
examples show that one cannot always “cancel” copies of S2.

Theorem 4.1.14. Let X be a path connected CW complex whose fundamental
group G is finitely generated. Then:

(i) X is homotopy equivalent to a CW complex having finite 1-skeleton.

(ii) If G is finitely presented, there is a CW complex X', obtained from X by
attaching 3-cells, which is homotopy equivalent to a CW complex having
finite 2-skeleton.

(iii) If G is finitely presented, X is homotopy equivalent to a CW complex Z
whose 2-skeleton is the wedge of a finite CW complex and a bouquet of
2-spheres.

Proof. By 3.1.13, 3.1.12 and 4.1.9, we may assume that X has only one vertex.
Write Xp, = X 2, and let P, be a presentation of G which is finite or finitely
generated as appropriate. Write P; = (W; | R;). Using 4.1.8 as in the proof of
4.1.12, we get X U |J{3-cells} homotopy equivalent to a CW complex Y such
that Y2 = Xp,. Similarly, we get X homotopy equivalent to a CW complex Z
such that Z2 = Xp, U \/ S3 where |B| = |[W2| + |R1|. We claim Z! s finite; a
peB
sketch of the argument follows. Using ~ for “is homotopy equivalent to”, and

using the notation of the proof of 4.1.12, we get:

Xp>~XprV \/Sé ~ Xp, V \/Sé
BeB BeB

XplﬁXpUU{€i|Oé€A}2XP2\/ \/Sg UU{éz|a€A}.
BeB

Hence, by 4.1.8,
X ~Xp, V \/ Sz U U{éz |lae AU U{cells of dimension > 3}.
BeB

The “cells of dimension > 3” (other than the €3’s) are in bijective correspon-
dence with those of X. g
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Ezxample 4.1.15. The “finitely generated” and “finitely presented” parts of
4.1.14 would be more similar if we could say, in the finitely presented case, that
X is homotopy equivalent to a CW complex having finite 2-skeleton. However,
this is false. For example, let X be an infinite bouquet of 2-spheres. We have
m1(X,v) trivial by 3.1.11; however, Hy(X;Z2) is an infinite-dimensional Zs-
module (vector space), since every 2-chain is a cycle and none is a boundary.
If Y is a finite CW complex, Hy(Y'; Z2) is a finite-dimensional Za-vector space
since C5(Y'; Z2) is finitely generated, hence also Z2(Y';Zz). Hence, by 2.7.7,
X is not homotopy equivalent to a CW complex with finite 2-skeleton.

The proof of 4.1.14 also proves the following, which will be useful.

Addendum 4.1.16. Let X be a path connected CW complex having my k-
cells for each k > 0, where 0 < my, < co. Let P := (W | R, p) be a presentation
of the fundamental group of X. Then X is homotopy equivalent to a CW
complex Z with the properties: (1) Z2 = XpV (bouquet of mo+|W| 2-spheres);
(ii) Z has mg +my —mo + 1+ |R| 3-cells; and (iii) Z has my, k-cells for all
k> 4.

Proof. Let T be a maximal tree in X. Then T has my vertices and (mgo — 1)
1-cells. So X’ := X/T has one vertex, (m; —mg + 1) 1-cells, and my, k-cells
for k > 2. By the proof of 4.1.14, X’ is homotopy equivalent to a complex Z
of the form

Z=XpV \/ Sz U U{éz |lae AU U{cells of dimension > 3}
BEB

where |B| = [W| 4+ ma, |A| = m1 —mo + 1+ |R|, and, for kK > 3, Z has my
k-cells. By 4.1.9, X is homotopy equivalent to Z. O

Appendix: the equivariant case

Equivariant? analogs of 4.1.7 and 4.1.8 can be useful. We briefly describe how
to get them.

A G-set is a set equipped with a left G-action by permutations. A G-space
is a space equipped with a left G-action by homeomorphisms. A map f: A —
B between G-spaces is a G-map (or an equivariant map) if f(g.a) = g.f(a)
foralla € A and g € G.

Let Y be obtained from A by attaching B"(A) using f : S""1(A) — A as
in Sect. 1.2. If A is a G-set, B"(A) becomes a G-space. If A is also a G-space
and f is a G-map then Y becomes a G-space. Moreover, the stabilizer of each
n-cell of (Y, A) acts trivially on that cell. It follows that if (X,{X™ |n > 0})

2 The word equivariant refers to properties compatible with a given action of a
group on a space.



110 4 Some Techniques in Homotopy Theory

is a rigid G-CW complex then for n > 1 the G-space X" is obtained from the
G-space X"~ 1 by attaching B"(A,,) where the simultaneous attaching map is
a G-map; here A, is the G-set of n-cells. Conversely, any CW complex built
in this way is a rigid G-CW complex.

The terms defined in Sect. 1.3 all have obvious G-analogs: G-homotopy,
G-homotopy equivalence, G-homotopy type, G-strong deformation retract, etc.
The theorems on extending maps and homotopies, 1.2.23 and 1.3.10, and the
Homotopy Extension Theorem 1.3.15 have G-analogs for rigid G-CW com-
plexes.

When an adjunction space Y Uy X is formed from G-spaces using a G-
map, it becomes a G-space; if X and Y are rigid G-CW complexes and f is
a cellular G-map, the G-version of 4.1.1 says that ¥ Uy X is a rigid G-CW
complex. In particular this applies to mapping cylinders. There are routine
G-analogs of 4.1.2 and 4.1.3 for rigid G-CW complexes. The rigid G-CW pair
(X, A) is G-n-connected if for each 0 < k < n and each G-set A, every G-map
(B¥(A), S*1(A)) — (X, A) is G-homotopic rel S¥71(A) to a G-map whose
image lies in A. This replaces the hypothesis of n-connectedness in 4.1.4 (iii)
to give a G-analog of that proposition (for the rigid case). The G-analogs of
4.1.5-4.1.8 for rigid G-CW complexes are then routine.

Exercises

1. Define a map f : S* — S by €*™ — 5™ if 0 < t < %, and e>™% o 76T
if % < t < 1; this wraps the circle three times around itself, twice positively
and once negatively. Let D be the CW complex with one vertex, one 1-cell,
and one 2-cell attached by the map f. Show that D is contractible. (This space
D is called the dunce hat and is a classic example in topology because it is
contractible but not “collapsible” — see [42].)

2. Why did we not describe the dunce hat as the presentation complex given by
(t] 2t 1)?

3. Prove a locally finite version of Theorem 4.1.5: i.e., let K be a locally finite cover
of X by subcomplexes, etc.

4. Complete the last step in the proof of 4.1.4.

5. Let X = AUB be a CW complex where A and B are subcomplexes. Prove that
if A, B and AN B are contractible then X is contractible.®

4.2 Cell trading

We describe a technique which is often used in topology to simplify a CW
complex within its homotopy type. In Chapter 7 we will use it to simplify
K (G, 1)-complexes.

3 This is a very special case of Proposition 9.3.20.
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Proposition 4.2.1. (Cell Trading Lemma) Let (X, A) be an n-connected
CW pair, where

X = AU< U eZ)U U eg‘H u U efj” U(cells of dimension > n+2).
acA BEB yeC

There is another CW complex X" having A as a subcomplex such that (X", A)
is homotopy equivalent to (X, A) and

X"=AuU U ég“ u U et | U ( cells of dimension > n + 2).
BeB seAllC

Moreover, in dimensions > n + 2, X" and X have the same number of cells.

Remark 4.2.2. Since (X, A) is n-connected the characteristic map of each el
is homotopic to a map into A. This suggests that in some sense those cells
are unnecessary. Proposition 4.2.1 makes this precise: they can be “traded”
for (n + 2)-cells.

Proof (of 4.2.1). We embed X as a subcomplex of a CW complex X'; the
required X" will be a quotient complex of X’ by a quotient map which restricts
to an embedding of A in X”. We will have homotopy equivalences

(X, A) = (X', A) — (X", A).

Consider S~ ! ¢ §* c §"*t! ¢ B™"2. Let Y be B"t2 with a CW complex
structure such that: S”~! is a subcomplex, S™ is obtained from S™~! by
attaching two n-cells d"(+) and d"(—), S"** is obtained from S™ by attaching
two (n + 1)-cells d"T1(+) and d"*!(—), and B"*? is obtained from S"*! by
attaching one (n + 2)-cell d"*2. See Fig. 4.2.

We first deal with the case where A has only one element a. Define f, :
d"1(—) — X to be a map such that f, | d"(+) is a characteristic map for e?
(identifying d™(4) with B™) and f,(d"(—)) C A; fa exists because (X, A) is
n-connected. Let X’ = XUy, Y. Since d"™!(—) is a strong deformation retract
of Y, Proposition 1.3.10 implies that X is a strong deformation retract of X'.
So (X, A) — (X', A) is a homotopy equivalence.

Abusing notation, we write X’ = X U d"*(+) U d"*2. Let A’ be the
subcomplex A U e” U d"(+). Since d"(—) is a strong deformation retract
of d"*1(+), A is a strong deformation retract of A’. Let ¢ : A’ — A be
a retraction such that (inclusion) oq : A’ — A’ is homotopic to idas. The
required X" is AU, X'.

Applying 4.1.7 to the commutative diagram
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d””(-*—)

s A Fufd" (=)

el =1 (d'(+)

Fig. 4.2.

X/<_)A/i_d>A/

N

X' =4 —A

we get a homotopy equivalence X’ — X" whose restriction to Ais ¢ | A = id 4.
Thus, by 4.1.5, we have a homotopy equivalence (X', A) — (X", A). In the
passage from X to X" we have “lost” an n-cell e and “acquired” an (n + 2)-
cell €7*2 namely the image of d"*2 in X"

Now, if A has more than one element, we treat each n-cell e’ this way,
using H Y, instead of Y. O

acA

Remark 4.2.3. The Relative Hurewicz Theorem (4.5.1 below) provides a ho-
mological procedure for verifying the n-connectedness hypothesis in 4.2.1
when X and A are simply connected.

4.3 Domination, mapping tori, and mapping telescopes

The mapping torus of a cellular map h : Y — Y is the quotient CW complex
T'(h) obtained from the mapping cylinder, M (h), by identifying the “top”
and “bottom”, i.e., (in the notation of Sect. 4.1) T'(h) = M (h)/~, where ~ is
generated by: i(y) ~ j(y) for all y € Y. It is a CW complex by 4.1.1. See Fig.
4.3.

The space T'(h) has a covering space Tel(h), the mapping telescope of h.
To form Tel(h), take H M(h)m, where each M (h),, = M(h), and identify

meEZ
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jly) € M(h);, with i(y) € M(h)my1 for each m (see Fig. 4.3); Tel(h) is a
free Z-CW complex, where n € Z takes each M (h),, by the “identity” map
to M (h)mn. Clearly, the quotient Z\Tel(h) is homeomorphic to T'(h).

Tel (h)

T(h)

Fig. 4.3.

Now suppose h is the composition Y 2, x L5 v where f and g are
cellular maps. Let k =go f: X — X.

Proposition 4.3.1. T'(h) is homotopy equivalent to T(k).

Proof. We form an intermediate space T'(f,g), the quotient CW complex of
M(f) ]I M(g) obtained by identifyingy € Y € M(f) withy € Y C M(g) and
x€ X C M(f) withz € X C M(g), for each y € Y and each z € X; see Fig.
4.4. The restriction of the quotient map M (f) [[M(g) — T(f,g) to M(f) or
to M (g) is an embedding, so we write M (f) C T(f,g) and M(g) C T(f,9).
Apply 4.1.7 to the commutative diagram

T(f,9) =M (f) —%= M(f)

idl idl lcollapse
M

collapse
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to get T(f,g) homotopy equivalent to T'(h). Similarly, T'(f,g) is homotopy
equivalent to T'(k). O

Mi(g)

M(f)
T(h)

T(f, g) T(k)
Fig. 4.4.

In the same way, there is a CW complex Tel(f,g) intermediate between

Tel(h) and Tel(k). The space Tel(f, g) is the quotient of H M()m I TM(g)m),

mEZ
where each M (f),, = M(f) and each M(g)., = M(g), obtained by identify-

ing x € M(g)m with © € M(f)m, and y € M(f)m with y € M(g)m+1, for all
m € Z. See Fig. 4.5. As with Tel(h), Tel(f, g) is a free Z-CW complex, where
n € Z takes M(g)m [resp. M (f)m] by the “identity” map to M(g)m-n [resp.
M(f)m+n). The quotient Z\Tel(f, g) is homeomorphic to T'(f, g).

By a proof similar to that of 4.3.1, we see that Tel(f, ¢) is homotopy equiv-
alent to Tel(h) and to Tel(k). Indeed the proof gives homotopy equivalences
of the nicest kind, namely:

Proposition 4.3.2. There are homotopy equivalences ¢, 1, ¢ and ¥ making
the following diagram commute, where the vertical arrows are the covering
projections obtained by factoring out the free Z-actions:
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Y X Y X
Tel (f, g)
Fig. 4.5.
Tel(h) —2— Tel(f,g) —"— Tel(k)
() —— T(fg) —— T(H)
O

When k = go f : X — X is homotopic to idx, wecall g : Y — X a
domination and we say that Y dominates X; f is then a right homotopy
inverse for g. Moreover, h ~ h o h (in words: h is a homotopy idempotent*)
because h = fog~ fokog= fo(go f)og=hoh. In this case we get

Proposition 4.3.3. T(k) is homotopy equivalent to X x S'.

Proof. First, note that T'(idx) = X x S! and that k ~ idx. We saw in Sect.
4.1 that there is a homotopy equivalence M (k) — M (idx) which restricts to
the identity on the two copies of X, i(X) C M (k) and j(X) C M(k). By
4.1.7, the induced map T'(k) — T'(idx) is a homotopy equivalence. O

As with 4.3.2, the proof of 4.3.3 gives more:

Proposition 4.3.4. There are homotopy equivalences & and & making the fol-
lowing diagram commute, where the vertical arrows are the covering projec-
tions obtained by factoring out the Z-actions:

Tel(k) —*— Tel(idx) = X x R

l l

T(k) —— T(idx) = X x S

4 Homotopy idempotents are discussed in Sect. 9.2.
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Collecting these results, we get a fundamental theorem about domination:

Theorem 4.3.5. Let X 15 Y %5 X be cellular maps between CW com-
plezes, such that go f ~idx. Then X is homotopy equivalent to Tel(f o g),
and X x S* is homotopy equivalent to T(f o g). O

Addendum 4.3.6. Assume X and Y are path connected. For suitable choice
of base points z € T(k) and v € X, there is an isomorphism m (T (k),z) —
m1 (X, x) X Z such that Tel(k) is the covering space corresponding to the sub-
group which goes to m (X, x) x {0}.

Proof. Combine the commutative diagrams in 4.3.2 and 4.3.4. Pick a base
point for Tel(f,g), and pick all other base points so that all maps are base
point preserving. By 3.3.2, ¢, ¥y, Ex, é#, 1;# and SE# are isomorphisms.
The claim follows by looking at the corresponding commutative diagram of
groups. O

A CW-complex X is finitely dominated if it is dominated by a finite CW
complex.

Corollary 4.3.7. If X is finitely dominated then X x S' has the homo-
topy type of a finite CW complex and X has the homotopy type of a finite-
dimensional CW complex. O

Source Note: 4.3.1 was observed by Mather in [111].

Exercises

1. Write down a presentation of m1(T'(h),y).

Describe 71 (Tel(h), §) as a subgroup of w1(T'(h),y).

3. Let X consist of circles of radius 1 centered at (£2,0) € R? together with
the arc [—1,1] x {0}, and let h : X — X be the “reflection in the y-axis”
homeomorphism. Show that the mapping torus 7'(h) is homeomorphic to the
space obtained by gluing the boundary of a Md&bius strip to a torus along a
meridian circle of the torus. Compute the fundamental group of T'(h) from
these points of view, and relate this to Exercise 5 of Sect. 3.1.

R

4.4 Review of homotopy groups

The n'* homotopy group of a pointed space (X, ) is the set of homotopy
classes of maps (S™,v) — (X,x), where v is a fixed base point for S™. If f
is such a map, its (pointed) homotopy class is denoted by [f], and the set of
all such [f] is denoted by 7, (X, ). This is consistent with our previous usage
when n = 0 or 1. Similarly, if (X, A, z) is a pointed pair, with € A as base
point, and if n > 1, we denote by m,(X, A, x) the set of homotopy classes,
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[f], of maps f : (B™, 8" 1,v) — (X, A,x); m,(X, A, x) is the n'"' (relative)
homotopy group of (X, A, z). The group structure is described in 4.4.5 below.?

4.4.1. The sets 7, (X, z) and m,(X, A, x) are pointed sets with the homotopy
class of the constant map at = as base point.

4.4.2. (X, z) [resp. mx(X, A, x)] is trivial (i.e., consists of the base point
alone) for all 0 < k < n iff X is n-connected [resp. (X, A) is n-connected).

4.4.3. mo(X, x) is canonically identified with the pointed set of path compo-
nents of X, the base point being the path component containing x.

4.4.4. m,(X, {z},z) is canonically identified with 7, (X, x) via [f] — [f] where
f:(B™ St v) — (X,{z},), and f: (S",v) — (X, ) is obtained from f
using the canonical homeomorphism B"/S"~1 — S™ of Convention 2.5.16.

Thus elements of 7, (X, x) can also be regarded as homotopy classes of maps
(B",S"71) = (X, x).

4.4.5. There is a standard group structure on m,(X,x) when n > 1 [resp.
(X, A, ) when n > 2] which is abelian when n > 2 [resp. n > 3].5 The
identity (or zero) element of this group is the base point chosen in 4.4.1. The
details, especially the reason why the group is abelian, will be needed in the
next section, so we recall them in a convenient form. As usual, we identify

n
(B™, S"1) with (I",I™). An island on I™ is a product H‘]i where each J; is a
i=1
o] L]

closed non-trivial interval lying in I 1. Similarly, an island on I "1 is a product
n+1

H J; where exactly n of the J;’s are non-trivial closed intervals in I', and the
i=1

remaining J; is a one-point set. A map f : (I v) — (X, ) is concentrated

on the island W if f(;anrl — W) ={z}. Any map f: (..T”H,v) — (X, z) can
be replaced, up to homotopy rel {v}, by a map concentrated on W. If [ f1] and
[f2] lie in 7, (X, z), assume they are concentrated on disjoint islands W and

Wo; when n > 2 then [f1][f2] is represented by any map (I "1 v) — (X, )

agreeing with f; on W; and with fo on W5, and sending the rest of I"™*! to
{z}, while for n = 1, one requires that the fi-island should lie to the left of
the fo-island. The group properties are easily checked. When n > 2, 7, (X, x)
is therefore abelian; then one writes [f1] 4 [f2] rather than [f1][f2]. Of course
there is no such homeomorphism when n = 1. For relative homotopy groups,
represent [f] € m, (X, A,z) by f : B"(= I") — X where f maps the face

® Details can be found in many books on algebraic topology, for example [146,
Chap. 7, Sect. 2] or [82, Chap. 2].

6 In general, there is no useful group structure on m (X,A,z) when A has more
than one point.
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L]
F, _1 (see Sect. 2.5) into A and maps the rest of I™ to {z}. Now require
each (n-dimensional) island W to meet F;, _1 in an (n—1)-dimensional island

L]
disjoint from F',, ;. The group operation is defined as before. For an abelian
multiplication the previous argument requires the dimension of F;, _; to be
at least 2, i.e., n > 3.

4.4.6. Amap f: (X,z) — (Y,y) [resp. f : (X, A,z) — (Y, B,y)] induces a ho-
momorphism fu : 7, (X, z) — m, (Y, y) [resp. fu : (X, A, 2) — (Y, B,y)]
of groups when its domain and range are groups, and a function of pointed
sets when no group structure is present. This satisfies the usual properties of
a covariant functor: (go f)4 = gx o fx and (id)g = id.

4.4.7. All this agrees with what we discussed previously for the fundamental
group m1 (X, x) in Sect. 3.3.

4.4.8. Define 04 : m,(X, A, x) — mo—1(A,x) by 9x([f]) = [f | S"~!]. When
n > 2, Oy is a homomorphism.

449.1fi: A — X and j : X(= (X,{z})) — (X, A) are inclusions, the
following homotopy sequence of (X, A,x) is exact:

O g I# Oy

o (A z) ——— ™ (X, z) ——— ™ (X, A z) ———— (4, z) —— -

and if f: (X, A,2) — (Y, B,y) is a map, f induces a commutative diagram
of maps from the homotopy sequence of (X, A, z) to that of (Y, B,y). Note:
when n is low, “kernel” means “pre-image of the base point,” so “exact” still
makes sense.

4.4.10. If p : (X,z) — (X, z) is a covering projection, then p : m,(X,z) —
(X, x) is an isomorphism for all n > 2.
4.411. A map p : E — B is a fiber bundle iff there is a space F', an open

cover {U,} of B, and, for each o, a homeomorphism h, making the following
diagram commute:

UxF o p(U)
proje& /
U

The spaces E, B and F are called, respectively, the total space, base space
and fiber of the fiber bundle. Let e € E be a base point, write b = p(e) and
F. = p~Y(b) (F,. is a copy of F). If B is paracompact and Hausdorff there
is a natural isomorphism 7. (E, F.,e) ~ m.(B,b) leading to the long exact
sequence

(inclusion)# P
coo ——> i (Fe,e) ——————> mp(E,e) —— mn(B,b) —> mp—1(Fe,€) —> - - -
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Exercises

1. Deduce the following Whitehead Theorem from 4.1.4: Let (X, z) and (Y, y) be
path connected pointed CW complexes and let f : (X,z) — (Y,y) be a map
such that fyu : mn(X,2) — 7n(Y,y) is an isomorphism for all n. Then f is a
homotopy equivalence. More precisely, prove that a “pointed homotopy inverse”
g exists for f such that go f and f og are homotopic to the appropriate identity
maps rel base points. (Such a map f is a pointed homotopy equivalence.)

2. Write down and prove a version of the Whitehead Theorem of Exercise 1 in
which X and Y are only required to have the homotopy types of CW complexes.

3. Give a counterexample to the “Whitehead theorem” in Exercise 1 when X does
not have the homotopy type of a CW complex.

4. Prove that a map between path connected pointed CW complexes f : (X,z) —
(Y, y) is an n-equivalence iff fz : m;(X,2) — m;(Y,y) is an isomorphism for all
1 <n-1

4.5 Geometric proof of the Hurewicz Theorem
Let (X, A) be a pair of CW complexes and let x be a vertex of A. When

(X, A, x) is a group,” the Hurewicz homomorphism hy, : m,(X, A z) —
n(X, A;Z) is defined as follows: if f : (B™, 8" 1 v) — (X, A, z) is a map,

3
—_

ho([f]) = {Z[B” ten f]eg}; here, B™ is given the usual CW structure
acA
(one vertex, one (n — 1)-cell, and one n-cell), A indexes the n-cells of X which

are not in A, and {-} marks the homology class of a relative n-cycle. When
A = {z} we write h,, : m,(X,z) — H,(X;Z), identifying H, (X;Z) with
H,(X,{z};Z) since n > 1. Note that h; has already appeared, as h, in 3.1.19.
We say X is n-acyclic if Hi(X;Z) = 0 for all k < n; we say (X, A) is
n-acyclic it Hp(X, A;Z) = 0 for all kK < n. It is often much easier to prove
n-acyclicity than n-connectedness, so the following is a powerful tool:

Theorem 4.5.1. (Relative Hurewicz Theorem) Let X and A be simply
connected CW complezes and let n > 2. Then (X, A) is (n — 1)-connected iff
(X, A) is (n—1)-acyclic, and if this holds then h,, : m,(X, A, x) — H, (X, A;Z)
s an isomorphism.

The special case A = {z} is older and is important:

Theorem 4.5.2. (Hurewicz Theorem) Let X be a simply connected CW
complex and let n > 2. Then X is (n — 1)-connected iff X is (n — 1)-acyclic,
and if this holds then h,, : 7, (X, z) — H,(X;Z) is an isomorphism.

In preparation for the proof, we state two senses in which the Hurewicz
homomorphism is natural. The proof is left as an exercise:

Tie,n>2if A#{z}, n>1if A= {z}.
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Proposition 4.5.3. (i) The following diagram commutes

i J# Oy
(A ) —— (X, ) —— (X, A, 2) ——=mp_1(A, ) —— - -

<R

s * O
s Hp(AZ) — s Ho (X3 Z) —2s Ho (X, A Z) ———> Hpy 1 (A Z) ——> - -

(i) If f : (X, A,z) — (Y, B,y) is a map, the following diagram commutes:

(X, A1) —*— 1.(Y,B,y)

[r. [

Ho (X, A;2) —L— H,(Y,B;2).
]

It is convenient to prove 4.5.2 first, as one case of that theorem is needed
in the proof of 4.5.1.

Proof (of 4.5.2). We first deal with the special case in which (X,z) is a

bouquet of n-spheres, \/S;L,w>. We are to prove h,, : m, (VSE,U)) —
(03

<\/S"> &~ @Z has trivial kernel, since the rest of the theorem is obvi-

ous in this case. We pause for some preparations.

Recall from Sect. 4.4 the definition of an island on S™; loosely, it is a nicely
placed n-ball. An archipelago in S™ is a finite set of pairwise disjoint islands.
The map f : S" — \/ S% is concentrated on the archipelago {W,, | v € C}

acA
if (i) for each v € C there is some a € A such that f(W,) C Sy, and (ii)

= ) :

Proposition 4.5.4. For any map f : (\/ w) there is an

acA
archipelago {W, | v € C} in S™ such that f is homotopic rel {v} to a map g

concentrated on {W,}.

Proof. For each a € A, pick z, # v lying in S]}. By 1.3.7, there is a neigh-
borhood N, of z, € ST — {w} and a homotopy D* : S? x I — 5%, rel {v},
such that D§ = id, D¢ ( ») = {w} and DY(N,) = SI, where V,, := S7 — N,



4.5 Geometric proof of the Hurewicz Theorem 121
Let U=U{Vy | a€ A}. Then U := {U}U {\/Sg - {v}} is an open cover of
«

\/ Si. The homotopies D% give a homotopy D : ( \/ Sg) x I — \/ Sy,
acA acA acA
rel {v}, such that Dy = id, D4(S%) = S? for all @ € A and 0 < ¢ < 1, and

We will use I™*! as the domain of f. We give \/ St the CW complex

acA
structure consisting of one vertex, w, and an n-cell, S2, for each a.. By 2.4.13,

there exists k such that each cell of T Z“ lies in some element of f~1U. f is

homotopic to Dy o f which maps each n-cell of T Z'H into S7} for some . By

1.4.4, Dy o f is homotopic to a cellular map f’ such that f’ takes the entire

}n-‘,—l
k

()
(n — 1)-skeleton of I™*! to w, and maps each n-cell of into some S7.

L]
The n-cells of I ZH are not pairwise disjoint, so they do not form an

}n—i—l

12+ The effect is to partition each

archipelago. We remedy this by passing to

n-cell e of I ZH into 4™ n-cells, 2" of which are disjoint from é;’ The union

of these 2" cells is an n-cell €7}, and there® is a homotopy H : el x I — el such

that Ho = id, Hy(el —€%) C é;b and Hy(€%) = €. The required archipelago

is {é: | v € C} where C indexes the n-cells of IZH. The required map g is of
f'oH;. O

Proposition 4.5.5. Let n > 2, let A be finite and let the map f : S™ —
\/ Sy be concentrated on the archipelago {W, | v € C}. Then f is homotopic

acA
to a map g concentrated on an archipelago {Vy, | o € A} such that g(V,) C S2

for each o € A.

Proof. Pick an archipelago {V, | « € A} in S™. By a simple application of
2.4.15, there is a homeomorphism h : S™ — S™ which is homotopic to the
identity map, such that whenever f is non-constant on the island W, and
maps W, into S? then h(W,) C V,. The required map g is f o h™L. O

Proof (of 4.5.2 (concluded)). Let f : (S™,v) — (\/ SE,w) represent an

acA
element of ker(h,,). Since S™ is compact we may proceed as if A were finite.

By 4.5.4 and 4.5.5 there is an archipelago {V,} so that f(V,) C S? for each
a € A. The mapping degree [S™ : ST : f] is the “degree” with which f maps
Vo onto S7, namely 0 since [f] € ker(hy). By 2.4.5, f | Vi, is homotopic rel
bd V,, to the constant map at v, for each a. Thus the special case is proved.

n+1

8 The details here just involve elementary games with product cells in J kto -
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We use this to prove the general case of 4.5.2. By induction on n, we may
assume X is (n — 1)-connected when n > 2; this is trivial when n = 1. Clearly
hy (X, 2) — H,(X;Z) is surjective (exercise). We are to prove ker(h,,) is
trivial. Consider the commutative diagram

T (X", x) ., (X, x)

= l hl, J/hn

Ho(X™7Z) —— H,(X;Z)

where i denotes the inclusion map. Here, we have renamed one of the Hurewicz
homomorphisms A/, to distinguish it from h,,. Applying 4.2.1 inductively to
the (n — 1)-connected pair (X,z), we may assume X"~ ! = {z}. The n-
cells [resp. (n + 1)-cells] of X are {e” | a € A} [resp. {ngrl | 8 € B}l

Thus X" = Ueg = \/SZ Let gg : S™ — X" be the attaching map for

« «
Z'H We may assume gg(v) = x, so gg defines [gg] € 7 (X", z). We have

hl.([g8]) = Z[ ZH cenlen ». Let f:(S™ v) — (X, ) represent an element

[e%

[f] € ker(h,) g o (X, x). Write f/: (S™,v) — (X™, ) for the corestriction
of f. In the above diagram, h,ix([f']) = hn [f]) = O so hl ([f']) € ker i,.

Thus there are integers mg such that Al ([f']) = Znﬁe"H =
anz nhl L enlen & = Zn,@h;([gﬁ]) But A/, is an isomorphism by the
B
spemal case. So [f'] = an[gg]. And i4([gs]) = 0 since gg extends across
B
eg . So i ((f]) = [f] = 0. a

Proof (of 4.5.1). The induction on n begins with n = 2. By 4.5.3 (i) we have
a commutative diagram

m(A,z) —— m(X,z) —— m(X,4,2) —— 0

I I 2

Hy(A;Z) —— Ho(X,Z) —— Ho(X,A;Z) —— 0

with exact horizontal lines. By 4.5.2, the Hurewicz homomorphisms h% and
hY are isomorphisms. So hs is an isomorphism.

Now we proceed by induction, assuming n > 3. As before, the only diffi-
culty is in proving ker(h,) = 0. The proof of this is totally analogous to the
proof of 4.5.2. We leave the details as an instructive exercise. O
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Ezample 4.5.6. Consider X = SV S2? with vertex v. Its universal cover X
is a line with a 2-sphere adjoined at each integer point. By 4.5.2 and 4.4.10,

[e.e]
Hy(X;Z) = @ 7 = my(X,0) = mo(X,v). Thus X is an example of a finite
n=-—oo
CW complex whose second homotopy group is not finitely generated (as an
abelian group). However, since the group of covering transformations of X is
infinite cyclic, Hg(f( ;7Z) can be regarded as a module over the group ring®
ZC' where C' denotes the infinite cyclic group of covering transformations
(22 m1(X,v)). This homology group is finitely generated as a ZC-module,
indeed cyclic, so the same is true of mo (X, ¥) = my(X, v). It is often desirable
to view higher homotopy groups as modules over the group ring ZG where G
is the fundamental group. In particular, when ,(X,v) is finitely generated
as a ZG-module one can kill it by attaching finitely many (n + 1)-cells to X.

Historical Note: The Relative Hurewicz Theorem appeared first in [88].

Exercises

Prove that h,, is a homomorphism.

Prove that under the hypotheses of 4.5.2 h,, is onto.

Fill in the missing details in the proof of 4.5.1.

Let X and Y be path connected CW complexes. Prove that if f : (X, z) — (Y,y)

induces isomorphisms on fundamental group and on Z-homology of universal

covers, then f is a homotopy equivalence. (Hint: See Exercise 1 of Sect. 4.4.)

5. Let X = AU B be a CW complex where A, B and A N B are contractible
subcomplexes. Prove that X is contractible using the Van Kampen theorem, the
Mayer-Vietoris sequence, the Hurewicz Theorem and the Whitehead Theorem.
(Compare Exercise 5 in Sect. 4.1.)

6. Find an example of a path connected CW complex X where hi is an isomor-

phism but hs is not surjective.

Ll

9 See Sect. 8.1 for more on group rings.
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Elementary Geometric Topology

The topics discussed here will arise in the course of what follows. This chapter
can be used for reference.

5.1 Review of topological manifolds

A manifold or topological manifold is a metrizable space M such that for some
n, called the dimension of M, every point has a neighborhood homeomorphic
to R™ or to R’. Before sense can be made of this definition, one needs some
fundamental theorems about the topology of R™ (5.1.1-5.1.6). We begin with
Invariance of Domain:

Theorem 5.1.1. Let h : U — R™ be an embedding where U is an open subset
of R™. Then h(U) is open in R™.

Remark 5.1.2. There is an elementary but long proof of this theorem in the
literature — see [51, p. 358]. A more sophisticated proof, using singular homol-
ogy, deduces 5.1.1 from the following three important lemmas. The proofs of
the lemmas, and the deduction of 5.1.1 from them, are exercises for readers
who know singular homology; alternatively, see [146, Sect. 4.7].

Lemma 5.1.3. Let A C S™ be homeomorphic to B*, where 0 < k < n. Then
HA(S"—A;Z) = 0 for alli. [As usual H? denotes reduced singular homology.]
O

Lemma 5.1.4. Let S C S" be homeomorphic to Sk for 0 <k <n—1. Then
HA(S™—S;Z) is trivial if i # n—k—1 and is isomorphic to Z if i = n—k—1.
O

Lemma 5.1.5. (Jordan-Brouwer Separation Theorem) Let C C S™ be
homeomorphic to S"~1. Then S™ —C has two path components, each of whose
frontier is C. O
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Much easier than these results is the following proposition which is essen-
tially Exercise 3 in Sect. 2.2:

Proposition 5.1.6. (a) Let m # n. No non-empty open subset of R™ is home-
omorphic to an open subset of R™.

(b) Let x € R"™* C R%. No neighborhood of x in R". is homeomorphic to
R™. d

Let M be a manifold of dimension n. The boundary of M is {x € M | some
neighborhood of z is homeomorphic to R }; this subset is denoted by 9M.

[e]
The set M —OM, abbreviated to M, is the interior of M; it consists of all the
points of M having neighborhoods homeomorphic to R™. The manifold M is
closed if M is compact and OM is empty. M is open if each path component
of M is non-compact and M is empty.’

[e]
Proposition 5.1.6 has a number of consequences. If M is non-empty then M
is non-empty. Hence, by considering a neighborhood of a point of M, one sees

[e]

that the dimension of M is well defined. Moreover, 9M NM = (). A manifold of
dimension n is called an n-manifold; a manifold of dimension 2 is also called a
surface. Note that since M is topologically characterized, a homeomorphism
between manifolds carries boundary to boundary and interior to interior. If
M carries the structure of a CW complex, the dimension (in the sense of Sect.
1.2) of that CW complex is n.

Here are some easily deduced properties of an n-manifold M: OM is an
(n — 1)-manifold; 9(OM) = ; OM is a closed subset of M; OM is nowhere

dense in M; M is open in M; M is dense in M. Manifolds are locally compact.

Remark 5.1.7. Consider the special cases of 5.1.3 and 5.1.4 in which n = 3. If
A is an arc (i.e., is homeomorphic to B') and S is homeomorphic to S2, we
have HA(S® — A) = 0 = HA(S® — ). However, there is an arc A C S3 (the
Fox-Artin Arc) whose complement is not simply connected; and there is a
2-sphere S C S? (the Alexander Horned Sphere) one of whose complementary
components is not simply connected. For more on these, see, for example,
[138].

Let M be a path connected n-manifold and let B C M be an n-ball. By
5.1.1, int B is an open subset of M, but it does not follow that M — int B is
a manifold.? An n-ball B in M is unknotted if M — int B is a manifold. If B

! The reuse of the terms “interior”, “closed” and “open” is unfortunate but en-
trenched. More troublesome is the reuse of “boundary”; in addition to the two
uses of that word in this book (here and in Sect. 2.1) many authors also use it
for what we have called the “frontier”. As we remarked in Sect. 1.2, the word
“boundary” is also used for the subset ¢ of a cell ¢ in a CW complex.

2 For example B might be the closure of the component of (S* — Alexander Horned
Sphere) which is simply connected — see 5.1.7.
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and C are unknotted n-balls in M there is a homeomorphism?® of M taking B
onto C'; this is a consequence of the Generalized Schoenflies Theorem (see [45]).
Unknotted balls are needed for the “connected sum construction”: let M7 and
M> be path connected n-manifolds, let B; and By be unknotted n-balls? in

M1 and M4 respectively with boundaries S; and So, and let h : S — S be a
homeomorphism between these (n — 1)-spheres. The relation x ~ h(x) for all
x € Sp defines an equivalence relation on cl(M; — int By) [[cl(Mz — int Bs)
and the resulting quotient space is called the connected sum of My and Ms,
denoted M;#M,. It is a manifold because the balls are unknotted. Up to
homeomorphism this is independent of the choices of By, Bs and h. See Fig.
5.1.

M # M

Fig. 5.1.

FEzample 5.1.8. The closed orientable surface Ty is defined for g € N by: Ty =
S% Ty = T? (the 2-torus), T,11 = T,#71. This number g is the genus of
the surface. This surface T} is also called a sphere with g handles. The closed

3 Indeed, B can be carried onto C' by an ambient isotopy, i.e., a homotopy through
homeomorphisms starting at idas.

o
4 Tt is easy to find unknotted n-balls in R™, hence in M for any M.
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non-orientable surface Uy, is defined for h > 1 by: U; = RP? (the projective
plane), Up+1 = Up#U;. This surface Uy, is called® a sphere with h crosscaps. It
is well-known, see for example [110] or [151], that every closed path connected
surface is homeomorphic to some T, or some Uj. These surfaces are CW
complexes as follows. Let K(g) be the presentation complex of

<a17b1a"' aagvbg | [alabl][a27b2]"'[agab9]>

where [a, b] denotes the commutator aba='b~1, and let L(h) be the presenta-
tion complex of
<CL1,-'~ » Ah | a%a%---ai).

The underlying spaces of the CW complexes K (g) and L(h) are T, and Uj,
respectively. In particular we see presentations of the surface groups, namely
the fundamental groups of T, and Uj. The abelianizations are pairwise non-
isomorphic, so no two of the surfaces T, and U have the same homotopy
type. All these surfaces except Tp = S? and U; = RP? are aspherical (see
Exercise 7) so their fundamental groups have type F.

Example 5.1.9. If M is a compact surface with non-empty boundary then each
path component of 9M is a circle, and if C'is one of those circles then the space
obtained from M by attaching a 2-cell using as attaching map an embedding
S! — M whose image is C' is again a surface. Thus, by attaching finitely
many 2-cells in this way M becomes a closed surface, i.e., becomes a Ty or a
Uy. Let T, q and Uy, q denote the surfaces obtained by removing the interiors
of d unknotted® 2-balls. Then every compact path connected surface whose
boundary consists of d circles is homeomorphic to Ty 4 or to Up,q. When d > 0,
Ty.q and Uy g contain graphs as strong deformation retracts; hence they are
aspherical with free fundamental groups, by 3.1.9 and 3.1.16.

Exercises

1. Prove 5.1.3-5.1.5. Then prove 5.1.1.

2. Show that when p : X — X is a covering projection, X is a manifold iff X is a
manifold.

3. Show that every path connected 1-manifold is homeomorphic to S*, I, R or
[0, 00).

4. Show that if M is an n-manifold then M#S™ is homeomorphic to M.

5. Show that Ty41,4 is homeomorphic to 15k #Tg4+1—r,d—k+2-

6. For n-manifolds M1 and Ma, show that w1 (Mi1#M2) = 71 (My) * w1 (M2) when
n > 2. Discuss the cases n < 2.

7. For g > 3 show that T, is a (g — 1) to 1 covering space of T5.

® One expresses Tyr1 = Ty#Th [resp. Uny1 = Up#Ui] by saying Tyt1 is obtained

from Ty by attaching a handle [resp. Up41 is obtained from Uy by attaching a
crosscap).
¢ By the Schoenfliesz Theorem (see [138]) every 2-ball in a surface is unknotted.
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8. Show that T} is a 2 to 1 covering space of Ug41.

9. By considering the universal cover of K(2) (see Example 5.1.8) show that the
universal cover of T is homeomorphic to R2. Deduce that the universal covers
of all the path connected closed surfaces except S? and RP? are homeomorphic
to R2. (In the terminology of Ch. 7, all such surfaces are aspherical.)

10. Let G act freely and cocompactly on a path connected orientable open surface S.
Prove that H1(S;Z) is finitely generated as a ZG-module if G is finitely presented,
and it is not finitely generated as a ZG-module if G is finitely generated but does
not have type F P over Z.

5.2 Simplicial complexes and combinatorial manifolds

This is an exposition of simplicial complexes, their underlying polyhedra, joins,
and combinatorial manifolds. It is intended to be both an exposition and a
place to refer back to for definitions as needed.

An abstract simplicial complex, K, consists of a set Vi of wertices and a
set Sk of finite non-empty subsets of Vi called simplexes; these satisfy: (i)
every one-element subset of Vi is a simplex, and (ii) every non-empty subset
of a simplex is a simplex. An n-simplex of K is a simplex containing (n + 1)-
vertices (in which case n is the dimension of the simplex). The empty abstract
simplicial complex, denoted by (), has V = Sy = (). We say K is finite if Vi is
finite (in which case Sk is finite), K is countable if Vi is countable (in which
case Sk is countable), and K is locally finite if each vertex lies in only finitely
many simplexes. The dimension of K is the supremum of the dimensions of
its simplexes.

If K and L are abstract simplicial complexes, a simplicial map ¢ : K — L
is a function Vi — V, taking simplexes of K onto simplexes of L. If ¢ has a
two-sided inverse which is simplicial, then ¢ is a simplicial isomorphism.

One associates a CW complex with the abstract simplicial complex K as
follows. Let W be the real vector space H R; i.e., the cartesian product of

veEVEK
copies of R indexed by Vi, with the usual coordinatewise addition and scalar

multiplication. Topologize every finite-dimensional linear subspace U of W by
giving it the appropriate euclidean topology. Give W the weak topology with
respect to this family of subspaces (which is suitable in the sense of Sect. 1.1
for defining a weak topology). This is called the finite topology” on W. Abusing
notation, let v also denote the point of W having entry 1 in the v-coordinate,
and all other entries 0. For each simplex o = {vg, -+ ,v,} of K, let |o| be
the (closed) convex hull in W of {vg,---,v,}. Let |K|" = {|o| | ¢ is an
n-simplex of K'}. Let |K| = U |K|™. Then (|K|,{|K|"}), with the topology

n>0

" The finite topology does not make W a topological vector space, but it makes
each finite-dimensional linear subspace a topological vector space.
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inherited from W, is a CW complex. The details are an exercise; see also [51,
pp. 171-172]. This | K| is the geometric realization of K.

If ¢ : K — L is a simplicial map, there is an associated map |¢| : |[K| — |L]
which maps the vertex of |K| corresponding to v € Vi to the vertex of |L|
corresponding to ¢(v) € Vi, and is affine on each |o|. Clearly |¢| is continuous,
and if ¢ is a simplicial isomorphism, |¢| is a homeomorphism.

The notations |o| and |K| are sometimes used in a slightly different way.
Assume (i) Vi is a subset of RY such that the vertices of each simplex of K

are affinely independent. With o as above, define |o| to be the (closed) convex
n

n
hull of ¢ in RN. Write |3| for {Ztivi |0<t; <1and Zti = 1}, the open
i=0 i=0
convex hull of o. Assume (ii) that whenever o # 7 € Sk, |o|N|7| = 0. Define
|K|=U{lo|| o € Sk} and |K|™ = J{|o| | o is a k-simplex of K and k < n}.
Then |K| (with topology inherited from RY) and {|7] | o € Sk} satisfy all
but one of the requirements in Proposition 1.2.14 for (|K|,{|K|"}) to be a
CW complex: the sole problem is that the topology which | K| inherits from
RY might not agree with the weak topology with respect to {|o| | ¢ € Sk }.
Assume (iii) that {|o| | 0 € Sk} is alocally finite family of subsets of the space
|K| (where |K| has the inherited topology). If K satisfies these assumptions
(i), (ii) and (iii), we call K a simplicial complexr in RY, and we call |K]| its
underlying polyhedron. The cell |o| of |K| is often called a simplex of |K|;
context prevents this double use of the word from causing problems. Note
that |K| might not be closed in R¥; it is closed iff the set of simplexes |o| is
a locally finite family of subsets of R (rather than of |K]).
A space Z is triangulable if there is an abstract simplicial complex K such
that Z is homeomorphic to |K|, and K is called® a triangulation of Z.

Ezample 5.2.1. The half-open interval (0,1] in R is triangulable: take Vi =
1 1 1

{— |n e N} and Sk to be the set of pairs {—, —} together with V.
n n n+1

But the subspace Vi U {0} of R is not triangulable.

Proposition 5.2.2. If K is a simplicial complez in RY, the weak topology on
| K| with respect to {|o| | o € Sk} agrees with the topology inherited from RY.
Moreover, (|K|,{|K|™}) is a countable locally finite CW complex.

Proof. |K|weax is a CW complex. Suppose it is not locally finite. Then for
some simplex o of K, there is an infinite collection {74} of simplexes of K
with |o|N|74| # @ for all .. Since |o| is compact, (iii), above, implies that there
are open sets (in RY) Uy, -+, Uy whose union contains |o| and meets only
finitely many of {|7,|}. This is a contradiction. So |K |weak is locally compact
and Hausdorff. The “identity” map | K |weak — |K |inherited 1S continuous, and

8 The word “triangulation” is also used for a homeomorphism h : |K| — Z, or
sometimes just for the CW complex |K|.
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| K |inherited is clearly locally compact and Hausdorff. By 1.2.11, |K|weax is
Hausdorff. By 10.1.8, below, | K|weak is locally compact, and by 10.1.6, below,
this implies that the “identity” is a homeomorphism. Thus the two topologies
agree. O

Remark 5.2.3. Conveniently, |o| as defined above coincides with e as defined
in Sect. 1.2 when e = |o] is a cell of the CW complex |K]|.

Let K and L be abstract simplicial complexes: L is a subcomplex of K if
Vi, C Vk and Sp C Sk. Then |L| is a subcomplex of | K| in the sense of Sect.
1.2. We say that L is a full subcomplex of K if, in addition, any set of vertices
of L which is a simplex of K is a simplex of L. Then |L]| is a full subcomplex
of |[K| in the sense of Sect. 1.5.

If L is a subcomplex of K, the simplicial neighborhood of L in K is the
subcomplex N(L), or Ni (L), generated by all simplexes of K which have a
vertex in L. Then |N(L)| = N(|L]) in the sense of Sect. 11.4.

If K and L are abstract simplicial complexes, their join, K * L, is the
abstract simplicial complex with® Vi.r, = Vi IV, and Sk.r, = Sx I1.5; I
{ollT | o € Sk, 7 € Sp}. If K [resp. L] = ), it is implied that K * L = L
[resp. K.

If X and Y are non-empty spaces, their topological join is the adjunction
space X+Y = (XIIY)U; (X xIxY) where f : X x{0,1} xY — XTIIY is defined
by f(z,0,y) = z and f(x,1,y) = y. To see what this means geometrically,
consider an equivalent definition: X Y is the quotient space (X x I x Y/~
where the equivalence relation ~ is generated by: (z,0,y1) ~ (x,0,y2) for all
y1,y2 € Y; and (z1,1,y) ~ (z2,1,y) for all z1,22 € X. Thus X *Y contains
a “line segment” joining each z € X to each y € Y; two such “line segments”
meet, if at all, at one end point; these “line segments” vary continuously in x
and in y.

Ezample 5.2.4. Let X = {((1 — a),a,0,0) € R* | 0 < a < 1} and let Y =
{(0,0,(1 —b),b) e R* |0 < b< 1}. Then X *Y can be identified with
{(1=t)(1 —a),(1 —t)a,t(1 —b),tb) € R* | 0 < a,b,t < 1}. Fixing a and b
we get a line segment joining ((1—a), a,0,0) € X to (0,0,(1 —b),b) € Y, and
the various line segments meet as described above. In this example, X Y is
the standard 3-simplex in R*.

If AC X and B C Y are non-empty closed sets, we consider A x B to be
a subspace of X * Y, namely the image of A x I x B in X Y. The quotient
and inherited topologies agree for reasons explained in Sect. 1.1.

If X is the empty space, X Y is defined to be Y. Similarly, if Y is empty,
X Y is X. If, in the last paragraph, A [resp. B] is empty, this suggests
identifying the resulting A x B with the obvious copy of B [resp. A] in X Y,
and this will always be understood.

9 If Vix NV, = 0 the II symbol could be replaced by U.



132 5 Elementary Geometric Topology

We seek a relationship between |K | |L| and |K * L|. For this, we consider
|K| € Wy and |L| C Wa, as above, where W7 and W; are real vector spaces
each having the finite topology. Let W = Wj; x W5, again with the finite
topology. Then |K * L| C W. Identifying Wy with W; x {0} and Wy with
{0} x Wa, we have |K| C |K % L| D |L|. Define a function ¢ : |K| x I x |L| —
|K * L| by the formula ¢(z,t,y) = (1 — t)z + ty where addition and scalar
multiplication take place in W.

Proposition 5.2.5. If K or L is locally finite then ¢ is continuous, and ¢
induces a homeomorphism @ : |K|* |L| — |K * L|.

Proof. Regard I as a CW complex in the usual way. By 1.2.19, |K|x I x|L| is a
CW complex, so in order to show that ¢ is continuous we need only show that
for any 0 € Sk and 7 € Sp,, ¢| : |o| X I x |7| — W is continuous. The domain
and the image of this restriction lie in finite-dimensional subspaces of W, so
¢| is certainly continuous. One easily checks that ¢ respects the equivalence
relation ~ (see the alternative definition of X Y, above) and that the induced
map & : |K|*|L| — |K * L| is injective. Moreover, ¢(|o| x I x |7|) clearly
equals |0 II7| so @ is surjective. Moreover, this analysis shows that ¢ maps
each cell of the CW complex |K| * |L| (see the first definition of X %Y, and
4.1.1) homeomorphically onto a cell of |K * L|. Thus ¢! is continuous. [

When K has just one vertex v, the join K * L is called the cone on L with
vertex v and base L; it is denoted v * L. Similarly, if X is the one-point space
{v}, the topological join X %Y is called the cone on Y with vertex v and base
Y'; one writes v * Y for this. A special case of 5.2.5 is

Corollary 5.2.6. ¢ : v *|L| — |v* L| is a homeomorphism. O
Here are some basic exercises about topological joins of balls and spheres:
Proposition 5.2.7. There are homeomorphisms of pairs as follows:
(B™ s B™, (™'« B") U (B™ x 5" 1)) = (BT g
(B™ 8™, 8™ % §T) = (B g,

Ifpec B™, then p € O(B™ + B") and p € (B™ * S™)°. O

If o,7 € Sk and 0 C 7, we say that o is a face of 7. Consider the set of
all simplexes of K of which ¢ is a face: the subcomplex generated by these
simplexes is called the star of o in K and is denoted by stxo. The link of o
in K is the subcomplex, lkx o, of stxo generated by those simplexes of stxo
which contain no vertex of o. See Fig. 5.2.

This section, so far, has consisted of two parts, one on simplicial complexes
and the other on joins. These are brought together in the next proposition. If
o is a simplex of K, & denotes the abstract simplicial complex whose vertices
are the vertices of o and whose simplexes are the faces of o.
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st o isshaded
K

Fig. 5.2.

Proposition 5.2.8. Let o be a simplex of the abstract simplicial compler K.
Then & * lkxo = stxo. More precisely, the vertices of ¢ and of lkxo form
two disjoint subsets of Vi, and the function sending each vertex to itself maps
g x ko by a simplicial isomorphism onto the subcomplex stxo of K. d

The importance of 5.2.8 is that, with 5.2.5, it implies |o| % |lk x| is home-
omorphic to |stxo|. When K is a combinatorial n-manifold (see below) or a
CW n-manifold (see Sect. 15.1), each |k xo| will be homeomorphic to a sphere
or a ball of dimension n — dim o — 1, so that, by 5.2.7 and 5.2.8, |stxo| will
be an n-ball. To express this better we need some preliminaries.

Let K be a simplicial complex in RY. A simplicial subdivision of K is a
simplicial complex K’ in R" such that |K| = |K'| and |K'| is a subdivision of
|K| (in the sense of Sect. 2.4). Let L be a simplicial complex in R™. A map
f o |K| — |L| is piecewise linear (abbreviated to PL) if there is a simplicial
subdivision K’ of K such that for each simplex ¢’ of K’, the restriction of f
to |o’| is affine when regarded as a map into R™. This property of f depends
only on the underlying polyhedra |K| and |L|, in the sense that if K and L
are simplicial complexes in RY and RM respectively such that |K| = |K| and
|L| = |L|, then the above map f is also PL when written f : |K| — |L|.
Clearly we have:

Proposition 5.2.9. If f : |K| — |L| is a homeomorphism and if f is also a
PL map, then f~! is a PL map. O

Piecewise linearity is really a local property, like differentiability. By 5.2.9,
the inverse of a PL homeomorphism is a PL homeomorphism.!®

Recall that A" is the (closed) convex hull of the points pg, - - - ,p, € R**!
where p; has (i + 1) coordinate 1 and all other coordinates 0. Let n be the

10 Contrast this with the differentiable map f : R — R, f(z) = z*, which is a
homeomorphism whose inverse is not differentiable at 0.



134 5 Elementary Geometric Topology

simplicial complex in R™t! whose vertices are pg, - - - , pr, and whose simplexes
are the non-empty sets of vertices. Then A™ = |n|. It is also the case that

n
A" = {Ztipi [0<¢ <1 and Zti = 1}. We denote by A™ the subset
i=0 i

of A™ consisting of points for which some t; = 0. Then A™ = |r.1| for an
obvious subcomplex 1 of n. It is convenient to also call A" the standard PL

n-ball and to call A™ the standard PL (n — 1)-sphere. The pairs (A™, A™)
and (B",S"~!) are homeomorphic.

Let K be a simplicial complex in RY. We say K is a combinatorial n-
manifold if for each simplex o of K, |lk g o| is PL homeomorphic to An—dim o—1

or to A"~dm 7. in words, the link of each simplex ¢ is PL homeomorphic to
the standard PL ball or PL sphere of dimension n—dim ¢ —1. Those simplexes
whose links are PL homeomorphic to a standard ball define a subcomplex,
0K, of K called the combinatorial boundary of K. We say K is a closed
combinatorial n-manifold if K = () and K is finite.

We leave it to the reader to formulate and prove a PL version of 5.2.7 (e.g.,

A™ % A" is PL homeomorphic to Am“”rl).

Proposition 5.2.10. If K is a combinatorial n-manifold, then for every sim-
plex o of K, |stxo| is PL homeomorphic to A™. In particular, |K| is a topo-
logical n-manifold, and |0K| = 0|K|. O

Theorem 5.2.11. Let K be a simplicial complex in RN with the property
that every point x € |K| has a (closed) neighborhood PL homeomorphic to
A™. Then K is a combinatorial n-manifold. O

If K is a combinatorial manifold, its geometric realization | K| is a piecewise
linear manifold, abbreviated to PL manifold.

Remark 5.2.12. There is an enormous literature behind the last few para-
graphs, expounded in part in [90], [136] and [96]. It is difficult to construct
a topological n-manifold which is not homeomorphic to a piecewise linear n-
manifold, though such manifolds exist in all dimensions > 4. Each topological
manifold of dimension < 3 is homeomorphic to a piecewise linear manifold
which is unique up to PL homeomorphism; see for example [121]. Each closed
topological manifold of dimension > 6 admits the structure of a CW complex;
see Essay III of [96].

Exercises

1. If K is a simplicial complex in RY, let |K|; be its geometric realization and
let |K|2 be its underlying polyhedron. Prove that there is a homeomorphism
h:|K]1 — |K|2 such that (in the notation of this section) h(v) = v and for each
o € Sk, h maps |o|1 onto |o|2 affinely.
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2. Prove 5.2.7, and also a PL version of 5.2.7.

Prove that |K| is a CW complex.

4. An abstract simplicial complex K is connected if for any vertices v, w there is
a sequence of vertices v = vo,v1, -+ ,vn = w where, for every i, {v;,viy1} is a
simplex of K. Prove that K is connected iff |K| is path connected.

5. Prove that K is a locally finite [resp. finite] abstract simplicial complex iff | K| is
a locally finite [resp. finite] CW complex.

6. Prove that every n-dimensional locally finite abstract simplicial complex is iso-
morphic to a simplicial complex in R2"*1.

7. Define the simplicial boundary of Nk (L) to be the subcomplex Nk (L) of Nx (L)
consisting of simplexes which do not have a vertex in L. Give an example where

N1 (L)] # fepsey (| N (L)]).

8. Show that I™ is PL homeomorphic to A™.

9. Show that RP", S™ and T" are homeomorphic to PL n-manifolds.

10. Show that the surfaces Ty 4 and Upq of 5.1.9 are homeomorphic to PL 2-
manifolds.

11. Construct a non-triangulable CW complex.

12. Prove 5.2.8.

13. Prove that any cone v * Y is contractible.

14. The Simplicial Approximation Theorem says that if K and L are simplicial com-
plexes in some RY, and if K is finite, then given a map f : |K| — |L| there is
a simplicial subdivision K’ of K and a simplicial map ¢ : K’ — L such that f
is homotopic to |¢|. This is proved in many books on algebraic topology, e.g.,
[146]. Using this, prove that every CW complex X has the homotopy type of
some |J| where J is an abstract simplicial complex. (Hint: First assume X is
finite-dimensional and work by induction on dimension, using 4.1.8.)

w

5.3 Regular CW complexes

In this section we introduce a class of CW complexes in which cells are home-
omorphic to balls.

Suppose that the space Y is obtained from the space A by attaching n-
cells. We say that Y is obtained from A by regularly attaching n-cells if the
characteristic map for each n-cell el can be chosen to be a homeomorphism
Bl — ell. A CW complex X is regular if (referring to the definition in Sect.
1.2) each X" is obtained from X"~ ! by regularly attaching n-cells. In a regular
CW complex, every n-cell is homeomorphic to B™.

Example 5.8.1. The usual CW complex structure on S*! consisting of one ver-
tex and one 1-cell is not regular, but one easily finds a regular subdivision
having two vertices and two 1-cells. Other examples are given in the Exer-
cises.

Note the agreement of some of our notations in regular CW complexes:
the cell e” is an n-ball, so e™ coincides with the manifold interior (¢™)°, while
e™ coincides with de™.
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We derive some special properties of regular CW complexes (5.3.2 and
5.3.5).

Proposition 5.3.2. Let e be a cell of the regular CW complex X, and let C(e)
be the carrier of e. Then, as spaces, C(e) = e. In other words, each cell of X
is a subcomplex of X .

For the proof of 5.3.2 we need two lemmas.
Lemma 5.3.3. There is no embedding of S™ in R™.

Proof. If there were such an embedding i : S™ — R™ then, by 5.1.1 and
1.3.7, h would map every proper open subset of S™ onto an open subset of
R™, hence h(S™) would be open in R™. But h(S™) is compact, hence closed
in R™. And h(S™) # R™ since the latter is not compact. Thus we would have
a proper non-empty closed-and-open subset of R™ contradicting the fact that
R™ is connected (being obviously path connected). O

Lemma 5.3.4. Let e~ ! and e be cells of the reqular CW compler X. If
Cor ﬂ(.ag # () then eq C ég.

L ] (e} o L]
n n—1 n—1: : n—1 n—1 n ;
Proof. We have e C X" and el " isopenin X", soel™ N e is open

in ég Now ég is homeomorphic to S"~1, so, by 5.1.1, e"~! ég is open

. o, . o . o, o . . o, .
in e”~1. But, since ej is compact, e g I ey is also closed in 1, and is

non-empty. As in the proof of 5.3.3, this implies 23—1 - ég, from which the
Lemma follows. 0

Proof (of 5.3.2). We work by induction on the dimension, n, of e. If n = 0,
the Proposition is trivial. Consider a cell ¢”~! in C(e). Then e”~ ' ne # 0,

so, by 5.3.4, en~! C ¢. Since C(e) consists of e together with the carriers of
such e?~1, the induction hypothesis completes the proof. O

It follows that if h, : (B™, 8" 1) — (eg,ég) is a characteristic map for
an n-cell in a regular CW complex X, h;! carries the CW complex structure
C(el) on e back to a CW complex structure on B"; this structure has exactly
one n-cell, and h; 1 (C(e7")) is a CW complex structure on ™~ 1. This implies
that there is an (n — 1)-cell egfl of X with egfl c e”. In fact, by induction
one deduces that for each n-cell e} of the regular CW complex X and for each
k < n there is a k-cell e¥ with e¥ C en.

Recall that a cell ey is a face of a cell e if e; C e3. We have just seen that
in a regular CW complex an n-cell has faces of all lower dimensions. Easy
examples show that non-regular CW complexes need not have this property.

Proposition 5.3.5. Let X be a reqular CW complex, and let e£=2 be a face
of eg. Then k=2 is a face of exactly two (k — 1)-dimensional faces of eg.
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Proof. Since ég is homeomorphic to S¥~1, this follows from the following
lemma. g

Lemma 5.3.6. Let Y be a reqular CW complex structure on an n-manifold.
Every cell of Y is a face of an n-cell of Y. Every (n — 1)-cell of Y is a face
of at most two n-cells of Y. An (n — 1)-cell, e, of Y is a face of exactly one

n-cell of Y iff e COY. If e is a face of two n-cells of Y, then ecy.

Proof. We saw in Sect. 5.1 that every cell of Y has dimension < n. If some
cell were not a face of an n-cell, there would be £ < n and a k-cell € of Y

which is not a face of any higher-dimensional cell of Y, implying 2 open in
Y, contradicting 5.1.6(a). If the (n — 1)-cell e is a face of exactly one n-cell,
then, since Y is regular, each x € ¢ has a neighborhood in Y homeomorphic
to R%. Thus e C AY, and, since dY is closed in Y, e C Y. On the other
hand, if e is a face of two n-cells, then every x € e clearly has a neighborhood

o [e]
homeomorphic to R™, so, by 5.1.6(b), e C Y. The proof that e is not a face of
more than two n-cells is left as an exercise. O

The abstract first derived (or barycentric subdivision) of a regular CW
complex X is the abstract simplicial complex sd X whose vertices are the cells
of X and whose simplexes are those finite sets of cells {eg, - - , e, } which can

be ordered so that, for each i < n, e; is a proper face of e; 1 (i.e., e; C éi+1).

Convention 5.3.7. We will always list the vertices of a simplex of sd X in
order of increasing dimension (of the cells).

Proposition 5.3.8. When X is a reqular CW complex, there is a homeo-
morphism h : |sd X| — X such that for every simplex {eg, -+ ,ex} of sd X,
h(|{eo, - ,ex}|°) C éx. Moreover, h=" is cellular.

Proof. Observe that for any cell e of X, sd C(e) is the cone e  [sd C(&)]
where C(-) denotes “carrier”; note the different meanings of e! By induction
on n we define homeomorphisms h, : [sd X" — X", each extending its
predecessor: the required h agrees with h, on |sd X"| C |sd X|. In an ob-
vious sense [sd X°| = X9; let hp = id. Assume that ho has been extended
to hp_1 @ |sd X"~ — X"l Let e be an n-cell of X. Then h,_; maps
lsd C(¢)| homeomorphically onto C(¢). By 5.3.2, this is a homeomorphism
between (n — 1)-spheres. By the above remark about cones, it extends to a
homeomorphism |sd C(e)| — C(e) between n-balls. Our h,, is defined to agree
with this homeomorphism on |sd C(e)]. O

Corollary 5.3.9. Every reqular CW complex is triangulable.'! g

' Tn Exercise 11 of Sect. 5.2 the reader was asked for a CW complex (non-regular
in view of 5.3.9) which is not triangulable.
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The homeomorphism h of 5.3.8 defines a subdivision of X in the sense of
Sect. 2.4 whose cells are {h(|{eg, - ,exr}|)}. Call such a subdivision a first
derived (or barycentric subdivision) of X. Once h is chosen, it is convenient
to denote by éj the point of e, which is the image under A of the vertex ey of
|sd X|and to call é a barycenter of ej. In fact, one often identifies [sd X | with
X via h, thinking of the barycenters é; as being the vertices of |sd X|; the
cell (simplex) |{eg, - ,ex}| of |[sd X| is then identified with a certain subset

L
iy

Isd X1

Fig. 5.3.

We compute incidence numbers in regular CW complexes.

Proposition 5.3.10. Let X be an oriented reqular CW complex. For cells
eg_l and e of X, the incidence number [e eg_l] is +1 if eg_l is a face of

en, and is 0 otherwise.

Proof. When n = 1, this is true by definition; see Sect. 2.5. Let n > 1. When
eg_l not a face of e, the incidence number is 0 by 2.5.8. Let Y be the subcom-

plex C(é ") of X, and let Z be the CW complex structure on S™~! consisting
of one 0-cell €Y and one (n—1)-cell €*~1. Then Y is homeomorphic to S"~! by
5.3.2. There is a cellular map f : Y — Z taking ggfl homeomorphically onto
¢~ and taking the rest of Y to é°. Then f#(egfl) = [egfl cen—b flent,
and fy takes all other generators of C,_1(Y;Z) to 0 € C,—1(Z;Z). In-
spection of the diagram in Sect. 2.5 defining mapping degrees reveals that
[6271 : €71 f] is the degree of a homeomorphism S"~! — S"~1 and is there-
fore +1, by 2.4.20. Since H,,—1(Y;Z) = Z, there is a cellular (n — 1)-cycle in
Y which generates H,,_1(Y;Z) and whose image generates H,,_1(Z;Z) = Z.
Thus, if we use homeomorphisms to identify ¥ and Z with S™"~!, f has de-
gree +1. Now the diagram in Sect. 2.5 defining incidence numbers shows that
[en - eg_l] is this degree, namely +1. O
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Exercises

1. Find regular CW complex structures which are not triangulations (see 5.3.9) for:
S™ and closed surfaces.

2. Show that the property of being a regular CW complex is preserved under the
following constructions: disjoint union, finite product, subcomplex, and covering
space.

3. Give an example where the universal cover of a non-regular CW complex is
regular.

4. Prove that in an n-manifold no (n — 1)-cell is a face of more than two n-cells.

5. Let X be a presentation complex for the presentation (W | R, p) of G = m1(X,v).

Prove that the universal cover X is a regular CW complex iff no element of W

represents 1 € G, and no proper subword of a relation in p(R) is conjugate to

(i.e., cyclically equivalent to) a relation in p(R). Prove that if X is not regular,

then there is a sequence of Tietze transformations leading to another presentation

(W' | R',p') of m1(X,v) so that if X’ is the associated presentation complex X’

is regular. Prove that if W and R are finite, then this sequence is finite, and each

presentation in the sequence is finite.

If Y is a regular G-CW complex show that |sd Y| is a rigid G-CW complex.

7. Show that if Y is a subcomplex of X then sd Y is a full subcomplex of sd X.

I

5.4 Incidence numbers in simplicial complexes

Recall that A™ denotes the standard n-simplex (or PL n-ball).

The i** face A;“l is the convex hull of the vertices {po, - ,pi, "+ ,Pn}
where p; means “suppress p;”. We denote by f; : A1 — A?_l the affine
homeomorphism which maps the vertices of A»~1 C R"™ to the vertices of
A?fl in order-preserving fashion. We also regard A™ as a CW complex via

= |n| (see Sect. 5.2). Note that A™ = UA" !

We wish to identify A™ with B™ permanently (just as we identified 1™ with
B"™ in Sect. 2.2), so for each n we choose, once and for all, a homeomorphism
dn, : B — A™. For n = 0, there is only one choice. For n > 0, the choice is
made by induction to satisfy:

Convention 5.4.1. If, in the CW complex A™ with n > 0, the n-cell A™ is
oriented by d,, : (B",S"1) — (A", A™) and the (n—1)-cell Ay~" is oriented
by foodn_1:(B"1,8"2) — (Ap~ ', ALY, then [A™ - A7 = 1.

As in 2.5.17 we have:

Proposition 5.4.2. If, in the CW complex A™, the n-cell A™ is oriented by d,
and the (n—1)-cell AT~ is oriented by fiod,_1, then [A™ : AP = (=1)". O
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Next, consider the geometric realization | K| of an abstract simplicial com-
plex K. If o is a simplex of K, an ordering vy, --- ,v, of the vertices of o
specifies an orientation of the cell |o|, namely the orientation defined by the

characteristic map (A™, A™) — (|o/,|o|) which is the affine homeomorphism
taking the vertex p; of A™ to the vertex v; of 0. By 2.5.2 we have:

Proposition 5.4.3. Under this rule, two orderings of the vertices of o deter-
mine the same orientation of |o| iff they differ by an even permutation. O

Corollary 5.4.4. Let vy, - - - , v, be vertices of a simplex o of K, and, for 0 <
1< j < n,letv,---,v; be vertices of a simplex 7. This ordering vg,--- ,vn
specifies orientations of o and T, and an odd permutation of vi,--- ,v; changes
both orientations. O

An ordering of an abstract simplicial complex K is a partial ordering of
the set of vertices Vi whose restriction to every simplex of K gives a total
ordering of the vertices of that simplex. A CHOICE OF ORDERING OF
K WILL BE UNDERSTOOD TO SPECIFY AN ORIENTATION OF THE
CW COMPLEX |K| AS FOLLOWS: if ¢ is an n-simplex with vertices, in
order, vy, -+ ,v, the orientation of |o| is defined (as above) by choosing as

° L]
characteristic map (A", A™) — (|o|,|o|) the affine homeomorphism taking
the vertex p; of A™ to the vertex v; of o.
By Proposition 5.4.2, we get:

Proposition 5.4.5. Let K be an ordered abstract simplicial complex and let
o be an n-simplex of K. If we write |o| = [{vo, -+ ,vn}|, with vertices listed
in order, this orientation convention leads to the following formula for the
boundary homomorphism in the cellular chain complex C.(|K|; R) : 9(c) =
n

Z(i]‘)iHUO,"' ’61'7"' 7vn}|' O

=0

This famous formula shows the precise relationship between cellular ho-
mology and “simplicial homology.” There are several versions of the latter,
fully explained in [84, Sect. 2.3 and Sect. 3.2].

Example 5.4.6. If X is a regular CW complex, there is a natural ordering on
sd X explained in Sect. 5.3 with the definition of sd X.

Exercise

1. Prove 5.4.2.



PART II: FINITENESS PROPERTIES OF
GROUPS

In Part II we apply the algebraic topology of Part I to study finiteness prop-
erties and dimensions of groups. This is the aspect of our subject which does
not involve cohomology, or issues “at infinity.”

Topology models a group G by a K (G, 1)-complex, i.e., a path connected
CW complex with contractible universal cover and fundamental group iso-
morphic to G. Any two such have the same homotopy type. However, the
properties of G discussed involve studying how “nice” a K (G, 1)-complex can
be shown to exist for a given G.

We compare these topological properties of G with the corresponding ho-
mological notions, where the role of a K (G, 1)-complex is replaced by that
of a free RG-resoution of the trivial RG-module R. (Here, R is the “ground
ring,” typically Z or a field.)

We prove the important Bestvina-Brady Theorem which gives insight into
the subtle differences between the topological and homological approaches.

To illustrate the ideas in Part I, we apply them in several important situ-
ations: Coxeter groups, Thompson groups, and (briefly) outer automorphism
groups of free groups.
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The Borel Construction and Bass-Serre Theory

In this chapter we discuss an important topological method for dealing with
the rigid action of a group G on a CW complex X. This “Borel construction”
is presented in Sect. 6.1; once it is in place, the Rebuilding Lemma 6.1.4 shows
us how to alter X, without altering its homotopy type, to have more desirable
properties. The important special case where X is a tree is discussed in §6.2.
The reader may find it helpful to read Sects. 6.1 and 6.2 in parallel.

6.1 The Borel construction, stacks, and rebuilding

If one understands an n-connected rigid G-CW complex Y, in particular if
one understands the quotient G\Y and the stabilizers of the cells of Y, one
may be able to deduce information about the group G. The particular case in
which Y is a tree, called Bass-Serre Theory, is discussed in the next section: in
that case one can sometimes deduce that G is decomposable as a free product
with amalgamation or as an HNN extension. But the method is much more
general, as we now explain.

Starting with a simply connected rigid G-CW complex Y which might not
be free, the method provides a path connected CW complex Z with funda-
mental group G and a map ¢ : Z — G\Y called a “stack.” A stack is like a
fiber bundle! but the fibers over different cells may have different homotopy
types. The method of improving spaces within their homotopy types intro-
duced in Sect. 4.1 can be applied to the “fibers” over cells, by induction on the
dimensions of the cells, to rebuild Z, thus producing a “better” ¢’ : Z' — G\Y
which is equivalent to ¢. A first application of this rebuilding process to group
theory is given in the proof of Theorem 6.1.5.

Recall that the left G-CW complex Y is rigid iff for each cell é of Y, the
stabilizer G acts trivially on é. We saw in 3.2.2 that the quotient G\Y =: V

! See 4.4.11.
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of a rigid G-action receives a CW complex structure? from Y whose cells are
the images of the cells of Y under the quotient map p: Y — V.

Starting with a pointed CW complex (X,zo) such that m (X, z0) & G,
we permanently identify G with m (X, z¢) by some chosen isomorphism, so
that the universal cover X, with some base vertex & over zo, is a free G-CW
complex. The diagonal action of G on the product CW complex X x Y is
defined by g.(z,y) = (g9.z,g.y). It is a free action so, by 3.2.1, the quotient
mapr: X XY — G\(f( x Y) =: Z is a covering projection which imposes
a natural CW complex structure on Z. The quotient maps p and r induce a
commutative diagram:

X <Y projection v
I I
z v

Clearly, ¢ is a quotient map. This procedure is (a special case of) the Borel
construction. One easily checks:

Proposition 6.1.1. The map q is cellular and takes each cell of Z onto a cell
of V.. For each subcomplex U of V., ¢~ 1(U) is a subcomplex of Z. O

Let V have base vertex v. Choose a vertex v of Y as base point, such that
p(?) = v. The base point of X x Y is (Zo,?), and its r-image is the base
point z of Z. Since X x Y is a simply connected covering space, 3.2.3 implies
st (Z, Z) ~ G

Let E, be the set of n-cells of V. For each e € F, make the following
choices: (i) an n-cell € of Y such that p(é) = e, (ii) a point @, € €, (iii) a charac-
teristic map hg : (B™, 5" 1) — (¢, €). (Of course, when n = 0, @, = @ for each
w € Ejy, and there is only one possible hy.) Let ue = p(ie), let he be the char-
acteristic map pohg for e, and let X, = ¢~ (u,.). Then ¢~ 1(V?) = H X We

we kg
are going to show that ¢=1(V"*!) is homeomorphic to the adjunction complex

“L(Vmyuy H X, x B"™! |, where f : H X, xS™ — ¢ Y (V™) is de-
e€Ep41 e€En41
fined on each X, x S™ to agree with the map f. in the following commutative
diagram (details to be explained):

2 Throughout this section, Y denotes a simply connected rigid G-CW complex.



6.1 The Borel construction, stacks, and rebuilding 145

e Xid projection

X x {ite} x §" ——= X x §" ———— 5"

lprojection

X x Sn fe hel
lidx(ha)
Xxyn T> qil(V") T> vn
The map 7. : X X {lie} — X, := ¢ (u) is the quotient map of the action

of Gg,. Since the given G-action on Y is rigid, G5, = Gs. Letting z. =
r(Zo, ) € X., we have:

Proposition 6.1.2. For each cell e of V, X, is homeomorphic to Gé\X;
hence m1(Xe, ze) = Gs. O

Since 7. is a quotient map, so is the map r.x id in the diagram; to see
this, apply 1.3.11 (n+ 1) times to conclude that . x id : X x {@.} x B! —
X. x B"*! is a quotient map, and then restrict. The map 7. x id is clearly
surjective. Rigidity implies that there is a unique function, hence a map, f,
making the left half of the diagram commute. It is then obvious that the whole
diagram commutes and that f. is cellular.

For the same reasons, there is a map H, : X, x B"*! — ¢~ 1(V"*!) making
the following diagram commute:

xid projection

~ Te
X x {,&e} X Bn+1 S Xe % Bn+1 B”'H

lprojection

X x Bl H. he
lidxh(g
X w yntl q—l(VTH-l) | yntl
q

Assembling the maps H,, e € E, 1, we obtain the desired structure the-
orem:

Theorem 6.1.3. The map ¢~ (V™) ]] H X, x B"TH | — (vt
e€En41

which agrees with inclusion on ¢~1(V"™) and with H, on X, x B"" induces

a homeomorphism

Snil qfl(vn) Uf H Xe % Bn+1 N qfl(vn+1)

e€kn 11
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for each n > 0, such that s,y1 maps each cell of the adjunction complex
homeomorphically onto a cell of ¢~1(V"™ ). Moreover, the following diagram
commutes:

q—l(Vn)H H X, x pntl

e€Ep41

lquotient ¢

s [ ] x| e

e€Ep41

lsn+1 q|

g (V)
where t agrees with ¢ on ¢~ (V™) and with heo projection on X, x B"t1.

Proof. The function s, 41 is clearly a continuous bijection. Moreover, it maps
cells bijectively onto cells. Thus s,_Hl_l| is continuous on each cell, which, by
1.2.12, is enough to imply continuity of 5541_1 (exercise). The second part is
clear. O

At the risk of repetition, the point of this theorem is that it gives a useful
decomposition of the space Z in the Borel construction.

The Borel Construction is important and will be used in several ways in
this book, so we need vocabulary to describe the result. Let 7 : A — C be
a cellular map between CW complexes. Let he : (B, 5" 1) — (e,¢) be a
characteristic map for the cell e of C, and for each such cell e let F, be a CW
complex. We call 7 : A — C' a stack of CW complexes with base space C,
total space A and fiber F, over e, if for each n > 1 (denoting the set of n-cells
of C by E,) there is a cellular map f,, : H F,x S" ! = 77 1(C" 1) and a

eckb,

homeomorphism k,, : 71 (C™" 1) Uy, ( H F, x B”) — - 1(C™) satisfying:
ecE,

(i) ky, agrees with inclusion on 7=1(C™~1), (i) k,, maps each cell onto a cell,

and (iii) the following diagram commutes:
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Len <HF xB”)

eckb,

lquotient u

(G ufn(HF xB") cn

ecE,

= HCm)

where u agrees with 7 on 7~1(C"~1) and with h.o projection on F, x B".
Thus, 7 : A — C'is “built” by induction on the skeleta of C' so that over the
interior, e, of an n-cell e, 7 is “like”3 the projection: Fy x e — e. An immediate
consequence of Theorem 4.1.7 is:

Proposition 6.1.4. (Rebuilding Lemma) If for each cell e of C' we are
given a CW complex F! of the same homotopy type as F, then there is a
stack of CW complexes ' : A’ — C with fiber F. over e, and a homotopy
equivalence h making the following diagram commute up to homotopy over
each cell:*

O

The content of Theorem 6.1.3 is that g : Z — V is a stack of CW complexes
with base space V, in which the fiber over the cell e is Gé‘\X. We can use 6.1.4
to replace Gé\X by a more desirable CW complex of the same homotopy type
and thereby produce a more desirable space Z’ of the same homotopy type as
Z. The first of a number of uses of this method appears in:

Theorem 6.1.5. Let Y be a simply connected rigid G-CW complex. (i) If
Y has finite 1-skeleton mod G and if the stabilizer of each vertex is finitely
generated, then G is finitely generated. (ii) If Y has finite 2-skeleton mod G,
if the stabilizer of each vertex is finitely presented, and if the stabilizer of each
1-cell is finitely generated, then G is finitely presented.

3 Readers may recognize the connection with fiber bundles and with block bundles
in special cases.

i.e. the homotopy can be chosen so that for each cell e of C its restriction to
n7'(e) x I has its image in e.

4
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Proof. By 6.1.1, ¢~ 1(V'!) is a subcomplex of Z containing Z'. By hypothesis
in (i), for each w € Eg, 71 (X, ) is finitely generated. By 4.1.14, each X, is
homotopy equivalent to a CW complex X/, having finite 1-skeleton. By 3.1.13
and 4.1.9, when e € E;, X, is homotopy equivalent to a CW complex X/
having one vertex. By applying 6.1.4 to the stack ¢ : Z — V', we obtain a
stack ¢’ : Z' — V in which Z’ is homotopy equivalent to Z, and the fiber of
¢’ over e [resp. over w] is X/ [resp. X/ ].

The CW complexes Z’ and (¢’)~1(V'1) have the same 1-skeleton. It is finite
because: (a) I'° is finite and ((¢’)~1(V?))! is the finite graph H (X!)Y (b)

weEy
V1 is finite and (since X/ x B! is a product and X/ has one vertex) there is
only one 1-cell of (¢')~*(V!) mapped onto each 1-cell of I". (Note that (1-cell
of X!) x (vertex of B') does not give a new 1-cell of the adjunction complex.)
Thus Z' has finite 1-skeleton. By 3.1.17, G = 711(Z, z) = m1(Z’,2') is finitely
generated. Thus (i) holds.

The proof of (ii) is similar. We replace each X,, by X/,, whose 2-skeleton
is the wedge of a finite 2-complex and a bouquet of 2-spheres (see 4.1.14); for
e € Ey, we replace X, by X/ having finite 1-skeleton; for e € E5 we replace
X, by X! having a single vertex. The resulting CW complex Z’ has finite
1-skeleton (for reasons already explained) and possibly infinite 2-skeleton.
Indeed, its 2-cells are of three kinds: 2-cells of X/ where w € Ey, cells coming
from (1-cells of X!) x B! for e € Ey, and cells coming from (vertex of X') x B2
for e € E5. Thus all but finitely many of the 2-cells are 2-spheres (i.e., have
trivial attaching maps) so they contribute nothing significant to the resulting
presentation of G = m1(Z,z) & m(Z',2'). O

Exercise

Prove that if 7 : A — C is a stack of CW complexes in which every fiber F. is
contractible, then 7 is a homotopy equivalence. In fact, 7 is a hereditary homotopy
equivalence, meaning that for every subcomplex D of C, «| : 7= %(D) — D is a
homotopy equivalence. (Hint: The proof of the Rebuilding Lemma allows us to take
A'=C, 7' =idc and h = 7.)

6.2 Decomposing groups which act on trees (Bass-Serre
Theory)

This section is devoted to an important application of Theorem 6.1.3, the
structure of groups which act rigidly on trees. The main theorem is Theo-
rem 6.2.7. We begin by introducing the necessary background topics: graphs
of groups, fundamental group based at a tree, and graphs of pointed CW
complexes. In an appendix we discuss “generalized graphs of groups.”
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If e is an oriented 1-cell of a CW complex, we denote its initial and final
points by o(e) and t(e) respectively (o for “origin” and ¢ for “terminus”). A
graph of groups is a system (G, I') consisting of: an oriented path connected
graph I', a group G(w) for each vertex w of I', a group G(e) for each (oriented)

1-cell of I', and monomorphisms G(o(e)) & G(e) 2N G(t(e)). The group
G(w) [resp. G(e)] is called a vertex group [resp. edge group] of (G, I).

Let T be a maximal tree in I'. As in Sect. 6.1, let Ey [resp. E1] be the set
of vertices [resp. (oriented) 1-cells] of I'. Associated with (G,I") and T is a
group, denoted 71 (G, I'; T), called the fundamental group of (G,I") based at T,

namely: the quotient of the free product ( * G(w)) * F'(E71) by the normal
we ko

subgroup® generated by (i) elements of the form e~ 1.¢- (z).e.(¢} (z)) ™! where
e € Fy and z € G(e), and (ii) elements e, where e is a 1-cell of T.

This includes some well-known constructions as special cases:

Case 1: Free products with amalgamation. Here I' = T = B!, with two

vertices, w(—) and w(+), and one 1l-cell e. We are given monomorphisms
¢F : G(e) — G(w(%)). In this case

m(G, I.T) = (G(w(=)), G(w(+)) | ¢2 (@) (x) 7' Vx € Gle)).
This is often written® G(w(—)) G>(l< : G(w(+)).

Case 2: HNN extensions. Here I’ = S', with one vertex w and one 1-
cell e, T = {w}, and we are given monomorphisms ¢+ : G(e) — G(w). In
this case (G, I;T) = (G(w),e | e Lo, (x)e(pf (x))~! Vo € G(e)). This is
often written” G(w)z where ¢ : ¢F(G(e)) — ¢, (G(e)) is the isomorphism

¢z o (6F) 71

Indeed, the general case of m1(G, I';T') is simply an iteration of these two
special cases; for if I' = T then 71 (G, I'; T') is just a free product with an amal-
gamation for each edge of T'; and in the general case (I' # T'), m1(G, I;T) is
obtained from this “multiple” free-product-with-amalgamation by performing
an HNN construction for each edge of I" which is not an edge of T

Proposition 6.2.1. (Britton’s Lemma) For each wo € Ey, the homomor-

phism Y, : G(wo) — 71 (G, I';T) induced by G(wo) — < X G(w)) x F(Ey)
weEy

18 a monomorphism.

5 As before, F(E1) denotes the free group generated by the set E.

6 In general, if G1, G2 and A are groups and ¢; : A — G; are monomorphisms, one
writes G 4 G for (G1, G2 | ¢1(a)p2(a)™* V a € A); in this abuse of notation one
is thinking of ¢1(A), A and ¢2(A) as the same group and one is “amalgamating
G1 and G2 along the common subgroup A.”

" In general, if G is a group, A and B are subgroups, and ¢ : A — B is an
isomorphism, one writes Gx4 for (G, t |t 'at = ¢(a) V a € A). This group is the
HNN extension of G by ¢; the subgroup G (see 6.2.1) is the base group and t is
called the stable letter. If A = G this is an ascending HNN extension.
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Remarks on the proof. The version for Cases 1 and 2, above, is found in
[106, Chap. IV, Sect. 2]. The general case then follows by the above remarks;
a direct proof is found in [142, p. 46]. All these involve reducing the length
of a supposedly minimal non-trivial word in the kernel, thereby proving the
kernel trivial. A topological proof is indicated in the next section; see Exercise
3 of Sect. 7.1.

Proposition 6.2.1 means that whenever we express a group G non-trivially
as the fundamental group of a graph of groups, we are exhibiting a decompo-
sition of G into “pieces” each of which is a subgroup of G. Our purpose here
is to give such a decomposition (Theorem 6.2.7) whenever G acts rigidly on a
tree.

We will need the “fundamental group of a CW complex based at a tree.”
Whenever T is a tree in a CW complex X, the quotient map k : X — X/T
is a homotopy equivalence by 4.1.9. Let ¥ be the vertex of X/T such
that k(T) = v. We define the fundamental group of X based at T, de-
noted 71 (X, T), to be the group m1(X/T,v). For any vertex v of T, k in-
duces a canonical isomorphism ky : 71 (X,v) — 71(X,T). The composition
m1 (X, v1) T (X,T) F) 71 (X, v2) is the isomorphism h, of 3.1.11, where

14 o
7 is any edge path in T from v; to vo. Note that if T is a maximal tree then
71 (X, T) and 71 (X,T+) are canonically isomorphic.

A graph of pointed CW complezes is a system (X,I") consisting of: an
oriented path connected graph I', a pointed path connected CW complex
(X (w), z(w)) for each vertex w of I', a pointed path connected CW complex
(X (e),z(e)) for each 1-cell e of I', and cellular maps

(X (0(e)). 2(0(e))) £ (X(e),x(e)) 25 (X(He)), (t(c))).

The total complex, Tot(X,I"), is the adjunction complex obtained from
[[{X(w) | wis a vertex of I'} by adjoining [[{X(e) x B! | e is an edge
of I'} exactly as in 6.1.3, using the maps p. defined by: p.(y, 1) = pZ(y)
for all y € X(e). The resulting map ¢ : Tot(X,I") — I is a stack of CW
complexes.

When each p:et# s (X (e),z(e)) — m(X(w),z(w)) is a monomorphism,
then (X, I") gives rise to a graph of groups (G,I"), with vertex groups
m1 (X (w), z(w)), edge groups 71 (X (e), z(e)), and monomorphisms pei#.

There is a map s : I' — Tot(X, I') such that s(w) = z(w) for each vertex
w of I', and s maps each edge of I' homeomorphically onto the image of
{z(e)} x B in Tot(X, I'). In fact, s(I") is a retract of Tot(X, I'). The maximal
tree T' is mapped by s isomorphically onto a tree s(T") in Tot(X, I').

Proposition 6.2.2. Let each p:et# be a monomorphism. There is an isomor-
phism j making the following diagram commute for each vertex w of I':
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T (Tot(X, I), z(w)) 2 7y (X (w), 2(w))

glk# lvw

w1 (Tot(X, I), s(T)) 7 (G, I';T)

where By, is induced by inclusion, and v, s as in 6.2.1.

Proof. The tree s(T') can be extended, using 3.1.15, to a maximal tree 7"
in Tot(X, ") such that, for each vertex w, TT N X(w) is a maximal tree
in X(w) (considered as a subcomplex of Tot(X,I")). The presentation of
m1(Tot(X, I'), z(w)) obtained by applying 3.1.16 to Tot(X,I"), using T'F, is
seen by inspection to be a presentation of 71 (G, I';T). In fact, the proof of
3.1.15 shows that an isomorphism j exists as indicated. This is clear when the
complexes each have one vertex. But that is enough. O

Now we are ready for our application of 6.1.3. Let Y be a rigid G-tree.® This
is a special case of what was considered in Sect. 6.1, so we carry over all the
notation of that section except that we write I" in place of V' for G\ Y, since it is
a graph. In particular, when e € Ey, we have f. : X, x{+1} — ¢~ 1(I"°) defined
by the commutative diagram preceding Proposition 6.1.2. From that diagram
one deduces several facts about the map fe: (i) fe(Xe x {—1}) C X, (). Define
Jo : Xe = Xoey by fo(y) = fe(y, —1). Then (ii) f7 is a covering projection;
in fact, with obvious abuse of notation, it is the covering projection Gg\f( —
Go(é)\X. Let a ) = r(Zo,0(€)). Then (iii) f; () = . Similarly, (iv)
we have a pointed covering projection fJ : (X, xe) — (Xt(e),z;(e)) where
Ty = 1(T0,1(€)).

Since x;(e) and x;(e) can be different from z,() and z¢(), we do not yet
have a graph of pointed CW complexes. We alter things to make one. For each
e € Ey, pick a cellular path a(e) in X, from x'o(e) to To(ey, and a cellular
path f(e) in X from x;(e) to @y(ey. Define H : (Xoee) x {0}) U ({x'o(e)} X
I) = Xo(e) by (2,0) = @ when z € Xy, and by (z7,),A) — a(e)(})
when A\ € I. By 1.3.15, H extends to H : Xoe)y X I — Xoe)- Let g.
(Xo(e): They) = (Xoe), To(e)) be the map g (x) = H(x,1). Similarly, define
g : (Xt(e),x;(e)) — (X¢(e), Te(e))- These g are homotopic to the appropriate
identity maps; by 1.3.16 we may assume they are cellular. On fundamental
groups, we have g, = ha(e) and g:# = hg(e) (in the notation of 3.1.11).

We now have a graph of pointed CW complexes (X, I") : (X (w), z(w)) is
(Xws Tw), (X(e),2(e)) is (Xe,ze), pr 1 (Xeyxe) = (Xo(e)s To(e)) is the map
go o fo,and pf = gf o f. The induced homomorphisms p; 4 are monomor-
phisms, by 3.4.6 and 3.1.11. Thus (X, I") induces a graph of groups (G, I")
with G(w) = m(Xw,2w), Gle) = m(Xe,2e), oo = poy @ T (Xe,Te) —

8 In the literature one finds a “tree on which G acts by simplicial automorphisms
without inversions” a special case of a rigid G-tree.
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1 (Xo(e)s To(e) ), and ¢F = p:# M (Xe, o) — m1(Xy(e), Ty(e))- By 6.2.2, the
corresponding 71 (G, I'; T') is isomorphic to m (Tot(X, I"), s(T')). Since gF are
homotopic to the identity maps, 4.1.7 and 6.1.3 imply that m (Tot(X, I"), s(T"))
is isomorphic® to m1(Z, 2), where Z and 2z = x, are as in Sect. 6.1. And we
saw in that section that m1(Z, z) is isomorphic to G.

In summary, we have expressed G as the fundamental group of a graph of
groups (G, I'). But we are not quite done. We would like to identify the vertex
and edge groups with specific subgroups'® of G.

Observe that r‘l(Xo(e)) =X x p~1(o(e)). Two of its path components
are X x {(o(e))~} and X x {0(é)}. We have a covering projection r, :=
r: X x {(o(e))~} — Xo(e), and, using base points (7, (o(e))™) and x4y =
(7, (o(e))™), we have an isomorphism X1 : G(o(e))~ — T1(Xo(e)s Toe)) as in
3.2.3. Similarly, 7o := 7 |: X x {0(é)} — Xo(e) I8 a covering projection, and
we have an isomorphism xs2 : Go) — m1(Xo(e), x’o(e)).

We picked a path a(e) in X, from a:'o(e) to 2,(c). Let a(e) be the lift of this
path to X x {(o(e))™} whose final point is (7, (o(e))™). Since r maps the initial
point of &(e) to r(v,0(€)) = a7, there must be a unique element a(e) € G
such that the initial point of &(e) is (a(e).?, (o(e))™). Thus a(e).o(€) = (o(e))™,
and G (e~ = a(€)Goeyale) ™. Indeed, if a/(e) € G satisfies a’(e).0(¢) =
(o(e))™, there is a path a'(e) from [, to z,() leading us to a’(e) just as
afe) led us to a(e).

Let ¢, denote the conjugation isomorphism h — g~'hg. One easily checks:

Proposition 6.2.3. The following diagram commutes:

Ca(e)

Go(e) —  Go(en~

| |

ha(e)

T1(Xo(e)s (o)) — T1(Xo(e), To(e))
]

Similarly, corresponding to ((e) is an element b(e) € G and an isomor-
phism ¢p(e) : G(y(e))~ — Gy(e) for which the corresponding diagram commutes.
Define a new graph of groups (G,I") by: G(w) = Gg; G(e) = Gg; ¢, is
—1
the composition Gz — G, s) =9 G(o(e))~; and ¢ is the composition Gz —
G 29 G (t(e))~- The meaning of the next proposition will become clear in
the proof:

Proposition 6.2.4. (G, I') and (G,I") are isomorphic graphs of groups.

9 This is explained in more detail after 6.2.5, below.
10 This is obviously desirable, and it will also enable us to avoid reliance on 6.2.1,
which we have not yet proved.
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Proof. The following diagram commutes, as well as a similar diagram in which

t(e) replaces o(e), b(e) replaces a(e), and + replaces —:

Ca(e)
Ge© Go(e) Glo(e))~

R E

e ha(e)
m1(Xe, we) = T1(Xo(e)s Th(e)) = M1 (Xo(e) Tole))

Here, the right hand square comes from 6.2.3. The left hand square obviously
commutes. d

It follows that 7 (G, I'; T') is isomorphic to G. But it does not follow that
an isomorphism between those groups exists such that the canonical homo-
morphism 7, : Gg — 71 (G, ';T) can be identified with Gz — G for all w.
To achieve this, we place restrictions on our choice of the cells @ and é. (Until
now, we have simply carried over the choices made in Sect. 6.1; each @ or é
was an arbitrary cell of Y “over” w or e.) We will need the following, which
is proved using Zorn’s Lemma;:

Proposition 6.2.5. There is a tree, T, in Y such that p maps T isomorphi-
cally onto T'. O

From now on, we choose each @ to be in T, and each € to be in T whenever
e is in T. The effect is that whenever e is a cell of T, o(€) = (o(e))™ and
t(€) = (t(e))™. For those cells e, x,c) = x;(e) and xy(c) = x;(e); and we pick
a(e) and B(e) to be trivial, so that a(e) = 1 = b(e). Thus gF = id whenever
the edge e lies in T'.

The subcomplex {Zo} x T'C X x Y is a tree which contains all vertices of
the form (Zo,w). Let T1 = r({&} x T); T} is a tree in Z containing all vertices
Ty; 7 maps {Zo} x T isomorphically onto Ty, and ¢ maps T} isomorphically
onto 7T'.

By 4.1.8 and 6.1.3, there is a homotopy equivalence h : Z — Tot(X,I).
To see this, apply 4.1.8 to the commutative diagram:

]_[X,ng1 )HXexSO f HXU

ecEy ecEy vEEy

e

]_[X,ng1 )HXexSO gof HXU

ecEy ecEy vEEy

where f [resp. g o f] agrees with fF [resp. gF o fF] on X, x {£1}. Indeed, h
identifies Ty with s(7") in the natural way.
Now we can prove:
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Proposition 6.2.6. There is an isomorphism v : 71(G, [';T) — G such that
for every vertex w of I' the following diagram commutes (where 7, is analo-
gous to Yy, in 6.2.1):

Gu*,(—>

7

(G, I;T)

Proof. The required % is read off from the following commutative diagram:

GS G

Xl_ =X

" k

T (X, @) ———> (2, 20) ———> 11 (2, T1)
~|h =
x # [
Fw Yw Wl(TOt(X,F)7xw)

= | ky

m1(G, I T) =<—— m(Tot(X, I'), s(T))

X/

Here, x’ is the isomorphism arising from 6.2.4; 3., is induced by inclusion.
To see that v is independent of w, it is enough to check that the following
diagram commutes, when w; and ws are vertices of I

(1)
G X% 7T1(Z) CL"UM)

ha#
X<2>l / lk;p

T1(Z, Tuwy) Wﬂl(ZTl)
#

Here, ac is any path in T} from ,,, to 2,,. We have seen that hox = (k;(;))*l o

L
# 9
and x((g) is represented by the loop w in Z at x,,,, the lift, &, in XxY
with initial point (Zg, ;) has final point (g.Zg, g.11). The path « lies in T7;
its lift & with initial point (o, ) lies in {Zo} x T and so has final point
(Zo,2). Thus the lift of a~!.w.a with initial point (Zo,w2) has final point
(gZo, gi2). In other words, x(?)(g) is represented by a~!.w.a. This means that

hasn o XM (g) = X2 (g). O

so we need only prove that the other triangle commutes. If g € G,
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Summarizing, we have shown how to decompose a group acting rigidly on
a tree as the fundamental group of a graph of groups whose vertex groups and
edge groups are stabilizers:

Theorem 6.2.7. Let G act rigidly on the tree Y with quotient p : Y —
G\Y =: I'. Let T be a mazimal tree in I' and let T be a tree in Y such
that p |: T — T is an isomorphism. For each vertex w of I', let w € T be
such that p(w) = w. For each 1-cell e of I' pick a 1-cell € of Y mapped by p
onto e, subject to the rule that if e C T, then é C T. Orient each 1-cell e of
I', and orient each € to make p | € orientation preserving. Let a(e) € G [resp.
ble) € G] be such that a(e).o(€) = (o(e))™ [resp. b(e).t(é) = (t(e))™] subject
to the rule that if e C T, a(e) = b(e) = 1. Let (G,T") be the graph of groups
with vertex groups Gy, edge groups Gg, and monomorphisms

-1 -1

Ca(e) b(e)
Gloe))~ Go(e) XEES Gye) Gt(e))~-

Then, letting ¥y : Gy — wl(g,f;T) denote the canonical homomorphism,
there is an isomorphism 1 : w1 (G, I';T) — G such that for each vertex w of
I, i oAy, = inclusion: Gy — G. In particular, 7, is a monomorphism. [

Remark 6.2.8. When the edge e is not in T, it is customary to choose € subject
to the rule: o(€) = (o(e))™. Then a(e) =1 for all e.

Ezample 6.2.9. The group SLa(Z) of 2 x 2 integer matrices of determinant 1
acts on the open upper half of the complex plane C by Mébius transformations.
With respect to the hyperbolic metric ¢ this action is by isometries and its
kernel is the subgroup {£1}. The orbit of {z | Im(z) > 1} consists of that set
together with a collection of pairwise disjoint open (Euclidean) circular disks
whose closures in R? are tangent to the real axis R at rational points, one for
each rational. Each such closure is also tangent to exactly two others (where we
treat {z | Im(z) > 1} as the closure of a circular disk of infinite radius “tangent
at c0”). See Fig. 6.1. The complementary region is thus invariant under the
action of SLy(Z) and contains an invariant Serre tree as illustrated in Fig.
6.1. This tree has vertices of order 2 and order 3 with respective stabilizers
Z4 and Zg. Each edge contains one vertex of each kind and has stabilizer of
order 2. With a little thought about how edge-stabilizers inject into vertex-
stabilizers, one deduces from Theorem 6.2.7 that SLy(Z) is isomorphic to the
free product with amalgamation Z4 %z, Zg.

We now sketch the inverse construction: how to construct a rigid G-tree
from a graph of groups.

Let (G,I') be a graph of groups, and let T be a maximal tree in I.
Orient I'. Form a graph of pointed CW complexes (X,I") by choosing
pointed CW complexes (X (w),z(w)) and (X(e),z(e)), for every w and
e, and pointed cellular maps p. : (X(e),z(e)) — (X (o(e)),z(o(e))) and
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=i

Schematic picture of the tree

Fig. 6.1.

pl o (X(e),z(e)) — (X(t(e)),z(t(e))) such that for suitable isomorphisms
Yy @ (X (w), z(w)) — G(w) and ¥, : m(X(e),z(e)) — G(e), pf# can be
identified with the monomorphisms ¢F in G. Let G = m(G, I';T). By 6.2.2,
G can be identified with 7 (Tot(X, I"), z(v)) where v is the base vertex of I'.
Hence we have a free action of G on U := (Tot(X,I"))™~. Applying Sect. 3.2,
using 3.4.9 and 6.2.1, U is seen to be a quotient space obtained by gluing
copies of (X (e))™~ x B to copies of (X (w))™ via the lifts of the p’s, where e
and w are variable. If we identify each copy of (X (w))~ in U to a point, and
each copy of (X (e))~ x B! to a 1-cell, we obtain a graph Y and a commutative
diagram

LN Ve

U
7‘l lp
Tot(X, ") —— I
a
Here, 7 is the covering projection, s is the quotient map and p is a well defined
map. Since s is easily seen to be a domination, and U is simply connected,
Y is simply connected; i.e., Y is a tree, the Bass-Serre tree of (G,I"). The
free G-action on U induces a rigid G-action on Y; s is a G-map and p is the
quotient map of the G-action. The tree T in I gives a tree s(T') in Tot(X,I")
as before; this lifts to a tree 5(7") in U which is mapped isomorphically to a
tree T" in Y. With choices as in Theorem 6.2.7, the resulting graph of groups
(G, I') is isomorphic to the original (G, I").

Ezample 6.2.10. A Baumslag-Solitar group is a group BS(m,n) with presen-
tation (z,t | t~'x™tz™™) where m,n > 1. Clearly, BS(m,n) is the HNN
extension Zxg,, , where ¢, n : mZ — nZ is the isomorphism taking m to n.
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Thus BS(m,n) is the fundamental group of a circle of groups (G, I") where I"
has one vertex and one edge, and both the vertex group and the edge group
are infinite cyclic. The homomorphisms ¢y : Z — Z, 1 — k, are induced
by covering projections S' — S! when k > 1. Since all these covering pro-
jections lift to homeomorphisms of R, there is an obvious homeomorphism
h:U — Y x R where Y is the Bass-Serre tree of (G, ") and U is as in the
above construction. Indeed, using h to make Y x R into a G space, we have a
commutative diagram of G-spaces:

—> Y xR
\ ‘Kmectlon

This is a topological description of U. But U is also a CW complex, the
universal cover of Tot(X, I'), which in this case is the presentation complex of
BS(m,n). Exercise 8 of Sect. 3.2 asked for a description of the cells of the CW
complex U in the case of BS(1,2). It is instructive to “see” the topological
product Y x R in this CW complex.

The construction of Y from (G, I') is inverse to 6.2.7 in the following sense.
In 6.2.7 we started with G acting on Y, together with a maximal tree T' C I,
and produced a decomposition of G as 71(G, ';T) whose vertex and edge
groups are stabilizers of certain vertices and edges (determined by choices of
T, of {¢ | e € EgUFE;} and of orientation of I"). Conversely, we have sketched
how one starts with (G, I') and T, and produces an action of G := 71(G, I'; T)
on a tree Y, such that (with appropriate choices) the corresponding graph of
groups (G, I') is isomorphic to (G, I'). Indeed, it can be shown that: starting
with the G-tree Y, obtaining (G, I"), and then constructing a (G, I";T)-
tree Y as above, there is an equivariant isomorphism from Y to Y (i.e., an
isomorphism commuting with the actions of the groups). For this reason,
the theories of graphs of groups and of groups acting rigidly on trees are
considered to be equivalent. For more details the reader is referred to [140].
A more algebraic version is described in [141] and [142].

Appendix: Generalized graphs of groups

A generalized graph of groups has the same definition as a graph of groups
(G, I), except that the homomorphisms qb;t are not required to be monomor-
phisms. If T is a maximal tree in I, the fundamental group of (G,I") based
at T is defined as before and is again denoted by m1(G,I";T). A graph of
pointed CW complexes (X, I") gives rise to a generalized graph of groups
even when the homomorphisms p:et# (at the beginning of this section) are not
monomorphisms, and the obvious analog of 6.2.2 holds. Generalized graphs
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of groups are useful in computing fundamental groups via a generalization of
the Seifert-Van Kampen Theorem 3.1.18, as we now explain.

Let {X4}aca be a cover of the path connected CW complex X by path
connected subcomplexes such that no point of X lies in more than two of the
Xa’s. Let I' be the graph whose vertex set is A, having an edge engy joining
a # 3 for each path component Y,3, of X, N Xg. Then I" is a path connected
graph. Orient I

By an obvious extension of 3.1.13, choose a maximal tree T in X such
that each T'N X, and each T N Y,p+ is a maximal tree in that subcomplex.
Let ¢apy @ M (Yapy, T N Yagy) — m(Xg, T N Xp) be induced by inclusion.
Then we have a generalized graph of groups (G, ") whose vertex group at
a is m(Xa,T N X4), whose edge group over the edge labeled by Y, is
71 (Yapy, T N Yapy), and whose structural homomorphisms for that edge are
®apy and @ga~. Pick a maximal tree T in I.

Theorem 6.2.11. [Generalized Van Kampen Theorem] Under these hypothe-
ses the fundamental group of X is isomorphic to (G, ;T).

Proof. Let (X, I") be the generalized graph of path connected CW complexes
having X, over a, Y, 3+ over the edge joining o to 3 so indexed, and inclusions
as structural maps. Let Tot(X, ") be the total complex. The proof of 6.2.2
extends to show that 71(G, I';T) is isomorphic to the fundamental group of
Tot(X, I"). The space Tot(X, I") presents itself naturally as a subcomplex of
X x I, consisting of X, over the vertex a and Y, g X eqgy Over each edge eqg3,
joining « to 3. Projection on the X factor gives us a map p : Tot(X,I") — X.
Consider the commutative diagram

Tot(X, I') =<——U(Yag, X €apy) ——= U(Yagy X €apy)

LR

Tot(X,I) <—)U(YD¢]7 X 60457) |4> UYo 3y
p

The hypothesis that no point of X lies in more than two of the X,’s implies
that the spaces Y,g, are pairwise disjoint and hence the indicated map p| is
a homotopy equivalence. The map of adjunction spaces coming from 4.1.7 is
precisely p, which is therefore a homotopy equivalence. O

Remark 6.2.12. As with ordinary graphs of groups there is an obvious epi-
morphism 71 (G, I';T) — w1 (I, T). Since 71 (I,T) is free this gives a lower
bound for the number of generators of 71 (X, v) in 6.2.11. In fact, since every
epimorphism onto a free group has a right inverse we see that 71 (I,T) is a
retract!! of 71 (G, I'; T).

' The definition of retract in any category is analogous to that given in Sect. 1.3
for Spaces.
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Remark 6.2.13. We end by discussing the relationship between graphs of
groups and generalized graphs of groups. Let (G, I') be a generalized graph of
groups, let T be a maximal tree in I" and let G := w1 (G, I'; T). Proceeding as
in the “inverse construction” part of this section, one forms a graph of pointed
CW complexes (X, I'), identifying G with w1 (Tot(X, "), z(v)); the universal
cover of Tot(X,I") is denoted by U. The space U is built out of covering
spaces, no longer universal covers, of vertex complexes and edge complexes,
and, as before, one obtains a G-tree Y from this situation. The quotient G\Y
is a copy of I'. The vertex and edge stabilizers of this new graph of groups
(G, I') are the images in G of the vertex and edge groups of G. This new de-
composition of G may be quite uninteresting. For example, take I" to be an
edge, take both vertex groups to be trivial and take the edge group to be Z
(as happens when the Seifert-Van Kampen Theorem is applied to S?, using
the two hemispheres as the “vertex spaces”). Then all the groups in G are
trivial.

Source Notes: The theory described in this section appeared in [141], translated
into English as [142]. A more topological presentation, on which this section is based,
appeared in [140].

Exercises

1. Prove 6.2.5.

2. Referring to Case 1 at the beginning of this section, describe the Bass-Serre tree
in the case of a free product with amalgamation in which the monomorphism
¢7 is an isomorphism, and in the case where ¢} and ¢_ are both isomorphisms.

3. Describe the Bass-Serre tree of the circle of groups corresponding to the given
presentation of the Baumslag-Solitar group BS(m,n).

4. In an obvious way, Z can be decomposed as the fundamental group of a graph of
groups, with one vertex and one edge, the vertex and edge groups being trivial.
Thus if @ : G — Z is an epimorphism, there is a corresponding decomposition of
G with vertex and edge groups isomorphic to ker(«). Give an example with G
finitely presented such that ker(«) is not finitely generated; give another graph
of groups decomposition of the same group G with one vertex and one edge so
that the vertex and edge groups are finitely generated.

5. Let G=A % (B ED) be a decomposition of G using free products with amalga-

mation. Under what conditions does this decompose as the fundamental group
of a graph of groups with graph e — e — e and with vertex groups isomorphic to
A, B and D and edge groups isomorphic to C' and E?

6. Prove 6.2.2 when X (w) or X (e) has more than one vertex.

7. Let G = G*, be an HNN extension where ¢ is an automorphism of G. Prove
that G is a semidirect product of G and Z.
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Topological Finiteness Properties and
Dimension of Groups

This chapter is about topological models for a group G: these are the so-
called K(G,1)-complexes with fundamental group G and contractible uni-
versal cover. We then proceed to use the method of Sect.6.1 to replace an
arbitrary K (G, 1)-complex by one with fewer cells or lower dimension.

7.1 K(G,1) complexes

Let n be an integer > —1. A space X is n-connected if' for every —1 < k < n,
every map S* — X extends to a map B**! — X. Clearly (—1)-connected is
the same as “non-empty” and “0O-connected” is the same as “path connected.”
Note that when n > 0 a space X is n-connected iff for some (equivalently any)
x € X, the pair (X, {z}) is n-connected in the sense of Sect. 4.1. Note also that
when X is non-empty and n > 0, X is n-connected iff for every 0 < k < n,
every map S* — X is homotopically trivial (i.e., is homotopic to a constant
map).

Proposition 7.1.1. A CW complez is 1-connected iff it is simply connected.
O

Proposition 7.1.2. Let the CW complex X be non-empty and let n > 0. X
is n-connected iff the inclusion X™ — X is homotopic to a constant map. X
is n-connected for all n iff X is contractible.

Proof. For n = 0, the first sentence is clear. Let X be n-connected. By in-
duction, X*~! < X is homotopically trivial. Hence X" < X is homotopi-
cally trivial iff a certain map X"/X"~! — X is homotopically trivial. But
X" /X" is a wedge of n-spheres and X is n-connected. So X™ — X is ho-
motopically trivial. Conversely, if X™ < X is homotopically trivial, then, by

! Here and elsewhere we depart from common usage by allowing n = —1. This con-
vention will be seen to be helpful when we discuss homological and homotopical
group theory. Our Sect. 2.7 on reduced homology was written with this in mind.
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1.4.3, every map S*¥ — X is homotopically trivial whenever k < n, so X is
n-connected. The second sentence follows from 4.1.4 and Remark 4.1.6. O

It follows, in particular, that S™*! is n-connected. By 1.4.3, a CW complex
X is n-connected iff X"*! is n-connected.

A space X is n-aspherical (n > 0) if X is path connected and for every
2 < k < n, every map S¥ — X extends to a map B*¥"' — X. Thus “0-
aspherical” and “l-aspherical” are the same as “path connected.” We say X
is aspherical if X is n-aspherical for all n.

Proposition 7.1.3. A path connected CW complex X is n-aspherical iff its
universal cover X is n-connected. X is aspherical iff X is contractible.

Proof. Let p : X — X be the universal cover, and let 2 < k < n. If X is
n-aspherical and if f : S¥ — X is a map then p o f is homotopically trivial.
By 2.4.6, the same is true of f Conversely, if X is n-aspherical, any map
f: 8% — X lifts to amap f : ¥ — X which extends to B¥+1, by 3.2.8. Hence
J also extends to Bt But X is simply connected. So X is n-aspherical iff
X is n-aspherical iff X is n-connected. The second sentence follows from the
first together with 7.1.2. O

Obviously, the product of aspherical [resp. n-aspherical, n-connected] CW
complexes is aspherical [resp. n-aspherical, n-connected].

Let G be a group. A K (G, 1)-complez is a pointed aspherical CW complex?
(X, x) such that 71 (X, x) is isomorphic to G.

If (X,z) is a K(G,1)-complex and y is another vertex of X, then (X,y) is
a K (G, 1)-complex, by 3.1.11. Thus one may omit reference to the base point,
saying “X is a K (G, 1)-complex”.? With notation as in Sect. 3.2, we have:

Corollary 7.1.4. A covering space of an n-aspherical [resp. aspherical] CW
complex is n-aspherical [resp. aspherical]. If (X,z) is a K(G,1)-complez and
if H<GQ, then (X(H),Z) is a K(H,1)-complez. O

Proposition 7.1.5. For any group G, there exists a K(G,1)-complex X hav-
ing only one vertex. Moreover, if (Y, y) is a path connected k-aspherical pointed
CW complex such that w1 (Y, y) is isomorphic to G, then there exists a K(G,1)-
complex whose (k + 1)-skeleton is Y*+1.

Proof. We will describe the K (G, 1)-complex X by induction on skeleta. The
2-skeleton (X2, z) is built as in Example 1.2.17, reflecting some chosen presen-
tation of G; X2 is 1-aspherical. By induction, assume X" has been constructed

2 In the literature, K (G, 1)-complexes are sometimes called Eilenberg-MacLane
complexes of type (G,1), or classifying spaces for G; see [149] for an explana-
tion of the latter name. The notation BG is sometimes used instead of K(G,1).

3 Of course, the G-action on X by covering transformations depends on the base
point  and on the isomorphism chosen to identify G with (X, x). When we
say (X, z) is a K(G, 1)-complex we tacitly assume these choices have been made.
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and is (n — 1)-aspherical, where n > 2. Let {f, : S™ — X" | a« € A,} be
a set of maps such that every map f : S — X" is homotopic to f, for
some a € A,. The (n + 1)-skeleton X" *! is obtained from X" by attaching
B"tY(A,) to X™ using {f.}. By 1.4.3, any map S™ — X"*! is homotopic
to some f, and hence to a constant map; so X™*1! is n-aspherical. This com-
pletes the induction; X is aspherical. For the second part, the construction is
similar, but one starts with (Y, y) where n = max{k + 1, 2}. O

When (X, z) and (Y, y) are pointed CW complexes, let [(Y,y), (X, x)] de-
note the set of homotopy classes of maps (Y,y) — (X,x). When H and K
are groups, let hom(K, H) denote the set of homomorphisms K — H. Then
there is a natural function

h:[(Y,y), (X, 2)] — hom(m (Y, y), m1(X,z)) defined by [f] — fau.
Proposition 7.1.6. If X is aspherical, h is a bijection.

Proof. By 3.1.13, X and Y contain maximal trees. The quotient complexes
of X and Y by these trees have the homotopy types of X and Y respectively,
by 4.1.9. So we may assume X and Y have one vertex each.

We show h is surjective. Let ¢ : m1(Y,y) — m1(X, ) be a homomorphism.
We will construct a cellular map f : (Y,y) — (X, «) inducing ¢. To define f on
Y, we will first define* a map fl :Y!' = X! inducing a map f; : Y — X1,

The isomorphism x of 3.2.3 provides a canonical identification of 71 (Y, y)
[resp. 71 (X, )] with Y© [resp. X©]. Deﬁne fil : Y0 — XO to agree with ¢, via
this 1dent1ﬁcat10n For each 1-cell el of Y, pick a lift e , a 1-cell of Y. Define
f1 to map €., to apathin X! in such a way that f1 | el extends the previously

defined f; | e . For each l-cell &' of V!, there is _exactly one a and one
gem(Y,y) such that g.¢], = &'. Define f; on &' by® fi(z) = ¢(g)o fiog~'(2).
Then, indeed, f1 exists making the following diagram commute:

vi_h o5

JPYI JPXl
ylr oyt
Next, let e% be a 2-cell of Y with attaching map gg : S — Y. We have
gp(S1) C Y1 g5 is homotopic in Y2 to a constant map, since gg extends to a

map on B2. By 2.4.6, gg lifts to gg : St — Y. Since X is simply connected,

f1 o gg extends to a map on B2, hence so does px o f1 o0gs = f1ogpg. As
in 1.2.23, we can use this to extend f1to e%. Doing this for each §, we get

fo : Y2 — X? extending f;. By induction, assume f» has been extended to

* Recall Y™ means (Y)".
® We are not distinguishing in notation between elements of the fundamental groups
and the corresponding covering transformations.
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a cellular map f, : Y™ — X" (n > 2). Let e2*! be an (n 4 1)-cell of Y and
let g, : S™ — Y be an attaching map. f, o g,y extends to B"t! since X is
n-aspherical. Thus f,;; : Y"1 — X"*! can be constructed extending f,.
Let f:Y — X be the resulting map. By 3.2.3 and our definition of f on Y,
T#=0¢.

The proof that h is injective is similar. Let f, f' : (Y,y) — (X,x) be
maps such that fy = fy : m(Y,y) — 71 (X, 2). We are to build a homotopy
H:Y x I — X such that H({y} x I) = {z}, Hy = f and H; = f’. We start
with H so defined on (Y x {0,1}) U ({y} x I), and we extend H inductively
to (Y x {0,1})U (Y™ x I) for each n, using 1.3.10. The product CW complex
structure on Y x I has been described in Sect. 1.2. To deal with the case

n = 1, we must extend H to el x I for each 1-celle, of Y. If g4 : [? - Y x T

is an attaching map for el x I then g,(I?) C (Y x {0,1}) U ({y} x I), so
H o g, is defined. Since fu = fq’%, H o g, extends to I?. Hence, by 1.3.10, H
extends to (Y x {0,1}) U (Y'! x I). The extension to (Y x {0,1})U (Y™ x I)
when n > 2 proceeds as before, using the fact that X is aspherical. |

Thus, maps into a K (G, 1)-complex are classified up to pointed homotopy
by homomorphisms of the fundamental group into G.

Corollary 7.1.7. If (X,z) and (Y,y) are K(G,1) complexes, then there is
a homotopy equivalence f : (X,xz) — (Y,y) inducing any given isomor-
phism m (X, z) — m1 (Y, y). In particular, K (G, 1)-complezes are unique up to
pointed homotopy equivalence. ([l

The proof of 7.1.6 also proves:

Proposition 7.1.8. Let X be n-aspherical. If Y has dimension < n+1, then
h is surjective. If Y has dimension < n, then h is bijective. O

We now consider some useful methods for constructing K (G, 1)-complexes.

Theorem 7.1.9. Let (X,I") be a graph of pointed CW complexes. Assume
each X (w) and each X (e) is aspherical and that each p:et# is a monomorphism
(on fundamental groups). Then Tot(X,I") is aspherical.

Proof. We saw in Sect.6.2 (following 6.2.9) that U := (Tot(&X,I"))” is a quo-
tient space obtained by gluing copies of X(e) x B! to copies of X(w) via
the pointed lifts of the p’s, where e and w are variable. By 4.1.7, U has the
homotopy type of the subcomplex U’, consisting of the X (w)’s with a copy
of {#(e)} x B! replacing each X (e) x B'; this is because each X (e) is con-
tractible. Then U’ has the homotopy type of the quotient space U” obtained
by identifying each copy of each X (w) to a point; this is because each X (w)
is contractible. But U” is a graph and is simply connected since U is simply
connected. Thus U is contractible. (|
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Next we turn to group extensions. Let N — G 5 Q@ be a short ex-
act sequence of groups. Let (Y,y) be a K (N, 1) complex and let (Z, z) be a
K(Q,1)-complex. If Y and Z have particular features, the Borel Construction
(Sect. 6.1) often gives a procedure for building a K (G, 1)-complex with similar
features.

Theorem 7.1.10. There is a K(G,1)-complex W and a stack W — Z all of
whose fibers are Y .

Proof. As in that section, we start with an arbitrary K (G, 1)-complex (X, x)
and we consider the diagonal left action of G on X X Z given by g(z,2) =
(9, 7(g)z). The quotient space U = G\X x Z is a K (G, 1)-complex fitting
into a commutative diagram

~ projection 5
Z ——— 7

l l

X

_1 ., 7z
in which ¢ : U — Z is a stack of CW complexes all of whose fibers are N\f(, a
K (N, 1)-complex. The Rebuilding Lemma 6.1.4 yields a commutative diagram

UT/W

in which h is a homotopy equivalence (implying that W is K (G, 1)-complex)
and ¢’ is a stack of CW complexes all of whose fibers are Y. O

Note that if Y and Z are finite [resp. finite-dimensional] then W is a finite
[resp. finite-dimensional] K (G, 1)-complex.

Now we use cell trading to alter a K (G, 1)-complex with precise informa-
tion on how the number of cells in each dimension is changed. Our goal is
Theorem 7.1.13, the proof of which consists of a starting step (7.1.11) and an
inductive step (7.1.12).

Proposition 7.1.11. Let X and Z be homotopy equivalent path connected
CW complexes. For each k, let X and Z have my, and 1y, k-cells, respectively.
Then Z is homotopy equivalent to a CW complex Y such that Y' = X', Y
has (ro +m1 + ma —mo + 1) 2-cells, (r3 + 11 +ma — 19 + 1) 3-cells, and 7y
k-cells for all k > 4. Here, 0 and co are permitted values of my and ry,.

Proof. Let T be a maximal tree in X. We have (X/T)? = Xp where P :=
(W' | R) is a presentation of the fundamental group. By 4.1.16, Z is homotopy
equivalent to a CW complex K whose 1-skeleton is (Xp)! such that K has
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[W| + |R| + 72 2-cells, r3 + 11 — rg + 1 + |R| 3-cells, and ry k-cells when
k>4.Let h: (Xp)! — X! be a homotopy equivalence (which exists by 4.1.9
and 3.1.13). Apply 4.1.7 to the following commutative diagram to get a CW
complex Y homotopy equivalent to K with Y = X1,

K =——(Xp)! == (Xp)*

ok

K<~—(Xp)! — > x1

The tree T has mg vertices and mg — 1 1-cells. So |[W| = my — mo + 1 and
|R| = mo. Thus Y has (ro+ma+mi—mo—+1) 2-cells and (r3+r1 —r9+1+m2)
3-cells, Y! = X! and Y has r; k-cells when k > 4. O

Proposition 7.1.12. Let n > 2. Let X be a K(G,1)-complex having my, k-
cells. Let Z be a K(G,1)-complex having ry, k-cells, such that Z"~1 = Xn~1,
Let s =11 —ro+ 1 and, for n > 3, let s,, = 0. Then there exists a K(G,1)-
complex Y with Y™ = X", such that Y has rpy1 + my + S (n + 1)-cells,
Tnt2 + Tn + Sn (n+2)-cells, and ry, k-cells for each k > n+ 3. Here, 0 < my,
r < 00.

Proof. We first deal with the case n = 2. To begin, assume X has only one
vertex (i.e., mg = rg = 1). Let P; and P» be presentations of G such that
X? = Xp, and Z? = Xp,. With notation as in the proof of 4.1.12, there
are homotopy equivalent CW complexes Yp, = Xp, UJ{é} | 3 € B} and
Yp, = Xp, UUJ{E | @ € A} where |B| = |Wa| + |R1| and |A| = [W1| + |Ra.
We have

(o)
Z=Xp, U U (r k-cells).
k=3
(o)
Let Zt = Xp,UJ{e3 | a € A}U U (ri, k-cells); that is, ZT is obtained from
k=3
Z by attaching the 3-cells €3 to Xp, as in Yp,. Since Z is 2-aspherical, Z+

e}
is homotopy equivalent to Z vV \/{S2 | o« € A}. By 4.1.7, Z+ = Yp, U U (rk
k=3

oo

k-cells) is homotopy equivalent to Y+ = Yp, U U (rk k-cells); this is because
k=3

Yp, and Yp, have the same homotopy type.

oo
We have Y+ = Xp, UU{&} | B € BYU U (rk k-cells). Since YT and Z+
k=3
have the same homotopy type, and Z is homotopy equivalent to Z+ U {B2 |
a € A}, it follows that Z is homotopy equivalent to Y = Y U (| A| 4-cells).
This latter complex, Y, has Xp, = X? for its 2-skeleton, has r3 + |Wa| + | R1|
3-cells, has r4 + |Wi| + |Ra| 4-cells, and has 7, k-cells when k > 5.
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If mg > 1, we “mod out” maximal trees in X and Z before applying the
above argument, and, at the end, we alter Y so that Y2 = X2, just as in the
proof of 7.1.11. Then |W1| = |W2| =ry—1ro+1, |R1| = mo, and |R2| = 9.
This altered complex Y has (r3+mao+r1 —ro+1) 3-cells, (ra+ra+r1 —r9+1)
4-cells, and ri k-cells when k > 5. This completes the case n = 2.

From now on, we assume n > 3. Since X and Z have the same 2-skeleton,
i+ X" — Z defines an isomorphism ¢ : 71 (X,z) — m1(Z,x), where z
is a vertex. By 7.1.6, there is a cellular map f : (X,z) — (Z,z) inducing
¢. f ] X™ ! and i are homotopic, by 7.1.8. So, by the Homotopy Extension
Theorem, we may assume that f | X1 = .

Let g = f| : X™ — Z. The key elements in our construction are to be
found in the following commutative diagram:

xn 9 ., 7

1

M(g) — M
q

Here, 4’ is the usual inclusion of the domain of g in M(g); Z is identified with
a subcomplex of M(g) as usual. Since g | X"~ ! is an embedding, there is a
natural copy of Z U (X"~ ! x I) as a subcomplex of M(g). Z lies at the “O-
end” of M(g) so that ZN (X"~ x I) = X"~ ! x {0}. The projection: I — {0}
induces a homotopy equivalence q : Z U (X"~ ! x I) — Z. See Fig. 7.1. The
space M is Z Uy M(g). The map ¢’ is the restriction to M (g) of the quotient
map Z[[M(g) — M. The map p’ is the projection M — Z induced by the
collapse M(g) — Z.

X
1
0
M(g) zux"'x D
v v

Fig. 7.1.
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Applying 4.1.7 to the commutative diagram

M(g) =<—ZU (X" ' xI) —2 ZU (X" x I)

M(g)<=—>Z U (X" 1 x1I) Z

we see that ¢’ is a homotopy equivalence. Thus M is a K (G, 1)-complex.
Now, M is set up for cell-trading. We show that (M, X™) is n-connected.
We have M"~1 = X"~ so, for i < n, cellular maps (B?, S"~1) — (M, X™) are
maps into (X", X™). Since n > 3, any cellular map r : (B, S"~1) — (M, X™)
is pairwise homotopic to a map which is constant on S"~! (since X" is (n—1)-
aspherical). Interpreting the latter as a map S™ — M, it extends to B"*1,
since M is n-aspherical. Thus r is pairwise homotopic to a map into (X™, X™).
Consider the cells of M. There are the cells of X™; there are the r,, n-cells
of Z; there are 1,11 + my, (n+ 1)-cells (those of Z, and one for each n-cell of
X™); and there are the cells of Z of dimension > n + 2. By 4.2.1, there is a
CW complex Y homotopy equivalent to M having: the cells of X™, 7,41 +my,
(n + 1)-cells, ry1o + 7, (n + 2)-cells, and ry, k-cells for each k > n + 3. O

Theorem 7.1.13. Let n > 1. Let X be a K(G,1)-complex having my, k-cells.
Let Z be a K(G,1)-complex having ry, k-cells. Then there exists a K(G,1)-
complexr Y with Y™ = X™ such that Y has 1y, k-cells for each k > n + 3. If
n > 2, if X has finite n-skeleton and if Z has finite p-skeleton, then there is
such a'Y having finite p-skeleton.

Proof. By 7.1.7, all K(G,1)-complexes are homotopy equivalent. By 7.1.11,
there is a K (G, 1)-complex Y7 such that Y;' = X! and Y7 has ry, k-cells when
k > 4. Now apply 7.1.12 by induction on n, starting with n = 2, to get
Y2,Ys,...,Y, =Y asrequired. If ¢!, denotes the number of i-cells in Y,,, then
yt = m; when i < n, 3y’ = r; when i > n+ 3, and the recursive formulas for
y L and y+? are as follows:

Yt =r2+mi+my—mo+1

Y =737 +ma—ro+1

1 +1
erLL+ = y;r;71 + my + Sn

2
unt =yl + s
A straightforward induction, starting with n = 2, establishes the statement:
y**t1 is a linear combination of 7o, ..., 7u41, Mo, .., my; and y?2 is a linear
combination of rg,..., yy2, Mo, ..., My, (when n > 2). This implies the last

sentence of the theorem. O



7.2 Finiteness properties and dimensions of groups 169
Exercises

1. If (X,z) and (Y,y) are pointed CW complexes prove that every isomorphism
m1 (X, z) — m1(Y,y) is induced by a 2-equivalence (X,z) — (Y,y).

2. Describe in detail the covering projection Y — Tot(X,I") in the proof of 7.1.9.

3. Prove 6.2.1 (Britton’s Lemma) using 7.1.9 and 3.4.9.

4. Write out explicitly what 7.1.9 says when I' has two vertices and one edge;
your answer should contain the phrases “free product with amalgamation” and
“HNN extension.”

5. Prove that if the CW complex X is m-connected then Iflk(X;R) = 0 for all
k < n. (Hint: Use Exercise 5 in Sect. 2.6.)

6. Prove that all the path connected closed surfaces except S? and RP? are as-
pherical. Hint: compare 7.1.9.

7. Prove that if G is a countable group there exists a countable K (G, 1)-complex.
Hint: The 2-skeleton can be countable; then use the Hurewicz Theorem to attach
countably many cells in each dimension > 3 to the universal cover.

7.2 Finiteness properties and dimensions of groups

Let G be a group. Even though K (G, 1)-complexes always exist and are unique
up to homotopy equivalence, there may or may not exist K (G, 1)-complexes
having special properties. For example, we say that G has type F,, if there
exists a K (G, 1)-complex having finite n-skeleton.

Proposition 7.2.1. Every group has type Fy; G has type Fy iff G is finitely
generated; G has type Fs iff G is finitely presented; for n > 2, G has type F,
iff there exists a finite pointed n-dimensional (n — 1)-aspherical CW complex
(X, x) such that m (X, x) is isomorphic to G.

Proof. Every group has type Fp, by 7.1.5. Let G have type F,, and let (Z, z) be
a K(G, 1)-complex with finite n-skeleton. For n = 1 [resp. n = 2], G is finitely
generated [resp. finitely presented], by 3.1.17. For n > 2, m1(Z™,2) =2 G by
3.1.7; Z™ is the required (n — 1)-aspherical complex.

Conversely, if G is finitely generated [resp. finitely presented], we saw in
1.2.17 and 3.1.9 how to build a 2-dimensional CW complex X with one vertex
x and 7 (X, z) = G, so that X! [resp. X] is finite. Attach cells of dimension
> 3 as in the proof of 7.1.5 to get the required K (G, 1) having finite 1-skeleton
[resp. 2-skeleton]. If n > 2 and (X, ) is a finite (n—1)-aspherical CW complex
such that 71 (X, z) = G, attach cells of dimension > n+ 1 as in 7.1.5 to build
a K (G, 1) having finite n-skeleton. O

Here is a restatement of 7.2.1: G has type F., iff there is an (n—1)-connected
free n-dimensional G-CW complex which is finite mod G. This is clear when
n > 2 and is an exercise when n = 1.

For every n, there are groups of type F,, which do not have type F},+1. An
efficient method of constructing such groups is given in Sect. 8.3. Such groups
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also occur “in nature,” for example in certain families of S-arithmetic groups,
see [1].

A CW complex each of whose skeleta is finite has finite type. We say that
G has type Fw if there exists a K (G, 1)-complex of finite type.

Proposition 7.2.2. G has type F iff G has type F, for all n.

Proof. “Only if” is trivial. To prove “if,” apply 7.1.13 infinitely often, by
induction on n, gradually building a K (G, 1)-complex of finite type. ]

Next, we show that the properties F;, are invariant under passage to and
from a subgroup of finite index.

Proposition 7.2.3. Let H < G and let [G : H] < o0o. Let G and H have type
F,_1. Then G has type F,, iff H has type F,.

Proof. “Ouly if” follows from 3.2.13, 7.1.4 and 7.2.1. When n = 1 [resp.
n = 2], “if” is the well-known elementary fact that a group containing a
finitely generated [resp. finitely presented] subgroup of finite index is itself
finitely generated [resp. finitely presented]. It remains to prove “if” when
n > 3.

Let X be a K (G, 1)-complex having finite (n — 1)-skeleton. Let p : X — X
be a finite-to-one covering projection, where X is a K(H,1)-complex: see
3.2.13 and 7.1.4. Note that X has finite (n—1)-skeleton. Since n > 3 and H has
type F,,, Theorem 7.1.13 gives a K (H, 1)-complex Y having finite n-skeleton
such that Y?~1 = X"~1 Thus Y™ is obtained from X" ! by attaching finitely
many n-cells, and Y™ is (n — 1)-aspherical. Let {f, : S"~! — X" | a € A}
be attaching maps for these n-cells, A being finite. Attach n-cells to X!
by the maps po f, : S"7! — X"~ ! Let the resulting n-dimensional CW
complex be Z™. Let Z" be the covering space of Z™ corresponding to the
subgroup H (appropriate base points being understood everywhere). Then
Y™ is a subcomplex of Z", and Y"1 = Z"~! = X"~1 Since Y" is (n — 1)-
aspherical, so is Z", hence also Z™, by 7.1.4. Thus G has type F,, by 7.2.1.
O

Corollary 7.2.4. Let H < G and let [G : H] < o0. For 0 < n < oo, G has
type F,, iff H has type F,.

Proof. Apply 7.2.3 inductively. For the case n = co then apply 7.2.2. O

The one-point space is a K (G, 1)-complex where G is the trivial group.
Since the trivial group has finite index in every finite group, we have:

Corollary 7.2.5. Fvery finite group has type F. |

Among the notable groups of type F is Thompson’s group F, discussed
in later chapters. Many torsion free groups of type F turn out to have
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a stronger property, type F, which is discussed below. (The group F is an
exception to this.%)

We now turn to the question of minimizing the dimension of a K (G, 1)-
complex. The geometric dimension of G is oo if there does not exist a finite-
dimensional K (G, 1)-complex; otherwise it is the least integer d for which
there exists a d-dimensional K (G, 1)-complex.

Proposition 7.2.6. G has geometric dimension 0 iff G is trivial. G has geo-
metric dimension 1 iff G is free and non-trivial. If G has geometric dimension
d, every subgroup of G has geometric dimension < d.

Proof. The dimension 0 statement is clear. By 3.1.16, every 1-dimensional
CW complex has free fundamental group, so if G has geometric dimension 1,
G is free and non-trivial. Conversely, if G is free and non-trivial, we saw in
Example 1.2.17 how to build a 1-dimensional CW complex whose fundamental
group is G (by 3.1.8). Its universal cover is contractible, by 3.1.12, so it is a
1-dimensional K(G, 1).

Finally, let X be a d-dimensional K(G,1)-complex, and let H < G. By
3.2.11, X has a covering space X whose fundamental group is H. By 7.1.4, X
is a d-dimensional K (H, 1)-complex. O

There is no question of replacing the inequality by equality in the last
part of 7.2.6; just consider the trivial subgroup of the free group Z. Even for
subgroups of finite index there are limitations: we will see in 8.1.5 that a finite
cyclic group has infinite geometric dimension, while its trivial subgroup (of
finite index) has geometric dimension 0. Nevertheless we have:

Theorem 7.2.7. (Serre’s Theorem) Let G be torsion free, and let H be a
subgroup of finite index having finite geometric dimension. Then G has finite
geometric dimension.

Proof. Let Y be a finite-dimensional K (H,1)-complex and let Hgy, ..., Hg,

be the cosets of H in G. Let Y be the universal cover of Y. Let X = Hffz

i=1
where each Y; = Y. Then X is a finite-dimensional contractible CW complex.
We describe a (left) G-action on X. We have selected the coset representatives
J1,- -, gn- A right action of G on the set {1,--- ,n} is defined by the formula
(i,9) v i.g where g;g € Hg; 4. Indeed, we can write g;g = h(g,7)gi.4, thus
associating with g € G an n-tuple (h(g,1),---,h(g,n)) of elements of H. The
required left G-action on X is

9-(1/1, e 7yn) = (h(gv 1)y1.g7 e 7h(gan)yn.g)~

This action of G clearly makes X into a rigid G-CW complex. It remains to
prove that the action is free.

6 This is a place where the two uses of the letter F' might cause confusion: “type
F” and “the group F”.
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Let g.(y1, -+ ,yn) = (Y1, ,Yn). Let m be such that i.g"™ = i for all ;
since g permutes a finite set such an m exists. Then

gm'(yla e 7yn) = (h(gnla 1)y15 to 7h<gm7n)yn) = (yla T ,yn)

So each h(g™,i) = 1 because H acts freely on Y. So gig™ = g; for all i,
implying ¢"* = 1. Thus g = 1 since G is torsion free. (]

n
Remark 7.2.8. The G-action on Hf@ described in this proof does not restrict
i=1
to the diagonal H-action.

One way of showing that a group G has geometric dimension < d is to find
some contractible d-dimensional free G-CW complex, since by 3.2.1 and 7.1.3
the quotient complex will be a d-dimensional K(G,1)-complex. One way of
showing that G has geometric dimension > d is to show that Hq(X; R) # 0 for
some K (G, 1)-complex X and some ring R, applying 7.1.7, 2.5.4 and 2.4.10.
For example, recall that the d-torus T% is the d-fold product of copies of S*. As
explained in Sect. 3.4, T is homeomorphic to R?, so T% is a K (Z<,1)-complex.

Proposition 7.2.9. Hy(T% 7Z) = 7.

Proof. Give R the CW complex structure with vertex set Z and with 1-cells
[m, m+1] for each m € Z. Give R™ the product structure and regard 7" as the
quotient complex of R™ by the obvious free action of Z" on R™ (translation
by integers in each coordinate); see 3.2.1. Then T™ has just one n-cell, e™.
Orient the O-cells of R by +1. Orient [m, m+ 1] by the characteristic map
I' = [m,m+1], t — 3(t + 2m + 1). Give R" the product orientation. Then
the Z"-action is orientation preserving and the quotient g : R" — T" gives
an orientation to T™. It is enough to prove that e € C,,(T";Z) is a cycle.

Let e" = [0,1]" € C,(R™Z). For 1 < i < n and ¢ = 0 or 1,
let &f.' = [0,1]7" x {e} x [0,1]"7". By 2.5.17, [e" : é'g'] = (-1)°
and [6" : é:-fl_l] = (=1)"*1L. Clearly e” = qu(é"). Let h; : R* — R"»
be the translation (z1,...,x,) — (z1,...,%i—1,%; + 1, Zi41,...,2,). Then

hi(ézal) = 'éZfl. Moreover, as chains, hi#(ézal) = 'éZfl. Since q o h; = q,
g (E7") = ap o hig (€75 ") = ap ()

de™ = d(qp(e"))
= gu(0e"™), by 2.4.3

= qy (Z(—l)%éﬁgl - é;f;l)> by 2.5.17

i=1

I
NE

(—D)(ax (&) — ax(eir 1)

I
(e IECH
o
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Corollary 7.2.10. Z¢ has geometric dimension d. (]
Combining this with 7.2.6 gives:

Corollary 7.2.11. If G has a free abelian subgroup of rank d, then G has
geometric dimension > d. O

In particular, 7.2.11 can be useful for showing that G has infinite geometric
dimension.

We have mentioned (and we will prove in 8.1.5) that every non-trivial finite
cyclic group has infinite geometric dimension. Hence, by 7.2.6:

Proposition 7.2.12. Every group containing a non-trivial element of finite
order has infinite geometric dimension. O

A group G has type F if there exists a finite K (G, 1)-complex. Groups of
type F' discussed in this book include: finitely generated free groups, finitely
generated free abelian groups, and torsion free subgroups of finite index in
finitely generated Coxeter groups. Other important examples are: torsion free
subgroups of finite index in arithmetic groups: see [29]; and torsion free sub-
groups of finite index in the outer automorphism group of a finitely generated
free group: see [44].

If G has type F then G has type F, and G has finite geometric dimension.
It is natural to ask if the converse is true. We say that G has type F'D if some
(equivalently, any) K (G, 1)-complex is finitely dominated.

Proposition 7.2.13. G has type FD iff G has type Foo and G has finite
geometric dimension.

Proof. “If”: Let X be a K(G,1)-complex of finite type and let Y be a d-

dimensional K (G, 1)-complex. By 7.1.7 there are maps Y’ X 2. ¥ such
that g o f ~ idy. By 1.4.3, we may assume f and g are cellular, so that

f(Y) C X% There are induced maps Y I, xa N Y whose composition is
homotopic to idy; and X ¢ is finite.

“Only if”: Let X be a K(G, 1)-complex and let X 2. v % X be ho-
motopic to idx, where Y is a finite CW complex. By 4.3.5, X is homotopy
equivalent to Tel(f o g), which is finite-dimensional, so G has finite geometric
dimension. To show that G is of type Fi, we will show by induction that G is of
type F,, for all n. By 7.2.2 this is enough. Certainly G is of type Fy. Assume G
is of type Fj,_1. Let X be a K(G, 1)-complex such that X"~ is finite and X is
dominated by a finite complex. Then there is a finite subcomplex K of X and
a homotopy D : X x I — X such that Dy = idx and D1(X) C K. Let L be a
finite subcomplex” of X such that D((X" ' UK) x I) C L. We claim (X, L)
is n-connected. To see this, let ¢ : (B¥, S¥~1) — (X, L) be a cellular map

" We are using 1.2.13 and 1.4.3 repeatedly.
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where k < n. Then ¢(S*~1) € X", so D;o¢(S¥~1) C L for all t € I. More-
over, Dj o ¢(B¥) C K C L. By 1.3.9, there is a strong deformation retraction
F: BExIxI — B*xI,of B¥xI onto (B*x{1})u(S¥~1xI). The required ho-
motopy @ : B¥ x I — X, rel S¥71 of ¢ into L is @(s,t) = Do (¢ xid)o Fy(s,0).
By 4.2.1, X is homotopy equivalent to a CW complex Y such that Y = L"”
is finite. Thus G has type F,. O

Corollary 7.2.14. Let G be a group and let H be a subgroup of finite index.
If G has type FD, so has H. If H has type FD and if G is torsion free, then
G has type FD. O

Note that the trivial group {1} has type F'D (indeed, type F') while non-
trivial finite groups, in all of which {1} has finite index, do not have type F D,
by 7.2.12.

The question remains: does type F'D imply type F'7 The general question
of when a finitely dominated CW complex X is homotopy equivalent to a
finite CW complex is understood: the only obstruction (Wall’s finiteness ob-
struction) lies in the reduced projective class group Ko(Z[m (X)]). See, for
example, [29, Chap. VIII, Sect. 6]. Non-trivial obstructions occur, but it is
unknown at time of writing whether the obstruction can be non-zero when X
is aspherical.

The analog of 7.2.14 for type F is also unknown: obviously if [G : H] < co
and if G has type F then H has type F (by 7.1.4 and 3.2.13). But for torsion
free G the converse is unknown.

Proposition 7.2.15. If G has type F D, then G x Z has type F.

Proof. This follows from 4.3.7. In detail, let X .y %, X be cellular maps,
where X is a K(G,1)-complex, Y is a finite CW complex, and go f ~ idx.
Then X x St is a K(G x Z, 1)-complex which, by 4.3.5, is homotopy equivalent
to the finite mapping torus T'(f o g). O

Corollary 7.2.16. If G has type FD, then G is a retract of a group G’ of
type F; i.e., there are homomorphisms G — G' — G whose composition is
idg, where the first arrow is an inclusion. O

Proposition 7.2.17. If there is a K(G,1)-complex which is dominated by a
d-dimensional CW complex then G X Z has geometric dimension < d + 1.

Proof. Let Y dominate X, where X is a K(G,1)-complex and Y is d-
dimensional. As in the proof of 7.2.15, X x S! is homotopy equivalent to
a (d+1)-dimensional CW complex, which is therefore a K (G x Z, 1)-complex.
O

Corollary 7.2.18. If there is a K(G,1)-complex which is dominated by a d-
dimensional CW complex then G has geometric dimension < d+ 1. O
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Remark 7.2.19. The conclusion of 7.2.18 can be improved to “G has geometric
dimension < d,” except possibly when d = 2, where the situation is not yet
understood. The proof of this can be found, for example, in [29, Chap. VIII,
Sect. 7]. This proof is accessible to readers of the present chapter and is only
omitted to save space. Note that it uses the Relative Hurewicz Theorem 4.5.1.

Here is a useful necessary and sufficient condition for type F,11:

Theorem 7.2.20. Let n > 1, let the group G have type F,, and let X be a
K(G,1)-complex with finite n-skeleton. Then G has type F,1 iff there is a
K(G,1)-complex Y with finite (n + 1)-skeleton and Y™ = X™.

Proof. “If” is clear. “Only if” follows from 7.1.13 when n > 2 and is obvious
when n = 1. g

In the next proof we suppress base points in homotopy groups to simplify
notation:

Theorem 7.2.21. Let N — G — @ be an exact sequence of groups. If G has
type F,, and if N has type F,_1 then Q has type F,.

Proof. This is obvious for n < 2 so we assume n > 3. Let Y be an (n — 2)-
aspherical finite (n — 1)-dimensional CW complex whose fundamental group
is isomorphic to @, and let X be a K(G,1)-complex. As before, we consider
the commutative diagram

~ projection
Y——

X x Y
| lp
VA Y
where 7 is the covering projection obtained from the diagonal action of G
on X xY (G acts on Y via Q). Then ¢ is a fiber bundle whose fiber is
the K (N, 1)-complex N\X. It follows from the exact sequence in 4.4.11 that
q# : T™—1(Z) — mp—1(Y) is an epimorphism. The map ¢ is also a stack of
CW complexes. Since N has type F),_1, there is a K (N, 1)-complex W having

finite (n — 1)-skeleton, which is of course homotopy equivalent to N\ X. By
the Rebuilding Lemma 6.1.4 there is a diagram
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which commutes up to homotopy, where ¢’ is a stack of CW complexes with
fibers W, h is a homotopy equivalence, and Z’ has finite (n — 1)-skeleton.
Since Z" ™! is (n — 2)-aspherical with fundamental group isomorphic to G, the
same is true of (Z/)"~1. Since G has type F,, 7.2.20 implies that there is a
K(G,1)-complex X’ with finite n-skeleton whose (n — 1)-skeleton is (Z/)"~1.
The inclusion map (Z')"~! < Z’ induces an epimorphism on 7,1, hence we
can attach finitely many n-cells to Z’ to kill m,—1(Z’). Since ¢’ induces an
epimorphism on m,_1, the same is true of Y. Thus, using 7.2.20 again, we see
that @ has type F,. O

This theorem should be compared with Exercise 1 where it is asserted that
if N and @ have type F,, then G has type F,.

Exercises

1. Let N — G — @ be a short exact sequence of groups. Prove that if N has type
F,, and @ has type F, then G has type F,. Hint: see Theorem 7.1.10.

2. Devise similar exercises involving finite geometric dimension, type F'D and type
F.

3. Prove that if G is the fundamental group of a finite graph of groups whose
vertex groups have type F),, and whose edge groups have type F,_1 then G has
type F,. Hint: Use 7.1.9 and 6.1.4.

4. How many other proofs of 7.2.9 can you find?

5. Sharpen 7.2.13 by specifying the dimensions: (i) “dominated by a finite d-
dimensional complex” implies “geometric dimension < d + 17; (ii) “Fy and
geometric dimension < d” implies “dominated by a finite d-dimensional com-
plex.”

6. Give an example of a short exact sequence of groups N — G — @ where G
and @ have type F, and N is not finitely generated. (Thus one cannot expect a
theorem in the spirit of 7.2.21 and Exercise 1 of Sect. 7.2 for this case.)

7.3 Recognizing the finiteness properties and dimension
of a group

We can use the Borel Construction to build K (G, 1)-complexes with good
finiteness properties, under various hypotheses. We begin with a generalization
of Theorem 6.1.5:

Theorem 7.3.1. Forn > 1, let Y be an (n — 1)-connected rigid G-CW com-
plex having finite n-skeleton mod G. If the stabilizer of each i-cell has type
Fo_; foralli <n—1, then G is of type F,.

Proof. We leave the case n = 1 as an exercise. Starting with a K(G,1)-
complex (X, v), we construct a commutative diagram as in Sect. 6.1
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projection
—_—

XxY Y

[ Ik
Z — V
q

in which ¢ : Z — I is a stack of CW complexes with fiber Gz\X over e.
Since X is contractible and Y is (n — 1)-connected, Z is an (n — 1)-aspherical
complex whose fundamental group is G. Since G¢\X is a K (Ge, 1)-complex
and G has type F,,_; when e is an i-cell of I'; the Rebuilding Lemma gives a
CW complex Z’ homotopy equivalent to Z and having finite n-skeleton (the
details are similar to those in the proof of 6.1.5). By 7.2.1, the existence of
such a space Z’ is equivalent to G having type F,. O

Remark 7.3.2. We will see applications of this theorem later in the book. One
important case, not covered here, is the case where G is hyperbolic. Then
there is a naturally occurring finite-dimensional simplicial complex R, called
the Rips complex, on which G acts so that G\R is a finite CW complex and
the stabilizer of each cell is finite. It follows from 7.3.1 that hyperbolic groups
have type F and (by 7.3.4 below) that torsion-free hyperbolic groups have
type F. The details of this construction are found in [24].

A similar proof gives the following two theorems:

Theorem 7.3.3. Let Y be a contractible rigid G-CW complex of dimension
< m. For each i, let the stabilizers of the i-cells of Y have geometric dimension
< d;. Then G has geometric dimension < max{d; +¢|0 < i < m}. O

Theorem 7.3.4. Let Y be a contractible rigid G-CW complex whose quotient
G\Y is finite. Let the stabilizer of each cell of Y have type F [resp. FD]. Then

G has type F [resp. FD]. O
Exercises

1. Prove the n =1 case of 7.3.1.

2. Prove 7.3.3.

3. Prove 7.3.4.

4. Sharpen 7.2.13: if G has geometric dimension d and has type Fy then G has

type F'D.

7.4 Brown’s Criterion for finiteness

We saw in Sect. 7.2 that a group G has type F,, iff there is an (n — 1)-
connected free n-dimensional G-CW complex which is finite mod G. And in
7.3.1 we extended this by weakening “free” to “rigid” provided the stabilizers
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of cells have appropriate finiteness properties. In practice, it often happens
that the desired hypotheses on stabilizers are satisfied but the G-CW complex
is not finite mod G. Here we show how a weaker hypothesis than “finite mod
G” can yield the same conclusion.

1 2
A sequence of groups and homomorphisms G4 LN G ECR is ind-
trivial® if for each i there exists j > i such that the composition [j:Gi—Gj

is trivial. This also makes sense when each G; is a pointed set and each f;, ; is
a pointed function. A G-filtration of a path connected G-CW complex Y is a
oo

countable collection of G-subcomplexes Ky C K1 C --- such that Y = UKZ"

i=0
The G-filtration {K;} is essentially (n — 1)-connected if for 0 < k < n —1
the sequence {7 (Ko,y) — 7k (K1,y) — ---} is ind-trivial, where y € Ky is
a chosen base point and the unmarked morphisms are induced by inclusion.
This definition is independent of y € K. A necessary condition is that Y be
(n — 1)-connected.

Theorem 7.4.1. (Brown’s Criterion) Let the (n—1)-connected free G-CW
complex Y admit a G-filtration {K;} where each G\K; has finite n-skeleton.
Then G has type F, iff {K;} is essentially (n — 1)-connected.

Proof. “If”: We begin with n = 1. Consider the commutative diagram

KO<—> Kil

L

G\Ky —— G\K;,

By essential 0-connectedness we can choose i1 so that K lies in the path
component K/ of K;, containing the base point y. Then (K ) is a path
connected free G-graph which is finite mod G. Hence G has type Fi.

Next, let n = 2. We can choose 75 so as to get a commutative diagram of
groups

trivial

Wl(Kglay) WI(K(Qay)

| |

m(G\K?, 1) — m (G\K? , 23)

L]

id

G G

where the vertical exact sequences come from covering space theory, the top
horizontal homomorphism is trivial, and the squares commute. It follows that

8 Also known in the literature as essentially trivial — our term is explained in Chap.
11.
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A1 exists making the triangles commute. Since G\ K7, is finite, it follows that
G is a retract of a finitely presented group, hence (exercise) G is finitely
presented, i.e., of type F5.

Let (X, z) be a K(G, 1)-complex. For n = 3, we construct a commutative
diagram

(G\KG,, z0) —— (G\K, 2

A

(X27l.)C—> (stx)

where f1 induces A on fundamental group, and (using 4.4.10) 43 is such that
ma(G\K7,, z2) — m2(G\ K], z3) is trivial; compare the proof of 7.1.6.

Proceeding by induction, we get f, : (X",x) — (G\K] ,z,) which can
be extended to f : (X,z) — (Z,z), where Z is obtained from G\K; by
attaching suitable cells of dimension > n. This construction and 7.1.6 give a
map g : (Z,z) — (X, z) such that go f ~ idx rel{z}. Thus X is dominated
by a CW complex with finite n-skeleton, so by (the proof of) 7.2.13, G has
type Fj.

“Only if”: Assume G has type F,. Let X be a K(G, 1)-complex with finite
n-skeleton. By 7.1.7, there is an n-equivalence f : G\Y™ — X" with n-inverse
g : X™ — G\Y™. These lift to G-maps f and § and there is a G-homotopy
H:Y" ! xI— Y" from the inclusion to the map § o f| Since each K is
cocompact, given ¢ there exists 7 > ¢ such that H restricts and corestricts
to a homotopy H : Kinfl x I — K}' from the inclusion to a map which
factors through the (n — 1)-connected CW complex X™. It follows that {K;}
is essentially (n — 1)-connected, since 7,1 (K"~ ', y) — m,_1 (K, y) is onto.
O

An important generalization of Brown’s Criterion is given in the Exercise
below.

Source Notes: Brown’s Finiteness Criterion first appeared in [30].

Exercise

Extend Brown’s Criterion to the case where the G-action is not free but is such that
the stabilizer of each i-cell has type Fn_;; see [30].
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Homological Finiteness Properties of Groups

Here we introduce homology of groups and homological finiteness properties.
The first two sections provide homological analogs of some of the topics in
Chapter 7. A free (or projective) resolution of the trivial RG-module R plays
the role of the universal cover of a K (G, 1)-complex. The properties F'P,, and
cohomological dimension are analogous to Fj, and geometric dimension. This
leads us to the Bestvina-Brady Theorem, which gives a method of constructing
groups G for which the homological and topological properties are subtly
different.

8.1 Homology of groups

Let G be a group and, as usual, let R be a commutative ring. The group ring"

RG is @R(g), where R(g) is the free R-module generated by the one-element
geG

set {g}, with the multiplication ngg Z sgqd | = Z reSq(99).
geG g'eG 9,9'€G
Here, our convention is to write ngg rather than (ry)seq for an element

geG
of RG. It is straightforward to check that this multiplication is well defined

and makes RG into a ring. This ring is commutative when G is abelian. The
identity element in RG is 1 := ngg where 7y = 1 € R and ry = 0 for

geG
all g # 1 € G; this multiple use of the symbol 1 (the multiplicative identity

elements of R, of G, and of RG) will not cause trouble. We write 0 for ZOg.
e

1 Strictly, the term “group ring” should only be used when the ring R is Z; for
other ground rings, the more correct term is “group algebra”.
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For a not-necessarily-commutative ring A with 1 # 0 the tensor product
B®,4 A of aright A-module B and a left A-module A has the structure of an
abelian group; it is generated by elements of the form b ® a where b € B and
a € A subject to bilinearity relations of the form bA®a = b® Aa where A € A.
If A is commutative, the left action of A on B® 4 A defined by A\(b®a) = bA®a
makes B ® 4 A into a A-module.

When dealing with the case A = RG we must elaborate on this. In general,
RG is not a commutative ring; but R is commutative, so BQ g A has a natural
R-module structure, and this will always be understood in what follows.? It
is often convenient to abbreviate ® rg to R¢.

The left action of G on R defined by g.1 =1 for all ¢ € G makes R into
an RG-module. Unless we say otherwise, it is this ¢rivial action which is to
be understood when we regard R as an RG-module.

A free RG-resolution of R is an exact sequence

B2 R0

of left RG-modules in which each Fj is free. Associated with this free resolution

is the chain complex - - - O, P 9, Fy — 0, whose homology modules in
positive dimensions are trivial. Denoting this by (F,0), we see that € induces
an isomorphism Hy(F) — R. In the spirit of Sect. 2.9, one thinks of the free
resolution as the augmentation of the chain complex (F,d).

The basic fact about free resolutions, sometimes called the “Fundamental
Lemma of Homological Algebra,” is that they are unique up to chain homotopy
equivalence. Versions of this purely algebraic theorem can be found in standard
textbooks (e.g., [29, Chap. 1, Sect. 7] or [83, Chap. 4, Sect. 4]). We will state
one such version without proof:

Theorem 8.1.1. Let
= F - Fy —— R—0

and )
-—F - F, - R—0

be free RG-resolutions of R. For every isomorphism ¢ : Ho(F) — Ho(F")
there is a chain homotopy equivalence {¢; : F; — F!} inducing ¢, and {¢;} is
unique up to chain homotopy. O

By convention there is a “canonical” choice for ¢ in applications of 8.1.1,
r—1

namely Ho(F) - R = Ho(F").
Let M be a right RG-module. The homology R-modules of G with coeffi-
cients in M are computed from the R-chain complex

2 The point is that when R = Q, for example, we want to think of B ®qg A as a
Q-vector space, not just as an abelian group.
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s Mo Fy Y2 Moo By Y Mg Fy — 0.

They are denoted H,. (G, M). By 8.1.1 (and the convention which follows it)
there is no ambiguity in this definition.

These definitions and Theorem 8.1.1 are motivated by topological ideas.
Let (X,v) be an oriented pointed CW complex whose universal cover is (X, 7).
Let G = 71 (X,v). By 3.2.9 (see also 3.3.3) we may regard X as a free left
G-CW complex. Let p : (X,7) — (X,v) be the covering projection. For each
n-cell el of X, pick an n-cell €7 of X such that p(el) = e; in particular, pick
¥ for v. Orient €7 so that p |: €% — e is orientation preserving. Each n-cell
of X over el has the form gé, where g € G is unique. The CW complex X
is to be oriented so that the covering transformations x — g.x are orientation
preserving on cells.

For each g € G and each n, the covering transformation z — ¢g.r induces
an isomorphism gy : C,,(X; R) — C,,(X; R). Thus we have a left RG-module
structure on C, (X; R) given by g.c = g4 (c).

Proposition 8.1.2. The oriented n-cells €}, of X freely generate Cn(X;R)
as an RG-module. The boundary 0 : Cp(X; R) — Cp—1(X; R) is a homomor-
phism of left RG-modules. If X is aspherical, this gives a free RG-resolution
of R:

=% 0y(XR) —2Z2— (X;R) —2— Co(X;R) —— R 0
where € is defined by € (Zm%ggég) = meg. O
g g

Note that the underlying R-chain complex of this free resolution is the
augmented cellular chain complex C’*(X ; R) and € is the augmentation; so
free RG-resolutions of R arise in topology as the augmented chain complexes
of the universal covers of K (G, 1)-complexes. The uniqueness up to RG-chain
homotopy of such resolutions follows from the algebraic Proposition 8.1.1, but
this can also be seen topologically:

Proposition 8.1.3. Let (X, x) and (Y,y) be K(G,1)-complezes, with pointed

universal covers (X, &) and (Y,§). Let the groups 71 (X, x) and 7 (Y,y) be
identified with G via given isomorphisms so that C.(X; R) and C.(Y; R) are
RG-chain complexes. Then these RG-chain complexes are canonically chain

homotopy equivalent.

Proof. By hypothesis, there is a given isomorphism ¢ : 7m1(X,z) — 71 (Y, y)
inducing id : G — G. By 7.1.7, there is a cellular homotopy equivalence
f:(X,2) = (Y,y) inducing ¢, and f is unique up to pointed homotopy. Let
k:(Y,y) — (X,x) be a cellular homotopy inverse for f. Let F : ko f ~idx
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and K : f ok ~idy be cellular homotopies relative to the base points z and
Y. By repeated use of 3.3.4, one finds cellular homotopies F : ko f ~id ¢ % and
K : f ok ~ idg relative to the base points # and ¥; here, F:XxI—X
and K : Y x I — Y are lifts of F and K. Hence the chain maps fz and kg
induced by f and k and the chain homotopies Dp and Dy induced by F and
K (as described in 2.7.14) are homomorphisms of RG-modules. Thus f# is a
chain homotopy equivalence of RG-chain complexes.? O

_ The chain homotopy equivalence constructed in the last proof induces
fv: Ho(X;R) — Ho(Y; R). By 8.1.1, it is unique up to chain homotopy.

Proposition 8.1.4. Let (X,v) be a K(G,1)-complex. Then H.(G,R) =
H.(X;R).

Proof. The chain complex (R®¢g C.(X; R),id® ) is isomorphic? to the chain
complex (Cy(X; R),0). O

Even when one knows that a free resolution “comes from” a K(G,1)-
complex in the sense of 8.1.2, it is sometimes easier to describe the free reso-
lution than the complex. For example, let G = Z,, = (¢ | t"), the cyclic group
of order n. Let N =1+t +---+t""1 € RG. Consider:

t—1 N t—1

RG RG RG ——— R 0.

n—1

Here, t—1 and N denote multiplication by those elements, and ¢ (Zmiﬂ) =
i=0

n—1

Zmi. Obviously this sequence is exact, hence it is a free RG-resolution of

=0
R. Applying the functor R ®¢ - we find that H,.(G, R) is calculated from

0 0

R X5 R R 0.

Thus Hy(G,R) = R/(n) when k is odd, and Hi(G,R) = {r € R | nr = 0}
when k is even.
By taking R = Z, and applying 8.1.4, we conclude:

Proposition 8.1.5. For n > 2, Z,, has infinite geometric dimension. O

This plugs the gap in the proof of 7.2.12.

Indeed, there is a K(Z,,1)-complex (X,v) such that C.(X;R) 5 Ris
a free RZ,-resolution of R, but some careful work is needed to describe the
attaching maps. The skeleta of such K (Z,,, 1)-complexes are called generalized
lens spaces. For the details, see [42].

3 The word “canonical” indicates that the chain homotopy equivalence is deter-
mined up to chain homotopy by the hypotheses.
4 Compare with 13.2.1.
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Exercises

1. Prove 8.1.1.
2. Let f : m(X1,v1) — m(X2,v2) induce ¢ : G1 — G2 on fundamental group.

Show that fy : Cu(X1; R) — Cix(X2; R) satisfies® fy(g.c) = é(g).f4(c).

8.2 Homological finiteness properties

A module is projective if it is a direct summand of a free module. A projective
RG-resolution of R has the same definition as “free RG-resolution” except
that the modules F; are only required to be projective. Proposition 8.1.1 also
holds for projective resolutions; see [29, Chap. 1, Sect. 7].

A group G has (i) type F P, over R; (ii) type F Py, over R; (iii) type F'P
over R; (iv) type FL over R; (v) cohomological® dimension < d over R if
there is a projective RG-resolution of R which is (i) finitely generated in di-
mensions < n; (ii) finitely generated in each dimension; (iii) finitely generated
in each dimension and trivial in all but finitely many dimensions; (iv) same
as (iii) but with all the modules free; (v) trivial in dimensions greater than d.
When R is not mentioned Z is understood: “G has type FP,,” etc. Collec-
tively (i)—(iv) are called homological finiteness properties of G (with respect
to R) as distinct from the parallel properties F,,, Foo, F'D and F, which are
called topological finiteness properties of G. Clearly each topological finite-
ness property implies the corresponding homological finiteness property with
respect to Z, and if G has geometric dimension < d then G has cohomo-
logical dimension < d with respect to Z. The only one of these statements
that is not immediate is “F'D implies F' P;” this follows from 7.2.13 and the
corresponding statement for resolutions [29, Chap. 8, Sect. 6].

If G has type FP, over some R then G is finitely generated (see [29]
or [14]). Except possibly for the case d = 2, cohomological dimension < d
implies geometric dimension < d (see Theorem VIIL.7.1 of [29]). When G is
finitely presented, “F' P, implies F,,,” “F Py, implies F.,,” “F P implies F'D,”
and “FL implies F” are all proved in [29, Chap. 8, Sect. 7]. However, there
are groups of type F'P, which are not finitely presented; examples will be
constructed in Sect. 8.3.

By standard homological algebra, if --- — F} — Fy — 7Z is a projective
ZG-resolution of the trivial ZG-module Z then, for any commutative ring R,

- — R®z I} — R®y Fy — R is a projective RG-resolution of the trivial
RG-module R; the R-module structures come from “extension of scalars” (see
12.4.7 for a fuller discussion). Thus any homological finiteness property which
holds over Z holds over all rings R, and the cohomological dimension over Z
is an upper bound for the cohomological dimensions over all rings R. In Sect.

5 The terms semilinear or ¢-linear are sometimes used for this property.
5 The connection with cohomology is explained in Sect. 13.10.
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13.8 we will give an example having cohomological dimension 2 over Q and
cohomological dimension 3 over Z.

The cohomological dimension (over R) of the group G is the least integer
d such that G has cohomological dimension < d, if there is such an integer.
Otherwise the cohomological dimension is said to be infinite. Write cdrG < oo
for this.

We end with a comparison of the properties F,, and F'P,. Paraphrasing
7.2.20 we have:

Theorem 8.2.1. Let Z be an (n — 1)-connected n-dimensional free G-CW
complex which is finite mod G. Then G has type F,; and G has type F, 11 iff
it is possible to attach finitely many G-orbits of (n+ 1)-cells to Z to make an
n-connected free G-CW complezx.

The homological analog is:

Theorem 8.2.2. Let Z be an n-dimensional free G-CW complex which is
finite mod G, and which is (n — 1)-acyclic” with respect to R. Then G has
type FP,; and G has type FP, 1 iff H,(Z;R) is a finitely generated RG-
module.

Proof. There is an obvious exact sequence of RG-modules
0— K, — Cn(Z;R) — -+ — Co(Z;R) —— R

and K, is the image of a free module Fj, 1. Let K,,11 = ker(F 41 - K,).
Proceeding thus by induction we get a free resolution --- — F,41 —
Cn(Z;R) — -+ — Co(Z;R) — R of R which is finitely generated in di-
mensions < n. Thus G has type FP,. If H,(Z; R) = Z,(Z; R) is finitely gen-
erated over RG, the same procedure gives a free resolution of R of the form

- — Fhi1 — Co(Z;R) — -+ — Co(Z; R) — R which is finitely generated
over RG in dimensions < n+1, implying that G has type F P, ;1. Conversely, if
G has type F'P, 41, a technique in homological algebra (“Schanuel’s Lemma”)
implies that Z,(Z;R) = H,(Z;R) is a finitely generated RG-module; for
details of this algebra see [29, Chap. 8, 4.3]. O

Remark 8.2.3. The omitted material in this proof is essentially the analog in
homological algebra of cell trading as described in Sect. 4.2. Note that cell
trading was used in the proof of 8.2.1 (since 7.1.13 was used in the proof of
7.2.20).

Remark 8.2.4. There is a homological analog of Brown’s Criterion 7.4.1. See
[30].

7 “p-acyclic” was defined in Sect. 4.5; n-acyclic with respect to R is defined similarly

using R-coefficients rather than Z-coefficients.
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Exercises

1. Prove that G is countable if and only if there is a K(G, 1) of locally finite type.

2. Let the finitely presented group act freely and cocompactly on the CW complex
X. Prove that H1(X;R) is finitely generated as an RG-module. (Hint: prove
that 71 (X, x) is finitely generated as a G-group.)

8.3 Synthetic Morse theory and the Bestvina-Brady
Theorem

The main theorem (8.3.12) of this section gives an elegant topological recipe
for constructing examples of groups with prescribed finiteness properties: Fj,
but not F,4+1, F P, but not FP,;, and FP, but not F,,. The examples in
question are torsion free subgroups of right-angled Artin groups, the latter
being of type F. The method uses a crude form of Morse Theory in which
the homotopy type of a CW complex is analyzed by means of a well chosen
real valued function. For this the CW complex should be “affine” as we now
explain.

A. Affine CW complexes:

A (polyhedral) conver cell in RY is a non-empty compact set C C RV
which is the solution set of a finite number of linear equations f;(x) = 0 and
linear inequalities g;(xz) > 0. A face of C is obtained by changing some of
the inequalities to equalities. Thus a face of C is also a convex cell. A vertex
of C is a face consisting of one point. If the affine subspace spanned by C'
is n-dimensional then C' is a convex n-cell. Note that the intersection or the
product of convex cells is a convex cell.

We list some well-known properties of a convex cell C' which are proved in
many books (e.g., [90, Chap. 1]): (i) the faces of C are determined by C and
not by the choice of the f;’s and g;’s used to define C; (ii) C is the convex
hull of its vertices; (iii) the image of C' under an affine map RY — RM is a
convex cell; (iv) there is a simplicial complex K in RY such that C' = |K];

L]
(v) writing C for the union of all proper faces of the compact convex n-cell

L] L]
C, there is a PL homeomorphism (C, C) — (A™, A™) —i.e., C is a PL n-ball.

An affine homeomorphism C — D between convex n-cells C C RN and
D c RM is a homeomorphism which extends to an affine homeomorphism
between the affine subspaces spanned by C and D.

Up to now we have required that the domain of a characteristic map for
an n-cell in a CW complex be B™ or I™. It is convenient to change that here:
we allow any compact convex n-cell to be the domain. An affine CW complex
is a regular CW complex X with two further properties: (i) the intersection of
any two cells is either empty or is a face of both; and (ii) there is a maximal
set C of characteristic maps for the cells of X whose domains are compact
convex cells; if eg is a face of ey, and if hg and h, are characteristic maps in
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C with domains Cj and C,, we require that h ' o hg map Cg by an affine
homeomorphism onto a face of C. Once we choose a characteristic map h,
for each cell e, of X so that this relation among them holds, we can then use
the Axiom of Choice to find a maximal such set C.

Ezample 8.3.1. If K is a simplicial complex, then in an obvious way |K| is an
affine CW complex.

Subcomplexes of affine CW complexes are affine CW complexes. The prod-
uct of affine CW complexes (with topology understood in the sense of k-
spaces) is an affine CW complex; see 1.2.19.

We may treat the cells of an affine CW complex as if they were compact
convex cells, and the “convex structure” on a cell passes unambiguously to its
faces.

B. Morse Theory:

Let X be an affine CW complex. A Morse function on X is a map f :
X — R which is affine on each cell, is non-constant on each cell of positive
dimension, and takes X° to a closed discrete subset of R. When J is a closed
subset of R, we write X; := f~1(J).

Proposition 8.3.2. Let J C J' be closed connected subsets of R such that
Xy — X contains no vertices of X. Then Xy is a strong deformation retract
Of XJ/,

Proof. The general case is easily adapted from the case we consider: J =
(—o0,1] and J" = (—00,2]. If e is an n-cell of X not lying in X then the
set e M f~1([1,2]) inherits a convex structure from e. The subset e N f~1(2)
is a face, and the hypothesis about vertices ensures that e N f~%(2) is an
(n — 1)-dimensional face. The convexity of e makes it possible to carry over
the “radial projection” proof® of 1.3.9 to get a strong deformation retraction
of e N f71([1,2]) onto the part of its boundary obtained by removing the
interior of the face e N f~%(2). When X is n-dimensional, the desired strong
deformation retract is defined by applying the previous sentence to each such
n-cell e, then to the (n — 1)-cells, etc. Indeed, the details are quite similar to
those in the proof of 1.3.12. When X is infinite-dimensional, a modification
along the lines of the proof of 1.3.14 is needed. O

It follows from this proposition that one may analyze the homotopy type
of X by examining how f~!((—o0,t]) changes as ¢ passes’ through a point of

8 If h : C — e is the characteristic map, where C C R, the “light source” of 1.3.9
should be chosen appropriately in RY; the deformation should be performed on
C and then carried over, via h, to e.

% We call this “synthetic Morse Theory.” In real Morse Theory X is a complete
Riemannian manifold, f is a smooth map with isolated critical points, the role
of the vertices here is played by the critical points of f, the connectivity of a
descending link here corresponds to the index of a critical point, and the strong
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f(X©). This is done by looking at “descending links” of vertices, as we now
explain.

Extending the notion of “link” from simplicial complexes (Sect. 5.2), we
define the link of a vertex v in a convex cell e to be the union of all the faces
of e which do not contain v. We denote this subcomplex of e by lk.v. The link
of vin X is lkxv = [J{lkev | € is a cell of X containing v}. The ascending
link of v in X (with respect to the Morse function f) is:

lk;v = U{lkev |vee and f|e hasa minimum at v}

The descending link lkﬁ(’u is defined similarly, replacing “minimum” by “max-
imum.” See Fig. 8.1.

Ascending link

T

Ascending simplicial link

= fv)

7

Descending link

Descending simplicial link

Fig. 8.1.

Proposition 8.3.3. Let J C J' be closed connected subsets of R such that
inf J = inf J’ and J' — J contains only one point of f(X°), namely t. Then
Xy UUJ{cone on lkﬁgv | f(v) =t} is a strong deformation retract of X .

deformation retraction in 8.3.2 would be achieved in real Morse Theory by de-
forming along the gradient flow lines defined by f. However, the basic topological
idea of analyzing change in homotopy type is the same. For real Morse Theory,
see [120].
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Proof. The proof is similar to that of 8.3.2, but the deformations described
there are only applied to cells which do not contain a vertex v such that

flv) =t O

Corollary 8.3.4. (i) If each descending link in 8.3.3 is (n — 1)-connected
then (X j, X ) is n-connected.

(ii) If each descending link in 8.5.8 is (n — 1)-acyclic with respect to the ring
R then (X, X ;) is n-acyclic with respect to R. O

C. Finiteness properties and Morse Theory:

We apply this to group theory, first in a rather general setting, later in
a situation of special interest. Let (Z, z) be a finite aspherical CW complex
having one vertex and fundamental group G. Let fy : Z — S! be a cellular
map (S! having the usual CW complex structure) which maps every 1-cell of
Z homeomorphically onto S'. Thus fy induces an epimorphism ¢ : G — Z.
We regard Z C R and identify R with the group Transl(R) of all translations
of R (r is identified with ¢t — t + r), so that ¢ defines an action of G on R
by translations. We write X = Z, the (contractible) universal cover of Z, and
we denote the lift of fy by f: X — R, a cellular G-map. The properties of fj
ensure that f is non-constant on every 1-cell of X. We assume that X is an
affine CW complex and that f is affine on each cell of X. Then f is a Morse
function.

Let H = ker(¢). For each integer k > 1 the set X|_j ;) inherits an affine
CW complex structure the cells of which are the intersections with X|_j ;) of
the cells of X as well as the faces of these. Thus X|_j ;) admits the structure
of a free H-CW complex which is finite mod H.

Proposition 8.3.5. If each ascending and descending link is (n—1)-connected
[resp. (n—1)-acyclic with respect to R, then X{_y, x) s (n—1)-connected [resp.
(n — 1)-acyclic with respect to RJ.

Proof. For the (n — 1)-acyclic case, we apply 8.3.4(ii) to the pair of spaces
(X (=00, X(—oc,k]) for t > k to deduce that X,z — X(_oy induces
isomorphisms on Hy(-; R) for & < n — 1. Taking the direct limit as ¢ —
oo, we find that X(_o ) is (n — 1)-acyclic. Similarly, X[_j ) is (n — 1)-
acyclic. By the Mayer-Vietoris sequence X[_j 4 is (n — 1)-acyclic. For the
mi-case (omitting base points) and k < t < oo, the inclusion map induces
T (X[—kx)) — T1(X[—ky)- By 8.3.4 (using the fact that f(X°) is discrete)
and the homotopy exact sequence 4.4.9, this is an isomorphism. Taking the
direct limit with respect to ¢, it follows that 71 (X[_gx)) — 71 (X[ o0)) is an
isomorphism. Similarly m1(X[_g k) — 71(X (=00 k) is an isomorphism. Since
71 (X) is trivial, so is 71 (X[_g k) by the Seifert-Van Kampen Theorem 3.1.18.
Then, under the appropriate hypothesis, the Hurewicz Theorem 4.5.2 gives
(n — 1)-connectedness of X|_j, 1. O

Corollary 8.3.6. Under the same hypotheses on ascending and descending
links the group H has type F,, [resp. type F P, with respect to RJ. O
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D. Review of CAT(0) geometry:

In order to check that a group G is of type F one (usually) constructs a
finite K (G, 1)-complex X. It is often the case that one has a good idea for X,
but one has difficulty proving that the universal cover X is contractible. The
classical Cartan-Hadamard Theorem in differential geometry says that a sim-
ply connected open manifold equipped with a complete Riemannian metric of
non-positive sectional curvature is contractible. Since this curvature hypothe-
sis is local, it follows that any closed Riemannian manifold with non-positive
sectional curvature has a contractible universal cover. CAT(0) geometry ex-
tends this idea in useful ways. Here, we recall only what we need. A general
reference for CAT(0) geometry is [24].

A proper CAT(0) space is a metric space (M, d) having the following prop-
erties: (i) it is a non-empty geodesic metric space: this means that an isometric
copy of the closed interval [0, d(a, b)] called a geodesic segment joins any two
points a,b € M; (ii) for any geodesic triangle A in M with vertices a,b, ¢
let A’ denote a triangle in the Euclidean plane with vertices a’,b’,¢ and
corresponding side lengths of A’ and A equal; let w and w’ isometrically
parametrize geodesic segments from b to ¢ and from b’ to ¢’ respectively; then
for any 0 < t < d(b,c), d(a,w(t)) < |a’ —'(t)]; and (iii) d is proper, i.e., the
closed ball around any a € M of any radius r is compact. A metric satisfying
(i) and (ii) is a CAT(0) metric.

In a CAT(0) space the geodesic segment from a to b is unique and varies
continuously with @ and b. This implies (see 1.3.13 in [24]):

Proposition 8.3.7. Fiz a base point a € M. For any b € M let the path
Wib,a) © [0,d(b,a)] — M isometrically parametrize the geodesic segment from
b to a. Then the function H : M x I — M, (b,t) — wpq(td(b,a)) is a
contraction of M to the point a in which the track of every point b is the
geodesic segment from b to a. O

It follows that if a finite path connected CW complex Z has fundamental
group isomorphic to G, and if Z admits a CAT(0) metric, then Z is a K (G, 1)-
complex and G has type F. We now describe a criterion for this.

In the definition of an affine CW complex X, whenever e is a face of e,
with characteristic maps hy : Co — eq and hg : Cg — eg, it was required
that h;' o hg map Cg by an affine homeomorphism onto a face of Cy,. If we
strengthen this by consistently requiring h_ *ohs to map Cj isometrically onto
a face of Cy, then X is a metric CW complex. If, in addition, every convex
domain-cell C,, is a cube I" for some n, then X is a cubical complex and each
n-cell is called an n-cube of X. The cubes of X thus have well-defined euclidean
metrics.!? In cubical complexes there is another kind of link. Extending the

10 See 1.7.33 of [24] for more on cubical complexes. A path connected cubical complex
X supports a metric as follows: any two points a, b can be joined by a path
consisting of straight segments each lying in a cube and hence having a length;
the length of the path is then the sum of the lengths of the segments, and the
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definition of AN=! (Sect. 2.2), let $AN~! denote the convex hull of {3u;}
where uy,...,uy are the coordlnate unit vectors in RY. We define 1A -1
to be the szmplzcml link of the vertex 0 in the cube [0,1]"; s1mphc1al links
of the other vertices of the cube are defined similarly. If v is a vertex of the
cubical complex X, the simplicial link of v in X is the union of the simplicial
links of v in all the cubes of X which have v as a vertex. Clearly, this is the
geometric realization of an abstract simplicial complex, namely, |[simplk xv|.
Indeed, with respect to a Morse function there are subcomplexes |simp1k;v|
and |simplkﬁ(v| corresponding to lk;v and lkﬁ(v in the obvious way (see Fig.
8.1) and lkxv and [simplk xv| are homeomorphic by a homeomorphism which
matches ascending [resp. descending] links (exercise).

An abstract graph is an abstract simplicial complex of dimension < 1. A
flag complex is an abstract simplicial complex L with the property that a
finite set of vertices of L is a simplex iff each pair of those vertices is a 1-
simplex. There is an obvious bijection between flag complexes and abstract
graphs given by L — L'. Note that an abstract first derived of any regular
CW complex is a flag complex.

The key theorem which connects these concepts is due to Gromov (see
I1.5.20 of [24]):

Theorem 8.3.8. Let X be a simply connected cubical rigid G-complex which
is finite mod G. If the simplicial link of every vertex of X is a flag complez,
then X admits a G-invariant CAT(0) metric which agrees with the (given)
Euclidean metric on each cube.

E. Prescribing finiteness properties:

We can now discuss an important special case in which there is a converse
to 8.3.6, namely, that if the ascending and descending links are not (n — 1)-
connected [resp. not (n — 1)-acyclic with respect to R] then the group H does
not have type F,, [resp. does not have type F'P, with respect to R]. That
occupies the rest of the section.

Starting again, let L be a non-empty finite flag complex and let G be the
corresponding right-angled Artin group, i.e., the group presented by (S | R)
where S is the set of vertices of L and R = {sisjsi_lsj_l | s; and s; span a 1-

simplex of L}. A finite K (G, 1)-complex Z is found as follows. Let T = H sl

we L0
where each S} is a circle with the usual CW complex structure of one vertex
and one 1-cell; T' has the product CW complex structure, and is a torus.
Each simplex o of L defines a subtorus of T consisting of all points whose
coordinates'! not in ¢ are the base point of S'. The union of all such subtori
is Z. By 3.1.8, the fundamental group of Z is isomorphic to G.

distance between a and b is the inf of the lengths of these paths. This is the
CAT(0) metric referred to in 8.3.8.

1 Each coordinate of a point in 7T is labeled by a vertex of L. The (abstract) simplex
o is a finite set of vertices.
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Let X be the universal cover of Z. The CW complex X is a cubical com-
plex. Indeed, if the simplex o of L has dimension k, the associated subtorus in
Z has dimension k+ 1, and by 3.4.9 its pre-image in X consists of a collection
of pairwise disjoint copies of R**! with the usual cubical structure; these are
called sheets'? in X.

Proposition 8.3.9. The simplicial link of each vertex of X is a flag complex.

Before proving this we observe that since S¥*1 = §% xS0 there is a canoni-
cal triangulation K*+1 of S¥+1 defined inductively by K**1 = K* « K° where
KV consists of two points, and * denotes join.

Proof (of 8.3.9). Let v be a vertex of X which lies in the (k + 1)-dimensional
sheet X. Then [simplks;(v)] is a canonical triangulation of S*. This is the part
of |simplkx (v)] in X. Each vertex of simplkx (v) is associated with a vertex
¥(v) of L, and 1 defines a simplicial map simplkx (v) — L such that the pre-
image of every n-simplex in sty (v) consists of n-simplexes and their faces.
Since L is flag it follows that simplkx (v) is flag. O

Together with 8.3.8 this proves:
Corollary 8.3.10. Z is a K(G,1)-complez. O

The homomorphism ¢ : G — Z which takes each generator to 1 € Z is
induced by amap fo : Z — S* which takes every 1-cell of Z homeomorphically
to S, and one sees easily that fy can be chosen so that its lift f: X — R is
affine on each cube. Thus f is a Morse function.

Proposition 8.3.11. Each ascending and descending link of a vertex of X is
homeomorphic to |L|.

Proof. We will show that for every vertex v of X both Simplk;v and sirnplkﬁ(v
are isomorphic to L as abstract simplicial complexes. Orient the circles S} of
Z so that ¢ takes the corresponding generator of the fundamental group of Z
to 1 € Z. Thus T is oriented, hence also Z; Z has just one vertex z. Let v be
a vertex of X, and let p : X — Z be the universal cover. For each vertex w of
L, v lies in an oriented line A,, C X which p maps (as a covering projection)
to the circle SL in T, all other coordinates being the base point. The Morse
function f maps A, homeomorphically in an orientation-preserving fashion to
R. The link of v in \,, is a O-sphere consisting of points ., and u;, mapped
by f above and below f(v) respectively. If the product of S}Ul and SEUQ in
T lies in Z then A, and A, span an oriented plane containing v which is
partitioned into cubes, and the simplicial link of v in this plane is the join of
the corresponding O-spheres (the canonical triangulation of S!). Clearly, the
ascending link is the join of ;) and u;;, while the descending link is the join

2 Tn terms of CAT(0) geometry these sheets are euclidean convex subspaces which
meet orthogonally in subsheets.
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of u,, and u,,. Thus we get a 1-simplex in simplk}(v and in simplkﬁ(v for
each 1-simplex of L. Proceeding thus, we find isomorphisms from L to both
simplkg(v and simplkﬁgv. O

Theorem 8.3.12. (Bestvina-Brady Theorem Let L be a finite non-empty
flag complezx, let G be the corresponding right-angled Artin group, let ¢ : G —
Z be the epimorphism taking all generators to 1 € Z, and let H = ker(9).
Then

(i) H has type F,, iff |L| is (n — 1)-connected;
(ii) H has type FP,, with respect to R iff |L| is (n — 1)-acyclic with respect to
R.

For the proof we need:

Lemma 8.3.13. Let v be a verter of X and let U be the union of the sheets
containing v.

(a) U is an open cone; in fact there is a homeomorphism from U to the space
lkxv x [0,00)/lkxv x {0} taking v to the quotient point so that f is in-
creasing [resp. decreasing] on cone rays passing through points of lkg(v
[resp. lkﬁ(’u].

(b) For any vertex v of X, |simplyv| is a strong deformation retract of the
space X — {v}.

Proof. (a) is clear. For (b) we use 8.3.7. The deformation of all points of X
along geodesics ending at v gives the required strong deformation retract of
X — {v} onto [simplyv|. O

Proof (of Theorem 8.3.12). The “if” statements follow from 8.3.6 and 8.3.11.
We begin with the “only if” part of (i). We have a filtration { X|_j, 4 }xen of X
by H-subspaces which are compact mod H. We will show that if the space |L|
is not (n—1)-connected then this filtration is not essentially (n—1)-connected,
hence (by 7.4.1) that H does not have type Fj,. Fix an integer m > 0. Let v
be a vertex of X with f(v) > m. Let h : S"7! — |simplk§v| be homotopi-
cally non-trivial; by 8.3.11 there is such a map. Write J := (—o0, f(v)). Then
|simplk§(v| C X;. By 8.3.13(a), there is a homotopy H : S" ! x I — X
with Hyo = h and H;(S"') C Xyo3 = f~'(0); this is because pushing out-
wards from v in each relevant sheet lowers the f-value of points in |simplﬁ(v|.
We claim that H; is not homotopically trivial in X — {v}, so certainly not
homotopically trivial in X|_,, ,,,. Since mis arbitrary this will be enough.

Suppose H; could be extended to H : B® — X — {v}. Then we would
have H(S" ! x I)UH(B") lying in X — {v}, so 8.3.13(b) would imply that h
is homotopically trivial in |simplk xv|. The analysis of the links in the proof
of 8.3.11 shows that \simplkﬁ(v| is a (simplicial) retract of |simplk xv|. Thus
h would be homotopically trivial in |simp1k§(v|, a contradiction.
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The “only if” part of (ii) is proved similarly: the map h is replaced by an
R-cycle which does not bound in |simplkﬁ(v|. The argument shows that the
filtration {X|_j 4} is not essentially (n — 1)-acyclic. We deduce that H does
not have type F'P, by the following lemma. O

Lemma 8.3.14. Let K be an (n — 1)-acyclic (with respect to R) free G-CW
complex and let {K;} be a G-filtration where each G\K; has finite n-skeleton.
If G has type FP, then {K;} is essentially (n — 1)-acyclic with respect to R.

Proof. Let {F, 0} be a free RG-resolution of R which is finitely generated in
dimensions < n. By 8.1.1 there are mutually inverse chain homotopy equiv-

s
alences C,(K;R) + F.. Let D be a chain homotopy between g o f and
g

id. For any j there exists k such that D(C,,—_1(K;; R)) < C,(Ky; R).

f#(Zn—l(K§R)) < 8(Fn)7 S0 g#f#(Zn—l(K;R)) < g#a(Fn) = 5(9#(Fn )-
Since F), is finitely generated, k can be chosen so large that gx(F,) <
Cn(Kg; R). We write ¢ : K; — Kj. Then for any z € Z,_1(K;;R)
ix(2) = gufu(z) + 0Dz € 0C, (Ky; R). O

Now

Remark 8.3.15. Lemma 8.3.14 generalizes 8.2.2, and is a partial homological
version of Brown’s Criterion 7.4.1. For a full version see [30].

Remark 8.3.16. There is yet another kind of finiteness property of groups. We
have seen the properties F,, and FP, over the ring R. We say that G has
type F'P! over R if there is an n-dimensional free G-CW complex X which
is (n — 1)-acyclic over R and is finite mod G. Clearly F'P/ implies FP,, and
FP| is equivalent to “finitely generated” (as are F/P; and Fy). FP) and F P,
are equivalent (exercise). It is unknown if F'P,, implies F P, when n > 3.

The proof of 8.3.12(ii) actually gives: |L| is (n — 1)-acyclic = H has type
FP) = H has type F'P, = |L| is (n—1)-acyclic. Thus for any n > 2, Theorem
8.3.12 gives a method of constructing groups of type F P/ which are not of
type F,.

Remark 8.3.17. In [10] similar methods are used to construct a group of type
FP (indeed, of type FP’) which is not finitely presented.

Source Notes: This section is based on [10] as simplified in [36].

Exercise

1. Prove that if v is a vertex of a cubical complex X then lkxv and |simpl yv| are
homeomorphic by a homeomorphism which matches ascending [resp. descending]
links.

2. Give an example of a regular CW complex which does not admit the structure
of an affine CW complex. Hint: (i) in that definition might not hold.

3. Prove that F'P, and FP,, are equivalent for n < 2.
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Finiteness Properties of Some Important
Groups

In this chapter we introduce Coxeter groups, Thompson’s groups, and (in
outline) outer automorphism groups of free groups, and we apply the theory
developed so far to these. The recent literature in group theory contains similar
treatments of many other important classes of groups, so our examples should
be seen merely as case studies.

9.1 Finiteness properties of Coxeter groups

In this section we define Coxeter groups. We show that finitely generated
Coxeter groups are of type F,, while their torsion free subgroups of finite
index are of type F. In Sects. 13.9 and 16.6 we will refine the methods used
here to produce interesting examples.

A Cozeter system (G, S) consists of a group G and a set S of generators
of G, each of order 2, such that if m : S x S — NU {oo} is the function
m(s1,s2) = the order of s1s9, then G has a presentation (S | (s1s7)™(51:52)
Vs1, $2 € S), with the convention that when m(s1, s3) = oo the corresponding
relation is absent. A group G is called a Cozxeter group if there exists a Coxeter
system (G, S). WE WILL ALWAYS ASSUME THAT S IS FINITE.

A subgroup of G is a standard (parabolic) subgroup if it is generated by a
subset of S. If ' C S we denote by (T') the corresponding standard subgroup.
A standard coset is a coset g(T') with g € G and T C S. The length of g € G
is the length of the shortest word in the free group F(S) which represents g
in G; it is denoted by I(g). A shortest word representing an element of G is
said to be reduced.

Proposition 9.1.1. If g = s1 - - - sq with d > l(g), there are indices i < j such
that g = s1---8;---8;---8q (i.e., suppress s; and s;).

Proof. This is a basic algebraic fact about Coxeter systems, in fact a charac-
terizing property. See, for example, p. 53 of [31]. O
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Corollary 9.1.2. The function T — (T') from subsets of S to standard sub-
groups of G 1is a bijection. Moreover, Th C Ty iff (Th) C (T%).

Proof. The required inverse is H — H N .S. If H is a standard subgroup then
H=(HNS).IfT C S,then T C (T)NS. It remains to show that (T)NS C T.
If g€ (TYNS then g = ty...t, where each t; € T, and I(g) = 1, so 9.1.1
implies that g = t; € T for some 1. O

Recall from Sect. 5.4 the notion of “ordered abstract simplicial complex”.
Examples come from partially ordered sets (posets): if (4, <) is a poset the
associated ordered abstract simplicial complex, also denoted by A, has A as its
set of vertices and the strictly ordered (k + 1)-tuples a;, < a;; < -+ < @y, in
A as its k-simplexes. This passage from posets to complexes is an important
way of passing from discrete mathematics to topology. We will apply it to the
poset D of finite standard cosets formed from the Coxeter system (G, S); the
partial ordering is by inclusion. The corresponding ordered abstract simplicial
complex D is the Davis complez of (G, S). There is an obvious left action of G
on D by simplicial automorphisms which are order-preserving on simplexes.

Theorem 9.1.3. (Davis’ Theorem) The G-CW complex |D| is rigid, con-
tractible, and finite mod G. The stabilizer of each cell is finite.

Proof. Since G acts by order-preserving simplicial automorphisms, the action
on |D| is rigid. If {go(T0), - , gr{Tk)} are the vertices, in order, of a simplex
of D then it is easy to see that it can be written as go{(Tv),-- , (Tk)}; here
each T; C S generates a finite standard subgroup, and (T;) C (T;41). By 9.1.2
it follows that T; C T;41 for all i. Finiteness mod G follows. The stabilizer
of this simplex is go(Tp)gy * which is finite. It only remains to prove that | D|
is contractible. This requires some preliminary discussion. We conclude this
proof after Lemma 9.1.6.

Let F' be the full subcomplex of D generated by the finite standard sub-
groups of G. Every simplex of F' is a face of one whose initial vertex is
(@) = {1}, the trivial standard subgroup. In other words, F is the cone {1} K
whose vertex is {1} and whose base K is the full subcomplex of D generated
by the non-trivial finite standard subgroups.! As in 5.2.6, |F| is the topo-
logical cone {1} % |K| and is a finite fundamental domain in |D|, i.e., a finite
subcomplex whose G-translates cover |D|. The subcomplex g|F| is a cone with
vertex {g} and base |gK]|.

When (T') is a non-trivial finite standard subgroup of G, let Fr denote the
subcomplex of F' generated by all (ordered) simplexes whose initial vertex is
(T); this is a full subcomplex of F. Clearly, |Fr| = ﬂ |Fisy|, and since Fr

seT
is a cone with vertex (T'), |Fr| is contractible. Let F, ) = U Fig, ie., the
seT

! K is sometimes called the nerve of (G, S).
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largest subcomplex of F' each of whose simplexes lies in F,, for some s € T

Then |F,y| = U |Fi(sy|- Note that Fi, (7 is not defined if T'= ().
seT

Lemma 9.1.4. When (T') is non-trivial and finite, |Fy(r)| is contractible.

Proof. Whenever U = {sg,---, S} is a subset of T', (U) is a finite standard
subgroup of (T'), so Fy is a cone. Thus {|Fy,,| | s € T'} is a cover of |Fy(p)| by
cones such that each intersection is also a cone. It is a general fact (Exercise
5 in Sect. 4.1) that if a CW complex Z admits a cover by subcomplexes
such that every intersection of members of the cover is contractible then Z is
contractible. Hence |F, ()| is contractible. O

For g € G, let B(g) ={s€ S |1(gs) <l(g9)}. When g # 1, B(g) # 0.
Proposition 9.1.5. For every g € G, the standard subgroup (B(g)) is finite.

Proof. Write d = I(g). It is enough to show that every reduced word in (B(g))
has length < d. Let h = t1 - --t; be a word of minimal length in the elements
of B(g) and let g = s1---sq4 be reduced. By 9.1.1, I(h) = k. For k < d, we
claim that g = s1---8;; -+ 8;,, - -~ Sat1---tx; i.e., t1---t, can appear at the
right hand end of a reduced representation of g; this is proved by induction
on k using the facts [(g) = d and I(h) = k. The details are left to the reader.
We now show that k& < d. Suppose k > d. By the Claim we have g = t1 - - tq,
SO gtgy1 = t1---tgy1. Since tqy1 € B(g), the right side is not reduced, a
contradiction. O

At this point, some notation is useful. Order the members of G, 1 =
90, 91,92, - - - so that I(g;) < I(g;) whenever i < j. Let A,, be the subcomplex
n

UgiF of D, i.e., the largest subcomplex each of whose simplexes lies in some
i=0

Lemma 9.1.6. A, N gn1F' = gni1F5(B(gny,)) and therefore [Apn| N [gny1 F|
is contractible.

Proof. First, B(gn+1) # 0, so the right side is defined. The inclusion D holds
because if s € B(gpn+1) then g,18 = g; for some i < n, and so any simplex of
gn+1Fpsy with initial vertex g,1s must lie in A; C Ay, as well as in g, 1 F.
For the inclusion C, let (T') be a vertex of F' and let g,11(T) € Ay,. Then
In+1{T) = ¢;(T") for some finite standard subgroup (7") and some i < n,
hence g1 is not of minimal length in the coset g,1(T), by Exercise 1.
Write gn4+1 = kh where k is an element of minimal length in ¢,41(7) and
h € (T). Then h # 1 and, by an application of 9.1.1, I(gn+1) = (k) + I(h).
Write h =t; ...t, where m = [(h) and each t; € T. Then I(ht,,) = I(h) — 1.
So l(gn+1tm) = L(khty) = U(k) +1(htm) = I(gnt1) — 1. Thus t,,, € B(gn+1), S0
Gnt+1(T) € gnt1F5(B(g,..))- This proves C for vertices, which is enough since
both sides are full subcomplexes of D. O
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Proof (of Theorem 9.1.3 (concluded)). For each n, |A,| = Ugi|F| is con-
i=0
tractible; this is clear for n = 0, and follows for n > 0 by induction using 9.1.6.

o0
Since |D| = U gi|F|, |D| is m-connected for all m and hence contractible, by

i=0
7.1.2. This completes the proof of Theorem 9.1.3. (|
By 7.3.1, 7.2.2, 7.2.5 and 9.1.3 we get:

Theorem 9.1.7. Fvery finitely generated Coxeter group is of type Foo. Every
torsion free subgroup of finite index is of type F.

This leads to the question: do finitely generated Coxeter groups have tor-
sion free subgroups of finite index? The positive answer rests on two proposi-
tions for which we give references. As usual, GL,(R) denotes the group of all
invertible real n X n matrices.

Proposition 9.1.8. Let (G,S) be a Cozeter system and let S have n ele-
ments. Then G is isomorphic to a subgroup of GL,(R).

Proof. See [31, Chap. 2, Sect. 5]. In fact there is a “canonical representation”
of G in GL,(R). O

Proposition 9.1.9. (Selberg’s Lemma) FEvery finitely generated subgroup
of GL,(C) has a torsion free subgroup of finite index.

Proof. See, for example, [132, p. 326]. O
By 9.1.8 and 9.1.9 we can round out 9.1.7:

Proposition 9.1.10. A finitely generated Cozeter group has a torsion free
subgroup of finite index. O

Theorem 9.1.11. Let (G,S) be a Coxeter system and let d (> 1) be the
largest number such that there is a d-element subset T of S with (T') finite.
Then every torsion free subgroup of finite index in G has geometric dimension
< d and has type F.

Proof. The dimension of |K|is d— 1, so the dimension of |D| is d. The torsion
free subgroup H acts freely on D, and G\|D| is finite. O

Source Notes: The treatment here is based on [46]. I am indebted to John Meier
for help with this section.

Exercise

1. Show that a standard coset in a finitely generated Coxeter group contains a
unique element of minimal length.

2. Show that every standard subgroup of a Coxeter group is a Coxeter group with
respect to the Coxeter system defined by it.
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9.2 Thompson’s group F' and homotopy idempotents

There are several groups named for Richard Thompson; the one discussed
here is?

F = {(xo,21,...| 2z}

:xn+1VO§i<n>.

Although this elegant presentation has infinitely many generators and rela-
tions, F' is clearly generated by zo and x;. Using Tietze transformations it
can be shown that F' admits a finite presentation as follows: for n =2, 3 or 4
define z,, = " 7*; then F is presented by

(®o, 1 | 23° = 3, 25" = x4).

From the infinite presentation we see that F' admits a shift homomorphism
¢: F — F, z; — x;41 for all i. Then ¢?(z) = ¢(z)* for all x € F so ¢ is
an idempotent up to conjugacy. Indeed, the triple (F,®,xo) is the universal
example of an idempotent up to conjugacy in the sense of the following (whose
proof is immediate):

Proposition 9.2.1. Let G be a group. When an endomorphism ¢ : G — G
and an element go € G are such that ¥*(g) = (g)% for all g € G, then
there is a unique homomorphism py @ F — G such that py(zo) = go and

Py 0P =10 py. U

We now prepare to represent F' as a group of homeomorphisms of R (Corol-
lary 9.2.3). Here, it is convenient to consider the homeomorphisms of R as act-
ing on the right; thus we write (¢)h rather than h(t), so (t)(hk) means ((t)h)k.
Let Z,, be the piecewise linear homeomorphism of R which is the identity on
(—o0,n|, has slope 2 on [n,n + 1], and has slope 1 on [n + 1,00). Let T be
the unit translation homeomorphism of R, ¢ +— ¢ + 1. Then % = z,, 1. The
group F' of homeomorphisms of R generated by {Z,, | n > 0} admits an endo-
morphism ¢ : F — F, Z + #T. One checks that 7% = 7,1 when i < n, so
#*(Z) = ¢(x)%. Thus, by 9.2.1, there is an epimorphism p : F — F, z,, + T,
and po ¢ = ¢ o p. We will now show that p is an isomorphism, and at the
same time we will establish a “normal form” for the elements of F'.

Consider elements z € F' with the following properties:

1 —1 . . . . .
(1) z =z coempwy ceewys with iy <Ll <vig, j1 <o < g, where k>0
and m > 0; and

(2) when z; and xi_l both occur in this product then z;4; or :L'Z-__,'_ll also occurs.

Note that when (1) holds but not (2) then there is a subproduct of the form
2;¢"2(y)z; ! which is equal to ¢t (y); thus any x satisfying (1) can be re-
expressed to satisfy both (1) and (2). We say that x is in normal form if it is
so expressed. Existence and uniqueness of normal forms come from:

b —1

2 Notation: a® means b~'ab and [a, b] means aba™'b
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Proposition 9.2.2. Fvery x € F can be expressed as a product of the x;’s
and their inverses to satisfy (1) and (2) in exactly one way.

Proof. By 9.2.1 it is enough to show that any Z € F has a unique normal form
as above. Let £ = Z;, .. :i”f;ml .. .:E;ll be the image under p of a normal form
in F (this is what we mean by a normal form in F). Assume all subscripts
> 4. Then the right derivative of Z at the point ¢t = ¢ is 2" where n is the Z;
exponent sum in the normal form. This will hold for any other normal form
of .

Suppose there were two different normal forms for Z, and among all such
choose T and the two different normal forms for Z so that the sum L of
their lengths is as small as possible. Certainly L > 0. Let ¢ be the smallest
subscript occurring in either normal form. They cannot both start with z;
(by minimality) or end with Z; ! Since they have the same #; exponent sum,
one must have the form J’Uigjfc;l while the other, Z, only has subscripts > 4. So
§ = z% = ¢(%) as homeomorphisms. Hence the formal expressions § and ¢(Z)
are equal by our minimality supposition. But then § only involves subscripts
> 1+ 2, and this contradicts the fact that z;yz; ! is a normal form. O

Corollary 9.2.3. The epimorphism p: F — F is an isomorphism. O

Since F is obviously torsion free and ¢ is obviously injective (it comes from
a conjugation) we have:

Corollary 9.2.4. F' is torsion free and ¢ is injective. O
It follows that Fy = ¢(F') is a copy of F' with presentation

Y= V1 <i<n).

<$1,$2,... | Ty

Hence ¢(F1) < Fy and we have:

Proposition 9.2.5. F is the ascending HNN extension of F1 by ¢ | F1 : F1 —
Fi with stable letter xg. O

Repeating with respect to Fp = ¢(F1), etc., we see that F is an infinitely
iterated HNN extension where the intersection of all the base groups Fy, F, . ..
is trivial.

Proposition 9.2.6. F' contains a free abelian subgroup of infinite rank. Hence
F' has infinite geometric dimension.

Proof. We work in F. The homeomorphisms (of R) Z;Z5;; where i =
0,1,2,... have disjoint supports and hence generate an abelian subgroup. It
is easy to see that they freely generate. The last sentence follows from 7.2.11.
O

In Sect. 9.3 we will show that the group F' has type Fi.
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Theorem 9.2.7. Every quotient of F by a non-trivial normal subgroup is
abelian, hence is a quotient of Z.°.

Proof. Let N « F. Consider a non-trivial element of N with normal form
Tip - - ac”:vj_ml . :L'J_ll By conjugating and inverting as needed we may as-
sume either i; < j; or m = 0 (i.e., no “negative part”). Rewrite this as
T Tipyy - - Tiy, x;l . .x;ll where either & < r + 1 (meaning the whole “pos-
itive part” is xfl) or k > r+1and 41 > i1. Of course, r > 1. We define
the length® of this element to be k + m. The length is not changed by in-
version and is not increased by the conjugations referred to above. Thus we
may make the additional assumption that the non-trivial element of N under
consideration has minimal length among all non-trivial members of N. We

call it ¥ = af @y, ., ... 75@ oot

Jm "I

Claim. When 2P = v mod N, and all the subscripts in the normal form of v
are larger than n, then for all s > 0 we have ¢®(v) = P mod N.

Proof (of Claim). 2F =z, *vxi mod N, and z;, *vz = ¢°(v).

We will use the Claim twice. First, writing w = x;, ...xjmxfkl . x;}rl
we have x{ = w mod N. By the Claim, ¢*(w) = 2}, mod N for all s > 0.
Given n > 0 there exists s > 0 such that z,'¢*(w)z, = ¢*(w). Thus
z'al x, = 2§, mod N, so z}, commutes with F' mod N.

If n >4y then x4, = 2, 2,2}, = 2, mod N. By the Claim z,, = Tp 1145
mod N for all s > 0. In particular z,,, = 2,41 mod N when m is large. Finally,
let 0 < p < g. Then for sufficiently large n we have x,"z,x) = Tq4n = Tgtnt1
mod N, and zg1ny1 = x," (2, ' wezp)2y. So 2q =z, x4x, mod N;ie., F/N
is abelian. O

Corollary 9.2.8. If G is a group and p : F — G is a homomorphism then
either p is a monomorphism or p(x,) = p(x1) for alln > 1.

Proof. The abelianization F' — F/[F : F| has this property, so the statement
follows from 9.2.7. g

The group F' and the shift homomorphism ¢ play an important role in
understanding homotopy idempotents. Recall that when g : ¥ — X is a
domination and go f ~idx then fog:Y — Y is a homotopy idempotent;
i.e., writing h = fog, h ~ h%. A homotopy idempotent h : Y — Y splits
(or is splittable) if there exist a space X and maps f and g as above so that
h ~ fogand go f ~ idx. Otherwise, we say that h does not split (or is
unsplittable).

Assume Y is a path connected CW complex with base vertex y and that
h:Y — Y is a homotopy idempotent. By 3.3.1 we may alter i by a homotopy
to make it a pointed map h : (Y,y) — (Y, y). If H : h ~ h? is a homotopy and

3 More generally the length of a normal form in F is the number of “letters” zF

7
occurring in it, well-defined because of the uniqueness of normal forms.
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w: I — Y is the loop w(t) = H(w,t), then on fundamental group we have
hZ([o]) = hy([o])] for all loops ¢ in Y at y. So hy is an idempotent up to
conjugacy and, by 9.2.1, we have a canonical commutative diagram

F $ T (Ya y)

|

F ? T (Ya y)

Theorem 9.2.9. Let h : (Y,y) — (Y,y) be such that* h ~ h? where w is a

w

loop at y. The following are equivalent (where hy : m(Y,y) — m1(Y,y) is the
induced homomorphism):
(i) h splits;
(ii) h is homotopic to h' : (Y,y) — (Y,y) such that® b’ =~ (h')?;
y
(%ii) image(h4) :2 image(hi);
(iv) Ay ([w]) = hg([w])-
Proof. (i) = (ii): Since h splits there is a homotopy commutative diagram of
base point preserving maps
Y
|
X

Thus k := go f : (X,2) — (X,z) is a pointed homotopy equivalence (by

Remark 4.1.6) and k ~ idx. Let k¥’ be a pointed homotopy inverse for k.

Then go (f o k') =~ idx. Define b’/ := f ok’ o g. Then the following diagram
x

commutes in Pointed Homotopy

h
-~

~

/
-
«Q

-~
id

~

/

(Y,y) <"— (V,)

(Xam) ? (Xam)

4 In general, given pointed maps fo, f1 : (Z’,2') — (Z”,2"”) and a loop w at 2" we
say fo =~ fi iff there is a homotopy K : fo ~ fi such that K(z2',t) = w(t). By
w
the Homotopy Extension Property this only depends on [w] € m1(Z”,2") (when
we are dealing with pointed CW complexes). If w is the constant loop at z” we
write fo ~ fi.
Z//

5 Such a map b’ is called a pointed homotopy idempotent.
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so h' is a pointed homotopy idempotent. Since k' ~ id, A’ ~ fo g ~ h.
(i) = (iii): Let A’ ~ h where A’ is a pointed homotopy idempotent and
«

o is a loop at y. Then hl, = (hl,)? : m(Y,y) — mi(Y,y). Hence (exercise)
hi() = [h(a)] " hy(-)[h(a)], from which it follows that hy and hi have the
same image.

(i) = (1V)2F0r some [o] € 17T1(K y) hy(w]) = h([o]) so hi(w]) =
B (0)] = has (W3, ([0])) = (] (o)) = A([w]).

(iv) = (i): We sketch this proof leaving the details as an exercise. Define
X :=Tel(h), define g : Y — X by g(y) = i(y) € M(h)o C Tel(h), and define
f: X — Y to be the map® induced by a homotopy H : h ~ h? which agrees

with h on every “integer” copy of Y in X. Then f og = h. It is to be shown
that if hy(jw]) = hi([w]) then go f ~idx.

Step 1. The hypothesis h ([w]) = h% ([w]) implies (go f)4 is an epimorphism
on m; where the base point of X is g(y).

Step 2. For any finite CW complex K we have gx = id : [K,X]| — [K, X]
where [K, X] denotes the set of homotopy classes of maps K — X; this is
because X is the mapping telescope of h ~ h? (see Exercise 1).

Step 3. The previous steps imply that for all n (go )4 : 7, (X, z) — mp (X, x)
is an isomorphism, hence by the Whitehead Theorem (Exercise 1, Sect. 4.4)
g o f is a homotopy equivalence. It follows that X is finitely dominated.
Step 4. Step 2 holds for finitely dominated CW complexes, hence g o f is
homotopic to idx. O

Remark 9.2.10. Note that p depends on [w] coming from a homotopy H : h ~
h?, whereas the issue of whether h splits is not related to a particular H and
w.

Theorem 9.2.11. (Freyd-Heller Theorem) h splits iff p is not a monomor-
phism. In particular, if Z is o K(F,1)-complex and h : Z — Z is induced by
the shift ¢ : ' — F then h is a homotopy idempotent which does not split.

Proof. This follows from 9.2.8 and 9.2.9. O

Source Notes: Thompson’s Group F was first studied by Richard Thompson;
his work appeared in [112]. The group was later rediscovered, independently, by
Freyd and Heller [65] and by Dydak and Minc [57]. (The paper [65] circulated in
preliminary preprint form for many years before its publication.) The material on
homotopy idempotents in this section is based on [65]. For more on this group see
the source notes for Sect. 9.3. [37] is a useful expository reference.

5 More precisely, if 7 : X — R is the obvious map and y € Y, write [y, t] for the
point of X whose Y-coordinate is y and which projects under « to t. Then the
formula for f is f([y,t]) = Hi—(y).
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Exercises

1. Let X = Tel(h). With notation as in the proof of 9.2.9, prove the following
Lemma: Let j : X — X be a map such that j | Y is homotopic to inclusion
Y — X. Then, for every finite CW complex K, jx : [K,X] — [K,X] is the
identity function.
2. Show that the following are presentations7 of F (where x, is defined to be
2, 1%):
(i) (wo,z1 | 23° = @3, 23" = x4) and
(i) (wo,z1 | 23° = x3,23° = x3*).

9.3 Finiteness properties of Thompson’s Group F

In this section we prove that Thompson’s Group F has type F (9.3.19).

A. Binary trees and subdivisions of I:

By a complete rooted binary tree we mean a pointed oriented tree (Y, yo)
where yo meets two edges and all other vertices meet three edges. The base
point yq is the root. Each edge is oriented away from the root; in other words,
reduced edge paths starting at yg are in agreement with the chosen orien-
tations on edges. We impose an additional labeling on the edges of Y: each
vertex is the initial point of exactly two (oriented) edges; one of those edges
is labeled 0 and the other is labeled 1. One should think of Y as embedded in
R? with all oriented edges pointing downward, the 0-edge to the left and the
1-edge to the right; see Fig. 9.1.

By a finite tree we mean a finite rooted subtree (T,yg) of (Y,yo) with
inherited orientation and labeling such that yo has degree 2 or 0 (the latter
only in the trivial tree {yo}), while all other vertices have degree 3 or 1 (the
latter vertices being called leaves of T').

By a binary subdivision of the closed unit interval I we mean a partition
(in the sense of calculus) of I into subintervals whose end points have the form
7+ where m and n are (non-negative) integers. The set of subintervals in such
a subdivision is to be ordered by the R-ordering of their left endpoints.

Each finite tree T determines a binary subdivision of I and a bijection
between the leaves of T' and the subintervals in the subdivision as follows: if
T is the trivial tree, the corresponding subdivision has just the one interval
I, with bijection {yo} — {I}. Assume the subdivision and bijection defined
for all trees having k leaves. Let T, with (k + 1) leaves, be obtained from
T by including in 7’ the two edges of Y which touch the i** leaf of T (as
determined by the T-bijection) but which are not in T'; then the subdivision
corresponding to T” is obtained from the one corresponding to T by bisecting

" Because of the word length of relations when written in terms of zo and z1,
these are known as “the (10,18) presentation” and “the (10,14) presentation” of
F respectively.
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the i*" subinterval of the latter; this enlargement replaces the it leaf of T by
two leaves ordered by “0,1,” and the i*" subinterval of the T-subdivision by
two subintervals of half the size ordered by “left,right.” This together with
the T-bijection defines the T'-bijection.

If T is a finite tree, there is a unique reduced edge path from yg to each leaf,
and, using the 0- and 1-labels on edges, this gives an unambiguous description
of a leaf by a finite string of 0’s and 1’s. Using the lexicographic ordering on
these strings and the ordering inherited from R on the subintervals of the
T-subdivision, the T-bijection is clearly order-preserving.

We will call a binary subdivision which arises from a finite tree, as above,
a tree subdivision of I. Not every binary subdivision is a tree subdivision.

B. The group F' as dyadic PL homeomorphisms of I:

Let PLo(I) denote the group of all piecewise linear increasing homeomor-
phisms of I whose points of non-differentiability are dyadic rational numbers
(i.e., of the form %) and all of whose slopes are integer powers of 2. An or-
dered pair of finite binary trees (S,T) is balanced if S and T have the same
number of leaves. Such an ordered pair defines an element h of PLy(I): the
domain and codomain copies of I are subdivided by S and T as in Part A, and
h is defined to take the i*" subinterval of the domain by an affine increasing
homeomorphism to the i*® subinterval of the codomain. Of course another
balanced pair (S’,T’) can define the same h € PLo(I); for example, if (S,T)
defines h, and S C S’, then there is a finite binary tree 7 D T such that

(8’,T") also defines h.

Proposition 9.3.1. If h € PLy(I) then h is defined by some balanced pair of
finite binary trees.

Proof. Let K be a dyadic subdivision of I such that A is affine on each interval
in K. Let n be such that the subdivision K’ with vertices {+ | 0 <m < 2"}
subdivides K. Choose k so that the subdivision K" having vertices {2% |
0 < j < 2%} subdivides h(K'). Then K’ and K" are tree subdivisions, as is
h=Y(K"), and h: h=1(K") — K" is a simplicial isomorphism. O

We now define an isomorphism between F' and PLy(I). As in Sect. 9.2 we
consider homeomorphisms of I as acting on the right in defining the group
structure. Define Zp and Z; to be the elements of PLo(I) defined by the
balanced pairs indicated in Fig. 9.1.

One easily checks that zo — Z¢ and x1 — 27 extends to a homomorphism
p: F— PLy(I).

Theorem 9.3.2. 5: F — PLy(I) is an isomorphism.

Proof. The proof that p is a monomorphism is similar to the proof of the
corresponding statement in 9.2.3. That g is an epimorphism follows from 9.3.1.
O
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Fig. 9.1.

In view of 9.3.2 we will identify F with PLo(I) via p from now on.

C. An F-poset:

Let 7 denote the set of all finite trees; recall that this means: finite rooted
subtrees of the complete rooted binary tree (Y,yo) as described above; in
particular, 7 is closed under finite union and finite intersection. If 7" has n
leaves and if 1 < i < n the it" simple expansion of T € T is the smallest
finite tree e;(T") containing 7" such that the i‘" leaf of 7' is not a leaf of e;(T);
i.e., e;(T) is the union of T and a “caret” at the i*! leaf of T. If i > n it is
convenient to define e,(T) = T. Thus e; : 7 — 7. An ezpansion is a finite
composition of simple expansions. The length of an expansion e is < k if e is
the composition of at most k simple expansions. Note that the union of two
finite trees is an expansion of both.

Lemma 9.3.3. If i < j, e;e; = ej116;. g

Lemma 9.3.4. Given expansions e and €’ there exist expansions € and €' such
that eoe =¢€ oe'.

Proof. When e and e’ have length < 1 this follows from 9.3.3. The general
case is done by induction on the sum of the lengths of e and ¢’. O

By 9.3.1, any g € F is defined by some balanced pair (U, V): g maps the
intervals of the U-subdivision of I affinely onto those of the V-subdivision of
I.1f e(U) is an expansion of U it follows that g is also defined by the balanced
pair (e(U),e(V)). Thus if (g9,5) € F x T there exist e and T such that
the balanced pair (e(S),T) defines g. This leads us to define an equivalence
relation on F' x T by (g1,51) ~ (g2,952) if there exist an expansion e and
T € T such that (e(S;),T) is a balanced pair defining g; for ¢ = 1,2 (same e
and T for S and S3). Using 9.3.4 one easily proves:

Lemma 9.3.5. This is indeed an equivalence relation on F' x T . O
We write B:= F X T /~.

Lemma 9.3.6. The left action of F on F x T g(h,T) = (gh,T) induces a
left action of F' on B. O
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We write [h,T] for the member of the F-set B defined by (h,T). The F-
action is g[h,T] = [gh,T]. That the simple expansion functions e; : T — T
define functions F; : B — B where E;([h,T]) = [h,e;(T)] follows from:

Lemma 9.3.7. If (g1, 51) ~ (g2, S2) then for all i (g1,e:(S1)) ~ (g2, €:(S2)).

Proof. There exist e and T such that (e(S;),T) is a balanced pair representing
gi for i =1,2. We write (g1, 51) ~ (g2,52) if the length of this e is < k. The

lemma is proved by induction on k using 9.3.3. (I
Lemma 9.3.8. Fach E; is an F-function; i.e., E;(g[h,T]) = gE;([h,T]). O

Define f : B — N by f([h,T]) = the number of leaves of T'. This is well
defined.

Lemma 9.3.9. Let n > i. The function E; maps f~1(n) bijectively onto
fHn+1).

Proof. That F; is injective is clear. The proof that E; is surjective should be
clear from Example 9.3.10, below. (]

Let B, = f~1([1,n]). Then 9.3.9 says that when n > i, F; maps B— B,_1
bijectively onto B — B,,. We call E; a simple expansion operator on B — B,
and we call its inverse C; : B— B,, — B— B,,_1 a simple contraction operator.

Ezample 9.3.10. Let T have more than i leaves. If the i*® and (i + 1)*® leaves
form a caret (i.e., T = e;(T") for some T” € T) then Ci([h,T]) = [h,T"]. If
these leaves do not form a caret, let .S be any tree with the same number of
leaves as T such that S = ¢;(5’) for some S’ € 7. Let g € F be represented
by (S,T). Then [g,S] = [1,T], so [hg, S] = [h,T] and C;([h,T]) = [hg, 5"].

We make B into an F-poset by defining [g,S5] < [ T] if for some
11,12, ..., ip, with # > 0, E; o---0 E; (lg,5]) = [h,T]. Each B,, is an F-
sub-poset of B.

Lemma 9.3.11. The F-action on the set B is a free action. O

D. Finiteness Properties of F':
As usual we reuse the symbol B for the associated ordered abstract sim-
plicial complex defined by the poset B.

Proposition 9.3.12. The induced F-action on |B| is a free action.

Proof. The stabilizers of vertices are trivial by 9.3.11. Since the action of F
on [h, S] preserves the number of leaves of S, the stabilizer of each simplex of
S is also trivial. O

Proposition 9.3.13. The poset B is a directed set.



210 9 Finiteness Properties of Some Important Groups

Proof. Let {b1,...,b} C B. Write b; = [h;,S;]. Then S; expands to S} such
that (h;, S!) ~ (1p,T}) for some T;. Write b} = [h;, S]] = [1#,T}]. Then b; < b}
k

for all 5. Let T = UTZ-/ and write b = [1p, T]. Then b, < b for all i. O

i=1
Proposition 9.3.14. If a poset P is a directed set then |P| is contractible.

Proof. Whenever K is a finite subcomplex of P there exists v € P such that
the cone v * | K| is a subcomplex of |P|. Thus the homotopy groups of |P| are
trivial, so, by the Whitehead Theorem, | P| is contractible. O

Corollary 9.3.15. |B| is contractible. O

The function f : B — N extends affinely to a Morse function®(also denoted
by) f : |B] — R. Then |B,|= f~((—oc,n]).

Proposition 9.3.16. The CW complex F\|B,| is finite.

Proof. Let [h,S] € By,. Its F-orbit contains [1,.S] and there are only finitely
many finite trees having at most n leaves. This shows that the 0-skeleton of
F\|B,| is finite. The rest is clear. O

Proposition 9.3.17. For each integer k there is an integer m(k) such that
if b is a vertex of B and f(b) > m(k), then the downward link lkllB‘b s k-
connected.

We postpone the proof of 9.3.17 until the next subsection.

Proposition 9.3.18. For n > m(k), |By,| is k-connected. Hence {|B,|} is
essentially k-connected for all k.

Proof. By 9.3.17 and 8.3.4 we conclude that (|B,,|, |Bn-1]) is (k+1)-connected
if n > m(k). When combined with the Whitehead Theorem and 9.3.15 this
proves what is claimed. O

By 7.4.1 and 7.2.2 we conclude:

Theorem 9.3.19. (Brown-Geoghegan Theorem) Thompson’s Group F
has type F. O

E. Analysis of the downward links:
It remains to prove 9.3.17. We begin with two topics of general interest
(9.3.20 and 9.3.21).
If U = {X,} is a cover of the CW complex X by subcomplexes, the nerve
of U is the abstract simplicial complex N (/) having a vertex v, for each X,,
k

and a simplex {vq,, .- ., Vo, } whenever ﬂXai # (). The following property of
i=0
nerves is widely used in topology.

8 See Section 8.3.
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k

Proposition 9.3.20. If the cover U is finite and if ﬂXa,, is contractible
i=0

whenever it is non-empty, then |N(U)| and X are homotopy equivalent.

Proof. There is a vertex vqy,... oy

of the first derived sd|N(U)| for each sim-
k

plex {Vag;- -, Va, } of N(U). Pick a point za,,... .\ € ﬂXai. Define a map
=0
a :sd |[N(U)| — X taking each vertex vq,,.. a, to the point x., .. .a,; the

contractibility hypothesis makes it possible to extend « so that the simplex
k

is mapped into mXaw A straightforward gen-
i=0
eralization of the proof of 4.1.5 shows that « is a homotopy equivalence. [

whose first? vertex is Vag,...,on

The particular nerve to which this will be applied is the abstract simplicial
complex'® L,, whose simplexes are the sets of pairwise disjoint adjacent pairs
in the ordered set (1,2,...,n).

Proposition 9.3.21. For any integer k > 0 there is an integer m(k) such
that |Ly| is k-connected when n > m(k).

Proof. By induction on k£ we prove a sharper statement:

Claim: given k > 0 there are integers m(k) and ¢(k) such that when n >
m(k) the k-skeleton |L,|* is homotopically trivial by means of a homotopy
H® in which, for every simplex o of |L,|*, H*¥)(|o| x I) is supported by
a subcomplex having < ¢(k) vertices. For &k = 0 we can take m(0) = 5 and
q(0) = 3. Assume the Claim holds when k is replaced by k — 1 > 0. For any

k-simplex o, H (k_l)(|<.7| x I) is supported by a subcomplex J having at most
r = (k+1)(q(k—1)) vertices. If n > 2r+ 2 there is a vertex v of L,, such that
J lies in the link of v. Extend H*~1 to H®) in two steps: first, H®) is to be
the identity map on |o| x {0} and constant on |o| x {1}; second, (since no new
vertices were involved in this first extension) we can extend H®*) to |o| x I
by coning at v. Letting m(k) = max{m(k — 1),2r + 2} and ¢(k) = r + 1, the
induction is complete. O

We now consider lk‘lBlb where k is given and f(b) = n.

Proposition 9.3.22. There is a finite cover U of lk‘lBlb such that all non-
empty intersections of members of U are contractible, and the nerve of U is

isomorphic to L.

For this we need a lemma:

9 We are using the ordering Convention preceding 5.3.7.

10°1f I, is the abstract graph whose vertices are {1,2,...,n} and whose 1-simplexes
are the adjacent pairs {j,j + 1} then L, is often called the matching complezx of
r,.
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Lemma 9.3.23. A set {C;,(b),...,C; (b)} of simple contractions of b, writ-
ten so that i1 < ... < i, has a lower bound with respect to < iff the pairs
{i;,1j+1} are pairwise disjoint. If there is a lower bound there is a greatest
lower bound.

Proof. If there is a lower bound [h,T] then by equivariance we need only
consider the case h = 1. Then b is an expansion of [1,7T] and so has the form
[1,5]. Since [1,T] < C;,(b) < [1,5] for every j, each Cy;(b) must have the
form [1,5;;] where e;;(S;;) = S. The required conclusion follows. Moreover,

[1, ﬂSij] is the greatest lower bound. The converse is clear. O
J

Proof (of 9.53.22). Consider all the simple contractions by, ...,b,_1 of b. The
downward link 1k‘lB|b = |B<| and is covered by the subcomplexes |B<y,].

By 9.3.23 the nerve of this cover is L,,. Moreover, if ﬂ|B§b1j| # () then this
J

intersection is |B.j| where b is the greatest lower bound of the b;,’s. This is

contractible by 9.3.14. (|

Proof (of 9.3.17). Combine 9.3.20, 9.3.21 and 9.3.22. O

Other interesting properties of the group F' can be found in Sect. 13.11
and in 16.9.7.

Source Notes: The poset B has a richer interpretation as the poset of bases of the
free Cantor algebra (or Jénnson-Tarski algebra) on one generator. For this, see [30]
and [81]. The proof of Theorem 9.3.19 given here is adapted from [30]. For the first
(quite different) proof see [32]. Other interesting proofs are in [150] and [62].

Exercises

1. Give an example of a binary subdivision of I which is not a tree subdivision.

2. In the light of 9.3.1, characterize the group F in Sect. 9.2 intrinsically as a group
of homeomorphisms of R.

3. Prove the lemmas in Sect. C.

9.4 Thompson’s simple group T

All members of PLy(I) (= F) fix {0,1} C I. Thus they induce homeomor-
phisms of the circle S (via the quotient map ¢ : I — St t s €27%) which
fix the point 1 € S!. In this section we will identify the group of all such
homeomorphisms of the circle with the group F'.

A dyadic rotation is a homeomorphism S' — S! of the form p, : e
e't+%) where € I is a dyadic rational number. We write 7' or PLy(S") for

it
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the group of homeomorphisms of S* generated by F' (identified as above) and
the dyadic rotations. Thus F is the subgroup of T which fixes 1 € S!. This
group T is another Thompson group of great interest. It was the first known
infinite finitely presented simple group.

A dyadic point of S* is a point of the form e where z is a dyadic rational
number. A dyadic subdivision of S1 consists of a finite set V of dyadic points
of S with [V| > 2. This set V defines a set of |V| intervals'! in S': their
end-points lie in V' and their interiors are disjoint from V. Clearly we have:

2miz

Proposition 9.4.1. If f € T, there are dyadic subdivisions V, and Vo of S*
such that f maps Vi bijectively onto Vi preserving cyclic order in S*, and f
has constant derivative on each (open) interval defined by Vi as above. 0.

In words: the members of T are the “orientation-preserving, dyadic, piece-
wise linear” homeomorphisms of S!.
The group T is clearly countable. But we can prove much more:

Theorem 9.4.2. The group T is of type F.

Proof. Since we have a convention R® C R™"! we can write A" C A"+!
and define A := li_n)lA" to be the “infinite simplex.” This is the geometric

n
realization of the abstract simplicial complex having the obvious orthogonal

basis of unit vectors in R*® := liiQR” as vertices, and all finite subsets of
n
vertices as simplexes. We identify the (countable) set of vertices of A with

the dyadic points of S (by some bijection). Since T permutes the dyadic
points, this defines a rigid action of T on A* by simplicial isomorphisms.
The stabilizer of each n-simplex is clearly isomorphic to F**! the (n + 1)-
fold product of copies of F. And A has one cell mod T in each dimension.
Thus the theorem follows from 7.3.1 and 9.3.19. ]

This proof used our previous knowledge that F' has type F». There is also
a direct proof of 9.4.2 which runs parallel to the proof of 9.3.19 given here;
see [30].

Theorem 9.4.3. The group T is simple.

Proof. Let g # 1 € T. We show that T itself is the only normal subgroup of
T containing g. Since g # 1 there is some a € S* such that g(a) # a. Let J
be an open interval in S! containing a such that g(J) NJ = (). Choose h € T
so that h is supported on J and h # 1. Then ghg~! is supported on g.J. The
interval J can be chosen so small that there is an interval K in S! disjoint
from JUg(J). Then k := h=t(ghg™') = (h~tgh)g~! fixes K pointwise and is
a non-trivial member of NC(g), the normal closure of g in T. If b € K then k

1 1V| denotes the number of members of V.
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fixes a neighborhood of b and hence k is conjugate to an element of F’. (Recall
that F/ = {f € F | f =id near 0}.) Thus NC(g) N F’ is a non-trivial normal
subgroup of F. Hence, by 9.2.7, F' < NC(g). Indeed, every conjugate of F’
lies in NC(g).

Claim. Any g € T has the form ¢ = q1q2 where ¢; and g5 lie in conjugates of
F'.

Proof (of Claim). Assume ¢ # 1 and let ¢ € S! be such that ¢(c) # c. Choose
open intervals L and M in S such that c € M C L, q(c) € ¢q(M) C L and
M N q(M) = ). Choose p € T supported in L such that p = ¢ on M. Then
gp~! fixes M pointwise and ¢ = (¢gp~1)p. The interval L can be chosen so that
its complement contains an open interval (which p fixes pointwise). Thus the
Claim is proved.

The Theorem follows from the Claim since, as we have seen, gp~* and p
lie in the normal closure of g. (]

1

Remark 9.4.4. The simple group T of type F has torsion; indeed 1" contains
a copy of every finite cyclic group. But there are simple groups G of type F'
which have finite 2-dimensional K (G, 1)-complexes. Such a group can occur
as the automorphism group of a product of two trees, and can have the form
Fy x4 F5 where F} and F are finitely generated free groups and A has finite
index > 2 in both. These were discovered by Burger and Mozes; see [35].

Source Notes: Thompson’s original work, written up in [112], emphasized T and a
related finitely presented infinite simple group V rather than F. The (larger) group
V can be described roughly as the group of all piecewise linear, piecewise continuous
dyadic bijections of I. Thus F < T < V. See [30] for more on T" and V. [37] is also
a useful reference. The proof of 9.4.2 given here is from [32]; see also [30]. The proof
of 9.4.3 given here was suggested by M. Brin.

Exercise

Let T be the group of all PL homeomorphisms of R satisfying h(z + 1) = h(z) + 1,
whose points of non-differentiability are dyadic rationals and whose slopes (deriva-
tives) are powers of 2. Show that there is a short exact sequence Z — T — T. Prove
that T is a torsion free group of type Foo.

9.5 The outer automorphism group of a free group

In the previous sections we have discussed finiteness properties and dimension
in detail for finitely generated Coxeter groups and for two Thompson groups,
as well as for certain torsion free subgroups of these. In this section we give
a brief indication of how to handle the same issues for outer automorphism
groups of free groups.
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An automorphism ¢ : G — G of a group G is inner if it is the conjugation
by an element of G; i.e., for some h € G and all g € G, ¢(g) = hgh~!. The
group of all automorphisms of G is denoted by Aut(G) and the subgroup of all
inner automorphisms of G by Inn(G). The latter is a normal subgroup and the
quotient group Aut(G)/Inn(G) is denoted by Out(G), the outer automorphism
group of G. In this section we discuss the topological finiteness properties and
geometric dimension of Out(F;,) where, as usual, F,, denotes a free group of
rank n.

n
Let I, = \/Sil, the wedge of n circles, with wedge point . We orient the
i=1

edges of I, and we identify F,, with 7 (I, z), where the edge loops defined
by the (oriented) edges represent the free generators. From now on, n > 2 is
fixed.

A marked graph (of rank n) is a pair (I, h) where I" is a path connected
finite graph each of whose vertices has valence > 3 (i.e., each vertex belongs
to at least three edges) and h : I, — I is a cellular homotopy equivalence.
Two such, (I,h) and (I'', k'), are equivalent if there is a homeomorphism k :
I' — I'" such that ko h is homotopic to h'. We write [I, h] for the equivalence
class of (I, h).

The marked graphs of rank n are to form the set of vertices, K9, of a flag
complex K,,: we need only describe the 1-simplexes.

A subcomplex @ of a graph I is a forest if each path component of @ is a
tree. The quotient graph I'g is then obtained from I" by “collapsing” each path
component of @ to a point. The quotient map qg : I' — I'p is called a forest
collapse. By an obvious extension of 4.1.9, ¢g¢ is a homotopy equivalence. Two
vertices [I, h] and [I”, h'] form a 1-simplex of K, iff for some non-trivial forest
collapse @ of, say, I" we have [, h'] = [I's,qs o h]. Note that a non-trivial
forest collapse changes a graph’s homeomorphism type, so these two vertices
are different. We have thus defined K} and hence the flag complex K.

Next, we define a right action of Out(F;,) on K, by simplicial automor-
phisms. Each g € Out(F,,) can be represented by a homotopy equivalence
fq : I'n — I, well-defined up to (unpointed) homotopy equivalence. The ac-
tion on K is given by [I',h]g = [I',h o f,]. Clearly, this takes 1-simplexes to
1-simplexes and so defines a right action of Out(F),) on K,.

The following proposition is an exercise:

Proposition 9.5.1. a) The simplicial complex K,, has dimension 2n — 3; in
fact every simplex is a face of a (2n — 3)-simplex.

b) The stabilizer of every simplex is finite.

c) K, is finite mod Out(Fy). O

A more difficult theorem is:
Theorem 9.5.2. The space |K,,| is contractible. O

We will not prove 9.5.2. Proofs can be found in [44] and [78]. The proof
in [44] runs parallel, in broad outline, to the proof given in Sect.9.1 for the



216 9 Finiteness Properties of Some Important Groups

corresponding Coxeter group statement 9.1.3. One builds |K,,| as a sequence
of finite subcomplexes | K, x|, where | K}, y41| is obtained from | K, x| by gluing
a contractible complex to |K,, x| along a contractible subcomplex.

Proposition 9.5.3. The group Out(F,) has a torsion free subgroup of finite
index.

Proof. Every homotopy equivalence f : (I'y,z) — (I, ) induces an auto-
morphism of F,, on fundamental group and an automorphism of Z™ on first
homology (with Z-coefficients). This correspondence defines a canonical epi-
morphism Out(F,,) - GL,(Z). The Proposition therefore follows from 9.1.9.
O

Proposition 9.5.4. The group Out(F,) contains a free abelian subgroup of
rank 2n — 3.

Proof. Let y1,...,yn denote free generators of F,. The automorphisms in
Aut(F,) yi — y1ys and y; — yy1 for 2 < 4 < n determine the required free
abelian subgroup of Out(F),). The details are an exercise. O

The previous statements can be summarized as follows:

Theorem 9.5.5. (Culler-Vogtmann Theorem) The group Out(F,,) is of
type Foo. Every torsion free subgroup has geometric dimension < 2n — 3. If
H is a torsion free subgroup of finite index then there is a finite (2n — 3)-

dimensional K (H,1)-complex, and the geometric dimension of H is precisely
2n — 3. g

Source Notes: Theorem 9.5.5 is due to Culler and Vogtmann [44].

Exercises

1. Prove 9.5.1. Hint: Part a) is a consequence of the following which should be
proved:

Lemma. Let I' be a finite graph in which every vertex has valence > 3 and
m1 (I, v) 2 F,. Then any maximal tree in I' has at most 2n — 3 edges. Moreover,
there exists such a graph for which maximal trees have precisely 2n — 3 edges.

2. Prove that Out(F:) has a free subgroup of finite index.
3. Fill in the details of the proof of 9.5.4.



PART III: LOCALLY FINITE ALGEBRAIC
TOPOLOGY FOR GROUP THEORY

Part III is a continuation of Part I. It deals with CW complexes whose skeleta,
are locally finite, and with cellular homology theory based on infinite (or
“locally finite”) chains, as distinct from the “finite chain” theory of Chap. 2.
We introduce two cellular cohomology theories to match the two homology
theories. We can then define homology and cohomology of ends. Just as the
homology in Chap. 2 is a homotopy invariant, the new homology is a proper
homotopy invariant; the basics of proper homotopy are presented in Chap.
10.



10

Locally Finite CW Complexes and Proper
Homotopy

10.1 Proper maps and proper homotopy theory

In this section we set up the foundations of proper homotopy theory. Our
exposition runs parallel to Chap. 1: first the general topology of spaces and
proper maps, then proper homotopy theory of locally finite CW complexes.

A map f: X — Y between topological spaces is closed if for each closed
subset A of X, f(A) is closed in Y.

Lemma 10.1.1. If f : X — Y is a closed map, if A CY, and if U is an open
subset of X such that f~*(A) C U, then there is an open set V in'Y such
that ACV and f~Y(V) CU.

Proof. The required V is Y — f(X —U). d

A map f: X — Y is perfect if f is a closed map and f~1(y) is compact
forally e Y.

Proposition 10.1.2. Let f : X — Y be a perfect surjection, and let the space
X be locally compact. Then Y is locally compact.

Proof. Let y € Y. Since X is locally compact and f~!(y) is compact, there is
a compact set N C X such that f~!(y) C int N. By 10.1.1, there is an open
neighborhood V of y such that f~!(y) C f~(V) C N. f(N) is compact, and
is a neighborhood of y. O

A map f: X — Y is proper if for each compact subset C of Y, f~1(C) is
compact. Proper maps are mainly of interest when X and Y are locally com-
pact and Hausdorff, because in such spaces there is a rich supply of compact
sets with non-empty interior. For example, if X and Y are path connected
locally compact metric spaces, if a sequence z,, in X converges to oo (i.e., is
not supported in any ball of finite radius) and if f is proper, then the sequence
f(x,) converges to oo in Y.
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Proposition 10.1.3. Let f : X — Y be a proper map where X and Y are
Hausdorff. If Y is either first countable or locally compact then f is perfect.

Proof. We need only prove that f is closed. First, let Y be locally compact.
Let A be a closed non-empty subset of X. Let y € cly f(A), and let N be a
compact neighborhood of y in Y. Then f~1(N) N A is compact, so N N f(A)
is compact, hence N N f(A) is closed in Y, so y € f(A).

If Y is first countable, the argument is similar. With A and y € cly f(A) as
before, there is a sequence (y,,) in f(A) converging to y. Let C be the compact
set {yn | n > 1} U {y}. Let 2, € A be such that f(x,) = y,. Then (x,) is a
sequence in the compact Hausdorff space f~1(C). Consider B = {z,, | n > 1}.
If B were infinite and had no limit point in f~1(C) then B would be an infinite
compact discrete space which is impossible (compare the proof of 1.2.6). So
either B is finite or B has a limit point in f~1(C). Either way, y € f(A). O

From 10.1.2 and 10.1.3 we get:

Corollary 10.1.4. If f : X — Y is a proper surjection, where X is locally
compact Hausdorff and Y is first countable Hausdorff, then Y is locally com-
pact. O

Corollary 10.1.5. Let f : X — Y be a map, where X and Y are locally
compact Hausdorff. f is proper iff f is perfect.

Proof. If f is proper then, by 10.1.3, f is perfect . Let f be perfect, and
let A be a compact subset of Y. Each y € A has a compact neighborhood
N, in Y. Since f~1(y) is compact, there is a compact subset M, of X such
that f~'(y) C int M,. By 10.1.1, there is an open set V, in Y such that
y € V, C Ny and f~!(y) C f~(V,) C M,. Finitely many members of
{V, | y € Y} cover A, so finitely many M,’s cover the closed set f~1(A), so
f71(A) is a closed subset of a compact space, so f~1(A) is compact. O

Corollary 10.1.6. A proper bijective [resp. surjective] map between locally
compact Hausdorff spaces is a homeomorphism [resp. a quotient map]. O

We now relate this general topology to CW complexes. Let Y be obtained
from A by attaching n-cells. Let f : S"7!(A) — A be a simultaneous attaching
map. We say Y is obtained from A by properly attaching n-cells if f is proper.

Proposition 10.1.7. This definition is independent of the choice of simul-
taneous attaching map. When A is locally compact Hausdorff, Y is locally
compact Hausdorff iff f is proper.

Proof. For the first part, f is proper iff each compact subset of A meets only
finitely many n-cells of Y. This latter condition is independent of f.

For the second part, Y is Hausdorff, by 1.2.2, and S" 1(A) is clearly
Hausdorff. Assume first that f is proper. By 10.1.3, the map f is perfect. The
space A][ B"(A) is locally compact. So, by 10.1.2, Y is locally compact.
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Conversely, let Y be locally compact. Suppose f is not proper. Then there
is a compact subset K of A such that f~!(K) meets infinitely many S7~!
(for the restriction of f to each S"~! is certainly proper). Since Y is locally
compact, there is a compact subset N C Y such that K C int N. Letting ¢
be as in 1.2.3, ¢~ *(int N) meets infinitely many B” — S?~! so int N meets
infinitely many 22 Thus N contains an infinite closed subset inheriting the
discrete topology from Y. This contradicts the compactness of N. O

A CW complex is locally finite if each cell is disjoint from all but finitely
many cells of X.

Proposition 10.1.8. A CW complezx is locally compact iff it is locally finite.

Proof. Let the CW complex X be locally compact. Suppose X is not locally
finite. Let e, be a cell which meets infinitely many cells. Since e, is compact,
there is a compact subset NV of X such that e, C int N. The weak topology
has the property that for each cell e, an open set either meets e or is disjoint
from e. So int N meets ég for infinitely many indices . One finishes as in
the proof of 1.2.13 by using this fact to produce an infinite closed discrete
subspace of N, contradicting the compactness of N.

Conversely, let X be locally finite, and let x € X. There is a unique cell
e™ such that = € gm, an open subset of X™. By local finiteness there is an
open neighborhood V,;, of x in e™ such that every cell of X which meets V,,
contains x. As in the proof of 1.2.11, extend V;,, skeleton by skeleton to form
sets V,, open in X", with V,, C V,,41 C ..., such that each V,, only meets cells
of X containing x. Since X is locally finite, it follows by induction that each cl
V., is compact. Moreover, local finiteness implies that for some k, Vj, = U Vi

n>m

so that cl Vi is a compact neighborhood of  in X. O

Note that a CW complex can be locally finite and infinite dimensional. For
a path connected example, consider [0, 00) with the CW complex structure
consisting of a vertex at each n € N, and a 1-cell for each closed interval
[n,n + 1]; to this, attach an n-cell, for each n, by the constant attaching map
taking S™~! to the vertex n.

If {X, | o € A} is a set of locally finite CW complexes, so is HX‘X

(compare 1.2.18). If X and Y are locally finite CW complexes, so too is
X XY (compare 1.2.19). If A is a subcomplex of the CW complex X then
the inclusion map A — X is proper. A locally finite CW pair is a CW pair
(X, A) in which X is locally finite. The analog of 1.2.22 is:

Proposition 10.1.9. If {A,} is a family of pairwise disjoint finite subcom-
plexes of the locally finite CW complex X, and if there exist pairwise disjoint
open sets U, C X such that for each a, A, C Uy, then the quotient complex
is locally finite, and the quotient map X — X/~ is proper and cellular. O
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The building of proper maps with CW complex domains is done by analogy
with 1.2.23:

Proposition 10.1.10. Let (X, A) be a locally finite CW pair, and let the n-
cells of X which are not in A be indexed by A. Let {ho : B} — X | a € A}
be a set of characteristic maps for those n-cells. Let fn_1: (X" 'UA) — Z
and g : B"(A) — Z be proper maps, such that f,_10 (hy | SP1)=g|SP 1.
Then the unique map (given by 1.2.23) f, : (X" UA) — Z having restrictions
fo | X" YUA=f,_1 and fnohe = g| B? is proper. d

We now turn to proper homotopy. Consider maps fo, f1 : (X, A) — (Y, B)
and let X' C X. fy is properly homotopic to fi1 relative to X', denoted
fo f1 rel X', if there exists a proper map F: (X x I, Ax I) — (Y, B) which

P

is a homotopy relative to X’ from fy to f1. Of course, this can only happen
if fo and f; are themselves proper (see Exercise 2). The main propositions
in Sect. 1.3 all have proper analogs, which, for the most part, we leave to
the reader to state. A proper map f : (X, A) — (Y, B) is a proper homotopy
equivalence if there is a homotopy inverse g : (Y, B) — (X, A) which is proper
such that g o f% id(x,4) and fo g% id(y,p)- We call such a map g a proper

homotopy inverse for f, and we say that (X, A) and (Y, B) have the same
proper homotopy type. A subspace A C X is a proper strong deformation
retract of X if there is a proper strong deformation retraction of X to A.

If f: X — Y is a map where X is compact and Y is Hausdorff, then f
is proper; whereas if Y is compact and X is not compact then f cannot be
proper. Thus ordinary homotopy theory and proper homotopy theory only
coincide on compact spaces. In particular, a Hausdorff space has the proper
homotopy type of a point iff it is both compact and contractible. We will see
that the proper analog of contractibility is “having the proper homotopy type
of [0,00).”

A pair of spaces (X, A) has the proper homotopy extension property with
respect to a space Z if every proper map (X x {0})U (A x I) — Z extends to
a proper map X x I — Z. The proofs of 1.3.15 and 1.3.16 can be adapted in
an obvious way to give:

Theorem 10.1.11. If (X, A) is a locally finite CW pair, then (X, A) has the
proper homotopy extension property with respect to any space. Indeed, a proper
map F : (X x{0})U(AXT) — Z extends to a proper map F : X xI — Z such

that for every cell eq of X which is not in A, Fy(eq) = Fo(eq) UF (6o x I). O

Next, we discuss cellular approximation. A CW complex X is strongly
locally finite if {C(e) | e is a cell of X} is a locally finite cover® of X. Clearly
“strongly locally finite” implies “locally finite.” By induction on dimension
one proves:

! Recall that C(A) is the carrier of A C X.
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Proposition 10.1.12. If X is finite-dimensional and locally finite, then X is
strongly locally finite. O

Ezxample 10.1.13. Here is an example of a CW complex X which is locally
finite but not strongly locally finite. X is a single vertex. Assuming X"
defined, with one cell €' in each dimension i < n, attach an (n + 1)-cell
trivially at a point of e™ to form X" . Note that X has finite type. In fact
(exercise) X has a subdivision which is strongly locally finite. Thus, while
local finiteness is a topologically invariant property (by 10.1.8), strong local
finiteness is not.

Theorem 10.1.14. [Proper Cellular Approzimation Theorem] Let f : X — Y
be a proper map between CW complexes, with X locally finite and Y strongly
locally finite, and let A be a subcomplex of X such that f | A is cellular. Then
f is properly homotopic, rel A, to a proper cellular map.

Proof. To see that the proof of 1.4.3 gives this, use 1.4.4 and the following
useful criterion 10.1.15. O

Proposition 10.1.15. Let X and Y be locally compact Hausdorff spaces, let
F: X xI—=Y bea homotopy, and let Fy be proper. Let IC be a locally finite
cover of Y by compact sets such that for each x € X there exists K, € IKC for
which F({x} x I) C K. Then F is a proper homotopy.

Proof. Suppose F~1(L) is not compact, where L is a compact subset of Y.

Let p : X x I — X be projection. The closed set A C X x [ is compact iff

p(A) is compact. Thus J := pF (L) is not compact. Since I is compact, p is

closed, so J is closed in X. The family {K, | € J} is infinite, for otherwise

Fy(J) would lie in a compact set K, U...UK, , implying J compact (being
n

a closed subset of the compact set UF{I(KII.)). Let {K,, | n > 1} be an
i=1

infinite subset of K such that each z,, € J. For each n, ({z,} x )NF~1(L) # 0,

so F({zn} x I)NL # 0, so K, NL # (). But, since L is compact and K is

locally finite, only finitely many members of L meet L. This is a contradiction.

]

Here is an example to show that 10.1.14 does not hold when Y is merely
locally finite:

Ezxample 10.1.16. Let X = N, a 0-dimensional CW complex, and let Y be
the CW complex of Example 10.1.13. Let f : X — Y send the vertex n to a

point of en. By 1.2.13, f is proper. However, there is no proper cellular map
X =Y. |

We now discuss proper maps and covering spaces. Let f : (X1,v1) —
(X2,v2) be a map of pointed path connected CW complexes. For i = 1
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or 2, write G; = m(X;,v;), and let H; be a subgroup of G;. As usual we
write (X;(H;),v;) for the pointed path connected covering space of X; whose
fundamental group is H;, and qg, : X;(H;) — X; for the covering projec-
tion. By 3.3.4, there is a map f making the following diagram commute iff

fu(Hr) < Ho.

(X1(H),51) —L— (Xa(Hy), 52)

J,qu JVQHQ

(X1,01) —I—  (Xa00)

Proposition 10.1.17. Let f be proper, and let fx(H1) < H>. The lift f is
proper iff Hy has finite index in f;él(Hg).

Before proving 10.1.17, we recall a standard topological construction. If
g:Y — Bandp: E — B are maps of Hausdorff spaces, the pull-back of p by
g consists of the space ¢*E := {(y,e) € Y x E | g(y) = p(e)} topologized as a
(closed) subspace of the product space Y x E and maps p’ and § making the
following diagram commute:

gE —2—

b b

Y —— B
g

where the maps p’ and § are defined by: p'(y,e) =y and g(y,e) = e.
Lemma 10.1.18. If g is proper, so is g.

Proof. Let C be a compact subset of E. Then §—1(C) is closed in g*E, and
g HC) Cc g7 (p(C)) x C. Since g is proper, g~ (p(C)) x C is compact. So

g~ (C) is compact. O

Lemma 10.1.19. If p is a covering projection, so is p'.

Proof. Let y € Y and let U be a neighborhood of p(y) in B which is evenly
covered by p. Then p~1(U) = | J{Uq | @ € A} where A is an indexing set and
{Us | @ € A} counsists of pairwise disjoint open subsets of F each mapped
homeomorphically onto U by p. We claim that ¢g=(U) is evenly covered by

p'. Indeed, (p')"tg 1 (U) = U{g}_l(Ua) | @ € A}. These sets g~ '(U,) are

pairwise disjoint open subsetg of g*F. It is an exercise in the definitions to
show that p’ maps §=1(U,) bijectively to ¢g~1(U). Projections in a cartesian
product map open sets to open sets, so p’ maps any open subset of gfl(Ua)
onto an open subset of g ~1(U), hence onto an open subset of Y, since g~ 1(U) is
open in Y. Thus p’ maps §~!(U,) homeomorphically onto g~ (U) as claimed.
O
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Let base points y € Y and e € F be chosen so that g(y) = p(e) = b, and
let z := (y, e) be the base point of g*E. We leave as an exercise:

Lemma 10.1.20. If p is a covering projection then we have ply(m1(9*E, 2)) =
g;ﬁlp#(m (E,e)). O

Note that the covering space g*FE of Y need not be path connected. For
example, let Y = B = E = S, let p = g be the covering projection e2™#
et (a map of degree 2). Then it is not hard to see that g*E = S*]] S! and
p’ is the “identity” on each path component.

Now we return to the map f: (X1,v1) — (X2, v2).

Proof (of 10.1.17). Let P be the path component of f*X,(Hz) containing
the base point. Consider the following diagram (in which base points are
suppressed):

X1 (Hy) 4>X2

\/
e

X1 X2

By 10.1.19, 10.1.20 and 3.4.8, p’ : P — X; is equivalent to Uy )

Xl(f;él(Hg)) — X (in the sense of Sect. 3.4). Since fx(H;) < Ha, the lift p
of qp, exists making g, = p’ o p. The top triangle commutes by 3.3.4. Thus,
the whole diagram commutes. The map f is proper by 10.1.18; hence if p is
proper f is proper. By 3.2.13, we conclude that if [f;l(Hg) : Hy] < oo then f is
proper. On the other hand, if [f;l(Hg) : Hy] = oo, then f~1(;) = p_lf_l(f)g)
contains a point-inverse of p, hence an infinite discrete closed subset, implying
that f~1(7,) is not compact. O

Corollary 10.1.21. With hypotheses as in 10.1.17, let F : X1 x I — X5 be a
proper homotopy such that Fy = f. Let F : X1(Hy) x I — XQ(HQ) be the lift
of F such that Fy = f. Then F is a proper homotopy iff f is a proper map.
If F({v1} x I) = vy then F({v1} x I) = 0.

Proof. The first part follows from 10.1.17. The second part follows from 2.4.6
O

Proposition 10.1.22. Let f : (X1,v1) — (X2,v2) be a map of pointed path
connected CW complezes, and let f : X1 — Xo be a homotopy equivalence
[resp. proper homotopy equivalence.] Then f: (X1,v1) — (X2,v2) is a homo-
topy equivalence [resp. proper homotopy equivalence] of pairs.
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Proof. See the remark following the statement of 4.1.5. The proof in the proper
case is similar and is an exercise. [

These results, together with 3.3.4, immediately imply:

Theorem 10.1.23. Let f : (X1,v1) — (X2,v2) be a map of pointed path
connected CW complexes. Let Hy < m(Xi,v1) and Hy < m(Xa,v9) be
subgroups. If f : X1 — Xs is a proper homotopy equivalence, and if
fo m(X1,01) — m1(Xa,v2) takes Hy isomorphically onto Ha, then the lift

f:(X(Hy),v1) — (X (Hz),72) is a proper homotopy equivalence. a

One cannot expect a converse to this. For example, the map S' — S,
e2™ — e*™ is not a homotopy equivalence, but its lift to the universal cover
is the homeomorphism R — R, ¢ — 2t.

In this discussion of covering spaces we have not required that the CW
complexes be locally finite. But 10.1.8 implies:

Proposition 10.1.24. If the CW complex X is locally finite, and X'(_H) is a
covering space of X (with the induced CW complex structure), then X (H) is
locally finite. O

Appendix: Metrizability of locally finite CW complexes
The general topology used here will not be needed elsewhere in this book.
For definitions the reader can consult [51] or any book on general topology.
We sketch a proof of

Proposition 10.1.25. Every locally finite CW complex is metrizable.

Proof. Tt is enough to consider the case where X is path connected. Then X is
countable by 11.4.3 below. By the Urysohn Metrization Theorem it is enough
to show that X is regular and second countable. Since X is locally finite each
X" is obtained from X"~! by properly attaching countably many n-cells. Let
A,, index the n-cells of X. The n'" simultaneous attaching map S"~!(A,) —
Xn"=1! provides a perfect surjection B"(A,)[[ X" ! — X". Letting A index
all the cells we thus get a perfect surjection h : H B™® _ X. The domain

acA
of h is clearly regular and second countable and both these properties are
transmitted by perfect surjections; see p. 235 of [51]. |

Source Notes: The first paper on proper homotopy theory I am aware of is [28].
For more on this see the source notes for Sect. 17.6. Example 10.1.13 is found in
[145].

Exercises

1. If f: X — Y is a proper map and Y is locally compact show that X is locally
compact.
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2. Show that if f : X — Y is a proper map and A is a closed subset of X then
fl: A—Y is proper.
3. Show that a non-locally finite CW complex is not first countable (and hence
non-metrizable).
Prove Proposition 10.1.9.
Show that X in 10.1.13 has a strongly locally finite subdivision.
Show that a locally finite CW complex is locally finite-dimensional.
Prove Lemma 10.1.20.
Using 10.1.19, prove that if subgroups G1 and G2 have finite index in the group G
then G1 NGy has finite index in G. What can be deduced about the relationship
between the indices [G : G1], [G : G2] and [G : G1 N G2]?
9. Construct a bijective map: I x [0, 00) — I %[0, c0) which is not a homeomorphism
(compare 10.1.6).
10. If a CW complex X is locally finite show that each X™ is obtained from X"~!
by properly attaching n-cells.
11. Show that if K is a locally finite simplicial complex in the sense of Sect. 8.2
then |K| is a locally finite CW complex.
12. Prove that a regular locally finite CW complex is strongly locally finite.
13. Give another proof of 8.1.3 by deducing it from 10.1.23.

® N o o

10.2 CW-proper maps

A CW complex X has locally finite type if X™ is locally finite for each n. For
example, if Z has finite type but is not finite, its universal cover Z has locally
finite type but is not locally finite. Between such spaces it is natural to consider
maps which satisfy a weaker condition than “properness,” namely “proper on
each skeleton” (with an additional condition for non-cellular maps).

A map f: X — Y between CW complexes is CW-proper if for each n there
exists k such that f(X™) C Y* and f |: X" — Y is proper. We define CW-
proper homotopy, CW-proper homotopy equivalence, etc., by analogy with the
proper case. Of course, a cellular map f : X — Y is CW-properif f |: X" - Y
is proper for all n.

It is important to remember that IN THE CONTEXT OF FINITE-
DIMENSIONAL CW COMPLEXES THERE IS NO DIFFERENCE BE-
TWEEN “CW-PROPER” AND “PROPER.”

If X is any infinite CW complex having finite type, a constant map X — Y
is always CW-proper but never proper. The proper map in Example 10.1.16
is not CW-proper. We note:

Proposition 10.2.1. Let f : X — Y be a map between CW complexes, where
X has finite type. Then f is CW-proper. (]

“CW-proper” is not a topologically invariant notion as the following ex-
ample shows.
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Ezxample 10.2.2. Define the “infinite sphere,” denoted S°° or li_n)lS”, to be the

CW complex whose 0-skeleton is S°, whose (n — 1)-skeleton is homeomorphic

to "1, and whose n-skeleton is obtained from (S°°)"~! by attaching two
n-cells using, for both, a homeomorphism S"~! — (§°°)"~! as attaching map.
Clearly, the resulting (5°°)" is homeomorphic to S™, so the inductive defini-
tion is complete. By 7.1.2, S°° is n-connected for all n, hence contractible. The
same is true of S x R. The n-skeleton of S°° is finite, while the n-skeleton
of S x R is infinite. Hence the constant map S — {point} is CW-proper,
while S x R — {point} is not. However, S and S x R are known to be
homeomorphic [79], though this fact from infinite-dimensional topology is far
from obvious.

Theorem 10.2.3. (CW-proper Cellular Approximation Theorem) Let
f: X =Y be a CW-proper map between CW complexes of locally finite type,
and let A be a subcomplex of X such that f | A is cellular. Then f is CW-
proper homotopic, rel A, to a CW-proper cellular map.

Proof. Similar to the proof of 10.1.14. In other words, the theorem follows
from the proof of 1.4.4, using 10.1.15 on each skeleton of X x I. O

Exercises

1. State and prove analogs of 10.1.10 and 10.1.11 in the context of this section.

2. If X1 and X2 have locally finite type, if f: X1 — X3 is a CW-proper map and
if f4(H:1) < Hz prove that the lift f: Xl(Hl) — Xa(Ha2) is CW-proper iff Hy
has finite index in f;l(Hg).

3. State and prove a CW-proper analog of 10.1.23, and an analog for CW-proper
n-equivalences.
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Locally Finite Homology

In this chapter we introduce a homology theory which agrees with the cellular
homology theory of Chap. 2 on finite CW complexes, but which is a more
sensitive detector of topological properties of infinite CW complexes having
locally finite type. This new homology is not a homotopy invariant but it is a
proper or CW-proper homotopy invariant in appropriate contexts. The “new
homology modulo the old homology” defines homology at the end of a CW
complex.

11.1 Infinite cellular homology

Let X be an oriented CW complex and let R be a ring. Let R(e?) denote
the free left R-module generated by the (oriented) n-cell e. Let C2°(X; R) =
H R(el), where A indexes the n-cells of X. It is convenient to denote ele-
acA

ments of C°(X; R) by Z mge,, where my € R is the a-entry in the cartesian

acA
product, even though it may be the case that m, # 0 for infinitely many val-

ues of . Elements of C2°(X; R) are called infinite cellular n-chains' in X
with coefficients in R. Recall from Sect. 2.3 and Sect. 2.6 that elements of
Cp(X; R) are written Zmaeg where all but finitely many m, = 0. Thus we

acA
consider Cp, (X; R) C C°(X; R). We sometimes call the elements of C,,(X; R)

finite cellular n-chains. In general, the term “n-chain” means “finite n-chain”
unless the context clearly indicates otherwise. When n < 0, C2°(X;R) is
defined to be the trivial R-module 0.

We need a boundary homomorphism for infinite chains. The obvious can-
didate is 0 : C°(X; R) — C° 1 (X; R) defined by

L Also known as locally finite n-chains when X is locally finite.
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This might not be well defined, but, by 2.5.8, it is a well defined homomor-
phism when X™ is locally finite. FOR THE REST OF THIS SECTION WE
WORK WITH CW COMPLEXES OF LOCALLY FINITE TYPE.

Proposition 11.1.1. The composition
C(X; R)-% € (X; R)-5 € 4 (X; R)
is zero, for all n. O

Thus (C°(X; R),0) is a chain complex. Its homology modules, denoted? by
HX(X; R), are the cellular homology modules based on infinite chains.

Let f : X — Y be a CW-proper cellular map between oriented CW
complexes of locally finite type. Define fu : C°(X; R) — C*(Y; R) by

f#(%:maeﬁ) =z(zma 5 0)e

Since f |: X™ — Y™ is proper, 2.5.10 implies that fx is well defined, and it is
obviously a homomorphism.
We have commutative diagrams

O2(X;R) —2— C= (X;R) C>®(X:R) —T*— C=(Y:R)

I I I I

Co(X;R) —2— Coy(X;R)  Cu(X;R) —— CL(YR)

where the vertical arrows are inclusions. Clearly (g o f)g = g o fx :
CxX(X;R) — C*(Y;R) — C°(Z;R) whenever f and g are CW-proper
cellular maps. And (idx)x =id : C2°(X; R) — C°(X; R). Moreover:

Proposition 11.1.2. With f : X — Y as above, the following diagram com-
mutes:
COO(X R) —> n— 1(X R)

e .

CR(YiR) —2— C2 (Y3 R).

2 Also known as homology based on locally finite chains and written Hif(X; R).
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Thus f induces a chain map C°(X; R) — C°(Y; R) and hence a homo-
morphism of graded R-modules f, : H°(X; R) — HX(Y; R). Note that when
X has only finitely many cells in dimensions n and n + 1, then C°(X; R) =
C(X; R), C%%,(X; R) = Cy1 (X R), hence HX(X; R) = H,(X;R).

The analog of 2.7.1 is:

Proposition 11.1.3. When X! is infinite, locally finite and path connected,
then HG°(X; R) = 0.

For the proof of 11.1.3, we need some preliminaries. A proper edge ray in
an unoriented, path connected, locally finite graph Y is an infinite sequence
7:= (71,72, ...) of edges in Y such that each (71,...,7:), called the k*" initial
segment, is an edge path, and no edge appears infinitely often in 7. The initial
point of T is the initial point of 71; 7 has no final point. The distance between
vertices u # v of Y is the least k for which there is an edge path (71,...,7%)
having initial point v and final point v; this only makes sense when Y is path
connected. (If we define the distance from u to u to be 0, we have a metric on
Y?.) Let y be a base vertex for Y. The ball of radius n about y is the subgraph
By, (y) whose vertices are those distant < n from y, and whose 1-cells are those
1-cells of Y which can be oriented so as to have initial point distant < n from
y. Because Y is locally finite B,,(y) is finite.

For a subgraph A of Y, a complementary component is a path component
of Y — A; when A is a finite subgraph there are only finitely many of these.
A complementary component of A is bounded if its closure in Y is compact;
those which are not bounded are unbounded and there is at least one such
when A is finite and Y is infinite. The closure of a complementary component
is a path connected subgraph of Y.

Let Y,, be the union of B, (y) and all the bounded complementary compo-
nents of Y — B, (y). Then Y, is a finite subgraph of Y and all the com-
plementary components of Y, are unbounded. Pick myi1 > mny so that
Yy, C By, (y). This completes an inductive definition and proves:

Proposition 11.1.4. If Y is an infinite, locally finite, path connected graph,
there are finite subgraphs Y,, C Y,, C ... such that every complementary

component of each Y, is unbounded, fr Y, Nfr Y, . =0 andY = UYnk-
k

IfvefrY,,, then v is a vertex of Y, and, for suitable orientations, v is the
initial point of a non-degenerate edge of Yy, and also of a non-degenerate edge
which is not in Yy, . Every vertex of Y — Yy, ., can be joined by an edge path
nY —Y,, | toawvertex of fr Y, . Every vertex of Y —Y,, can be joined by

an edge path in'Y —Y,, to a vertex of Y — Y, (|

k+1°

Proof (of 11.1.3). Pick subcomplexes Y,,, as in 11.1.4. For each k and each
vertex v of Yy, ., — Yy, , use 11.1.4 to pick (by induction) a proper edge ray
Ty = (7)*, 752, ...) with initial point v where 7; is an edge of X with the

preferred orientation, ¢; = %1, and for each m all but finitely many 7;’s lie
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o0
in X! —Y,, . Then ¢ := ZijTj is? an infinite cellular 1-chain in X such
j=1
that dc = v. The key point is that an edge of X occurs in only finitely
many of the chains ¢. Thus, given any infinite cellular 0-chain d := Zmava,

d= Zma (Ocy) =0 <Zmaca> for suitable? infinite 1-chains c. O
«

«

The analog of 2.7.2 is:

Proposition 11.1.5. If X = [[X,, with each X, of locally finite type and
oriented, then H°(X; R) is isomorphic to [[H°(Xa; R). O

«
In particular, we know HZ°(X;R) when we know H°(X,;R) for each
path component X, of X.

Proposition 11.1.6. Let [0,00) have the usual CW complex structure (ver-
tices n, 1-cells [n,n+1] for each n € N). For any orientation, H2*([0,00); R) =
0 for all n.

Proof. For n = 0 this follows from 11.1.4. For n > 1 it is trivial. For n =1, it
is obvious that ker(9 : C{°([0,00); R) — C§°([0,00); R)) = 0. O

This should be regarded as the analog of 2.7.3: in proper homotopy theory
a proper ray often has the role played by a base point in ordinary homotopy
theory. We will see in Chap. 16 that the analog of a base point is a (proper)
base ray.

The analogs of 2.7.5 and 2.7.6 are obvious:

Proposition 11.1.7. If X has dimension d, then H°(X) =0 for all n > d.
(]

Proposition 11.1.8. The inclusion X"t — X induces an isomorphism on
H> fori<mn. 0

Define Z°(X;R) = ker(0 : C°(X;R) — C°(X;R)) and define
By(X;R) := image(0 : C;5(X;R) — Cp°(X;R)): these are the R-
modules of infinite n-cycles and infinite n-boundaries respectively. Of course,

3 To conform strictly to our previous notation, we should have written this sum-
mation over all the (oriented) 1-cells of X', not just the 1-cells 7;, assigning
coefficient 0 to the others. We will sometimes abuse notation in this way.

4 We changed notation from X' to Y in the text leading up to the proof of 11.1.3
to distinguish the oriented graph X' from the unoriented graph Y. Recall from
Sect. 3.1 that when Y is unoriented an edge is appropriately denoted by 7;, but
when the underlying 1-cell already has a preferred orientation it is better to use
7; for that orientation and 7']-_1 for the opposite orientation.



11.1 Infinite cellular homology 233

HX(X;R) = Z°(X; R)/B(X; R). Infinite cycles 2,2 € Z°(X; R) repre-
sent the same element of H°(X; R) iff z — 2’ € B(X; R), in which case z
and 2z’ are properly homologous.

The analog of 2.7.10 is:

Theorem 11.1.9. Let f,g : X — Y be CW-proper cellular maps between
oriented CW complezes of locally finite type. Assume either (a) f and g are
CW-proper homotopic or (b) f and g are properly homotopic where X is
locally finite and Y is strongly locally finite. Then f. = g« : HX(X;R) —
HX(Y;R).

Proof. Similar to that of 2.7.10: in place of 1.4.3, use 10.2.3 in Case (a) and
10.1.14 in Case (b). d

Using obvious analogs of the remarks which follow Theorem 2.7.10, we can
regard HZ°(-; R) as a covariant functor from the category C to the category
of graded R-modules and homomorphisms, where C is either the category
of oriented CW complexes of locally finite type and CW-proper homotopy
classes of CW-proper maps, or the category of oriented strongly locally finite
CW complexes and proper homotopy classes of proper maps. In particular we
have this analog of 2.7.11:

Corollary 11.1.10. Let f : X — Y be a map between oriented CW com-
plexes. If either X and Y are of locally finite type and the map f is a CW-
proper homotopy equivalence, or X and Y are strongly locally finite and the
map [ is a proper homotopy equivalence, then f. : H®(X;R) — H>*(Y; R)
s an isomorphism. O

Homeomorphisms are proper homotopy equivalences, so the second part
of 11.1.10 gives a sense in which H® is a topological invariant.?

The properties of “finite” cellular homology given in Sect. 2.8 hold for
infinite cellular homology with almost no change. Let (X, A) be an oriented
CW pair where X has locally finite type. From the short exact sequence of
chain complexes

0——=C¥(A;R) ——=CX(X;R) ——=CX(X;R)/C*(A;R) ——=0
one obtains the relative homology modules H°(X, A; R) and an exact se-

quence

Ox
o ——> H®(A;R) — HP(X;R) — H°(X,A;R) —— H® (A R) — - -

® To make this precise, the reader should state analogs of 2.7.12 and 2.7.13.
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Define
ZX (X, A R) = {ce C}° (X5 R) | 0c € CRZ (A R)}

and
B (X, A; R) :={c € C:°(X; R) | c is properly homologous to an element of C5°(A; R)}.

Then®
HP(X, A R) = Z;°(X, A; R)/BP (X, A R).

There are obvious versions of the Proper and CW-Proper Cellular Approxi-
mation Theorems for pairs, leading to versions of 11.1.9 and 11.1.10 for pairs.
The analogs of naturality of 0., excision and the Mayer-Vietoris sequence hold
for cellular homology based on infinite chains.

If X has infinitely many vertices, the augmentation of X defined in Sect.
2.9 is not locally finite. Thus there is no useful notion of augmentation for
C2°(X; R), hence no useful analog of reduced homology.

A proper cellular map f : (X, A) — (Y, B) between CW pairs of locally
finite type is a CW-proper n-equivalence if there is a CW-proper cellular map
g: (Y,B) — (X, A) such that the compositions go f| : (X" 1, A"™1) — (X, A)
and fog|: (Y"1, B"~1) — (Y, B) are CW-proper homotopic to the respective
inclusion maps. The map g is a CW-proper n-inverse for f. When X and Y
are finite-dimensional we use the simpler terms proper n-equivalence, etc.

Proposition 11.1.11. A CW-proper n-equivalence induces isomorphisms on
HX(R) for allk <n—1. O

Source Notes: An interesting treatment of homology and cohomology, which in-
fluenced the presentation here, is [110].

Exercises

1. In 10.1.23 assume instead that f is a CW-proper n-equivalence where n > 2.
Prove that f is a CW-proper n-equivalence.

2. Given a finite subgraph A of an infinite locally finite path connected graph Y
prove that there is a finite subgraph B D A such that for every vertex v of Y
which is not in B there is a proper edge ray in Y with initial point v which
involves no edges of A.

3. Discover a Mayer-Vietoris sequence for H.°.

S The alternative interpretation of H, (X, A;R) as Hn(X/A; R) in Sect. 2.7 and
Sect. 2.8 does not carry over, since, in general, X™/A™ is not locally finite.
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11.2 Review of inverse and direct systems

In this section we state the definitions and some properties of inverse and
direct systems and limits. This material is part of category theory. Some
readers may prefer to skip or skim this section, referring back to it later as
required.”

A pre-ordered set is an ordered pair (A, <) where A is a set and < is a
reflexive transitive relation on A; ie., a < «a; and a < 8 and 8 < v imply
a < . If < also satisfies the law: o < 3 and 8 < a imply o = 3, then (A, <) is
a partially ordered set (abbreviation: poset®). A directed set is a pre-ordered
set (A, <) which satisfies the law: whenever o and [ are in A, there exists
~v € A such that a < v and 8 < . Usually, we suppress <, saying “A is a
directed set” etc.

Let C be a category. An inverse system {X,, f?; A} in C consists of: a
directed set A, an object X, of C for each a € A, and a morphism? of
C,fP . X5 — X,, for each a < 3 € A; these satisfy: (i) f¢ = idx,, and
(ii) whenever o < B < v, f1 = fPo f3 + Xy — X,. The morphism 1B is
called a bond of the inverse system.'® An inverse limit of this inverse system
consists of: an object X of C, and a morphism p,, : X — X, for each a € A;
these satisfy: (i) po = f2 o pg for all a < 3, and (ii) given an object Z and
morphisms g, : Z — X, for all @ € A such that g, = fgogg whenever a < (3,
there is a unique morphism ¢ : Z — X such that g, = po 0 g for all a € A.

Our main interest is in the categories Sets, R-modules (where R is a ring),
and Groups.!! We are about to construct inverse limits in those categories,
and give a usable recognition theorem. However, two abstract remarks may
be helpful here: first, because the definition of inverse limit involves a uni-
versal property, two inverse limits of the same inverse system are canonically
isomorphic; secondly, while inverse limits do not always exist,'? they do exist
whenever C has arbitrary products, and any two morphisms of C which have
the same domain and codomain have an equalizer.

If C is the category Sets, there is a particular inverse limit, X, known
as “the” inverse limit, namely: X = {(z,) € HXa | fB(x5) = x4 for all

acA
a < e A}, and p, : X — X, is the restriction to X of the projection

" Readers interested in a fuller treatment of the abstract theory can find it in [109,
Chap. 1] or [3]. A more elementary treatment of the R-module case is in [110,
Appendix].

8 Some authors use the term “partially ordered” for “pre-ordered.”

9 It may help to consider the case A = N. The morphisms point from higher-indexed
objects to lower-indexed objects.

19 We will often abbreviate {Xa, f5;A} to {Xa, f§} or even to {Xa}.

1 In later chapters we will also deal with the categories Spaces and Homotopy in
this context.

12 For example, inverse limits do not exist (in general) in the category of CW com-
plexes and homotopy classes of maps.
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function. This set X is often denoted by lim{Xa, fB}. If C is R-modules or
Groups, and {X,, f2} is an inverse system in C, “the” inverse limit in C is
constructed by recognizing that @{Xa, fg } is a submodule or subgroup of

the product R-module or group H X4, and each p, is a homomorphism; i.e.,
acA
“the” inverse limit in C is lim{ X, f8} with the appropriate extra structure.
Here is a recognition criterion:

Proposition 11.2.1. Let C be R-modules or Groups. Let Z be an object of
C and let go : Z — X, be a homomorphism for each o € A, such that
9o = f2 0 g5 whenever a < B. Let g: Z — @{Xa,fg} =: X be the unique
homomorphism such that p, o g = go for all o € A. g is an isomorphism iff
() ker go is trivial, and given (z,) € X C HXQ there exists z € Z such that
«@

«

ga(2) = x4 for all a € A. 0

Note that the conditions in 11.2.1 are equivalent to: (Z, {g.}) is an inverse
limit of {Xa, f7}.

We need a category whose objects are inverse systems of objects in (the
category) C. We get to the “right” definition, pro-C, by first considering two
less suitable competitors.

Let C be an arbitrary category and let A be a directed set. We form
C;I‘}V, the category of inverse systems over A, as follows. The objects of C;ﬁv
are the inverse systems {X,, f; A} in C. A morphism from {X,, f?; A} to
{Ya, g2; A} is a set of morphisms of C, hy, : X — Y, such that hof? = gfohg
for all & < 3 € A. In topological applications, however, one wants to deal with
inverse systems indexed by different directed sets at the same time; thus the
categories C2. are inadequate. So we next define a category inv-C. The objects

mv

of inv-C are inverse systems {Xa, f3; A} in C, where A is no longer fixed. A
morphism of inv-C from X = {X,, f&; A} to Y := {Yg,gg/; B} consists of: a
function ¢ : B — A and, for each 8 € B, a morphism of C, g5 : Xy3) — Y3,
such that whenever 8 < (3 € B there exists @« € A with ¢(8) < « and
#(B') < a, making the following diagram'® commute in C:

RN

Xs(8) Xo(81)
| -
Yy Y

There is an obvious definition of composition in inv-C, and the identity mor-
phism of {X,, f%; A} consists of id 4, with each g, = idx, .

13 Here and throughout, the unmarked arrows are bonds.
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The desirable category, pro-C, is a quotient category of inv-C so it has the
same objects. If X and ) are objects of inv-C, define an equivalence relation
on the set of morphisms of inv-C from & to Y by: (¢, {gs}) ~ (¢',{qs}) iff for
each 0 € B there exists a € A with a > ¢(8) and a > ¢'(8) such that the
following diagram commutes in C:

Xa
Xo(8) X (8)

Ys

The equivalence classes so defined are the morphisms of pro-C from X to ).
The composition of two morphisms of pro-C is defined to be the equivalence
class of the composition of any of their inv-C representatives. The identity
morphism of X in pro-C is the equivalence class of idy in inv-C. An isomor-
phism in pro-C is called a pro-isomorphism. Two objects are pro-isomorphic
if there is a pro-isomorphism from one to the other.

If A" ¢ A where A is pre-ordered, A’ inherits a pre-ordering from A; A’
is cofinal in A if for each a € A, there is o’ € A’ such that o < /. If A is
directed and A’ is cofinal in A then A’ is directed.

Whenever A’ is cofinal in A, an inverse system X'{X, f5; A} gives rise to

a cofinal subsystem X' := { Xy, fg//; A’} in which one retains only the sets and
bonds indexed by elements of A’. There is a restriction morphism X — X’
in inv-C defined by A" — A and {idx_, | o/ € A'}.

Proposition 11.2.2. The restriction morphism induces an isomorphism in
pro-C. O

It is primarily because of 11.2.2 that pro-C, rather than inv-C, is the useful
category.

If C is Sets or R-modules or Groups, a morphism h : X — Y of inv-C
clearly induces a morphism liinh : }iLnX — @y, obtained by the universal
property of inverse limits. Moreover, if h ~ h’ then lim h = lim h'. In fact:

Proposition 11.2.3. Let C be Sets or R-modules or Groups (or, indeed, any
category with inverse limits). Then we have covariant functors as follows:

lim : C;-j‘w — C for each directed set A; lim : inv-C — C; lim : pro-C — C. [
pa— pa— pa—

The category C can always be considered to be a full subcategory of pro-C:
each object of C is considered as an inverse system indexed by a one-element
directed set. An inverse system in C is stable if it is pro-isomorphic to an
object of C.
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We now turn to direct systems. A direct system {X,, fg ; A} in C consists
of: a directed set A, an object X, of C for each a € A, and a morphism of
C,f§ + Xo — Xp, for each a < B € A; these satisfy: (i) fy = idx,, and
(ii) whenever a < 3 < v, f = f,f o f§ + Xa — X,. Again, f§ is called a
bond of the direct system. A direct limit of this direct system consists of: an
object X of C and a morphism j, : X, — X for each a € A; these satisfy:
(1) ja = jgo f§ for all a < 3, and (ii) given an object Z and morphisms
Jo + Xo — Z such that go = ggo fj for all @ < 3, there is a unique morphism
g : X — Z such that g, = g o j, for all « € A.

Almost everything we have said about inverse systems and limits has a
“dual” statement for direct systems and limits, where, roughly, “dual” means
that all arrows point the opposite way.'* Therefore, our discussion of direct
limits will be shortened. Direct limits exist when C has arbitrary sums (co-
products), and any two morphisms of C which have the same domain and
codomain have a coequalizer.

In the category Sets, “the” direct limit of {X,, f} is the quotient set,

X, of H X, under the equivalence relation obtained by identifying z, € X,
acA
with z3 € X whenever there exists v > «, 3 such that f&(zq) = f2(xp); here

jg + Xg — X is induced by the canonical inclusion ig : Xg — HXa. This

«
set X is denoted li_H)l{Xa, fPY. If C is R-modules or Groups, and {X,, f7}
is a direct system in C, there is an obvious R-module or group structure on
hi)n{Xa,fo‘f} with respect to which each j, is a homomorphism; this'® is a
direct limit in C.
The recognition criterion is:

Proposition 11.2.4. Let C be R-modules or Groups. Let Z be an object of
C and let go : Xo — Z be a homomorphism for each o € A, such that
9o = gp o f§ whenever a < B. Let g : @{Xa,fg} =: X — Z be the unique
homomorphism such that gojo, = go for all o € A. Then g is an isomorphism
iff Z = U{image go | @ € A}, and for each o ker go C U{ker f§ | 8> a}. O

We form the categories of direct systems: Cé‘}r, dir-C, and most importantly
ind-C by analogy with the inverse case. In particular, a morphism of dir-C from
X ={Xa, g‘l;A} to Y :={Yp, fgl;B} consists of: a function ¢ : A — B and,
for each a € A, a morphism of C, go : Xo — Yy(a), such that whenever
a < o € A there exists § € B with ¢(a) < 8 and ¢(a’) < S making the
following diagram commute in C:

' Direct limits in C are precisely inverse limits in the opposite category C°PP, and
vice versa.
5 The category theoretic sum of the R-modules or groups {X. | « € A} does not

have HXa as its underlying set. Nonetheless, our construction does yield a direct

[e3
limit in those categories.
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X, X
Q(xl lqa’
Yo (o) Yi(ar)

Ys

The morphisms of ind-C from X to ) are the equivalence classes generated
by (¢,{ga}) ~ (¢',{q,}) iff for each a € A there exists § € A with 8 > ¢(«)
and 3 > ¢'(«) such that the following diagram commutes in C:

Xa
Yo(a) Yy (a)

Ys

The terms ind-isomorphism and ind-isomorphic are analogous to their “pro”
counterparts.

If X7 is a cofinal (direct) subsystem of X, there is a corestriction morphism
X' — X in dir-C defined by A" — A and {idx_, | o' € A’}.

Proposition 11.2.5. The corestriction morphism induces an isomorphism in
ind-C. g

Proposition 11.2.6. Let C be Sets or R-modules or Groups. Then we have

covariant functors as follows: lim : Cér — C for each directed set A; lim :
— —

dir-C — C; lim : ind-C — C. O

C is considered to be a full subcategory of ind-C.

Sometimes, one can avoid reference to the complicated definition of a mor-
phism in pro-C or ind-C. Using the notation (A, B) for the set of morphisms
in the category K from the object A to the object B, we have:

Proposition 11.2.7. (a) there is a natural bijection

pro-C({ Xa, £&; A}, {Ys, 95/; BY) — imlimC(Xa, Ys);
B«

(b) there is a natural bijection

ind-C({Xa, £'; A}, {Y5, g} ; B}) — LimlimC (X, Ys).
a g
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Here, inverse and direct limits are taken in the category Sets. The « or
( under an arrow indicates the appropriate directed set A or B. From now
on this convention will be followed whenever there is ambiguity about the
appropriate directed set.

Corollary 11.2.8. If X and Y are objects of C, pro-C({Xa, f3; A}Y) is in
natural bijective correspondence with imC(X,Y); and ind-C(X, {Y3, gg ;BY)

«@
is in natural bijective correspondence with liLQC (X,Y3). O
B

From the universal properties for inverse and direct limits, we get:

Corollary 11.2.9. If X and Y are objects of a category C in which inverse
and direct limits exist, there are natural bijections

pro-C(X,{Ys,94: B}) — lim C(X,Yp) — C(X,lim{Yp, g3, B})
B B

ind-C({Xa, f&' 1 A}Y) — lim C(Xa,Y) — C(lim{X,, 25 A} Y).

[e%

O

In the literature, the inverse limit is also called the limit or projective
limit, and the direct limit is also called the colimit or inductive limit. This
explains the notations pro-C and ind-C.

An inverse sequence in a category C is an inverse system whose directed
set is N with the usual ordering. In such an inverse system, every f is fully
determined (by composition) when the bonds f?*!: X, .1 — X,, are speci-
fied. So we simplify notation further, writing f, for f7! and even writing
“{X,} is an inverse sequence in C” when the context makes clear what the
bonds are. The definition of direct sequence is dual, and the dual remarks on
notation apply.

Nearly all the inverse and direct systems occurring in this book are se-
quences. When dealing with cofinal subsequences of inverse or direct sequences
we will use a less formal notation. If {G,,} is an inverse or direct sequence and
{nk | k € N} is a subsequence, we write {G,, } for the corresponding cofinal
subsequence of {G,,}.

Here is a convenient way of recognizing an isomorphism in pro-C between
inverse sequences in C. Let X{X,,} and Y{Y¥,,} be inverse sequences, { X, }
and {Y,,} cofinal subsequences, and f,, : X,,, — Y,, morphisms of C which
commute with the appropriate bonds. We may assume k& < my and k < ny.
Defining ¢(k) = my, the morphisms (bond o f,,) : X, — Yi define a
morphism f : X — ) of inv-C. Conversely, any morphism of inv-C, f : X — ),
yields subsequences and morphisms f,, : X,,, — Y5, as above.
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Proposition 11.2.10. Let X and )Y be inverse sequences. A morphism f :
X — Y of inv-C induces an isomorphism of pro-C iff for suitable subsequences
as above there are morphisms g, of C making the following diagram commute
for all k:

ka, ~ ka+1

gm
lfN lanl

Yo, <— Yoo

0

Source Notes: The formalism of pro-categories was introduced into algebraic ge-
ometry by Grothendieck as part of his program to prove the Weil Conjectures. An
early source applying these ideas to topology is [3]. This language was co-opted into
shape theory (see Sect. 17.6) at roughly the same time in [128], [108], and [59]. The
transfer to group theory set out in this book was made explicit in [70], [71] and [68].

Exercises

1. Give an example of a preordered set which is not a poset. Hint: Consider the
set of open covers of a space, where V < U means that V refines U.

2. Express the definition of “inverse limit” by means of a universal property.

3. Write out the definition of composition in inv-C in detail.

4. Show that composition of morphisms of pro-C (as indicated in the text) is well
defined.

5. Show by examples that lﬂl and hi>n cannot be interchanged in 11.2.7.

6. State and prove the dual of 11.2.10.

11.3 The derived limit

We define @11 for inverse sequences and discuss some of the associated alge-
bra. For topological motivation, proceed to Sect. 11.4, referring back to this
section when necessary.

The categories C of most interest here are: Sets (= sets and functions),
Groups (= groups and homomorphisms), Left R-modules (= left R-modules
and homomorphisms) and Right R-modules. We will often combine the last
two under the name “R-modules”; this should be interpreted consistently as
Left R-modules or Right R-modules.

When C is R-modules or Groups, there is another sort of limit, called lilnl,
which measures the amount of information lost on passing from an inverse
sequence { X, } to its inverse limit lim{.X,, }. For example, the inverse sequences

of Z-modules {Z X2z X2 ...} and {0 «— 0 < ...} have trivial inverse
limits, but are not isomorphic in pro-(Z-modules), as can easily be checked.
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It will turn out that @11 of the first sequence is very large, while liinl of the
second is trivial.
Let {M,} be an inverse sequence of R-modules. Consider the shift homo-

morphism s : HM" — HM"’ (X1,29,...) — (21 — fi(z2), 22 — fa(xs),...).

n=1 n=1
Obviously, the kernel of s is lim{M,}. The cokernel of s, [] M, /image s, is
called 11211{Mn}, the first derived limit. It is an R-module.
We can also define 11311 in the case of groups. If {G,, } is an inverse sequence

o)
of groups, ml{Gn} is the quotient set of the set H G, under the equivalence
relation generated by: (x,) ~ (yn) iff there eX?s;; (2n) € [[Gn such that
Yn = znxnfn(z;il) for all n. In this case we regard @l{Gn} as a pointed
set whose base point, denoted by [1], is the equivalence class of (1,1,...). We
say that liLnl{Gn} is trivial if it is the pointed set {[1]}. When every G, is
abelian, our definition of liLnl reduces to the previous one for Z-modules, and
}iﬂll{Gn} then acquires the additional structure of a Z-module.

If C is R-modules or Abelian Groups, liinl defines a covariant functor
CN_ — C in the obvious way.'® Similarly, Groups) , — Pointed Sets.

mv mv
We now discuss the vanishing and exactness properties of @11 both for
R-modules and for groups. Since these properties for R-modules only depend
on the underlying abelian group structure it is enough to consider the case of
groups.
An inverse sequence {G,, } of groups is semistable or Mittag-Leffler or pro-

epimorphic if for each m there exists ¢(m) > m such that for all k > ¢(m),

m = image f%. The point of this notion is:!”

image f;ﬁ(
Proposition 11.3.1. {G,} is semistable iff {G,} is isomorphic in the cate-
gory pro-Groups to an inverse sequence whose bonds are epimorphisms. [

Theorem 11.3.2. If {G,} is semistable then ml{Gn} is trivial. IfliLnl{Gn}
is trivial and each group Gy, is countable then {G,} is semistable.

Proof. A convenient notation for this proof is: if G, «— G5 is a bond and
gs € G, then the image of g, in G, is denoted by g7, and the image of G in
G, is denoted by Gj.

6 There is also an induced covariant functor 11Ln1 : towers-C — C (or towers-Groups
— Pointed Sets) where towers-C is the full subcategory of pro-C generated by
inverse sequences in C. For the most part, we can avoid using this.

17 This proposition justifies the term “pro-epimorphic” which, unfortunately, is not
in standard use. Later we will need the companion notion “pro-monomorphic.”
It is good to keep this pairing of terms in mind. We will discuss “stable” inverse
sequences in R-modules and in Groups; “semistable and pro-monomorphic” is
equivalent to “stable.” Note the general definition of “stable” in Sect. 11.2.
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Assume {G,} is semistable and let (z,,) € HG"' With ¢ as in the defini-

n
tion of “semistable,” define ¢ : N — N by ¢(1) = 1 and ¢(k+1) = ¢((k)+1).
We may assume ¢ is strictly increasing, hence also ). By induction we choose
Yy(k) € Gk * Yy(2) I8 arbitrary and, for k > 1, y, ) satisfies

w(k1) (VD) T o) (kD +L w21
Yoy («%(k) ) = Ty k) Ly (k) :

For ¢(k — 1) <m < (k) define

P xmxm—&-l L. xw(k—kl)—lyw(k-i-l)'

One checks that 2, = 2, (2m11)71; this is clear when ¢¥(k—1) <m < m+1 <
(k) and it also holds when m + 1 = ¢(k). Thus (z,) is equivalent to [1], so
1im1{Gn} is trivial.

—

Conversely, assume ml{Gn} is trivial with each G,, countable, and sup-
pose {Gy} is not semistable. Then there is a sequence (ny) such that, for all
k>0, Gpitt g Gre. Write Hy := Gp*. By Exercises 2 and 3, liinl{Hk}

k
is trivial and hence liinl{Hkn} is trivial for any subsequence (k). Choose

xr € Hp — Hgyq. For every strictly increasing function  : N — N there
is z,g ) ¢ He iy such that z,) = z,(f) (z,gi)l) . Since Hj is countable and
there are uncountably many such functions a there must be two, say a and
B, such that o # § but a(1l) = 8(1). Let n be the greatest integer such that
a(i) = B(3) for all i < n. Then zg @) — Z;{G) and zn+1 + zn+1, SO T (n) 7 TB(n)-
We may assume a(n + 1) > ﬁ(n +1). Then zg¢,) = 2 )( gi) )t
2 € Hymeny © Hyyrr, 26” € Hagy) © Hyyr and @pn) & Hyiay41-
This is a contradiction. O

where

Remark 11.3.3. A counterexample to the second part of 11.3.2 when the
groups G, are uncountable can be found in [58].

A diagram of pointed sets and functions (4, a) SN (B,b) -+ (C,¢) is
ezact at (B,b) if image f = kernel g where kernel g is defined!® to be g=*(c).
Homomorphisms of groups G’ — G — G” are exact at G if they are exact
as functions of pointed sets, where each group has its identity element as
base point. A short exact sequence of inverse sequences of groups consists of:
inverse sequences {G),}, {Gn} and {G2} of groups, and, for each n, an exact
sequence

{1} = G, = G 5 G = {1
such that, for all n, f,0ip41 = inof), and f oppt1 = ppo fr. In the language
of Sect. 11.2, {4, } and {p,} are morphisms of (Groups)}

mnv*

'8 Warning: In Pointed Sets, if kernel g = {b}, it does not follow that g is injective.
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Proposition 11.3.4. In this situation, there is an exact sequence of pointed
sets

lim{i, }

{1} — lim{G,} —

lim{p, }

lm{G,}

lim{G7}

lim" {in } lim" {p,. }

—— 1lim'{G},} lim'{G,,} lim'{Gy} —— {1}.

Here, § maps (z) to the equivalence class of (x]) € HG%, where x], =

z;l(xn.fn(:c;}rl)), x, being any member of p; ' (x

natural with respect to morphisms of (Groups)L, .

7

n
). This exact sequence is

Proof. This is a long but straightforward check that § is well defined and
kernel = image in each position. See page 168 of [109] for details. g

Notice the similarity between Proposition 11.3.4 and the derivation of
the long exact sequence in homology from a short exact sequence of chain
complexes (Sect. 2.1). In fact, in the category Abelian Groups or the category
R-modules there is a simple proof of 11.3.4. One regards

0 HGn%HGn—>O

as a chain complex whose H; is @{Gn} and whose Hj is liinl{Gn}. The
hypothesis of 11.3.4 is interpreted as a short exact sequence of such chain
complexes, and the conclusion of 11.3.4 is just the corresponding homology
exact sequence. In particular in the R-module case, this proof establishes that
0 is a homomorphism of R-modules. In fact, we have:

Corollary 11.3.5. If we start with a short exact sequence of inverse sequences
of R-modules in Proposition 11.3.4, the resulting “siz-term” exact sequence
consists of R-modules and homomorphisms. O

The next proposition is left as an exercise.™

Proposition 11.3.6. The restriction morphism {G,} — {Gpn,} in inv-C in-
duces a bijection of pointed sets @1{Gn} — liLnI{Gnk}. In the case of
R-modules this bijection is an z'somor;phism. * O

We now consider how lim and @1 behave with respect to homology.
Consider an inverse sequence of chain complexes of R-modules (C (@), 5‘(i)) and

chain maps C0+1 -2, 04 Then (C,0) := (im{CD},1imd™) and (C', ') :=
i i
(@1{0@}, @18(“) are chain complexes.
7 K]

19 In the case of finitely presented groups a proof of 11.3.6 using a topological in-
terpretation of liﬂll is sketched in Remark 16.1.3.
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Proposition 11.3.7. Let C!, = 0 for all n. Then for each n there is a short
exact sequence

0 — lim' Hy 1 (CP) < H,(C) = limH, (CD) — 0

N

This sequence is natural with respect to morphisms of (R-chain complexes);,,-

Proof. Since C], = 0 for all n we have a short exact sequence of chain com-
plexes

0—C—[[2, c® —S>Hfilc(i) —0

giving, as in Sect. 2.1, a long exact sequence

coi e [[Huir (CD) 22 [[Hoia (C) ——— H,(C)

i=1 i=1

o0
HHn(C(i)) S
=1

Interpreting ker(s,) and coker(sp+1) as a lim and a liill we get the required
sequence. O

A similar proof using the short exact sequence

(oo} (o]
0 HC(i) u HC(i)—>C’—>O gives:
i=1 i=1

Proposition 11.3.8. Let C,, = 0 for all n. Then for each n there is a short
exact sequence

0 — lim" H,(CD) — H,(C") = Jim H, 1 (CY) — 0.

(2 (2

This sequence is natural with respect to morphisms of (R-chain complexes)t .

O

Remark 11.3.9. Sometimes, one wants explicit descriptions of ¢ and bin 11.3.8.

The homomorphism a is induced by inclusion. To describe b, we start with

(x;) € ker &' = Z,,(C") representing an element of H,,(C”). There exists (¢;) €

l_[C’T(Q1 such that dz; = ¢; — ¢i(ci+1). Since 0 = 9¢; — ¢i(0cit1), (Oc;) €
i

@Bn,g(C(i)) = 0, hence d¢; = 0 for all i. So (¢;) € Hanl(C’(i)), and
% %

¢i(ciy1) = ¢;—0z;. Thus (¢;) defines an element of @Zn,l(C(i))/Bn,l(C(i)).

The homomorphism b maps {(x;)} to ({ci}), where {-} denotes a homology
class. The analogous description of @ and b is left to the reader.



246 11 Locally Finite Homology

For matters discussed in this book it will not be important to compute
liinl{Gn}. The important question is: is it trivial or non-trivial. For informa-

tion on the structure of liLnl{Gn} in the abelian case see [94]. In the non-

abelian case, the pointed set @1{Gn} is either trivial or uncountable; some
related issues of topological interest are discussed in [99] and [69].

Although the vanishing of lim" of an inverse sequence of R-modules de-
pends only on the underlying abelian group structure, the fact that the bonds
are homomorphisms of R-modules can play a useful role. For example:

Proposition 11.3.10. Let {M,} be an inverse sequence in the category R-
modules, where each M, is finitely generated. If R is a field, then {M,} is
semistable, hence liﬂll{Mn} = 0.

Proof. For each m, the R-dimensions of the vector spaces image (M,, — M,,)
are non-increasing as n increases. Since M,,, has finite R-dimension, this func-
tion of n becomes constant. Hence {M,,} is semistable. Apply 11.3.2. O

Next, we discuss liinl of sequences of finitely generated torsion modules.
If M is an R-module, the torsion submodule is tor M{m € M | rm = 0 for
some non-zero r € R}. M is torsion if tor M = M; M is torsion free if tor
M = 0; M is cyclic if M is isomorphic to R/(r) where 0 # r € R and (r) is
the ideal generated by r; equivalently, M is cyclic if it is generated by a single
non-zero element.

Proposition 11.3.11. Let R be a PID and let M be a finitely generated R-
module. Then M is isomorphic to F ® tor M, where F is the direct sum of p
copies of R, tor M is the direct sum of T cyclic modules R/(r;), and r; divides
rit1 when i < 7. The integers p and T are unique, and the elements ry,--- ,r.
are unique up to multiplication by invertible elements of R. Moreover, tor
M has the following minimal property: any decreasing chain of submodules
contains only finitely many members.

Proof. The first part is well known. For the last part, there exists » € R which
annihilates tor M. So tor M is a module over the ring R/(r). This latter ring
satisfies the descending chain condition (see page 243 of [156]), hence so does
tor M; see p. 158 of [156]. O

The integer p in 11.3.11 is called the rank of the free R-module F'. An
infinitely generated free R-module is said to have infinite rank or rank oco.

Proposition 11.3.12. If {M,} is an inverse sequence of finitely generated
torsion R-modules, where R is a PID, then {My,} is semistable. Hence
lﬁlh{Mn} = 0.

n

Proof. This is immediate from the last sentence of 11.3.11. |

Of course when R = Z (an important case) the modules My, in 11.3.12 are
finite. We note a consequence of 11.3.2:



11.3 The derived limit 247

Proposition 11.3.13. If {G,} is an inverse sequence of finite groups, then
lim*{G,.} is trivial. O

4

n

Turning to direct sequences, the analog of 11.3.4 is much simpler:

Proposition 11.3.14. Let {G.}, {G.} and {G!} be direct sequences of
groups. For each n, let

{1} G~ G T G {1}

be a short exact sequence such that i, and p, commute with the bonds, i.e., a
short exact sequence of direct sequences. Then there is a short exact sequence

of groups

lim{%, } lim{p. }
{1} —— Im{G,} ——— lm{Gn} —— lm{G} —— {1}.

This sequence is natural with respect to morphisms of (Groups )E‘ir. O

An R-module M is finitely presented if there is a short exact sequence
0 - K —- F — M — 0in which F is free while both F' and K are finitely
generated. When R is a PID, M is finitely presented iff M is finitely generated.

Proposition 11.3.15. Let {M,,} and {N,} be direct sequences of finitely pre-
sented R-modules having isomorphic direct limits. Then {M,} and {N,} are
ind-isomorphic. O

The following is well-known (compare 4.1.7 in [146]):

Proposition 11.3.16. Let {(C) 0"), ¢;} be a direct sequence of R-chain

complexes and chain maps, and let (C,0) be the direct limit chain complez.

Then for each n, there is an isomorphism c : lii>an(C(’)) — H,(C), which
i

is natural with respect to morphisms of (R-chain complexes)dNir. Ezxplicitly,

if an element of h_ﬁ}lHn(C(i)) is represented by {z} € H,(CY)) where z €

Zn(C(j)), then its image under c is represented by the image of z in C' under
the canonical homomorphism CY) — C. g

Source Notes: 11Ln1 in the context of non-abelian groups first appeared in [21].
Theorem 11.3.2 appeared in [73] in the abelian case; the general case appeared in
[67].

Exercises

1. Prove 11.3.1.
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2. Let {Gn} and {H,} be inverse sequences of groups and assume there are epi-
morphisms G, - H, which commute with the bonds. Prove that if liill{Gn}
is trivial then liinl {H,} is trivial.

3. Let the bonds in {Gr} be monomorphisms and let liénl{Gn} be trivial. Then
every cofinal subsequence also has trivial h&ll. (Note that this is used in our
proof of 11.3.2 and so should be done without using 11.3.2.)

4. Prove 11.3.6.

5. Establish Ml : towers-Groups — Pointed Sets and h£11 : towers- R-modules
— R-modules as functors.

6. Give a version of Remark 11.3.9 for @ and b.

7. Prove 11.3.15.

8. Prove: 1%11 {@Z} is isomorphic to <1:[Z> /EPZ

9. Prove that if {G»} and {H,} are inverse sequences of countable groups, then
{Gn» x Hy,} is semistable iff {G,} and {H,} are semistable.

10. An inverse sequence {Gy } in Groups is pro-trivial if for each m there exists n >
m such that the image of f;, is trivial. Prove that when each G, is countable,
{Gn} is pro-trivial iff lim{Gn} and @1{Gn} are trivial. Prove that {Gn} is
pro-trivial iff it is isomorphic in pro-Groups to the trivial inverse system {1}.

11. In Sect. 7.4 we defined a direct sequence {G } in Groups to be ind-trivial if for

each m there exists n > m such that the image of f,* is trivial. Prove that when
each Gy is finitely generated, {Gy} is ind-trivial iff im{Gn} = {1} iff {Gn} is

isomorphic in ind-Groups to the trivial direct system {1}.

12. Let {G'm,n } be an inverse system of groups indexed by the directed set (NxN, <)
where the partial ordering < is generated by (m,n) < (m + 1,n) and (m,n) <
(m,n + 1). Construct a short exact sequence of pointed sets??

lim" Hm{Gyn,n} — lim'{Gn,n} — lim im' {G.n}.

11.4 Homology of ends

Let X be an oriented CW complex having locally finite type. So far, we have
made little attempt to compute H°(X; R). We will be interested in doing so
only when X is countably infinite, but even in this case it may happen that
H*(X; R) is uncountable. We will see examples; in the meantime we point
out that C2°(X; R) is uncountable when X has infinitely many n-cells.

It is convenient to define related groups H¢(X; R). Consider the short
exact sequence of chain complexes:

20 See [21] and [103] for more on this.
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0— Cn(X;R) ——> C*(X; R) — 22— C°(X; R)/Cn(X; R) ——> 0
1é] 1s] 1s]

00— Cn 1(X;R) —> C° 1 (X; R) —> C° 1 (X; R) /C_1(X; R) —> 0

where i is inclusion and p is projection. We define
Hf (X:R):= H,(C¥(X;R)/C«(X; R)).

We call H¢(X; R) the homology of the end?' of X.
Applying the usual algebra (see Sect. 2.1) we get:

Proposition 11.4.1. There is an exact sequence

- —— H,(X; R) —“> HX(X; R) —~—> HS_,(X; R)

LHn_l(X;R)

O

If X has finite type, i, is an isomorphism for all n, so H¢(X;R) = 0.
If X is n-connected, n > 1, and X! is infinite, we can apply Exercise 5 of
Sect. 7.1 to get H*(X;R) = Hf {(X;R) for 2 < i < n and, using 11.1.3,
H§(X;R) =2 H°(X;R) ® R. More generally, 11.4.1 shows that if one knows
two of H.(X;R), HX(X;R) and H¢(X; R), the exact sequence gives infor-
mation about the third.

Clearly, HS(X; R) = Z5(X; R)/BS(X; R) where

Zp(X;R) ={ce C5 (X R) | 0c e Cr(X;R)}
By (X;R) =B 1(X;R)+ Crp1 (X3 R) C O (X5 R).

The elements of Z¢(X; R) and BE(X; R) are called n-cycles of the end of X
and n-boundaries of the end of X, respectively.

Proposition 11.4.2. Let X be path connected. Then HE(X; R) = 0 for all
n < 0.

2! The reason for the shift of dimension is explained after 11.4.13.
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Proof. For n < —1, this is trivial. For n = —1, it follows from 11.1.3 together
with the above exact sequence when X! is infinite. When X! is finite then
X0 is finite, so Z¢, = C5° = Cy = B*;. a

Just as in Sect. 11.1, CW-proper maps induce homomorphisms on H¢
possessing the usual functorial properties. We leave their statements to the
reader. Note in particular that H¢ is a proper homotopy invariant of strongly
locally finite CW complexes.

Countability will be important to us, so we note:

Proposition 11.4.3. A path connected CW complex X having locally finite
type is countable.

Proof. We begin with X*. If X! is infinite then, by 11.1.4, X! is the union of
countably many finite subcomplexes. Assume, inductively, that X™ is count-
able. Since X" *! is locally finite, each cell of X" meets only finitely many
(n + 1)-cells. Hence X" *! is countable. So X is countable. O

A filtration of a CW complex?? X is a collection of subcomplexes ) =

(oo}
K 1 CKyCK; C...such that X = UK“ and we say that {K;} filters®3
i=0
X. When X has locally finite type, we wish to filter X by subcomplexes K;
having finite type, and to relate the homology modules®* H,(X < K;; R) to
the modules H¢(X; R). We begin with:

Proposition 11.4.4. If X is strongly locally finite and A is finite then the
CW neighborhood N(A) is finite.

Proof. The collection {C(e) | e is a cell of X} is locally finite, and A is
compact. O

It is not true that if X has locally finite type and A has finite type then
N (A) has finite type. Nor is 11.4.4 true when the word “strongly” is dropped.

Now, let X be a countable CW complex of locally finite type. A finite type
filtration of X is a filtration Ky C K; C ... by full subcomplexes of finite
type. If X is strongly locally finite, each K; must then be finite, and we call
{K;} a finite filtration. In particular, when X is finite-dimensional every finite
type filtration is a finite filtration.

A subset U of a locally compact space Y is a neighborhood of the end if
cl(Y —U) is compact. A sequence {U; | i € N} of neighborhoods of the end
of Y is a basis for the neighborhoods of the end of Y if for each neighborhood
U of the end, there is some 7 such that U; C U. Note that Y is compact iff
every such collection {U;} contains 0.

22 This is the case of “G-filtration” in Sect. 7.4 in which G is the trivial group.

23 Later we will also need filtrations --- C K, C Kn4+1 C -+ indexed by Z which
will also be called “filtrations.”

24 Recall the discussion of CW complements in Sect. 1.5.
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Proposition 11.4.5. With X as above, let {K;} be a finite type filtration of
X. Then, for each n, {(X £ K;)NX"} is a basis for the neighborhoods of the
end of X™.

Proof. First, we show that U; := (X < K;)NX" = X" < K is a neigh-
borhood of the end of X™. We have X" — U; C Nx»(K!), by 1.5.5. So
cl(X™ —U;) C Nxn»(K!). Thus cl(X™ — U;) is compact, by 11.4.4.

Let U be a neighborhood of the end of X™. Then cl(X™ — U) is compact.
So cl(X™ —U) C K for some 4, by 1.2.13. In other words, X" —int U C K[,
soint UD X" — K" > (X £ K)NX" =Uj. 0

As for the existence of finite type filtrations, we know by 11.4.3 that every
path connected locally finite CW complex is countable and we have:

Proposition 11.4.6. Let X be a countable CW complex of locally finite type.
Well-order the set of vertices of X, and let K; be the full subcomplex of X
generated by the first i vertices in the well-ordering. Then {K;} gives a finite
type filtration of X. If X is strongly locally finite, each K; is finite. d

When X has only finitely many vertices, all but finitely many of the K;
in 11.4.6 are equal to X. This happens if X is finite, or in cases such as the
one described in 10.1.13.

We use finite type filtrations to compute H>°(X; R) and H¢(X; R) (when
X is countable of locally finite type). Let {K;} be such a filtration. De-
fine Ci(X,X < K;;R) to be C(X; R)/C(X £ K;; R). The chain complex
(Im{C. (X, X < K;; R)},lim 0) is isomorphic to the chain complex

K]

L —— OX(X;R) —2— O (X;R) — ...

and, since each induced bond Cy, (X, X <€ K;11;R) — Cp (X, X £ K;; R) is an
epimorphism, 11.3.1 and 11.3.2 imply that liinl{C'n(X, X £ K;; R)} is trivial.

Therefore, 11.3.7 gives us:

Theorem 11.4.7. Let X be a countable oriented CW complex having locally
finite type. Let {K;} be a finite type filtration of X. For each n, there is a
natural short exact sequence of R-modules

. a b ..
0— @I{Hn+1(X,X £ Ki;R)} — HP(X;R) — lln{Hn(X,X < K;;R)}— 0. O

3 3

Using the companion Theorem 11.3.8, we get a similar short exact sequence
for H¢(X; R) as follows. Consider the short exact sequences

0——Cph(X £ K;;R)——=Cp(X;R) —=Cr(X, X € K;; R) ——0



252 11 Locally Finite Homology
We identify lm{C,(X,X —° K;;R)} with C°(X;R) as before. Clearly
@{Cn(X < K;;R)} is trivial. By 11.3.4, we get a short exact sequence of

K3
chain complexes:

0.

0 C.(X;R) C®(X;R) lim'{C.(X £ Ki; R)}

i

(Here, we are using the fact that lim' of the “constant” inverse sequence
{Cn(X; R),id} is trivial, by 11.3.1 and 11.3.2.) Comparing this with the ex-
act sequence at the start of this section, we see that the chain complexes

o (X . 1 e : : :
CX(X;R)/C(X;R) and lim {C\(X - K;;R)} are isomorphic. Applying
11.3.8 to the chain complex C.(X < K;; R) we get:

Theorem 11.4.8. With hypotheses as in 11.4.7, we have, for each n, a nat-
ural short exact sequence of R-modules:

0 — lim' {Hopa (X © Ky R)} = Hy (X5 R) = lim{ H, (X © KisR)} — 0.
3 3
O

Remark 11.4.9. Theorems 11.4.7 and 11.4.8 are the fundamental tools for com-
puting H°(X; R) and HS(X; R). In Remark 11.3.9, we stated the algebraic
meaning of the homomorphisms a and b which occur in 11.3.8. These trans-
late into geometric interpretations of the homomorphisms a and b in 11.4.8,
as we now explain; see Fig. 11.1. Let z be an n-cycle of the end of X. Then
z is an infinite (n + 1)-chain with finite boundary. By 11.4.5, we can write

(o)
z= ij where z; is a finite (n + 1)-chain in X < K;. Let ¢; =0 ij
3=0 j=i
Then c¢; is a finite n- cycle in X € K;, and 0z; = ¢; — ¢i11. So ({¢;}) is an
element of @{H (X € K;;R)}. The formula for b is b({z}) = ({¢;}). The
K]

monomorphism a takes the equivalence class of ({d;}) t {Zd }, where

d; € Zp+1(X £ K;). We leave the corresponding interpretation of @ and b, in
11.4.7, as an exercise.

By 11.3.2, we get (see Fig. 11.2):

Corollary 11.4.10. Let X and {K;} be as in 11.4.8. The homomorphism
b: Hy(X; R) — Iim{H,(X < K;;R)} is an isomorphism iff for each i, there

3
exists j > i such that for each k > j, each finite cellular (n + 1)-cycle in
X £ Kj is homologous in X < K; to a finite cellular (n+1)-cycle in X £ K.
O
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| Xy
K
K —

X 1 !

A locally compact space Y is movable at the end if for each neighborhood
U of the end there is a neighborhood V' C U of the end such that for each
neighborhood W C U of the end there is a map g : V' — W making the
following diagram commute up to homotopy:

U<——"—"V
w
(i.e., there exists H : V x I — U such that Hy = inclusion and H; = g.)

Example 11.4.11. R™ is movable at the end.
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The locally compact space Y is n-mowvable at the end if for each neighbor-
hood, U, of the end there is a neighborhood, V' C U, of the end such that for
each neighborhood, W C U, of the end and each map f: K — V, where K is
a CW complex of dimension < n, f is homotopic in U to a map into W (i.e.,
there exists H : K x I — U such that Hy = f and H,(K) C W). Obviously,
movable implies n-movable for all n.

Proposition 11.4.12. Let X and {K;} be as in 11.4.7, and let r > n. X"
is n-movable at the end iff X"t! is n-movable at the end. If X"t s n-
movable at the end, then {H,(X - K;;R)} is semistable; hence we have
lim' {H,,(X < K;; R)} = 0. O

K2

Proposition 11.4.13. (i) H5(R; R) = R® R and H{(R; R) = 0 when k # 0.

(ii) For n > 2, H§(R™; R) = HE_{(R™; R) = R, and H(R™;R) = 0 when
k#0orn—1.

(ili) For all n, HX(R™; R) = R and H°(R™; R) = 0 when k # n. O

Recall the shift of dimension in the definition of H¢. It results, for exam-
ple, in the above statement that the homology groups of the end of R™ are
isomorphic to the homology groups of S™"~!. This is appropriate, because for
any finite filtration {K;} of R™, the inverse sequence {R" £ K} is isomorphic
in the category pro-Homotopy to the space S™~!. We will see more of this
kind of analysis in Sect. 17.5.

Example 11.4.14. Here is an example of a CW complex X which is not 1-
movable at the end (see Fig. 11.3). X is the graph in R? having the points
{(i,7) | i € N, j =0 or 1} as vertices, and having the segments [(i, j), (i+1, j)]
and [(4,0), (,1)] as edges. Let K; be the subcomplex [0, 4] x [0,1] N X. Then
X £ K, is the subcomplex [i+1,00) x [0, 1]NX. Let J; = [i+1,i+2]x [0, 1]NX.
Then X £ Ki = JZU(X < Ki—i—l) and JZH(X £ Ki—i—l) = {Z+2} X [07 1] which
is contractible. The reduced Mayer-Vietoris sequence gives an exact sequence

0 —— Hi(X £ K;11;R)® Hi(J;; R) —“— H\(X € K;;R) —— 0

The restriction of j. to H1(X < K,11; R) is the homomorphism induced by
X £ K;y1 — X < K;. J; is homeomorphic to S! so that H;(J;; R) = R. Thus,
all the bonds in the inverse sequence {H;(X < K;; R)} are monomorphisms
while none is an epimorphism. Hence this inverse sequence is not semistable.

A useful device for constructing examples X with interesting HE(X) is the
“inverse mapping telescope” construction, dual to the mapping telescope of

Sect. 4.3. Let

f1 f2

X1 Xo X3
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K, Jy ><———— X1 K
<~ K - X< K,
1
0
0 1 2 3 4
Fig. 11.3.

be an inverse sequence of CW complexes and cellular maps. Let T =

o0
HM (fi)/~ where M(f;) is the mapping cylinder of f; and ~ is the equiva-
i=1
lence relation generated by identifying, for all ¢, the canonical copies of X;41

in M(fi+1) and M(f;) —see Sect. 4.1. If ¢ : HM(fZ) — T is the quotient map,
i=1
it is clear that T' admits a CW complex structure whose cells are {¢g(e) | e is a
cell of M(f;) for some i}. Compare the proof of 4.1.1. T is the inverse mapping
telescope of the given inverse sequence. We abuse notation, writing M (f;) for
q(M(f;)) C T. If each X; is path connected and locally finite, so is T. As-
i—1
sume each X; is finite and path connected. Let K; = UM(f]) Then {K;}
j=1
is a finite filtration of T. With the obvious identifications we get homotopy
commutative diagrams
X £ Kz — X £ Ki-l—l

I I

fit1
Xiy1 — X

whose vertical arrows are homotopy equivalences. Hence in the commutative
diagram

e Hp(X £ KiR) «—— Hp(X € Kiy1;R) —— ...

- w

fit1x
L e—— Hp(Xi1;R) <~  Hp(Xij2;R)  — ...

IR

the unmarked arrows are induced by inclusion and the vertical arrows are
isomorphisms.

Example 11.4.15. To get an example of the exact sequence of 11.4.8 in which
the liinl term does not vanish, apply the above construction with X; = S! for

all 4, and f; the map of degree 2, €™ — €™, The resulting T is the dyadic
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solenoid inverse mapping telescope. Clearly Hf(T;7Z) = 0 when k > 0, and
there is a short exact sequence (by 11.4.8):

0 —— lim'{z227222 ) —— HY(T;Z) Z 0.
—

Since {Z<X—2 722 .} is not semistable, and Z is countable, 11.3.2 implies
that the liLnl term is not 0. O

Observe that if T' is the inverse mapping telescope of Xpi X5 S X3 £ Y
where each X; is a finite CW complex, then there is a basis {7T;} for the
neighborhoods of the end of T such that each T; has the homotopy type of
a finite CW complex. This is because T; is the inverse mapping telescope

of Xﬂi i+1<ﬁi Xito «— ..., 50 T; has the homotopy type of X;. Hence
Hy(T;; Z) is finitely generated. However, if X is the graph in Example 11.4.14,
the discussion shows that for every neighborhood U of the end of X, H1(U;Z)
is infinitely generated. Hence, X is quite different from an inverse mapping
telescope.

Source Notes: The general viewpoint of this section is similar to that of [110],
though that book is set in a different category. See also [60].

Exercises

1. Prove that when K is a finite filtration of the strongly locally finite CW complex
X, then for each 7 there exists j with K; C intx Kj.

2. Give an example of X of locally finite type having a vertex v such that N(v)
does not have finite type.

3. Let A be a subcomplex of a finite-dimensional locally finite CW complex. If A°
is finite prove that A is finite.

4. If X is strongly locally finite and path connected and if A is a finite non-
empty subcomplex of X, prove that {N"(A)} is a finite filtration of X, where
N'(A) := N(A) and for n > 1 N""1(A) := N(N™A)).

5. Give an example where X is locally finite and A is finite but N(A) is not finite.

6. Prove that any countable CW complex is homotopy equivalent to a countable
strongly locally finite CW complex. Prove that any CW complex is homotopy
equivalent to a locally finite-dimensional CW complex (i.e., every point has a
neighborhood which is a finite-dimensional CW complex). Hint: form a “direct
mapping telescope.”

7. What is meant by saying that the exact sequences in 11.4.7 and 11.4.8 are
natural? Prove naturality.

8. Interpret the homomorphisms @ and b of 11.4.7 in the spirit of 11.4.9.

9. Prove 11.4.12.

10. Prove 11.4.13.

11. Discover a Mayer-Vietoris sequence for H(-, R).

12. Consider the short exact sequence in 11.4.7. The middle and right terms only
depend on the (n + 1)-skeleton, so the same is true of the left term. Yet the
modules Hp4+1(X, X < K;) depend on the (n + 2)-skeleton. Explain why their
lim' does not.



13.

14.
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In Sect. 11.1 we defined B, (y) to be the ball of radius n about y where y is a
vertex of an infinite locally finite path connected graph Y. Give an example to
show that By (y) need not be a full subgraph of Y.

Use Example 11.4.14 to construct another example (in addition to 11.4.15)
where the lim* term in 11.4.8 does not vanish.
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Cohomology of CW Complexes

Here we introduce cellular cohomology, and cellular cohomology based on fi-
nite chains. The first of these is popularly called “ordinary cohomology’ .
There is an intriguing double duality in this. From one point of view ordinary
cohomology is considered to be the “dual” of homology as defined in Chap.
2. From another point of view, which will be made precise when we discuss
Poincaré Duality in Chap. 15, cohomology based on finite chains is “dual” to
homology, while ordinary cohomology is “dual” to the infinite cellular homol-
ogy theory of Sect. 11.1.

As in Chap. 11, having the two cohomology theories enables us to define
cohomology at the end of a CW complex.

12.1 Cohomology based on infinite and finite (co)chains

Just as the cellular boundary homomorphism algebraically sums up the faces
of a cell of an oriented CW complex, there is a “dual” homomorphism called
the “coboundary” which algebraically sums up the cells of which a given cell
is a face. This feature of the “coboundary” is somewhat obscured in many
books, because the authors define the “coboundary” on “cochains” rather
than on chains. So our treatment, although it goes back to the beginnings of
cohomology, may appear slightly eccentric.! To minimize the eccentricity, we
will give both versions of the coboundary, and we will stay rather close to
standard forms.

Let X be an oriented CW complex. The coboundary homomorphism 0 :
CP(X;R) — C5 (X R) is defined by

) <Z maeg> = Z <Z ma[eg+1 : eZ]) eg'H.

B

! Expressing cohomology in terms of chains rather than cochains makes Poincaré
Duality more obvious: see Sect. 15.2.
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This is well defined by 2.5.8 and 1.2.13. The reader can check that J is a
homomorphism.
Clearly, the following diagram commutes:?

Cx(X;R) —— > (X;R)

§T¢n %Ttﬁvﬁl

Homp(Co(X; R), R) —2>— Homp(Cpsq(X;R), R).
Here, ¢i(g) = Zg(el;).e’; and 0*(g) = g o 9. Moreover, each ¢y, is clearly an

isomorphism. It is customary to call the elements of Homg(C), (X; R), R) cellu-
lar n-cochains in X with coefficients in R and to abbreviate Hompg(Cy, (X; R), R)
to C™(X; R), a notation we will sometimes refer back to for purposes of clar-
ification. In view of the above equivalence, we will also refer to 0* as the
coboundary homomorphism.

Proposition 12.1.1. The composition
%) é 1% 5 0o
Cn (XﬂR) - 7L+1(X;R) I n+2(X7R)
is zero for all n.
Proof. This follows from 2.3.3 and the corresponding statement for 0*. g

A cochain complex over R is a pair (C,d) where C is a graded R-module
and § : C — C is a homomorphism of degree 1, called the coboundary, such
that 609 = 0. If ({C,},9) is a cochain complex and if one defines C), = C_,,
then ({C}},0) is a chain complex. In this way one obtains from Sect. 2.1
properties of cochain complexes analogous to the stated properties of chain
complexes. Elements of ker § [resp. image 4] are called cocycles [resp. cobound-
aries]. In dimension n, ker §/im § is the n'* cohomology module, denoted
H"(C).

By Proposition 12.1.1, (C°(X; R),6) is a cochain complex, the cellular
cochain compler of X; as explained, this term is also used for the isomorphic
cochain complex (C*(X; R),0*). The resulting cellular cohomology modules
are denoted® by H*(X; R).

A cellular map f : X — Y induces a homomorphism f# : C°(Y; R) —
C°(X; R) defined by:

f# Zmﬁég :Z ng[egzég:f] er.
B a B

2 Some authors (e.g., [29]) use (—1)"T19* instead of §* in this diagram, a convention
which would force a corresponding change in our definition of §.

3 For consistency, we should write HX (X; R) because these cohomology modules
are based on infinite chains; but tradition forbids this.
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In the alternative language, f# : C"(Y; R) — C"(X; R) (i.e.,

f# : Homp(C,(Y; R),R) — Homg(C,,(X; R), R)) is the dual of

f#: Co(X;R) — Cn(Y; R). This f# is a cochain map, meaning it commutes
with 0. Clearly, (g o f)# = f# o g% whenever this makes sense for cellular
maps f and g, and of course id# = id.

We now turn to cohomology based on finite chains. We have C, (X; R) C
C°(X; R).In general, it is not the case that 6 maps Cp,(X; R) into Cy,11(X; R),
but this is the case when X" *! is locally finite, and then we will also write
d 1 Cp(X5R) — Cpt1(X; R) for the restriction of the previous 4. So when
X has locally finite type, (Ci(X; R),d) is a cochain complex called the cellu-
lar cochain complex of X based on finite chains. Let Homlf;c(C'n(X; R),R) or
C#(X; R) denote® the subset of Homg(Cy, (X; R), R)(= C™(X; R)) consisting
of homomorphisms which take the value 0 on all but finitely many generators
(oriented n-cells of X). Then we have a commutative diagram

Co(X;R) —2— Coii(X;R)

Td)n T¢n+1

n o n
CH(X;R) —— C}MY(X;R)

where each ¢, [resp. 0*] is the restriction of the previous ¢ [resp. 0*]. Again,
these ¢i’s are isomorphisms.

The cohomology modules coming from the cochain complex (C.(X; R),9),
or, equivalently, from (C’]’? (X;R),0%) (when X has locally finite type) are the
cellular cohomology modules based on finite chains with coefficients in R. They
are denoted H}(X; R).

A cellular CW-proper map f: X — Y between CW complexes of locally
finite type induces a cochain map

f# :Cn (Y5 R) — Co(X; R)

where f# is the restriction of the previous f# (one checks that the previous
formula remains well defined). Just as J can be interpreted as 9%, this f# can
be interpreted as f# : C}(Y; R) — C}(X; R). We write f* for both H™(f#)
and Hy (f #).

Here are some basic properties of H* and H} whose proofs are similar to
those of the corresponding statements for H, and H® in Sect. 2.4 and Sect.
10.2. WHENEVER A STATEMENT INVOLVES H} THE CW COMPLEX
IS ASSUMED TO HAVE LOCALLY FINITE (n + 1)-SKELETON.

Proposition 12.1.2. If X is path connected, H*(X;R) = R. When X' is
infinite and path connected, H})(X; R)=0. O

4 Here “f” stands for “finite’ .
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Proposition 12.1.3. If {X,, | a € A} is the set of path components of X
then H™(X; R) is isomorphic to HH”(Xa; R), and H} (X; R) is isomorphic
«

to PH} (Xa: R). O

Proposition 12.1.4. When X is finite, H*(X; R) = H;(X;R). O

Proposition 12.1.5. The cohomology of the one-point CW complex {p} is:
H°({p}; R) = HY({p}; R) = R, and, for n # 0, H"({p}; R) = H}({p}; R) =
0. O

Proposition 12.1.6. With the usual CW complex structure on [0,00),
H}([0,00); R) = 0 for all n. O

Proposition 12.1.7. If X has dimension d, then H"(X; R) = H]CL(X; R)=0
for allm > d. O

Proposition 12.1.8. If i : X" ™! < X then i* : H/(X;R) — HI(X"T!; R)
and i* : Hy(X; R) — H (X", R) are isomorphisms for j < n. O

We now turn to homotopy invariance of cohomology.

Theorem 12.1.9. [Homotopy Invariance] If f,g : X — Y are homotopic
cellular maps, then f* = g* : H*(Y; R) — H*(X;R). In particular, cellular
cohomology is a topological invariant.

Proof. Although this theorem is analogous to 2.7.10, we prove it using 2.7.14
instead. The reason is explained in Remark 12.1.11 below.

By 1.4.3 there is a cellular homotopy F': X x I — Y from f to g. Let D
be as in 2.7.14. Consider the diagram:

Homp(Co(X; R), R) <2— Homp(Cn_1(X; R), R)

D*
n
f g
:71

*

Homp(Cni1(Y; R), R) <2— Homg(Cw(Y; R), R)

Since f# = (fx)*, etc., it is merely the dual of 2.7.14 to say D} 0*+0*D},_, =
f# — g*; or equivalently D*§ + §D* = f# — g#. Applying both sides to a
cocycle ¢ in Y we find that f#(c) and g#(c) differ by a coboundary.® O

® If the cocycle ¢ is Zmﬂég (in the proof of 12.1.9) then f#(c) and g#(c) differ
B
by the coboundary of ng[ei,fl x I :ép: Fler™'. The compact support of
a,B
this (n — 1)-dimensional cochain can be found from this formula using 2.5.10. In
applications, one sometimes needs to know a finite subcomplex of X in which
f#(c) and g% (c) are cohomologous.
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By a similar proof (compare 11.1.9) we get:

Theorem 12.1.10. Let f,g : X — Y be CW-cellular maps where X and
Y have locally finite type. Assume either (a) f and g are CW-proper homo-
topic or (b) X is locally finite, Y is strongly locally finite, and f is properly
homotopic to g. Then f* = g*: H{(Y; R) — H{(X; R). O

It follows that on strongly locally finite CW complexes, H jisa topological
invariant.

Remark 12.1.11. We wish to treat homology and cohomology on an equal
footing. But there are places where that is impossible, and we have just met
one. Our proof of 2.7.10 (homotopy invariance of homology) was direct and
geometrical in the sense that we avoided using a chain homotopy. It was
based on the idea that if ¢ € C,(X; R) there is a sensible notion of ¢ x I €
Cpn(X x I; R). If we were to imitate this proof of 2.7.10 in proving 12.1.9, we
would need a method of associating with each infinite n-chain ¢ € C°(Y'; R)
an infinite (n — 1)-chain (call it ¢ = I) in some space (call it Y + I); we would
need F: X x I — Y to induce a map ' : X — Y = I; and the proof would
consist of showing that, when ¢ is a cocycle, F# (¢ + I) = £(f#(c) — g#(c)).
The candidate for Y =+ I is clear: it is Y/, the space of all maps I — Y with
the compact-open topology; indeed, the adjoint map F : X — Y7 is defined
by F(z)(t) = F(z,t). So it would only remain to define ¢ + I € C°(Y!; R).
However, the space Y! does not admit the structure of a CW complex, so
the notion of a cellular chain in Y is meaningless. It is possible to repair
this defect by working throughout with singular chains or cubical singular
chains, for then there is a canonical way of associating with each singular n-
simplex [resp. singular n-cube] in Y a singular (n — 1)-simplex [resp. singular
(n—1)-cube] in Y. Since our aim is to work with cellular chains (and since we
have given an easy proof of 12.1.9 anyway), this “repair” will not be pursued
here. And besides, it is not clear that a similar repair would be possible in
the analogous “proof” of 12.1.10. In summary, this lack of symmetry between
the cellular chain complexes and the cellular cochain complexes, finite and
infinite, is forced on us by the fact that the category of CW complexes and
cellular maps does not possess path-space objects dual to cartesian products
with 1.

As in Sect. 2.5 and Sect. 10.2, the various cellular approximation theorems
1.4.3,10.1.14 and 10.2.3 allow us to regard H*(; R) as a contravariant functor
from the category of oriented CW complexes and homotopy classes of maps to
the category, D, of graded R-modules and homomorphisms of degree 0; and
to regard H(; R) as a contravariant functor from C to D, where C is either
(a) the category of oriented CW complexes of locally finite type and CW-
proper homotopy classes of CW-proper maps or (b) the category of oriented
strongly locally finite CW complexes and proper homotopy classes of proper
maps. Thus H*(;; R) is a homotopy invariant, and HF(; R) is a CW-proper
homotopy invariant in case (a) or a proper homotopy invariant in case (b).
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For oriented CW pairs (X, A) let
Cr(X,A;R) = {Z meaen € Co°(X; R) | mq = 0 whenever e]! is a cell of A},

and®
Co(X, A R) =C 0 (X, A; R)NCr(X; R).

We have short exact sequences of cochain complexes
#
0<~—CF(4;R) =— COF(X;R) <——C2(X, A;R) =—0
and (if X has locally finite type)

0~ Cu(A; R) <2 C.(X; R) ~<—C.(X, A; R) — 0.

The cohomology modules of the cochain complexes (C°(X, A; R),d) and
(C«(X, A; R),0) are denoted by H*(X,A;R) and H7(X, A; R) respectively
and called relative cohomology modules. For the usual algebraic reasons (see
Sect. 2.1) we get a commutative diagram whose horizontal rows are exact:

+=<=—— H"(A;R) =—— H"(X;R) =—— H"(X,A;R) =—— H" Y (A;R) =—— -~

] T

w=—— H{(AjR) =—— H}(X;R) =—— H{ (X, A;R) =—— H?_l(A;R) -

Of course H"(X, A; R) = Z"(X, A; R)/B™(X, A; R). Here Z"(X, A; R) =
{c € C(X;R) | 6c = 0 and the coefficient in ¢ corresponding to each n-cell
of Ais 0}; and B"(X,A; R) = {c € C(X;R) | ¢ = dd where d € C2* (X ; R)
and the coefficient in d corresponding to each (n — 1)-cell of A is 0}.
These are the relative n-cocycles and relative n-coboundaries respectively.
Z3(X, A4 R) and B}(X, A;R) are defined similarly. Thus Z"(X, 4;R) C
Z"(X;R), B"(X,A; R) C B"(X;R), etc.

The relative cohomology modules H*(X, A; R) and Hj(X,A;R) have
properties analogous to the corresponding properties of relative homology
modules as described in Sects. 2.6, 2.7 and 11.1.

Remark 12.1.12. Reduced cohomology based on infinite chains makes sense,

and is entirely dual to the theory described in Sect. 2.9. Reduced cohomol-

ogy based on finite chains does not always make sense because the reduced

coboundary 6: R — Co(X; R) maps 1 to the sum of all the vertices — an

infinite chain when X is infinite.

5 This is abuse of notation: in Sect. 11.3, Cn (X, A; R) meant C,,(X; R)/Cn(A; R),
whereas here C, (X, A; R) denotes the module of chains whose A-coefficients are
all zero; these are really two ways of describing the same idea.
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Exercises

i

Establish the Milnor exact sequence for the cohomology of X where X = UKi

7

each K; being finite, K1 C K5 C ---, namely,

0 —lim'H" ' (K;; R) — H"(X; R) — lim H"(K;; R) — 0.
i i

Prove 12.1.2-12.1.8.
Discover Mayer-Vietoris sequences for H*(-; R) and H}(-; R).
Guided by Sect. 2.9, write out the theory of reduced cohomology based on
infinite chains.
Prove that an n-equivalence induces an isomorphism on H*(:; R) for all k& <
n—1.
Prove that a CW-proper n-equivalence induces an isomorphism on H Jlﬁ (; R) for
all k <n—1.
Show 6(Crn(X,A)) C Cnt1(X,A). Show Z™"(X,A) = ker(d : Cn(X,A) —
Crt1(X, A)) and B"(X, A) = image (0 : Cr,—1(X, A) — Cn(X, A)).

12.2 Cohomology of ends

Let X be an oriented CW complex having locally finite type. We define coho-
mology modules of the end of X in much the same way as we defined homology

of

the end in Sect. 11.4.
Consider the short exact sequence of cochain complexes and cochain maps:

0 — Cni1(X;R) —> CZ 1 (X3 R) —2> C5%1 (X3 R)/Cnia (X; R) — 0

é 8 )

0 — Cn(X;R) ———> C°(X;R) — 2= C*(X;R)/Cn(X; R) ——> 0

Let H}(X; R) = H"(C°(X; R)/C.«(X; R)); we call H(X; R) the cohomology

of the end of X. As usual there is a long exact sequence

7

7

Since i is a cochain map, an argument could be made for writing i. rather than
1" for the induced homomorphism; similarly for p. However, our notation is cus-
tomary.
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o H™FY(X; R) ——> HTY(X; R) —> HZ(X; R) ——> H"(X;R) —> ---

Clearly, H}(X; R) = Z?(X; R)/B?(X; R) where
ZMX;R)={ceCr(X;R)|dce Crni1(X;R)}

and
B! (X;R)=B"(X;R) + C,(X;R) C C;7 (X R).

The elements of Z'(X; R) and BZ(X; R) are called n-cocycles of the end of
X and n-coboundaries of the end of X, respectively. Obviously H?(X; R) =0
when n < 0.

Just as in Sect. 11.4, CW-proper maps or proper maps induce homomor-
phisms on H} under sensible hypotheses, and these possess the usual functorial
properties. We omit the details.

We now give the cohomology analogs of 11.4.7 and 11.4.8.

Let {K;} be a finite type filtration of X. We have a direct sequence of
cochain complexes {(Ci(X,X < K;; R),8)} with bonds (inclusion)# whose
direct limit is isomorphic to the cochain complex (C.(X; R), ). From 11.3.16,
we get:

Theorem 12.2.1. Let X be a countable oriented CW complex having locally
finite type. Let {K;} be a finite type filtration of X . There is an isomorphism
E:li_r)n{H"(X,XﬁKi;R)}—>H}L(X;R). a

Similarly, we have the direct sequence of cochain complexes
{(CX(X £ K;; R),0)} whose direct limit is isomorphic to the cochain complex
O (X3 R)/C(X; R), giving:

Theorem 12.2.2. With hypotheses as in 12.2.1, there is an isomorphism
C:M{H"(XﬁKi;R)}HHS(X;R), O
3
For future reference we note a useful fact about the “bottom” of the long
exact sequence; the proof is an exercise:

Proposition 12.2.3. When X is path connected and infinite the monomor-
phism p* : HY(X; R) — HO(X; R) splits. O

If Y is a locally compact Hausdorff space, it is customary to define the
singular cohomology modules of Y with compact supports to be HX(Y; R) =

@{HZ(Y, Y — K; R)} where H’, denotes singular cohomology (see Exercise
K
5) and the directed set is the set of all compact subsets K of Y directed by

inclusion. The reader should compare this with Theorem 12.2.1.
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Remark 12.2.4. Many theorems in this chapter and elsewhere in this book
are stated for a CW complex X of locally finite type. In such a context a
statement about X which only involves H;°, Hy_,, Hy or H holds provided

n
X"t is locally finite because these invariants only depend on X"*1.

Convention 12.2.5. Throughout this book it is understood that whenever
Hye, Hy_y, Hy or H.' appears in a statement, the relevant CW complex
has locally finite (n + 1)-skeleton.

Exercises

1. Write down the isomorphisms ¢ in 12.2.1 and c in 12.2.2.

2. Explain why there is no shift of dimension in the definition of H; (X; R) while
there is such a shift in the definition of H{(X; R).

3. Discover a Mayer-Vietoris sequence for HZ(-; R).

4. Up to what value of k does a CW-proper n-equivalence induce an isomorphism
on (a) HE(+ R) and (b) HE(; R)?

5. Discover “singular cohomology” by applying the methods of Sect. 12.1 to the
singular chain complex of Sect. 2.2.

12.3 A special case: Orientation of pseudomanifolds and
manifolds

Before continuing with the general theory we pause to discuss infinite chains
and cochains in an important case.

A CW n-pseudomanifold is a locally finite regular CW complex X having
the following properties: (i) every cell of X is a face of an n-cell; (ii) every
(n—1)-cell of X is a face of at most two n-cells; (iil) if e, # ej; are cells in the

same path component of X, there is a finite sequence ey, = ep, e, ,en, =
e of n-cells of X such that each ey, Nep, | is an (n — 1)-cell of X. Such a

sequence is called a gallery. The subcomplex of X consisting of those (n —1)-
cells which are faces of exactly one n-cell, together with their faces, is called
the boundary of X and is denoted X . Note that X is not required to be path
connected.

Proposition 12.3.1. If K is a combinatorial n-manifold then |K| is a CW
n-pseudomanifold, and the two notions of boundary coincide. O

The cone on a path connected finite n-dimensional pseudomanifold X is a
finite (n + 1)-dimensional pseudomanifold but is not a topological manifold if
X is not a sphere or a ball.®

8 If X is an n-pseudomanifold, it is clear that X — X"~ 2 is a topological n-manifold.
For that reason a pseudomanifold is sometimes described as a “manifold with a
codimension two singularity;” however, if X satisfies (i) and (ii) and X — X"~2
is a manifold, it does not follow that X is a pseudomanifold.
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Remark 12.3.2. In the older literature, an n-pseudomanifold is a path con-
nected CW complex X = | K| for some abstract simplicial complex K, which
satisfies (i)—(iii) above. We have dropped the requirement of path connect-
edness, but have added the requirement of local finiteness. In the literature
of buildings, a simplicial complex X = |K| (not necessarily locally finite)
satisfying (i)—(iii) and with X = @ is called a thin chamber complex.

Let X be a CW n-pseudomanifold. Orient the cells of X in the sense of
Sect. 2.5. Let R be an integral domain.? A relative cycle ¢ € Z2°(X,0X; R)
is called a fundamental cycle (over R) if the coefficient in ¢ of every n-cell
is a unit of R. We say that X is R-orientable if X has a fundamental cy-
cle over R. Of course, Bo°(X,0X;R) = 0, so there is only a formal differ-
ence between Z2°(X,0X; R) and H°(X,0X; R). If ¢ is a fundamental cycle,
the corresponding homology class in H°(X,0X; R) is called a fundamental
class (over R). Clearly, X is R-orientable iff each path component of X is
R-orientable.

Proposition 12.3.3. Let ¢ € Z°(X,0X; R), let e, and e} be n-cells in the
same path component of X, and let ro, T3 be the coefficients of e, and e in
c. Then ro = £rg.

Proof. First assume ef, Nej = e"~!. Then e~ ! is not a face of any other

¥ v

n-cell. Since dc = 0 we get rolef) : €2 7' 4 rle : 27! = 0. By 5.3.10 this
implies ro, = #£rg. The general case now follows by induction, using Axiom
(iil) in the definition of a pseudomanifold. O

Proposition 12.3.4. Let X be path connected. If ¢ and ¢’ are fundamental
cycles over R then, for some unit u € R, ¢ = uc’.

Proof. Let the coefficient of e in ¢ [resp. ¢] be the unit u, [resp. u,]. Then
c and uy(ul)~c have the same el-coefficient, so the coefficient of e” in

¢ —uq(ul) 71 is zero. By 12.3.3, this implies ¢ = uq (u))~1c. O

Obviously, if u # 1 and c is a fundamental cycle, then uc # c. Hence the
last proposition implies that when X is path connected and R-orientable the
fundamental cycles on X are in bijective correspondence with the units of R.

A choice of fundamental cycle ¢ on X (if X is R-orientable) is called an
R-orientation of X, and X is R-oriented by c. Summarizing:

Proposition 12.3.5. Let X, as above, be path connected and R-orientable.
If two fundamental cycles have the same el}-coefficient for some «, then they
are identical. Hence, one fully specifies an R-orientation for X by specifying
a unit of R as the coefficient of a single n-cell. |

9 Recall that an integral domain is a commutative ring with the property that
rs =0 implies r =0 or s = 0.
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Every CW n-pseudomanifold X is Zs-orientable and has a unique Zo-
orientation. The terms “Z-orientable,” “Z-orientation,” and “Z-oriented” are
usually abbreviated to orientable, orientation, and oriented'C. If X is ori-
entable, the underlying CW complex X can be oriented (in the sense of Sect.

2.5) so that Zez is a fundamental class, where A indexes the n-cells of X.

acA
Whenever X is path connected and orientable, X has two orientations, since

7Z has two units.

Ezample 12.5.6. The CW manifolds I "*! (homeomorphic to S™) and R" are
orientable. The projective plane and the Mobius band (equipped with regular
CW complex structures) are not orientable.

Now we use the fact that R is an integral domain:

Proposition 12.3.7. Let X be path connected. If H°(X,0X; R) # 0 then X
has a fundamental cycle over R; i.e., X is R-orientable.

Proof. Let z = Zraeg be a non-zero relative cycle in X. Since dz = 0,
(03

To = £rg when e, and e} share an (n — 1)-face. Since X is path connected,
the gallery property then implies r, = +r for all a, where r #% 0 € R. Thus
z = rzg where every coefficient in zg is 1. Now 0 = 0z = r0zg. If 0z9 # 0
then some eg_l has non-zero coefficient sg in dzg, so rsz = 0, contradicting
the fact that R is an integral domain. So zg is a fundamental cycle. O

Corollary 12.3.8. Let X be path connected. The following are equivalent:

(i) X is R-orientable;
(ii) HX (X, 0X; R) is isomorphic to R;
(iii) H>(X,0X; R) #0. 0

The hypothesis that R be an integral domain is only needed for the (iii)
= (i) part of 12.3.8.

Proposition 12.3.9. Let X be path connected. If 0X # (), H,(X; R) =0 and
H*(X;R)=0. If X is non-compact, H,(X,0X; R) = 0. O

The property of R-orientability of n-pseudomanifolds is a proper homotopy
invariant of pairs in the following sense.

Proposition 12.3.10. Let X and Y be CW n-pseudomanifolds, and let f :
(X,0X) — (Y,0Y) be a cellular proper homotopy equivalence (of pairs). If
c € ZX(X,0X;R) is a fundamental cycle for X then fu(c) € Z2°(Y,0Y; R)
is a fundamental cycle for Y.

10 The two meanings of “oriented” and “orientation” — here and in Sect. 2.5 — should
be noted.
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Proof. We may assume that X is path connected: otherwise work with each
path component separately. Clearly, fx(c) € Z°(Y,0Y; R). Hence, by 12.3.3,
fu(c) =r.d where r € R, d € C°(Y; R) and every coefficient in d is 1. Let
g: (Y,0Y) — (X,0X) be a proper homotopy inverse for f. We know that
g4 o fx(c) is homologous to ¢, and hence equals ¢. So r.gx(d) = ¢. Thus r is
a unit of R, so fx(c) is a fundamental cycle. O

As a special case, suppose X’ is a regular oriented CW complex which is
a subdivision of X. Let ¢ be a fundamental cycle (over R) for X. The identity
map'! i : X — X' is cellular. By 12.3.10, ix(c) is a fundamental cycle (over
R) for X'. The cycle ¢ defines an R-orientation on X; the inherited orientation
on X' is that defined by ix(c).

As another special case, let X = Y in 12.3.10, and let X be path con-
nected and orientable. We say that f (in 12.3.10) is orientation preserving
[resp. orientation reversing] if for some fundamental class ¢ € Z2°(X,0X;Z)
fu(c) = c [resp. fu(c) = —(].

Proposition 12.3.11. If H>° {(X,0X;Zs) = 0 then X is orientable.

The support of a k-chain c is the set of k-cells appearing in ¢ with non-zero
coefficient.

Proof (of 12.3.11). Let ¢ = Zeg where o ranges over all the n-cells of

X. Then 9c = 2d + e, where g has support outside X, e has support in
0X, and every coefficient in d and in e is £1. So 0 = 2(9d) + de, imply-
ing that 2(dd), hence also dd, has support in 0X. So d € Z2°,(X,0X;Z).
Since H2® (X,0X;Z3) = 0, there exist b € C°(X;Z), a € C°(X;Z), and
f € C,(0X;Z) such that 9b = d 4+ 2a + f, and a has support outside X .
Now 9(b+ 2e”) = d + 2a + f £ 2.0e” which has the form d + 2a’ + f’; so
we may assume that every non-zero coefficient in b is 1. Collecting terms, we
have dc = 2.0b — 4a+ e — 2f, s0o 9(2b — ¢) = 4a — e + 2f. All coefficients in
2b— c are %1 so each coefficient in 9(2b—c¢) is 0, £1 or £2. Hence a = 0. Thus
2b—ce€ ZX(X,0X;Z). If X were non-orientable, we would have 2b = ¢, by
12.3.9. But 2b # ¢, so X is orientable. O

A special case of Poincaré Duality says that if X = |K|, where K is a
combinatorial n-manifold, then HZ° | (X,0X; Zs) is isomorphic to H'(X; Zs);
this is proved in 15.1.9. We use this here to get an important consequence of
12.3.1 and 12.3.11.

Corollary 12.3.12. If X = |K]|, as above, and if H (X;Z3) = 0, then X
s orientable. In particular, every simply connected combinatorial manifold is
orientable. d

Note that 12.3.12 does not necessarily hold for pseudomanifolds.
Again, let X be a CW n-pseudomanifold whose cells are oriented.

1 As sets of points X = X', so there is an identity map from X to X’.
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Proposition 12.3.13. If X is non-orientable then H° (X,0X;Z) contains
an element of order 2.

Proof. We refer to the proof of 12.3.11. We have 2d € B (X,0X;Z) and
de Zx (X,0X;Z). If d were itself a boundary, we would have b and f with
Ob=d+ f.So 0(2b—c) = 2f — e. Since there is no fundamental cycle, ¢ = 20,
contradicting the definition of ¢. So d defines an element of order 2. |

Proposition 12.3.14. If X is path connected and orientable, H?(X, 0X;7) =
Z. If X is non-orientable, H?(X, 0X;7) = Zs. In both cases, if € is an ori-
ented n-cell then the cohomology class of the n-cocycle e}, generates.

Proof. If e}, and ejj share an (n — 1)-face d then dd = Feq £ eg, 50 e, is
cohomologous to £eg. Since X is path connected, it follows that every element
of Z}(X,0X;Z) is cohomologous to key, for some k € Z. Thus H} (X, 0X;Z)

is cyclic. If X is orientable then the n-cells can be oriented so that Zeg

(07
is a fundamental cycle, and in that case the coefficient sum in a (relative)
coboundary is zero. So kel is not a coboundary when k # 0. Thus, in the
orientable case H} (X, 0X;Z) is freely generated by eq,.

Let X be non-orientable and let P be the set of infinite n-chains ¢ having
the following properties: (i) every coefficient in dc is 0, 1 or —1; and (ii)
when eg and e} are in the support of ¢, they can be joined by a gallery
consisting of mn-cells in the support of c. The set P is partially ordered by
c1 < cg if the support of ¢y lies in the support of co. The hypotheses of Zorn’s
Lemma are satisfied, so there is a maximal element cpa.x € P. Since X is
non-orientable, there is an n-cell of X which is not in the support of cpax.
Hence, using a gallery, there exist an (n—1)-cell d and n-cells e}, ey such that
eqNes = d, e is in the support of c¢max, and e is not in the support of cppax. If
e : d] = —[e, : d] then there will be another (n— 1)-face d of ej3 which is also

[e3

n n

a face of some e’} in the support of cmax, so that [e}; : d] = [e]] : d]; otherwise
Cmax + €3 would be in P, contradicting maximality. Thus in this case e is
cohomologous to ef;, and €7 is cohomologous to —ej, so e, is cohomologous to
—eg- On the other hand, if [e} : d] = [ef; : d] one could change the orientation
on ej, and return to the previous case. So when X is non-orientable the
cohomology class of e has order < 2. The sum of the coefficients in a relative

coboundary is even, so H?(X, 0X;7) = Zs. O

Now we turn to covering spaces. A covering space of a combinatorial n-
manifold is a combinatorial n-manifold, but a covering space of a CW n-
pseudomanifold need not be a CW n-pseudomanifold. On the other hand, if
the universal cover, X, is a CW n-pseudomanifold, then so is every covering
space of X, including X itself.

For the rest of this section X is a path connected oriented CW complex
such that X is an n-pseudomanifold. Pick a base vertex v. Let G = (X, v).
Orient the cells of (X, ) as in Sect. 8.1 so that each covering transformation
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preserves the orientations of the n-cells of X. Let p : (X,7) — (X,v) be the
universal covering projection. When X is orientable, let H be the subgroup
of G consisting of orientation preserving covering transformations. Clearly H
has index <2 in G.

Proposition 12.3.15. Let the n-pseudomanifold X be orientable. Then X is
orientable iff H = G.

Proof. Let c = Zrayggég be a fundamental cycle (over Z) in X. Then ry , =
9.
+1. First, let H = G. Then r g = 74,1 for all g € G. Let d = Zra,leg

m

Cro(X;Z). We claim d is a fundamental cycle in X. To see this, let ég_l be a

face of g1€},, and geéy, . Then rqo, 4, (916, : égfl] + Tag,g2[92€0, ég’l] =0.

n—1

no egfl] + Tas,1[€, egfl] = 0. Since this holds for any ej

Hence, rq,,1[el,

in X, the claim follows.

Now, let X be orientable and suppose H # G. Then H is a (normal)
subgroup of index 2. By the previous paragraph, the covering space X (H) is
orientable. We have a two-to-one covering projection gg+ : X (H) — X. Each
cell ey, of X is covered by two cells e, ; and €, 5 of X (H). If we orient these via
g+, we see that a fundamental class ¢ = Zraeg in X yields a fundamental

[e3%

class d = ZTQ(EZJ + e ,) in X(H), and gg+4(d) = 2¢. Since H # G, there
«

is an orientation reversing covering transformation v : X (H) — X (H). Thus
2¢ = qg+4(d) = g+ ©Y(d) = —qg+4(d) = —2c, a contradiction. O

Corollary 12.3.16. If X is orientable and X is non-orientable, X has an
orientable path connected double cover qg+ : X(H) — X. a

The awkward feature of 12.3.15 and 12.3.16 is the hypothesis that the uni-
versal cover be orientable. Unlike manifolds — see 12.3.12 — simply connected
pseudomanifolds are not always orientable; e.g., the cone on the projective
plane. However, by 12.3.12 and 12.3.16 we get:

Corollary 12.3.17. Every non-orientable path connected CW n-manifold has
an orientable path connected double cover. O

Exercises

1. Give an example of a 2-pseudomanifold which is not a manifold, and of a 2-
pseudomanifold whose boundary is not a pseudomanifold.

2. Prove that an orientable pseudomanifold is R-orientable for any commutative
ring R.
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3. Prove that the cone on a path connected finite pseudomanifold is a pseudoman-
ifold.

4. Give a counterexample to the converse of 12.3.11.

5. Give an example of a non-pseudomanifold covering space of a pseudomanifold.

6. Show that if K is a combinatorial manifold triangulating the surface Ty 4 then
K is orientable, and if K triangulates the surface Uj 4 then K is non-orientable.

7. Give a counterexample to 12.3.7 when 2 is a 0-divisor.

8. In a pseudomanifold X, let ¢ = Zuaeg where each uo = £1. Then 0c = 2d + e

where d is supported outside 83)( and e is supported in 0X. Show that d €

22 1(X,0X;Z) and that {d} = 0 or has order 2 in H,_1(X,0X;Z) depending
on whether or not X is orientable. Show that if X is non-orientable and path
connected then the torsion subgroup of H.°  (X,0X;Z) has order 2. Describe
explicitly a cycle whose homology class is non-zero.

12.4 Review of more homological algebra

For details of the algebra reviewed here see, for example, [83].

Let R be a (not necessarily commutative) ring!? with 1 # 0. The tensor
product B g A of a right R-module B and a left R-module A has the structure
of an abelian group; it is generated by elements of the form b® a, where b € B
and a € A, subject to bilinearity and relations of the form br ® a = b ® ra
where r € R. If R is commutative, the left action of R on B ® p A defined by
r(b®a) = br ® a makes B®p A into an R-module, and B ®pr A is understood
to carry this left R-module structure. If R is not commutative, B @ A is
understood to be an abelian group only, unless an R-action is specified.!3

If ({Cn},0) is an R-chain complex and B is a right R-module, then
{B ®gr C,},id ® 9) is a Z-chain complex whose homology groups are de-
noted by H,(C; B) and are called the homology groups of C with coefficients
in B. Of course, if R is commutative we get an R-chain complex and homology
R-modules.

Dually, if C and A are left R-modules, then Homp(C, A) has the structure
of an abelian group. If R is commutative, the left action of R on Hompg(C, A)
defined by (r.f)(c) = r.f(c) makes Hompg(C, A) into an R-module (since r.f €
Hompg(C, A)). If R is not commutative, Hompg(C, A) is understood to be an
abelian group only, unless an R-action is specified.

If ({Cy},0) is an R-chain complex and A is a left R-module, then
({Hompg(C,, A)},0*) is a Z-cochain complex whose cohomology groups are
denoted by H*(C; A); they are the cohomology groups of C with coefficients
in A. Again, if R is commutative we get an R-cochain complex and cohomol-
ogy R-modules.

2 For this section only we suspend our standing convention (Sect. 2.1) that R
denotes a commutative ring. In this section the status of R will change several
times.

13 For group rings RG we elaborate on this convention in Sect. 8.1.
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FROM HERE UNTIL AFTER REMARK 12.4.6, R IS UNDERSTOOD
TO BE A PID. In particular, R is a commutative ring without zero divisors,
and every submodule of a free R-module is free. When R is commutative, the
distinction between left and right R-modules is not worth making, since a left
module M becomes a right module under the R-action m.r = rm, and vice
versa.

For any R-module A, there exist short exact sequences

0 — Fy SN Fy -2» A — 0 in which Fy and F} are free R-modules. For
any R-module B, let Torg(B, A) be defined to make an exact sequence

0 ——— Torr(B, A) el 4 9) 0.

B ®r F1

B ®r Fo

B®Rr A

Up to canonical isomorphism, Torg(B, A) is independent of the choice of Fy
and of the epimorphism Fy — A. Both - ® g - and Torg(-,-) are covariant
functors of two variables, which commute with direct sums and direct limits.
A useful fact is:

Proposition 12.4.1. If A or B is torsion free, then Torg(B, A) = 0.

Theorem 12.4.2. (Universal Coefficient Theorem in homology) With
({C,},0) and B as above, and each C,, free, there is a natural short exact
sequence of R-modules

0 —— B®r H,(C) —2— H,(C;B)

Torr(B, Hn-1(C))

This sequence splits, naturally in B but unnaturally in C'. g

Dually, if B and A are R-modules, let Extr(A, B) be defined to make an
exact sequence

*

0 — Hompg(A, B) A Hompg(Fy, B) A Homp(F1, B)

—_—> EXtR(A, B) —0.

As with Torg, Extr(A, B) is independent of the choice of Fy and of the
epimorphism F; — A. Both Hompg(-,-) and Extg(:,:) are functors of two
variables, contravariant in the first and covariant in the second. They convert
direct sums into direct products, so they commute with finite direct sums.
Since R is a domain, Hompg (A, R) is torsion free for all A.

A useful fact is:

Proposition 12.4.3. If A is free then Extr(A, B) = 0. O
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The next statement is proved in [146, Sect. 5.5.2]:

Proposition 12.4.4. Extg(R/(r),R) = R/(r); Extg(R/(r), R/(q)) = R/(s)
where s = (r,q), the greatest common divisor of r and q. O

Theorem 12.4.5. (Universal Coefficient Theorem in cohomology)
With ({Cn},0) and B as above, and each C,, free, there is a natural short
exact sequence of R-modules

0 ——— Extg(Hn—1(C), B) H™(C; B) —2— Hompg(H,(C), B)

This sequence splits, naturally in B but unnaturally in C'. O

Remark 12.4.6. By examining the proofs of 12.4.2 and 12.4.5, one sees that the
monomorphism 3 in 12.4.2 is given by S(b® {z}) = {z®b}, where {-} denotes
homology class; and the epimorphism « in 12.2.5 is given by a({f})({z}) =
f(2), where f € Homp(Cy,B), z € Z,(C), and {-} denotes cohomology or
homology as appropriate.

Let X be a CW complex. Let R be a commutative ring and let M be
an R-module. We define the homology and cohomology modules of X with
coefficients in M.

(i) H,(X;M) is the homology of the chain complex
{M ®rCL(X;R)},id® 0);

(i) H™(X; M) is the cohomology of the cochain complex
({Homp(Cn(X; R), M)}, 0%).

When X has locally finite type

(iii) H}(X;M) is the cohomology of the cochain complex
({M @r Cn(X; R)},1d © 6);

(iv) H2°(X; M) is the homology of the chain complex
({Homp(Ch(X; R), M)}, 67).

Similar definitions are made for pairs.

Remark 12.4.7. We can make the Z-module R ®yz C,,(X;Z) into an R-module
by defining r.(r'®c) = (rr’)®c. This construction is called extension of scalars.
It gives a “canonical” isomorphism of R-chain complexes R ®y Cy,(X;Z) —
Cn(X; R) (Exercise 1). The resulting homology R-modules are therefore also
“canonically” isomorphic. We have denoted both homology constructions
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by H.(X;R). However, there is a delicate point here. The derivation from
{Cn(X;R),0} makes H,(X;R) into an R-module naturally, as described in
Chap. 2. The derivation of H.(X;R) from {R ®z Cp(X;Z),id ® 9} would
only give the homology groups (= Z-modules) with coefficients in the (right
R-module) R, were it not for the fact that extension of scalars induces an R-
module structure on these homology groups. This becomes important when
using the Universal Coefficient Theorem. The extension of scalars also gives an
R-module structure to Torz(R, B), where R is a PID and B is any R-module.
Thus the exact sequence of Z-modules

0—= R @z Hy(X;Z) — H,(X; R) — Torz(R, Hy_1(X;Z)) —= 0

is in fact an exact sequence of R-modules. For example, one deduces from
this that Hq(X;Q) is isomorphic to Q ®z H1(X;Z) as a Q-vector space
and not merely as an abelian group. Similarly, we make the Z-module
Homy(C,(X;Z), R) into an R-module by the rule (r.f)(c) = r.f(c). A par-
allel discussion can then be given concerning cohomology, ending with the
conclusion that we have an exact sequence of R-modules

0 — Extz(Hp—1(X;Z); R) — H™(X; R) — Homy(Hn(X;Z); R) — 0.

Similar remarks hold for Hy and H®.

Another version of the Universal Coefficient Theorem will be useful. A
proof is given in [146, Sect. 5.5.10]:

Theorem 12.4.8. Let R be a PID, and let B be a finitely generated R-module.
Let ({C,},0} be a free R-chain complex. There is a natural short exact se-
quence of R-modules

0 —> B@g H"(C) — H"(C; B) — Torg(B, H™(C)) —= 0.
This sequence splits naturally in B but unnaturally in C. g

If ({C),},0") and ({C}/,0"}) are R-chain complexes, their tensor product
is the Z-chain complex ({Cp}, 9) where C), = @ C,, @rC) and 9: Cp —
m-+n=p
C,_1 is defined by (¢ @ ¢’) = (0¢') @ ¢ + (—1)%& €'/ @ (3¢"). This is easily
seen to be a chain complex. The homology of this tensor product is given by
the Kiunneth Formula:

Theorem 12.4.9. Let R be a PID. Assume either that each C, is free or
that each C) is free. There is a natural short exact sequence of R-modules

0= P Hu(C)®r Ha(C") = Hy(C) > P Torr(Hn(C'), Ha(C")) — 0.

m-+4n=p m+n=p—1

This sequences splits. O
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Exercises

1. Write down the “canonical” isomorphism R®zCp(X;Z) — Cn(X; R) in Remark
12.4.7.

2. When R is a PID and M is an R-module, apply 12.4.2 to get two short exact
sequences whose middle terms are H} (X; M) and H,(X; M) respectively.

3. Prove 12.3.14 using Universal Coefficient Theorems.

12.5 Comparison of the various homology and
cohomology theories

All our homology and cohomology theories have turned out to be indepen-
dent of how the CW complex was oriented. FROM NOW ON, WE WILL
ONLY REFER TO A CHOICE OF ORIENTATION OF CELLS WHEN DIS-
CUSSING CHAINS.

We begin with two immediate consequences of the Universal Coefficient
Theorem in cohomology:

Theorem 12.5.1. Let X be a CW complez, let R be a PID, and let M be an
R-module. There is a short exact sequence of R-modules

0 —— Extp(Hp_1(X;R),M) ———— H™(X; M)

Homp(Hn(X; R), M) —— 0.

This is natural with respect to homotopy classes of maps. It splits, but unnat-
urally, with respect to M. O

Theorem 12.5.2. Let X be a CW complex having locally finite type, and let
R and M be as in 12.5.1. There is a short exact sequence of R-modules

Extp(H}THX;R), M) ——— H°(X; M)

Homp (H}(X; R), M) ——— 0.

This is natural with respect to CW-proper homotopy classes of CW-proper
maps. For strongly locally finite CW complexes, it is natural with respect to
proper homotopy classes of proper maps. It splits, but unnaturally, with respect
to M. 0

We wish to compare properties of H*(X; R) with those of the inverse
sequence {H,(X < K;; R)}, where {K,} is a finite type filtration. This will
require some algebraic preliminaries.

An inverse sequence {M,} of R-modules is (i) pro-finitely generated, (ii)
semistable, (iii) stable, (iv) pro-trivial, (v) pro-torsion free, (vi) pro-torsion
if it is pro-isomorphic!* to an inverse sequence (i) whose modules are finitely
generated, (ii) whose bonds are epimorphisms, (iii) whose bonds are isomor-
phisms,*® (iv) whose modules are trivial, (v) whose modules are torsion free,

14 Recall the convenient characterization of pro-isomorphism in 11.2.10.
5 Note that (iii) is compatible with “stable” as defined in Sect. 11.2.
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(vi) whose modules are torsion, respectively. We leave the proof of the follow-
ing as an exercise:

Proposition 12.5.3. The above definitions are equivalent to the following in-
trinsic definitions:

(i) Vm, 3n > m such that image (M,, — M,,) is finitely generated;
(if) Ym, 3In such that Vk > n, image (My — M,,) = image (M, — M,,);
(iii) there is a cofinal subsequence { My} such that image (M, ., — My, ) is
mapped by the bond isomorphically onto image (M,,,, — M,,) for all i;
(iv) Vm, 3n such that M, — M,, is zero;
(v) Vm, 3In such that tor M,, C ker(M,, — My,);

(vi) Vm, 3n such that image (M,, — M,,) is torsion. O

Let M denote M /tor M. Then M + M defines a covariant functor from
R-modules to R-modules. When convenient, we will use the alternative name
M mod torsion for M. By 11.3.14 we have:

Proposition 12.5.4. For any direct sequence {M,}, the canonical homomor-
phism (Im{M,})” — lim{M,} is an isomorphism. O
n n

Proposition 12.5.5. Let R be a PID. Let {M,,} be a pro-finitely generated in-
verse sequence of R-modules. Then {M,} is semistable iff {M,} is semistable.

Proof. We may assume that each M, is finitely generated. By 11.3.11,
{M,, "} can be replaced by {M,, @tor M, f & (f | tor M,)}. By 11.3.12,
{tor M, } is semistable. The desired conclusion is immediate. |

Proposition 12.5.6. Let R be a PID. Let {M,, f*} be a pro-finitely gener-
ated inverse sequence of R-modules. Then {M,} is semistable iff the direct
limit of the dual direct sequence {Homp(M,, R), (fI")*} is a countably gener-
ated free R-module.

Proof. Let {M,,} be semistable. Let N,, = ﬂ image f}. Then N, is finitely
m>n

generated. Let "' : N, 1 — N, be the restriction of f?*!. Then each gn*!

is onto and { N, g;;'} is pro-isomorphic to { My, f;"}. In the inverse sequence

{N,,g"}, each N, is free and finitely generated and each g*! is a splittable

epimorphism. Thus {Homg(N,,, R), (g™)*} is a direct sequence of finitely gen-
erated free modules whose bonds are splittable monomorphisms (see Exercise
6). The direct limit of such a sequence is clearly countably generated and free.
But Homg(N,, R) is isomorphic to Homg(N,,, R), for all n, by means of iso-
morphisms which identify (g?*1)* with (¢7™1)*. And {Hompg(N,, R), (¢™)*}
is ind-isomorphic to {Homp (M, R), (f7*)*}, a fact obtained by dualizing the
corresponding pro-isomorphism statement above. By 11.2.6, the direct limit

of the last sequence must also be countably generated and free.
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Conversely, let lim{Homg(M,, R), (f;")*} =: L be free. By hypothesis
and 11.2.6, we may assume each M, is finitely generated. By 11.3.11, each
Homp(M,, R) is finitely generated and free. Clearly, L is free on a countable
set of generators, so L is the direct limit of a sequence {L,, h"'} in which each
L,, is finitely generated and free, and each Al is a splittable monomorphism
— just take more and more R-summands of L. By 11.3.15, {Hompg(M,, R)}
and {F,} are ind-isomorphic. Hence, dualizing again, the inverse sequences
{Hompg(Hompg(M,, R), R)} and {Hompg(L,, R)} are pro-isomorphic. The first
of these is obviously isomorphic to {M,}, while the second is an inverse
sequence whose bonds are (splittable) epimorphisms, hence semistable. By
12.5.5, {M,,} is semistable. O

Proposition 12.5.7. Let R be a PID. A pro-finitely generated inverse se-
quence of R-modules { My} is pro-torsion free iff the direct limit of the corre-
sponding direct sequence {Extg(M,, R)} is trivial.

Proof. This proof uses homological algebra not needed elsewhere in this book.
We may assume that each M, is finitely generated. By 11.3.11 and 12.4.3,
lim{Extr(M,, R)} = 0 iff lim{Extg(tor M,,R)} = 0. The PID R has a field
— —

of quotients F' obtained by inverting all non-zero elements of R (see page 69
of [101].) Clearly Hompg(tor M,,, F') = 0. The underlying abelian group of F'
is divisible, so F' is an injective R-module (see [83, Chap. 1, Sect. 7.1]), hence
Extg(tor M,,F) = 0 [83, Chap. 3, Sect. 2.6]. Thus Hompg(tor M, F/R) is
isomorphic to Extg(tor M,, R); this follows by applying [83, Chap. 3, Sect.
5.2] to the short exact sequence 0 — R — F — F/R — 0. By 11.3.15,
lim Hompg(tor My, F/R) = 0 iff for each m there exists n > m such that the
composition tor M,, — tor M,, — F/R is zero. By 11.3.11, this is equivalent
to saying that the inverse sequence {tor M,} is pro-trivial. This in turn is
equivalent to saying that {M,} is pro-torsion free. O

Proposition 12.5.8. Let R be a PID. Let the inverse sequence of R-modules

{M,} be pro-finitely generated.

(a) {]\_Jn} is pro-torsion iff lim{Homp (M,, R)} = 0.

(b) {My} is stable and R-rank (im{M,}) = p < oo iff lim{Hompg(M,, R)}
is a free R-module of rank p < co.

Proof. The proofs are similar to that of 12.5.6. O

Let X be a countable CW complex having locally finite type. Let {K;} be
a finite type filtration of X.

Proposition 12.5.9. If H,(X; R) is finitely generated and R is a PID, then
H,(X - K;;R) is finitely generated for all i. Hence {H,(X < K;;R)} is
pro-finitely generated.
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Proof. Replacing X by X", we may assume X is strongly locally finite.
Then, by 11.4.4, N(K;) is finite. By 1.5.5, X = N(K;) U (X - K;). And
N(K;)N (X £ K;) is finite. The Mayer-Vietoris sequence gives exactness in

H,(N(K;))Nn(X € K;);R) — H,(N(K;); R)® H,(X £ K;; R) — H,(X;R).

By 2.7.7, the left term is finitely generated. Hence H, (X < K;; R) is finitely
generated. O

Theorem 12.5.10. Let X be a countable CW complex having locally finite
type, let R be a PID, let H,(X; R) and H,,—1(X; R) be finitely generated, and
let {K;} be a finite type filtration of X.

(i) H(X; R) mod torsion is free iff {H,(X < K;; R)} is semistable;

ii) H(X; R) is torsion free iff {H,—1(X < K;; R)} is pro-torsion free;'6
(i) H}(X; R) is torsion iff {Hn(X < K;; R)} is pro-torsion;
(iv) H(X; R) mod torsion is free with finite rank p iff {Hn(X < K;; R) mod
torsion} is stable with free inverse limit of finite rank p.

Proof. By 12.5.9, {Hi(X < K;;R)} is pro-finitely generated for k = n — 1
and n.
(i) By the previous propositions and Sect. 12.2, {H,(X - K;;R)} is
semistable iff im{Hompg(H,(X < K;),R)} is free iff lim{H"(X < K;;R)}
s -

mod torsion is free iff H?(X; R) mod torsion is free. (ii) By 12.5.7, the fol-
lowing are equivalent:

1. {H,—1(X £ K;; R)} is pro-torsion free
2. h_r)n EXtR(anl(X < KZ,R),R) =0

3. H*(X;R) is torsion free.
(iii) and (iv) are proved similarly using 12.5.8. O

Corollary 12.5.11. Let X be a path connected CW complex having locally
finite type, and let R be a PID. Then HO(X; R) is countably generated and
free. If H1(X; R) is finitely generated, then H}(X; R) is torsion free.

Proof. By 11.4.3, X is countable. Applying 12.5.10 with n = 0 we find that
H?(X; R) is torsion free. To show that H?(X; R) is free, we apply 12.5.6 so we
must show that { Ho(X < K;; R)} is semistable. By 2.7.2, each Ho(X < K;; R)
is free with finite rank equal to the number of path components of X < K.
Identifying generators with path components, one sees (by considering things
at the chain level) that, for j > 4, the image of Ho(X < K;;R) — Ho(X <
K;; R) is freely generated by those path components of X < K, which meet
X € Kj. The proof of 12.5.9 shows that there are only finitely many path
components. Thus {Ho(X < K;; R)} is semistable.

For the second part, we apply 12.5.10 with n = 1. In particular, we have
observed that { Ho(X < K;; R)} is pro-torsion free. Hence H!(X; R) is torsion
free. (]

6 This holds even if H,(X; R) is infinitely generated.
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Exercises

1. Prove the naturality statements in 12.5.1 and prove 12.5.2.

2. Prove 12.5.3, 12.5.4, 12.5.8, 12.5.10 (iii) and (iv).

3. Compute H;(T;Z) where T is the dyadic solenoid inverse mapping telescope
(Example 11.4.15).

4. Establish the following exact sequence: 0 — B ®r HZ (X;R) — HJ(X;B) —
Torg(B, H™'(X;R)) — 0 using 12.4.8 (where B is finitely generated over the
PID R).

5. Prove that the inverse sequence of modules {M,, } is stable iff it is pro-isomorphic
to a module.

6. Prove that the dual of an inverse sequence of splittable epimorphisms is a direct
sequence of splittable monomorphisms, and vice versa.

7. Let X = |K| where K is a combinatorial n-manifold with empty bound-

~

ary. Assume X is path connected and non-compact and that H"(X;Z) =

H™Y(X;Z) = 0. Using 12.5.10, what can be concluded about
{Hn-1(X = Ki;2)} and {Hn—2(X = K;;Z)} when X is orientable? non-
orientable?

12.6 Homology and cohomology of products

Let X and Y be oriented CW complexes of locally finite type. We give X x Y
the product orientation. Let R be a PID. The R-module Cp(X x Y;R) is

freely generated by the cells ef x é% such that ¢!, and éé are cells of X

and Y respectively and ¢ + j = p. Letting E, be the set of all (oriented)

p-cells of X x Y, the function E, — @ Ci(X;R) ®r C;(Y; R) defined by
i+j=p

e, X & — el, @ &) extends uniquely to a homomorphism

G Co(X xY;R) — @ Ci(X;R) @k (Y3 R).
i+j=p
And the R-bilinear map
Ci(X;R)x Cj(Y;R) — Ciyj (X XY R)
defined by (e, éfé) el X é,]é induces a homomorphism
Ci(X;R) ®r Cj(Y; R) — Cigj (X X Y5 R).

As i and j vary with ¢ + j = p, the latter homomorphisms fit together to
provide an inverse for (,. Thus (, is an isomorphism of R-modules. Moreover,
by the formulas for incidence numbers in 2.5.17, one obtains the coboundary
formula 4 . ' 4 o 4

d(eq x €3) = (dey,) x €+ (—1)'er, x (9¢))
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and one checks that 6¢ = (J. Hence ( defines an isomorphism from the cochain
complex (C.(X x Y;R),0) to the tensor product of the cochain complexes
(C«(X;R),0) and C.(Y; R),d) as defined in Sect. 12.4. There is a similar
boundary formula satisfying ¢ = (0, so ( also defines an isomorphism of chain
complexes from (C4(X x Y; R),0) to the tensor product!” of (C\(X;R),0)
and (Cy(Y; R),0). Applying the Kiinneth Formula 12.4.9, we get:

Proposition 12.6.1. There are natural short exact sequences of R-modules

0= P H}(X;R)@rHI(Y;R) — HY(X xY;R) —> P Torr(H};(X;R), H}(Y;R)) — 0
i+ji=p i+j=p+1

and

0 P Hi(X;R)® H;(Y;R) > Hy(X xY;R) —» €D Torr(Hi(X;R), H;(Y;R)) — 0.
itj=p itj=p—1

These sequences split. O

Exercises

1. Prove that d(ef, x éjb) = (9el) x eJﬁ' +(=1)el, x (0%‘).
2. Prove that 9¢ = 0.

7 In our context all this is straightforward, but in more abstract versions the exis-
tence of these isomorphisms follows from the Eilenberg-Zilber Theorem.



PART IV: TOPICS IN THE COHOMOLOGY
OF INFINITE GROUPS

The emphasis here is on understanding the topological content of certain kinds
of cohomological statements. In particular, the cohomology of a group with
group-ring coefficients really can be seen as encoding facts about homology-
at-infinity of the universal cover of a suitable K (G, 1)-complex. This is the
theme of Chapter 13. We also treat ends of pairs of groups in some detail; there
are two interesting definitions, giving different results, and we explain both.
Finally, we give an “old-fashioned” highly geometric treatment of Poincaré
Duality, to bring out the notion of “dual cell”, which is often lost in more
sophisticated treatments of the subject.
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Cohomology of Groups and Ends Of Covering
Spaces

This chapter is about the cohomology modules H*(G, RG) and their connec-
tion with asymptotic homological invariants of the group G. The first inter-
esting case involves the classical subject of ends of spaces and ends of groups.
Our treatment of homology and cohomology of ends in Part III enables us to
begin building a theory of “higher ends” of groups which will occupy much of
the rest of the book.

13.1 Cohomology of groups

We carry over notation and conventions from Sect. 8.1.

Let M be a left RG-module and let {F},,} be a free RG-resolution of R.
The cohomology R-modules of G with coefficients in M are computed from
the R-cochain complex

* *

> oy
< HOHIRG(Fl,M) -~ HOHIRG(Fo,M) ~—0

where 9% (f)(z) := fOn(z); they are denoted H*(G, M). By 8.1.1 they are well
defined.!
Analogous to 8.1.4 we have

Proposition 13.1.1. Let (X,v) be a K(G,1)-complex. Then H*(G,R) =
H*(X;R). O

The group-cohomology of most interest in this book is H"(G, RG), where
the action of G on RG is induced by left translation in G. When the group
G is of type FP, we will explain how the R-module H"(G, RG) encodes
asymptotic homological information about G in dimensions < n.

! As remarked in Sect.12.1, some authors define 9} (f)(z) = (—1)""' f9n(x). The
cocycles and coboundaries are not altered by this.
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13.2 Homology and cohomology of highly connected
covering spaces

In this section we relate the homology and cohomology of covering spaces of
a K(G,1)-complex to the homology and cohomology of G with appropriate
coefficient modules.

Let (X,v) be a pointed path connected CW complex.? We write G for
m1(X,v). We saw in Sect. 3.4 that path connected pointed covering spaces
of (X,v) correspond to subgroups of G. We will need special RG-modules
associated with subgroups.

Let H < G. We write H\G = {Hg | g € G}. When A is a set, RA
or R(A) denotes the free R-module generated by A. Taking A = H\G, we
make R(H\G) into a right RG-module via the action (Hg).g = Hgg. We

write RA = HR(a) where R(a) is the free left R-module generated by the

acA
one-element set {a}; this is a cartesian product of R-modules; RA™ is the

completion of RA. We make R(H\GY into a right RG-module via the obvious
extension of the right G-action on R(H\G). As before we will use infinite
summation notation for elements of R(H\G)".

Consider the short exact sequence of right RG-modules:

0 —— R(H\G) —— R(H\G) —2— R(H\G)* —— 0

where R(H\G)® := R(H\G)/R(H\G).

If H< G and py : (X,9) — (X(H),?) is the corresponding covering
projection (see Sect. 3.2), we orient the cells of X(H) so as to make pg
and qy : X(H) — X orientation preserving on cells. As in Sect. 8.1, we
choose a cell €% “over” each e”. A typical n-cell of the covering space X (H)
is Hge" = py(ge"). We will be discussing infinite chains in X (H), so we note
that if X has locally finite type or locally finite n-skeleton then the same is
true of every X (H) (see 10.1.24).

For each k we have a commutative diagram of R-modules

R(H\G) ®¢ Ch(X; Ry % R(H\G)" ®c Cp(X; R) — e RH\G)® @6 Cn (X R)

- - -

Cru(X(H); R)y>———> C°(X(H); R) ——— C° (X (H); R)/C(X (H); R)

2 Note that Convention 12.2.5 applies throughout; i.e., X is assumed to have locally

finite skeleta where appropriate.
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in which ¢g° is defined® on generators by: foked ZmHg’aHg @ek | =
Hg

ZmHg,aHgéﬁ. The top line is exact because of 12.4.1 and the exact sequence

Hg

preceding it, since C’k(X' : R) is free.* The bottom line is obviously exact.

Clearly, ¢y, the restriction of ¢7°, is well defined, hence also ¢f,.

Proposition 13.2.1. {¢1} is a chain isomorphism. Each ¢3° and ¢5, is a well
defined monomorphism. If X has locally finite type then {¢3°} and {¢5} are
chain maps. If X has finite type then {¢3°} and {¢5,} are chain isomorphisms.

For the proof of 13.2.1, we need:

Lemma 13.2.2. Let eX and eg_l be cells of X, and let g, g € G. Then [Hgé" :

Hgeli 'l = [gék - hgel'].
heH

Proof.

d(gek) = Z [ger hgég‘l]hgég‘l + other terms.
heH

(pr)40(gek) = Z [ger hgég‘l]Hgég‘l + other terms.
heH

In the last line, “other terms” is a chain independent of H gégfl. But
(pr)#(985) = Hgét, so

O(pr)u(gek) = [Hge" Hgég‘l]Hgég‘l + other terms,

where, again, “other terms” is independent of H gég‘l. The result follows. [

Proof (of 13.2.1). A calculation gives:

00 | Y mugaHg® ek | =3 3" mugalHgel : Hgely ' Hgely ™

Hg B Hg Hg
Pr 10 ZmHg,aHg ® éloi = Z Z Z mHg,a[éZ : gégil]Hgégil'
Hg 3 Hg ged

3 Recall that C°(Z; R) makes sense for any CW complex Z. But Z must have
locally finite n-skeleton for the boundary homomorphism to make sense on
CX(Z; R).

4 When M is a right RG-module, the abelian group M ®¢ZG is canonically isomor-
phic to M. Thus the operations - ®¢a Cj (X', R) and - ®r Ck(X; R) have essentially
the same effect. That is why 12.4.1 can be used here.
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Lemma 13.2.2 implies that these are the same. So {¢¢°} and {¢;} are chain
maps as claimed; hence also {¢}. Obviously ¢7° and ¢, are monomorphisms;

@52 is onto if (and only if) « varies over a finite set, whereas ¢y, is always onto.
O

Corollary 13.2.3. Let X be a K(G,1)-complex. Then, for all k,
Hy(X(H); R) = Hy, (G, R(H\G)).

If X has finite type then
HE(X(H); R) = Hy(G, R(H\G)")

and
Hi_(X(H); R) = Hy,(G, R(H\G)°).

Proof. C.(X;R) gives a free RG-resolution of R. Apply 13.2.1. |
Proposition 13.2.4. Let X be (n — 1)-aspherical. Then for all k < n —1,

Hiy(X(H);R) & Hi(G,R(H\QG)). If X™ is finite, the other conclusions of
18.2.3 hold for k <mn — 1.

Proof. By 7.1.5 there is a K (G, 1)-complex Y with Y™ = X". The first claim
follows from 13.2.1. If X™ is finite, 0 : C°(Y(H); R) — C2 (Y (H); R) is
well defined for & < n. The rest of the proof of 13.2.1 therefore works for

k <n — 1. Similarly for C¢(Y (H); R). O

Note in particular the special cases of 13.2.3 and 13.2.4 in which H = {1}
or H = G. We conclude that when X is a K(G,1)-complex, H,(G, R) =
Hi(X;R) for all k (see 8.1.4), and Hy(G,RG) = 0 for all & > 0, while
Hy(G,RG) = R. Similar conclusions follow from the weaker hypothesis of
13.2.4 when k <n —1.

The next proposition is (a special case of) Shapiro’s Lemma:

Proposition 13.2.5. Let H < G. Then, for all k,

Proof. Let X be a K(G,1)-complex. By 13.2.1, we have Hk()_(_(H)7 )
Hi(G,R(H\G)) and (applying 13.2.1 with H replacing G) Hy(X(H); R)
Hy,(H, R).

O IR 1R

In the commutative diagram preceding Proposition 13.2.1, the fact that
the top line is exact gives:

Proposition 13.2.6. There is an exact sequence

- = Hn(G,R(H\G)) — Hn(G, R(H\G)") = Hn(G, R(H\G)®) — Hn-1(G, R(H\G)) — - -
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Corollary 13.2.7. For k > 1, H,(G,RG") = Hi(G,RG®). If G is infinite
and finitely generated then H1(G, RG®) = H,(G,RG") @ R.

Proof. For k > 1, the claim follows from 13.2.6 and the preceding remarks.
The claim for £ =1 also follows from 13.2.6, because, by 13.2.3 (with n = 0)
and 11.1.3, Ho(G, RG") = 0 when G is infinite and finitely generated. O

We now turn to cohomology. The details are similar to the homology case,
so we will leave them as exercises.
For each k, there is a commutative diagram of R-modules

Homg (Ck(X; R), R(H\G))>—> Homg (Cx(X; R), R(H\G)") —> Hom¢ (Cx(X; R), R(H\G)®)

ka Tw,? Twz

Cru(X(H); R C°(X(H); R) ————= C°(X(H); R)/Cr(X (H); R)

in which 9¢° is defined by: 9° Z ma’HgHgéfz (ég) = ngyHgHg. The
a,Hg Hg

top line is exact (by 12.4.3, for reasons similar to those given in the homology

case), since C(X;R) is free. The bottom line is obviously exact. Clearly

1y, the restriction of 93°, is well defined, hence also ;. Note that we are

converting R(H\G)", R(H\G) and R(H\G)® into left RG-modules by the

usual rule g.z ;= z.g~ L.

Proposition 13.2.8. {°} is a cochain isomorphism. Each vy, and ¥f, is a
well defined monomorphism. If X has locally finite type, {+} and {¢5} are
cochain maps. If X has finite type, {¢r} and {1} } are cochain isomorphisms.
([

Corollary 13.2.9. Let X be (n — 1)-aspherical. Then for all k < n — 1,
HY(X(H);R) = H*(G,R(H\G)). If X" is finite then Hf(X(H);R) =
H*(G,R(H\G)) and HF(X(H); R) = H*(G, R(H\G)®) for k <n — 1. O

In particular, when X is a K (G, 1)-complex, H*(G, R) = H*(X; R) for all
k (see 8.1.4), and H*(G, RG") = 0 for all k > 0, while H°(G, RG") = R. The
same holds for k <n — 1 when X is merely (n — 1)-aspherical.

Another case of Shapiro’s Lemma with proof similar to that of 13.2.5 is:

Proposition 13.2.10. Let H < G. For all k, H*(G,R(H\G)") =< H*(H, R).
O

Proposition 13.2.11. Let H < G. H°(G,R(H\G)) = 0 [resp. = R] iff H
has infinite [resp. finite] index in G. In particular, H*(G, RG) = 0 [resp. = R]
iff G is infinite [resp. finite].
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Proof. Let (X,v) be a K(G,1)-complex having one vertex. By 8.1.2 we see
that H°(G, R(H\G)) is the module of cocycles in Homg(Co(X; R), R(H\G)).
Since X! is path connected, any such cocycle f must satisfy f(go) = gf(?) =
f(@) for all g € G because (see Sect. 8.1) g preserves orientation on 0-cells. If
H\@G is infinite, this implies f(?) = 0, hence f = 0. If H\G is finite, any such
f(¥) is an R-multiple of the sum of the generators of R(H\G). O

Just as in the homology case, we have:

Proposition 13.2.12. There is an exact sequence

.-« H"(G,R(H\G)") — H"(G, R(H\G)) — H" '(G, R(H\G)®) — H" (G, R(H\G)") «— - - -
O

Corollary 13.2.13. For k > 1, H*(G,RG) = H* (G, RG®). If G is infi-
nite, H°(G, RG¢) 2 H'(G, RG) @ R. O

Proof. The first part is clear. For the last part, the short exact sequence splits.
O

Proposition 13.2.14. Let H < G where H has type F,,. If H has finite index
in G then for k <n, H*(G,RG) = H*(H,RH).

Proof. By 7.2.4, G has type F,, iff H has type F,. Let X be as in 13.2.9
with X finite and 7;(X,v) & G. By 13.2.9, H*(G, (RG)¢) = H¥(X;R) =
H*(H,(RH)®) for k <n — 1. Now apply 13.2.13. O

Remark 13.2.15. A defect of the cellular cochain complexes is that they do
not exhibit at the level of chains the important cup product, a homomor-
phism H*¥ @ H' — H¥*! which makes H* into a graded ring. We are pre-
senting topology for group theory. In so far as the reader needs cohomology
of groups to be equipped with a cup product the exposition given here is
inadequate. However, our cohomology modules are canonically isomorphic to
corresponding cohomology modules defined in terms of singular cochains, as
is expounded in most advanced books on algebraic topology, so the reader
who needs cup products can proceed using those sources. A treatment more
directly applicable to group theory can be found for example in [29].

Next, we consider H"(G,RG) as a right RG-module. The R-module
H"(G, RG) is calculated from the cochain complex {Home (F,,, RG), 9*}. The
right module RG is to be changed into a left RG-module via the action
g.(Xngg) = Xnyg(g)~!. With this understood, there is a right RG-module
structure on Homg(F,, RG) given by (f.g)(y) = (g)~'(f(y)). This struc-
ture is preserved by 9* and hence induces a right RG-module structure on
H*(G, RG).

On the other hand, when X is an oriented K(G,1)-complex the free left
action of G on X (oriented as in Sect. 8.1) induces a left action on C,(X; R)
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which can be converted as usual into a right action by the formula c.g =
(@)~ le. When X has locally finite type, this action is preserved by 4. Taking
F, = C,(X;R), a straightforward check yields:

Proposition 13.2.16. If G has type F, then . is an isomorphism of
right RG-cochain complexes. Hence the two right RG-module structures on
H*(G,RG) (coming from the resolution and from the covering transforma-
tions) coincide. O

We end this section with two propositions which will be needed later. They
show what information is retained at the “outer limit” of finiteness properties
of groups.

Let X be a K(G, 1)-complex with finite n-skeleton. By 13.2.9, H*(G, RG) =
HJIS(X”;R) for all k <n — 1. For k = n we have:

Proposition 13.2.17. If R is a PID there is a free R-module F such that
HP(X™ R) =2 H"(G,RG)®F. Thus H"(G, RG) is free over R iff H} (X"; R)
is free over R.

Proof. We will find F such that H"~}(G, RG®)® F = H;}(f(", R); by 13.2.13
this is enough. For any PID R, H" (G, RG®) = Hg’l(X";R) by 13.2.9.
From Sect. 12.2 we get an exact sequence

¢

H"(X"; R) <—— H} (X" R) <>— H»= (X" R) <— H" (X" R).

We have H"1(X™ R) = 0 and H,_1(X"™; R) = 0 (exercise). Thus p* is a
monomorphism and, by 12.5.1, H"(X”, R) Hom(Zn(X”; R), R). The latter
is a countable product of copies of R since Zn(X ™: R) is a free R-module. Thus
F :=image ¢* is a countably generated submodule of a product of copies of R,
and is therefore free by Lemma 13.2.18 below. Thus H}L(f( ™. R) decomposes
as claimed. O

Lemma 13.2.18. If R is a PID and M is a countably generated submodule
of a product of copies of R, then M is a free R-module.

Proof. We may assume M < P = HR. We take R to be Z: the case of a

1
general PID is done similarly and is an exercise. Enumerate a countable set

of generators of M: m1,ma,.... Let m; have height a;; in other words, m; =
a1 hy where o1 is a non-zero integer and hq (hi1, hi2, -+ ) € P with the integers
h1; relatively prime. It follows that there are finitely many integers ¢; and n;
such that t1h1p, + -+ + trh1p, = 1. Define p; : P — Z by p1(x1,22,--+) =

T
Ztixm. Then py(h1) = 1,s0 P = (hy)@ker p; and my € (hy). If M C (h1) we
i=1
are done. Otherwise, let my be the first member of M not in (h1): we assume
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my, = mg for simplicity of notation. Let B2 = p1(ms2). Then mg — B2hy # 0
and it lies in ker p;. Let s be the height of my — O2h1. We have my =
(mg — y2h1) + y2h1 = ashs + ya2hy where ho lies in ker p; and has height 1.
So mg € (hi, hs), and since hs € ker p1, hy and hg freely generated (hq, hs).
Thus (h1) < (h1, ha) is a split monomorphism. We have ho = (ho1, hoo,-+-) €
ker p; where the integers hy; are relatively prime. As before, we find s1h2 y,, +

q
o+ 8qh2m, = 1 and we define py : P — Z by pa(z1,22,--+) = Zsixmi.

i=1
Then pa(ha) =1, so pa |: ker py — Z is surjective and ker p; = (ha) @ ker po.
Proceeding as before, either M C (hq,hs) or we find hs with (hy, hy) —
o0

(h1,ha, h3) a split monomorphism. In this way we find a copy of @Z lying

1
in P and containing M. Hence M is free. (I

Proposition 13.2.19. Let X be a K (G, 1)-complex with finite n-skeleton. As
R-modules, H*(X™; R) is torsion free iff H""1(G, RG) is torsion free.

Proof. By 13.2.13, H"*1(G, RG) is torsion free iff H" (G, RG®) is torsion free.
By 13.2.8 and 13.2.9, there is a short exact sequence of cochain complexes

0—>A—>CF(X;R)/Cr(X; R) — CX(X™ R)/C.(X™; R) —>0

where A;, = 0 when k < n and A4 = Homg(Ck(f(;R),RGe) when k& > n.
The corresponding long exact sequence is in part:

0 —— H"(G,RG¢) —— HMX";R) —— CX,(X;R)/Cni1(X;R)

from which the result follows.

Exercises

1. Prove that G is countable if and only if there is a K(G, 1) of locally finite type.

Prove 13.2.14 without the F,, hypothesis.

3. Starting with C.(X;Z), write down a functorial isomorphism between H'(G,Z)
and the group of all homomorphisms G — Z.

4. Give a second solution to the previous exercise by using the Universal Coefficient
Theorem 12.2.5 and Theorem 3.1.20.

5. Prove the following extension of Corollary 13.2.9: if X" is finite then the module
H"(G, R(H\G@)) can be computed as kernel/image in

o

S e S

Cin(X(H)R) Cn(X(H); R) «——— Cn1(X(H); R).

6. State and prove the homological analog of the previous exercise, i.e., an exten-
sion of Proposition 13.2.4.

7. Prove 13.2.18 when R is a PID (as distinct from the case R = Z covered in the
proof).
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8. Prove that if there is a finite n-dimensional K(G, 1)-complex then H"(G,ZG)
is finitely generated as a ZG-module.

9. Let the finitely presented group act freely and cocompactly on the CW complex
X. Prove that H1(X;R) is finitely generated as an RG-module. (Hint: prove
that 71 (X, x) is finitely generated as a G-group.)

10. The proofs given for 13.2.6 and 13.2.12 are topological. Derive these results from
the Bockstein sequences.

13.3 Topological interpretation of H*(G, RG)

Here we discuss the R-modules H"(G, RG), especially the cases R = Z and
R = Q. In the latter case, H"(G, QG) is a Q-vector space, and thus the only
invariant is its Q-dimension. In the case R = Z, H"(G,ZG) is an abelian
group, and when G has type F), the structure of that abelian group is of topo-
logical interest. In particular, we want to relate this group to the homology
of the end of the universal cover of a suitable K (G, 1)-complex. In Chaps. 16
and 17 we will give a parallel study of homotopy properties of the end, thus
exhibiting important invariants of G which cannot be expressed in terms of
homological algebra.

We saw in 13.2.11 that H°(G, RG) is trivial if G is infinite, and is isomor-
phic to R if G is finite. We dispose of the finite case:

Proposition 13.3.1. If G is finite, H"(G, RG) = 0 for all n > 0.

Proof. By 7.2.5, there is a K (G, 1)-complex X of finite type. Since G is finite,
3.2.13 implies that X also has finite type, so HJ’J(X; R) = H"(X;R) =0 for
all n > 0. Apply 13.2.9. (|

Next, we give a theorem relating the structure of the R-module H" (G, RG),
where G has type F,, to homological properties of the end of the universal
cover of a K (G, 1)-complex.’

Theorem 13.3.2. Let n > 0 and let G be a group of type F,,; when n = 0
assume G is countable. Let X be an (n—1)-aspherical CW complex with finite

n-skeleton whose fundamental group is isomorphic to G. Let {K;} be a finite
filtration of X™. Let R be a PID.

(i) Fork <n, H*(G, RG) mod torsion is a countably generated free R-module
iff {Hy_1 (X" < K;; R)} is semistable.
(ii) For k < n + 1, H¥(G, RG) is a torsion free R-module iff the module
{Hk_g(f(" < Ki; R)} is pro-torsion free.
(iii) For k < n, H*(G,RG) is a torsion R-module iff {Hj_1(X" < K;;R)} is
pro-torsion.

% Recall from Sect. 2.9 that H. denotes reduced homology.
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(iv) For k <n, H*(G, RG) mod torsion is a free R-module with finite rank p
iff {Hp—1(X"™ £ K;; R) mod torsion} is stable with free (over R) inverse
limit of finite rank p.

Moreover, if G has type Fuo, if X is a K(G,1)-complex of finite type, and
if {Ki} is a finite type filtration of X, the conclusions (i)-(iv) hold, with X
replacing X", for all k.

Proof. Combine 12.5.11 (applied to the appropriate skeleton), 13.2.9 and
13.2.13. For the case k =n + 1 in (ii), use 13.2.19. There are a few details to
be worked out in (iii) and (iv) when k& = 1 (details concerning the behavior
of Hy); we leave these as an exercise. O

The hypothesis that G be countable when n = 0 is merely to ensure that
there is a finite filtration of (X)°. Parts (iii) and (iv) hold for finite groups
because H_1(0; R) = R.

For later use, we reorganize 13.3.2 in a different way; there is no new
content:

Theorem 13.3.3. Let n, G, X, {K;} and R be as in 13.5.2.

(i) H*(G,RG) = 0 for all k < n and H"(G,RG) is a countably generated
free R-module iff {Hy(X" < K;; R)} is pro-trivial for all k < n —2 and
Hn,l()z'" < K;; R) is semistable.

(ii) H*(G, RG) = 0 for allk < n and H"1(G, RG) is a torsion free R-module
iff {Hy(X™ < Ki; R)} is pro-trivial for all k <n — 1.

(iii) H*(G, RG) = 0 for all k < n iff {H (X" < K;; R)} is pro-trivial for all
k<n-—2and {ﬁn_l(f(" < Ki; R)} is pro-torsion.

(iv) H*(G,RG) = 0 for all k < n —1 and H"(G, RG) is a free R-module of
finite rank p iff {Hp(X™ < K;; R)} is pro-trivial for all k < n — 2 and
{H, (X" < Ki; R) mod torsion} is stable with free (over R) inverse
limit of finite rank p.

Moreover, if G has type F, if X is a K(G,1)-complex of finite type, and
if {K;} is a finite type filtration of X, the conclusions (i)-(iv) hold, with X
replacing X™, for all k. O

Source Notes: 13.3.2 and 13.3.3 appear in [70] and [71].

Exercise

What does 13.3.3 say when X" = X = R"?



13.4 Ends of spaces 295

13.4 Ends of spaces

Throughout this section Y denotes a path connected, strongly locally finite
CW complex. A proper ray in Y is a proper map w : [0,00) — Y. Two proper
rays wy and wy in Y define the same end of Y if w1|N and ws|N are properly
homotopic; here, N ={0,1,2,-- -} considered as a discrete subspace of [0, c0).
This is an equivalence relation; an end of Y is an equivalence class of proper
rays. The set of ends of Y is denoted by E(Y).

One should think of a proper ray as a way of reaching out towards infinity
in Y, and one should think of an end as a sort of component at infinity, so
that “having one end” means “connected at infinity.” However, as we shall see
in Sect. 16.1, there are other (different but also useful) notions of “connected
at infinity.”

A proper map f:Y — Z between path connected, strongly locally finite
CW complexes induces a function fz : E(Y) — £(Z). Properly homotopic
proper maps induce the same function,® and one obtains a covariant functor
from the category of path connected, strongly locally finite CW complexes
and proper homotopy classes to the category Sets (of sets and functions). A
proper l-equivalence Y — Z induces a bijection £(Y) — £(Z).

From 10.1.14 we obtain:

Proposition 13.4.1. The inclusion Y' — Y induces a bijection E(Y?') —
E(Y). O

Combining this with 11.1.4 we get:

Corollary 13.4.2. The set of ends of Y is non-empty iff Y is infinite. More
precisely, if Y is infinite and y € Y there is a proper ray in 'Y whose initial
point is y. O

Corollary 13.4.2 would have to be modified if we were discussing ends of
spaces Y which are not path connected. See Exercise 3.

The number of ends of Y is oo [resp. m > 0] if £(Y) is infinite [resp. has
m members]. We often say that Y has m ends or Y has infinitely many ends.

Example 13.4.3. The quotient CW complex obtained by identifying the points
“0” in m copies of [0, 00) has m ends. The space {(z,y) € R? |y =0 or z € Z}
with the obvious structure of a graph has oo ends. The space illustrated in
Fig. 11.3 has one end. By 13.4.2 a path connected CW complex Y has 0 ends
iff Y is finite.

From 1.5.5 and 11.4.4 we get:

5 Indeed, weakly properly homotopic maps (see Sect. 17.7) induce the same function
on the set of ends; in other words £(Y) is a shape invariant, not just a strong
shape invariant.
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Proposition 13.4.4. IfY is infinite and K is a finite subcomplex then Y < K
is non-empty and has finitely many path components. O

Following tradition we say that a path component of Y £ K is bounded if
it is compact, and unbounded otherwise.
The next two propositions are exercises:

Proposition 13.4.5. If Y has one end then given any finite subcomplex K
of Y there is a finite subcomplex L such that any two points of Y < L lie in
the same path component of Y < K. O

Proposition 13.4.6. Two proper rays wy, and we in Y define the same end
iff for every finite subcomplex K of Y there exists k € N such that wi([k, 00))
and wo([k, 00)) lie in the same path component of Y < K. O

Pick a finite filtration {L;} of Y. A proper ray w in Y picks out an element
(Z;) of” lim{mo(Y" < L;)}; in the notation of 13.4.6, Z; is the path component

7

of Y £ L; containing w(k(i)) and Z; D Z,; 41 for all i. From 13.4.6 we deduce:

Proposition 13.4.7. This correspondence induces a bijection
E(Y) — lim{mo(Y < Ly)}. 0
i

By 13.4.4, {m(Y - L;)} is an inverse sequence of finite sets. If each
is regarded as a discrete space and the inverse limit is interpreted in the
category Spaces then, via the bijection of 13.4.7, £(Y) becomes a compact
totally disconnected metrizable space called the space of ends of Y. A proper
1-equivalence Y — Z induces a homeomorphism £(Y') — £(Z) between spaces
of ends. This is developed in the Appendix at the end of the section.

Proposition 13.4.8. Let Y have m ends where 0 < m < co. Foralli,Y < L;
has finitely many path components. When m < oo, there exists ig such that
whenever a finite subcomplex K contains L;,, Y < K has exactly m unbounded
path components. When m = oo, the number of unbounded path components
of Y £ L; is a weakly monotonic unbounded function of i.

Proof. The first sentence follows from 13.4.4 (or from the discussion preceding
11.1.4). The rest follows from 13.4.7; to see this, observe that a compact path
component of Y £ L; lies in L; for some j. O

Addendum 13.4.9. When m is finite and i > ig, there is a path connected
finite subcomplex K of Y containing L; such that Y < K has exactly m path
components. When m is infinite K can still be chosen so that all the path
components of Y < K are unbounded.

" Recall that the set of path components of a space W is denoted by mo(W). In the
obvious way, mo is a functor from Spaces to Sets.
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Proof. For m finite, the subcomplex Y < L; has m unbounded path com-

ponents and finitely many bounded path components. Enlarge L; (by the
addition of a finite graph, say) to get a finite path connected subcomplex
K’. Then Y € K’ has m unbounded path components, as well as, perhaps,

,
bounded path components C1,--- , C,. The required K is K’ U UN(Cj)
j=1

This proof also gives the second part. (I
The next proposition will be used in the proof of Theorem 13.5.9.

Proposition 13.4.10. Let Y have m ends, where m < oco. Let K and L be
finite subcomplezxes of Y such that each of Y € K andY < L has m unbounded
path components Cy, -+ ,Cp, and D1,--- , Dy,, respectively, indexed so that
there is a proper ray in each C; N D;. Then each C; < (C; N D;) is compact.

Proof. By 13.4.9, we may assume Y < K and Y - L have no bounded
path components. If m = 1, Y ¢ (Cy N D;) = K U L which is compact.
The subcomplex C; < (Cy N Dy) is therefore a closed subset of a compact
set. Now let mm > 2. First, consider the special case K C L. Suppose D;
fails to cover all but a compact subset of C;. Then there is a point z in the
set C; < [(C; N D;) UN(L)]. This x must lie in D; for some j # i. But
D;NC; # 0. So the path connected set D; meets C; and C; and misses N (L);
hence it misses N(K), a contradiction. For the general case, let J be finite
with KULUJ and Y <€ J having no bounded path components. If E; is the
appropriate unbounded path component of Y <€ J, then C; < (C; N E;) and
D; £ (D; N E;) are compact, so C; < (C; N D;) is compact. O

We saw in 2.7.2 that when Z is an oriented CW complex we may regard
Ho(Z; R) as the free R-module generated by the set m9(Z). We need more
precision. Suppose the vertex v has orientation € = 1. This v determines an
element of 7y(Z), namely, the path component C(v) containing v; and it also
determines an element of Hy(Z; R), namely, the homology class represented
by the 0-cycle ev. The function hz : mo(Z) — Ho(Z;R), C(v) — e{v}, is
well defined, injective, and satisfies the universal property for free R-modules
generated by sets.® Moreover, hz is natural in the sense that if f : Z; — Z5
is a cellular map then the following diagram commutes:

hzl
mo(Z1)>— Ho(Z1; R)
f#l lf*

h22
7o(Z2)>— Ho(Z2; R).

These remarks are used in the proof of:

8 When R = Z, hz can be regarded as the O-dimensional case of the Hurewicz
homomorphism; compare Sect. 4.5.
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Proposition 13.4.11. Let R be a PID. Y hasm ends iff H)(Y; R) is a free R-
module of rank m. Y has infinitely many ends iff HO(Y'; R) is free of countably
infinite rank.

Proof. We saw in 12.5.11 that H?(Y; R) is free. First, let m be finite. By
12.5.10 (iv), H2(Y; R) has rank m iff {Ho(Y < L;; R)} is stable with free
inverse limit of rank m, iff {mo(Y < L;)} is stable? with inverse limit having
m elements. Apply 13.4.7. The case m = oo is now immediate. O

The above commutative diagram and 13.4.7 suggest natural functions

E(Y) = lim{mo(Y € L;)} ey lim{Ho(Y < L;; R)}.

We will take these up in Sect. 16.1.

Appendix: Topology of the space of ends

A space is totally disconnected if each of its components consists of one point.
A space is O-dimensional if there is a basis for the neighborhoods of each
point consisting of sets which are both closed and open (equivalently: whose
frontiers are empty). We set as an exercise:°

Proposition 13.4.12. A compact metrizable space is 0-dimensional iff it is
totally disconnected. O

In using 13.4.12, note that, by first countability, bases for the neighbor-
hoods of points can always be taken to be countable.

Every compact metrizable totally disconnected space has cardinality <
cardinality of R. Here are some examples: a finite discrete space, a “convergent
sequence with limit point” {0}U{L | n > 1}, the “middle-third” Cantor set.!!

Proposition 13.4.13. If Z is a compact totally disconnected metrizable space,
there is an inverse sequence {Z,} of finite discrete spaces whose inverse limit
is homeomorphic to Z.

Proof. Pick a metric for Z. By 13.4.12, for each n > 1 there is a finite cover
Z, of Z by pairwise disjoint closed-and-open sets of diameter < %, and these
Z,’s can be chosen inductively so that each member of 2,11 lies in a member
of Z,,. Choose any such set of inclusions to define the bond Z,1; — Z,.
Giving each Z,, the discrete topology, we get the desired inverse sequence. [

We leave as an exercise:

9 In the category Sets: see Sect. 11.2.

19°Or see [92, pp. 20-22].

1 je., the set of numbers in I having triadic expansion each of whose numerators
is 0 or 2.
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Proposition 13.4.14. (a) The inverse limit space of an inverse sequence of
finite discrete spaces is compact totally disconnected and metrizable.

(b) If two such sequences have homeomorphic inverse limit spaces then
they are pro-isomorphic.'? O

The compact totally disconnected metrizable space Z is perfect if no one-
point subset is open'? in Z. The “middle-third” Cantor set is an example. In
fact, as a further exercise the reader should prove:

Proposition 13.4.15. (a) Such a space Z is perfect iff Z is homeomorphic
to the inverse limit of an inverse sequence {Z,} of finite discrete spaces such
that for every n and every z € Z,, there exists k such that the pre-image of z
in Zptk contains more than one point.

(b) Any two inverse sequences {Z,} and {Z)} asin (a) are pro-isomorphic.

An immediate corollary of 13.4.15 is the following classical theorem:

Theorem 13.4.16. Every perfect compact totally disconnected metrizable space
is homeomorphic to the “middle third” Cantor Set. O

In view of 13.4.16, we will call any such space a Cantor Set.

The space £(Y) of ends of Y is a compact totally disconnected metrizable
space. One asks: which spaces can occur as £(Y)? We leave the following
answer as an exercise:

Proposition 13.4.17. For any compact totally disconnected metrizable space
Z there is a tree T' such that E(T) is homeomorphic to Z. O

Exercises

1. Prove that Y has one end iff for some ring R {Ho(Y < L;; R)} is stably R.

2. Prove that if Y7 and Y2 are infinite and path connected then Y7 X Y5 has one end.

3. When Y is not path connected what becomes of 13.4.27 Distinguish the cases of
finitely many and infinitely many path components.

4. Write out the proof that h : mo(Y) — Ho(Y; R) satisfies the universal defining

property of a free R-module.

Prove 13.4.12. Extend it to the locally compact case.

Prove 13.4.14-13.4.16.

Prove 13.4.17. Hint: Compare 17.5.6.

The bijection in 13.4.7 is natural (or functorial). What does this mean? Prove it.

XN

In pro-Sets or, equivalently, in pro-Spaces.
i.e., Every point is a “limit point.”
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13.5 Ends of groups and the structure of H'(G, RG)

Let G be a finitely generated group. Let X be a path connected CW complex
with fundamental group isomorphic to G and having finite 1-skeleton. The
number of ends of G is the number of ends of the (strongly) locally finite
graph X'. That this is well defined follows from 13.5.5, below.

By the remark preceding 3.2.5, we have:

Proposition 13.5.1. If G is generated by {g1,--- , gk}, the number of ends
of G is the number of ends of the corresponding Cayley graph of G. (|

Proposition 13.5.2. If H has finite index in G, then H and G have the same
number of ends.

Proof. X and its finite covering space X (H) have the same universal cover.
O

Let R be a PID. Next we show in 13.5.5 that the number of ends of G
determines and is determined by the R-module H!(G, RG), and therefore
does not depend on the choice of X or R.

Proposition 13.5.3. The R-module H'(G, RG) is countably generated and
free.

Proof. Apply the first two parts of 13.3.2 and the following lemma. g

Lemma 13.5.4. Let Y be a path connected countable CW complex of locally
finite type, and let {L;} be a finite type filtration of Y. Then {Ho(Y < L;; R)}
is semistable.

Proof. By 12.5.9, each Ho(Y < L;; R) is finitely generated and free. The image
of each bond Hy(Y < L;; R) — Ho(Y < L;; R) is a direct summand generated
by the finite number of path components of Y £ L; which meet Y £ L;. Fixing
i, this finite number decreases with j until it eventually stabilizes. O

Theorem 13.5.5. The number of ends of a finite group is 0. The number
of ends of an infinite finitely generated group G is well defined and equals
1 +rankr(H(G, RG)).

Here, “rankpr” means rank as a free R-module (see 13.5.3); the value oo is
permitted. This is well defined.'

Proof. For a finite group, the result follows from 3.2.13 and 13.4.2. Assume
G is infinite. Let p be a non-negative integer. We use both the result and
the notation of 13.3.2: H*(G, RG) has rank p iff {Hy(X' <€ K;; R)} is stable
with free inverse limit of rank p, iff {Ho(X! < K;;R)} is stable with free

4 Rank is certainly well defined when R is a PID, as is the case here. More general
conditions, which include the case R = ZG, are given in [42, p. 36].



13.5 Ends of groups and the structure of H*(G, RG) 301
inverse limit of rank 1+ p (by 2.9.1), iff @{WO(Xl < K;)} has 1+ p elements.

Apply 13.4.7. Similarly H(G, RG) has infinite rank iff @{wo(Xl £ K;)}is

infinite,'® and again 13.4.7 gives the result. O

Ezample 13.5.6. The groups Z™ (n > 1) have one end. The group Z has two
ends. A free group of rank n > 1 has infinitely many ends. To see this, consider
the universal covers of 7", S' and the n-fold wedge of circles; the last is an
infinite tree every vertex of which has valence 2n. These are examples of every
case which can arise; more precisely, we have:

Theorem 13.5.7. The number of ends of a finitely generated group is 0, 1, 2
or co. Hence for G infinite and finitely generated, the R-module H' (G, RQ)

is tsomorphic to 0 or R or @R.
1

Proof. Suppose G has m ends where 3 < m < oo. Let I' be the Cayley
graph of G with respect to a finite set of generators. By 13.5.5, G is infinite,
hence I' is infinite. By 13.4.9, there is a finite path connected subgraph K
of I' such that'® I' © K has exactly m path components Z,...,Z,,, all
unbounded, and for any finite subgraph L of I" containing K the graph I' < L
has exactly m unbounded path components, one lying in each Z;. Since G is
infinite and acts freely, and N(K) is finite (by 11.4.4), there exists g € G
such that N(g9(K)) = g(N(K)) C Zi. Let Z1,...,Z], be the unbounded
path components of I' < (K U g(K)), where Z] C Z;. Then Z! = Z; when
i > 1. Now, Zy U Z3 U N(K) is path connected. So Z, U Z, U N(K) is a
path connected subset of I' £ ¢g(K), implying that Z} and Z} lie in the same
unbounded path component of I' < g(K). But each unbounded component
of I' € ¢g(K) contains an unbounded component of I' € (K U g(K)). This is
a contradiction, since m < oo. (|

Just as we define the “number of ends” of G rather than the “set of ends”
of G, so we define the homeomorphism type of the ends of G to be that of
the space Z if £(Z) is homeomorphic to £(I") with I" as above. The proof of
13.5.7 clearly gives:

Addendum 13.5.8. The homeomorphism type of the ends of G is either that
of a discrete space having at most two points or that of a Cantor set. O

Perhaps it is because these spaces have different cardinal numbers that it
is usual to speak only of the “number of ends” of GG, and we will do so when
the homeomorphism type is irrelevant.

15 By 12.2.1 and 13.2.9, H'(G, RG) is countable when G is finitely generated; how-
ever, h&l{ﬂ'o(Xl < K;)} is either finite or uncountable.

16 Here and elsewhere in this chapter we use CW complements in order to stay in
the world of CW complexes. Ordinary complements would do just as well.
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A finitely generated group has 0 ends iff it is finite. One asks: which
finitely generated groups have 1 end, 2 ends, co ends? Equivalently, when
oo

is H'(G, RG) 0, R or (PR?
1

Theorem 13.5.9. A finitely generated group G has two ends iff G has an
infinite cyclic subgroup of finite index.

Proof. Since the space R has two ends, the group Z has two ends. By 13.5.2,
the same holds for any group G in which Z has finite index.

Conversely, let G have two ends. Let I" be the Cayley graph with respect to
a finite set of generators. By 13.4.9, there is a path connected finite subgraph
K such that I' € K has exactly two path components, Z+ and Z~, both of
which are unbounded. The group G acts on the (two-element) set of ends of
I, so some subgroup of index < 2 fixes the two ends. Thus, we may assume
that G fixes the ends.

We first show that G has an element of infinite order. Since G is infinite,
there is some g € G such that g(N(K))NN(K) =0.So g(N(K)) c ZtUuZ-.
Path connectedness implies that g(N(K)) lies in Z1 or Z~; say g(N(K)) C
Z*. We claim g(N(Z*)) € Z*. Suppose not. Then for some z € N(Z1),
g(x) € Z7UN(K); this z is in ZT because g(N(K)) C ZT. There is a proper
ray w in Z* with w(0) = z. Since the image of w misses K, the image of
the proper ray g o w misses g(K); and g o w(0) = g(z). There is a proper ray
7 in Z~ U N(K) with 7(0) = g(z). The proper rays g o w and 7 both miss
g(K), and they define opposite ends (since g fixes ends). Hence, g(K) does
not separate I'. This is a contradiction. Thus g(N(Z 1)) C ZT. Indeed, g(Z™T)
is a proper subcomplex of ZT since g(K) C Z*. It follows that ¢g"(Z 1) # Z+
for all n > 1, and hence that g has infinite order.

Let Gy be the infinite cyclic subgroup of G generated by g. Claim: There

oo

is a finite subgraph L of I" such that U g" (L) = I'. The Theorem follows
from this, for if g1, - - , gx are the elements of G whose corresponding vertices
in I" lie in L, then every vertex of I' corresponds to ¢g"g; for some n and i,
implying that Gy has index < k in G.

To prove the Claim let L = ' < (Z~ Ug(Z™)). By 13.4.10, g(Z ) covers
all but a compact piece of ZT. Hence L is finite. One sees that x € L iff
xr€ KUN(Z%)and z ¢ N(gZ™"). For any y € I there is a greatest integer n
such that y € g"(K UN(Z™")). Then y € g"(L). So I' = |J,,9" (L) as claimed.
O

Another characterization of finitely generated groups with two ends is
given in 13.5.16 below.
The classification of groups with infinitely many ends is more difficult:
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Theorem 13.5.10. (Stallings’ Theorem) A finitely generated group G has
oo ends iff either'” (i) G = A k B where C is finite having index > 2 in A

and in B, with one of these indices being > 3; or (ii) G = A Z where ¢ is an

isomorphism between finite subgroups having index > 2 in A.

The proof is given in the next section.

Next, we consider pairs of groups. Apart from its own interest this exten-
sion of the theory will give us some more information'® about ends of groups
(in 13.5.12, 13.5.15 and 13.5.16).

Let H be a subgroup of G. The number of ends of the pair (G, H) is the
number of ends of the locally finite graph X (H)!'. By 13.4.11, this number
(< o) is the rank of the free R-module H?(X(H); R) which, by 13.2.9, is
isomorphic to H(G, R(H\G)¢). Thus the number of ends of (G, H) does not
depend on the choice of X or R. By 3.2.13, the pair (G, H) has 0 ends iff
[G: H] < 0.

Proposition 13.5.11. If N is a normal subgroup of G then the number of
ends of the pair (G, N) is equal to the number of ends of the group G/N.

Proof. Let f: (X,z) — (Y,y) be a cellular map between 2-dimensional com-
plexes having the following properties: each of X and Y has just one vertex,
the base point; f|: X' — Y'! is an isomorphism of finite graphs (i.e., a home-
omorphism taking each 1-cell of X onto a 1-cell of Y'); there are isomorphisms
a:G — m(X,z) and B : G/N — m1(Y,y) so that 37! o fx o v is the quo-
tient homomorphism!'® G — G /N. We described in Sect. 3.2 how to build Y1,
X' and, hence, X (N)'. Inspection of that description shows that X (N)! and
Y1 are isomorphic graphs; indeed the pointed map X (N) — Y covering f
restricts to an isomorphism of 1-skeleta. Hence X(N) and Y have the same
number of ends. g

Corollary 13.5.12. The number of ends of a finitely generated group G is the
number of ends of any path connected free’® G-CW complex whose quotient
by the action of G is a finite CW complex.

Proof. Let Z be the free G-CW complex and Z the finite quotient. Write
H =71(Z, z). By covering space theory (see Sect. 3.4), there is a short exact
sequence of groups N »— H —» G such that Z = Z(N). By 13.5.11, the number
of ends of G is the number of ends of Z. O

It follows from 13.5.11 and 13.5.7 that if IV is normal in GG then the number
of ends of the pair (G, N) is 0, 1, 2 or co. For arbitrary subgroups H this is
not true:

7 This notation is explained in the footnotes to Sect. 6.2.

18 For another useful fact about ends of groups see Exercise 3 of Sect. 16.8.
19 Using the methods of Sect. 3.1, it is not hard to produce such.

20 One may even allow finite cell stabilizers here. See Exercise 2 in Sect. 17.2.
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Example 13.5.13. For each n > 3 we describe a pair of groups (G, H) having
n ends. Let X be a closed path connected orientable surface of genus g and let
Y be a compact subsurface (i.e., clx (X —Y) is also a surface) whose boundary
consists of n circles; Y is to be placed in X so that no boundary circle of Y
is homotopically trivial in clx (X — Y'), something which can be achieved for
given n by choosing g large enough. (Clearly, there is a triangulation of X
in which Y and clx(X —Y) are subcomplexes, but we will leave such mat-
ters implicit here.) These conditions ensure that the inclusion of any of the n
boundary circles into Y or into the appropriate path component of clx (X —Y)
induces a monomorphism on fundamental group. Let G = m1(X,z) and let
H = 71(Y,z). This decomposition of X into path connected subsurfaces ex-
presses GG as the fundamental group of a graph of groups in which H is a vertex
group. By 6.2.1 the obvious homomorphism H — G is a monomorphism. We
identify H with its image, regarding (G, H) as a pair of groups.

Consider the covering projection ¢z : X (H) — X, with base point Z over
z. By 3.4.10 the path component Yz of q;Il (Y) is a copy of Y which “carries”
the entire fundamental group H = 71 (X (H),z). Let Cy, ..., C,, be the bound-
ary circles in Yz, and let U; be the path component of clg ) (X (H) — Yz)
containing C;. The inclusion C; — U; induces a monomorphism on funda-
mental group by construction, and the same is true of C; — Yz. Thus the
decomposition of X (H) into path connected surfaces expresses H as the fun-
damental group of a graph of groups in which H itself is a vertex group. It
follows that C; — U; induces an isomorphism on fundamental group, and
U; # U; when i # j.

If we attach a disk to U; along C; by a homeomorphic attaching map, we
get a simply connected surface with empty boundary. If U; were compact this
would be a 2-sphere, implying U, is a disk, which is impossible since C; is
not homotopically trivial in U;. The only remaining possibility is that U; is a
simply connected open surface. By 12.3.8, 4.5.2 and 4.1.4 it follows that U; is
contractible. It is a classical theorem that every contractible open surface is
homeomorphic to R2. Therefore, the pairs (U;, C;) and (S* x [0, 00), St x {0})
are homeomorphic. Hence, X (H) has n ends; that is, (G, H) has n ends.

We remarked that the number of ends of (G, H) is 0 iff H has finite index
in G. At the other extreme we may ask what happens when H is finite:

Ezample 13.5.14. Consider the infinite dihedral group G' = (a,b | a?,b?), and
let H be the subgroup of order 2 generated by a. The graphs X' and X (H)!
are shown in Fig. 13.1: clearly (G, {1}) has two ends while (G, H) has one end
even though {1} has finite index in H.

However, finite normal subgroups are better behaved:

Proposition 13.5.15. If N is a finite normal subgroup of G, then the number
of ends of (G, N) is equal to the number of ends of G. Hence G and G/N have
the same number of ends.
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X(H)!

Fig. 13.1.

Proof. If G is finite, both numbers are 0. Assume G is infinite. Then py :
X' X (N)! is a finite-to-one covering projection, hence a proper map. The
induced function?®! py : £(X') — E(X(N)') is clearly surjective. We must
show it is injective. Let w and 7 be proper rays in X! with initial point such
that the proper rays py ow and py o 7 define the same end of X (N)'. It is
easy to see that py o 7 is properly homotopic (in X (N)!) to a proper ray
o of the form vy.831.v1.0s.---; here, “.” means path product in the sense of
Sect. 3.4, vy, is a loop at py o w(k), and fj is the path py ow | [k, &k + 1].
Some details of definition should be filled in here, but the idea is adequately
captured by the pictures in Sect. 16.1. By 2.4.6 and 2.4.7, we may assume, by
properly homotoping 7 if necessary, that py o7 = . Then the proper rays w
and 7 are such that for all k£ € N, 7(k) is a translate of w(k) by an element of
N. It is convenient to assume, as we may, that X has only one vertex. Then
using the isomorphism x of Sect. 3.2, we may identify G with the 0-skeleton
of X0 (having chosen a base point). Since N is finite, there is some m € N
such that every element of N can be joined to the vertex 1 by a path of length
< m (i.e., involving < m edges). Hence the vertices g and gh (where g € G
and h € N) can be joined by a path of length < m. Since N is normal, the
vertices g and hg can be joined by a path of length < m. In particular this is
true of w(k) and 7(k) for each k, so w and 7 define the same end of X. [

With 13.5.9 this gives:

Corollary 13.5.16. If there is an exact sequence of groups N — G — @ with
N finite and Q isomorphic to Z or Zo * Zo then G has two ends. O

Again, let H be a subgroup of the (finitely generated) group G. By 13.2.11,
H°(G, R(H\G)) is trivial if H has infinite index in G, and is isomorphic to R
if H has finite index. Analogous to 13.5.3 is:

Proposition 13.5.17. The R-module H'(G, R(H\G)) is free.

Proof. By 13.2.12 we have an exact sequence

HY(G, R(H\G)") & HY (G, R(H\G)) 4 H(G, R(H\®)®) £ H(G, R(H\G)) & H°(G, R(H\Q))

2! Recall that £(Y) denotes the set of ends of V.
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If [G: H| =00, H*(G,R(H\G)) =0and k : R — H°(G, R(H\G)*®)) is a split
monomorphism: this follows from 13.2.9 and 12.2.3. By 13.2.9 and 13.4.11,
H°(G, R(H\G)®) is free. Hence its direct summand image j = ker i is free. If
[G : H] < oo, r is an isomorphism R — R, so j is a monomorphism, hence in
this case too image j = ker i is free. Using 13.2.9, 12.4.3 and 12.5.1, one sees
that H'(G,R(H\G)") = HYX(H);R) = Homg(H,(X(H);R),R) =: M.
Since Hy(X(H);R) is a quotient of some free R-module F, M embeds in
Hompg(Fp, R); see Sect. 12.4. The latter is a product of copies of R, and image
i is a countably generated submodule. So, by 13.2.18, image i is free. Thus

H'(G,R(H\G)) = ker i @ image i is free. O

Addendum 13.5.18. Let H have infinite index in G. The number of ends of
(G, H) is < 1+rankr(H' (G, R(H\Q))) with equality iff the homomorphism
1 1s trivial. O

This should be compared with 13.5.3; by 13.2.10, when H is trivial so is
i. We now consider other cases where ¢ is trivial.

Proposition 13.5.19. Let H, generated by h, be an infinite cyclic subgroup of
the one-ended finitely generated group G. Then the number of ends of (G, H)
equals 1 + rankz(HY(G,Z(H\Q))).

Proof. First, assume G is finitely presented. Then X can be taken to have
finite 2-skeleton and, by 13.2.9 and 13.5.18, we are to show that

i:Hy(X(H);Z) — H'(X(H);Z)

is zero. By 13.2.10 and Exercise 3 in Sect. 13.2, there is an obvious iden-
tification of H*(X(H);Z) with hom(H,Z). Suppose i # 0. Then there is
0 € Z;(X(H);Z) such that i({0}) = ¢ : H — Z with ¢ non-trivial. Then ¢ is
a monomorphism. The subgroup H has infinite index in G by 13.5.9, so X (H)
is non-compact. Let L be a finite subcomplex of X (H)! supporting 6, let C
be an unbounded path component of X (H)! < L, and let v be a vertex of C.
Write jo : C — X(H). We have a commutative diagram

-

H}(C;2) i Hy(X(H):Z)

| ]

hom(m1(C,v),Z) = HY(C;Z) <—— HY(X(H);Z) = hom(H, 7).

Since j&({0}) = 0, ¢ is mapped to 0 so ¢ o jox : m(C) — Z is trivial
and therefore jou is trivial. Hence, writing py : X - X(H) as usual for
the covering projection, we see that pl_{l(C’) consists of a pairwise disjoint
collection of copies of C' indexed by H; this follows from 3.4.9. Let B be the



13.5 Ends of groups and the structure of H*(G, RG) 307

frontier of C' in X(H)!. Then B is a subcomplex of N (L) and is therefore
finite. Thus there is a copy of B in X! separating one of the copies of C' in
X! from another. But X! has one end, so it cannot be separated by a finite
subcomplex in such a way that more than one complementary path component
is infinite — a contradiction.

When G is merely finitely generated, the argument is essentially the same,
but H}()_( (H);Z) must be replaced by the cohomology group described in
Exercise 5 of Sect. 13.2, since now X! is finite but X? is not. O

More generally, we have:

Proposition 13.5.20. Let H be a subgroup of infinite index in the finitely
generated group G. Assume that whenever there is a short exact sequence
N — H — Z then the pair (G, N) has one end. Then the number of ends of
(G, H) equals 1+ rankz(HY(G,Z(H\Q))).

Proof. The proof is the same as that of 13.5.19. In that proof, we used only
the facts that H had infinite index in G and that the covering space X (ker ¢)
had one end. The details are an exercise. O

Finally, we state a generalization of 13.5.7 whose (similar) proof is left as
an exercise:

Theorem 13.5.21. If H has infinite index in its normalizer in G, then the
number of ends of (G,H) is 1, 2 or co. O

Analogs of Stallings’ Theorem 13.5.10 for pairs of groups can be found in
[139].

In Sect. 14.5, we will return to ends of pairs of groups, introducing another
approach.

Source Notes. The first systematic study of ends of pairs of groups seems to be [86].
The material on ends of pairs of groups in this section is mostly in [139] and [140],
except for 13.5.18-13.5.20, which is in [152]. Example 13.5.13 is in [140]. Martin
Roller showed me Example 13.5.14. The theory of ends of groups is extended to
(discrete) groups which are not finitely generated in [49], and to compactly generated
locally compact topological groups in [130] and, earlier, in [86].

Exercises

Prove the “if” part of 13.5.10.

Prove that a finitely generated torsion free group is accessible.

How many ends does G1 X G2 have?

Prove that if the finitely generated group G has a finitely generated normal
subgroup of infinite index, then G has one end.

5. Prove 13.5.20.

Ll e
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6. Prove: If an infinite group G acts freely on a path connected strongly locally
finite CW complex Y, then Y has 1, 2 or co ends.

7. Prove that if an infinite group G acts freely on a path connected strongly locally
finite CW complex Y which has two ends, then Y is finite mod G, and G has two
ends.

8. Let G be the Klein Bottle group (a,b | bab™' = a™') and let H be the infinite
cyclic subgroup generated by b. Show that 13.5.19 is false for this case when the
ring R is Zz rather than Z. (This is easier if a simple special case of Poincaré
Duality given in 15.1.9 is used.)

9. Give another proof of the Z-part of Corollary 13.5.16 by expressing G as an HNN
extension.

10. Give an example to show that H'(G,ZG) is not necessarily free when G is not
finitely generated. Hint: consider a free resolution when G is free of countably
infinite rank.

11. Show that Thompson’s group F' has one end.

12. Prove 13.5.21.

13.6 Proof of Stallings’ Theorem

The easy part of Stallings’ Theorem 13.5.10 is the “if” part: that the indicated
decompositions imply infinitely many ends; that part is an exercise. In this
section we deal with the “only if” part. We are given G with infinitely many
ends. We will show that G acts rigidly on a tree with finite edge stabilizers
as expected from the statement of 13.5.10. Then 6.2.7 will give the required
decomposition of G.

A. Trees and Posets

There is a useful correspondence between trees and partially ordered sets
of a particular kind. A t¢ree poset is a poset (E, <) equipped with an involution
7+ T (ie., T = 7) satisfying the following axioms:

(i) Vr, 7 # T
(ii) Vo <7, 7 <53
(iii) Vo, 7, 0 < u <7 for only finitely many p;
(iv) Vo, T at least one of the following holds: 0 < 7,0 < 7,5 < 7,7 < 7;
(v) Vo, T, it is not the case that o < 7 and o < 7.

The example to have in mind involves a tree T. Let E be the set of all
non-degenerate edges of T. We write 71 < 7, if there is a reduced edge?? path
(T1,...,7%). The set (E, <) with involution 7 — 771 is a tree poset.

Indeed, this relation 7 < 73, makes sense on any graph I'. Then (i) and
(ii) hold and one has:

(a) I'is path connected iff for two edges o and 7 at least one of the following
istrue:o <7,0<7, 07,0 <T.

22 Recall that an edge is an oriented 1-cell.
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(b) I', being path connected, is simply connected iff o < 7 and 7 < ¢ imply
o=T.

Having just defined a function @ : Trees — Tree Posets we now define
its inverse. Let (E, <) be a tree poset. We write o < 7 if 0 < 7 with o # 7,
and we write o - 7 if 0 < p < 7 implies 4 = 0 or u = 7. We define o ~ 7 by:
either o = 7 or o - 7. We leave the next proposition as an exercise:

Proposition 13.6.1. The relation ~ is an equivalence relation on E. U

Let t(7) denote the equivalence class of 7 under?® ~. The classes t(T) are
the vertices of a simplicial complex K. Two vertices form a 1-simplex of K
if they are ¢(7) and ¢(7) for some 7 € E. This K is a 1-dimensional abstract
simplicial complex, and we write T := |K|.

Theorem 13.6.2. The graph T is a tree. The function (E, <)+~ T from Tree
Posets to Trees is inverse to ®.

Proof. For distinct edges o and 7 of T' we have o F 7 iff there is a two-edge
edge path (o, 7). By 13.6.1 it follows that, for general o and 7, o < 7 iff there
is a reduced edge path in T starting with ¢ and ending with 7. So the two
partial orderings are equivalent.

To see that 7' is a tree one checks the conditions (a) and (b) above. O

For any group G the function @ provides a bijection between G-trees and
G-(tree posets).

The plan of the proof of Stallings’ Theorem is to use Bass-Serre theory
to exhibit the splitting of an infinite-ended finitely generated group G. For
this we need a suitable G-tree. We will find, instead, a G-(tree poset), whose
pre-image under @ will be the required G-tree.

B. Building a tree poset

Let G be a finitely generated group having more than one end. Let I" be
the Cayley graph of G with respect to some finite set of generators. By 12.4.5,
I' is an infinite locally finite left G-graph. When restricted to G = I'?, this
G-action is by left multiplication. There is also the action of G on G by right
multiplication (which does not extend to an action on I'). We will express
things in terms of subsets of G, but the reader should bear in mind that each
such subset U defines the full subgraph of I' generated by U.

In this section the letters U, V., W, X always label subsets of G. We write

U & V if U —V is finite; in words, U is almost a subset of V. We write U =V

a a
if U CV and V C U; in words, U is almost equal to V. The set U is almost
invariant if, for all g € G, U = Ug, and in that case we write [U] for the
set of all almost invariant subsets V' which are almost equal to U. We write

V] < [W]if vV EW.

23 Think of this as the “terminus” of 7; compare Sect. 6.2.
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There is an obvious bijection between the subsets of G and the Zs-vector
space, C§°(I';Zs), of 0-chains in I". We identify each set U with the corre-
sponding infinite O-chain in I". Thus the coboundary 6U picks out the (unori-
ented) 1-simplexes of I" which have one vertex in U and the other in G — U.
We leave as an exercise:

Lemma 13.6.3. The set U is almost invariant iff U is a finite 1-chain in
I. O

It is convenient to write U¢ := G — U.

Corollary 13.6.4. There are almost invariant sets U such that both U and
U¢ are infinite.

Proof. Since I' has more than one end, we can pick a finite path connected
subgraph A of I' and let Zy,..., Z,, be the unbounded path components of
I' < A with m > 2. Let U = Z9, the set of vertices of Z;. By 13.6.3, U is
almost invariant, and U¢ contains Z3 U --- U Z2,. a

We now make a first attempt at constructing a tree poset. Using 13.6.4,
choose an almost invariant set U such that U and U€¢ are infinite. Let £ =
{[gU],[9U°] | g € G}. Then (E, <) is a G-poset which admits the well-defined
involution [V] — [V¢] (here V stands for some gU or gU¢). We want to choose
U so that (E, <), equipped with this involution, is a tree poset. Clearly (i),
(ii) and (v) in that definition hold. In the next two subsections we verify (iii)
when G has infinitely many ends, and (iv) when U is carefully chosen.

C. Verification of (iii)

We denote by |U| the full subgraph of I' generated by U C G. Thus
|U¢| = I' £ |U|. By almost all g € U we mean all but finitely many g € U.

Proposition 13.6.5. Let Uy and Uy be almost invariant. Then for almost all
g € G at least one of the following is true: gUy C Uy, gUy C Uy, gUy C Ug,
gUT C U§.

Proof. If Uy or U§ is empty the Proposition is trivial, so we assume they are
non-empty. For ¢ = 0 or 1 let A; be a finite path connected full subgraph
of I' containing the support of §U;. Then for almost all g € Uy we have (i)
Ao NgAy = 0 and (ii) gAY C Up. Fix such a g € Up. By (i) there is a path
component E(g) of |Uy]| or of |Uf| such that Ay C gE(g).

Let E be any path component of |U;] or of |Uf|. Then EN Ay # 0, so
gENgA; # 0, s0 gEN|Up| # 0 by (ii). If gE N |UE| # O then by path
connectedness gFE N Ay # 0, so gENgE(g) # 0, so E = E(g). Thus, when
E # E(g) we have gE C |Up|. It follows that |U§| meets just one gF, namely,
gE(g), and this implies |U§| C g|Ui| or |U§| C ¢|Us|. Thus for almost all
g € Uy, either gU; C Uy or gUy C Uy. Applying the same argument to U§ we
get the required conclusion. O
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Proposition 13.6.6. Let H = {g € G | gU = U}. If G has infinitely many
ends then H 1is finite.

Proof. Recall that both U and U€ are infinite. We will show that if H is
infinite then G has an infinite cyclic subgroup of finite index, implying G has
two ends by 13.5.9.

We may assume that H N U is infinite and that 1 € U. By (the proof of)
13.6.5 we have gU C U — {1} or gU® C U — {1} for almost all g € U. Fix such
an element ¢ € H NU. Since gU £ U we have gU C U — {1}. Thus for all
n > 0 we have ¢"U C U — {1}, so g has infinite order. We will show that (g)
has finite index in G.

Since 1 € U, g™ € U for all n > 0, and since 1 ¢ ¢g"U, g-" € U°“.
We next observe that N{¢"U | n > 0} = 0, for if h € ¢"U for all n > 0
then ¢~ € Uh™!, contradicting the fact that U = Uh™! (since all the
elements g~" are different). From this we get U = U{g"U — g""'U | n > 0} =
U{g™(U —gU) | n > 0}. But U — gU is finite, so U lies in the union of finitely
many cosets (gyh. Similarly for U°. So (g) has finite index in G. O

Proposition 13.6.7. Let G have infinitely many ends. If V., W and X are
a
infinite almost invariant sets with infinite complements, then {g € G | V C
a
gW C X} is finite.

Proof. We may assume V i X and, enlarging V if necessary, that V' ¢ X.
Let V C gW C X. Then either gW ¢ X or V ¢ gW. It is enough to show

that{gEG|gW&Xandi§ZX}and{g€G|V&gWandVngW}
are finite.
By 13.6.5 one of the following is true for almost all g : gWW C X, gW C X¢€,

gWe C X, gWe C Xe° If giW & X and gW ¢ X, the only possibility is
gWe C X¢. In that case gWW £ X. By 13.6.6, this only holds for finitely

many g. The case V & gW and V ¢ gW is treated similarly. (]
The content of 13.6.7 is that (iii) in the definition of a tree poset holds for

(E, <) when G has infinitely many ends.

D: Verification of (iv)

The previous arguments involve a chosen infinite almost invariant set U
such that U€ is also infinite. By 13.6.3, U has finite support in I". We call
such a set U narrow if (among all such U) the number, k, of 1-simplexes in
the support of U is as small as possible.

Proposition 13.6.8. If Uy D Us D --- are narrow sets, and if V = ﬂUn

n
is non-empty, then the sequence stabilizes, i.e., for some N, U, = Uy for all
n>N.
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Proof. If an edge e lies in the support of V' then one vertex of e lies in every
U,,, while there is an integer IV such that the other vertex of e does not lie in
U, when n > N. Thus e is in the support of §U,, when n > N. The support
of §V lies in the support of such §U,,. In particular, V is almost invariant by
13.6.3.

From now on n > N. The Zy-0-chain U,, can be written as (U, + V) +V,
hence 6U,, = §(U, + V) + 6V. No edge appears in both 6(U, + V) and 6V
because if it did then one vertex would be in the set V' and the other in the
set U, — V', hence that edge could not be in the support of 6U,,, contradicting
the previous paragraph.

Let W be an infinite set which is either U,, — V or V; one of those must be
infinite since U,, is infinite and, as chains, U,, = (U, +V)+V. Then W is almost
invariant, and one easily shows that W€ is infinite too. It follows that the
number of edges in the support of W is < k, because éU,, = §(U,,+ V) + V.
By minimality that number is & and W is narrow. Since §V and §(U,, + V)
have no edge in common, and since V' # (), it must be the case that W =V
and the chain U, +V =0. Thus U,, = V. O

The stabilizing set Uy in 13.6.8 will be called a minimal narrow set.
If U is narrow, so is U, so any g € G lies in a narrow set, hence, by 13.6.8,
there is a minimal narrow set containing g.

Proposition 13.6.9. Fiz g9 € G. Let U be a minimal narrow set containing
a a

go- For any narrow set V' at least one of the following holds: U C V, U C V¢,

UeCv,ueCve.

Proof. Write W1 =UNV, Weo=UNVe Wyg=U°NV,and Wy =U°NVE.
We are to prove that one of the W; is finite. The support of §W; lies in the
union of the supports of 6U and V. Since the sets W, are pairwise disjoint,
any edge appearing in U or in dV meets exactly two of the sets W;. So the
number of edges lying in the support of at least one dW; is < 4k. Suppose
all the W;’s are infinite. Then there are at least k edges in the support of
each dW;, hence precisely k in each support. Thus one of the W, say W;, is
a minimal narrow set containing go. Hence W; = U. If j =1 then U C V, so
Wo = (), a contradiction; and there is a similar contradiction if j = 2, 3 or 4.
It follows that some W; is finite. O

The content of 13.6.9 is that if we choose U to be a minimal narrow
set containing some chosen element gy € G, then for any g € G one of the
following holds: [U] < [gU], [U] < [gU¢], [U¢] < [gU], [U°] < [gU€]. Tt follows
that (iv) holds for (E, <).

We summarize:

Theorem 13.6.10. Let G be a finitely generated group with infinitely many
ends. There is an almost invariant set U C G with respect to which the G-poset
(E, <) is a G-(tree poset). O
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E. Completion of the proof of Stallings’ Theorem

Let T be the G-tree determined by (E, <) in 13.6.10 via the function &.
The stabilizer of [U] € E is {g € G | gU = U}; this is finite by 13.6.6. So
edge stabilizers in T are finite.

From the definition of F it is clear that there are at most two G-orbits.
These are represented by the two possible orientations of a 1-cell of T'. If no
member of G takes one to the other then the G-action on T is rigid. Otherwise
we can replace the tree T' by its barycentric subdivision sd 7', which is also a
tree, and the G-action on sd T is rigid. Thus there is no loss of generality in
assuming that T is a rigid G-tree with just one orbit of 1-cells. This expresses
G as either a free product with amalgamation A % B or an HNN extension A;k)

where the subgroups involved are finite.
If G = A; with A > C; %C’g where C is finite, the case A = C4, and

hence also A = (3, can be ruled out since, by 13.5.16, either would imply that
G has two ends. .
IfG= AéB, the case [A : C] = [B : C] = 2 can be ruled out also, since

13.5.16 would imply that G has two ends.

It remains to rule out the case C = A, the case in which G fixes a vertex
of T. Suppose this happens. Then T consists of a wedge of copies of I whose
0-points are identified. That wedge point is fixed by G. It follows that T is a
rigid G-tree; no barycentric subdivision is needed.

In this tree, the relation o < 7 implies o - 7. By (the proof of) 13.6.5,
we have gU C U or gU® C U for almost all g € U. Since {g | gU = U} is
finite there exists g € U such that gU is not almost equal to U or U€, and
gU C U or gU® C U; and there exists h € U€¢ such that AU is not almost
equal to U or U¢, and hU C U or hU® C U. Consider the case gU C U. Then
g*U C gU C U, so [¢?U] < [gU] < [U], hence gU £ U or g?U £ gU: both
give contradictions. The other three cases give similar contradictions.

Thus the proof of 13.5.10 is complete. [l

Remark 13.6.11. There is an important companion theorem to 13.5.10. A
finitely generated group G is accessible if G can be decomposed as the fun-
damental group of a finite graph of groups whose edge groups are finite and
whose vertex groups have at most one end. A theorem of Dunwoody [54] says
that every finitely presented group is accessible. Examples of finitely gener-
ated groups which are not accessible are found in [56]. When G is accessible
the process of decomposition described in 13.5.10 can be done iteratively in
such a way that it terminates.

A group is slender if all its subgroups are finitely generated. For example,
finitely generated abelian groups are slender. This notion occurs in connection
with JSJ decompositions. In more detail:

Remark 13.6.12. Let G be a finitely presented group. Stallings’ Theorem is
about decomposing G as the fundamental group of a graph of groups where
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the edge groups are finite. This is commonly described as splitting G over
finite subgroups. When G has one end, no such splitting is possible, but one
can seek splittings of G whose edge groups are infinite. Typically, the edge
groups in such a decomposition of G are required to belong to a named class
of slender edge groups; for example (and this is an important special case)
all the edge groups might be required to be infinite cyclic. Such splittings
are called JSJ decompositions** of G provided stringent conditions involving
permissible vertex groups and permissible relations between the edge groups
and the vertex groups are met — see, for example, the papers cited below for
details. The point is that, for various classes of slender groups, JSJ decompo-
sitions of G exist, and are essentially unique. The first theorem of this kind
(for arbitrary finitely presented groups) was given by Rips-Sela [133], with
subsequent versions by various authors, e.g., in [55] and in [66].

Source Notes: This proof of Stallings’ Theorem is due to Scott and Wall [140],
based in part on previous proofs by Dunwoody [53] and D. Cohen [41]. Stallings’
original proof appeared in [147].

Exercises

1. Prove the “if” part of 13.5.10.
2. Prove 13.6.1.

3. Let U be as in 13.6.9. Define U, :={g € G | U é gU or U¢ é gU}. Prove that for
all g € G one of the following holds: Uy C gUi, Uy C gUY, Uf C gU1, Uf C gUY.

13.7 The structure of H?(G, RG)

In 13.2.11, we saw that the R-module H(G, RG) is R or 0, depending on
whether G is finite or infinite, and that when G is finite H"(G, RG) = 0 for
all n > 0. We saw in Sect. 13.5 that when G is infinite and finitely generated,

the R-module H!'(G, RG) is 0 or R or @R, and we were able to describe the
1

groups G for which the latter two cases occur — hence, by default, the other
case too. Throughout this section G is a finitely presented group and R is a
PID. We will consider H2(G, RG). By 13.3.2 and 2.7.2 we have:

Proposition 13.7.1. The R-module H?(G, RG) is torsion free. O

We will study H2(G,RG) by studying H!(X; R) where X is a simply
connected free G-CW complex whose quotient, X, is finite. The method will

24 S0 called because the idea was inspired by results in 3-manifold topology due
independently to W. Jaco and P. Shalen and to K. Johannson in which the slender
groups are free abelian groups of rank 2 — the fundamental groups of suitable tori.



13.7 The structure of H*(G, RG) 315

require that G have an infinite cyclic subgroup, which we will call J. Therefore,
we first consider free J-actions in their own right, not assuming the quotients
are compact.

With J an infinite cyclic group, let Y be a simply connected free J-CW
complex of locally finite type; then Y is countable, by 11.4.3. The group J
is generated by an automorphism j : Y — Y. Now J also acts freely on R,
with the generator j acting as the translation x — x + 1. Applying the Borel
Construction (Sect. 6.1), we get a commutative diagram

R——RXY —— Y
4 | E
st - z £V

in which Z is the quotient of R x Y by the diagonal action of J. This gives
us two ways of looking at Z, when we regard ¢; and ¢o as stacks of CW
complexes.

First, we consider the resulting decomposition of Z over S!, thought of as
a CW complex with one vertex, v, and one 1-cell, e.

Proposition 13.7.2. Z is the mapping torus of j: Y — Y.

Proof. Apply 6.1.3. The space ql_l(v) is a copy of Y, and Z is obtained by
attaching Y x B! via the attaching maps id on Y x {—1} and j on Y x {1}.
O

Next, consider the following commutative diagram:

.
< H}YY(ZR) <—— H}(YiR) < H}(YiR) < H}(ZiR) <— -

id—j*
<——— HJ(Z;R) <—— H} ' (Y;R) <—— H} ' (Y;R) <—— HI " Y(Z;R) <—— -

id—j
©+<—— H"(Z;R) <—— H" Y(Y;R) =<—— H" '(Y;R) =<—— H" Y (Z;R) =<—— -~

Here, the vertical exact sequences are as in Sect. 12.2. By 13.7.2, Z is the
adjunction complex Y LJ_CJ (Y x I) where f : Y x {0,1} — Y is defined by
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f(y,0) = y and f(y,1) = j(y). There is a short exact sequence of cochain
complexes

i —(igos)* a*
S —(0og)™

0 e« C3(Y;R) C}(Y x I,R) «%— C}(Z;R) «—— 0

where ip : y — (y,0), i1 : y — (y,1), and ¢ : Y x I — Z is the quotient map.
Identifying H}(Y x I; R) with H}(Y; R) via the isomorphism if, we get the

top horizontal exact sequence. The other horizontal sequences?® are formed
similarly. One checks:
Proposition 13.7.3. The above diagram commutes. O

Next, we examine the decomposition of Z over J\Y.

Proposition 13.7.4. There is a homeomorphism h : R x (J\Y) — Z which
is fiber preserving; i.e., gz o h is projection on the J\Y factor.

For readers familiar with bundles, this says that the fiber bundle g3 with
fiber R is trivial. A short proof would read: this is a principal bundle which
has a section. What follows is an elementary proof.

Proof (of 158.7.4). There is certainly a fiber preserving homeomorphism hyg :
Rx (J\Y)? — g5 1((J\Y)?). Moreover, we can choose hq to be order preserving
on each fiber (R x {point}), in the sense that whenever ¥ is a vertex of ¥ and
v = pa(?), the homeomorphism

Rx {7} — gl(0) " R x {0}

is order preserving. As an induction hypothesis, assume we are given a fiber
preserving homeomorphism h,, : R x (J\Y)" — ¢5 '((J\Y)") such that when-
ever Z € Y™ and x = py(Z), the homeomorphism
~ 7| -1 hy!
Rx {2z} —— ¢ (2) —— Rx{z}
is order preserving. By 1.2.23, it is enough to extend h,, to a homeomorphism
hp41 with similar properties. Once again we use 6.1.3, which tells us that

o H(\Y)"H) = ¢ H((J\Y)™) %CJ ( II Rx B”+1> where E, ;1 is the
e€kn 1
set of (n41)-cellsof J\Y and f: [[ RxS™ — g, ((J\Y)") is a suitable
e€Ept1
map. Thus the proof is easily completed by using Lemma 13.7.5 below. [

Lemma 13.7.5. Let H : S™ x R — S™ x R be a homeomorphism of the
form H(x,t) = (x, Hy(t)) where each homeomorphism H, : R — R is order
preserving. Then H extends to a homeomorphism H:B"" xR — B"1 xR
of the form H(z,t) = (x, H,(t)) where each H, is order preserving.

25 The horizontal exact sequences in the diagram are special cases of what is called
the Wang sequence.
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Proof. Note that when n > 0 the hypothesis on each H, holds iff it holds on
one Hy; but we also need this lemma for n = 0. The required H is given by
the formula H(z,t) = (z, (1 — |z|)t + \x\Hﬁ (t)) if x #0, and by H(0,t) = t.
d

The idea behind the above proof is simple: any convex linear combination
of order-preserving homeomorphisms of R is an order-preserving homeomor-
phism. Therefore, we are “coning” each H,, gradually deforming it to the
identity as we approach the point 0 € B™t!. This process is continuous in 2.

Proposition 13.7.6. If W is a countable CW complex of locally finite type,
then for all n, H}(W; R) = Hf ™ (W x R; R).

Proof. This follows from 12.6.1. Here is a short direct proof. Let {K;} be a
finite type filtration of W. Then {K x[—1, ]} is a finite type filtration of W xR.
Fix i, and let X; = (W xR) £ (K; x [~ ]) We can write X; = A;UB; where
A;W x [0,00) € (K; x [0,4]) and B; W X (—00,0] € (K; x [—4,0]). We have
A;NB; = (W £ K;)x{0}. The pair (W x [i+1, oo) W x[i4+1,00)) is a strong
deformation retract of the pair (W x [0, 00), 4;); so H*(W x [0, 00), A;; R) = 0.
Similarly, H*(W x (—o00,0], B;; R) = 0. By the appropriate Mayer-Vietoris
sequence, there is a natural isomorphism

5 H"(W,W < K;; R) — H"™ (W x R, A; U B;; R).
By taking the direct limit and applying 12.2.1, we get the desired result. [J
By 13.7.4 and 13.7.6 we get:
Corollary 13.7.7. For each n, H}(J\Y;R) = H{*(Z; R). O

Proposition 13.7.8. Assume Y2 does not have two ends. If j* : HX(Y; R) —
HY(Y'; R) agrees with the identity on a non-trivial R-submodule, A, then either
A= R or J\Y has more than one end.

Proof. Recall that Y is assumed to be simply connected. The space J\Y is
not compact (i.e., does not have 0 ends) because Y does not have two ends;
see 13.5.9. Assuming J\Y has one end, we must show A = R. We have an
exact sequence

HY(J\Y;R) «——— H}(J\Y;R) ——— H2(J\Y;R) —*— H°(J\Y;R) ——— 0.

By 13.4.11, HO(J\Y; R) & R, so 12.2.3 implies « is an isomorphism. The R-
module H'(J\Y; R) is isomorphic to R, by 3.1.19 and 12.5.1. So H}(J\Y; R)
embeds in R, which implies, by 11.3.11, that H}(J\Y; R) = R or 0. Consider
the diagram
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id—j*
H3(Y;R) <2 H3(Y;R) «—— H}J\Y;R) —— H}Y;R)

I I

HA(Y:R) < HI(Y:R) > A

|

0=HYY;R)

Here, the horizontal exact sequences come from 13.7.3, 13.7.4 and 13.7.6. From
the exactness, we conclude that A is a non-trivial quotient of a submodule
of H}(J\Y;R). Hence H}(J\Y;R) = R, and A must be generated by one
element. By 12.5.11, A is torsion free, so by 11.3.11, A = R. O

A similar proof gives:

Proposition 13.7.9. Assume Y2 has one end. If j* : HX(Y; R) — HX(Y; R)
agrees with the identity on a non-trivial R-submodule A, then A is a free
R-module.

Proof. Consider the first exact sequence given in the proof of 13.7.8. The
monomorphism « splits by 12.2.3, and we have seen that H!(J\Y; R) is iso-
morphic to R. Moreover, HY(J\Y’; R) is free, by 12.5.11. Thus H}(J\Y; R) is
R-free. From the diagram of 13.7.3 we see that H}(Y; R) = 0; this is where we
use the hypothesis that Y is one-ended. It follows from the second diagram in
the proof of 13.7.8 that A embeds in a free R-module and hence is R-free. [J

Now we return to the finitely presented group G acting freely on X with
finite quotient X. The covering transformations give H}(X; R) the structure
of a right RG-module; compare 13.2.16.

Proposition 13.7.10. Let there exist j € G of infinite order, and a sub-RG-
module A of HX(X; R) on which j* : H}(X;R) — HY(X;R) agrees with the
identity. Then, as an R-module, A is either trivial or is isomorphic to R or
is infinitely generated. If, in addition, X has one end then, as an R-module,

oo
A is trivial or is isomorphic to R or to @R.
1

Proof. By hypothesis, X is non-compact. If X has two ends, then, by 13.5.9
and 12.2.2, H'(X; R) = H!(R; R) = 0, implying A is trivial. Assume X does
not have two ends, and suppose A is a finitely generated R-module which is
neither 0 nor R. By 12.5.11, A is free of finite rank > 1. By 13.7.8, J\X = X (.J)
has more than one end. Let K be a finite path connected subcomplex of
X (J) which separates X (.J). Certainly, K can be chosen so that the inclusion
induces an epimorphism iy : 71 (K,9) — 71(X(J), ). Temporarily, we will
assume that K can be chosen so that 74 is an isomorphism. Then 3.4.9 implies
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p;'(K) is the universal cover of K, where p; : X — X(J) is the covering
projection. Since K has two ends, H}(f{, R) = R.

Let Ly, -, L, be the path components of X (J) - K. At least two of
these are unbounded, say L; and Ls. Write L~ = (N(L1)) UK and Lt =
N(LyU---UL,) UK. Then LT UL~ = )_((J) and LT N L~ = K. Writing
M* =p;(LF), we have MT UM~ = X and MT N M~ = K. See Fig. 13.2.

Fig. 13.2.

In the following diagram, the row is the Mayer Vietoris sequence, and the
column is exact:

H}M*;R)® H}(M~;R) «~— H}X;R) «—— H}K;R)=R

E

A< H}(X;R)

I

0=HY(X;R)

The key point is that since A is finitely generated over R and is invariant
under the action of G, B(A4) C ker a.. [Proof: Let finite cocycles ¢q, - , ¢
represent R-generators of (A) and let a finite subcomplex S of X support
c1, ¢k Since X is compact and J has infinite index in G, there exist
g+ and g_ in G such that g, (S)N M~ = @ and g_(S) N M = (). Thus
(inclusion)* : H]%(X;R) — HF(M*; R) maps (A) to 0, so af(A) = 0. It
follows that there is an epimorphism R — A, a contradiction.]

If K cannot be chosen so that i is an isomorphism, we alter the argument
slightly. Since 74 is a split epimorphism, the theory of Tietze transformations
(Sect. 3.1) can be used to attach finitely many 2-cells €2, - - - ,e2 to K C X(J)
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to form a new pair of complexes (X '(J),K"), where the inclusion induces

an isomorphism 4, : m (K', ) — m1(X'(J), ). These 2-cells are attached to
X (J) along loops in K which are homotopically trivial in X (.J). So, just as in

4.1.10, X'(J) is homotopy equivalent to X (.J)V (\/Sf) . Thus, using 4.1.8, we
i=1

can attach s 3-cells to X’(J) to produce X" (J) homotopy equivalent to X (J).
Let K" be the union of K and these 2- and 3-cells. Then the inclusion induces
an isomorphism i} : m (K", 0) — 71 (X"(J),v). Of course, K" separates
X"(J). Let X" be the universal cover of X”(.J). Since X (J) — X"(J) is a
proper homotopy equivalence, 10.1.23 implies that X < X” is also a proper
homotopy equivalence. The argument now proceeds as before, using (X", K")
in place of (X, K).

The last sentence of the Proposition follows from 13.7.9. ]

By 13.7.1 and 13.7.10 we get:

Proposition 13.7.11. Let G be finitely presented. Then H?(G, RG) is tor-
sion free. If there is an element j € G of infinite order acting as the identity
on H*(G, RG), then the R-module H?(G, RG) is either 0 or R or is infinitely
generated. If, in addition, G has one end, then this R-module is either O or R

or @R, O
1

When R = Z we can improve the first part of 13.7.11, getting rid of the
hypothesis on j:

Theorem 13.7.12. (Farrell’s Theorem) Let the finitely presented group G
act freely on X with compact quotient. Assume G has an element of infinite
order.?8 Then the abelian group Hel(f(;Z) s trivial or is isomorphic to Z
or is infinitely generated. Hence the abelian group H?(G,ZQG) is trivial or is
isomorphic to Z or is infinitely generated.

Proof. By 12.4.8 and 12.2.2, there is a monomorphism of Zs-modules [ :
Ty @7 HNX;7Z) — HY(X;Zsy). In fact, by naturality of the universal coeffi-
cient sequence, 3 is a monomorphism of ZyG-modules. Assume H} (X' ;Z) is a
finitely generated abelian group. Then it is Z-free (see 12.5.10) of finite rank,
say, r, and we are to show r = 0 or 1. Let A = image(8). Then A is a finite
ZoG-submodule. If 7 € GG is an element of infinite order, then some power of j
agrees with the identity on A. By 13.7.10, it follows that A is 0 or Z,. Hence
r =0 or 1. The last sentence now follows from 13.2.9 and 13.2.13. g

26 At time of writing, the question of whether every infinite finitely presented group
contains an element of infinite order is open. M. Kapovich and B. Kleiner have
announced a new proof of 13.7.12 without the hypothesis that G contains an
element of infinite order.
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Theorem 13.7.12 leaves open the question of whether H?(G, ZQ) is always
a free abelian group. For finitely presented groups G the answer is unknown
in general. We will give a positive answer in 16.5.1 under the hypothesis that
G is semistable at each end. The corresponding question when R is a field k
has been fully answered for torsion free finitely presented groups G in [64]:
the k-vector space H?(G, kG) has dimension 0 or 1 or oo.

Source Notes: Farrell’s Theorem appeared in [63].

Exercises

1. Give an example of a finitely generated (but not finitely presented) group G such
that H?(G,ZG) is not free. Hint: compare Exercise 10 in Sect. 13.5.
2. Prove that the countably infinite product of copies of Z is not a free abelian

group.

13.8 Asphericalization and an example of H?*(G,ZG)

In this section we will construct a finite aspherical 3-pseudomanifold whose
universal cover is a non-orientable 3-pseudomanifold. Its fundamental group
G will thus have type F and geometric dimension 3. We will show that
H3(G,ZG) = Zy. (Until now we have not seen a group G of type F, for
which H"(G,ZG) is not free abelian.)

For this we require a general procedure, “asphericalization,” for making
complexes aspherical. It is of independent interest.?”

Recall from Sect. 5.2 the abstract simplicial complex n with [n| = A™,
A pair (K, 7) is a simplicial complex over n if K is an abstract non-empty
simplicial complex, and 7 : K — n is a simplicial map which is injective on
each simplex of K. Here is a source of examples:

Proposition 13.8.1. Let Y be a reqular CW complex of dimension < n and
let m:5d Y — n map the vertex e¥ of sd Y (ek being a cell of Y) to pi, € Viy.
Then (sd Y, 7) is a simplicial complex over n. a

L]

Note that if K = A? there is no 7 such that (K, 7) is a simplicial complex
over 1. In general, the existence of m depends on the simplicial structure of K
rather than on the topology of |K].

An aspherical model over A™ is a map f : X — A™ = |n| where

(i) X is an aspherical CW complex;
(i) for every non-empty subcomplex J of n, f~!(|.J|) is a non-empty sub-
complex of X each of whose path components is aspherical;

27 A more refined procedure called “hyperbolization” turns suitable complexes into
hyperbolic complexes. See [47].
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(iii) for every base vertex v, the inclusion map induces a monomorphism
T (fH( ), v) — T (X, v).

Given (K, ) and (X, f) as above, the asphericalization of |K| by (X, f) is

the pull-back XA|K| := f*(|K]) in the diagram

XAIK| —— |K|

| I
x I an

Ezample 13.8.2. Take |K| to be R where the integers are vertices. Take n = 1,
A' having vertices pg and p;. Define 7 to take evens to pg and odds to pi.
Take X to be a compact orientable surface with three boundary components
Bo, By and Bs. Let f~Y(pg) = By and f~!(p1) = B1 U Bs. The space XA|K|
is illustrated in Fig. 13.3.

-2 -1 0 1
X A k!

Fig. 13.3.

We can also regard XA|K]| as the pull-back |7]|*(X). As such it has a
natural CW complex structure, being assembled out of copies of the various
f7Y(|o]) for o € K in order of increasing dimension.

Proposition 13.8.3. Let f : X — A™ be an aspherical model over A™ and let
(K, 7) be a simplicial complex over n. Then XA|K| is non-empty and each
of its path components is aspherical. Moreover, for any non-empty subcom-
plex L of K and any base vertex w of XA|L|, the inclusion map induces a
monomorphism m (XA|L|,w) — 7 (XA|K|,w), where (L,7|) is considered
as a simplicial complex over n.
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For o € K let & [resp. 5’] denote the subcomplex of K consisting of o and
its faces [resp. the proper faces of ¢]. A simplex of K is principal if it is not
a proper face of another simplex of K.

Proof (of 18.8.3). First we handle the special case in which K is a simplex,
i.e., K = & for some ¢ € K. Then for any non-empty subcomplex L of &,
XAI|L| = f~Y(|=|(|L])). By Properties (i)—(iii), above, the Proposition holds.

For the case where K is finite we do induction on N, the number of sim-
plexes of K. If K is a point, we are done, by the special case. For larger N, let
K be the subcomplex of K obtained by removing a principal simplex of K.
Then XA|K| is the adjunction complex obtained from (X A|Ky|) II (XAlG|)
by gluing along the obvious copies of XA|(‘7| in both. If XA|&| is empty
(which happens iff o is a 0-simplex) then by induction and/or the special case,
X A|K]|is non-empty and every path component is aspherical. If X A 5| is non-
empty, 71 (XA|o|,w) — 11 (XA|Ko|,w) and m (X A|o], w) — m (X A|g],w)
are monomorphisms by induction and/or the special case; so 7.1.9 implies that
every path component of X A|K]| is aspherical.

Now let L be a non-empty proper subcomplex of K. There is a principal
simplex 7 of K such that L is a subcomplex of the complex K; obtained
by removing 7 from K. For any suitable vertex w, the following diagram
commutes, where all arrows are induced by inclusion:

(X)L, w) o (X A|K ], w)

T

(X A|K], w).

Now, « is a monomorphism by induction, and 3 is a monomorphism by 6.2.1
(since XA|K| is the adjunction space of XA|K1| and X A|7| by gluing across
XA|7]), s0 v is a monomorphism. The extension of this argument to the case
where K is infinite is left as an exercise. (]

Addendum 13.8.4. If K is path connected and n-dimensional then X AK
is path connected.

Proof. f K = & then o is n-dimensional, so XA|K| = X. If K # 7 and
K is finite, one shows easily that K is the union of two connected proper
subcomplexes K7 and K5. By induction on the number of principal simplexes
of K, the subcomplexes XAK; and XAKy are path connected, and their
intersection is non-empty by Property (ii), above. So X AK is path connected.
Again, the infinite case is left as an exercise. ]

We can now construct the promised 3-pseudomanifold. Let X be a compact
3-manifold whose boundary is Uy, the surface obtained from S? by attaching
four crosscaps (see 5.1.8); in Exercise 1 the reader is asked to construct such
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a space X. Identifying S? with A3, we think of X as being obtained by

attaching one crosscap to the interior of each of the four 2-simplexes of A 3.
Then X contains the 1-skeleton of A%, Form an aspherical model over A3,
f: X — A3; fis the “identity” on the 1-skeleton of A3, f maps the interior
of each 2-cell-with-crosscap onto the interior of the corresponding 2-cell of A3,

and f maps X onto A3.

Let J be a triangulation of some compact 3-manifold with connected non-
orientable boundary. Form a simplicial complex L from J by coning over 0.J;
i.e., v dJ is identified with J along 0.J to define L. Then |L| = {v} U, |J|,
where ¢ : |0J] — {v} is the constant map. This L is a 3-pseudomanifold
without boundary. Let K = sd L, and let 7 : K — 3 be as in Proposition
13.8.1 (reading Y = |L|). Then (K, ) is a simplicial complex over 3. The key
point is that the base of the dual cone of v in L (the link of v in K) is a
non-orientable surface.

By 13.8.3 and 13.8.4, W := XAK is a compact path-connected aspheri-
cal CW 3-pseudomanifold without boundary, containing a vertex the base of
whose dual cone is a non-orientable surface. So the universal cover W has ver-
tices whose dual cones have the same property. Hence W is a non-orientable
pseudomanifold (exercise). Writing G = m1 (W, w), we see that G has type F'
and geometric dimension 3. By 12.3.14 and 13.2.9, H3(G, ZG) = Z,.

Remark 13.8.5. There is a construction called “relative asphericalization” in
which a subcomplex of the given complex is already aspherical and is not
to be changed during the construction. An unpublished theorem of M. Davis
says that any compact aspherical polyhedron is a retract of a closed orientable
manifold. Hence, any group of type F' is a retract of an orientable Poincaré
Duality group as defined in Sect. 15.3. See [87] for more details.

Source Notes: The asphericalization construction goes back to Gromov. See also
[47]. The example here is from [12].

Exercises

Describe a compact 3-manifold with connected non-orientable boundary.

Why is id : A2 — A? not an aspherical model over A??

Prove 13.8.3 and 13.8.4 when K is infinite.

Prove that W is non-orientable. State a more general theorem implied by your
proof (about pseudomanifolds having non-orientable links).

5. Show that m1 (W, w) has cohomological dimension 3 over Z and cohomological
dimension 2 over Q.

L

13.9 Coxeter group examples of H"(G, ZG)

We have seen that for an infinite finitely presented group G the cohomology
H*(G,ZG) is torsion free when k < 2, and in Sect. 13.8 we saw an example
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where H3(G,ZG) is of order 2. Now we show that the methods used in Sect.
9.1 can be refined to give Coxeter groups G with H*(G, ZG) quite varied.

A Coxeter system (G, S) is right angled®® if whenever s; # s2, m(s1, s2) =
2 or co. The corresponding abstract graph I'(G, S) has S as its vertex set and,
for s1 # s2, {s1,$2} is a l-simplex iff m(s1, s2) = 2. This in turn defines the
corresponding flag complex L(G,S), and the function (G, S) — L(G,S) is a
bijection between right angled Coxeter systems (for which S is finite) and
finite flag complexes. By Exercise 2 of §9.1 we have

Proposition 13.9.1. Let (G,S) be a right angled Cozeter system and let
T C S.(T) is finite iff T spans a simplex of L(G,S). In fact this corre-
spondence gives an isomorphism of abstract simplicial complexes between the
poset of non-trivial finite special subgroups of G and the abstract first derived

sd L(G, S). 0

For the rest of this section d > 2 is an integer, L is a finite connected closed
combinatorial (d — 1)-dimensional manifold which is also a flag complex, and
(G, S) is the corresponding right angled Coxeter system, so that L = L(G, S).
Define K = sd L, the first barycentric subdivision. By 13.9.1, we may identify
this K with K in Sect. 9.1, the base of the cone F. When (T') is a non-
trivial finite standard subgroup of G, T' is a simplex of L. Let K(T') denote
the corresponding subcomplex of K, an abstract first derived of this simplex.
Recall that Ny (K(T)) denotes the simplicial neighborhood of K(T) in K.
We use the notation of Sect. 9.1.

Lemma 13.9.2. Fa(T) = NK(K(T))

Proof. Let T be a simplex of Fy (7). Then 7 is a simplex of F() for some s € T,
so 7 is a face of a simplex p whose initial vertex is ({s}). Thus 7 is a face of
a simplex which shares a vertex with K (T), so 7 is a simplex of N(K(T)).

Conversely, let 7 be a simplex of N(K(T')). Then 7 is a face of a simplex v
having a vertex in K (T'). Write v = {(Ty),--- , (Tk)} and let (T;) be a vertex
of K(T). Then T; C T by 9.1.2, so v is a face of a simplex p whose initial
vertex is ({s}) for some s € T'. Thus 7 is a face of a simplex of Fy,, so 7 is a
simplex of Fyy, and Fy,y is a subcomplex of Fy (7).

Proposition 13.9.3. When (T) is a non-trivial finite standard subgroup of
G, |Fyry| is a PL (d — 1)-ball.

Proof (Sketch). This requires knowledge of piecewise linear topology, in par-
ticular, of regular neighborhoods in PL manifolds; we have set things up so
that references are easily given. By 13.9.2, F, (7 is the simplicial neighbor-
hood of K(T) in the closed combinatorial (d — 1)-manifold K = sd L, and
K(T) is an abstract first derived of a simplex of L. Thus (see [136, Chap. 3]),

28 A right angled Cozeter group is a group G for which there exists a right angled
Coxeter system (G, S).
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|Fy(ry| is a regular neighborhood of |K(T')|. Since |K(T')| is collapsible, any
regular neighborhood of it in the PL (d — 1)-manifold |L| is a PL (d — 1)-ball
([136, Chap. 3, Sect. 27]). O

n
Recall from 9.1.6 that A,, = ng‘F and Ap N gn1F = gnt1F5(B(gnir))-
i=0
Define A, to be the subcomplex of A,, satisfying |A,| = fr|p|[An|.

L]
Proposition 13.9.4. Each A, is a finite connected closed combinatorial

manifold of dimension d — 1. A,, is orientable iff |L| is orientable.

Proof. The proof is by induction on n, starting with ;10 = K =sd L. Assume
the Proposition for A Let Bpy1 = 9n+1Fa(B(gw+1)) The full subcomplex
of D generated by A and gn+1 F contalns An+1 By 13.9.3, |Bp41| is a PL
(d — 1)-ball. Denoting its interior by |Bn+1| we have

[Ant1| = clip|(|An| = [Bnyal) Uclip|(gns1l K| — [Bri1l).

Because | By,+1] is a regular neighborhood in the closed PL manifolds | 4,,| and
gn+1] K|, the two closures in this union are PL (d — 1)-manifolds with a PL
(d — 2)-sphere as their common boundary; this follows from piecewise linear

topology as in [136, Chap. 3]. The desired conclusions follow for A, ;1. O

()
Of course we have seen a simpler way of describing the expression of | A,, 41|
()
as the union of two closures in the last proof: |A,1| is the connected sum of

the manifolds |A,| and gn4+1| K], i-e., |Ant1| = |An|#gn+1|K]|. See Fig. 13.4.

(d - 2)-sphere

Fig. 13.4.

L] L]
It is clear that |Ay,| is a strong deformation retract of |Ap|Ugp+1|F|. Thus
there is a homotopy equivalence r making the following diagram commute up
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to homotopy:
L]
|Ap |~ clip|(ID| — [An])
TT
|[An|U gn1|F|

i

|1:1n+1|(—> C1|D|(|D| - |An+1|)

Write f =104 : |Ant1] = |An|#gnt1| K| — |An]; see Fig. 13.4. This is just
the kind of map f appearing in the Appendix to this section. The following
theorem combines a number of previous results: the fact that the last diagram
commutes up to homotopy, 12.2.2, 13.2.13, 13.2.14, 9.1.10, as well as 13.9.7 in
the Appendix below:

Theorem 13.9.5. Let d > 2, let L be a non-empty finite connected closed
combinatorial manifold of dimension d—1 which is also a flag complex, and let
(G, S) be the corresponding right angled Cozeter system (i.e., L = L(G,S)).
If |L| is orientable then® we have isomorphisms of abelian groups:

HG.26) = Pa N (L;z) ifk#d
) = G
Z ifk=d

If |L| is non-orientable (so that d > 3), the same holds except in dimensions

d—1 and d, where HY(G,ZG) = Zy and H*~(G,2G) = (DH**(|L; Z)& F
G

where F' is a free abelian group of countably infinite rank. O

Corollary 13.9.6. The group G has one end, H*(G,ZQ) is free abelian, and
every torsion free subgroup of finite index in G has geometric dimension d.

Proof. By 13.5.2 and 13.5.5, G has one end. We have H?(G, ZQ) free abelian
because H'(|L|; Z) is (finitely generated and) free abelian. Let H be a torsion
free subgroup of finite index (see 9.1.10). By 9.1.11, H has geometric dimension
< d; and by 13.9.5, H has geometric dimension > d. O

Appendix: Homology of connected sums

Let M7 and Ms be path connected n-manifolds where n > 1. Recall that
M#M> is obtained by removing the interior of an unknotted n-ball B} in

29 {* denotes reduced cohomology. Note that H~(|L|]) = 0 because |L| is non-
empty, and H°(|L|) = 0 because L is path connected.
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each M; (thus N; := M; — int B} is a manifold), and picking an embedding
h : 0BT — N whose image is 0B%; then Mj# M, is the adjunction space
N3 Up, N1. We denote by S the image of 0B in Mj#Ms : S is the (n — 1)-
sphere along which N;p is glued to Ny to get Mi#Ms. If M; and Ms are
PL manifolds and h is a PL homeomorphism, then M;# M5 is clearly a PL
manifold.

There is a map f : Mi#My — M, such that f | Ny =idy, and f(Na) =
B7; see Fig. 5.1. In this Appendix we compute f* : H*(M;) — H*(Mi#Ms).
Throughout, we suppress the coefficient ring Z.

From the appropriate Mayer-Vietoris sequences we get a commutative di-
agram:3°

0= Hi(S,S) <—— H'(N1,S) ® Hi(Na, §) <—— Hi(M1#M>, S) <—— Hi~1(S,5) =0

Tideaf* Tf*

0= Hi(S,S) < Hi(N1,S) ® H'(B},S) < Hi(My,S) < HI=1(S,5)=0

We also have isomorphisms:

~

H(N;, 8) =—— H'(M,;, B}) —— (M)

excision

which are sufficiently canonical to give a commutative diagram:

Hi(My#M,, S) — Hi(My) & Hi(Ms)

Tf* TidGBf*

H(M,,S) —— H(M,) & H'(B, S).

Substituting this into the Mayer-Vietoris sequences for (M;#Ms,S) and
(M, S), we get a commutative diagram, exact in the horizontal directions:

H(S) ~— HI(Mi# M) ~—— Hi(My) & H (M) <——— H=1(S)

e e

H!(S) <—— H'(M,) <—— H'(M,) ® H'(B},S) <— H'~(9).
From this we get:

Proposition 13.9.7. (a) If My and My are orientable then Mi#Ms is ori-
entable; f* : H"(My) — H™(M1#Ms) is an isomorphism, and for i <n —1
the following diagram commutes

30 To simplify notation we reuse the symbol f for various restrictions /corestrictions
of the map f.
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Hi(My#Ms) ~— H (M) @& Hi (M)

R

gl(Ml) - gz(Ml)

Here, i1 is inclusion as the first coordinate.

(b) If My and Ms are both non-orientable (implying n > 2), then My# Mo
is mon-orientable; f* : H"(My) — H"™(M1#Mz) is an isomorphism, and for
i < n — 2 the diagram in Part (a) commutes. For i = n — 1, the following
diagram commutes and the horizontal lines are exact:

H'Y(S) =2— B (My#Ms) <—— H™ Y (M) & H* (M) = 0

; i

0 Hnil(Ml) Hnil(Ml)

0

Here, H"~1(S) = Z and the image of j is 2H"1(9). O
Proof. We make some comments, leaving the rest to the reader.

(i) H™(Mx) is infinite cyclic if Ms is orientable, and has order 2 if M5 is non-
orientable. Indeed, the map f* : H"(BY,S) — H™(M3) can be regarded
as id : Z — 7Z or the epimorphism Z — Z5 in these two cases.

(ii) The homomorphism H"1(S) — H™(M;) @ H"(M>) has trivial kernel
in the orientable case, and has kernel of index 2 when both M7 and M,
are non-orientable.

(iii) There is a cell e in M; such that f=1f(e?) = e?. Treating e” as a
cocycle the statement about isomorphisms in dimension n becomes clear.

O

Exercises

1. Fill in the details of the proof of 13.9.7.

2. Work through the (suppressed) case (c) of 13.9.7: M; orientable and M, non-
orientable.

3. Which of the hypotheses on L rules out G being finite?

4. Rewrite this section for the cases d =1 and d = 0.

5. Prove that if |L| is a (d — 1)-dimensional homology sphere, then G is a Poincaré
Duality group of dimension d (whether or not |L| bounds a compact contractible
manifold).

6. Is the example in Sect. 13.8 included in the construction in Sect. 13.97

7. Give a counterexample to the converse of 16.5.2.
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13.10 The case H*(G, RG) =0

Here we consider what it means for all the cohomology with group ring coef-
ficients to be trivial. An example will be discussed in the next section.

Theorem 13.10.1. Let G be of type F Py, over R and let H*(G, RG) = 0 for
all n. Then cdrG = 0.

The proof uses two lemmas from homological algebra; for their proofs the
reader is referred to Chapter 8 of [29]:

Lemma 13.10.2. The cohomological dimension, cdrG, is the infimum of
numbers n such that, for all i > n and all RG-modules M, H'(G, M) = 0. If

there is no such number, cdrG = 0. O
Lemma 13.10.3. If G has type FP, over R and if H"(G,RG) = 0 then
H"(G,®) =0 for any free RG-module P. O

For the proof of 13.10.1 we also need a long exact sequence in cohomology.
Let
0—-M - M-—-M"—0

be an exact sequence of left RG-modules. It is a well-known fact of homological
algebra (compare 12.4.3) that when @ is a free RG-module the sequence

0 — Homzg (@, M) — Homzg (P, M) — Homzg (P, M") — 0

is also exact. In this way the free resolution {F,,} gives a short exact sequence
of cochain complexes, and hence (see Sect. 2.1) a long exact Bockstein sequence

0— H'(G,M") — H(G,M) — H*(G,M") — H(G,M') — ---

Proof (of 13.10.1). Suppose cdrG = d < oo. Then, by 13.10.2, there is a
module M such that HY(G, M) # 0 while H41(G,K) = 0 for all modules
K. There is a free module ¢ mapping onto M call its kernel K. Applying the
Bockstein sequence to

0O K—-®—-M-—0

we get exactness in:
HYG,®) - HY(G, M) —» H*" (G, K) — H" (G, D).
By 13.10.2 and 13.10.3 this gives H1(G, K) # 0, a contradiction. O
Another consequence of H*(G, RG) = 0 follows from Theorem 13.3.3:

Theorem 13.10.4. Let G be a group of type Fuo, let X be a K(G, 1)-complex
of finite type, let {K;} be a finite type filtration of X, and let R be a PID.
Then H*(G,ZG) =0 iff {Hp(X™ < K;; R)} is pro-trivial for all k. O

Loosely, this is saying that G is “acyclic at infinity” and that, in view
of Theorem 13.10.1, this can only happen when G (of type F ) is infinite-
dimensional. O
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Exercises

1. When G is of type Foo and has finite cohomological dimension, prove that the
cohomological dimension of G = sup{n | H"(G,ZG) # 0}.

2. The Bockstein sequence is given here for cohomology. Write down the details of
a homology version.

13.11 An example of H*(G, RG) =0

We saw in 9.3.19 that Thompson’s group F' has type F., hence also type
F P, over any commutative ring R.

Theorem 13.11.1. H*(F,RF) = 0.

Proof. The proof requires a return to the notation of Sect. 9.3. We sketch it,
leaving the reader to fill in the details.3!

For b € B let A(b) be the smallest integer such that an expansion of b of
length A(b) has the form [1g,T]. Let v(b) be the largest integer such that a
chain by < by < -+ < b, = b exists in B. Let

B(p) = {be B|A() +v(b) = p}.

Then B(p) is a directed sub-poset of B, so |B(p)| is contractible. The set
B — B(p) is finite, for if b & B(p) then, for some b’, we have [1,y0] < b’ and
b > b where v(b') < p; there are only finitely many such o’. For large n,
H'(F,RF) = HY(|By|; R) = LimH"(|By|,|Bn| N [B(p)|; R); this follows from

P
9.3.18 and 12.2.1. By appropriate analogs (for B(p)) of 9.3.21 and 9.3.22, given
k there is m(k), the same for all p, such that, when n > m(k), |B,| N |B(p)|
is k-connected. 0

Remark. We saw in 9.2.6 that F' has infinite geometric dimension. We get
another proof of this by 13.11.1 and 13.10.1.

Remark. The group T of Sect. 9.4 also satisfies H*(T,ZT) = 0. See [30].

Source Note. This proof of 13.11.1 appears in [30]. The first proof in [33] is quite
different.

31 Or see §4F of [30].
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Filtered Ends of Pairs of Groups

Proper and CW-proper homotopy theory as described in Chap. 10 can be
regarded as the homotopy theory of maps which preserve a finite (or finite
type) filtration. In this chapter we introduce a generalization in which the
filtration is by complexes which are not necessarily of finite type. Although
all the main ideas have already been seen in our discussion of proper homotopy,
there is need for an exposition of the foundations of the generalized theory.
The corresponding homology and cohomology theories of filtered ends are
discussed. The immediate occasion is our discussion of an alternative way of
counting ends of pairs of groups. That appears in Sect. 14.5.

14.1 Filtered homotopy theory

A topological filtration of a space X is a family {K;}icz of subsets of X
satisfying K; C K,y for all 4, UKl = X, and ﬂKl = (). Because the indexing

K3 K3
directed set is Z, the filtering family {K;} and the family of complements
{X — K;} can both be viewed as either inverse sequences or direct sequences.
The pair (X, {K;}) is a filtered space. A filtered map is a map f: X - Y
which induces morphisms of pro-Spaces and of ind-Spaces with respect to
both of these families. In detail, f is a filtered map iff

1. (pro-map with respect to {K;}): Vi, 37 such that f(K;) C L;;
2. (pro-map with respect to {X — K;}): Vi, 35 such that f(X —K;) CY —L;;
3. (ind-map with respect to {K;}): Vi, 37 such that f(K;) C Lj;
4. (ind-map with respect to {X — K;}): Vi, 35 such that f(X - K;) CY —Lj;.

A filtered space (X,K) is topologically well filtered if for each i there
exist j and k such that clx K C intxK; C clxK; C intxK;. In that case

(el K;=0and | ]int K; = X.
[ [
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Lemma 14.1.1. Let (X,K) be a topologically well filtered space and let C
be a compact subset of X. There exist i and j such that C' C int K; and
CcX-dEK,. 0

If X is Hausdorff and K consists of compact sets then some K is empty
(see Exercises). Using this we see that filtered maps generalize proper maps:

Proposition 14.1.2. Let (X, K) and (Y, L) be topologically well filtered Haus-
dorff spaces where each K; and each Lj is compact. A map f: X — Y is
filtered iff it is proper.

Proof. Use Lemma 14.1.1 and the fact that compact subsets of Hausdorff
spaces are closed. Note that two of the four conditions in the definition of
filtered map hold trivially. O

If (X, K) is a topologically well filtered space, (X x I, K x I) is a topolog-
ically well filtered space where K x I := {K; x I}. A filtered homotopy is a
filtered map (X x I, K x I') — (Y, L). The definitions of filtered homotopic rel-
atie to a subspace, filtered homotopy equivalence, filtered homotopy inverse,
etc., are analogous to the proper case.

We now turn to CW complexes, WHICH IN THIS SECTION ARE AL-
WAYS ASSUMED TO HAVE LOCALLY FINITE TYPE. Recall from Sect.
11.4 that a “filtration” on a CW complex X is a topological filtration of X
by subcomplexes' and that if A is a subcomplex of X its CW neighborhood
N(A) or Nx(A) is the union of all cell carriers which meet A. A well filtered
CW complez is a filtered CW complex (X, K) with the property that for each
n and ¢ there exist j and k such that Nxn»(K}}) C K; and Nx»(K7) C Kj.
It follows that for each n the filtered space (X™,{K}) is topologically well
filtered. Note that if IC is a finite type filtration then, by 1.5.5 and 11.4.4,
(X, K) is a well filtered CW complex.

If (X,K) and (Y, L) are well filtered CW complexes, a CW-filtered map
f(X,K) = (Y,£)isamap f: X — Y such that for each n there exists k
such that f(X™) C Y* and f|: (X, K") — (Y, L) is a filtered map, where
K" :={K! | K; € K}. Referring back to the topological definitions, we find
a condition f(X — K;) C Y — L;, whereas in the context of CW complexes it
would be more natural to encounter the condition f(X < K;) CY < L;. The
reader can check that for well filtered CW complexes the definitions are not
changed by substituting CW complement for complement.

By analogy with 10.2.3 we have:

Theorem 14.1.3. (CW-Filtered Cellular Approximation Theorem)
Let f: (X,K) — (Y, L) be a filtered map between well filtered CW complezes,
and let A be a subcomplex of X on which f is cellular. Then f is filtered
homotopic, rel A, to a CW-filtered cellular map. ]

! Though, as promised in a footnote in Sect. 11.4, the filtrations here are indexed
by Z.
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The terms CW-filtered homotopy, etc., are defined in the obvious way.

Two topological filtrations K and £ of a space X are equivalent if each
member of K lies in a member of £ and vice versa. It then follows that the
“identity map” idx : (X,K) — (X, L) is filtered and is therefore a filtered
homotopy equivalence.

Given a topological filtration K of a CW complex X, we sometimes need
an equivalent filtration of X by subcomplexes. There are two reasonable
candidates. Define the CW enwvelope of a subset A of X to be the small-
est subcomplex E(A) containing A, and define the CW envelope of K to be
EK) := {E(K;) | K; € K}. Define the CW spine of A C X to be the
largest subcomplex S(A) lying in A and define the CW spine of K to be
S(K) :={S(K;) | K; € K}.

Proposition 14.1.4. If X is a strongly locally finite CW complex and (X, K)
is topologically well filtered then E(K) and S(K) are filtrations of X.

Proof. The only non-trivial part in the envelope case involves showing that
mE (K;) = 0. Suppose otherwise. Since this intersection is a subcomplex of X
i

it contains a vertex v. It is not hard to see that E(K;) = [J{C(e) | enK; # 0}.
Thus for every 7 there is a cell e; such that e;NK; # ) and v is a vertex of C(e;).
Since X is strongly locally finite there can only be finitely many different
carriers containing v, so DUC(ei) is compact. By 14.1.1, D C X — cl K for

some j. But DN K; # () for all 4, which is a contradiction. The proof for S(K)
is similar. 0

We are assuming that our CW-complexes have locally finite type, so usu-
ally 14.1.4 will be applied to a skeleton (which is strongly locally finite by
10.1.12).

When (X,K) is as in 14.1.4, i.e., X is strongly locally finite and (X, K)
topologically well filtered, we say that IC is CW-compatible if (X, E(K)) is a
well filtered CW complex and E(K) is equivalent to K. Clearly, this happens
iff S(K) is equivalent to C. To illustrate this we give two examples involving
the following general set-up. We are given a map h : X — M where L is
a topological filtration of the space M; then h='L := {h=Y(L;) | L; € L)
is a topological filtration of X, and (X,h~'L) is topologically well filtered
whenever (M, £) is well filtered.?

Ezample 14.1.5. Let X be a rigid G-CW complex such that G\ X is finite, let
M = R where a left action of G on R by translations is given, let £ = {L;}
where i € Z and L; := (—00,4), and let h : X — R be a G-map. Then h=1L
is CW-compatible. A particular case is this. Assume G has type Fj,, X is
the n-skeleton of the universal cover of a K(G, 1)-complex which has finite

2 Note that even if (M, L) is a well filtered CW complex and A is a cellular map,
the spaces h™'(L;) might not be subcomplexes of X.
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n-skeleton, x : G — R is a character (i.e., a homomorphism into the additive
group of real numbers), and the G-action® on R is g.r = r+x(g). Pick a vertex
v; in each G-orbit of vertices, define h(v;) = 0, and extend h equivariantly to
map X into R; then (since the action on X is free and R is contractible) one
can proceed skeleton by skeleton to define a G-map h : X — R. The filtered
homotopy theory in this case leads to the Sigma invariants of G; this will be
developed in Sect. 18.3.

Ezample 14.1.6. Let p : X — Y be a covering projection with (Y, L) a well
filtered CW complex. Assume X has the CW structure such that p maps
each open cell homeomorphically onto an open cell. Then (X,p~1L£) is a well
filtered CW complex, so, trivially, p~! £ is CW-compatible. For example, given
a pair of groups (G, H) and a free action of G on a path connected graph X
such that G\ X is finite, choose a finite filtration £ of H\X. The well filtered
graphs (H\X, £) and (X,p~1L) yield two notions of the “number of ends of
the pair of groups (G, H),” where p : X — H\X is the quotient covering
projection. The first of these was discussed in Sect. 13.5; the second will be
discussed in Sect. 14.5.

Next, we give a practical way of recognizing filtered homotopy equivalences
(Theorem 14.1.8). For this we need a new concept.

A cellular map f: X — Y between CW complexes is CW-Lipschitz if for
each n there exists m such that for every cell e of X™ the carrier C(f(e)) has
at most m cells. Two cellular maps X — Y are CW-Lipschitz homotopic if
there is a CW-Lipschitz homotopy X x I — Y between them. A CW-Lipschitz
homotopy equivalence is a cellular map f : X — Y for which there exists a
cellular CW-Lipschitz map ¢ : Y — X so that go f and fog are CW-Lipschitz
homotopic to the appropriate identity maps. Here is an important source of
examples:

Example 14.1.7. 1f X and Y are finite connected CW complexes and f : X —
Y is a cellular map, then any lift to universal covers f : X — Y is CW-
Lipschitz. Hence if f is a homotopy equivalence, f is a CW-Lipschitz homotopy
equivalence.

Theorem 14.1.8. Let f : (X, K) — (Y, L) be a CW-filtered map between well
filtered CW complezes. If f is a CW-Lipschitz homotopy equivalence then f
is a CW-filtered homotopy equivalence.

In particular, applying 14.1.2, this gives a useful condition for a map to
be a proper homotopy equivalence.
For the proof we need two lemmas.

Lemma 14.1.9. Let (X, K) be a well filtered CW complez and let F : X x I —
X be a (cellular) CW-Lipschitz homotopy with Fy = idx. Then F is CW-
filtered.

3 i.e., identify R with the group Transl(R) of translations of R, so that x : G —
Transl(R) is an action of G on R by translations.
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Proof. We need only check that F' | X™ x I is filtered for given n. Let m be
such that for every cell e of X™ the carrier C(F(e x I)) contains at most m
cells. Since F'(e x I) is path connected and e is a cell of this carrier, F(ex I) C
NP, (C(e)). Thus for all i we have* F(K; x I) C N&,(K;) and

F((Xn £ Kz) X I) C N’mn(Xm < K,L)

Since (X, K) is well-filtered, there exists j such that N, (K;) C K;. Moreover,
given 4, this j satisfies

F(X" < K;))xI)CNZ.(X ©K;)C X <K,

The verification of the remaining conditions for a map to be filtered is similar.
O

Lemma 14.1.10. Let f : (X,K) — (Y, L) be a (cellular) CW-filtered map
and let g : Y — X be a cellular map such that go f and f o g are CW-filtered
maps which are CW-filtered homotopic to the appropriate identity maps. Then
g is a CW-filtered map.

Proof. Given L; we seek K such that g(L;) C K;. There exists k such that
fg(L;) C Ly, and there exists j such that f(X —K;) CY — L. So g(L;) C K;.
Similarly, given K; we seek L; such that g(Y <€ L;) C X — K;. There exists
k such that f(K;) C Li and there exists j such that fg(Y — L;) CY — Ly.
So g(Y — L;) C X — K;. The rest of the proof is similar. O

Proof (of Theorem 14.1.8). Let g be a CW-Lipschitz homotopy inverse for f.
By 14.1.8 go f and fog are CW-filtered homotopic to the appropriate identity
maps. Hence, by 14.1.10, g is a CW-filtered map. ([

Recall from Sect. 2.7 the definition of “n-equivalence.” There are analogs
of “CW-filtered homotopy equivalence” and “CW-Lipschitz homotopy equiv-
alence” in which the phrase “homotopy equivalence” is replaced by “n-
equivalence.” The definitions are obvious.

Addendum 14.1.11. Theorem 14.1.8 remains true if “homotopy equiva-
lence” is everywhere replaced by ‘“n-equivalence.” O

Here is an application of 14.1.11. Consider the “particular case” discussed
in Example 14.1.5. An action of G on R by translations is given, i.e., a homo-
morphism x : G — R (identified with Transl(R)) and G is known to have type
F,. We choose an n-dimensional (n — 1)-connected rigid G-CW complex X
which is finite mod G, and we have a G-map h : X — R (either given to us or
constructed as in 14.1.5). The space R is filtered by £ = {L; := (—00,1%) }icz.

Proposition 14.1.12. If h; : X1 — R and hy : Xo — R both satisfy these
conditions (for X and h above), there is a cellular map f : X1 — Xo which is
a CW-filtered (n — 1)-equivalence (X1,hi L) — (X2, hy ' L).

4 Recall from Sect. 1.5 that N™(A) denotes N(N™~!(A)) and N'(A) = N(A).
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Proof. By 7.1.8 and the n-equivalence version of Example 14.1.7, there is a
CW-Lipschitz (cellular) (n — 1)-equivalence f : X3 — X;, and f is CW-
filtered as a map (Xo, f~'h;'L) — (X1,h*L). As explained in Example
14.1.5, these are CW-compatible topological filtrations, so we can proceed as
if we had well-filtered CW complexes and conclude that f is a CW-filtered
(n — 1)-equivalence. It only remains to show that f_lhflﬁ and hglﬁ are
equivalent filtrations. Since both hy and hj o f are G-maps from X5 — R, and
X5 is finite mod G, it follows that there is a finite upper bound to the set
{|h2(z) — h1 o f(x)| | € X}. This implies the two filtrations are equivalent.
O

The last proposition shows that those algebraic topology invariants of
(X, h~1L) which only depend on the n-skeleton are invariants of the character
x : G — R. This discussion is continued in Sect. 18.3.

Source Note. The idea of filtered homotopy theory as a useful generalization of
proper homotopy theory appears in [60].

Exercises

1. Let (X,K) be a filtered space where each K; is compact. Show that if X is
Hausdorff then some K; is empty.

2. Give an example of subcomplexes K C L of X where K C intx L but Nx (K) ¢ L.

3. Prove that if the filtration {K;} on a CW-complex X of locally finite type makes
(X", {K}'}) into a topologically well filtered space for each n, then (X,K) is a
well filtered CW complex. (Hint: Use 1.5.1).

4. Show that if f : (X,K) — (Y,L£) is a filtered map between topologically well
filtered Hausdorff spaces and if each K € K is compact, then f is a proper map.

5. Let A be a subset of the CW complex X. Show that CW envelope and CW spine

are related by: E(A) = S(A)UU{C(e) | eis a cell of X, eNA # () and C(e) ¢ A}.

14.2 Filtered chains

Let X be an oriented CW complex of locally finite type, let K be a filtration
of X so that (X, K) is a well filtered CW-complex, and let A index the n-cells

of X. An infinite cellular n-chain ¢ = Zraeg is locally finite with respect to

acA
KC if for each i, the coefficient r, € R ise non-zero for only finitely many cells
e in K;. Since (X, K) is well filtered, Oc is also locally finite with respect
to K. We define the R-module CX(X; R) to be the submodule of C°(X; R)
consisting of chains which are locally finite with respect to K. Elements of
CK(X;R) are filtered locally finite n-chains in X (with respect to K). They
form a chain complex whose homology modules are denoted HX(X; R), the

filtered locally finite homology modules of (X, K).
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Filtered maps induce chain maps on filtered locally finite chains. There is
a theory of HX(X; R), analogous to that of Sect. 11.1 for H®(X; R), giving
a covariant functor H(-; R) on the filtered homotopy category.

If A is a subcomplex of X there is a short exact sequence

0 — CM(A;R) — CF(X;R) — CX(X: R)/CEN(A;R) — 0

as in Sect. 11.1, from which the usual homology exact sequence for H,(-; R)
follows directly. And, just as in Sect. 11.4, there is a short exact sequence

0— Cu(X;R) = CF(X;R) — CF(X;R)/C(X;R) — 0

which leads us to define the homology modules of the K-end of X: Hffl(X; R)
denotes the n'" homology of CX/C.. There is a corresponding homology exact
sequence analogous to that in 11.4.1:

- * O
- ——> Hn(X; R) ——> HE(X; R) ——> H®* (X; R) ——> Hp_1(X; R) —> ---

Note that H™¢(X; R) can fail to be zero.

We saw in Sect. 14.1 that the inclusions X" <€ K, 1 <« X™ < K, define
an inverse sequence and a direct sequence. The inverse sequence plays the role
previously played by a basis for the neighborhoods of the end in Sect. 11.4.
By analogy with 11.4.7 and 11.4.8 we have:

Proposition 14.2.1. There are short exact sequences

. a b
0 — lim "{Hp1 (X, X £ Ki; R)} —> HY(X € Kj;R) — Wm{H.(X,X £ K;;R) — 0
i>j i>j

0— h_H)l liiannJrl(X,XﬁKi;R)ﬁH,ILC(X;R)ﬂ h_n)1 liilHn(X,XﬁKi;R)HO

j——o00 i>j Jj——00 i>j
and, for any j:

a

0 — lim '"{Hny1 (X € Ki;R)} =5 HN(X;R) -, im{Hn(X < K;; R) — 0.
i>j i>j

O

If K is a finite type filtration then HX(X; R) and HY°(X; R) reduce to
H(X;R) and HE(X; R) respectively.
Turning to cohomology, an infinite cellular n-chain ¢ = Z ro€n is locally

acA
cofinite with respect to K if ¢ is supported by some K; (i.e., 7o = 0 when

e is not a cell of K;). Since (X, K) is well filtered, dc is also locally cofinite

(03
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with respect to K. We define the R-module C*<°f(X; R) to be the submodule
of C°(X; R) consisting of chains which are locally cofinite with respect to
K. Elements of C<°f(X; R) are filtered locally cofinite n-chains in X (with
respect to ). They form a cochain complex whose cohomology modules are
denoted Hi(X; R), the filtered locally cofinite cohomology modules of (X, K).

Filtered maps induce cochain maps on Cy°°". There is a theory of H “(X;R)
analogous to that of Sect. 12.1 for H}(X; R). Just as in Sect. 12.2, the short
exact sequence

0 — CRof(X: R) — C(X;R) — C®(X;R)/CFf(X:R) — 0

leads us to define the cohomology of the K-end of X: H,’ae(X;R) denotes

the nth cohomology of C2°/ cr ’COf, from which follows an exact sequence
analogous to that in Sect. 12.2:

— H™Y(X; R) & HPPY (X R) & HE (X R) 2 HY(XGR) — - .
By analogy with 12.2.1 and 12.2.2 we have:

Proposition 14.2.2. There are isomorphisms li_n)l{H”(X,X < K;R)} —
i>0
HR(X; R) and im{H"(X < K;; R)} — Hg (X: R). O

>0

If K is a finite type filtration then Hy (X; R) and Hg (X; R) reduce to
H7(X; R) and H;(X; R) respectively.
For reference, we summarize the invariance properties:

Proposition 14.2.3. The homology and cohomology theories HX(X; R),
Hf’e(X;R), Hg (X5 R) and Hg. (X5 R) are filtered homotopy invariants. [

The more complete version of 14.2.3 in which the categories and functors
are described explicitly is left to the reader.

Remark 14.2.4. A filtered map f : (X,K) — (Y, L) between well filtered CW
complexes is properly filtered if for each n and each K; € K the restriction
f| K : K - Y is a proper map. All the definitions in filtered homo-
topy theory have properly filtered analogs, and there is a Properly Filtered
Cellular Approximation Theorem analogous to 14.1.3. One can define filtered
locally finite cohomology [resp. filtered locally cofinite homology | by using the
coboundary § on filtered locally finite chains [resp. the boundary d on filtered
locally cofinite chains] and the resulting modules are invariants of properly
filtered homotopy theory rather than of filtered homotopy theory. When X
is an oriented manifold these arise as the Poincaré duals of HX(X;R) and
H{(X; R) — see Exercise 5 of Sect. 15.2.
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Ezxample 14.2.5. We continue the discussion of Example 14.1.5. In Sect. 13.2
we met the right RG-module (RG) . Elements of (RG) are written as ngg

geG
with each ry € R. Those where all but finitely many r, are zero form the ring

RG, but the ring multiplication given in Sect. 8.1 does not extend to make
the module (RG) into a ring. However, any non-zero character xy : G — R
defines

(RG);( = { Z T99 ‘ for any t > 0,74 # 0 for only
geG

finitely many g with x(g) < t}.

One checks that the multiplication in RG does extend to (RG),, making
the latter a ring called the Nowikov ring defined by x. Regarding this ring
as a right G-module (via right multiplication by elements of G) and using
the notation of 14.1.5, it is clear that the homology of the chain complex
{(RG), ®c C.(X;R),id® d} is canonically isomorphic to H" '£(X; R). This
is often written as H.(X;(RG),).

Exercises

Work through Sects. 14.1 and 14.2 for the case where X = K; for some 1.

What is the correct analog of 11.1.3 for filtered locally finite homology?

Give an example where H™;°(X; R) is non-zero.

Give an example of a non-well-filtered (X,K) with K a filtration of X, and a
chain ¢ which is locally finite with respect to K while Oc is not locally finite with
respect to K.

5. Prove 14.2.1 and 14.2.2.

- LN

14.3 Filtered ends of spaces

The theory of ends of CW complexes described in Sect. 13.4 generalizes to
well filtered CW complexes. We explain this here, and will apply it to group
theory in the next sections.

Let (Y, L) be a well filtered path connected CW complex of locally finite
type. A filtered ray in (Y, L) is a filtered map w : [0,00) — Y where [0, 00)
has the filtration® {[0,i]}. Two filtered rays define the same filtered end of
(Y, L) if their restrictions to N C [0,00) are filtered homotopic. This is an
equivalence relation, and an equivalence class is called a filtered end of (Y, L).
We indicate how the propositions in Sect. 13.4 generalize to this setting.

® for i € Z; [0,4] is empty when 4 < 0.
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A filtered map induces a function between the corresponding sets of filtered
ends. Indeed there is an obvious covariant functor from the category of well
filtered (Y, £)’s and filtered homotopy classes to the category Sets which sends
(Y, L) to the set of filtered ends of (Y, L). A filtered l-equivalence induces a
bijection on filtered ends. In particular, by 14.1.3, the inclusion Y! < Y
induces a bijection of filtered ends.

If w is a filtered ray there is a corresponding point of liin{wo(Y < L)}
whose i entry is the path component of Y < L; containing all but a compact
subset of the image of w. This depends only on the filtered end defined by w
and establishes:

Proposition 14.3.1. This association defines a functorial (with respect to
filtered homotopy classes) bijection between the set of filtered ends of (Y, L) and
the set lim{mo(Y" < L;)}. In particular, the set of filtered ends of (Y, L) is non-

3
empty iff there is a nested sequence of non-empty subcompleres Uy D Uy D - -+
with U; a path component of Y < L;. O

By analogy with the group theoretic case we say that an inverse sequence
{S;} of sets is semistable if for each i there exists j > ¢ such that for all k > j
the image of Si in S; equals the image of S; in S;. As with 11.2.1, {S;} is
semistable iff it is isomorphic in pro-(Sets) to an inverse sequence whose bonds
are surjections. In the situation of 13.4.7 the inverse sequence {mo(Y < L;)}
consisted of finite sets and hence was semistable. But that need not be the
case here, so we must discuss the condition under which semistability holds.

A subset A of Y is L-bounded if A C L; for some i, and is L-unbounded
otherwise. To a certain extent L£-bounded subcomplexes of Y play the same
role that finite subcomplexes play in the proper case (by 14.1.1, finite subcom-
plexes are L£-bounded) but with the important difference that the CW com-
plement of an £-bounded subcomplex may be L-unbounded even though all
its path components are £-bounded; in that case, although Y is £-unbounded,
(Y, £) has no filtered ends. We say that (Y, £) is regular if for each ¢ the union
of all £L-bounded path components of Y £ L; is £-bounded.

Proposition 14.3.2. (Y, L) is regular iff the inverse sequence of sets
{mo(Y £ L;)} is semistable.

Proof. For each i, we write mo(Y < L;) = B; UU; where B; is the set of £-
bounded path components and Uj is the set of £L-unbounded path components.
If (Y, L) is regular then for each i there exists j such that the elements of B;
are not in the image of B; UU; — B; U U;, while every element of U; is in
the image of By U Uy for all k& > I; then U; is the image of By U Uy for all
k > j, and that implies semistability. Conversely, assume semistability. Then,
given i, there exists j such that for all k£ > j the image of By U U, — B; UU;
is the same. We claim that this image is disjoint from B;. To see this, note
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that, for k > 4, U, is mapped into U;, and each member of B; (i.e., each L-
bounded path component of Y £ L;) is disjoint from Y < L,, for some m > j
dependent on i; so it is not in the image of B,, UU,, — B; UU;, which is the
same as the image of B; UU; — B; UU;. The claim implies each £-bounded
path component of Y £ L; lies in Lj, and that is the meaning of regularity.
O

It follows that regularity is preserved by filtered 1-equivalences. Here is an
example which is not regular:

Ezample 14.5.3. Let Y be the subset of R? consisting of all points (x,%) such
that either y =0 and > 0, or z € N and 0 < y < z. If we take points (z,y)
with integer entries as vertices and the obvious closed intervals of length 1 as
edges, Y becomes a locally finite graph. Let L; = {(z,y) € Y | y < i}, and
write £ = {L;}. Then (Y, £) is well filtered, Y < L; is L-unbounded for all 4,
and each path component of Y < L; is £-bounded.

The number of filtered ends of (Y, L) is m > 0 [resp. is oo] if the set of
filtered ends has m members [resp. is infinite]. For 0 < m < oo, we also say
that (Y, L) has m filtered ends. By 14.3.1 this number is preserved by filtered
0-equivalences.

An inverse sequence {S;} of sets is stable if there is a cofinal subsequence
{Sn,} such that image (S,,,, — Sn,,,) is mapped bijectively onto image
(Sniss — Sp,) for all 4. “Stable” implies “semistable.” If {S;} is stable then

@{Sl} has the same cardinal number as image (Sp, ., — Sn,,,) for any 7. If

{S;} is semistable but not stable then lim{S;} is infinite.
A

7

By 14.3.1 and 14.3.2 we have:

Proposition 14.3.4. Let (Y, L) be regular and let m < oco. The number of
filtered ends of (Y, L) is m iff {mo(Y < L;)} is stable with inverse limit of
cardinality m. O

Analogous to 13.4.8 is:

Corollary 14.3.5. Let (Y, L) be regular with m filtered ends where 0 < m <
00. Then m = 0 iff Y is L-bounded. When m is finite, there exists ig such that
whenever an L-bounded subcomplex K contains L;, then Y < K has exactly
m L-unbounded path components. When m = oo, the number of L-unbounded
path components of Y < L; is a weakly monotonic unbounded function of i,
whose value may be 0o for some (finite) i. O

Addendum 14.3.6. Let m be finite and let i > ig. If (Y, L) is essentially 0-
connected® there is a path connected L-bounded subcomplex K of Y containing
L; such that Y < K has exactly m path components.

6 See Sect. 7.4.
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Proof. Similar to that of 13.4.9; essential 0-connectedness ensures we can en-
large L; to make an £-bounded path connected subcomplex K. |

The analog of 13.4.11 is:

Proposition 14.3.7. Let R be a PID and let L be regular. For m < oo, (Y, L)
has m filtered ends iff Hy. ,(Y; R) is a free R-module of rank m; (Y, L) has co
filtered ends iff H[O:’e(Y; R) is not finitely generated.

Proof. First, assume m < co. By 14.3.4, the following are equivalent:

(). (Y, L) has m filtered ends;

(ii). {mo(Y < L;)} is stable with inverse limit having m elements;
(iii). {Ho(Y < L;; R)} is stable with free inverse limit of rank m;
(iv). ng(Y; R) is free of rank m.”

If (Y, L) has oo filtered ends then {Ho(Y < L;; R)} is pro-isomorphic to
an inverse sequence of splittable epimorphisms and rankp(Ho(Y < L;; R)) is
either infinite for sufficiently large i, or is finite for all 7 but goes to oo with .
In both cases the direct sequence {Homp(Ho(Y < L;), R)} is ind-isomorphic
to a direct sequence of splittable monomorphisms whose direct limit is not
finitely generated. By 14.2.2, Hg,e(Y; R) is not finitely generated. Conversely,
if ng(Y;R) is not finitely generated then (Y, L) has oo ends, by the first
part of this proof. O

Exercises

1. Construct a well filtered graph (Y, L) such that for each ¢, Y < L; has an £-

unbounded path component whose intersection with Y < L;y1 is the union of

L-bounded path components.

State and prove filtered analogs of 13.4.9 and 13.4.10.

3. Give an example for 14.3.5 where some Y < L; has infinitely many £-unbounded
path components.

4. Show that (X,h™'L) in Example 14.1.5 is regular.

N

14.4 Filtered cohomology of pairs of groups

This section is the filtered analog of Sect. 13.2. We only discuss cohomology,
leaving the corresponding treatment of homology as an exercise.

Let H be a subgroup of the group G. The set of (right) cosets of H in G is
H\G :={Hg | g € G}. Define R¥ (G)" to be the submodule of RG" consisting
of all Z'rg.g such that the set of all g with r4 # 0 lies in finitely many cosets.

g€G
In particular, R{l}(G)A = RG. We have a short exact sequence

" By 12.5.8, 12.5.1 and 14.2.2.
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0— RH(G) -~ RG — RH(G)* —0

where 4 is inclusion and the right term is by definition the quotient (right)
RG-module.

To keep things simple, let (X, v) be a K(G, 1)-complex of finite type (hence
G has type® F). Let K := {K;} be a finite type filtration of the covering
space X (H). The covering projection is py : X — X (H): let L; = p;{l(Ki).
Then £ = {L;} is a filtration of X, and both (X (H), K) and (X, £) are regular
well filtered CW complexes. By analogy with Sect. 13.2, and with notation
as in Sect. 14.2, we have a commutative diagram of R-modules, where R is a
PID:

Homg (Ck(X; R), R" (G)")>— Homg (Cx(X; R), RG") —>> Hom¢ (Cx(X; R), R7(G)°)

Tw{? Twz" wafe

CEN(X; Ry C°(X; R) ———— C°(X; R)/CEN(X; R)
in which both lines are exact and all three vertical arrows are cochain isomor-
phisms; compare Sect. 13.2. Hence:
Proposition 14.4.1. ¢ and wf’e induce isomorphisms
H(X;R) — H*(G, R"(G)")
and ~
H; (X;R) — H*(G,R"(G)°)
respectively. O
By a proof similar to that of 13.2.11 one shows:
Proposition 14.4.2. Let H < G. Then H°(G,R"(G)") = 0 [resp. = R] iff
H has infinite [resp. finite] index in G. O

From the top line of the above commutative diagram we get a long exact
sequence

-« H"(G,RG") — H"(G,RH(@)") —« H" (G, R (G)®) —« H" 1(G,RG") — ---

We know that H"(G,RG") = 0 for n > 0 and H°(G, RG") = R. Assum-
ing H has infinite index in G, 14.4.2 implies that the sequence starts with
a monomorphism H°(G, RG") — H°(G, R¥(G)¢) which splits using 14.4.1;
compare 12.2.3. Hence:

Proposition 14.4.3. For k > 1, H*(G, R¥(G)") = H*Y(G, R (G)°). If H
has infinite index in G, H(G, R¥(G)®) = HY(G, R (G)") @ R. O

8 By 12.2.4 and 12.2.5, appropriate modifications of this section apply to groups of
type Fn.
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Exercise

1. Write out the analogous homology. What plays the role of R (G)*?

14.5 Filtered ends of pairs of groups

Let G be a finitely generated group, let H be a subgroup and let R be a PID.
We discussed the number of ends of the pair (G, H) in Sect. 13.5, but there
is a competing definition of equal interest: “filtered ends of pairs.”

Let X be a path connected CW complex with fundamental group iso-
morphic to G and having finite 1-skeleton. As in Sect. 13.5, we will only be
concerned with the 1-skeleton of X and of its covering spaces, all locally finite
graphs. We will use the filtered cohomology of Sects. 14.3 and 14.4 only in
the lowest dimensions (see the footnote in that section — here it applies for
groups of type Fi).

Choose a finite filtration K := {K;} for the locally finite graph X (H).
We have the covering projection pyr : X' — X (H)'. Let L; = pg*(K;), and
let £ = {L;}. Then (X', £) is a regular well filtered graph. The number of
filtered ends of (G, H) is the number of filtered ends of (X!, £). By 14.3.7, this
number is either oo or, if finite, is the rank of the free R-module Hg,e()zl; R),
which, by 14.4.1, is isomorphic to H°(G, R (G)¢). Thus the number of filtered
ends of (G, H) does not depend on the choice of X or R.

Let é(G, H) and e(G, H) denote the number of filtered ends and the num-
ber of ends of (G, H), respectively. For comparison with 13.5.18, we note a
consequence of 14.4.3, 14.4.1 and 14.3.7:

Proposition 14.5.1. Let H have infinite index in G. If é(G,H) < oo then
é(G,H) = 1+rankg(H (G, R¥(G)"); é(G, H) = o iff H(G, R¥(G)") is not
finitely generated.” a

By 14.3.5 we have:

Proposition 14.5.2. é(G, H) = 0 iff e(G, H) = 0 iff H has finite index in
G. O

Proposition 14.5.3. é(G, H) > e(G, H); hence, if é(G, H) = 1 then we have
e(G,H) =1.

Proof. By the (proof of the) Homotopy Lifting Property 2.4.6 the obvious
function from filtered ends of (G, H) to ends of (G, H) is surjective. For the
last part apply 14.5.2. O

% In [100] the number of ends of the pair (G, H) is defined to be 0 when H has finite
index in G and, by the formula in 14.5.1, with R = Z2, when H has infinite index
in G. It follows that (G, H) equals the number of ends of (G, H) in that sense.
In [23] the number é(G, H) is called “the number of coends” of H with respect
to G. Yet another definition of “the number of ends of (G, H)” is studied in [2].
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Proposition 14.5.4. If K < H < G, where [H : K| < oo, then é(G,H) =
é(G, K). In particular, if H 1is finite, é(G, H) is the number of ends of G.

Proof. In this case the covering projection X(K)! H_X(H)l is proper, so one
gets the same filtration of X! from X (K)! as from X (H)!. a

Ezample 14.5.5. In Example 13.5.14, ¢(G, H) = 1 while (G, H) = 2.
Ezample 14.5.6. 1f G =Z xZ and H = Z x {0}, then é(G,H) = e(G,H) = 2.

Ezample 14.5.7. For the pair (G, H) in Example 13.5.13 with e(G, H) =n >
3, we have é(G, H) = oo. To see this, note that in 13.5.13 we showed that for
each i the inclusion U; — X (H) induces a monomorphism on fundamental
group whose image has infinite index in H. By 3.4.9, é(G, H) = oo.

If N is normal in G it can happen that (G, N) is greater than e(G, N),
which, by 13.5.11, is the number of ends of the group G/N:

Example 14.5.8. Let ¢ : H — H be a monomorphism which is not an epimor-
phism. Let G = H*4 be the resulting ascending HNN extension. Then G has
a presentation (H,t | t~taté(x)~!,Va € H). The standard homomorphism
G — Z taking H to 0 and ¢ to 1 has kernel IV, and H is a proper subgroup of
N. Now assume that H is finitely presented, and let Z be a finite CW com-
plex such that m (Z,v) & H. Let h: (Z,v) — (Z,v) be a map inducing ¢ on
fundamental group. Then G is the fundamental group of T'(h), the mapping
torus of h, and N is the fundamental group of Tel(h), the mapping telescope
of h. The latter has two ends, so e(G,N) = 2. Inspection of the picture of
Tel(h) in Sect. 4.3 shows that there is a basis for the neighborhoods of the end
whose path components U; “on the left side” have the property that for all
i the map U;41 — U, induces ¢ : H — H on fundamental group. It follows,
by 3.4.9, that é(G, N) = oo. (For example, take G to be the Baumslag-Solitar
group B(1,2) and H = Z; then N 2 the dyadic rational numbers.)

In this example N is not finitely generated. However, when N is finitely
generated and normal in G, é(G, N) = e(G, N):

Proposition 14.5.9. If N is a finitely generated normal subgroup of G then
é(G, N) is the number of ends of G/N. Hence é(G,N) = e(G, N).

Proof. We know that é(G,N) = 0 iff G/N is finite, so we may assume N
has infinite index in G. Let (X, z) be a pointed 2-dimensional CW complex
whose 1-skeleton is finite and whose fundamental group is (identified with)
G. A finite subcomplex C of the 1-skeleton X (N)! “carries” N in the sense
that C < X (V) induces an epimorphism of fundamental groups. Since G /N is
infinite there are covering transformations moving C into any path component
of X(N)' ¢ C. This implies (by 3.4.9) that pyx : m(X =< py'(C)) —
7o(X(N)t < () is a bijection. The same holds when C' is replaced by any
larger compact set. Note that the 2-cells play no role in this statement. So
é(G,N)=e(G,N). O
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Two subgroups Hy and Hs of G are commensurable if H; N Hs has finite
index in both. The commensurator of a subgroup H of G is Commeg(H) :=
{9 € G| gHg ! and H are commensurable}. This is a subgroup of G which
contains H. In general, the role of the normalizer for e(G, H) is played instead
by the commensurator for é(G, H). The analog of 13.5.21 is:

Theorem 14.5.10. If H is finitely generated and has infinite index in the
commensurator Comme (H), then é(G,H) =1, 2 or co.

Before proving 14.5.10 we explain the role of the commensurator. With
notation as above we take X! to be I', the Cayley graph of G with respect
to a finite set of generators. The vertices of I" are labeled by elements g of G,
and the vertices of H\I" by cosets Hg. As before, we choose a finite filtration
{K;} of H\I" and we filter I" by £ = {py*(K;)} where py : I' — H\I is the
covering projection.

Proposition 14.5.11. If g € Commg(H) then there is a finite set F C gH
such that gH C HF'.

Proof. The subgroup K = gHg~' N H has finite index in gHg~!, so there is
a finite set Fy C H such that gHg™ ' = KgFog~' € HgFpg~'. The required
Fis gFyp. O

Corollary 14.5.12. If L is an L-bounded subgraph of I' and g € Commg(H),
then gL s also L-bounded.

Proof. By 14.5.11, gH C HF, so for any g € G we have gHg C HFg. This
implies that g takes the vertices of L into an £-bounded set. It follows easily
that gL is £L-bounded. O

Proposition 14.5.13. If H has infinite index in Comme(H), then for any
finite set ' C G there exists g € Commg(H) such that gHF N HF = ().

Proof. Suppose F' exists such that for every g € Comm¢g(H) gHF N HF #
(). Then, for each such g, there exists f,f € F and h,h € H such that
g = h(ff~Y)h~1. For pairs (f, f) arising in this way we then have ff~! €
Commg(H), hence, by 14.5.11, there exists a finite set Fy(f, f) € H such
that ff'H c Hff'Fy(f, f). This implies Hff~'H c Hff~'Fo(f, f), so
every g in Commeg (H) lies in Hf f~'Fy(f, f) for some such f and f. But this
contradicts our infinite index hypothesis. O

As with 14.5.12 we have a corollary whose proof is left as an exercise:

Corollary 14.5.14. If H has infinite index in Commeg(H) and if L is an L-
bounded subgraph of I' then there exists g € Commeg(H) such that gLNL = ().
O
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Proof (of Theorem 14.5.10). Suppose (G, H) has m filtered ends where 3 <
m < 0o. Since H is finitely generated, Brown’s Criterion 7.4.1 makes 14.3.6
applicable, so there is an L-bounded path connected subgraph L of I'" such
that for any £-bounded subgraph L’ of I" containing L the graph I" < L’ has
exactly m L-unbounded path components; moreover, each path component
Ziy-+ Ly of I' € L is L-unbounded and contains an L-unbounded path
component of I' < L’. By 11.4.4 (applied to H\I"), N(L) is L-bounded so,
by 14.5.14, there exists ¢ € Commeg(H) such that N(gL) = g(N(L)) lies in
some Z;, say Z1. By 14.5.12, N(gL) is L-bounded. Let Z1,---,Z! be the L-
unbounded path components of I' < (LUg(L)), where Z! C Z;. Then Z] = Z;
when ¢ > 1. Now Zy U Z3 U N(L) is path connected. So Z5 U Z§ U N(L)
is a path connected subset of I' £ ¢(L), implying that Z} and Z} lie in the
same L-unbounded path component of I" € g(L). But each £L-unbounded path
component of I' € g(L) contains exactly one £-unbounded path component
of I' € (LU g(L)). This is a contradiction, since m < oo. O

The classification of pairs of groups having two filtered ends, analogous to
13.5.9, is:

Theorem 14.5.15. Let H be a finitely generated subgroup of G having infinite
index in Comme(H). Then é(G, H) = 2 iff there are subgroups G1 and Hy of
finite index in G and H respectively such that Hy is normal in G1 and G1/H;
is infinite cyclic.

For the proof of 14.5.15 we need a variation on 14.5.13:

Lemma 14.5.16. For each finite set I C G there is a finite set Fy C
Comme (H) such that whenever g € Comme(H) — HFyH then gHFNHF =
0.

Proof. Suppose F exists such that for every finite set Fy C Commeg(H) there
is some g € Commg(H) — HFyH with gHF N HF # (). Then ghf = hf for
some h,h € H and f,f € F,s0 g = hff 'h~! with ff~! € Commg(H) —
HFyH. By 14.5.11 there is a finite set Fy(f, f) C H such that ff~'H C
HE\(f,f), hence g € Hff~'H C HF\(f, f). Let F; be the union of all the
(finitely many) sets Fy(f, f). Then ¢ € HF, C HFyH. In summary, there
is a finite set F» C H such that for every finite set Fy C Commg(H) the
set (Commeg(H) — HFyH) N HF>H is non-empty. Taking Fy = Fy, this is a
contradiction. O

With I' as above we have:

Corollary 14.5.17. If L is an L-bounded subgraph of I' there is a finite set
Fy C Commeg (H) such that whenever g € Comme(H)— HFoH then gLNL =
. O
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Proof (of 14.5.15). Let é(G, H) = 2. The proof is somewhat analogous to that
of 13.5.9. We begin with (I', £) as in the proof of 14.5.10. As in that proof, the
fact that H is finitely generated implies that there is an £-bounded path con-
nected subgraph L of I" such that I" € L has exactly two L-unbounded path
components Zt and Z~. The group Comme(H) acts on the (two-element)
set of filtered ends, so a subgroup Comme (H) of index < 2 fixes the two ends.
Passing to a subgroup of index 2 if necessary, we assume H < Commg(H).
For this L, let Fy C Commg(H) be as in 14.5.17. The infinite index hypothe-
sis ensures (by 14.5.11) that there exists g € Commeg(H) — HFyH, i.e., that
this set is non-empty: we pick one such g. As in the proof of 13.5.9, one shows
that there is a finite set P C G such that G = (g)HP.

Let H = mg”Hg_". Claim : Hi has finite index in H. Assuming the
neL
Claim, there is a finite set @ C H such that G = (¢9)H1QP. Let G1 = (¢9)H;.

Clearly (1 is a subgroup of G, and H; is normal in Gy with G;/H; infinite
cyclic.

It remains to prove the Claim. We may assume L is H-invariant (replac-
ing it by HL if necessary), hence Z* is also H-invariant. For any n € Z
and h € H there is an integer k such that ¢"h*g~™ € H; this is because
g" € Commg(H). Hence g"h*g~"Z*t = Z*+. Now g"hg™" € Commg(H),
so, by 14.5.17, g"hg™™" € HFyH; otherwise g"hg~"(Z™) would either prop-
erly contain or be properly contained in ZT, both of which are incompati-
ble with the fact that ¢g"hFg=™ € H. Thus for all n € Z and all h € H,
g"hg™" € HFyH which, by 14.5.11, lies in H F} for some finite set F} C FyH.
Let F(") be the smallest subset of F} such that ¢"Hg~™ C HF™. Then, for
every f € F(W) Hfng"Hg™"™ # 0. We may alter F("") so that F(™) c g"Hg™™.
Writing K, = H N g"Hg™", it follows easily that ¢"Hg " = K,F™. So
K_, = g7 "K,g" has index < |F(™| < |Fy| in H. Thus there is an upper
bound |Fi| to the indices of the subgroups K, in H. By Exercise 4 in Sect.
3.4, there are only finitely many subgroups of a finitely generated group hav-
ing a given index. So there are only finitely many distinct subgroups K, and
H, = ﬂ K, is a finite intersection. By Exercise 5 in Sect. 3.4, H; has finite

nez
index in H. The Claim is proved.

The proof of the converse is similar to that of 14.5.10. ]

Remark 14.5.18. Analogous to 13.5.10, one might expect a splitting theorem
saying that if G and H are finitely generated and é(G, H) > 2 then G splits
as A(*jB or Ax where C' is commensurable with H; compare our sketch of

the proof of 1§.5.10. Without further hypotheses this is false. Using the lan-
guage of manifolds, let M be a closed orientable aspherical 3-manifold, N a
closed orientable surface and f : N — M a “good” map inducing a monomor-
phism ¢ : 7 (N,v) — (M, v). Let G = 71 (M,v) and H = image(¢). Then
é(G,H) = e(G, H) = 2. In [137] there are examples where f does not lift to
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an embedding into any compact covering space of M. This implies G does not
split as above.

Ezxample 14.5.19. Let n > 3 be an integer. In 13.5.13 we saw a pair (G, H)
for which e(G,H) = n and é(G,H) = oo. Here we discuss a pair (G, H)
such that (G, H) = é(G,H) = n. Let M be a compact 3-manifold whose
boundary T = OM is a torus. Let f : S — S' be a map of degree n — 1, let
F=idx f:T — T (where T is identified with S' x S!) and let N = M(F') be
the mapping cylinder of F'. Let X = M Up N in which OM is identified with
i(T) € M(F). With base point « € T, we write A := 71 (M, z), B := m (N, z),
H :m (T, z), and G := m1 (X, z). Then G is isomorphic to Ay B in a natural
way. Now assume H is malnormal'® in A, as happens, for example, when H
is a prime hyperbolic knot group. Then [100] e(G,H) = é(G, H) = n. The
proof is sketched as an exercise.

Source Notes. Filtered ends of pairs, under another name and presented in an
algebraic setting, are due to P. Kropholler and M. Roller [100]. Remark 14.5.18 was
made to me by G. Swarup.

Exercises

1. Use Addendum 14.1.11 to give an alternative proof that the number of filtered
ends of (G, H) does not depend on the choice of X.

2. Prove that Commeg H is a subgroup of G.

3. Let Hi,...,H, be subgroups of G such that for each i either H; has finite index
in H;y1 or H;y1 has finite index in H;. Prove that Hy and H,, are commensurable.

4. Prove Corollary 14.5.14.

5. Fill in the missing steps in the proof of 14.5.15.

6. Find a counterexample to 14.5.9, when N is not finitely generated, where
e(G,N) =1 and é(G, N) = cc.

7. Give an example of (G, H) and (G, K) where e(G, H) = e¢(G, K) and é(G, H) #
é(G,K).

8. Fill in the proof that (G, H) in Example 14.5.19 has the properties claimed as
follows: First, use the Normal Form Theorem (stated in the proof of 18.3.19) to
prove

Lemma. Let H be malnormal in A, let B be abelian and let c € G = A xy B.
(i) Ifc€ B thenc 'He=H;
(ii) Ifc ¢ B then (c'He)N H = {1};
(i) If c € AUB or ¢ = cic2 where c1 € A— H and c2 € B — H then
(c'Ac)NH = H;
(iv) If c € G is mot covered by (iii) then (c™'Ac)N H = {1}.

Then, using 3.4.9 and 3.4.10, study the covering space gz : (X (H),Z) — (X, )
by partitioning X (H) into the path components of ¢5;' (M), ¢ (N) and ¢5" (T).

10 The subgroup A is malnormal in H if whenever c€ H — A, ¢c™*A C NA = {1}.
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Poincaré Duality in Manifolds and Groups

Poincaré Duality on an orientable n-manifold gives a canonical isomorphism
between homology and cohomology. This isomorphism links dimension k with
dimension n — k. Ordinary homology is Poincaré dual to cohomology based
on finite chains, and ordinary cohomology is Poincaré dual to homology based
on infinite chains. The geometric treatment given here exhibits these duality
isomorphisms at the level of chains in an intuitively satisfying way. Histori-
cally, it is how things were first done. A more sophisticated treatment in which
Poincaré Duality is presented as “cap product with a fundamental class” can
be found in many modern books on algebraic topology.

We end the chapter with a discussion of Poincaré Duality groups and
duality groups.

15.1 CW manifolds and dual cells

Let e be a cell of a regular CW complex X. The dual cone of e, denoted by
edual i the smallest subcomplex of the abstract first derived sd X containing
all simplexes of the form {e, ey, - - ,ex}. The base of e1"¥!, denoted by b(ed"a!),
is the subcomplex of ed“a! consisting of all simplexes {ej,--- ,ex} such that
the cell e is a proper face of the cell e;. See Fig. 15.1. Clearly, e1"®! is the cone
e x b(edual) with vertex e € Viq x and base b(edual).

One may think of ed"?! as “orthogonal” to the cell e so that, when |sd X|

is identified with X (see Sect. 5.3), the cell e and the subspace |e9"#!| together
“span” a compact neighborhood of the barycenter é. To explain this, recall
from 5.3.2 that as sets C'(e) = e. So there is a subcomplex sd C(e) of sd X
with |sd C(e)| = e. The inclusions sd C(e) — sd X and b(e?"®) — sd X
together define a simplicial map a : (sd C(e)) * b(e?"®) — sd X which is
clearly a simplicial isomorphism onto a full subcomplex of sd X. Its topological
significance is:
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Fig. 15.1.

Proposition 15.1.1. The image of the closed embedding
ol [(sd C(e) + b(e™™)| — Jsd X| = X
is a neighborhood of every point of e.

Proof. We use the notation and results of Sect. 1.5. Clearly, the image of |a]
is Njsa x(€). Let Y = [sd X| < {é}. Then Y, being a subcomplex, is closed
in |sd X|, and eNY = (). By 1.5.5, |sd X| = (image |o|) UY. So the open set
lsd X| — Y contains ¢ and lies in the image of |a/. O

We call the regular CW complex X a CW n-manifold if for each k, and
each k-cell e of X, |b(e?"!)| is homeomorphic either to S ¥~1 or to B»~+~1.
If X has this property and e is a k-cell, then, by 5.2.7, e8| is an (n — k)-ball
which we call the dual cell of e. Thus X is n-dimensional and locally finite.

Proposition 15.1.2. The underlying space of a CW n-manifold X is a topo-
logical n-manifold. Moreover, the boundary of this manifold, 0X, is the sub-
complex consisting of all cells e of X for which |b(e®)| is homeomorphic to
a ball rather than a sphere.

Proof. Let x € X. By 10.1.25 X is metrizable. Let e be the unique cell of X

such that z € e. By 15.1.1 and 5.2.7, x has a neighborhood homeomorphic to
R™ or to R%, and the latter iff [b(e?**)| is homeomorphic to a ball. It follows

that 0X is a subcomplex, for 0X is closed in X and therefore if e lies in X
so does e. By 5.3.2, every face of e also lies in 0X. |
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Combining 15.1.2 with 10.1.8 and 10.1.12 we get:

Corollary 15.1.3. If X is a CW manifold, the reqular CW compler X 1is
strongly locally finite. O

The term CW n-manifold is not standard but it is precisely what is needed
for our treatment of duality in the following sections. Of course, the reader
will wish to know how CW n-manifolds arise. A sufficient condition is:

Proposition 15.1.4. If K is a combinatorial n-manifold then |K| is a CW
n-manifold. O

If X is a CW n-manifold and e is a k-cell of the subcomplex 90X, e has a
dual (n — k)-cell [e?"®!| in X, and e has a dual (n — k — 1)-cell in X which
we will denote by |edual|,.

Theorem 15.1.5. Let X be a CW n-manifold. There is a reqgular CW complex
structure X* on X whose set of (n — k)-cells is

{ledual| |€ is a k-cell OfX} U {|€dual|8 |€ is a (k — 1)-66” of aX}

Proof. We show that X* satisfies (i)—(v) of Proposition 1.2.14. First we note

that, by 5.2.7, for every cell e of X which is not in 9X we have |ed"dl|° C X
and for every cell e of X we have (|e?"8!|5)° C 9X. If z € X, there is exactly
one simplex o = {eg, ey, -+ ,er} of sd X such that z € |o|°, where, as usual,

o Ger G- G e If € X, this implies that = € ledualle iff e = eq. If
r € X, then |o| C 0X and z € (]ed"8!|5)° iff e = eg. This proves (i). The
next two parts, (i) and (iii), are clear; (iv) follows from 15.1.3. For (v), let
F C X be such that F N |ed"®| is closed in the ball |edua!| for every cell
e of X, and F N |edual|5 is closed in |ed"®!|5 for every cell e of X. Then all
these intersections are compact, hence they are closed subsets of the Hausdorff
space X . Since they form a locally finite collection of closed sets in the locally
compact space X, their union, namely F', is closed in X. O

The CW complex X* is called the dual complexr of X. Clearly we have:

Proposition 15.1.6. In the CW n-manifold X, let eg be a face of eo. Then
ledual| s a face of \eg““ﬂ. O

By 15.1.5, we have two CW complex structures X and X* on the same
underlying n-manifold. If these CW complexes X and X* are oriented, we get
an isomorphism of graded R-modules ¢y : Cx(X;R) — Cph_p(X*,0X*; R)
defined by ¢r(e) = |ed"?|, and a similar isomorphism ¢° : C°(X; R) —
C (X*,0X*;R). In Sect. 15.2 we investigate when the orientations on
X and X* can be chosen so that § o ¢, = (—1)*¢_1 00 and § o o =
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( —1)’%;"_1 0. Whenever this can be done, one has important duality isomor-
phisms Hy(X;R) — H}“k(X*,aX*;R), H]’?(X;R) — H, 1 (X*,0X*; R),
HX(X;R) — H" *(X*,0X*; R) and H*(X;R) — H>® ,(X*,0X*; R). Note
that when R has characteristic 2 it follows from 5.3.10 and 15.1.5 that such
relations hold for any choice of orientations on X and on X*, since in that
case 1 = —1. Thus, we have in fact proved the Poincaré and Lefschetz Duality
theorems for these coefficients. Rather than state the details, we simply point
out that 15.2.3 and 15.2.4 have already been proved here when 2 = 0 in R.
One special case is needed immediately:

Proposition 15.1.7. If X is a path connected CW n-manifold, then we have
HX(X,0X;Z2) = Zs.

Proof. By the last paragraph, H°(X*,0X*; Zs) is isomorphic to H°(X;Zs).
Apply 12.1.2 and 11.1.10. (|

This proposition yields a useful feature of CW manifolds:

Corollary 15.1.8. Ifel! # ej are cells of a path connected CW n-manifold X,

there is a finite sequence e, = g, €., €q, = € of n-cells of X such that
each ey, Ney, . is an (n—1)-cell of X. Hence X is a CW n-pseudomanifold.

Proof. Let A index the n-cells of X. Say o, 5 € A are “equivalent” iff o =
or ey and ej are related in the manner described. This is an equivalence
relation on A. For each equivalence class B C A, Zeg € Z°(X,0X;Zs) by

peB
5.3.6. Since B°(X,0X;Zs) = 0, it follows from 15.1.7 that there is only one

equivalence class: i.e., B = A. The last sentence of the Corollary follows by
5.3.6. 0

Another special case of Zs-Lefschetz Duality was used in Sect. 12.3:

Proposition 15.1.9. If X is a CW n-manifold, HS® {(X*,0X*;Zz) is iso-
morphic to HY(X;Zs). O

Exercises
1. Let K be an abstract simplicial complex, let o be a simplex of K and let = €

|o| C |K|. Prove that |stxo| is a neighborhood of z in |K|. (Hint: use 15.1.1.)
2. Prove 15.1.4.

15.2 Poincaré and Lefschetz Duality

Let X be an orientable CW n-manifold. Orient the cells of X, in the sense
of Sect. 2.5. Choose a fundamental cycle > esef for X, thereby specifying
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an orientation on (the pseudomanifold) X. We wish to orient the cells of the
dual complex X™* in a desirable way, and thereby prove the duality theorems
15.2.3 and 15.2.4. We will also discuss an equivariant version, and a version
involving twisted coefficients.

Let ef be a k-cell of X. Then [ed"#!| is an (n — k)-cell, and is the union
of certain (n — k)-simplexes of |sd X|. More precisely, if e C el C -+ C
ebtcelb=ek cebtlc...cen = e’y are cells of X, consider the following
simplexes! of sd X : o = {&°,-..,é"}, 0% = {&° ... éF}, and o" 7k =
{éF, ... é"}. Note that |o¥| C eF and |o"7F| C |edual],

As usual, we use the natural ordering for each simplex of sd X. By 5.4.3,
this ordering determines an orientation on each simplex of sd X. IN THIS
SECTION ONLY, we introduce the notation that (Jo”|,1) denotes |o™| with
this orientation, and (Jo™|, —1) denotes |0™| with the opposite orientation. By
5.4.3, we may think of (Jo™|, —1) as being obtained from (|c™|, 1) by applying
an odd permutation to the vertices. Similar notation will be used for o*, o™~
etc.

Here is the rule for orienting ledual| . We pick & n € {1,—1} in the follow-
ing way. Let €0,--- ef =¢eF ... en = el be as above. Let (|o*],€) represent
the orientation which |o*| inherits from the chosen orientation on ¥, and let
(lo™|, ney) represent the orientation which |0"| inherits from the chosen orien-
tation on e. Orient [e4™!| so that |o"~*| inherits the orientation (|o™~*],&n)

from |ed“al\
Proposition 15.2.1. This orientation on |e%*4| is well defined.

Proof. If, instead, we look at d° C d* C ---Ccd*" 1 CeF=ek Cc... Ccen =
el, and let 7" = {dO s, dR ek ,é"} and TF = {CZO,“' ,dk_l,ék}, we
are led to (|7%[,¢’) and (|7™],ne,) as the inherited orientations from e® and
el. By 5.4.4, &'n" = &n, so we get the same orientation for ledual| ‘namely, that
which yields (|o" %], &'n').
Next, consider € C el C --- Cef =€k C ... C el Cdl Cef! C
- C e" = el!, where i < n. Let p" = {é°.- ’ld’ ettt ... én} and
let pn—k = {ek ... &=L di e+l ... ¢ém) The Oth through k' vertices of pu”
are those of ak; and the n- s1rnp1exes o™ and p™ differ only in one vertex.
Hence (|u"|, —ney) represents the orientation which |u"| inherits from el.
So (|Ju"~*|,—£€n) is to be the inherited orientation from |ed"8l|. This is the
previously defined orientation, since 0™ % and ;" ~* also differ by exactly one
vertex.
Now consider e C --- CeF =ek Cc ... cenl C e’ where ~' # 7. Let
= {e0, ... en—1 en } and let p" % = {e ,é"’l,éz,}. A similar argu-
Inent shows that (|u | —N€~r) represents the orientation which |u™| inherits

from e7;; here we use the fact that eyell + e,el, is part of a fundamental

I Note the identification introduced after 5.3.9.
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cycle in X. So, as before, (|u"~%|, —£n) is to be the inherited orientation from
ledual| "and again this is compatible with that of (|o" %], &n).

Finally, the subcomplex ed'! of sd X is a pseudomanifold (exercise) so
the cases dealt with in the last two paragraphs are sufficient to complete the
proof — just pass from one (n—k)-simplex to another using the pseudomanifold

property, altering one vertex at a time. (Il
This orientation on |ed"8!| is the dual orientation. The fundamental fact
is:

Proposition 15.2.2. Let eg_l C ek. With these orientations we have [eF :
1) = (~1)¥leg  edee).

Proof. We saw in 15.1.6 that |ed"8!| is a face of |e%“al|. Consider ¢ C et C

. C ek_l _ eg—l C ek: — €§ C --- C e" = e:. Let o™ = {éoy"'aén}
as before; similarly 0% and o™= %. Let 7F=1 = {0, ... éF~1} and 77 F+!1 =

{eF=1 ... én}. Let &,n € {—1,1} be as above, and let ¢’ = +1 be such that
(|7%=1|,¢&’) is the orientation inherited from e’;fl. Then

lef el 1] = &€'Jo" ]« [7F ]
= (-1)k¢¢’, by 5.4.5,
[led™™| = g ) = (&) (eI 1| = |7~ *])
=¢&¢', by 5.4.5.

An immediate consequence of 15.2.2 is:

Theorem 15.2.3. Let X be an oriented CW complex which is also an ori-
ented CW n-manifold. Give X* the dual orientation. Let ¢ : Cx(X; R) —
Cr—i(X*,0X*;R) and ¢3° : C°(X; R) — C° . (X*,0X*; R) be the isomor-
phisms described by e — |e?!| in Sect. 15.1. Then § o ¢y = (=1)k¢r_1 00
and § o ¢3° = (—1)k¢2 | 0. O

When X* has the dual orientation with respect to X, we call ¢ and ¢°
duality isomorphisms.

Corollary 15.2.4. The isomorphisms ¢y, and ¢7° induce isomorphisms

(X3 R)
Hf(X;R) — Hp_1(X*,0X*;R),
HE(X;R) — H'M(X*,0X*; R),
H*(X;R) — HX (X*,0X*; R)
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Remark 15.2.5. We saw in Sect. 15.1 that if 2 = 0 in R, then 15.2.3 and 15.2.4
hold for non-orientable CW manifolds too.

The statements in 15.2.3 and 15.2.4 are known as Lefschetz Duality. The
special case in which 0X = ) is known as Poincaré Duality. Note that |sd X|
is a common subdivision of X and X* and the identity maps |sd X| — X and
|sd X| — X* are cellular maps which are proper homotopy equivalences rel
boundary, so one can restate 15.2.4 in terms of the single CW complex |sd X|
to give isomorphisms Hy(|sd X|; R) — H?_k(|sd X|,0|sd X|; R), etc.

We now apply Theorem 15.2.3 to covering spaces. Let X be a path con-
nected (not necessarily orientable) CW n-manifold whose cells are oriented.
Pick a base vertex v and write G = m1 (X, v). Orient the cells of the univer-
sal cover (X, ®) as usual so that each covering transformation preserves the
orientations of the cells of X. By 12.3.12, X is orientable. Let H < G be the
subgroup of all orientation preserving covering transformations. We saw in
12.3.15 that G = H or [G: H| = 2 depending on whether X is orientable or
non-orientable. The dual orientation for |ed"#!| (in X*) depends on the given
orientation for the cell e, and on the pseudomanifold orientation of X. Thus
if g € H, g preserves the dual orientations on the cells of X*. In other words:

Proposition 15.2.6. When we regard C\.(X; R), C,.(X*,0X*; R), C=°(X; R)
and C;’ng(*, OX*: R) as RH-chain complezes, then the duality isomorphisms
o« and ¢° are RH-module isomorphisms (RG-module isomorphisms if X is
orientable). O

In the aspherical case we have:

Corollary 15.2.7. Let X be orientable and aspherical with 0X = (. Then
H]’?(X*;R) = 0 when k # n and (since Ho(X; R) is canonically identifiable
with the trivial RG-module R) ¢g. : R — H}‘(X'*;R) is an isomorphism of
RG-modules. O

With this corollary we have reached the essence of Poincaré Duality for
aspherical CW complexes. Up to now it has appeared to hold because it holds
locally (cells and dual cells); only the hypothesis of orientability was global.
But Corollary 15.2.7 has a “converse” (again in the aspherical case) which
involves no local hypotheses at all. Let Y be an n-dimensional locally finite
aspherical CW complex. Write G = 71 (Y, w) and orient the cells of (Y, ) as
usual. Assume that H}“(f/, R) = 0 when k # n. Then

i ——=Cp 1 (Vi R) —= C(V; R) —= H}(Y; R) —=0

is a free RG-resolution of the RG-module H }L(f/, R). If we further assume that

H;}(Y; R) is isomorphic to the trivial RG-module R, and if we call a choice
of isomorphism a formal R-orientation of Y, we get from 8.1.1 a Poincaré
Duality property:
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Proposition 15.2.8. A formal R-orientation on'Y induces a canonical chain
homotopy equivalence (C(Y; R),0) — (Cr—i(Y; R),6). O

Corollary 15.2.9. A formal R-orientation on Y induces canonical isomor-
phisms H?_k(Y; R) — Hy(Y;R) and H" *(Y; R) — HX(Y;R).

Proof. By 13.2.1, the chain complexes (R®¢Cx(Y; R),id®d) and (Cy(Y; R),d)
are isomorphic; similarly the cochain complexes (R ®g Ch_r(Y;R),id ®
0) and (Cp,—r(Y;R),0) are isomorphic By 13.2.8, the cochain complexes
(Homg(C,,—1(Y; R), R),0*) and (C2°, (Y; R), §) are isomorphic; similarly the
chain complexes (Homg(Cx(Y; R), ), 0*) and (C°(Y; R), 0) are isomorphic.
These isomorphisms together with 15.2.8 give the required conclusion. g

Our focus is on groups and we will see in the next section that this study
of Y leads us naturally to Poincaré Duality groups. Here are some remarks
comparing 15.2.4 with 15.2.9.

(i) In 15.2.4 X is an oriented manifold, not necessarily aspherical. In 15.2.9
Y has a formal orientation and is aspherical. If X is in fact aspherical and if we
take R = Z and X =Y, the notions of orientation and formal Z-orientation
coincide in an obvious sense; and, once we identify the cohomology of X * with
that of X =Y, the only question to ask is: are the isomorphisms in 15.2.4 and
15.2.9 the same? Up to sign the answer is yes, as can be seen using a more
conventional modern treatment of Poincaré Duality in terms of cap product
with a fundamental class, as is found in many books, e.g., [146], [50], [74].

(i) 15.2.9 shows that Poincaré Duality is a global property which hap-
pens to be visualizable locally in the manifold case (provided the manifold is
orientable — a global property!).

(iii) The duality asserted in 15.2.4 and in 15.2.9 is invariant under proper
homotopy. It is a deep issue in topology to decide whether the space Y (with
properties as above) is always proper homotopy equivalent to a manifold. Even
when Y is assumed to be compact, this is an open question at time of writing.
Indeed the more general non-aspherical version of this issue involves defining
“Poincaré Duality spaces” (of which our Y when compact is an example) and
using surgery theory to provide L-theoretic obstructions to a positive answer.
At present, non-vanishing obstructions are known only in non-aspherical cases.

We end with a brief discussion of duality for non-orientable CW n-
manifolds. As before, let H be the group of orientation preserving covering
transformations. Let ‘R denote the right RG-module whose underlying R-
module is R, where the G-action is given by r.g = r [resp. —r] if g € H
[resp. g & H|. Here “t” stands for twisted. Assume X is non-orientable (oth-
erwise 'R is the trivial RG-module R). Then we have seen that the dual-
ity isomorphisms b, and ¢°° are not RG-module isomorphisms. Neverthe-
less, i : Cp(X;R) — Cp_p(X*,0X*; R) satisfies: ¢p(gek) = g|edual| [resp.
—g |edua1|] if g € H [resp. if ¢ € H]. Hence we have isomorphisms of R-modules
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‘R Ra Ck(X; R) — R®q Cn_k(X*, é)f(*; R)

and
R®c Cu(X;R) —» 'R®¢g Cp_p(X*,0X*; R)

given by 7® ¢ — 7® ¢y (). The homology R-modules of {f R®¢ Cy(X; R),id®
0} are denoted by H.(X; ‘R), with similar definitions for H3(X*,0X*; 'R),
etc. In particular we have twisted (Poincaré and) Lefschetz Duality:

Proposition 15.2.10. Let X be a non-orientable CW n-manifold. The above
isomorphisms induce isomorphisms Hp(X;'R) — H?_k(X*,é)X*;R) and
Hy(X;R) — H} " (X*,0X*; 'R). O

Remark 15.2.11. It should be repeated that there is a version of Poincaré
and Lefschetz Duality, using singular homology/cohomology and cap product,
which works on topological manifolds, with no reference to a CW complex
structure. See [146], [50], [74]. For a rather different treatment see [110]. From
one point of view this is the “right” approach for experts to use. One of our
purposes has been to bring out the geometrical content of an older approach
which has tended to be ignored in modern books, but which many topologists
understand in a “folk” sense.

Exercises

1. Show that the following diagrams commute where the horizontal lines come from
Sect. 11.4 and Sect. 12.2; and the vertical isomorphisms are induced by the duality
isomorphisms.

Hy(X) ————— = HX(X) —— > Hf (X)) ——— > H,_1(X)

- - - §

HP (X", 0X*) —= H"F(X*,0X*) —= HI7F(X*,0X*) —= HZ7FH X+, 9X7)

H}(X) ———— H*(X) HE(X) H{PH(X)

. . - .

Hy_(X*,0X*) —= H® , (X*,0X*) —= H_, (X*,0X*) —= H,_,_1(X*,0X*)

(Note that this gives Lefschetz/Poincaré Duality “at the end.”)

2. Let X be an open CW n-manifold such that H.(X; R) is finitely generated. Prove
that HZ(X; R) is finitely generated.

3. By definition a CW n-manifold is a regular CW complex. Give an example where
X is a CW n-manifold but X is not regular. Extend the proofs of 15.2.3, 15.2.4
and 15.2.6 to cover this case.
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4. Suppose that in 15.2.4 0X = 9o X U 01 X where each 0;X is the union of some
path components of X, and o X N 01X = @. Find a duality theorem giving an
isomorphism Hy(X,00X; R) — H?_k(X*7 01X™; R). Find similar isomorphisms
for the other cases treated in 15.2.4.

5. Establish the duality theorems for filtered homology and cohomology indicated
in Remark 14.2.4.

6. Show that if X is a contractible open n-manifold and n > 2 then® Hg(X; R) is
trivial when k # n — 1, while H;,_;(X; R) and H;,_;(X; R) are isomorphic to R.

15.3 Poincaré Duality groups and duality groups

We defined the homological finiteness property “G has type FP over R” in
Sect. 8.2. Such a group G is an n-dimensional orientable Poincaré Duality
group over Rif H™"(G, RG) is isomorphic (as a right RG-module — see 13.2.16)
to the trivial RG-module R, and H*(G, RG) = 0 when k # n. A choice of
such an isomorphism is an R-orientation on G. Topological motivation for
this comes from Sect. 15.2, where we saw that fundamental groups of closed
orientable aspherical CW n-manifolds are examples. Motivated by 15.2.7 and
15.2.9 we establish “Poincaré Duality” for these groups:

Theorem 15.3.1. The following are equivalent:

(i) G is an n-dimensional orientable Poincaré Duality group over R;
(ii) (a) G has type* FP, and
(b) For each k and each right RG-module M there is an isomorphism
H" kG, M) — Hy(G,M) which is natural when H" *(G,~) and
Hi(G,—) are regarded as covariant functors: Right RG-modules — R-
modules.

The statement (ii) in 15.3.1 is normally given as the definition of an n-
dimensional orientable Poincaré Duality group over R. It is convenient for our
exposition to adopt our equivalent definition instead.

Before proving 15.3.1, we discuss the meaning of (ii)(b). If 5: M — M’ is
a homomorphism of right RG-modules and

€

Iy R 0

0 .
is a projective resolution of R, then we have a chain map f®id : M ®¢g Fix —
M’ ®¢ Fy inducing a homomorphism H,.(G, M) — H.(G,M’). This is the
sense in which H,(G, —) is a covariant functor. The discussion for H*(G, —)
is similar: when M and M’ are turned into left RG-modules in the usual
way, ( is also a homomorphism of left RG-modules, so 8y : Homg(Fi, M) —
Homg (Fy, M) induces a homomorphism H*(G, M) — H*(G, M), etc.

2 Thus, from a homological point of view, X “looks like” S™ ! at infinity. We will
see in Sect. 16.6 that this is not necessarily true from a homotopical point of view.
3 Tt can be shown that (ii)(b) implies (ii)(a); see pages 140-141 of [14].
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Proof (of 15.3.1). Let 0 F—2s... 2. p_°.R 0 be a projec-
tive RG-resolution of the trivial RG-module R. Some statements in this proof
are more obvious when the modules F} are free; we will assume they are free,
leaving the projective case to the reader. Each F}, is a finitely generated pro-
jective left module, and, as in Sect. 13.2, RG is, in the first instance, a right
RG-module, so F}f := Homg(F}, RG) becomes a projective left RG-module
via (g.f)(z) = f(z)g~".

(i) = (ii): By (i) we have an exact sequence

0 R L ) 0

which is another finitely generated projective resolution of R. For each right
RG-module M there are R—isomorphisms ay : M ®¢ F}} — Homg(Fy,, M)

given by ap(m @ f)(z) = mf(zx), where ngz : Zrigfl, and they fit

together to give an isomorphism of chain Complexes (over R) {M®¢Fr,id®
0*} — {Homg(F,, M),0*}. Thus Hy(G, M) = H" *(G, M), and naturality
is clear.

(i) = (i): From the resolution we see that Hy(G, RG) = 0 when k& > 0 and
Ho(G, RG) is isomorphic to the trivial RG-module R. By (ii), H*(G, RG) = 0
when k # n and H"(G, RG) is isomorphic to R at least as an R-module.
Left multiplication by g € G, Ay : RG — RG, is a homomorphism of right
RG-modules and thus induces Ay« : H"(G, RG) — H™(G, RG), which is the
identity by the naturality hypothesis. Thus by 13.2.16, A\, : C. (X;R) —
C.(X; R) induces this, so right multiplication by ¢~' in C,(X;R) induces
the identity on H*(G, RG). Hence H™(G, RG) is isomorphic to the trivial
RG-module R. O

Recall that a right R-module M is flat if the exactness of A — B — C
always implies the exactness of M g A - M ®r B — M ®p C. A group G
of type F P is an n-dimensional duality group over R if H*(G, RG) = 0 when
k # n while H"(G, RG) is non-trivial* and flat as an R-module. We write
D = H"(G, RG) and call it the dualizing module.

In parallel with 15.3.1 we have:

Theorem 15.3.2. The following are equivalent:

(i) G is an n-dimensional duality group over R;
(i) (a); G has type® FP
(b) For each k and each right RG-module M there is an isomorphism
H" %G, M) — Hy(G,M ®g D) which is natural when H" (G, —)
and Hy(G,— ®g D) are regarded as covariant functors: Right RG-
modules — R-modules. Here G acts on M ®gr D “diagonally” via
(m®d).g=mgxdg .

4 Here, “non-trivial” is redundant by 13.10.1.
® As with 15.3.1, it can be shown that (ii)(b) implies (ii)(a); see [14, pp. 140-141].
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The proof of 15.3.2 runs parallel to the proof we have given for 15.3.1, but
involves some more general homological algebra. It can be found in [14, pp.
140-141] and [29, Chap. 8, Sect. 10].

The statement (ii) in 15.3.2 is usually given as the definition of an n-
dimensional duality group. As with the Poincaré Duality case, our equivalent
definition is more convenient here. Note that when D is the trivial RG-module
R, 15.3.2 reduces to 15.3.1.

For the rest of this section we assume that R is a PID. Then “flat” is
equivalent to “torsion free” (see for example I11.9.1.3 of [76]). Let G have type
FD (equivalently G is finitely presented and has type F'P). By 7.2.13, there
is a K(G,1)-complex X of finite type. Let {K;} be a finite type filtration of
X. Then 13.3.2 and 13.3.3 give:

Proposition 15.3.3. Under these hypotheses G is an n-dimensional duality
group iff for all k #n —1 {Hp(X < K;; R)} is pro-trivial and {H,_1(X <
K;; R)} is pro-torsion free and not pro-trivial. O

The more general notion of n-dimensional Poincaré Duality group, G, over
R is defined as in the orientable case, above, except that H"(G, RG) is only
required to be isomorphic to R as an R-module. Then G is a duality group,
so 15.3.2 applies. In this case we get a sharpening of 15.3.3:

Proposition 15.3.4. Under the hypotheses of 15.5.3, G is an n-dimensional
Poincaré Duality group iff for all k # n — 1 {Hx(X < K;; R)} is pro-trivial
and {H,—1(X £ K;; R)} is stable with free inverse limit of rank 1 (i.e., stably
R).

We turn to examples. The primary examples® of n-dimensional [orientable]
Poincaré Duality groups are the fundamental groups of closed [orientable]
aspherical n-manifolds (CW n-manifolds in our treatment) — see 15.2.7. By
15.3.4, the “homology at infinity” of an n-dimensional [orientable] Poincaré
Duality group is that of an (n — 1)-sphere [on which G acts trivially]. In Sect.
16.6 we will see examples which are not simply connected at infinity.

By 15.3.3, finitely generated non-trivial free groups are 1-dimensional du-
ality groups over R and those of rank > 2 are not Poincaré Duality groups.
A group G for which there exists a finite 2-dimensional K (G, 1)-complex is a
2-dimensional duality group over R iff G has one end, by 13.5.7. For example,
the simple groups G mentioned in 9.4.4 have one end (by Theorem 6.3 of [14])
and are therefore 2-dimensional duality groups. It is proved in [11] that if X
is the “spine of Outer Space” K, of Sect. 9.5, then the condition in 15.3.4
is satisfied, hence every torsion free subgroup of finite index in Out(F,,) is a
(2n — 3)-dimensional duality group.

Many other examples of duality groups are known, some discussed in [29].

Source Notes: 15.3.1 and 15.3.2 are found in [14].

6 Indeed, the only known examples at time of writing.
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Exercises

1. Prove 15.3.3. R
2. What can be deduced from 15.3.3 about H{(X; R)?



PART V: HOMOTOPICAL GROUP
THEORY

In Part IV, we presented topics from homological group theory as “homology
at the end” of universal covers of suitable K (G, 1)-complexes. Here we do the
same with homotopy. The difference is that while there is a well established,
and totally algebraic, subject called Homology of Groups based on the idea
of a resolution, there is no corresponding established algebraic theory called
Homotopy of Groups. We attempt to organize the beginnings of Homotopy
Theory of Groups, making full use of topological methods. At each step we
develop the necessary topology at the level of proper homotopy theory and
then apply it to universal covers of suitable CW complexes.**

In Chap. 16 we deal with the lowest dimensional cases: connectedness at
infinity and various inequivalent definitions of fundamental group at infinity.
We prove Wright’s Theorem which places severe restrictions on when a locally
finite CW complex can be a non-trivial covering space. We also treat some im-
portant examples in detail: Whitehead’s Contractible 3-manifold, and Davis’
examples of closed manifolds whose universal covers are not simply connected
at infinity.

And in Chap. 17 we discuss basic topics in higher-dimensional homotopical
group theory.

™ To keep the two ideas apart, we tend (in Part V) to use Y for a general strongly
locally finite CW complex and X for the universal cover of a finite CW complex
X.
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The Fundamental Group At Infinity

16.1 Connectedness at infinity

Let Y be a strongly locally finite path connected CW complex. In this section
we discuss various meanings of the vague sentence “Y is connected at infinity”.
One possible meaning is that Y has one end. As we saw in Sect. 13.4, this
means that for any two proper rays w and 7 in Y, w | N and 7 | N are
properly homotopic. Another possible meaning is that Y is strongly connected
at infinity by which we mean that any such w and 7 are themselves properly
homotopic. A third possible meaning is that the infinite 1-chains over the ring
R defined by any such (cellular) w and 7 are properly homologous, in which
case we will say that Y is strongly R-homology connected at infinity. Then the
distinctions multiply: if Y has more than one end we can ask: is Y strongly
connected or strongly R-homology connected at a particular end? To deal
with all these matters we need a vocabulary. So we begin again.

We define a strong end of Y to be a proper homotopy class of proper rays
in Y. We denoted the set of ends of Y by £(Y). Now we denote the set of
strong ends of Y by SE(Y'). The function v : SE(Y) — £(Y), sending a proper
homotopy class of proper rays to the end it determines, is surjective; its failure
to be injective is related to fundamental group questions, as we now explain.

In order to discuss inverse sequences of fundamental groups, we need a
replacement for the base point. A base ray in Y is a chosen proper ray w :
[0,00) — Y. We write (Y,w) for the space Y equipped with the base ray
w. This w is well parametrized with respect to the finite filtration {L;} of
Y if w([i,00)) C Y £ L; for all i. Any proper ray can be reparametrized
by a proper homotopy to achieve this with respect to a given {L;}. Given
(Y,{L;},w) with w well parametrized, consider the inverse sequence of groups

{Wl(Y < L, W(Z))}v
where the suppressed bond:

7T1(Y £ Li+1,w(i + 1)) — 7T1(Y £ Li,w(i))
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is [1] — [w[i’i+1].7.w[;’1+1]]. Here, “.” denotes path-multiplication, and wig ) :
I — Y denotes the path ¢ — w((1 — t)a + tb), i.e., the [a,b]-segment of the
ray w. For fixed w, let SE(Y,w) C SE(Y) be the set of strong ends of Y which
define the same end as w. We define a canonical bijection:

n:SEY,w) — lilnl{m(y < Li,w(i))}

as follows. Take a proper ray 7 in Y defining the same end as w. Then there
is a proper homotopy H : 7 | N 2 w | N. Let o; be the path H | {i} x I from
7(i) to w(i). There is a sequence n; < ng < --- such that, for all i, o, lies
inY < L; and n; > i. Let y; be the loop w[i,nqz]'gv;,lj[m,mﬂ]'Um;+1'W[i,nin
which is based at w(i). See Fig. 16.1. Then ([u4;]) defines an element of the set
lim! {1 (Y £ Ly, w(i))}.

Fig. 16.1.

Proposition 16.1.1. The correspondence T +— ([u;]) induces a bijection 0 :
SE(Y,w) — liLnl{m(Y <€ Liyw(i))}.

Proof. We indicate the definition of 7!, leaving it to the reader to check that
n and ! are well defined and are mutually inverse. The omitted details are
tedious but instructive.

For each i > 0, let v; be an edge loop in Y < L; based at w(i). Consider the
sequence of paths v, wyo 1], ¥1,wp1,9), - - .. There is a proper ray ¢ : [0,00) — Y
whose restriction to each closed interval [n,n + 1] agrees (up to parametriza-
tion) with the n*® path in that sequence (n > 0). Then 5~ is well defined: it
takes ([v;]) to the strong end defined by (. See Fig. 16.2. O

Recall from Sect. 11.3 that an inverse sequence {G,, } of groups is semistable
if for each m there exists ¢(m) > m such that for all k& > ¢(m) image
fﬁ(m) = image f*, and that, by 11.3.2, when each G,, is countable this is

equivalent to the triviality of @1{Gn}. Summarizing:
n
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Fig. 16.2.

Proposition 16.1.2. The following are equivalent:

(i) Every proper ray defining the same end as w is properly homotopic to w;
(ii) {m1 (Y <€ L;,w(i))} is semistable;
(iii) liinl{m (Y £ L w(i))} is trivial. O

It follows from this and the discussion in Sect. 11.3 that whenever SE(Y, w)
contains more than one strong end, it contains uncountably many strong ends.
Example 11.4.15 provides an inverse mapping telescope with one end but
uncountably many strong ends.

Remark 16.1.3. Using 16.1.1 we can easily prove 11.3.6 in the case of an in-
verse sequence {G,} of finitely presented groups. For each n let (X,,,v,) be
a pointed finite connected CW complex with 71 (X, v,) = G,,. Choose a cel-
lular map (X,+41,Vn41) — (Xn,v,) inducing the bond G471 — G,,. Let Y be
the inverse mapping telescope and w the obvious base ray with w(i) equal to
(the equivalence class of) v;. The following diagram commutes, and by 16.1.1,
n and 1’ are bijections.

@l{wl(Y < Li,w(i))}

liinl{ﬁl (Y < Ln1 ) w(nl))}

Hence « is a bijection as claimed in 11.3.6. In the case of arbitrary groups G,
a similar argument works using filtered ends, filtered strong ends, etc., in the
spirit of Sect. 14.3.
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We write e(w) for the end determined by the proper ray w, and [w] for the
proper homotopy class of w. There is a short exact sequence of pointed sets

(SE(Y,w), W) (SEY), [w]) — (E(Y), e(w))

Define 7§(Y,w) to be the pointed set (SE(Y),[w]). Then 13.4.6 and 16.1.1
allow us to rewrite this:

Proposition 16.1.4. The functions n and - define functions a and b in a
natural short exact sequence of pointed sets:

tin' {1 (V< Liyw(@))} > (Y, 0) > lim{mo( € Liyw(i))}
g

This! should be compared with the n = 0 case of 11.4.8: indeed, one can
also describe a and b directly in the spirit of Remark 11.4.9.

Turning to homology, let Y be oriented and let R be a ring. By 10.1.14,
the proper ray w can be taken to be cellular. With the usual CW complex
structure and orientation on [0, 00), an oriented 1-cell of [0, c0) has the form

(o)
[n,n+1]. Let @ = Zw#([n,n + 1]). We call @ the chain defined by w. This

n=0
w is a 0-cycle of the end of Y in the sense of Sect. 11.4. If 7 is another cellular

proper ray in Y, we say w and 7 are properly R-homologous if o—7 € B§(Y'; R);
i.e., if w—7 differs from the boundary of an infinite 2-chain by a finite 1-chain.
A strong R-homology end of Y is a proper R-homology class of chains defined
by a proper ray in Y. We denote the set of strong R-homology ends of Y
by SHE(Y; R). Thus SHE(Y; R) C H§(Y; R). From 11.4.8, we have an exact
sequence of R-modules

0 — Lim'{H, (Y € Ly R)} - H(Y;R) —> lm{Ho(Y < L;; R)} — 0.

Using the geometric explanation of b given in Remark 11.4.9, together with
13.4.7 and the proof of 13.4.11, one sees that there is a commutative diagram
in Sets:

SEY) —*—=SHE(Y;R)———= H§(Y; R)

'vl / l—b
Here a takes the proper homotopy class of w to the proper R-homology class

{@w} of @, and O takes {@} to e(w). The bottom line was defined at the

! We caution the reader against trying to deduce too much from exactness in the
category Pointed Sets: see the footnote following the proof of 11.3.2.
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¢

end of Sect. 13.4. The minus sign in “—b” occurs because the proper ray
is parametrized away from its initial point and towards infinity.

Let SHE(Y,w;R) C HE(Y;R) be the set of strong R-homology ends
which define the same end as w. Then SHE(Y,w; R) is a subset of the in-
verse image under —b of an element of lim{Ho(Y < L;; R)}. By subtracting
{®@} € H§(Y; R) we translate SHE(Y,w; R) into ker b. Indeed, identifying
the lim! expression with ker b via a, this gives us an injection 7 defined by

[a—

7({7}) = {7} — {@}, making the following diagram commute:

SE(Y,w)——— @1{w1(Y < Li,w(i))}

S

SHE(Y,w; R)>—"—lim' {Hy (Y £ L;; R)}

where hp is induced by the composition
m(Y € Li,w(@)) & H(Y € Li;Z) 2 Ry Hi(Y € Li;Z) = Hi(Y < Li;R)

(see 3.1.20 and 12.4.2).
The function 7 can also be defined by analogy with the definition of 7,
above.

Proposition 16.1.5. If Y has one end, 7 is a bijection.

Proof. The proof is analogous to that of 16.1.1. Alternatively, when R = Z or
more generally when the homomorphism 1 ® - is surjective, the function hp
is surjective by 3.1.19 and 11.3.4, and so the injection 7 is a bijection. g

Proposition 16.1.6. 77 is a homomorphism of R-modules, hence an isomor-
phism when Y has one end.

Proof. Let the proper ray 7 define the same end as w. It is implicit in the
proof of 16.1.1 that 7 is properly homotopic to a proper ray which has the

form of an “infinite product” vy.wig,1}.v1.W[1,9)- - - - Where v; is a loop at w().
If 7/ is another such, represented by v.wio,1]-1.w[1,2]- - - -, then the proper ray
¢ represented by vo.vf.wjo1¥1-V1-w1,9- - - - has the property that 7({C}) =
7({7}) + 7({7'}). The rest is clear. O

We say Y is strongly connected at the end e(w) if any two proper rays in
Y defining e(w) are properly homotopic (see 16.1.2). We say Y is strongly
homology connected at the end e(w) if the chains defined by any two proper
cellular rays in Y defining e(w) are properly R-homologous. When Y has
one end we say Y is strongly connected at infinity or strongly R-homology
connected at infinity when it has the appropriate property at its end.
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When Y has one end, Y is strongly R-homology connected at infinity
iff {H1(Y ¢ L;;R)} is semistable iff (by 11.3.2) ligll{Hl(Y =< L;;R)} is
trivial. But when Y has more than one end, care is needed in making the
corresponding statement (16.1.8 below). Note first that, by 13.4.7, an end e
of Y can be regarded as an element (Z;) of lim{mo(Y" < L;)}; here Z; denotes
a path component of Y < L;, and Z; D Z;; for all i:

Proposition 16.1.7. Y is strongly R-homology connected at the end e iff
}iﬂll{Hl(Zi;R)} is trivial.

Proof. One defines a bijection 7’ : SHE(Y, w; R) — liLnl{Hl(Zi; R)} by anal-
ogy with the definition of 1. The inverse of 1’ is defined as in the proof of
16.1.1. The details are an exercise. (I

Proposition 16.1.8. Let H1(Y; R) be finitely generated. The following are
equivalent when R is a PID:

(i) Y is strongly R-homology connected at every end;
(ii) HX(Y; R) is a free R-module;

(iii) {H1(Y < L;; R)} is semistable;
(iv) liLnI{Hl(Y < L;; R)} is trivial.

Proof. The equivalence of (ii), (iii) and (iv) comes? from 12.5.10 and 11.3.2.
The equivalence of (i) and (iii) follows from 16.1.22 in the Appendix as ex-
plained in 16.1.21. O

Example 16.1.9. Let T be the dyadic solenoid inverse mapping telescope of
11.4.15. T has one end, and H;(T; R) is a finitely generated R-module. T is
not strongly Z-homology connected at infinity though (like all one-ended Y
see 3.5.9) T is strongly Q-homology connected at infinity.

Ezxample 16.1.10. Let ¢ : {a,b) — (a,b) be the endomorphism of a free group
on two generators given by ¢(a) = aba 1b~1, ¢(b) = a?b?a"2b"2. Let f :
Stv 8t — §1v St be the obvious map inducing ¢ on fundamental group. The
Case-Chamberlin inverse mapping telescope C is obtained from the inverse
sequence

Stvst Logtygt Lo

C is strongly Z-homology connected at infinity, but is not strongly connected
at infinity.

We leave as an exercise:

Proposition 16.1.11. If Y is strongly connected at the end e then Y is
strongly R-homology connected at e. O

2 The hypotheses that H; (Y; R) be finitely generated and that R be a PID are only
needed for the equivalence of (ii) and (iii).
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Combining 16.1.8 and 16.1.11 we get:

Proposition 16.1.12. Let Y be strongly connected at each end, let R be a
PID, and let Hi(Y;R) be finitely generated. Then H(Y;R) is a free R-
module. O

Dependence on skeleta is given by:

Proposition 16.1.13. Let i(") : Y™ < Y be the inclusion map. Let w be a
cellular base ray (in Y CY') which is well parametrized with respect to {L;}.

(i)
(ii)
(iif) ‘gj
(iv) i

zg) :E(YY) — E(Y) is a bijection;
ig) : SHE(Y?;, R) — SHE(Y; R) is a bijection;
i SE(Y? w) — SE(Y,w) is a bijection;

). SHE(Y?,w; R) — SHE(Y,w; R) is a bijection.

Proof. These follow from the Cellular Approximation Theorems 1.4.3 and
10.1.14. Indeed, (i) is essentially 13.4.1. d

Thus the invariance question reduces to low dimensional skeleta. More
precisely, we leave as an exercise:

Proposition 16.1.14. Let Y and Z be path connected locally finite
2-dimensional CW complexes, let f 1Y — Z be a proper 2-equivalence, and
let w be a base ray in Y. Then f induces isomorphisms (in the appropri-
ate categories) E(Y) — E(Z), SE(Y) — SE(Z), SHE(Y; R) — SHE(Z; R),
SEY,w) = SE(Z, fow), and SHE(Y,w; R) = SHE(Z, f ow; R). O

The exact sequences in this section are natural. We remarked in Sect.
11.3 that it is possible to express lim' as a functor on towers-Groups or on
towers-(R-modules). However, here we have identified our lim' terms with
topologically simpler objects via the canonical bijections 7 and 7, so we may
avoid this functor. By 10.1.14, we have:

Proposition 16.1.15. Let f : Y — Z be a proper map between strongly
locally finite, infinite, path connected CW complexes. Then the function
on proper rays T — f o T induces functions fu : E(Y) — E(Z), fp :
SEY) — SE(Z), and fp : SHE(Y;R) — SHE(Z; R). Indeed, E(-), SE(-)
and SHE(+; R) can be regarded as covariant functors from the proper homo-
topy category to the category Sets. |

A proper map f : Y — Z together with a base ray w in Y define a
base ray preserving proper map f : (Y,w) — (Z,w’) where ' = fow. A
base ray preserving proper homotopy is a proper base ray preserving map
H: (Y xLw(-0) — (Z,w), ie., H(w(s,0)) = '(s) for all t € I and
s € [0,00). Thus one defines the base ray preserving proper homotopy category.
There are similar definitions for pairs.
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Addendum 16.1.16. The function on rays T — f o 7 induces functions
of pointed sets fu : SE(Y,w) — SE(Z, f ow) and fy : HSE(Y,w;R) —
HSE(Z, f o w; R), where the base points of these sets are defined by w and
fow. In fact, SE(-,w) and HSE(-,w; R) define covariant functors from the
base ray preserving proper homotopy category to the category Pointed Sets. O

Corollary 16.1.17. The short exact sequence in 16.1.4 is natural with respect
to base ray preserving proper homotopy classes of proper maps.> O

Recall that proper edge rays are defined in Sect. 11.1. Sometimes it is
convenient to describe ends combinatorially. A proper parametrization of the
proper edge ray T := (71,72,...) is a map h, : [0,00) — Y such that for
each integer k > 0, h, | [k,k + 1] is a characteristic map for the edge 7
(after reparametrizing to [—1, 1]) in the non-degenerate case, and is constant
at the point 74 in the degenerate case. This h, is a proper ray because no edge
appears infinitely often in (71,7, ...). Using 10.1.14 and the proof of 3.1.1, it
is easy to show:

Proposition 16.1.18. Every proper ray in Y is properly homotopic to the
proper parametrization of some proper edge ray in'Y . All proper parametriza-
tions of a proper edge ray are properly homotopic. O

Proper edge rays o := (01,02,...) and 7 := (71,72,...) in Y define the
same end of Y if there are edge paths A, in Y where: A\, and o, have the
same initial point, the final point of A, is the initial point of 7,,, and for any
finite subcomplex K of Y only finitely many of the edge paths A,, meet K.
This is equivalent to saying that proper parametrizations of these proper edge
rays define the same end.

By 3.4.1 we have:

Proposition 16.1.19. Proper parametrizations of (01,02, ...) and (11, T2,...)
are properly homotopic iff there exist edge paths X\, as above such that
for any finite subcomplex K of Y all but finitely many of the edge loops
On-Ani1.7, LAY are equivalent* in Y < K to trivial edge loops. O

Appendix. Semistability and trees of modules

The combinatorial definition of proper rays in 16.1.18 and 16.1.19 is useful
in the case of a locally finite tree T. Choose a base vertex w for T'. For each
e € E(T) there is a unique proper edge ray 7. with initial point w such that
every initial segment of 7. is a reduced edge path and the proper ray h,,
determines the end e. The space £(T') is compact, and we clearly have:

3 If one is prepared to consider lim' as a functor from towers-Groups to Pointed
Sets, or from towers-(R-modules) to R-modules (see Sect. 11.3), one can check
that the bijections 1 and 7 are natural.

4 In the sense of Sect. 3.1; see Fig. 2.1.
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Proposition 16.1.20. If a sequence {e,) converges to e € E(T) then as n —
oo more and more of the edges of T, agree with the edges of Te. O

For each vertex v of T let 7, denote the unique reduced edge path with
initial vertex w and final vertex v. The set of vertices T° becomes a poset
under the relation v < v iff u is a vertex of an edge in 7,. Each v # w has a
unique immediate predecessor m(v), the last vertex before v on 7,. We write
d(v,w) for the distance from v to w (as defined in Sect. 11.1).

Let {M,},c7o0 be a family of R-modules. The poset 7° is not usually a
directed set, but it contains many directed subsets. In fact, for each e € £(T)
the set {7.(n)}nen is such, where 7.(n) denotes the n'" vertex of 7. (i.e., the
final point of the n*® initial segment). We will assume given a homomorphism
M, — M, for all vertices v # w. Then {M, ¢y} is an inverse sequence of
R-modules for each e € £(T).

Associated with this is the total inverse sequence {N,} where N, :=
@®{M, | d(v,w) = n} and the bond N,, — N,,_1 is defined by the bonds
M, — M, for all v with d(v, w) = n.

Recall that a vertex of the tree T is a leaf if it is a face of only one 1-cell.
We will assume that 7" has no leaves.

Example 16.1.21. To prove 16.1.8 we take T' to be “the tree of path com-
ponents of complements.” With notation as above, a vertex of T is a path
component of some Y < L;, and there is an edge joining the path component
C of Y £ L; to the path component D of Y £ L, iff D C C. Then T has
no leaves iff every path component of every Y £ L, is unbounded, as we may
always assume, by 13.4.9. In applying the following Theorem 16.1.22 to this,
the module M¢ corresponding to the “vertex” C will be H1(C; R), and the
bond H;(D; R) — H1(C; R) will be induced by inclusion. The module N,, will
be H1(Y £ L,; R). Then 16.1.8 follows from:

Theorem 16.1.22. Let the locally finite pointed tree (T,w) have no leaves
and let { My }yero be a family of R-modules with given homomorphisms M, —
M) for all v # w. The total inverse sequence { N, } is semistable [resp. pro-
trivial] iff for every e € E(T) the inverse sequence {M; ()} is semistable
[resp. pro-trivial].

The proof involves the compactness of the space £(T'). Semistability will
be analyzed by means of “eventual images.” If {U,,} is an inverse sequence of
R-modules the eventual image in Uy, is EI(Up,) := ﬂ image(Up, — Upy).

n>m
Thus {U,} is semistable iff for each m there exists k& > m such that EI(U,,) =
image(Ur, — Up,).

Proof (of 16.1.22). “Only if” is clear. We prove “if” for the semistable case,
leaving the (similar) proof of the pro-trivial case as an exercise.

We may assume M, = 0, hence Ny = 0. For each n let d(n) be the least
integer < n such that EI(Ng(,)) = image(N,, — Ng(ny). Then d(n) > 0 and
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EI(Ng) & image(N,, — Ni) when n > k > d(n). Thus {N,} is semistable iff
d(n) — 0o as n — 0.

Suppose d(n) /4 oo as n — oo. Then there exists mg and a cofinal sub-
sequence {Ny,,} such that d(ng) < mo for all k. We may assume nq > my.
Then for all k > 1 EI(Ny,,) & image(N,, — Np,,). It follows easily that
EI(Np,) & image(Np — Ny, ) for all n > myg. Letting V;, denote the set of
vertices of T' whose distance from w is n, the last sentence can be rewritten:
for each n > my

P N image(( &y Mu> — Mq,) < P image(( B Mu) — Mq,).

vEVing i2n u€V; VEVimg ueVn
v<u v<u

So for some vy € Vi,

E = ﬂ image(( @ Mu> — MU[)) - image(( @ Mu> — MU[)).

i>n ueV; ueVy,
vo<u vo<u

Since V,,, is finite we may assume (passing to a subsequence if necessary)
that vy is independent of n. This inequality of modules shows that for each
n > mg there is u, € V,, such that image(M,, — M,,) does not lie in E
(which is independent of n).

The tree T has no leaves, so for each n > my there exists e,, € £(T") such
that 7, (n) = uy,. Since £(T) is compact we may assume (again passing to
a subsequence) that the sequence of e,’s converges to some e € E(T). By
16.1.20, for each m there exists r(m) such that, when n > r(m), r.(m) =
Te, (M) < Te, (n) = uyp. Thus if m > mo, image(M-, () — My,) does not lie
in E. But (referring to the inverse sequence { M, () }) EI(M;, (1m,)) C E. So
EI(M,, (my)) & image(M;, () — M,y,) for all m > my, contradicting the fact

that {M. ()} is semistable. d

Exercises

1. Fill in the omitted details in 16.1.1.

2. Give an elementary proof (i.e., not using 16.1.1) that Y is strongly connected at
e(w) iff {m (Y < L;,w(i))} is semistable.

3. Check the details of 16.1.4.

4. Give an example where SHE(Y; R) is a proper subset of H§(Y; R).

5. Prove that a CW-proper 1-equivalence induces a bijection of ends.

6. Draw a picture of a proper ray representing 7({7}) — 7({7'}).

7. What is meant by saying that the exact sequence in 16.1.4 is natural? Prove

naturality.
8. Develop a theory of “strong ends” and “homology strong ends” in filtered homo-
topy.
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16.2 Analogs of the fundamental group

Let Y be a strongly locally finite path connected CW complex, let e be an
end of Y, and let the proper ray w represent e. When K is a finite subcomplex
of Y we denote by K(e) the path component of Y < K containing all but
a compact subset of w([0,00)). We say that Y is simply connected at e if for
every finite subcomplex K of Y there is a finite subcomplex L D K such that
every map f : S' — L(e) extends to a map F : B2 — K(e). If Y has only one
end and satisfies this condition we say that Y is simply connected at infinity.
For example, R" is simply connected at infinity when n > 3, but not when
n = 2. The line, R, is simply connected at both ends, but R x S is not simply
connected at either end.

In this section we discuss various ways of associating a “fundamental
group” with e. The three definitions we discuss are not, in general, equiv-
alent. Indeed, for the second and third definitions it is not true (without
further hypotheses) that triviality implies simple connectivity at e. Neverthe-
less all three deserve to be known and the relationships among them should
be understood.

Let {L;} be a finite filtration of Y, and let w be well parametrized with
respect to {L;}. The fundamental pro-group of Y based at w (with respect
to {L;}) is the inverse sequence {m1(Y < L;,w(i))} described in detail in
Sect. 16.1. If {M;} is another finite filtration of Y with respect to which w
is also well parametrized, then there is an obvious pro-isomorphism from this
sequence to {m1(Y £ M;,w(i))}. Thus we may ignore dependence on {L;}.
We will discuss dependence on w in a moment.

The triviality of the fundamental pro-group is equivalent to simple con-
nectivity at e(w); more precisely:

Proposition 16.2.1. The following are equivalent:

(1) Y is simply connected at e;
(ii) {m1 (Y <€ L;,w(i))} is pro-trivial;
(iii) im{m (Y < L;,w(i))} and liLnl{m (Y € L;,w(i))} are trivial.
Proof. For (iii) < (ii), use Exercise 10 of Sect. 11.3; (i) < (ii) is clear. O
By 16.1.2, it follows that if Y is simply connected at e then Y is strongly

connected at e.
Dependence on skeleta (compare 16.1.13) is given by:

Proposition 16.2.2. i;f) {m (Y2 < L2 w(i)} — {m(Y < Lj,w(i))} is an

isomorphism in pro-Groups. O
So the invariance question reduces to the 2-skeleton:

Proposition 16.2.3. Let f : Y — Z be as in 16.1.14, let {L;} and {M,} be

finite filtrations of Y and Z respectively. Then w can be reparametrized by a

proper homotopy so that fu : {m (Y <€ L;,w(i))} — {mi(Z € M;, fow(j))}
is an isomorphism in pro-Groups.
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Proof. Let H : go f |~ inclusion and H : f o g |~ inclusion be proper cellular
homotopies. Give Y the cellular base ray w. By reparametrizing w if necessary
we can assume that H;ow [resp. Hyo fow] is well parametrized with respect to
{L;} [resp. {M;}] for all t. Let c; be the path in Y given by «;(t) = Hsw(i),
and let 3; be the path in Z given by 3;(t) = H;fw(j). The isomorphisms
m(Y < Ligfw@) 5 m(Y < Liw(i)) given by [o)] — [o; '.op.aq] fit
together to give an isomorphism in pro-Groups

ag Am(Y < Li,gfw(i)} — {m (Y < Li, (i)}

There is a similar definition for 34. The proper homotopy H is needed for the
proof that a is an isomorphism. We have morphisms in pro-Groups

fo o Am (Y < Li,w(i)} — {m(Z = Mj, fw(j))}

and
gy Am(Z < My, fw(G)} — {m (Y < Li,gfw(i)}

where, again, some details of definition are left to the reader. The upshot is
that a0 gy o fy =id and By o fu 0 g4 = id. Together with 16.2.2 this proves
what was claimed. g

The proper ray w plays the role of the base point. If F': w ~ 7 is a cellular
proper homotopy between cellular base rays (which is well parametrized® with
respect to {L;}), F induces a “change of base ray” isomorphism

{m(Y < Li,w(@)} — {m(Y < Li,7(i))}

entirely analogous to what is described in Sect. 3.3; the details are omitted.
This means that up to pro-isomorphism the fundamental pro-group only de-
pends on the strong end defined by w. However, if Y is not strongly connected
at e, the fundamental pro-groups with respect to different base rays defining
e may not be pro-isomorphic, indeed may not even have isomorphic inverse
limits. Here is a one-ended example® where with one base ray the inverse limit
is infinite cyclic, while with another base ray the inverse limit is trivial:

Example 16.2.4. Let W = Si v S3, a wedge of two circles with wedge point v.
Let f : W — W be a map taking each circle to itself (hence f(v) = v), agreeing
with the map fi2 (of degree 2 — see Sect. 2.4) on Si and with the identity
map on Si. Writing a and b for generators of the fundamental groups of the
two circles based at v, f induces the homomorphism ¢ defined by a — a2,

b +— b. The one-ended space in question is the inverse mapping telescope of

5 The references to “well parametrized” can always be dispensed with by passing
to a subsequence {Ln, }.

6 The connection between examples of this kind and strong shape theory is ex-
plained in Sect. 17.7.
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{W<f—W<f— -++ }, which we denote by Y. The sequence (v, v, ...) defines

a base ray w in Y using straight lines in the mapping cylinders whose union
is Y. By restricting the map f to Si we find a copy of T, the dyadic solenoid
inverse mapping telescope (see 11.4.15) as a subset of Y, and the image of w
actually lies in T'. Letting L,, denote the union of the first n mapping cylinders
in Y, we have a finite filtration {L;} of Y. Clearly, im{m (Y < L;,w(i))} is
isomorphic to Z (generated by S3), since lim{m (T - L;,w(i))} is trivial.
Now lir_nl{m(T - L;,w(?))} is non-trivial by 11.4.15 and thus, by 14.1.1,
there is a proper ray 7 in T which is not properly homotopic to w in T'. Since
T is a retract of Y, such a ray 7 is not properly homotopic to w in Y. We
claim lim{m (Y < L;), 7(i)} is trivial. The proof of the contrapositive, that if
lim{m (Y < L;),7(i)} is non-trivial then 7 is properly homotopic to w in Y,
is set out in Exercise 4.

Now for our second definition of “fundamental group associated with e:”
with notation as before, the Cech fundamental group of Y based at w is
m(Y,w) = liLn{m(Y < L;,w(i))}. In view of Example 16.2.4, its isomor-
phism class depends on w. We regard 71 (Y,w) as a topological group: each
m (Y <€ L;,w(i)) is regarded as a discrete topological group and the inverse
limit is interpreted in the category Topological Groups. When thus topolo-
gized, 71 (Y,w) carries the same information as the fundamental pro-group if
(and only if) Y is strongly connected at e. More precisely, in that case the
inverse sequence {m (Y £ L;,w(i))} can be recovered, up to pro-isomorphism,
from the topological group 71 (Y, w). Indeed, let {G;} be a semistable inverse
sequence of countable groups with inverse limit G. Topologized as above, G
is a complete first countable zero-dimensional” topological group. Choose a
basis Uy D Us D --- for the neighborhoods of 1 € G which are closed and
open subgroups of G. The following proposition is explained more fully in
Sect. 16.7:

Proposition 16.2.5. Under these hypotheses the inverse sequence of (dis-
crete) groups {G/Uy — G /Uy « -- -}, where each bond is the obvious quotient
epimorphism, is pro-isomorphic to {G;}. O

Note that 71 (Y, w) has already appeared in 16.2.1. Its invariance properties
(up to isomorphism of topological groups) are covered implicitly by 16.2.2
and 16.2.3. Notice the similarity between 16.2.5 and the fact (following from
13.4.15) that the space of ends £(Y) determines {mo(Y < L;)} up to pro-
isomorphism.

Our third definition is by analogy with H{(Y'; R). We define the strong (or
Steenrod) fundamental group 7§(Y,w): its elements are the base ray preserving
proper homotopy classes of proper maps (S* x [0,00), {v} x [0,00)) — (Y, w),
where v is a base point of S*, and {v} x [0, 00) denotes the base ray t + (v,t)
in St x [0,00). Multiplication of two such proper maps restricts to ordinary

7 These terms are defined in Sect. 16.7.
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loop multiplication on S x {t} for each t € [0, 00); similarly for inversion. One
obtains a group structure on 7$(Y,w) just as in Sect. 3.3. The trivial element
is represented by the map (e2™ t) — w(t).

As in Sect. 3.3, 7§ is a covariant functor from the base ray preserving
proper homotopy category to the category Groups. By analogy with 11.4.8,
we define b : (Y, w) — lim{m (Y < L;,w(i))} as follows. Let

Q: (Sl x [0,00), {v} x [0,00)) — (Y,w)

be a proper map. We can alter o by a proper homotopy, rel{v} x [0,0), so
that a(S! x [i,00)) C Y < L; for all i. Then o | S! x {i} =: «; is a loop
inY ¢ L; at w(¢). The required b maps [a] to ([ay;]) where [-] denotes a
base ray preserving proper homotopy class or a pointed homotopy class, as
appropriate. It is a routine exercise (compare 11.4.8) to prove:

Proposition 16.2.6. The function b is well defined and is an epimorphism
of groups. It fits into a natural short exact sequence of groups:

lim! (oY Liyw(D)} S 7 (Yiw) > lm{m (Y € Li,w(0)}
]

It is clear from 16.2.6 and 16.2.1 that the vanishing of 7§(Y,w) need not
imply that Y is simply connected at e, but it does imply that 71 (Y,w) is
trivial.

Let e € £(Y), and for each i let Z; be the corresponding path component
of Y £ L; (compare 16.1.7). We say Y is 1-acyclic at e (with respect to R) if
for each ¢ there is j such that every cellular 1-cycle (over R) in Z; bounds a
cellular 2-chain in Z;. If Y has only one end this is abbreviated to 1-acyclic
at infinity. By analogy with 16.2.1 we have:

Proposition 16.2.7. Let R be a PID and let H1(Y; R) be finitely generated.
The following are equivalent:

(i) Y is 1-acyclic at every end with respect to R;

(i) H: (Y3 R) = 0;
(i) {H1(Y £ L;; R)} is pro-trivial;

. . . . .1 c T . .
(iv) im{H, (Y < Li; R)} and lim" {H\(Y < L;; R)} are trivial.

Proof. Similar to that of 16.1.8 (including its footnote). Again (i) = (iii) uses
16.1.22. d

By analogy with 16.1.11 and 16.1.12 we have:

Proposition 16.2.8. IfY is simply connected at e € E(Y') then'Y is 1-acyclic
at e (with respect to R). O

Proposition 16.2.9. Let Y be simply connected at each end and let H1(Y; R)
be finitely generated, where R is a PID. Then HX(Y; R) = 0. O
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Source Notes. Cech homotopy groups first appeared in [40]. For proper homotopy
they are developed in [60]. Example 16.2.4 is adapted from a shape theoretic example
of Borsuk [20]. Some delicate issues involving the various fundamental groups at
infinity are discussed in [26].

Exercises

1. Prove that the inverse sequence {H, } in Example 16.2.4 has trivial inverse limit.

2. Prove that 71 (Y, w) is either discrete and countable or non-discrete and uncount-
able.

3. What is meant by saying that the exact sequence in 16.2.6 is natural? Prove
naturality.

4. Fill in the missing proof in Example 16.2.4 by proving that if 11Ln{7r1(Y -
L;,7(i))} is non-trivial then 7 is properly homotopic to the ray w described
in that example. Here are the steps:

(a) By performing a proper homotopy in T if necessary, it may be assumed that
f(r(t + 1)) = 7(4), for each 4, and that the ray 7 consists of straight lines
in the mapping cylinders whose union is Y. Hint: The bonding maps in the
dyadic solenoid inverse sequence (restrictions of f to the copies of S1) are
covering projections.

(b) If (Xi) is a non-trivial element of lim{m: (Y < L;,7(i))}, where we think of
\; as a loop in W based at 7(i) € St, then all but finitely many of the loops
i cannot be homotoped, rel base point, off S3. Hint: The dyadic solenoid
(see Sect. 17.7) is a topological group, hence liﬂl{?ﬁ (T < Li,7(4))} is trivial
for any 7.

(¢) The loop A; is a product ai./u.ﬂi_l where o; and §; are paths in ST from 7(4)
to v, and p; is a loop in W based at v, such that, in the free groups 71 (W, v),
the element [u;] is a word in the alphabet defined by a and b which begins
and ends with a non-trivial power of b.

(d) There is a homotopy H; : a; ~ f oty rel{—1,1} and these homotopies can
be pieced together to give the desired proper homotopy 7 % w.

16.3 Necessary conditions for a free Z-action

Continuing with the set up and notation of Sect. 16.2, we discuss further
properties of the fundamental pro-group {m (Y £ L;,w(i))}. We saw that it
is pro-trivial iff Y is simply connected at the end e(w); and that it is semistable
iff Y is strongly connected at e(w). “Semistable” means “pro-isomorphic to
a sequence of epimorphisms” (11.3.1). Here we discuss the dual notion “pro-
isomorphic to a sequence of monomorphisms” and the combination of the two,
which is called “stable.” The main result is Wright’s Theorem 16.3.4.

First, some terminology. An inverse sequence {G,} of groups is (i) pro-
monomorphic, (ii) stable, (iil) stably H (for a given group H), (iv) pro-trivial,
(v) pro-free, (vi) pro-finitely generated if it is pro-isomorphic to an inverse
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sequence (i) whose bonds are monomorphisms, (ii) whose bonds are isomor-
phisms, (iii) whose groups are isomorphic to H and whose bonds are isomor-
phisms, (iv) whose bonds are trivial, (v) whose groups are free, (vi) whose
groups are finitely generated. This list and the following proposition should
be compared with Proposition 12.5.3 and the list preceding it.

Proposition 16.3.1. The above definitions (i)—(vi) are equivalent to the fol-
lowing intrinsic definitions:

(i) there is a cofinal subsequence {Gy,} such that image (Gp,py — Gn,,,) is
mapped by the bond monomorphically into image (Gpn, ., — Gn,);

(ii) there is a cofinal subsequence {Gp,} such that image (Gp, .y — Gn,,,) s
mapped by the bond isomorphically onto image (G, — Gn,);

(ili) same as (i) with each image (Gy,,, — Gn,;) isomorphic to H;

(iv) Vm 3n such that the bond G,, — G, is trivial;

(v) Vm 3n such that the bond G,, — Gy, factors through a free group;

(vi) Vm 3n such that image (G, — Gy,) lies in a finitely generated subgroup
of G- O

More useful, also an exercise, is:

Proposition 16.3.2. The inverse sequence of groups {Gy} is pro-monomorphic
iff 3 mo such that ¥V n > mg 3 k > n such that ker(Gy, — Gp,) C ker(Gy, —
Gp). O

Let e be an end of Y and let the proper ray w represent e. We say that
Y has a pro-monomorphic fundamental pro-group at e if {m (Y < L;,w(i))}
is pro-monomorphic. This depends only on e rather than on the proper ray w
because of the following consequence® of 16.3.2.

Proposition 16.3.3. {m1(L;(e),w(i))} is pro-monomorphic iff 3 mgy such
that V' n > mo 3 k > n so that any loop in Li(e) which bounds® in L, (e)
bounds in Ly(e). O

We are interested in the question: for Y simply connected, what prevents
Y from being the universal cover of a finite CW complex? The next theorem
addresses a more basic question: when can Z act freely on Y'?

Theorem 16.3.4. ( Wright’s Theorem) Let Y be a strongly locally fi-
nite and simply connected free Z-CW compler with one end. If Y has pro-
monomorphic fundamental pro-group at infinity then the fundamental pro-
group at infinity is pro-free and pro-finitely generated.

8 As in Sect. 16.2, L;(e) denotes the path component of Y < L; containing all but
a compact subset of w([0, 00)).

9 For spaces A C B, we say a loop f : S* — A bounds in B if (inclusion of) : §* —
B is homotopically trivial.
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Proof. We start with the main ideas. With reindexing, we may rewrite the
condition in 16.3.3 as: Vi > 2 any loop in Y < L; which bounds in Y < [,
bounds in Y £ L; ;. We may assume each Y < L; is path connected. At the
end of this proof we will define two subcomplexes A and B of Y such that
Y <€ (AU B) is finite and contains L;, and every loop in A or in B bounds
inY <€ L;. We choose ¢ > 2 so that N(Y <€ (AU B)) C L. For i > ¢, we
write A; ;= AN(Y £ L;) and B, :=BN(Y £ L;). Then Y £ L, = A; U B;;
it is the union of subcomplexes C; where each C; is a path component of
A; or of B;. No point of Y £ L; lies in more than two of the sets C;, so by
6.2.11, the fundamental group of Y £ L, is isomorphic to m1(G;, I3;T;) for
some generalized graph of groups (G;, I;) and maximal tree T; in I;, where
the vertex groups become trivial in Y < L; and hence also in Y £ L;_;.
By 6.2.12, there is an epimorphism m(G;, I;;T;) — m1(L;; T;) whose kernel is
generated by the vertex groups. So there is a commutative diagram:

(Y £ Ly, w(i)) ———sm (1; T)) = F(E;)
l / l% l
m(Y <€ Lisy,w(i — 1)) —=m (515 Ty 1) = F(Ei_1)

Here, the diagonal arrow has been explained, and ¢; is chosen to make the
lower triangle commute. Letting F; denote the set of edges of I; which are
not in T;, we can identify 71 (I;; T;) with F(E;), the free group generated by
FE;. Abelianizing, and denoting the free abelian group functor by F'A, we get
a commutative diagram:

H\(Y € L 7) H\(I;Z) = FA(E;)
| l
Hl(yiLifl;Z)—>>H1(Fi,1;Z) :FA(Eifl).

By 12.5.9, each H1(Y £ L;;Z) is finitely generated, so each FA(FE;) is free
abelian of finite rank equal to the rank of F/(E;) as a free group. Hence { F((E;)}
is pro-finitely generated and pro-free.

It only remains to define A and B with the stated properties.

Let the automorphism j : Y — Y generate an infinite cyclic group acting
freely on Y. The proof involves carefully choosing some positive integers m,
n, p and s.

Choose m > 2 so that j71(L1) ULy Uj(L1) C Ly,. Let

A=Y < | i (Lm-).

1€Z

Claim 1: Every loop in A bounds in Y £ L.
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Proof (of Claim 1). Let f : S' — A be a loop; f bounds in Y, so f bounds
in Y < j¥(L,) for some k; so f is a loop in Y < j*(L,,) Which bounds in
Y < j*(Ly); so f bounds in Y < j*(L,,_1), hence also inY < (j*1(L,) U
j*(L1) U j**1(L1)). Thus when f bounds in Y < j¥(L;) it also bounds in
Y <€ j*+1(L;). By induction f bounds in Y < Ly, and the claim is proved.

Choose n so that, for all i with |i| > n, 7 (Lmy1) N Lyt = 0. Let K =

U] m+1) and let h = j™. Then for any k,

W™ (K) N R (EK) = j7 (K) 0 (K);

so h™(K) N h*(K) = () when |m — k| > 2. Let P be a finite path connected
subcomplex of Y containing h(K) N K. Choose p so that

R (PYUKUPC L,

and so that every loop in h=!(P)U K U P bounds in L,.

q+r q+r
Claim 2: For every q and r, every loop in U hi(K) bounds in U hi(L )
i=q i=q
atr
Proof (of Claim 2). For any ¢ and r, any loop in Uh’(K) is a loop in
i=q

hi=Y(P)URI(K)U- - -URIT"(K)UhIT"(P). Since P is path connected, this can
be written as a product of loops each of which is in h*~1(P) U h*(K) U hi(P)
for some i and which therefore bounds in h%(L,). The Claim follows.

Choose s > 0 so that hk(Lp) C Y ¢ L for all k such that |k| > s.
Then U i*(Limt1) U h'(K). By Claim 2 any loop in U G (Lmi1)

li|>ns li[>s li|>ns
bounds in U h*(L,), and hence bounds in Y < L;, by definition of s. Let
li|>s
B= U §*(Lyms1). Then we have proved:
|i]|>ns
Claim 3: Every loop in B bounds in Y < L.
ns—1
Now,Y £ (AUB) C ( U ji(Lm_H)) so AU B covers all but a finite
i=—ns+1

subcomplex of Y. Thus A and B have the required properties. O

Theorem 16.3.4 imposes severe restrictions on the kind of space which can
be an infinite cyclic covering space:

Remark 16.3.5. In the next section we describe Whitehead’s contractible open
3-manifold, W, which has one end but is not simply connected at infinity (and
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therefore is not proper homotopy equivalent to, much less homeomorphic to,
R3). We will see that W has pro-monomorphic fundamental group at infinity,
but that {m (W < L;,w(4))} is not pro-finitely generated. So Theorem 16.3.4
implies that no non-trivial group G acts freely on W; indeed, G could have no
element of infinite order by 16.3.4, and no non-trivial element of finite order
by 7.2.12.

Remark 16.3.6. Theorem 16.3.4 would not be changed if Y was assumed only
to have finitely many ends; by Exercises 6 and 7 of Sect. 13.5, Y would have
to have one end or two ends, and when Y has two ends G would have to be a
two-ended group, in which case the fundamental group at each end would be
pro-trivial.

Ezxample 16.3.7. Let M be a compact path connected n-manifold with path
connected (hence non-empty) boundary. Pick a ray w in M approaching x €
OM . Then the fundamental pro-group of M based at w is stably 71 (0M, x). If

M is simply connected and if Z acts as covering transformations on M, then
16.3.4 implies that 7 (OM, x) must be a free (and finitely generated) group.

Ezample 16.3.8. If, in the last example, M is contractible then (see Exercise
6 of Sect. 15.2) the homology of OM with Z-coefficients is the same as that

[e]
of S"~1; one says that M is a “homology (n — 1)-sphere.” If M is a non-
trivial covering space then Z must act as covering transformations, by 7.2.12.
Hence, by 16.3.4, m1(OM,z) must be a free group. Assume n > 3. Then
Hy(M;Z) = 0, so 9M must be simply connected.'® Thus, if a non-simply
connected homology sphere bounds a compact contractible manifold M, then

(o)

M is not a non-trivial covering space.

Source Notes: Wright’s Theorem appeared in [155].

Exercises

1. Prove 16.3.2.

2. Give a counterexample to 16.3.4 when Y has infinitely many ends. Hint: Let P
be a finite CW complex and let @ = P x [0,00)/P x {0} be the “open cone” on
P.Let X = S* v Q and consider Y = X.

3. What change in the hypotheses of 16.3.4 would make it true for CW complexes
Y with infinitely many ends?

16.4 Example: Whitehead’s contractible 3-manifold

Every contractible open 1-manifold is homeomorphic to R and every con-
tractible open 2-manifold is homeomorphic to R2. But there are uncountably

10 See Remark 16.4.14, which applies here too.
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many contractible open 3-manifolds no two of which are homeomorphic. For
group theory the interesting question is: can any of these, other than R?, be
universal covers of closed 3-manifolds? If there were such a closed 3-manifold
it would be an object of intense interest in 3-dimensional topology, and its fun-
damental group G would be a remarkable Poincaré duality group of dimension
3 over Z.

Here, we describe the original example in [153] of a contractible open
subset W of R which is not simply connected at infinity. The properties of
W ensure that no non-trivial group acts freely on W; in other words, the only
covering projections W — V are homeomorphisms. By varying the details of
the construction of W one can obtain uncountably many examples, no two of
which are homeomorphic; we will not pursue that; see [113].

A background discussion is useful here. A fake 3-sphere is a closed simply
connected 3-manifold not homeomorphic to S3; the Poincaré Conjecture says
that there are no fake 3-spheres. A fake 3-ball is obtained from a fake 3-
sphere by removing the interior of an unknotted 3-ball. Thus, the boundary
of a fake 3-ball is a 2-sphere. If the Poincaré Conjecture were false, then,
given any 3-manifold M, one could obtain a new 3-manifold M’ by deleting
the interiors of a locally finite pairwise disjoint collection of unknotted 3-
balls in M and gluing!! in fake 3-balls instead. Then M and M’ would have
the same proper homotopy type but would not be homeomorphic, and we
would say that M and M’ are the same modulo the Poincaré Conjecture.
It has been known for many years that every contractible open 3-manifold
which is strongly connected at infinity is the same as R® modulo the Poincaré
Conjecture (see [80] or [27]) and hence is simply connected at infinity. So
our W and all the uncountably many other exotic examples must have non-
semistable fundamental pro-groups.

To begin the construction of W we note:

Proposition 16.4.1. For n > 2 every contractible open n-manifold has one
end.

Proof. This follows from Poincaré Duality together with 13.4.11 and the exact
sequence in Sec. 12.2. O

For ease of exposition we will not make explicit the CW complex struc-
tures on the spaces to be discussed. Once W has been constructed it will
not be difficult to see that W admits the structure of a simplicial complex.
Indeed, while we draw our pictures smoothly, they can also be realized as
subcomplexes of suitable simplicial complex structures on S3.

We begin with the trefoil knot K C S? illustrated in Fig. 16.3. Let N(K)
be a compact neighborhood of K such that (N(K), K) is homeomorphic to
(S x B2, St x {0}), i.e., a solid torus “fattening” of K. We may choose N (K)
so that Ck = cl(S® — N(K)) is a compact manifold with boundary; for

11 See the definition of “connected sum” in Sect. 5.1.
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example, make N(K) a regular neighborhood in the sense of piecewise linear
topology, or a tubular neighborhood in the sense of differential topology.

Fig. 16.3.

We will assume two standard facts from elementary knot theory; proofs
can be found in [43] or [135]. Apart from these two propositions, our treatment
of W will be self-contained, if informal.

Proposition 16.4.2. Forv € O(N(K)) the inclusion map induces a monomor-
phism w1 (O(N(K)),v) — 71 (Ck,v). O

Proposition 16.4.3. 71 (Ck,v) is not abelian. O

Consider Fig. 16.4. It consists of a solid torus Ty (i.e., a copy of S x B?) in

R3 c 53 and a solid torus'? Tb C T. Let h: T1 — T5 be a homeomorphism,
and let T5 = h(T%); then T sits in Ty as T» sits in 77. Iterating this, we get
a nested sequence of solid tori 77 D 15 D --- whose intersection is a compact
non-empty set Z C S3. Define W := S§3 — Z. Note that if we remove a point
of Z we may also regard!® W as an open subset of R3. This W is Whitehead’s
Contractible 3-manifold which we now study.

Consider the two solid tori T" and L illustrated in Fig. 16.5.

Proposition 16.4.4. There is a homeomorphism f : R3> — R3 such that
f(T)=L and f(L) =T; f extends to a homeomorphism of S3.

12Ty is drawn as a circle, but should be viewed as “fat,” i.e., as a solid torus.
Similarly in Fig. 16.5.
13 We will frequently identify R® with S® — {point}.
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Fig. 16.4.

Fig. 16.5.

Proof. Take two circles of string embedded in R? as illustrated in Fig. 16.5.
Stretch and reshape the string L to occupy the space originally occupied by
T. Then the string T can easily be moved to occupy the space originally
occupied by L. Since faraway points of R? need not move during this process,
the homeomorphism extends to S3. O

Proposition 16.4.5. Let T = cl(S® —Ty). Then T} is also a solid torus, and
T/ ATy = Ty

Proof. S* = 9B* is homeomorphic to (B? x B?) = (B? x S1) U (S x B?),
and (B2 x SY)n (S x B?) = S* x SL. O

Proposition 16.4.6. Let Ly o = cl(T1 —T5) so that L2 = 011 U0T,. There
is a homeomorphism of S* mapping L1 2 to itself, mapping 0Ty to Tz, and
mapping 01y to 017 .

Proof. Interpret Fig. 16.5 as consisting of two solid tori T" and L. By 16.4.5,
there is a homeomorphism k : S — 3 taking T to T» and L to cl(S3 — T1);
in other words, k maps the copy of S? in Fig. 16.5 to the copy of S? in Fig.
16.4 as indicated. By 16.4.4, there is a homeomorphism of S? mapping 7> to
cl(S3 — T1) and mapping cl(S® — 1) to Ty. This homeomorphism must then
map L o to itself, interchanging the boundary components. O
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Fig. 16.6.

Now consider Fig. 16.6. It is obtained from Fig. 16.4 by cutting the solid
torus T along the disk D, twisting through one full rotation, and then reglu-
ing. This is a homeomorphism of 7} which maps the solid torus T onto the
solid torus R. Thus L} 5 := cl(T1 — R) is homeomorphic to L1> by a homeo-
morphism j taking R to 07y and 077 to itself. Now if we ignore T in Fig.
16.6, we see that R is N(K), the “fattening” of a trefoil knot'* in S3; of
course, the homeomorphism 5 does not extend to 52, since T5 is unknotted in
S3. The following diagram commutes:

m1(OR,u’) 71 (cl(S? — R),u)

~

1 (L/1,27 U’/)

where all arrows are induced by inclusion and u’ is a base point. Thus 16.4.2
and 13.8.1 imply:

Proposition 16.4.7. If u € 91y and v € 0Ty, then the homomorphisms
71 (0T1,v) — m1(L1,2,v) and 71 (0T, u) — w1 (L1 2,u) induced by the inclusion
maps are monomorphisms. ([

Proposition 16.4.8. The monomorphisms in 16.4.7 are not epimorphisms.

Proof. cl(S* — R) = L}, Ucl(S® — T1) and L}, Ncl(S? — Ty) = 9Ty. If
m1(0T1,v) — w1 (L] 5,v) were onto then, by 3.1.19, 7 (cI(S® — R),v) would be
abelian; but, by 16.4.3, this is false. Thus, by 16.4.6, neither homomorphism

in 16.4.7 is onto. O

Now we are ready to study W. Let Lo; = cl(S% — T1) and for i > 1 let
k—1

L;iv1 = cl(T; — Tiy1). For k > 1 we write Ly = ULMH' Then {Ly} is a
i=0

finite filtration of W.

Proposition 16.4.9. The inclusion L1 — Lo is homotopically trivial.

14 Provided the twist is done in the correct direction.
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Proof. Fig. 16.5 makes it obvious that the inclusion T' < cl(S® — L) is ho-
motopically trivial. By 16.4.4, it follows that the inclusion L < cl(S3® — T') is
homotopically trivial. So, by means of the homeomorphism k, the inclusion
cl(S? — T1) < cl(S® — T) is homotopically trivial. O

By 16.4.5, the homeomorphism h : T} — T, used in the definition of
W extends to a homeomorphism of pairs (S3,71) — (S3,T%) and therefore
maps L; homeomorphically onto Ly. Now h(T3) = T5 so h(L1) = Ly and
h(L2) = L. Thus the following diagram commutes:

Li—— L,

LT

Ly—— L3

and the vertical arrows are homeomorphisms. So Ls — L3 is homotopically
trivial. Proceeding by induction we get:

Corollary 16.4.10. The inclusion Ly — Lg41 ts homotopically trivial for
every k > 1. O

Hence, by 7.1.2, we have
Proposition 16.4.11. W is contractible. O

Choose a base ray w in W well parametrized with respect to { Ly, }. Then for
any k we have clyy (W — Li) = Ly g+1U Lgy1 p+2U- - - . We may assume w(i) €
L;it+1 N Lit1,i42; then 16.4.7 and 16.4.8 tell us that for ¢ > 1 the homomor-
phisms induced by inclusion 1 (L; i+1 N Lit1,i+2, w(i)) — m1(Liiv1,w(i)) and
T1(Liit1 N Lit1,iv2,w(3)) — m1(Lit1,i+2,w(i)) are monomorphisms but not
epimorphisms. We form a graph of groups as follows: the oriented graph I'; has
underlying space [1, 00) with vertices at the integer points and edges oriented
in the positive direction. The vertex group at the vertex i is m1(L; 41, w(7)),
the edge group corresponding to the edge [¢,i+1] is 71 (L; 11N Lit1,i42,w(i)).
Using change of base point via w as usual, the monomorphisms from edge
groups to vertex groups are those non-epimorphisms just specified. We take
the maximal tree Ty = Iy and form 71(Gy, I't; T1). For each integer k > 1
let Iy denote the subgraph of Iy corresponding to [k, 00). Then there is an
obvious graph of groups (G, [%), and 71(Gk, I'k; T)) can be identified with a
proper subgroup of 71 (Gg—1,Ik—1;Tk—1) for all k > 2. The inverse sequences
{m(clw (W — Li),w(k))} and {71 (G, [k;Tk)} can be identified.

Proposition 16.4.12. These inverse sequences are not semistable and are
not pro-finitely generated.

Proof. The first statement follows from Exercise 2 and the second from Exer-
cise 3. ]
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Summarizing, and applying Remark 16.3.5:

Theorem 16.4.13. W is a contractible open subset of R3 which has pro-
monomorphic fundamental pro-group at infinity but is not strongly connected
at infinity. The inverse sequence of groups {m1(W — Lg,w(k))} is not pro-
finitely generated. Hence mo non-trivial group acts as a group of covering
transformations on W. O

Remark 16.4.14. In this book almost all spaces have been CW complexes.
Thus what we have actually proved is that when W is given a CW complex
structure, no non-trivial group acts freely on W by automorphisms in the
sense of Sect. 3.2. However, the reader familiar with the theory of absolute
neighborhood retracts and topological manifolds can check that our proof
of 16.4.13 (and the supporting material such as 16.3.4) goes through, with
appropriate adaptation, to prove 16.4.13 as stated.'®

Remark 16.4.15. For deeper examples of this type, including examples of con-
tractible open 3-manifolds on which Z acts as a group of covering transfor-
mations but which do not cover closed 3-manifolds, see [124].

Exercises

1. Why is the first sentence in the proof of 16.4.9 true?
2. If G = AgB is a free product with amalgamation'® and neither C' — A nor

C — B is onto, show that A — G and B »— @ are not onto.
3. Let G = AéB where A is finitely generated. Prove that if B lies in a finitely

generated subgroup of G then G is finitely generated.
4. Show that W x R is homeomorphic to R?.

16.5 Group invariants: simple connectivity, stability, and
semistability

We can apply the previous sections to define properties of finitely pre-
sented groups. If (X1,v1) and (X2,v2) are finite path connected pointed 2-
dimensional CW complexes whose fundamental groups are isomorphic to G
and if ¢ : m1(X1,v1) — 71 (X2,v2) is an isomorphism then it follows easily
from 7.1.7 (the details were set as an exercise in Sect. 7.1) that ¢ is induced by
a 2-equivalence f : (X1,21) — (X2, 72). By 10.1.23 (the details are an exercise
in Sect. 11.1) such a 2-equivalence lifts to a proper 2-equivalence f : X — Xo.

15 Alternatively, a deep classical result of 3-dimensional topology says that every
3-manifold is triangulable, but it is overkill to use this.

16 Exercises 3 and 4 follow from Britton’s Lemma 6.2.1. See also the proof of 18.3.19
for normal forms in Aé B.
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By 16.1.14 ,f induces bijections on the set of ends, the set of strong ends,
and the set of strong homological ends. Thus the cardinal numbers of these
sets are invariants'” of G. The map f also induces isomorphisms on H{(-; R)
and HZ(-; R) so that their isomorphism classes as R-modules (indeed, as RG-
modules) are also invariants of G, but we already knew this via the discussion
of resolutions in Chap. 8. When w is a proper base ray in X1, we discussed in
Sect. 16.2 how the fundamental pro-group, the Cech fundamental group, and
the strong fundamental group based at w depend on the choice of w. Thus (see
16.2.4) one must be careful in asserting that these, or even their isomorphism
classes, are invariants of G. However, no such caution is needed for certain
related invariants, as we now explain.

Let G be a finitely presented group. We saw in Example 1.2.17 that there
is a finite path connected pointed CW complex (X, v) with 71 (X, v) =2 G. We
say that G is semistable at each end if X is strongly connected at each end.
When G has one end and X is strongly connected at its end, we say'8 that G
is semistable at infinity.

The connection with homological invariants is:

Theorem 16.5.1. If G is semistable at each end then H*(G,ZG) is a free
abelian group.

Proof. By 16.1.8 and 16.1.11, H!(X;Z) is free abelian. By 13.2.9 and 13.2.13,
HY(X:Z) = HY(G,ZG¢) = H*(G, ZG). 0

Similarly, we say that G is simply connected at each end if X is simply
connected at each end. When G has one end and X is simply connected at its
end, we say that G is simply connected at infinity.'°

Theorem 16.5.2. If G is simply connected at each end then H?*(G,ZG) = 0.
Proof. By 16.2.7, H:(X;7Z) = 0. But once again H!(X;Z) = H*(G,ZG). O

We saw in 13.5.2 that the number of ends of a finitely presented group
does not change on passing to a subgroup of finite index (which is also finitely
presented by 3.2.13). Similarly, we have:

Proposition 16.5.3. Let H be a subgroup of finite index in the finitely pre-
sented group G. Then H is semistable at each end [resp. simply connected at

each end] iff G is semistable at each end [resp. simply connected at each end).
O

17 Indeed, the homeomorphism types of the spaces of ends are invariants of G; see
13.5.8.

18 At the time of writing it is unknown if there is a finitely presented group which
is not semistable at each end.

19 Tt follows that a finite group is simply connected at each end but is not simply
connected at infinity. This is analogous to saying that each path component of
the empty space is simply connected, which is true because there are none.
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Corollary 16.5.4. Every two-ended group is simply connected at each end.
O

Remark 16.5.5. If G is semistable at infinity then the fundamental pro-group,
the Cech fundamental group, and the strong fundamental group are well-
defined by G (i.e., independent of X and w) up to isomorphism in the ap-
propriate category; see Sect. 16.2. Thus, just as we can speak of “the number
of ends” of G and “the homeomorphism type of the ends” of G, so in the
semistable case we can speak of “the pro-isomorphism type of the fundamen-
tal pro-group” of G, “the isomorphism type of the Cech fundamental group”
of G, etc.

We say G is stable at each end if X has stable fundamental pro-group at
each end. Since “stable” is equivalent to “semistable and pro-monomorphic,”
this is well-defined. For one-ended groups we use the term stable at infinity.
Recall that if the stable fundamental pro-group is isomorphic to Z, as in
the next theorem, we say G is stably Z at infinity. Here is a remarkable
consequence of Wright’s Theorem 16.3.4:

Theorem 16.5.6. Let the one-ended finitely presented group G be stable at
infinity and assume G contains an element of infinite order. Then G is either
simply connected at infinity or stably Z at infinity.

Proof. By 16.3.4, the stable inverse sequence {m (X < K; w(i))} must be
pro-isomorphic to a finitely generated free group, so {Hy(X < K;;Z)} is pro-
isomorphic to a finitely generated free abelian group of the same rank. By
13.3.2(iv) H?(G,ZG) is free abelian of that same rank, and, by 13.7.12, that
rank is 0 or 1. (I

Ezxample 16.5.7. We will see in 16.9.7 that Thompson’s group F is simply con-
nected at infinity. The same is true of Thompson’s group T see [30]. Certain
right angled Coxeter groups are shown to be simply connected or semistable at
infinity in 16.6.1; for Coxeter groups in general, see [117]. The group Out(F,)
is simply connected at infinity when n > 3 (see [11]), and is semistable at each
end when n = 2 (being virtually free).

Source Notes: The question of whether every one-ended finitely presented group
is semistable at infinity was first addressed in [70] and [114], though the issue had
been remarked on in passing by Houghton, earlier, in [86]. There is now a substantial
literature showing that the answer is positive for many classes of groups; see, for
example, the bibliography of [119]. “Simply connected at infinity” has a much longer
history in geometric topology. See, for example, [144], [93] and [95].

Exercises

1. Give a counterexample to the converse of 16.5.2.
2. For the pseudomanifold W in Sect. 13.8, prove that G = 71 (W, w) is semistable
at infinity. (Tt follows that H?(G,ZG) is free abelian.)
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16.6 Example: Coxeter groups and Davis manifolds

All finitely generated Coxeter groups are (finitely presented?’ and) semistable
at each end; the latter is proved in [117]. Here we will discuss this only for the
right angled Coxeter groups described in Theorem 13.9.5. Recall that these
are defined as follows: Starting with an integer d > 2 and a non-empty finite
connected closed combinatorial (d—1)-manifold L which is also a flag complex,
we let (G, S) be the corresponding right angled Coxeter system (whose nerve
K is sd L). In this section G is understood to be such a group. Here, we show
that G is semistable and that there is a torsion free subgroup H of finite index
in G for which there is a closed 4-manifold K (H, 1)-complex whose universal
cover is contractible but is not simply connected at infinity, and hence is not
homeomorphic to R*.

Theorem 16.6.1. The group G is semistable at infinity; and G is simply
connected at infinity iff |L| is simply connected.

Proof. By 16.5.3, these properties are the same for G and for any torsion free
subgroup of finite index; hence they can be checked in |D|. The homotopy
commutative diagram in the paragraph preceding Theorem 13.9.5 shows that
the inclusion map of the (n + 1) neighborhood of the end into the n't
neighborhood of the end induces an epimorphism on fundamental group. In
fact, if d = 2, the inverse sequence of fundamental groups is stably Z. If d > 4,
the inclusion induces G,, * Go — G, where GG,, denotes the n-fold free product
of copies of Gy = m1(|L|,v); the epimorphism is the identity on G,,, and kills
the final free summand Gy. This is because m1 (M1#Ma, ) is isomorphic to
m1 (Ma, z) *m (M2, z) when the manifolds have dimension > 3. The case d = 3
is an exercise. The last sentence of the proposition is the special case when
G is trivial. O

Now let L be the boundary of a finite contractible combinatorial 4-manifold
J. Tt follows from Lefschetz duality (see 15.2.4) that the homology of the 3-
manifold |L| is the same as that of S3. A closed manifold having the same
homology groups as S™ is a homology n-sphere, so this |L| is a homology 3-
sphere which bounds the compact contractible 4-manifold |J|. Examples exist
in which |L] is not simply connected, a well-known example being the “Mazur
sphere” — see [135, p. 356]. We will assume |L| is not simply connected.?!

We built D out of copies of F, the cone on K where K = sd L. Now
for every n we replace g,F in D by a copy of J, called g,J, identifying
9n(0J) = g, K with g, K in D. There results an abstract simplicial G-complex
Dy, finite mod G,whose vertex-stabilizers are finite, (where (G, S) corresponds
to L as above); Dy is a combinatorial 4-manifold. From the proof of 9.1.3 we
get:

20 See Theorem 9.1.7.
21 Compare Example 16.3.8.
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Theorem 16.6.2. |Dy| is a contractible CW J-manifold on which G acts
rigidly with finite cell-stabilizers so that G\|Dy| is finite.

By 9.1.10, G has a torsion free subgroup H of finite index. By 16.6.1 and
16.6.2 we have:

Corollary 16.6.3. H\|Dy| is a closed aspherical 4-manifold whose universal
cover is not homeomorphic to R*.

One can build such examples in any dimension > 4 since non-simply con-
nected homology spheres bounding compact contractible n-manifolds exist
for all n > 4. We call such closed aspherical manifolds Davis manifolds. They
first appeared in [46], and until then it was unknown if a contractible open
n-manifold not homeomorphic to R™ could be the universal cover of a com-
pact manifold. Compare this with Whitehead’s manifold in dimension 3: it is
contractible but, by 16.4.13, it is not the universal cover of a closed manifold.

Exercises

1. Fill in the missing details of 16.2.4 for the cases d = 2 and d = 3.

2. Prove that if |L| is a (d — 1)-dimensional homology sphere, then G is a Poincaré
duality group of dimension d (whether or not |L| bounds a compact contractible
manifold); see Sec. 15.3.

16.7 Free topological groups

The Cech fundamental group is a topological group. To study it in the next
section we review some basics here.

A group G equipped with a topology is a topological group if multiplication
G x G — G and inversion G — G are continuous. A sequence {g,} in G is
a Cauchy sequence if given a neighborhood U of 1 € G there exists N € N
such that for all 7,7 > N gi_lgj € U. A topological group is complete if every
Cauchy sequence converges. Discrete groups are complete, and the countable
product of complete groups is a complete group. Closed subgroups of complete
groups are complete. Thus if G := {G; <« G2 < ---} is an inverse sequence
of discrete groups, its inverse limit is a complete group.

A topological group G is zero-dimensional if there is a basis for the neigh-
borhoods of 1 € G consisting of closed-and-open subgroups. The complete
group @Q , above, is zero-dimensional and first countable (being a metriz-
able space).

If G is a complete first countable zero-dimensional group and U; D U D

- is a basis for the neighborhoods of 1 with each U; a closed-and-open
subgroup, then H(G) := {G/U; « G/U; « ---} is a semistable inverse
sequence of discrete groups. Indeed H is a sort of inverse for m in the following
sense:
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Proposition 16.7.1. If G is semistable then H(l{@ G) and G are pro-isomorphic.
If G is complete, first countable, and zero-dimensional, then the topological
groups im H(G) and G are isomorphic. O

So although H depends on {U,}, up to isomorphism the choice of {U,}
does not matter.

There is a forgetful functor Groups — Pointed Sets and hence the notion
of the free group generated by the pointed set (S, s). This consists of a group
F(S,s) and a pointed function i : (S,s) — (F(S,s),1) satisfying the usual
universal property that for any group H and pointed function f : (S,s) —
(H,1) there is a unique homomorphism f : F(S,s) — H such that foi= f.
Note the difference from the usual notion of “free group generated by a set.” In
the pointed case, the free group F(S,s) has rank (cardinality of S)—1 rather
than cardinality of S.

We need a topological analog of this. Let C be the category of metrizable
0-dimensional pointed spaces and pointed maps. Let D be the category of
complete first countable zero-dimensional topological groups and continuous
homomorphisms. There is a forgetful functor D — C. As usual, we define
the free object in D generated by an object (Z, z) of C to consist of a group
F(Z,z)in D and a map i : (Z,2) — (F(Z,z),1) satisfying the appropriate
universal property. Uniqueness of F'(Z, z) up to isomorphism follows at once.
For existence, we will be satisfied with a special case:

Proposition 16.7.2. The free object in D generated by a compact object
(Z,z) in C exists.

Proof. First note that the “free group generated by a pointed set” is a functor
F' . Pointed Sets — Groups. By 13.4.13, (Z,z) = lim(Z,,z,) where each

n
(Zn, 2n) is a finite pointed set. The required group F(Z, z) is im{F'(Z,, zn)}
where the functor F is applied to the whole inverse sequence {(Zy, z,)}. The

universal property to be checked is summarized in the diagram

(Z,2)C (F(Z,2),1)

\ g

(H,1)

As explained, H = lim{H,} where the groups H,, are discrete and the bonds

are epimorphisms. Sﬁlce each Z, is finite there is a morphism of pro-Pointed
Sets {(Zn, zn)} — {(Hn, 1)} whose inverse limit is f; it can be represented by
a sequence f(n) * (Zm(n), Zm(n)) — (Hn,1) of pointed functions commuting
with the bonds. The required f is @{fm(n) C F(Zp(nys Zm(n)) — Hn}- O

n
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Remark 16.7.3. The proof of 16.7.2 also shows that the free object of towers-
Groups generated by an object of towers-(Finite Pointed Sets) exists and is
semistable.

Source Notes: Proposition 16.7.1 appears in [4].

Exercises

1. Prove 16.7.1.

2. Assuming G semistable, prove G is stable iff lim G is discrete iff lim G is countable.

3. Give an example where the underlying group of F(Z, z) is not isomorphic to the
free group generated by the pointed set underlying (Z, z).

4. Suppose we are given for each n a commutative diagram of countable abelian
groups whose horizontal rows are exact:

An+1 Bn+1 C’n+1 Dn+1 —— En+1
A, B, Ch D, E,

If {An}, {Bn}, {Dn} and {E,} are stable (with verticals as bonds), prove that
{Cy} is stable.

16.8 Products and group extensions

We first make a general computation of the Cech fundamental group of a prod-
uct (16.8.1). Then we apply that in 16.8.5 to compute the Cech fundamental
group of any group G which fits into a short exact sequence N — G — @ of
infinite finitely presented groups.

If (A,a) and (B,b) are pointed spaces their smash product is the pointed
space (AA B,p) where AAB := Ax B/{a} x BUA X {b} and p is the image of
{a} x BUA x {b} in AA B. Compactness and 0-dimensionality are preserved
under smash product. If A and B are Cantor sets, so is A A B, by 13.4.16.

The smash product occurs naturally in computing the Cech fundamental
group of Y X Z where Y and Z are infinite strongly locally finite path connected
CW complexes. It is clear (see Exercise 2 in Sect. 13.4) that Y x Z has one
end. Pick base points e; and ey for the spaces of ends £(Y) and £(Z), and
pick a base ray w in Y x Z.

Theorem 16.8.1. If Y and Z are simply connected, then Y X Z is strongly
connected at infinity and 71 (Y X Z,w) is isomorphic to the free complete first

countable zero-dimensional topological group generated by the smash product
(E(Y),e1) N (E(Z),e2) of the two spaces of ends.
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The proof is given after 16.8.3.

If Y and Z have r and s ends respectively, where r and s are finite, then
16.8.1 implies that 71 (Y X Z,w) is discrete and is free of rank (r —1)(s — 1).
If Y has one end, 16.8.1 says that Y x Z is simply connected at infinity (by
16.2.1 and 16.1.2).

When A and B are discrete disjoint non-empty spaces, their topological
join is the graph?? A x B whose set of vertices is A]] B and which has an
edge joining each point of A to each point of B. If a and b are base points for
A and B, then the subgraph of A * B consisting of all edges having a or b as
a vertex is a maximal tree in A * B which we call the canonical maximal tree.
If we orient the graph Ax B, then 3.1.16 allows us to regard the edges outside
the maximal tree as free generators of the fundamental group. A better way
of saying this is:

Proposition 16.8.2. The inclusion (AN B,p) — (m1(A* B,a),1) is the free
group generated by the pointed set (AN B,p). O

Let {L;} and {M;} be finite filtrations of ¥ and Z, chosen (adapting the
proof of 13.4.9) so that every path component of Y ¢ L; and Z < M; is
unbounded. Let y € Ly and z € M; be base points for Y and Z. Choose finite
sets A; = {a;;} and B; = {b;x,} where a;; [resp. by] lies in the path component
Uij of Y £ L; [resp. Vix of Z < M;] (one for each path component). Choose
paths o;; in Y [resp. 7 in Z] from y to a;; € A; [resp. from z to by, € B;] for
each point a;; € A; and by, € B;. Define amap f; : AjxB; — Y xZ £ Ly x M;
as follows: f;(ai;) = (aij,2), fi(bix) = (y,bix), fi maps the mid-point of the
edge joining a;; to b to (a;j,bix), and f; follows the paths o;; and 7 as
appropriate. This should be done so that f; embeds A; * B; as a subcomplex.

Proposition 16.8.3. The space Y x Z < L; x M; is path connected and the
embedding f; induces an isomorphism of fundamental groups.

Proof. The paths o;; and 7;;, give path connectedness. The cover of
YxZ < L,L X Mz

by the sets Y x Vj;, and U;; x Z has the property that no point lies in more
than two of those sets. By 6.2.11, the fundamental group of Y x Z £ L; x M;
is isomorphic to 71(G;, A; * B;; T;) where G; is a generalized graph of groups
for the graph A; x B;, T; being the canonical maximal tree in that graph.
The diagram of vertex and edge groups for a typical edge is (suppressing base
points):

T (Y) x m(Vig) — m1(Usj) x m1(Vig) — m1(Usj) x m1(Z).

Since Y and Z are simply connected, the fundamental group collapses to that
of A; x B; and the proposition follows. O

22 Here, as always in graphs, edges intersect only in vertices. For more on joins, see
Sect. 5.2.
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Proof (of 16.8.1). Write W; :=Y x Z < L; x M,. Choose the points a;; so
that f;(a;1) lies on w for all 4. The following diagram commutes:

(A; A B, pi)—— 1 (A * B, a:1) - T (Wi, fi(ain))

| | T

(Ai1 A Biy1, pis1)—— m1(Ais1 * Bit1, aiv11) — m1(Wita, fir1(ait1,1))

where the vertical arrows have obvious meanings. The result now follows from
16.8.2 and 16.8.3 on taking inverse limits. (]

We can apply 16.8.1 to group extensions. Let N — G — @ be a short
exact sequence of infinite finitely presented groups. Let Y and Z be finite
path connected CW complexes whose fundamental groups are isomorphic to
N and Q@ respectively.

Theorem 16.8.4. There is a finite CW complex X whose fundamental group
is isomorphic to G such that X is proper 2-equivalent to Y x Z.

To avoid repetition we postpone the proof until Sect. 17.3, where we prove
the more general version 17.3.4. From 16.8.4 and 16.8.1 we deduce:

Corollary 16.8.5. The group G has one end, is semistable at infinity, and
(the isomorphism type of) its Cech fundamental group is freely generated by
the smash product of (the homeomorphism types of ) the ends of N and Q in
the sense of 16.8.1. In particular, if N or Q has one end, then G is simply
connected at infinity. O

Source Notes: For another use of the free topological group generated by a pointed
compact metric space — a “l, 2 or infinity” theorem for the fundamental group of a
group, see [72].

Exercises

1. What does 16.8.1 become if Y or Z is finite?

2. What survives of 16.8.1 if Y or Z is not simply connected?

3. Prove that if there is an exact sequence N — G — @ of infinite finitely generated
groups, then G has one end.

16.9 Sample theorems on simple connectivity and
semistability

In this section we give some group theoretic conditions (Theorems 16.9.1 and
16.9.5) which imply that a finitely presented group is semistable at infinity
or is simply connected at infinity. The methods are elementary but illustrate
how such questions are often dealt with in the literature. We begin with a
strengthening of the first part of Corollary 16.8.5.
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Theorem 16.9.1. Let N — G — Q be a short exact sequence of infinite
finitely generated groups. If G is finitely presented then G is semistable at
infinity. Hence H*(G,ZG) is free abelian.

Before proving this we set things up. To begin, we choose a presentation
(hiyqj | Tk, quijqj_lh;1> of G where 7, j and k range over finite sets of indices,
and the set of generators {h;, ¢;} is closed under inversion. In detail: the gen-
erators h; and g; are “N-generators” and “Q)-generators” respectively, chosen
so that the set {m(g;)} generates @ and the set {h;} generates N. Since N is
normal, each q{lhiqj is a word in the N-generators, denoted by w;;. Starting
with any finite presentation of G, one can get to this special presentation by
Tietze transformations.

Let (X,v) be the corresponding presentation complex. Orient the cells
of X. The (oriented) 1-cells are {e'(h;),e(g;)}. The (oriented) 2-cell corre-
sponding to the relation quijqj*lhfl is efj. There are finitely many other
2-cells corresponding to the relations 7, but they will play no role in the
proof. The universal cover is (X, 7). We choose lifts &' (h;),é"(g;), oriented
compatibly with their images in X, having initial point ©. All other 1-cells of
X are translates of these and carry translated orientations. We choose lifts

éfj, oriented compatibly with efj, so that A(éfj) is represented by the edge

loop (&'(q;), gjwij, hie*(g;) 1, € (hi)~t). See Fig. 16.7.

An edge in X! is either an “N-edge” g.¢'(h;) or a “Q-edge” g.¢'(g;); to
simplify notation we will usually use the letter ¢ to denote an N-edge and the
letter 7 to denote a Q-edge (with the preferred orientation). Since the set of
generators is closed under inversion, all edge rays can be chosen so that the
exponent of every o or 7 in every such ray is 1 rather than —1.
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For each vertex u of X we select a proper @Q-edge ray with initial point u
as follows. We have the covering projection? py : X — X (N); for each vertex
@ of X(N) we select a proper edge ray, containing no edges which are loops,
with initial point 4; we do this so that whenever C' is a finite subcomplex of
X (N) only finitely many of these edge rays involve an edge of C. The required
Q-edge rays in X are the lifts of these rays in X (N). We call them “selected”
edge rays: they are proper; there is exactly one for each vertex w; and they
are Q-edge rays because py maps N-edges in X to edges in X (N) which are
loops. If {L,} is a finite filtration of X (N), then by 14.1.6 (X, {py(L,)}) is
a well filtered CW complex and the selected proper edge rays are filtered rays
in this sense. The set of selected edge rays is N-invariant. Initial segments of
chosen or selected edge rays are “selected edge paths.”

We now describe some proper homotopies:

(i) Sliding T along (o1,09,...): Here 7 is a Q-edge and (01,092,...) is a
proper N-edge ray with the same initial vertex as 7. We describe a homotopy
[0,00) x [0,1] — X whose domain subdivision is illustrated in Fig. 16.8(a).
The homotopy itself, illustrated in Fig. 16.9(a), is obtained by patching to-
gether characteristic maps for 2-cells. Its restriction to [0, 00) x {0} is a proper
parametrization of (o1, 02, ...), and each [k, k + 1] x [0,1] is mapped into the
CW neighborhood of the edge oy, so this is a proper homotopy by 10.1.15.

(ii) Sliding o along (71,72, ...): Here o is an N-edge and (71,72,...) is a
selected @Q-edge ray with the same initial vertex as 0. We describe a homo-
topy [0,00) x [0,1] — X whose domain subdivision is illustrated in Fig.
16.8(b). The homotopy itself is illustrated in Fig. 16.9(b). The restriction to
[0,00) x {0} is a proper parametrization of (71, 72,...) and its restriction to
[0,00) x {1} is an N-translate of this, and is therefore a proper parametriza-
tion of another selected Q-edge ray. The homotopy [0,0) x [0,1] — X(N)
obtained by composing with py is proper, by 10.1.15, so the homotopy (into
X) is proper, by 10.1.17.

(iii) Sliding (o1,02,...) along (T1,72,...): Here (11,72,...) is a selected
Q-edge ray and (01, 09,...) is an N-edge ray having the same initial vertex.
The desired homotopy [0, 00) x [0, 00) — X is obtained by writing the domain

as U[O,oo) x [k,k + 1] and stacking the homotopies described for sliding
k

each oy along (71,72,...) in (ii). If {L,} is a finite filtration of X (), this
homotopy into X is filtered with respect to the filtration {py'(L,)} of X and
the filtration {[0, ] x [0,00)}. And for each r its restriction to [0,7] x [0, c0)
is certainly proper (compare (i)). So this is a proper homotopy.

We will also restrict these to “slides of edges along edge paths” (o1, ...,0m)
in (i) or (71,...,7m) in (ii).

2 As always, X(N) = N\X.
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(a)

(b)

Fig. 16.8.
(@)
(b)
G2 2—cell
T T
2—cell
1 2—cell o 2—cell
\ 2—cell
T T T )
Fig. 16.9.

Proposition 16.9.2. Given a finite subcomplex K of X there is a finite sub-
complex M such that if the given o’s and 7’s in (i)-(iii) all lie in X < M,
then the proper homotopies constructed in (i)—(iil) all take place in X < K.

Proof. Choose k so that py(K) C Li. Let m > 0 be such that whenever
(T1,T2,...) is the image under py of a selected proper edge ray in X, then
the edges T, Tm1, - - - all lie in X(N) < N(Ly); here we use the fact that Ly,
meets only finitely many of the chosen edge rays. There are only finitely many
pairs (&'(h;), a) where o is a Q-edge path in X of length < m having initial
vertex ¥; choose n > 1 so large that for every such pair the slide of &!(h;)
along « takes place in N(9). Let?* M = N"(K); M is finite by 11.4.4. O

We pause for a useful fact about CW neighborhoods:

24 Recall from Sect. 11.4 that the n'™™ CW neighborhood of K is N™(K) =
N(N™Y(K)) where N°(K) = K.
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Lemma 16.9.3. Let A and B be subcomplezes of a CW complex Y, and let s
be a positive integer. If B C'Y < N*%(A), then N(B) CY < N*"1(A). Hence
N*(B)CY £ A, so ACY < N*(B).

Proof. Suppose N(B) is not a subset of Y - N®71(A4). Then N(B) and
N*~1(A) share a vertex u. So there is a cell e of Y whose carrier C(e) con-
tains both u and a vertex w of B. Since C(e) C N¥(4), N*(A)N B # ), a
contradiction. The last part of the Lemma now follows by induction. O

Proof (of 16.9.2 (concluded)). For homotopies of type (i) the assertion follows
from 16.9.3, for (o1, 09,...) lies in X < M, the homotopy takes place in the
union of the CW neighborhoods of these edges and n > 1. A homotopy of type
(ii) is a slide of o along (71, T2, ...). Let ¢.0 be the initial vertex. The slide of &
along the selected edge path (71, 72,..., T ) takes place in N™ (gv) which lies
in X € K, by 16.9.3. The rest of the shde also takes place in X < K because
its image under pn takes place in X(N) < Ly C X(N) — py(K). The claim
for homotopies of type (iii) follows immediately. O

Proof (of 16.9.1). We will show that 16.1.2(ii) holds, i.e., that we can “push
loops to infinity.” Initially we will ignore base ray issues to keep things simple.

Let K be a finite subcomplex of X and let M = N"(K) as in 16.9.2. Only
finitely many selected Q-edge rays contain an edge of M. Let M’ be a finite
subcomplex containing N (M) such that whenever a selected Q-edge ray has
initial point in X < M’ then it contains no edges of M.

The graph X is the Cayley graph of G with respect to {hi,q;}. The vertex
0 lies in a path connected subgraph I'(IN) which is the Cayley graph of N
with respect to {h;}. Enlarging M’ if necessary, we may assume by 13.4.9
that for each g € G the graph gI'(N) < (M’ N I'(N)) has only infinite path
components; this is justified because gI'(N)N M’ = ) for all but finitely many
of the graphs gI'(N).

Let @ := (aq,...,a;) be an edge loop in X <M. Let hy:S"— X £ M
be a parametrization of « (see Sect. 3.4). We construct in pieces a proper
homotopy [0,00) x §' — X < K extending hq as follows. If ay is a Q-edge,
let F() : [0,00) x [0,1] — X be obtained as in (i) by sliding a, along
an infinite N-edge ray in X < M’ with the same initial vertex as ag. If o
is an N-edge, let F(®) : [0,00) x [0,1] — X be obtained as in (i) by sliding
as along the selected infinite Q-edge ray with the same initial vertex as .
By 16.9.2, these homotopies F(*) can be chosen to take place in X < K.
Moreover the “top,” Fl(s), of the homotopy, [0,00) x {1} — X has its image
in X © M because in one case it parametrizes a proper N-edge ray in the
CW neighborhood of the “bottom” Fés), and N(M) C M’, so it misses M,
by 16.9.3; and in the other case it parametrizes a selected @)-edge ray with
initial point in X < M’. The homotopies F(¥) are illustrated in Fig. 16.10.

We consider three situations. (a) If as and asy1 are N-edges then F©)

and FTY can be properly fitted together, since Fl(s) and Fésﬂ) are proper
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parametrizations of the same selected Q-edge ray. (b) If a and a4y are Q-
edges then Fl(s) and FO(SH) parametrize proper N-edge rays in X < M with
the same initial point. (¢) If one of as and as11 is an N-edge and the other is
a (Q-edge, then one of the proper rays at the final point of oy parametrizes a
proper N-edge ray and the other a selected proper @-edge ray. See Fig. 16.10.
In (c) we can link up these two proper rays by a proper homotopy in X <K
of type (iii). In (b) we can do this twice, linking both of the infinite N-edges
by proper homotopies of type (iii) to the selected Q-edge which begins at that
initial point. The fitting together of all these homotopies gives the required
proper homotopy [0, 00) x St — X — K extending hq.

We have ignored base rays. In choosing the selected Q-edge rays it is easy
to arrange that if (7y,72,...) is selected, then so is (7s,Tst1,...) for every
s > 1; this simply requires care in the choice of rays in X (V). Assume this is
done. Then if we are given a selected QQ-edge ray as base ray and if the base
point of « is on that base ray, our proper homotopy extending h, “moves”
the base point to infinity along a parametrization of the given base ray. Thus
(i) of 16.1.2 is satisfied and X is strongly connected at each end.

F@
2
F(3) O3 a F(l)
7
F® oy oy F @
as %
Fol| p© A
\ _.-selected infinite Q—edge ray
infinite N-edge ray
Fig. 16.10.

It only remains to prove that X has one end. Indeed, this was an exercise
in Sect. 16.8. To see it directly, join two “far out” vertices of X by an edge
path « in X, choose proper N-edge rays starting at those two points, and
properly deform «, sending its end points along those N-edge rays in the
manner described above for edge loops. Thus the points can be joined “far
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out,” and X has one end and is therefore strongly connected at infinity, i.e.,
G is semistable at infinity.
The final sentence of the theorem now follows, by 16.5.1. O

In view of 16.9.1 one might expect that the second part of 16.8.5 could also
be strengthened by weakening the hypothesis on N from “finitely presented”
to “finitely generated.” This is not so:

Ezxample 16.9.4. Let F5 be the free group of rank 2 and let G = F5 x F5. Then
G has one end by 16.8.1, and H?(G,ZG) # 0 by 13.2.9 and 12.6.1; hence
G is not simply connected at infinity. But there is a short exact sequence
N — G — Z with N a finitely generated group having one end. To see this
we will now construct G in another way. Let Fs be generated by a and b, let
x; = a'ba”" and let B < F, be the subgroup (freely) generated by {x; | i € Z}.
The inner automorphism ¢ : F» — Fy, g — aga”' maps B onto B. Let
N = Fyxp Fs and let ¥ : N — N be the automorphism determined by ¢. Let
G = Nxy = (N,t|t 1ot =(x) V2 € N). Then N — G — @ is exact where
QQ = Z is generated by the image of t. By Tietze transformations one sees
(exercise) that G is isomorphic to G. Clearly N is finitely generated. That N
has one end is left as an exercise.

Other examples to illustrate the sharpness of 16.8.5 can be found in [116].
In particular one can have N — G — @ with N finitely generated and one-
ended but not finitely presented, Q@ = Z" and G = (Z" *Z) x (Z" = Z) for any
n > 1: this G is not simply connected at infinity.

We turn to ascending HNN extensions.

Theorem 16.9.5. Let H be finitely presented, let ¢ : H — H be a monomor-
phism, and let G = Hxy4 be the resulting ascending HNN extension. If H is
infinite then G has one end and is semistable at infinity. If H has one end
then G is simply connected at infinity.

Proof. Let {h;} be a finite set of generators for H. The group G has the
finite presentation (H,t | t~th;t¢(h;)~!, Vi) (where a finite presentation of
H with generators {h;} is understood — see Sect. 3.1 Appendix). Let (X, v)
be a corresponding presentation complex. Orient the cells of X and of X
compatibly. We use terminology similar to that in the proof of 16.9.1. In
particular, X has H -edges and t-edges.

There is a finite subcomplex Z of X so that (Z,v) — (X, v) induces the
inclusion H < G, and each vertex ¢.0 of X lies in a translate gZ of the
universal cover, Z, of Z (where Z is a subcomplex of X). There is a canonical
homomorphism ¢ : G — Z defined by sending H to {0} and ¢t to 1 € Z. The
level of a vertex ¢g.v of X is the integer ¥ (g); indeed, 1(g) is the t-exponent
sum of any word in the generators representing g. Giving R the usual CW
complex structure, ¥ extends to a cellular map f : X - R, taking each H-edge
to a vertex, each t-edge to an edge of R, and each 2-cell into the convex hull
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of the f-image of its boundary. Any subset of f~1(—o0,k) [resp. f~1(k, 00)]
will be said to be below level k [resp. above level k.

Let K be a finite subcomplex of X. There are integers m_ and m. such
that K is below level m4 and above level m_. Let a := (aq,...,@,) be an
edge loop.

Lemma 16.9.6. If every a; is above level my then « is equivalent in X < K
to a trivial edge loop.

Proof. If every ay is an H-edge then the whole loop lies in a simply connected
subcomplex gZ, and the f-image of such a subcomplex is an integer > my,
SO gZ C X ¢ K. If some ay is a t-edge, then the edge loop contains an
edge path (t71, ap,...,a4,t) (indices written modulo r); this is because the
t-exponent sum around any loop is zero (as many t-edges oriented one way as
the other). That subpath can be changed to (¢ 71, ap, t,t7 1, apy1,t, -+, aq, t)
and slid “upwards” rel its end points (compare the proof of 16.9.1) to a path
of H-edges. Proceeding thus, the edge loop « is shown to be equivalent in
X € K to an H-edge loop, and, as we have seen, that is enough. O

Proof (of 16.9.5 (concluded)). As in the proof of 16.9.1, for each vertex g.0
of X we select the proper edge ray with that initial vertex whose vertices are
g.0,gt.7, gt2.7, . ... And, just as in that proof, we use the conjugation relations
to slide an H-edge along the selected ray (or finite segments thereof) at its
initial vertex. Let n be such that the slide of any edge é(h;) (with initial vertex
0) along the first m —m_ +2 edges of the selected infinite edge ray beginning
at o takes place in N”(). By 16.9.3, the slide of any H-edge in X < N(K)
along the first my — m_ + 2 edges of the selected edge ray beginning at its
initial point takes place in X < K, and if that H-edge is above m_ — 2 then
it is moved to an H-path above m .

Choose M to be a finite subcomplex of X containing N™(K) such that for
each g € G every path component of gZ < (gZ N M) is infinite. Assuming (for
now) that H has one end, we are to show that any edge loop « in X < Mis
equivalent in X < K to a trivial edge loop.

If o is above level m_ — 2 then we can slide it in X < K above level m.,
and then we are done, by 16.9.6. If « is below level m_ then we can slide it up
to a loop at level m_ — 1, where it lies in a simply connected subcomplex gZ
at that level, so again we are done. Thus, after suitable adjustment, the only
case left is when « contains an edge path of the form (t71, a, ..., oy, t) where
(ap,...,aq) is an H-edge path at level m_ — 1 with end points in X < M.
Then (ap, ..., qq) lies in some gZ at level m_ — 1. The fact that this ¢gZ is
one-ended and simply connected allows us to replace (ayp, ..., aq) by an edge
path in gZ lying in gZ < (gZﬂM). In this way, our edge loop is homotopic in
X £ K to an edge loop which can be slid forward to level m4 +1in X < K.
By 16.9.6, that is enough.
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These ideas can easily be modified to show that G has one end and, as-
suming H infinite rather than one-ended, that G is semistable at infinity.
O

If H in 16.9.5 is finite then G has two ends and is simply connected at
both ends. By 16.5.1 and 16.5.2, it follows from 16.9.5 that H?(G,ZG) is free
abelian or trivial as appropriate.

Example 16.9.7. By 9.2.5 and 16.9.5, Thompson’s group F' is simply connected
at infinity.

Remark 16.9.8. In this section we have considered decomposition properties
of a finitely presented group G which imply that G is semistable at each end
(and hence that H%(G,ZQ) is free abelian). There are other theorems of this
type in the literature, stronger than the ones given here and more difficult
to prove. For some of these, see [119], [118] and the references therein. For a
homological result see [102]. In connection with 16.9.5, we point out that (at
time of writing) it is unknown whether semistability holds if H is assumed
only to be finitely generated, G being finitely presented.

Source Notes: 16.9.1 appeared in [114]; 16.9.5 appeared in [115]; Example 16.9.4
is taken from [129]. I am indebted to Michael Mihalik for help with the writing of
this section.

Exercises

Prove that the group N in Example 16.9.4 has one end.

Find the Tietze transformations mentioned in Example 16.9.4.

Fill in the details at the end of the proof of 16.9.5.

In the proof of 16.9.1 the relations rx played no role, so a more general theorem
was proved. State that theorem.

Ll
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Higher homotopy theory of groups

In Chap. 16 we concentrated on 7y and 7y issues at the end of a CW complex.
Here we continue with a discussion of higher homotopy invariants.

17.1 Higher proper homotopy

Let Y be a countable strongly locally finite path connected CW complex, let
{L;} be a finite filtration of Y, and let n > —1 be an integer. We say Y is
n-connected at infinity if for each —1 < k < n and each i there exists j > ¢
such that every map S* — Y < L, extends to a map B*"1 — Y < L;. Thus
Y is (—1)-connected at infinity iff Y is infinite; Y is 0-connected at infinity
iff Y has one end, and Y is 1-connected at infinity iff Y is simply connected
at infinity. We say Y is m-acyclic at infinity with respect to the ring R if
{Hp(Y < L;i; R)} is pro-trivial for each —1 < k < n. By 1.4.3 and 2.7.6 these
properties only depend on the (n + 1)-skeleton of Y.

When A is a subcomplex of Y and n > 0, we say (Y, A) is properly n-
connected if (Y, A) is n-connected and for every 0 < k < n and every i there
exists j > i such that every map (B¥ S*~1) — (Y < L;, A< (L; NA)) is
homotopic rel S*~1in Y < L; to a map whose image lies in A. For example,
(Y, A) is properly 0-connected iff A is non-empty and the function £(A) —
E(Y) induced by inclusion is surjective.

Proposition 17.1.1. (Proper Whitehead Theorem) Let Y be finite-
dimensional. The following are equivalent:

(i) A is a proper strong deformation retract of Y ;

(ii) A <4 Yisa proper homotopy equivalence;

(i) (Y, A) is properly n-connected for all n such that Y — A contains an n-cell.

Proof. The proof is similar to the proof of the Whitehead Theorem 4.1.4. In
an exercise, the reader is asked to consider why one needs Y to be finite-
dimensional. O
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This last proposition is used in a proper version of Theorem 4.1.5:

Theorem 17.1.2. If in Theorem 4.1.5 X and X' are finite-dimensional and
locally finite, f: X — X' is proper, and f | A, f | B and f | AN B are proper
homotopy equivalences, then f is a proper homotopy equivalence. Moreover,
the map g in 4.1.5 can be chosen to be a proper homotopy inverse for f so
that all the indicated homotopies are proper. O

Just as 4.1.5 leads to proofs of 4.1.7 and 4.1.8, the last theorem implies:

Theorem 17.1.3. If in Theorems 4.1.7 and 4.1.8 all the spaces are finite-
dimensional locally finite CW complexes and all the given maps are proper,
then the homotopy equivalences in the conclusions of those theorems are proper
homotopy equivalences. ([

Corollary 17.1.4. If Y is obtained from A by properly attaching n-cells then
the proper homotopy type of Y only depends on the proper homotopy class of
the simultaneous attaching map. O

For n > —1, we say Y is properly n-connected if Y is n-connected and
n-connected at infinity. A proper analog of 7.1.2 is:

Proposition 17.1.5. Let Y be infinite, let w : [0,00) — Y be a cellular proper
ray and an embedding, and let n > 0. Y is properly n-connected iff the inclu-
sion Y™ <Y is properly homotopic to a map into w([0,00)).

Proof. The case n = 0 is clear. Let Y be properly n-connected. By induction,
assume Y"1 < Y is properly homotopic to a map into the ray w([0,00)).
Then 17.1.4 implies that Y™ has the proper homotopy type of the locally finite
CW complex ({p} x [0,00)) U (S™ x N) C 8™ x [0, 00), where p € S™ is a base
point; here, S™ and [0, 0o) have the usual CW complex structures. Thus, since
Y is properly n-connected, the inclusion Y™ — Y has the desired property.
The converse is clear. O

We say Y is properly n-acyclic with respect to R if Hi(Y; R) = 0 when
k < n, and Y is n-acyclic at infinity with respect to R. This is related to
“properly n-connected” by the following analog of 4.5.1:

Theorem 17.1.6. (Proper Hurewicz Theorem ) Let n > 2 and let YV
be properly 1-connected. Then Y is properly n-connected iff Y is properly n-
acyclic with respect to 7Z.

Proof. Simply observe that the proof of 4.5.1 gives this; use 17.1.3 and 17.1.5
in place of 7.1.2 and 4.1.8 in that proof. (]

Source Notes: The material here is developed in analogy with the corresponding
shape theory — see the bibliography in [109] for details.
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Exercises

1. Let w : [0,00) — Y be a cellular proper ray in Y which is also an embedding.
Prove that Y is properly n-connected iff the pair (Y,w([0,00))) is properly n-
connected.

Rewrite this section in the CW-proper context (Sect. 10.2).

Rewrite this section in the filtered homotopy context (Sect. 14.1).

Why is “finite-dimensional” needed in 16.5.17

State and prove the Proper Rebuilding Lemma, i.e., the proper version of 6.1.4.
State and prove the Proper Relative Hurewicz Theorem. Hint: Compare 4.5.1.
Here we gave proper analogs of 4.1.3 through 4.1.8. Are there proper analogs of
the other propositions in Sect. 4.17 What might their statements be?

N ot N

17.2 Higher connectivity invariants of groups

Let G be a group of type F, where n > 0. Let (X, ) be a K(G,1)-complex
with finite n-skeleton. We say that G is (n — 1)-connected at infinity [resp.
(n — 1)-acyclic at infinity with respect to R] if X™ is (n — 1)-connected at
infinity [resp. (n — 1)-acyclic at infinity with respect to R]. As in Sect. 16.5,
one sees that these are properties of G rather than of X.

A group G is (—1)-connected at infinity iff G is (—1)-acyclic with respect
to some (equivalently, any) ring iff G is infinite. A finitely generated group
G is O-connected at infinity iff G is 0-acyclic at infinity with respect to some
(equivalently, any) ring iff G has one end. If a finitely presented group G is
simply connected at infinity then G is l-acyclic at infinity with respect to
any ring. By 13.3.3 (ii), G is (n — 1)-acyclic at infinity with respect to R iff
H*(G, RG) = 0 when k < n and the R-module H"*!(G, RG) is torsion free.

By 17.1.6 we have:

Theorem 17.2.1. Let the group G have type F, and assume G is simply
connected at infinity. Then G is (n — 1)-connected at infinity iff G is (n —1)-
acyclic at infinity with respect to 7. O

Example 17.2.2. Hence Thompson’s group F' is n-connected at infinity for all
n. This follows from 9.3.19, 13.10.1, 13.3.3 and 16.9.7.

Now let G have type Fi,. We have seen that connectivity properties of
G such as n-connectedness, n-acyclicity and semistability at infinity can be
read off from a contractible free G-CW complex of locally finite type which
is of finite type mod G. In real situations the naturally occurring contractible
G-CW complexes are sometimes not free, but rather are rigid with finite cell-
stabilizers. The connectivity properties of G can often be read off in that
situation. One useful case is:

Theorem 17.2.3. Let Y be a contractible rigid G-CW complex which is fi-
nite mod G, and let the stabilizer of each cell be finite. Then G is semistable
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at each end or n-connected at infinity or n-acyclic at infinity iff Y has the
corresponding property. Moreover, for any ring R, H*(G, RG) is isomorphic
to Hi(Y; R).

Proof. The CW complex Y is strongly locally finite by 10.1.12. Apply the
Borel Construction using a K (G, 1)-complex X of finite type to get the usual
commutative diagram
X <Y projection Yy
Z — I':=G\Y.
q

Here, the diagonal action of G on the contractible CW complex X x Y is
free, so Z is a K(G,1)-complex. Then ¢ : Z — I is a stack of CW complexes
which, by 6.1.4, can be rebuilt to give a commutative diagram

in which ¢ : Z/ — I' is a stack of CW complexes and h is a homotopy
equivalence. Here, the fiber F, of g over the cell e of I' is a K (G, 1)-complex
where G, is finite, and the fiber F. of ¢’ over e is a K(G,,1)-complex of
finite type (see 7.2.5). From Sect. 6.1 and Sect. 7.3 one sees that the map

70 I X xy PPNy g a stack of CW complexes in which the fiber
over a cell € of Y is homeomorphic to the universal cover of F! (where € lies
over the cell e of I"). Thus that fiber is a contractible CW complex of finite
type. It follows that the indicated map Z’ — Y is a CW-proper homotopy
equivalence.! Indeed this holds hereditarily just as in that exercise, and that
is crucial: the connectivity properties under discussion are invariants of CW-
proper homotopy, and they hold for G iff they hold for Z’, hence iff they hold
for Y. The claim about H*(G, RG) holds for the same reason. O

A similar proof gives the following useful variation on 17.2.3:

Theorem 17.2.4. Let Y be an (m—1)-connected m-dimensional G-CW com-
plex which is finite mod G, where the stabilizer of each cell is finite and m > 2.
Then G satisfies the conclusions of Theorem 17.2.3 for alln < m — 1. O

There is an analog of 7.3.1 in the present context; for a proof see [34]:

1 To see this, compare with the exercise in Sect. 6.1: the hint given there applies
here too.
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Theorem 17.2.5. Let Y be an (m—1)-connected rigid G-CW complex having
finite m-skeleton mod G. If the stabilizer of each i-cell has type F,,—; and is
(m — i — 1)-connected at infinity, then G is (m — 1)-connected at infinity. O

A homological version of 17.2.5 can also be found in [34].

Remark 17.2.6. 17.2.5 is not a generalization of 17.2.4 but rather covers a
different kind of hypothesis. In 17.2.4 the stabilizers are finite and hence are
not (—1)-connected at infinity.

Exercises

1. Prove that the connectivity properties discussed in this section do not change on
passing to a subgroup of finite index or to a quotient by a finite normal subgroup.
2. State and prove a version of 17.2.4 for the case m = 1; compare 13.5.12.

17.3 Higher invariants of group extensions

Let N — G — @ be a short exact sequence of infinite groups. One expects
G to have better connectivity properties at infinity than N and Q. In this
section we establish theorems of that type.

Let (X,x) [resp. (Y,y), (Z,2)] be a K(G,1)-complex [resp. K(N,1)-
complex, K(Q,1)-complex]. We saw at the end of Sect. 7.1 how to build a
commutative diagram

T xZ projection Z
| |
w1 Zz

in which ¢ is a stack of CW complexes all of whose fibers are homeomorphic
to the quotient CW complex N\f(, and W is a K(G,1)-complex.? We can
use this to get information about H*(G,ZG) in terms of H*(N,ZN) and
H*(Q,ZQ) under suitable finiteness hypotheses.

We choose a cellular homotopy equivalence g : N \X — Y. By 6.1.4 (see
also the last part of Sect. 7.1 on group extensions) there is a commutative
diagram

k

RN

Z

w

WI

with k& a cellular homotopy equivalence and ¢’ a stack of CW complexes in
which every fiber is homotopy equivalent to Y.

2 Indeed, q is a fiber bundle.
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We first consider the case in which N and @ have type F. Then we may
take Y and Z to be finite CW complexes and in that case W’ is a finite
K (G,1)-complex. We have a commutative diagram in which the unmarked
arrows are projections:

Proposition 17.3.1. The map (§ x id) ok is a proper homotopy equivalence.

Proof. The maps ¢ : W' — Z and projection: Y x Z — Z are stacks of CW
complexes with every fiber Y, and the projection map: X x7Z — Z is a stack of
CW complexes with every ﬁber X Let f:Y - N \X be a homotopy inverse
for g, lifting to f : ¥ — X. The construction of k using f (see 6.1.4) shows
that, before identifications are made, (¢ X id) o k is built from compositions

of the form

fx id gx id

Y xBr 125 Xxpr 22, v x Bn

and hence (§ x id) o kisa proper homotopy equivalence by the Proper Re-
building Lemma (Exercise 5 of Sect. 17.1). |

From 17.3.1, 12.6.1 and 13.2.9 we obtain:

Theorem 17.3.2. Let R be a PID, and let N and @ have type F'. Then G
has type F' and for all p there are split short exact sequences

0— @ H'N,RN)®pg H(Q,RQ) — H?(G,RG) — P Torg(H'(N,RN), H(Q, RQ)) — 0.
iti=p i+i=p+1

(|
Applying this with 13.3.3(ii) we get:

Corollary 17.3.3. With respect to the PID R, if N is s-acyclic at infinity
and @ s t-acyclic at infinity, then G is (s +t + 2)-acyclic at infinity. O

More generally, if the infinite groups IV and @ have type F;, we may take
Y and Z to have finite n-skeleta, implying that W’ is a K (G, 1)-complex with
finite m-skeleton, so G has type F,. In that case the appropriate analog of
17.3.1 is:

Proposition 17.3.4. Under these hypotheses the map (g x id) o kW —
Y x Z is a CW-proper n-equivalence.
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Proof. The proof is similar to that of 17.3.1. That proof depends on 17.1.3,
which in turn is merely an observation about the proof of 4.1.7 (in which
17.1.1 and 17.1.2 play the roles of 4.1.4 and 4.1.5). Here we are asserting that
a parallel observation, using appropriately modified versions of 17.1.1 and
17.1.2, proves what is claimed. ([

As above, this gives:

Theorem 17.3.5. Let R be a PID, and let N and Q be infinite and have type
F,. Then G has type F,, and for all p < n — 1 there are split short exact
sequences

0— @ H'(N,RN)®p H(Q,RQ) — H?(G,RG) — (P Torg(H'(N,RN), H(Q, RQ)) — 0.
ityep itj=p+1

Moreover, there is a free R-module F' such that

H™(G,RG)®F = ( @ H'(N,RN)®r HJ(Q,RQ)> @( P Torr(HY(N, RN),Hj(Q,RQ))) .

itj=n itj=n41

Proof. The CW complexes Y™ and Z" are locally finite, and (Y x Z")" =
(Y x Z)™. By 12.6.1, for every p we have a split short exact sequence

0— QB H}(W”;R)(gRHj;(z"”;R) — HY(Y"xZ";R) — . EB TorR(H}(?";R),H}(Z“;R)) —o0.
itj=p itj=p+1

By a straightforward use of chain homotopies, 17.3.4 implies that for p <n—1
H;’((W’)"; R) HJIC’((YXZ)”; R) = H]’Z(Y” x Z™; R). By 13.2.9, H}(Y"; R)
Hi(N,RN) when i <n —1, H}(Z"; R) = H’(Q, RQ) when j < n — 1, and
H?((W/)";R) ~ HP(G, RG) when p < n — 1. This establishes the theorem
for p < n —1. By 13.2.11 and 12.1.2, the extremes ¢ = n and j = n cause no
trouble in the Tor term.

Now let p = n. Again we wish to identify H} of various CW complexes
with H*(I',RI") for I' = G, N or Q. The term H"(G, RG) @& F comes from
13.2.17. In the other cases where 13.2.9 does not give these identifications,
namely, the extremes ¢ or j = n in the tensor product and ¢ or j = n or
n+ 1 in the Tor terms, the relevant modules are all trivial (by 12.1.2, 12.5.1,
12.5.10(ii), 13.2.11 and 13.3.2). O

Theorem 17.3.6. Let N — G — @ be a short exact sequence of infinite
groups of type F,,, and let R be a PID. Working with respect to R, let N be
s-acyclic at infinity and let Q be t-acyclic at infinity where s < n — 1 and
t <n—1. Then G is u-acyclic at infinity where u = min{s+t+2,n—1}. If
s>0o0rt>0 (ie, if N or Q has one end) then G is u-connected at infinity.
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Proof. By 13.3.2, when s < n—1, N is s-acyclic at infinity iff H*(N,ZN) =0
for i < s+ 1 and H*"(N,ZN) is torsion free; a similar statement holds
for @, replacing s by t. It follows from 16.8.5 that H?(G,ZG) = 0 for p <
min{s+t+3,n—1} and H?(G, ZG) is torsion free for p < min{s+t+4,n—1}.
So HP(G,ZG) = 0 for p < u+1, and H**?(G, ZG) is torsion free, as required
for the first part. The second part then follows by 16.8.5 and 17.2.1. O

With 17.1.6 this gives:

Corollary 17.3.7. If N is s-connected at infinity and Q is t-connected at
infinity then G is u-connected at infinity. O

Source Notes: A version of this material appeared in [70] and [71].

Exercises

1. What happens to the material in this section when N or @ is finite?

2. Together with 16.5.1 and 16.5.2, Corollary 16.8.5 implies that (for G as in that
theorem) H?(G,ZG) is free abelian, and is trivial when N or @ has one end.
Deduce these conclusions directly from 17.3.5.

3. Give an example of H < G where H and G/H are infinite while G has more than
one end; compare 16.8.5.

17.4 The space of proper rays

Let Y be a strongly locally finite CW complex which is path connected. In
this section and the next we discuss spaces which model the end of Y in the
sense that their ordinary algebraic topology invariants are isomorphic to the
invariants “at the end of Y” which we have been discussing.

To begin, we must define higher homotopy groups at the end of Y. The
ntMstrong (or Steenrod) homotopy group of Y with respect to the proper base
ray w, denoted 7&(Y,w), is defined by analogy with 7§(Y,w) in Sect. 16.1
and 7§(Y,w) in Sect. 16.2: its elements are the base ray preserving proper
homotopy classes of proper maps (S™ x [0, 00), {v} X [0,00)) — (Y,w) where
v is a base point for S™, and {v} x [0, 00) is the base ray t — (v,t) as in Sect.
16.2. Multiplication (compare Sect. 4.4) is as in the 7¢-case.

Extending 16.1.4 and 16.2.6, we have:

Proposition 17.4.1. If £ := {L;} is a finite filtration of Y and if w is well
parametrized with respect to L, then there is a natural short exact sequence

tin' {7 1Y £ Liy (i)} 76 (V) > lin{ma (V< L, ()}

Proof. Similar to the corresponding homological proof indicated in Remark
11.4.9. The details are an exercise. [
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Let PR(Y) denote the space of all proper rays in Y with the compact-open
topology. The strong homotopy groups of Y™ are canonically isomorphic to the
homotopy groups of PR(Y). To see this, define o : 75 (Y,w) — m,(PR(Y),w)
by o([f]) = [f], where f : (5™ x [0, 00), {v} x [0,00)) — (Y,w) is a proper map
and f: (S™,v) = (PR(Y),w) is its adjoint.

Proposition 17.4.2. ¢ is an isomorphism when n > 1 and a bijection when
n = 0.

The proof of 17.4.2 would be immediate if it were true that the adjoint of
amap K — PR(Y) is always a proper map K X [0,00) — Y, but this can fail
to be true even when K is a circle. To get around this, we consider a finite
filtration £ of Y as above and we assume w is well parametrized. We say that a
map g : K x[0,00) — Y is L-proper if, for each i > 1, g(K x [i,00)) C Y < L;.
Let PR.(Y) be the subspace of PR(Y) consisting of L-proper rays® in
Y. There are corresponding homotopy groups m, (Y, £,w) whose elements
are the base ray preserving L-proper homotopy classes of L-proper maps
(5™ x [0,00), {v} x [0, 00)) — (¥, w).

Proof (of 17.4.2). There are obvious functions

7€ (Y, w) <2 10 (Y, £y w) — > 1 (PRL(Y),w) — > mn(PR(Y), w)

To see that [ is an isomorphism observe that the adjoint of a map
K — PR(Y) is an L-proper map K x [0,00) — Y and vice versa.? Since
L-proper implies proper, a and y are well-defined; they are isomorphisms be-
cause a proper map ¢ : K X [0,00) — Y can be reparametrized by a proper
homotopy to be L-proper, and if J is a closed subset of K such that g is
L-proper on J X [0,00) then this proper homotopy can be chosen to be rel J.
Clearly o = yoBoa™!. O

In view of the similarity between HY and #w¢ exhibited by 17.4.1 and 11.4.8,
one might guess that H2(PR(Y); R) is isomorphic® to H¢(Y; R) by analogy
with 17.4.2, but that is not the case in general:

Example 17.4.3. (This uses standard facts about the topology of surfaces — see
5.1.7 and 5.1.8.) The surface of genus ¢ with two boundary circles is denoted
by Tj 2. There is an obvious embedding of T} o in T4 o illustrated in Fig.
17.1, and there is a CW complex structure L, for T; 5 such that L; becomes

o0
a subcomplex of L;11 under this embedding. Let Y = ULi' Then {L;} is a
i=1

finite filtration of the one-ended CW complex Y. By using the exact sequence

3 The L-proper rays are precisely the rays well parametrized with respect to L.
4 B is defined by [f] — [f] where f and f are adjoint.
> PR(Y) is not a CW complex: recall that HZ denotes singular homology.



420 17 Higher homotopy theory of groups

in 16.2.6, one shows that ¢ (Y, w) is trivial for every well parametrized proper
ray w. Hence, by 17.4.2, m1(PR(Y),w) is trivial for every base point w. It
follows® from 3.1.19 that every path component of PR(Y) has trivial first
homology with coefficients Z. Hence H*(PR(Y'); Z) = 0. But, either from the
definition of H{ or by 11.4.8, one sees that H{(Y;Z) = Z.

Fig. 17.1.

Remark 17.4.4. The space PR(Y) is, up to homotopy equivalence, the “ho-
motopy inverse limit” of the inverse sequence {Y < L;} where £ := {L;} is a
finite filtration of Y. See, for example, [21] or [60] for more on this subject.

Source Notes: The homotopy inverse limit was introduced in [21]. The material in
this section is adapted from the shape theory literature, in the spirit of [131], [59],
[60).

Exercises

1. Find a map S* x [0,00) — Y which is not proper but whose restriction to every
{z} x [0, 00) is proper.

6 Strictly, we only proved 3.1.19 for CW complexes, but it is well known to hold
for all spaces with respect to singular homology.
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2. For any finite pointed CW complex K, establish a short exact sequence of pointed
sets
{p} — lim' [YK, Ln] — [K, PR(Y)] — lim[K, L.] — {p}
where [X, Y] denotes the set of pointed homotopy classes of maps X — Y.
3. Fill in the missing details in Example 17.4.3.

17.5 Z-set compactifications

Let Y be a locally compact metrizable space which is path connected; thus
if Y is a CW complex it is locally finite. Here we discuss how Y may be
compactified so that the compactifying space “models” the end of Y. By a
compactification of Y we mean” a compact metrizable space W containing (a
space homeomorphic to) Y — we write Y C W — so that Y is a dense open
subset of W. The nowhere dense compact set C':= W —Y is the compactifying
space. In general, a closed subset D C W is a Z-set in W if for every open set
U in W the inclusion map U — D — U is a homotopy equivalence. If the com-
pactifying space C is a Z-set in W, we say that W is a Z-set compactification
of Y.

Ezxample 17.5.1. If W is a compact manifold (see Sect. 5.1), every closed sub-
set C C OW is a Z-set in W. Thus the manifold W is a Z-set compactification
of the manifold W — C. In particular, C can be W, so W is a Z-set com-

[e]
pactification of the open manifold W.

When Y is a (locally finite) CW complex, the existence of a Z-set com-
pactification imposes restrictions on Y:

Proposition 17.5.2. If such a Y admits a Z-set compactification W, then
for any finite filtration L := {L;} each Y £ L; is finitely dominated and
{Y £ L;} is equivalent in pro-Homotopy to an inverse sequence of finite CW
complexes.

Proof. Write C = W — Y. The subspace A; := (Y £ L;) UC is a compact
neighborhood of C' in W since W - N(L;) is compact® (by 1.5.4). Thus
Y £ L; — A; is a homotopy equivalence. Letting f : A;, — Y £ L; be a
homotopy inverse, there is a finite subcomplex J; of Y < L, containing f(A;)
(by 1.2.13). Since the composition

YeLioa 25 poyve

" The only compactifications discussed in this book are metrizable compactifica-
tions which we abbreviate to “compactification.” In other contexts, W would be
compact Hausdorff; for example, the Stone-Cech compactification SY.

8Y is a CW complex but W, in general, is not. Even when W has the structure
of a CW complex, the (dense open) subset Y is not a subcomplex. Nonetheless,
W £ N(L;) makes sense.
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is homotopic to the identity map (where f’ is the corestriction of f), J; dom-
inates Y < L;. Thus each inclusion ¥ < L;;; — Y - L; factors up to
homotopy through J;, so 11.2.2 implies that {Y < L;} is pro-isomorphic to
{J;} for suitable bonding maps J;+1 — J;. O

With W as in 17.5.2,let p € C = W — Y be a base point. Since C' is a
Z-set there is a proper base ray w in Y which extends to a map [0, 00] — W,
sending oo to p, and w can be chosen to be well parametrized with respect to
L. Then a variant on the proof of 17.5.2 shows:

Proposition 17.5.3. Under these conditions the fundamental pro-group
{m (Y <€ L;,w(i))} is pro-finitely presented.” O

We will see examples in Sect. 16.4 where the fundamental pro-group is not
pro-finitely presented, and hence the space does not admit a Z-set compact-
ification. But here we will discuss some of the principal sources (other than
17.5.1) of locally compact spaces Y which have Z-set compactifications. We
begin with a rather general construction which yields interesting examples
as special cases. Let Cy, be a compact subset of the space of proper rays
PR(Y). For each t € [0,00) let!® C; € C([0,00),Y) be defined by: w; € Cy
iff wy | [0,¢] =w | [0,t] for some w € Co and we([t,00)) = we(t). Thus C; is
the set of restrictions of members of C' to [0,¢] prolonged to be constant on
[t,00). Let Dyy = |J{C: | 0 <t <tp} and Doo = |J{C; | 0 <t < c0}. Write
W = Do UCx C C([0,00),Y). All these spaces inherit the compact-open
topology.

Proposition 17.5.4. W is a Z-set compactification of D, with Cs as com-
pactifying space.

Proof. There is an obvious retraction r; : D;+1 — D; under which, for i <
t < i+ 1, wy — w;. The inverse limit in Spaces of the inverse sequence

{Doy<"—D;<"—..} is homeomorphic to W. For all ¢ there are continuous
surjections Co, — Cy and Cy X I — Dy, so each D; is compact. The space
D; is homeomorphic to a subset of C(I,Y") and is therefore metrizable. So W
is compact and metrizable, being a closed subset of the compact metrizable

oo
space HDi' Clearly D4, is open in W. The map w +— w; of Cy onto C; is

i=0
homotopic in W to the inclusion Cs, — W. Using this, it is straightforward
to show that C is a Z-set in W. O

The interest of 17.5.4 is that in at least two important cases C, can be
chosen so that D, is homeomorphic to Y, making W a Z-set compactification
of YV:

9 Pro-finitely presented means pro-isomorphic to an inverse sequence of finitely
presented groups.

10 Recall from Sect. 1.1 that C(X,Y) denotes the space of all maps X — Y, with
the compact-open topology.
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Ezxample 17.5.5. Let Y admit a proper metric d so that the usual weak topol-
ogy on'Y is induced by d. Assume that d is a CAT(0) metric or, more generally,
a unique-geodesic metric space. Choose a base point v € Y and let C', be the
space of geodesic rays starting at v. Then for 0 < ¢ < oo, D, is homeomorphic
to the space of geodesic segments starting at v and of length < ¢, hence also
to Bi(v), the ball of radius ¢ in YV centered at v. It follows that each D; is
compact and hence that D, U Cy is compact. The “terminal point map”
Do, — Y is a homeomorphism. Thus, up to identification of Y with D, the
space of geodesic rays is a Z-set compactifying space for Y. In the language
of CAT(0) geometry, Cy, is the “boundary” of Y with the “cone topology”.!!
Example 17.5.6. Here we show that every compact metrizable space C' can
play the role of W — Y for a Z-set compactification of a locally finite CW
complex Y. Let C' be homeomorphic to the inverse limit in Spaces of an inverse
sequence Wi «— Wy «— ... of finite CW complexes.'? Let Y be the inverse

mapping telescope of Wy := {v} fo Wy i Wy Iz -++; we have added

o0
a one-point space {v} to make Y contractible. The space Y is HM(fZ)/N
i=0
(see Sect. 11.4). Now M (f;) is W; Uy, (W;y1 x I) as in Sect. 4.1, so for each
Wit1 € Wit1, the path ¢ — (w;y1,t) in Wiq x I defines a path in M(f;) from
fi(wit1) to w;41. Call the corresponding path in Y a “canonical segment”
from f;(w;t1) to w;41; we can form “canonical rays” in Y as infinite products
of canonical segments just as in Sect. 3.3 (where we formed finite products
only). All these canonical rays start at v and the ith restriction to [i,i + 1] is
a canonical segment. Let Cos C PR(Y") be the space of all canonical segments
in Y. Then it is clear that the space Dy in 17.5.4 is homeomorphic to Y in

this instance, while Cy is homeomorphic to @Wi, hence to C.
i

Remark 17.5.7. In the last two examples the space of proper rays C is com-
pact. In general, the Arzela-Ascoli Theorem [51] is a useful criterion for rec-
ognizing compact subsets'? of C([0,00),Y).

Remark 17.5.8. Tn 17.4.3 we described a space Y such that H{* (PR(Y); Z) = 0
and H{(Y;Z) # 0. That example Y does not admit a Z-set compactification.

1 Strictly, this definition depends on the base point v. An equivalent definition
independent of base point is given in [24].

A well-known theorem [61, Chap. 10, Sect. 10], says that every compact metrizable
space C has this property. Of course, many different inverse sequences {W;} have
homeomorphic inverse limits. For example, if C C R™ then C' is the intersection
of compact polyhedral neighborhoods W; (see Sect. 5.2), so Wi «= W «— - -+ has
inverse limit C. Or the W;’s can be nerves of ever finer finite open covers of C.
See Sect. 9.3E for more on nerves.

13 Note that Y is metrizable by 10.1.25, a necessary condition in the Arzela-Ascoli

Theorem.

12
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Examples of the opposite phenomenon, HZ (PR(Y); Z) # 0 and HE(Y;Z) =
0, which are inverse mapping telescopes as in 17.5.6 (and so admit Z-set
compactifications) have been given in [97] and [98]. A particular case is as
follows: Y is an inverse mapping telescope of {W; «— Wy « ---} where

1
n > 2 is fixed, W; := \/S” (the wedge of i copies of S™) and W, 11 — W;
=1
is the identity on W; Cj W41 while sending the remaining copy of S™ to the
base point. Specifically: H5,_;(PR(Y);Z) # 0 and HS, _;(Y;Z) = 0. In this
case, Cy, is the n-dimensional analog of the Hawaiian Earring, a “compact
countable wedge” of copies of S™. This strange behavior arises from the fact
that the singular homology of an n-dimensional space can fail to vanish in
dimensions > n.

Remark 17.5.9. A well-known (metrizable) compactification of Y is the one-
point (or Alexandroff) compactification Y=YU {p} where p € Y is a point.
The topology of Y is the smallest topology containing the open sets of Y and
the complements in Y of all compact subsets of Y. If ¥ = [0,1) then Y is
homeomorphic to [0,1]. If Y = R then Y is homeomorphic to S*. A more
delicate compactification of Y is the end-point (or Freudenthal) compactifi-
cation'* Y = Y UE(Y). As in Sect. 16.1, we regard each end e as an element
(Zi(e)) of lim{mo(Y" < L;)} where {L;} is a finite filtration of Y. The topology
of Y is the smallest topology containing all open sets of Y and all sets of the
form Z;(e) U {e}. For fixed e, the sets Z;(e) U {e} then form a basis for the
neighborhoods of e in Y. If Y has one end, then Yy =Y. If, for example,
Y = (0,1) then Y is homeomorphic to [0, 1].

Source Notes: The concept of Z-set comes from infinite dimensional topology —
see, for example, [38] or [8]. The relevance to group theory was pointed out in [68].
Other relevant sources are [39], [12] and [9]. A weaker definition, possibly useful in
group theory, is given in [143].

Exercises

1. Show that a non-empty compact subset of R™ is never a Z-set.

Show that the space Y in 17.4.3 does not admit a Z-set compactification.

3. Let W be a compact contractible manifold (see Sect. 5.1) with non-empty'®
path connected boundary 0W. Show that if the fundamental group of OW is not

o

Z or {1}, then IX/ is not the universal cover of a finite CW complex. Hint: use
16.5.5 and 7.2.12. Remark: There exist such manifolds W with non-trivial perfect
fundamental groups, e.g., homology spheres.

4. Show that the one-point and end-point compactifications of Y really are (metriz-
able) compactifications.

4 Recall from Sect. 13.4 that £(Y) denotes the set of ends of Y.
15 By 12.3.7, if OW is empty W cannot be contractible.
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5. Assume'® that in Example 17.5.6 the bonds W;;1 — W; are Serre fibrations.
Prove that the canonical map C — PR(Y) is a weak homotopy equivalence.
(Part of this exercise is to decide what the “canonical map” is.)

6. In Example 17.5.6, take each W; to be S* x S! with the product of two degree 2
covering projections as bonds. Prove that H{*(PR(Y);Z) = 0 and H{(Y;Z) # 0.

17.6 Compactifiability at infinity as a group invariant

Let G be a group of type F, let (X, z) be a finite K (G, 1)-complex (an identifi-
cation of G with 7, (X, x) is chosen), and let (X, #) be the (pointed) universal
cover. Then X is a contractible finite-dimensional locally finite G-CW com-
plex which is finite mod G. We choose a proper base ray w in X starting at Z.
One might wish to say that the strong homotopy groups 7¢ (X' ,w) are invari-
ants of GG, but the issue of dependence on w makes this doubtful, as discussed
in Sect. 16.3. However, if G is semistable at infinity, then all proper rays are
properly homotopic and one can say that the isomorphism class of 7 ()~( W)
is an invariant of G for each k. By 17.4.2, this is isomorphic to 7 (PR(X), w).

The (isomorphism class of the) homology H(PR(X); R) is also an in-
variant of G which can be different from H(X;R) = Hyy1(G, RG®) (see
13.2.3).

In another direction we ask:

Question 17.6.1. Let {K;} be a finite filtration of X. Is {X < K;} equivalent
in pro-Homotopy to an inverse sequence of finite CW complexes?

Note that the condition in 17.6.1 only depends on GG, not on the choice of
X or {K;}.
Indeed, 17.5.3 suggests a simpler question:

Question 17.6.2. If G is semistable at infinity, is the fundamental pro-group
of X (with respect to w) pro-finitely presented?

There are interesting strengthenings of 17.6.1:
Question 17.6.3. Can X be chosen so that X admits a Z-set compactification?

As posed, X is to be a finite CW complex but it is better to allow more
generality in 17.6.3; namely, X can be a compact connected ANR (see Sec.
17.7) with fundamental group G and contractible universal cover. There is
literature relevant to this which is beyond the scope of this book; e.g., [144],
[39], [126], [75].

16 This exercise involves the algebraic topology of spaces which are not CW com-
plexes: for the definitions of “Serre fibration” and “weak homotopy equivalence”
see [146].
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Question 17.6.4. Can X be chosen so that X admits a Z-set compactification
W such that the free G-action on X by covering transformations extends to
a G-action on W by homeomorphisms?

The answer to 17.6.4 is yes, with important consequences, when X is a
CAT(0) space on which G acts freely with X := G\ X compact. Then X is
a compact ANR as above. A classical example is the compactification of the
hyperbolic plane by the circle at infinity, with G the fundamental group of a
surface of genus > 2. The answer is also yes in the case of the Rips complex
of a hyperbolic group [24].

Exercise

Prove that the right angled Coxeter groups discussed in Sec. 13.9 provide posi-
tive examples for Question 17.6.3; in fact, also for 17.6.4, since they are CAT(0)
groups; see [122].

17.7 Strong shape theory

This book is influenced by strong shape theory and shape theory. Here we
briefly explain, confining ourselves to versions of those theories for compact
metrizable spaces (also called compacta).

A space is locally contractible if for any point p and any neighborhood U of
p there is a neighborhood V of p, V' C U, such that V < U is homotopically
trivial. Roughly speaking, a compactum is considered to be “locally patholog-
ical” if it is not locally contractible. For example, the dyadic solenoid and the
Case-Chamberlin compactum (which are the inverse limits corresponding to
the mapping telescopes described in 11.4.15 and 16.1.10) are not locally con-
tractible; nor is the compactum described in 17.5.8. We say “roughly speaking”
because a concept somewhat more restrictive than local contractibility turns
out to be better. A metrizable space X is an absolute neighborhood retract
(abbrev. ANR) if whenever Y is a metrizable space, Z is a closed subset of Y,
and f: Z — X is a map, then there exists a continuous extension F': U — X
of f to some open subset U of Y containing Z. An ANR X is an absolute
retract (abbrev. AR) if in this definition of ANR the neighborhood U can
always be taken to be all of Y.

Examples and Properties 17.7.1. The metrizable space X is an AR iff
X is a contractible ANR. Every open subset of an ANR is an ANR. Finite
products of ANR’s are ANR’s and retracts of ANR’s are ANR’s. By a variation
of the Tietze Extension Theorem ([51]) R is an AR. Thus every open subset
of R™ as well as every retract of such an open set, is an ANR. If every point
of X has an ANR neighborhood, then X is an ANR. Thus every manifold is
an ANR. Every ANR is locally contractible. Every locally finite CW complex
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is an ANR (by 10.1.25 they are metrizable). A Z-set compactification of a
locally compact AR is a (compact) AR. References for ANR’s are [19] and
[89]. A theorem of J.H.C. Whitehead says that every ANR has the homotopy
type of a CW complex; a reference for this is [109, Appendix 1].

For compacta which are not ANR’s, the strong shape category and the
shape category are often better “places to do algebraic topology” than the
homotopy category. All three categories (as considered here) have compacta
as objects; the morphisms in Homotopy are homotopy classes of maps; the
morphisms in the other two categories need not be described yet. There are

canonical functors Homotopy A, Strong Shape N Shape which are the
identity on objects; if X and Y are compacta then, in general, the induced
function Ay : Homotopy(X,Y) — Strong Shape(X,Y) is neither injective nor
surjective, while By : Strong Shape(X,Y) — Shape(X,Y) is surjective but
not, in general, injective (see Example 17.7.2). However, shape theory, strong
shape theory and homotopy theory all agree on compact ANR’s in the sense
that Ax and By are bijections when X and Y are ANR’s.

We can avoid giving the technically complicated definitions of morphisms
in Shape and Strong Shape by the following trick. Let SS be the category
whose objects are pairs (W, C') where W is a compact AR and C' is a (closed)
Z-set in W; a morphism (Wy,Cy) — (Wa,C3) in SS is by definition a proper
homotopy class of proper maps Y; — Y5 where Y; = W; — C;. There is a
canonical functor: SS — Strong Shape which takes (W, C) to C and is a bijec-
tion on each set of morphisms. Thus SS and Strong Shape are philosophically
the same, even though in SS an object is an embedded compactum and in
Strong Shape it is an abstract compactum.

There is also a category S having a similar relation to the category Shape.
Its objects are the same as those of SS, namely pairs (W, C) as above. Define
two proper maps f,g : Y1 — Y5 to be weakly properly homotopic if for any
compact subset L of Y5 there is a compact subset K of Y7 and a homotopy
H : f ~ g such that H((Y; — K) x I) C Y2 — L. A morphism (Wy,C;) —
(Wa,C2) in S is by definition a weak proper homotopy class of proper maps
Y1 — Y, where Y; =W, — C;.

When Y = W —C can be given the structure of a strongly locally finite CW
complex, then HE(Y'; R) is the n'" Steenrod homology of C with coefficients in
R, denoted H};(C; R). Picking a finite filtration {L;} of Y, limH,, (Y < L;; R)
is the n'* Cech homology of C with coefficients in R, denoted H,,(C; R). We
remarked in Sect. 11.4 that HE(-; R) is a proper homotopy invariant, hence
HZ(+ R) is a strong shape invariant. Now we add that imH, (Y - Ly R)

K3
is a weak proper homotopy invariant (though HEZ(Y; R) is not) and hence
H,(-; R) is a shape invariant (though HZ(-; R) is not). Clearly, some details
concerning independence of Y and {L;} have been omitted here. The following
commutative diagram of categories and functors summarizes the situation,
where H denotes the category whose objects are pairs (W, C) as above, and
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whose morphisms from (Wi,Cy) — (Wa,Cs) are homotopy classes of maps
C; — Csy:

HZ(R)
SS ——— R-modules

B’

S

Here, the functors A’ and B’ are the identity on objects. A map f: C; — Cy
defines (using the fact that W3 is an ANR and C; is a Z-set) a (non-unique)
proper map f : Wy — C; — Wy — Cy, so that if another map ¢ is homotopic
to f then g is properly homotopic to f. This indicates how to define A’ on
morphisms of H. The definition of B’ on morphisms is obvious since properly
homotopic maps are certainly weakly properly homotopic.

Although the morphisms in SS and in S are different, it is a theorem that
two objects are isomorphic in one category iff they are isomorphic in the other
(“shape equivalent iff strong shape equivalent”) — see [60].

Example 17.7.2. To illustrate the differences between H, SS and S we give
two examples of the set of morphisms (Wy,Cy) — (Wa, Cs). The dependence
on W7 and W5 is only a convenience, as we have explained; we are really
considering morphisms C; — Cs in Homotopy, Strong Shape and Shape.
Therefore we will sometimes omit reference to the W’s. In both examples Cy
is a single point. First, let Cs be the dyadic solenoid. Then there is only one
shape morphism C7; — C5; this is because the solenoid is connected. However,
the solenoid has ¢ path components (where ¢ is the cardinality of R) and
there are indeed ¢ morphisms from C; — Cs both in Homotopy and in Strong
Shape — in fact, A4 is a bijection in this case.!” In the second example, Co
is the Case-Chamberlin compactum, which is also connected. Again, there
is only one shape morphism C7 — C5. There are ¢ strong shape morphisms
C1 — Cy; these can be partitioned into those which are in the image of A4
(there are ¢ of them), and those not in the image of Ay (there are ¢ of those
t00). A geometric translation of these strange statements is this: embed this
(1-dimensional) compactum Cy in S so that it becomes a Z-set in W := B*.
We are asserting that there are ¢ strong ends of B* — Cy representable by
proper rays w : [0,00) — B* — Oy which can be extended continuously to
paths [0,00] — B%*; and there are also ¢ strong ends whose representative

17 The similarity occurs because the solenoid is the inverse limit of fibrations.
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proper rays cannot be so extended (“empty strong shape components” of
(3, i.e., not representable by points of C3). For details, see [69]. For another
example of this kind of behavior at the my-level, see [157].

Remark 17.7.3. Here is a more practical, but equivalent, definition of mor-
phisms in the category S. Given objects (W1, Cy) and (W2, Cs), let {U,} and
{Vs} be the directed sets of all compact ANR neighborhoods of C; in W,
and Cy in Wh respectively. A morphism in S from (W7, C1) to (W, Cs) is a
morphism of pro-Homotopy {Us} — {Vj3}. Indeed, there are cofinal towers in
these large inverse systems, and to discuss a morphism one would normally

first choose such towers {U,,, } and {Vj, } where ﬂUan = C; and ﬂVgn = Cq;

n n
but there are no “canonical” towers, so it is easier to define things functorially
using the whole inverse systems. Note that since C; and Cy are Z-sets, we
could equally well use {U,, — C1} and {V3, — Ca} to describe a morphism.

Central to this book is the proper homotopy category of locally finite
CW complexes, especially the full subcategory of those which are contractible
universal covers of finite CW complexes (so that their fundamental groups
have type F'). When such a universal cover X, corresponding to the group
G of type F, admits a Z-set compactification, then the “homotopical group
theory” of G as described in this chapter is essentially the strong shape theory
of the compactifying space. We have set things up here so that that statement
is more or less a tautology.

Source Notes. Some sources on shape theory: [58], [109], [108] and [60].

Exercises

1. Write a version of this section for groups of type Fi,.

2. State a version of 17.6.2 when GG has more than one end and is semistable at each
end.

3. Let (X, ) be a finite K (G, 1)-complex with universal cover (X, ). Assume that
X has a Z-set compactification W = X U C where the compactifying space C
is connected and locally path connected. Prove that X is strongly connected at
infinity. Hint: Use the properties of ANR’s in 17.7.1.



PART VI: THREE ESSAYS

This final part of the book consists of three unrelated essays intended to
point the reader towards some interesting topics which have natural con-
nections with our main themes: l>-Poincaré duality, quasi-isometry, and the
Bieri-Neumann-Strebel “geometric” invariant of a finitely generated group.
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Three Essays

18.1 ly-Poincaré duality

Here we use R-coefficients. A countable CW complex Y has bounded geometry
if there is a number N such that every cell meets at most N other cells; Y
has bounded geometric type if every skeleton has bounded geometry. These are
stronger conditions than “locally finite” and “locally finite type”; in particular,

677,
once Y is oriented, C2°(Y;R) :S: C2 , (Y;R) make sense. Throughout this

n—

Appendix, Y is assumed to have bounded geometric type.
Let /Y (Y) be the vector subspace of C°(Y;R) consisting of lo-chains,
i.e., chains Zraeg such that Zri < o0. Since Y is countable, {el} is an
[e3

[e3

orthonormal basis for the separable Hilbert space C,(LQ)(Y), the inner prod-
uct being Zraeg, Zsaez = Zrasa. Because Y has bounded geometric

[0 (03 (03
type, 0 and ¢ take ls-chains to l>-chains and are bounded linear operators.
Write Zr(lQ)(Y) and Z{, (Y) for ker 0, and ker 4, respectively; elements are

the ls-cycles and ls-cocycles. Write Br(?) (Y) and B&) (Y) for the closures of
image 0,41 and image §,,_1 respectively; elements are the l3-boundaries and

on
lo-coboundaries. Clearly CS2) Y) :S: C’T(i)l(Y) are adjoint operators in the

sense that (omitting subscripts on 8 and § from now on) (¢, dd) = (Oc,d). As
usual, if W is a closed linear subspace of a Hilbert space V, then W+ denotes
{veV | (v,w) =0 for all w € W} and we write V =W L W+ for the direct

sum decomposition. It is easy to see that z? = (B&))l, that 2, = (Bf))l

2 (2 A 2 n .
and that C (V) = BiY(Y) L Bly (V) L (Z2(V) 0 25)(Y)). We write
H%Q)(Y) = Z,(LQ)(Y) N Z{5(Y) and we call its elements (cycles which are

also cocycles) harmonic chains. Clearly, Z,(LQ)(Y) = BSP(Y) i H%Q)(Y)

)
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and Z( (V) = B("z)(Y) i HELQ)(Y). The (reduced) la-homology and la-

cohomology of Y are the vector spaces H,(LQ)(Y) = z? (Y)/B,(LQ)(Y) and
H("Q)(Y) = Z;L(Y)/B&) (Y) respectively. The quotient maps give canonical
isomorphisms H,(lQ)(Y) — ;2) YY) — H(”Q) (Y') which give canonical
Hilbert space structures to H,\>) (Y) and H, (Y). By these isomorphisms we
may think of harmonic chains as unique “best” representatives of homology
classes and of cohomology classes.!

Define A : CP(Y) — CP(Y) to be A := §00+ 9o 6. This is the
combinatorial Laplacian operator. The name “harmonic” is explained by:

Proposition 18.1.1. Let ¢ be an ly-chain. Then ¢ is harmonic iff Ac = 0. 0O

The equation Ac = 0 is a close mathematical relative of the classical
Laplace Equation.

Note that when Y is finite all this reduces to ordinary cellular chains,
giving for a finite CW complex a best representative (co)-cycle in each (co)-
homology class when the coefficient ring is R.

Now let X be an oriented CW n-manifold which has bounded geometry.
By assuming X has only countably many path components, we ensure it is
a countable CW complex (by 11.4.3). Orient the cells of X and give dual
orientations to the cells of X*. Assume X = (). We saw that the Poincaré
duality isomorphisms ¢y, send cycles to cocycles and cocycles to cycles. So they
induce a canonical Hilbert space isomorphism H,(CQ)(X ) — H5123k(X *), hence

also a canonical Hilbert space isomorphism sy : H,(f) (Jsd X|) — HSLQ_)k(|Sd X))

called the combinatorial Hodge star operator.

Remark 18.1.2. In Exercise 2 we claim that H,EQ) is a functor on the category of
CW complexes having bounded geometry and CW Lipschitz maps. Universal
covers of finite CW complexes have bounded geometry. It follows that when
G is a group of type F.,, then H*(Q)(G) is well defined.? In Sect. 18.2 we will
see that [o-homology is a quasi-isometry invariant of such groups.

A full discussion of this subject is beyond the scope of this book. For a
thorough treatment of l>-homology see [104].

Exercises

1. Prove that *,_j 0 %, = (fl)k(”_k) identity.

2. Prove that H? and H (5) are functors from the category of CW complexes having
bounded geometry and CW Lipschitz maps to the category of real Hilbert spaces
and bounded linear operators.

3. Prove that H,SQ)(R) = 0, while the 0" unreduced l2-homology of R is non-zero.

! There is also non-reduced ly-homology and la-cohomology, Z.>) (Y)/B,(LQ)(Y) and
Zn(Y)/B(3)(Y). We will not discuss this.
2 Compare 8.1.1 and the convention which follows it to interpret this precisely.
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18.2 Quasi-isometry invariants

Quasi-isometry is a geometrical relation among finitely generated groups
which is weaker than isomorphism. Here we cover just enough of the sub-
ject to prove that many of the homological and homotopical properties of
groups discussed in previous chapters are invariant under quasi-isometry.

Let G be a finitely generated group, and let {g1, ..., gs} be a subset which
generates G. Recall that the length of ¢ € G with respect to this set of
generators is the least integer m such that ¢ = hy---h,, where each h; €
{glil, -, g} We write I(g) for the length of g; by convention /(1) = 0. The
word metric on the set G is defined by d(g, h) = I(h~tg). This is easily seen
to make GG into a metric space.

When (X,d) and (X’,d’) are metric spaces, a function f : X — X’ is an
isometric embedding if d'(f(z), f(y)) = d(x,y) for all z,y € X. This implies f
is injective; if in addition f is surjective it is called an isometry. An isometric
embedding is an embedding (in the topological sense) and an isometry is a
homeomorphism. The isometries X — X form a subgroup of the group of all
homeomorphisms X — X. (The action of G on itself by left multiplication is
an action by isometries when G carries the word metric.)

A (not necessarily continuous) function f : X — X' is a quasi-isometric
embedding if there are positive constants A and e such that for all x,y € X

() — ¢ < d'(F(2), F(y) < M(,y) + e

If in addition there is a constant C' > 0 such that for every 2 € X’ there is
some z € X with d'(f(x),z) < C, the quasi-isometric embedding f is said to
be quasi-surjective, and then f is called a quasi-isometry. We say X and X'
are quasi-isometric if there exists a quasi-isometry X — X’. The following is
an exercise:

Proposition 18.2.1. If d and d’' are word metrics on a group G with respect
to two finite sets of generators, then idg is a quasi-isometry between (G, d)
and (G, d"). O

Two finitely generated groups G and H are quasi-isometric if for some
(equivalently, any) choice of finite generating sets the metric spaces G and H
(with respect to the word metrics) are quasi-isometric.

In order to decide when two groups are not quasi-isometric it would be use-
ful to know some quasi-isometry invariants. In particular, we will see that the
finiteness properties of groups and many of the homological and homotopical
properties of groups discussed in this book are indeed quasi-isometry invari-
ants. Thus, for example, a finitely generated non-finitely presented group is
not quasi-isometric to a finitely presented group, and a one-ended group is not
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quasi-isometric to a group which does not have one end. We show in 18.2.6
that commensurable groups are quasi-isometric.3

The spaces of choice in this book are CW complexes. They do not neces-
sarily carry natural metrics, but they do carry natural pseudometrics. Recall
that a pseudometric on a set Z is a function ¢ : Z x Z — [0, co] which satisfies:
(i) (@, 2) = 0; (ii) V(@) = V(y2); and (i) V(z,2) < V(@) + (y, 2).
What makes this different from a metric is that oo is permitted as a value,
and t(x,y) can be 0 when z # y. A pseudometric space (Z,1)) consists of a
set Z and a pseudometric ¥ on Z. The example we have in mind is the CW
pseudometric p on a CW complex X: p(z,y) is defined to be the least integer
k such that there is a path in X joining x and y which meets the interiors of
(k4 1) different cells of X. Thus p(z,y) € NU{oo}; it is 0 iff z € € and y € e
for some cell e of X. If x and y lie in different path components of X then
p(x,y) is defined to be oco.

Our definitions of quasi-isometric embedding, quasi-isometry, etc. are valid
for pseudometric spaces too — just replace the metric by the pseudometric —
so we will use the language of quasi-isometry in connection with pseudometric
spaces.

Proposition 18.2.2. Let Y be a path connected rigid G-graph which is finite
mod G. Assume that the stabilizer of each vertex is finite. Let p denote the
CW pseudometric on' Y and let d be the word metric on G with respect to
some finite set of generators. Then (Y, p) is quasi-isometric to (G, d).

Proof. Pick a base vertex v € Y and a compact fundamental domain C C Y
for the G-action on Y so that v € C. For the pseudometric p, as for metrics,
we write B.(y) = {y € Y | p(y,y’) < r}. Choose r so that C C B,(v).
Let A ={g € G| gB,(v) N B.(v) # 0}. One easily sees that A is finite and
generates G. By 18.2.1, we are permitted to use A as our given set of generators
in terms of which d is defined. The required quasi-isometry F' : G — Y is given
by f(g) = gv, as we now prove.

Let 61 = max{p(v,av) | a € A}. The G-action on Y clearly preserves the
pseudo-distance p. It follows that, for any g € G, p(v, gv) < §1d(1, g); indeed,
this would be clear with respect to any finite set of generators. For g € G
choose an edge path (71,...,7) in Y from v to gv with k& minimal. Thus the
7;’s are non-degenerate edges which are not edge loops, and p(v, gv) = 2k +1.
Working along this edge path, one finds aq,...,as € A such that the edge
path is covered by B,.(v), B,(a1v), Br(a1a2v), ..., Br(ajas...a;v) with s < k. It
follows that d(v, gv) < s+ 61 < k + 41, giving d(v, gv) — §1 < p(v, gv). Thus
f is a quasi-isometric embedding. By cocompactness, f is a quasi-isometry.

O

Proposition 18.2.3. Let Y be a path connected rigid G-CW complex which is
finite mod G. Let p and p;1 be the CW pseudometrics on'Y and Y respectively,

3 We remind the reader that all groups for which quasi-isometry is discussed must
be finitely generated.
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and let i : Y' — Y denote the inclusion map. Then i is a quasi-isometry
between (Y1, p1) and (Y, p).

Proof. We first prove that (Y1, p1) and (Y1, p|) are quasi-isometric. There are

only finitely many different isomorphism types of carriers C(e) of cells e of

Y. If w is a path in Y joining two points of Y'* and if ey, - , e, are the cells

of Y whose interiors meet the image of w, then, by 1.4.3, w is homotopic rel
T

end points to a path in UC(@Z-) NY! so that the homotopy is controlled as

described in 1.4.4. The lzas}u two sentences imply the existence of A > 1 such
that for all 2,y € Y, p(z,y) < pi(z,y) < Ap(z,y). Thus id: Y1 — Y1is a
quasi-isometry as claimed.

The inclusion i : (Y1, p|) < (Y, p) is an isometric embedding and by 1.5.1
is quasi-surjective, hence is a quasi-isometry. (Il

Combining the last two results we get:

Theorem 18.2.4. If Y is a path connected rigid G-CW complexr which is
finite mod G and has finite vertex stabilizers, then (Y, p) is quasi-isometric to

(G, d). O

Corollary 18.2.5. If H is a subgroup of finite index in the finitely generated
group G, then G and H are quasi-isometric. O

In Sect. 14.5 we defined commensurability for subgroups of a given group.
More generally, two groups G and H are commensurable if there is a finite
sequence of groups G = Gy, Gy, ...,G, = H such that for each i < n either
G is isomorphic to a subgroup of finite index in G;t1, or G;41 is isomorphic
to a subgroup of finite index in G;. This is compatible with the definition of
commensurability given in Sect. 14.5 (Exercise 2).

Corollary 18.2.6. Commensurable finitely generated groups are quasi-
isometric. d

Two quasi-isometric embeddings f1, fa : (Z1,%1) — (Z2,12) are quasi-
homotopic if there exists C' > 0 such that for all z € Z7, ¥2(f1(2), f2(2)) < C;
i.e., f1 and f; are pointwise “boundedly close.” We define the category Quasi-
homotopy to have pseudometric spaces as objects and quasi-homotopy classes
of quasi-isometric embeddings as morphisms. It is tempting to use the term
“quasi-homotopy equivalence” for a quasi-isometric embedding which becomes
invertible in this category, but we already have a term for this by the following

(whose proof is an exercise):

Proposition 18.2.7. A quasi-isometric embedding becomes invertible in Quasi-
homotopy iff it is a quasi-isometry. O

Now let X and Y be path connected CW complexes. Their CW pseudomet-
rics restrict to metrics on X© and Y°. Let fy : X° — Y© be a quasi-isometric
embedding with respect to these metrics.
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Proposition 18.2.8. If Y is an n-dimensional and (n — 1)-connected rigid
G-CW complex which is finite mod G, then fy extends to a CW-Lipschitz
map f: X™ — Y. The restriction of f to X"~ ! is unique up to CW-Lipschitz
homotopy.

Proof. The map fy is CW-Lipschitz. One extends this map skeleton by skele-
ton to get the cellular map f. The connectivity assumptions on Y make the
extensions possible, and the fact that some group G acts rigidly with finite
quotient ensures that the number of cells of Y involved in each extension to a
cell of X is bounded. The same remarks apply to the uniqueness claim. The
details are a standard exercise in homotopy theory similar to proofs in Sect.
1.4. O

Addendum 18.2.9. If go : X° — YO is another quasi-isometric embedding
which is quasi-homotopic to fo, and if g is the extension of gy as in 18.2.8,
then f | X"t and g | X"~ ! are CW-Lipschitz homotopic. O

Proposition 18.2.10. The map f: X™ — Y in 18.2.8 is proper.

Proof. {N(v)|v € X°}is a cover? of X. Suppose there is a finite subcomplex
L of Y such that f~!(L) is not compact. By 11.4.4 and 10.1.12 there is an
infinite set {v;} of vertices of X such that N(v;) N f~1(L) # () for all 4. Thus
f(vi) " N(L) # 0 for all i. But this contradicts the fact that fo : X° — Y70 is
a quasi-isometric embedding. O

Theorem 18.2.11. Let G and H be finitely generated groups of type F,,. Let
X be a K(G,1) with finite n-skeleton, and let Y be a K(H,1) with finite n-
skeleton. If G and H are quasi-isometric then there is a proper n-equivalence
X" —Yy",

Proof. We may assume X and Y have one vertex each so we may identify
X0 and Y with G and H. By 18.2.8-18.2.10, there is a proper map X" —
Y™ which is a CW-Lipschitz n-equivalence. By 14.1.11, this is a proper n-
equivalence.

g

It follows from 18.2.11 that many group theoretic invariants discussed in
previous chapters are quasi-isometry invariants. Before listing some of these
we prove:

Theorem 18.2.12. If G and H are finitely generated quasi-isometric groups
and if G has type F,, then H has type F,.

Proof. Let X and Y be K(G,1) and K(H,1) complexes respectively, each
having one vertex. Since G and H are finitely generated they are countable, so,
by exercises in Sections 4.5 and 11.4, we may assume X and Y are countable

* See Sect. 11.4 for the definition of N(v).



18.2 Quasi-isometry invariants 439

and locally finite. By 11.4.6, we may choose finite filtrations {X;} and {Y;}
for X and Y. Let X; [resp. Y;] denote the pre-image of X; [resp. Y;] in the
universal cover X [resp. in Y]. Thus we have a G-filtration of X and an H-
filtration of Y. Each X; is finite mod G and each Y; is finite mod H. By 7.4.1,
{X;} is essentially (n — 1)-connected.

The construction of the map f in the proof of 18.2.8 can be carried over
to get amap f : X — Y such that for each i there exists j such that f(Xy) C
Yj and the induced map X; — Y] is CW Lipschitz. Just as in 18.2.8, we
may conclude that f defines an isomorphism in the category ind-Homotopy.
Such maps preserve essential (n — 1)-connectedness, so the filtration {Y;} is
essentially (n — 1)-connected, implying (by 7.4.1) that H has type F,. |

In view of 18.2.11 and 18.2.12, we can list some quasi-isometry invariants
of a finitely generated group G:

1) G has type F,, or type Fi;

2) the number of ends of G;

3) H"(G,ZG) when G has type Fy;

) G is semistable at each end when G is finitely presented;
)

)

)

)

N

@ is stable at each end when G is finitely presented;

G is simply connected at each end when G is finitely presented;

7) G is (n — 1)-connected at infinity when G has type Fl;

8) G is (n — 1)-acyclic at infinity with respect to a ring R when G has type
F,.

)
6

We turn to dimension. Geometric dimension and cohomological dimension
are not quasi-isometry invariants: the trivial group has dimension 0 while
non-trivial finite groups have infinite dimension. We saw in Exercise 1 of Sect.
13.10, that if a group G is of type F, and has finite cohomological dimension
then the cohomological dimension of G is equal to sup{n | H"(G,ZG) # 0}.
And the cohomological dimension of G is finite iff its geometric dimension is
finite (see Theorem VIIL.7.1 of [29]). Together with 7.2.13, these comments
lead to an additional quasi-isometry invariant:

9) G has type FD.
By Remark 18.1.2 and 18.2.8, we can add another quasi-isometry invariant:
10) H,EQ)(G) when G has type Fuo.

There is considerable interest in which properties of finitely generated
groups are quasi-isometry invariants. The list goes far beyond what is given
here.

Remark 18.2.13. It is proved in [22] that there are uncountably many quasi-
isometry classes of finitely generated groups.
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Remark 18.2.14. There are finitely generated quasi-isometric groups G; and
G+ such that for all H; < G the number of ends of the pair (G1, Hy) is 1 or
0, while there is a subgroup Hy < Gj such that (Ga, H3) has two ends. We
outline an example. A theorem in [6] asserts that if G is a connected simple Lie
group which has Kazhdan’s Property T and has infinite cyclic fundamental
group, if I" is a cocompact lattice in G and if I" := p~1(I"), where p is the
universal covering projection, then I has Property T and is quasi-isometric
to I' x Z. We set Gy := I' X Z and Hj := I" x {0}, a normal subgroup. Then
(G2, Hy) has two ends, by 13.5.11. However, a theorem of Niblo and Roller
[125] asserts that whenever a group G has Property T and H; is a subgroup,
then the number of ends of (G1, Hy) is 1 or 0, depending on whether H; has
infinite or finite index in G;. So we may set G := I". Note that this implies
that G2 does not have Property T

Appendix: Quasi-isometry and geometry

Staying within the spirit of this book, we compared the word metric of a
group G with the CW pseudometrics of suitable CW complexes on which G
acts nicely. The reader should be aware that it is more usual to compare the
word metric on G with metric spaces on which G acts. We briefly outline this.

Let w : I — X be a path in the metric space (X,d). The length of w is

l(w) = supZd(w(ti_l),w(ti)) where P ranges over all partitions 0 = to <
Pia

t1 <---<tp,=10f I (for all n); thus 0 < l(w) < co. The metric d is a length
metric if for all z,y € X d(z,y) = inf{l(w) | w is a path in X from z to y}.
For more on length metrics see Chap. 1, Sect. 3 of [24].

An action of a group G on a metric space X by isometries is proper if for
each x € X there exists r > 0 such that {g € G | gB,(z) N B.(x) # 0} is
finite. The action is cocompact if there is a compact set C C X such that
W{gC | g € G} = X. The set C is a fundamental domain for the action.

These definitions set us up for a basic quasi-isometry relation between G
and metric spaces on which G acts; a proof can be found in [24, p. 140]:

Theorem 18.2.15. (Svarc-Milnor Lemma) If G acts properly and cocom-
pactly by isometries on a length metric space X, then G is finitely generated
and for any x € X the function f: G — X, g — gx, is a quasi-isometry. [

Exercises

1. What goes wrong if one tries to define quasi-isometry for groups which are not
finitely generated?

2. Let Hi, Ho be subgroups of a group G. Prove that they are commensurable in
the sense of Sect. 14.5 iff they are commensurable in the sense of this section.
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3. Prove 18.2.1 .
4. Prove 18.2.5.
5. Prove 18.2.7.

18.3 The Bieri-Neumann-Strebel invariant

This is an introductory essay on the Sigma Invariants of group actions. Our
aim is to convey the flavor by proving some of the basic theorems in a simple
case — an action p of a finitely generated group G by translations on a finite-
dimensional Euclidean space V. We treat only the “O-connected case”, where
the invariant X1(p) (a certain open subset of the unit sphere in V) is closely
related to what is often called the “Bieri-Neumann-Strebel invariant” of G.
This subject, and its higher generalizations, use filtered homotopy theory in
a natural way.

A. Statement of the Boundary Criterion:

We start by stating the Boundary Criterion, a theorem whose proof ex-
hibits the most important ideas.

Let V be a finite-dimensional real vector space equipped with an inner
product (-, ). Each translation T, : V' — V| u — u+ v, is then an isometry of
V and we denote the group of all translations by Transl(V). Let G be a finitely
generated group. We consider a cocompact action of G on V' by translations,
i.e., a homomorphism p : G — Transl(V') with compact fundamental domain.
We do not assume that the action p is proper or that its orbits are discrete.

Let I" be the Cayley graph of G with respect to some finite generating set
{gi} of G. Let h : I' — V be a G-map. Since I is a free G-graph the existence
of such a map h is clear. We call h a control map.

There are various ways of filtering V, and each gives rise, via h™!, to a
filtration of I.

The filtration F: This is the filtration of V by closed balls B, (0) of
radius n centered at 0.

The filtrations F,: Each unit vector u € V defines a filtration of V' by
means of closed half-spaces whose boundaries are perpendicular to u. More
precisely, let H,(0) := {v € V | (u,v) < 0} and for r € R let H,(r) =
H,(0) 4+ ru. (The vector u “points out of” these spaces.) We define F,, to be
the filtration {H,(n) | n € Z} of V.

The connection between these is seen in:

Theorem 18.3.1. (Boundary Criterion ) The following are equivalent:

(i) For every unit vector u, (I'yh=1F,) has one filtered end;
(ii)) 3 X > 0 and ng > 0 such that for every n > ng any two points of
h=Y(Bn(0)) can be joined by a path in h=1(By,4(0)).
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B. The Sigma Invariants:

Before proving this theorem we make some remarks:

1. The set of directions (= unit vectors) u for which (I, h"1F,) has one
filtered end is denoted by X(p), the first sigma invariant of the action p.

2. The condition (ii) in 18.3.1 implies that the filtration h=1F of I is
essentially O-connected. Comparing with Brown’s Criterion 7.4.1, one might
therefore expect a connection between this condition and ker(p) being finitely
generated. This connection is given in 18.3.12 below.

3. We write N = ker(p). This is a normal subgroup of G containing the
commutator subgroup G’. Thus there is a canonical bijection® between the
unit vectors in V' and the equivalence classes [x] of non-zero characters x :
G — R such that x(IN) = 0, where two characters are equivalent if one is a
positive multiple of the other. The bijection is u +— [(u,-)]. In the literature,
XY(p) is often defined in terms of characters, namely, X1(p) = {[x] | x is
a non-zero character on G, x(IN) = 0, and I, is path connected}, where I’
denotes the subgraph of I" generated by the vertices g € G such that x(g) > 0.
It will follow from 18.3.5 that this definition of X!(p) is equivalent to the one
given in 1. above.

4. In the special case where V =V := G/G’ ®z R and p(g) (G’ ® 1) =
99G' ®1, XY (p) is denoted by X(G) and is called the Bieri-Neumann-Strebel
invariant of G.

5. In the literature one finds the sphere of G defined as

S(G) :={[x] | x : G — R is a non-zero character}
and X1(Q) is then defined as
{Ix] € S(G) | Iy is path connected}.

This is more functorial insofar as no choice of inner product is involved. That it
is equivalent to the definition in 4. is easily seen: every character y determines
a linear map A, : ¥y — R and there is a natural bijection between {[x]}
and the oriented codimension 1 subspaces of Vj (sending [x] to (ker(\,), “+
side”)). The chosen inner product on Vj then determines the corresponding
unit vector in Vj.

6. It is shown in [16] that our definition of X'(p) admits a substantial
generalization in which p is an action of G on a proper CAT(0) space M. An
analog of the Boundary Criterion holds (as do analogs of all the theorems
in Sect. F below); the role of half-spaces in V is played by horoballs in M.
The proofs are more difficult because the induced action of G on the CAT(0)
boundary of M (see 17.5.5) is non-trivial in general, whereas in the case
of V all translation actions induce trivial actions on S (V'), the sphere at
infinity®of V.

5 Tt is a bijection because we are assuming the action p is cocompact. Compare this
with the non-cocompact action of Z on R?, where n takes (z,) to (x +n,y).

6 The sphere at infinity of V is the space of geodesic (= straight) rays in V which
start at 0, with the compact-open topology. If dimV = n, then Soo (V) 2 S™71.
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7. There are analogs of X'(p), namely, X"(p) for all integers n > 0. In
the case of X", filtered path connectedness is replaced by filtered (n — 1)-
connectedness. Analogs of the Boundary Criterion and of the theorems in
Sect. F also hold. The entire theory is set out in [16].

8. Example. Take G = Z™". Then, obviously, X}(G) = S (R").

9. Example. Take G = Z xZ with generators a and b for the two copies of
Z. Then X(G) C Seo(R?). We will now show that ¥1(G) is a proper subset
of Sy (R?), leaving it as an exercise to show that X1(G) is actually empty.”

Take I' to be the Cayley graph of G with respect to the generators
{a,b,a=',b"'} and define h : I' — R? as above. If n > 1 it is not hard
to see that the vertex 1 and the commutator [a,b"*!] cannot be joined by a
path over B, (0). So Condition (ii) in 18.3.1 fails.

10. Example. With notation as in 6.2.10, let G = BS(1,2). Then we have
G/G 27 so XYG) C Seo(R) = £o0. Identifying U with Y x R as in 6.2.10,
the G-tree Y is “rooted” in the sense that one of its ends is fixed by the G-
action. Sending that end to —oo gives a G-map Y — R, and hence the required
control map I" — R is the restriction to the 1-skeletonof U = Y xR — Y — R.
Then —oo € Y1(G) while +oo ¢ X1(G).

11.The sigma invariants have interesting openness properties; these are
stated in 18.3.15-18.3.17.

C. Preliminaries for the proof of 18.3.1:
The properties (i) and (ii) in 18.3.1 are easily seen to be independent of our
choice of generating set {g;} and G-map h. So we make convenient choices:

e {g;} is to be invariant under inversion and is not to contain 1 € G. This
ensures that I', while not being a simplicial graph, is a regular CW com-
plex.

e h(1l) =0, and h maps each edge of I homeomorphically onto a line segment
inV.

The CW neighborhood® of 1 in I is generated by the edges joining 1 to the
vertices g;. The h-images of these edges form a finite set, .S, of line segments
in V joining 0 to points of V. While some of these may be degenerate (joining
0 to 0) there are enough non-degenerate line segments that for every u some
member of S does not lie in H,(0).

Define h,, : I' — R by hy(z) = (h(z),u).

Proposition 18.3.2. For any unit vector u in V and any vertex g € I' there
is a ray in I' starting at g on which the map h,, is strictly increasing.

Or, one may drop the “which start at 0” condition, and instead take the quotient
space which identifies parallel rays. This makes the action by translations clear,
and clearly trivial.

" Compare 18.3.18.

8 One might wish to speak of the “star” of 1, but, because of our choice of generating
set, I' is not a simplicial graph: there are two edges joining 1 to each g;.
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Proof. The discussion shows that this is true when g = 1; translation by g
preserves this property. U

Corollary 18.3.3. The filtered space (I',h='F,)is regular in the sense of
Sect. 14.3 and has at least one filtered end.

Proof. The existence of a filtered end follows directly from 18.3.2. Regularity
holds because, by 18.3.2, complements have no h~!F,-bounded path compo-
nents. O

Proposition 18.3.4. (I',h=1F,) is CW compatible.
Proof. This follows from the fact that S is finite. O

Proposition 18.3.5. If (I, h=1.F,,) has one filtered end then for all r € R the
subspace I' — h=1(H,(r)) is path connected.

Remark 18.3.6. This convenient strengthening of “having one filtered end” is
not an invariant of filtered homotopy; rather, it holds because of our choices.

Proof (of 18.3.5). By hypothesis, V n € Z 3 m > n such that any two points
in I'— h=Y(H,(m)) can be joined® by a path in I' —h='(H,(n)). Let z and y
be points of I' — h=(H, (n)) = h;1((n,>)). It follows from 18.3.2 that there
are paths in this space from z and y into h;!((m,)) = I' — h=1(H,(m)).
The end points of these paths can then be joined in I' — h =1 (H,(n)). O

D. Proof of (i) = (ii) in 18.3.1:

The proof requires some careful analysis, so we begin with a sketch to
motivate the details. The control map h is at the center of the discussion; we
will say that a subset A of I' is over a subset A of V if A C h~1(A). For
example, the filtration h=1F of I' is by sets over the balls B, (0), and the
filtration h=1F, is by sets over the half-spaces H,(n). So, using 18.3.5, we
are to prove that if I" is path connected over the complement of every H,(r),
then A and ng exist as in (ii). Starting with 2 and y over some B, (0), there
is certainly an edge path w in I" joining x to y. We consider the minimum R
such that w is over Br(0) and then we modify w near places where it is over
0BRr(0) to get a new path from z to y which is over Br_s(0) for some § > 0.
An important feature is that ¢ should be independent of w, x and y. Then, by
repeated modification, we get edge paths joining x to y over Br_js(0) until
the process breaks down. This happens at B,,4(0) for some A. Analysis of the
method shows that A is independent of x, y and w; there might be problems
if n were too small, but the method shows that there is ng such that all works

9 Recall from Sect. 14.1 that we need not confine ourselves to subgraphs as distinct
from subspaces, and to CW complements as distinct from complements, since our
filtration is CW compatible.
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well when n > ng. The key point is: in selecting our modifications of paths we
always pick them to be G-translates of a finite set of “template paths”.

We begin the details with some constructions and propositions (18.3.7—
18.3.10).

For each unit vector u € V define T'(u) := {y € G | v = g; for some j, and
hy(y) > 0}. If v € T'(u) then the line segment in S defined by + does not lie
in H,(0). For each g; and each v € T'(u) we choose a path 7(u, g;,7y) from v to
giy which is mapped by h,, into the closed interval [min{h (), hu(g:7)}, ).
(Such a path exists by 18.3.5 applied to H_,(s) for a suitable s € R.) There is
then a neighborhood Wy, of u in the unit sphere of V' such that for all u’ € W,
the image of 7(u, g;, ) under h,, lies in the open interval (min{0, h,/(g;)}, 00).
Since the unit sphere is compact we have (see Fig. 18.1 for this and what
follows):

Proposition 18.3.7. There is a finite set {ur} of unit vectors such that for
every u and g; there is some uy, such that for every v € T'(uy) the image under
ha of T(uk, gi,7y) lies in the open interval (min{0, hy(g;)}, 00). O

We note that in 18.3.7 finitely many paths suffice for all unit vectors u in
the following sense:

Corollary 18.3.8. There exists € > 0 such that for each unit vector u and
each generator g; there exists k such that for each v € T(uy) the image under
hy, of the path T(ug,gi,7y) lies in the closed interval [min{0, hy(g;)} + €, 00).
O

Let C(0,u,0) denote the closed infinite cone (in V)

{yeV| %,m > cos 0} U {0}

having vertex at 0, axis pointing in the direction u, and angle of amplitude 0 <
0 < 5. Given 0 < € < K, the corresponding frustum of this cone is denoted
by F(0,u,0,¢,K) := {y € C(0,u,0) | € < (y,u) < K}. The translation of
C(0,u, 0) having vertex v is C'(v, u, ) := C(0,u, 0) 4+ v, and the corresponding
translated frustum is F(v,u,0,¢e, K) := F(0,u,0,¢, K) 4+ v.

Since there are only finitely many paths 7(ug, g;,7), each with compact
image, we can strengthen 18.3.8:

Proposition 18.3.9. There exist 0 < ¢ < K and 0 < 6 < 3 such that for
each unit vector u and each generator g; there exists k such that for each
v € T(ux) the path T(ug,gi,7y) is over F(v,u,0,¢, K), where v = h(g;) if
hu(gi) <0 and v =0 if hy(g:) > 0.

a
The point of all this work is illustrated in Fig. 18.2. A “two-edge path”
from 7 to g; through 1 can be replaced by a “modified path,” namely, the
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H,(0) .

F(v,u,0,¢ K)

Hy,(v)

<88 ——> infinity

o @ LJ >

[ J
hu(gi) 0

Fig. 18.1.

edge path 7(ug, g;,y) from v to g;v followed by an edge joining g;y to g;. This
“modified path” lies over F(v,u,0,¢, K).

Finally (before proving (i) = (ii) in 18.3.1) we must say what it means
for a point of V' to be “far away” from the situation we have been studying.
An edge of I' joining 1 to g; is over a (possibly degenerate) line segment o;
in S which, together with u, defines a half-infinite strip (or half-line in the
degenerate case) Q; C H_,(v); see Fig. 18.1. Clearly we have:

Proposition 18.3.10. If w € Q; and the distance from w to o; is sufficiently
large, then F(v,u,0,¢, K) C B,y (w). O
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"new path"in I’

"two—edge path"in [ |

r(uk,g,-,y)

BREN

Fig. 18.2.

Proof (of (i) = (ii) in 18.3.1). We start from the setup described in the
proof-sketch above. We may assume R > n, so the piecewise linear path
h o1 meets OBRr(0) in finitely many points. We may consider w as an edge
path (wi,...,wpm) from = to y. The first vertex g on this path such that
h(g) € 0Br(0) is the common vertex of two successive edges, say w;_1 and
w;. If ¢’ is the other vertex of w;_1, then h(g’) lies in the interior of Br(0).
Let w be the unit vector in V such that the line segment from h(g) to 0
points in the direction u. We wish to replace the two-edge segment (w;_1,w;)
from ¢’ through g to g” by a modified segment. To do this, we translate this
two-edge path using g~' to get a two-edge path from ~ := g~ '¢’ through 1
to g; := g 'g”. Applying the previous propositions to this latter two-edge
path, and translating back the resulting modified path using g, we obtain a
replacement of (w;_1,w;) by an edge path whose first contact with 9Br(0) (if
any) is further along the path w; see Fig. 18.3. By 18.3.10, all of that modified
path except its final edge is over Br_¢ (0). Proceeding thus, we eventually
replace w by a path over Bp_ < (0). This process can clearly be continued as
described in the proof-sketch. The precise identification of ng and A is left to
the reader. O

E. Proof of (ii) = (i) in 18.3.1:

This is much easier and only an indication is needed. Given points = and
y over V — H,(r), they lie over some ball Br(w) C V — H,(r). By (ii) they
can be joined by a path over Bri(w) CV — Hy,(r — A). So (i) holds. O

F. Properties of X':
For a translation action p as above we have defined
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Fig. 18.3.

SY(p) :={u| (Ih"'F,) has one filtered end}.

However, the definition of X'!(p) usually given in the literature is slightly dif-
ferent. In the next proposition we prove the equivalence of the two definitions:

Proposition 18.3.11. u € X1 (p) iff there exists A\ > 0 such that for any n,
any two points in I' — h™Y(H,(n)) can be joined by a path in the subspace
I'—h Y Hy(n—N).

Proof. 1f u € X1(p) there exists A > 0 such that points in I' — h=1(H,()))
can be joined by a path in I' — h=1(H,(0)). There are elements of G which
translate I' — h=1(H,(0)) into I — h=*(H,(n)) for any n. Both directions of
the “iff” follow easily from this. O

The Boundary Criterion 18.3.1 says that (ii) holds iff X1(p) = Soo(V).
For translation actions having discrete orbits, this leads us to a topological
condition equivalent to finite generation of the kernel:

Theorem 18.3.12. Let p(G) have discrete orbits in V.. The normal subgroup
N := ker(p) is finitely generated iff X*(p) = Seo(V).

Proof. In the commutative diagram
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it is not hard to see that the map f is proper when the orbits are discrete.
Thus the filtration h~'F of I' is by sets each of which is compact mod N.
It is an exercise to show that this filtration is CW compatible. By Brown’s
Criterion and 18.3.1, the “if” part follows.

We now prove “only if” Since N is finitely generated we can choose the
generators {g;} to include a generating set for N. The images of the g;’s in
Q@ := G/N form a generating set for Q. Let I'y and I'g be the corresponding
Cayley graphs for IV and () respectively. There is an obviousmap p : I' — I'g
and, for each vertex ¢ € I'g, p~1(q) is a copy of I'y lying in I'. There is a
commutative diagram

r

7N

hq

FQ VvV

Given two points in I' — h~1(H,(r)), they map to points in I'g — hél(Hu(r))
where they are clearly joinable by a path. That path lifts to a path in I"
joining one of the two points to a point in the fiber over I'g containing the

other point. Since Iy is path connected the two points can therefore be joined
in I' — h=1(H,(r)). Thus Z1(p) = Soo (V). O

Theorem 18.3.13. (X!-Criterion) A unit vector u in V lies in X1(p) iff
there is an equivariant cellular map ¢ : I' — I such that, for all x € T,
hy 0 ¢(x) — hy(x) > 0.

Proof. We use the notation of Part D. If u € X*(p) choose v € T'(u). Define
@d(g) = g for every g € G. This is equivariant. Extend ¢ equivariantly to the
edges of I' so that the edge joining 1 to g; is mapped to the path 7(u,g;,7).
Then ¢ is as claimed. Conversely, if such an equivariant map ¢ exists, let x
and y be two points of I' — h=Y(H,(r)), let w be an edge path in I" from
z to y, and let 7 be an edge path from 1 to ¢(1). Then the product edge
path T.¢po7. ... " L o7 runs from 1 to ¢"(1) and its translates run from z
to ¢"(z), and from y to ¢™(y). The path ¢" o w joins ¢™(x) to ¢™(y). There
exists A > 0 such that 7 is over H,,(—\). By equivariance of ¢, the appropriate
combination of the paths just mentioned joins z to y in I" — h= (H,(r — \)).
By 18.3.11, u € X*(p). O

Remark 18.3.14. Because of equivariance and compactness, the condition ap-
pearing in 18.3.13 can be equivalently stated as: there is an equivariant cellular
map ¢ : I' — I and € > 0 such that for all z € I" hy, 0 ¢(x) — hy(z) > €. This
is useful in deducing the following corollaries.

Corollary 18.3.15. X!(p) is an open subset of S (V). O

Corollary 18.3.16. In the space Hom(G, Transl(V')) of translation actions
of G on V, with compact-open topology, the condition X1 (p) = S (V) is an
open condition.
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Proof. Combine 18.3.1 and 18.3.13. O

Corollary 18.3.17. In the subspace consisting of translation actions p whose
orbits are closed discrete subsets of V', the property “ker(p) is finitely gener-
ated” is an open condition.

Proof. Use 18.3.12 and 18.3.16. |

G. Relation between Y'(G) and X!(p):

We now coordinate the sets X'1(p) C Soo(V) as p varies over all translation
actions on V. Choose an inner product for V5 = G/G’ ®z R. There is a
canonical G-action of G on Vp, namely, po : G — Transl(Vp) defined by
p0(9)(G(G/G") ® 1 = ¢gg(G/G') @ 1. For any p : G — Transl(V) there is a
canonical linear G-epimorphism V} %V with kernel V. This map takes the
complementary space V.- isomorphically onto V and thus imposes a preferred
inner product on V. Using this inner product in the definition of X'!(p) we
obtain a canonical embedding So(V) — S (Vo) and X' (p) — XY(G). In
these terms we see from 18.3.12, for example, that, when p has discrete orbits,
ker(p) is finitely generated iff Soo(V) C X1(G); this is how the theorem is
usually stated in the literature. It follows that if one understands X!(G),
then one sees Y'1(p) as the intersection of X'(G) with the appropriate great
sphere in Soo (V).

H. An application to group theory:
Here is an elegant application of this theory:

Theorem 18.3.18. Let G be finitely presented and let the rank of G/G' (as
a Z-module) be at least 2. If G has no non-abelian free subgroup, then there
is a finitely generated normal subgroup L <G with G/L infinite cyclic.

Proof. Let (X,z) be the presentation complex for some finite presentation
of G. We may assume that the 1-skeleton of X is a Cayley graph with the
properties listed in Sect. C.

Claim. Se(Vo) = XYG) U (=X1(G)). To prove this Claim we recall that
Vo = (G/G’) ®z R, p is the canonical translation action, and as usual (see
Sect. B) we write X}(G) rather than X'(p) in this context. So for any non-
zero character x : G — R we are to show that either [x] or —[x] := [—x] lies
in X1(G). Let u be the unit vector in Vj corresponding to [x]. For some 7 > 0
we write Vo = H,(r) U H_,(—7). The control map on the 1-skeleton extends
to a G-map h : (X,%) — (Vp,0). Let K := ker(x) and N := ker(p). There is
a commutative diagram
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N

N4>Vo

T

XK B —— R

The spaces Y~ := hg'((—o0,7]) and Y+ := hi!([~r,o0)) cover Xg, and
their intersection is Yy := hy'([—r,7]). Choosing a base point yy € Yp, we
apply the Seifert-Van Kampen Theorem 3.1.18. The spaces Y+, Y, are path
connected, for if r is the rank of the abelian group x(G) then the 1-skeleton of
X i consists of the 1-skeleton of R” with perhaps some other 1-cells attached;
it is clear that for any linear map R” — R the preimage of any interval has
path connected intersection with the 1-skeleton of R"; hence our assertion
that Y+ and Y, are path connected.

Applying 3.1.18, there are three cases to consider:

Case 1: m (Y1, y0) — m(Xk,y0) = K is surjective. Then h™'(H_,(-7))
is path connected by 3.4.9, implying [x] € Y(G). Similarly, if “plus” and
“minus” are interchanged, —[x] € Y1(G).

Case 2: The image of w1 (YT, 50) in 7 (Xg, o) has finite index. Then by
enlarging r we get back to Case 1. The same holds for the image of m1 (Y ™, yo).
Case 3: The images of 71 (Y™, y0) in 71 (Xk,90) both have infinite index.
But this cannot happen, since, by the discussion in Remark 6.2.13 together
with 18.3.19, below, it would imply that K contains a non-abelian free group,
something ruled out by the hypotheses.

Thus, the Claim is proved.

To complete the proof of the Theorem we note that S (V) is a sphere of
dimension > 1, by our hypothesis on G/G’. By 18.3.15, the sets £X1(G) form
an open cover of this connected sphere, so they have non-empty intersection.
This intersection, being open, must contain some [xo] with xo a rational char-
acter (i.e., one whose image is an infinite cyclic subgroup of R). By 18.3.12,
L :=ker(xp) is finitely generated. O

The only missing piece in the last proof is a standard fact from combina-
torial group theory:

Proposition 18.3.19. If G = G *g, G2 is a free product with amalgamation,
where Go has index > 2 in Gy and has index > 3 in Ga, then G contains a
free non-abelian subgroup.

Proof (Sketch of Proof). The Normal Form Theorem for free products with
amalgamation (see [106, p. 187]) says that a product ¢; ... ¢, is non-trivial in
G if (i) each ¢; is in G7 or Go, (ii) ¢; and ¢;41 are not both in G; or both
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in Ga, (iii) when n > 1 no ¢; € Go, and (iv) when n = 1, ¢; # 1. Choose
a € Gy — Gy and b,c € Gy — G representing different cosets of Gy in Gs.
The Normal Form Theorem implies that ab and ac generate a free non-abelian
subgroup of G. g

Remark 18.3.20. Tt is known [25] that Thompson’s group F' has no non-abelian
free subgroup. It follows then from 18.3.18 that there exists a short exact
sequence N — F — Z with N finitely generated. By 16.9.1, we can conclude
that F is semistable at infinity (something we already knew by 16.9.7). The
existence of N implies, by 18.3.12, that X}(F) is non-empty, indeed, contains
a diametrically opposite pair of points. In fact, X'(F) has been computed,
see [17].

Source Notes:

The theorems in this section first appeared in [17]. The proofs here are adapted
from [13]. The original definition of £'(G) used a finite generation property of the
commutator subgroup (when regarded as an operator group over certain submo-
moids of the group). The definition given here is due to Bieri-Renz [BR88] and led
to higher-dimensional versions of X" (G) for n > 1, both homotopical and homo-
logical; see [18] and the references therein. Later, the whole theory, for all n, was
extended in [16] and [15] to the case where the translation action on the vector space
V is replaced by an isometric action on a proper CAT(0) space.

Exercises

1. Prove that the group N in Remark 18.3.20 has one end.

2. Let M be a proper metric space and let L be a subgroup of Isom(M), the group
of isometries of M with compact-open topology. Prove that the following are
equivalent:

(i) L is a discrete closed subset of Isom(M);
(ii) Each orbit is a discrete closed subset of M and each point-stabilizer is a
finite subgroup of L;
(iii) The action of L on M is proper.
(A subgroup L with these properties is called a lattice.)

3. Let V be a finite-dimensional real vector space equipped with an inner product.
Show that Transl(V) is a closed subgroup of Isom(V).

4. Fill in the details of 18.3.4.

5. Show that if G' is a finitely generated abelian group of rank n then X'(G) =
Soo (R™).

6. Show that if G is a finitely generated free group then X'(G) = 0.

7. Extend the discussion of X'(BS(1,2)) to the case of BS(m,n). Is the result
different?

8. Express the statement u € X'(p) in terms of filtered locally finite homology, as
in Sect. 14.2.
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of the end, 249 cellular, 40
simplicial, 135 chain homotopic, 36
Boundary Criterion, 441 chain homotopy, 36
boundary operator, 35, 38 chain homotopy equivalence, 36
bounded chain homotopy inverse, 36
geometric type, 433 chain map, 36
component in graph, 231 character, 336
geometry, 433 rational, 451
path component, 296 characteristic map, 10, 12, 17
bounding loop, 384 classifying space, 162
bouquet, 51 closed
Brouwer-Hopf Theorem, 45 ball, 9
Brown’s Criterion, 178 embedding, 5
Brown-Geoghegan Theorem, 210 function, 4
manifold, 126
canonical maximal tree, 400 subset, 3
canonical orientation, 56, 63 closure, 3
Cantor algebra, 212 coboundary, 259, 260, 264
Cantor Set, 299 of the end, 266
carrier, 30 cochain, 260
Case-Chamberlin, 374 cochain complex, 260
compactum, 426 cochain map, 261
CAT(0), 423, 426 cocompact, 86, 440
CAT(0) metric, 191 cocycle, 260, 264
CAT(0) space, 191 of the end, 266
Cauchy sequence, 397 coefficient, 38, 261
Cayley graph, 88 cofinal subsystem, 237
Cech fundamental group, 381 cohomological dimension, 186
Cech homology, 427 cohomology, 260
cell, 10, 12, 17, 18 cellular, 261
cell-permuting , 84 cohomology of the end, 265
cellular colimit, 240
chain, 40, 60 collapse, 102
cohomology, 260, 261 combinatorial boundary, 134
homology, 41 combinatorial Hodge star operator, 434
map, 28 combinatorial Laplacian, 434
Cellular Approximation Theorem, 30 combinatorial manifold, 134
CW proper, 228 commensurable, 348, 437
CW-filtered, 334 commensurator, 348
proper, 223 compact, 7, 8
properly filtered, 340 compact support, 266
chain compact-open topology, 9
cellular, 40, 60 compactification, 421
filtered, 338 Alexandroff, 424
finite, 229 end-point, 424
infinite, 229 Freudenthal, 424
locally finite, 230 one-point, 424
singular, 37 Z-set, 421

chain complex, 35 compactifying space, 421



compactly generated space, 8
compactum, 426
compatible, 335
complementary component
in a graph, 231
complete, 397
completion, 286
complex
cellular chain, 40
cellular cochain, 260
chain, 35
cochain, 260
cubical, 191
CW, 15
dual, 355
flag, 192
metric, 191
simplicial, 129
thin chamber, 268
component, 9
path, 8
concentrated, 117, 120
cone, 132
connected, 9
simplicial complex, 135
strongly, 373
connected at infinity
homology, 369
strongly, 369
connected sum, 127
connecting homomorphism, 36, 65
continuous, 4
contractible, 25
locally, 426
control map, 441
convex cell, 187
convex hull
open, 130
corestriction, 4, 239
countable CW complex, 17
covering projection, 45
covering projections, equivalence of, 99
covering space, 45
covering transformation, 90
Coxeter group, 197, 395, 396, 426
Coxeter system, 197
crosscap, 128
cube, 21, 191
cubical complex, 191
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Culler-Vogtmann Theorem, 216
cup product, 290
CW complement, 32
CW complex, 15

affine, 187

oriented, 54

pointed, 51

regular, 135
CW manifold, 354
CW neighborhood, 32
CW pair

oriented, 54
CW-compatible, 335
CW-filtered homotopy, 335
CW-filtered map, 334
CW-Lipschitz, 336
CW-Lipschitz homotopy equivalence,

336

CW-proper, 227
CW-proper homotopy, 227
CW-proper homotopy equivalence, 227
cycle, 36, 64

infinite, 232

of the end, 249
cyclic edge loop, 74
cyclic module, 246

Davis complex, 198
Davis manifold, 397
Davis’s Theorem, 198
deck transformation, 90
define the same end, 295, 376
deformation retract, 25
degenerate, 73
degree, 43
dense, 4
descending, 32
descending link, 189
diagonal action, 144
diameter, 9
dimension, 16
cohomological, 185, 186
geometric, 171
of a manifold, 125
of a simplex, 129
of a simplicial complex, 129
direct limit, 238
direct sequence, 240
direct system, 238
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directed set, 235
discrete, 3
distance in a graph, 231
dominate, 115
domination, 115
dual

cell, 354

complex, 355

cone, 353

orientation, 358
duality group, 363

Poincaré, 362, 364
duality isomorphisms, 358
dualizing module, 363
dunce hat, 110
dyadic point, 213
dyadic rotation, 212
dyadic solenoid, 256, 426
dyadic subdivision, 213

edge, 73
degenerate, 73
non-degenerate, 73
edge group, 149
edge loop, 74
edge path, 73
Eilenberg-MacLane complex, 162
Eilenberg-Steenrod axioms, 69
elementary equivalence, 76
embedding, 4
empty cell, 70
empty simplicial complex, 129
end
cohomology of, 265
filtered, 341
homology of, 249
neighborhood of, 250
of a space, 295
strong, 369
strong homology, 372
end-point compactification, 424
ends
number of, 295
set of, 295
space of, 296
envelope, 335
equivalence
of filtrations, 335
equivalence of covering projections, 99

equivalence of edge paths, 76
equivariant, 109
equivariant map, 109
essentially n-connected, 178
essentially trivial, 178
Euclidean n-space, 5
Euclidean metric, 9
evenly covered, 45
eventual image, 377
exact, 36, 243
exact sequence, 36
homology, 66
homotopy, 118
long, 36
of inverse sequences, 243
short, 36
exact sequence of a pair, 38
exact sequence of a triple, 38
excision, 39
excision map, 39
expansion, 208
simple, 208
exponential correspondence, 9
extension of scalars, 275

face, 37, 55, 132, 136, 187
fake 3-ball, 388
fake 3-sphere, 388
Farrell’s Theorem, 320
fiber, 146
filter, 250
filtered chain, 338
filtered end, 341
filtered ends
number of, 343
filtered homotopic, 334
filtered homotopy, 334
filtered homotopy equivalence, 334
filtered locally cofinite n-chains, 340
filtered locally cofinite cohomology, 340
filtered locally cofinite homology, 340
filtered locally finite cohomology, 340
filtered locally finite homology, 338
filtered map, 333
filtered ray, 341
filtered space, 333
filtration, 250
G, 178
finite, 250



finite type, 250
topological, 333
final point, 8
finite CW complex, 17
finite filtration, 250
finite index, 345
finite mod G, 86
finite presentation, 19
finite topology, 129
finite type, 17, 170
finite type filtration, 250
finitely dominated, 116
finitely generated, 19
finitely presented, 19, 247
finiteness properties
homological, 185
topological, 185
first countable, 9
first derived, 137, 138
limit, 242
flag complex, 192
flat, 363
forest, 215
forest collapse, 215
formal R-orientation, 359
free G-CW complex, 84
free action, 84
free group generated by pointed set, 398
free product with amalgamation, 149
free resolution, 182
Freudenthal compactification, 424
Freyd-Heller Theorem, 205
frontier, 4
full, 131
fundamental class, 268
fundamental cycle, 268
fundamental domain, 198, 440
fundamental group
Cech, 381
based at a tree, 150
combinatorial, 77
of graph of groups, 149
Steenrod, 381
strong, 381
topological, 94
fundamental group of graph of groups,
157
fundamental pro-group, 379
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G-CW complex, 84

G-filtration, 178

G-homotopy, 110
G-n-connected, 110

G-set, 109

G-space, 109

gallery, 267

generalized graph of groups, 157
Generalized Van Kampen Theorem, 158
genus, 127

geodesic segment, 191

geometric dimension, 171
geometric realization, 130

good base point, 95

graded homomorphism, 35
graded module, 35

graph, 17
abstract, 192
Cayley, 88

of CW complexes, 150
of groups, 149
group ring, 181

handle, 127
harmonic chains, 433
Hausdorff, 8
hemisphere, 49
hereditary, 148
hereditary homotopy equivalence, 148
HNN extension, 149
Hodge, 434
homeomorphic, 4
homeomorphism, 4
homeomorphism type, 301
homological finiteness properties, 185
homologous, 64
properly, 233
homology, 36
Cech, 427
based on infinite chains, 230
cellular, 41
relative, 66
singular, 38
Steenrod, 427
homology connected at infinity, 369
homology exact sequence, 66
homology of groups, 182
homology of the end, 249
homology sphere, 396
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homomorphism
graded, 35
homotopic, 23
homotopical boundary, 75
homotopically trivial, 161
homotopy, 23
chain, 36
relative, 24
homotopy equivalence, 24
chain, 36
homotopy exact sequence, 118
homotopy extension property
proper, 222
homotopy extension property , 27
Homotopy Extension Theorem, 27
proper, 222
homotopy group, 116
homotopy idempotent, 115
pointed, 204
homotopy inverse, 24
homotopy type, 24
Hurewicz homomorphism, 119
Hurewicz Theorem, 119
proper, 412
Relative, 119
hyperbolic group, 177, 426

idempotent
homotopy, 115
split, 203
splittable, 203
unsplittable, 203
idempotent up to conjugacy, 201
identity map, 4
incidence number, 54
local, 75
inclusion, 4
ind-isomorphic, 239
ind-isomorphism, 239
ind-trivial, 178, 248
induced
homomorphism, 36
map, 4
inductive limit, 240
infinite chain, 229
infinite index, 345
infinite rank, 246
inherited orientation, 54, 270
inherited topology, 4

initial point, 8, 73, 231
initial segment, 231
integral domain, 268
interior, 3, 10
interior of a manifold, 126
Invariance of Domain, 125
inverse limit, 235
inverse mapping telescope, 255
inverse of a map, 4
inverse of edge, 73
inverse of edge path, 73
inverse sequence, 240
inverse system, 235
inverse systems

category of, 236
island, 117, 120
isometric embedding, 435
isometry, 435

join
simplicial, 131
topological, 131, 400
JSJ decomposition, 314
Joénnson-Tarski algebra, 212

K(G,1)-complex, 162
k-space, 8
Kiinneth Formula, 276

L-bounded subset, 342
L-proper, 419
l2-chain, 433
l2-boundary, 433
l2-coboundary, 433
l2-cocycle, 433
l2-cohomology, 434
l2-cycle, 433
l2-homology, 434
Laplacian, 434
lattice, 452
leaf, 377
Lefschetz Duality, 359
length, 203, 435, 440
of a word, 197
of expansion, 208
length metric, 440
lens space, generalized, 184
level, 407
lift, 86



lim', 242
lim* (G}
trivial, 242
limit, 240
direct, 238
inductive, 240
inverse, 235
projective, 240
linear, 185
link, 132, 189
ascending, 189
descending, 189
simplicial, 192
local incidence number, 75
locally cofinite , 339
locally compact, 8
locally contractible, 426
locally finite, 7, 129, 221, 338
strongly, 222
locally finite chain, 230
locally finite CW pair, 221
locally finite type, 227
locally path connected, 9
loop, 94

malnormal, 351
manifold, 125
closed, 126
combinatorial, 134
CW, 354
open, 126
piecewise linear, 134
topological, 125

map, 4
cellular, 28
closed, 219

equivariant, 109

perfect, 219

proper, 219

simplicial, 129
map of pairs, 4
mapping cylinder, 102
mapping degree, 56
mapping telescope, 112
mapping torus, 112
marked graph, 215
matching complex, 211
Mayer-Vietoris sequence, 39, 68

reduced, 71

Index

measure, 29
metric, 9

CAT(0), 191

length, 440

proper, 191
metric complex, 191
metric space, 9
metrizable, 9
Milnor exact sequence, 265
minimal narrow set, 312
Mittag-Leffler, 242
mod torsion, 278
module

graded, 35
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modulo the Poincaré Conjecture, 388

Morse function, 188
movable at the end, 253

n-acyclic, 119, 186

n-acyclic at infinity, 411
n-acyclic at infinity group, 413
n-aspherical, 162

n-ball, 6

n-connected, 161

n-connected at infinity, 411

n-connected at infinity group, 413

n-connected pair, 102
n-equivalence

n-equivalence

proper, 234

n-equivalence, 65
n-equvialence

n-equivalence

CW proper, 234

n-inverse, 65
n-movable at the end, 254
n-space, 5
n-sphere, 6
narrow, 311
natural, 36
natural ordering, 140
neighborhood, 4

CW, 32

of the end, 250

simplicial, 131
nerve

of a cover, 210

of a Coxeter system, 198
non-degenerate edge, 73
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non-orientable surface, 128
non-reduced, 434

normal covering, 100

normal form, 201, 451
normalizer, 100

Novikov ring, 341

nowhere dense, 4

number of ends, 295

number of ends of a group, 300
number of ends of a pair, 303
number of filtered ends of a pair, 346

one-point compactification, 424
one-point union, 51
open, 3
ball, 9
cover, 7
embedding, 5
function, 4
open convex hull, 130
open manifold, 126
orbit, 85
ordered simplicial complex, 140
orientable pseudomanifold, 268
orientable surface, 127
orientation, 52, 269, 362
canonical, 56
orientation preserving, 51, 270
orientation reversing, 51, 270
oriented, 268
oriented CW complex, 54
oriented CW pair, 54
outer automorphism, 173
outer automorphism group, 215, 364,
395
over a set, 444
over a space, 321

pair
exact sequence of, 38
pair of CW complexes, 21
pair of spaces, 4
parabolic, 197
paracompact, 23
parametrization, 97
partially ordered set, 235
path, 8
path component, 8
bounded, 296

same, 8

unbounded, 296
path connected, 8
perfect, 219
perfect space, 299
piecewise linear, 133
piecewise linear manifold, 134
PL, 133
PL manifold, 134
Poincaré Duality, 359
Poincaré Duality group, 362, 364

orientable, 362
pointed CW complex, 51
pointed homotopy equivalence, 119
pointed homotopy idempotent, 204
pointed space, 51
poset, 235
pre-ordered set, 235
presentation, 19
presentation complex, 19
principal simplex, 323
pro-epimorphic, 242
pro-finitely generated, 277, 383
pro-finitely presented, 422
pro-free, 383
pro-group

fundamental, 379
pro-isomorphic, 237
pro-isomorphism, 237
pro-monomorphic, 383, 384
pro-torsion, 277
pro-torsion free, 277
pro-trivial, 248, 383
product

cup, 290
product of k-spaces, 8
product of edge paths, 74
product of spaces, 5
product orientation, 56
product topology, 5
projection map, 5
projective

limit, 240
projective module, 185
projective plane, 94
projective resolution, 185
proper, 219

group action, 440
proper attaching, 220



proper edge ray, 231
proper homotopy
weak, 427
proper homotopy equivalence, 222
proper homotopy extension property ,
222
proper homotopy inverse, 222
proper homotopy type, 222
proper metric space, 191
proper parametrization, 376
proper ray, 295
proper simultaneous attaching map, 220
proper strong deformation retract, 222
properly n-acyclic, 412
properly n-connected complex, 412
properly n-connected pair, 411
properly filtered, 340
properly homologous, 233
properly homotopic, 222
pseudomanifold, 267
pseudometric, 436
pseudometric space, 436
pull-back, 224

quasi-homotopic, 437
quasi-isometric embedding, 435
quasi-isometry, 435
quasi-surjective, 435

quotient complex, 22

quotient map, 6

quotient orientation, 54
quotient space, 6

quotient topology, 6

R-orientation, 268
rank, 246
ray

proper, 295
realization

geometric, 130
reduced cellular chain complex, 72
reduced cellular homology, 70
reduced edge path, 74
reduced homology exact sequence, 71
reduced Mayer-Vietoris sequence, 71
reduced word, 197
reduction of edge path, 74
regular, 342
regular covering, 100

Index 471

regular CW complex, 135
rel, 24
relative boundary, 66
relative cohomology, 264
relative cycle, 66
relative homology, 66
relative homotopy, 24
Relative Hurewicz Theorem, 119
resolution

free, 182

projective, 185
restriction, 4, 237
retract, 25, 158

deformation, 25

strong deformation, 25

weak deformation, 25
retraction, 25

strong deformation, 25
right angled Coxeter group, 325
right angled Coxeter system, 325
right-angled Artin group, 192
rigid G-CW complex, 84
rigid action, 84
Rips complex, 177, 426
root, 206

saturated, 6
Selberg’s Lemma, 200
semilinear, 185
semistable, 242, 277, 342, 370
at infinity, 394
semistable at each end, 394
Serre Tree, 155
Serre’s Theorem, 171
shape, 427
strong, 427
Shapiro’s Lemma, 288
sheets, 193
shift, 242
shift homomorphism, 201
short exact sequence, 36
sigma invariant, 442
simplex, 129
singular, 37
standard, 37
Simplicial Approximation Theorem, 135
simplicial complex
countable, 129
finite, 129
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locally finite, 129
simplicial isomorphism, 129
simplicial join, 131
simplicial link, 192
simplicial map, 129
simplicial neighborhood, 131
simplicial subdivision, 133
simply connected, 78
simply connected at an end, 379
simply connected at each end, 394

simply connected at infinity, 379, 394

simultaneous attaching map, 10, 12
singular chain, 37
singular chain complex, 38
singular cohomology, 266
singular homology, 38
singular simplex, 37
skeleton, 16
slender group, 313
sliding, 403
smash product, 399
space, 3

pointed, 51
space of ends, 296
sphere

homology, 396
sphere at infinity, 442
sphere of G, 442
spine, 335
splits, 37
splittable, 37
splitting of a group, 314
stabilizer, 84
stable, 237, 277, 383
stable at each end, 395
stable at infinity, 395
stable letter, 149
stably a particular group, 383, 395
stack, 146
Stallings. Theorem, 303, 308
standard n-simplex, 37
standard coset, 197
standard PL n-ball, 134
standard PL n-sphere, 134
standard subgroup, 197
star, 132
Steenrod fundamental group, 381
Steenrod homology, 427
Steenrod homotopy group, 418

strong deformation retract, 25
proper, 222
strong deformation retraction, 25
strong end, 369
strong fundamental group, 381
strong homology end, 372
strong homotopy group, 418
strong shape, 427
strongly connected, 373
strongly connected at infinity, 369, 373
strongly homology connected at infinity,
373
strongly locally finite, 222
subbasis, 4
subcomplex, 21, 131
subdivision
barycentric, 47
binary, 206
of CW complex, 47
simplicial, 133
tree, 207
subspace, 4
subsurface, 304
suitable for weak topology, 7
sum, 7
support, 41, 270
compact, 266
surface, 126
non-orientable, 128
orientable, 127
surface group, 128
suspension, 44
Svarc-Milnor Lemma, 440

telescope

inverse mapping, 255
tensor product, 273
thin chamber complex, 268
Thompson’s Group, 170, 206, 213, 331,

395, 452

Tietze transformation, 79
topological filtration, 333
topological finiteness properties, 185
topological group, 397
topological join, 131
topological manifold, 125
topological property, 4
topological space, 3
topologically equivalent, 9



topologically well filtered, 333
topology, 3
torsion free module, 246
torsion submodule, 246
torus, 98
total complex, 150
total inverse sequence, 377
total space, 146
totally disconnected, 298
tree, 78
Bass-Serre, 156
complete rooted binary, 206
finite, 206
maximal, 78
Serre, 155
tree poset, 308
triangle inequality, 9
triangulable, 130
triangulation, 130
canonical, 193
triple
exact sequence of, 38
triple of spaces, 4
trivial RG-module R, 182
trivial first derived limit, 242
twisted, 360
type F, 173
type Foo, 170
type Fi, 169
type F'D, 173
type F'L, 185
type F'P, 185
type FP), 195
type F'Poo, 185
type F'P,, 185

unbounded

Index

component in a graph, 231
path component, 296
subset, 342

underlying polyhedron, 130
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Universal Coefficient Theorem, 274, 275

Universal Coefficient Theorem in

cohomology, 276
universal cover, 91
unknotted, 126
usual topology, 5

Van Kampen Theorem
Generalized, 158
vertex, 17, 129, 187
vertex group, 149
vertex of cone, 132

Wang sequence, 316

weak deformation retract, 25

weak topology, 7

weakly properly homotopic, 427

wedge, 51

wedge point, 51

well filtered CW complex, 334

well parametrized, 369

Whitehead Theorem, 103
proper, 411

Whitehead’s Contractible 3-manifold,

389
word
reduced, 197
word metric, 435
Wright’s Theorem, 384

Z-set, 421
zero-dimensional, 298, 397
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