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0. Introduction

Here is a brief outline to the paper. In Section 1, we review some basic facts concerning
Clifford algebras and spin structures. In Section 2, we discuss the spectral theory of self-
adjoint elliptic partial differential operators and give the Hodge decomposition theorem.
In Section 3, we define the classical elliptic complexes: de Rham, signature, spin, spin®,
Yang-Mills, and Dolbeault; these elliptic complexes are all of Dirac type. In Section 4, we
define the various characteristic classes for vector bundles that we shall need: Chern forms,
Pontrjagin forms, Chern character, Euler form, Hirzebruch L polynomial, A genus, and
Todd polynomial. In Section 5, we discuss the characteristic classes for principal bundles.
In Section 6, we give the Atiyah~Singer index theorem; the Chern—Gauss—Bonnet formula,
the Hirzebruch signature formula, and the Riemann—Roch formula are special cases of the
index theorem. We also discuss the equivariant index theorem and the index theorem for
manifolds with boundary. We have given a short bibliography at the end of this article and
refer to the extensive bibliography on the index theorem prepared Dr. Herbert Schroder
which is contained in [12] for a more complete list of references.

This article began in 1988 as a set of lecture notes for a short course on the index the-
orem which was given at the International Centre for Theoretical Physics in Trieste Italy.
These lecture notes were revised and published in Forty More Years of Ramifications, Dis-
courses in Mathematics and its Applications #1, 1991, Texas A&M University. The present
article represents a second complete revision; permission for this has been granted by the
Department of Mathematics of Texas A&M University. It is a pleasant task to acknowledge
support of the NSF (USA) and MPIM (Germany).

1. Clifford algebras and spin structures

We refer to Atiyah, Bott, and Shapiro [1], Hitchin [15], and Husemoller [16] for further de-
tails concerning the material of this section. Give R™ the usual inner product. The exterior
algebra A(R™) is the universal unital real algebra generated by R subject to the relations

vAw+wAav=0.

Similarly, the Clifford algebra C(R™) is the universal unital real algebra generated by R™
subject to the relations:

vew+wkxv=—2(,w).

Let {e;} be the usual orthonormal basis for R™. If I is a collection of indices / = {1 < i1 <
ce<ip<m},let|I|=p,let

AL . C._,. ke
e; ==ej; A---Nej, andlet e;:=e;*---xep,.
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Both A(R™) and C(R™) inherit natural innerproducts. The {e;‘} are an orthonormal basis
for A(R™) and the {ef} are an orthonormal basis for C(R™). As the defining relation for
A(R™) is homogeneous, A(R™) is a Z graded algebra where

AP(R™) = span{e;‘}”I:p.

As the defining relation for C(R™) is Z graded, C(R™) is a Z; graded algebra where the
grading into even and odd is given by

C*(R™) := span{e€} and  C°(R"™) :=span{ef } oy

|Il=even

Let
ext(v)w :=vAw

be exterior multiplication and let int(v) be the dual (interior multiplication); it is defined by
the identity (ext(v)w1, w2) = (w1, int(v)w,). Suppose that v is a unit vector. Then we can
choose an orthonormal basis {¢;} so that v = e;. Relative to such an adapted orthonormal
basis we have:

0 ifij=1

Ay ._ '
ext(v)(e,) = [6’1 ANeig A---Aei, ifi;>1,
. i A\ A8 ifi =11
int(v)(ef') := {(e),z ’ ifii > 1.

In other words, in this adapted orthonormal basis, exterior multiplication by v adds the
index ‘1’ to I while interior multiplication by v removes the index ‘1’ from 7. If c is a
linear map from R™ to a unital algebra A such that c(v)? = —|v|?1 4, we polarize to see
that

c(v)c(w) 4+ c(w)c(v) = —-2(v, w)l 4.
As c preserves the defining relation, ¢ extends to a representation of C(R™). Let

c(v) :=ext(v) — int(v).
Then c(v)*w = —|v|?w s0 ¢ extends to a unital algebra morphism from C to the algebra of
endomorphisms of A(R™). Again, relative to an adapted orthonormal basis where v = ey,

we have

Ay | —€ia N nei, ifi;=1,
C(v)(e’)'—{elf\eil AoNe,  ifip> 1

The map v — c(v)1 extends to a natural additive unitary isomorphism from C(R™) to
A(R™) which sends ef to e;‘; this map is nor an algebra isomorphism.
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If m > 3, then the fundamental group of the special orthogonal group SO(m) is Z;
we use the Clifford algebra to describe the universal cover. Let Pin(m) be the set of all
elements @ € C(R™) which can be written in the form w = v; * - - - * v for some k where
the v; are unit vectors in R™ and let Spin(m) be the subset of elements where & can be
taken to be even;

Spin{m) = Pin(m) N C*(R™).

Then Pin(m) and Spin(m) are smooth manifolds which are given the structure of a Lie
group by Clifford multiplication. The Lie group Pin(m) has two arc components; Spin(m)
is the connected component of the identity in Pin(m). Let

x(w):(-—l)k for w = vy * - -- % v € Pin{(m)

define a representation of Pin(m) onto Z; whose kernel is Spin(m). Let

plw): x> x(wo*x *w !

define representations p : Spin(m) — SO(m) and p : Pin(m) — O(m). If v is a unit vector,
then p(v) is reflection in the hyperplane v ; relative to an adapted orthonormal basis where
v = e, we have

p()e; =—e; and p(v)e;=¢ fori>1.
The representation p defines a short exact sequence
Zy — Spin{m) — SO(m)

and exhibits Spin(m) as the universal cover of SO(m) if m > 3. The orthogonal group
O(m) is not connected; it has two components. There are two distinct universal covers
of O(m) distinguished by the induced multiplication on the set of arc components. One
universal cover Pin(m) is as defined above; the other is defined by taking the opposite sign
in the definition of the Clifford algebra. We omit details as this will not play a role in our
discussion.

Let U(n) be the unitary group. We complexify to define:

CR™ :=CR™" QT and
Spin‘(m) := Spin(m) ®z, U(1) C C.R™).

Since we identify (—g) ® (—A) with g ® A in Spin°(m), themap s : g @ A > A? defines a
representation from Spin‘(m) to U(1). Since p(—g) = p(g), we may extend p to a repre-
sentation from Spin‘(m) to SO(m) by defining p(g ® 1) = p(g). Let S" be the unit sphere
in R"*1, jet RP" := S"/Z, be real projective space, and let SU(n) be the special unitary
group. We have that

SO0B3)=RP?, Spin(3) =$>=SU(2),



714 P.B. Gilkey
Spin(3) =U(2) and Spin(4) =S$> x §°.
Let 6(2n) = e(2n + 1) := (/—1)". We define the normalized orientation by:

oy, :=¢e(mdey * - - - x ey, € C.(R™); orn,zn =-1.

Let M,(C) be the algebra of v x v complex matrices. Then C, (R?"y = M2 (C). This iso-
morphism defines an irreducible representation S of C.(R?") of dimension 2" which is
called the spin representation. Every complex representation of C(R%") or equivalently of
C.(R?") is isomorphic to the direct sum of copies of S. The normalized orientation orny,
anti-commutes with elements of C2(R?") and commutes with elements of C¢(R?"). The
restriction of S to CZ(2n) is no longer irreducible; it decomposes into two representations
S¥ called the half spin representations; S*(orny,) = +1 on 8. Clifford multiplication
defines a natural map intertwining the representations p ® ST and ST of Spin(2n) and of
Spin€(2n):

c: R @ 8t — ST,

For example, let {1, v} be an orthonormal basis for RZ. Then C,(R?) = S; & S decom-
poses as the sum of 2 copies of & where

Sy :=Span{u +v—1-v,1— /=1 ux*v}
and
S ;=Span{u—\/—1 -v,1+v—1~u*v}.

We may identify ST = S+ with the span of u + +/—1v and S~ = S, with the span of
1 — J_ 1u * V. Smularly, let {u, v, w, x} be an orthonormal basis for R4 Then C.(R%) =
81 & 52 & 83 & 84 decomposes as the sum of 4 copies of S; these representation spaces
can be taken to be the tensor product of the representation spaces in dimension 2. Thus

S$:=8188, 5 =888, $:=8508, 5:=5885,
or equivalently:
:Si:=Span{(u+\/——l-v)(w+«/—_1-x),(u+x/—_1‘v)(l—x/—_l-w*x),
(1-«/—_lou*v)(w+«/—_1-x),(1—«/_——l-u*v)(l—\/—_l-w*x)},
§2:=Span{(u—-«/—_l-v)(w+«/———-1-x),(u—«/——1-v)(l—«/—_l-w*x),
A+ V=T uxv)w++=1-x), A+ =T uxv)(1 = V=1 wxx)},
3’\3:=Span{(u+\/—_1-v)(w—\/-—_l-x),(u+«/:f-v)(1+«/—_1-w*x),
(l—x/—_l-u*v)(w—x/jw),(l—«/———l-u*v)(1+x/—_1-w*x)},
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Sa:=Span{(u — /=1 - v)(w —v/=1-x), (4 — /=1 - v)(1 + V=1 - w*x),
(1+«/_——1~u*v)(w——x/—_1~x),(l+«/——_1-~u*v)(1+~/—_1~w*x)}.

(5 ) (82 e )

cii=v-1-c1®c, Gi=v-1l-c1®c, CGi=+v-1cQ®c,

Let

Cii=c®1.

We can also define the spin representations for m = 2 or m = 4 by taking
claiu + arv) ;= aici1 +arey ifm=2,
claiu +av + azw + agx) :=aici +axcr +a3cz +aqcs ifm=4.

The Stiefel-Whitney classes are Z; characteristic classes of a real vector bundle. They
are characterized by the properties:

(@) fdim(V)=r,then w(V)=1+wi(V)+---+ w, (V) for w; € H(M; Z,).

(b) If f: M, > My, then f*(w(V))=w(f*V).

(c) We have w(V @ W) = w(V)w(W), Le.

w (VO W)= Y wi(V)w;(W).
i+j=k

(d) If L is the M&bius line bundle over RP! = S!, then w1 (L) #0.
For example, we have H*(RP"; Zy) = Zz[x11/ (Jc;’+1 = () is a truncated polynomial alge-
bra; here x; = w1(L) € H{(RP"; Z,) is the first Stiefel-Whitney class of the classifying
real line bundle over RP". We have

w(TRP") = (1 +wy)"+.
More generally, let Grp(m) be the Grassmannian of unoriented p-dimensional planes in
R™; RP™ = Gri(m+1). Let E be the classifying p plane bundle over Gr,(m) and let E 1
be the complementary bundle;

E:={(1,8)eGrpm)xR": £ en} and

E*:= {(n,ﬁ-’) € Grp(m) xR™: & _Ln'}.

Let w := w(E) and let W := w(E7L). Since E @ E= is the trivial m plane bundle over
Grp(m), we have wi = 1. We use this relation to solve for w in terms of w; wy = wy,
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Wy = w% + ws, etc. For dimensional reasons, we have W; = 0 for i > dim(EL) =m —i.
This is the only relation imposed. We have, see Borel [5],

H*(Grp(m); Zp) = Zolwi, ..., wp)/W; =0 fori>m— p.

The integral Chern classes are Z characteristic classes of a complex vector bundle. They
are characterized by the properties:

(@) Ifdim(V) =r,thenc(V)=1+c1(V)+---+ ¢ (V) forc; € H(M; Z).

(b) If f: M1 — My, then f*(c(V)) =c(f*V).

(c) We have c(V @ W) = c(V)c(W), ie.

alVew)= Y aV)e;(W).
i+j=k

(d) If L is the classifying line bundle over CP! = S2, then ¢; (L)[CP'] = —1.
We have H*(CP"; Z) = Z[x»2]/ ()cé"H = 0) is a truncated polynomial algebra; here xp =
c1(L) € HX(CP"; Z) is the first Chern class of the classifying complex line bundle over
CP". Let T1-0 be the holomorphic tangent bundle of CP"; 710 is isomorphic to A%1CP".
We have

c(Tl'O) =(1 +x2)n+1.

We can complexify a real vector bundle V to define an associated complex vector bundle.
The integral Pontrjagin classes are defined in terms of the Chern classes:

pi(V) = (=1)c2(VRC) € H¥(M; Z).

For example,
p(TS™)=1 and p(TCP")=(1+x3)"*".

Fix a fiber metric on a real vector bundle V and let ¢, be local orthonormal frames for
V' over contractable coordinate neighborhoods O,. We may express e, = dapeg where
$ap maps the overlap Oy N Op to the orthogonal group O(r). These satisfy the cocycle
condition: ¢ugdpy = ¢oyy. We say that V is orientable if we can reduce the structure group
to SO(r); this means that we can choose the e, so det(¢op) = 1; V is orientable if and
only if w1 (V) = 0. We say that V admits a spin structure if V is orientable and if we can
define lifts ¢, to Spin(r) preserving the cocycle condition; similarly, we say that V admits
a spin® structure if V is orientable and if we can define lifts ¢4 to Spin°(r) preserving
the cocycle condition. Let s be a spin® structure on V. We use ¢ to define an associated
complex line bundle o (s) over M with transition functions o (5(,;3) e UQ).

By choosing a fiber metric for a line bundle L, we can reduce the structure group to
O(1) = £1 in the real setting or to U(1) = S! in the complex setting. Let s,5 be the
transition functions of L. If s is a spin structure on V and if L is real or if s is a spin®
structure on V and if L is complex, we twist the structure s by L to define a new structure
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sz with lifts &,,gsaﬁ. Let Vect]}§ (M) and Vect(}: (M) be the set of isomorphism classes of
real and complex line bundles over M. We use the map s + sy to parametrize inequivalent
spin and spin® structures on V by Vectlk (M) and Vecté: (M). We use tensor product to make
Vecty (M) and Vect.(M) into Abelian groups. The first Stiefel-Whitney class is a group
isomorphism from Vect]%{ (M) to HY(M; Z,) which provides a natural equivalence between
these two functors. Similarly, the integral first Chern class is a group isomorphism from
Vect(lC (M) to H*(M; Z) which provides a natural equivalence between these other two
functors. Thus inequivalent spin and spin® structures on V are parametrized by H'(M; Z,)
and H2(M; Z); there exist inequivalent spin structures if and only if H(M; Z;) # 0 and
there exist inequivalent spin® structures if and only if H2(M; Z) # 0. Note that the complex
line bundle o (s1) associated to the twisted spin® structure is the complex line bundle o (s)
twisted by L% ie.o(s)=0(s)® L2

A real vector V is orientable if and only if w;(V) = 0. It admits a spin structure if and
only if w; (V) =0 and wz(V) = 0. It admits a spin® structure if and only if w; (V) =0 and
if wy(V) can be lifted from H2(M: Z) to H3(M: Z). If V; admits a spin structure, then
V @ V1 admits a spin structure if and only if V admits a spin structure. If V; admits a spin®
structure, then V & V; admits a spin€ structure if and only if V admits a spin structure.
If V is the underlying real vector bundle of a complex vector bundle W, then V admits a
natural orientation and spin® structure.

We say that a manifold M is spin or spin® if the tangent bundle T M has a spin or spin®
structure. The sphere $™ is spin for any m. Note that RP! = §'. Let m > 1. Real projective
space RP™ is orientable if and only if m is odd, spin® if and only if m is odd, and spin if
and only if m = 3 mod 4. We have

H'(RP";Z,)=Z, and H*(RP™;Z)=1Z,.

Let j > 1. There are 2 inequivalent spin structures on RP*~! and 2 inequivalent spin®
structures on RP*/*1. Complex projective space CP™ always admits a spin‘ structure. It
admits a spin structure if and only if m is odd. The spin structure is unique; the spin®
structure is not. If m = 2 and if M is orientable, then M admits a spin structure. The group
of n-th roots of unity acts by complex multiplication on the unit sphere $§2¢~1 in C*. For
k > 2, the lens space L(k; n) is the quotient $%*~1/Z,, . If k is odd and if n is even, L(k; n)
does not admit a spin structure; L(k, n) admits a spin structure if » is odd or if k and n
are both even. The spin structure is unique if n is odd; there are two spin structures if n is
even. The lens space L(k; n) always admits a spin® structure and there are n inequivalent
spin® structures. The product of spin manifolds is spin; the product of spin® manifolds is
spin‘. The connected sum of spin manifolds is spin; the connected sum of spin® manifolds
is spin°®.

If M is an even dimensional spin manifold, let the spin bundle S(M) be the bundle
defined by the spinor representation S. The Levi-Civita connection lifts to a connection
called the spin connection on S(M). Clifford muitiplication defines a representation ¢ of
the Clifford algebra of the tangent bundle on the spin bundle S(M). Let ¢ := {e;} be a local
orthonormal frame for the tangent bundle. The frame ¢ defines two local frames £5 for
S(M); this sign ambiguity plays no role in the local theory and reflects the fact that we
have two lifts from the principal SO bundle to the principal Spin bundle. Let I7;; be the
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Christoffel symbols of the Levi-Civita connection. Then the connection 1-form of the spin
connection is an endomorphism valued 1 form which is given by

1
i Z Tijrei ® clej)cer).
ijk

2. Spectral theory

We refer to Gilkey [12] and to Seeley [19] for further details concerning the material of this

section. Let M be a compact Riemannian manifold without boundary. Let x = (x1, ..., x™)
be a system of local coordinates on M. Let 8] = 3/dx". If o = (1, ..., ) is a multi-
index, let

8F =@M - (BR), %= gi and fali=on 4o F o

Let V and W be smooth complex vector bundles over M and let D mapping C*°(V) to
C° (W) be a partial differential operator of order n. Choose local frames for V and W to
decompose

D= Z ae (x)3},

laign

where the a, are linear maps from V to W. We define the leading symbol of D by replacing
differentiation with multiplication:

orL(D)(x,£) 1= ) aq(x)E".

la|=n

If we identify £ with the cotangent vector § := ) , & dx', then o7.(D)(x, £) is an invari-
antly defined map which is homogeneous of degree n from the cotangent bundle T*M to
the bundle of endomorphisms from V to W. We have

or(D*) = (=D"or(D)* and o1(D;o Dy) =0r(D1) cor(Dy).

The leading symbol is sometimes defined with factors of +/—1 to make formulas involving
the Fourier transform and the adjoint more elegant; we delete these factors in the interests
of simplicity.

We suppose V = W for the moment. We assume V is equipped with a fiber metric and
define the L2 inner product by integration. We say that D is elliptic if o (D)(x, &) is
invertible for & # 0. We say that D is self-adjoint if

(D¢, ¥)2(v) = (¢, DV 2y, for all smooth ¢, .

Let D be self-adjoint and elliptic. There exists a complete orthonormal basis {¢,} for
LZ(V) where the ¢, are smooth sections to V with D¢, = A, ¢,; the collection {¢,, A, } is



The Atiyah-Singer index theorem 719

called a discrete spectral resolution of D. We have dimker(D) < oo and limy,s00 |Ay] =
00. Order the eigenvalues so 0 < |A1]| < |A2| < ---. Then there exists § > 0 and ¢ > 0 so
that |A,| > v? if v is sufficiently large. We have a decomposition

C%®(V) =ker(D) & range(D)

which is orthogonal in LYV). I ¢ e LE(V), we may expand ¢ = Y a,¢, in a generalized
Fourier series; ¢ is smooth if and only if lim,—, vka, = 0 for any k, i.e. the Fourier
coefficients decay rapidly.

For example, let D = —83 on the circle. The corresponding spectral resolution is

{e‘/“_l”o, n?},ez. The eigenfunctions are smooth and the eigenvalues grow quadratically.
More generally, let D be the Laplacian on the sphere S™. If we introduce polar coordinates
(r,0) on R™*! for r € [0, 00) and 6 € S™, we can express the Euclidean Laplacian D, in
the form:

D, = —8,2 — mr‘lar +r7%D.

Let H(m + 1, j) be the vector space of all harmonic polynomials which are homogeneous
of order j in m + 1 variables. We can use the above equation to see that the restriction
of fe€ Him+1,j) to S is an eigenfunction for D corresponding to the eigenvalue
Jj(G +m —1). In fact, all eigenfunctions of the Laplacian on $™ arise in this way and
{j(G+m—=1), Him+ 1, j)};>o0 is the discrete spectral resolution of the scalar Laplacian
on the sphere §™. The eigenvalues j{j + m — 1) appear with multiplicity

dimH(m+1,j)=(m’:j)—<m+j_2).

m

Thus if we order the eigenvalues in increasing order and repeat each eigenvalue according
to multiplicity, we have A, grows like v2/™m We refer to [12, Section 4.2] for further details.

Let {¢,, A,} be the discrete spectral resolution of a self-adjoint elliptic second-order
partial differential operator D. If we assume that the leading symbol of D is negative
definite, then there are only a finite number of negative eigenvalues. The estimate A, > v*
for large v shows that the heat trace

h(t, D) :=tr2e7'P = Ze*“v
v

is analytic for ¢ > 0. There exists an asymptotic series as ¢ | 0 of the form

h(t, D)~ Y an(D)" ™72,
nz20

where a,(D) = f y @n(x, D) are locally computable invariants. The a,(x, D) are invari-
ant polynomials in the jets of the total symbol of D with coefficients which are smooth
functions of the leading symbol of D. For example, if D = §d is the scalar Laplacian,
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the leading symbol of D is given by the metric tensor; D is a self-adjoint elliptic partial
differential operator. Let R;j;;... denote the components of the covariant derivatives of the
curvature tensor relative to a local orthonormal frame for the tangent bundle of M. We
adopt the Einstein convention and sum over repeated indices. Let p;; := Rjx; be the Ricci
tensor and R := p;; be the scalar curvature. Then, see [12, Section 4.1] we have:

ao(D) = (47r)“”‘/2/ 1, az(D)=(4n)_m/2/ 17@,
M 6

5
=4—m/2/_2 2 —R2
as(D) = (47) . 360R |P| +180| l
17
—m/2
as(D) = (4r) m/ /};4{7‘ RaRik — 7'/)1] kPijik — 7‘,0]k nPjnik

8

24
7'p]kp}k nn+

9 28
+ —Rijkl;nRijkl;n + W'R'R:nn T

7 =7 PjkPjnikn

35

12
+ RtjklRt]kl ian + ——— 9.71

14 14
3 14,2 19 2
—7R = Rp-+ 3'7!’R|R|
208
T 9.7

44
9.7!

6
——PjkPjnPkn — 7= Pij Pk Rikji — 3. 7‘p/kR]n£z Rinei

3.7

Rijkn Rijep Rkn@p Rt]kn RllkpRjan}

9.7

There are similar formulas for the Laplacian on p forms we will discuss presently; note
that the covariant derivatives of the curvature tensor enter nontrivially into these formulas.
Exterior differentiation d is a first order partial differential operator from the space of
smooth p forms C®(AP M) to the space of smooth p + 1 forms C®(APT!M). We have
d? = 0. The de Rham theorem provides a natural isomorphism between the cohomology
groups H?(M; C) which are defined topologically and the de Rham cohomology groups

HP(M; C) :=ker(d,) /range(dp_1)

which are defined geometrically. We have

d(Zf;dx’) Z 2o dx' adx!, soor(d)(x,£) =ext(E).

I

The leading symbol of interior differentiation § is the dual —int. The leading symbol of
d + § is is given by Clifford multiplication ¢ := ext — int. The Laplacian

Api=dp_18p—1 +8pdp=(d +5)?



The Atiyah—Singer index theorem 721
on C®(AP M) is a self-adjoint second order partial differential operator with scalar leading

symbol. Let ds> =3, ; 8ij dx' o dx/ be the metric tensor and let I be the identity map on
AP, We have

oLAp(x, &) =cE) P =—EPI =~ g1

ij
Thus A is elliptic. We have ker A, = kerd), Nkerd,—1. We may decompose

C®(APM) = ker(Ap) ®range(Ap)
= ker(Aj) & range(d,-1) & range(Sp);

these are orthogonal direct sum decompositionsin L2(AP M). If w € ker A p-thendpw =0.
This yields the Hodge decomposition theorem: the map @ — [w] is an isomorphism

kerAp, = HP(M; C)
from the space of harmonic p forms to the de Rham cohomology groups. Let V be the
Levi-Civita connection and let {e;} be a local orthonormal frame for the tangent bundle

T M. Then:

d=extoV= Zext(ei)ve‘. and §=—-intoV=— Zint(ei)Vei.

1 i

Let orn be the normalized orientation on an orientable manifold M. Then
clom)® =1, c(€)c(om) = (=1)""'c(om)c(§), Vomn=0,
(d + 8)c(om) = (—l)m_lc(om)(d +8) and c(om)A, = Ap-_pc(om).

Consequently c(orn) intertwines ker(A ) with ker(An—p) and defines an isomorphism
called Poincaré duality

HP?(M;C)=ker(Ap) =ker Ap_p = H""P(M; C).
Let dvol be the oriented volume form; the image of orn in A™M Qg C is e(m)dvol. This

is a harmonic form which generates H™(M; C) = C. The Hodge * operator is an isometry
from A?M to A" P M characterized by the property

(*¢bp, Ym—p)dvol =¢p A Ym—p.

There is a universal fourth root of unity £(m, p) so that

*@p = &(m, p)c(om)¢p;
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thus c(orn) is essentially just the Hodge operator. We shall use c(orn) rather than * to
simplify the sign conventions.

1t is worth considering a few examples. Let S” be the standard sphere in R™. Then
HI(S"; C)=0for j #0,n. We have

HO($";C) =ker(Ag)=1-C
is generated by the constant function and
H"(S"; C) =ker(A,) =dvol - C

is generated by the volume form on S”. Let CP" denote complex projective space. Then
HY(CP*; C) =C for 0 < j < n; H'(CP"; C) =0 otherwise. Let x; be the Kaehler form
of the Fubini-Study metric; alternatively, we could take x; to be the first Chern form of the
hyperplane line bundle. Then xé is a harmonic 2 j form which generates H% (CP*; C) = C
for 0 < j < n. Let U(n) be the unitary group embedded in M, (C). Let 0 := u~'du be the
Maurer—Cartan form. Let 6; (1) = tr(c2~1); tr(c?¥) = 0. Let

G 3=9i1/\"‘/\9ip forI:={1<ij<---<ip<n}

Then the ®; are harmonic forms on U(n) which form a basis for the cohomology of the
unitary group. A basis for the cohomology of the special unitary group SU(n) is given by
the @y where i, 2> 2 and a basis for the cohomology of the orthogonal group O(n) is given
by the ®; where all the i, are even.

Let V := {Vy,...,V,} be a finite collection of vector bundles over M and let
d = {dy,...,ds—1} be a collection of first order partial differential operators where
dp:C®(Vp) = C®(Vpyi1). We say that (V, d) is an elliptic complex if

(a) dpodp_1=0,

(b) kerop(dp)(x,§) =rangeoy (dp-1)(x,§) for £ #0.
We define the associated Laplacian A := (d + d*)?; this decomposes in the form A :=
& » Op, where the A, are elliptic self-adjoint second order partial differential operators
on C*(Vp). The Hodge decomposition theorem generalizes this setting to identify the
cohomology groups with the harmonic sections:

ker(d,)

HP(V,d):=
v.d) range(dp-1)

=ker(4p).

The cohomology groups are finite-dimensional. We define the index of this elliptic complex
by

index(V, d) := ) "(~1)?dim HP(V,d) = ) (~1)” dimker A,
p P

Let a,,(-) be the constant term in the asymptotic expansion of the heat trace. Define

am(x,d) = Z(-—I)”am(x, Ap).
P
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We then have

index(V,d) = Z(——l)ptrLze‘tAP =/ am(x,d).
M

p

This gives a local formula for the index.
To illustrate this, we recover the Chern-Gauss—Bonnet formula in dimensions m = 2

and m = 4 using formulas from [12, Section 4.1]. Let A, be the p form valued Laplacian.
We have:

ag(A,) = (4m)~m? f (m)
M \P
1 m m-—2
_ ay-m2l _
@(8p) = (4m) 6]M {(p) 6(1)- 1)}7'
1 m m—2 m—4
_ -m/2 _ 2
a(Bp) = G 560 fM{{5<p> 60(17— 1) N 180(10—2)}r
+ { - 2(’") + 180('” - 2) - 720(’" _4)}|p|2
r p—1 p—2
+ {2('") - 30('" - 2) + 180(’" —4)}|R|2}.
P p—1 p—2

The index of the de Rham complex is the Euler characteristic. Thus

(M) = Y (= 1)Par(A ) = () ™2 fM .,
p

mpp 1
X(M4)=zp:(_1)Pa4(Ap)=(4n) /Z%/M{1801'2——720|p|2+180|R[2}.

We draw some consequences of the observation that there is a local formula for the in-
dex. Let {V,d.} be a smooth 1 parameter family of elliptic complexes. Since an(x, de)
is locally computable, it is continuous in the parameter ¢. Thus the index is continuous
in €. Since the index is Z valued, it is constant; this shows the index is a homotopy
invariant. A simple parity argument shows the local invariants an, (x,d) vanish if m is
odd. This shows the index is zero if m is odd so we shall restrict to even-dimensional
manifolds for the most part. Suppose that  : M — M is a covering projection with fi-
nite fiber F. Let (7*V, m*d) denote the pull-back to M. Since a, is locally computable,
am (%, Z) =a,,(wx, A). Since integration is multiplicative under finite coverings, the index
is multiplied by the cardinality of the fiber:

index(V,d) = |F| - index(V, ).
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Suppose that the elliptic complex is natural with respect to connected sums # this will
be the case for the de Rham, signature, and spin complexes; it will not be the case for the
Dolbeault complex. Since integration is additive, we have

index(V, d; My) +index(V, d; M)
= index(V, d; M1#My) + index(V, d; S™).

We shall only consider elliptic complexes of partial differential operators. If we were
to consider elliptic complexes of pseudo-differential operators, there would exist exist
nontrivial index problems in odd dimensions. For example, the shift operator defined on
C®(Sh by

P(eVT0) = neY=1=D6 iy 5 0,
neV~—1no ifng0
has index 1 on the circle; this is a pseudo-differential operator.
There are examples where axiom (b) for an elliptic complex is satisfied but axiom (a) is
not satisfied. Thus

kerop(dp)(x, &) =rangeor (dp—1)(x, §)

for & % 0 but we do not have d2? = 0; this means that the complex is exact at the symbol
level. For exampie, if M is an almost complex manifold, then M is holomorphic if and
only if the Nirenberg-Neulander integrability condition (d%!)2 = 0 is satisfied. However,
we can always “roll up” the elliptic complex to create a 2 term complex and define an
index. Let

A:CO(VE) - C®(V9),
where
AZ:d-{-d*’ Ve :=@V2k’ Vo I=@V2k+l;

this is an elliptic complex if axiom b) is satisfied. If axiom a) is satisfied, this new Z,
graded complex has the same index as the original Z graded complex. Thus this construc-
tion extends the index to this more general setting. We define the associated operators of
Laplace type and heat invariants

De:=A%A, A,:=AA* and an(x,d)=amn(x, Ae) — am(x, Ay).
The complex is elliptic if and only if the associated Laplacians are elliptic. Of the classical

elliptic complexes, the de Rham and Dolbeault are Z graded; the remaining complexes are
Z, graded.
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3. The classical elliptic complexes
We define the de Rham complex by taking exterior differentiation
d:C®(APM) — C®(APTI M),

We have d? = 0. If & # 0, then ext(§)w = 0 if and only if there exists ¢ so w =
ext(§)¢. Thus this is an elliptic complex. The associated Laplacian is A, and the as-
sociated cohomology groups are the de Rham cohomology groups. Thus the index is
> p(—l)P dim H?(M; C); this is the Euler-Poincaré characteristic x (M) and is a com-
binatorial invariant. If M is given a simplicial structure or a cell structure with n, sim-
plices or cells of dimension p, then x(M) =3_ p(~1)Pn p- If M is odd dimensional, then
x (M) =0. Let T" be the n torus. We have

X(SZn)=2’ X(RIPQ")=1, X('H*Zn)z() and X(CP"’):_m.}_l'
Let M be oriented and even-dimensional. The signature complex
d+8:C®°(A™M)— C®(ATM)

is defined by decomposing the exterior algebra into the £1 eigenvalues of the normalized
orientation c(orn); since M is even-dimensional, c(orn) anti-commutes with d + 8. The
symbol of the signature complex is Clifford multiplication; the signature complex is an
elliptic complex. We let sign(M) be the index; it is independent of the metric on M and
changes sign if the orientation of M is reversed. Furthermore, sign(M) = 0 if m =2 mod 4.
The associated Laplacians are the restriction of the Bochner Laplacian. As with the de
Rbam complex, it is possible to give a topological interpretation. Let m = 4k. Only the
middle dimension plays a role here. The index form I (w;, wy) := f y @1 A w2 extends to a
nonsingular bilinear form on the de Rham cohomology groups H*(M; C) in the middle
dimension. We have x = c(orn) on A%, We decompose the Laplacian Ag = A;k D Ay
1 is positive definite on ker A;fk, I is negative definite on ker A5, , and ker A;}( is orthogonal
to ker A;, with respect to the pairing defined by /. Thus sign(M) is the index of the form
1. We have

sign($%) =0, sign(T%*)=0 and sign(CP*)=1.

The Yang—Mills complex in dimension 4 arises from yet another decomposition of
the exterior algebra. Let 7 : A’M — AP~ (M) be orthogonal projection. The Yang-Mills
complex is a 3 term elliptic complex given by:

d:C®(A'M) - C®(A'M) and nd:C®(A'M)— C™(4A>"M).

Let V(M) be the index of this elliptic complex; when twisted by a suitable coefficient
bundle, it plays a crucial role in the study of the moduli space of anti-self dual connections
in Donaldson theory. We have V(M) = %( x (M) — sign(M)) so

V() =1, Y(TH=0 and Y(CP*)=1
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The Dolbeault complex is the holomorphic analogue of the de Rham complex. Let z :=
&, ..., 7" bea system of local holomo;‘phic coordinates on a holomorphic manifold M
of complex dimension m where z/ := x/ 4+ +/=1y/. In the complexifications TM ®g C
and A(M) ®g C we define:
d7/ :=dxj+v—1dyj, daz/ :=dxj—v—1dyj,

dzl i=d" A AdZ?, a7l =dz" A - A dTh,

APIM = Span”‘zp’u‘:q {dzl /\dfj},

. 1
=58 -~/~1987), & :=§(a;+¢—1a;),

N} o=

dY 0" fiydd ndZ =) (S ded ndd! AdZ,
1.J iLJ

OV fr e nde = Y (1) dT Aded AdE.
1.J AT

A complex function f is holomorphic if and only if d%! f = 0. Since d = d10 + d%!,
we see d%1d%! = 0. Note that d%! is often denoted by 3. The operators given above are
invariantly defined. If § is a cotangent vector, decompose & = &40 + 0.1, The leading
symbol of d%! is exterior multiplication by £% so the Dolbeault complex

dO,l . COO(AO,q) N COO(AO,q+1)

is an elliptic complex. The index of the Dolbeault complex is called the arithmetic genus
of M and will be denoted by Ag(M). We have

Ag(T™)=0 and Ag(CP")=1.

If J is an almost complex structure on M, we can mimic this construction; J arises from
a complex structure on M if and only if (@%!)2 = 0. To define an index problem in this
setting, we “roll up” the complex. If 8% is the adjoint of d%!, we take

(do,l +60,1):C00(A0,e) N COO(AO'O).

The sphere §? admits a complex structure. The sphere ¢ admits an almost complex struc-
ture; it is not known if S® admits a complex structure. No other sphere admits an almost
complex structure.

The spin complex is defined for even-dimensional spin manifolds. Let S(M) be the
spin bundle. Clifford multiplication defines a natural action of the cotangent bundle on the
spin bundle S(M). We decompose S(M) = ST (M) & S~ (M) into the chiral spin bundles
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where c(orn) = +1 on ST (M). The Levi-Civita connection V induces a natural connection
called the spinor connection on S(M);

co V:C®(ST(M)) —» C®(S™(M))

defines the spin complex. The index of this elliptic complex is called the Z—genus Al (M).
The index of this elliptic complex vanishes if m =2 mod 4. Let K 4 be the Kummer surface;
this is the set of points in CP? satisfying the homogeneous equation zg + z‘}' + zg + z‘; =0.
We have

A(s*)=0, A(T*)=0 and A((K*)")=2%

There is a close relationship between the A genus and the scalar curvature. The A genus is
a Z valued invariant which is defined if m = 0 mod 4. It is possible to define a Z; valued
index if m = 1, 2 mod 8. The formula of Lichnerowicz [18] shows that if M admits a metric
of positive scalar curvature, then there are no harmonic spinors; consequently X(M )=0.
Stolz [20] has proven a partial converse: if M is a simply connected spin manifold of
dimension m > 5 with A(M) =0, then M admits a metric of positive scalar curvature.
There are extensions of this result in the nonsimply connected setting, see [6] for details.
Here the eta invariant plays a crucial role in giving the relevant characteristic numbers.

These elliptic complexes are multiplicative. Let M := My x M. When dealing with the
signature complex, we assume the M; are oriented; when dealing with the spin complex,
we assume the M; are spin; when dealing with the Dolbeault complex, we assume the M;
are holomorphic. We then have

X(M) = x(M)x (M), sign(M) = sign(M1)sign(My),

Ag(M) = Ag(MDAg(My) and  A(M) = A(M)A(M).
These elliptic complexes behave well with respect to finite coverings. Suppose that
nw:M — M is a finite covering with finite fiber F. If M has an appropriate structure,
there is a similar structure induced on M. We have

X (M) = x(M)|F|,  sign(M) = sign(M)\F|,

Ag(M)=Ag(M)|F|, and A(M)=A(M)|F|.
Let # denote connected sum. The connected sum of two oriented manifolds is oriented
and the connected sum of two spin manifolds is spin. However, the connected sum of two
complex manifolds need not be complex. We have

X (M#N) = x(M) + x(N) -2,

sign(M#N) = sign(M) + sign(N) and A(M#N) = A(M) + A(N).



728 FP.B. Gilkey

The de Rham and Dolbeault complexes have nontrivial indexes in any even dimensions;
the signature and spin complexes have nontrivial indexes only if m =0 mod 4. To get
a nontrivial index if m = 2 mod 4, we can twist these complexes by taking coefficients
in an auxiliary bundle V. We assume V is equipped with a positive definite fiber metric
and an auxiliary Riemannian connection V. We use V and the Levi-Civita connection to
covariantly differentiate tensors of all types. We define the following elliptic complexes
with coefficients in V:

de Rham: (c®@ 1y) o V:C®(AM Q@ V) > CX(A° MR V);

signature: (c® 1y) o V:C®(ATM @ V) - C®(A~M Q V);

Yang-Mills: (c ® 1y) o V:C®((A'M @ A2~ M) Q@ V) - CX(AIM @ V);

spin: (¢ ® 1y) o V:C®(STM Q V) - CX(S" M V).

Let s = (s1,..., ;) be a local holomorphic frame for a holomorphic vector bundle V.
The twisted Dolbeault complex with coefficients in V is defined by

dy':C®(4% @ V) - c®(A%4H g v),
where

dy' Y frvde ®si= Y 8 f1,dT ndT ® s,
AT J AL

Let x(M, V), sign(M, V), Y(M, V), X(M, V), and Ag(M, V) be the index of these ellip-
tic complexes;

1

x(M,V)=dim(V)x(M) and Y(M,V)= E(X(M’ V) —sign(M, V)).
We note that it is necessary to “roll up” the Yang-Mills complex when twisting with a
coefficient bundle; the following sequence is a complex if and only if the connection V on
the coefficient bundle V is anti-self dual:

dv:C®(V) - C®(4A'M o V),

7 ody:C®(A'®@V) > C®(A2" M V).
If M is spin, then we can write the de Rham and signature complexes in terms of the twisted
spin complex. If M is holomorphic, then M is spin if and only if we can take a square root
L of the canonical bundle A%™. Let m = 2n. We have

XM, V)= (=1)"dim(V){AM, S*) - A(M,S7)},

sign(M, V) =AM, SQ®V), AgM,V)=AM,LQV).

Let s; be a spin® structure on an even-dimensional manifold M. Let S, be the associated
spinor bundle and let L = L(s.) be the associated complex line bundle. Then M admits
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a spin structure if and only there is a square root of the line bundle L; if this is possible,
then S, = S ® +/L. We define the twisted spin® complex with coefficients in V using the
diagram

(c®DoV:COSTRV)— CO(S™ V).

Let A;(M, V) be the index of this elliptic complex. The spin® complex plays a crucial role
in Seiberg—Witten theory if m = 4.

If M is a complex manifold, there is a canonical spin® structure on M and we may iden-
tify A%¢ =S+ and A%° = S~. Under these isomorphisms, the operators of the Dolbeault
complex and of the spin® complex agree if the metric is Kéhler. Although they do not agree
in general, they have the same leading symbol and hence the same index;

Ag(M, V) =AM, V).

We put all these elliptic complexes in a common framework as follows. Let M be an
even-dimensional oriented manifold. Let ¢ be a linear map from the cotangent bundle 7*M
to the bundle of endomorphisms of a complex vector bundle E so that c(§)? = —|E|%. We
extend c to the Clifford algebra bundle generated by T*M to define the endomorphism
c(orn) of E. We choose a unitary connection V on E so that V¢ = 0; such connections
always exist. We decompose E = E1 @ E~ into the +1 eigenbundles of ¢(orn) and define

d¥:=coV:C®ET) » C®(ET).

The d* are elliptic first order operators with (d*)* = d¥. The associated second order
operators A* := d¥d¥ have scalar leading symbol given by the metric tensor and are said
to be of Laplace type. We consider the elliptic complex

dt:C®(E") —» C®(E™);

this is an elliptic complex which is said to be of Dirac type. It is immediate that the signa-
ture, spin, and spin® complexes are of Dirac type.

Let M be a complex manifold. Let £10 and £%1 be the projections of a real cotangent
vector £ to A1OM and A% M. We define

c(®) = 2{ext(!) —int(¢"0) ) c®)?=—l€l- 1.

Modulo a suitable normalizing constant, ¢ is leading symbol of the Dolbeault operator
d%1 + §0-1 The Z, grading of A%* given by c(orn) is the standard decomposition Abe g
A%° If the metric on M is Kahler, then we have d%! + 81 = ¢ o V where V is the
Levi-Civita connection. For general metrics, this operator differs from the operator of the
Dolbeault complex by a 0-th order term.

There is a 4 fold decomposition of A(M) into forms of even and odd degrees as well as
into £1 chirality. We define two elliptic complexes of Dirac type:

E = (d+8): C®(ATM) — C®(A”™ M),
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&= (d+8): C®(A”T M) — C®(A>~ M).
We can twist with a coefficient bundle. The signature complex is given by the formal sum
&1 + & while the de Rham complex is given by the formal difference £1 — £>. The Yang—
Mills complex is —&>. Thus we have

x (M, V) =index(£;) — index(&y),

Y(M,V)=—index(&) and sign(M,V)=index(&;) + index(&2).
This shows that the de Rham and Yang-Mills complexes are also of Dirac type. Suppose
that M is spin. If m = 0 mod 4, then £ is the spin complex with coefficients in St and &

is the spin complex with coefficients in S~; if m = 2 mod 4, then & is the spin complex
with coefficients in S~ and &; is the spin complex with coefficients in S+.

4. Characteristic classes of vector bundles
The Stiefel-Whitney classes take values in H*(M; Z3); the Chern and Pontrjagin classes
take values in H*(M; Z). We can complexify to define Chern and Pontrjagin classes tak-
ing values in H*(M; C) and to regard them as elements of de Rham cohomology. These
classes can be computed in terms of curvature. We refer to Eguchi et al. [10], Hirze-
bruch [13], and Husemoller [16] for further details concerning the material of this section.
A connection V on a real or complex vector bundle V is a generalization of the notion
of a directional derivative. It is a first order partial differential operator
V:C®WV)—= C(T*MQRV)
which satisfies the Leibnitz rule V(fs) =df ® s + fVs. There is a natural extension
V:C®(APM @ V) = C¥(APHIM R V)
defined by setting
V(wp ®s) =dw, ® s + (—1)Pwp A Vs.
In contrast to ordinary exterior differentiation, V2 need not vanish. However,

V(fs)=ddf s —df AVs+df AVs+ fV2s= fV3s

so V2 is a 0-th order partial differential operator called thf: curvature §2. Let (s;) be a local
frame. We sum over repeated indices to expand Vs; = w,.’ ®s;. Then

2 J koo j j k j
Visi=(do] —of Anw])@sk and 2] =do] — o Ae].
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If §= g/s; is another local frame, we compute & = dgg ™' + gwg™". We say that V is a
Riemannian connection if we have

(Vs1,82) + (s1, Vso) = d(s1, 52).

We restrict to such a connection henceforth. Relative to a local orthonormal frame, the
curvature is skew-symmetric. We can always embed V in a trivial bundle of dimension v;
let my be the orthogonal projection on V. We project the flat connection to V to define
a natural connection on V. For example, if M is embedded isometrically in Euclidean
space R”, this construction gives the Levi-Civita connection on the tangent bundle TM.
We summarize:

QR=do-o’=nydnydny, +02*=0 and 2=2gRg L.

Let P(A) be a homogeneous polynomial of order n defined on the set of r x r complex
matrices M, (C) which is invariant, i.e. P(gAg~!) = P(A) for all g in Gl(r, C) and for
all A in M, (C). We define P(£2) € C®(A¥" M) by substitution; this is invariantly defined
and independent of the particular local frame field chosen. We polarize P to define a multi-
linear invariant symmetric function P(A1,..., A,) so that P(A, ..., A) = P(A). Then
dP(2)=nP(dS$2,$2,...,82) is invariantly defined. Fix xo € M. We can always choose
a local frame field so w(xg) = 0 and thus d$2(xg) = 0. This shows that d P(§2)(xp) =0
and hence P(£2) is a closed differential form. Let [ P(£2)] denote the corresponding rep-
resentative in de Rham cohomology. Let V(e) := £V} + (1 — £) Vg be an affine homotopy
between two connections on V. Let 8 := w; — wg. Then § = g8g~?! so 6 transforms like
a tensor. Since § is a 1 form valued endomorphism of V and $2 is a 2 form valued en-
domorphism, P(8, $2(¢), ..., £2(¢)) is an invariantly defined 2j — 1 form. One computes
that

1
P(s21) — P(£20) =nd{/ P(O,Q(e),...,ﬂ(s))de}
0

so [P(20)] ={P(§21)] in H?"(M; C); we denote this common value by P(V).

Complexification gives a natural map H*(M; Z) — H*(M; Z). We can complexify the
integral Chern classes to define the complex Chern classes and compute them in terms of
de Rham cohomology using curvature. The total Chern form of a Riemannian connection
V on a complex vector bundle of complex dimension r is given by

c(£2) :=det (I + gﬂ) =14ci(2)+c2(2)+ -+ ¢, (82).

The complex Chern classes are C characteristic classes of a complex vector bundle V.
They are characterized by the properties: '

(@) dim(V)=r,thenc(V)=1+ci(V)+---+ ¢, (V) forc; e H(M; C).

(b) If f:M;— My, then f*(c(V))=c(f*V).

(c) We have c(V @ W) =c(V)c(W).
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(d) If L is the classifying line bundle over S2, then f s2€1 (Ly=-1.

The first three properties are immediate from the definition; we check the final property
as an example. Let CP! = §3/5! be the set of complex lines through the origin in C?. Let
(£) € CP! be the line determined by the point 0 # & € C2. The classifying line bundle L
over CP! is given by

L={({g),1) eCP' x C%: r e (6)};
L is a sub-bundle of the trivial 2 plane bundle. Let 5(z) := ({z, 1), (z, 1)) be the canonical

section to L over C c CP!; s is a meromorphic section to L with a simple pole at co. We
compute:

V() =dz@n {(1,0)) = (1 +1z%)'zdz ®s,
V2(s) = (1+1z%) 2 dz ndz®s,

c1(2) =-L(1+x2+y%) dx ndy,

1 oo p2m 2
[ 1CI(L)=;[ / —r(1+r2) dfdr = —1.
CP o Jo

Let L be a holomorphic line bundle over a Riemann surface M. Choose a meromorphic
section s to L. Let n; and p; be the number of zeros and poles of s. The calculation
performed for the classifying line bundle over CP' can be used to show that:

/ ci1(L) =ns — ps.
M

The total Chern character is defined by the formal sum

ch(82) := tr(eV™12/27) = > ((‘2/7;”)—13: tr(2”) =cho +chy + - - +;

ch(V@ W)=ch(V)+ch(W) and ch(V® W)=ch(V)ch(W).

The Chern class lifts from H*(M;C) to H*(M; Z); it is an integral class. The Chern
character lifts from H*(M; C) to H*(M; QQ); it is a rational class but not an integral class.
Let KU(M) be the K theory group of M; we refer to Karoubi [17] for further details
concerning K theory. The Chern character extends to a ring isomorphism from KU (M) ®Q
to H¢(M; Q) which is a natural equivalence of functors; modulo torsion, K theory and
cohomology are the same functors.

Let g be a linear map from R%/*1 to the set of v x v complex self-adjoint matrices so
that ¢ (x)2 = |x|?; for example, if j = 1, we could let

w=(5 0) a=(0 ) m @m(L & T



The Atiyah-Singer index theorem 733
define g (x) = x%o + xq1 + x2g>. Let V be the eigenbundles of g over the sphere 52,
Vi = {(x,&) € S¥ x C": q(x)§ = %£}.

We wish to compute [, ch;(Vz). Let

1
Tt i= 5(1 +q(x))

be orthogonal projection on the bundles V.. We project the flat connection on $%/ x C¥
to define connections V4 on the bundles V. ; this is analogous to the construction of the
Levi-Civita connection on a hypersurface by projection of the Euclidean connection. Fix
a point P € 5%/ and let §+(P) be a basis for V4. Extend this basis to a local frame by
defining 54 (x) := 74 (x)5+ (P). We compute the curvatures:

Vi (x)52(x) = 4. (x) dm s (x)s:(P),

24(x)S£(x) = w4 (x) dr(x) dma (x)5£(P),
50

Q4 =nidnydny.

Choose oriented orthonormal coordinates for R%/*1 so that the point P in question is the
north pole. Expand

g0 =x"q0+ - +xqj;  qig; + a9 =28
Note that ¢ := +/—1g extends to the Clifford algebra; modulo a suitable normalizing the
evaluation of ¢ on the normalized orientation form is given by go - - - g2;; thus this product
is invariantly defined and does not depend upon the choice of P nor upon the orthonormal
coordinate system chosen for R2/+1L: it does depend, of course on the orientation. Thus in
particular

T :=tr(qo - - - 92/)

is invariantly defined. We compute at P that:

dvol = dx! /\~-~/\dx2j,

1
m4(P) = 5 (1 +q0),

1. ;
dni(P)= de gi
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24(P) = 5 (dx' Adx))(1 +a0aia;
24(PYY =271 dx" A+ Adx¥ )1+ qo0)q1 -+ 92,
{24+ (P} =277 @) dvolte{ (L + qo)q1 -+ 25},

=D/

(2ﬂ)jj!22j+1Tdvol.

chj(Q4)(P) =

Since P was arbitrary, this identity holds in general. Since the volume of $%/ is
jlwd22i+1/(2j)1, we conclude

/2. chj(Vy) =2_j(~/—1)jtf(q0"'q2j)-
27
If ¢ = +/—1c is defined by the spin representation, v =2/,
Z_j(v—l)jtr(qo---qzj)=:l:1 and / ch;(Vy) ==+1.
. 82

The corresponding element [V, ] in K theory is called the Bott element; it and the trivial
line bundle generate the K theory of S e

KU(S*)=[11-Z®[V4]- Z.

The Chern character is defined by the exponential function. There are other characteristic
classes which appear in the index theorem which are defined using other generating func-
tions. Let X := (x1, ...) be a collection of indeterminates. Let 5, (X) be the v-th elementary
symmetric function;

[Ta+x) =148 +s6@+ .

v

Let f(X) be a symmetric polynomial or more generally a formal power series which is
symmetric. We can express f(X) = F(s;(%),...) in terms of the elementary symmetric
functions. For a diagonal matrix A :=diag(}1,...), let x; := =1x j/2m be the normal-
ized eigenvalues. Then

c(A)=det(1+—§§A)=l+s1(5c')+~-.
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We define f(£2) = F(c1(£2), ...) by substitution. For example, if f(X) =Y *, then
f(£2) = ch(2) is the Chern character. The Todd class is defined using a different generat-
ing function:

@ =[]l -e™) " =1+ @+

If V is a real vector bundle with a Riemannian connection V, the total Pontrjagin form
is defined by

1
p(2) :=det(1+§7z/9) =14+p1(2)+ p2(2)+---,

where the p;(£2) are closed differential forms of degree 4i; since £2 + §2' = 0, the forms
of degree 4/ + 2 vanish. Let p;(V) = [p;i(£2)] denote the corresponding elements of de
Rham cohomology; these are independent of the particular Riemannian connection which
is chosen. Let [-] be the greatest integer function. The Pontrjagin classes are characterized
by the properties:

(@) If dim(V) =r, then p(V) =1+ py(V) + -+ + pp/2(V) for p; € H¥(M; C);

(b) If f: My — My, then f*(p(V)) = p(f*V);

(c) We have p(V & W) = p(V)p(W);

(d) We have [p2 p1(TCP?) =3.
The Pontrjagin classes can be lifted to Z integral classes by defining

pi(V) = (=D e2i(V ®r O);

the formula in (¢) only holds modulo elements of order 2 over Z. Let xp generate
H2(CP*; Z) C H*(CP"; C). The formula in (d) follows from the observations

p(TCP") = (1 +23)" and f x5 =1
cpt
We can define some additional characteristic classes using formal power series. Let
{£+/—1A1, ...} be the nonzero eigenvalues of a skew-symmetric matrix A. We set x; =
—4j/2m and define the Hirzebruch polynomial L and the A genus by:

¥) — xv -_— X ¥ e
L@ =] Tgmas = 1+ L@ + L@ + -,

v

AG) = H—j—l—— =1+ A @+ D@+
v 2sinh (Exv)

The generating functions x/ tanh(x) and %x / sinh(%x) are even functions of x so the am-
biguity in the choice of sign plays no role. This defines characteristic classes

Li(V)e H¥(M;C) and A;(V)e H¥(M;C).
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We summarize below some useful properties of these classes:

pi(V)=(=1)cz;(V ®r O),

-1 1
c1(82) = %mm, 02 (82) = @{u(nz) — ()},

1
pi(2) = —-gj—ﬁtr(fzz),
(V) =dim(V) + 1 (V) + 5 (e} = 2e) (V) -+,
td(V)=1+ L+ L(c2 + o) (V) + —l—(c c2)(V)+---
- 2 1 12 1 2 24 1€2 s
f td(A%CPF) =1,
CPp

1
AV)=1- M+

Tp% —4p)) (V) +---, [2 TK*) =2,
5760( pl p2)( ) K 4( )

1 1
L(V)=1+ §pl(V) + Zg(7pz -V +-, / L(TCP*) =1,
CPZI(

td(V @ W) =td(V)td(W), AV @ W)=A(V)AW) and

L(V @ W)= L(V)L(W).

There is one final characteristic class which will play an important role in our analysis.
While a real anti-symmetric matrix A of shape 2n x 2n cannot be diagonalized, it can be
put in block diagonal form with 2 x 2 off diagonal elements

0 Ay
_kp 0 )

The top Pontrjagin class p,(A) = x% . -x,% is a perfect square. The Euler class ez, (A) :=
X1---xp is the square root of p,. If V is an oriented vector bundle of dimension 2n, then
exn(V) € H¥(M; C) is a well defined characteristic class satisfying e (V)2 = pp(V).
If V is the underlying real oriented vector bundle of a complex vector bundle W, then
e (V) = c,(W). If M is an even-dimensional manifold, let e, (M) = e, (TM). If we
reverse the local orientation of M, then e, (M) changes sign. Consequently e, (M) is a
measure rather than an m form; we use the Riemannian measure on M to regard e,, (M) as
a scalar. Let R;ji; be the components of the curvature of the Levi-Civita connection with
respect to some local orthonormal frame field; we adopt the convention that Rjz2; =1 on
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the standard sphere 52 in R3. If e/ := (¢!, e7) is the totally antisymmetric tensor, then
P y y
SR o WS S
2n = Zs (87)"n! itizjaji " Nm—1im mm—1+
1,J )

Let R := R;jj; and p;j := Ry be the scalar curvature and the Ricci tensor. Then

1 1
Ey=— d =——(R?*—4|p}? 2);
2=,—R and Eq 32n2(R lpl* + |R*);

these are the integrands of the Chern—Gauss—Bonnet theorem discussed in Section 2.

5. Characteristic classes of principal bundles

Let g be the Lie algebra of a compact Lie group G. Let n : P — M be a principal G bundle
over M. For p € P, let

Vpi=kerm:TpP = TppM and Hp:=Vy

be the vertical and horizontal distributions of the projection m. We assume the metric on
P is chosen to be G invariant and so that 7y :Hp, — Tp,M is an isometry; thus 7 is a
Riemannian submersion. If F is a tangent vector field on M, let HF be the corresponding
vertical lift. Let py be orthogonal projection on the distribution V. The curvature is defined
by:

Q(F1, F) = py[H(F1), H(F)];

the horizontal distribution H is integrable if and only if the curvature vanishes. Since the
metric is G invariant, 2(F;, F,) is invariant under the group action. We may use a local
section s to P over a contractable coordinate chart O to split 7 ~!©0 = O x G. This permits
us to identify V with TG and to regard §2 as a g valued 2 form. If we replace the section s
by a section s, then 2= gfg~! changes by the adjoint action of G on g. If V is a real or
complex vector bundle over M, we can put a fiber metric on V to reduce the structure group
to the orthogonal group O(r) in the real setting or the unitary group U(r) in the complex
setting. Let Py be the associated frame bundle. A Riemannian connection V on V induces
an invariant splitting of TPy =V @ 'H and defines a natural metric on Py ; the curvature §2
of the connection V defined in Section 4 agrees with the definition given above in terms of
principal bundles in this setting.

Let Q(G) be the algebra of all polynomials on g which are invariant under the adjoint
action. If Q € Q(G), then Q(£2) is well defined. It is not difficult to show that d Q(£2) =0
and that the de Rham cohomology class Q(P) := [Q(£2)] is independent of the particular
connection chosen. Let BG be the associated classifying space. For example

BU(1)=CP®, BT =(CP®), BO(1)=RP* and BSU(2)=HP*.
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Let C be a coefficient group. Let fp: M — BG be the classifying map for a principal G
bundle P over M. Let 6 be a cohomology class in H"(BG; C). Since fp is well defined
up to homotopy, we use pullback to define

O(P) := fp(6) € H'(M; C).
If v = m, we can evaluate 6 on the fundamental class [M] to define a characteristic number

8(P)[M} € C. The map Q — [Q(£2)] defines an isomorphism from Q to H*(BG; C)
which is called the Chern—Weil isomorphism. For example, we have:

H*(BU(r); C) = QU ) =Clc1,...,cr], where deg(c;) = 2i,

H*(BSU(r); C) = QSU()) =Cley, ..., ¢/},

H*(BT";C)=Q(T") =Clxy,...,x,], wheredeg(x;)=1,

H*(BO(r); C) = QO ) =Clpy,..., pr21l, where deg(p;) = 4i,

H*(BSO(2s); C) = Q(SO(25)) =Clpy, ..., ps1® Clp1, ..., psleas,

H*(BSOQ2s +1); C) = Q(S0(2s + 1)) =C[p1, ..., psl.
The natural inclusion of the torus in the unitary group U(r) induces a pull-back mor-
phism from QU (r)) to Q(T"); the pull back of the Chern class ¢  is the j-th elementary
symmetric function in the x, variables. Similarly, the pull-back of the Pontrjagin class p;
under the natural inclusion of the torus in the special orthogonal group is the j-th elemen-
tary symmetric function in the xg variables; the Euler class pulls back to the polynomial
X1 Xy

The natural inclusions R” — R™+! and C™ — C™*+! induce natural inclusions and dual
homomorphisms

Or)—> 0(r+1), Q(o(r +1)) » Q(0®m),
S0(r) — SO(r +1),  Q(SO(r + 1)) - Q(SO(r)),
Ur)—=>U@r+1), QU+ 1)~ QU™).

The Chern and Pontrjagin classes are stable characteristic classes. This means that
piVel)=p;j(V) and cj(V®1)=c;(V);

they are preserved by the restrictions maps defined above. In contrast, the Euler class is
an unstable characteristic class; the Euler class cannot be extended from Q(SO(2r)) to
QSO@2r + 1)).
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There are other coefficient groups one can use. We have
H*(BO(r); Zy) = Zolwy, ..., w,] and H*BU), Z)=1Z[cy,...,cr].

The Chern classes lift from € to Z in a natural fashion. Let L. = L ® C be the complexifi-
cation of the classifying line bundle over RP™ for m > 2. Then H 2(RP™; C) =050 ¢y in
de Rham cohomology yields no information. However cj(L.) # 0 in HX(RP™; Zy) = Zy;
information concerning torsion is lost in passing from the integral Chem classes to de
Rham cohomology in this instance. Since the index is a Z valued invariant, we can work
with de Rham cohomology in computing the index of an elliptic complex.

Bordism and characteristic classes are intimately related. We give a brief introduction
to the subject and refer to Stong [21] for further details. Let MO(®m) be the set of all
m-dimensional compact manifolds modulo the bordism relationship that [M;] = [M;]
if there exists a compact manifold N with boundary the disjoint union of M; and Mj.
The Stiefel-Whitney numbers are the characteristic numbers of MO(m). This means that
[M1] = [M>] in MO@m) if and only if w(M1) = w(M>) for all w € H™(BO(m); Z3). For
example, RP" x RP" and CP” have the same Stiefel-Whitney numbers so they are bor-
dant; there exists a compact manifold W so that the boundary of W is the disjoint union of
RP” x RP" and CP". We refer to Conner and Floyd [8] for details; see also Stong [22].

Let MSO(m) be the set of all m-dimensional compact oriented manifolds modulo
the bordism relationship [M1] = [M;] if there exists a compact oriented manifold N
with oriented boundary the disjoint union of M; and —Mj;. The Stiefel-Whitney num-
bers and Pontrjagin numbers are the characteristic numbers of MSO(m). This means that
[M1] ={M>)in MSO(m) if and only if w(M1) = w(M2) in Z; forall w € H™(BO(m); Z3)
and o (M) = 0 (M>) in Z for all o € H™(BO(m); Z); the Euler class is an unstable char-
acteristic class and plays no role in this theory. If m is even, the stable tangent bundle
is TM @ 12; if m is odd, the stable tangent bundle is TM @ 1. We say that M admits a
stable almost complex structure if the stable tangent bundle of M admits an almost com-
plex structure. Let MU(m) be the set of all m-dimensional compact manifolds with stable
almost complex structures modulo a suitable bordism relationship. The Chern numbers
are the characteristic numbers of MU(m); we have {M] = [M,] in MU (m) if and only if
w(M1) = w (M) in Z for all w € H™(BU(m); Z). Thus in particular, MU(m) =0 if m is
odd. One can also define spin bordism; the characteristic numbers arise from real K theory
as well as from cohomology.

6. The index theorem

The Atiyah-Singer index theorem [3,4] expresses the index of any elliptic complex in terms
of characteristic classes. We first discuss this formula for the classical elliptic complexes.
We then give the general formulation.

The index of the twisted de Rham complex is the Euler-Poincareé characteristic
x(M, V). Since x(M, V) = dim(V)x (M), no new information is added by twisting the
de Rham complex with a coefficient bundle. If the Atiyah—Singer index theorem is applied
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to this setting, one gets the Chern—Gauss—Bonnet theorem [7]. Let E,, be the Euler class
defined in Section 4. Then

x(M):/ E,.jdvol|.
M

The index of the twisted signature complex is the L genus L(M, V). Let Ly be the Hirze-
bruch polynomial. If the Atiyah-Singer index theorem is applied to this setting, one gets
the Hirzebruch signature formula

sign(M, V) = / 3" 2ichj(V) A Li(TM).
2j+4k=m

Let M be an orientable manifold of even dimension m = 2n. The Chern character gives an
isomorphism between KU(M)®C and H(M; C). Thus there exists V so that ch,(V) # 0.
The Hirzebruch signature formula shows that sign(M, k - V) # 0 for k sufficiently large. If
m = 2 mod 4, then sign(M) = 0; however, the twisted index will be nonzero for suitably
chosen V; there always exists a nontrivial index problem over M.

The index of the twisted spin complex with coefficients in an auxiliary bundle V is the
A genus AM, V). If the Atiyah—Singer index theorem is applied to this setting, one gets
the formula

AM, V)=[ Y chi(V) A A(TM).
M2 jrak=m

The index of the twisted Yang—Mills complex in dimension m = 4 with coefficients in
an auxiliary bundle V is Y(M, V). If the Atiyah-Singer index theorem is applied to this
setting, one gets the formula

Y(M, V)=/

{ dim(V)
M

> (Ea— L)+ (22— c%)(V)}.

A spin® structure on a manifold M defines an auxiliary complex line bundle L. If the
Atiyah~Singer index theorem is applied to this setting, one gets the formula

A(M, V)= / Y 27%ch;(V) A Au(TM) Ache(L).
My akt20=m

The index of the twisted Dolbeault complex is the arithmetic genus Ag(M, V). If the
Atiyah-Singer index theorem is applied to this setting, one gets the Riemann—Roch for-
mula

Ag(M,V):f D" chi(V) Atdr (A% M).
Myt ok=m
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We give a single example to illustrate the use of the index formula to prove nonexistence
results; there are many such examples. When the signature formula, the Chern-Gauss—
Bonnet formula, and the Riemann—Roch formula are combined for an almost complex
manifold of real dimension 4, one gets the formula

1
Ag(M* = Z{X (M4) + sign(M4)).

If we take M = S*, then %{x sH + sign(S“)} = %(2 + 0) is not an integer; thus S* does
not admit an almost complex structure. More generally, let M; be complex surfaces. We
show that M #M> does not admit an almost complex structure by computing:

X (Mi#M2) = x (M) + x (M2) - 2,
sign(N) = sign(M1) + sign(M>),

SO
2
Ag(N) = Ag(My) + Ag(Mp) — e

All the formulas described so far can be put into a common framework. Let ¢ be a map
from the cotangent bundle of M to the bundle of endomorphisms of a complex vector bun-
dle V so that c(§)? = —|&|2Iy. We choose a compatible connection V on V; this means
that V is Riemannian and that V¢ = 0, such connections always exist. Let ¢ o V be the as-
soctated operator of Dirac type; the elliptic complex is then said to be a compatible elliptic
complex of Dirac type. The chiral splitting of V = V* @& V™~ into the £1 eigenvalues of
c(orn) defines an elliptic complex of Dirac type. The Chern character of the spin bundle
ch(S) is a well defined characteristic class even if M is not spin; the ambiguity in defining
the spin bundles is a flat Z; ambiguity which does not affect the characteristic polynomials
in the curvature tensor. Since chg(S) # 0, this characteristic class is invertible. The index
of this elliptic complex of Dirac type is given by

> / A (TM) A ch™ (S)i A che(V).
M

4j+2k+28=m

Note that the particular Clifford module structure is not important in this formulation as
only the Chern character of V enters. Thus when considering an elliptic complex of Dirac
type, it is only necessary to identify the underlying vector bundle. When this formula is
applied to the de Rham, twisted signature, twisted spin, and twisted Yang-Mills complexes,
the formulas given above result. When considering the twisted Dolbeault complex, the
resulting operator has the same leading symbol and thus the index is unchanged.

We now discuss the index theorem of Atiyah and Singer in complete generality. Let
A1 C®(Vy) = C*®(Vy) be an elliptic complex. In this framework, we permit A to be a
pseudo-differential operator. Let a be the leading symbol of A; for 0# & € T M, a(x, §)
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is an isomorphism from the fiber of Vy over x to the fiber of V; over x. Let S(M) be the
unit sphere bundle of 7*M and let D¥ (M) be two copies of the unit disk bundle of T*M.
We use the symbol a as a clutching function to glue Vg over ST(M) to V; over S™(M);
this defines a vector bundle X (Vy, Vi, a) over

(M) := DT (M) Usuy D™ (M)

which encodes all the relevant information. Give X' (M) a suitable orientation. The Atiyah—
Singer index formula then becomes:

index(Vo, V1, A) = > d(TM ®C) Ach(Z(Vo, V1, a)).
Z(M) op 121=0m

If V; are trivial bundles, the index can be expressed in terms of secondary characteristic
classes. In this case a is matrix valued and we define the pull-back via a of the normalized
Maurer—Cartan form

W=DHE-1) (1, (21
Gy = ——————1Ar d .
2-1i= ootae 1@ 4
‘When a suitable orientation of the sphere bundle S(M) is chosen, we have

index(Vp, V1, A) = Z tdi(TM ® C) A Ogp—1.
S(M) 4 128=0m

The original proof of the Atiyah-Singer index theorem [4] was topological in nature and
used bordism. Since then, a number of other proofs have been given. We are somewhat
partial to the heat equation proof, see [12] for details. We sketch this proof as follows; it
uses the local formula index(V, d) = f » @m(x, d) for the index described in Section 2. If
{V, d} is a compatible elliptic complex of Dirac type, one can use invariance theory to show
that a,, (x, d) is given in terms of characteristic classes; the method of universal examples
then shows that ap, (x, d) is given by the characteristic form described above. This proves
the Atiyah—Singer index theorem for elliptic complexes of Dirac type; a simple K theory
argument then derives it in general.

It is possible to state an equivariant index theorem. We shall restrict to the classical el-
liptic complexes in the interests of simplicity. Let ¥ : M — M be a smooth map. When
considering the de Rham complex, we make no additional assumptions. When considering
the signature complex, we assume ¥ is an orientation preserving isometry. When consid-
ering the spin complex, we assume ¥ is an orientation preserving isometry which also
preserves the spin structure. When considering the Dolbeault complex, we assume ¥ is
holomorphic. Then ¥ induces an action on the appropriate cohomology groups H*(M; V)
and we define the Lefschetz number

Ly@) =Y (=1)Ptr(¥ on HP (M; V).
p
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To simplify the discussion, we shall assume ¥ has isolated fixed points and that det(] —
dW¥(x,)) # 0 at any fixed point x,,.

If ¥ is an orientation preserving isometry, let 0 < 6;, < 27 be the rotation angles of
dW (x,). If ¥ is holomorphic, let 4 ;,,, be the complex eigenvalues of the complex Jacobian
d V. Define:

Lae Rham(T) = ) _ signdet (7 — dT (xv)),

Lsgn(T) = Y[ [{ = v~Teotl¥;,/2)}.
voj

1
Lspin(T) = ZH { - 5«/——_1CSC(9j,v/2)},
voj

Loa(T) =Y (~1)7te(T* on HO2(M; ©) =Y [](1 - %) ™"
q v

The generalized Lefschetz fixed point formula then becomes

Ly= ) L(d¥E).

{x: ¥ (x)=x}

1t is worthwhile considering a few examples; we work with the de Rham complex for
simplicity.

(2) Let T(z) = ~/—1z mapping S° = CP! to itself. This has two isolated fixed points
at 0 and oo; the rotation angles are /2 at 0 and —x/2 at co. Since T is an orientation
preserving isometry, it acts trivially on kerAg =1 - C and kerA; = omn - C and T* is
the identity on de Rham cohomology so the Lefschetz number is 2. We have signdet(/ —
dT)(x) =1 at x =0 and x = oo and the fixed point formula yields 2 =1+ 1.

(b) We can also consider T as a map from the square 2 torus T? to itself. We have T*
acts as the identity on H%(T?; C) = C and H?(T?; C) = C and as a rotation through an
angle of 77/2 on H(T?; C) = C@®C. Thus the Lefschetz numberis 1 —0+ 1 = 2. The map
T has two fixed points (0, 0) and (%, %) and the contribution at each fixed point is 1. This
example shows that the equivariant index can be nonzero even if the Euler characteristic is
zZero.

(c) Let T(x) = —x map T3 to itself. Then T acts as the identity on H 0 and H? and as
minus the identity on H 1 and H3. Thus the Lefschetz numberis 1 — (=3) 4+ 3 — (—1)=38.
This map has 8 fixed points at (&1, &2, €3) where & = 0, % and the contribution of
signdet(I — dT) is +1 at each fixed point. This example shows that the equivariant in-
dex can be nonzero even in odd dimensions.

(d) Let G be a compact connected nontrivial Lie group. Let g be an element of G
distinct from the identity element. Let 7'(x) = gx be left multiplication by g. Then T has
no fixed points so the Lefschetz number is 0. On the other hand, the Lefschetz number
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relative to the de Rham complex is a homotopy invariant. Let y () be a path in G from the
identity to g. Then the Lefschetz number of T is the Lefschetz number of the identity map.
Thus x(G) =0.

Let M be a compact smooth Riemannian manifold with smooth boundary d M. We as-
sume dim(M) = m. We assume for the moment that dM is a totally geodesic submanifold
of M. Then the Chern-Gauss-Bonnet formula continues to hold;

x(M>=/ Enm,
M

where Ep, is the Euler form discussed previously. The Hirzebruch signature formula does
not extend to this setting. There is an additional correction term:

sign(M):[ Ly +ndM).
M

The Novikov additivity for the signature shows n(d M) depends only on the boundary d M.
Itis a global invariant, it is not locally computable. Atiyah, Patodi, and Singer [2] showed it
was in fact a spectral invariant. We describe this invariant as follows. Let P be a self-adjoint
elliptic first order partial differential operator. Let {¢,, ,,} be the spectral resolution of P.
We define

n(s, P) = %{ dimker(P) + Azaéosign(kv)mvl's}.

This series converges absolutely for the real part of s very positive; it has a meromorphic
extension to C which is regular at s = 0. We define

n(P) :=n(s, P)ls=0

as a measure of the spectral asymmetry of P. Let A : C*(Vp) — C*(V}) be a compatible
elliptic complex of Dirac type. Near d M, we can use the leading symbol of A applied to the
normal covector to identify Vp with Vi and express A = 3, + P. The de Rham complex
admits local boundary conditions (absolute or relative). However there is a topological
obstruction to the existence of local boundary conditions in general; the signature, spin,
Yang-Mills, and Dolbeault complexes do not admit local boundary conditions. However,
for an arbitrary elliptic complex of Dirac type, there exist spectral boundary conditions,
these are pseudo-differential boundary conditions defined by the vanishing of the projec-
tion in L? on space spanned by the eigensections of P with nonnegative eigenvalues for
f € C*(Vp) and positive eigenvalues for f € C*°(V}); there is a slight bit of fuss deal-
ing with the zero mod spectrum. With these boundary conditions, the index theorem for
manifolds with boundary becomes:

ndex()= 3> [ 00 A i nche(V) - n(P).
4j+2k+20=m’M
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There is also an equivariant index theorem for manifolds with boundary; we refer to
Donnelly [9] for details.

In Section 5, we noted that the characteristic numbers completely detected the bordism
groups. Thus, for example, a compact orientable manifold M™ without boundary is the
boundary of a compact orientable manifold N m+1 if and only if w(M) =0 in Z; for all
w € H"(BO(m); Z) and w(M) =0 in Z for all w € H™(BO(m); Z); in the first instance,
w is a homogeneous polynomial in the Stiefel-Whitney classes and in the second instance,
w is a homogeneous polynomial in the Pontrjagin classes. There are, however, relations
among the characteristic classes given by the index theorem. For example, the Hirzebruch
signature theorem shows that p1(M) is divisible by 3 if m = 4. Other integrality results
for MSO can be obtained by twisting the signature complex with coefficients in bundles
determined by a representation of SO(4). Similarly, if M is a complex surface, we apply
the index theorem to see Ag(M) = (c2 + c%)[M ]/12 and thus (c2 + C%)(M ) is divisible
by 12 if M is a complex surface. The Hattori—Stong theorem [14,23] shows that all such
universal integrality relations in MSO or MU are the result of the index theorem; there is a
similar result for spin bordism that is more difficult to state.

Let BG be the classifying space for a spherical space form group; for example, we could
take G to be a finite cyclic group. The eta invariant defines /Z valued characteristic
numbers of the reduced equivariant bordism groups MU, (BG) which completely detect
these groups. Thus the eta invariant can be thought of as a secondary index; it is sometimes
expressible as a secondary characteristic class. We refer to [11] for details.
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