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Abstract

This thesis describes several aspects of the functor given by bordism of immersions
of closed manifolds, from a geometrical viewpoint. There are two new results.

The first is a generalisation of Herbert’s Theorem [15] relating the homology
classes represented by multiple points of a self-transverse immersion. Whilst admit-
ting a much simpler proof, Herbert’s Theorem in the bordism of immersions also
implies analogues in other generalised cohomology theories.

The second result, again geometrical in nature, shows a relationship between
the self-intersection operations in the bordism of immersions, and the generalised
Steenrod operations of tom Dieck [37]. As a Corollary, we obtain a new construction
of the Steenrod squares on those Zs-cohomology classes of a manifold whose Poincaré
dual homology class contains an immersion.

The main technique employed is that of extending an immersion to an immersion
of its normal disc bundle, to avoid transversality issues. Such ‘spreadings’ were
studied extensively by Vogel [38], whose proof of the classification result (relating

bordism of immersions to the stable homotopy of Thom spaces) is reproduced here.
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Chapter 1

Introduction

Here we give the basic definitions of differential topology which we shall need, and
then briefly summarise the contents of each Chapter. References can be found in the
main text.

In this thesis, the word ‘manifold” will mean ‘smooth, Hausdorff manifold (dif-
ferentiable of class C'°)’. Superscripts without parentheses will be used to denote
dimension, so for example, N™ may denote a manifold of dimension n. A map
f: M™% — N™ between manifolds will be assumed smooth unless otherwise stated.
The integer k is called the codimension of the map f. Recall that such a map f

induces a map df : TM — TN of tangent bundles, called the derivative of f.

Definition 1.1. A map f: M™% — N" of non-negative codimension k is called an
immersion if for every point x € M, the linear map of tangent spaces df,: T M, —

TNy has rank (n — k). An immersion will be denoted by f: M™% ¢ N™,

Note that although the derivative df, of an immersion f: M™% 95 N™ is injective
at each point x € M, the map f may not itself be injective. We call the points of M
at which injectivity fails the multiple points of f. The image of the multiple points

in N will be called self-intersections of f.

Definition 1.2. An immersion f: M" % 95 N™ which is homeomorphic onto its

image f(M) C N is called an embedding, and is written f: M™% < N™.
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Note that an embedding is an immersion without self-intersections, but an in-
jective immersion may not be an embedding. For example, there is an injective
immersion f: R! & R? with image a figure eight.

The correct notions of homotopies of immersions and embeddings are as follows.

Let I = [0, 1] be the closed unit interval.

Definition 1.3. Two immersions fy, fi: M™% 9= N" are said to be regularly ho-
motopic if there is a smooth homotopy F': M x I — N from fy to fi such that at

each stage t € I the map F(—,t): M — N is an immersion.

Definition 1.4. Two embeddings fy, fi: M™% — N™ are said to be isotopic if there
18 a smooth homotopy F': M x 1 — N from fo to fi such that at each staget € I the

map F(—,t): M — N is an embedding.

For an immersion f: M" % 95 N", we may regard TM as a sub-bundle of the
pullback bundle f*T'N. This is done by identifying 7'M with the isomorphic bun-
dle df (TM), whose fibre over x € M is the (n — k)-dimensional vector subspace
dfe(TMy) < TNyem).

Definition 1.5. The quotient bundle v(f) := f*T'N/df(TM) is a k-dimensional
bundle over M called the normal bundle of f.

The normal bundle to an immersion f: M™% 9= N™ may be given the structure
of a smooth vector bundle. This means that we may give the total space v(f) the
structure of a smooth manifold of dimension n, such that the bundle projection
p: v(f) — M is a smooth map. It is a well known fact (see [6] Remark 4.12, for
example) that any smooth vector bundle may be given a smooth Riemannian metric.
A vector bundle with a Riemannian metric will be called a Riemannian vector bundle.
Note that a bundle map v: ( — £ between Riemannian vector bundles which is
isometric on fibres induces a map of unit disk and unit sphere bundles, and hence a
map Tv: T¢ — T¢ of Thom spaces. We henceforth assume v(f) to be smooth and

Riemannian.
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Definition 1.6. Let f: M™% 95 N™ be an immersion, and let ¢ be a Riemannian
vector bundle of dimension k. A (-structure for f is a bundle map v: v(f) — (

which 1s 1sometric on fibres.

We now come to our main objects of study. For a fixed manifold N™ with
empty boundary and a Riemannian vector bundle ( of dimension k, consider the
set Imm(N; ¢) of all immersions f: M™% 9 N™ with (-structure, where M is closed
(compact and with empty boundary). This set may be very large; a classification
tool is provided by bordism of immersions.

In Chapter 2 we define the equivalence relation on Imm(N; () given by bordism
of immersions, and the resulting commutative monoid Z(N; (). These monoids are
functorial in both arguments N and ¢, and between them are external and internal
product pairings. Additional structure on the functor Z(—;—) is provided by the
self-intersection operations, which are functions ¢,: Z(N;() — Z(N;S,¢) natural in
N, where the bundle S,( is the r-th extended power of (. For a generic immersion
f: M™% 95 N the set of r-fold self-intersections is itself the image of an immersion
U (f): Ar(f) & N with S,¢-structure, leading to the definition of ¢,.. We may also
extend the definition of Z(—; —) to allow manifolds with boundary.

The main result of Chapter 3 is a new proof of Herbert’s Theorem in the set-
ting of bordism of immersions. Herbert originally gave a recursive formula relat-
ing the homology classes in M represented by the multiple points of an immersion
f: M™% a5 N™ but his proof was encumbered by the fact that homology classes are
represented by singular simplices rather than immersions. Our proof seems simpler
as it is in some sense closer to the geometry.

Chapter 4 is a review of cobordism theories. We adopt Quillen’s approach and
think of a cobordism class of N™ in degree k as being represented by a codimension
k proper map to N with some prescribed orientation. This allows us to relate the
cobordism functors to the functor Z(—; —), and hence obtain Herbert’s Theorem in
any cohomology theory where the constituent normal bundles are orientable. Fi-

nally we discuss Steenrod operations in generalised cohomology theories, give their
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construction in cobordism theory due to tom Dieck, and describe their geometric
interpretation in terms of proper maps.

A useful tool in studying immersions up to bordism is the functor J(—;—) on
pairs of pointed spaces given by bordism of spreadings, as defined by Pierre Vogel
with the French name ‘étalements’. The close relationship between the two functors
Z(—,—) and J(—;—), described in Chapter 5, means that the bordism class of an
immersion f: M"* a5 N" with (-structure is essentially determined by an extension
of f to an immersion of its normal unit disc bundle, and the behaviour of the map
v: v(f) — (¢ near the zero section. Since such a ‘spreading’ of f has zero codimension,
many transversality issues may be avoided by taking this approach.

As an example, in Chapter 6 we apply the results of Chapter 5 to obtain a formula
relating the double point operation 1, and the Steenrod operations of Zs type in
unoriented cobordism and Zs-cohomology. This is our main original result, but in
some sense it raises more questions than it answers; some of these are discussed in
Section 6.3.

In Chapter 7 we prove the homotopy classification result which relates bordism
of immersions to the stable homotopy of Thom spaces. The proof we give is due to
Vogel. We also outline the connection between self-intersection operations and the
James-Hopf maps from stable homotopy theory. None of the material in this Chapter

is new, but it is included here for completeness.



Chapter 2

Bordism of Immersions

We wish to study the set of all immersions of compact manifolds into a given man-
ifold, with a given structure on their normal bundles. This can be made precise
as follows. Let N™ be a connected manifold with empty boundary, and let { be a
k-dimensional real Riemannian vector bundle over a space X having the homotopy
type of a connected manifold. The data we wish to consider are triples (M™%, f, v)
where M™% is a closed manifold, f: M 9 N is an immersion with normal bundle
v(f), and v: v(f) — (is a (-structure for f. Here the word ‘closed” means ‘compact
with empty boundary’. We shall denote the set of all such triples Imm(N; (). We
must first partition this set using a suitable equivalence relation. To begin with, we
could consider immersions equivalent if they differ only by a diffeomorphism of the

source manifold.

Definition 2.1. Two triples (M, f,v) and (M’ f',v") in Tmm(N; () are diffeomorphic
if there is a diffeomorphism g: M — M’ such that f = f'og, and v = v 07 as
bundle maps, where the bundle map G: v(f) — v(f') comes from the isomorphism

v(f) = g v(f).

However the resulting set of equivalence classes is still too large to be tractable
in general. We need a coarser equivalence relation; this is provided by bordism of

immersions.

12
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2.1 The Monoid Z(N; ()

Definition 2.2. Two triples (Mo, fo,vo) and (M, f1,v1) in Imm(N; ) are bordant,
written (My, fo,v0) ~ (M, f1,v1), if there is a triple (W"=*T1 F V) consisting of a
compact manifold W with boundary OW , an immersion F: W 9 N x I transverse
to N x 91 such that F~'(N x dI) = OW, and a -structure V: v(F) — ( for F; and
such that the triple (OW, F|aw, V]ow ) is diffeomorphic to the triple (Mo Mj, ( fo,0)U

(fb 1),’(}0 L Ul)'

Here the symbol LI denotes disjoint union. One may show that bordism as defined
is an equivalence relation. We denote the resulting set Imm(N;()/ ~ of bordism
classes by Z(N; (). The bordism class of a triple (M, f,v) will be denoted [M, f,v],

or simply by [f] when we wish to suppress notation.
Lemma 2.3. Diffeomorphic triples are bordant.

Proof. The triple (M x I, f x 1;,v o m) is readily seen to give a bordism between
diffeomorphic triples (M, f,v) and (M’, f',v"), where m: v(f x1;) Zv(f)x1 — v(f)

is the projection. O
Proposition 2.4. Z(N; () has the structure of a commutative monoid.
Proof. The addition operation is given by disjoint union of representatives, so

(M, f,o]+ M, f',0]=[Mu M, fuf odd.

This is easily checked as being well-defined. The unit is given by the empty immersion.
Commutativity and associativity follow from the diffeomorphisms M UM’ =~ M’ LM
and (M UM)YUM"~ MU (M UM") and Lemma 2.3. O

We also record the following simple fact.

Proposition 2.5. Let fy, fi: M™% 95 N™ be reqularly homotopic immersions, and
let vo: v(fo) — C be a (-structure for fo. Then fi may be given a (-structure vy such

that the triples (M, fo,vo) and (M, fi,v1) are bordant.
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Proof. Let F': M x I — N be a regular homotopy from fy to f;. Then the map
F: M x I — N x I given by F(m,t) = (F(m,t),t) is an immersion, whose normal
bundle v(F) restricts to v(f;) over M x {i} for i = 0,1. The Proposition will be
proved if we can find a compatible (-structure for F. Note that v(F) = 7*v(fy),
where m: M x I — M x {0} is the projection, and composing this isomorphism

with the bundle map 7: 7*v(fy) — v(fy) gives a bundle map from v(F) to v(fy).

Composing this with vy: v(fy) — ¢ gives the required (-structure. O

2.2 Functoriality

In fact the pairing Z(—; —) is functorial in both variables, N and (. We now make
this statement precise. Let Dy be the category whose objects are finite dimensional
manifolds with empty boundary, and whose morphisms are the proper immersions (a
map between topological spaces is called properif the inverse image of any compact set
is compact). Let Vect denote the category whose objects are real Riemannian vector
bundles over spaces having the homotopy type of connected manifolds, and whose
morphisms are the bundle maps between bundles of the same dimension which are
isometric on fibres (our reasons for using this restricted category of vector bundles will
become clear in Chapter 5, when we introduce the Thomification functor 7": Vect —
e to the category of pointed spaces and maps). Let CMon be the category of
commutative monoids and monoid maps. Finally, for a category C, let C°? denote its

opposite category.

Proposition 2.6. Bordism of immersions is a homotopy bifunctor
I(—;—): Dy’ x Vect — CMon.

Proof. We first show that Z(IN; —) is a covariant homotopy functor. It is clear that
a morphism 7: ¢ — £ in Vect induces a well-defined map of monoids 7,: Z(N;() —
Z(N;¢&) sending [M, f,v] to [M, f,n o v], and that this assignment is functorial. To

show that homotopic bundle maps 7 ~ n’': { — ¢ induce the same map, we must
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show that (M, f,nov) ~ (M, f,n ov). Solet H: v(f)x I — ¢ be a homotopy from
now ton owv. Then the triple (M x I, f x I, H) gives the desired bordism.

Now we fix ¢ and show that Z(—;() is a contravariant homotopy functor. Let
g: Q"' % N" be a proper immersion, and let [M, f,v] be in Z(N;(¢); we must
describe g*[M, f,v] € Z(Q; (). By Proposition A.5 in the Appendix and Proposition
2.5, we may find a representative f’ of [f] which is regularly homotopic to f and

transverse to g as a map to N. We then form the pullback square.

Oxy ML M

I

Q N

The manifold

Qxny M ={(g,m) € Qx M |g(q) = f(m)}

is compact since M is compact and ¢ is proper. The map ¢ is an immersion with
normal bundle isomorphic to p*v(f") = p*v(f), hence admits a bundle map p: v(d) —

v(f). Then we may set

9 [f1=[Q xn M,6,v07] € Z(Q; ().

Note that this construction is well-defined and functorial by Proposition A.6(a) in
the Appendix, and that regularly homotopic immersions of ) in N give the same

map Z(N; () — Z(Q; ). .

2.3 Products

Given pairs of objects N, N’ € Ob(Dy) and (,(" € Ob(Vect) we may define the
Cartesian product objects N x N' € Ob(Dy) and ¢ x ¢" € Ob(Vect). This allows the

following definitions of products in the bordism of immersions.

Definition 2.7. The external or Cartesian product is the binary operation

I(N;¢) x Z(N';¢') S I(N x N';¢ x ()
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giwen by Cartesian product of representatives, so
(M, fou] x [M', f/ 0] =M x M', fx f/,ux].
Definition 2.8. The internal or cup product is the binary operation
I(N;¢) x I(N;¢') = I(N;¢ % ¢)

given by
[fo] ULA] = A%[fo] x [f1],

where AN* denotes pullback by the diagonal embedding A: N — N x N (given by

n — (n,n)) as in Proposition 2.6.

That these operations are well-defined is immediate. Note that both are distribu-
tive over the addition. The diffeomorphism (M UM’) x M" ~ (M x M")U (M’ x M")
along with Lemma 2.3 yields this fact in the case of the x-product, and the U-product

case follows since A* is a monoid homomorphism.

2.4 The Self-intersection Operations 1),

Thus the theory of bordism of immersions has a rich structure. It is enriched fur-
ther by certain natural operations between bordism functors, constructed from the
self-intersections of immersions. The idea is that if an immersion f: M™% q» N”
satisfies a certain generic property, then the set of points in N whose pre-image un-
der f consists of at least r distinct points of M is itself the image of an immersion
U(f): Ay(f) + N of codimension rk. This r-fold self-intersection immersion has
certain extra structure on its normal bundle.

The study of self-intersections of immersions began long ago with such authors as
H. Whitney [41] and R.K. Lashof and S. Smale [19]. However, it was U. Koschorke and
B. Sanderson, in their pioneering work [18], who first applied the theory to define
operations between bordism monoids. These operations have since been studied
extensively by P. J. Eccles [12], M. A. Asadi-Golmankhaneh and Eccles [1] and others,

and will be the subject of much of this thesis.
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We now describe the ‘generic property’ of immersions mentioned above, and in
order to do so must introduce the following notations. Superscripts in parenthe-
ses will denote iterated products, so that if » > 1 is an integer, N is the r-fold
Cartesian product of N with itself. Let A: N — N be the diagonal embedding

n— (n,...,n). The r-th configuration space of M is the open submanifold
F(M;r)={(my,...,m;) e M | i #j=m; # m;} C M,

consisting of pairwise distinct r-tuples of points in M. Given f: M™% q» N, the
restriction of the product immersion f: M) qs N to F(M;r) shall also be
denoted ().

Definition 2.9. An immersion f: M™% 9» N™ is self-transverse if for every r > 1

the immersion T : F(M;r) 9 N is transverse to A: N — N,

Given an integer » > 1 and a self-transverse immersion f: M" % 95 N of a
closed manifold to a manifold without boundary, we now construct the r-fold self-

intersection immersion ¢, (f) of f. By Definition 2.9, on forming the pull-back square,

An(f) — F(M;r)

so| |
N2 L NO
the subspace
A(f) ={(ma,....m;) € F(Msr) | f(ma) = ... = f(m,)} C© F(M;r)

is a submanifold, whose dimension is computed as follows:
dimA,(f) = dimF(M;r) — codim(A,(f) — F(M;r))
= r(n—k) — codimA
= rin—k)—(r—n=n-—rk.

Thus the map ¥,(f): A,(f) — N has codimension 7k, and is an immersion since

Ao, (f) =z,
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In fact, A, (f) is a closed manifold. It clearly has empty boundary; we must show
why it is compact. Certainly, since A,(f) = (f™)*A(N) it is a closed subset of
F(M;r). Define a subspace éM(T) C M®™ the fat diagonal, by

AMY = {(my,...,m,) € MY | 3i # j with m; = m;}.

Note that F(M;r) = M® — AM). Using the fact that f is an immersion and

therefore locally injective, one can show that
A(f)c MY —U C F(M;r),

where U is an open neighbourhood of éM(T) in M) . The space M) —U is compact
since it is a closed subspace of M. Hence A,(f) is compact.

Now let S, denote the symmetric group on 7 elements. Note that S, acts freely
on A,.(f) by permutation of factors, and acts trivially on N. The immersion v, (f)
is equivariant with respect to these actions. Hence, on factoring out by S, we obtain

an immersion of a closed (n — rk)-manifold,

() A(f) & N,

mi,...,m;| — f(my) =...= f(m,),

the so-called r-fold self-intersection immersion of f.

In the next chapter we shall reprove a result of R.J. Herbert [15], concerning
homology classes in the source manifold M represented by the multiple points of
a self-transverse immersion f: M" % 9 N". By an r-fold multiple point of f we
mean a point m € M such that f~!'(f(m)) C M consists of at least r distinct
points. Using the constructions of this section, it is easy to describe an immersion
wr(f): ﬁr(f)”’”C 9 M™% whose image is exactly the r-fold multiple points of f.

Note that the symmetric group S,_; also acts freely on A,(f) by permuting the
last » — 1 factors, keeping the first fixed. The resulting quotient manifold Er( f) =
A.(f)/S,_1 is again a closed (n — rk)-manifold. The map

() Ap(f)rE — MR
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(mq, [ma,...,m.]) — my

given by projection to the first factor is an immersion, since all other maps in the
equality fou,.(f) = ¥.(f)op are immersions, where p: zr(f) — A,(f) is the obvious
r-fold covering. This codimension (r—1)k immersion pu,(f) is the r-fold multiple point
immersion of f.

We are almost ready to define some operations. First we need a lemma concerning
the structure of the normal bundles of the immersions ¢, (f) and p,(f), which requires
some preliminary bundle constructions.

Let G be a group. Given a right G-space X and a left G-space Y, the diagonal
action of G on X x Y is the action given by g(z,y) = (zg~',gy) for g € G, v € X
and y € Y. Define X x5 Y to be the orbit space of X x Y under this action.

Now let GG be a subgroup of the symmetric group S,.. If EG is a contractible space
with a free right action of G, then it is the total space of a universal principal G-
bundle. Let ¢ be a k-dimensional bundle with projection p: E(({) — X. The product
map p": E(¢)"™ — X is an equivariant map of left G-spaces, whose G-actions are

given by permutations.

Definition 2.10. The rk-dimensional vector bundle
1xap": EG xg E(QO)™ — EG xg X™

will be denoted by SgC, and the bundle Ss,( = S,.¢ will be called the r-th extended

power of (.

Note that S, is only defined up to homotopy equivalence, and as such &;¢ = (.

We define Sy¢ to be the point bundle over a point, denoted by .

Lemma 2.11. Suppose the self-transverse immersion f: M™% 9 N" has a (-

structure. Then the immersions ¥,.(f) and p,41(f) have a S,(-structure, for r > 1.

Proof. With a little thought, we can identify the relevant normal bundles as quotient
bundles,

(W (£) 2 v(H Oz, )/ S
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V(e () 2 x vz, 000/
where €% is the 0-dimensional bundle over M. Let v: v(f) — ¢ be a (-structure for
f.
The standard model for ES, is the configuration space F(R>;r), where R>® =
U, R™ is given the direct limit topology and S, acts by permutations.
By Whitney’s Theorem A.1 in the Appendix, we can find an embedding \: v(f) —

R>. An S, (-structure for ¢,.(f) is given by the bundle map
Sp(v): v(U(f)) — §¢C

(1, ...,z = [(A(x1), ..., Azy)), v(z1), - - o 0()],

where z; € v(f)m, and (A(z1),...,A(x,)) € F(R*;r). An S,(-structure for p,41(f)

is given by

ST-I—I(U): V(Mr-l—l(f)) - STC
(%, [21, . xe]) = [( M), .., M), v(z), .. v(,)].

These structures are uniquely defined up to bundle homotopy, since A is unique up

to isotopy by Theorem A.1. O
Proposition (Koschorke and Sanderson) 2.12. There exist operations
¢r: I(_7C> HI(_;STC)J

defined for r > 0, which satisfy the following properties. Let [f],[g] € Z(N;().

(1) Yolf] =[In: N N] € Z(N;*).

(ii) U1 [f] = [f], and .[f] =0 for v > 1 if [f] can be represented by an embedding.
(iii) (Naturality) If h: Q % N is a proper immersion, then

WS = 6 lf] € TQi8.0)
(iv) (Cartan formula)

o1+ ) = w11 Uil € TON:5,0)
(V) If f is self-transverse, h

Urlp2(f)] = [ra ()] € Z(M; S,0).
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Proof. We may take property (i) as the definition of 9. To define ¥, [f] for r >
1, note that by Proposition A.5 in the Appendix, we may choose a self-transverse

representative f’ of [f]. Then

UM, f, 0] o= [A(f), (), Se ()]

This is well defined by Proposition A.6(b). Properties (ii), (iii) and (v) follow
directly from the definitions (for (iii) use the fact that Ay oh = M o Ag: Q —
N®). Property (iv) is slightly less obvious, but the moral is that “If f Ll g is self-
transverse then an r-fold self-intersection of fLlg is the intersection of an (r —7)-fold
self-intersection of f with an i-fold self-intersection of g”. Notice we have applied
homomorphisms induced by bundle maps S, ;( x §;( — S,.(, so that the formula
ends up in Z(N;S,¢). These exist thanks to the product S,_; x S; — S, coming from

concatenation of permutations, which induces a map ES,_; x ES; — ES,. ]

2.5 The Relative Monoid Z(N, 9N ()

In this section we will extend the definition of the contravariant functor Z(—;() to
manifolds with boundary.

Let N™ be a connected manifold with boundary N, and let  be a k-dimensional
real Riemannian bundle over a space X having the homotopy type of a connected
manifold. We wish to classify all (-structured immersions of manifolds with boundary
into N which preserve boundaries. So the data set Imm(N,dN;() consists of all
triples ((M,0M), f,v), where M™% is a compact manifold with M its boundary,
f: M™% s N™is an immersion transverse to N such that f~1(ON) = M, and
v: v(f) — (is a (-structure for f. We remark that Definition 2.1 extends in an
obvious way to a definition of diffeomorphism of such triples.

Just as a bordism between closed manifolds is given by a manifold with boundary,
defining a bordism between compact manifolds with boundary requires an object with
one added level of complexity to its set of non-interior points. This is provided by the

concept of a manifold with corners, or more specifically a (2)-manifold, as introduced
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by K. Jénich in the paper [17].

Definition 2.13. A topological manifold with boundary, W™, is a manifold with
corners if it has a C*-structure with corners. That is, W has a maximal atlas of

smoothly compatible charts
which are homeomorphisms onto open subsets of R’} .

For any point x € W, let ¢(x) be the number of zeroes in ¢(x), where (U, ¢) is
a chart around x. This number does not depend on the choice of chart. Clearly a
smooth manifold without boundary is a manifold with corners W having c¢(z) = 0
for all x € W, and a manifold with boundary has ¢(xz) = 0 or 1 according to whether
x is an interior or boundary point.

A connected face of a manifold with corners W is the closure of a component of
{r € W | ¢(z) = 1}; a face is a disjoint union of connected faces. A manifold with
corners W is a manifold with faces if each x € W belongs to exactly c¢(x) different
connected faces. Note that a face of a manifold with faces is again a manifold with

faces.

Definition 2.14. A (2)-manifold is a manifold with faces W™ together with an or-
dered pair of faces (OoW, 0 W) of W, satisfying:

(i) oW ULW = oW,

(ii) OW N W is a face of both QW and O, W .

Example 2.15. Let M be a manifold with boundary OM. Then M x I is a (2)-
manifold with faces (M x OI,0M x I).

We are now ready to define a bordism relation on triples in Imm(N, ON’; ().

Definition 2.16. Two triples ((M;, OM;), fi,v;), © = 0,1, are bordant if there is a
triple (W™=F1 F V) satisfying the following conditions:

(1) W1 s a (2)-manifold with faces (OgW, W );

(2) F: W 9 N X1 is an immersion transverse to O(N X I) such that F~(N x9I) =
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D2x|

DERLEN

oW

Figure 2.1: A typical bordism between two immersions I & D2

OoW and F-1(ON x I) = o,W;

(3) V: v(F) — ( is a (-structure for F;

(4) The following triples are diffeomorphic: ((9oW,0W NOIW), Flayw, V]agw) and
(Mo U My, 0My L OMy), (fo,0) U (f1,1),v0 Uwvr);

(5) The triple (W, Flo,w, V]s,w) gives a bordism between (0My, folans,, volor,) and

(OM, filoas,, vilons,) in Imm(9N; €).

This definition is illustrated in Figure 2.1, which shows the image of a bordism
between two immersions (in fact embeddings) of the interval into a disc. As before
bordism is an equivalence relation, and we denote the resulting set of equivalence
classes by Z(N,0N; (). This is in fact a commutative monoid (compare Proposition
2.4).

To describe the functoriality, we introduce a new category of manifolds. The
category D has as objects the finite dimensional manifolds with boundary, and as
morphisms those proper immersions which do not take interior points to boundary
points. Thus a proper immersion g: @ & N is in D if and only if g7 (ON) C 0Q.
Note that we do not require g(0Q)) C N, since we wish an extension of a given im-
mersion to an immersion of its unit disc normal bundle, for instance, to be a morphism
in D. Note also that Dy is a full subcategory of D, and that for a manifold without
boundary N we have Z(N;() = Z(N,0;¢). The following Proposition generalises
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Proposition 2.6, and is proved similarly.

Proposition 2.17. Bordism of immersions with boundary is a homotopy bifunctor

Z(—;—): D x Vect — CMon.



Chapter 3

Herbert’s Theorem

Let f: M™% a5 N™ be an immersion of closed manifolds. The manifold M has a
unique fundamental Za-homology class [M|y € Hy,_(M;7Zsy) = Zs, given by the non-
zero element. If M is orientable, an orientation or fundamental homology class of M
is a choice of generator [M]| € H,, _(M;Z) = Z.
Definition 3.1. We say that f: M™% & N™ represents both the homology class
f«[M]o € Hp_k(N;Zs) and the homology class f.[M] € H, x(N;Z) (when M is
oriented).

Now suppose that f: M™% ¢ N is self-transverse (see Definition 2.9). Then
the r-fold multiple point and self-intersection immersions of f,

pe(f) B ()T e Mt

be(f): A" 9 N
defined in Section 2.4, represent homology classes m, := ,u,n(f)*[&n(f)] € H,_x(M;Zs)
and n, = . (f)«[A(f)] € Hy—rk(N; Zs), respectively. If the manifolds &n(f), A(f)
are orientable, these also represent classes in Z-homology. Note that m; = [M], or

[M], and ny = f.[M]y or f.[M]. In this chapter we address the following problem.

Problem 3.2. How are the homology classes m,., n, related, for different values of

r>1¢

For instance, trivially we have f.m; = ny. The first non-trivial (partial) answer

to this question was proposed by Whitney in his 1941 paper [41].

25
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3.1 Whitney’s Formula

In this Section, homology and cohomology will be taken with coefficients in Z if M
and N are oriented and in Zo otherwise. Since both M and N are closed manifolds,

there are Poincaré Duality isomorphisms
Dyr: HY(M) S H, (M),

Dy: H(N) > H,_(N),

for all [. In each case the isomorphism is given by cap product with the fundamental
homology class.

Denote by A(f) the image of the fundamental class of M under the composition

—1
e Dy Dy

Hy (M) = H,_(N) = HYN) = HY (M) = H,_o(M).
Let e € H*(M) denote the Euler class of the normal bundle v(f) of f.

Proposition (Whitney) 3.3.
ma = M f) — Dul(e) € Hpar(M).

As noted by R. J. Herbert in the introduction to [15], the content of this formula
may be interpreted as “the homology class Poincaré dual to the Euler class of the
normal bundle for an immersion f: M % N [is] represented by the intersection of
M with a ‘deformed position” of M minus the ‘distant intersections’ of f (Whitney’s
terminology for the double points of f)”.

In 1959, Lashof and Smale [19] attempted to generalise Whitney’s formula to the

r-fold multiple points, where r > 2. They asserted that
m, = £(A(f) — Dule)) ™" € Hori(M),

where the sign depends on n, k, and r, and the product in homology is Poincaré
dual to the cup product in cohomology. For coefficients to be taken in Z, we should
additionally assume the codimension k to be even. However, Lashof and Smale’s

formula turned out to be false.
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3.2 Herbert’s Formula

A complete answer to Problem 3.2 did not arrive until 1981, with the thesis of Herbert
[15].  Although Herbert’s formula lives in homology, we give the (seemingly more
natural) statement in cohomology. Let m, = D}/ (m,) be the cohomology class dual
to the homology class represented by u,.(f), and let 7, = Dy'(n,) be dual to the

homology class represented by 1,.(f). Again, let e € H*(M) be the Euler class of
v(f)-

Theorem (Herbert) 3.4.
Mypy1 = [0, —m, Ue € H™*(M)

for r > 1, where coefficients are taken in Z if M and N are oriented and k is even,

and in Zo otherwise.

Note that Whitney’s formula is indeed the special case r = 1 of Herbert’s The-
orem. Unfortunately, the proof of this result given in [15] is long and complicated.
An alternative, shorter proof was given by F. Ronga in [27] using the idea of ‘clean
intersections’ as introduced by D. Quillen in [25]. However, one might hope for a
cleaner, more conceptual proof of this geometric result. We will give such a proof
of the analogue of Herbert’s Theorem in the setting of the bordism of immersions.
In Chapter 4 we show how to derive Theorem 3.4, and its generalisations to other

cohomology theories, from our Theorem 3.7.

3.3 Herbert’s Formula in the Bordism of Immer-
sions

Let f: M™% as N” be a self-transverse immersion of closed manifolds, and suppose
f has a (-structure given by v: v(f) — (, where ( is a k-dimensional real Riemannian
bundle. Such an f represents a class [f] = [M, f,v] € Z(N;(). Since M is compact,
f is proper, and so may also be regarded as a morphism in the categories Dy and D.

So f induces a morphism f*: Z(N;() — Z(M;() in the category CMon.
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The unit disc bundle of v(f), denoted Dv(f), is a compact n-manifold with
boundary the sphere bundle 0Dv(f) = Sv(f). The zero section i: M — Duv(f)
is an embedding with normal bundle v(f). Hence i represents an element [M, i, v] €
Z(Dv(f),Sv(f);¢). Since i 1(Sv(f)) = 0, the zero section also represents a mor-

phism in D. Hence we may define an element
er := i*[i] € Z(M; (),

which we shall call the Euler class of f: M™% qs N™,

The analogue of Whitney’s formula may now be stated as follows.

Theorem 3.5.
U] = [ (f)] + ez € Z(M;C).

Proof. By Theorem A.7 in the Appendix, we may find an immersion F': Dv(f)" 9
N™ of the normal disc bundle which extends f and is injective on fibres. We may also
choose F' such that Fls,s): Sv(f) & N is transverse to f. This F' is a morphism
in the category D, since N = (). Hence we have a factorisation of f in the category
D as f = F oi. Therefore, a good first step towards analysing f*[f] = i* F*[f] would
be an analysis of the class F*[f] € Z(Dv(f), Sv(f);().

Note that the immersion F' is automatically transverse to f, by virtue of having
zero codimension, and Fg,(s) is transverse to f by assumption. When we form the

pullback square,

p

s} Mn—k

Du(f)" ™

the space

O = {(v,m) € Dv(f) x M | F(v) = f(m)}

is a compact (n — k)-manifold with boundary, and §: © & Dv(f) is an immersion.

The triple (©, 0, vop) represents the bordism class F*[f]. Now, using the fact that F’
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is injective on fibres, we can see that © splits as a disjoint union © = 0411 O, where
©o = {(0,, m) € O},

O, ={(v,m) €O |vev(f)w, m#m'}.

Hence in Z(Dv(f), Sv(f); () we may write

F*[f] - [@076|@07U Oﬁ|@o] + [@1,(5|@1,U Oﬁ‘@J‘

The restriction ple,: ©¢9 — M given by (0,,,m) — m is clearly a diffeomorphism
satisfying i o ple, = dle,, and in fact the triples (0q, d|e,,v © ple,) and (M, i,v) are
diffeomorphic. Thus
Fr[f] = [i] + [©1,0]e,,v 0 Dle,],

and on applying the monoid homomorphism i*: Z(Dv(f), Sv(f);¢) — Z(M;() we
obtain

[l =0 F[f] = ez +i*[O1,0]e,,v 0 ple,].
All that remains is to identify the bordism classes [u2(f)] and i*[©1,d|e,,v 0 ple,] in
I(M; Q).

We claim that self-transversality of f implies that i and J|g, are already transverse
as maps to Dv(f). In fact, suppose that i(m;) = d(v,m), for some m; € M and
(v,m) € ©7. This means that v = 0,,, € v(f)m,, which implies that m; # m and
f(my) = f(m). Consider the following commutative diagram.

,0|®1

Ch M
‘e, f
M Du(f) N

Since both p|e, and F' are local diffeomorphisms, we have

di(TM,,,) + d5(TO y,1n)) = TDv(f)

Orm,

= df (T My,,) + df (TM,,) = TNy,

and the latter is easily seen to be a consequence of self-transversality of f. Hence ¢

and d|g, are transverse.
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F(Dv (f))

30 €

Dv (f)

Figure 3.1: Hlustrating Theorem 3.5 for the figure eight immersion.

Recall from section 2.4 that [po(f)] is represented by the triple (Ay(f), pa(f), :S\;(/U)),

where

Ao(f) = Ds(f) = {(mr,ma) € F(M;2) | f(ma) = f(ma)},
p2(f)(mi, ma) = my,
and :SVQ(U)I v(pa(f)) — S1¢ = ¢ is the bundle map defined in Lemma 2.11. When

we complete the above diagram by pulling back along ¢, it is easy to see that the

resulting triple is diffeomorphic with this one. O
We will illustrate the preceding proof with an example.

Example 3.6. Consider S! to be the unit circle in C, and S? to be the one-point
compactification of R% Let f: S' 9 S? be the self-transverse immersion given by
f(e?) = (cosf,sin26), whose image is a figure eight. This is shown on the left of
Figure 3.1, together with the image of an immersion F': Dv(f) & S? of the (trivial)
normal bundle. When we pull back f by F' we obtain an immersion §: © & Du/(f)
whose image is shown on the right. This example clearly shows 0(0) as the image
of the zero section i: M <— Dv(f), and the intersection of i with 6(0;) consists of

the double points of f.

As an immediate corollary of Theorem 3.5 we obtain the following analogue of

Herbert’s Theorem in Z(M;S,().

Theorem 3.7. Forr > 1,

F e ()] = T (D] + [ (F)] U ez € Z(M; 5,6).
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Proof. This follows from the double point case above using Proposition 2.12, and the

fact that ez € Z(M; () is represented by an embedding. The argument is as follows:

(N = ¥ f[f] by (iii) of 2.12
= .([a(f)] +ez) by Theorem 3.5
= Zwrﬂ'[uz(f)] Uy(er) by (iv)

= Uplpa(f)] + ralpa(f)]Uer by (ii)

= [ (N + [ (f)]Uez by (v).



Chapter 4

Geometric Cobordism and

Steenrod Operations

In this chapter we give a brief survey of the various cobordism theories. These are
generalised cohomology theories represented by Thom spectra, whose definitions and
basic properties are outlined in Section 4.1. In Section 4.2 we give D. Quillen’s geo-
metric interpretation of cobordism as equivalence classes of suitably oriented proper
maps of manifolds [25]. This will enable us to describe the relationship between such
cobordism theories and the functor Z(—; —) of Chapter 2. This is done in Section 4.3,
where the analogues of Herbert’s Theorem 3.4 in cobordism and other cohomology
theories are deduced. In the final section we will define and discuss Steenrod oper-
ations in the setting of generalised cohomology theories, and give their construction
(due to T. tom Dieck [37]) in the case of cobordism from both the homotopical and

geometrical viewpoint.

4.1 Thom Spectra

Definition 4.1. Suppose we are given a family Xr = { Xy, fx, gr }x>0, where for each

non-negative integer k we have a space Xy, a fibration fp: Xy — BO(k) and a map
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gr: X — Xgi1 making the following diagram commute.

X

BO(k)

Ik Biy,

XHYJEiBO%+1)

Here O(k) denotes the k-dimensional orthogonal group, BO(k) is its classifying space,
and i: O(k) — O(k + 1) is the standard inclusion homomorphism. If vy is the
universal O(k)-bundle over BO(k) with fibres R¥, we have (Biy)*yps1 = v @ €,
where €™ denotes the trivial bundle with fibres R™. From these data we get a sequence
of vector bundles I' = {T'y, := fivi}is0, with dim(L'y) = k, and bundle maps G,,: T'y®
el — T'1. Passing to Thom spaces gives a spectrum, denoted ML, whose k-th space
ML (k) is TTy and whose structure maps are the maps Tq,,: TTy ANS* — TTyy1. Any

spectrum arising in this way s known as a Thom spectrum.

We will always assume that our Thom spectrum MI is a ring spectrum. This
means that there are maps of spectra u: S — MI' (where S denotes the sphere
spectrum with k-th space S¥) and y: MICAMI" — MT, making the following diagrams

commute up to homotopy:

Al Al 1A
MCAMEAME 222 MOAME SAME A2 MOAME <2 MO AS
LA % Q 7 >

MT A MT H MT MT

The maps v and p are called the unit and multiplication of the spectrum. They arise

by passage to Thom spaces from a compatible system of bundle maps
upr RF = Tpy pugg: T x Ty — Ty,

where k,[l € N and each uy is inclusion of a fibre. Examples will be given at the end
of this section.
We will need some notion of orientability of a manifold N™ with respect to the

spectrum MI'.



vhnarimniy 4. GLUMEL T RO OCUDURUWILOIVE

Definition 4.2. A manifold N™ is called I'-orientable if there exists a pair (e, o),
where e: N — R"™ is an embedding with | > 0, and o: v(e) — I is a bundle map
isomorphic on fibres. Note that for any such pair (e, o) and any integer j > 1 we can
define another pair (e, 07) by setting ¢/ = 1] oe: N « R where 1] : R < R

is the standard inclusion, and o7 v(e?) 2 v(e) D el~' — T is the composition
0/ =7; 10...0(G1 ® e o (goe Yo (o @™,

We may put an equivalence relation on such pairs as follows. Two pairs (eg, o)
and (ey,01) are equivalent if there is an integer j > max{ly,l1}, and a third pair
(E,X) giving a level isotopy between the pairs (€}, 03) and (¢],01). To be precise,
E: N x I < R" x I is an embedding such that E(n,i) = (e/(n),i) for alln € N,
i € {0,1}, and %: v(E) — T is a bundle map which restricts to o} over N x {i}.
A T-orientation of N is then an equivalence class of such pairs. A I'-manifold is a

manifold N together with a I'-orientation of N.

Put succinctly, a ['-manifold is a manifold with a I'-structure on its stable normal
bundle.

Our Thom spectra give rise to generalised (co)homology theories, known as the
(co)bordism theories. The k-th unreduced I'-cobordism group of the (un-pointed)

space X is defined as
MI™*(X) = Jim (XX, MT(k +1)],

where [—, —] denotes pointed homotopy classes of maps, X! denotes the I-th reduced
suspension functor, + denotes a disjoint base point, and the maps in the direct limit
are given by suspension and the structure maps in the spectrum MI'. Similarly, the

(n — k)-th unreduced I'-bordism group of X is defined as
ML, (X)) := Jim [SY, X, AMI(I — (n —k))].

Our assumption that MI" was a ring spectrum ensures that there are external products
in both bordism and cobordism, and an internal product in cobordism making the

direct sum

MI™*(X) := @O MI*(X)

kEZ
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into a graded ring with unit, the I'-cobordism ring of X.

The following are examples of Thom spectra which are also ring spectra.

Examples 4.3. (0) The sphere spectrum S is the most fundamental example of a
ring spectrum. It can also be regarded as the Thom spectrum of the family Xy,
with Xy, = pt, fr: pt — BO(k) the inclusion of a point, and g: pt — pt the identity.
Each T is the trivial bundle R* over pt, and a {1}-orientation of a manifold N is
a trivialisation of the stable normal bundle of N. The resulting cobordism theory
M{1}*, known as framed cobordism, is isomorphic to stable cohomotopy.

(1) Let X be the family with X, = BO(k), fr = 1: BO(k) — BO(k), and g, =
Big. Then each T’y is the universal O(k)-bundle v, and every manifold has a unique
O-orientation. The resulting O-cobordism theory is known as unoriented cobordism.
The ring structure comes from the classifying bundle maps vx X v — Vi1

(2) Let Xy be the family with X5, = BU(n) = Xo,41 (where BU(n) is the classifying
space of the unitary group U(n)), fan and fo,1 are the classifying maps of the bundles
7Y and 7Y @e! respectively (where 4 is the universal n-dimensional complex bundle),
and the g are the obvious inclusions. Then a U-manifold is called a weakly almost
complex manifold, and U-cobordism is called complex cobordism. Similarly, one may
take a family Xg, with Xy, = Xup11 = Xunt2 = Xunys = BSp(n), the classifying
space of the symplectic group Sp(n), and obtain symplectic cobordism.

(3) Let X0 be the family with X}, = BSO(k) (where SO(k) is the special orthogonal
group) and fi: BSO(k) — BO(k) the classifying map of the universal oriented
bundle 779 over BSO(k). The product bundle 179 x 779 has a product orientation,
classified by a bundle map to v,ffl, so MSO is a ring spectrum. An SO-orientation of
N is an orientation (in the usual sense) of its stable normal bundle, which is equivalent
to an orientation of N itself, so MSO is the spectrum of oriented cobordism. Similarly

one can define the spectrum MSU.

The standard reference for the concepts found in this section is R. Stong’s book

[32]. For a very readable account of O- and SO-(co)bordism, see [9].
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4.2 Geometric Cobordism

The bordism groups described above were, in the first instance, defined geometri-

13

cally by M. F. Atiyah as the groups in a “...‘Singular homology’ theory based on
differentiable manifolds” [2]. In fact, define a singular T'-manifold in X to be a pair
(M™ f), where M™ is a closed I-manifold and f: M — X a continuous map. Two
singular I-manifolds in X, (M, fo) and (M, f1), are said to be bordant, written
(Mo, fo) ~ (M, f1), if there is a pair (W™ F) consisting of a I'-manifold W with
boundary OW = M, LI M;, whose I'-orientation restricts to those of My, M; at the
boundary, and a continuous map F': W — X such that F|y, = fi: M; — X for

i =0,1. Then it is well known (see [9]) that
ML, _(X) = {(n — k)-dimensional singular I'-manifolds in X}/~ .

In the same paper [2]|, Atiyah gave the above homotopy definition of the cobordism
groups. The geometric interpretation of cobordism did not appear until ten years
later, in a paper of Quillen. To quote A. Dold (from the introduction to [11]),
“...homology of X is given by finite chains, cohomology by (infinite but) locally finite
chains. In (co)bordism finite chains become maps W — X of compact manifolds W,
whereas locally finite chains become proper maps W — X of arbitrary manifolds W”.

We shall need to assume that our un-pointed space X is a manifold without
boundary. This does not represent a serious restriction, since any finite complex has
the homotopy type of such a manifold (simply take an open regular neighbourhood
of an embedding into Euclidean space). The following definition of I'-orientation of
amap f: M — X generalises the notion of I'-orientation of M, which is the case

when X is a point.

Definition 4.4. A map of manifolds without boundary f: M™% — X" s -orientable

if there exists a factorisation of f as
Mnfk (i En+l N X"

Y

where m: E — X is a smooth [-dimensional vector bundle over X, and e is an em-

bedding with I'-structure o: v(e) — T'xyy on its normal bundle. Such a factorisation



vhnarimniy 4. GLUMEL T RO OCUDURUWILOIVE Il

of f through E is equivalent to a second one through E', if there exists a third vector
bundle E" over X containing E and E' as sub-bundles, such that the pairs (e, o) and
(€', 0") are level isotopic in E" (compare Definition 4.2). A T-orientation of the map

f: M — X is then an equivalence class of factorisations.

We remark here that, assuming X" is finite dimensional, each I'-orientation of

f: M — X contains a factorisation of the form
M— X xR™ % X.

This follows from the fact that for any vector bundle F over a finite dimensional
manifold X, there exists a bundle F' over X such that F & F = £™, for some integer
m (see any introductory text on K-theory, such as [14]). Hence any vector bundle

over X is a sub-bundle of a trivial bundle.

Proposition 4.5. Let f: M — X be a I'-oriented map, and let g: ) — X be a
map of manifolds which is transverse to f. Then the map 6 in the following pullback
diagram
Oxx ML M
5 |
Q X

has a well-defined induced I'-orientation.

Proof. Let the I'-orientation of f be given by a factorisation
MSESX,

and a bundle map o: v(e) — I';. Then the above diagram factorises into two pullback

squares, as below.

e’ e
dE—J . E
T
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Note that since f and 7 are both transverse to g, the embedding e is transverse to

the bundle map g. The embedding ¢’ has a I'-structure given by

v(e) = prvie) B v(e) ST,

and hence the maps down the left hand side represent a I'-orientation of §. O

We are now ready to put an equivalence relation on the class of proper I'-oriented

maps to X of a given codimension.

Definition 4.6. Two proper I'-oriented maps fo: MJ™* — X" and fi: M™% — X"
of codimension k are cobordant if there exists a proper I'-oriented map F': Wn=F+l —
X" x R, again of codimension k, such that the embedding e;: X — X X R given by
ei(x) = (x,1) is transverse to F for i € {0,1}, and such that the pull-back of F by e;

with induced I"-orientation is the I'-oriented map f;.

Cobordism is an equivalence relation, and we have the following Proposition of

Quillen [25].

Proposition 4.7. The set of cobordism classes of proper I'-oriented maps to X of

codimension k is isomorphic to MT'*(X).

The proof is a generalisation of R. Thom'’s original proof for the coefficient groups
[36], and is omitted. One can also check that the structure of the cobordism ring
MI™*(X) admits the following geometric interpretation in terms of proper maps.

Addition. Let x; and x5 be classes in MT'*(X) represented by proper I-oriented
maps f1: M™% — X and fo: My~* — X. Then x; + x5 € MI'*(X) is represented
by the map fi U fo: M; L My — X, whose I'-orientation is described as follows.

By the remark following Definition 4.4 and standard theorems of isotopy and
embedding, we can find some large integer [ such that for ¢ = 1,2 the I'-orientation

of f; is given by a factorisation of the form
M; &5 X xR — X,
By judicious use of embeddings

Ve, Vo: Rl R
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Vilyr, Y2, - u) = (e ya, .. cou), vy €R

we can also arrange that e; (respectively ey) embeds M; (Ms) in the upper (lower)

half-space of X x R!. Then the I'-orientation of f; LI f, is given by the factorisation

ei1llen

MyUM, =" X xR — X.

Given a cobordism class x represented by f: M — X, whose ['-orientation is given
as

MS X xR - X, o: v(e) = Dy,

its negative —x is represented by the same map with the negative I'-orientation,

described as follows. Composing e with the reflection map
r: X X Rl — X X Rl? r(xvyhy%‘ . yl) - (ZE, —Y1, Y2, .- 7yl)

gives an embedding r o e which is isotopic to e, hence has isomorphic normal bundle.

The negative I'-orientation is represented by

roe

M—XxR - X, ooF: v(iroe)=uv(e) — Ty

One checks that the addition so defined is associative and commutative. The class
of the empty manifold and map acts as a zero element, and for any class z we have
r — x = 0, making MI'*(X) an Abelian group.

Functoriality. For each integer k, we have a contravariant functor MT'*(—) from
the category of manifolds without boundary to the category of Abelian groups. This
contravariance is described by a pull-back construction, as in Proposition 2.6. Let
r € MI'*(X) be represented by a proper I-oriented map f: M™% — X" and let
g: Q"' — X" be a map of manifolds. By the transversality theorems we may
find a representative f': M — X of x which is transverse to g as maps to X.
Then, as in Proposition 4.5, we pull back f’ by g to obtain a proper I'-oriented map
§: Q xx M — X, which represents the class g*z € MI'*(Q).

Products. The external product

x: M (X)) @ MI™™2(X5) — MTRHR2 (X x X))
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is given by Cartesian product of representing maps. So if x; € MI'*i(X}) is represented
by fi: M; — X, fori = 1,2, then the class z; X 15 € MI'*1%2( X x X,) is represented
by fi1 X fa: My x My — X x X, with the product orientation (this is described using
the compatible system of bundle maps px;: I'y X I — I'yy; which define the ring
spectrum structure on MI.)

The internal product
U: MI*(X) @ MTH(X) — MI*H(X)

is given by x1 Uz = A*(x1 X 23), where A: X — X x X is the diagonal embedding.
One may verify that with these definitions of sums and products, the graded group
MI™(X) = HMI*(X)
keZ
has the structure of a graded ring, with the class of the identity map 1: X — X
(with trivial T-orientation) acting as the unit 1 € MT°(X). The map ¢g*: MI'™*(X) —
MI™*(Q) induced by ¢g: @ — X is a ring homomorphism.

Now suppose that X" is a closed I'-manifold, and let f: M™% — X" be a proper
I-oriented map. Then clearly M = f~'X is also closed, and it is not hard to verify
that the I-orientations of X and f furnish M with a canonical I'-orientation. Hence
a proper ['-oriented map to X is nothing but a singular ['-manifold in X. This sheds

considerable light on the following duality theorem of Atiyah [2].

Theorem (Poincaré-Atiyah Duality) 4.8. Let X" be a closed I'-manifold. Then

for each k € 7Z there is an additive isomorphism
MI™*(X) = M, _(X),

given by the identity on representing maps.

4.3 From Bordism of Immersions to Cobordism

We now recall some notation from Chapter 2. Let Dy be the category of finite

dimensional manifolds with empty boundary, and proper immersions. Let CMon be
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the category of commutative monoids. Note that by restriction of both the domain
and the range categories, the k-th I'-cobordism (for a given k& > 0) may be regarded
as a contravariant functor

MT*: Dy, — CMon.

This is closely related to the functor given by bordism of immersions with I['x-
structure,

Z(—;Tk): Dy — CMon,

where 'y is the k-dimensional real bundle which appeared in the Definition 4.1 of the

Thom spectrum MI'. We now give the details of this relationship.

Proposition 4.9. Let MI' be a Thom spectrum. For each k > 0, there is a natural

transformation of functors
Ti: I(—:;Ty) — MI¥(=),
where MT'* is regarded as a functor from Dy to CMon.

Proof. Let N™ be a manifold, and suppose the class [f] € Z(IN; ;) is represented by
a triple (M, f,v). Since M™% is compact, the immersion f: M" % 95 N™ is a proper
map; we shall show that it has a canonical I'-orientation.

First, choose an embedding f: M < R! where | > 2(n — k) + 2. Such an
embedding always exists and is unique up to isotopy, by Theorem A.1. Then we have

the following factorisation of f through a trivial bundle,

MY Nxr BN

Note that v(f, f) = v(f) @ v(f) @ TM = v(f) @ &', and so we obtain a I-orientation

of f via the composition of bundle maps

, vDE | k1190 (G @ E72) 0 (g @)

o v(f)de ——T®e

|

This is indeed a canonical I'-orientation of f, since isotopic embeddings f lead to the

same orientation class.
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If the two triples (Mo, fo,v0) and (M, f1,v1) are bordant, a simple check of the
definitions shows that the proper I'-oriented maps fy and f; are cobordant. Hence

there is a well-defined function
Ty: I(N;Ty) — MI*(N),

for each N, which takes the bordism class of an immersion with ['y-structure to its
cobordism class as a ['-oriented map. It is also an easy exercise to check that each

T}, is a monoid map, and is natural in V. O

We now wish to describe the behaviour of the maps T}, with respect to products.

The products in MI™ arise from a compatible system of bundle maps
preg: T X Ty — Tiqy,

where there is one such u for each pair &£,/ € N. Using these maps we obtain product
maps
Z(Ny;Ty) X T(Ng; Ty) =5 Z(Ny x No; ),
I(N;Ty) x Z(N;Ty) = Z(N; ),

by composing the products from Section 2.3 with the induced maps (fix,)s-

Proposition 4.10. The natural transformations Ty, preserve products, that is to say,
the following diagrams commute for all k,1 € N:

TkXE

Z(Ny:Ty) x Z(No: T)) MI*(N7) x MTY(N,)

T
T(Ny x Na:Tiyi) M MEOF(NG x Ny,

TkXE

I(N;T}) x Z(N;T)) MI*(N) x MTY(N)
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Proof. Again, this is a straightforward check of the definitions. Note that the second

diagram follows from the first, by naturality and the diagonal A: N — N x N. [

We now wish to deduce the analogue of Herbert’s Theorem 3.4 in MI™, when

f: M™% 9 N™is an immersion with ['y-structure. By Theorem 3.7, we have

f*[¢r(f)] = [HT-I—l(f)] +er U [:ur(f)] S I(M§ Srrk)

We shall need two preliminary definitions and an observation.

Definition 4.11. Let Xr be a family as in Definition 4.1, resulting in a sequence of

vector bundles I' = {T'y }k>0. Fiz k > 0. Suppose there is a bundle map
Pr: SrFk - Frk

for each r > 0, where S,I'y, is the r-th extended power of the bundle I'y, and that the
diagram

SPFk X Squ E—— Serqu

Pp X Pq Pp+q

Hpk,qk

Do X Ty Lot
commutes up to bundle homotopy for all p,q > 0 (the top map was defined in the
proof of Proposition 2.12). Then we shall say that the resulting Thom spectrum MI

has self-intersections in codimension k.

Definition 4.12. Let ¢* be a vector bundle of dimension k over a manifold M, and
suppose that ¢ admits a bundle map v: ¢ — T'y. Then the zero sectioni: M — FE(()
is a proper I'-oriented map, and the element er(¢) = i*[i] € MT*(M) is called the

['-cobordism Euler class of the bundle C.

Observe that if f: M™% 95 N™ is an immersion with ['j-structure, and es €
Z(M;T}) is its Euler class defined as at the beginning of Section 3.3, then T (ez) =
er(v(f)). From this point forward we shall abuse notation and write [f] € MI'*(V)

for the image of [f] € Z(N;T'x) under the natural map Ty.
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Proposition 4.13. Let MI" be a Thom spectrum with self-intersections in codimen-

sion k. Let f: M™% as N™ be an immersion with I'y-structure, where M is closed.

Then
o (D] = [ (D] + er(w(f) U [ (f)] € MTT(M).

Proof. This follows directly from Theorem 3.7 and the results of this Section. O

Examples 4.14. (1) When I" = O, there are bundle maps p,: S, — 7 which
classify the r-th extended power of each universal O(k)-bundle v;. Hence MO has
self-intersections in every codimension, and we obtain Herbert’s Theorem in MO™.
(2) When T' = U, there are bundle maps p,: S, — 5, for each k € N, since the
extended power of the universal U(k)-bundle v has a canonical complex structure.
Since 7Y has real dimension 2k, we can say that MU has self-intersections in all even
codimensions. Similarly, MSp has self-intersections in all codimensions divisible by 4.
Hence we deduce Herbert’s Theorem in MU* (MSp®) when f is of even codimension
(codimension divisible by 4) and has a complex (symplectic) structure on its normal
bundle.

(3) When I" = SO, the situation is slightly different. The extended power S,7;, of the
universal SO(k)-bundle 7 is orientable if k is even, since then a permutation of the
factors of %ir) preserves the product orientation. Hence MSO has self-intersections in
even codimensions, so if f has even codimension and v(f) is oriented, Herbert’s The-
orem holds in MSO*. Similarly, MSU has self-intersections in codimensions divisible

by 4.

We can also deduce analogues of Herbert’s Theorem in other multiplicative coho-

mology theories, using the following definition.

Definition 4.15. Let E be a ring spectrum. A Thom class is a ring map t: MI' — E

of ring spectra, where MI" is a Thom spectrum.

A Thom class t: MI' — E induces a multiplicative natural transformation of
cohomology theories : MI™* — E*. If er(¢) € MT*(M) is the I'-cobordism Euler

class of ¢, then Z(er(¢)) = ee(¢) is an Euler class for ¢ in E*. Since a cobordism class
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a € MI*(N) is represented by a proper I'-oriented map f: M"* — N" we may
also regard the class t(a) € EF(N) as being represented by the map f, and for this

reason we will often write [f] € E*(N) instead of #(«).

Proposition 4.16. Let MI" and f be as in Corollary 4.13, and let t: MI' — E be a

Thom class. Then the analogue of Herbert’s Theorem holds in E*, that is,

Frr ()] = e ()] + ee(w(f)) U e (f)] € E™(M).

Examples 4.17. (1) The universal Thom class t: MO — HZs.

(2) The Conner-Floyd Thom classes t: MU — K, t: MSp — KO, where K, KO are
the spectra of complex and real K-theory respectively [10].

(3) The oriented Thom class t: MSO — HZ to integral cohomology, and the Conner-
Floyd map ¢: MSU — KO to real K-theory [10].

Finally in this section, we would like to deduce Herbert’s Theorem in the dual
homology theories. To do so we assume that N™ is a ['-manifold. We observe that an
immersion f: M" % 95 N" with I';-structure is also a singular I'-manifold in IV, since
M receives a canonical I'-orientation from those of N and the map f. The bordism
class of this singular manifold depends only on the class [f] € Z(N;T}). Thus for
any I-manifold N™ there is well-defined map Z(N;Ty) — MT,,_x(N).

Recall (Theorem 4.8) that since M"~* is a closed I-manifold, there is a Poincaré-

Atiyah duality isomorphism
ML (M) = MT,,_j_y (M)

for all [. This is given by cap product with a fundamental class [M|ur € MT',, (M),
which is represented by the singular I'-manifold 1: M — M. Now a Thom class
t: MI" — E also induces a natural transformation of homology theories t: MI', — E,,
which maps [M]ur to a fundamental class [M]g € E,_,(M). Hence the manifold
M is oriented with respect to the spectrum E, and so there is a Poincaré duality
isomorphism

E'(M) = E, (M)
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for all [. Note that if g: Q7 — M is a singular I'-manifold in M representing [g] €
MT', (M), then t[g] = g.]QJe € E,(M). The natural transformations ¢,¢ satisfy the
identity

H2) 1) =tz N'y) € E.(M),

for all z € MI™(M),y € MI',(M).

The above information is summarised in the following commutative diagram.

T. 7
T(M;Typ) —22 s MI™M(M) ——— E™F(M)

2
I

ML, (M) —= En- (M)

Proposition 4.18. Let MI', f and t be as in Corollary 4.16, and suppose that N 1is

a I'-manifold. Then the analogues of Herbert’s Theorem hold in MT", and E,, that is

,DMf*W)r(f)] - DM[:U/T-I—I(JC)] + DM(e(V(f)) U [:U’r(f)])u

where Dy denotes Poincaré duality in M.

4.4 Steenrod Operations

Steenrod operations are cohomology operations arising from higher homotopy com-
mutativity properties of the product in a multiplicative generalised cohomology the-
ory. They were discovered in the case of Z,-cohomology by N.E. Steenrod [30];
analogous operations were found to exist in the cobordism cohomology theories by
T. tom Dieck [37], and in K-theory by Atiyah [3]. We are mainly interested in the
cobordism theories, where Quillen’s interpretation of cobordism classes as classes of
proper maps allows for a particularly nice geometric construction of the so-called
Steenrod-tom Dieck operations.

We begin with some generalities. Let r be a positive integer and let G be a
subgroup of the symmetric group S,. Let EG be a contractible space with a free
right G-action, and let Y be a pointed space with base point *. The group G acts on

the left of the r-fold smash product YY" of Y, by permutation of the factors.
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Definition 4.19. The quotient space

EG xg Y
EGxg YN = 222G
e EG x¢ {*}

s denoted by DgY . The r-th extended power of Y is the space Dg Y = D,Y.

Compare the Definition 2.10 of the r-th extended power of a bundle. In fact we

have the following well-known result (see [37], Lemma 3.5) relating the two.
Proposition 4.20. For any bundle ¢ there is a homeomorphism
T'Sc¢ =~ DT,
where T'( denotes the Thom space of C.
Corollary 4.21. For any space X (pointed or un-pointed) there is a homeomorphism
(EG x¢ X7y = Do(X4),
where + denotes a disjoint base point.
Proof. Apply Proposition 4.20 to the 0-dimensional bundle 1: X — X. O

Note that given any point e € EG we may define a map i.: Y™ — DgY by
setting i.([y1, .- -, ur]) = e, y1, - -, yr]. We shall denote any map obtained in this way
by i, since it is independent of e up to homotopy.

Let E be a commutative ring spectrum, and let E”(Y) denote the n-th reduced
cohomology group of the pointed space Y in the cohomology theory represented by

E. Recall that G is a subgroup of the symmetric group .S,.

Definition 4.22. For any positive integer d, an external Steenrod operation of type

(G,d) in E* is a family P = (P* | k € Z) of natural transformations
phd. Ekd(Y> - Erkd(DGy)
with the additional property that the composition
i* o pkd. Ekd(y) - Erkd(yAr)

is the r-fold exterior product y — y".
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Thus there is a sense in which these operations ‘extend the operation of raising
x to the r-th power’. One may also define internal operations, using the extended
diagonal map

Agi BG/\Y:EGKG}/HDG}/

which maps [e,y] to [e,y,...,y| (here BG := EG/G).

Definition 4.23. An external Steenrod operation P of type (G,d) in E* gives an

internal Steenrod operation (P* | k € Z) by setting
P — A% o PR EM(Y) - E*(BGAY).

The above definitions are due to T. tom Dieck, based on the work of Steenrod.
One may give additional axioms for the operations, from which a myriad of properties

may be derived (see for example [37], [31]). An example of such is the following.

Proposition 4.24. Let P = (P* | k € Z) be a Steenrod operation of type (G, d)
mn E*, and let t € Ekd(TC) be a Thom class for the kd-dimensional bundle (. Then
Pk(t) € E"*(DgTC) is a Thom class for SaC.

Proof. Let i: T¢" — DgT(¢ be the map induced by the inclusion of a point in EG.
By Definition 4.22,
Z'* o Pkd(t) — t/\?‘ 6 Ede(TC/\T)7

which is a Thom class for (. The inclusion of a compactified fibre of Si:( factors as
Srkd — (Sk‘d)/\r N TC/\T i> DGTC
The Proposition follows by the definition of a Thom class. O

To illustrate how such operations are constructed, we consider the Eilenberg-Mac
Lane spectrum HZ,, the spectrum of ordinary Z,-cohomology. This is an example
of an €2-spectrum, which is a spectrum E whose structure maps o;: YE; — Exy; are

adjoint to homeomorphisms o : E, — QEg,1.

Example 4.25. Take E = HZ, with p prime, and G = Z, < S,. Since HZ,

is an (-spectrum, a cohomology class a € H *(Y;Z,) is represented by a pointed



vhnarimniy 4. GLUMEL T RO OCUDURUWILOIVE

map h: Y — K(Z,, k). The construction of DgY given above extends to a func-
tor from the category of pointed spaces and maps to itself. Hence we have a map
Dy, h: Dz,Y — Dy K(Zy, k). For each k we can construct a map &: Dz, K(Z,, k) —
K(Z,, pk) using commutativity properties of the cohomology x-product. Composing
we get a map

§eo Dy h: Dy Y — K(Zy,pk)
which represents the class P(a) € H?* (Dz,Y; Zy,). This gives a Steenrod operation
of type (Zy, 1) in HZ;.

In the case p = 2, the familiar Steenrod squares

Sq': HYY;Zy) — H* (Y Zy)
are obtained as follows. The corresponding internal operation applied to an element
a € H¥(Y;Z,) yields an element P*(a) € H*(RP™ AY;Zy). By the Kiinneth
Theorem,

H*(RP® NY; Zs) = Tolw) @ H*(Y; Zy),

where w € H'(RP>;Z,) is the Euler class of the canonical line bundle. The action
of the Sq¢' on a are determined by the formula

PF(a) = Z w" ' ® Sq'(a).

i>0
We now sketch tom Dieck’s proof [37] of the existence of Steenrod operations in

W*, where MI" is one of the Thom spectra of Examples 4.3.

Proposition (tom Dieck) 4.26. Suppose MT" has self-intersections in all codimen-
sions divisible by d. Then for every r > 1 there exists an external Steenrod operation
P = (P |k € Z) of type (S,,d) in ML .

Proof. Let a be an element of

M (V) 2 lim [SY, MT( + kd)];

l—o00

——rkd
we must construct an element P(a) € MI'  (D,Y). Assuming that Y is a finite

complex, « is represented by a map

h: 1Y — MD((j + k)d) = TT (j4p)a-



vhnarimniy 4. GLUMEL T RO OCUDURUWILOIVE

Applying the functor D,, we obtain a map
D,h: DX — D,TT (44

Now we observe that there is a bundle map p,: S,I'(j1x)a — I'r(j+x)a for every natural

number (j + k), by our assumption on MI". Passing to Thom spaces gives a map
Tpr: DyTT Girya — TTr(yr)a

which represents the canonical Thom class t;; of S,I'(jr)a. Composing we get a
map
Tpro Doh: DY — TTy(i4mya

——r(j+k)d .
which represents the class (D, h)*t; ), € MI' b (D,>79Y).

—k
For any vector bundle ¢ over a pair (Y, A), with Thom class v € MI" (T(), there

is a relative Thom isomorphism

@,: M (v/A4) = MI™(T¢/T(CL)).
Let £¢ be the trivial jd-dimensional bundle over Y (Note that Te/?/T(74|,) ~ Y79Y).
We shall apply the Thom Isomorphism in the case of the bundle S,£7% over the pair
(ES, xg. Y™ A), where A is the subspace of ES, xg, Y consisting of points with
at least one of their Y coordinates equal to the base point. This bundle is classified

by the composition of bundle maps

Srujd Pr

Srgjd Serd Frjda

where ujq: €/ — T9¢ is determined by the maps giving the unit of the spectrum
MI' (see Section 4.1). On passage to Thom spaces this represents a Thom class

v € MI'4(D, 379y, ). Clearly there is a homeomorphism

ES, xg Y
v~ DTY
A

Y

and an adaptation of Proposition 4.20 gives

T(S,&7)

— " 7 ~ DY,
T(S,e1 4)
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Hence there is a Thom Isomorphism

——r(j+k)d

o,: M (DY) =ML " (D, 5ity),

and we may set P(a) = ®,'((D,h)*t;4x). Using properties of Thom isomorphisms
and the fact that D, is a functor, it is not difficult to check that P*?: K/I\l:kd(—) —
K/I\frkd(DT(—)) is a well-defined natural transformation for each k € Z. The property
i* o P(a) = " can be deduced from naturality of P and the fact that i*t;, = t"\",

——kd

where ¢t € MI' (TT},) is the canonical Thom class represented by the identity map
——rkd

and ty € MI' (D, Tjq) is the Thom class of S,T'x4. O

Remarks 4.27. (i) Note that each operation in ML is uniquely defined, thanks
to the structure we imposed on the spectrum MI'. A different choice of unit map
u: S — MI' may lead to a different operation.

(ii) Let G be a subgroup of the alternating group A, (the subgroup of S, consisting
of even permutations). Then there are bundle maps Sgyr — 7.« for each k, since
an even permutation of the factors of 7,(:) preserves the product orientation. Hence
there is a Steenrod operation of type (G,1) in MSO’ (and similarly of type (G,2) in
MSU").

(iii) We have deliberately chosen our language to suggest a relationship between the
self-intersection operations ¢, and Steenrod operations (see also the ‘Cartan formula’
of Proposition 2.12). This will be the subject of Chapter 6. In fact, the statement
that “MI" has self-intersections in codimensions divisible by d” can be interpreted as
“MT has (part of) the structure of an HZ ring spectrum”. See [7] for a survey of Hy,

ring spectra and their connection with Steenrod operations.

Finally in this chapter we give the geometric interpretation of the Steenrod op-
erations. We restrict attention to the case r = 2 and Sy = Z,, giving an external
Steenrod operation P = (P* | k € Z) of type (Zs,d) in MT' . As EZ, we take the
infinite sphere S = | J, ' with the direct limit topology, and Z, action given by the
antipodal map.

Given a manifold X" we wish to describe the maps

—kd ——2kd
Pr MDY (X,) 2 MIR(X) — MT2R(S™ x, XP) 2 MI (Do X )
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in terms of proper maps of manifolds.
Note that for each [ € N, the usual inclusion 5: S’ < S extends to a Zo-

equivariant map 5 x 1: S x X@ «— §% x X which factors to give an inclusion
U = XZ2 1: Sl XZ2 X(Q) — Soo XZ2 X(Q)

Let « € MI*(X) be represented by a proper map f: M"* — X" with I'-

orientation given by
MSEDS X, o vie) — Dgina

The following fact is well known to workers in the field (see for example [37], Satz

14.1).

Proposition 4.28. For each | € N, the class 1f P*(a) € MI'#4(S! x,, X@) s

represented by the proper map
)\l(f) =1 X 74 f(2)I Sl X7 M(2) — Sl X 74 X(Q),

with the following I'-orientation. A factorisation of \i(f) is given by

) 1 X 74 6(2) 2) 1 X 74 7T(2)

Sl X774 ]\4(2 Sl X 74 E( Sl X7 X(2)

Note that 1 xz, e?® has normal bundle S' xz, v(e)®, so an orientation is given by
the composition of bundle maps

u So0o P(j+k)d
St X7, 1/(6)(2) — Sov(e) i Sol'(j4k)d Gt)

Lajtkya-
The corresponding internal operation
kd. \ap? ~ M1k 2%kd (Tp oo ~ A2k o oo
P MDD (X)) = MI(X) - MI*(RP™ x X) =MD (RP®AXY)

is defined as Ao P where Ay: RP® x X < S x5, X?) is the extended diagonal
map. This map can be viewed as the direct limit of maps A}: RP!x X « S'xz, X®).

Note that there is an inclusion
(: RP!x X — RP® x X
for each [ € N, and we have

wolAb=~Ny00: RP' x X — 8% x;, X®
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Corollary 4.29. For eachl € N, the class (;P*(a) € MI'*4(RP'x X) is represented

by the map &(f) in the following pull back diagram.

S(f) —— 8" xz, M®

&(f) N(f)

Al
RP' x X =3 St x, X3,

Here N\(f) is a representative of [N\(f)] which is transverse to AL, and &(f) is given

the T-orientation induced from N\ (f)’.



Chapter 5

Bordism of Spreadings

In this Chapter we introduce the notion of a spreading of type Y in X, where X
and Y are pointed topological spaces. Spreadings were first considered by P. Vogel
in his 1974 paper [38] (with the French name ‘étalements’) as a tool for studying
the bordism of immersions, and the results here are from that paper. The bordism
of spreadings gives a bifunctor J(—; —), closely related to the bifunctor Z(—; —) of
Chapter 2. In fact, one of Vogel’s key insights was that the bordism class in Z(V; () of
a triple (M, f,v) depends only on the bordism class of a particular spreading of type
T'C in the one-point compactification N, of N, whose data consists of a ‘spreading’ of
f (an extension of f to an immersion of its normal disc bundle) and the homotopy

data of the structure map v near the zero section (M) C v(f).

5.1 Definitions

We first give the definition of a spreading. Let (X, A) be a pair of topological spaces,

and let Y be a pointed space with base point y.

Definition 5.1. A spreading of type Y in (X, A) consists of a triple (K,a,[3),
where K is a topological space, a: K — X 1is a proper, closed continuous map,
and B: (K,a (A)) — (Y,y) is a continuous map such that the restriction of a to

K — 37 Y(y) is a local homeomorphism.

o4
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By a local homeomorphism h: W — Z we mean a map h such that every w € W
has an open neighbourhood U such that h|y: U — h(U) is a homeomorphism.

We may put a bordism relation on the class of all such triples as follows.

Definition 5.2. Two spreadings (Ko, ag, fo) and (K1, aq, 1) of type Y in (X, A) are
bordant if there is a spreading (L, ¥V, ®) of type Y in (X x I, A x I) such that the

squares in the following diagram are pullback squares,

K() ‘L‘ Kl

(7)) L (03]

X x{0} — X x I — X x {1}

and ®|k, = 3 fori =0, 1.

Note that bordism is an equivalence relation on the class of all spreadings of type
Y in (X, A). We denote the bordism class of a triple (K, «, ) by [K, a, 3]. If (X, z)
and (Y,y) are both pointed topological spaces, we denote the set of bordism classes
of spreadings of type Y in X by J(X;Y), omitting reference to the base points. This
set has the structure of a commutative monoid, with the addition defined by disjoint

union of representing spreadings, so
[K,o, 8]+ [K', o, ] = [KUK',aUd,pUf] e J(X;Y).

The empty spreading acts as the zero element.
To illustrate these concepts, and for future reference, we record the following
Proposition which says that the bordism class of a spreading (K, «, 3) of type Y in

X is not affected by ‘throwing away’ almost all of 571(y).

Proposition 5.3. Let (K, «a,[3) be a spreading of type Y in X. Let C C K be the
closure of K — 37(y). Then

[C,ale, Ble] = [K,a, 8] € T(X;Y)

Proof. Let 1: C'— K be the inclusion. The mapping cylinder

B CxIUK
(e 1) ~i(e)
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along with the obvious maps M; — X x I and M; — Y, gives the required bordism

of spreadings. O

5.2 Functoriality

The bordism monoid J(X;Y) is functorial in both variables, X and Y. Let 7,
denote the category of pointed topological spaces and pointed continuous maps. Let
7, be the category with the same objects, but morphisms the proper pointed maps.

Obviously, homotopies in these categories are required to preserve base points.
Proposition 5.4. Bordism of spreadings is a homotopy bifunctor
J(—=—): TP x F, — CMon.

Proof. We begin with covariance. Let ¢: Y; — Y5 be a pointed map, and let (K, a, )
be a spreading of type Y; in X. Then the triple (K, «,t o [3) is a spreading of type
Y, in X, whose bordism class depends only on the bordism class of (K, «, 3). Hence

we get a well-defined induced map
te: J(X5Y1) — J(X;Ya),

which is clearly a monoid map and makes J(X;—) a functor. If T: Y} x [ — Y3 is
a pointed homotopy from ¢ to another pointed map ¢;: Y; — Y5, then the spreading
(KxI,ax1,To(#x1))of type Yo in (X x I,z x I) is a bordism from (K, «,to [3)
to (K, a,t; 0 3). Hence J(X;—) is a homotopy functor.

Now suppose we have a proper pointed map ¢: X; — X5. We define the induced
map

¢": J(XpY) = T(XyY),

as follows. Given a spreading (K, «, 3) of type Y in X5, form the pullback of o by
¢. This gives a diagram

Xixe, KX K .Y

Xy

X
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and the triple (X; xx, K, 0,3 0 p) is a spreading of type Y in X;. Setting
¢*[K7Qaﬂ] = [Xl X Xy K7 67ﬂ © p]

gives a well-defined monoid map depending only on the homotopy class of ¢, and the

Proposition is proved. O
Note that one-point compactification describes a covariant functor
(=)e: Do — 7.,
and passage to Thom spaces describes a covariant Thomification functor
T: Vect — .
With these functors we describe the relationship between J(—; —) and Z(—; —).

Proposition 5.5. The following diagram of functors commutes up to natural iso-

morphism.

DyP x Vect

S
N/
CMon

Proof. We must find a natural transformation of functors

each component of which is invertible. Hence we must describe, for any pair of objects

(N, ¢) in Dy x Vect, a monoid isomorphism
©: I(N;¢) — J(Ne; TQ)

such that if g: @@ — N is a proper immersion and 7: ¢ — £ is a bundle map, then

the following diagrams commute.
) )
I(N;¢) — J(Ne;TC¢)  Z(N; () — T (Ne; T¢)
g*\ (9c)* m\ (T'n)-
)

T(Q:0) 2 7(QuTC)  T(N:€) —2 F(N.Te)
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Given [M, f,v] € Z(N; (), the bundle map v: v(f) — ( is isometric on fibres, so that
it induces a map of unit disc bundles. Composing with the collapse map D( — T'(

gives a continuous map

v: Dv(f) — T¢,

and if * € T¢ is the base point we have v (x) = Sv(f).

As in the proof of Theorem 3.5, let F': Dv(f)" & N" be an immersion of the
normal disc bundle which extends f and is injective on each fibre. We may regard
F as a map to the one-point compactification N.. Then the triple (Dv(f), F,v) is

easily seen to be a spreading of type T'( in N.. We set

O([M, f,v]) = [Dv(f), F, v].

To check that © is well-defined, we must show that different choices of F' lead to
bordant spreadings. But any two such F' are regularly homotopic, by Proposition A.7
in the Appendix, and a regular homotopy from F to F’ gives a bordism of triples,
(Dv(f),F,v) ~ (Dv(f), F',v). We must also check that bordant triples (M;, f;, v;),
1= 0,1, lead to bordant spreadings. Again, this is clear.

The map O is evidently a monoid homomorphism. To exhibit an inverse
07! J(NeT¢) — Z(N; (),

we use a modification of the Pontrjagin-Thom construction [36].
Consider a spreading (K, a, ) of type (T'(, *) in N... By the definition of a spread-
ing,

alg_grp: K=071(x) = N

is a local homeomorphism, hence K — 37!(x) has the structure of an n-manifold
without boundary. The construction of ©~! will proceed by finding a closed subman-
ifold, corresponding to the inverse image of the base space X in T'( under 3. Note
that we may assume that ( is a smooth k-vector bundle over a manifold X, whose
total space F(() is therefore a manifold. This is because Z(N; —) and J(N.; —) are

homotopy functors and X has the homotopy type of a manifold. For the same reason
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we may also assume (as observed by Thom in [36], Chapter IV) that the map [ has
the following properties:

(i) Blk—p-1(0: K — 371 (%) — E(¢) is smooth and transverse to the zero section
X = E(C);

(ii) M := p71(X) is a codimension k closed submanifold of K — 37!(x), whose
normal bundle v admits a bundle map v: v — (.

(iii) g is in standard form, meaning that [ agrees with v on an open tubular
neighbourhood U ~ v of M, and maps K — U to the base point x € T'C.

The restriction of « to the submanifold M C K — $7!(x) is an immersion

f: M™% 95 N™ which again has normal bundle v. Hence we may set
O~Y(K, a, ) = [M, f,],

which is easily seen to be well-defined.

The composition ©~! 0 © is the identity on Z(N;() by construction. To see that
900 '[K,a,0] = [K,a, 5] € T (N TC),

we apply Proposition 5.3 to the spreading (K, «, 3). With the aid of this inverse to

O, the naturality statements can be verified; we omit the details. O

5.3 Products

Let (X, z), (Y,y), (X',2') and (Y’,9’) be objects in .Z,. The smash products (X A
X',z Aa')and (Y AY',y Ay') are also objects in .Z,. There are obvious quotient
maps p: X X X' - X AX and ¢: Y XY’ = Y AY’ (so that z A2/ = p(X vV X')
and y ANy =q(Y VY')).

Definition 5.6. Given spreadings (K, «, 3) of type Y in X and (K', o/, ") of type

Y’ in X', their external or smash product is the triple

(K x K',po(axd).qo(fxf)),

which is a spreading of type Y NY" in X AN X'.
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One may check that this gives a well-defined smash product pairing on bordism

classes
TJX:Y)x T(XY) D T(XAXEY AY).
The following Proposition says that the natural isomorphism
0: I(—-) = J((=)a T(-))
maps Cartesian products to smash products. It is a well known fact that for vector

bundles ¢ and (' over base spaces X and X', there is a homeomorphism
TCANTC =~ T(Cx ).
Also note that for manifolds N, N’ there is a homeomorphism N. A N, ~ (N x N')..

Proposition 5.7. The following diagram commutes.

I(N; Q) x TV &) 22 7N T0) x T (N T

X N

I(N x N':¢x ()

Proof. 1f we trace an arbitrary element

J((N x N);T¢CNTC)

([M, f,0], [M', ', 0]) € Z(N;¢) x Z(N'; ()
around the diagram, first right, then down, we obtain the class
[Dv(f) x Du(f'),po (F x F'),qo (T x v)] € T((N x N ) T(¢ % (),
where
p: Nex N.— N.AN.~ (N x N'),
q: TCxT -TCANT =~ T(Cx ().

Since the map v x v is induced by the product of bundle maps v xv": v(f) xv(f’) —
¢ x (', it is transverse to the zero section X x X' < T(¢ x ('), with inverse image
M x M'. Tt is therefore easy to see that ©~! applied to the above class yields the
class

M x M', fx f,uoxd]eZ(NxN;¢x({),

as required. O
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5.4 The Self-intersection Operations VU,

Let ¢ be an object in Vect. In Proposition 2.12 we defined, after Koschorke and

Sanderson [18], operations
Ur: I(—56) = (= S:C)

for » > 0 which were natural transformations of set-valued co-functors. As an imme-
diate corollary of Proposition 5.5, we may define similar operations in the bordism
of spreadings. Recall from Proposition 4.20 the homeomorphism 7'S,.( ~ D, T'(. We
define DyT¢ = S°.

Proposition 5.8. For each r > 0 there is a natural transformations of set-valued

co-functors

W, j((_>c§ TC) - \7((_)05 DTTC)

defined by commutativity of the following diagram.
C)
Z(—¢) —— T ((—)e TC)
Yr v,

(= S¢) . I ((=)e: DrTC)

We now describe the action of W, on an arbitrary element K, «, 5] € J(Ng;TC).
Since © is an isomorphism, we may find [M, f,v] € Z(N;() such that [K,«, (] =
O[M, f,v] = [Dv(f), F,v]. Here F': Dv(f) % N is an immersion which extends f.
In what follows, the reader is invited to keep in mind the spreading of the figure-eight
immersion, depicted in Figure 3.1.

As in Section 2.4, let F(Dv(f);r) denote the configuration space of ordered 7-

tuples of distinct points in Dv(f). We can form the pull-back square

A (F) —= F(Dv(f);r)

U,(F) FU|

A N®
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Note that the space
AAF) = {(k1,...., k) € F(Dv(f);r) | F(k1) = ... = F(k,)}

is compact since F is an immersion. The group S, acts on A,.(F) freely with quotient
space A, (F), and acts trivially on N. The closed, proper map ¥, (F) is equivariant
with respect to these actions, so induces a closed, proper map V,.(F): A.(F) — N
(in the case of Figure 3.1, the image of this map for r = 2 is the central square).

Now recall from Lemma 2.11 that to define the S,(-structure on v(¢,.(f)) we fixed
an embedding \: v(f) < R>. This restricts to give an embedding of the unit normal
disc bundle, which we also denote by A. We may define a map S, (v): A, (F) — D,T¢
by setting

S, (@) ([k1s - ke]) = [MK1), o Ak), (), - .., D(K,)]-

Proposition 5.9. The triple
(Ar(F), ¥, (F), S5, (v))
is a spreading of type D, T( in N., which represents V,.[K, «, 5] € J(N., D, T¢).

Proof. To verify that the above triple is a spreading, we only need check that W,.(F') is
a local homeomorphism away from S, (?)~*(x). This is true since F is a local home-
omorphism away from the boundary Sv(f). To see that [A,(F),V,.(F),S.(v)] =
U, [K,«, 3], we must apply ©~! to this class and obtain the class ¥,[M, f,v] =

[A(f)s e (f), S (V)]
The map S,(v): A.(F) — D,T( is already transverse to the zero section

FR=;7) x5, X — F(R®;r) x5, B(C)™

by virtue of being constructed from a product of bundle maps v: v(f) — E(¢). We
then see that
S (@) HF R 1) x5, X)) = Ay (f) = A(F).

Since the immersion ,.(f) factorises as

v, (F)

A(f) = A(F) — N,
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its normal bundle is isomorphic to the normal bundle of A,(f) in A,(F"). Thus

O AL(F), ¥, (F),S:(0)] = [A(f), e (f), Sr(v)]

as claimed.



Chapter 6

Relations Between Operations

For any | € N, the standard double cover of RP' is the map ¢;: S' — RP! which sends
a unit vector in R to the line it spans. This covering map is a local diffeomorphism,
and hence is a codimension zero immersion of closed manifolds. The normal bundle
of ¢ is the zero dimensional bundle 1: S* — S’. Thus ¢; represents a bordism class
[c)] € Z(RPY; %), where x denotes the point bundle over a point. Let f: M™* ¢
N" be a self-transverse immersion of closed manifolds. Assume that f has a (-
structure, so represents a class [f] € Z(IN;(). The Cartesian product immersion

X f: S'x M — RP' x N therefore represents a class
[c; X f] € Z(RP" x N;x x () 2 Z(RP' x N;().
The main result of this Chapter is an analysis of the class
Ualer X f] € Z(RP' x N; 85¢).

Since ¢; X f is not self-transverse, we cannot immediately describe the double-point
immersion ¥y(c; X f): Ag(e x f) & RP!' x N. However, Proposition 5.8 tells us
that we can study its bordism class by applying the double-point operation W, to a
spreading of ¢; x f, and Proposition 5.9 tells us how to do this. We find that the
resulting class in J((RP' x N),.; DyT¢) splits as a disjoint union of spreadings, which
under the isomorphism of Proposition 5.5 correspond to a disjoint union of familiar

immersions built from f.

64
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6.1 The Main Theorem

We first recall some notation from Section 4.4. Let f: M — N be a map of manifolds.

For each | € N we defined in Proposition 4.28 a map
N(f) i =1xg, fB: S xy, MP — 8§ x, N,

which may be thought of as an eztended power of f. Here Z, acts on S! antipodally
and on the product f x f by switching the factors. We also defined in Corollary 4.29
a map &(f) of the same codimension, by pulling back along the extended diagonal
AL: RP'x N — S xz, N® a transverse representative \;(f)’ of the homotopy class

of )\l(f)
S(f) ——= 8" xz, M@

&(f) N(f)

Al
RP' x N =% 5! x;, N®.

If f is a I-oriented map of codimension k, the codimension 2k maps A;(f) and &( f)
inherit canonical ['-orientations from that of f, at least when the Thom spectrum
MI" has self-intersections in codimension k. If f: M % N is an immersion of closed

manifolds, the maps A\;(f) and &/(f) are also immersions of closed manifolds.

Lemma 6.1. Let f: M & N be an immersion with (-structure v: v(f) — (. Then

the immersions N/(f) and &(f) have Sy(-structures.

Proof. Since &(f) is defined as a pullback of A(f), it suffices by Proposition 2.6 to
show that A;(f) has an Sy(-structure. If p: v(f) — M is the bundle projection of

v(f), then the normal bundle v(X\;(f)) has projection
1 xz, p?: S xz, v(f)® — S xz, M.

We fix, for the remainder of this Chapter, an embedding p': D! x v(f) — R

which restricts to an embedding p: S' x v(f) — R*®. Then define a bundle map

p(v): v(M(f)) — Sx€ by setting

p(v)[w, L1, $1] = [p(w, xl)? p(—w, x2)7 U(x1)7 U(xQ)]a
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where w € S' and z,, 25 € v(f). O
We write [§(f)] for the class
(£5)°[8" %z, MP Ni(f), p(v)] € Z(RP! x N3 8x).
Theorem 6.2.
dalar x f] = [G(F)] + [a] x o[ f] € T(RP' x N; ().
Proof. We apply the natural isomorphism
0: Z(RP' x N;8,¢) = J((RP' x N).; D,T¢)

and Propositions 5.7 and 5.8 to reduce the statement of the Theorem to the equivalent

statement
U0 x f] = (ADO[N(F)] + O] A UyB[f] € T((RP! x N).; DTC).

We first describe the class ©[c; x f]. The normal bundle of ¢; x f is S! x v(f) with
(-structure vg: S' x v(f) — ( given by vo(w, ) = v(x). Hence an extension of ¢; X f

to the unit normal disc bundle is given by
ax F: S'x Dv(f) 9 RP' x N,
where F': Dv(f) % N is an immersion extending f. Thus we have
Ole x f] = [S" x Dv(f),c; x F, 0] € T((RP' x N); T¢).

We now apply the operation Wy: J((RP!' x N);T¢) — J((RP! x N).; D;T¢). By

Proposition 5.9 we have
U20[c; x f] = [Ag(ey x F), Wa(e x F),Sa(00)],
where the map S»(vp) is given by
Sa(vo)[(w, 21), (w, x2)] = [p(w, 21), p(w, x2),v(21), V(72)],
with p as in Lemma 6.1. Now Ay(¢; x F) is the space

{[(wy, 1), (wa, )] € F(S' x Dv(f);2)/Zs | (2 x F)(wr,21) = (e X F)(ws, x3)}.
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This space splits as a disjoint union Ay(¢; x F') = ¥ U 39, where
= {[(’LU,.Tl), (_'LU,.TQ)] S AQ(Cl X F)}7

Yo = {[(w, z1), (w,z2)] € Aa(c; X F) | 1 # w2}

Hence W40][c; x f] splits as a sum of bordism classes
WaOfer x f] = [E1, Waler X F)lsy, Sa(00) |5 ] + [B2, Waler X F)s,, S2(00)]5,]-

We claim that the triple (X, Ua(c; X F)|s,, Sa(0)|x, ) represents (AL)*O[N(f)] €
J(RP!' x N; DyT¢). From Lemma 6.1 we may write

—_—

G[Al(f)] = [Sl XZs Dl/(f)@), 1 X7y F(Q)vp(v)] € j((Sl XZs N<2))c§ D2TC)7

since 1 xz, F®: S xz, Dv(f)® 9» S xz, N® is a spreading of \;(f). To obtain
(AL)2O[N(f)] we must form the pullback
S(F) — 2~ S! x5, Du(f)®
&(F) 1 xz, F®

Al
RP' x N =2+ 5! x;, N®.

Here 7 is the inclusion
S(F) = {[w,21,25] € S' xz, Dv(f)® | F(a1) = F(x5)} <> ' xz, Du(f)®

and &(F)w, xy, z5] = ([w], F(x1)). Hence

(£9):0[N()] = [B(F), &(F), p(v) 0 i] € T(RP' x N)e; DoTC).

Note that there is a homeomorphism hy: 3y — X(F) given by hy[(w, x1), (—w, x9)] =
[w, 21,25, and that &(F) o by = Us(c; x F)|s, and p(v) 0o by = Sy(7o)|s,. This
proves the claim.

It remains only to show that the triple (X9, Ua(c; X F)|s,, S2(00)|s,) represents
the product spreading O[¢;] A U,0[f]. We know that

Ola] =[S, a, 7] € T((RPY,; S°) and
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Va0[f] = [Aa(F), Wa(F), S2(v)] € T (Ne; D2TC),

where 7: S' — S is projection onto the non-base point. By Definition 5.6 of the

smash product,

Ole] A T20[f] = [S" x Do(F),po (e x Ua(F)),q o (7 x S3(D))]

= [Sl X Ao(F),po (e x ¥y(F)),n]

where p: RP! x N, — (RP' x N). and q: S° x DyT¢ — S° A DyT¢ = DoT( are
the obvious maps. Here n: S x Ay(F) — DT is the map given by n(w, [z1, 72]) =
[p(L, 1), p(1, 22),0(z1), 0(22)], where 1 = (1,0,...,0) € S'. This equality comes from
choosing the embedding p(1, —): Dv(f) — R> in the definition of Sy(v).

Finally note that there is a homeomorphism hy: 3y — S' x Ay(F) given by
hol(w, 1), (w, z3)] = (w, [z1, x2]), and that po (¢; X Uy(F))ohy = Us(c; X F)ls,. Also

the composition 7 o hy is given by

no hQ[(w7 xl)? (wv IQ)] = [p(lv $1), P(l, x2)7,ﬁ(x1)7,ﬁ(:p2)]7

which is homotopic to Sy (0p)|s, since p extends to the embedding p': D' x Dv(f) —

R>°. This proves the claim, and the Theorem. O

6.2 Corollaries of Theorem 6.2

Here we derive some corollaries of Theorem 6.2 in the unoriented case, which relate
the self-intersection operations to the internal Steenrod operations of Section 4.4. The
word ‘unoriented’ here means that the only structure we impose on our immersion
f: M™% g5 N™ is the classifying bundle map v: v(f) — v, to the universal O(k)-
bundle. On applying the monoid homomorphism induced by the classifying map
Sovi, — Yar of Examples 4.14 (1), we find that

Ul x f]=[G(N)] + [a] X a[f] € Z(RP' X N;ya).

We then apply the natural transformation Thy,: Z(—;va) — MO (=) of Proposition

4.9, which regards an immersion of a closed manifold as a proper map. We will
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abuse notation slightly and continue to write [f] for the cobordism class in MOk(N )
represented by an immersion f: M" % 95 N™. Since every proper map of manifolds
has a unique O-orientation, we find that [&(f)] = ¢;P*[f] by Corollary 4.29, where
P*: MO*(N) — MO?*(RP> x N) is the internal Steenrod operation of type (Z, 1)
in MO*, and /;: RP! x N — RP> x N is the standard inclusion.

Corollary 6.3. For anyl € N,
Yaler X f] = LPR[f] + [ x ¥a[f] € MO*(RP! x N).

Rather than have one result for each [ € N, we should now collect them together
by passing to the limit. RP*> x N is an infinite dimensional manifold which is filtered

by finite dimensional sub-manifolds RP! x N, forming a direct system of embeddings
S RP x NI RPHU G N L RP® X N,

where j;: RP!' «— RP™! is the usual inclusion. Hence we get an inverse system of

Abelian groups and homomorphisms
.. MO*(RP! x N) V2" MO*(RPI! x N ...
The following two results imply that MO**(RP> x N) 2 lim; MO?**(RP! x N).

Proposition 6.4. Let Y be a CW-complez filtered by finite sub-complexes Y,, n € N.

If E is a spectrum such that m;(E) is a finite Abelian group for all i, then the map

E*(Y) — lim EF(Y,,)

«—

s an isomorphism for all k.
Proof. See Y.B. Rudyak [28], Corollary I11.4.17. O

Theorem 6.5. The coefficient groups of unoriented bordism form a polynomial ring
over s,

W*(MO) = ZQ[:BQ; Ly, Ty, Tg, L8, - - ]

on generators x; of dimension i, one for each i > 1 not of the form 2° — 1.
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Proof. See Thom [36], Theorem IV.12.
Since j;[ci11] = [ai] € MO°(RP!), we may easily check that
(i x 1)*afcri1 % f] = o[ x f] € MOP*(RP' x N),

(e % 1)*([erra] x 2[f]) = [a] x ¢a[f] € MO*(RP' x N),
and (j; x 1)*¢;,,P*[f] = ¢;P*[f] € MO*(RP' x N).
Therefore we may define elements
ole x f] = liminle; x f] € MO (RP® x N),
[] x o[ f] = lim[e)] x ¢2[f] € MO*(RP™ x N),
and P*[f] = lim (;P*[f] € MO*™ (RP> x N).
Corollary 6.6.

Uale x f] = PEf] + [c] x [f] € MO*(RP> x N).

We may obtain a similar result in Zs-cohomology, where the internal Steenrod

operation of type (Zs, 1) will also be denoted

P*. HY(N;Zy) — H*(RP> x N;Z,).

The next result says that the universal Thom class t: MO — HZ, induces a natural

transformation of cohomology theories which preserves the corresponding external

Steenrod operations.

Proposition 6.7. The following diagram commutes for all pointed spaces X and all

keZ.
- P
MO (X) —— H*(X;Z,)
pk pk;

——2k

t ~
MO (Do X) — H* (DX Zs)

(Y
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Proof. By naturality it suffices to prove that
To P*(u) = P* o T(u) € H**(DyMO(k); Zs),

where u € mk(M O(k)) is the cobordism Thom class of 7y, represented by the
identity map 1: MO(k) — MO(k).

If ¢" is an n-dimensional vector bundle with cobordism Thom class v € MO" (T¢),
then 7(v) € H"(T¢; Zs) is a cohomology Thom class. Hence by Proposition 4.24, both
sides of the above equality are the unique Thom class in H2*(DyMO(k); Zs) of the

extended power bundle Syvg. O

Since each internal operation is defined by setting P* = Aj o P*, we immediately

deduce that the following diagram commutes.

MO*(N) ! H*(N:;Zj)

P* 2

t
MO (RP™ x N) — H?*(RP™ x N;Z,).
We continue to write [f] for the cohomology class t[f] € H*(N;Z,) represented by

an immersion f: M" %95 N™.
Corollary 6.8.
Unle x f1 = PH[f] 4[] x ol f] € H*(RP™ x N;Zy).

Note that for [ € N the map of closed manifolds ¢;: S' — RP! has degree +2
when [ is odd and 0 when [ is even. Thus (¢;).[S'] = 0 € H;(RP';Zs) for all [, so the
class [c] € H°(RP>;Zs,), which is defined as the limit over [ of the Poincaré duals of

these elements, must be zero.

Corollary 6.9. Let a € H¥(N;Zy) be represented by an immersion f: M™% g N™
(meaning Dy(a) = f.[M] € H, (N;Z,)). Then P*(«a) is represented by the double

point immersion o (cX f), where c: S — RP* is the universal principal Zs-bundle.
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6.3 Possible Extensions

In this section we discuss several possible avenues of future research based on Theorem

6.2.

The Complex and Symplectic Cases. The Thom spectra MU and MSp of complex
and symplectic cobordism have self-intersections in codimensions divisible by 2 and 4
respectively. Hence each of the theories MU* and MSp* carries an internal Steenrod
operation of type Z,, and the reader may wonder why we did not obtain the analogue
of Corollary 6.6 in these theories.

To illustrate the difficulty in the complex case, let f: M" 2¥ 95 N™ be an immer-
sion with complex structure v: v(f) — 7Y. As in Proposition 4.9 we may regard f

as a proper complex oriented map, by factorising it as

where f: M < R! is some embedding. This complex orientation of f induces
a complex orientation of the map & (f) in a canonical way (see Proposition 4.28
and Corollary 4.29) and with this orientation & (f) represents the class ¢;P?*[f] €
MU*(RP! x N).

The map &(f) may also be regarded as an immersion with Syy¥-structure, as in

Lemma 6.1. With this structure it is of course true that

Ul x f]=[G()] + [a] x a[f] € Z(RP' x N;v3p).

However when we apply the natural transformation Tyy,: Z(—;~%,) — MU (=) it is
not immediately obvious that Ty, [&(f)] = €;P?*[f]. Although both cobordism classes
are represented by the same map & (f), we have given this map two different complex
orientations. It may be the case that these two orientations are cobordant; this is

work in progress.

Z, Operations. Having obtained a relationship between the double-point operation
1o and the Steenrod operation in HZ,, one may ask if a similar approach will yield

relations between 1, and the Z, operations in HZ,, where p is an odd prime.
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We may regard Z, as the set {1,w,...,wP"'} C C under multiplication, where w
is a p-th root of unity. The universal Z,-bundle is a map d: S* — L,, where L, is an
infinite lens space. This may be viewed as a limit of immersions of closed manifolds
dy: S#71 — L27, which map a point w € S*~1 C C' to its orbit under the Z, action
on S?~1 given by left multiplication.

Given an immersion f: M 9 N with (-structure there are immersions \/(f)
and &'(f), defined entirely analogously to the Z, case, and these can be shown to
have S,(-structures. When we carry out the analysis of the element v, [d; X f] €
Z(L27' x N;8,¢) in the same way as was done in Section 6.1 for the Z, case, we find
that

Upldi x f1 =& ()] + [di] % ¢p[f] + other more complicated terms,

with the number of terms on the right hand side being equal to the number of
partitions of p. It is probably unlikely that this will yield any sensible result, because

of the discrepancy between Z, and S, when p > 2.

Self-intersections of Singular Maps. Corollary 6.9 gives an alternative geometric
construction of P*(a) € H*(RP> x N;Z,) when a € H*(N;Z,) is represented
by an immersion. However, it is not known that every Zs-cohomology class can be
represented in this way. René Thom, in answer to a problem posed by Steenrod,
proved that the map

t: MO,_x(N) — Hy_(N;Zy)

is surjective, thus showing that every class o € H*(N;Z) can be represented by a
map of manifolds f: M™% — N™ with M closed [36]. The question of which bordism
classes in MO,,_x (V) contain immersions remains only partially resolved (see [21] for
a recent example), and so the map f representing o may have singularities in general.

Thus the following question arises: can we define the r-fold self-intersection map
U (f): Ay(f) = N of amap f: M — N with singularities? We may give the same
definition of self-transversality as we did in the immersion case in Definition 2.9, and
self-transverse maps are generic in the sense that they form a dense subspace of the

space of all smooth maps ([13], Proposition I11.3.2). If we try to define ¢,.(f) in the
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same way as we did for f an immersion, though, we quickly run into trouble as the
manifold A,(f) is not closed.

We are led to consider the following problem. Given a self-transverse singular
map f: M™% — N" can we define a closed manifold A,(f) and a singular map
U (f): A(f) — N with image {n € N | |f~'(n)| > r}, such that we recover the
classical definition when f is an immersion?

R. Riméanyi and A. Sziics have recently constructed a classifying space for bordism
of maps with prescribed singularities [26]. Self-intersection operations in this bordism
theory (if they exist) should be induced by combinatorially defined maps between such

classifying spaces (compare Section 7.3).



Chapter 7

Homotopy Classification

The beauty and utility of any bordism theory stems from the fact that it may be
translated into homotopy theory by means of a Pontrjagin-Thom construction [36],
and hence studied (and often computed) using methods of Algebraic Topology. The

bordism of immersions is no exception. In 1966 R. Wells proved that for k£ > 0,

I(Rn+k§ ) = lllglo 7Tn+k+l(ZlMO(k))

= ﬂ-?irk(MO(k))v

thus exhibiting bordism of immersions as the stable homotopy of Thom spaces [39].
His result was generalised in the 1970’s, both by Koschorke and Sanderson [18], and

independently by Vogel [38]. They showed that for every N™ € Dy and ¢ € Vect,
Z(N;¢) = [N, C(R*, T¢)],

where C(R*,T() is a combinatorially defined model of the weak homotopy type of
QT ¢ = lim;_.o, UX!T¢, built from configuration spaces, and N, is the one-point com-
pactification of N. We will give Vogel’s proof, which essentially elucidates Koschorke
and Sanderson’s proof using the language of spreadings, in Section 7.2. In Section 7.3
we remark that, under this isomorphism, the self-intersection operations are induced

by certain James-Hopf maps

W C(R®,TC) — C(R™, D,TC).

75
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7.1 Configuration space models

In this section we give a brief introduction to configuration space models. These are
functors on pointed spaces, originally devised to give usable combinatorial models of
iterated loop-suspension functors.

We begin by defining, following F.R. Cohen, J.P. May and L.R. Taylor [§], a
functor

C(Z,—-): Te— T,

for any topological space Z. Given an integer r > 1 let F(Z;r) denote the configu-

ration space
{(z1,...,2) € 2D |i#j= 2z # 2},

with the subspace topology from Z(). For any (X, *) € T, the symmetric group S,
acts on the right of 7(Z;r) and on the left of X, in each case by permutation of

factors. Hence for every » > 1 we have a space
F(Z;r) xg, XT),

whose points may be thought of as sets of r points in Z, each with a label from X.

We will write points of this space in the form

[(z1,21), (22, 22), - - -, (20, @),
where each z; € Z and each x; € X.
Definition 7.1. Let Z be any topological space. There is a functor
C(Z,—): To— T,

whose value on an object (X, *) € J, is the pointed space

C(2.X) = <|_| F(Z:r) xs, X<T>> / ~,

r>1

where ~ 1s the equivalence relation generated by

[(z1,21), -, (2, 2)] ~ [(21, 1) - oy (2ey 20), (Zogt, )]
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and [z, %] ~ [, %],

and the base point is the class [z, *|. This space is filtered by finite subspaces
Co(Z,X) = ( |_| F(Z;r) xs, X(’")> / ~,
1<r<n
forn > 1, and is given the weak or direct limit topology with respect to this direct
system.

The value of the functor on a pointed map f: X — X' is the map
C(Z,f): C(Z,X) - C(Z, X))

given by O(Zv f)([(zlv $1), T (ZTv xr)]) = [(217 f(xl))v T (ZTv f(xT))]

To form C(Z, X) we take all configurations of points in Z with labels from X, and
identify those configurations which differ only by points labelled by the base point
x € X. The class of any configuration all of whose labels are * then acts as the base
point.

Note also that an injective map g: Z — Z' induces a natural transformation
Clg,—): C(Z,—)—C(Z',—)

in an obvious manner, since g sends a configuration of points in Z to a configuration
in Z’. Hence C' may be regarded as a functor from the category % of topological

spaces and injective continuous maps, to the functor category Fun(.Z,).

Proposition 7.2. Let Z be a topological space with a fixed injective map g: ZUZ —

Z. Then C(Z,X) has the structure of a commutative topological monoid.

Proof. Given any pair of spaces W and W', there is a symmetric, associative pairing
p: CW, X)x C(W', X) - C(WUW' X),

which simply takes a disjoint union of configurations of labelled points. The pairing
on C(Z,X) is then given by the composition

C(g,X)

C(Z,X)x (2, X) L c(zu z,x) (2, X),

with the base point [z, x| € C'(Z, X) acting as a two-sided identity. O
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For example, the spaces C'(R!, X) and C(R*, X), where R* is the infinite union
U, R" with the weak topology, are commutative topological monoids. An embedding
ViUV RIUR! — R! for 1 <[ < oo is provided by the maps V; and V_ of Section
4.2 (see the discussion following Proposition 4.7), which embed R! into the upper and
lower half space of R!.

Let © and X denote the loop space and reduced suspension functors on pointed
spaces. These are adjoint functors, meaning that for pointed spaces X and Y there
is a bijection Maps(XX,Y) = Maps(X,QY'). By composition and iteration of these
functors, we obtain a functor

oyt 7. - g,
for each [ € N. In fact the space Q'>'X is a topological monoid, since we may add
maps f,g: S’ — X!X using the pinch map S' — S'V S (see for example R. Switzer
[33], Chapter 2). A point of Q'3'X is a map f from S' to !X, the suspension of
which is therefore a map Xf from S™*! to L*1X, which is a point in Q*FIRIFLX,
In this way suspension describes an inclusion of functors Q'¥! «— QX! for each

[ € N. The direct limit of these inclusions
Q = QXY™ .= llim Qixt

is a functor of prime importance in stable homotopy theory. It allows one to think of

stable maps as unstable ones, since by adjointness there is an isomorphism
[X, V] = lim X, 2Y] 2 [X, QY]

for any pointed spaces X and Y, where the maps [Z!'X, ¥Y] — [SH1X Y] in
the direct limit are given by suspension.
The usefulness of configuration space models stems from the following result,

which was proved in [22].

Theorem 7.3. There is a natural map of topological monoids
a: C(RLX) — Q'YX

for every 1 <1 < oo, which is a weak homotopy equivalence when X is connected.
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7.2 Homotopy Classification of Z(—; —)

Recall from Chapter 5 the functors (—).: Dy — Z, and T'(—): Vect — Z,, given by
one-point compactification and Thomification. In this section we give a homotopy
interpretation of J((—)q;T(—)) (and hence of Z(—; —)) by exhibiting, for each pair

of objects (N, () € Dy x Vect, an isomorphism
T: J(N;T¢)— [N, C(R*,TC)].

The inverse Y~! takes the homotopy class of a map f: N, — C(R>,T() to the class
[*u], where [u] € J(C(R*>,T();T() is the class of some universal spreading.

We begin by defining a space C’(/Z\,?() which is closely related to C'(Z, X). Note
that for any given r > 1 the symmetric group S,_; also acts on F(Z;r) and X ) by
permuting the last (r — 1) factors and leaving the first fixed. A point in the space

F(Z;r) xs,_, X" will be written in the form

(z1,21), [(22, 22), - - -, (20, 2],

and may be thought of as a pointed configuration of r points in Z with labels from
X, meaning that one of the points of the configuration is distinguished from the rest.
Now define an un-pointed space
C(Z,X)= <|_| F(Z;r) xs,_, X(’")> / ~,
r>1

where & is the equivalence relation generated by

(z1,21), [(22,2), - - o, (2o, x0)] = (21, 21), [(22, %2) 5 - - -, (20, 20), (Zrg1, %))

This space is topologised as the direct limit of finite subspaces

Cm): ( |_| F(Z;r) xs,_, X(T)> / ~,

1<r<n

P —_——

and comes equipped with maps v: C(Z,X) — C(Z,X) and p: C(Z,X) — X de-
fined by

7((217‘%1)7 [(Z27x2)7 .- ]) = [(21,$1), (Z%x?)v - ']7
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B((z1,21), [(22, 22),...]) = x1.

These maps may be thought of respectively as ‘forgetting’ and ‘taking the label of’
the base point of the configuration.
We are going to show that the triple (C(Z, X),~, 3) is a spreading when Z and

X are Hausdorff, for which we shall need the following well known Lemma about the

direct limit topology (see [14]).

Lemma 7.4. Let X be topologised as the direct limit of an increasing sequence of
subspaces

..CcX,CX;1C...CX,

and suppose each X; is Hausdorff. Then a compact subset C' C X s contained in X,

for some n € N.

—_——

Proposition 7.5. Let Z and X be Hausdorff spaces. Then the triple (C(Z, X),~, 3)
defines a spreading of type X in C(Z,X).

Proof. Recall the Definition 5.1 of a spreading. We must first check that the map
v: C(/Z\,j() — (C(Z,X) is closed and proper. For each n € N the restriction
Tn' C:(E,JX ) — C,(Z,X) is a finite union of finite covering maps, and as such
is open, closed and proper. These maps form a map of direct systems, and we may
regard 7 as the direct limit of these maps. We now use the general fact that a direct
limit of closed maps is closed to deduce that « is closed. To see that ~ is proper, we
apply Lemma 7.4. Since Z and X are Hausdorff, it follows that each of the C,,(Z, X)
are Hausdorff, and so a compact subset K C C(Z, X) is contained in some Cn(Z, X).

Hence
7 HE) = gnv(15' (K))

P S

is compact, where gy: Cn(Z, X) — C(Z, X) is the map to the direct limit.
The next thing to check is that 3 maps v7![z, %] to the base point * € X. This

is immediate. So it only remains to prove that v restricted to C(Z, X) — 71(x) is a

local homeomorphism.
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Let y € C(Z,X) — 71(x) be an arbitrary point. By Lemma 7.4, y is contained

in some finite subspace C,,(Z, X), hence is of the form

Yy = (217 Il)? [(227 IQ)? R (Zm mn)]?

where x; # *. Since Z is Hausdorff, we may find disjoint open subsets U and U of
Z with z; € U and 2,...,2, € U. Similarly we may find disjoint open subsets V'
and V of X with z; € V and % € V. Now define an open neighbourhood W, of y in

C(Z,X) = B71(x) by

—_——

(2, 2)), (2, 2h),.. ] €W, CC(Z,X) =7 (%) & ZelU, 2,.. .2 U,

o eV, eV fori>n.

This W, is clearly open, and since «y as a direct limit of open maps is open, so is the
image set v(W,). A simple check shows that v is a homeomorphism on W), and the

Proposition is proved. 0

If ¢ is a vector bundle over a Hausdorff space X then the Thom space T'( is also
Hausdorff, so we obtain a spreading u = (C(R>,T(),~, 3) of type T'¢ in C(R*,T().
By Proposition 7.2 and the remarks following, the map V, UV_: R® JR>® — R*®

furnishes C'(R*>,7'¢) with the structure of a commutative topological monoid. We

are now ready to prove the classification result.

Theorem 7.6. The following diagram of functors commutes up to natural isomor-

phism.
— T
Dy? x Vect Je - TP x 9,
(_)c x T \7(_§ _)
— CO(R>®. —
TP x T, = CR*, )] ~ CMon

Proof. Given N™ € Dy and ( € Vect, we must define a monoid isomorphism
T: J(Ng;T¢)— [N, C(R* T()]

which is natural in N and (. If [K,a, 3] € J(N;TC¢), then by Proposition 5.5 we
can find a unique class [M, f,v] € Z(N; () such that [K,a, f] = [Dv(f), F,v], where
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F: Dv(f) 3 N is an immersion of the unit normal disc bundle extending f. Since
Dv(f)™ is a compact manifold with boundary, by Theorem A.1 in the Appendix we
can find an embedding A\: Dv(f) < R*, and any two such \ are isotopic. Now define
amap g: N, — C(R>,T() as follows. For eachn € N, theset F'~*(n) = {ky,..., k,}

is finite, since it is compact. We set

(AR, 0. . (AR 5] 3 F-1 () = (s )
[0, *] if F~Y(n) =10

g(n) =

One verifies that g: N, — C(R*,7T() is a pointed, continuous map. We then set
T([K, o, 8]) = [g].

To check that T is well defined, we first note that it does not depend on the choice
of A, since if we use another such map A’ to give a map ¢’: N. — C(R*,T(), there is
an isotopy A ~ X which induces a homotopy ¢g ~ ¢’. Now suppose [Dv(fy), Fo, o] =
[Dv(f1), Fi,v1] € J(Ne; TC). Then [My, fo,vo] = [Mi, f1,v1] and we can find a bor-
dism (W, K, V) from fj to f1. From this triple we may build a spreading (Dv(K), ¥, ®)
of type T'( in N, x I such that

Dv(fo) — Dv(K) ~— Dv(f1)

Fy v Fy

N, x {0} —> N.x I ~—— N, x {1}
is a pull-back diagram, and ®|p, ;) = v; for i = 0,1. Since Dv(K) is a manifold
with corners it admits an embedding A: Dy(K) — R™ such that A|p,s,) = Ai (see
[20]). It is then clear that we can construct a map G: N, x [ — C(R*,T() using V¥,
® and A, which is a homotopy from gy to ¢g;. Hence T is well defined.

To see that T is a monoid map, note that a sum of classes in J(Ng;T() is
represented by a spreading (Dv(fy) U Dv(f1), Fo U Fi, 09 U v1). Suppose that, for
i = 0,1, we have Y([Dv(f;), Fi,v:]) = [gi], where g; is defined using an embed-
ding \;: Dv(f;) — R*. Define X\: Dv(fy) U Dr(f1) — R*> by composing A\ L
A Du(fo) UDv(fi) — R®UR™ with Vo UV_: R®UR>* — R*>. Then check that

the class Y([Dv(fo) U Dv(f1), FoU Fy, 09U 071]) obtained using A is represented by the
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composition

A
N, — 20 Nox N, L2298 oR=, T¢) x C(R®, TC) — C(R™, TC).

To show that Y is an isomorphism, we have a map Y~': [N, C(R* T¢)] —
J(Ng; T¢) which sends [f] to f*[u], where u = (C(@;,/TC),%ﬁ) is the spreading of
type T'C in C'(R*°, T¢) defined by Proposition 7.5. Suppose we start with a spreading
(Dv(f), F,v), from which we define a map g: N. — C(R*,7T() as above. Note
that for every k € Dv(f), the non-empty set F~'(F(k)) = {k, ko, ..., k.} has k as a

e~

distinguished element. Thus we may define a map g: Dv(f) — C(R>,T() by setting

Then the following diagram commutes, and the square is a pull-back.

T¢
% &
Du(f) g C(R, TC)
F Y
N, J . C(R*, T¢)

This shows that T and YT~! are mutual inverses. The statement about naturality is

easily verified. O

Corollary 7.7. There are natural isomorphisms

1%

I(= =)= J(=)aT(=) = (=) CR™,T(=))].
Hence for any N™ € Dy and ¢ € Vect with dim¢ > 0,
I(N; () = [N, QT¢] = [N, T(]s.

Proof. The first statement is a combination of Proposition 5.5 and Theorem 7.6.
The second follows immediately on applying Theorem 7.3, since 7T'¢ is connected

when dim(¢ > 0. O
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7.3 Homotopy Interpretation of the
Self-intersection Operations

An immediate consequence of the above Corollary is that for any ( € Vect and r > 1

there is a natural isomorphism
I(=:8:¢) = [(=)e, C(R™, D, TC)]

of functors from Dy to CMon. One may ask, therefore, if the self-intersection opera-
tions ¢, : Z(—; () — Z(—; S,() are induced by maps h": C(R*>*,T¢) — C(R>, D,T().
This is indeed true if we invert weak equivalences in 7,, which is possible thanks to

the model category structure on 7, [24].

Definition 7.8. Let H.7, be the homotopy category associated to a suitable model
structure on ,, in which the weak equivalences are formally inverted. Then for each

r > 1 and connected space X € 7,, the James-Hopf map
h": C(R*, X) — C(R*, D, X)
is a morphism in H7,.

M. G. Barratt and P. J. Eccles constructed in [4] a topological monoid I'" X which
is naturally homotopy equivalent to QX when X is connected. They also construct
maps A" "X — T'"D,.X for all r > 1 [5]. Let k: TTX — QX be a homotopy
eqivalence. Recalling the weak equivalence oy, : C(R*, X) — QX of Theorem 7.3,
the A" may be defined by commutativity of the following diagram.

oo k1

C(R™, X) - QX LT X

h" hr

-1

k
C(R®, D, X) <= QD,X ~—— "D, X
Such maps appear in various guises in the literature, where they are used to prove
stable splittings of the spaces Q""" X and QX see for example [5] and [29]. The fol-

lowing Theorem, which is essentially folklore, says that the James-Hopf maps induce
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the self-intersection operations. Statements and partial proofs may be found in the
papers [34], [35], [18] and [38].

Theorem 7.9. For any vector bundle ( € Vect with dim( > 1, the following diagram

of set-valued functors commutes.

I(—0) —5 J(=)sT0)

%{2
Q
7
3
~
O

0 v, (h).
T(~8,0) 5 T((=)ei DTC) = [(=)e: (R, D, TC)]

Remark 7.10. This result, together with Remark 4.27(iii) and Theorem 6.2 and
its Corollaries, provides formal evidence that the James-Hopf map h? and the H.
ring structures on the MO and HZ, spectra are somehow related. Therefore there
should be concrete relations to be discovered, linking these two important constructs

of stable homotopy theory.



Appendix A

Results from Differential Topology

In this appendix we collect some results from differential topology which are referred
to in the rest of the work. Many of these results, although well-known to workers in
the field, are hard to find in the literature. We do not attempt to give full proofs of
such results, rather try to indicate how they might be proved.

The first Theorem, proved by Whitney in [40], concerns embeddings of manifolds
in Fuclidean spaces. Recall that an embedding is an immersion which is homeomor-

phic onto its image, and an isotopy is a homotopy through embeddings.

Theorem (Whitney) A.1. Let N be a manifold of dimension n. Ifl > 2n + 1
then N embeds in R'. Furthermore, if | > 2n+ 2 then any two embeddings of N into

R are isotopic.

We will also need several results concerning when a given immersion is regularly
homotopic to an immersion with some given property P.

Let M and N be smooth manifolds without boundary, with M compact. Let
C>®(M, N) denote the set of all smooth maps from M to N, given the weak topology
(see Hirsch [16]; note that this coincides with the strong topology since M is compact).
The following fundamental and deep fact about this mapping space does not seem to

have a clear proof in the literature.

Theorem A.2. The space C*°(M, N) is locally path connected.
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Proof. This says that for every smooth map f: M — N and every neighbourhood
U C C®(M,N) of f, there is a path connected neighbourhood V' with f € V C U.
But by Theorem 10.4 of [23], C*°(M, N) is covered by open sets, each of which is

homeomorphic to an open subset of some complete, locally convex vector space. [

Let P be some property of smooth maps from M to N. We define the following
subspaces of C*(M, N):

CF(M,N) = {f € C(M,N) | f has property P},
Im(M,N)={f e C>®(M,N) | fis an immersion},
Imp(M,N) = Im(M, N) 0 O (M, N).

Lemma A.3. Im(M,N) C C>®(M, N) is open.
Proof. See Hirsch [16], Theorem 2.1.1. O

Now fix a proper map g: ) — N, and let P be one of the following properties:

“f is transverse to g”

“f is self-transverse”.

Lemma A.4. C¥(M,N) C C*(M,N) is dense.
Proof. This is Proposition I11.3.2 of [13] and exercise 14 (b) on page 84 of [16]. O
We now come to our first approximation result.

Proposition A.5. Let f: M & N be an immersion. Then f is reqularly homotopic

to an immersion f' with property P.

Proof. Since C*°(M, N) is locally path connected and Im(M,N) C C*®(M,N) is
open, it is a standard result of general topology that each path component of Im(M, N)

is open in C*°(M, N). In particular the path component of f, which is the set
Up={f"€Im(M,N) | fis regularly homotopic to f}

is open in C*°(M, N). Since CF (M, N) is dense in C*°(M, N), there is some f’ € Uy

with property P. O
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This result, along with Proposition 2.5, says that within every bordism class
[M, f,v] € Z(N,() we can find a representative (M, f’,v') where f’ is regularly ho-

motopic to f and has property P.

Proposition A.6. Let F: W 9 N x I be a bordism between two immersions
fo: My N and f1: M7 % N.

(a) If fo and f1 are transverse to the proper map g: Q — N, there is a bordism
F': W s N x I from fy to fi which is transverse to g x 1: Q x I — N x 1.

(b) If fo and fi are self-transverse, there is a bordism F': W 9 N x I from fy to

f1 which is self-transverse.

Proof. To prove this, one would need to prove relative versions of the results A2

through to Ab. O

The next Theorem concerns the existence and uniqueness of immersed tubular
neighbourhoods of immersions of closed manifolds, and was used in the proofs of

Theorem 3.5 and Proposition 5.5.

Theorem A.7. Let f: M™% 95 N" be an immersion with M closed. There is an
immersion F: Dv(f) % N of the unit normal disc bundle of f which extends f (so
Foi= f wherei: M — Duv(f) is the zero section), and is injective on the fibres.
Furthermore, two such immersions Fy and Fy are reqularly homotopic by a homotopy

which is stationary on i(M).

Proof. Furnish N with a Riemannian metric, and let Ev(f) be the total space of the
normal bundle of f. We will define F': Dv(f) 9 N with the aid of the exponential
map

Exp: Ev(f) — N,

which is defined as follows. Write a point of Ev(f) as (z,v), where x € M and
v € v(f),. If we view v(f) as the orthogonal complement of the vector sub-bundle
TM in f*I'N, then v may be viewed as a vector in T'Ny. Let v: I — N be the
parameterised geodesic arc in N of length |v|, with initial point v(0) = f(z) and

initial velocity vector dvy/dt|;—o = v. We then set Exp(z,v) = v(1).
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The usual considerations show that FExp is defined and a local diffeomorphism on
an open neighbourhood of the zero section (M) in Ev(f). Hence we can choose a

small disc bundle
Dev(f) ={(z,v) € Ev(f) | [v] < €}

such that Exp restricted to D.v(f) is an immersion. Let h: Dv(f) — D.v(f) be fibre-
wise multiplication by €. Then F' = Exp|p_,(syoh: Dv(f) 3 N is an immersion with
the required properties.

For the statement that two such immersions Fj and F are regularly homotopic,
the reader is asked to look at any proof of the fact that any two closed tubular
neighbourhoods Gy, Gy: Dv(g) < N of an embedding g: M < N are isotopic
rel M (for example Hirsch [16], Theorem 4.5.3). He or she will see that the isotopy
H: Dv(g)xI — N from Gy to G is constructed locally. Hence the same construction
slightly modified gives a regular homotopy rel M from F{, to F;. We omit the details.

O
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