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Preface

The primitive objective of topological graph theory is to draw a graph on a
surface so that no two edges cross, an intuitive geometric problem that can be
enriched by specifying symmetries or combinatorial side-conditions. To solve
the problem and its variants, techniques are adapted from a broad range of
mathematics, especially from algebraic topology and group theory, and more
recently from enumerative combinatorics and the analysis of algorithms.

Topological graph theory remains a young specialty, in which two decades
ago there were but a scant handful of active contributors. Subsequently,
however, there have been well over a thousand research papers partially or
exclusively relevant to graph placement problems, written by hundreds of
different contributors, many with simultaneous mathematical interests else-
where.

Unmistakably, the turning point was the Ringel-Youngs solution, com-
pleted in 1968, of the classical Heawood map-coloring problem. Numerous
follow-up investigations analyzed and generalized the methods devised for the
Ringel-Youngs theorem, and the resulting techniques were applied to many
other graph imbedding problems. Substantial credit is also due to Arthur
White, whose lucid study, Graphs, Groups and Surfaces (1973), made topologi-
cal graph theory accessible to newcomers, and the revised edition (1984)
continues to serve that purpose well.

The present monograph is intended as a historically sensitive, comprehen-
sive introduction to the foundations and central concerns of topological graph
theory, with bridges to frontier topics and to other areas of mathematics,
wherever they fit in naturally. It is sufficiently self-contained that it can serve
as a first-year graduate text or a self-guided approach for ambitious persons
having a background in undergraduate discrete mathematics, in particular,
some acquaintance with graphs and with elementary facts about groups and
permutation groups. No point-set topology is necessary, beyond what one
might see in an honors calculus course.

Although the focus is concentrated on the exposition and application of
general topological methods to graph imbeddings, a small amount of effort is
invested in glimpses at the frontiers and in interesting digressions. Nonethe-
less, for the most part we have steered away both from heavy involvement in
non-topological methods—as in the proof of the four-color theorem or in
solutions to most crossing-number problems—and from complicated topologi-
cal methods whose cost of mastery has not yet been demonstrated to com-
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pensate adequately in imbeddings (or in proofs of non-existence of imbed-
dings) of interesting graphs. Moreover, an extensive survey of the frontiers
would have been incompatible with our desire to stay close to the core, as
much as we regret omitting explicit mention of numerous important results,
including some of our own.

The first four chapters are basic, beginning with a review of graph theory
that stresses whatever is of topological importance. Discussion of imbeddings
into surfaces is blended with a complete proof of the classification of closed
surfaces. Voltage graphs, which are a combinatorial form of covering spaces,
are developed in full generality, acknowledging the role of covering-space
constructions as the single most important tools used in the derivation of
genus formulas. No prior experience in algebraic topology is needed for our
treatment of coverings and group actions on surfaces, and indeed, the special-
ized approach here might well serve as a preliminary to a general topological
treatment.

The foundations thus established are used in a straightforward explanation
of the very lengthy proof of the Ringel-Youngs theorem, which includes
sufficient detail to enable someone to comprehend the original proof in its
entirety. They are also used in an examination of the main results on the genus
of a group, in which one studies imbeddings of “Cayley graphs”, which are
pictorial representations of a group, optimized over all possibilities for the
group.

In early 1987, the frontiers of topological graph theory are advancing in
numerous different directions, each pursued by a host of researchers, including
particularly active schools in France, Italy, the United Kingdom, the United
States, and Yugoslavia. An alphabetized partial listing of frontier topics would
include algorithms for imbedding problems, covering-space constructions (in-
cluding wrapped coverings and flows), enumerative analysis of imbedding
distributions (sometimes using representation theory of the symmetric group),
forbidden subgraph characterizations and their relationship to graph minors,
genus of groups, map-theoretic connections, neoclassical imbedding questions,
representation of higher-dimensional manifolds by graphs, and VLSI layouts.
Moreover, there are some significant one-person and two-person approaches
that fall into none of the foregoing categories. A single volume could not hope
to treat all of the major developments in detail, even though we are still able to
bring the reader within striking distance of most of them.

We are indebted to many colleagues and students who have read parts of
our many preliminary drafts, particularly to Arthur White and Ward Klein,
whose critical suggestions have greatly helped. Special thanks are due to Mary
Forry for typing the final draft.

JONATHAN L. GROSS
THoMAS W. TUCKER

New York, New York
Hamilton, New York
May 1987
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Introduction

In beginning the study of topological graph theory, one needs to prepare both
for the development of topological operations and for discussion of the
relationship between these operations and the other concepts of graph theory.
Most of the important topics in graph theory have some connection with the
topological viewpoint. Accordingly, this first chapter reads almost like a survey
of graph theory, encompassing trees, automorphisms, traversability, factoriza-
tion, colorings, algorithms, and more.

1.1. REPRESENTATION OF GRAPHS

In topological graph theory, the intuitive viewpoint is that a graph is a
network of nodes and curved arcs from some nodes to others or to themselves.
Nonetheless, it is a formal convenience to adopt a combinatorial definition,
rather than a topological definition. Therefore, we say that a “graph” G
consists of a set V, of vertices and a set E; of edges. Each edge e has an
endpoint set V;(e) containing either one or two elements of the vertex set V;;.
In a formal setting, we call the set I; = {V;(e)le € E;} the “incidence
structure”. For simplicity, when G is the only graph under consideration, one
omits the subscripts and writes V and E instead of V; and E;.

If both the vertex set and the edge set are finite, then the graph G is said to
be “finite”. With very few exceptions, the graphs discussed here are implicitly
considered to be finite.

A graph is called “simplicial” if it has no self-loops or multiple edges,
because, in the standard sense of topology, such a graph is a simplicial
1-complex. (In nontopological contexts, the word “simple”! is sometimes used
in place of “simplicial”.)

'To a topologist, the word “simple” has pre-emptive meaning. In particular, a “simple” loop is
the continuous nonsingular image of a circle, that is, a loop without self-intersections or other
singularities. Our general rule is to avoid ambiguity or such conflicts of usage.
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U2 Figure 1.1. The graph of Example 1.1.1.

1.1.1. Drawings

Any finite graph can be geometrically represented by a drawing obtained in
the following manner. First, draw a dot for each vertex. Then, for every edge
e € E with two endpoints, draw a line between the dots representing the
vertices of V(e), and for every edge with only one vertex, draw a line from
the dot representing that vertex to that dot itself. Two examples now illustrate
the representation of a graph by a drawing.

Example 1.1.1. Let V= {v,,v,,v;,0,}, and let E = {e,, e,, e5,e,}. Also,
let V(ey) = {vy,0,}, Vliey) = {vy, 03}, Vl(e) = {v;y,03}, and V(e,) =
{v;,v,}. A drawing of this graph is shown in Figure 1.1. For the sake of clarity,
the dots and lines are labeled by the names of the vertices and edges they
represent.

Example 1.1.2. Let V = {v,,v,,0,}, and let E = {e,, e,,e5,e,}. Let V(e,)

= {v,}, V(ey) = {v, 0,5}, V(es;) = {v,,03}, and V(ey) = {v,, v5}. Figure
1.2 shows two different drawings of this second graph.

Certain graphs cannot be drawn on a planar surface without line-crossings.
Moreover, for the sake of illustration or other convenience, a drawing of a
graph sometimes contains more line-crossings than necessary. Fortunately, it is
never necessary for the interior of any line to touch any dot. In a drawing of a
graph, vertices are represented only by dots, not by line-crossings.

Readers already familiar with graph-theoretic literature may note dif-
ferences in the present terminology and notation from that appearing elsewhere.
For instance, if a graph has an edge with only one endpoint, then Harary
(1969) would call it a “pseudograph”. Harary’s distinction has been widely
adopted, because for many purposes, it permits more efficient discussions.

(?3
e U1 2(_—‘:; vs v3 ¢ ™ vy e
62 \24 ”
€y
€
Uy Z.—-—""/

Figure 1.2. Two drawings of the graph of Example 1.1.2, one without line-crossings, the other
with crossings.
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Certain nonsimplicial graphs, however, such as bouquets of circles (see Section
1.2), are so essential to topological graph theory that it is more efficient to
include them here as graphs. In general, the authors have tried to preserve
standard terminology and notations except where there is substantive reason
in topological graph theory to introduce something new. For the convenience
of the reader, a list of all notation used here appears at the end of this book.

1.1.2. Incidence Matrix

The “incidence matrix” for a graph G has #V rows and #E columns, where
#S denotes the cardinality of a set S. The entry in row i and column j is 1 if
v; € V(e;) and #V(e;)) =2, 2 if {v;} = V(e;), and O if v, & V(e;). For
example, the graphs of Examples 1.1.1 and 1.1.2 have the following incidence
matrices, respectively:

_ 4 €2 €3 €4 € € €3 24
v, 1 1 0 0 v, 2 1 0 0
v, 1 0 1 0 v, 0 1 1 1
UR 0 1 1 1 U3 0 0 1 1
V4 0 0 0 1

Communicating a graph to a computer by its incidence matrix rather than by
its incidence structure may involve a loss of space efficiency, because the zeros
occupy storage space not needed for the incidence structure. However, since
certain information is recovered more easily from a stored incidence matrix
than from a stored incidence structure, there are times when sacrificing the
space yields worthwhile gains in operational speed.

1.1.3. Euler’s Theorem on Valence Sum
33 2

1

From a geometric viewpoint, the “valence”~ of a vertex v is the minimum
number of line-crossings that occur while one traverses a small circle around
the dot representing v in a drawing of the graph. For instance, the valences of
v,, Uy, and v, in Example 1.1.2 are 3, 3, and 2, respectively. Roughly speaking,
it is sometimes said that the valence of v i1s the number of edges incident on v,
but to get the correct number, one must take care to count an edge twice if v is
its only endpoint. Alternatively, one may give a strictly combinatorial defini-
tion of the valence of v as the sum of the entries in its row in the incidence
matrix.

2The synonym “degree” appears to be more frequently used by graph theorists than “valence”.
However, since “ valence” is a self-explanatory abstraction from the terminology of chemistry, and
since “degree” is used for polynomials and as the name for a topological invariant of a continuous
function, it seems appropriate to use “valence” here for the graph-theoretic concept.
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Theorem 1.1.1 (Euler). The sum of the valences of the vertices of a graph equals
twice the number of edges.

Proof. Every edge contributes exactly 2 to the valence sum. Alternatively,
it may be observed that the row sums in the incidence matrix are the valences
and that every column sum is 2, corresponding to the contribution of each
edge. Of course, the total of the row sums equals the total of the column sums.

d

1.1.4. Adjacency Matrix

Two vertices of a graph are called “adjacent” if they are the endpoints of the
same edge. They are called “multiply adjacent” if there are two or more edges
having them both as endpoints. The “multiplicity of their adjacency” is
defined to be the number of edges having them both as endpoints, possibly
zero.

A vertex is called “self-adjacent” if there is an edge for which it is the only
endpoint. The “multiplicity of its self-adjacency” is defined to be the number
of edges for which it is the only endpoint. An edge with only one endpoint is
called a “loop”. If an edge is not a loop, then it is called a “proper edge”.

The ‘“adjacency matrix” for a graph G is square, with #V rows and
columns. The entry in row i and column j is the multiplicity of the adjacency
between the vertices v; and v;. It follows from this definition that an adjacency
matrix is symmetric about the main diagonal. A loop contributes only 1 to a
main diagonal entry, so a row or column sum is not necessarily the valence of
a vertex. For example, the graphs of Examples 1.1.1 and 1.1.2 have the
following adjacency matrices, respectively:

v, v, Uy U, v, U, Uy
v, 0 1 1 0 v, 1 1 0
v, 1 0 1 0 v, 1 0 2
Uy 0 0 1 0 Uy 0 2 0
Vg4 0 0 1 0

1.1.5. Directions

A “direction” for an edge e is an onto function {BEGIN, END} — V(e). The
images of BEGIN and END are called the “initial point” and the *terminal
point”, respectively. One says that a directed edge goes “from” its initial point
“to” its terminal point. In the incidence structure for a list format of a graph,
the direction of a proper edge may be indicated by putting the initial point
first in its endpoint list.

In topological graph theory, one frequently considers each edge e (even a
loop) to have two directions, arbitrarily distinguished as the “plus direction”
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( > <> U3 Figure 1.3. Using arrowheads to indicate directions on

edges of the graph of Example 1.1.2.

e’ and the “minus direction” e~. In a drawing of a graph, an arrowhead is

used to show the plus direction, with the initial point behind the arrowhead
and the terminal point in front of it. Figure 1.3 shows how the arrowheads are
placed on the left-hand drawing of Figure 1.2 if the direction ¢, is from v, to
v, and the directions e;* and e,™ are both from v; to v,.

An edge e together with either its plus direction or its minus direction is
called a “directed edge,” and is denoted e* or e~, respectively, thereby
slightly abusing the notation.

1.1.6. Graphs, Maps, Isomorphisms

Let G and G’ be graphs. A “graph map” f: G = G’ consists of a vertex
function V; — V. and an edge function E; — E; such that incidence is
preserved, in the sense that for every edge e € E. the vertex function maps
the endpoints of e [i.e., the set V;(e)] onto the endpoints of the image e. It is
customary to denote both the vertex function and the edge function by the
same symbol as the graph map, namely, f. Under a graph map, a loop may be
the image of a proper edge, but a proper edge may never be the image of a
loop.

A graph map G — G’ is called an “isomorphism” if both its vertex function
and its edge function are one-to-one and onto. Two graphs are called “isomor-
phic” if there exists an isomorphism from one to the other.

Example 1.1.3. Figure 1.4 shows two graphs, G and G'. Suppose the function f
has the values

floy) = v/ f(vy) = f(vy) = vy
fley) =f(ey) = e/ f(es) = e

)
e
; v] v2 ,
U1 €3 .-—;'__ €5
1
)
U3
G i

Figure 1.4. The domain G and the range G’ of agraph map f: G = G'.
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uj3
U d up

uj é uy

uy d3 u3 a;

H H’
Figure 1.5. Two isomorphic graphs.

The endpoints of the edge e, are the vertices v, and v,, which are mapped onto
v," and v,’, respectively, the endpoints of the edge e,’, which is the image of e, .
The endpoints v, and v, of the edge e, are mapped onto the endpoints v," and v,’
of the edge e,’, which is the image of e, . Both the endpoints v, and v of the edge
e, are mapped onto the single endpoint v, of its image e,’. Thus the vertex map f
and the edge map f together form a graph map f: G — G'. However, f is not an
isomorphism.

Example 1.1.4. Figure 1.5 shows two isomorphic graphs, H and H’. One
isomorphism g. H — H' is given by the rule

g(u;))=u/ fori=1,...,4
g(d,))=d; fori=1,...,5

1.1.7. Automorphisms

An isomorphism from a graph to itself is called an “automorphism”. Under
the operation of composition, the family of all automorphisms of a graph
forms a group, called “the automorphism group of the graph” and denoted
Aut(G).

Example 1.1.5. Consider a graph map h: H — H on the left-hand graph H of
Figure 1.5, in which h has the values

h(u;) = u, h(uy) = u, h(uy) = u h(ug) = uy

h(d,) = d, h(d,) = d, h(d;) =d, h(d,) = d, h(ds) = d;

Alternatively, using disjoint permutation-cycle notation, the graph map h may be
written as follows:

vertex map h = (u, u;)(u,)(u,)
edge map h = (d, d,)(d, d,)(d;)

Then h is an automorphism.
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1.1.8. Exercises

1.

AN O

10.

11.

12.

13.

14.
1S.

16.
17.

Draw the graph with vertices v,, v,, and v,, with edges e,, e,, e;, e,,
and es, and with endpoint sets V(e,) = {v,,v,}, V(ey) = {0y, 05},
Vie;) = {v1, 03}, V(ey) = {vy, 03}, and V(es) = {v;}.

Write the incidence structures for the graphs of Figure 1.4.

What is the incidence matrix for the graph of Exercise 1?

What is the adjacency matrix for the graph of Exercise 1?

The “eigenvalues” of a graph are defined to be the eigenvalues of its
adjacency matrix. What are the eigenvalues of the graph in Figure 1.1?
The “valence sequence” of a graph is the list of all the valences of its
vertices (usually in increasing order), so that if there are n vertices, there
are n numbers in the valence sequence. Construct two graphs that have
the same valence sequence, but that are not isomorphic.

(a) Prove that there is no graph map from the graph G’ of Figure 1.4 to
the graph G of that figure. (b) Prove that G and G’ are not isomorphic.
Draw two nonisomorphic graphs with four vertices and four edges each
and no loops or multiple adjacencies.

Prove that if the graph map f: G - G’ is an isomorphism, then the
inverse map f~!: G’ - G is also an isomorphism.

Find another isomorphism H — H’ for the graphs of Figure 1.5 besides
the one given in Example 1.1.4.

In permutation notation, list all the automorphisms of the graph H of
Figure 1.5.

Draw a graph with two vertices and no automorphisms except for the
identity.

Draw a graph with six vertices, no loops, and no automorphisms except
the identity.

Identify the automorphism group of the graph of Figure 1.2.

Draw a graph whose automorphism group is isomorphic to the cyclic
group Z;.

Prove that every graph has an even number of vertices of odd valence.

Two graphs are called “co-spectral” if they have the same eigenvalues
(see Exercise 5) with the same multiplicities. Draw two co-spectral,
connected, 6-vertex, 7-edge graphs.

1.2. SOME IMPORTANT CLASSES OF GRAPHS

Numerous classes of graphs, arising in algebra or geometry as well as in
combinatorics or topology, are of special interest in topological graph theory.
In this section we examine a few such classes.
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1.2.1. Walks, Paths, and Cycles; Connectedness

A “walk” in a graph is the combinatorial analog of a continuous image of a
closed line segment, which may cross itself or retrace upon itself, backwards or
forwards, arbitrarily often. Precisely, if # and v are vertices of a graph G, then
a “walk of length »n from u to v” is an alternating sequence of vertices and
directed edges,

W =u,,e",0,e°,...,e,°,0, (eachao,= + or —)

n

whose initial vertex v, is u, whose final vertex v, is v, and for i = 1,..., n, the
directed edge e,** runs from the vertex v,_, to the vertex v,. If u # v, then W
is called an “open walk”. If u == v, then W is called a “closed walk”.

An open walk is called a “path” if its vertices are distinct. Thus, a path is
the combinatorial analog of a homeomorphic image of a closed line segment.
The standard path with n vertices is called the “n-path” and is denoted P,. A
closed walk is called a “cycle” if every pair of vertices except its starting and
stopping vertex are distinct. Thus, a cycle is the combinatorial counterpart to
the homeomorphic image of a circle. The standard cycle with n vertices is
called the “n-cycle” and is denoted C,.

In order to relieve the cumbersomeness of the notation for a walk, path, or
cycle, one commonly omits the vertices from the sequence specified in the
definition, since there is no difficulty in inferring them from the resulting
sequence of directed edges. Moreover, when for i = 1,..., n — 1 the edges e,
and e, , have only one endpoint in common, one usually also omits the signs,
and writes

W=€.’1392,...,€n

There are many different notations for a walk, path, or cycle, and the sensible
practice in a particular instance is to use the least cumbersome notation that
makes sense, even if it is not the same as the notation used in a previous
instance. Thus, fluency has priority over consistency.

A graph is called “connected” if for every pair of vertices « and v, there is a
path from u to v. Specifying plus directions on some of the edges does not
affect the connectedness of a graph, since the direction on an edge in a path
(or walk) is permitted to be the opposite of the plus direction. Thus, con-
nectedness in the present combinatorial sense agrees exactly with the underly-
ing topological sense.

1.2.2. Trees

A “tree” is a connected graph with no cycles, as illustrated in Figure 1.6. It is
one of the most important kinds of graphs in both applications and theory.

Theorem 1.2.1. Let u and v be any vertices of a tree T. Then there is a unique
path in T from u to v.
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Figure 1.6. Four trees.

Proof. Since the tree T is connected, there exists a path P from u to v.
Suppose that P’ is another path from u to v. Then let w be the first vertex on
P and P’, as we proceed from u to v, whose successor in the path P is not its
successor in the path P’. Let w’ be the next vertex on P after w that also lies
on the path P’. Then the path segment from w to w' in P combines with the
path segment from w to w’ in P’ to form a cycle in T, which contradicts the
fact that trees have no cycles. O

Theorem 1.2.2. Let T be a tree. Then #V,.= #E .+ 1.

Proof. 1f #V =1, then #E, = 0; otherwise there would be a loop, which
yields a cycle. By way of induction, assume the proposition is true for trees
with p or fewer vertices, and let T have p + 1 vertices. It follows from
Theorem 1.2.1 that removing an edge e from 7 disconnects it into two smaller
trees T" and T”, so that #V,. = #V,. + #V,. and #E,.= #E. + #E, + 1.
By the induction hypothesis, #V, = #E, + 1 and #V .. = #V . + #E . + 1.
It follows that #V, .= #E,.+ 1. O

Theorem 1.2.3. Every nontrivial tree T has at least two vertices of valence 1.

Proof. By Theorem 1.1.1, for any graph, the sum of the valences is twice
the number of edges. By Theorem 1.2.2, 2#E, = 2#V, — 2, since T is a tree.
By combining these two facts, one obtains the equation

Y. valence(v) = 2#V, — 2

ve vy

Since every vertex v of the tree has valence at least 1, there must be at least
two vertices of valence exactly 1. [
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K, K, K3 K, K Kg
Figure 1.7. Some complete graphs.

1.2.3. Complete Graphs

A simplicial graph is called “complete” if every pair of vertices is adjacent. If
two complete graphs have the same number of vertices, then they are isomor-
phic. The standard model for a complete graph on »n vertices is denoted K, .
Figure 1.7 shows the complete graphs K, for n =1,...,6. The graph K, is
sometimes called the “trivial graph”.

1.2.4. Cayley Graphs

Cayley (1878) used graphs to draw pictures of groups, an inspiration that was
subsequently refined and used to algebraic advantage by Dehn (1911), Schreier
(1927), and others. As preliminary examples, consider the two drawings in
Figure 1.8 of the group & of integers modulo 5.

In both diagrams of Figure 1.8, the elements of the group % are the
vertices. Figure 1.8a shows & as generated by the single residue class 1, so
from every vertex v there is a single solid edge to the vertex v + 1. Figure 1.8
shows & as generated by the two residue classes 1 and 2, so from each vertex
v there is a solid edge to the vertex v + 1 and also a dashed edge to the vertex
v+ 2.

Rather than solid lines, dashed lines, and other such devices to distinguish
one class of edges from another, Cayley suggested a different color for each
generator. From this arose the name “Cayley color graph”. A common abuse

O & =

(a) (b)
Figure 1.8. Two Cayley color graphs for 25 : (a) with generating set {1}; (b) with generating set

{1,2).
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of terminology, adopted here, is to refer to whatever distinguishing features
are used for edges in the drawings as “colors”, and also to refer to the
generators themselves (when they are regarded as generators) as “colors”.
Although the construction now defined is more general than Cayley’s, his
name 1s retained. As his generating set, Cayley used all the nonidentity
elements.

Let &/ be a group, and let X = {x,,..., x,,} be a generating set for &.
The “(right) Cayley color graph” C(.2Z, X) has as its vertex set the elements of
group & and as its edge set the cartesian product X X /. The edge (x, a) has
as its endpoints the vertices a and ax, with its plus direction from a to ax.
Sometimes it i1s convenient to write (x, a) in the subscript notation x,,.

The designation of a plus direction and a color for every edge is an intrinsic
part of a Cayley color graph C(Z, X). If these designations are suppressed,
the result is a graph C(«Z, X)°, called the “Cayley graph” for the group %/
and the generating set X. Figure 1.9 shows a Cayley color graph, with its edge
names given in subscript notation, and the associated Cayley graph. The
names of vertices (e.g., a) and edges [e.g., (x, a) or x,] are the same in a
Cayley graph as in the Cayley color graph from which it is derived. Since the
name of an edge of a Cayley color graph is readily determined from its color
and its initial point, names of edges are hereafter omitted from drawings,
thereby decreasing the visual clutter.

A graph map C(#, X) » C(&’, X’) between Cayley color graphs is called
“color-consistent” if for every pair of edges with the same color in C(%, X),
their images have the same color in C(&7’, X”). It is called “direction-preserv-
ing” if the initial point of every edge in C(%/, X) is mapped onto the initial
point of the image edge in C(&7’, X"). It is called “identity-preserving” if it
maps the group-identity vertex of C(%/, X)) to the group-identity vertex of

(@) (b)

Figure 1.9. (a) The Cayley color graph for the group 2, with the generators 2 and 3. (b) The
associated Cayley graph C(Z;, {2,3})°.
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C(2Z’, X"). The following theorem shows the connection between Cayley color
graphs and group homomorphisms.

Theorem 1.24. Let f: C(Z, X) = C(&', X’) be a color-consistent, direc-
tion-preserving, identity-preserving graph map. Then its vertex function coincides
with a group homomorphism 5/ — /'. Conversely, any group homomorphism
h: & - /" such that h(X) C X’ coincides with the vertex function of a color-
consistent, direction-preserving, identity-preserving graph map C(&, X) —
C(Z', X).

Proof. Assume that the first hypothesis holds. To show that f is a group
homomorphism, it suffices to show that f(ax°) = f(a)f(x)° for all a € &,
x € X, and o = +1. Since there is an edge in the Cayley graph C(%Z, X) from
a to ax with the color “x”, it follows that in the Cayley graph C(%/’, X")
there is an edge from f(a) to f(ax). Moreover, this edge has the same color as
the edge from 1. to f(x), since f is color-consistent, direction-preserving,
and identity-preserving. The edge from 1,,. to f(x) must be colored “f(x)”, so
the edge from f(a) to f(ax) is also colored “f(x)”. By the definition of
Cayley color graph, it follows that f(ax) = f(a)f(x). To show that f(ax™')
= f(a)f(x)~!, we now simply observe that f(a) = f(ax 'x) = f(ax~")f(x).

Conversely, let h: &/ — 2/’ be a group homomorphism such that A(X) C X",
Define the graph map f: C(#, X) - C(&’, X’) as follows. If a is a vertex of
C(H, X), let f(a) = h(a). If e is an edge from a to ax (colored x), let f(e)
be the edge from f(a) to f(ax) = f(a)f(x) [colored f(x)]. It is easily verified
that f has the desired properties. O

Remark. In regard to Theorem 1.2.4, it may be observed that the vertex
function of a color-consistent, direction-preserving, identity-preserving graph map
from one Cayley color graph to another coincides with a group isomorphism if and
only if the graph map is a graph isomorphism.

An alternative definition of a Cayley graph is like the one already given,
except that when a generator x has order 2 in the group &/, for every element
a € o/ the two edges

x, (from a to ax) and x,, (from ax to a)

of the Cayley color graph C(%Z, X) collapse onto a single edge, denoted either
x, or x, . The “alternative Cayley graph” is denoted C(./, X)!.. Both
C(#, X)° and C(&, X)' are called “Cayley graphs”. Figure 1.10 shows a
Cayley color graph for a group with a generator of order 2 and the corre-
sponding alternative Cayley graph.

It may be observed that the Cayley color graphs in Figures 1.9 and 1.10
look quite alike, since their corresponding Cayley graphs are isomorphic, as
are their corresponding alternative Cayley graphs, even though the groups 2
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\,____‘__/
(a) (b)
(12 3) e—
(12) = — e

Figure 1.10. (a) The Cayley color graph for the symmetric group %3 with the generators (12 3)
and (12). (b) The alternative Cayley graph C(%;, {(123),(12)})".

and &, are not isomorphic. Moreover, it is easy to construct a color-con-
sistent, identity-preserving graph isomorphism between those two Cayley color
graphs, but it does not preserve directions, of course, because of Theorem
1.2.4.

A graph is called “n-regular” (or just “regular”) if every vertex has valence
n. If a group is presented with ¢ generators, then the corresponding Cayley
graph is 2g-regular. The alternative Cayley graph is also regular, but the
valence depends on the number of generators of order 2. Regularity of a graph
is best understood as a local symmetry condition.

A graph G is called “ vertex-transitive” if for every pair of vertices u and v,
there is an automorphism of G that carries ¥ to v. Vertex-transitivity is best
regarded as a global symmetry condition.

As preparation for proving that a Cayley graph C(.Z, X)° or C(&, X)! is
vertex-transitive, define for every a € &/ the graph automorphism i, accord-
ing to the rules

i (u) = au for every vertex u € &/
i,((x,u)) = (x,au) foreveryedge(x,u) € X X
The graph automorphism i, is called a “left translation” of the Cayley graph.
Theorem 1.2.5. Any Cayley graph is vertex-transitive.

Proof. For any pair of vertices u and v, let w = vu~'. Then the left
translation i takes u to v. O
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The converse of Theorem 1.2.5 is not true; for example, the Petersen graph
(see Example 1.3.13 and Exercise 2.2.13) is not a Cayley graph, yet it is
vertex-transitive. On the other hand, a left translation i, of a Cayley graph
also has the property that it leaves no vertex fixed, unless of course the group
element a is the identity. If the automorphism group of a graph G has a
subgroup &/ that is vertex-transitive, and if every nonidentity element of ./
leaves no vertex fixed, then indeed the graph G is a Cayley graph for the group
2 (see the corollary to Theorem 2.2.3 and see Theorem 6.2.3).

The Cayley graph associated with a given group and generating set reveals
much about the group. Every walk in the graph corresponds to a “word” in
the generators; every closed walk corresponds to a “relator”, namely a product
of generators that is equal to the identity. This relationship has proved to be a
powerful tool in combinatorial group theory, which is the study of presenta-
tions of groups in terms of generators and relations. It was Dehn (1911) who
first focused on this connection. For example, one of Dehn’s three famous
decision problems for a presentation of a group is to find an algorithm that
will determine whether two given words in the generators represent the same
element; this is equivalent to finding an algorithm that constructs the Cayley
graph corresponding to the given presentation of the group. [Boone (1954) and
Novikov (1955) showed this “word problem” was unsolvable for some group
presentations.]

Dehn’s influence is so great that Cayley graphs are sometimes called *“Dehn
Gruppenbilder”, although Cayley’s priority is unquestioned [Burnside’s fa-
mous Theory of Groups (1897, 1911) refers to “Cayley’s colour groups” and
even has a four-color illustration of a Cayley graph as the frontispiece.] More
recent examples of the importance of graphical representations of groups can
be found in the work of Stallings (1971) and Serre and Bass (1977) (see also
Tretkoff, 1975, 1980). Cannon (1984) carries the word problem one step
further by studying presentations for infinite groups that have linear-time
algorithms to draw the associated Cayley graph. General monographs for
combinatorial group theory have been compiled by Magnus, et al. (1966), by
Lyndon and Schupp (1977), and by Coxeter and Moser (1957).

1.2.5. Bipartite Graphs

A graph is called “bipartite” if its vertex set can be partitioned into two
subsets U and W such that the vertices in U are mutually nonadjacent and the
vertices in W are mutually nonadjacent. If every point of U is adjacent to

Aé; 5 %X%ng Elsg:lre 1.11. The complete bipartite graph
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( Figure 1.12. A bouquet of three circles.

every point of W, then the graph is called “complete bipartite” on the sets U
and W. The standard model for a complete bipartite graph on sets of m
vertices and n vertices is denoted K,, ,. Figure 1.11 illustrates the complete
bipartite graph K ,.

1.2.6. Bouquets of Circles

For topological graph theory, one other class of graphs should be (and is)
introduced at the outset. A “bouquet of n circles” is a graph with one vertex
and n loops. The standard model is denoted B,. The bouquet B, is illustrated
in Figure 1.12.

1.2.7. Exercises

1.

10.

In the graph of Figure 1.10, find a path with six vertices and a cycle of
length five. Also find a closed walk with four edge-steps that is not a
cycle.

Prove that if &/ and &/’ are groups of the same order, they have
respective generating sets X and X’ such that the Cayley graphs
C(#, X)° and C(%’, X")° are isomorphic. (Hint: Consider relatively
large generating sets.)

Show that a graph is connected if and only if for every pair of vertices u
and v, there is a walk from u to v.

Extend Theorem 1.2.4 to the case where the group 7 is infinite.

Draw the Cayley color graph for the group 2, X &, X &, with genera-
tors (1,0,0), (0,1,0), and (0,0,1).

Draw the Cayley graph for the group 2, with generating set {1, 2, 3}.
Draw the alternative Cayley graph for the group & with generating set
{1,2,3}.

Draw the Cayley color graph for the quaternions with generators i and j
and relations i2 = j? = (ij)>

Draw the Cayley color graph for the alternating group &/, with genera-
tors (12 3) and (234).

Draw a 4-regular simplicial graph on 11 vertices that is not a Cayley
graph. (Hint: Use two copies of K..)
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11. Decide whether the complete bipartite graph K5 ; is a Cayley graph.
(Hint: There are only two groups of order 6.)

12. Prove that every complete graph K, is a Cayley graph. (Hint: Use the
group Z,. When n is even, an alternative Cayley graph construction is
required.)

13. Prove that every tree is a bipartite graph.

14. Which n-cycles are bipartite?

15. What is the automorphism group of the complete graph K,?

16. Verify that a left translation of a Cayley graph is a graph automorphism.

17. Prove that every Cayley graph is connected.

1.3. NEW GRAPHS FROM OLD

There are numerous ways to extract parts, make combinations, or do other
operations on graphs so as to obtain new graphs.

1.3.1. Subgraphs

If G and G’ are graphs, then G’ is c.alled a “subgraph” of G if and only if V.,
E;., and I, are subsets of V;, E;, and I, respectively. If in addition,
Vi = Vg, then one says that the s.ubgrctph G’ “spans” the graph G. Figure
1.13 illustrates a graph at the left and two of its subgraphs.

If a subgraph is a tree and if it spans the graph, it is called a “spanning
tree”. For instance, the graph in the middle of Figure 1.13 is a spanning tree
for the graph at the left. The subgraph at the right does not span, since it does
not include the vertex v,. Nor is it a tree, since it is not connected.

Example 1.3.1. Every n-vertex simplicial graph is isomorphic to a subgraph of
the complete graph K, . Also, the n-path P, is isomorphic to a subgraph of the
(n + k)-path P, ,, for any nonnegative integer k. However, the m-cycle is not
isomorphic to a subgraph of the n-cycle unless m =

r /\
el ” e4 e].
v3 Ug vy . U3 v V) / \
5] e3 Y | 3 NS
€6 \ /_ €6
N N/

L ]

Us Usg Ug

Figure 1.13. A graph and two of its subgraphs.
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V

G G, G,
Figure 1.14. A graph and two of its subgraphs.

For any graph G, let V' C V. The “induced subgraph” on the vertex
subset V" is the subgraph whose vertex set is ¥’ and whose edge set consists of
every edge e of G whose endpoint set V(e) lies in V. For instance, in Figure
1.14, the subgraph G, is an induced subgraph of G, but the subgraph G, is
not.

There is a big difference between assertions about subgraphs and about
induced subgraphs. For example, since the complete graph K, is, in fact, a
Cayley graph (Exercise 1.2.12), it follows that every finite graph is a subgraph
of some Cayley graph. The claim, however, that every finite graph is an
induced subgraph of some Cayley graph, seems quite surprising. This would
imply that although Cayley graphs are globally symmetric, locally they can be
arbitrarily complicated. Nevertheless, Babai (1976) has shown this claim to be
true. In fact, Godsil and Imrich (1985) prove that given any graph G on n
vertices and any group %7 of order greater than (24y3)n? there is a Cayley
graph for &/ containing G as an induced subgraph.

A “component” of a graph is a maximal connected subgraph. Thus, if a
graph is connected, it has only one component, itself.

1.3.2. Topological Representations, Subdivisions, Graph Homeomorphisms

Any graph G can be represented by a topological space in the following sense.
Each vertex is represented by a distinct point and each edge by a distinct arc,
homeomorphic to the closed interval [0, 1]. Naturally, the boundary points of
an arc represent the endpoints of the corresponding edge. (Of course, the
interiors of the arcs are mutually disjoint and do not meet the points
representing vertices.) Such a space is called a “topological representation”
of G.

Subdivision is an operation that does not change the homeomorphism type
of a topological representation of a graph. For simplicity, one first considers
the effect of the operation on a single edge e of a graph G, with endpoint set
V(e) = {v,, v,}. From the informal viewpoint of drawing pictures, one subdi-
vides the edge e into two new edges e’ and e” by putting a new vertex v
anywhere in its interior, as shown in Figure 1.15.
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K\ /
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Figure 1.15. The graph at the right is obtained from the graph at the left by subdividing the
edge e.

U1

From a formal combinatorial viewpoint, the result of “subdividing the
edge” e with endpoints v, and v, is a new graph whose vertex set is the union
of V and {v}, whose edge set is (E — {e}) U {e’, e”}, and whose incidence
structure is (I — V(e)) U {V(e’), V(e”)}, where V(e’) = {v,, v} and V(e") =
{v,, v}. In general, a “subdivision of a graph is obtained by a finite sequence
of subdivisions of edges.

Among other uses, subdivision can make a graph become simplicial. The
first step is to subdivide every loop. The next and last step is to subdivide
every edge but one in each multiple adjacency.

The graphs G and H are called “homeomorphic” if they have respective
subdivisions G’ and H' such that G’ and H’ are isomorphic graphs. It may be
observed that under this combinatorial definition, two graphs are homeomor-
phic if and only if their topological representations are homeomorphic as
topological spaces. Figure 1.16 shows two homeomorphic graphs such that
neither is a subdivision of the other. Homeomorphism is actually a point-set
topological concept, yet the “ Hauptvermutung” [see Papakyriakopoulos (1943),
Moise (1952), Bing (1954), and Brown (1969)] enables us to define it combina-
torially for low-dimensional complexes. Milnor (1961) proved that Haupt-
vermutung does not hold in higher dimensions.

Example 1.3.2. For any two positive integers m and n, the m-cycle C,, and the
n-cycle C, are homeomorphic graphs.

Example 1.3.3. For any two integers m, n > 2, the m-path P, and the n-path
P, are homeomorphic graphs.

P P

Figure 1.16. Two homeomorphic graphs.
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Figure 1.17. The cartesian product of two graphs.

1.3.3. Cartesian Products

The “cartesian product” of the graphs G and G’ is denoted G X G’ and
defined to be the graph with vertex set V; X V. and edge set (E; X V) U
(Vg X Eg). If the edge (e, v') € E; X V., and if the endpoints of the edge e
are v, and v, then the endpoints of the edge (e, v’) are the vertices (v,, v’) and
(v,, ). If (v, €e") € V; X E_., and if the endpoints of the edge ¢’ are v,” and
v,’, then the endpoints of the edge (v, e’) are (v, v,") and (v, v,"). Figure 1.17
shows the cartesian product of the 2-path and the 3-path.

Example 1.34. The Cayley graph C(Z%,{2,3))° illustrated in Figure 1.9 is
isomorphic to the cartesian product of the 2-cycle C, and the 3-cycle C,.

Example 1.3.5. The alternative Cayley graph C(%5, {(123),(12)})! illustrated
in Figure 1.10 is isomorphic to a cartesian product of the 3-cycle C, and the
complete graph K ,.

A graph consisting of the vertices and the edges of a polyhedron, with
incidence as on the polyhedron, is called the “1-skeleton” of the polyhedron. It
may be observed that the cartesian product of two graphs is the 1-skeleton of
their topological product as complexes.

Example 1.3.6. The “n-cube graph™ Q, is defined to be the 1-skeleton of the
n-dimensional cube. Equivalently, it may be defined recursively using the oper-
ation of cartesian product, with Q, = K,, and forn > 1, Q,., =K, X Q,.

1.3.4. Edge-Complements

The “edge-complement” of a simplicial graph G is denoted G and is defined
to be the graph with the same vertex set as G but such that two vertices are
adjacent if and only if they are not adjacent in G.
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Figure 1.18. The suspension of a 3-path from a 2-path.

Example 1.3.7. The edge-complement K, of the complete graph has no edges at
all but has n vertices.

Example 1.38. (K, VUK )*=K, ,.

Example 1.3.9. The “n-couple cocktail-party graph” is defined to be the
edge-complement of the union of n disjoint copies of K,. The explanation of this
graph’s name, due to Alan Hoffman, is that each of the 2n persons at the
cocktail party talks to each other person except for his or her spouse, and that two
vertices are adjacent if the persons they represent talk to each other at the party.

1.3.5. Suspensions

The “suspension” (elsewhere called the “join”) of a graph G from a graph G’
is obtained by adjoining every vertex of G to every vertex of G’, and is
denoted G + G’. Thus, its vertex set 1s V; U V. and its edge set is E; U E.
U (Vg X V). The endpoints of an edge of G + G’ that arises from E_ or
from E_. are exactly as in the graphs G or G’, respectively. The endpoints of
an edge (v, v") that arises from V; X V. are the vertices v and v’. Figure 1.18
shows the suspension of a 3-path from a 2-path.

Example 1.3.10. The complete graph K, ., is isomorphic to the suspension of
the complete graph K, from the graph K.

Example 1.3.11. The “n-octahedron graph” O, is defined recursively, with
O,=K,, and for n>1, O,,,= 0, + K,". It may be observed that the
n-octahedron graph is isomorphic to the 1-skeleton of the n-dimensional oc-
tahedron and is also isomorphic to the n-couple cocktail-party graph.

1.3.6. Amalgamations

Let G and G’ be graphs, and let f: H —» H’ be an isomorphism from a
subgraph H of G to a subgraph H’ of G'. The “amalgamation” G *,G’ is
obtained from the union of G and G’ by identifying the subgraphs H and H’
according to the isomorphism. Figure 1.19 shows the amalgamation of a
3-cycle and a 4-cycle along the thickened edge.

Example 1.3.12. The bouquet B, , , is an amalgamation of the bouquets B, and
B, at a vertex.
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Figure 1.19. The amalgamation of two graphs.

1.3.7. Regular Quotients

Let G be a graph, and let # be a group such that for each element b € %,
there 1s a graph automorphism ¢,: G = G and such that the following two
conditions hold:

i. If 1 is the group identity, then ¢,: G = G is the identity automor-
phism.
ii. Forall b,c€ %, ¢p,o¢.= ¢,..

Then the group % is said to “act on (the left of) the graph™ G. If, moreover,
the additional condition

iii. For every group element b # 1, there is no vertex v € ¥ such that
¢,(v) = v and no edge e € E; such that ¢,(e) = e.

holds, then Z is said to “act without fixed points” (or sometimes “act freely”)
on G.

For any vertex v of the graph G, the “orbit” [v] (or sometimes [v]g4) is
defined to be the set {¢,(v): b € #} of all images of v under the group
action. Similarly, for any edge e, the orbit [e] (or sometimes [e] 5) is defined to
be the set {¢,(e): b€ #}. The sets of vertex orbits and edge orbits are
denoted V/%# and E/%, respectively. It may be observed that the orbits
partition the vertex set and the edge set of G.

Example 1.3.13. Figure 1.20 contains a drawing of the “ Petersen graph” in the
plane. For i € Z, let ¢, be the rotation of 27i/5 radians. Under this action of
Z5, there are two vertex orbits, one containing the outer five vertices and the
other containing the inner five. There are three edge orbits, one containing the
five edges of the outer pentagon, one containing the five edges of the inner star,
and one containing the five edges that run between the star and the pentagon.

Most important, if =/ is a group, if # is a subgroup, and if X is a
generating set, then & acts freely on the Cayley graph C(%/, X)° according to
the rules ¢,(a) = ba for vertices and ¢,(x,) = x,, for edges.
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\ / \ / Figure 1.20. The Petersen graph.

Example 1.3.14.  The n-cycle C, is isomorphic to the Cayley graph C(Z,, {1})°,
so the group Z, acts freely on it. There is only one vertex orbit and only one edge
orbit. It may be observed that although the dihedral group 2, is isomorphic to
Aut(C,), it does not act freely, since each reflection fixes either a vertex or an
edge.

The “regular quotient” G/ is the graph with vertex set V /% and edge set
E /% such that the vertex orbit [v] is an endpoint of the edge orbit [e] if any
vertex in [v] is an endpoint of any edge in [e]. It is easy to verify that each
edge orbit has one or two vertex orbits as endpoints.

Example 1.3.13 Revisited. Figure 1.21 shows the quotient of the Petersen graph
under the prescribed action of %.

Example 1.3.14 Revisited. The quotient of the n-cycle C, under the action of the
cyclic group Z, is the bouquet B, of one circle. In general, when a group acts on
a Cayley graph for itself, the quotient is a bouguet of circles, one corresponding
to each generator.

1.3.8. Regular Coverings

Associated with a graph quotient there is a vertex function v — [v] and an
edge function e — [e] that together are called the “quotient map” q4: G —
G/%B.

\-.__.-- Figure 1.21. A regular quotient of the Petersen graph.
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A graph map p: G — G is called a “regular covering projection” if it is
equivalent to a quotient map in the following sense: there exists a group %
that acts freely on the domain G, and there exists an isomorphism i G/B— G
such that /o gy = p, where g4: G — G/%. The range graph G is called the
“base” (or “base space”), and the domain graph G is called a “regular
covering” (or “regular covering space”).

Ex ample 1.3.15. For n > 1 and r > 1, there is a regular covering projection

Z.,,{1)° > C(Z,,{1))° defined by the vertex function imodulorn —
i moduio n and the edge function (i, jmodulorn) — (i, jmodulon). The effect of
this regular covering projection is to wrap an rn-cycle around an n-cycle r times.
The group &, acts freely on the domain Cayley graph.

For any vertex v in a graph G, the “star” of v, denoted star(v), is the
subgraph consisting of the vertex v and all the vertices adjacent to it and of all
the edges joining those other vertices to v. If the graph G is simplicial and if
the vertex v has valence k, then star(v) is isomorphic to the bipartite graph
Ky k-

A graph map f: G’ — G is called a “local isomorphism” if for every vertex
v in G’, the restriction of f to star(v) is an isomorphism onto star( f(v)). It
may be observed that the covering projection of Example 1.3.15 is a local
isomorphism for n > 3 but not for n = 1 or 2 and r > 2. One exercise for this
section is to show that if its base space is simplicial, then a covering projection
is a local isomorphism. To emphasize that it is more than a local isomorphism,
a graph isomorphism is sometimes called a “global isomorphism”.

1.3.9. Exercises

1. How many different spanning trees are there in the graph at the left of
Figure 1.13? How many different isomorphism types of spanning trees
are there? How many isomorphism types of subgraphs are there?

2. Prove that every graph is homeomorphic to a bipartite graph. ( Hint: Use

the operation of subdivision.)

How many vertices does the n-cube graph Q, have? How many edges?

How many vertices and edges does the n-octahedron graph O, have?

A suspension K, + C, is called a “wheel”. Why?

Draw the suspension K, + C,, the suspension K, + C;, and the carte-

sian product K, X K, ;.

7. Describe a free action of the cyclic group £, on the complete bipartite
graph K, ; and draw the quotient.

8. Describe a free action of the cycle group £, on the 3-cube graph Q,
whose quotient is 1somorphic to the complete graph K.

AN

9. Prove that the cyclic group 2, cannot have a free action on the Petersen
graph.
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10. Prove that the cyclic group & cannot have a free action on the complete
bipartite graph K ;.

11. Prove that the even-order cyclic group Z,, cannot have a free action on
the complete graph X, ,,.

12. Prove that the odd-order cyclic group Z,,., has a free action on the
complete graph K,, ;.

13. Construct a simplicial graph whose automorphism group acts freely on it
and is a nontrivial group.

14. Prove that a local isomorphism from a connected graph onto a tree is a
global isomorphism.

15. Prove that every automorphism on a tree has either a fixed vertex or a
fixed edge. (Hint: Those familiar with the “center” of a tree may find
that concept helpful.)

16. Prove that a covering projection p: G — G with a simplicial base graph
G is a local isomorphism.

17. Let G and G’ be graphs, and let v € V; and v’ € V.. Prove that the
induced subgraphs on the vertex sets V; X {v'} and {v} X V. are
isomorphic to G and G’, respectively, in the product graph G X G'.

1.4. SURFACES AND IMBEDDINGS

The central concern of topological graph theory is the placement of graphs on
surfaces. Ordinarily, such surfaces are “closed”, that is, compact and without
boundary. The plane is not closed, of course but since it differs from the
sphere by only a single point, it follows that a given graph can be imbedded in
the plane if and only if it can be imbedded in the sphere. Accordingly, nothing
is lost by considering imbeddings in the sphere, as is the present practice,
rather than in the plane.

1.4.1. Orientable Surfaces

There are two kinds of closed surfaces, orientable and nonorientable. The
sphere, the torus, the double torus, the triple torus, and so on, as illustrated in
Figure 1.22, are orientable. They are commonly denoted S, S,, S,, S;,... .
Indeed, it is proved in Chapter 3 that every closed connected orientable
surface is homeomorphic to one of them.

,C) o e 0

F:gure. 1.22. The closed orientable surfaces.
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Figure 1.23. Adding a handle to eliminate an edge-crossing,.

Another characterization of the closed orientable surfaces is that each one
can be obtained by adding some handles to a sphere in 3-space. Adding one
handle yields S,, adding two yields S,, and so on. From this characterization,
it is easily seen that every (finite) graph can be drawn without edge-crossings
on some closed surfaces, as follows. First, draw the graph on the sphere,
possibly with crossings. Now suppose that the edge e crosses the edge e’. As a
surgical operation, cut a hole in the surface on each side of e’, near the
crossing by e, small enough so that it touches no edge. Next attach a handle
from one small hole to the other. Then reroute edge e so that it traverses the
handle instead of crossing edge e’. This procedure, illustrated in Figure 1.23,
can be repeated until all crossings are eliminated.

1.4.2. Nonorientable Surfaces

The “Mobius band” is a surface that is neither closed nor orientable. To
obtain a physical copy of a Mdbius band, begin with a rectangular piece of
paper. Then, as illustrated in Figure 1.24, give the strip a half-twist, so as to
interchange the top and bottom at one side, and finish by pasting the right side
to the left. [See Mobius (1865).]

Although a Md&bius band is compact, it has a boundary, which is homeo-
morphic to the circle, so it is not closed. What makes it nonorientable is that if
a 2 X 2 coordinate system specifying a forward direction and a right direction
is translated in the forward direction once around the center of the band, then
the orientation of the right direction is reversed. It seems from a local
viewpoint that a physical copy of a Mdbius band is two-sided. However, one
can color “both” sides in a single hue without lifting the crayon or crossing
the boundary.

X

Figure 1.24. Constructing a Mobius band.
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The global one-sidedness of the Mdbius band in 3-space is a result of the
imbedding in 3-space, not an intrinsic property of the Mobius band. For
instance, in the imbedding space Mb X [0, 1], where Mb is the Mobius band
and [0, 1] is the unit interval, the cross-section Mb X {1/2} is two-sided.

If one cuts a hole in a sphere, the resulting boundary is homeomorphic to
the circle, just as is the boundary of a Mobius band. The surface obtained by
attaching a Mdbius band along its boundary to the hole in the sphere, thereby
closing off the hole, is called a “projective plane”. As the reader may confirm
by experimentation with physical models, it is impossible to complete this
boundary matching in 3-space.

The “Klein bottle”, another nonorientable closed surface, can be obtained
by cutting two holes in a sphere and then closing each of them off with a
Mobius band. Indeed, as it is proved in Chapter 3, every closed, connected
nonorientable surface can be obtained by cutting holes in a sphere and then
closing them off with Mobius bands. For k = 0, 1,..., the surface obtained by
cutting k holes and closing them off with k& Mobius bands is denoted N,. In
this context a Mobius band is often called a “crosscap”. Finally, from the
discussion here, one may infer that a closed surface is nonorientable if and
only if it has a subspace homeomorphic to a Mobius band. See Klein (1911).

1.4.3. Imbeddings

To formalize the notion of a drawing without crossings, we define an “imbed-
ding” of a graph in a surface to be a continuous one-to-one function from a
topological representation of the graph into the surface. For most purposes, it
is natural to abuse the terminology by referring to the image of the topological
representation as ““the graph”.

If a connected graph is imbedded in a sphere, then the complement of its
image is a family of “regions” (or “faces”), each homeomorphic to an open
disk. In more complicated surfaces, the regions need not be open disks. If it
happens that they are all open disks, then the imbedding is called a “2-cell (or
cellular) imbedding”. If the boundary circuit of an open disk region has one or
more repeated vertices, then the closure of the region is not a closed disk.
Nonetheless, whether the imbedding is a 2-cell imbedding depends only on
whether all the regions are open disks, not on whether the closures of the
regions are closed disks.

A convenient notation for the set of regions of a graph imbedding i: G —» S
is F;, where the letter F reminds one that the regions are something like the
faces of a polyhedron. If more than one imbedding of G is under considera-
tion, then the name of the imbedding should appear somewhere in the
notation for the set of regions. An even greater convenience, if G is the only
graph in the immediate discussion, is to use the notation F instead of F.

The “number of sides” (or “size™) of a region f is defined to be the number
of edge-sides one encounters while traversing a simple circuit just inside the
boundary of the region, and is denoted s,. As illustrated by the exterior region
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in Figure 1.25, the number of sides of a region need not equal the number of
edges in its boundary. Although there are seven sides to the exterior region,
there are only five edges in its boundary.

It may be observed that the imbedding in Figure 1.25 has a one-sided
region, which is called a “monogon”. It also has a two-sided region, which is
called a “digon”. (Some persons use the words “unigon” and “bigon”, which
are mixtures of Latin and Greek. Fortunately, these mixtures have not become
as firmly entrenched as “hexadecimal”.)

If every region of a graph imbedding is three-sided, then one says the
imbedding is “triangular”. In a “quadrilateral imbedding”, every region is
four-sided.

14.4. Euler’s Equation for the Sphere

In a letter to Goldbach, Euler (1750) wrote that he had found a new formula
relating the numbers of vertices, edges, and faces of a (spherical) polyhedron:

#V — #E + #F = 2.

Cauchy (1813) gave basically a graph-theoretic proof of this “Euler equation”,
but it was Lhuilier (1811) who sorted out the apparent exceptions (faces must
be 2-cells and the surface cannot have holes) and generalized the Euler
equation to all closed orientable surfaces. Listing (1861) later used the Euler
equation to study surfaces in detail; this work is commonly considered the
beginning of topology.

The left side of the Euler equation is called the “Euler formula”. The right
side 1s called the “Euler characteristic” of the surface. Thus, the number 2 is
the Euler characteristic of the sphere. Before proving the Euler equation for
the sphere, it may be instructive to evaluate the Euler formula for the two
examples depicted in Figure 1.26.

The graph G in Figure 1.26 has five vertices and nine edges. Each of the
regions, including the “exterior’” region, is three-sided. There are six regions in
all, since the exterior region is always counted in computations of the Euler
formula. Thus, #V — #E + #F =5 — 9 + 6 = 2. The graph H in Figure
1.26 has four vertices and five edges. The imbedding has three regions. Thus,
#V — #E + #F =4 -5+ 3 =2,

Theorem 1.4.1. Let i: G — S, be an imbedding of a connected graph in the
sphere. Then #V — #E + #F = 2.
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Figure 1.26. Two graph imbeddings in the sphere.

Proof. This proof proceeds by induction on the number #F of regions.
First, observe that if #F; = 1, then G must be a tree, since the Jordan curve
theorem implies that any cycle would separate the sphere. Thus, by Theorem
1.2.2, #V; — #E; = 1, from which it follows that #V; — #E; + #F; = 2.

Now suppose that the Euler equation holds when the number of regions is
at most n, and suppose that #F, = n + 1. Then some edge ¢ lies in the
boundary circuit of two distinct regions. Since the two regions are distinct, the
subgraph G’ obtained by removing the edge e is connected. Then #F = #F;
— 1 =n, so by induction, #V, — #E, + #F; = 2. Since #V, = #V,
#E; = #E; — 1, and #F; = #F; — 1, it follows that #V_, — #E_ + #J
=2. 0O

1.4.5. Kuratowski’s Graphs

The Euler equation is often used in conjunction with a relationship between
the numbers of edges and regions to prove that certain graphs cannot be
imbedded in the sphere. This relationship, called the “edge-region inequality”,
is established by the following theorem.

Theorem 1.4.2. Let i: G — S be an imbedding of a connected, simplicial graph
with at least three vertices into any surface. Then 2#E > 3#F.

Proof. The sum X s, of the numbers of sides of the regions counts
every edge exactly twice. Thus, 2#E = L, . ps,. Since there are no loops or
multiple edges in the simplicial graph G, there are no monogons or digons in
the imbedding. Thus, for every region f, s, > 3. It follows that 2#E > 3#F.

a

The complete graph K5 and the complete bipartite graph K, ; are called
“Kuratowski’s graphs” (or the “Kuratowski graphs”) because Kuratowski
(1930) proved that they are a complete set of obstructions to imbedding
graphs in the sphere, in the following sense:

Kuratowski’s Theorem. The graph G has an imbedding in the sphere if and only
if it contains no homeomorph of K or of K, 5.
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To see that K is nonspherical, observe that it has five vertices and 10
edges. By the Euler equation #V — #E + #F = 2, there would have to be
seven regions to any spherical imbedding. However, this would violate the
edge-region inequality 2#FE > 3#F, since 2 - 10 < 3 - 7.

A proof that K; ; is nonspherical begins in the same way. Since K, ; has
six vertices and nine edges, the Euler equation implies that a spherical
imbedding would have five regions. However, the edge-region inequality is
satisfied, because 2 - 9 > 3 - 5. This proof is continued after a strengthening of
the edge-region inequality, which involves the notion of girth.

The “girth” of a graph is the number of edges in its shortest cycle. If a
graph has a loop, then its girth is 1. Otherwise, it is at least 2. If it also has no
multiple edges, then its girth is at least 3. The girth of a tree is infinite.

The key fact in establishing the edge-region inequality for simplicial graphs
is that the girth of a simplicial graph is at least 3. Since a bipartite graph has
no odd cycles, its girth cannot be 3. Thus, the girth of a bipartite simplicial
graph is at least 4. In particular, the girth of K, ; is 4, from which it follows
that 2#E > 4#F. However, since a spherical imbedding of K; ; would have
five regions, this stronger inequality would be violated, because 2 - 9 < 4 - 5.
For future use, it is convenient to isolate the ‘““strong edge-region inequality”,
as follows.

Theorem 1.4.3. Let G be a connected graph that is not a tree, and let i: G — S
be an imbedding. Then 2#E > girth(G) - #F.

One direction of Kuratowski’s theorem is now easily proved. Since K and
K, ; are nonspherical, a graph G with an imbedding in the sphere cannot
possibly contain a homeomorph of either of them. A proof of the converse
appears in Section 1.6.

1.4.6. Genus of Surfaces and Graphs

If a surface is orientable, its “genus” is defined to be the number of handles
one must add to the sphere to obtain its homeomorphism type. That is, the
genus of the orientable surface S, is g. If a surface is nonorientable, then its
“crosscap number” is defined to be the number of Mdbius bands one must
attach to the sphere to obtain its homeomorphism type. Thus, the crosscap
number of the nonorientable surface N, is k for kK > 1. The notation N,
means the 2-sphere, even though the 2-sphere is orientable.

The “(orientable) genus” of a graph G, denoted y(G) or simply y if G is
the only graph in context, is defined to be the smallest number g such that the
graph G imbeds in the orientable surface S,. The “crosscap number” of the
graph G, denoted y(G) or ¥, is the smallest number k& such that G imbeds in
the surface N,. Sometimes one calls y(G) the “nonorientable genus” of G.

Since neither K nor K, ; imbeds in the sphere, they both have positive
genus and positive crosscap number. Figure 1.27 establishes that both K and
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Figure 1.27. Imbeddings of K5 and Kj ; in the M&bius band.

K, ; have imbeddings in the Mbius band, and consequently in the projective
plane N,. Thus they both have crosscap number 1. A calculation of their
orientable genera appears later in this section.

The imbedding of K in Figure 1.27 shows the vertices and all but two of
the edges in the “center” of the Mobius band. The edge from vertex 2 to
vertex 4 runs through the middle of the pasting edge, and the edge from vertex
1 to vertex 3 also passes through the pasting edge. It is precisely the half-twist
before pasting that makes the imbedding possible. The imbedding of K, ;
depends on the same trick.

The method described earlier in this section for using handles to eliminate
crossings does not give a very good upper bound on the orientable genus,
because it is usually highly inefficient to send only one edge across a handle.
For instance, it is impossible to draw K, in the sphere with fewer than three
crossings, but only one handle is needed to eliminate them all (see Exercise
1.4.3).

During the 1960s and 1970s there was an intensity of interest in finding
minimum imbeddings for graphs, largely due to the outstanding work of
Gerhard Ringel, who calculated the genus of the n-cube graphs (see Ringel,
1955), the genus of the complete bipartite graphs (see Ringel, 1965), and the
nonorientable genus of the complete graphs (see Ringel, 1959). After calculat-
ing the orientable genus of one-third of the complete graphs, he teamed with
J. W. T. Youngs to finish them off, thereby solving the Heawood map-coloring
problem. An exposition of this solution, noting the contributions of other
persons, is given in Chapter 5.

1.4.7. The Torus

Just as the MObius band can be cut open and flattened into a rectangle, so can
the torus, thereby permitting one to draw imbeddings on a flat piece of paper.
To retrieve the torus from a rectangle, first paste the top of the rectangle to the
bottom, in order to obtain a tube. Then paste the right end of the tube to the
left, which yields the torus, as illustrated in Figure 1.28.

In order to show an imbedding of a graph on a torus, one may draw some
of the edges of the graph “through” the sides of a rectangle, taking care in
each instance to continue at the corresponding position on the opposite side.
For instance, Figure 1.29 shows imbeddings of K5 and K ; on the torus.
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Figure 1.28. Constructing a torus from a rectangle.

It has already been proved that neither K5 nor K, ; imbeds in the sphere.
From Figure 1.29 it now follows that both have orientable genus 1. Although
K has the same nonorientable genus as orientable genus, as does K, ;, for
most graphs the orientable genus and the nonorientable genus differ.

1.4.8. Duality

Given a connected graph G, a closed surface §, and a 2-cell imbedding
i: G = S, there is an idea due to Poincaré for constructing what are called a
“dual graph” and a “dual imbedding”. First, for each region f of the
imbedding i: G — §, place a vertex f* in its interior. Then, for each edge e of
the graph G, draw an edge e* between the vertices just placed in the interiors
of the regions containing e. (If both sides of the edge e lie in the same region
f, then the dual edge e* is a loop based at the dual vertex f*.) The resulting
graph with vertices f* and edges e* is called the “dual graph” for the
imbedding i: G — S and is denoted G*', or simply G*, if i is the only
imbedding under consideration. The resulting imbedding of the graph G* in
the surface S is called the “dual imbedding”. In this context, the original
graph G and the original imbedding / are called the “primal graph” and the
“primal imbedding”. Figure 1.30 shows how two different imbeddings of the
same graph in the same surface can yield different dual graphs.

In Figure 1.30 the primal graph is drawn with solid dots for vertices and
solid lines for edges, whereas the dual graphs are drawn with open dots for
vertices and dashed lines for edges. Since the dual graph at the left has a
vertex of valence 7, and the maximum valence in the dual graph at the right is

Figure 1.29. Imbeddings of K5 and K ; on the torus.
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6, the two duals are not isomorphic. It may be observed that for any region f
of the primal imbedding, the valence of the dual vertex f* equals the number
of sides of f.

Figure 1.31 shows the duality construction on a torus. The primal graph has
two vertices and three edges between them, and there is only one primal
region. The dual graph has only one vertex, at which three loops are based.

It should be noted that if one were to construct the dual of the dual
imbedding, then the primal imbedding of the primal graph would be restored.
This fact is what justifies the use of the word “dual”.

1.4.9. Exercises

1. Cut out a rectangular strip of paper about 3 cm wide and about 30 cm
long. On both sides, draw a lengthwise center line. Next, paste the strip
into a Mdobius band. Then cut the strip along the center line. How many
pieces are obtained? Next, cut each of the bands obtained in the previous
step along their center lines. What happens?

2. Draw K in the sphere so that there is only one edge-crossing. Do the
same for K ;.

3. Draw an imbedding of K, on the torus.
4. Draw K on the sphere with only three edge-crossings.
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S.

6.

10.

11.
12.
13.

14.

15.

16.

17.

1.5.

Prove that no simplicial graph with seven vertices and 16 edges can be
imbedded in the sphere.

Suppose that a simplicial graph has p vertices. What is the maximum
number of edges it can have and still have an imbedding in the sphere?
Suppose that a simplicial bipartite graph has p vertices. What is the
maximum number of edges it can have and still have an imbedding in the
sphere?

Prove that there are exactly five different simplicial graphs with six
vertices and 12 edges. Decide which ones can be imbedded in the sphere.
(Give proofs, of course.)

Draw three cellular imbeddings of different graphs in the torus, and then
calculate the Euler formula in each case. What number is its value? This
number is the Euler characteristic of the torus.

Find a subgraph of the Petersen graph (recall Figure 1.20) that is a
subdivision of K, ;, thereby proving that the Petersen graph is non-
spherical.

Using the girth of the Petersen graph, prove it is nonspherical.
Draw the dual for the imbedding of Figure 1.25.

Draw 2-cell imbeddings for K5 — e (i.e., the result of removing one edge
from Ky) in the sphere and in the torus. Then draw their duals.

Show that the 3-cube graph Q, is isomorphic to a dual of the 3-octahedron
graph O; in the sphere.

Prove that there are exactly four isomorphism types of connected graphs
with three vertices and three edges, and that exactly two of them have
triangular imbeddings in the sphere.

Let G be a graph. The “line graph” L(G) has vertex set E, the edges of
G. Two members of E_ are adjacent in L if and only if they have a
common endpoint in G. Give an example of a graph G such that

v(L(G)) > v(G)

Also, prove that if the maximum valence of a graph G is less than or
equal to 3, then

Y(L(G)) < v(G)
Prove that a nonconnected graph cannot have a 2-cell imbedding in a

connected surface.

MORE GRAPH-THEORETIC BACKGROUND

This section gives some explicit attention to a few of the standard topics 1n
graph theory that arise most frequently in topological developments.
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Figure 1.32. The seven bridges of K&nigsberg.

1.5.1. Traversability

In the earliest known paper on graph theory, Euler (1736) proved that it was
impossible to cross each of the seven bridges of Konigsberg once and only
once on a walk through the town. Figure 1.32 shows the original Konigsberg
problem, with two land areas on the opposite sides of the Pregel River and two
islands in the river, and also its graph-theoretic abstraction, in which the four
land areas are represented by vertices and the seven bridges by edges.

From the Konigsberg bridge problem arises the definition that a walk in a
connected graph is “eulerian” if it traverses each edge exactly once. A closed
eulerian walk is called an “eulerian circuit”. A graph containing an eulerian
circuit is called an “eulerian graph”.

Theorem 1.5.1. A connected graph G is eulerian if and only if every vertex has
even valence.

Proof. First suppose that the closed walk W is an eulerian circuit in G that
starts and stops at the vertex v. Then each occurrence in W of a vertex of G,
other than v, contributes an addend of 2 to the valence of that vertex. It
follows that the valence of any vertex of G except v equals twice the number
of times it occurs on W. The valence of v is 2 for the beginning and end of W
plus twice the number of times that v occurs elsewhere in W,

Conversely, suppose that every vertex of the graph G has even valence. By
way of induction, assume that G is the smallest such graph that has no
eulerian circuit. The graph G is not K, which is eulerian. Moreover, G has no
vertices of valence 1. Thus, from Theorem 1.2.3, the graph G is not a tree; so it
must contain a cycle C. Since every vertex of the graph G - C obtained by
removing the edges of the cycle C from the graph G has even valence, and
since each component of G — C 1s smaller than G, it follows that each
component of G — C has an eulerian circuit.

Let G,,..., G, be the components of G — C, indexed in the order in which
they are encountered on a traversal of the cycle C. An eulerian circuit for the
graph G 1s constructed as follows. Start traversing the cycle C. As soon as the
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\j Z Figure 1.33. The dodecahedron graph.

component G, is encountered, interrupt the traversal of C to do a complete
traversal of the eulerian circuit for G,. Then resume the traversal of the cycle
C until G, is encountered. Once again interrupt the traversal of C, this time to
traverse completely the eulerian circuit for G,, and so on. O

Theorem 1.5.1 does not quite solve the Konigsberg bridge problem, as
originally stated. Making the necessary modifications to solve that problem is
left as an exercise at the end of this section.

A more difficult problem than finding an eulerian circuit has grown out of a
puzzle invented by Sir Willilam Hamilton (see Biggs et al., 1976). The
“dodecahedron” is the unique 12-sided regular three-dimensional polyhedron.
Each of its sides is a pentagon. The 1-skeleton of this polyhedron, illustrated
in Figure 1.33, is called the “dodecahedron graph”. From our perspective,
Hamilton’s puzzle was to find a cycle containing every vertex of the dodeca-
hedron graph.

In general, a cycle that contains every vertex of a graph is called a
“hamiltonian cycle”. A graph that has a hamiltonian cycle is called a “ham-
iltonian graph”. Whereas there are very fast ways to construct an eulerian
circuit in a given graph or to determine that none exists, it i1s usually much
more difficult to construct a hamiltonian cycle or to determine that none exists
(see Karp, 1972).

1.5.2. Factors

The edge set of a spanning subgraph for a graph G is called an “n-factor” for
G if that spanning subgraph is regular of valence n. If the edges of a graph G
can be partitioned into n-factors for G, then G is called “n-factorable”. For
instance, Figure 1.34 shows a 1-factorization of the complete graph K, and a
2-factorization of the complete graph K.

In general, the edges of a 2-factor form a family of mutually disjoint cycles
that includes every vertex. Petersen (1891) observed that every 4-regular graph
is 2-factorable, as demonstrated by the following argument. Since every vertex



36 Introduction

Figure 1.34. A ]-factorization of K, and a 2-factorization of K.

has even valence, a 4-regular graph G has an eulerian circuit W. As one
traverses the circuit W, one may color the edges along it alternately red and
blue. Except for the starting point of the circuit, it is obvious that each vertex
will thus obtain red valence 2 and blue valence 2. By Euler’s theorem on
valence sum (Theorem 1.1.1), the number of edges of G is even, which implies
that the final color assigned along the eulerian circuit is different from the
starting color, so that the starting vertex also has red valence 2 and blue
valence 2. Thus the red edges form a 2-factor, as do the blue edges, thereby
yielding a 2-factorization. By reiteration of this edge-coloring argument, one
may prove that every 2"-regular graph is 2-factorable. Exercises 18 and 19
outline Petersen’s method to extend this result to all regular graphs of even
valence.

Theorem 1.5.2 (Petersen, 1891). Every regular graph of even valence is 2-
factorable.

1.5.3. Distance, Neighborhoods

The “length” of a walk 1s defined to be the number of edges it contains (when
considered as a sequence). Thus, the length of the path P, is n — 1, and the
length of the n-cycle C, 1s n.

The “distance” between two vertices ¥ and v of a graph G 1s defined to be
the length of the shortest path between them. If # and v are in separate
components, then the distance is infinite.

A “neighbor” of a vertex v is any vertex at distance 1 from v. The
“neighborhood” of v is the induced subgraph on the neighbors of v. For
instance, in the complete graph K, every vertex has a neighborhood isomor-
phic to K, _,. In the n-cycle C,, if n > 4, then every vertex has a neighbor-
hood isomorphic to K,°. In a regular graph, every vertex has the same number
of neighbors, but unlike the case in a vertex-transitive graph, the neighbor-
hoods in a regular graph need not be isomorphic.

Example 1.5.1. Let G be the complement in K, of a 2-factor consisting of a
3-cycle and a 4-cycle. The neighborhood of a vertex on the missing 3-cycle is
isomorphic to the disjoint union of two copies of K,, and the neighborhood of a
vertex on the missing 4-cycle is isomorphic to K, ;.
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1.5.4. Graph Colorings and Map Colorings

An “n-coloring” for a graph G is a map from the vertices of G to a set of n
distinct objects called “colors”, such that no two adjacent vertices are assigned
the same color. (Graphs with loops are noncolorable.) The “chromatic num-
ber” chr(G) is defined to be the smallest number n such that G has an
n-coloring. A graph G with chromatic number » is called “n-chromatic”.

Obviously, a graph is 1-colorable if and only if it has no edges. Also, a
graph is 2-colorable if and only if it is bipartite. The simplest example of a
graph that requires at least three colors is a cycle of odd length. As indicated
by the following theorem, this example is the fundamental obstruction to
2-colorings.

Theorem 1.5.3. A graph is 2-colorable if and only if it has no odd-length cycles.

Proof. In any partition of the vertices of an odd-length cycle into two
classes, at least one class must contain two adjacent vertices. Thus, an
odd-length cycle requires more than two colors, and consequently, no graph
containing an odd-length cycle is 2-colorable.

Conversely, let G be a graph with no odd-length cycles. Since the compo-
nents of a graph may be colored independently of each other, it suffices to
assume that G is connected. Select any vertex v, of G, and let V; be the
subset of ¥V, consisting of all vertices at even distance from v, . Let V, = V, —
V,. If two vertices v and v’ in V] are adjacent, then let P and P’ be respective
minimum length paths to them from v, . Let u be the last vertex of G in which
P and P’ meet. Then the segment of P from u to v plus the segment of P’
from u to v’ plus the edge between v and v’ forms an odd-length cycle, a
contradiction. Similarly, no two vertices of V, are adjacent. Thus, the graph G
is 2-colorable, with color classes V; and V,. O

Example 1.5.2. A4 suspension of a cycle from K is called a “wheel”. For any
graph G, the chromatic number chr(K, + G) of the suspension of G from K, is
chr(G) + 1. Thus, the chromatic number of a wheel formed from an odd-length
cycle is four.

Let i: G — S be a graph imbedding. A “map coloring” for the imbedding i
i1s an assignment of colors to the regions such that no two regions with a
common edge have the same color. Thus, a map coloring for the imbedding i
is equivalent to a graph coloring for the dual graph G *'.

The “chromatic number chr(S) of the surface S is defined to be the
minimum number of colors needed to color any map corresponding to a 2-cell
imbedding of a graph into S. Equivalently, it is defined to be the maximum of
the set of chromatic numbers of graphs that can be imbedded in S. (This
equivalence is realized through the duality construction.) Since multiple edges
between two vertices can be collapsed onto a single edge without changing the
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chromatic number of a graph, one need consider only the chromatic numbers
of simplicial graphs imbeddable in S. By the Ringel-Youngs (1968) solution
to the Heawood map-coloring problem,

7+ 1+ 48g
chr(s,) = [ ‘/2 J ‘| for every genus g > 1

One may observe that for g = 0, the value® of the right-hand side of this
equation is 4. The equation chr(S,) = 4 was verified separately by Appel and
Haken (1976), who thereby solved the four-color problem. Map-coloring
problems are discussed at length in Chapter 5.

1.5.5. Edge Operations

If H is either a subgraph of G or a subset of edges of G, then the notation
G — H means the graph obtained by deleting from G all the edges of H. The
graph G — H 1s called the “complement of H in the graph G”. One may recall
that if G 1s a complete graph, one also uses the notation H°.

Two subgraphs H, and H, of a graph G are called “equivalent” if there is
an automorphism of G that carries H, onto H,. If the vertices and edges of a
graph H do not actually lie in G, but if all isomorphic copies of H in G are
equivalent, then the notation G — H is used to denote the complement in G of
any one of them.

Example 1.5.3. The result of deleting an edge from K, is often denoted
K 4 - AK2.

Example 1.54. The graph of Example 1.5.1 might be denoted K, - (C; U C,).

To any graph G, one may associate a maximal simplicial spanning subgraph
G*™P  obtained by deleting all the loops of G and by removing all but one
edge of each multiple adjacency. It is easy enough to extend any imbedding
G*™ — S to an imbedding G — S, by drawing each loop close to the vertex
at which it is based, in any region incident on that vertex, and by drawing the
removed edges from each multiedge of G close alongside the one that
remained in G*™P, Figure 1.35 illustrates such an extension of imbeddings.

It follows from this principle for extending imbeddings of G5™ to imbed-
dings of G that y(G*™) = y(G). However, as explained in Chapter 4,
sometimes one uses nonminimum imbeddings of a nonsimplicial graph G to
obtain a minimum (or other) imbedding of a (possibly simplicial) covering

3The self-explanatory Iverson notations | x| (“floor” of x) and [x] (“ceiling” of x) are used in
preference to the arbitrary notations [ x] and { x }, respectively, to indicate the greatest integer less
than or equal to the number x and the least integer greater than or equal to x.
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Figure 1.36. The contraction of K, along the darkened edge.
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space of G. Thus, this imbedding extension principle does not eliminate
nonsimplicial graphs from imbedding theorems.

A “contraction” of a graph G along the edge e is the result of deleting the
edge e from G and then identifying its endpoints. We image that the edge e is
topologically shrunk (“contracted”) to a point, and we denote the result by
G /e. Figure 1.36 illustrates the contraction of K, along an edge. The word
“contraction” refers to the operation as well as to the resulting graph.
Contraction of an edge can introduce multiple adjacencies. In the context of
simplicial graphs, extra adjacencies are often discarded; that is, (G/e)*™ is
sometimes considered, in an abuse of terminology, to be the “contracted
graph”.

If a graph G is imbedded in a surface, then the contraction of G along any
edge may be realized in the surface. Accordingly, the genus of a graph is at
least as large as the genus of any graph obtained by a sequence of contractions
applied to it.

Example 1.5.5. Since Petersen’s graph can be contracted to K 5, by a sequence
of contractions along the edges of the 1-factor that runs between the inner star and
the outer pentagon, its genus must be at least 1, that is, at least y(Kj).

Warning 1.5.1. One of the standard mistakes in topological graph theory is to
proceed as if the inverse of a contraction does not increase genus. It is easy to
draw examples in which the obvious inverse contractions do not increase genus,
and to overlook temporarily the fact that every connected graph contracts to a
bouquet of circles, or, in the case of simplicial contraction, to K.
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Hadwiger (1943) formulated a conjecture to help characterize n-chromatic
graphs. It is known to be true for n <5 and for nearly all graphs. (See
Bollobas and Catlin, 1980.)

Hadwiger Conjecture. Every connected n-chromatic graph G contracts to K,
or to a copy of K, with some multiple adjacencies.

1.5.6. Algorithms

There are numerous known algorithms to decide whether a graph is spherical,
and there are several to calculate the genus. A naive sphericity algorithm is
obtained from Kuratowski’s theorem, with the aid of a definition that permits
modular algorithm structure.

Let u be a vertex of valence 2 in a graph G, and let e, and e, be the edges
incident on u, with V(e;) = {u, v} and V(e,) = {u, w}. The graph obtained
by “smoothing at u” has for its vertex set V; — {u} and for its edge set
E;. — {e,, e,} plus a new edge between v and w. Subdividing this new edge
would invert the operation of smoothing at w.

Naive Sphericity Algorithm. Let G be a graph. For each subset of E. whose
removal leaves only one nontrivial component H, construct the graph H*™°" by
successively smoothing over every vertex of valence 2 in H, except possibly for a
last vertex if H is a cycle. If some H™°" is isomorphic to K or to K 3.3 then the
graph is nonspherical, but otherwise, by Kuratowski’s theorem, G is spherical.

Since there are 2*£ subsets of edges to consider, an execution of this naive
algorithm could be quite lengthy. In Section 1.6, we derive a polynomial-time
algorithm for sphericity. A general (exponential-time) algorithm for genus is
given in Chapter 3.

1.5.7. Connectivity

A “cutpoint” of a graph G is a vertex whose removal would increase the
number of components, where it is understood that removing a vertex from G
means also removing every edge incident on that vertex, so that the result of
the operation is a graph. A maximal subgraph for G with no cutpoints is
called a “block”.

The “connectivity” (G) of a graph G is defined to be the minimum number
of points whose removal results in a disconnected graph, a trivial graph, or a
bouquet of circles. It may be observed that G has the same connectivity as
Gs:imp.

A graph whose connectivity is k or greater is said to be “k-connected”. For
instance, by a 3-connected graph, we mean graphs of connectivity 3, 4, 5, and
SO on.
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1.5.8. Exercises

1.

N

10.
11
12.
13.

14.
15.
16.
17.

18.

Prove that a connected graph G has an open eulerian walk if and only if
exactly two of the vertices have valence 1.

Use Theorem 1.5.1 and Exercise 1 to solve the Konigsberg bridge
problem.

Draw a hamiltonian circuit in the dodecahedron graph.

How many vertices and edges does the dodecahedron graph have?
Restriction on method: Do not count the vertices or the edges. Using the
fact that a dodecahedron is a 12-sided polyhedron, each side a pentagon,
it is possible to calculate #V and #E.

The ‘“‘icosahedron” is the unique 20-sided regular three-dimensional
polyhedron. Each side is a triangle. The “icosahedron graph” is its
1-skeleton. It is known that the icosahedron is dual to the dodecahedron.
Draw the icosahedron graph as the dual to a spherical imbedding of the
dodecahedron graph. How many vertices and edges does the icosahedron
graph have? Restriction on method: Do not count the vertices or the
edges of the icosahedron graph.

Prove that the Petersen graph is not 1-factorable.
Find a 2-factorization of the complete graph K.

Let G and H be vertex-transitive graphs such that the neighborhood of
any vertex of G is isomorphic to the neighborhood of any vertex in H.
Are G and H necessarily isomorphic graphs? Explain.

Prove that any imbedding of a wheel in the sphere has for its dual graph
an isomorphic wheel.

What is the chromatic number of Petersen’s graph?
Draw a map on the Klein bottle that requires six colors.
Draw a map on the torus that requires seven colors.

The Hajos conjecture is that every n-chromatic graph contains a subdivi-
sion of K,. Prove the Hajos conjecture for n = 1, 2, and 3. (The Hajos
conjecture is false for nearly all graphs. See Catlin (1979) and Erdos and
Fajtlowicz (1981).

Prove the Hajos conjecture for n = 4.

Prove that a contraction of a tree is a tree.

Prove the Hadwiger conjecture for n = 2.

Give an example to show that a contraction can increase the chromatic
number of a graph.

Let e, and e, be proper edges with a common endpoint w in a graph G,
let u be the other endpoint of e,, and let v be the other endpoint of e,.
Let G’ denote the graph obtained from G by deleting edges e, and e,
and then adding a loop at the vertex w and a new edge between the
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vertices u and v (i.e., another new loop if u = v). Use Petersen’s theorem
for 4-regular graphs to prove that if G’ is 2-factorable, then so is G.

19. Using Exercise 18 and an induction on the number of proper edges,
prove Theorem 1.5.2.

1.6. PLANARITY

The study of planar imbeddings has a long and rich history that intertwines
with chromatic graph theory, algorithmic analysis, enumeration, and much
else. However, unlike higher-genus surfaces, the plane and sphere are homo-
logically trivial, which is to say, overly simple in a topological sense. Accord-
ingly, the methods used to study planar imbeddings are less topological than
the ones of primary interest to us here. Nonetheless, Kuratowski’s theorem
might well be the most famous theorem in all of graph theory, and it might be
remiss to offer no proof of it.

Of the many published proofs, we have selected one whose organization is
due to Thomassen (1980). It is not the shortest, and it is not the easiest.
However, it is illuminating, in that it also yields other results about planar
imbeddings. One is Fary’s theorem that the edges of a planar imbedding of a
simplicial graph can be chosen to be straight lines. Another is Tutte’s theorem
that the regions of a planar, 3-connected graph imbedding can be chosen to be
convex. Still another is Whitney’s theorem that a 3-connected simplicial planar
graph has only one planar imbedding. Moreover, Thomassen’s proof is readily
converted into a planarity algorithm that is polynomial in the number of
vertices, a great improvement over the exponential Naive Algorithm given in
Section 1.5.

1.6.1. A Nearly Complete Sketch of the Proof

Thomassen’s proof of Kuratowski’s theorem depends on the use of simplicial
edge contractions. As noted in Warning 1.5.1, edge contraction can be a
dangerous tool, since a single edge contraction can lower the genus of a graph
dramatically. On the other hand, for planar graphs, where the genus is already
as low as it can go, edge contraction is safe and natural, because an edge
contraction of a planar graph yields a planar graph.

We have already proved in Section 1.4 that a graph containing a homeo-
morph of either the complete graph K5 or the complete bipartite graph K ,
cannot be planar. Therefore, Kuratowski’s theorem is proved if we establish
for every graph G that the following statement is true:

(KT) If the graph G contains no homeomorph of K or of K 1,
then G 1is planar.

The proof is by induction on the number of vertices in the graph G.
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Basis step. The statement (KT) is vacuously true of all graphs with four or
fewer vertices.

Induction Hypothesis. We assume that the statement (KT') is true of all graphs
with fewer than n vertices, where n is any number greater than or equal to 5.

Induction Step. Let G be a graph with n vertices, and let G contain no
homeomorph of K5 or K, ;. We shall prove that G is planar.

Let e be any edge in the graph G, and suppose that its endpoints are the
vertices ¥ and v. Let G’ be the graph obtained from G by a simplicial
contraction of edge e, and let us give the name v’ to the vertex to which e is
contracted. We momentarily interrupt the proof of Kuratowski’s theorem to
establish a lemma.

Lemma. Let G be a graph that contains no homeomorph of K or K, 5, and let
e be any edge in G. Then the result of simplicially contracting the graph G on
edge e is a graph G’ that contains no homeomorph of K 5 or of K ;.

Proof of Lemma. If we already knew that Kuratowski’s theorem is true, we
would imbed G in the plane, then simplicially contract e within the imbed-
ding, and thereby obtain an imbedding of the contracted graph G’. However,
our task is to prove this lemma without using Kuratowski’s theorem.

Suppose that the contracted graph G’ contained a homeomorph of K or of
K, ;. Then G would contain a subgraph H such that the contraction of a
single edge e of H produces a homeomorph of K or of K, ;. Using reversal
of contraction, we see that there are only three essentially different possibilities
for H, up to homeomorphism; they are illustrated in Figure 1.37. In each case,
the subgraph H itself contains a homeomorph of K ; or of K, contradicting
the hypothesis for the original graph G. On the left, the subgraph H is already
homeomorphic to K, 5, and in the center H is homeomorphic to K. On the
right, simply delete the two horizontal edges to obtain a homeomorph of X, ,,
in which the vertices v, x, y form one half of the bipartition. O

\\ 4 2 /1\
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Figure 1.37. The subgraph H obtained by reversing the contraction of edge e.
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Figure 1.38. Splitting vertex v’ back into vertices v and v.

Having established the lemma, we resume the proof of Kuratowski’s
theorem, now certain that the graph G’ contains no homeomorph of K or of
K, ;. By the induction hypothesis, we know that there is a planar imbedding
of G".

A key step in Thomassen’s approach is assertion and proof that there is a
planar imbedding for the contracted graph G’ that, near the vertex v’, looks
like a cycle C with “spokes” to the vertex v’. (See the wheel on the left of Fig.
1.38.) We should like to split the vertex »" back into the original vertices # and
v and attach them to the appropriate vertices on the cycle C, all the while
maintaining a planar imbedding. (See the right of Fig. 1.38.)

We postpone the proof of this key assertion until our completion of the
sketch. For the time being, assume that the key assertion has been proved.

There are three types of vertices on the cycle C: those adjacent to vertex u
in the original graph G, those adjacent to vertex v, and those adjacent to both
u and v. As Figure 1.38 indicates, we should like there to be at most two
vertices adjacent to both # and v. If there were three such vertices, however,
then G would contain the homeomorph of K shown on the left of Figure 1.39
(note the five vertices of valence 4). We should also like all the vertices
adjacent to u to occur contiguously around the cycle C, and the same for all
the vertices adjacent to v. If strings of u-neighbors and v-neighbors alternated,
however, then the graph G would contain the homeomorph of K ; shown on
the right of Figure 1.39, in which vertices s, ¢, u form one half of the
bipartition and vertices v, x, y form the other half. Since by hypothesis, the

a5 >
N X

Figure 1.39. Obstacles at the vertex v’.
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graph G contains no homeomorph of K or of K;,, the desired planar
imbedding for G can be constructed as in Figure 1.38. This concludes our
sketch of the proof of Kuratowski’s theorem. The proof will be entirely
complete once we have verified the key assertion.

This proof is particularly insightful because the roles played by K and
K, ; are so clear. The two Kuratowski graphs are exactly the two obstructions
to inverting an edge contraction.

The key assertion is a sticky point. Just how do we know that the
imbedding of the contracted graph G’ near v’ looks like Figure 1.38? In order
for this to be true, it would have to be the case that when the vertex v’ and its
incident edges are deleted from the imbedding of G’, the resulting region has a
cycle in G’ as its boundary. Unfortunately, if the graph obtained from G’ by
deleting the vertex v’ is not 2-connected, then the resulting region might very
well not have a simple cycle as its boundary, in which case the whole proof
collapses. Thus, to preserve the sketch, we shall need G’ and hence G to be at
least 3-connected. As a result, the 1-connected and 2-connected cases must be
dealt with separately, and, what is more important, a delicate question about
3-connectivity and edge contraction must be considered. In what follows, we
first investigate the relationship between connectivity, region boundaries, and
edge contractions. Next we prove Kuratowski’s theorem for 3-connected
graphs. The 1-connected and 2-connected cases are treated last.

1.6.2. Connectivity and Region Boundaries

When picturing the regions of a planar imbedding, one tends to imagine
“round” (i.e., convex) polygons whose boundaries are cycles of the imbedded
graph, without any repeated vertices. Of course, the unbounded region is not
convex, but one still pictures the boundary of this region as a simple cycle.
Thus picture of region boundaries as simple cycles is not wholly accurate. For
planar imbeddings, the problem is easily pinpointed by the following theorem.

Theorem 1.6.1. Every region of a planar imbedding of a graph G has a simple
cycle for its boundary if and only if G is 2-connected.

Proof. Suppose that the boundary of some region r is not a cycle, but
some other kind of closed walk, so that the vertex v occurs twice, as on the left
of Figure 1.40. Then there is a simple closed path in the plane that leaves from
vertex v between two edges of the boundary of r, stays the whole time within
the region r, and later comes back to vertex v between a different pair of
edges, as shown on the right-hand side of Figure 1.40. This closed path
separates the plane into two pieces, both of which contain parts of the graph
G. Since the path intersects the graph G only at vertex v, it follows that v is a
cutpoint of the graph G. Therefore, G is not 2-connected.

Conversely, suppose that G has a cutpoint. Then G may be viewed as the
amalgamation of two graphs H and K at the vertex v. In any imbedding of G,
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on a traversal of a small circle centered around the vertex v, one must
encounter somewhere an edge d of H (with endpoint v) followed immediately
by an edge e of K (with endpoint v). Consider the region r with the corner at
v between edges d and e. Since the edge d lies in subgraph H and since v is a
cutpoint, no edges of subgraph K are encountered until the boundary returns
to v. Since the edge e from K must occur somewhere on that boundary
traversal, and since that closed walk must return to vertex v, we conclude that
the boundary of region r is not a simple cycle. O

The situation for higher-genus surfaces is more complicated. Half of
Theorem 1.6.1 generalizes; that is, if G has a cutpoint, then every imbedding
of G in any surface has a region whose boundary is not a cycle, since the proof
given above applies verbatim. On the other hand, it is easy to give an
imbedding of a 2-connected graph in the torus having a region whose
boundary is not a cycle (Exercise 1.6.1).

Surprisingly enough, it is not even known whether every 2-connected graph
has an imbedding in some surface such that every face boundary is a cycle.
The “double cover” conjecture that such an imbedding always exists may have
had its origins in a paper by Tutte (1949) related to 1-factorizations of
3-regular graphs. It is mentioned at the end of a paper of Haggard (1980).
Archdeacon (1984) proves the conjecture true for 4-connected graphs. One
might guess that a minimal genus imbedding of a 2-connected graph should
have every face boundary a cycle, but it is not hard to give a counterexample.

1.6.3. Edge Contraction and Connectivity

Suppose that the graph G’ is obtained from the graph G by contracting the
edge e with endpoints 4 and v to the single vertex v’, as in the sketch of the
proof of Kuratowski’s theorem. If G is k-connected, then G’ is at least
(k — 1)-connected, since any set of m vertices disconnecting G’ can be turned
into a set of at most m + 1 vertices disconnecting G by splitting the vertex v’
back into the vertices u and v. On the other hand, it is possible that G’ is not
k-connected. In fact, if the identified vertices # and v are in a set of k vertices
that disconnects G, then the same set of vertices, with # and v replaced by v’,
forms a set of kK — 1 vertices that disconnects G’. Figure 1.41 illustrates an
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Figure 1.41. An edge contraction of a 3-connected graph to a 2-connected graph.

example in which the original graph G is 3-connected and the contracted
graph is 2-connected.

In order for Thomassen’s proof to work for 3-connected graphs, it is
sufficient that the graph G’ obtained by contracting an edge e of the original
graph G be still 3-connected. The previous discussion shows that this might
not be the case if the edge e were chosen at random. Thus the following
theorem is an essential ingredient in Thomassen’s proof.

Theorem 1.6.2. Let G be a 3-connected graph with five or more vertices. Then
there is some edge e of G such that the graph G /e obtained by contracting e is
also 3-connected.

Proof (Thomassen). Suppose, by way of contradiction that, for every edge
e, the contracted graph G /e has a set of two vertices that disconnects it. One
of those two vertices must be the vertex obtained by identifying the two
endpoints of the edge e; otherwise, the same set of two vertices would also
disconnect G, thereby contradicting the 3-connectivity of G. Thus for every
edge e, the endpoints ¥ and v of e together with some third vertex w
disconnect G. Accordingly, let us choose an edge e and a vertex w such that
the largest component H of the graph G — {u, v, w} is the largest possible, for
any disconnecting set consisting of three vertices, two of which are adjacent.
Let x be a vertex adjacent to w such that x lies in a component of
G — {u, v, w} other than the maximum component H. Since vertices w and x
are the endpoints of an edge of G, it follows that G has a disconnecting set of
the form {w, x, y}.

We claim that some component of G — {w, x, y} is larger than H, a
contradiction. To see this, let H' be the subgraph of G induced by the vertices
of H together with u and v. Since both » and v are adjacent to vertices of H
(otherwise G would not be 3-connected), the subgraph H’ is connected. On
one hand, perhaps the vertex y is not in H’. Since w and x are not in H’
either, it follows that H’ is contained in a component of G — {w, x, y},
contradicting the maximality of H. On the other hand, perhaps y is in H'. If
H' — y is connected, then there is again a contradiction of the maximality of
H, since H' — y has one more vertex than H. If H" — y were not connected,
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then one component of H' — y would contain both the vertices # and v, since
u 1s adjacent to v; and, therefore, all the other components of H" — y are
connected to the rest of the graph G through the vertices y and w. This would
imply that { y, w} disconnects G, contradicting the 3-connectivity of G. We
conclude that for some edge e, the contracted graph G/e is 3-connected. 0O

1.6.4. Planarity Theorems for 3-Connected Graphs

We are now ready to prove Kuratowski’s theorem for 3-connected graphs.

Theorem 1.6.3. If G is a 3-connected graph containing no homeomorph of K
or K, 5, then G is planar.

Proof (Thomussen). The proof is by induction on the number of vertices of
G just as in the sketch given at the beginning of this section. By Theorem
1.6.2, the contracted edge can be chosen so that the new graph G’ is still
3-connected. This implies that the 3-connected part of the induction hypothe-
sis holds for G’. It also means the graph obtained from G’ by deleting the
vertex v’ is 2-connected. It follows from Theorem 1.6.1 that the resulting face
containing vertex v’ is bounded by a cycle, and hence the rest of the original
proof does apply. The other part of the induction hypothesis, that G’ contains
no homeomorph of K or K 5, holds because of the lemma given early in the
sketch. Thus, Kuratowski’s theorem holds for all 3-connected graphs. O

The proof of Kuratowski’s theorem in the 3-connected case can be refined
s0 as to retain geometric properties of imbeddings. Suppose that the bounded
regions of the planar imbedding for the contracted graph G’ are all convex and
that the edges are all straight line segments. Then when vertex v’ is split back
into vertices u and v, if 4 and v are chosen close enough to v’, the resulting
imbedding for G can also be made to have convex regions and straight-line
edges. Thus, with this minor adjustment, Thomassen’s proof of Kuratowski’s
theorem also yields inductive proofs of the following theorems, in which the
basis step for the induction is provided by the obvious planar imbedding of
K,.

Theorem 1.6.4 (Tutte, 1960). Any planar 3-connected graph has a planar
imbedding such that every bounded region is convex.

Theorem 1.6.5 (Fary, 1948). Any planar 3-connected graph has a planar
imbedding such that every edge is a straight line segment.

It is obvious from Theorem 1.6.1 that Tutte’s theorem does not hold for
1-connected planar graphs. Moreover, it does not hold even for 2-connected
planar graphs (Exercise 1.6.2). On the other hand, Fary’s theorem holds for all
planar graphs, as we shall show later in this section.
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There is another observation worth making about the proof for Kuratowski’s
theorem in the 3-connected case. When the vertex v’ is split back into vertices
u and v, there really is no choice of how the resulting imbedding looks at u
and v. Thus, there is essentially only one way to imbed G in the plane. By
“essentially one way”, we mean up to a homeomorphism of pairs. Further
discussion of this concept is deferred to Chapter 3. Anyone familiar both with
Thomassen’s proof and that concept of uniqueness will recognize that
Thomassen’s proof of Kuratowski’s theorem can be adapted to prove the
following result of Whitney, by once again using an induction based on K.

Theorem 1.6.6 (Whitney, 1933). There is only one way to imbed a 3-connected
planar graph in the plane.

Proof. Omitted. O

1.6.5. Graphs That Are Not 3-Connected

The following theorem is a basic tool for deriving results about planar graphs
that are not 3-connected. Although it might appear intuitively obvious, the
proof does have details that need to be checked.

Theorem 1.6.7. Let H and K be planar graphs. Then the graph obtained by
amalgamating H and K either at a single vertex v or along a single edge e is
planar.

Proof. If the graphs H and K are imbedded disjointly in the plane as in
Figure 1.42, so that both copies of the vertex v or of the edge e lie on the
“exterior” region, it would be easy to construct a planar imbedding of
the amalgamation. For a vertex amalgamation, one simply pulls each copy of
the vertex v out away from the rest of the graph H or K, along a path not
touching the rest of its respective graph, while “dragging” along the edges
incident on v. For an edge amalgamation, there is a preliminary step of
topologically shrinking each copy of e until it is scarcely larger than a vertex,
after which one does the same pulling away as with a vertex.

[\ .
N=a)\ a" =

Figure 1.42. Amalgamating two planar imbeddings.
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To get the respective copies of v or of e to the exterior region, imagine that
H and K are first imbedded in separate copies of the 2-sphere, and select in
each copy a region that contains v or e on its boundary. Next, delete the
interior of a closed disk from both selected regions. Then paste the two
resulting surfaces together by identifying the boundaries of the removed disks,
thereby forming a new 2-sphere, in which the graphs H and K are imbedded
so that both copies of v or e lie on the boundary of the same region. (A fully
rigorous topological proof is readily formulated along this plan, with the aid of
the Jordan curve theorem.) O

Theorem 1.6.7 now leads directly to a proof of Kuratowski’s theorem for all
graphs, 3-connected or not, starting from Theorem 1.6.3, the version for
3-connected graphs. However, we should like to prove Fary’s theorem as well,
and the proof of Theorem 1.6.7 wreaks havoc with straight line segments.
Accordingly, we take a different tack, as follows. If a graph contains no
homeomorph of K5 or K, ;, and it is not 3-connected, then we add as many
edges to the graph as possible without creating K5 or K ;. If the extra edges
make the resulting graph 3-connected, then Kuratowski’s theorem and Fary’s
theorem will hold for the original graph, because it is a subgraph of a
3-connected graph. The following theorem is what is needed.

Theorem 1.6.8. Let G be a graph containing no homeomorph of K 5 or K, 5 and
such that the addition of any edge to G creates such a homeomorph. Then G is
3-connected.

Proof. The proof is by induction on the number n of vertices of G. As a
basic step, we observe that the theorem 1is true for n =5, since K5 — e is
3-connected. Now assume that the theorem is true for all graphs with fewer
than n vertices, where n > 5, and further assume that the graph G has n
vertices.

Suppose, by way of contradiction, that G is only 2-connected, so that it is
the amalgamation of graphs H and K at two vertices u and v. We assert that
the vertices ¥ and v are adjacent in the graph G. Suppose not. Then the graph
H' obtained from H by adding an edge e from u to v still would not contain
a homeomorph of K or Kj ,, since any such homeomorph would be con-
tained in G (with a path through K playing the role of edge e). Also, the
addition of any edge to H' would create a homeograph of K, or K;; in
the original graph G; since that homeomorph cannot be disconnected by the
removal of vertices ¥ and v, that homeomorph must be contained in H’ as
well. Thus by induction, H’ is 3-connected and hence planar. Similarly, the
graph K’ obtained by adding an edge e from u to v is 3-connected and
planar. The amalgamation of H’ and K’ along the edge e is then planar by
Theorem 1.6.7. In particular, that amalgamation contains no homeomorph of
K or K, 5, by the arguments of Section 1.4. This contradicts the maximality
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of the original graph G, since the amalgamation of H’ and K’ along the edge e
1s simply G with the edge e added.

We therefore assume that G is the amalgamation of graphs H and K along
the edge e and that H and K share the same maximality property as G with
respect to homeomorphs of K5 and K, ;. By the induction hypothesis, the
graphs H and K are 3-connected, and hence planar. By Theorem 1.6.7, the
graph G is planar. It follows that in any planar imbedding of G, H, or K,
there can be no region with four or more sides. Otherwise a “diagonal” edge
across the region could be added, creating a planar graph with one more edge,
contradicting the maximality of the given graph (there is a slight problem if
the vertices we want to join by a diagonal are already joined by an edge
elsewhere in the imbedding; see Exercises 3 and 4). Since the graphs in
question have no loops or multiple edges, every region must have three sides.
By Euler’s equation it follows that #E = 3#} — 6 for the edge and vertex
sets of any of the graphs G, H, and K (see Exercise 5). But since G is the
amalgamation of H and K along a single edge, #V(G) = #V(H) + #V(K)
— 2 and #E(G) = #E(H) + #E(K) — 1. Therefore

#E(G) = #E(H) + #E(K) — 1
=3#V(H) + 3#V(K) — 13
=3(#V(G)+2)—-13
+ 3#V(G) — 6

a contradiction. We conclude that G cannot be the amalgamation of two
graphs H and K at two vertices. A similar but easier argument applies if G is
1-connected but not 2-connected. 01

Corollary. Kuratowski’s theorem and Fary’s theorem hold for graphs that are
not 3-connected.

1.6.6. Algorithms

The number of steps required by the Naive Sphericity (or Planarity) Algorithm
suggested in Section 1.5 is an exponential function of the number n of vertices
of a graph G. We shall see that Thomassen’s design for a proof of the
Kuratowski theorem leads to an algorithm whose execution time is a poly-
nomial function of n, thereby a great improvement.

We first assume that the graph G to be tested is 3-connected. In that case,
according to Theorem 1.6.2, there exists an edge e such that contraction of G
on e yields a 3-connected graph. This step is iterated on that new 3-connected
graph, and reiterated until a 4-vertex graph is obtained.

Execution time analysis: It takes n — 4 edge contractions to convert an
n-vertex graph into a 4-vertex graph. Let us suppose that prior to each edge
contraction, we find it necessary to make an exhaustive search over all edges
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before we encounter one such that contraction will preserve 3-connectedness.
Since the original graph G has n vertices, its number of edges cannot exceed
(n? — n)/2. Indeed if G has more than 3n — 6 edges, then G is not planar (see
Exercise 5).

Perhaps, for each edge e in a graph created by the contraction sequence, we
shall need to do a preliminary contraction to see if the subsequent resulting
graph would be 3-connected. The number of steps needed to construct the
graph that would result from the contraction is, at worst, of the same order of
magnitude as the size of the graph itself. Naively, one might think of removing
every possible 2-vertex subset and checking whether the result is connected.
However, the only 2-vertex subsets that must be checked are the ones that
contain the new vertex to which the edge e was contracted. The time needed
to check whether the result of removing such a 2-vertex subset is connected is
at most linear in n, if you use a depth-first search to check connectedness.

Thus, the total number of steps needed to contract iteratively the original
graph G down to a 4-vertex graph is, at worst, of the order of magnitude of the
polynomial

(n—4)x(3n—6)*xn=*n

In other words, the number of steps needed for the edge-contracting part of
the algorithm is at most quartic in the number of vertices.

Of course, since the complete graph K, is the only 3-connected 4-vertex
graph, it must be the graph we ultimately obtain from the sequence of
contractions. At this point, we imbed K, in the plane, and iteratively reverse
each of the contractions, either until some reversal yields a copy of a
Kuratowski graph, or until we have a planar imbedding of the original graph G
in the plane.

At each reverse contraction, when a vertex v’ is split back into two vertices
u and v, the cycle C of vertices adjacent to v’ is checked for the following
patterns:

1. three vertices in cycle C adjacent to both » and v

2. four vertices in cycle C arranged so that when C is traversed, the ones
adjacent to u alternate with the ones adjacent to v

Patterns 1 and 2 lead to homeomorphs of K and K ;, respectively. If neither
pattern is encountered, then splitting v back into # and v leads at once to a
planar imbedding of the resulting graph.

Execution-time analysis: Even the most naive algorithm to check for
patterns 1 and 2 requires at most quartic time in the number of vertices on
cycle C.

Far more efficient algorithms for planarity exist. For instance, Demoucron
et al. (1964) gave one of order n2. Later, Hopcroft and Tarjan (1974), in one
of the most famous early papers on computational complexity, reduced this to
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order n. Filotti et al. (1979) have found polynomial-time algorithms to de-
termine if a given graph can be imbedded in a surface of given genus g.
However, the degree of the polynomial is an increasing function of g, so it is
still not known at present whether there is a polynomial-time algorithm for
computing the genus of a given graph.

1.6.7. Kuratowski Graphs for Higher Genus

It is natural to ask whether there is an analog to Kuratowski’s theorem for
surfaces other than the sphere. Given a closed surface S, let K(S') be the set of
all graphs G such that G has no 2-valent vertices and such that G is not
imbeddable in S but G — e is, for any edge e. Thus K(S) is the minimal set
of obstructions to imbedding a graph in the surface S. Kuratowski’s theorem
asserts that K(S;) = { K5, K5 3}. Must the obstruction set K(S) be finite for
an arbitrary, closed surface S?

Glover et al. (1979) and Archdeacon (1981) were the first to prove K(S)
finite for a surface other than the sphere, when they showed that K(N,) has
103 elements for the projective plane N,. Unpublished work of Haggard,
Decker, Glover, and Huneke recorded more than 300 members of K(S,).
Archdeacon and Huneke (1985) showed that K(N) contains only finitely
many 3-regular graphs for any nonorientable surface N. Finally, Robertson
and Seymour, in a series of papers deriving highly general results about
families of graphs, proved that K(S) is indeed finite for all surfaces. Although
the size of K(S) is in general enormous, there seems to be some structure.
Glover has conjectured that every element of K(S,) is the union of at most
2g + 1 copies of the original Kuratowski graphs K5 and K ;.

1.6.8. Other Planarity Criteria

There are many other planarity criteria besides Kuratowski’'s, We give two
more here that are due to mathematicians most famous for their work in
topology and algebra, Whitney and MacLane. Although these criteria are not
especially useful, they do involve elegant applications of duality and the cycle
structure of a graph. Tutte’s proofs of the theorems of Whitney and MacLane
are given in Exercises 6-11.

Consider the dual graph G* for a planar imbedding of the graph G. Every
cycle C of the graph G separates the regions of the imbedding into two
collections: those inside the cycle and those outside the cycle. In terms of the
dual graph, the collection C* of edges dual to those in cycle C, when deleted
from the graph G*, separate G* into two disjoint parts such that every edge in
C* goes from one part to the other. In general, such a collection of edges is
called a “bond”. Neither of the two parts is required to be connected. It is a
little harder to see, but still true that, conversely, every bond for G* corre-
sponds to a cycle in G. What is most surprising is that this relationship
between a graph and one of its planar duals characterizes planarity.



54 Introduction

Theorem 1.6.9 (Whitney, 1932). A 2-connected graph G is planar if and only if
there is a graph G* whose edges are in one-to-one correspondence with those of G
such that cycles in G correspond to bonds in G*.

Proof. See Exercises 11 and 12. O

MacLane’s planarity condition depends on the cycle structure of a graph as
well. Given a finite set X of size n, let S(X) be the set of all formal sums
a;x, + --- +a,x,, where each a, is 0 or 1. Add two formal sums by adding
corresponding coefficients of two elements. It is easiest to think of each formal
sum in S(X) as a subset of X, namely, those elements of X with coefficient 1.
If s corresponds to subset A and ¢ to subset B, then s -+ ¢ corresponds to the
symmetric difference 4 U B — (4 N B).

Given a graph G with edge set E, the “cycle space” of G, C(G), is the
subspace of S(E) spanned by the cycles of G. Each element of C(G) is either
a cycle or a union of edge-disjoint cycles. If G is a 2-connected graph
imbedded in the plane, then every region boundary is a cycle of G. Moreover,
the outside (unbounded) region boundary cycle is the sum of all the inside
region boundary cycles (all interior edges occur in two cycles and hence cancel
them out in the sum). In fact, any cycle in the graph G is the sum of the region
boundary cycles contained in the interior of the cycle. Thus the set of inside
region boundary cycles form a basis for the cycle space C(G). Moreover, this
basis has the property that every edge of G is contained in at most two
elements of the basis. In general, call a collection B of cycles in a graph H a
“2-basis” if B is a basis for the cycle space of H and if every edge of H is
contained in at most two elements of B. The discussion so far shows that every
2-connected planar graph has a 2-basis. MacLane proved that the converse is
true as well:

Theorem 1.6.10 (MacLane, 1937). A 2-connected graph is planar if and only if
it has a 2-basis.

Proof. See Exercises 6-10. O

1.6.9. Exercises

1. Give an imbedding of a 2-connected graph in the torus such that some
region has a boundary that is not a cycle.

2. Find a planar 2-connected graph that has no planar imbedding with
every bounded region convex.

3. Prove that in any planar imbedding of the complete graph K,, every
region is 3-sided. Conclude that if a simple graph G has a planar
imbedding with four or more vertices all lying on the same region
boundary, then an edge can be added to G (without creating multiple
edges) and still maintain planarity.
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4.

10.

11.

12.
13.

Use Exercise 3 to prove that if G is planar and the addition of any edge
to G creates a nonplanar graph, then every region in any planar imbed-
ding of G has size 3. (Caution: The number of distinct vertices in a
region boundary can be less than the number of sides of the region.)

Prove, using Euler’s equation, that any planar imbedding for a connected
simplicial graph with edge set £ such that #FE > 2 and vertex set V
satisfies #E < 3#V — 6, with equality if and only if every region is
3-sided.

Given a graph G with vertex set V = {v,,...,v,} and edge set E, define
the linear transformation d: S(E) — S(V) by d(e) = u + v, where u
and v are the endpoints of the edge e. Show that the cycle space C(E) is
the kernel (nullspace) of d, and that if P is a path of edges from vertex u
to vertex v, then d(P) = u + v. Show that if G is connected, then
v, + vy,0, +0y,...,0, + v, are all in the range of d, but v, is not.
Conclude that if G is connected, the range of d has dimension n — 1 and
therefore the dimension of the cycle space C(E) is #E — #V + 1.
Prove that K ; has no 2-basis. (Hint: The dimension of C(Kj ;) is 4, by
Exercise 6. Show that at least seven edges of K; ; must be each contained
in two elements of a 2-basis for K ; and then consider the sum of all
elements of the 2-basis.)

Prove that K has no 2-basis (see Exercise 7).

Prove that if the graph G has a 2-basis, then so does G — ¢ where e is
any edge of G.

Use Exercises 7-9 and Kuratowski’s theorem to prove MacLane’s theo-
rem.

Given a 2-connected graph G with edge set E, let the bond space B(E)
be the subspace of S(E) spanned by the bonds of G. Let star(v) be the
subgraph induced by collection of all edges incident to the vertex v.
Prove that { E(star(V))|v € V'} is a spanning set for the bond space
B(E). [If AC E and G — A has two components H and K, consider
Y. E(star(V)) where the sum is taken over all vertices of H.]

Use Exercise 11 and MacLane’s theorem to prove Whitney’s theorem.

Find an algorithm that determines in at most kn steps, k a constant,
whether a given n-vertex graph G with at most 3n edges is connected.
(Assume you are given for each vertex a list of the adjacent vertices.)
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Voltage Graphs and
Covering Spaces

There is an obvious problem in trying to represent an imbedding of an
arbitrarily large graph in a surface, namely, to avoid inundating the reader in
details. If all graphs deserved equal interest, then the prospects for obtaining a
satisfactory representation would be dim. Fortunately, as a matter of nature
and esthetics, the graphs of greatest interest have symmetries that can be
exploited in developing an economical description.

One mathematical structure that permits an economical description of
graphs and their imbeddings is a covering space, which is a topological
generalization of a Riemann surface. As we demonstrate in this chapter,
complete graphs, Cayley graphs, n-cube graphs, and many other kinds of
graphs are derivable as covering spaces of graphs with only one vertex—that
is, of bouquets of circles—or are derivable by deleting a 1-factor from a
covering of such a bouquet.

The details for constructing a covering space of a graph are efficiently
encoded in what is called a “voltage graph”. In an electrical network, there is
a voltage difference (perhaps zero) experienced in traversing any line. Al-
though the mathematical voltages here are elements of a finite group, and not
real numbers, the assignment of a voltage to every directed edge of a graph
provides a clear analogy to electrical networks, with an important exception:
two directed paths in parallel, that is, with the same initial and terminal
vertices, need not be assigned the same mathematical voltage.

As we have stated previously, the central concern of topological graph
theory is the placement of graphs on surfaces. Given the problem of placing a
large graph on a surface, the value of the voltage graph construction is that it
may enable one to reduce the problem to placing a quotient of the given graph
in some kind of quotient of the given surface and assigning appropriate
voltages. Since the quotient graph is a fraction of the size of the given graph,
designing a suitable placement of the quotient might be easier. Thus, one may
well wish to know which graphs have quotients (other than themselves) and
how to reconstruct a graph from one of its quotients.

56
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2.1. ORDINARY VOLTAGES

Let G be a graph whose edges have all been given plus and minus directions,
and let &/ be a group, assumed to be finite unless explicitly stated to be
infinite. A set function a from the plus-directed edges of G into the group &/
is called an “ordinary voltage assignment” on G, and the pair (G, a) is called
an “ordinary voltage graph”. The values of a are called “ voltages”, and &7 is
called the ““voltage group”. The ordinary voltage-graph construction was first
suggested by Gross (1974) and immediately improved by Gross and Tucker
(1974). Its advantage over various formalistic “covering graph” constructions,
all essentially equivalent, is largely its visual suggestiveness.

2.1.1. Drawings of Voltage Graphs

Voltage graphs are usually given by pictures, rather than by combinatorial
descriptions. For instance, suppose the graph G has vertex set V = {u, v} and
edge set E = {d, e}, with d a u-based loop and and e a proper edge from u
to v. Suppose that voltages a(d) = 1 and a(e) = 0 are assigned in the cyclic
group Z5. Then the voltage graph (G, a) is presented as shown at the left of
Figure 2.1.

The purpose of assigning voltages to the graph G, called the “base graph”
or simply the “base”, is to obtain an object called the “(right) derived graph”,
denoted G*°, which is illustrated at the right of Figure 2.1. The vertex set of G*¢
is the cartesian product V; X &/, and the edge set of G* is the cartesian
product E; X o/. Although the pair notations (v, a) and (e, a) are sometimes
used for the vertices and edges of G, more frequently the subscripted notations
v, and e, are used instead. If the directed edge e* of the base graph G runs
from the vertex u to the vertex v, and if v is the voltage assigned to e™, then

Up d2 v
N /""\ /’ 2
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Figure 2.1. (a) A graph with voltages assigned in the cyclic group 25 ((G, a)) and (b) the
associated derived graph (G®).
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the directed edge e,* of the derived graph G* runs from the vertex u, to the
vertex v, .

Remark. In the definition of the derived graph, note that whereas e,* runs
from u, to v,,, the reverse edge e,” runs from v, to u,. In particular, the
subscript on the minus-directed edge e,” is the product of the subscript on its
initial vertex v,, and the group element b™' that is inverse of the voltage on e™.
Thus, whereas the subscript of a plus-directed edge of the derived graph always
agrees with the subscript on its initial vertex, the subscript on a minus-directed
edge always agrees with the subscript on its terminal vertex.

Example 2.1.1. Since the base graph in Figure 2.1 has two vertices, u and v,
and two edges, d and e, and since the voltage group %, has three elements, 0, 1,
and 2, it follows that the derived graph has six vertices, u,, u,, u,, vy, v;, and
v,, and six edges, d, d,, d,, e, e,, and e,. Since the u-based loop d” of the
base graph G is assigned voltage 1, it follows that for i = 0,1,2, the edge d;” of
the derived graph G runs from the vertex u; to the vertex u; . Since the edge e™
is assigned the voltage 0, it follows that for i = 0,1,2, the edge e,” of the derived
graph runs from the vertex u; to the vertex v;.

Example 2.1.2. Figure 2.2 shows how the Petersen graph might be derived by
an assignment of voltages in the cyclic group Z to a particular base graph with
two vertices and three edges, which is sometimes called a *“dumbbell” graph. As
indicated, the directions on the edges of the derived graph are induced by the
directions of the corresponding edges in the base graph.

¢ ! { e'4 / u4
0 ) 7
1 c u *—LCD 2 Ul eo 83 (;4

d

e

(a) S 1 3 U3 3
U
2 d3 (b)
dy
u2 t u 3

Co

Figure 2.2. A derivation (b) of the Petersen graph from a voltage assignment in 25 to a
dumbbell graph (a).
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Since the dumbbell graph in Figure 2.2 has two vertices, # and v, and since
the voltage group is Z, the vertices of the derived graph are u,, u,, u,, u;,
Vs, Uy, Uy, Uy, Uy, and v,. Since the dumbbell graph has edges ¢, d, and e, the
derived graph has edges ¢, ¢, ¢,, ¢3, ¢4, dy, d,, d,, d5, d,, €y, €,, e, €4,
and e,. The u-based loop ¢* has voltage 1 in the base graph. Thus, for
i € Zs, the edge ¢," runs from the vertex u; to the vertex u,,,, as shown on
the outer pentagon of the derived Petersen graph. The v-based loop e ™ in the
base graph has voltage 2. Thus, for i € Z, the edge e, runs from the vertex
v, to the vertex v,,,, as shown on the inner star. The proper edge d* has
initial vertex ¥ and terminal vertex v in the dumbbell and is assigned voltage
0. Thus, for i € &, the edge d,” in the derived graph runs from the vertex u,
to the vertex v,.

If one uses a different cyclic group &, as the voltage group and assigns
voltages 1 and k to the loops ¢ and e, then one obtains the generalized
Petersen graph G(n, k) (Frucht et al., 1971).

Example 2.1.3. Figure 2.3 shows a 3-runged *“ Mobius ladder” as a base graph,
with voltages in Z,. Since this base has six vertices and nine edges, and since the
voltage group has order 2, the derived “circular ladder” Cy X P, has 12 vertices
and 18 edges.

To avoid cluttering the diagram, the names of the edges have been omitted
from Figure 3.3. This does not affect the construction of the derived graph.

Quite often, the genus of the derived graph is higher than the genus of the
base graph, as illustrated by Example 2.1.2. However, the genus of the derived
graph need not be larger. Indeed, as Example 2.1.3 proves, it may be smaller
than the genus of the base graph, for we recognize that the 3-runged Mobius
ladder is isomorphic to the Kuratowski graph K, ,, whereas the 6-runged
circular ladder is visibly planar.

Y
Vo 20
X
Y1 wy
z U1
1 Uy
Wo Yo
X0

Figure 2.3. A circular ladder graph derived by a voltage assignment in 2, to a 3-runged Mobius
ladder.
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Figure 2.4. The 3-octahedron graph O; derived by assigning voltages in 2 to the bouquet B, .

2.1.2. Fibers and the Natural Projection

If voltages are assigned in a group % to a base graph G, then for every vertex
v of G, the set of vertices v, in the derived graph is called the “fiber” over v.
Also, for every edge e of G, the set of edges e, in the derived graph is called
the “fiber” over e.

If e 1s a proper edge running from vertex u to vertex v in the graph G and
if e* is assigned voltage b, then each edge e, in the fiber over e runs from the
vertex u, in the fiber over the initial point u to the vertex v,, in the fiber over
the terminal point v. It follows from elementary group theory that the edge
fiber over e matches the vertices in the vertex fiber over u one-to-one onto the
vertices of the vertex fiber over v. Thus, the fiber over a proper edge is
isomorphic to the disjoint union of #.«7 copies of K,. For instance, in
Example 2.1.2, the fiber over the proper edge d is the 1-factor between the
outer pentagon and the inner star of the graph. However, as illustrated by
Figure 2.4, the fiber over a loop always forms a set of cycles if the voltage
group 1s finite.

Example 2.1.4. The Z-voltage 1 on the loop d of the base bouquet in Figure 2.4
has order 6, and the edge fiber over d forms one 6-cycle. The Z-voltage 2 on the
loop e of the bouquet has order 3, and the edge fiber over e forms two 3-cycles.

In general, if the voltage b on a v-based loop e* has order n in the group
&, then each cycle in the edge fiber over e must have length »n, and there must
be #./n such cycles. For instance, starting at the vertex v, there is the
n-cycle

+ + + + —
Uas€u s Uaps€ap 5> Ugpts €ap2 5oy Ugpn=15 €4pn=1 3 Uypn = U,

Since only the edge e¢,* of the fiber over the loop e* starts at the vertex v, of
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the fiber over the vertex v, only one of these n-cycles passes through v,, which
implies that these n-cycles are mutually disjoint.

The “natural projection” from the derived graph to the base graph is the
graph map p: G* — G that maps every vertex in the fiber over v to the vertex
v, for all v € V,, and every edge in the fiber over e to the edge e, for all
e € E;. In terms of the notation, the natural projection wipes out the
subscripts.

2.1.3. The Net Voltage on a Walk

The “voltage on a minus-directed edge” e~ is understood to be the group
inverse of the voltage on its reverse edge e™, that is, a(e™) = (a(e*)) L. This
enables us to define the “net voltage” on a walk

W=e,..,e° (eachs = + or —)
to be the product a(e,”) - -+ a(e,’) of the voltages on the edges of W in the

order and direction of that walk. For instance, in Example 2.1.2, the net
voltage on the walk e, d™,c™,d" is

ale*)+a(d)+a(c)+a(d*)=2+0+(-1)+0=1

A “lift” of a walk W = e,*,..., ¢,° in the base graph G is a walk

-~

W=¢™,...,ec
in the derived graph G such that for i = 1,..., n the edge ¢, is in the fiber
over the edge e,.

Example 2.1.5. In Figure 2.5, the voltage group is the cyclic group Z,. There
are three lifts of the walk ¢~,e™ from the vertex u to the vertex v of the base
graph, namely, the following walks of the derived graph:

¢, ,e," from u, to v,
c, ,e,t  from u, to v,

*  from u, to v,

Co » €0

One important observation about Example 2.1.5 is that although the walk

¢”,e” of the base graph includes the same edges as the walk ¢7, e and

although it has the same endpoints, its lifts are different. The lifts of the walk
¢ ,e are

¢, ey ¢ ,e, and c¢;7, e, .

+

Continuity is the reason that the lift of the walk ¢~, e™ starting at the vertex
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Figure 2.5. Another voltage graph and its derived graph. The voltage group 1s Z7.

u; in the derived graph is the walk ¢,,, , e,,,", whereas the lift of ¢7, e~
starting at u; is ¢;,, , e; . Since the voltage on the directed edge ¢~ is 1, the
next vertex on either lifted walk is v,, ;. When e* is the next edge of the base
walk, the next lifted edge must be the unique edge in the fiber over e whose
plus direction originates at v, (i.e., e;,,). When e~ is the next edge of the
base walk, the next lifted edge must be the unique edge in the fiber over e
whose minus direction originates at v,,, (i.€., e,). This is one reason that in
topological graph theory, the direction in which one traverses a loop cannot be

ignored.

2.1.4. Unique Walk Lifting

Another observation about Example 2.1.5 is that starting at each of the three
vertices in the fiber over the initial vertex u of the base walk ¢~, e*, there is a
unique lifted walk. That is, one lift starts at u,, one at u,, and the other at u,.
The following theorem indicates the generality of this observation.

Theorem 2.1.1.  Let W be a walk in an ordinary voltage graph (G, &) such that
the initial vertex of W is u. Then for each vertex u in the fiber over u, there is a
unique lift of W that starts at u,,.

Proof. Consider the first directed edge of the walk W, say e* or e”. If it is
e, then, since only one plus-directed edge of the fiber over e starts at the
vertex u, (i.e., the edge e,"), that edge must be the first edge in the lift of W
starting at u . If it is e, then, since only one minus-directed edge of the fiber
over e starts at u, (i.e, the edge e, .-, ), it follows that the edge must be the
first edge in the lift of W starting at u,. Similarly, there is only one possible
choice for a second edge of the lift of W, since the initial point of that second
edge must be the terminal point of the first edge, and since that second edge of



Ordinary Voltages 63

the lift must lie in the fiber over the second edge of the base walk W. This
uniqueness holds, of course, for all the remaining edges as well. O

Notation. According to Theorem 2.1.1 it makes sense to designate the lift of a
walk W starting at the vertex u, by W,.

Theorem 2.1.2. Let W be a walk from u to v in an ordinary voltage graph
(G, a), and let b be the net voltage on W. Then the lift W, starting at u,
terminates at the vertex v,,.

Proof. Let by,..., b, be the successive voltages encountered on a traversal
of the walk W. Then the subscripts of the successive vertices of the lift W are
a,ab,, ab\b,,...,ab, ... b, = ab. Since W, terminates in the fiber over v, its
final vertex is v,,. O

Example 2.1.5 Revisited. The net voltage on the walk W = ¢~,e™ fromu to v
is (=2)+1=1+4+1=2 The walk Wy (=c¢, ,e,") ends at vy,, = v,, the
walk W, (= ¢,7,e,”) ends at v, ., = vy, and the walk W, (= ¢, e, ) ends at
Uy+2 = Uy

2.1.5. Preimages of Cycles

The “net voltage on a directed cycle C”, based at a vertex u, is defined to be
the product of the voltages encountered on a traversal of C, starting with the
edge that originates at u and then proceeding in the preferred direction. If
the group is abelian, then the net voltage on a directed cycle is independent of
the choice of a base point, so we usually do not bother to designate one. If the
group is nonabelian, then the different net voltages on a directed cycle
corresponding to different choices of a base point are all conjugate group
elements, so they all have the same order in the group. Moreover, the net
voltage on a directed cycle has the same order as the net voltage on the reverse
cycle, because those net voltages are group inverses of each other. Since the
main concern is nearly always the order and not the net voltage itself, we are
usually relieved of the burden of specifying either a basepoint or a direction on
a cycle.

Theorem 2.1.3. Let C be a k-cycle in the base space of an ordinary voltage
graph (G, a) such that the net voltage on C has order m in the voltage group <A .
Then each component of the preimage p~'(C) is a km-cycle, and there are
#//m such components.

Proof. Let the cycle C be represented by a closed u-based walk W, let b
be the net voltage on W, and let u, be a vertex in the fiber over u. Then the
component of p~!(C) containing u, is formed by the edges in the walks
W, W,,..., W,,m-1, which attach end-to-end to form a km-cycle. For each of
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Figure 2.6. The 3-cube graph Q, derived by assigning Z,-voltages to the complete graph K.

the #.2//m left cosets of the cyclic group generated by the net voltage b, there
is a unique component of p~}(C). O

Example 2.1.6. Figure 2.6 shows how the 3-cube graph Q; may be derived
using Z',-voltages on the complete graph K ,. One observes that the sum (i.e., the
product operation for the group Z,) of the voltages on the 4-cycle e, e,, e, e,
is 0 modulo 2, which has order 1, and that the preimage of that 4-cycle is the
union of the two 4-cycles (e, 0),(e,, 1), (e4,0),(e,,1) and (e, 1),
(e5,0),(e3,1),(e4,0). On the other hand, one notes that the 3-cycle e, e,, e,
in the base graph has voltage sum 1 modulo 2, which has order 2, and thus the
preimage in the derived graph of that 3-cycle is the 6-cycle (e, 0),
(e5,1),(es,0),(ey,1),(e,,0),(es5,1).

Example 2.1.5 Revisited Again. The net voltage on the 2-cycle c*, d* in Figure
2.5 is 1 modulo 3. According to Theorem 2.1.3, the preimage of that 2-cycle
should be one 6-cycle. In fact, it is the 6-cycle c,*,d,", ¢,",dy",¢,”, d,".
Also, the net voltage on the 1-cycle e™ is 2 modulo 3, and its preimage should be
one 3-cycle. In fact, it is the 3-cycle e,”, e,7, e,

2.1.6. Exercises

Figure 2.7 shows four voltage graphs, whose derived graphs are to be con-
structed in Exercises 1-4.

1. Draw the derived graph corresponding to the voltage graph in Figure
2.7a.

2. Draw the derived graph corresponding to the voltage graph in Figure
2.7b.

3. Draw the derived graph corresponding to the voltage graph in Figure
2.7c.
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Figure 2.7. Four voltage graphs. (a) In 25, (b) in £,,(¢)in 2, X 2, X Z,,(d) in Z.

Draw the derived graph corresponding to the voltage graph in Figure
2.7d.

Draw copies of all the quotient graphs of the 3-cube graph Q,.

Assign voltages to each of the graphs obtained in Exercise 5 so that the
derived graph in each case is Q5.

Draw copies of all the quotient graphs of the complete graph K.

Assign voltages to each of the graphs obtained in Exercise 7 so that the
derived graph in each case is K.

Draw a representative of each of the isomorphism types of graph that
can be derived by assigning voltages Z; to the dumbbell graph of Figure
2.2.

What is the net voltage on the walk e, ™, e, e;~ in Figure 2.6?

Exercises 11-15 all pertain to the voltage graphs of Figure 2.8.

11

12.

13.

14.

15.

What is the net voltage on the walk e,",e;7,e,” in Figure 2.8a?
Construct the unique lift that begins at the vertex u,.

How many components does the preimage of the cycle e,*, es*, es” in
Figure 2.8a have? What is the length of each?

What is the net voltage on the walk e,*, es", e;7, e,* in Figure 2.85?
Construct the unique lift that begins at the vertex ¢ ,,,.

The preimage of the cycle e3, e,*, e,” in Figure 2.8b has how many
components? What is the length of each?

The preimage of the cycle e, ", es*, e;” in Figure 2.8b has how many
components? What is the length of each? Construct the one that contains
the vertex w 5y4,.
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Figure 2.8. Two voltage graphs. (a) In Z;, (b) in %.

2.2. WHICH GRAPHS ARE DERIVABLE WITH ORDINARY VOLTAGES?

We have seen in Section 2.1 that the Petersen graph, the octahedral graph O,,
the 3-cube graph Q,, and several other graphs can all be obtained as the
derived graph of an ordinary voltage-graph construction. The unifying char-
acteristic of these derivable graphs is a certain kind of global symmetry,
precisely described as the existence of a group of automorphisms that acts
freely. Immediately below, we prove that a given graph is derivable with
ordinary voltages from a proposed base graph if and only if the proposed base
graph is a regular quotient of the given graph. This facilitates proof that some
graphs, such as trees, are derivable only from themselves, whereas other
graphs, such as Cayley graphs, are derivable from small base graphs.

2.2.1. The Natural Action of the Voltage Group

Let (G, a) be a voltage graph. For every element c of the voltage group <7, let
¢.. G* = G* denote the graph automorphism defined by the rules ¢.(v,) = v,,
on vertices and ¢.(e,) = e, on edges. Obviously, ¢,: G* = G* is the identity
automorphism, and no other ¢, fixes any vertex or edge. Moreover, it is a
straightforward matter to verify that the composition ¢, ° ¢, is the same graph
map as the automorphism ¢ ,. Thus, the voltage group &/ acts freely on the
left of the derived graph G°, and this is called the “natural (left) action” of the

voltage group.

Theorem 2.2.1. The vertex orbits of the natural action of the voltage group on
an ordinary derived graph are the vertex fibers, and the edge orbits are the edge
fibers.

Proof. For any vertex v, of the derived graph G, the orbit of v, is defined
to be the set {¢.(v,)|c € A4}, which is the same as the set {v,,|c € A} =
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{v.|c € A}. That is, the orbit of v, is the fiber over v. Similarly, the orbit of

the edge e, of the derived graph is the fiber over the edge e. O

Corollary. The natural projection p: G* — G of the derived graph onto the base
graph is a covering projection.

Proof. The composition of the quotient map ¢,: G* = G*/A with the
graph isomorphism G*/4 — G, which takes the fiber over a vertex or edge to
that vertex or edge, is equal to the natural projection p: G* » G. O

2.2.2. Fixed-Point Free Automorphisms

An automorphism of a graph G is called “fixed-point free” if it maps no
vertex or edge of G to itself. Thus, a free group action on a graph may be
identified with a subgroup of Aut(G) in which every automorphism except the
identity is fixed-point free. In particular, every regular quotient arises from
such a subgroup, and if the only such subgroup is trivial, then the only regular
quotient is the given graph itself.

Example 2.2.1. The only nontrivial automorphism of the n-path P, fixes the
central vertex if n is odd, or the central edge if n is even. Thus the n-path has no
regular quotient except itself.

Example 2.2.2. The automorphism group of the complete graph K, is isomor-
phic to the symmetric group &,. The only fixed-point free automorphisms of K ,
are 4-cycles on both the vertices and the edges. For instance, the vertex map
(abcd) corresponds to a fixed-point free automorphism. However, any sub-
group containing such an automorphism would also contain its square, which fixes
two edges. For instance, the square of (abcd) is (ac)(bd), whose correspond-
ing edge map would fix the edge between the vertices a and ¢ and the edge
between the vertices b and d. Thus, no nontrivial subgroup of Aut(K,) acts freely
on K,, and accordingly, the complete graph K, has no regular quotients except
itself.

On the other hand, the subgroup of automorphisms on the Petersen graph
in Figure 2.2 generated by the rotation of 27 /5 radians acts freely, and the
corresponding quotient is isomorphic to the dumbbell graph. One observes
that the voltage group % used to derive the Petersen graph from the
dumbbell graph is isomorphic to this subgroup of automorphisms. Moreover,
the free action of the voltage group on the derived graph is consistent with the
free action of this subgroup. Theorem 2.2.2 is a generalization of these
observations.

Theorem 2.2.2 (Gross and Tucker, 1974). Let o7 be a group acting freely on a
graph G, and let G be the resulting quotient graph. Then there is an assignment «
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of ordinary voltages in &/ to the quotient graph G and a labeling of the vertices of
G by the elements of V5 X & such that G = G* and that the given action of </
on G is the natural left action of &/ on G*.

Proof. First, choose positive directions for the edges of the graphs G and
G so that the quotient map g¢,: G — G is direction-preserving and that the
action of &/ on G preserves directions. Next, for each vertex v of G, label one
vertex of the orbit ¢, '(v) in G as v,;, and for every group element a # 1,
label the vertex ¢,(v,) as v,. Now one may label edges. If the edge e of G
runs from v to w, one assigns the label e, to the edge of the oribt a_, !(e)
that originates at the vertex v,. Since the group & acts freely on G, there are
#.o/ edges in the orbit g, '(e), one originating at each of the #.7 vertices in
the vertex orbit g '(v). Thus, the choice of an edge to be labeled e, is
unique. Finally, if the terminal vertex of the edge e, is w,, one assigns voltage
b to the edge e of the quotient graph G; that is, a(e™) = b. To show that this
labeling of edges in the orbit ¢, '( e) and the choice of a voltage b for the
edge e really yields an isomorphism G — G*¢, one must show for all a € &/
that the edge e, terminates at the vertex w_,. However, since e, = ¢,(e,), the
terminal vertex of the edge e, must be the terminal vertex of the edge ¢,(e,),
which is

¢'a(wb) = ¢a¢b(wl) = ¢’ab‘(w1) = Wap

Under this labeling process, the isomorphism G — G* identifies orbits in G
with fibers of G* Moreover, it is defined precisely so that the action of an
automorphism in A4 on G is consistent with its natural action on the derived
graph G*. O

As a result of Theorem 2.2.2, one knows that a given graph can be derived
from a smaller graph using ordinary voltages if and only if there is a nontrivial
free action on the given graph. To decide whether such an action exists, one
observes that the vertex orbits and the edge orbits under such a free action
would have to be of the same size as the group. Equivalently, in a derived
graph, all the vertex fibers and edge fibers have the same cardinality as the
voltage group. Thus, the order of a possible voltage group to derive a given
graph G must be a common divisor of #V; and #E_. However, this
common-divisor criterion is not always sufficient.

Example 2.2.3. A tree cannot be derived from voltages on some smaller graph,
because the number of vertices and the number of edges of a tree are relatively
prime. A more difficult proof of the fact that trees have no nontrivial regular
quotients might be obtained using Exercise 15 of Section 1.3.

Example 2.2.4. Since the 3-cube graph Q- has eight vertices and 12 edges, it
might have one or more regular quotients with four vertices and six edges or with
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two vertices and three edges, but there are no other possibilities. See Exercise 5
of Section 2.1.

Example 2.2.2 Revisited. The complete graph K, has four vertices and six
edges. Although the number 2 is a common divisor of 4 and 6, there is no
quotient of K, with two vertices and three edges, because K, has no regular
quotients itself, as proved in the original discussion of Example 2.2.2.

Remark. One additional fact that may be used to find the quotients of a graph is
that all vertices in a fiber have the same valence, because the voltage group acts
transitively on the set of neighborhoods of all the vertices in the fiber over any
vertex of the base graph.

2.2.3. Cayley Graphs Revisited

To counterbalance the possibly disappointing news that not all interesting
graphs are derivable with ordinary voltages, we now consider the spectacularly
encouraging example of Cayley graphs. Theorem 2.2.3 identifies Cayley graphs
with regular coverings of bouquets B,. This suggests that, in developing a
strategy of solving a graph-placement problem by first seeking placements of
its quotients, one might find Cayley graphs of special interest.

Theorem 2.2.3. Let &7 be a group, and let X = {x,,..., x,} be a generating
set for sZ. Then the Cayley graph C( %/, X)° is a regular covering of the bouquet
B, . Conversely, if the graph G is a regular covering of the bouquet B, and if & is
the associated group that acts freely on G, then there is an assignment a of
voltages in &/ to the bouquet B, such that the voltages assigned generate 7 and
that the derived graph B,* is isomorphic to G.

Proof. Let v denote the vertex of the bouquet B, and e,,..., ¢, the edges.
Given-the group &/ and the generating set X, assign the generator x, as the
voltage on the loop e;*, for i =1,...,n. Then the derived graph B,* is
isomorphic to the Cayley color graph C(.%/, X) under the vertex map v, — a
and the edge map (e;, a) = (x,, a). The converse is a special case of Theorem
222, 0O

Corollary (Sabidussi, 1958). A connected graph G is isomorphic to a Cayley
graph C(Z, X)° if and only if some subgroup of Aut(G) acts freely on G and
transitively on V.

Proof. Let G be isomorphic to a Cayley graph C(%/, X)°. Then the group
of left translations on C(%/, X)° composes with the isomorphism G -
C(#, X)° to act freely on G and transitively on V. Conversely, if some
group of automorphisms acts freely on G and transitively on V¥, then ¥V is the
only vertex orbit and the resulting quotient is a bouquet of circles, from which
it follows that G is isomorphic to a Cayley graph. O



70 Voltage Graphs and Covering Spaces

Example 2.2.5. The complete graph K, ., is isomorphic to the Cayley graph
C(Z,,.1-{1,...,n})° Equivalently, if one assigns the voltages 1,...,n
modulo 2n + 1 to the loops of the bougquet B,, then the derived graph is
isomorphic to K, , , ;.

Example 2.2.6. The octahedron graph O, is isomorphic to the Cayley graph
C(2,,,{1,...,n — 1))°% Equivalently, if one assigns the voltages 1,...,
n — 1 modulo 2n to the loops of the bouquet B, _,, then the derived graph is
isomorphic to O,.

One might recall that the alternative Cayley graph C(%, X)! is obtained
from the Cayley graph C(.%Z, X)° by deleting a 1-factor for each generator of
order 2.

Example 2.2.7. The complete graph K, is isomorphic to the alternative Cayley
graph C(Z,,,{1,...,n}).

Example 2.2.8. The n-cube graph Q, is isomorphic to the alternative Cayley
graph C(Z,", X ), where X is the canonical set of generators {(1,0,..., 0),
0,1,0,...,0),...,(0,...,0,1)}.

2.2.4. Automorphism Groups of Graphs

In general, a Cayley graph C(%, X)° has additional automorphisms besides
the group of left translations {¢,: a € A}. For instance, the Cayley graph
C(Z,,{1})° is a 3-cycle, and although the group of left translations includes
all the rotations of that 3-cycle, the full automorphism group is the dihedral
group %,, which also includes the reflections. Thus, it is not obvious which
finite groups can serve as the automorphism groups of graphs.

A classical theorem of Frucht (1938) is that every finite group is isomorphic
to the automorphism group of some graph. The method in Frucht’s proof is to
make a modification on each edge of a Cayley graph for a given group &/ so
that the automorphisms of the modified graph are forced to respect the
directions and the colors on the edges of the Cayley color graph C(%/, X). For
instance, Figure 2.9 shows how to do this for the group Z;.

All the edges of the Cayley color graph C(Z;, {1}) have the same color. An
“arrow” is placed on each, in effect, by attaching a 2-path near the terminal
vertex and a 3-path near the initial vertex. If there were a second color for
some edges, those edges would be marked with a 4-path and a 5-path, so they
would be distinguished from edges of the first color, and so forth.

Frucht’s Theorem (1938). Let =/ be a finite group. Then there is a group G
such that Aut(G) is isomorphic to .
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Figure 2.9. (a) A Cayley graph for the group Z;. (b) A graph whose automorphism group is Z; .

Proof. Let X = {x,,...,x,} be a generating set for the group <. It is
immediately clear that every left translation ¢, on the Cayley color graph
C(&, X) is color-consistent and direction-preserving. It is first to be proved
that every color-consistent, direction-preserving automorphism on C(%, X) is
a left translation. For this purpose, suppose that the automorphism f is
color-consistent and direction-preserving, and suppose that the image f(1,,) of
the identity vertex is the vertex b. It is to be proved that f = ¢,.

Since the graph automorphism ¢, f~! on C(%/, X) is color-consistent,
direction-preserving, and identity-preserving, Theorem 1.2.4 implies that its
vertex function coincides with a group homomorphism g: A — A. Since
¢, f ! is color-preserving on edges, it follows that g(x;) = x; for every
generator x; € X. Therefore, g is the identity group automorphism, for which
it follows that f = ¢,.

The next step is to modify the graph C(/, X)° into a graph G so that the
features of color and direction from C(£7, X) are somehow present in G. To
do this, first insert two new vertices on each edge of C(%7, X)°. Then for
i=1,...,n and for each edge in C(/, X)° corresponding to color x i» attach
a 2i-path at the new vertex near the terminal end and a (2i + 1)-path at the
new vertex near the initial end. The automorphism group of the resulting
graph G is isomorphic to the group of left translations on C(.%Z, X)), which is,
of course, isomorphic to the group &/. 0O

2.2.5. Exercises

1. Prove that the “wheel” K, + C, has no nontrivial quotient.

2. Let G and H be graphs without cutpoints. Prove that the result of
amalgamating G and H at a single vertex has no nontrivial regular
quotients.
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Prove that Ky has no nontrivial quotients.

Prove that the complement of a tree with three or more vertices has no
nontrivial quotients.

Prove that K, , has no nontrivial quotients.

Prove that the valence of a vertex in the base graph equals the valence of
any vertex in the fiber over it.

Assign voltages in Z, to the Kuratowski graph K so that the resulting
derived graph is planar.

Assign voltages in 2, to the Kuratowski graph K ; so that the resulting
derived graph is planar.

Prove that for every positive integer n, the regular bipartite graph K, , is
a Cayley graph.

Prove that if the graph G and H are both Cayley graphs, then their
product G X H is also a Cayley graph.

Prove or disprove: The edge-complement of a Cayley graph is a Cayley
graph.

Prove or disprove: A regular covering space of a Cayley graph is a Cayley
graph.

Prove that the Petersen graph is not a Cayley graph. (Hint: There are
only two groups of order 10.)

Construct a graph whose automorphism group is isomorphic to 2, X Z,.
Construct a graph whose automorphism group is isomorphic to Z; X Z;.
One observes that the graph G constructed in the proof of Frucht’s
theorem has many more vertices than the order of its automorphism
group /. Moreover, the group & does not act transitively on the vertices
of the graph G. A graph H is called a “graphical regular representation”
for the group &7 if #V, = #/ and if &/ acts transitively on V},. For
instance, the complete graph K, is a graphical regular representation for
the cyclic group Z,. Prove that the dihedral group £, has no graphical
regular representation.

IRREGULAR COVERING GRAPHS

In topology, a continuous function f: X — Y is called a “covering projection”
if every point of the topological space Y has a neighborhood N, that is evenly
covered, that is, such that every component of f~( N,) is mapped homeomor-
phically by f onto N,. For compact spaces, such as the topological representa-
tions of finite graphs, it is equivalent to stipulate that the function f be a local
homeomorphism onto the range graph. The covering projections one obtains
this way that are not regular are called “irregular”, of course. By a straightfor-
ward generalization of ordinary voltage graphs, we now obtain the complete
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combinatorial counterpart to topological covering projections, including all
the irregular ones. A graph-theoretic motivation for making such a generaliza-
tion lies in Schreier graphs and, more generally, in “relative” voltage-graph
constructions.

2.3.1. Schreier Graphs

Let # be a subgroup of a group &7, and let X = {x,,..., x,} be a generating
set for &/. The “(right) Schreier color graph” S(&7: #, X) has for vertices the
right cosets of #Z in &/, the set of which is denoted, =7: 4. The edge (x, Za)
has as its endpoints the vertices Za and %ax, with its plus direction from Za
to Zax. The subscript x4, is sometimes used for the edge (x, Za).

If the choice of plus directions and the edge colors are ignored in
S(s7: B, X), the result is the “Schreier graph” S(=/: &, X)°, also called a
“Schreier coset graph”. Schreier graphs are an obvious generalization of
Cayley graphs, in the sense that if & = {1}, then the Schreier color graph
S(: #, X) 1s isomorphic to the Cayley color graph C(%Z, X). Moreover, it is
easily verified (see Exercise 13) that if & is any normal subgroup of 7, then
the Schreier graph S(&: %, X) is isomorphic to the Cayley graph
C(H/R#, X/#), where /% denotes the quotient group and X/Z denotes
the set of images of generators under the quotient homomorphism.

Example 2.3.1. The main interest in Schreier graphs is for the case in which the
subgroup is not normal. Consider the subgroup % = {1,(23)} of the dihedral
group 9D, with generating set X = {(123),(12)}. Then S(£2;: #, X) has as
vertices the right cosets

2=1{1,(23))
#(12) = {(12),(123)}
#(13) = {(13),(132)}

and edges as illustrated in Figure 2.10.

It is obvious that if #X = ¢, then the Schreier graph S(.7: #,X)° is
2g-regular. However, it is also obvious from Figure 2.10 that a Schreier graph
need not be vertex-transitive. In particular, no automorphism can map the
vertex 4(1 3) onto any other vertex, because (1 3) is the only vertex at which
a loop is based.

The “alternative Schreier graph” S(&/: &, X)! is the obvious generaliza-
tion of the alternative Cayley graph. That is, if the generator x has order 2,
then for every right coset %,, the two edges x4, and x4, , collapse into a
single edge.
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Figure 2.10. (left) The Schreier color graph for Example 2.3.1. (right) The associated Schreier
graph.

2.3.2. Relative Voltages

Since the definition of a Schreier graph is so similar to that of a Cayley graph,
one might think that a Schreier graph also covers a bouquet of circles. In the
topological sense mentioned at the beginning of this section, it does; but since
a Schreier graph need not be vertex-transitive, it follows that such a cover need
not be regular. Thus, to construct all Schreier graphs from bouquets, we need
something more general than ordinary voltage assignments. The more general
object is called a “relative voltage assignment”, and it was introduced by
Gross and Tucker (1977).

Let G be a graph whose edges have all been given plus and minus
directions, let &/ be a group, and let # be a subgroup. A ““voltage assign-
ment” for G in o “relative” to £ 1s a set function a from the set of
plus-directed edges of G to the group /. The pair (G, a/%) is called a
“relative voltage graph”.

The “(right) derived graph” G*/< has as its vertex set the cartesian product
Ve X (&: %) and for its edge set the cartesian product E; X (&/: £). If the
directed edge e™ of the base graph G runs from vertex u to vertex v, and if
a(e™) = c is the voltage assigned to e™, then the directed eg4,” runs from the
vertex ug, to the vertex vg,,.

Example 2.3.2. Let % be the subgroup (14,(23)} of the dihedral group 2.
Figure 2.11 shows a voltage assignment on a dumbbell graph in the group 2,
relative to the subgroup %, and the resulting derived graph.

Example 2.3.3. Let # be a subgroup of a group &, and let X = {x,,...,x,)
be a generating set for /. Assign directions to the edges of the bouquet B, and
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Figure 2.11. A relative voltage assignment on a dumbbell graph and the resulting derived graph.

assign relative voltages x,, . .., x, to the respective plus-directed edges. Then the
resulting derived graph is isomorphic to the Schreier graph S(<Z: B, X)°.

Given a relative voltage graph (G, a/%) with voltages in the group &,
fibers in the relative derived graph are defined as for the ordinary voltage-graph
construction. That is, for any vertex v of the base graph G, the “fiber” over v
is the vertex set {v} X (&Z: &) in the derived graph. Similarly, for any edge e
of G, the “fiber” over e is the edge set {e} X (&7: #). The “natural
projection” of the relative derived graph onto the base graph is the graph map
that takes the fiber over every vertex onto that vertex and the fiber over every
edge onto that edge. If the subgroup # is not normal, then the relative derived
graph G%/# does not admit a natural fiber-consistent free group action, so that
the natural projection is not a regular covering. However, it may be called an
irregular covering, in a sense we can now make precise.

2.3.3. Combinatorial Coverings

Let f: G - H be a direction-preserving graph map, with H connected. Then f
is called a “(combinatorial) covering projection” if for every vertex v of V
the following conditions hold: f maps the set of edges originating at v
one-to-one onto the set of edges originating at f(v), and f maps the set of
edges terminating at v one-to-one onto the set of edges terminating at f(v). In
the event that plus and minus edge-directions have not been chosen for the
graphs G and H, we call f a “covering projection” if there exists a choice of
edge directions for G and H such that f is direction-preserving and that the
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condition given above holds. It is a straightforward matter to verify that if that
condition holds for any one choice of edge-directions for G and H such that f
is direction-preserving, then it holds for all such choices of domain and range
edge-directions.

A “topological representation” of a graph map f: G = H is a continuous
function from a topological representation of G to a topological representa-
tion of H whose restriction to the interior of any edge of G is a homeomor-
phism and is consistent with the graph map f. Persons familiar with topology
will recognize that a graph map f is a combinatorial covering projection if and
only if a topological representation of f 1s a topological covering projection.

Example 2.3.4. Let p: G, — G be the natural projection for an ordinary voltage
graph (G, a). Ife,,...,e,, are the edges originating at the vertex u of the base
graph G, then for any element sZ of the voltage group, the edges originating at
the vertex u, of the fiber over u are (e, a),...,(e,,, a). Thus, the natural
projection maps the set of edges originating at u, bijectively to the set of edges
originating at u. Moreover, ifd,, ..., d, are the edges terminating at the vertex
v, and if by,..., b, are the respective voltages on those edges, then
(d,,ab,™"),...,(d,, ab,”") are the edges terminating at v, in the derived
graph. The natural projection p: G* — G also maps the edges terminating at v,
one-to-one onto the edges terminating at v. Thus, the natural projection p is a
covering projection. Since, according to Theorem 2.2.2, every regular covering
projection is equivalent to the natural projection of an ordinary derived graph onto
its base graph, it follows that the topological representation of every regular
covering projection of graphs is a covering projection, as one might expect from
the terminology.

Warning 2.3.1.  Naive attempts to simplify the definition of a covering projection
lead to different constructions that fail to have some important properties of
covering projections. For instance, as Example 2.3.5 illustrates, it is not
sufficient to specify that the graph map f preserves valence, or even (see Exercise
15) that the inverse images of every vertex and edge of the range have the same
cardinality.

Example 2.3.5. The graph map f illustrated in Figure 2.12 that is defined by the
dropping of subscripts preserves valence, since all the vertices have valence 3.
However, the two edges d, and d, originating at u, are both mapped onto the
same edge d, originating at f(u,) = u. Thus, f is not a covering projection,
because its restriction to edges originating at u, is not one-to-one. Moreover,
changing edge-directions on the graphs will not help at all.

Example 23.6. Let p: G*® —> G be the natural projection for a relative
derived graph. Then p is a covering projection, by the same reasoning as in
Example 2.3.4.
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Figure 2.12. A valence-preserving graph map that is not a covering projection.

Example 2.3.3 Revisited. As a special case of Example 2.3.6, observe that a
Schreier graph S(/: B, X)° is a covering space of the bouquet B,, where n is
the cardinality of the generating set X.

Example 2.3.7. Let G denote the edge-complement of the disjoint union of a
3-cycle and a 4-cycle. Then although G is 4-regular, it is not vertex-transitive.
Thus, the graph G is not a Cayley graph, and it cannot be derived by assigning
ordinary voltages to the bouquet of circles B,. However, the graph map il-
lustrated in Figure 2.13, which takes solid edges to solid edges and dashed edges
to dashed edges and preserves directions, is a covering projection.

The domain of a covering projection f: G — H of graphs is called the
“covering graph” (or “covering space”) and the range is called the “base
graph” (or “base space”). Any covering projection that is not regular may be
called “irregular”, and its domain may be called an “irregular covering space”
(or “irregular covering graph”) of the base space (or base graph). For instance,
Example 2.3.7 shows that the graph (C; U C,)° is an irregular covering space

\ >'02
\::\7&/ U?)\ /l U,-*-sr
o f — (:)( )

N

Figure 2.13. An irregular covering projection of the 4-regular graph (C; U C;)° onto the bou-
quet B,.
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of the bouquet B,. It is possible for the same graph to be both a regular
covering space and an irregular covering space of a given base graph (by two
different covering projections; see Exercise 2.4.8). However, the graph (C; U
C,)° cannot, under any graph map, be a regular covering of the bouquet B,,
because it is not vertex-transitive.

2.3.4. Most Regular Graphs Are Schreier Graphs

In examining Example 2.3.7 and the accompanying Figure 2.13, one might
notice that the solid edges in the domain graph form a hamiltonian cycle and
the dashed edges also form a hamiltonian cycle. With the solid-edge cycle we
associate the permutation 7, = (127345 6), corresponding to the order of the
indices of vertices encountered as one traverses the hamiltonian cycle in its
order of orientation. With the dashed-edge cycle we may in like fashion
associate the permutation 7, = (1324675).

Now let =/ be the group of permutations generated by =, and =,, and let
2% be the subgroup of 2/ that fixes the symbol 1. For i = 1,...,7,let f, be a
permutation in &/ such that f,(1) = i. For instance, it is possible to obtain f,
as a power either of #, or of «,. Then, for i =1,...,7, the right coset %f,
contains all the elements of 2/ that permute 1 onto i. Rename the vertices of
the graph in Figure 2.13 so that, for i = 1,...,7, the right coset Zf, replaces
the label v;. Also, every edge of the solid cycle is labeled =,, and every edge
of the dashed cycle is labeled m,. Then the resulting graph is a Schreier graph
S(: B, X)°, where x = {m,m,). This observation leads to the following
result.

Theorem 2.3.1 (Gross, 1977). Let G be a connected regular graph of even
valence. Then G is isomorphic to a Schreier coset graph.

Proof. Suppose that G is 2n-regular and that its vertices are v,,..., v,. By
Theorem 1.5.2 (Petersen’s theorem) the edges of G can be partitioned into n
2-factors, L,,..., L,. Assign an arbitrary orientation to each cycle of each
2-factor (thereby inducing plus directions on all the edges of G). If a 2-factor
L, is a hamiltonian cycle, then we could associate a cyclic permutation with it
exactly as in the preceding discussion of Figure 2.10. If the 2-factor L, has
several component cycles, C,,..., C,,, then with each of these edge cycles we
may associate a cyclic permutation corresponding to the order of the indices
encountered as one makes a traversal in the order of orientation, and the
permutation 7, to be associated with the 2-factor L, is the product of the
disjoint cycle permutations corresponding to its component cycles.

Let o/ be the group generated by the permutations =, ..., m, correspond-
ing to the respective 2-factors L,,..., L,, and let # be the subgroup of &/
consisting of all elements of &/ that fix the symbol 1. Then the graph G is
isomorphic to the Schreier graph S(&/: 2, X)°, where X = {m,...,m,}. To
construct the isomorphism, first assign each edge in the 2-factor L, the color
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m,, for i =1,..., n. Then replace each vertex label v; by the right coset of %
that permutes 1 onto j, for j=1,..., p. The subgroup % has such cosets
because G is connected. In particular, the product of the “signed colors” one
traverses on an edge path from v, to v; is a permutation f, such that f(1) = j,
so that Zf; is the right coset that permutes 1 onto j. O

Corollary. Let B be a connected regular graph of odd valence such that G has a
1-factor. Then G is isomorphic to an alternative Schreier graph.

Proof. The edge-complement in G of the 1-factor is a regular graph of
even valence. Thus, by Theorem 1.5.2, the edge set of G can be partitioned
into a 1-factor plus some 2-factors. By an argument similar to the proof of
Theorem 2.3.1, it is possible to construct an isomorphism of G to an
alternative Schreier graph, where the 1-factor is colored by a permutation of
order 2 and the respective 2-factors are each colored by other permutations.

O

Unfortunately, not all regular graphs of odd valence have a 1-factor (see
Exercise 5). Biggs et al. (1976) give a historical account of 1-factors, including
Tait’s “theorem” that 2-connected, 3-valent graphs are 1-factorable and
Petersen’s counterexample, the graph that now bears his name. Akiyama and
Kano (1985) survey more recent results on graph factorization. Tutte (1947)
gives a necessary and sufficient condition for the existence of a 1-factor, from
which he obtains the following theorem.

Theorem 2.3.2 (Tutte, 1947). Let G be an (n — 1)-connected regular graph of
valence n with an even number of vertices. Then G has a 1-factor.

Proof. Omitted. O

Corollary. Let G be a 2r-connected regular graph of valence 2r + 1. Then G is
isomorphic to an alternative Schrier graph.

Proof. From Theorem 1.1.1 (Euler’s theorem on valence sum), it follows
that G has an even number of vertices. From Theorem 2.3.2, we infer that G
has a 1-factor. The conclusion then follows from the corollary to Theorem
231. DO

2.3.5. Exercises

1. Let # be the subgroup generated by the element (1 2 4) of the alternating
group &,, and let X be the generating set {(123),(234)}. Draw the
Schreier graph S(%/,: 4, X)°.
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Figure 2.14. A 4-regular graph.

Let % be the cyclic subgroup generated by the element (12 34) of the
symmetric group %, and let X be the generating set {(1243),(12)}.
Draw the alternative Schreier graph S(%;: 4, X)'.

Let % be the subgroup generated by the element (1,1,1) of the group
Z,>, and let X be the canonical generating set {(1,0,0), (0,1, 0),(0,0,1)}.
Draw the alternative Schreier graph S(Z,°: %, X)'.

Label the graph in Figure 2.14 as a Schreier coset graph.

Construct a 3-regular graph that has no 1-factor.

Prove that every regular bipartite graph of positive valence has a 1-factor
(Konig, 1916). (Hint: Consider the result of doubling every edge.)

Use Exercise 6 to prove that every regular bipartite graph is 1-factorable.
Prove that every graph has a bipartite double covering space.

Use Exercises 6 and 8 to prove that every connected regular graph has a
double covering that is a Schreier graph (or an alternative Schreier
graph).

Prove that any two Schreier graphs of the same valence have a common
covering space. ( Hint: Consider the product group.)

Prove the theorem of Angluin and Gardiner (1980) that any two con-
nected n-regular graphs have a common covering. ( Hint: Use Exercises 9
and 10.)

Does every graph of maximum valence 3 or less have a planar covering
space? From Example 2.1.3, we recall that the Kuratowski graph K, ,
has a planar double covering.

Let % be a normal subgroup of a group &/ and X a generating set for
&. Prove that the Schreier graph S(&7: #, X) 1s isomorphic to the
Cayley graph C(/ %, X/ %), where X/% denotes the set of images of
generators under the quotient homomorphism.
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14. Is every covering projection a local isomorphism? Is every local isomor-
phism a covering projection?

15. Give an example of a graph map f: G —» H, with G and H connected,
such that the inverse image of every vertex or edge of H has the same
number of elements but that f is not a covering projection.

24. PERMUTATION VOLTAGE GRAPHS

The relative-voltage-graph construction is a natural extension of the ordinary
voltage-graph construction, but the subgroup makes it somewhat awkward to
use. In this section we introduce another computational device, the permuta-
tion voltage graph, which is equivalent to a relative voltage graph but is more
convenient to apply. The permutation voltage-graph construction is also due
to Gross and Tucker (1977).

2.4.1. Constructing Covering Spaces with Permutations

Let G be a graph whose edges have all been assigned plus and minus
directions. A “permutation voltage assignment” for G is a function a from the
plus-directed edges of G into a symmetric group %,. The elements of the
image G*“ are called “permutation voltages”, and the subscripted pair (G, a),,
is called a ‘““permutation voltage graph”. The graph G is called the “base
graph” or “base space”.

To each such permutation voltage graph there is associated a “ permutation
derived graph” G, whose vertex set is the cartesian product V; X {1,..., n}
and whose edge set is the cartesian product E; X {1,..., n}. As for ordinary
derived graphs, one uses either the pair notations, (v, i) and (e, i), or the
subscripted notations, v, and e,, whichever alternative is more convenient in
the context at hand. If the edge e of the base graph G runs from the vertex u
to the vertex v, and if the voltage on e* is the permutation =, then for
= 1,..., n, the edge e, of the derived graph G* runs from the vertex u; to the
vertex v, -

The natural projection p: G* — G for permutation voltage graph (G, «), is
the graph map that takes any vertex v, or edge e, of the derived graph to the
vertex v or edge e of the base graph. The set of vertices {v;|i =1,...,n} is
called the “fiber” over v and the set of edges {e,|i =1,..., n} 1s called the
“fiber” over e.

Warning 2.4.1. When « assigns permutation voltages to a graph in a symmetric
group &,, it is absolutely necessary to distinguish (G, a), from the ordinary
voltage graph (G, a), because the respective derived graphs are quite different.
Whereas the cardinality of each fiber in the ordinary derived graph would be n!,
the order of the group %,, the cardinality of each fiber in the permutation derived
graph would be n, the number of permuted objects.
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Figure 2.15. A permutation voltage assignment and the derived graph.

Example 2.4.1. Figure 2.15 shows a permutation voltage assignment to the
dumbbell graph in the symmetric group &, and the associated permutation
derived graph.

2.4.2. Preimages of Walks and Cycles

The permutation voltage on a minus-directed edge e~ is understood to be the
inverse permutation of the voltage on e*. This enables us to define the “net
permutation voltage on a walk™ as the product of the voltages encountered in
a traversal of that walk, exactly as for ordinary voltages. For instance, the net
permutation voltage on the walk y~, x~, y* of Figure 2.15 is (23)(132)(23)
= (123). A lift of a walk W in the base graph G is a walk W in the
permutation derived graph such that the natural projection p maps the edges
of W onto the edges of W precisely in the order of traversal. It is implicit that
direction is preserved on every edge of a lift, which is an important require-
ment if loops occur.

Theorem 2.4.1. Let W be a walk in the base space of a permutation voltage
graph (G, a), such that the initial vertex of W is u. Then for each vertex u; in
the fiber over u, there is a unique lift of W that starts at u,.

Proof. This theorem is the analog of Theorem 2.1.1, and its proof is
exactly analogous to the proof of that theorem. [J
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Notation. According to Theorem 2.4.1, it is appropriate to designate the lift of
a walk W starting at the vertex u, as W,.

Example 2.4.1 Revisited. The walk W=y, x", y* in the base graph of
Figure 2.15 has three lifts, namely, the walks W, =y,", x5, v oW, =
VX and Wy =p,7 x 7o

Theorem 2.4.2. Let W be a walk in the base space of a permutation voltage
graph (G, a),, and let w be the net voltage on W. Then the lift W, starting at the
vertex u; terminales at the vertex v, ,, .

Proof. Let m,...,w be the successive permutation voltages encountered
on a traversal of the walk W. Then the subscripts of the successive vertices of
the lLift W, are

i, m(i), m(m(i)), ..., 7(...m(m(i))) =)
Since W, terminates in the fiber over v, its final vertex is Upeiy- O

The “net voltage on a permutation directed cycle” C, based at a vertex u, is
defined to be the product of the voltages encountered on a traversal of C,
starting with the edge that originates at u and then proceeding in the given
direction. We recall from Theorem 2.1.3 that in an ordinary voltage graph, a
k-cycle with net voltage of order m in the voltage group &7 lifts to #.//m
disjoint km-cycles. In a permutation voltage graph, although the preimage of a
cycle in the base graph is still a union of disjoint cycles in the derived graph,
the cycles in the preimage are not generally all of the same length. This is one
of the most important differences between permutation voltage graphs and
ordinary voltage graphs. In a permutation voltage graph, the cycle structure of
the net permutation voltage on the base cycle is what determines the number
and lengths of the component cycles of the preimage in the derived graph.

Let 7 be a permutation in the symmetric group %,. One recalls that any
permutation has an essentially unique decomposition as a product of disjoint
cyclic permutations. For j = 1,..., n, let ¢; denote the number of j-cycles in
the decomposition of «. Then the n-tuple (c,,...,c,) is called the “cycle
structure” of .

Theorem 2.4.3. Let C be a k-cycle in the base space of a permutation voltage
graph (G, a), with net voltage =, and let (c,,...,c,) be the cycle structure of .
Then the preimage of c in the derived graph G has ¢, + --- +c, components,
including for j = 1,..., n exactly c; kj-cycles.

Proof. Choose any vertex u of the cycle C and regard C as a walk from u
to itself. From Theorem 2.4.2, it follows that for i = 1,..., n the lift of C
starting at u, terminates at u,. . Thus, the component of p~1(C) that



84 Voltage Graphs and Covering Spaces

contains u; also contains ., 4,2y, - - -» U-1(;y, Where j is the length of the
cyclic permutation containing the object i in the decomposition of #. There-
fore, that component is a kj-cycle. The conclusion now follows readily. O

Example 24.2. Suppose that C is a u-based k-cycle with net permutation
voltage (145)(2)(39)(678) in &,. Then the preimage p~*(C) has four compo-
nents, namely, a k-cycle containing the vertex u,, a 2k-cycle containing the
vertices u, and ug, and two 3k-cycles, one containing the vertices u,, u,, and
us, the other containing the vertices ug, u,, and ug.

2.4.3. Which Graphs Are Derivable by Permutation Voltages?

The next two theorems indicate that the set of connected graphs that can be
obtained from a permutation voltage assignment of a given graph G is
precisely the set of covering graphs of G.

Theorem 2.4.4. The natural projection p: G* — G associated with any permuta-
tion voltage graph (G, ), is a covering projection on each component of its
domain.

Proof. This is a straightforward exercise in applying the definitions of
permutation derived graph and covering projection, so details are omitted. O

Theorem 2.4.5 (Gross and Tucker, 1977). Let the graph map q: G — G bea
covering projection. Then there is an assignment a of permutation voltages to the
base graph G such that the derived graph G*® is isomorphic to G.

Proof. Choose a spanning tree T in the base graph G, pick a root vertex u,
and assign plus directions to the edges of T so that it is possible to travel from
the root u to any other vertex of G entirely along plus-directed edges of T.
Assign plus directions to the other edges of G arbitrarily. Then assign
directions to the edges of G so that the map ¢ is direction-preserving.

Suppose that the preimage g~ '(u) has n vertices. Label them u,,..., u,
arbitrarily. Then choose an edge e of T originating at u and terminating, say,
at v. By the definition of covering projection, the preimage ¢~ '(e) consists of
n edges, one originating at each of the vertices u,,..., u,. Moreover, exactly
one of these terminates at each vertex of ¢ !(v), so that there are also n
vertices in g~ !(v). Label the edge of g !(e) that originates at u, as e, for
i=1,...,n. Also, label the n vertices of ¢~ '(v) as v,,...,v, in any way. If
we match ¢~ }(u) to ¢ '(v), the edges of ¢~ '(e) define a permutation = in the
symmetric group &%, . That is, if u; is matched to v, then w(i) =,. The
permutation voltage « is assigned to the edge e of the base graph G. (If the
vertices v,,..., v, are labeled so that for i = 1,..., n, the edge ¢, terminates
at v,, then the voltage assigned to the edge e is the identity permutation.)
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Continue this procedure until all edges of 7' have been assigned permuta-
tion voltages, always selecting as the next edge of T one whose initial point lies
on a path from the root vertex u whose every edge already has a permutation
voltage assigned. (By the parenthetic remark at the end of the preceding
paragraph, it 1s possible to assign the identity permutation to every edge of the
maximal tree T.) The last step is to assign permutation voltages to the edges of
G not in T. Suppose that d is such an edge, running from a vertex s to a
vertex t. Then ¢ !(d) matches s,,...,s, to t;,...,t,, SO we may assign
names d,,..., d, to the edges in 4~ '(d) in agreement with the subscripts on
their initial points, and we may assign a permutation voltage to the edge d
according to the matching. O

Corollary 1.  Let the graph map p: G — G be a covering projection. Let u and v
be any two vertices of the base graph G and e any edge of G, not necessarily
incident either on u or on v. Then #p~ Yu) = #p~'(v) = #p *(e). That is,
there is a number n such that all vertex fibers and all edge fibers have cardinality
n. O

Corollary 2. Let the graph map p: G- Gbea covering projection on every
component of its domain, and let the inverse images of all vertices of G have the
same cardinality n. Then there is a permutation voltage assignment o in &, such
that the derived graph G* is isomorphic to G. [

2.4.4. ldentifying Relative Voltages with Permutation Voltages

Since every component of a relative derived voltage graph covers the base
graph by the natural projection, it follows from Theorem 2.4.5 that it could
also be derived by permutation voltages. An explicit way to convert a relative
voltage graph (G,a/%) to a permutation voltage graph begins with the
observation that the voltage group .27 acts as a permutation group on the right
cosets of #. Thus, if n = #(/: %), then the permutation action of & on
&/: % imbeds in the symmetric group action on {1,..., n}. As a special case,
we observe that an ordinary voltage graph converts to a permutation voltage
graph because the action of a group on its own elements imbeds in a
symmetric group action.

Conversely, if (G, a), is a permutation voltage graph, then let &/ =%, and
let # be the subgroup that fixes the symbol 1. The right cosets

%, #(12), #(13), ..., %(1n)

behave under right multiplication by an element of 7 of &/ exactly as the
symbols 1,2,3,..., n behave under the permutation action of a. Thus, the
relative voltage graph (G, a/Z#) is equivalent to the permutation voltage
graph (G, a).
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Figure 2.16. A graph with permutation voltages in %, .

2.4.5. Exercises

1.

2.

10.

11.

2.5.

Construct the derived graph corresponding to the permutation voltage
graph in Figure 2.16.

Prove that the composition of two covering projections is a covering
projection.

Prove that the composition of two regular covering projections can
sometimes be an irregular covering projection. ( Hint: Use Exercise 1.)

Let G be a graph obtained from the Petersen graph by doubling the
1-factor that extends from the star to the pentagon. (That is, for each
edge e in the 1-factor, attach another edge e’ with the same endpoints.)
Assign permutation voltages in &), to the bouquet B, so that the
derived graph is isomorphic to G.

Use Exercise 4 to prove that the Petersen graph is an alternative Schreier
graph, by explicitly exhibiting the group, the subgroup, and the gener-
ating set.

Prove that any two graphs that cover the same graph have a common
covering space.

Let C be a hamiltonian cycle in the base space of a permutation voltage
graph. Under what circumstance is the preimage of C (under the natural
projection) a hamiltonian cycle in the derived graph?

Show that there exists both a regular covering projection and an irregular
covering projection of the complete graph K, onto the bouquet B;.

Let F be an n-factor in the base space of a covering projection
p: G — G. Prove that the preimage p ~!( F) is an n-factor in the covering
space.

Prove or disprove: If the base graph of a (finite) covering projection is
n-connected, then so is each component of the covering graph.

Prove that any 2-sheeted covering projection is a regular covering projec-
tion.

SUBGROUPS OF THE VOLTAGE GROUP

To decide whether two vertices in an ordinary derived graph are in the same
component or to count the number of components, one considers a form of
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isotropy group called a local voltage group, which is a subgroup of the voltage
group itself. The considerations involved here also lead to the proof of Babai’s
theorem, that given a subgroup % of a group %/ and a Cayley graph G for &/,
there is a Cayley graph H for £ such that G contracts onto H.

2.5.1. The Fundamental Semigroup of Closed Walks

Let W and W’ be walks in a graph G such that the initial vertex of W’ is the
terminal vertex of W. Then the product walk WW” is constructed by extending
the sequence of edges in W by the sequence of edges in W’. If W and W’ are
both u-based closed walks, then so is WW’. Under this product operation, the
set of all u-based closed walks forms a semigroup, called the “fundamental
semigroup of u-based closed walks”.

If u is any vertex of the base graph of either an ordinary voltage graph or a
permutation voltage graph, then the set of net voltages occurring on u-based
closed walks forms a subgroup of the voltage group, as originally observed (in
a current group formulation—see Chapter 4) by Alpert and Gross (1976,
p. 297). Following Stahl and White (1976), who first reinterpreted it for volt-
age assignments, we adopt the name “local (voltage) group” at u, and we de-
note it 7 (u).

Example 2.5.1. Since every u-based closed walk in the base graph of Figure
2.17 traverses the edge between u and v an even number of times, it follows that
the local group at u is the subgroup {0,2,4} of the voltage group Z,. Similarly,
the local group at v is also {0,2,4}.

Theorem 2.5.1 (Alpert and Gross, 1976). Let u be a vertex in the base space of
an ordinary voltage graph (G, o) with voltages in the group 2. Then the vertices
u, and u, are in the same component of the derived graph G* if and only if the
voltage group element a™'b lies in the local group < (u).

Proof. If the vertices u, and u, are in the same component of the derived
graph G, then there is a path from u«, to u,. The image of that path under the

Uq Us Us Vo
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Figure 2.17. A connected ordinary voltage graph whose derived graph is not connected. The
voltages are in Z.
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natural projection is a u-based closed walk in the base graph G, whose net
voltage lies in the local group &7 (u). The value of that net voltage must be
a”'b, by Theorem 2.1.2. Reversing these steps yields the converse conclusion.

O

Corollary 1. Let u and v be the vertices in the base graph G and W a walk from
u to v with net ordinary voltage c. Then the vertices u, and v, of the derived
graph lie in the same component if and only if the voltage group element a~'b lies
in the right coset 2/ (u)c of the local group at u. O

Corollary 2. The number of components of an ordinary derived graph G¢ is
# (. & (u)), where u is any vertex of a connected base graph G. O

Since the voltage group &/ acts transitively on an ordinary derived graph
G it follows that the components of G* are mutually isomorphic. Example
2.5.2 illustrates that the components of a permutation derived graph need not
be isomorphic. Example 2.5.2 also illustrates another fact. If c is the ordinary
or permutation net voltage on a walk from a vertex u to a vertex v in the base
graph, then the local group at u is conjugate to the local group at v. In
particular, &/ (u) = ¢~ '/ (u)c.

Example 2.5.2. In the permutation voltage graph of Figure 2.18, the local group
at u is the direct product of the subgroup of all permutations on {1,2} with the
subgroup of all permutations on {3,4,5}. The local group at v is the direct
product of the subgroup of all permutations on {1,3} with the subgroup of all
permutations on {2,4,5}.

For the most part, there are permutation voltage analogs to the theorems
about ordinary voltage graphs. For instance, Theorem 2.5.2 and its corollaries
are analogs to Theorem 2.5.1 and its corollaries.

Theorem 2.5.2 (Ezell, 1979). Let u be a vertex in the base space of the
permutation voltage graph (G, a),. Then the vertices u; and u, are in the same

Us, U2
——
23 5) C) C)
(12)(45) (245) ——
::) Uy Uy
S
( Uz Us
Figure 2.18. A connected permutation voltage graph whose derived graph is not connected. The
voltages are in %5 .
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component of the derived graph G if and only if the symbols i and j are in the
same orbit of the action of the local group at uon {1,...,n}.

Proof. 'The vertices u; and u; are in the same component of the derived
graph if and only if there is a path from u; to u;. The image of such a path
under the natural projection is a u-based closed walk in the base graph, whose
net voltage lies in the local group at u. The value of that net voltage must be a
permutation taking / onto j, by Theorem 2.4.2. O

Corollary 1. Let u and v be vertices in the base graph G and W a walk from u
to v with net permutation voltage m in &,. Then the vertices u; and v; of the
derived graph lie in the same component if the right coset &,(u)m contains a
permutation that maps i onto j. O

Corollary 2. Let (G, a), be a connected permutation voltage graph, and let u
be a vertex of the base graph. The number of components of the derived graph
equals the number of orbits induced by the local group at u on the set {1,...,n}.

(i

2.5.2. Counting Components of Ordinary Derived Graphs

If the base graph G of an ordinary voltage graph is a bouquet of circles, then
the local group at the vertex is simply the subgroup generated by the voltages
on all the loops. If the base graph is not a bouquet of circles, then a
preliminary procedure is required to isolate the generators of the local group
before one has any hope of counting the components. For instance, even
though the proper edge in the base graph of Example 2.5.1 has voltage
1 modulo 6, the local group does not include 1 modulo 6. Thus, the local group
is not necessarily generated by the image of the voltage assignment.

The preliminary procedure is, in effect, to convert the base graph G into a
bouquet of circles. In the discussion that follows, we suppose that the base
graph is connected, for otherwise we would simply iterate the procedure for
every component of G. The first step 1s to select an arbitrary spanning tree 7
and to regard any vertex for which one wants the local group as the root.
Although the case illustrated is for ordinary voltages, the same procedure also
applies to permutation voltages.

Example 2.5.3. Figure 2.19a shows a voltage graph (G, a) with voltage group
Z\,. Figure 2.19b shows the choice of a root u and a spanning tree T.

For every vertex v in the base graph G, there is a unique path in the tree T
from the root u to v. Define the T-potential a(v, T') of the vertex v to be the
net voltage along that path. The second step is to compute the T-potential of
every vertex of G. Figure 2.20 shows the result of this computation for the
voltage graph of Example 2.5.3.
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Figure 2.19. (a) A graph with voltages in the cyclic group Z,. (b) The choice of a rcot and a
spanning tree.

11 8 7 Figure 2.20. T-potentials for the vertices of G.

If the plus direction of the edge e in the base graph G has initial vertex v
and terminal vertex w, then the “T-voltage” a,(e) is defined to be the product

a(v, T)a(e)a(w,T) ™!

The third step is to compute the 7-voltage of every edge in G. It should be
noted that the T-voltage of every edge in the spanning tree T is the group
identity. Figure 2.21 shows the T-voltages for the edges of the voltage graph of
Example 2.5.3.

/

U W  Figure 2.21. T-voltages for the edges of G.
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If there is an edge between two vertices whose voltage is the identity, then
those two vertices have the same local group, by Corollary 1 to Theorem 2.5.1
(or by Corollary 1 to Theorem 2.5.2, for permutation voltages). If both of
those vertices are identified with the new vertex obtained as a result of
contracting the base graph along that edge, then it follows that the local group
at every vertex is preserved in the resulting voltage graph. Thus, the local
group at the root vertex » with respect to the T-voltages could be obtained
from the bouquet that results from contracting the base graph G along the
entire spanning tree T. That is, the voltages on that bouquet generate the local
group at u with respect to the 7T-voltage assignment. However, these genera-
tors are simply the set of T-voltages on those edges of the base graph G that
are not in the spanning tree 7, so one need not actually carry out the
contraction.

For Example 2.5.3, the local group at u with respect to the T-voltages is
now calculated to be the subgroup {0, 3,6,9}. The purpose of this calculation
i1s to show that the local group at u with respect to the original voltage
assignment a is the same subgroup, as proved by the following theorem.

Theorem 2.5.3 (Gross and Tucker, 1979a). Let G be a graph, let a be either an
ordinary or a permutation voltage assignment for G, and let u be any vertex of G.
Then the local group at u with respect to the T-voltages, for any choice of a
spanning tree T, is identical to the local group at u with respect to «.

Proof. The net voltage on any wu-based closed walk is the same with
respect to 7-voltages as with respect to a. O

Theorem 2.54. Let G be a graph, let a be either an ordinary or a permutation
voltage assignment for G, and let T be a spanning tree for G with root vertex u.
Then the derived graph G corresponding to the T-voltages is isomorphic to the
derived graph G corresponding to the original assignment.

Proof. A relabeling procedure is implicit in the parenthetic comments in
the proof of Theorem 2.4.5. We now make it explicit. For each vertex v of G,
relabel the vertices in the fiber over v according to the rule i — ic™!, where ¢
is the net ordinary voltage on the unique path from the root u to the vertex v,
or according to the rule i > #~1(i), if that path has net permutation voltage
a. If e is an edge originating at v, then also change the subscripts of edges e,
in the fiber over e so that they agree with the new subscripts of their initial
points. This relabeling defines an isomorphism G* - G*7. O

Corollary. The number of components of the derived graph G* equals the index
in the voltage group of the subgroup generated by the T-voltages. O
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2.5.3. The Fundamental Group of a Graph

Let W be a u-based closed walk in a connected graph G. If no directed edge in
W is followed by its reverse, we say that W 1s a “reduced walk”.

Two u-based closed walks W and W’ are called “equivalent” if there is a
sequence

— 0 7 (1 —_ ’
W= W¢ )’p]/( ),...,W(') = W

such that for k =1,..., r, the walk W® differs from its predecessor W<~V
by either the insertion or the removal of a directed edge followed by its
reverse. By induction, one readily verifies that every u-based closed walk is
equivalent to a unique reduced walk.

The equivalence classes formed in the fundamental semigroup of u-based
closed walks form a group, in which the inverse of the equivalence class of a
u-based closed walk is the equivalence class of the reverse walk. This group is
called the “fundamental group of the graph G based at u”, and is denoted
(G, u). For a connected graph G, the isomorphism type of its fundamental
group is independent of the choice of the base vertex u.

There 1s an important correspondence between voltage assignments for a
graph G and representations of its fundamental group. Since the net voltage
on any two equivalent u-based closed walks is the same, any voltage assign-
ment for G in a group & induces a homomorphism (G, u) — &/. That is,
every element of (G, u) is mapped onto the net voltage assigned to any
u-based closed walk representing that element.

Conversely, every homomorphism #,(G, u) — & is induced by some volt-
age assignment in &/ on the graph G. Given such a homomorphism, first
choose a spanning tree T and assign to every edge of 7 the identity voltage.
For any edge of G not in T, suppose that its initial point is v and that its
terminal vertex is w. Let W be the u-based closed walk that begins with the
unique path in 7 from u to v, next traverses the edge e, and then concludes
with the unique path in 7 that runs from w to u. Assign as a voltage to the
edge e the image in the group 7 of the equivalence class in 7,(G, u) of the
walk W.

From the correspondence just described, one may obtain for graphs all of
the standard topological theorems on the relationship between fundamental
groups and covering spaces.

2.54. Contracting Derived Graphs onto Cayley Graphs

The technique of selecting a spanning tree in a voltage graph and using it to
obtain an equivalent voltage assignment is useful for other purposes, in
addition to counting components of derived graph. The following theorem is
equivalent to Lemma 3 of Babai (1977).
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Theorem 2.5.5. Let G be a graph with a voltage assignment « in a group
such that the derived graph G* is connected. Then G* contracts onto a Cayley
graph for o .

Proof. Choose a spanning tree T for the base graph G. By Theorem 2.5.4,
the derived graph G*7 corresponding to the T-voltages is isomorphic to G%, so
it is sufficient to prove that G contracts onto a Cayley graph for 7. Since
a,(T) = 0, by Theorem 2.1.3, the preimage p '(T) of T under the natural
projection has #.2/ components, each mapped isomorphically by p onto the
spanning tree 7. In particular, for each element 7 of the voltage group 7,
one component of p~!(T) contains all of the vertices of G* with the
subscript a. If each component of p~!(T) is contracted onto a single vertex,
which is identified with the common subscript of all the vertices in that
component, then the resulting graph is a Cayley graph for /. One might
observe that one can also contract the base graph G along the spanning tree T,
thereby obtaining a bouquet of circles. The voltages on these circles generate
&/, because G°7 is connected. Then the contracted derived graph is precisely
the derived graph for the contracted voltage graph. O

Corollary 1 (Babai, 1977). Let % be a subgroup of a group <, and let G be a
Cayley graph for /. Then G contracts onto some Cayley graph for %.

Proof. Since the group &7 acts freely on the Cayley graph G, so does its
subgroup #. It follows that G may be derived by assigning voltages in # to
the quotient of G under the action of #. By the theorem, it follows that G
contracts onto a Cayley graph for #Z. O

The “genus of a group” is defined to be the least genus occurring among all
its Cayley graphs. White (1973, p. 80) asked whether a finite group ./ can have
a subgroup # whose genus exceeds the genus of /. It is an immediate
consequence of Corollary 1 that it cannot.

Corollary 2 (Babai, 1977). The genus of a finite group is greater than or equal
to the genus of each of its subgroups. 0O

2.5.5. Exercises
Exercises 1-4 concern the voltage graphs in Figure 2.22.

1. Calculate the local group at the vertex u of the voltage graph in Figure
2.22a. How many components are there in the derived graph?

2. Calculate the local group at the vertex u of the voltage graph in Figure
2.22b. How many components are there in the derived graph?

3. Calculate the local groups at vertices u and ¢ of the voltage graph in
Figure 2.22¢c. How many components are there in the derived graph?
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Figure 2.22. Four voltage graphs. (a) Ordinary voltages in Z;. (b) ordinary voltages in
Z, X Z, . (c) ordinary voltages in % . (d) permutation voltages in % .

4. Calculate a generating set for the local group at the vertex u of the voltage
graph in Figure 2.22d4. How many components does the derived graph
have?

S. Prove that any graph map f: G - H induces a homomorphism
fo: m(G, u) = (H, f(u)), defined as follows: If [w] is the equivalence
class of any closed u-based walk in G, then f,([w]) = [f(w)].

6. Prove that if p: G - H is a covering projection, then p,: 7 (G, u) -
m,( H, p(u)) is one-to-one.

7. Let # be a subgroup of finite index in (G, u). Prove that there is a
covering p: G = G and a vertex i € p~!(u) such that p,(m (G, @) = %.
Prove that G is unique up to graph isomorphism. (Thus, G can be called
the covering space of G corresponding to the subgroup %.)
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It is a classical theorem of Rado (1925) that any compact surface can be
dissected into a finite number of triangular regions. The incidence structure of
these regions determines a combinatorial object called a “complex”, which is a
higher-dimensional analog of a graph. Whereas a graph has only zero-dimen-
sional “cells” called vertices and one-dimensional “cells” called edges, a
complex may include pieces of any dimension. In particular, a 2-complex also
contains some two-dimensional cells. Often these cells correspond to triangu-
lar regions, but more generally they may be arbitrary polygons, with any
number of sides. Knowing that any closed surface can be represented by such
a finite combinatorial object enables us to classify the closed surfaces, that is,
to construct a countable list that includes them all and contains no repetitions.

The combinatorial viewpoint also enables us to decide which graphs can be
imbedded in which surfaces. Even more significantly, it enables us to construct
all of the essentially different possibilities for imbedding an arbitrary graph in
an arbitrary surface.

3.1. SURFACES AND SIMPLICIAL COMPLEXES
A topological space M is called an “n-manifold” if M is Hausdorff and is
covered by countably many open sets, each one of which is homeomorphic
either to the n-dimensional open ball
((Xpeo, X)X 2+ -+ +x,2 <1}

or the n-dimensional half-ball

{(xl.,...,xn)lxlz + .- +xn2 < 1 anld xn 2 0].
Thus every point in an n-manifold appears, at least locally, to be sitting in the
middle of n-space or at the edge of half of n-space. [The need for the
Hausdorff condition is explained in Munkres (1975).] The “boundary” of an

n-manifold M is the collection of all points in M that do not have neighbor-
hoods homeomorphic to the n-dimensional open ball. For example, the

95
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annulus {(x, »)|1 < x?+ y? < 4} is a 2-manifold whose boundary is the pair
of circles of radius 1 and 2 centered at the origin. A manifold is “closed™ if it
is compact and its boundary is empty. By a *“‘surface™ we usually mean a
closed, connected 2-manifold, such as the sphere, the torus, or the Klein
bottle. When we are considering a surface with boundary, such as the Mobius
band, or a noncompact surface such as the plane, it is clear from the context
or explicitly stated.

3.1.1. Geometric simplicial complexes

A “(geometric) k-simplex” is the convex hull of & + 1 affinely independent
points or “ vertices” in Euclidean n-space R”. For example, the triangular
region determined by three noncollinear points in R? or R* is a 2-simplex and
the line segment determined by two distinct points in R” is a 1-simplex. Let
{Ugy. ..., v, ) denote the k-simplex determined by the vertices v, ..., v;. Then
the simplex determined by any subset of {¢..... v, } is called a *face™ of the
simplex (v, ..., 0;). Thus the faces of the 1-simplex (v, v,) are the empty
set, the endpoints (v,) and (v,), and the 1-simplex (v, v,) itself.

A (geometric) “simplicial complex™ K is a finite collection of simplexes in
R" satisfying these two conditions:

1. Every face of every simplex in K is a simplex in K.
2. The intersection of any two simplexes in K is a simplex in K.

The point set

K= U S

Se kN

is called the “*carrier” of the simplicial complex K. It is possible that the same
point set in R” can be the carrier of more than one simplicial complex, as
illustrated in Example 3.1.1. If m 1s the largest integer such that K contains an
m-simplex, then K is an “m-complex”. The collection of all k-simplexes of K
for k < r is called the “r-skeleton™ of K and is denoted K.

Example 3.1.1. Figure 3.1 shows three simplicial 2-complexes in R*. The
complex on the left has one 2-simplex: (v, w.x); nine l-simplexes: {u,v),
{u,w), (u,x), {(o,w), (v.x), (v, y), (w.x). (w,¥), (x.v): and five
0-simplexes: (u), (v), (W), (x). (). The center 2-complex has two 2-sim-
plexes: {u, v, w), {u, w, x); nine 1-simplexes: {u,v), (u,w), {u, x), (u, v),
{v,w), (v, z2), (w,x), {w, y), {x,2); and six O-simplexes: (u), (v). (w),
(x). {y). {z). Note that the right-hand 2-complex has the same carrier as the
one on the left, but this time the 2-simplex (v, w, x) is replaced by the three
2-simplexes (v, w, z),{w, x,z), (x, v, z) and their faces. In each instance. the
1-skeleton is the graph that remains when the 2-simplexes are discarded. (One
discards only the 2-simplexes, not their various faces.)
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Figure Y.1.  Some 2-complexes
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3.1.2.  Abstract Simplicial Complexes

An obvious combinatorial structure can be refined from a simplicial complex.
Define an “abstract simplicial complex™ (V. ) to be a finite set V' together
with a collection C of subsets of ¥V whose union is V' and such that every
subset of a member of C s itself a member of C. Then with any (geometric)
simplicial complex K, one associates the abstract simplicial complex (K, ()
where a subset of the O-skeleton K is in the collection C if and only if the
subset forms the vertex set of a simplex in K. In fact, every abstract simplicial
complex (V. (') can be associated in this way with some (geometric) simplicial
complex K: if the set V has n elements, simply let K" be n affinely
independent points in R” '. One may observe that an abstract simplicial
complex is a special kind of *“hypergraph®.

It should not be surprising that the topological type of the carrier of a
simplicial complex is determined by the associated abstract simplicial com-
plex. To be precise, define an isomorphism of abstract simplicial complexes
(V.C) and (V. () to be a bijection f: V — V’ such that f(s) € ' if and
only if s € C. Then any isomorphism [ of the abstract complexes associated
with the geometric complexes K and K’ extends to a homeomorphism of their
respective carriers |K| and |K’|. (The homeomorphism is defined one simplex
at a time, starting with the O-skeleton, then extending to the 1-skeleton, next
the 2-skeleton, and so on. The crucial observation is that any homeomorphism
from the boundary of one n-simplex to the boundary of another extends, say
radially, to a homeomorphism of the interiors.)

Is the converse true? Namely, if the carriers |K| and |K’| are homeomorphic
as topological spaces, must the associated abstract simplicial complexes be
isomorphic? The answer 1s clearly no, since one can always subdivide a
simplex into smaller simplices as in Example 3.1.1. But suppose one is allowed
to subdivide K and K’: if |K| and |K’| are homeomorphic, are there
subdivisions L. and L” of K and K’, respectively, such that L and L’ are
isomorphic? This fundamental question is called the “Hauptvermutung™. It
says, in eflect, that if a topological space has the structure of a simplicial
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complex, then that structure is unique up to subdivision. The subdivision in
question can be restricted to be barycentric (see the next section) and can be
interpreted in purely combinatorial terms; thus the topology of a simplicial
complex can be faithfully combinatorialized, if the Hauptvermutung holds.
Unfortunately, it does not hold for all complexes: Milnor (1961) gives pairs of
n-dimensional complexes for each n > 6, that are homeomorphic but combi-
natorially distinct. On the other hand, for low-dimensional complexes, the
Hauptvermutung does hold. Papakyriakopoulos (1943) proves it for 2-com-
plexes, and Brown (1969) for 3-complexes.

3.1.3. Triangulations

A *“triangulation”™ of a topological space X is a homeomorphism A from the
carrier of some simplicial complex K to the space X. The image of a simplex
of K under & is called a simplex of the triangulation. The aforementioned
theorem of Rado states that every compact surface has a triangulation.

Example 3.1.2.  On the left of Figure 3.2 is a triangulation of a torus, where the
sides of the rectangle are to be identified in pairs, as in Chapter 1, so that vertices
match up. Even though all its faces are three-sided, the right side of Figure 3.2 is
not a triangulation of a torus since no two different simplexes of a triangulation
have the exact same vertices. Also an n-simplex of a triangulation must have
n + 1 distinct vertices, and this “triangulation™ has only one vertex.

The vertices and edges of a graph in R* are not the 0-simplexes and
I-simplexes of a triangulation if the graph has any multiple edges or loops.
This can always be rectified, of course, by a subdivision of the graph inserting
one vertex on each multiple edge and two vertices on each loop.

The process of subdividing self-loops and multiple edges to make a nonsim-
plicial graph simplicial extends to higher dimensions. We might think of a
loop as an “inadequately subdivided” edge, and we might also think of a
nontriangular polygon (or a polygon with repeated vertices or edges) as

u v w u
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Figure 3.2. A triangulation and a non-triangulation of a torus.
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Figure 3.3. The first barycentric subdivision of a 2-simplex.

inadequately subdivided. The higher-dimensional analog of a nonsimplicial
complex is called a “cell complex”, and just as the operation of subdivision
can make a nonsimplicial graph simplicial, it can also do the same for cell
complexes of arbitrarily high dimension. We shall first define a particular kind
of subdivision operation as it applies to simplicial complexes and then extend
the concept.

Let s = (vy,...,0,) be a k-simplex in R”. The point s = (v, + v,
+ .-+ +v,)/k is the “barycenter” of s (addition here is usual vector addition
in R"). The “first barycentric subdivision” of a simplicial complex K is the
collection of all simplexes of the form (s, s,,...,s,,) where each s, is a
simplex of K and s, is a face of s, ,. Figure 3.3 shows the first barycentric
subdivision of the 2-complex consisting of a 2-simplex and its faces.

An s-sided polygonal region, where s > 4, is an example of a nonsimplicial
two-dimensional cell. If the region is parametrized by a convex s-gon, then
there is a “center of gravity”. We can make a barycentric subdivision by first
subdividing every edge on the boundary of the s-gon and then drawing an
edge from the center of gravity to each vertex, old and new, on the boundary.
Even a one-sided or two-sided region can be convex, if its sides are curved, so
there 1s little problem in extending the concept of barycentric subdivision to
all 2-complexes. The same process is also applicable to polyhedra of arbitrarily
high dimension.

The operation of barycentric subdivision may be iterated. We state, without
proof, the standard fact of combinatorial topology that the second barycentric
subdivsion of any cell complex is a simplicial complex. One subdivision might
not be enough, even in dimension 1, since the first barycentric subdivision of a
self-loop yields two edges between the same two vertices.

The definitions given here can be generalized to allow infinitely many
vertices in a simplicial complex. However, the topological considerations are
more subtle than the reader might expect, even if one demands that every
vertex lie on finitely many simplexes (see Exercise 6). As our interest is now in
finite graphs, we shall not pursue the matter further.
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3.1.4. Cellular imbeddings

Although a graph is defined as a purely combinatorial object in Chapter 1, it is
now helpful to augment the definition by including a fixed topological repre-
sentation of the graph. For a simplicial graph, this might be the carrier of a
geometric 1-complex. This permits a more fluent discussion. Moreover, we
often abuse the terminology altogether by referring to a topological repre-
sentative as the ‘“graph”, particularly when we discuss an imbedding of the
graph.

An “imbedding” of a graph G in the surface S is a continuous one-to-one
function i: G — S. In nearly all cases, the graph G is assumed to be a subset of
the surface S, and the function i: G — S is the inclusion map. The imbedding
is then denoted simply G — S. It can be shown as a generalization of the
Schoenfliess theorem that for any imbedding G — S, the graph G is contained
in the 1-skeleton of a triangulation of the surface S. Thus graph imbeddings in
surfaces are ‘“‘tame” and can be analyzed by combinatorial methods. [The
Schoenfliess theorem, a strengthening of the Jordan curve theorem, states that
any simple closed curve in the plane can be carried onto the unit circle by
some homeomorphism of the plane; for a proof, see Newman (1954). The
Alexander horned sphere (1924) shows that the Schoenfliess theorem does not
hold for spheres in three-dimensional space.]

Given an imbedding G — S, the components of the complement S — G are
called “regions”. If each region is homeomorphic to an open disk, the
imbedding is said to be a “2-cell (or cellular) imbedding” and the regions are
also called “faces” of the imbedding. The closure in the surface § of a region
in the 2-cell imbedding G — S need not be homeomorphic to the closed disk.

Example 3.1.3. The imbedding of a bouquet of two circles in a torus on the left
of Figure 3.4 is not cellular, since one region is homeomorphic to an open
annulus. The imbedding on the right is cellular. Observe that the closure in the
surface of the one and only face is not a closed disk, but instead, the whole torus.

Unless we explicitly say otherwise, any imbedding in this book is assumed
to be a 2-cell imbedding. In particular, we shall not usually imbed a discon-
nected graph in a connected surface or imbed a tree in any surface other than
the sphere. Also, an imbedding of a nonempty finite graph in the plane cannot

/"“\

Figure 3.4. Two imbeddings of the bouquet B, on a torus.
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be cellular. Thus, when an imbedding in the sphere is drawn in the plane, the
reader is expected to remember the necessary point at infinity.

Given a 2-cell imbedding G — S, the collection of all edges and vertices
lying in the closure of a region can be organized into a closed walk in the
graph G by traversing a simple closed curve just inside the region. This closed
walk 1s unique up to the choice of initial vertex and direction, and 1s called the
“boundary walk” of the region. A face of a 2-cell imbedding can usually be
specified unambiguously simply by giving its boundary walk (see Exercise 17).
For this reason, we shall frequently abuse the language with phrases such as
“the face abcd” where abcd is in fact the boundary walk of the face. An
occurrence of an edge in the boundary walk of a region is called a “side” of
the region. The “size” of a region is the length of its boundary walk. Since
individual edges may occur twice in a boundary walk, the size of a region can
be greater than the number of edges that are sides of the region. An n-sided
face in a 2-cell imbedding is called an “n-gon”, although 3-gons and 4-gons
are also called triangles and quadrilaterals, respectively.

Example 3.1.4. The imbedding in the sphere given in Figure 3.5 has three
regions. There is a quadrilateral abcd, a triangle eef, and a 9-gon
abggcdhfh. The 9-gon has only seven different edges as its sides.

Two imbeddings of a given graph i:G — S and j: G —» T are called
“equivalent” if there is an orientation-preserving homeomorphism h: S - T
such that hi = j. It is important to observe that by this definition, it does not
suffice simply to find a homeomorphism from S to T that takes the image
i(G) to the image j(G); for the imbeddings to be equivalent, the homeomor-
phism must also respect a labeling of the vertices and edges of G.

Example 3.1.5. Four different imbeddings of the same tree in the sphere
( plane) are given in Figure 3.6. A rotation by 90° gives an equivalence between
the first and second imbeddings. A reflection in a horizontal line through the
vertex y yields an equivalence of the second and third imbeddings. However, the
fourth imbedding is not equivalent to any of the previous three.

Two imbeddings i: G — S and j: G — T are cailed “weakly equivalent” if
there is a homeomorphism A: § — T such that h(i(G)) = j(G). For instance,

N L0
h__‘</d> <\Q>

Figure 3.5. An imbedding in the sphere.
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Figure 3.6. Four 1mbedd1ngs of the same tree.

the fourth imbedding in Figure 3.6 is weakly equivalent to the other three. It
will become apparent in Section 3.2 that equivalence is easier to analyze than
weak equivalence, although it may seem at first less natural. In any case, it
must be remembered that any discussion of equivalence here presumes that the
vertices and edges of the imbedded graph have been labeled. “ Congruent” is a
possible synonym for “weakly equivalent”.

Given a 2-cell imbedding G — S, the “dual imbedding” G* — S is defined
as in Chapter 1: the vertices of G* correspond to regions of the imbedding
G — § and vice versa. The dual graph gives an efficient description of the
incidence relationship among the regions of an imbedding, for which purpose
it is used extensively in Section 3.3.

3.1.5. Representing Surfaces by Polygons

One way to present a surface with a given triangulation is simply to list (or
draw) every triangle with each of its sides directed and labeled. The surface is
then assembled by identifying the two sides that have the same label so that
the directions agree. The homeomorphism doing the identifying for a particu-
lar edge does not matter, since any two triangulated surfaces obtained from
the same labels and directions have the same underlying abstract simplicial
complex and hence are homeomorphic. If desired, one may “preassemble”
some of the triangles into larger polygons whose labeled sides are to be
identified later to obtain the given surface. In fact, such preassembly permits
one to represent any compact connected surface by a single polygon with
labeled and directed sides (similarly to what was done in Chapter 1 for the
torus). A label that appears only once corresponds to an edge in the boundary
of the surface.

Example 3.1.6. In Chapter 1 the projective plane was defined to be the surface
obtained by identifying the boundary of a disk to the boundary of a Mébius band.
In Figure 3.7, polygon 2 becomes a Mobius band when the b-edges are
identified. Thus the hexagon formed by polygons 1, 2, and 3 represents the
projective plane. If the consecutive sides a, b, ¢ are considered to be just one edge,
we get the simpler representation on the right of Figure 3.7. In particular, the
projective plane can be viewed as the closed unit disk with antipodal points on the
unit circle identified in pairs. Thus, the definition given here for a projective plane
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Figure 3.7. Two representations of the projective plane.

corresponds to that given in geometry as the space of lines through the origin in
R? (represented by points on the northern hemisphere of the unit sphere with
antipodal points on the equator identified).

Example 3.1.7. The Klein bottle was defined in Chapter 1 as the surface
obtained by identifying the boundaries of two Mdbius bands to the boundary of a
sphere with two holes. Since a sphere with two holes is homeomorphic to an
annulus and identifying one boundary component of an annulus to a Mobius band
still leaves a Mobius band (with a “collar” on its boundary), the Klein bottle can
also be viewed as the surface obtained by identifying the boundaries of two Mobius
bands alone. In Figure 3.8, polygon 2 becomes a Mobius band when the b-edges
are identified. Polygons 1 and 3 also form a single Mébius band when their edges
are identified (first identify the d-edges to get a rectangle like polygon 2). Thus
the polygons 1, 2, and 3 together represent the Klein bottle. On the right in
Figure 3.8 is a simpler representation.

If the direction of one copy of edge e in Figure 3.7 is reversed, the resulting
surface is the sphere. Similarly, if the direction of one copy of edge e in Figure
3.8 is reversed, the resulting surface is the torus.

Example 3.1.8. If all the identifications are performed on the two polygons in
Figure 3.9 except on the sides labeled e, one obtains two tori each with a
puncture. When the e-sides are then identified, the result is a surface of genus 2.

d
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Figure 3.8. Two representations of the Klein bottle.
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Figure 3.10. Three views of the same toroidal imbedding of K.M minus a 1-factor.
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If the e-sides were identified first, a representation of a genus-2 surface by a
single eight-sided polygon would be obtained.

A picture of a graph imbedding can be drawn on a polygon with identified
sides, as in Chapter 1. When a graph edge hits a side it continues at the other
identified side. The sides of the so-called outer polygon are sometimes allowed
to be edges of the graph also.

Example 3.1.9. An imbedding in a torus of K, , with a 1-factor removed is
given on the left in Figure 3.10. The sides of the “outer’ rectangle are not edges
of the graph. The four six-sided regions of this imbedding (labeled 1,2,3,4) can
be reassembled to give the middle imbedding, in which the outside edges are to be
identified in pairs as usual. This time the “outer” polygon’s sides are edges of the
graph. On the right is the same imbedding with the path e f g straightened.

3.1.6. Pseudosurfaces and Block Designs

A ““pseudosurface” is the carrier of a 2-complex in which every 1-simplex is a
face of exactly two 2-simplexes. Every point in a pseudosurface except for the
underlying points of some vertices has a neighborhood homeomorphic to the
interior of the unit disk. A neighborhood of the underlying point of a vertex,
however, is in general homeomorphic to a finite number m of disks all of
whose centers have been identified to the single vertex. If m > 1 then the point
is called a “singular point of the pseudosurface”. Thus a pseudosurface can be
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Figure 3.11. A ]pseudosurface with its singular points darkened.

viewed as a surface in which finite sets of points are identified. Figure 3.11
shows a typical pseudosurface.

Alpert (1975) showed that covering space techniques could be useful in
constructing triangulated pseudosurfaces that represent “twofold triple sys-
tems”’, thereby reviving interest in the connection between block design and
topological graph theory explored earlier by Heffter (1897) and Emch (1929).
Subsequent advances in exploiting this connection were achieved by White
(1978) and Garman (1979). The basic ideas are easy enough to explain.

A “block design” consists of a set V of objects and a set B of subsets of V,
called “blocks”, such that (i) each object appears in the same number of
blocks, called the “replication number”, and (ii) each block has the same
number of objects, called the “blocksize”. If every pair of objects appears in
the same number of blocks, called the “balancing index”, then the design is
called “balanced”. A trivial kind of balanced block design has every object in
every block, and is called a “complete” block design. If the blocksize is less
than #V then the design is called “incomplete”.

Balanced incomplete block designs, abbreviated BIBDs, are important to
statisticians because they facilitate the design of experiments on samples of
limited size. They are also of considerable interest to algebraists and combina-
torial analysts.

A twofold triple system is a BIBD with blocksize equal to 3 and balancing
index equal to 2. Alpert proved that there is a bijective correspondence
between the twofold triple systems and the (equivalence classes of) triangula-
tion of closed pseudosurfaces by complete graphs. This topological insight
facilitates an easy proof that some classical twofold triple systems of
Bhattacharya (1943) and Hanani (1961) are distinct and that they are also
distinct from new twofold triple systems that Alpert developed from the
Ringel-Youngs constructions in cases 1, 6, 9, and 10 of the Heawood
map-coloring problem.

White and Garman both explored the extension to “partially” balanced
incomplete block designs with two association classes of objects. These associ-
ation classes partition the objects so that pairs of objects from one class have
one balancing index while pairs from the other class have another balancing
index. To obtain his results, Garman formally extended the imbedded voltage
graph construction described in Chapter 4 to voltage graphs imbedded in
pseudosurfaces.
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Figure 3.12. An orientation for an annulus and an attempt at an orientation for a Mdbius band.

3.1.7. Orientations

Each face of an imbedding G — S has two possible directions for its boundary
walk. A face is assigned an “orientation” by choosing one of these two
directions. An “orientation for the imbedding” G — S is an assignment of
orientations to all the faces so that adjacent regions induce opposite directions
on every common edge. If the graph G is the 1-skeleton of a triangulation of
the surface S, then an orientation for the imbedding G — S is called an
“orientation of the triangulation”. A surface is “orientable” if it has an
imbedding with an orientation.

It is a simple matter to test whether a given connected imbedding G — S
has an orientation. First, assign an arbitrary orientation to a particular face.
This forces an orientation of each face that shares an edge with the original
face. Since the surface is connected, the process can be continued until the
orientation of each face has been forced. Either the result is an orientation for
the imbedding or else the given imbedding has no orientation.

Example 3.1.10. An orientation for a triangulation of an annulus is given on the
left in Figure 3.12. On the right is an attempt at orienting a Mobius band. Since
the attempt fails, this triangulation has no orientation. Indeed, it is clear that no
sequence of adjacent 2-simplexes along the central horizontal line of a Mobius
band can be oriented to achieve an orientation for the surface. Thus a Mobius
band is not orientable.

Example 3.1.10 is, in fact, quite general. If a surface contains a subset
homeomorphic to a Mdbius band, it cannot be orientable. Conversely, suppose
a triangulation of a surface has no orientation. Then starting from an
orientation of a fixed 2-simplex, a chain of adjacent 2-simplexes can be formed
that is homeomorphic to a Mobius band.

3.1.8. Stars, Links, and Local Properties

Two important types of subcomplexes enable us to define “local” properties of
a graph. Let us suppose that K is a simplicial complex of arbitrary dimension.

The “star” of a vertex v is defined to be minimal subcomplex of K that
contains every simplex of K that is incident on v. In particular, if K is a
graph, then for any vertex v, star(v) is the subgraph consisting of all the edges
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incident on v and the endpoints of those edges. Such a graph does actually
look something like a heavenly star, which 1s the inspiration for the terminol-
ogy. A topological space X i1s a closed surface if and only if there is a
triangulation of X in which the carrier of the star of each vertex is homeomor-
phic to a closed disk.

The “link” of a vertex v is defined to be the maximal subcomplex of star(v)
that does not contain v itself. If K is a graph, then link(v) is the totally
disconnected graph comprising the neighbors of v and no edges. If the carrier
of K is a surface, then the link of every vertex is a cycle through its neighbors.
If the carrier of K is a pseudosurface, then the link of a singular vertex is the
disjoint union of two or more cycles.

The standard definition of a “local property” of a complex K is to say it is
a property that is true of the star or the link of every vertex. In the case of
graphs, we sometimes associate it with the subgraph induced by the link of a
vertex.

For instance, we might say that a graph is “locally hamiltonian™ if for every
vertex v, the subgraph induced by link(v) is hamiltonian. The principal of this
concept is that a graph cannot triangulate a surface unless it is locally
hamiltonian.

3.1.9. Exercises

1. Which points in the given set X fail to have a neighborhood homeomor-
phic to the unit disk?

(@) X={(x,y 2)|xyz=0}
b) X ={(x,y,2)]|x*+y*=2z?)}.
2. Prove that the r-skeleton of a simplicial complex is a simplicial complex.

3. Figure 3.3 shows the first barycentric subdivision of the 2-complex
consisting of a 2-simplex and its faces. Prove that the first barycentric
subdivision is itself a simplicial complex.

4. Draw imbeddings in the plane of the 1-skeleton of the first two 2-com-
plexes in Figure 3.1. Show that the 1-skeleton of the first barycentric
subdivisions of these 2-complexes do not have planar imbeddings. ( Hint:
Show that the first contains K, ; and that the second contains K.)

S. Find a 2-complex that cannot be imbedded in the sphere (or for that
matter in any surface) but whose first barycentric subdivision has a
1-skeleton that is imbeddable in the plane.

6. Let v, = (cos27/n, sin27/n) € R? for n =1,2,... . Consider the col-
lection K of all simplexes of the form (v,,v,.,) or (v,) forn=1,2,....
If the restrictions of finiteness were deleted from the definition of
simplicial complex, would K be a simplicial complex? Could K triangu-
late the unit circle?
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10.
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12.

13.

14.
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16.

17.

18.
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Draw a triangulation of the projective plane, trying to use as few
triangles as possible.

The directions and edge labels for a polygonal representation of a surface
can be coded simply by giving a closed walk around the boundary of
each polygon. Thus the “outer” polygon on the left of Figure 3.8 could
be coded as dcbad™' cba. The projective plane polygon on the right of
Figure 3.7 would be ee. Thus to any list of “words” using edge labels
and their inverses, such that each edge label is used exactly twice, we can
associate a surface. What surface does the list {abac™!, bc) represent?
What surface does {aba~' ¢!, bc) represent?

It should be clear that cyclically permuting or inverting any word coding

a polygon (see Exercise 8) corresponds only to choosing a different initial

edge or direction for the closed walk around the polygon and hence does

not change the surface being represented. Explain why the following

operations do not change the surface either.

(a) Replace the two words A e, e ! B by the single word A4 B (a picture
will suffice).

(b) Replace the word 4 BA°C by the word x Bx*C where e = +1.

(c) Replace Aee ! B by AB.

Use the operations described in Exercise 9 to find out what surface the

list {aba 'cd,c tef !, b~ e ! fd !} represents.

How does one recognize when a surface represented by one word

(Exercise 8) is nonorientable? Suggest an algorithm for determining

whether a connected surface represented by a list of more than one word

i$ nonorientable.

Prove that equivalence and free equivalence of imbeddings are equiv-
alence relations.

Find an imbedding of the tree in Example 3.1.5 that is not equivalent to
any of the imbeddings shown in Figure 3.6.

Prove that any two imbeddings of a tree having largest valence 3 are
weakly equivalent. Give an example of a tree having two imbeddings that
are not freely equivalent.

Draw an imbedding of the complete graph K on the torus as a polygon
whose sides are edges of K (see Example 3.1.9). Do the same for K.

Draw a 2-cell imbedding of K in a polygonal representation of a surface
of genus 2 (see Example 3.1.8). Be sure the imbedding is cellular. How
many faces does it have?

Prove that if two regions of an imbedding G — S have the same
boundary walk, then the graph G is a cycle.

Give an imbedding of K in the pseudosurface obtained by identifying
two points on the sphere. Prove that K¢ cannot be imbedded in this
pseudosurface.
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3.2. BAND DECOMPOSITIONS AND GRAPH IMBEDDINGS

When a surface is formed as in Section 3.1 by pasting polygons to each other,
the vertices and edges of the polygons fit together to form a graph imbedded
in that surface. Alternatively, one might begin with a graph and attach
polygons to it so that a surface is formed. This can be achieved, as we see in
this section, without explicit mention of the polygons. Instead, we begin with a
graph and add some combinatorial structure that implicitly describes the
polygons, the surface to be obtained, and the imbedding.

3.2.1. Band Decomposition for Surfaces

Let G — S be a 2-cell imbedding of a graph in a surface. One can surround
each vertex of the graph G by a small disk in the surface S and each edge of G
by a thin band so that the union of all disks and bands is a neighborhood of G
in S whose shape preserves that of the graph itself. The complement in S of
this neighborhood consists of a family of disks, one just inside each face of the
imbedding. This decomposition of the surface into bands and (two kinds of)
disks is now described in detail.

Define a “1-band” to be a topological space b together with a homeo-
morphism h: I X I - b, where I denotes the unit interval [0,1]. The arcs
h(I X {j}) for j=0,1 are called the “ends” of the band b, and the arcs
h({j} X I), for j = 0,1, are called the “sides” of 4. A “0-band” is simply a
homeomorph of the unit disk, as is a “2-band”.

A “band decomposition” of the surface S i1s a collection B of 0-bands,
1-bands, and 2-bands satisfying these conditions:

Different bands intersect only along arcs in their boundaries.
The union of all the bands is S.

Each end of each 1-band is contained in a 0-band.

Each side of each 1-band is contained in a 2-band.

I A

The 0-bands are pairwise disjoint and the 2-bands are pairwise disjoint.
The corresponding “reduced band decomposition” B omits the 2-bands.

Example 3.2.1. Figure 3.13 shows a graph imbedding and the associated
reduced band decomposition. The 0-bands assume the names of their respective
vertices and the 1-bands assume the names of their respective edges.

A band decomposition of a surface is the two-dimensional version of the
topological construction known as a “handle decomposition” of an »n-mani-
fold. The manipulation of bands as used in this chapter to classify the surfaces
has higher-dimensional analogs that were instrumental in Smale’s proof (1961)
of the Poincaré conjecture in higher dimensions [see also Milnor (1965a)]. Use
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Figure 3.13. (left) An imbedding of a graph with two vertices and three edges in the Klein bottle.
(right) The corresponding reduced band decomposition.

of band decompositions in the study of surfaces can be found implicitly in
Griffiths (1976). For the more traditional approach of sewing together labeled
polygons, see Blackett (1967).

3.2.2. Orientability

A band decomposition is called “locally oriented” if each 0-band is assigned
an orientation. Then a 1-band is called “orientation-preserving” if the direc-
tions induced on its ends by adjoining 0-bands are the same as those induced
by one of the two possible orientations of the 1-band; otherwise the 1-band is
called “orientation-reversing”. These two possibilities are illustrated in Figure
3.14.

An edge e in the graph imbedding associated with a locally oriented band
decomposition is said to have “(orientation) type 0 if its corresponding
1-band is orientation preserving, and “(orientation) type 1 otherwise. A walk
in the associated graph has type 1 if it has an odd number of type-1 edges and
has type 0 otherwise.

Remark. The designation of orientation reversing for a 1-band depends only on

the orientations chosen for its adjoining 0-bands and does not necessarily imply
nonorientability of the associated surface. Rather, the surface is nonorientable if

C—1© CO=><C©

C>C© G —©

Figure 3.14. Two orientation preserving bands (left) and two orientation reversing bands (right).
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and only if there exists a type-1 cycle in the associated graph, which implies
immediately that the surface contains a Mobius band. For instance, the cycle
e,, e5 in Figure 3.13 has type 1, no matter what the choice of local orientations.

In searching for type-1 cycles, it is often advantageous first to reverse the
orientation of some 0-bands. This obviously does not change the surface.
However, when the orientation of a O-band is reversed, this changes the
orientation type of every proper edge incident on the corresponding vertex
(the orientation type of a loop does not change).

Example 3.2.2. Consider the reduced band decomposition shown on the left in
Figure 3.15. First, reverse the orientation of the 0-band labeled u. Then reverse
the orientation of the 0-band v. The resulting decomposition has no orientation
reversing 1-bands, so the underlying surface is orientable, despite all the twisted
1-bands in the leftmost drawing.

Orientability Algorithm. To determine whether the surface S corresponding to a
given band decomposition is orientable or not, first choose a spanning tree T for
the associated graph G. Next choose a root vertex u for T and an orientation for
the 0-band of u. Then for each vertex v adjacent to u in the tree T, choose the
orientation for the 0-band of v so that the edge of T from u to v has type 0.
Continue this process on the tree T until every 0-band has an orientation. That is,
if v and w are adjacent in T and if the orientation at v has already been
determined, then choose whichever orientation at w makes the edge from v to w
have type 0. No conflicts in choice of orientation arise since T is a tree. The result
is a band decomposition such that every edge in the tree T has type 0. Any type-1
edge in G — T forms a closed walk with a path in T joining its endpoints. Since
every walk in T has type 0, such a closed walk would have type 1. Thus the
surface S is nonorientable if and only if some edge in the complement G — T has

type 1.
—
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Figure 3.15. Reversing the orientation of the (0-bands « and v.
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3.2.3. Rotation Systems

We wish to develop a convenient method of describing a band decomposition
or, equivalently, a graph imbedding G — S. One first observes that the
2-bands are not really needed to define the surface S, since the union of the
0-bands and 1-bands is a surface with boundary, and since there is essentially
only one way to fill in the faces to complete the closed surface. The second
part of this explanation follows from Lemma 3.2.1, whose truth may seem
intuitively obvious, but whose proof is actually rather delicate and involves
more topology than we care to consider here.

Lemma 3.2.1. Let S and T be surfaces with the same number of boundary
components. Let S’ and T' be closed surfaces obtained by identifying the
boundaries of disks to the boundary components of S and T, respectively. Then
the surfaces S and T are homeomorphic if and only if the surfaces S’ and T' are
homeomorphic. O

Observe that Lemma 3.2.1 validates the omission of 2-bands as in Figures
3.13 and 3.15. Since the surface defined by the 0-bands and 1-bands can be
drawn in 3-space, while the whole surface sometimes cannot, the boon to
visual intuition is considerable.

Thus, to describe a graph imbedding G — S or its band decomposition, one
need specify only how the ends of the 1-bands are to be attached to the
0-bands. This is done by labeling a disjoint collection of arcs in the boundary
of each 0-band by the names of edges incident on the vertex surrounded by
that 0-band. Each arc of 1-band attachment is directed by the assigned
orientation of the given 0-band. The ends of each 1-band are then directed and
identified to the arcs labeled by the corresponding edge. The lengths of the
arcs do not matter. As complicated as this sounds, it means that one need only
provide for each vertex an ordered list, unique up to a cyclic permutation, of
the edges incident on that vertex and a designation of orientation preserving
or reversing to each 1-band (to tell which way the ends are pasted), or
equivalently, whether the corresponding edge is type 0 or type 1.

Example 3.2.3. For instance, if we orient the O-bands of Figure 3.13 both to be
clockwise on the page, we have the following combinatorial description, where the
superscript “‘1” designates a type-1 edge and the absence of a superscript a type-0
edge:

, o1
V. € e,e;,

v,. eje; e,

To make this method of combinatorial description precise, we define a
“rotation” at a vertex v of a graph to be an ordered list, unique up to a cyclic
permutation, of the edges incident on that vertex. Naturally, every v-based
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loop is mentioned twice in the rotation at v. Let a “rotation system” on a
graph be an assignment of a rotation to each vertex and a designation of
orientation type for each edge. Then the preceding discussion can be sum-
marized by the following theorem, used extensively by Ringel in the 1950s.
The first formal proof was published by Stahl (1978).

Theorem 3.2.2. Every rotation system on a graph G defines (up to equivalence
of imbeddings) a unique locally oriented graph imbedding G — S. Conversely,
every locally oriented graph imbedding G — S defines a rotation system for G.

O

3.2.4. Pure Rotation Systems and Orientable Surfaces

Let the graph G have an imbedding in an oriented surface S. If the 0-bands of
the associated band decomposition are given local orientations consistent with
the orientation of the surface S, then every 1-band will be orientation-preserv-
ing. Conversely, any rotation system for the graph G such that every edge has
type 0 induces an imbedding in an orientable surface (obtained by supplying
the 2-bands) and a specific orientation of that surface. Theorem 3.2.3 sum-
marizes this discussion. For the sake of brevity we define a “pure rotation
system” for a graph to be one in which every edge has type 0.

Theorem 3.2.3. Every pure rotation system for a graph G induces (up to
orientation-preserving equivalence of imbeddings) a unique imbedding of G into
an oriented surface. Conversely, every imbedding of a graph G into an oriented
surface induces a unique pure rotation system for G. O

Like Ringel (1974), we think it appropriate to ascribe credit for Theorem
3.2.3 jointly to Heffter (1891) and Edmonds (1960). See the Historical Note at
the end of the section.

3.2.5. Drawings of Rotation Systems

There is a particularly simple way to incorporate into a drawing of a graph a
rotation system for the graph: just be sure the clockwise order of the edges
incident on a vertex in the drawing agrees with the assigned rotation at the
vertex. The easiest way to do this is to draw first a dot for each vertex with
spokes radiating from the dot labeled in clockwise order according to the
rotation at the vertex. Then curves are drawn joining spokes with the same
label. Finally, all type-1 edges are marked with a cross. The resulting drawing
is called a “projection” of the given rotation. For instance, Figure 3.16 shows
a projection of the pure rotation system defined by the toroidal imbedding of
K, , minus a 1-factor given in Figure 3.10. For this projection a judicious
choice of the “under” edge at each crossing helps make the surface “ visible”.
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\\_._I.-—/ Figure 3.16. A rotation projection with no type-1 edges.
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Figure 3.17. A rotation projection for K, and the corresponding reduced band decomposition.

If a given graph is simplicial, then the list format of a rotation system may
give adjacent vertices instead of edges. This is called the “ vertex form of a
rotation system”. In this context, it is also natural to list only the sequence of
vertices in a boundary walk.

Example 3.2.4. The rotation system for K , whose projection is illustrated on the
left in Figure 3.17 can be given a list format in either the edge form or the vertex

form.
u. c'ba u. x'wo
v. fad V. Xuw
w. dbe W. Dux
x. efc x. wou'

The corresponding reduced band decomposition is given at the right. By tracing
along the boundary of this reduced band decomposition surface, one easily verifies
that the imbedding has two faces uvxwuxwuvx and uvw in vertex form, or
afebcedfc and adb in edge form.

3.2.6. Tracing Faces

Given a rotation system for a graph, one frequently needs to obtain a listing or
enumeration of the boundary walks of the reduced faces. If the rotation
system i1s given by a projection, then the procedure is well illustrated in
Example 3.2.4. First, thicken each edge into a 1-band, and give the band a
twist if the edge is type 1. Then simply trace out, say with a pencil, the



Band Decompositions and Graph Imbeddings 115

boundary components of the resulting surface. On the other hand, if the
rotation system is given in list format, for example, as computer input, then
this geometric method is impossible. Some thought about the geometric
method should convince the reader that the following Face Tracing Algorithm
i1s correct. We first introduce some helpful terminology. If the rotation at
vertex v is ... de... (up to a cyclic permutation), then we say that d is “the
edge before e at v”, that e is “the edge after d at v”, and that the edge pair
(d, e) 1s a “corner at v with second edge e”.

Face Tracing Algorithm. Assume that the given graph G has no 2-valent
vertices. Choose an initial vertex v, of G and a first edge e, incident on v,. Let v,
be the other endpoint of e, . The second edge e, in the boundary walk is the edge
after (resp., before) e, at v, if e, is type O (resp., type 1). If the edge e, is a
loop, then e, is the edge after (resp., before) the other occurrence of e, at v,. In
general, if the walk traced so far ends with edge e; at vertex v,, then the next
edge e, is the edge after (resp., before) e, at v, if the walk so far is type 0
(resp., type 1). The boundary walk is finished at edge e, if the next two edges in
the walk would be e, and e, again. To start a different boundary walk, begin at
the second edge of any corner that does not appear in any previously traced faces.
If there are no unused corners, then all faces have been traced.

Observe that the walk does not necessarily stop when the first edge e, is
encountered a second time; we might not be on the same side of e, as at the
beginning. The followup by the edge e, is what confirms that we are on the
original side of e,, assuming of course that the vertex v, does not have valence
2 (see Exercise 14).

Example 3.2.5. Consider the rotation system

u. a'fbd a'e' be
v. cfg
W. el 1d1g

Begin the first face at vertex u with the edge a at the corner (c, a). The next edge
in the boundary walk is d, the edge before (since the walk a is type 1) the other
occurrence of the edge a at the vertex u. The next edge is g, the edge after d
(since the walk ad is type 0) at the vertex w. The next edge is c. Since the
following two edges would be a and d again, the walk terminates with c, yielding
the face adgc. Since the corner (a, f) has not yet appeared, we can begin a
second boundary walk with edge f at vertex u. This time the face fgea is
obtained. The third and fourth faces bcf and deb are obtained in a similar
fashion by starting with edge b from corner (f, b) and edge d from corner (b, d).
Figure 3.18 shows these four faces, first separately, then assembled together.
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Figure 3.18. The faces from Example 3.2.5 assembled into a Klein bottle, so that the local
orientations at vertices u, v, and w are correctly completed.

Example 3.2.6. The rotation system

t. dlbe!
u. fd'a
v. c'bal
w. cef

has as its faces the polygons dfe, bad, ecbh, and fca. When these faces are
assembled, they yield a 2-sphere. Thus, as we have mentioned, the existence of
orientation reversing edges need not mean that the surface is nonorientable,
provided that no cycle contains an odd number of orientation reversing edges.

3.27. Duality

Let B be a band decomposition of the surface S. Suppose each 2-band has
been given a specific orientation. The dual band decomposition of B, denoted
B*, is defined by letting the i-bands of B be the (2 — i)-bands of B*, for
i =0,1,2; the ends of each 1-band of B become the sides of the corre-
sponding 1-band of B* and vice versa. If G — S is the graph imbedding
associated with the decomposition B, then the imbedding associated with B*
is naturally the dual imbedding G* — S*.

Let e be an edge of the imbedding G — S associated with the decomposi-
tion B. The orientation type of the dual edge e* depends on the choice of
orientations for the 2-bands of the primal imbedding or, equivalently, on the
direction given to the closed walk around the boundary of each primal face.
The edge e appears twice in the course of listing all directed face boundaries.
If the two appearances have opposite directions, then the dual edge e* is type
0; otherwise it is type 1. Thus, in Example 3.2.4, if the directed boundaries are
uvxwuxwovx and uvw, then (ux)*, (vw)* and (wx)* are type 0, whereas
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(uv)*, (uw)*, and (v x)* are type 1. If the direction uwv replaces direction
uvw for the second face, then (#v)* and (¥w)* become type 0; the dual edge
(vw)* becomes type 1, and the loops (ux)*, (wx)*, and (wv)* remain the
same.

If the surface S is orientable and all face orientations are chosen to agree
with one orientation for S, then all the dual edges are type O.

3.2.8. Which 2-Complexes Are Planar?

One possible way to view the 2-cells in a 2-complex K (simplicial or not) is as
restrictions on the possible rotation systems for its 1-skeleton. That is, if two
edges are consecutive on the boundary of any 2-cell of K, then they must be
consecutive in every rotation at their common vertex, or else the rotation
system would not extend the 2-complex K to a surface.

Using rotation systems, it is not difficult to prove that if the star of every
vertex of the 2-complex K is planar—in which case we say that K is “locally
planar’—then K has an imbedding in some closed surface. Harary and Rosen
(1976) give a complete proof of the folk theorem that characterizes the absence
of local planarity in terms of a single obstruction. A “thumbtack” is a
topological space homeomorphic to the following subset of R*:

{(x,y,0)|x*+y><1} U {(0,0,2)0 <z < 1)

The characterization is that a 2-complex is not locally planar if and only if it
contains a thumbtack.

One might guess naively that a locally planar 2-complex is planar if and
only if its 1-skeleton is planar. However, Figure 3.1 contains a counterexample
to that assertion. In particular, the 2-complex on the left has a planar
1-skeleton, 1somorphic to K — e. However, the 2-complex on the right has the
same topological space as its carrier, and its 1-skeleton contains K, ;.

Gross and Rosen (1981) prove that a simplicial 2-complex is imbeddable in
the sphere if and only if it is locally planar and the 1-skeleton of its first
barycentric subdivision is planar. If the 2-complex in question is not simpli-
cial, it can first be subdivided into a simplicial complex before applying this
test. In a sequel, Gross and Rosen (1979) prove that reducing the planarity
question for an arbitrary 2-complex to testing the planarity of a graph can be
accomplished in linear time in the number of vertices of the 2-complex.

Historical Note. The earliest form of Theorem 3.2.3 was implicitly given in a
dualized vertex form by Heffter (1891) and used extensively by Ringel in the
1950s. Evidently unaware of the existence of this work, Edmonds (1960)
invented the primalized vertex form, and its details were subsequently made
accessible by Youngs (1963). The full generalization to all graphs, simplicial or
not, requires the switch from the vertex form to the directed-edge form, and it
was developed by Gross and Alpert (1974).
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3.2.9. Exercises

1.

3.

4.
5.
6.
7.

9.

Consider the pure rotation system

u. cbd x. abg

v. ajh y. idf
w. ecfe z. hijg

Draw a projection of this rotation system and list the faces.

Consider the pure rotation projection given in Figure 3.19. Write out the
rotation system and list the faces.

Suppose that the edges a, d, e, and h in Exercise 1 were type 1. Draw
the 0-bands and 1-bands of the corresponding band decomposition. Then
list the faces.

Suppose that the edges a, d, h, and i in Exercise 2 were type 1. List the
faces of the resulting imbedding.

Draw a rotation projection for an imbedding of K¢ on a torus.

Suggest a way of describing a rotation system using an incidence matrix.
Suggest a way of describing a rotation system for a simplicial graph using
an adjacency matrix.

How many inequivalent vertex-labeled imbeddings in orientable surfaces
does K, have?

Show that there are at most 5!(3!)® labeled imbeddings of K, in
orientable surfaces having six three-sided faces meeting at vertex 1.
Conclude that the fraction of labeled orientable imbeddings of K, that
have all faces triangular is less than 1.6 X 1078,

/\/
</ \
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Figure 3.19. A rotation projection.



The Classification of Surfaces 119

<[>~

Figure 3.20. A rotation system for a cubic graph. Hollow dots have counterclockwise rotation.
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12.

13.

14.
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Figure 3.21. Two rotation projections.

4

Let G = S be an imbedding. Suppose that f; and f, are two distinct
faces of the imbedding whose boundaries share the edge e. Let G" — S’
be the imbedding obtained from the rotation system for G— S by
“giving the edge e an extra twist” (that is, by changing the orientation
type of e). Show that the imbedding G — S’ has one less face than the
imbedding G — S.

Use Exercise 10 to show that every connected graph has an imbedding
with only one face (Edmonds, 1965).

Let G be a regular graph of valence 3. Each vertex has exactly two
possible rotations. Thus a rotation system for G can be given from a
drawing of G in the plane by, say, a hollow dot for a vertex whose
rotation is counterclockwise in the drawing and a solid dot if clockwise.
How many faces are there in the rotation system given by this method in
Figure 3.20?

Two rotation projections are given in Figure 3.21. Choose a spanning tree
in each graph and reverse some vertex orientations so that each edge in
the spanning tree is type 0. Then determine which of the two surfaces is
orientable.

Show by an example that the procedure given in the Face Tracing
Algorithm for terminating a boundary walk may stop the walk too soon
if the vertex v, is 2-valent. Suggest a way of handling 2-valent vertices.

THE CLASSIFICATION OF SURFACES

It is a remarkable fact of low-dimensional topology that the surfaces
So> S, S5, ... form a complete set of representatives of the homeomorphism
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types of closed, connected, orientable surfaces, and moreover, that they are
distinguishable by a single integer-valued invariant, the Euler characteristic.
Similarly, the surfaces N;, N,, N;,... form a complete set of representatives of
the homeomorphism types of closed, connected, nonorientable surfaces, and
they too are distinguishable by Euler characteristic.

The proof of the classification theorem is facilitated by a designation of
convenient models of the surfaces. As a model of S, we take the surface of an
unknotted g-holed solid doughnut in 3-space.

A “meridian” in this model is a topological loop on S, that bounds a disk
in the g-holed solid that does not separate the solid. The topological closure of
the complement of the g-holed solid is also a g-holed solid doughnut. A
“longitude” on S, is a topological loop that bounds a disk in the complemen-
tary solid that does not separate the complementary solid. Figure 3.22 shows a
three-holed solid doughnut and standard sets of meridians and longitudes.

As a model of N, we take the surface obtained from a sphere by first
deleting the interiors of k& disjoint disks and then closing each resulting
boundary component with a Mébius band. No closed nonorientable surface is
imbeddable in 3-space.

The classifications are derived in three steps. The first step is to calculate an
Euler characteristic—relative to a particular cellular imbedding of a particular
graph-—for each of the standard surfaces. Second, we show that the Euler
characteristic is an invariant of every standard surface, that is, it is indepen-
dent of the choice of a graph and of the choice of an imbedding (provided that
the imbedding is cellular).

Since the standard orientable surfaces have different Euler characteristics, it
follows from the second step that no two of them are homeomorphic.
Similarly, the nonorientable standard surfaces are pairwise distinct. In the
third step, we introduce the concept of “surgery” to prove that every closed
surface is homeomorphic to one of the standard surfaces.

> _
>/\<

meridians
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Figure 3.22. An unknotted 3-holed solid doughnut in 3-space, with standard meridians and
longitudes.
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3.3.1. Euler Characteristic Relative to an Imbedded Graph

The “(relative) Euler characteristic of a cellular imbedding” G — S of a
connected graph into a closed, connected surface is the value of the Euler
formula #V — #FE + #F, and it is denoted x(G — S). In the course of
proving the classification theorems we will prove that this number depends
only on the homeomorphism type of the surface S and not on the choice of a
graph G or its imbedding.

Theorem 3.3.1.  For each orientable surface S, (g = 0,1,2,...) there exists a
connected graph G and a cellular imbedding G — S, whose Euler characteristic
satisfies the equation X(G — S,) = 2 — 2g.

Proof. Theorem 1.4.1 implies this result for g = 0. For g > 0, let the
vertices of the graph G be the g intersection points of a standard set of g
meridian-longitude pairs on the surface S,. The edges of G include the g
meridians, the g longitudes, and a set of g — 1 “bridges” that run directly
between consecutive intersection points. Thus, the graph G has g vertices and
3g — 1 edges. One verifies by an induction on g that there is only one face
and that it is a 2-cell. It follows that x(G = S,) =g —-(3g - 1)+ 1 =2 - 2g.

O

Theorem 3.3.2. For each nonorientable surface N, (k = 0,1,2,...) there is a
graph G and a cellular imbedding of G into the surface N, such that x(G — N,)
=2 - k.

Proof. For k = 0, this is true by Theorem 1.4.1. For k > 0, choose a point
on the center loop of each of the k crosscaps as a vertex of G. The edges of G
are the k center loops plus k — 1 bridges to link the vertices to each other.
Thus, there are k vertices and 2k — 1 edges. An induction argument on the
number k proves that there is only one face and that it is a 2-cell. Therefore,

x(G>N)=k-Qk—-1)+1=2—-k. O

3.3.2. Invariance of Euler Characteristic

The choice in Theorem 3.3.1 and in Theorem 3.3.2 of particular cellular
imbeddings in the standard surfaces was designed to simplify the calculation
of their Euler characteristics. We shall now see that for every one of the
standard surfaces, the value of the Euler formula #V — #F + #F is indepen-
dent of the selections of a graph and of a cellular imbedding.

It follows immediately from the invariance of the Euler characteristic of the
standard surfaces that they are mutually distinct, because if two orientable
surfaces differ in genus or if two nonorientable surfaces differ in crosscap
number, then they differ in Euler characteristic. Establishing the invariance of
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the Euler characteristic, and thereby, the distinctness of the standard surfaces,
is the second step in the classification of surfaces.

Theorem 3.3.3 (The Invariance of Euler Characteristic of Orientable Surfaces).
Le't2 G —2> S, be a cellular imbedding, for any g =0,1,2,... . Then x(G — S,)
= —_— g.

Proof. Theorem 1.4.1 implies that the conclusion holds for the sphere S,.
As an inductive hypothesis, assume that it holds for the surface S, and
suppose that the graph G is cellularly imbedded in S, ;.

First, draw a meridian on S, so that it meets the graph G in finitely many
points, each in the interior of some edge of G and each a proper intersection,
not a tangential intersection. If necessary, we subdivide edges of G so that no
edge of G crosses the meridian more than once, which does not change the
relative Euler characteristic of the imbedding into S,.,. Next thicken the
meridian to an annular region R, as illustrated in Figure 3.23.

A homeomorphm copy of S, can be obtained by excising from S, ., the
interior of region R and by then capping off the two holes with disks. We now
construct a cellular imbedding G” — S,. The vertex set of the graph G’ is the
union of the vertex set V; and the intersection set of G with the boundary of
R. If the graph G intersects the meridian in p places and if the region R is
selected to be adequately narrow, then #V; = #V, + 2p.

The edge set E. contains all the #E; — p edges of G that do not cross the
meridian. Furthermore, it contains the arc segments on the boundary compo-
nents of the region R that connect adjacent points of intersection of
boundary(R) and G. Since G intersects the meridian in p places, there are p
such arcs on each boundary component, for an additional subtotal of 2 p. The
edge set E. also contains the segments of edges of G that run from vertices of
G to intersections of G and boundary(R). There are 2 p such segments in all.
Thus,

HE, = (#E; —p) +2p +2p = #E; + 3p

Figure 3.23. Thickening the meridian yields the shaded region R.
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Each face of the imbedding G — S, is cellular. It follows from the Jordan
curve theorem that each of the p subarcs of the meridian subtended by G,
considered in succession, cuts a region into two parts, thereby yielding p
additional faces in the imbedding G" — §,,, it follows that

FGI = :#FG '{"p + 2
Therefore, we may compute that

x(G - S,) = #V; — #E; + #F;
= (#V;+ 2p) — (#E; + 3p) + (#F; + p + 2)

According to the induction hypothesis,
x(G'—>S,)=2-2g
We immediately infer that
xX(G—S8,,,)=-2g=2-2(g+1) D

Corollary. Let i and j be distinct nonnegative integers. Then the surfaces S; and
S; are not homeomorphic.

Proof. A homeomorphism f: S; = §; would carry a cellular imbedding
G — S; of relative Euler characteristic x(G — S;) =2 — 2i to a cellular
imbedding G — S; of relative Euler characteristic x(G — S;) = 2 —2i in
violation of Theorem 3.3.3, which implies that x(G —» §;) =2 —-2,. O

Theorem 3.3.4 (The Invariance of Euler Characteristic of Nonorientable
Surfaces). Let G = N, be a cellular imbedding, for any k = 0,1,2,... . Then
x(G— N,)=2—k.

Proof. The conclusion holds for the 2-sphere N, by Theorem 1.4.1. By
way of an induction, assume that it holds for the surface N,, and suppose that
the graph G is cellularly imbedded in N, , ;.

The induction step here is analogous to the one for the orientable case. This
time draw a center loop on one of the crosscaps of N, ., so that it meets the
graph G in finitely many points, and subdivide some edges if needed, so that
no edge of G crosses that center loop more than once. Such subdivision does
not alter the relative Euler characteristic of the imbedding. When the center
loop is thickened, the result is a Mobius band B, rather than an annulus.



124 Surfaces and Graph Imbeddings

A homeomorphic copy of N, can be obtained by excising from N, ., the
interior of the Mobius band B and then capping off the resulting hole with a
disk. Continuing the analogy, we construct an imbedding G’ — N,. If we
assume that the graph G intersects the center loop in p points, then the vertex
set V. contains #V; vertices from G plus 2p points of intersection of G with
boundary(R).

The edge set E;. contains #E; + 3p edges, as before. However, since only
one hole results from excising the interior of the Mobius band B, the face set
F.. contains #F; + p + 1 faces. It follows that

x(G = N,) = #V; — #E; + #F
(#V; + 2p) — (#E;+ 3p) + (#F;+p + 1)

= #V, — #E, + #F, + 1

=x(G->N,,,) +1

The induction hypothesis implies that x(G — N,) = 2 — k, which enables us
to conclude that

Corollary. Let i and j be distinct nonnegative integers. Then the surfaces N, and
N; are not homeomorphic. 0O

3.3.3. Edge-Deletion Surgery and Edge Sliding

What remains to complete the classification of closed surfaces is the third step,
which is to prove that every closed surface is homeomorphic to one of the
standard surfaces. To accomplish this, we introduce some topological tech-
niques called “surgery”. This is the most difficult step in the classification.

Let G — S be a cellular imbedding of a graph in a surface, and let ¢ be an
edge of G. To perform “edge-deletion surgery” at e, one first deletes from a
band decomposition (not reduced) for G — S the 2-band or 2-bands that meet
the e-band; one next deletes the e-band itself; and finally one closes the hole
or holes with one or two new 2-bands, as needed.

Remark 3.3.1. Suppose that the imbedding G — S induces the rotation system
R and that the imbedding G' — S’ results from edge-deletion surgery at edge e.
Then the rotation system R’ induced by G' — S’ can be obtained simply by
deleting both occurrences of edge e from R. For a rotation projection, this means
erasing the edge e. For a reduced band decomposition, it means deleting the
e-band.
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There are three different possible occurrences when the edge e is deleted,
which are called cases i, 11, and 1. The effect of the surgery depends on the
case.

i. The two sides of the edge e lie in different faces, f; and f,. Then
deleting the f,-band, the f,-band, and the e-band leaves one hole,
which is closed off with one new 2-band.

ii. Face f is pasted to itself along edge e without a twist, so that deleting
the f~band and the e-band leaves two distinct holes (and possibly
disconnects the surface). These holes are closed off with two new
2-bands.

iii. Face f is pasted to itself with a twist along edge e, so that the union of
the f-band and the e-band is a Mobius band. Then deleting the f~band
and the e-band leaves only one hole, which is closed off with one new
2-band.

The following theorem follows immediately from the preceding description.

Theorem 3.3.5. Let G — S be a cellular graph imbedding, and let e be an edge
of the graph. Let F be the set of faces for G — S, and let F' be the set of faces of
the imbedding obtained by edge-deletion surgery at e. Then in case i, #F' =
#F — 1, and the resulting surface is homeomorphic to S; in case 1, #F' =
#F + 1; and in case 1, #F' = #F. O

Another variety of imbedding modification is simpler, since it changes only
the imbedded graph, not the surface. Let f be a face of an imbedding G — §,
let d and e be consecutive edges in the boundary walk of f with common
vertex v, and let u and w be the other endpoints of d and e, respectively. To
“slide d along e”, one adds a new edge d’ from u to w and places its image
across face f so that it is adjacent to d in the rotation at # and adjacent to e
in the rotation at w, and one then removes edge d from the graph. This is
illustrated in Figure 3.24.

A KTk

\

Figure 3.24. Sliding edge d along edge e.
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Remark 3.3.2. Suppose that the edge-sliding operation is performed on a locally
oriented surface. If edge d is type 0 and edge e is type 1, then the new edge d’
that results from sliding d along e is type 1.

3.3.4. Completeness of the Set of Orientable Models

The following lemma is a crucial ingredient of the proof that the surfaces
So, S;,... represent all the orientable types. We hope that its proof is
intuitively obvious.

Lemma 3.3.6. Let T be an orientable surface with two boundary components.
Let T, be an orientable surface obtained from T by identifying one end of a
1-band I X I to an arc in one boundary component and identifying the other end
to an arc in the other boundary component. Suppose that T, is another orientable
surface obtained from T in a similar way. Then T, and T, are homeomorphic.

Proof. Suppose that a, and b, are the arcs in boundary(T") to which the
band for T, is attached, for i = 1,2. Then there is a homeomorphism of T to
itself taking a, to a, and b, to b,. This homeomorphism can be extended to
the attached bands by the product structure of I X I, since neither band is
“twisted” (the surfaces T, T;, and T, are all orientable by assumption). The

result is a homeomorphism from T; to 7,. O

Corollary. Let G — S and H — T be two different one-face imbeddings in
orientable surfaces, and let d and e be arbitrary edges of the graphs G and H,
respectively. If edge-deletion surgery at d and edge-deletion surgery at e yield
homeomorphic surfaces S’ and T', respectively, then the original surfaces S and
T are homeomorphic.

Proof. Surgery on an edge of a one-face imbedding in an orientable
surface must be of type ii. Thus, it follows from theorem 3.3.5 that the
imbeddings (G —d) = S’ and (H — e) —» T’ both have two faces, so that
their reduced band decompositions have two boundary components. By Re-
mark 3.3.1 on edge-deletion surgery, one can obtain reduced band decomposi-
tions for the imbeddings G — S and H -» T, respectively, simply by restoring
to each a band from one boundary component to the other. By Lemma 3.3.6,
the reduced band decompositions for G — S and H — T are homeomorphic
surfaces. It follows from Lemma 3.2.1 that § and 7 are homeomorphic
surfaces. [

Example 3.3.1. It is not visually obvious that the two reduced band decomposi-
tion surfaces in Figure 3.25 are homeomorphic. However, one can easily verify
by tracing along the boundary walks that both surfaces have one boundary
component. Moreover, deleting band ¢ from both yields two surfaces that have
two boundary components each and are obviously homeomorphic. It follows from
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Figure 3.25. Homeomorphic reduced band decomposition surfaces.

Lemma 3.3.6 that the two surfaces illustrated are also homeomorphic. The
corollary implies that the imbedding surfaces induced by the rotation systems

v. abacbdecd and v. ababcdcd

are homeomorphic.

Theorem 3.3.7. Let G — S and H — T be cellular graph imbeddings into
closed, connected, orientable surfaces, such that x(G — S) = x(H = T). Then
the surfaces S and T are homeomorphic. Moreover, x(G — S) and x(H — T)
are even numbers less than or equal to 2.

Proof.  As the basis for an induction, suppose that #E; + #E, = 0. Then
the graphs G and H have only one vertex each, and the imbeddings G — S
and H — T have one face each. Hence, the surfaces S and T are both
2-spheres, and x(G —» S)=x(H - T) = 2.

Assume that the inclusion holds when #E_; + #E, = n, and suppose that
G — S and H — T are imbeddings such that #E; + #E, =n + 1. If the
imbedding G — S had more than one face, then the graph G would have an
edge e common to two faces. By case 1 of Theorem 3.3.5, the imbedding
(G — e) — S obtained by surgery at e would have Euler characteristic equal
to x(G — §). Thus, the conclusion would follow by induction. Therefore, one
may assume that the imbedding G —» S has only one face. Likewise, one may
assume that the imbedding H —» T also has only one face. Furthermore, the
same argument applied to the dual imbeddings permits one to assume that the
graphs G and H have but one vertex each.

Now let d and e be arbitrary edges of the graphs G and H, respectively,
and let G’ - S’ and H' — T’ be the imbeddings that result from surgery at d
and e, respectively. Case ii of Theorem 3.3.5 implies that x(G' — S’) =
x(G — S)+ 2and that x(H' - T')= x(H —» T) + 2. Thus, x(G' — §') =
xX(H" = T"). Since G and H are both one-vertex graphs, it follows that G’,
H', §’, and T are each connected. Therefore, by induction, x(G’ — S’) and
x(H’' — T') are even numbers less than 2, from which it follows that x(G — §)
and x(H — T) are even numbers less than 2. By induction, it follows that the
surfaces S’ and T’ are homeomorphic. By the corollary to Lemma 3.3.6, we
infer that the surfaces S and T are homeomorphic. O
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Corollary. Every closed, connected, orientable surface is homeomorphic to one
of the standard surfaces S,, S,, . ..

Proof. Let S be a closed, connected, orientable surface. By Theorem 3.3.7,
the surface S has a relative Euler characteristic x(G — §) that is even and
less than or equal to 2. (Indeed, Theorem 3.3.7 states that all the relative Euler
characteristics for § are even and less than or equal to 2.) Let g=
1-1/2:x(G — §). By Theorem 3.3.1, the surface S, has a relative Euler
characteristic x(H - S,) =2 —2g = x(G — §). It follows from Theorem
3.3.7 that S is homeomorphic to S,. O

3.3.5. Completeness of the Set of Nonorientable Models

The proof of the completeness of the set N;, N,,... is parallel to the
orientable case. It begins with an analogy to Lemma 3.3.6.

Lemma 3.3.8. Let T be a surface with one boundary component, and let T\ be a
surface also with one boundary component, obtained from T by identifying the
ends of a 1-band to disjoint arcs in the boundary. Let T, be another surface with
one boundary component obtained from T in the same way. Then T, and T, are
homeomorphic.

Proof. The proof is essentially the same as that for Lemma 3.3.6, but this
time one may observe that both attached bands must have a “twist” so that
the surfaces 7, and T, still have only one boundary component. O

Corollary. Let G = S and H — T be two different one-face imbeddings, and
let d and e be arbitrary edges of the graphs G and H, respectively. If edge-dele-
tion surgery at d and edge-deletion surgery at e yield one-face imbeddings into
homeomorphic surfaces S’ and T', respectively, then the original surfaces S and
T are homeomorphic.

Proof. Since the surfaces S’ and 7’ are homeomorphic, and since the
imbeddings (G — d) — S’ and (H — e) — T’ are both one-faced, the reduced
band decomposition surfaces for (G — d) = S’ and for (H —e) » T’ are
homeomorphic surfaces with one boundary component. By Remark 3.3.1 and
Lemma 3.3.8, it follows that the reduced band decomposition surfaces for
G — § and H - T are homeomorphic surfaces with one boundary compo-
nent each. Lemma 3.2.1 now implies that S and 7" are homeomorphic. O

Example 3.3.2. Both the surfaces in Figure 3.26 have one boundary component.
Moreover, when the b-band is deleted from both, the resulting surfaces are
obviously homeomorphic. It follows from Lemma 3.3.8 that the two surfaces
illustrated are homeomorphic, even though this might not be immediately obvious.
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Figure 3.26. Homeomorphic nonorientable reduced band decomposition surfaces.
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The Corollary implies that the imbedding surfaces induced by the rotation systems

v. a'ba'b and v. a'a'b'd
are homeomorphic.

Theorem 3.39. Let G—> S and H — T be cellular, locally oriented graph
imbeddings into closed, connected, nonorientable surfaces, such that x(G — §)
= x(H — T). Then the surfaces S and T are homeomorphic. Moreover,
x(G — S) and x(H — T) are less than or equal to 1.

Proof. As for orientable surfaces, the proof is by induction on the sum
#E; + #E,. The induction begins with #E; + #E, = 2, since by hypothe-
sis, the imbeddings G — S and H — T must have at least one type-1 edge
apiece. If the sum is 2, then in both graphs G and H, the single edge must be
an orientation-reversing loop. Thus, the reduced band decomposition surfaces
for the imbeddings G — S and H — T are both Mobius strips, from which it
follows that S and T are both homeomorphic to the projective plane N, . It
also follows that x(G—»> S)=x(H—->T)=1-1+1=1

Now suppose that the conclusion holds whenever #E; + #E, < n for
some n > 2. Furthermore, suppose that G = S and H — T are imbeddings
satisfying the hypotheses of the theorem and the condition #E; + #E, = n
+ 1. As in Theorem 3.3.7 a type-i edge-deletion surgery argument enables us
to assume that both G and H have one vertex and that both imbeddings
G — S and H — T have one face.

Since #E;+ #E,; > 2 and since x(G— S)=x(H — T), both the
bouquets G and H have more than one loop. Since S and T are nonori-
entable, both imbeddings have at least one orientation-reversing loop. By
Remark 3.3.2 on edge sliding, it may be assumed that all the edges of G and H
are orientation-reversing loops.

Now let d and e be edges of the graphs G and H, respectively, whose duals
d* and e* are orientation-reversing loops in the respective dual imbeddings.
(Since the surfaces § and T are nonorientable, there must exist at least one
orientation-reversing loop in both of the respective dual imbeddings.) Next let
G' - S’ and H' - T’ be the imbeddings that result from edge-deletion
surgery at d and e, respectively. Since the dual loops d* and e* are both
orientation-reversing, it follows that both surgeries are type iii, which implies,
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by Theorem 3.3.5, that the resulting imbeddings G’ — S’ and H’ — T’ have
one face each.

The surfaces S’ and T’ are both nonorientable, since the original im-
beddings G — S and H — T had at least one orientation-reversing loop each
besides the deleted loops d and e, respectively. Since x(G' — S') =
X(G—> S)+ land x(H' - T) = x(G - T) + 1, it follows that x(G' — §’)
= x(H’ — T'). Moreover,

#E; + #E, = (#E;— 1)+ (#E, — 1) = #E,+ #E, —2=n—-1<n
By the induction hypothesis, the surfaces S’ and 7" are homeomorphic, and
x(G-»8)=x(H->T)<1

The corollary to Lemma 3.3.8 now implies that the surfaces S and T are
homeomorphic. Moreover,

x(G-S)=x(H->T)=x(G>8)-1<0<1. O

Corollary. Every closed, connected, nonorientable surface is homeomorphic to
one of the standard surfaces Ny, N,, ... .

Proof. Let S be a closed, connected, nonorientable surface. By Theorem
3.3.2 it has a relative Euler characteristic x(G — S) less than or equal to 1.
Let k =2 - x(G — §). By Theorem 3.3.2, the surface N, has a relative Euler
characteristic x(H - N,) =2 — k = x(G — §). Theorem 3.3.7 implies that
S is homeomorphic to N,. O

Theorems 3.3.3 and 3.3.4 and the corollaries to Theorems 3.3.7 and 3.3.9
justify the definition of the “Euler characteristic” x(S) of a surface as the
value of the formula #V — #E + #F for any cellular imbedding. In particu-
lar, x(S,) =2 — 2g and x(N,) =2 — k.

3.3.6. Exercises

1. For each of the three surfaces in Figure 3.27, decide whether it is
orientable, calculate its Euler characteristic, and state to which of the
standard surfaces S, S;,... or N;, N,,... it is homeomorphic.

2. List the faces of the imbedding obtained by edge-deletion surgery on the
edge wv in the imbedding of Figure 3.17. List the faces obtained when
the surgery is on edge vw instead.

3. Let e be an edge of the imbedding G — S whose dual edge e* is not a
loop. Let the imbedding H — T be the result of surgery on e. Show that
the dual imbedding H* — T* can be obtained from the imbedding
G* — S* by contracting the edge e*.
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Figure 3.27. Three surfaces.

Let e be an edge of a connected graph G such that the graph G — e is
disconnected. Show that for every imbedding of G into a surface, the
dual edge e* is a loop. (Hint: Use Exercise 3 and connectivity in primal
and dual imbeddings.)

Give an example of a one-face imbedding G — S with an edge e such
that surgery on e disconnects G and hence S. Why is it important in the
proof of Theorem 3.3.7 that we may assume the graphs G and H have
only one vertex each?

Give an example of a one-face imbedding G — N, with an edge e such
that surgery on e leaves an orientable surface. Give an example of a
one-face imbedding H — N, such that every surface obtainable by
edge-deletion surgery is nonorientable.

Give an example of a one-face, one-vertex imbedding G — § all of whose
edges are type 1 such that surgery on some edge of G results in a
two-face imbedding. (Hint: It is easiest to start with the two-face
imbedding and then to attach a 1-band.)

Find cellular imbeddings of the bouquet of three circles in the surfaces
N,, N,, and N;. Can imbeddings be found in each case that have all
edges type 1?

Consider the partial rotation system

u. ...de...

v. R

Give the rotation at vertices u and v after sliding the edge d along the
edge e, first when e is type 0, then when e is type 1.

Use your answer to Exercise 9 to give a sequence of edge slides that turns
the one-vertex imbedding with rotation ababclc! into the one-vertex
imbedding with rotation a'a'b'b'clc!. (For example, sliding b along ¢
gives ab'ac'b'c¢! and then sliding ¢ along a gives ab'ac'c'b!.)

The “disk sum” of two connected, closed surfaces S and 7, denoted
ST, is the surface obtained by removing the interior of a disk from
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Figure 3.28. The disk sum of two surfaces.

both § and T and then identifying the two resulting boundary compo-
nents (see Figure 3.28). Prove that x(S°7T) = x(S8) + x(T) — 2.

12. Prove that the disk sum defined in Exercise 11 is an associative operation
on closed, connected surfaces. What is its unit element? Is the operation
commutative?

13. Define the connected surface § to be prime if S is not the sphere and if
S = RoT implies that either R or T is a sphere. What are the prime
surfaces? Give two different factorizations of N; into primes. Do orienta-
ble surfaces have unique factorizations?

14. Prove that if the surface S contains k disjoint Mobius bands, then
x(S) <2 — k. (Hint: Use the fact that if the surface S contains a
Mobius band, it can be factored into §’¢ N,.) Conclude that for any
nonorientable surface S, x(&§) =2 — k if and only if S contains k
disjoint M&bius bands but no more.

15. Explain how to imbed a graph in the surface N,, ., so that there exists
an edge e on which surgery yields the orientable surface S,. (Hint: See
Exercise 13.) What is the minimum number of edge-deletion surgery
steps required to make the surface N,, orientable, for &k > 1?

3.4. THE IMBEDDING DISTRIBUTION OF A GRAPH

The “genus range” of a graph G, denoted GR(G), is defined to be the set of
numbers g such that the graph G can be cellularly imbedded in the surface S, .
Of course, the minimum number in GR(G) is the genus y(G) of the graph.
Sometimes we call y(G) the “minimum genus”, to create direct contrast with
the maximum number in GR(G), which is called the “maximum genus” of G,
and is denoted y,,(G). Whereas the study of minimum genus dates back into
the 19th century, interest in maximum genus began with Nordhaus, Ringeisen,
Stewart, and White (1971, 1972).

Suppose that a certain graph G can be cellularly imbedded in both the
surfaces S,, and S,, and that r is an integer such that m < r <n. The
“interpolation theorem”—to be proved here as Theorem 3.4.1—for orientable
surfaces states that then there exists a cellular imbedding G — S,.

For any two integers m and n such that m < n, we define the “interval of
integers” [m, n] to be the set of all integers r such that m < r < n. Thus,
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according to the interpolation theorem, the genus range GR(G) is the interval
[Y(G), Y (G)]-

Analogously, the “crosscap range” CR(G) is defined to be the set of
numbers k such that the graph G can be cellularly imbedded in the surface
N,. The crosscap number y(G) is the minimum value in this range. The
maximum number in CR(G) is called the “maximum crosscap number” of G,
and is denoted ¥,,(G). There is also an interpolation theorem for nonorienta-
ble surfaces, from which we infer that CR(G) = [Y(G), ¥,,(G)].

Because of the interpolation theorems, computations of the limiting values
of the imbedding ranges have received great emphasis. In general, the genus
and the crosscap number of a graph are difficult to compute, although they
have been determined for various special classes of graphs. By way of contrast,
the maximum genus is thoroughly tractable, mainly because of its character-
ization by Xuong (1979). The time needed for computation of the maximum
genus is bounded by a polynomial function of the number of vertices, as
proved by Furst, Gross, and McGeoch (1985a).

In this section we are concerned primarily with establishing the interpola-
tion theorems, with some relationships between genus and crosscap number,
and with computing the maximum crosscap number and maximum genus.
Some general statistical questions about the set of all imbeddings will also be
raised.

3.4.1. The Absence of Gaps in the Genus Range

One calls the graph imbeddings G — S and G — T “adjacent” if there is an
edge ¢ in G such that the two imbeddings (G —e) —» S" and (G —e) = T"
obtained by edge-deletion surgery on e are equivalent. Under such cir-
cumstances, one also calls the rotation systems for G - S and G - T adjac-
ent. In accordance with Remark 3.3.1, this means that two rotation systems
are adjacent if and only if the result of erasing some edge symbol e in both of
them yields identical rotation systems for the graph G — e.

Theorem 3.3.5 implies that the numbers of faces in adjacent imbeddings
G — § and G — T both differ by at most one from the common number of
faces in the equivalent imbeddings (G — ¢) — S" and (G — e) — T". Thus, the
numbers of faces in G — § and G — T differ by at most 2. It follows that
the Euler characteristics x(S) and x(7) differ by at most 2. Thus, if the
imbedding surfaces S and T are orientable, their genera y(S) and y(7T) differ
by at most 1.

Example 3.4.1. The three pure rotation projections illustrated in Figure 3.29
correspond to mutually adjacent imbeddings, since edge-deletion surgery on the
edges in the “nine o’clock” position would make them all equivalent. The
left and middle imbedding surfaces visibly have genus 1. The third surface has
genus 2.
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Figure 3.29. Projections of three mutually adjacent rotation systems.

Theorem 3.4.1 [Orientable Interpolation Theorem (Duke, 1966)]. Let G be a
connected graph. Then the genus range GR(G) is an unbroken interval of
integers.

Proof. Let L, and L, be list formats for any two rotation systems of G.
Of course, L, may be obtained from L, by permuting the entries in the
various rows. Any such permutation may be accomplished by a sequence of
steps that moves one edge symbol at a time. The consecutive list formats in
such a sequence represent adjacent imbeddings, by Remark 3.3.1. Thus, there
exists a sequence of adjacent cellular imbeddings of the graph G starting with
one in the surface of genus y(G) and ending with one in the surface of
maximum genus Y,,(G). Since adjacent imbedding surfaces differ by at most
one in genus, the conclusion follows. O

3.4.2. The Absence of Gaps in the Crosscap Range

In order to obtain the nonorientable interpolation theorem, it is helpful to
introduce another form of surgery on an imbedding G — S. To perform
“edge-twisting surgery” at the edge e, one first deletes from a band de-
composition for G — S the 2-band or 2-bands that meet the e-band and gives
the e-band an extra twist. One then closes the resulting surface with one or
two 2-bands, as required.

Remark 3.4.1. Suppose that edge-twisting surgery at edge e of the imbedding
G — S yields the imbedding G — S’ and that the corresponding rotation systems
are R and R’, respectively. Then rotation system R’ can be obtained from rotation
system R simply by changing the orientation type of edge e, that is, either from
type O to type 1 or from type 1 to type 0.

Edge-twisting surgery on e falls into only two cases, illustrated in Figure
3.30.

i. The two sides of e lie in separate faces f; and f,. Then deleting the
fi-band and the f,-band leaves two holes, which are merged into a
single hole by twisting the e-band. Since the union of the e-band and
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Figure 3.30. Case i of edge-twisting surgery goes left to right, whereas case ii goes right to left.
The 2-band boundaries are thickened.

the new 2-band used to close the hole is a Mobius band, the resulting
surface is nonorientable, regardless of whether the starting surface is
orientable.

ii. Both sides of e lie on the same face f. Then deleting the f-band leaves
one hole, which is changed to two holes by twisting the e-band.

Theorem 3.4.2 follows at once from this description.

Theorem 3.4.2. Let G — S be a cellular graph imbedding, and let e be an edge
of the graph. Let F be the set of faces of G = S, and let F' be the set of faces of
the imbedding G — S’ obtained by edge-twisting surgery at e. Then in case |,
#F = #F -1, and x(S)=x(S)—1; in case i, #F = #F + 1, and
x(SY)=x(S)+1. O

Edge-twisting surgery yields not only a proof that there are no gaps in the
crosscap range but also an easy formula for the maximum crosscap number.
The “Betti number” (also called the “cycle rank’) of a connected graph G,
denoted B(G), is defined by the equation S(G) =1 — #V + #E, and it
equals the number of edges in the complement of a spanning tree for G.

Theorem 3.4.3 (Edmonds, 1965). Let G be a connected graph. Then ¥,,(G) =
B(G).

Proof. 1f the graph G is a tree, then ¥,,(G) = 0, because its maximum
crosscap number is achieved by an imbedding in the sphere. By Theorem 1.2.2,
the Betti number of any tree is 0. If G is not a tree, then G has an imbedding
G — S with two or more faces. One might construct such an imbedding, for
instance, by fitting a polygon boundary to a cycle and then extending the
induced partial rotation system in an arbitrary manner to a complete rotation
system. For such an imbedding, one may choose an edge e that lies on two
different faces and perform edge-twisting surgery, so that the result is a
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nonorientable manifold, and so that the number of faces is reduced by 1.
Iteration of edge-twisting surgery yields a one-face cellular imbedding in a
nonorientable surface N, so that x(N)= #V — #E + 1. Consequently,
Y(N)=2-x(N)=1- #V+ #E = B(G). O

Theorem 3.4.4 [Nonorientable Interpolation Theorem (Stahl 1978)]. Let G be
a connected graph. Then the crosscap range CR(G) is an unbroken interval of
integers.

Proof. 1f G 1s a tree, then CR(G) is'the degenerate interval [0, 0]. Otherwise,
starting with an imbedding G — N into a surface that realizes the crosscap
number, one performs a succession of edge-twisting surgeries. At each stage,
one selects an edge that lies in two faces of the imbedding for that stage. Thus,
in ¥,,(G) — ¥(G) steps, one has obtained a cellular imbedding into every
surface N, such that r lies in the interval [Y(G), ¥,,(G)]. O

The Betti number of a graph also gives an upper bound for the maximum
genus of a graph, namely, v,,(G) < | 8(G)/2] with equality occurring only if
the graph G has an orientable imbedding having one or two faces. However,
unlike the maximum crosscap number, this upper bound for the maximum
genus is not always achieved. One might hope that the Betti number also
provides a useful upper bound on the minimum genus. Indeed, Duke (1971)
once conjectured that y(G) < | B(G)/4]. Many counterexamples were found
to Duke’s conjecture. Milgram and Ungar (1977) found perhaps the most
discouraging result: given any ¢ > 0, there are infinitely many graphs G such
that y(G)/B(G) > ; — €. In other words, we cannot obtain an upper bound
for y(G) of the form ¢B(G) that is any better than B(G)/2.

3.43. A Genus-Related Upper Bound on the Crosscap Number

Edge-twisting surgery now enables us to establish an upper bound on the
crosscap number of a graph, based on its genus. It follows that the crosscap
range is always nearly twice as large as the genus range of a graph or larger.

Theorem 3.4.5. Let G be a connected graph. Then Y(G) < 2y(G) + 1.

Proof. 1f G is a tree, then y(G) = y(G) = 0. Otherwise, let ¢ be an edge
that lies on two faces of an imbedding G — S into an orientable surface of
genus y(G). Then edge-twisting surgery on e yields an imbedding of G into a
nonorientable surface of crosscap number 2y(G) + 1, by Thebrem 3.42. O

Corollary. Let G be a connected graph. Then

#CR(G) = 2#GR(G) — 2
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Proof. If the maximum genus of G is realized by an imbedding in the
surface S, then

2 —-2y,(G) =x(S) = #V — #E + #F > #V — #E + 1
from which it follows that ¥,,(G) = B(G) > 2v,,(G). Thus,

#CR(G) = 7,,(G) — 7(G) + 1
> 27,(G) — (27(G) + 1) + 1

=2(vym(G) —v(G) +1) - 2
=2#GR(G) -2 D

3.4.4. The Genus and Crosscap Number of the Complete Graph K,

The upper bound on y(G) given by Theorem 3.4.5 is essentially unimprovable.
What this means is that sometimes a graph can be imbedded in an orientable
surface S of Euler characteristic 2 — 2g, but cannot be imbedded in the
nonorientable surface N,, of the same characteristic. In particular, Heffter
(1891) proved that the complete graph K, can be imbedded in the torus S,
while Franklin (1934) proved that K, cannot be imbedded in the Klein bottle
N,. We combine these two results in the following theorem.

Theorem 3.4.6. The genus of the complete graph K, is 1, and the crosscap
number of K, is 3.

Proof. By Theorem 1.4.2, no imbedding of K, has more than (2/3)#E =
(2/3)(21) = 14 faces. Thus, the Euler characteristic of an imbedding surface
for K, is at most 7 — 21 + 14 = 0. Hence, y(K,) > 1 and y(K,) > 2. Figure
3.31 shows an imbedding K, — S,, which completes the proof that y(K,) = 1.

Figure 5.2 contains a more elegant depiction of a weakly equivalent im-
bedding.

1 2
ox ~—_ —._\\ 0
\ /\\\\§>—3
5 5 _—

Figure 3.31. An imbedding of the complete graph K in the torus.
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It follows from Theorem 3.4.5 that ¥(K,) < 3. Thus, to complete the proof
that y(K,) = 3, it is sufficient to show that K, has no imbedding in N,. By
the invariance of Euler characteristic, if K, did have an imbedding in N,,
there would have to be 14 faces. Since K, has no 1-cycles or 2-cycles, each of
the 14 faces would have to be three-sided. Therefore, suppose that K, — S is
an imbedding such that every face is three-sided. It is now to be proved that
the surface S is orientable, thereby establishing that K, is not imbeddable in
the Klein bottle N,.

Regarding K, as a Cayley graph for the cyclic group Z,, we label its
vertices 0,1,...,6. It may be assumed, without loss of generality, that the
rotation at vertex 0 1s

0. 123456

The edges incident on vertex 0 form a spanning tree, and we locally orient the
vertices so that all six of these edges are type 0. The left side of Figure 3.32
shows a clockwise partial rotation projection “centered” at vertex 0.

Since each of the six faces incident on vertex 0 is three-sided, we may infer
from the given rotation at vertex 0 and the Face Tracing Algorithm the
following partial rotation system (in vertex format):

0. 123456
1. 206...
2. 301...
3. 402...
4. 503...
5. 604...
6. 105...

If the edge 12 had type 1, then the sequence 10, 02,21 in an execution of the
Face Tracing Algorithm would be followed by some edge 1x, x # 0, thereby
creating a face that is not three-sided. Thus, the edge 12 must have type 0.

3ord
- .
_6 Y 2or3 40r5
5

/

\/4 __3 lor2 5or6
s /

60r1

Figure 3.32. Partial rotation projections for putative triangular imbeddings of K.
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Similarly, each of the edges 23, 34, 45, 56, and 61 must have type 0, as
indicated. We shall see that there are but two ways to extend this partial
system to a rotation system that has only three-sided faces, and that all of the
other edges in the complete system also have type 0, thereby proving that the
surface is orientable.

The edge 16 must lie in a second triangle besides 016. The third vertex of
this triangle must be 3 or 4, since the edges 56 and 12 are already in use. By
similar reasoning applied to the five edges 12, 23, 34, 45, and 56, we arrive at
the partial rotation projection shown on the right of Figure 3.32, where the
vertex 0 and its incident edges are now omitted, to simplify the picture.

Suppose that 3 is the third vertex of the second triangle containing the edge
16. Then the third vertex of the second triangle containing the edge 56 must be
2. Continuing in this manner around the figure, we obtain the partial rotation
projection shown at the left of Figure 3.33. The remaining free edge at each
vertex is now determined, thereby yielding the following complete rotation
system, whose projection is illustrated at the right of Figure 3.33:

0. 123456
206354
301465
402516
503621
604132
6. 105243

VoA W e

If the edge 13 had type 1, then the successive edges 61 and 13 would be
followed by the edge 35 in the Face Tracing Algorithm execution, which
blocks the completion of a three-sided face. Thus, the edge 13 must have type
0. Simuilarly, the edges 24, 35, 46, 51, and 62 must have type 0. The only

VARV
XX %%

Figure 3.33. Extensions of the partial rotation projection of Figure 3.32.
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remaining edges of undetermined type are now 36, 25, and 14. However, in
order for the face tracing sequence 61, 13,36 to continue with 61, rather than
64, it is necessary that the edge 36 have type 0. Similarly, the edges 25 and 14
have type 0.

If the third vertex of the second triangle containing the edge 16 were 4,
instead of 3, then the same arguments would again yield a pure rotation
system. It follows that the complete graph K, has no imbedding in the Klein
bottle, and that y(K;)=3. O

3.4.5. Some Graphs of Crosscap Number 1 but Arbitrarily Large Genus

In view of Theorem 3.4.5, one might expect to find a general upper bound on
the genus of a graph, based on its crosscap number. However, an example due
to Auslander et al. (1963) shows that no such upper bound exists. The key to
understanding this example is the idea of cutting a surface apart along a
nonseparating cycle of an imbedded graph, which we have already encoun-
tered in the proof of the invariance of Euler characteristic.

Let G — S be a graph imbedding, let B be a (nonreduced) band de-
composition for G — S, and let C be the cycle

V1, €1, U5y €5y.uny Uy €,, 0

n?-n?

in G. Then the bands for the vertices and edges of C form a topological
neighborhood N(C) that is homeomorphic to an annulus, if C is orientation
preserving, or to a Mdbius band, if C is orientation reversing. In either case,
the cycle C is a topological loop that runs around the middle of the
neighborhood.

Suppose that we cut the surface S along the cycle C, that we regard the
0-band for each vertex v; as having been split into a v;-band and v-band, and
that we regard the 1-band for each edge e; as having been split into an ej-band
and an e;’-band. This is illustrated in Figure 3.34.

Suppose further that we cap off the hole or holes created by cutting on C
with one or two new 2-bands, as required. The graph imbedding G' — §’
consistent with the resulting band decomposition is said to have been obtained
by “splitting” the imbedding G — S “along the cycle C”. An easy counting

Eq--!—:l} _F-_-A—_-J),:: _/LJ
IR —\f;l X —

Figure 3.34. Splitting an imbedding along a cycle.
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Figure 3.35. The graph A4, (for n = 2).

argument on vertices, edges, and faces, as given in the proofs of Theorems
3.3.7 and 3.3.9, yields the following theorem.

Theorem 3.4.7. Let G — S be a cellular graph imbedding, let C be a cycle of
G, and let G' — S’ be the imbedding obtained by splitting G — S along C. If C
is orientation preserving, then x(S’) = x(S) + 2. If C is orientation reversing,
then x(S") = x(§) + L.

Example 3.4.2 (Auslander et al. 1963). For each positive integer n, the graph
A, is formed from n + 1 concentric cycles, each of length 4n, plus some
additional edges, as shown in Figure 3.35. There are 4n?* “inner” edges that
connect the n + 1 cycles to each other and 2n ‘“‘outer” edges that adjoin

antipodal vertices on the outermost cycle.

Suppose that the n + 1 concentric cycles of the graph A4, and the inner
edges are imbedded on a disk so that the vertices of the outermost cycle
appear equally spaced on the boundary of the disk. Suppose also that a
rectangular sheet with 2»n lines from top to bottom has its left and right sides
identified so that it becomes a Mdbius band. If the boundary of the Mobius
band is identified to the boundary of the disk so that the 2n lines become
images of the outer edges of A4,, then the result is an imbedding 4, — N,.
Figure 3.36 shows that the graph A4, contains a subdivision of K, ;. Since 4,
contains a subdivision of A4,, for all n > 1, it follows that y(A4,) = 1.

It is clear from Figure 3.36 that y(A4,) = 1. Suppose, by way of induction,
that y(A4,_,) = n — 1. Then let C be the innermost cycle of the graph A4, , as
it appears in Figure 3.35, and let 4, — S be an orientable cellular imbedding.

First, assume that the cycle does not separate the surface S. Then let the
imbedding A4/, — S’ be the result of splitting the imbedding A, — S along the
cycle C. By Theorem 3.4.7, y(S) = y(S$’) + 1. Since the graph 4, _, is a
subdivision of a subgraph of the graph A4,, it follows from the induction
hypothesis that y(S’) > n — 1. Thus y(S) > n.

On the other hand, one might assume that the cycle C does separate the
surface S. Since the graph A4, — C is connected, the cycle C must bound a
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)
27T S
/ \
/ _< _\}
A\ ;
g

—_— Figure 3.36. A subdivision of the Kuratowski graph Kj ,
in the graph 4, .

5 Figure 3.37. A rotation projection for the imbedding Y, — T.

face of the cellular imbedding 4, = S. Now suppose that images of all the
edges on the n other concentric cycles of the graph A, are deleted, and that
every resulting vertex of valence 2 is smoothed over. The result is a possibly
noncellular imbedding Y, — S. If every noncellular face of Y, — S is replaced
by a 2-cell, then one obtains the imbedding Y, — T whose rotation projection
is shown in Figure 3.37. Obviously, y(T') < y(S).

An elementary face-tracing argument shows that the imbedding Y, —» T
has only two faces, so that x(T') = 4n — 6n + 2 = 2 — 2n, which implies that
¥(T) = n. It follows that y(S) > n.

We conclude from this two-pronged inductive argument that y(A4,) > n.
Since there is only one outer face in the imbedding of A4, given by the rotation
projection of Figure 3.35, it follows from a calculation of Euler characteristic
that the imbedding surface has genus n. Thus y(A4,) = n.

3.4.6. Maximum Genus

The simple formula ¥,,(G) = B(G) for maximum crosscap number is estab-
lished by Theorem 3.4.3. The problem of calculating the maximum genus
Y,(G) is not so easily solved, but N. H. Xuong has demonstrated that it is still
much easier than computing the genus y(G). The immediate goal is to
determine which graphs have orientable one-face imbeddings. A survey of
results on maximum genus up to the time of Xuong’s characterization is given
by Ringeisen (1978).



The Imbedding Distribution of a Graph 143

Two edges are called “adjacent” if they have a common endpoint.

Lemma 34.8. Let d and e be adjacent edges in a connected graph G such that
G — d — e is a connected graph having an orientable one-face imbedding. Then
the graph G has a one-face orientable imbedding.

Proof. Let V(d) = {u,v}, and let V(e) = {v, w}. First, extend the one-
face imbedding (G — d — e) = S to a two-face imbedding (G — ¢) - S by
placing the image of d across the single face. Of course, the vertex v lies on
both faces. Thus, if one attaches a handle from one face of (G —e) = S to
the other, one may then place the image of edge e so that it runs across the
handle, thereby creating a one-face imbedding G — S’. O

Example 3.4.3. Consider the complete graph K ; as a Cayley graph with vertices
0,1,2,3,4. Then the spanning tree T with edges 01, 12, 23, and 34 has a
one-face imbedding in the sphere. By Lemma 3.4.8, the graph T' = T + 04 + 42
also has a one-face imbedding, as does the graph T = T’ + 20 + 03, as does
K,=T" + 31 + 14. Thus v,,(Ks) = 3.

Lemma 3.4.9. Let G be a connected graph such that every vertex has valence at
least 3, and let G have a one-face orientable imbedding G — S. Then there exist
adjacent edges d and e in G such that G — d — e has a one-face orientable
imbedding.

Proof. Let d be an edge of G whose two occurrences in the single
boundary walk of the imbedding G — S are the closest together, among all
edges of G. Then the boundary walk can be written in the form d4Ad~ B, where
no edge appears twice in the subwalk A4. Since the graph G has no vertex of
valence 1, the subwalk A4 is nonempty, so that it has a first edge e. By case ii
of Theorem 3.3.5, edge-deletion surgery on edge d in the imbedding G — S
yields a two-face imbedding (G — d) — §’. The boundary walks of the two
faces are 4 and B, and the edge e appears in both 4 and B. Thus, by case i of
Theorem 3.3.5, the result of edge-deletion surgery on e in the imbedding
(G —d) — S’ is a one-face imbedding of G — d —e. O

The “deficiency §(G, T') of a spanning tree”” T for a connected graph G is
defined to be the number of components of G — T that have an odd number
of edges. The “deficiency £(G) of the graph” G is defined to be the minimum
of §(G, T') over all spanning trees T.

Example 3.4.4. On the left in Figure 3.38 is a spanning tree T for a graph G
such that £(G, T) = 3. On the right is a spanning tree T’ for the same graph G
such that (G, T") = 1. Since the edge complement of any spanning tree for this
graph has 1 — 7 + 11 edges, an odd number, the deficiency of any spanning tree
must be at least one. Therefore §(G) = §(G, T') = 1.
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Figure 3.38. Two spanning trees for the same graph, one of deficiency 3, the other of de-
ficiency 1.

Lemma 3.4.10. Let T be a spanning tree for a graph G, and let d and e be a
pair of adjacent edgesin G — T. If §(G—d —e,T) =0, then £&(G,T) = 0.

Proof. Every component of G — d — e — T that meets either of the edges
d or e has an even number of edges, since £(G — d — e, T') = 0. The number
of edges in the component of G — T that contains the edges d and e is two
plus the sum of these even numbers. All the other components of G — T have
evenly many edges, asin G —d — e — T. Thus, §(G,T)=0. O

Lemma 3.4.11. Let G be a graph other than a tree, and let T be a spanning tree
such that §(G, T) = 0. Then there are adjacent edges d and e in G — T such that
§(G—d-eT)=0.

Proof. Let H be a nontrivial component of G — T. Since H is connected
and has at least two edges, there are adjacent edges d and e in H such that
H — d — e has at most one nontrivial component. (See Exercise 16.) Thus,
§G—d—-—e,T)=0. O

Theorem 3.4.12 (Xuong, 1979). Let G be a connected graph. Then G has a
one-face orientable imbedding if and only if §(G) = 0.

Proof. As the basis for an induction, one observes that if #E; = 0, then
both clauses of the conclusion are trivially true. Next, assume that the
conclusion holds for any graph with n or fewer edges, and let G be a graph
with n + 1 edges.

As a preliminary, suppose that G has a vertex v of valence 1 or 2, and let
G’ be the graph obtained by contracting an edge incident on vertex v. Then
obviously, the graph G has a one-face orientable imbedding if and only if the
graph G’ does. Also, £(G) = 0 if and only if £(G’) = 0. Since the graph G’ has
one edge less than the graph G, it follows from the induction hypothesis that
G’ has a one-face orientable imbedding if and only if £(G’) = 0. The conclu-
sion follows immediately.

In the main case, every vertex of G has valence 3 or more. Suppose first
that G has a one-face orientable imbedding. By Lemma 3.4.9, there exist
adjacent edges d and e in G such that G — d — ¢ has a one-face orientable
imbedding. It follows from the induction hypothesis that §(G — d — e) = 0,
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Figure 3.39. Two graphs that have deficiency 2.

so there is a spanning tree 7 in G — d — e such that §(G —d — e, T) = 0. Of
course, the tree T also spans G. By Lemma 3.4.10, it follows that £(G, T) = 0,
which implies that £(G) = 0.

Conversely in the main case, one may suppose that §(G) = 0, so that there
is a spanning tree T such that {(G, T) = 0. Since G has no vertex of valence
1, it is not a tree. By Lemma 3.4.11, it follows that there are adjacent edges d
and e in G — T such that §(G —d —e,T) = 0. Thus, £(G — d — ¢) = 0. By
the induction hypothesis, the graph G — d — e has a one-face orientable
imbedding. By Lemma 3.4.8, so does the graph G. O

Example 3.4.5. The dumbbell graph G on the left of Figure 3.39 has only one
spanning tree, from which it follows that £(G) = 2. It is easily verified that the
removal of any pair of adjacent edges from the graph G’ on the right of Figure
3.39, followed by a sequence of edge contractions to eliminate vertices of valence
1 or 2, yields the dumbbell graph. Therefore by Lemma 3.4.9, it follows that
B(G") = 2 also.

A graph is “k-edge-connected” if the removal of fewer than k edges from G
still leaves a connected graph. The two graphs in Example 3.4.5 can be
generalized to obtain 1-edge-connected and 2-edge-connected planar graphs
with arbitrarily large deficiency. On the other hand, Kundu (1974) and Jaeger
(1976) have shown that every 4-edge-connected graph G has a spanning tree T
whose edge complement G — T is connected. Thus if G is 4-edge-connected,
then £(G) = 0 or 1, according to whether B(G) is even or odd.

Theorem 3.4.13 (Xuong, 1979). Let G be a connected graph. Then the mini-
mum number of faces in any orientable imbedding of G is exactly £(G) + 1.

Proof. An equivalence to the conclusion is the statement that the graph G
has an orientable imbedding with n + 1 or fewer faces if and only if £(G) < n.
The proof of this equivalent statement is by induction on the number n. It
holds for n = 0, by Theorem 3.4.12, and we now assume that it holds for all
values of k less than n, where n > 0.

First, we suppose that G — S is an orientable imbedding with #F; = n + 1.
Then perform edge-deletion surgery on an edge e common to two faces of the
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imbedding G — S. By case 1 of Theorem 3.3.5, the resulting imbedding
(G — e) » S§” has n faces. From the induction hypothesis, it follows that
£(G — e) < n — 1. Therefore, £(G) < n.

Conversely, one may suppose that £(G) = n, so that there is a spanning
tree T in G such that §(G, T) = n. Let H be a component of G — T with an
odd number of edges. Certainly the subgraph H has an edge e that does not
disconnect H or such that one endpoint of e has valence 1 in H. Accordingly,
§(G — e, T) = n — 1. By the induction hypothesis, the graph G — e has an
orientable imbedding with at most n faces. Therefore the graph G has an
orientable imbedding with at most n + 1 faces. DO

Corollary (Xuong, 1979). Let g be a connected graph. Then v,,(G) =
2(B(G) — §(G)).

Proof. Let g =v,(G). Then2 — 2g = #V — #E + (£(G) + 1), by The-
orem 3.4.13. It follows that g = 1(B8(G) — §(G)). O

Example 3.4.6. Let T be the tree in the complete graph K, consisting of all
edges incident on a particular vertex. Then

0 if(" ; 1) is even
£(K,, T) =

1 if("'z'l):isoddl

or equivalently,

-y _ [0 1if n =1 or 2modulo 4
§(K,.T) = {1 if n = 0 or 3 modulo 4

It follows that v,,(K,) = | B(K,)/2|.

The obvious computational problem presented by Theorem 3.4.13 is to
calculate the deficiency of a graph. The number of spanning trees is exponen-
tial, and no polynomial-time algorithm was found in the immediate years after
Xuong published his characterization. Ultimately, Furst, Gross, and McGeoch
(1985a) developed a polynomial-time algorithm involving a reduction to
matroid parity.

3.4.7. Distribution of Genus and Face Sizes

Suppose that a graph G has vertices vy, .. ., v, of respective valences d,, ..., d
Then the total number of orientable imbeddings is

n*

I1(d,~1)!
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Gross and Furst (1985) raise the problem of determining exactly how many of
these imbeddings lie in each surface of the genus range. From such a
determination, one would immediately know the minimum genus and the
maximum genus. Furst, Gross, and Statman (1985b) combined topological
methods and enumerative techniques to obtain a genus distribution formula
for two infinite classes of graphs with expanding genus ranges. Gross, Robbins,
and Tucker (1986) calculated the genus distributions of bouquets of circles,
with the aid of a formula of Jackson (1986).

Another problem raised by Gross and Furst (1985) is to compute the
distribution of face sizes over all imbeddings of a graph, which appears to be
harder than computing genus distributions. They introduce an extensive
hierarchy of invariants of the imbedding distribution of a graph, in which the
genus distribution and the face-size distribution lie near the bottom. Higher
invariants keep track of the distribution of face sizes within each imbedding
and the relationships between the faces.

The set of imbeddings of a graph has various statistical properties of
interest. For instance, all the genus distributions mentioned above are strongly
unimodal. Also, Gross and Klein (1986) classified the graphs of average genus
less than or equal to 1

Little else is known about the number of imbeddings of a given graph in a
given surface, except when the imbedding surface has low genus. The proof of
Theorem 3.4.6 shows that the complete graph K, has 2 - 5! different im-
beddings in the torus (once a rotation at vertex number 1 is fixed, there are
only two choices for the imbedding). By Whitney’s theorem (Theorem 1.6.6),
3-connected planar graphs have “only one” equivalence class of imbeddings in
the plane. Negami (1983, 1985) has investigated the uniqueness of imbeddings
in the torus and the projective plane.

3.4.8. Exercises

1. Show that the sequence of rotation projections for the complete graph K
given in Figure 3.40 are adjacent in pairs from left to right and that the
associated surfaces have genus 1, 2, and 3 (again from left to right).

L) @ &

Flgure- 3.40. Three rotation projections of the complete graph K.
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10.
11.

12.

13.

14.

15.

16.

17.
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Draw a sequence of rotation projections for K4 in surfaces of crosscap
number 1,2,3,4,5,6 such that each imbedding is obtained from the
previous imbedding by edge-twisting surgery.

Draw a sequence of rotation projections for adjacent imbeddings of K
in orientable surfaces of genus 1,2, 3,4, 5.

Write a sequence of rotation systems in list format for adjacent im-
beddings of the octahedral graph O, in surfaces of genus 0, 1,2, 3.

The “Euler characteristic range” ER(G) of a connected graph G is
defined to be the set of numbers ¢ such that G has a cellular imbedding
in a surface of Euler characteristic ¢. Prove that ER(G) 1s an interval.

Prove that ER(G) = [¢, c] if and only if B(G) < 1. Conclude that if
ER(G) = [c, ¢], then ¢ = 2.
Give a genus-1 imbedding of the graph Y, shown in Figure 3.37.

Let G be connected and not a tree, and let k be the smallest integer such
that G imbeds, cellularly or not, in the nonorientable surface N,. Prove
that G has a cellular imbedding in N, .

Prove that the maximum genus of the complete bipartite graph K,, , is
|B(K,, ,)/2]. (Ringeisen, 1972)

Find the maximum genus of the octahedral graph O,, for all n > 0.

Let e be an edge of the graph G such that G — e has two components G,
and G,. Prove that y(G) = y(G,) + v(G,) and that y,,(G) = v, (G,) +
Yr(G,). (Hint: Use Exercise 3.3.4 and Theorem 3.3.3.)

Find a graph that has genus range [0,1]. Find a graph that has genus
range [1,2]. Use Exercise 11 to prove that for any m > 0 and any
n > 2m, there is a graph with genus range [m, n].

Prove that GR(G) = [m, m], m > 0, if and only if no vertex of the graph
G lies on two distinct cycles. (Hint: Exercise 7 might help.)

Use Exercise 13 to prove the result of Nordhaus et al. (1972) that if
GR(G) = [m, m], then m = 0.

By Exercise 12, there is a graph with genus range [2, n], for any n > 4. By
Exercise 14, there is no graph with genus range [2,2]. Is there a graph
with genus range [2, 3]? In general, find a graph of genus range [m, n] for
some m >0, m<n<2m.

Prove that if H is a connected graph with more than one edge, then there
are adjacent edges d and e such that H — d — e has only one nontrivial
component.

Calculate the genus distribution of the following graphs:
(a) K,.

(b) K ;.

(c) K, XKj;.
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18. Calculate the face-size distribution of the following graphs:
(a) K,.
b) K.
(¢c) K, XKj,.

3.5. ALGORITHMS AND FORMULAS FOR MINIMUM IMBEDDINGS

Historically, most of the early emphasis in topological graph theory was to
determine the genus and crosscap number of a graph. Since this problem is
inherently finite, one might look for algorithms to compute them. One possibil-
ity, which is incorporated into the Heffter—Edmonds algorithm, requires an
examination of all the rotation systems, an unfeasibly lengthy search.

The most frequently adopted approach has been to calculate genus and
crosscap number formulas for interesting families of graphs and for the effect
of various graph operations. Most of the derivations of such formulas have
used covering space constructions, either in explicit topological form or in an
equivalent combinatorial guise. However, before extending voltage graph
techniques to include a lift of the imbedding—the main theme of Chapter
4—it is instructive to study two operations whose imbeddings have not
required covering space constructions: cartesian products and one-vertex
amalgamations.

3.5.1. Rotation-System Algorithms

In its least complicated form, the Heffter—Edmonds algorithm for minimum
genus 1s as follows: First, list all the pure rotation systems of a graph. Next,
compute the number of faces for each rotation system. Then, choose one
having the most faces. The obstruction to usefulness is that the number of
rotation systems is exponential in the number of vertices. For instance, a
regular (r + 1)-valent graph with n vertices has (r!)” pure rotation systems.

Sampling from the set of all pure rotation systems in order to approximate
the genus of a given graph seems a plausible approach. However, not much is
known about the distribution of genera within a rotation system, except for a
few special cases. It seems that relatively few imbeddings are minimum genus
imbeddings. For example, the genus range of the complete graph K, is [1, 7],
and by details in the proof of Theorem 3.4.6, we see that only 2 - 5! of (5!)’
possible pure rotation systems give a genus-1 imbedding, or about one in 102,
A heuristic explanation of this phenomenon is given in Exercises 2—4.

A less exhaustive use of rotation systems might be to hill-climb by moving
from one imbedding of the given graph to an adjacent imbedding (as defined
in Section 3.4), while always trying to increase the number of faces at each
step. Unfortunately, as the following theorem shows, “local genus minima”
abound in the collection of orientable imbeddings of a graph.
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Theorem 3.5.1. Let G — S be an imbedding such that every boundary walk is a
cycle, and such that the only boundary walks passing through both endpoints of
an edge are the two boundary walks containing that edge. Then every adjacent
imbedding has larger genus.

Proof. Let e be any edge of the graph G, and let G’ — S’ be the
imbedding obtained by deletion surgery on edge e. This imbedding has one
less face than the original imbedding, since the two faces containing edge e
have been joined into one. Moreover, no face of the imbedding G’ — S’ passes
through both endpoints of edge e, except the joined face. Therefore, when the
edge e is reattached in a different way, it must form a bridge joining two more
faces. Hence, any adjacent imbedding has fewer faces and larger genus. O

Example 3.5.1 (Gross and Tucker, 1979b). It is easy to verify that the toroidal
imbedding on the left of Figure 3.41 satisfies the hypothesis of Theorem 3.5.1.
Thus, every adjacent imbedding has larger genus. However, the given graph has
the planar imbedding given on the right. It follows that the imbedding at the left
is a local minimum that is not a global minimum.

One might try to salvage an algorithm by defining a different kind of
adjacency for graph imbeddings. One obvious candidate is “ vertex-adjacency”:
two imbeddings are vertex-adjacent if their rotation systems agree at every
vertex except one. However, a regular graph of valence 3, such as that in
Example 3.5.1, has only two rotations at any vertex, so that vertex-adjacent
imbeddings of these graphs would also be adjacent, presenting us with the
same problem of local genus minima. In general, algorithms based on rotation
systems have not been sufficiently fast.

3.5.2. Genus of an Amalgamation

Suppose that H and K are graphs imbeddable in surfaces S, and S,
respectively, and that G is a graph obtained by amalgamating H and K at a
vertex. Then there is no difficulty in constructing an imbedding of G into a
surface of genus h + k. First, one chooses a disk on §,, whose interior is
disjoint from the imbedded graph H and whose boundary intersects H only at
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Figure 3.42. Any amalgamation of two graphs is imbeddable into a disk sum of any two of their
respective imbedding surfaces.

the amalgamation vertex. Next, one chooses an analogous disk on the surface
S,. Then, one deletes the interiors of both disks and identifies the resulting
surface boundaries so that the graphs H and K are amalgamated, as il-
lustrated in Figure 3.42. As we have mentioned in Exercise 3.3.11, this
composition of surfaces is called a “disk sum”.

For this simplified type of graph amalgamation, we often use the notation
H *, K, where v is the vertex of amalgamation, to represent the resulting
graph. From the above discussion, it is obvious that

Y(H*,K) < v(H) + v(K)

The so-called BHKY theorem (for Battle, Harary, Kodama, and Youngs)
asserts the nonobvious fact that

Y(H*,K) =vy(H) + y(K)

By way of contrast, the analogous assertion, is not true for maximum genus
(see Exercise 5), and it is not true for crosscap number (see Theorem 3.5.5).

The straightforward way to try to prove the BHKY theorem is to attempt
to show that an amalgamated graph H *, K must have a minimum imbedding
that permits reversal of the combined disk sum and graph amalgamation
operation. That is, one hopes for an imbedded circle in the surface that
intersects H * K only at the amalgamation vertex v and that separates the
imbedding surface into two parts, one of which contains H and the other of
which contains K. Necessarily, all the H-edges would have to be grouped
contiguously in the rotation at v (as would the K-edges). If one started with a
minimum imbedding of H *, K in which the H-edges were not continuously
grouped, then one would wish to regroup, without increasing the genus of the
imbedding surface. The following lemma, whose application is not restricted
to imbeddings of amalgamated graphs, is what facilitates regrouping.

Lemma 3.5.2. Let
v. ab --- cd

be the rotation at a vertex v of an orientable imbedding G — S such that the
corners ab and cd lie on the same face. Let G — S’ be the adjacent imbedding
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such that the edge a is inserted between edges ¢ and d, so that vertex v has the
resulting rotation

v. b...cad

and all other rotations remain the same. Then y(S") < y(S).

Proof. let G — S” be the imbedding obtained from G — S by deletion
surgery on edge a. We shall use F, F’, and F” to denote the face sets of the
respective imbeddings G —» S, G — S’, and G — S”. If the edge a appears
twice on the same face boundary of the imbedding G — S, then #F' = #F
+ 1, from which it follows that #F’ > #F"” — 1 = #F. Otherwise, the dele-
tion surgery on edge a in the imbedding G — S unites the face having the
corners ab and cd with another face, and the resulting “new” face in G — S”
contains the corner ¢d plus another occurrence of v across the “new” face to
the corner cd, thereby resplitting the “new” face. Thus, #F' = #F. 0O

Theorem 3.5.3 [The BHKY Theorem (Battle, Harary, Kodama, and Youngs,
1963)]. y(H=*,K) = y(H) + y(K).

Proof. In any imbedding of H * K, the rotation at vertex v contains
sequences of edges from the graph H interspersed with sequences from K.
Maximal sequences from H and K are called “ H-segments” and “K-segments”,
respectively, relative to that imbedding. Let H *, K — S be a minimum-genus
imbedding that maximizes the sum of the squares of the segment lengths at v,
taken over all imbeddings of H *, K into the surface S. We assert that for this
imbedding, there is but one H-segment and one K-segment.

In order to verify the assertion, we observe that in any imbedding of
H * K, there exists an edge d from H and an edge e from K such that d
immediately precedes e in the rotation at v. Moreover, whatever face boundary
contains the corner de must also contain a corner e¢’d’ where e’ is from K and
d’ from H. Since edges of H and K meet only at v, it follows that the rotation
v has the form

v. de...e'd ...

We claim that the edges d and d’ must lie in the same H-segment. If not, then
suppose that the lengths of the H-segments containing d and d’ are n and n’,
respectively. Without loss of generality, we shall assume that n < n’. Apply
Lemma 3.5.2, with edges d, e, ¢’, and d’ filling the roles of a, b, ¢, and d,
respectively. Evidently, the adjacent imbedding with the modified rotation

v. e...e'dd

(and no other changes) would have the same imbedding surface—lower genus
is impossible, since S is a minimum-genus imbedding surface—but a larger
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sum of squares of segment lengths, since
(n=1)%+ (0" +1)*>n? + (n')’

because n < n’. Thus, the edges 4 and d’ are in the same H-segment.
Similarly, the edges ¢ and e’ are in the same K-segment. Therefore, we have
established an assertion that there is only one H-segment and only one
K-segment.

We must still prove that a closed arc C through vertex v from corner de to
corner e’d’ in the interior of their common face must separate the imbedding
surface. However, if not, then closed arc C would lie on a handle of surface S.
If the surface S were cut open along C and reclosed with two disks, the result
would be an imbedding of the disjoint union of the graphs H and K on a
surface S’ of genus y(S) — 1. Such an imbedding would be noncellular, since
any region that contained both a closed H-walk and a closed K-walk in its
boundary would fail to be simply connected. By the construction of S’, no
such region could arise. It follows that the closed arc C separates the surface
S. Since graph H lies on one side of the separation, that side must have genus
at least y(H). Similarly, the other side must have genus at least y(K). It
follows that

Y(H*,K) > y(H) + v(K)

Since we have previously established the opposite direction of this inequality,
the BHKY theorem is proved. O

A maximal 2-connected subgraph of a graph G is called a “block” of the

graph G. For example, the graph in Figure 3.43 has four blocks. A slight
generalization of Theorem 3.5.3 1s the following.

Theorem 3.54. If the blocks of graph G are G,...,G,, then
Y(G) =¥(Gy) + -+ +7(G,).
Proof. One uses a simple induction on the number of vertices of the graph
G, while applying the fact that a subgraph H is a block graph G if and only if

G = H * K for some vertex v and some subgraph K (of course, K itself may
have several blocks). O

NN TR

Figure 3.43. A graph having four blocks.




154 Surfaces and Graph Imbeddings

Figure 3.44. A rotation projection of K *, K.

More general types of amalgamations have also been studied. The situation
here is much more complicated, as the following example illustrates.

Example 3.5.2. The rotation projection shown in Figure 3.44 gives an im-
bedding in a torus of an amalgamation of K with K along an edge. Thus the
genus of this graph is 1, not the seemingly obvious value of 2.

The results known for other amalgamations are all of the form y(H *,K')
= y(H) + y(K) + 8§, where the parameter § is given a possible range of
values, and each of these values does occur for some pair of graphs H and K.
Alpert (1973) shows that when the pasting function f identifies an edge of H
with an edge of K, then = 0 or —1. Stahl (1980) and Decker et al. (1981)
prove that § = 1, 0, or —1 when f identifies copies of K,°. Stahl also shows in
the same paper that § =2, 1, 0, —1, or —2, when the pasting function f
amalgamates two copies of K.

In general amalgamations, the range of § values is much greater and
determining when & takes on a particular value is quite complicated [see, for
example, Decker et al. (1985)]. The best general theorem would be a bound on
8 that depends only on the number k of vertices being identified by the
amalgamation. An upper bound for & if k=1 is easily obtained and is
achieved for some amalgamations when k = 2. Archdeacon (1986) has shown,
however, that there is no lower bound for § even when k = 3; he constructs a
sequence of n-vertex graphs G, and 3-vertex amalgamations H, of G, with
itself such that y(H,) = 2y(G,) + n.

3.5.3. Crosscap Number of an Amalgamation

Computation of the crosscap number of a one-vertex amalgamation of two
graphs is complicated by the fact that a nonorientable surface can be rep-
resented as the disk sum of a nonorientable surface and an orientable surface.

Example 3.5.3. The crosscap number of the complete graph K, is 3, by
Theorem 3.4.6. However, since K, is imbeddable in a torus, the amalgamation



Algorithms and Formulas for Minimum Imbeddings 155

K, *, K, has an imbedding in the nonorientable surface N, obtained from a disk
sum of imbeddings of K, in a torus and in the surface N;. Thus, in general,
Y(H*,K) # y(H) + y(K).

Theorem 3.5.5 (Stahl and Beineke, 1977). y(H*,K)=y(H) + y(K) + 6,
where 8 = —1 if either y(H) > 2y(H) or Y(K) > 2y(K), and 6 =0
otherwise.

Proof. Let g denote the value of the right-hand side of the equality and let
G = Hx* K. To see that ¥(G) < g, use disk sums and the general fact that
Y(H) < 2y(H) + 1 (and similarly for K).

Conversely, to show that y(G) > g, it suffices to prove, as in Theorem 3.5.3,
that there is an imbedding of the graph G in the nonorientable surface of
minimum crosscap number such that the rotation at vertex v has one H-seg-
ment and one K-segment. The details of the proof of Theorem 3.5.3 can be
used again. The only difficulty lies in the nonorientable version of Lemma
3.5.2. The type of the edge d might have to be changed when it is reattached
at vertex v, in order not to decrease the number of faces. (Certainly one of the
two possible types for edge d will be wrong: we want the sides of edge 4 in
the new imbedding to belong to separate faces, yet an extra twist in an edge
whose sides belong to separate faces joins the faces.) One might fear that
changing the type of edge d could make the new imbedding surface orientable.
However, in the present context, the sides of the edge d belongs to distinct
faces in the original imbedding. As we observed in Section 3.4 in the
discussion of extra twists, changing the type of edge under such a circumstance
always yields a nonorientable surface. O

3.54. The White-Pisanski Imbedding of a Cartesian Product

The cartesian product of two graphs contains many cycles of length 4, because
each instance of the product K, X K, is a cycle of length 4. One might hope,
therefore, that a cartesian product G X H has imbeddings in which all the
faces are quadrilaterals. If the graphs G and H both have girth greater than 3,
then the resulting imbeddings would be minimal genus or crosscap number
imbeddings. Indeed, it might be much easier to compute the genus of a
product G X H than to compute the genus of either G or H. White (1970) was
the first to exploit this idea. Our presentation includes generalizations due to
Pisanski (1980).

Define a “patchwork” of an imbedding G — S to be a collection P of faces
such that the union of all the boundary walks of the faces in the collection P
forms a 2-factor of the graph G. A set of patchworks Py, P,,..., P, is
“disjoint” if they are pairwise as collections of faces, that is, no face in P, is
also a face in P; unless i = j. (However, the boundary walk of a face in P; may
share an edge with a boundary walk of a face in P;.) The faces of an
imbedding G — S that are not in a given set of patchworks are called
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Figure 3.45. Some disjoint patchworks in a toroidal imbedding of C, X (.

“residual”. A patchwork is called “even” if all of its faces have even size, and
it is called “quadrilateral” if all of its faces have size 4.

Example 3.5.4. Let P, be the collection of faces labeled i in the toroidal
imbedding given in Figure 3.45. Then P,,..., P, are four disjoint quadrilateral
patchworks; this set of patchworks has no residual faces. The set P, P, of
patchworks has 12 residual faces.

An “edge-coloring” of a graph G is an assignment of a “color”, usually
denoted by an integer, to each edge such that edges incident to the same vertex
have different colors. A color i used in an edge-coloring of the graph G is
“saturated” if there is an i-colored edge incident to every vertex of G. Thus,
the set of edges of a saturated color in a given edge-coloring of the graph G
form a 1-factor of the graph. A regular graph of valence p has an edge-color-
ing with p colors if and only if it is 1-factorable.

Example 3.5.5. On the left of Figure 3.46 is an edge-coloring of the cycle graph
C, using two colors, both of which are saturated. On the right is an edge-coloring
of the graph Cs using three colors, none of which is saturated.

Theorem 3.5.6 (White, 1970; Pisanski, 1982). Let G — S be an imbedding that
has r disjoint, even patchworks such that all residual faces are quadrilaterals and
such that at least q of the patchworks are quadrilateral. Let H be a graph that
has an edge-coloring with r colors, at least r — q of which are saturated. Then the
cartesian product G X H has an imbedding with at least 2r — q disjoint patch-
works, such that all faces of the imbedding are quadrilaterals. The imbedding is
orientable if and only if the imbedding G — S is orientable and the graph H is
bipartite.
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anu:re 3.46. [Edge-colorings of the graphs Cg and C5 :

Proof. Let1l,2,..., rdenote the colors of the edge-coloring of the graph H
with the colors that are not saturated listed first. Let P, P,,..., P, be the
disjoint even patchworks of the imbedding G — S with the quadrilateral
patchworks listed first. We construct the desired imbedding for the graph
G X H by giving its rotation at each vertex (u, v). Recall that edges incident
to vertex (u, v) are of the form (d, v) where d is an edge of the graph G
incident on vertex u or of the form (u, e¢) where e is an edge of the graph H
incident on vertex v. For convenience, we call the former G-edges and the
latter H-edges. We call the edges d and e their projected edges. The G-edges
are to appear in the rotation at vertex (w,v) in the same order as their
projected edges in the rotation at vertex u for the imbedding G — S. The
H-edges are then interspersed as follows: if the projection of an H-edge is
colored i in the edge-coloring of the graph H, then that edge is placed between
the two G-edges whose projections form the corner of the face from patchwork
P, at vertex u. The type of every G-edge is the same as its projected edge while
every H-edge is given type 1. It is best to view this imbedding as #V(H)
copies of the imbedding G — S placed at different levels with “tubes” joining
corresponding faces at different levels where needed for H-edges. Figure 3.47
shows how a pair of H-edges having the same projection fit into four corners
of corresponding faces from patchwork P,. A pair of corresponding faces of

< |1 ><7f(
x—= "

Figure 3.47. Part of a rotation projection of the imbedding for G X H; on the left, before
H-edges are added and, on the right, after.
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Figure 3.48. A pair of corresponding faces joined by a tube.

the imbedding G — S is thereby transformed into a tube of quadrilaterals (see
Fig. 3.48).

If color i is not saturated, then the patchwork P,, which is quadrilateral by
the choice of listing of the patchworks, generates a quadrilateral patchwork
consisting of alternate quadrilaterals around each tube between levels joined
by H-edges colored i and faces of P, itself at levels where no H-edge colored i
is incident. If color i is saturated, then patchwork P, generates a pair of
disjoint quadrilateral patchworks formed by alternate quadrilaterals around
each tube joining a pair of corresponding faces of P,. Thus the resulting
imbedding has at least 2r — ¢ disjoint patchworks, as claimed. It is clear that
every face of the imbedding is quadrilateral, by construction. Finally, the
imbedding surface is orientable if and only if the imbedding G — S is
orientable (since G-edges have the same type as their projections), and the
graph H has no cycle of odd length (since every H-edge has type 1). O

The important part of the conclusion of Theorem 3.5.6 is that the con-
structed imbedding has all faces quadrilateral. The number of disjoint patch-
works in the imbedding is useful for repeated cartesian products.

3.5.5. Genus and Crosscap Number of Cartesian Products

The White--Pisanski imbedding enables us on compute the genus and crosscap
number of a variety of cartesian products. In all the applications that follow,
the minimal genus or crosscap imbedding has all faces quadrilateral. Thus the
number of faces is half the number of edges. In particular, if the graph is
regular of valence ¢ and has n vertices, the genus of the imbedding surface S,
if it is orientable, is

1-x(8)2=1-(n—nt/2+nt/4)/2=1+n(t - 4)/8

If the imbedding surface is nonorientable, its crosscap number is twice this.
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Theorem 3.5.7 (White, 1970). Let G=C, X C, X --- XC, where r > 1
and n, > 3 for all i. Then

a. y(G) =1+ #V(G)(r— 2)/4 if each n, is even.
b. ¥(G)=2+ #V(G)r—2)/2 ifr>2, n, and n, are even, and n, is
odd.

Proof. The graph C, X C, has an imbedding in the torus that has all
faces quadrilateral and four disjoint patchworks (see Example 3.5.4), whenever
n, and n, are even. Repeated application of Theorem 3.5.6 gives an all-
quadrilateral imbedding of the graph G, orientable in case a and nonorientable
in case b. Since the girth of the graph G is greater than three, the equations
follow from Euler’s equation. [J

Theorem 3.5.8 (Ringel, 1955). The genus of the n-cube graph Q, is 1 +
277 3(n — 4).

Proof. The proof is like that for Theorem 3.5.7; use the quadrilateral
imbedding of Q, = C, to get started. O

Theorem 3.5.9 (Pisanski, 1980). Let G and H be 1-factorable, regular r-valent
graphs with girth greater than three. If both G and H are bipartite, then

Y(GXH)=1+mn(r—2)/4
and if G and H are not both bipartite, then
Y(GXH)=2+mn(r—2)/2

where m = #V(G) and n = #V(H).

Proof. First, we construct an imbedding G — S that has r disjoint even
partitions (and hence no residual faces). Choose any cyclic ordering of the
1-factors of a 1-factorization of the graph G, and let the rotation at each vertex
be given by this single ordering. Let every edge have type 1. Then each face of
the resulting imbedding consists of edges alternating between two 1-factors.
Thus, the imbedding has r disjoint even patchworks. The imbedding surface is
orientable if and only if the graph G is bipartite. The theorem then follows
from Theorem 3.5.6, since the graph H has an edge-coloring with r colors all
of which are saturated. O

Theorem 3.5.10 (Jungerman, 1978a). Y(Q,) = 2vy(Q,) for n# 4, 5 and
¥(Q,) =2v(Q,) + 1 forn = 4,5.
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Figure 3.49. Rotation projections for two imbeddings of Q5.

Proof. Since y(Q,) =0 for n < 4, there is nothing to be proved there.
Jungerman shows that neither Q, nor Q5 has a nonorientable quadrilateral
imbedding, but they do have orientable ones, hence the special equation for
n =4,5. We shall show that Q, has a nonorientable imbedding with two
disjoint patchworks and all residual faces quadrilateral. Theorem 3.5.6 then
provides a nonorientable, quadrilateral imbedding of @, X Q, = Q, with four
disjoint patchworks, from which one easily obtains quadrilateral imbeddings
of Q, for all n > 6, again by Theorem 3.5.6.

Consider the two imbeddings of Q; whose rotation projections are given in
Figure 3.49. Both imbeddings have three disjoint patchworks consisting each
of faces with the same label; the imbedding on the right has two faces of size
8, each of which forms a patchwork by itself. We have labeled the corners of
those faces. Now perform the White—Pisanski construction on @0, X Q, = Q,,
only using the left imbedding of Q, on one level and the right imbedding on
the other level and putting Q,-edges into the corners of faces labeled 1. Faces
labeled 2 then form a patchwork in the resulting imbedding, while those
labeled 3 form another. Residual faces are the quadrilaterals on the tubes
joining faces labeled 1. Finally, the reader can easily verify that the resulting
imbedding has a cycle with an odd number of type-1 edges. O

Clearly an edge-coloring of a graph with maximum valence r requires at
least r colors. The following converse has been established by Vizing (1964).

Theorem 3.5.11 (Vizing). Any graph with maximum valence r can be edge-col-
ored with r + 1 colors or less.

Proof. Omitted. O

3.5.6. Exercises

1. Prove that given any integer m, there is a graph having an edge whose
contraction reduces the genus of the graph by m. (Hint: Any n-vertex
graph reduces to a one-vertex graph by a sequence of n — 1 edge
contractions.)
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Given a pure rotation system for a graph G, let p be the permutation of
the edge set DE(G) such that for each vertex v the set of directed edges
with initial vertex v, ordered by the given rotation system, forms a cycle
of p. Let ¢ be the involution of DE(G) given by t(e’) =e % o= +.
Show that the cycles of po¢ are the directed boundary walks of the
associated orientable imbedding.

For each permutation = € %,, define #(7) to be the permutation ob-
tained by erasing the symbol » in the cycle notation for . For example,
if #=(13462)5) then #(7w) = (1342)(5). Use ¢t to prove that the
expected number of cycles in an element of %, is 1+ 1/2 +
1/3+ --- +1/n [see Knuth (1969) for more on cycle structure of
random permutations].

Use Exercises 2 and 3 to argue that one should expect the number of
faces of a random orientable imbedding of an m-edge graph to be around
In(2m). Contrast this with the number of faces of a “good” (e.g.,
triangular) minimal-genus imbedding. What should one expect for the
genus of a random imbedding of K,?

Prove that y,,(K;*, K;) = v, (K;) + vy (K;) + 1.

Find graphs H and K such that vy, (H *, K) = vy, (H) + v,,(K).
Prove that y,,(H*, K) = vy, (H) + v,,(K) + 8, where § = 0, 1.

For each possible value of 8, give an example of a pair of graphs H and
K and a function f identifying copies of K, in the graphs such that
Y(H*,K) = y(H) + y(K) + 4.

Prove that if G and H are regular bipartite graphs of the same valence
r having m and n vertices, respectively, then y(G X H) =1 +
mn(r — 2)/4.

Let H be any bipartite graph with maximum valence r and girth greater
than 3. Use Vizing’s theorem and Theorem 3.5.6 to compute the genus of
Q, X H forall n>r.

Prove that if H is any graph with maximum valence r > 3, then Q, X H
has a nonorientable quadrilateral imbedding for all » > r + 2. (Hint:
The proof of Theorem 3.5.10 provides nonorientable quadrilateral imbed-
dings of Q, with many disjoint patchworks for n > 5.)

Compute y(K; ; X Q,,) for all n.



4

Imbedded Voltage Graphs and
Current Graphs

Suppose that a graph G 1s simultaneously given a voltage assignment « and an
imbedding in some surface S. Then there is a natural way to construct a
derived surface §“ and an imbedding of the derived graph G into S¢; the key
idea is to “insert a region” into every closed walk of G* that covers a
boundary walk of the “base” imbedding G — S. Moreover, there is a surface
map S — S that is topologically a “branched covering” and whose restriction
to the derived graph G* is the natural covering projection p: G* = G. This
form of the voltage graph construction makes it easy to prove various
theoretical results, including Alexander’s theorem that every closed orientable
surface is a branched covering space over the sphere. Furthermore, imbedded
voltage graphs and their duals, which are known as “current graphs”, are of
primary importance in many calculations of the genus of graphs, because they
provide a powerful technique for generating complicated imbeddings from
simple ones. Finally, imbedded voltage graphs can be used to understand
“surface symmetry”’, by which we mean group actions on surfaces.

4.1. THE DERIVED IMBEDDING

Let G - S be an imbedding of a graph G in a surface S, and let a be a
voltage assignment in a group 7. We call the pair (G — §, a) an “imbedded
voltage graph”. The surface S may be orientable or not, and the voltages may
be ordinary or permutation voltages, although one usually employs the sub-
scripted notation (G — S, a), to indicate permutation voltages in %,. Then
there is a natural way to define a “derived surface” S* and a “derived
imbedding” G* — §* either in terms of a lifted rotation system or in terms of
lifted faces.

4.1.1. Lifting Rotation Systems

Suppose first that a is an ordinary voltage assignment in a group %/, and let
p: G* = G be the natural projection of the derived graph onto the base graph.
We call the given imbedding G — § of the base graph the “base imbedding”.

162
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We shall initially assume that the base imbedding is specified by a rotation
system for the base graph G, and specify how to construct the “derived
rotation system”.

Suppose that the vertex u of the base graph G has the rotation

u. cd...e
Then a vertex u, in the fiber over u has the rotation

u, c,d,....e,

a 1

If some edge incident on u has type 1 in the base imbedding (i.e., if the local
orientations at its endpoints are inconsistent), then the corresponding edge in
the derived graph is also assigned type 1. The surface S induced by this
rotation system on the derived graph is called the “derived surface”, and the
imbedding G* — S is called the “derived imbedding”.

This definition of the derived imbedding translates immediately into a band
decomposition. Each 0-band of the base imbedding lifts to #.x/ different
0-bands in the derived imbedding, each of which has the same instructions (up
to wcoordinates) for attaching 1-bands. Moreover, each 1-band of the base
imbedding lifts to #./ different 1-bands, each with the same “twist” as the
base 1-band.

Example 4.1.1. Consider the graph imbedding G — S corresponding to the
rotation system

u. at ¢ d
v b d ¢
b e a' ¢!

with voltages in &,, as indicated by the labeled rotation projection at the bottom
of Figure 4.1. Then the derived rotation system is

1
u,. aol co d
u,, a, ¢, d

It is illustrated by the rotation projection at the top of Figure 4.1.

4.1.2. Lifting Faces

The base imbedding in Example 4.1.1 has three faces. The boundary walks of
these faces and their net voltages are as follows:

aebc™ 0+14+1—-1=1mod?2
db ea- (0-14+1-0=0mod2
cd” 1-0=1mod2
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Figure 4.1. Rotation projections for an imbedded voltage graph (bottom) and its derived
imbedding (top).

The derived imbedding has four faces and these boundary walks:

a 0 eo b]_ Cll. al e 1 bo CO
dy b,” e a,
dy by ey a”
co dy ¢ dy”

Obviously, this information might be obtained by means of the Face Tracing
Algorithm, an arduous task if the derived graph is large. Fortunately, however,
the number and sizes of the faces of the derived imbedding are always
computed using general properties of the voltage graph construction, proper-
ties which are apparent in the pattern of boundary walks just given for
Example 4.1.1.

Since rotations in the derived imbedding G* — S are the same as those in
the base imbedding G — S, up to subscripts in the voltage group %7, the faces
of the derived imbedding are determined by the faces of the base imbedding.
In particular, the sequence of edges in a boundary walk of G* » S corre-
sponds exactly (after erasure of subscripts) to one or more iterations of the
edge sequence in a boundary walk of the base imbedding. The iterations
continue until the first edge would once again have the same voltage subscript
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it started with. In terms of the natural projection p: G* — G, the boundary
walks of the derived imbedding are precisely the components of lifts of the
boundary walks of the base imbedding. Thus, the following theorem is
essentially a corollary of Theorem 2.1.3.

Theorem 4.1.1 (Gross and Alpert, 1974; Gross, 1974). Let C be the boundary
walk of a face of size k in the imbedded voltage graph (G — S,a). If the net
voltage on the closed walk C has order n in the voltage group </, then there are
#.27/n faces of the derived imbedding G* — S corresponding to the region
bounded by C, each with kn sides. [

In Example 4.1.1 the base region aebc™ has length 4 and net boundary
voltage of order 2, so it lifts to one eight-sided face aye, byc,” a, e, b, ¢y,
whose boundary walk covers the boundary walk of aebc™ twice. The base
region db~ ea” has length 4 and net boundary voltage of order 1, so it lifts to
two four-sided faces, d,b,” e, a,” and d, b, e, a; , each of whose boundary
walks covers the boundary walk of db™ ea™ once. The base digon cd™ has
net boundary voltage of order 2, so it lifts to one four-sided face ¢, d, ™ ¢;dy ™ .

We emphasize the principle that faces of the derived imbedding are
computed in practice from the net voltages on boundary walks of the base
imbedding, not by the lengthy task of face tracing in the derived rotation
system. Another example further illustrates this point.

Example 4.1.2. Let (G — S,, a) be the imbedded voltage graph shown in
Figure 4.2, where voltages are in the cyclic group Z¢. The four boundary walks
have net voltages (listed clockwise starting from the upper left) 0, 5, 4, and 3.
Therefore the derived imbedding has six faces of size 4, one face of size 24, two
faces of size 12, and three faces of size 8. Since the base graph has four vertices
and eight edges, the derived surface has Euler characteristic

x(S*)=6-4-6-84+(6+1+2+3)=-12

b
e——
1 1
r— — \ 4 P
]T! 1Y 1

L T o —lp
1 1
—
b

Figure 4.2. A voltage graph imbedded in the torus, with voltages in the cyclic group Z5.
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Figure 4.3. An imbedding B, — S, with voltages in 25 and the derived imbedding K5 — S, .

4.1.3. The Kirchhoff Voltage Law

A face of an imbedded voltage graph is said to satisfy the Kirchhoff voltage
law (abbreviated KVL) if the net voltage on its boundary walk is the identity.
Such faces are especially important in constructing minimal imbeddings, since
the lifts of a face satisfying KVL all have the same number of sides as the face
itself. For example, a triangular base imbedding with all faces satisfying KVL
gives rise to a triangular derived imbedding. Computation of the Euler
characteristic of the derived surface is also simpler when faces satisfy KVL.

Theorem 4.1.2. Let (G — S, a) be an imbedded voltage graph such that every
face satisfies KVL. Then x(S%) = nx(S), where n is the order of the voltage

group.

Proof. By Theorem 4.1.1, each face of the base imbedding lifts to n faces
of the derived imbedding. The derived graph always has n times as many
vertices and edges as the base graph. Thus

x(S%) = n#V, — n#E; + n#F, = nx(S) O

Example 4.1.3. Let G — S be the imbedding of a bouquet of two circles in the
torus with voltages in & as shown on the left in Figure 4.3. Since KVL holds for
the one and only face of the base imbedding, it follows that x(S*) = 5x(S§) = 0.
Every edge of the derived imbedding has type 0, because every edge of the base
imbedding does. Therefore, the derived surface S* is orientable, and from its
Euler characteristic, we infer that it must be the torus. The derived graph G* is
the complete graph K. Thus, we have found a quadrilateral imbedding of K in
the torus. This imbedding is shown on the right of Figure 4.3.

4.1.4. Imbedded Permutation Voltage Graphs

Let (G = S, a), be an imbedded permutation voltage graph. The “derived
rotation system” and the resulting “derived imbedding” G* — S* and “de-
rived surface” §* are defined just as for ordinary voltages: rotations at
corresponding vertices are the same (up to erasure of subscripts), and corre-
sponding edges have the same type. Once again, it is easier to calculate faces
of the derived graph not from the derived rotation system, but by directly
lifting faces of the base graph.
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Figure 4.4. A permutation voltage graph imbedded in the sphere.

Theorem 4.1.3. Let C be the boundary walk of a k-sided face in the imbedded
permutation voltage graph (G — S, a),. Suppose that the net permutation
voltage on C has cycle structure (¢, ¢y, ..., cC,). Then there are
¢, + ¢, + - -+ +c, faces of the derived imbedding G* — S* corresponding to the
face C, including for j = 1,2,..., n exactly c; faces with kj sides.

Proof. This is an easy corollary of Theorem 2.4.3. O

Example 4.1.4. Consider the imbedded permutation voltage graph
(By = S,, a),; shown in Figure 4.4. The derived graph has seven vertices, 21
edges, and no multiple edges or loops, which implies that it is the complete graph
K. The voltage on each of the three monogons of the bouquet B; has cycle
structure (0,0,1,1,0,0,0), so it gives rise to one quadrilateral and one triangle in
the derived imbedding. The three-sided outside face of the base imbedding has a
net voltage of (15732)(46); thus it lifts to one 15-sided face and one 6-sided face
in the derived imbedding. The derived surface S® is orientable of genus 4, since

x(§)=7-21+8=—6

4.1.5. Orientability

Let (G — S, a) be an imbedded voltage graph. If the surface S is orientable,
then the orientability algorithm of Section 3.2 enables us to construct an
equivalent imbedding in which every edge of G has type 0. Therefore, we may
assume that every edge of the derived imbedding also has type 0, from which it
follows that the derived surface is orientable. If the base surface S is
nonorientable, the situation is not so clear. On the one hand, the derived
surface in Example 4.1.1 is nonorientable, since the closed walk a, b,c,” 1s
type 1. On the other hand, the derived surface might be orientable, as in the
following example.

Example 4.1.5. Let (G —> S, a) be the imbedded voltage graph with Z 4volt-
ages, as shown on the left in Figure 4.5. The imbedding has only one face, so we
know from its Euler characteristic that the base surface S is the projective plane.



168 Imbedded Voltage Graphs and Current Graphs

| '

N

Figure 4.5. Rotation projections of a nonorientable imbedded Z,-voltage graph and its orienta-
ble derived imbedding.

The derived imbedding, shown on the right, has two four-sided faces, and its only
cycle consists of four edges of type 1. Thus the derived surface is the sphere; in
particular, it is orientable. If the voltages shown were in &, instead, then the
derived surface would have had a cycle with an odd number of type-1 edges and
would have been nonorientable.

From this example, one may correctly suspect that the derived surface of an
imbedded voltage graph (G — S, @) is nonorientable, if and only if some
type-1 closed walk in G has a net voltage of odd order. In fact, one only need
check for net voltages of order 1.

Theorem 4.14. Let (G — S,a) be an imbedded voltage graph. Then the
derived surface S is nonorientable if and only if the net voltage on some type-1
closed walk in the base imbedding G — S equals the identity.

Proof. et W’ be a type-1 closed walk in the derived surface S¢ and let
p:G* — G be the natural projection. Then the image W = p(W’) of the
sequence of edges in W is a type-1 closed walk, and, by Theorem 2.1.2, the net
voltage on the walk W is the identity. Conversely, let W be a type-1 closed
walk in the base imbedding G — S whose net voltage equals the identity.
Then the lift p~}(W) consists of #./ copies of the closed walk W, each of
which is type 1. O

Clearly one cannot check the net voltage of every one of the infinite number
of type-1 closed walks to see if it equals the identity. Some finite collection of
“basic” cycles is needed, as in the orientability algorithm of Section 3.2, or as
in the method described in Section 2.5 for finding generators of the local group
&/ (u). The difficulty is that the voltages assigned to basic type-O cycles have
just as much influence over the orientability of the derived imbedding as the
voltages assigned to basic type-1 cycles. The globalness is illustrated by the
following example.

Example 4.1.6. Let B, — S be any imbedding of the bouquet of two circles such
that one loop d of B, is type 1 and the other loop e is type 0. Let a be the
Z,-voltage assignment given by a(d) = a(e) = 1. Since the only “basic” type-1
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cycle d does not have a net voltage of 0, it might appear that the derived surface
S is orientable. However, the closed walk de is also type 1, and its net voltage is
0, since a(e) = 1. Thus the derived surface is, in fact, nonorientable.

Example 4.1.6 indicates that the derived surface is orientable when the net
voltages on type-1 closed walks are in some way “disjoint” from the net
voltages on type-0 closed walks. To make this idea more precise, a base vertex
u is needed so that the local voltage group 7(u) can be used. Let «/%u)
denote the collection of net voltages on all type-0 closed walks based at vertex
u. Since the set of such walks is closed under the product of walks and the
reversing of walks, the collection .«7°(u) forms a subgroup of the group < (u);
this subgroup is called the “type-0 local (voltage) group”.

Theorem 4.1.5. Let (G — S, a) be an imbedded voltage graph with voltage
group &/, and let u be any vertex of G. Then the type-0 local group <7 °(u) has
index 1 or 2 in the local group 2/(u). Moreover, the following are equivalent:

i. /%) has index 2 in %/ (u).
ii. No type-1, u-based closed walk has its net voltage in 7 °(u).
iii. The derived surface S is orientable.

Proof. We will first prove that 1 and 11 are equivalent. To this end, let C be
any type-1, u-based closed walk, and suppose its net voltage is b. We claim
that o/(u) = & °%u) U b2Z%u). In support of this claim, suppose that a €
=/ (u), so that a is the net voltage on some u-based closed walk D. If D is type
0, then a € &7°(u) by definition. If D is type 1, then C~ D is type 0, so its net
voltage b~ 'a is in &Z°(u). Therefore, a € b/ °(u), and the claim is proved. It
follows that /°(u) has index 1 or 2 in %(u). Since the type-1 closed walk C
is arbitrary, this also shows that 2/°(u«) has index 2 if and only if no type-1,
u-based closed walk has its net voltage in 7 °(u). Thus, i and ii are equivalent.

Now we will show that ii and iii are equivalent. Suppose that the derived
surface $* is nonorientable. Then, by Theorem 4.1.4, there is a type-1 closed
walk C in the base graph G with net voltage equal to the identity. If C is not
already based at the vertex u, then the closed walk DCD™, where D is a path
from u to the initial vertex of C, is based at u and still is type-1 with net
voltage equal to the identity. Of course, the identity is in 27°(u). Thus, we
have proved that ii implies iii. Conversely, suppose that some type-1, u-based
closed walk C has its net voltage in 2/ °(«). By the definition of the subgroup
&/ °(u), some type-0, u-based closed walk D has the same net voltage as C.
Thus, CD™ is a type-1 closed walk in the base graph, whose net voltage equals
the identity. It follows from Theorem 4.1.4 that the derived surface S¢ is
nonorientable. Thus iii implies 1i. O

Example 4.1.7. Let By — S be any imbedding of a bouguet of three loops ¢, d,
and e, such that each loop is type 1. Let a be the unique voltage assignment in
the group &, X &, such that a(c) = (1,0), a(d) = (0,1), and a(e) = (1,1).
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Since each of the three possible index-2 subgroups of %, X &, contains the net
voltage of a type-1 loop, it follows from Theorem 4.1.5 that the derived surface is
nonorientable.

4.1.6. An Orientability Test for Derived Surfaces

We wish to develop a finite test for the orientability of a derived surface based
on Theorem 4.1.5, in which the only closed walks to be checked are in the
“basic” set of cycles given by a spanning tree. Unfortunately, the type-0 local
group might not be generated by the net voltages on the basic type-0 cycles.
For instance, in returning to Example 4.1.7, we see that there are no type-0
cycles at all, yet the type-0 local group is not trivial. (In fact, it is the whole
voltage group.) Thus, the test is not quite so direct as one might hope. Before
giving the test, we shall prove a useful algebraic lemma about index-2
subgroups.

Theorem 4.1.6 (An Algebraic Lemma). Let % be a subgroup of index 2 in a
group . Then 9 is the kernel of a homeomorphism ¢: & > Z,. In particular,
a product a; - -+ a, is in the subgroup & if and only if the number of elements
a, € & is even.

n

Proof. 1t suffices to show that the subgroup % is normal in the group /.
This follows immediately from the observation that, if a & %, then aZ = %Ba
= —- % 0O

Orientability Test for the Derived Surface. Let (G — S, &) be a connected,
nonorientable imbedded voltage graph with voltage group <Z. First, select a
spanning tree T and a base vertex u for the graph G, and change the local
orientation where necessary (as in the orientability algorithm of Section 3.2) so
that each edge of the tree T is type 0. Next, compute the T-voltage assignment o
and the local group </(u), as in Section 2.5. Then the derived surface S* is
orientable if and only if this condition holds:

There is a subgroup % of index 2 in the local group
& (u) such that ar(e) € % when

e is a type-0 edge and ar(e) & # when

e is a type-1 edge.

This algorithmizable test was devised by Gross and Tucker (1979a). It is
related to criteria given by Stahl and White (1976).

To verify that this orientability test works, we first recall that the derived
surfaces for voltage assignments a and a, are the same. If their common
derived surface is orientable, then by Theorem 4.1.5, the type-0 local group
& °(u) has index 2 in the local group 2/ (u), and no type-1 closed walk has a
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Figure 4.6. A voltage graph imbedded in the Klein bottle (the original voltages are given on the
left, the T-voltages on the right).

net voltage in.2/°(u). Because every edge of the tree T is type 0 and has
T-voltage equal to the identity, it follows that every edge e not in the tree T
corresponds to a unique u-based closed walk having the same type as e and
net voltage equal to ay(e). Therefore, «Z°(u) is the desired subgroup 4.

Conversely, suppose that the subgroup % exists. Then a, assigns every
type-1 edge a voltage not in %. By the algebraic lemma (Theorem 4.1.6), it
follows that every type-1 closed walk has a net voltage not in %. In particular,
no type-1 closed walk has net voltage equal to the identity. Therefore, by
Theorem 4.1.4, the derived surface is orientable.

Example 4.1.8. Let (G — S, a) be the imbedded voltage graph given on the left
in Figure 4.6 where voltages are in the cyclic group Z,,. The base imbedding
surface S is a Klein bottle. The graph G is the same as that of Example 2.5.3,
and the tree T and root vertex u selected are again the same as in Example 2.5.3.
Local orientations are indicated by arrows around vertices. On the right of Figure
4.6 is the same imbedding with the orientation at vertex v reversed so that each
edge in the tree T is type 0. In addition the T-voltages have been given as
computed in Example 2.5.3. The local group <Z(u) is {0,3,6,9}. The only
possible 2-index subgroup is {0,6}. It is easily verified that a;(e) € {0,6} if
and only if the edge e is type 0. We conclude that the derived surface S* is
orientable. We also observe that the derived surface S® has three components.
Finally, since two of the boundary walks of the imbedding G — S have net
voltage 0 and the other two have net voltage 6, it follows that the derived
imbedding has 36 faces. Therefore, x(S*) = 36 — 84 + 36 = —12, from which
it follows that the derived surface S consists of three orientable components of
genus 3.

It should be noted that the existence of the index-2 subgroup £ in the test
described above is equivalent, by Theorem 4.1.6, to the existence of a homeo-
morphism ¢: &/(u) —» Z, such that ¢(ar(e)) = 0 when e is a type-0 edge
and ¢(ar(e)) =1 when e is a type-1 edge. This viewpoint is especially
convenient if the local group 27(u) is given by a presentation with generating
set {ar(e)|e € E; — T }. There really is no choice for the desired homeomor-
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Figure 4.7. A rotation projection for an imbedded voltage graph and a corresponding set of
T-voltages.

phism ¢, since its values on the generating set are determined. It is necessary
to check only that this assignment of Os and 1s to the generators of &/ (u) does
define a homeomorphism; that is, each relator for the given presentation must
have the value 0.

Example 4.1.9. Let (G — S, a) be the imbedded voltage graph given on the left
in Figure 4.7. The voltage group &/ is a finite group with a presentation of the
form

4 4 3
(x,y,z:x2=yr=z2=1,(xp) = (yz)" = (xz)" =1,...)

On the right in Figure 4.7 are the T-voltages for the spanning tree shown in
boldface. If we let s = xy and t = yz, then the local group /(u) has a
presentation of the form

(s,tis*=1*=(st)’=1,...)

Then the desired homeomorphism ¢: /(u) > %, must have ¢(s) =0 and
¢(t) = 1. But then $((st)*) = 3¢(s) + 3¢6(¢t) # 0. Therefore the derived surface
is nonorientable.

4.1.7. Exercises

1. Let (G — §, a) be the imbedded voltage graph whose rotation projection
appears in Figure 4.8a. Find the number of faces of each size in the
derived imbedding and identify the derived surface.

2. Verify that the derived imbedding of the imbedded permutation voltage
graph given in Figure 4.8b is an imbedding of the complete bipartite
graph K, , in which every face is a quadrilateral.

3. Construct an imbedding of the complete graph K, that has two triangles,
two 6-gons, and three quadrilaterals. (Hint: Begin with a bouquet of
three circles imbedded in the sphere. Multiple edges in the derived graph
must be identified.)
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Figure 4.8. Two rotation projections of imbedded voltage graphs. (a) Ordinary voltages in Z,
(b) permutation voltages in % .

10.

11.

12.

13.

Derive a one-face imbedding for K, starting with a bouquet of two
circles imbedded in the Klein bottle.

Find an orientable imbedding of the octahedron graph O; in which all
the faces are quadrilaterals.

Suppose that the abelian group &/ has a generating set X that contains
no elements of order 2. If #X = n is even, show that the Cayley graph
C(«, X) has an orientable imbedding in which every face is a 2n-gon.
Find an imbedding in the torus of the 4-regular graph (C; U C,)¢, which
was previously considered in Example 2.3.7.

Use Example 2.1.6 to construct an orientable imbedding of the 3-cube
graph Q; in which all faces are 6-gons.

Let (G — S, a) be an imbedded voltage graph where the voltage group
£/ is nontrivial. Prove that if x(S) < 0, then x(S%) < x(S), and that if
x(S) = 0, then x(S°) < 0.

Let &/ be a nontrivial finite group with presentation (x, y: x3 = y° =
(xy)?> =1,...). Prove that the Cayley graph C(%,{x, y}) has an im-
bedding in a connected, orientable surface of Euler characteristic #.2//30,
and that therefore #/= 60. Conclude that the group &/ is simple.
(Hint: Show that any nontrivial quotient of </ has a presentation of the
same form as that of &/ and hence has order 60.)

Let =/ be a finite group with presentation (x, y: x> = y® = (xy)? =
1,...). Prove that the genus of the Cayley graph C(«/,{x, y}) is at
most 1.

Use the orientability test for derived surfaces to show that the derived
surface in Example 4.1.1 is nonorientable.

Let T be a spanning tree and u a root vertex for a connected, imbedded
voltage graph (G — S, a). Let %’ be the subgroup of the local group
generated by {a(e)|e is a type-0 edge}. Show by an example that the
derived surface S may be nonorientable even if ar(e) € £’ when the
edge e is type 0 and a (e) € #’ when the edge is type 1.
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Figure 4.9. A rotation projection of an imbedded voltage graph, with voltages in Z, X Z;.

14. Let (G — S, a) be the imbedded voltage graph given by the rotation
projection in Figure 4.9 where the voltage group 1s &, X Z. Use the
methods of Example 4.1.8 to determine the topological type of the
derived surface S

15. Let </ be a finite group with a presentation of the form (x, y: xyx "'y =
1,...). Prove that the subgroup # generated by x? and y is normal in &/
and has index at most 2. Show that if Z has index 2 in &/, then the
Cayley graph C(#, { x, y}) has an imbedding in the torus. Conclude that
in any case, the genus of the group 7 is at most 1.

4.2. BRANCHED COVERINGS OF SURFACES

For any voltage graph (G, a), the natural graph projection p: G* - G is a
covering projection in the topological sense; that is, every point y € G has a
neighborhood N, such that each component of the lift p~'(N,) is mapped
homeomorphically by p onto N,, as described in Section 2.3. For any
imbedded voltage graph (G — S, a) one might expect that the natural projec-
tion p: G* — G extends to a map p: S* — S with properties similar to those
of p. This is indeed the case, for there is an extension of p that is “almost” a
covering map.

4.2.1. Riemann Surfaces

—~

Let p: S — S be a continuous function between closed surfaces. Then
p: S — S is called a “branched covering” if there is a finite set of points Y in
S such that p restricted to the punctured surface S — p~!(Y) is a covering
onto the punctured surface S — Y. Since S and S are compact, it is equivalent
to specify that the function p is a local homeomorphism except possibly at the
points of p~!(Y). Points in the exceptional set Y are called “branch points”,
and points in its lift p~!(Y) are called “prebranch points”.

The “order” of a prebranch point x is r if the function p is r-to-1 in a
small neighborhood of x. If the surface S is connected, an elementary
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topological argument shows that the fiber size #p~!(z) is the same for all
nonbranch points z € S. This common value is called the “number of sheets”
of the branched covering. The “deficiency” of the branch point y, denoted
def(y), is n — #p~!(y), where n is the number of sheets of the branched
covering.

Example 4.2.1. Let S and S both be the extended complex plane, that is, the
complex plane with a point at oo adjoined (the resulting surface is homeomorphic,
by stereographic projection, to the sphere). Let p: S — S be the function
p(z) = z", where n > 1 is an integer. Since p simply multiplies the argument of
each complex number by n, the effect of p is to wrap the complex plane n times
around the origin. The restricted map p: S — {0, 0} > § — {0,000} is clearly a
covering, so p: S — S is a branched covering. The number of sheets is n, since
any complex number other than 0 and oo has n different nth roots. Both 0 and
oo are branch points of deficiency n — 1, and the corresponding prebranch points,
again 0 and oo, have order n.

Example 4.2.2. Let S be the extended complex plane, and let S be the set of
points {(z,w) € C X C|w? = z2(z — 1)(z — 2)} with a point at o adjoined. It
can be shown that every point of S has a neighborhood homeomorphic to the unit
disk, so that S is a surface. Let p: S — S be the projection p(z, w) = z. Then p
fails to be a local homeomorphism only at the points (0,0), (1,0), (2,0) and .
Therefore p is a branched covering with branch points at 0, 1, 2, and 0. We
observe that p is two-sheeted, since the equation w* = z(z — 1)(z — 2) has two
solutions for w for each value of z other than 0, 1, 2, or .

Example 4.2.1 gives a typical view of a branched covering near a prebranch
point, and the surface S of Example 4.2.2 together w1th the map p: S Sis
the Riemann surface associated with the equation w? = z(z — 1)(z — 2). The
theory of Riemann surfaces has had a long and powerful influence in low-
dimensional topology. A small amount of this theory, including some classical
results of the 19th and early 20th centuries, is developed here in graph-theoret-
ical terms. For more about Riemann surfaces from an elementary viewpoint,
see Springer (1957).

The idea of a branched covering generalizes to higher dimensions. A
simplicial map p: M — N, where M and N are n-dimensional complexes is a
branched covering if there is a subcomplex Y in N of dimension at most n — 2
such that p restricted to M — p~1(Y) is a covering onto N — Y, that is, each
point in M — p~(Y) has an open neighborhood mapped homeomorphically
by p onto an open set of N — Y (see Fox, 1957). If instead the subcomplex Y
has dimension n — 1, then the map p is said to be a “folded covering”. Such

maps were first studied by Tucker (1936), but they have received little
attention. Bouchet’s (1982a) work on lifting triangulations is one of the few
uses of folded surface coverings in topological graph theory.
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4.2.2. Extension of the Natural Covering Projection

The source of the branched coverings that we study is imbedded voltage
graphs. The following is the fundamental theorem relating branched coverings
to voltage graphs.

Theorem 4.2.1 (Gross, 1974; Gross and Tucker, 1977). Let (G — S, a) be an
imbedded voltage graph, with either ordinary or permutation voltages. Then the
natural projection p: G* —» G on the graphs extends to a branched covering
p: S* = S on their imbedding surfaces. If a is a permutation assignment in &, ,
and if the net voltage on face f has cycle structure (c,,..., c,), then the projection
p has a branch point inside face f with exactly c; prebranch points of order j, for
Jj=1,...,n. If ais an ordinary assignment in the group % and the net voltage
on face f has order r, then p has a branch point inside face f with #</r
prebranch points, each of order r.

Proof. The natural projection p: G* — G is already known to be a local
homeomorphism, because it is a covering projection. We first extend p to the
0-bands of the imbedding G* — S* so that p remains a local homeomor-
phism. This is possible because the rotation at any vertex v; of G is lifted from
the rotation at v = p(v,), that 1s, the rotation at the vertex v, is the same as
that at the vertex v up to erasure of subscripts. Next we extend p to the
1-bands, still keeping p a local homeomorphism. Since the type of any edge e,
in the edge-fiber p ~!(e) is defined to be the same as the base edge e, and since
p maps the interior of the edge e; homeomorphically onto the interior of the
edge e, it follows that there is a homeomorphism of the 1-band for e; onto the
1-band for e, which can be used to extend p as desired.

Finally, in order to extend the map p to the 2-bands, we suppose that f is a
face of the imbedding G — S, and that the net permutation voltage on the
boundary walk C has cycle structure (c,,...,c,). Then, by Theorem 4.1.3,
there are c; faces of the derived imbedding G* — §*, each of whose boundary
walks is wrapped by p exactly j times about the boundary walk C. The map p
can then be extended inside the 2-band for each of these faces so that its
restriction to any one of these 2-bands looks like the map z — z/ on the unit
disk in the complex plane. In particular, the branch point inside the face f will
have exactly ¢, prebranch points of order j, for j=1,...,n. If «a is an
ordinary voltage assignment, then essentially the same proof holds, only using
Theorem 4.1.1 instead of Theorem 4.1.3. O

Corollary. Let (G — S, a), be an imbedded voltage graph satisfying KVL on
every face. Then a natural projection p: S — S is an unbranched covering. 0O

We should like to call the branched covering constructed in Theorem 4.2.1
“the” natural projection of the derived surface S* onto the base surface S.
Certainly in terms of the combinatorial structure of vertices, edges, and faces
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Figure 4.10. A rotation projection for an imbedded permutation voltage graph.

for these surfaces, the extension of the natural graph projection p: G* —» G is
unique. However, it is not at all unique topologically. For example, let us try
to be more precise about how p extends to the 2-bands so that it “looks like”
the map z » z/. If B is a 2-band in the derived surface and B is the
corresponding 2-band in the base surface, we first need homeomorphisms
h: B — D and h: B — D, where D is the unit disk in the complex plane. Then
p is defined to be h~'gh on B, where g(z) = z’. Thus the extension of p
depends upon the choice of homeomorphisms 4 and 4. In fact, the extension
of p to the 0-bands and 1-bands also depends on choices of homeomorphisms.

We could try to get around this difficulty by defining “equivalent” branched
coverings just as we defined equivalent imbeddings in Section 3.1. Rather than
become any more deeply involved with topological considerations, however,
we simply define a *““natural (surface) projection” for an imbedded voltage
graph (G — §, a) to be any branched covering ¢: $* — § that extends the
natural graph projection p: G* — G and has at most one branch point in each
face of the base imbedding.

Example 4.2.3. Let (G — S, a)s be the imbedded permutation voltage graph
given by the rotation projection in Figure 4.10. By Theorem 4.2.1, there is a
natural surface projection p: S* — S that is an extension of the natural graph
projection p: G* > G. The face bounded by the loop d has a branch point of
deficiency 5 — 3 = 2 and prebranch points of orders 1, 2, and 2. The face
bounded by e has a branch point of deficiency 5 — 2 = 3 and prebranch points of
orders 2 and 3. By computing its net boundary voltage, we determine that the
outside face has a branch point of deficiency 3 and prebranch points of order 1
and 4. Note that some prebranch points might have order 1, in which case the
map p is still a local homeomorphism there.

4.2.3. Which Branched Coverings Come from Voltage Graphs?

It might appear that branched coverings arising from imbedded permutation
voltage graphs are special in some way, but the following theorem shows this
not to be the case. Just as every graph covering can be obtained by the
permutation voltage graph construction, every branched covering of surfaces
can be obtained by extending the natural projection of a permutation voltage
graph.

Theorem 4.2.2 (Gross and Tucker, 1977). Let q: S — S be an n-sheeted
branched covering. Let G — S be any cellular graph imbedding such that no
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branch point of q lies on G and at most one branch point lies in any face. Then
there is a permutation voltage assignment o in &, such that q is a natural
projection §* — §.

Proof. By hypothesis, the restriction of the covering ¢ to the graph
preimage ¢ '(G) is a local homeomorphism, and hence a covering. By
Theorem 2.4.4, this restriction of g must be the natural projection of a
permutation voltage graph (G, «),. In order to show that the rotation system
for the imbedding ¢~ !(G) — S is the same as the derived rotation system for
the derived imbedding G* — S¢ let v be a vertex of the imbedding
g~ (G) - S. Since the covering g is a local homeomorphism at vertex v, it
takes a small disk D around vertex v homeomorphically onto a small disk
g(D) around the vertex g(v) in the imbedding G — S. Thus, if the rotation at
vertex v—which is determined by the disk D—is e, --- e,,, then the rotation
at vertex g(v)—which is determined by the disk ¢(D)—must be g(e;) - --
q(e,)- That is, the rotation at the vertex v in the covering space S is the
derived rotation. A similar argument shows that each edge e of the imbedding
9 (G) - S has the same type as its image edge g(e). O

Example 4.2.1 Revisited. The branched covering of the extended complex plane
given by p(z) = z" could be obtained by extending the natural projection of the
permutation voltage graph (G — S, a), where G consists of a single loop d
imbedded in the sphere and a(d) = (123 - n).

Example 4.2.2 Revisited. The branched covering of the Riemann surface for
w?=2z(z — 1)z —2) could be obtained from the imbedded voltage graph
(B; — S,, «) given in Figure 4.11. The voltage group is %, .

Theorem 4.2.2 can be used to obtain nontrivial information about branched
coverings. As one example, we show that any connected covering of the sphere
p: S — §, must have at least two branch points if it is nontrivial (more than
one sheet). Indeed, if p has one branch point or none, the graph G of Theorem
4.2.2 can be chosen to consist of a single loop in the sphere enclosing the
branch point of p if it has one. The voltage assigned to the loop cannot be the
identity since the covering space is connected and has more than one sheet.
However, a nonidentity voltage on the loop yields two branch points, one

1Y D

— -\\
(_/ \/ Figure 4.11. An imbedded voltage graph for the Riemann surface of
1 1 Example 4.2.2.
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inside the loop and another outside the loop. The case of two branch points in
the sphere is considered in Exercise 13.

4.24. The Riemann-Hurwitz Equation

Given a branched covering p: S — S, it is useful to express the Euler
characteristic x(S) in terms of x(S) and the deficiencies of the branch points
of p. The following theorem establishes the Riemann-Hurwitz equation,
which does exactly that.

Theorem 4.2.3. Let p: S — S be an n-sheeted covering and let Y be the set of
branch points of p. Then

x(S) = nx(S) — X def(y)

yEY

Proof. By Theorem 4.2.2, the map p is a natural surface projection for an
imbedded permutation voltage graph (G — S, a),. Since #V(G*) = n#V(G)
and #E(G*) = n#E(G), we see that all that is needed to compute the Euler
characteristic x(S) = x(S%) of the derived surface is the number of faces of
the derived imbedding G* — S“. Each face of the imbedding G — S lifts to n
faces if the face contains no branch point and to n — def( y) faces if the face
contains the branch point y. Therefore, #F(G*) = n#F(G) — L,y def(y),
from which it follows that

x(S%) = n#V(G) — n#E(G) + n#F(G) — )_ def(y)

yeY

= nx(S) - Z. def(y) O

Example 4.24. The Riemann surface for the equation w3 = z(z — 1)(z — 2)
has branch points at z = 0,1, 2, 00, each of deficiency 2. By the Riemann—Hurwit:z
equation, the Euler characteristic of the Riemann surface is 3x(S,) — 4 -2 =
—2, and we infer that the surface has genus 2.

4.2.5. Alexander’s Theorem

One of the more startling results in the theory of manifolds is Alexander’s
theorem: any closed, orientable, triangulated manifold of dimension » 1s a
branched covering of the sphere of dimension n. Although the surface version
of this theory was known before 1920, the importance of Alexander’s general-
ization to higher dimensions, especially dimensions 3 and 4, was not fully
realized for another half-century. The proof given here for surfaces is an easy
application of voltage graphs.
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2 + 2g loops in all
A

C XD

Theorem 4.2.4 (Alexander, 1920). Every closed orientable surface S is a
branched covering space over the sphere S,. In fact, S, is a two-sheeted covering
of S, with 2 + 2g branch points.

Figure 4.12. An imbedded voltage graph.

Proof. Imbed the bouquet B, ,,, in the sphere S, as shown in Figure 4.12.
Let « assign to each loop the voltage 1 in the group Z,. Then the net voltage
on the exterior face is 0, and on each of the 2 + 2g monogons it is 1.
Therefore, a natural surface projection p: S* -» S, has 2 + 2g branch points,
each of deficiency 1. From the Riemann--Hurwitz equation,

x(8*) =2x(8,) — (2+2g)=2-2g

it follows that the derived surface has genus g. O

The sharpened conclusion given here, that the branched covering can be
chosen to be two-sheeted, does not hold in higher dimensions. It is known,
however, that every closed, orientable 3-manifold is a three-sheeted branched
covering of the 3-sphere (Hilden, 1976; Montesinos, 1976). The following
nonorientable version of Alexander’s theorem is also not known in higher
dimensions.

Theorem 4.2.5. FEvery closed nonorientable surface N, is a branched covering
space over the projective plane N,. In fact, there is a branched covering
p: N, = N, having two sheets and k branch points if k is even, or three sheets
and (k + 1)/2 branch points if k is odd.

Proof. For an even crosscap number k, let B, = N; be the imbedding
obtained by giving a twist to one loop of the imbedding in Figure 4.12. Again
let a assign to each loop the voltage 1 in the group Z,. Then the base
imbedding has k faces, and each has net voltage 1, including the “exterior”
face. Thus, a natural projection from the derived surface has & branch points,
each of deficiency 1. By the Riemann—-Hurwitz equation, the derived surface
has Euler characteristic 2x(N,) — kK = 2 — k. Since an orientability test for
the derived surface shows it is nonorientable, the derived surface must be N, .

For an odd crosscap number k, we imbed the bouquet B, , in the
projective plane in the same way as in the even case. This time, however, the
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Figure 4.13. A permutation voltage graph imbedded in the torus.

type-0 loops are assigned the voltage 1 in Z; and the single type-1 loop is
assigned a voltage that gives the exterior face a nonzero net voltage. Then
there are (k + 1)/2 branch points, each of deficiency 2. By the Riemann-
Hurwitz equation, the derived surface has Euler characteristic 3x(N,;) —
2(k + 1)/2 = 2 — k. Since the number 2 — k is odd, the derived surface must
be nonorientable, from which we conclude that it is homeomorphic to N,. O

It is natural to ask whether the anomalous use of a three-sheeted branched
covering for odd k is really necessary. In fact, no two-sheeted covering space,
branched or unbranched, can have odd Euler characteristic (see Exercises 11
and 12).

4.2.6. Exercises

1. Let (G — S, a), be the permutation voltage graph imbedding in the
torus given by Figure 4.13. Describe the branch and prebranch points of
a natural projection p: S* — §. Compute x(S?) first by the Riemann-
Hurwitz equation, then by simply counting the number of vertices, edges,
and faces of the derived imbedding.

2. Find the branch points and prebranch points of the Riemann surface for
the equation w* = z3 — z. What is its genus?

3. Show that the torus is a two-sheeted unbranched covering space over the
Klein bottle.

4. Generalize Exercise 3 by proving that the orientable surface S, is a
two-sheeted unbranched covering of the nonorientable surface N, ., for
all g > 0. (Hint: Represent the surface N,,, by a bouquet of g+ 1
type-1 loops.)

5. Use Theorem 3.4.5 and Exercise 4 for g = 0 to show that there are
graphs of arbitrarily large genus having two-sheeted planar coverings.

6. Give an imbedding of the Petersen graph in the projective plane such
that every face has size 5. Conclude that the 1-skeleton of the dodeca-
hedron is a two-sheeted covering of the Petersen graph.
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7. Prove that the only surfaces that are unbranched coverings of themselves
(more than one-sheeted) are the torus and Klein bottle. Prove that the
only surfaces that are coverings of themselves with branch points are the
sphere and projective plane.

8. Prove that if S is an orientable surface, then S is a branched covering
over the sphere with exactly three branch points.

9. Prove that the nonorientable surface N,, k > 3, is an unbranched
covering over the nonorientable surface N;.

10. Prove that the orientable surface S 8> 2, 1s an unbranched covering
over the orientable surface S,.

11. Show that for any imbedded voltage graph with voltage group %, the
sum of the net boundary voltages over all faces is 0. Conclude that any
two-sheeted branched covering must have an even number of branch
points.

12. Use Exercise 11 to prove that no surface of odd Euler characteristic is a
two-sheeted branched covering space over any surface.

13. Let p: S — S, be a branched covering with two branch points in the
sphere S,. Prove that if S is connected, it must be the sphere as well.

43. REGULAR BRANCHED COVERINGS AND GROUP ACTIONS

The natural projection of an ordinary voltage graph is more than a covering; it
is also the quotient map of the free action of the voltage group on the derived
graph. In the same way, a natural surface projection of an imbedded ordinary
voltage graph is not just a branched covering, but also the quotient map of a
group action on a surface.

4.3.1. Groups Acting on Surfaces

An “action of a group &7 on a surface S is given by associating to each group
element a € &/ a homeomorphism ¢, on the surface S such that

1. ¢,,=¢,°¢, forall a,b e .
2. ¢, is the identity homeomorphism if and only if a is the identity
element of the group .

A “fixed point” of the action is a point x € S such that ¢,(x) = x for
some group element a # 1. An action with no fixed points is called “free” (or
“fixed-point free”’) and an action with a finite number of fixed points is called
“pseudofree”.

Example 4.3.1.  When the surface S, is imbedded in 3-space as shown in Figure
4.14a, there is an action of the Klein group Z, X %, on S, whose nonidentity
elements are 180° rotations around the x, y, or z axis (the composition of any
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Figure 4.14. Two placements of a surface of genus 2 in 3-space.

two of these is the third). This action on S, clearly is pseudofree, but not free; in
particular, a 180° rotation about the y axis has six fixed points. A free action of
Z, on the surface S, is generated by the antipodal homeomorphism h(x, y, z) =
(=x, —y, —z). The action of the group 2, X &, X &, generated by the three
reflections through the coordinate planes is neither free nor pseudofree, since it
has entire circles of fixed points, however, this action contains both the two
previously described actions. Finally, the 3-space imbedding of the surface S,
depicted in Figure 4.14b reveals an action of the cyclic group &, generated by a
120° rotation about the z axis.

Example 4.3.2. In the graph imbedding whose band decomposition is illustrated
in Figure 4.15, there are three faces: an inner 5-gon, an outer 5-gon, and a
20-gon in between. There is an obvious action of the cyclic group & on that band
decomposition. Since this action takes each boundary walk to itself, the action
can be extended radially inside each 2-band to obtain an action of %5 on the
closed surface. Each nonidentity element of the Z5 action has three fixed points
—one at the center of each face. Note that the closed surface is orientable ( just
reverse the rotation at each vertex on one of the pentagons) and that its Euler
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Figure 4.15. A band decomposition of a surface of genus 2.
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characteristic equals 10 — 15 + 3 = —2. Thus, we have an action of Z; on a
closed surface of genus 2.

We observe that the various group actions in Example 4.3.1 could each be
obtained from an action on a graph at the “core” of the solid in 3-space
bounded by the surface. For instance, the core of the double torus in Figure
4.14a is a bouquet of two circles that run inside the handles. This observation
can be generalized.

Theorem 4.3.1. Let &/ be a group that acts on the graph G. Then & also acts
on a surface S whose genus is the cycle rank B(G) = #E — #V + 1. If the
action of Z on the graph G is free, then so is the action of </ on the surface S.

Proof. Imbed the graph G in 3-space and thicken it to form a solid, and let
S be the boundary of that solid. Obviously, the action of the group &7 on the
graph G extends to an action on the solid, from which we can extract an action
on the surface S. The action on the solid and on its boundary S is free if the
action on the graph G is free. If the graph G 1is a tree, then the surface S is a
sphere bounding a misshapen 3-cell. If T is a spanning tree from G, then each
edge not in T adds a handle to the surface S. Therefore, the genus of S is
B(G), the number of edges not in the tree 7. 0O

4.3.2. Graph Automorphisms and Rotation Systems

In Example 4.3.2, an action of a group on a graph is extended to an imbedding
surface for the graph. In general, to extend an automorphism of a graph to a
homeomorphism of an imbedding surface, there must be a vertex-orbit con-
sistency within the rotation system corresponding to the imbedding, and an
edge-type consistency.
Suppose that the graph imbedding G — S has a rotation

v. e e,...e,
at the vertex v, and that A is an automorphism of the graph G. We say that the
automorphism h “respects the rotation at the vertex v if the rotation at the
image vertex h(v) is

h(v). h(e,) h(e,) ... h(e,)
We say that h “reverses the rotation at v” if the rotation at h(v) is
h(U) h(en)h(eﬂ:-—l) ]1[(81)

We say that the graph automorphism A “preserves the type of edge e” if
the image edge h(e) has the same type as the edge e.
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Finally, we say that the graph automorphism & “respects the rotation
system” if & preserves the type of each edge and respects the rotation at each
vertex. Similarly, we say that & “reverses the rotation system” if h preserves
the type of each edge and reverses the rotation at each vertex.

Theorem 4.3.2. Let G — S be an imbedding, and let h: G - G be a graph
automorphism such that h either respects or reverses the rotation system. Then h
extends to a surface homeomorphism h: S — S. Any face of the imbedding
G — S whose boundary walk is invariant under the graph automorphism h
contains a fixed point of the extension h. Moreover, if the graph automorphism h
has no fixed points, then its extension h can be chosen to have at most one fixed
point in any face.

Proof. Topologically, the condition that the graph automorphism A re-
spects or reverses the rotation system simply ensures that 4 can be extended to
the 0-bands and 1-bands of the imbedding G — S; the extension to the whole
surface S can then be easily accomplished, say radially, inside each 0-band.
Combinatorially, what that condition ensures is that each boundary walk of a
face is mapped by 4 to a boundary walk of a face, since boundary walks are
determined completely by the rotation system. Any boundary walk mapped to
itself by 2 must bound a face mapped to itself by the extension A. By the
Brouwer fixed-point theorem [e.g., see Milnor (1965b) for a concise, self-con-
tained proof], the continuous function 4 must have at least one fixed point in
that face. If the graph automorphism 4 has no fixed points, then no boundary
walk will have any fixed points, in which case a radial extension of the graph
automorphism # inside each face will have the property that there is at most
one fixed point for the extension 4 inside any face. O

Corollary. Let G — S be a graph imbedding, and let &/ be a group of
automorphisms acting on the graph G. If every element of < respects or reverses
the rotation system, then the action of &/ can be extended to an action on the
imbedding surface S. Moreover, if &/ acts freely on the graph G, then the
extended action can be chosen to have at most one fixed point inside any face. 0O

It should be noted that the extended homeomorphism of Theorem 4.3.2
might have fixed circles, as in the reflections in Example 4.3.1; this observation
will prove useful in Chapter 6. The currently important application of Theo-
rem 4.3.2 is for imbedded voltage graphs.

Theorem 4.3.3. Let (G — S, a) be an imbedded voltage graph with voltage
group 2. Then the natural action of & on the derived graph G* extends to an
action of 2/ on the derived surface S°, having at most one fixed point inside any
face.

Proof. It follows immediately from the definitions of the derived rotation
system and the natural action of the voltage group that every element of the
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( 0
3 > > () 1 Figure 4.16. An imbedded voltage graph with volt-
ages in Z5.

natural action respects the derived rotation system and that the natural action
1s free. By the corollary to Theorem 4.3.2, the conclusion of Theorem 4.3.3
holds. O

As with the natural projection, it would be convenient to be able to call the
extended action of the voltage group &/ on the derived surface S* “the”
natural (surface) action. However, the extension is not unique topologically,
even if it is unique combinatorially. Therefore we define a “natural (surface)
action” of the voltage group ./ on the derived surface S$* to be any action of
&/ on S that extends the natural action of 27 on the derived graph G* and
that has at most one fixed point inside any face.

Example 4.3.3. Let (G — S,, a) be the imbedded voltage graph shown in
Figure 4.16 whose voltages are in Zy. The net voltages on the boundary walks
are 3,4, and 1, from which it follows that surface S has six faces, and that its
Euler characteristic x(S%) =16 — 24 + 6 = —2. Since S* is evidently con-
nected and orientable, it must be the surface of genus 2. Therefore, by Theorem
4.3.3, we have established that the cyclic group & acts on the surface of genus 2.
(In fact, it can be shown that the full automorphism group of the derived graph
G* acts on S°, but we postpone discussion of this until Chapter 6.)

4.3.3. Regular Branched Coverings and Ordinary Imbedded Voltage Graphs

We have seen that a regular covering of a graph corresponds to a group action
and to ordinary voltages. Similarly, we shall now see that it is possible to
define a regular branched covering of a surface that corresponds to a group
action on that surface and to an imbedding of an ordinary voltage graph.

Let the group &7 act on a closed surface S. By the “orbit” of a point x € §,
denoted [x], we mean the set { ¢,(x): a € &/ }.

Let S/27 denote the set of all orbits, and let p: S — S/ denote the
natural projection p(x) = [x]. The set S/ 1s given the strongest topology in
which the natural projection p is continuous. That is, a subset U C §/&7 is
open if and only if its inverse image p~'(U) is open. With such a specification
of open sets, the resulting topological space is called the “quotient space” of
the action of the group & on the surface S, and the map p is called the
“quotient map”’.

It can be shown that if the group & acts pseudofreely, then the quotient
space S/« i1s, in fact, a surface. Moreover, if a point x € § is not left fixed by
a nonidentity element of 7, then some neighborhood of x is moved off itself
by every nonidentity element of /. This ensures that the quotient map
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p: S — S/& is locally one-to-one, except at fixed points. Since the domain is
compact, the quotient map is a branched covering. A branched covering
obtained this way is called “regular”, and the group &7 is called the group of
“covering transformations”. Note that p o ¢, = p for any a € .

Example 4.2.1 Revisited. Once again we consider the complex analytic function
p(z) = z". If p(z,) = p(z,), then the points z, and z, have the same modulus,
and their arguments differ by an integer multiple of 2w /n. Thus, they are in the
same orbit of the pseudofree action of the cyclic group Z, on the extended
complex plane generated by a rotation about the origin through an angle of
2w /n. It follows that the function p can be viewed as the quotient map of this
action, and accordingly, p is a regular branched covering.

This example indicates a general procedure for showing that a given
branched covering p: § — S is regular. It suffices to find a group % acting
pseudofreely on the covering space S and satisfying this condition for every
pair of points x, and x, in S: p(x,) = p(x,) if and only if x, and x, are in
the same orbit of the action of 2.

The following extension theorem for regularity in the branched covering is
a sharpening of Theorem 4.2.1 for ordinary voltages. We omit the proof, since
it is routinely related to the proofs of Theorems 4.2.1 and 4.3.3.

Theorem 4.34. Let (G — S, a) be an imbedded ordinary voltage graph. The
natural projection p. G* — G extends to a regular branched covering p: S* — S
that has at most one branch point inside each face. If the net voltage on a face
has order r in the voltage group &/, then that face has a branch point of deficiency
#.of — #A/r, each of whose prebranch points has order r. O

Corollary. Let (G — S, &) be an imbedded ordinary voltage graph satisfying
KVL on every face. Then the natural projection p: G* > G extends to an
(unbranched ) regular covering. 0O

4.3.4. Which Regular Branched Coverings Come from Voltage Graphs?

As the following theorem shows, regular surface coverings arising from ordinary
voltage graphs are not unusual. The proof is a routine sharpening of the proof
of Theorem 4.2.2 and is omitted.

Theorem 4.3.5. Let p: S — S be a regular branched covering of surfaces, and
let G = S be any cellular imbedding in the base surface having at most one
branch point in any face and no branch points in G. Then there is an ordinary
voltage assignment « in the group of covering transformations of p such that p is
equivalent to a natural surface projection $* — S. 0O

Theorem 4.3.5 is an important aid to understanding pseudofree group
actions and regular branched coverings for surfaces. It implies that any regular
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branched covering behaves around branch points the same way that a natural
projection of an imbedded voltage graph behaves on faces. Thus we have the
following information about branch points.

Corollary. Let p: S — S be a regular branched covering with covering transfor-
mation group /. Then for each branch point y of the base surface, there is an
element b € &/ such that, if r is the order of b in the group &£, then the number
of prebranch points of y is #Z/r, and each has order r.

Proof. By Theorem 4.3.5, the covering p is a natural surface projection
S* — § for some imbedded voltage graph (G — S, a). The prebranch points
of the branch point y correspond to the faces in the derived imbedding that
cover the base face containing y. Thus, the conclusion of the corollary follows
directly from an application of Theorem 4.1.1 in which the group element b
equals the net voltage on the face containing the branch point y. O

This corollary provides most of the information we need for later use, but
much more can be said. For instance, the subgroup of the covering transfor-
mation group &/ that leaves fixed a particular prebranch point of y is a cyclic
group, and it is generated by a conjugate of the element b (see Exercise 13).

Many consequences of Theorem 4.3.5 result from the freedom allowed by
this theorem in the choice of the base imbedding G — S. Two such conse-
quences are now derived. The first is of general importance, especially for the
study of the genus of groups in Chapter 6. The second 1s narrower, but deeper,
and it draws upon a variety of results developed so far.

Theorem 4.3.6. If the group </ acts pseudofreely on the connected surface S,
then there is a Cayley graph for < that is imbeddable in S.

Proof. Just let a bouquet of circles assume the role of the graph G of
Theorem 4.3.5. By Theorem 2.2.3, the derived graph G* is a Cayley graph for
&. O

Theorem 4.3.7. No finite group &/ acting on an orientable surface S can have
exactly one fixed point.

Proof. Since any element of the group &/ leaving a point fixed generates a
cyclic subgroup leaving that point fixed, it suffices to prove the theorem for the
case in which the group &/ is cyclic. Under that additional condition, let
S = S/ be the quotient surface, and let p: § — S be the quotient map. If
the action of &7 has only one fixed point, then the regular branched covering
p: § = S has exactly one prebranch point, and its order must be #.«/.

Suppose first that the quotient surface S is not the sphere. Then let G — S
be a one-face imbedding of a bouquet of circles containing the single branch
point of the quotient map p in its only face. The boundary walk of that face is
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of the form

-1

aybya,"'b;"'aybya,7 b, if S is orientable

€1€1CyCyC5C ... if S 1s nonorientable

By Theorem 4.3.5, there is a voltage assignment a such that the quotient map
p is equivalent to a natural projection S* — S. If the quotient surface S is
orientable, then the net voltage on the only boundary walk is the identity,
since the group & is abelian. This would contradict the existence of a branch
point of p. On the other hand, if the quotient surface S is nonorientable, then
the net voltage is of the form 2a for some a € &/. It follows that #./ cannot
be even, since then the order of the net voltage 2a and the associated
prebranch point would be at most #.27/2, that is, not equal to #/. However
if #7 is odd, then the derived surface would be nonorientable, by Theorem
4.1.5. Thus, in either case, there is a contradiction.

Finally, if the quotient surface S is a sphere, then let G > S be an
imbedding of a single loop containing the branch point of p in one of its two
faces. However, the other face has the same boundary walk and net voltage, so
it must also contain a branch point. O

4.3.5. Applications to Group Actions on the Surface S,

The Riemann-Hurwitz equation is a surprisingly powerful tool for determin-
ing which groups act pseudofreely on which surfaces. As an example of its
power, we shall show how it can be used to prove that there is no pseudofree
action of the cyclic group Z, on the surface S, of genus 2, for any prime
number n > 5. Since Examples 4.3.1 and 4.3.2 exhibit actions of &, on the
surface S, for n = 2, 3, and 5, this demonstration completes a classification of
the prime, cyclic, pseudofree actions on S,.

Let n > 3 be prime, and suppose there is a pseudofree action of Z, on the
surface S,. Then the quotient map p: S, - S,/Z, is a regular n-sheeted
branched covering. By the corollary to Theorem 4.3.5, it follows that each
branch point has deficiency of the form n — n/r, where r is the order of a
voltage. However, since n is prime, we infer that the only possible deficiency is
n — 1. Therefore, if x(S,/Z,) = k, and if the number of branch points is ¢, it
follows from the Riemann-Hurwitz equation that

-2=x(S,) =nk —t(n-1)

Since n > 2, it is impossible that ¢ == 0. Moreover, since n — 1 > 2, it follows
that k£ must be positive. Since the group order n i1s odd and n — 1 is even, it
also follows that k must be even. Since k is the Euler characteristic of a
surface, the only possibility is that k& = 2. Thus

—2=2n—1t(n-1)

Solving this equation for n, we obtain n = 1 + 4 /(¢ — 2), which is at most 5.
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Information about the number of fixed points in a group action can also be
obtained directly from the Riemann—-Hurwitz equation. In the preceding
computations, if » = 5, then the number ¢ of branch points equals 3, and the
quotient surface is the sphere. Since each branch point has deficiency 4, there
are also only three prebranch points in all. Prebranch points of a regular
covering are just the fixed points of the group of covering transformations.
Therefore, any pseudofree action of & on S, has exactly three fixed points,
as is the case in Example 4.3.2. A similar inspection of the preceding
computations shows that any pseudofree action of Z°; on S, having the sphere
as quotient space has four fixed points, as 1s the case in Example 4.3.1 (the
possibility of the torus as a quotient is considered in Exercise 7). Deeper
applications of the Riemann-Hurwitz equation are deferred until Chapter 6.

4.3.6. Exercises

1. Show that every finite group acts freely on some surface.

2. Draw a band decomposition for the surface S; that reveals an action of
.

3. Prove that the cyclic group &, acts freely on the orientable surface S if
and only if » divides x(S).

4. Generalize Exercise 3 to arbitrary finite abelian groups.

5. Use the Riemann—-Hurwitz equation to prove that any pseudofree action
on the projective plane has exactly one fixed point.

6. Prove that no group of even order acts pseudofreely on N, for k odd.
(Hint: Use Exercise 4.2.12 and the fact that any group of even order has
an element of order 2.)

7. Show that every pseudofree action of Z°; on the surface S, has exactly
four fixed points.

8. Let p: § - S be a regular branched covering such that the surface S is
orientable, and suppose that the covering transformation group is abelian.
Prove that p cannot have only one branch point. Show by examples that
p can have exactly one branch point if & is nonabelian or if § is
nonorientable. Does this contradict Theorem 4.3.7?

9. Prove that 2, does not act pseudofreely on the surface S,. (This is like
showing that 2 does not act pseudofreely on S,, but there are more
cases to consider.)

10. Complete the classification of cyclic pseudofree actions on S, by showing
that &, acts pseudofreely on S, if and only if n = 2,3,4,5, 6, 8, 10.

11. Prove for prime numbers n > 2 that 2, acts pseudofreely on the surface
S, if and only if n is of the form (2g — 2 + m)/(m — k), where k is
even, k < 2, and m > 1.

12. Use Exercise 11 to find for which primes n there is a pseudofree action of
%, on S;s.
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13. Prove in regard to the corollary to Theorem 4.3.5 that the subgroup of
the covering transformation group .2/ that leaves fixed a particular
prebranch point of x must be cyclic and generated by a conjugate of the
element b.

44. CURRENT GRAPHS

The historical origins of topological graph theory lie largely in map-coloring
problems concerned with the relationships between regions on a surface. From
our present perspective, it should not be surprising that duality plays a central
role. In fact, the main method used in the original solution of the Heawood
map-coloring problem is a dual form of the voltage graph called a “current
graph”. The precursors of this technique can be traced back through Ringel’s
work to Heffter (1891).

44.1. Ringel’s Generating Rows for Hefiter’s Schemes

In trying to establish that the Heawood number for the surface S, is the
chromatic number, and not just an upper bound, Heffter (1891) sought the
minimal-genus surface consisting of n regions (faces), each of which is a
neighbor of all the others. Heffter did consider the problem simultaneously in
primal and dual forms, and he also wished to compute the genus of the
complete graph K,. To describe the surface, he started with n (n — 1)-sided
polygons, and he labeled them 1,2,..., n. The sides of polygon i were then
labeled by

1,2,...,i—1,i+1,...,n

to indicate where the neighboring polygons should be attached. Figure 4.17,
which is taken from Heffter’s paper, illustrates this procedure for a surface
with five regions. The identifications along the sides of polygon 1 have already
been made. When the remaining sides are pasted together, the segments 4B
and DC are identified as are the segments AD and BC, thereby yielding a
torus.

For the most part, Heffter did not depend on pictures and, instead, gave a
“table” of n rows, in which row i lists in cyclic order the labels for the sides of
polygon i. The table he gave for the preceding example of five regions was

(1) 3245
(2) 4351
(3) 5412
(4) 1523

(5) 2134
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1 B

2 c
Figure 4.17. Five labeled polygons.

We now recognize such a table as a rotation system for an imbedding of the
complete graph K, to which the mapping of Figure 4.17 is a dual. Heffter
showed how the cycle of polygons meeting at a vertex can be recovered from
the table; that is, he gave a face tracing algorithm for the imbedding of K, .
Having thus realized the “purely arithmetical nature of the problem”, he
constructed tables yielding minimal imbeddings of K, for all n < 12. Al-
though Ringel was well aware of Heffter’'s methods, their present popularity
evidently rose because of the abstract of Edmonds (1960).

In addition to the use of duality and the introduction of rotation systems, it
is especially noteworthy that Heffter gave tables for K,, n = 5,6,7, in which
row i + 1 was obtained by adding 1 modulo » to the numbers of row i. Heffter
proved that such conveniently generated tables exist for general n > 6 only if
n is of the form 12s + 7, and he constructed them in the cases in which 4s + 3
is prime and 2* is not congruent to +1modulo4s + 3 for 0 < k < 125 + 1.
(It is still not known whether there are infinitely many such s.) These tables
generated from a single row using the cyclic group 2, have ultimately evolved
into voltage graphs. For example, the table given above for n = 5 is precisely
the derived rotation system for the voltage graph of Example 4.1.3.

When Ringel began his work on the genus of complete graphs, he also
chose to describe surfaces with tables like Heffter’s, calling them “schemes”.
In an important generalization of Heffter's work, he designed the strategy of
letting most of the rows of the scheme be generated from a small number of
rows. Unlike Heffter, however, he had spectacular success with this technique.
For instance, Ringel (1961) obtained the minimal imbedding of K, for all n of
the form 125 + 7, by constructing a single generating row for the scheme that
Heffter had been unable to obtain without restricting s. Despite Ringel’s
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Figure 4.18. A current graph with currents in 2.

particular brilliance in constructing such generating rows, a general method to
find them was still lacking. Such a method was ultimately provided in
rudimentary form by Gustin (1963).

4.4.2. Gustin’s Combinatorial Current Graphs

Gustin began with a planar drawing of a graph G. At each vertex he assigned a
direction, clockwise or counterclockwise. This led to what Gustin thought of as
flows within the graph, which we now recognize as face boundaries. Each edge
was assigned a direction and a “current”, by which he meant an element of
some group &7.

Example 4.4.1. The current graph in Figure 4.18 leads to a single generating
row for a triangular imbedding of the complete graph K4 in the surface S,,. To
get that row (in our present notation), write the vertex v, at the left, which is to
show which vertex has the rotation specified by the row. Then proceed as follows.

Start at any directed edge, for instance, the one labeled with current
9 modulo19. Write that current as the subscript on the first vertex in the row.
(Since the resulting graph will have no multiple edges, the entries in the rows of
the scheme can be vertices, rather than directed edges.)

At the end of that first directed edge is a filled vertex, indicating that the
second edge is to be obtained by moving in a clockwise direction. That is, the
directed edge with current 7 is next, so write v, next in the generating row.
Continue in this manner, going clockwise at every solid vertex (e) and counter-
clockwise at every hollow vertex (o), until every edge has been traversed in both
directions. When proceeding in the minus direction on an edge, one writes the
additive inverse modulo19 of the current shown on the plus direction. The
resulting generating row is

Ug. UgUqUgU03013015014011 013040170190V 0Us50; V1505 Vg
The next row is
V1. VygUgUgUq V140140150150 Us501g801; Vg 050,y 0y3030,

In general, the subscript on the jth entry in row v, is obtained by adding

i modulo 19 to the subscript on the jth entry of row v,.

1
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Gustin imposed a number of rules on the graph, on the assignment of
rotations, and on the assignment of currents, whose total effect is to guarantee
that the resulting scheme described an imbedding of a Cayley graph for the
current group. The Kirchhoff current law (KCL) is that the sum (or product,
for nonabelian currents) of the currents leaving each vertex is the group
identity. Gustin’s requirement that the graph be regular and that every vertex
satisfy KCL has the effect of ensuring that every face in the resulting
imbedding has the same number of sides as the valence of every vertex in the
current graph.

Gustin’s current graphs were regarded as computational tools (“nomo-
grams” in Youngs’s terminology) to aid in the construction of generating rows
for schemes. Progressively more constructive power was obtained over the next
few years as Gustin’s original rules were relaxed. Very importantly, Youngs
(1967) explained how to use current graphs with excess currents at some
vertices. Whereas Gustin (1963) discussed only the cases of one, two, or three
generating rows, Jacques (1969) gave a general exposition, still restricted to
Cayley graphs, but covering the possibility of arbitrarily many generating
rows. Finally, Gross and Alpert (1973, 1974) showed how a topological
viewpoint makes it possible to eliminate all of Gustin’s restrictions, and they
unified all previously defined kinds of current graphs into the one now
described.

4.4.3. Orientable Topological Current Graphs

Let G — § be an imbedding in an oriented surface. An “(ordinary) current
assignment” is a function B8 from the set of directed edges of G into a group Z
such that B(e”) = B(e*)™! for every edge e. The values of B are called
“currents” and & is called the “current group”. The pair (G — S, B) is called
a current graph. If the clockwise and counterclockwise directions used by
Gustin to order the entries in a generating row are reinterpreted as vertex
rotations, the result is a legitimate imbedding. Hence, Gustin’s combinatorial
current graphs are properly considered a special case of a topological covering
space construction.

The point of assigning currents to an imbedding is to obtain a “derived
graph Gg” and “derived imbedding Gg — Sp”. The vertex set of Gp is the
cartesian product F; X %, and the edge set is the product E; X %. Thus,
vertices of the derived graph correspond to faces of the current graph, as in
Gustin’s construction. Endpoints and plus directions of derived edges are
given as follows. The plus direction of the derived edge (e, b) has initial vertex
(f, b) and terminal vertex (g, bc), where the rotation at the initial vertex of
the directed edge e’ carries face f to face g and B(e™) = ¢. Thus, the
directed edge (e, b)™ goes from the vertex (g, bc) to the vertex ( f, b). It will
be notationally convenient to refer sometimes to the directed edge (e, be 1) ™,
which goes from vertex (g, b) to vertex (f, bc™!), as (e, b); also, we let
(e, b) stand for (e, b)*. The rotation system for the derived imbedding is
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obtained by lifting boundary walks of the imbedding G — S, as follows. If the
directed boundary walk of face f is

e]ltl 82‘2 -
then the rotation at vertex (f, b) is
(€1, 1) (ey, b)) -+ (e,, b))

where b, = b if ¢,= +, and b, = bB(e;”) if ¢, = —. This rotation is more
easily denoted

(e, b) (&2, b) -+ (e, b).

Observe that the rotation at vertex (f, ab) 1s obtained from the rotation at
vertex (f, b) by multiplying all # coordinates on the left by a.

Example 4.4.1 Revisited. For j=1,...,9, let e; be the edge whose plus
direction carries the current j. Gustin’s method of obtaining a generating row is
clearly no more than an application of the Face Tracing Algorithm. Thus the base
imbedding G — S has one face whose directed boundary walk is

eg 6’768 123 86 84 e

Denote this face by v. For j=1,...,9 and i=1,...,19, the derived edge
(e;, i)™ runs from vertex (v, i) to vertex (v, i + j). Thus, the derived graph is
the complete graph K ,y. The rotation at vertex (v,0) is

(v,0). (ey,0)(e;,0)(eg,0)(e;,0)(e5,13) (e4,15) ..

Since the derived graph is simplicial, this rotation can also be given in vertex
form. If we let v, = (v, i), the result is

Ug. UgUqUg Uy U305 - ..

which is the generating row given by Gustin’s construction. Moreover, the full
rotation system is also the same as Gustin’s scheme, since the rotation at vertex v,
is obtained from that at vertex v, by adding i modulo19 to all # coordinates.

Example 4.4.2 (Jungerman, 1975). Consider the current graph (G — S, B)
given by Figure 4.19, where the current group is Z,,. An application of the Face
Tracing Algorithm shows that the base imbedding has two faces, which we denote
u and'v, and that vertices u, and v, of the derived imbedding have the following
rotations:

Ug. V3U3 015U V7 V50 U3 U401 U g
Up. U3V 1qUgU 5 U305 Uy Uy Us Dy Uy Uy
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Figure 4.19. A current graph with currents in 2.

An inspection of these two rows reveals that the vertex u; is adjacent to the vertex
v, if and only if j — i is odd, and that u, is adjacent to u; (similarly v, and v;) if
and only if j —i=2mod4. It follows that {u; i even} U {v;: j odd} is the
vertex set for one component of the derived graph. In this component, every pair
of vertices is adjacent except u; and u;, where j — i = 0mod 4 and v; and v;,
where j — i = 0 mod 4. Thus, this component is isomorphic to the complete
multipartite graph K, 4 4 4. The other 16 vertices of the derived graph lie in a
second copy of K4 4 4.4-

4.4.4. Faces of the Derived Graph

Just as the vertices of a derived graph correspond to the faces of its current
graph, faces of a derived graph correspond to vertices of its current graph. The
proof of the following theorem is postponed to the next section, where it is
shown to be a simple consequence of the duality between current and voltage
graphs. Originally, the theorem was proved by an application of the Face
Tracing Algorithm to the derived imbedding.

Theorem 4.4.1 (Gross and Alpert, 1974). Let e, ... e, be the rotation at
vertex v of the current graph (G — S, B), and let c; be the current carried by the
direction of the edge e, that has v as its initial vertex. Letc = ¢, ... c,, and let r
be the order of c in the current group %. Then the derived imbedding has #%/r
faces corresponding to vertex v, each of size rn, and each of the form

(e,1,b),(e,2, bey), (€52, beyey) ... (e, beyey ... ¢y q)

(e, be), (e,2, bee, ), (€52, beeye,)

(e, bc") = (e, 9,b) D

The product ¢, ... ¢, in Theorem 4.4.1 is called the excess current at vertex
v. The Kirchhoff current law (KCL) holds at vertex v if the excess current is
the identity.



Current Graphs 197

Figure 4.20. A current graph with currents in 2.

Corollary. Let (G —> S, B) be a current graph such that KCL holds at every
vertex and every vertex has valence three. Then the derived imbedding is
triangular. O

Since KCL holds at every vertex in both Example 4.4.1 and Example 4.4.2,
both derived imbeddings are triangular. Thus the first gives a minimal-genus
imbedding of Ky, whereas the second gives a minimal-genus imbedding of

K444

Example 4.4.3. The current graph given in Figure 4.20 with currents in % has
one face, denoted v. By face tracing, we see that the rotation at vertex v, of the
derived imbedding is

Ug- Uy U4 Uy Us Uy Uy

The order of the excess current at the bottom vertex of the current graph is 2. If
we excise the resulting three digons of the derived imbedding and reclose the
surface by identifying opposite sides, we thereby identify three pairs of multiple
edges from v; to v, 4, for i = 1,2,3. The final product is an imbedding of the
complete graph K. The 3-valent vertex of the current graph satisfies KCL and it
generates six triangles, and the two remaining 1-valent vertices together yield one
hexagon and two triangles. Thus, the Euler characteristic of the derived surface is
6 — 15 + 9 = 0. The scheme whose generating row is the given rotation for v,
with the extra v, deleted is precisely the table Heffter gives for his minimal-genus
imbedding of K.

Example 4.4.4. Consider the current graph given in Figure 4.21 with currents in
the cyclic group Z,,. There are two faces, which we denote u and v. In the
derived graph, there is an edge between u; and v, ,, for all i, and there are no
other edges. Therefore the derived graph has two components; the vertex set of
one component is

{u;zieven} U {v;: jodd}
Each vertex of the current graph has excess current +2 and valence 2, and

thereby generates a pair of 100-gons; each of these 100-gons passes through every
vertex in its component. Add a vertex inside each of the six 100-gons of one
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N

component, and add edges joining that vertex to the 100 original vertices. Then
delete all the original edges. The resulting graph is the complete bipartite graph
K¢ 100, and every face of the resulting imbedding is a quadrilateral. Hence the
imbedding has minimal genus.

Figure 4.21. A current graph with currents in 2, .

Clearly, Example 4.4.4 generalizes to arbitrary even integers m and n,
yielding quadrilateral and hence minimal-genus imbeddings of K,, , for these

cases. Exercise 11 shows how quadrilateral imbeddings of K, , can be
obtained when m is odd and n = 2mod 4.

4.4.5. Nonorientable Current Graphs

It is possible to consider current graphs in nonorientable surfaces as well. The
difficulty is that vertex rotations are reversed by type-1 edges during the Face
Tracing Algorithm, so care must be taken in using vertex rotations to define
the derived graph. For instance, suppose that e is a type-1 edge lying between
faces f and g, as illustrated in Figure 4.22. Unlike the orientable case, the
rotation at either endpoint of edge e sends face f to face g. If e* carries
current ¢ and e~ were to carry current ¢!, then in the derived graph, there
would be edges corresponding to e running from vertex ( f, b) to both of the
vertices (g, bc) and (g, be ™ 1). Therefore, both directions of a type-1 edge must
be assigned the same current. Also, in tracing faces of the derived graph, the
edge e is traversed in the same direction twice; it follows that in computing
the excess currents at the endpoints of edge e, the current ¢ must be used
twice. Thus type-1 edges in nonorientable current graphs (“cascades” in
Youngs’s terminology) appear in print with arrows in both directions.

®

P W o
J AN

(D Figure 4.22. A type-1 edge.
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We conclude that a current graph (G — S, 8) in a nonorientable surface
must satisfy the rule that

;B(e-”’)_l if e is type 0
B(e*) if e is type 1

Note the implication that the vertex rotations and edge types of the imbedding
G — S must be specified before currents are assigned (even in the orientable
case, an orientation of the imbedding surface must be chosen to specify vertex
rotations). The derived graph G is then defined as before.

To define the derived imbedding G; — Sg, a direction for each boundary
walk must also be specified, since the Face Tracing Algorithm does not
determine a unique direction in the nonorientable case. It is also necessary to
specify at which corners a vertex rotation is reversed while tracing a face; such
a corner is called “reversed”. Now suppose that the directed boundary of face

B(e™) =

fis e, ... e, . The rotation at vertex ( f, b) in the derived imbedding is then
(er, b)) ... (e, b,)
where b, = b if ¢, = + and the corner e, _,e; 1s not reversed or if ¢, = — and

the corner e,e;, , is reversed, and where b, = bB(e*) ! otherwise. Edge types
of the derived imbedding are defined so that if both directions of edge e
appear in the directed boundary walks of the imbedding G — S, then edge
(e, b) is type O for all b € #, and otherwise edge (e, b) is type 1 for all
be A

Example 4.4.5 (Youngs, 1968a). Let (G — S, B) be the current graph il-
lustrated in Figure 4.23 with currents in & 5. As before, a filled vertex indicates
a clockwise rotation and unfilled, counterclockwise. Youngs’s convention of
drawing type-1 edges broken in the middle with arrows in both directions,
suggestive of the usual “ X", is used. The imbedding has one face, which we shall
call v. If we let e, denote the edge carrying current i, then the directed boundary
of face v is

€656, €1€,€3€5€5€, €,€, €, €56

—

Iy
Y
>

Ao
4

® ,g & i_ *L /

Figure 4.23. A nonorientable current graph with currents in 25 .
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Again following Youngs, reversed corners are indicated by dots. The rotation in
the derived imbedding at vertex (v,0), in edge form, is

(0,0). (e1,0)(e5,0)" (e4,0)" " (e3,12)" (€7,0) (e3,0) (e5,10)" ...

where type-1 edges are given the superscript 1, as usual. The vertex form of the
rotation with (v,,0) = v, is

1,1, 1 1,1 1 1
Vg, U1 0 Uy V15 U7 03015 Vg Vy30,0q) UgUs Uyy

The rotation at vertex v, is obtained by adding i modulo 15 to the subscripts in the
rotation at vy. The derived graph Gy is clearly the complete graph K 5.

Faces of the derived graph are determined exactly as in the orientable case.
In Example 4.4.5 each of the 3-valent vertices satisfies KCL and, accordingly,
each generates 15 triangles in the derived graph. Each of the two 1-valent
vertices has an excess current of order 15 and induces in the derived im-
bedding a 15-gon whose boundary passes through each vertex. If an extra
vertex is placed in the center of each 15-gon and joined by edges to the
original vertices, the result is a triangular imbedding of the graph K,, — K.
An extra twist in an edge common to the two original 15-gons allows the extra
two vertices to be joined by an edge, thereby yielding a minimal nonorientable
imbedding of K,,.

Example 4.4.6. The current graph given by Figure 4.24 with currents in %,
has a single face v. Since there is an edge in the derived graph between vertices v,
and v, ;, for every i and for j = 1,2,3,4,5,6, the derived graph is isomorphic to

the complete graph K |, . Since KCL holds at every vertex, the derived imbedding
is triangular.

The derived imbedding of a nonorientable current graph can be orientable
(see Exercise 12). A criterion for deciding when the derived imbedding is
orientable is best understood in terms of dual voltage graphs and is considered

O

2

}/ 6
g{ | r-\v 3 Figure 4.24. A nonorientable current graph with currents in
3 > Zs.
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in Section 4.5. For present purposes, it suffices to know that a current graph in
a nonorientable surface has a nonorientable derived graph if the current group
has odd order.

4.4.6. Exercises

1.

10.

Give a current graph whose derived imbedding is a quadrilateral im-
bedding of the complete graph K.

Draw a current graph that yields a triangular imbedding of the complete
graph K. Give the resulting rotation system (scheme) in vertex form.
Find the first two rows in vertex form, of the rotation system for the
derived imbedding of Example 4.4.6.

Describe the derived imbedding for the current graph given in Figure
4.25a; the current group is %, .

Show how a triangular imbedding of the complete 4-partite graph K s s s
can be obtained from the current graph in Figure 4.25b. The current
group is &, X 2, (Jungerman, 1975).

Obtain a triangular imbedding of K,, — K; by changing the current
group in Figure 4.20.

Change the current group in Exercise 2 to get a triangular imbedding of
the octahedral graph O,.

Assign currents in Z); to the nonorientable imbedding given in Figure
4.26a so that the derived imbedding can be used to obtain a nonorienta-
ble, triangular imbedding of K, — K.

Complete the current assignment in 2, for the nonorientable im-
bedding given in Figure 4.26b in order to yield a nonorientable triangular
imbedding for K.

Find the derived graph for the current graph illustrated in Figure 4.27
with current group Z,5. (Hint: Show that the current graph has three
faces u, v, and w such that one component of the derived graph has
vertex set {(u, i),(v, j),(w, k)|i=0mod3, j = 1mod3, k = 2mod 3.}

6, 1) (1,0)
~—— [ - 31)
\/‘ > 4,1) 2,1) -t-(-a—lo]
1)
w\z — L Vo
(5,0) 1, 1)

Figure 4.25. Two current graphs; the current groups are, on the left, 25, and, on the right,

GC?Z .
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1

< ’ > \

_x .~ /
l/ \ O 2

(a) (b)
Figure 4.26. Two nonorientable current graphs.

—O

Figure 4.27. A current graph with currents in 2.

11. Suppose that m is odd and n = 2 mod 4, where m > 2 and n > 2. Assign
currents in £, to an m-cycle so that the derived graph can be used to
construct a quadrilateral imbedding of K (One current will be 3, and
all others will be 1.)

12. Give a nonorientable current graph whose derived graph is orientable.

m,n*

4.5. VOLTAGE-CURRENT DUALITY

The voltage and current graph constructions have obvious similarities, with
faces of a current graph playing a role of vertices of an imbedded voltage
graph and vice versa. We now give details of the formal duality.

4.5.1. Dual Directions

Since both voltage and current assignments work with directed edges, it is
necessary to have a convention to specify the plus direction of a dual edge,
given the plus direction of the corresponding primal edge. Let G —» § be a
locally oriented graph imbedding with plus directions specified for all edges.
The “dual plus direction” of the edge e*, denoted e™ *, is the one crossing the
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Figure 4.28. The dual plus direction.

primal edge e in the same direction as the orientation at the initial vertex of
* (see Fig. 4.28).

It is important to note that the dual plus direction of e* depends as much
on the choice of orientation at the initial vertex of e* as on the choice of plus
direction for the edge e. Indeed, changing the orientation at the initial vertex
of e* always changes the dual plus direction, but changing the plus direction
of edge e does not change the dual plus direction if the edge is type 1. One
unfortunate consequence of this dependence on local orientations is that the
dual of the dual plus direction is not necessarily the primal plus direction. This
is partly because there is no natural way to orient dual vertices; the Face
Tracing Algorithm can give different directions to a boundary walk around a
primal face depending on the choice of initial vertex for the walk. In some
cases, however, there is no way at all of orienting dual vertices that avoids this
problem.

Example 4.5.1. Figure 4.29 shows part of a locally oriented imbedding with
dual edges indicated by broken lines. The edge e is type 1 and the edge d is type

0. If a clockwise orientation is chosen for the dual vertex f*, then d*** = d~; if
a counterclockwise orientation for the face f is chosen instead, then e*** = e".

On the other hand, suppose that S is an orientable surface and the
imbedding G — S has been locally oriented by an orientation of the surface S.
Then the Face Tracing Algorithm gives every boundary walk a direction
consistent with the opposite orientation of the surface. Thus the natural local
orientation of the dual graph is given by the opposite orientation of the
surface. In this case, the dual of the dual plus direction is the primal plus
direction (see Fig. 4.30). Hence, for an orientable surface, dual directions
behave nicely as long as the primal graph is locally oriented by one orientation
of the surface and the dual graph by the opposite.

It is still necessary to specify a orientation of the surface for the primal
imbedding, but this is done automatically by a pure rotation system for the

f* Figure 4.29. A locally oriented imbedding and its dual.
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Figure 430. A directed edge and its dual.

imbedded graph. If the imbedding is given by a rotation projection, the
convention that all rotations are clockwise specifies an orientation. Only if the
imbedding is given by drawing the graph upon a polygon with edges to be
identified must care be taken to indicate the chosen orientation (by a circular
arrow, for example).

Warning. Drawing a dual imbedding is confusing if the primal imbedding is
given by a rotation projection, but relatively easy if the primal imbedding is
drawn on a polygon with edges to be identified. It frequently pays to convert a
presentation of the former type to one of the latter type before attempting to find
the dual. An alternative is first to list the directed boundary walks of the primal
imbedding and then to use the resulting rotation system for the dual to draw a
picture of the dual. In fact, dual imbeddings in orientable surfaces can be
computed in terms of pure rotation systems simply by composing two permutations
(see Exercise 4); this method is obviously the best suited for computers.

4.5.2. The Voltage Graph Dual to a Current Graph

Let (G — S, B) be a locally oriented current graph, and let G* — S be the
dual imbedding with dual plus directions. The “voltage assignment dual to
B”, denoted B*, is the one satisfying the rule 8*(e* *) = B(e™). The resulting
imbedded voltage graph (G* — S, B*) is called the “imbedded voltage graph
dual to current graph (G — S, B)”.

Example 4.4.1 Revisited. Paying heed to our previous warning, we first draw
the given current graph on a polygon with edges to be identified. It is readily
verified that the rotation at each vertex in Figure 4.31a is the same as that at the
corresponding vertex of Figure 4.18 (the specified orientation of the surface S, is
clockwise). Therefore, the imbedding given in Figure 4.31a is equivalent to the
original imbedding. Its dual imbedded voltage graph is given in Figure 4.31b.
The corners of the octagon represent a single vertex of the dual graph, and edges
of the polygon are also edges of the dual graph. It is instructive to check that the
rotation at the dual vertex, when read counterclockwise, agrees with the first row
of the rotation system for the derived graph given in Example 4.4.1, and that all
dual plus directions are correctly given.

The dual relationship between the current and voltage graph constructions
can now be given explicitly. In its original form, before the development of
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Figure 4.31. The current graph of Example 4.4.1 and its dual imbedded voltage graph.

voltage graphs, the following theorem stated that the derived imbedding for
any current graph (H — S, B) is a branched covering of the dual of the
imbedding H — S. In its present form, the proof is a routine verification that
the definitions are satisfied, and it is omitted.

Theorem 4.5.1 (Gross and Alpert, 1974). Let (H — S, B) be a locally oriented
current graph and let (G — S, a) be its dual imbedded voltage graph. Then the
derived imbeddings Hg = Sg and G* — S* are identical.

Theorem 4.5.1 explains many aspects of current graphs that were not
considered in the previous section, such as orientability and connectivity tests
for current-derived imbeddings, or were considered only briefly and without
justification, such as face tracing (Theorem 4.4.1) and excess current. These
aspects are much easier to study with voltage graphs.

Example 4.5.2 (Alpert). The nonorientable %, current graph given in Figure
4.32 has one face. The derived graph is the Cayley graph for the cyclic group Z g
with generating set {1,2,3,...,13}. Thus, it is isomorphic to the octahedral
graph O,,. All faces of the derived imbedding are triangles, by KCL, except for
two 28-gons corresponding to the two 1-valent vertices. If an extra vertex is
placed at the center of each 28-gon and is joined by edges to each of the original
28 vertices, then the result is a triangular imbedding of O,s. But what is the

13 -12 11 -10
OO
2 L 6 8
- o > > L o -
5 7 3 9 1

Figure 4.32. A nonorientable current graph with currents in 2.




206 Imbedded Voltage Graphs and Current Graphs

orientability type of the surface? The edges carrying currents —10, 11, —12, and
13 are traversed twice in the same direction in tracing the face of the current
graph imbedding. Therefore, the corresponding loops in the dual imbedded
voltage graph are type 1. Since the voltages —12 and —10 are in the only
index-2 subgroup of %,q, the derived imbedding is nonorientable. This current
graph can be generalized to yield nonorientable triangular imbeddings for all
octahedral graphs O,, n = 0 mod 3, n > 3 (see Exercise 10).

A word of caution about local orientation is in order at this point.
Changing the local orientation at a vertex of a current graph reverses the plus
direction of some dual edges. In effect, this simply inverts the value of the dual
voltage assignment on some edges. It should not be surprising that, even in the
orientable case, the two possible orientations of a surface can induce noniso-
morphic derived graphs for the same current graph! This is because there are
voltage graphs such that inverting the voltage assignment to each edge changes
the isomorphism type of the derived graph (see Exercise 8). This phenomenon
can only happen, however, if the current group is nonabelian (Exercise 9).
Therefore, for most applications, it is not a matter of concern.

4.5.3. The Dual Derived Graph

Let (H — S, B) be a locally oriented graph, and let (G — S, a) be its dual
imbedded voltage graph. There is another graph imbedding that arises natu-
rally in the current-graph construction and has not yet been discussed: the
dual Hg* — S, of the derived imbedding Hy — S,. It is best to think of this
imbedding as p~!(H) - Sg, where p is a natural surface projection Sz — §,
since then p restricts to a graph map Hg* — H. The imbedding Hg* — S is
called the “dual derived imbedding”, the graph Hy* is called the “dual derived
graph”, and the map p: Hp* — H is called the “natural projection” for the
dual derived graph.

Example 4.5.3. At the bottom left of Figure 4.33 is a current graph in the
sphere with current group Z,. At the bottom right is the dual imbedded voltage
graph. At the upper right is the derived imbedding, the 3-cube. At the upper left
is the dual derived imbedding, the 3-octahedron. Both base graphs can be viewed
as quotient graphs under the Z, action generated by a 90° rotation about the
vertical axis. For the cube (derived graph) the action is free; for the octahedron
(dual derived graph) the action has fixed points at the top and bottom vertex.

Let (H— S,B) be a current graph, and let (G — S, a) be its dual
imbedded voltage graph. Since the surface projection p: S* -» S may wrap a
face of the derived imbedding many times around a face of the imbedded
voltage graph, as in Example 4.5.3, the natural projection p: Hg* — H of the
dual derived graph onto the current graph is not, in general, a covering map.
Indeed, if r is the order of the excess current at vertex v of the current graph
H, then p: Hg* — H is locally r-to-1 near each vertex of p~'(v).
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current graph voltage graph
Figure 4.33. A current graph, a dual voltage graph, and derived graphs.

The graph map p: Hg* — H is not a branched covering, but rather a folded
covering, because the set of points where the map fails to be a local homeo-
morphism has dimension not 2, but 1, less than the complex H. Parsons et al.
(1980) and Jackson et al. (1981) [also Gross et al. (1982)] use the term
“wrapped quasi-covering” in their papers that analyze the construction, and
they develop it for direct use in graph-imbedding problems. We shall call it
simply a “wrapped covering”.

Even if KCL holds at very vertex of a current graph so that the dual
derived graph does not cover the current graph, it is still not easy to determine
the structure of the dual derived graph. The following example illustrates the
problem in one case and presents an ad hoc solution.

Example 4.5.4 (White, 1974). Suppose that 2/ is an abelian group and
X = {Xxy,..., X,,) is a set of distinct generators for s/ such that x, # x;' for
all i andj. Let H — S be the imbedding of a bouquet of 2m circles in the surface
of genus m given by the rotation

V. e e,€, ey eje4e3 €4 ..

Let B be the current assignment such that B(e;*) = x;, for i=1,...,2m.
Figure 4.34 illustrates the case m = 2, where the edges of the octagon form the
dual voltage graph.
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Figure 4.34. A current graph.

Clearly the derived graph is the Cayley graph C(%, X). We claim this
imbedding is self-dual; that is, the dual derived graph Hp* is also the Cayley
graph C(%Z, X). Since KCL holds at the one vertex of the current graph H,
the graph H,* is a regular covering of H, and accordingly, it must be a Cayley
graph for the group /. However, it is not at all obvious that the generating set
for this Cayley graph is X. To show that it is, we give an explicit labeling of
vertices and coloring of edges that makes Hg* the desired Cayley graph.

By Theorem 4.4.1, for each a € &/, exactly one of the #.x/ faces of the
derived imbedding, which we label a, has a directed boundary walk of the
form

(e;,a)(e,,ax;) (e, ax;x,) (e{, axlxle'l) (e3, axlxle_lxz_l) e

This can be simplified, since the group %/ is abelian, to

(e, a)(ey, ax,) (e, 7", axyx,) (e:znla ax;) (ey, a) (eq, ax;) ...

Using the relation (e; "%, ax;x,) = (e,, ax;x,x, ')~ = (e,, ax,)~, we further
sirnplify to

(e1,a)(ey, ax,)(er, ax,) (ey,a) (ey,a)(ey,axs) ...

The directed edge (e,, a)” then forms part of the boundary walk of the face
labeled ax, !, and the edge (e,, a)™* lies on the directed boundary of the face
labeled ax, . If the vertex dual to face a is also labeled a, then the dual edge
(e,, a)* has its plus direction from dual vertex a to dual vertex ax,, and the
plus direction of (e,, a)* goes from dual vertex ax,” to dual vertex a. The
other pairs of edges e,;,_, and e,;, for i > 1, behave similarly. Thus, if the
plus direction of the dual edge (e,;_,, a)* is colored x,, and the minus
direction of the dual edge (e,;, a)* is colored x,,_,, then the result is a Cayley
color graph for the group 2/ and generating set X.

If the abelian group & in Example 4.5.4 is the cyclic group Z,, ., and
X ={1,2,...,2m}, then the result is a self-dual imbedding of the complete
graph K,,,,,. The graph K, has a self-dual imbedding only if » = 0,1 mod 4
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f
(2,1
(0 0) (‘D 2)
"--—-/
0,0 Figure 435. A Z, X Z, -current graph.

(Exercise 3); Stahl (1979) and Pengelley (1975) have obtained such self-dual
imbeddings of K,, ., (see Exercise 11). If the group & is Z,,,, and
X={1,2,...,2m} again, then the result is a self-dual imbedding of the
octahedron graph 0, ,,. . Gross (1978) uses a variation of this construction to
compute the least number of edge crossings of certain octahedron graphs
imbedded in certain surfaces (Exercises 12-14).

Although it is difficult to determine the structure of the dual derived graph,
it is possible to give a readily applied criterion to decide when a dual derived
graph of a simplicial current graph is simplicial. The proof of the following
theorem is a straightforward application of Theorem 4.4.1 and is omitted.

Theorem 4.5.2. Let (H —> S, B) be a current graph without multiple edges or
loops. Then the dual derived graph has a multiple edge or loop if and only if there
are adjacent vertices with excess currents b and c such that b° = ¢' # 1 for some
s and 1.

Example 4.5.5. Let (H — S, B) be the current graph given in Figure 4.35 with
the current group Z, X Z,. The excess currents at vertices vy, Uy, U3, U, are
(1,0), (1,1), (—=2,1), and (0, —2), respectively. As long as the number n is odd,
no multiple (consider the group operation to be addition) of (1,1) or (—2,1) has
a zero coordinate. If s(1,1) = t(—2,1), then —2t = tmodn, so 3t = 0 modn.
Thus, if n = 1 or 5 mod 6, then the adjacent vertices of H satisfy the condition of
Theorem 4.5.2. Therefore the dual derived graph is simplicial. Since each vertex
of the graph H has excess current of order n, there are n vertices of the dual
derived graph corresponding to each v, i = 1,...,4. Since no vertex correspond-
ing to v, is adjacent to another corresponding to v, and each dual derived vertex
has valence 3n, the dual derived graph is the complete multipartite graph
K . The imbedding is triangular and, therefore, minimal, because the dual

n,n,n,n

voltage graph is regular of valence 3.

Example 4.5.5 can be generalized to any triangular imbedding H — §,
where the vertices of graph H can be covered by a disjoint union of paths of
length 3. The derived graph Hg has n vertices v,,...,v, corresponding to each
vertex v in H and edges from u; to v; if and only if there is an edge from u to
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v in H. Such a graph is denoted H,, (it is the “composition” of the graph H
by a set of n independent vertices). If H is the complete graph K, then H,,,
is the complete multipartite graph K, , =K, . A number of authors
have sought minimal imbeddings for H,, given a minimal imbedding, usually
triangular or quadrilateral, for H. Bouchet (1982b) has shown, through an
ingenious use of “nowhere-zero flows”, that if H has a triangular imbedding,
so does H(,, for any n not divisible by 2, 3, or 5. Jackson et al. (1981) and
Parsons et al. (1980) use wrapped coverings to show that a triangular imbed-
ding for H lifts to one for H,, for all n relatively prime to a number M that
depends only on the chromatic number of H. Bouchet (1982a) proves by
means of folded coverings that if H has a eulerian circuit, then any triangular
imbedding for H lifts to a triangular imbedding of H,,,, for all n. Bouchet
(1983) and Abu-Sbeih and Parsons (1983) obtain similar results for quadri-
lateral imbeddings of bipartite graphs.

4.54. The Genus of the Complete Bipartite Graph X, ,

In Section 4.4, current graphs were used to construct orientable quadrilateral
imbeddings for the complete bipartite graph K, , when m and n are both
even (Example 4.4.4) or when m is odd and » = 2 mod 4 (Exercise 4.4.11). It
1s instructive to reconsider these imbeddings in terms of both voltage graphs
and dual derived graphs.

Suppose that m i1s odd and that » = 2 mod 4, where m > 2 and n > 2. The
left side of Figure 4.36 illustrates, for m = 7, the 2 -current graph that was
suggested by Exercise 4.4.11. The vertex having excess current 2 generates an
n-gon in the derived graph, just as the other vertices do, because n/2 is odd.
Accordingly, a quadrilateral imbedding can be constructed from the derived
graph, by adding a vertex inside each face, as in Example 4.4.4. In the middle
of Figure 4.36 is the voltage graph dual to the current graph shown on the left.
Clearly, the derived graph has n vertices and m faces, each bounded by a
hamiltonian cycle.

Since the desired imbedding of K, , is obtained from the derived imbed-
ding by adding a vertex inside each face, one might suspect that a quadri-
lateral imbedding of K, , can also be constructed directly as a dual derived

lﬁ-‘& /F “111

0 1 1114 2
0 101‘1 42 10}1 t
0\O 0 0/0/0
/0 \
———
2

Figure 4.36. A voltage graph and two current graphs.
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graph. On the right of Figure 4.36 is another current graph with currents in
Z, />, illustrated for the case m = 7. By Theorem 4.5.2, the dual derived graph
has no multiple edges or loops. Since the top and bottom vertices satisfy KCL,
they generate n/2 + n/2 vertices, each of valence m. Thus, they form one part
of the complete bipartite graph K, ,. The excess current at each of the
2-valent vertices has order n/2 in &, ,. Therefore, these vertices generate m
vertices of valence n. Since every face of the current graph imbedding is a
quadrilateral, so is every face of the derived imbedding.

A quadrilateral imbedding of K, , for m and n both even can also be
given as a dual derived graph. In this case, the construction is especially
elegant. The current group is &, , X Z, ,, and the current graph is given in
Figure 4.37. It is left to the reader to verify that the dual derived graph is
K

m,n*

Since K,, , has no cycles of length less than 4, it follows that
Y(K,,)=21—-(m+n—mn+mns2)/2=(m—2)(n—2)/4.

The last quantity is an integer if and only if m and » are both even, or one or
the other is congruent to 2 mod 4. Quadrilateral imbeddings have already been
constructed for these cases. To finish the computation of y(K,, ,) for all m, n,
an ad hoc construction is used for the nonquadrilateral imbeddings.

Theorem 4.5.3 (Ringel, 1965). (K, ,) = [(m — 2)(n — 2)/4].

Proof. Consider first the irregular case m = 3mod4, n = 1 mod4. Then
K, _, . has a quadrilateral imbedding, which for n = 9 looks like Figure 4.38
(left) near a vertex u in the (m — 1) part of K, _, ,. Split the vertex u into
two vertices v and w and join each of these vertices to the nearest “half” of
the surrounding n vertices as shown in the center of Figure 4.38. Extra edges
from v and w are needed to obtain K, ,; this in turn will necessitate some
extra handles. The imbedding surface for K, _, , has genus (m — 3)(n - 2)/4,
whereas the desired imbedding for K, , has genus [(m — 2)(n — 2)/4], which
for m =3mod4 and n = 1mod4 is the same as ((m — 2)(n — 2) + 1) /4.
Thus, there is a leeway of (n — 1)/4 handles that can be used to put in the
extra edges at vertices v and w. The right side of Figure 4.38 shows how to
add the handles: each labeled face at vertex v is joined by a tube to the
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Figure 4.39. The insides of tube 1.

like-labeled face at vertex w. Four edges are then drawn on tube 1, two from v
and two from w, as illustrated in Figure 4.39. Three edges are drawn on tube
2, two from v and one from w. For general n = 1 mod 4, each tube carries
four edges except the bottom tube, which carries three.

Similar constructions work for m = 3mod4 and » =0 or 3mod4; n/4
handles are added for » = 3mod4. Again, the same construction works for
m = 1mod4, n=0mod4. Finally, for m =1mod4 and » = 1mod4, a
quadrilateral imbedding for K,, _, , is obtained first. Three vertices are split,
and (n — 1)/4 handles are added near each split vertex, as before. Since
[(m — 2)(n — 2)/4] = (m — 5 (n —2)/4 + 3(n — 1)/4 for m = n = 1 mod 4,
this yields the desired imbedding of K, ,. All other combinations of con-
gruence classes mod 4 are covered by interchanging m and n. O

4.5.5. Exercises

1. Draw the current graph whose dual voltage graph is given on the left in
Figure 4.6.

2. Draw the current graph whose dual voltage graph is given in Figure 4.1.

3. Prove that if K, has a self-dual imbedding, then n = 0 or 1 mod 4.
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3 Figure 4.40. A Z-current graph.

In Exercise 3.5.2 it was shown how to represent an orientable imbedding
G — S by a single permutation p of the directed edge set DE(G). Show
that the dual imbedding G* — S is represented by p o, where ¢ is the
involution of DE(G) given by ((e€) = e . Prove that the dual of the
dual imbedding is the primal imbedding, using this viewpoint.

Name the edges of the imbedded voltage graph given in Exercise 4.1.1.
Represent this imbedding with a permutation p of the directed edge set,
as in Exercise 4. Then use the dual permutation p ¢ to draw the current
graph dual to the original imbedded voltage graph.

Obtain a triangular imbedding of K s from the 2 current graph
shown in Figure 4.40. Generalize this construction to get triangular
imbeddings of X, , , for all m, n > 0.

Obtain a triangular imbedding of K, , , as a dual derived imbedding by
assigning currents in &, X 2, to a triangle.

Let o/ be a group, and let X =/ — {1,}. Prove that if there is a
direction-preserving automorphism of the Cayley color graph C(%/, X)
taking each edge labeled x to the edge labeled x !, then &7 is abelian.
Then use the trick of Frucht’s theorem, Section 2.2, to show that if 7 is
nonabelian, then there is an £voltage graph (G, B) such that the
derived graphs G* and G*? are not isomorphic, where B8 is the voltage
assignment B(e) = a(e) }. Conclude that for an orientable, nonabelian
current graph, it is possible to generate nonisomorphic derived graphs by
choosing different orientations of the current-graph surface.

Prove that if the group %/ is abelian, then the two possible derived
graphs of an orientable &/ current graph (G — §, a) corresponding to
the two orientations of S are isomorphic (see Exercise 8).

Generalize Example 4.5.2 to arbitrary n, n = O0mod 3, n > 3.

A self-dual imbedding of K,, n = O0mod 4, can be constructed as follows
(Pengelley, 1975). Suppose n = 2t,r > 1. Let &/ be the group
&y, X -+ X%, XZ, having r factors of Z,. Let X be the set of
elements of &/ having order greater than 2 and Y the set of elements of
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order 2. Assign half of the elements of X as voltages to a # X-sided
polygon, as in Example 4.5.4 (check first that #X = 0mod4). Then
attach a bouquet of #Y circles at one vertex of the polygon and assign
the elements of Y as voltages (do not nest the circles). Prove that the
derived imbedding, after identifying the sides of digons, is a self-dual
imbedding of K.

Let p be a prime, p=1mod4. The multiplicative group of non-
zero elements of &, is cyclic generated by some element g. Let G — §
be the imbedding of a bouquet of (p — 1)/2 circles in the surface of
genus (p — 1)/4 such that the rotation at the only vertex is
e e,e;...e, e, ey ....Let a be the voltage assignment given by
a(e,;) = q' — q' 1. Prove that the derived imbedding is a self-dual imbed-
ding of the complete graph K, in the surface of genus (p — 1)(p — 4)/4
such that any face is a simple closed walk.

Let G be the graph constructed from the union of primal and dual
complete graphs K, in Exercise 12 by adding edges from each dual
vertex to each primal vertex on the face containing the dual vertex. Show
that the graph G is the octahedron graph O,.

Suppose that a graph G is drawn on the surface S, so that there are ¢
points where edges cross. Prove that 2 — 2g < (#V + ¢) —
(#E + 2c¢)/3. Use this inequality and Exercise 13 to conclude that the
minimum number of edge crossings in a drawing of the octahedron graph
O, on the surface S ,_ 1,44 18 p(p —1)/2, where p is a prime,
p = 1 mod 4 (Gross, 1978).
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The chromatic number of a surface S is equal to the maximum of the set of
chromatic numbers of simplicial graphs that can be imbedded in S, as we
recall from Section 1.5. Heawood (1890) showed that there is a finite maxi-
mum, even though there is no limit to the number of vertices of a graph that
can be imbedded in S. In particular, if the surface S has Euler characteristic
¢ <1, then

7 + V49 — 24¢
chr(S) <

2

which is now known as the “Heawood inequality”. The value of the expression
on the right-hand side is called the “Heawood number” of the surface S and is
denoted H(S).

The determination of the chromatic numbers of the surfaces other than the
sphere is called the “Heawood problem”. Its solution, mainly by Ringel and
Youngs (1968), gave topological graph theory the critical momentum to
develop into an independent research area. The solution is that, except for the
Klein bottle, which has chromatic number 6, the chromatic number of every
surface equals the Heawood number. For example, the projective plane has
chromatic number 6 and the torus has chromatic number 7, exactly their
Heawood numbers. The idea of the proof is to imbed in each surface a
complete graph whose number of vertices equals the Heawood number of the
surface.

Since the sphere has Euler characteristic ¢ = 2, its Heawood number is 4.
However, Heawood’s argument for other surfaces cannot be used to establish
four as an upper bound for the chromatic number of the sphere. Although the
sphere is the least complicated closed surface, and although some of the most
distinguished mathematicians attempted to solve the problem, the chromatic
number of the sphere was the last to be known. This last case was resolved
when Appel and Haken (1976) established that chr(S,) = H(S,) = 4, which is
called the Four-Color Theorem. Since the proof of the Four-Color Theorem is
fully explained elsewhere, quite lengthy, and not topological in character, we
confine our attention to the Heawood problem.

215
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The original solution to the Heawood problem occupies about 300 journal
pages, spread over numerous separate articles, and it requires several different
kinds of current graphs, whose properties are individually derived. Ringel
(1974) has condensed this proof somewhat. Although Ringel considers every
case, it remains useful to refer to the original papers for complete details of
some of the more difficult cases (such as “orientable case 6”).

The introduction of voltage graphs and topological current graphs unifies
and simplifies the geometric part of the solution. However, the construction of
appropriate assignments of voltages or currents remains at about the same
level of difficulty as originally. The present review of the Heawood problem
concentrates on a representative sample of the cases whose solutions are most
readily generalizable to other imbedding problems.

5.1. THE HEAWOOD UPPER BOUND

The first step in calculating the chromatic numbers of all the closed surfaces
except the sphere is to derive the Heawood inequality. The second step is to
use Heawood’s inequality to reduce the Heawood problem to finding the genus
and the crosscap number of every complete graph. A computation of the genus
of each complete graph K, such that n = 7modulo 12 illustrates the basic
approach to completing the second step.

5.1.1. Average Valence

In order to establish an upper bound for the possible chromatic numbers of
graphs that can be imbedded in a surface §, the main concept needed is
average valence. By using the Euler characteristic, it is possible to show that
the average valence 1s bounded.

Theorem 5.1.1. Let S be a closed surface of Euler characteristic ¢, and let G be
a simplicial graph imbedded in S. Then

c
average valence(G) < 6 — —
verage valence(G) < 6 = oy

Proof. Whether or not the imbedding is a 2-cell imbedding, we know that
#V — HE+ #F > ¢

For a 2-cell imbedding, we have equality. Otherwise, we observe that all the
nonsimply connected regions could be subdivided into cellular regions by
adding edges to the graph G, thereby increasing #E without increasing #F.
From the edge-region inequality 2#E > 3#F, established in Theorem 1.4.2,
we obtain an upper bound

#F < 2#E
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for #F, which we substitute into the previous inequality. This yields the
inequality

#V — LH#E > ¢

and its consequence
#E < 3#V — 3¢

By Theorem 1.1.1, the sum of the valences is equal to 2#E. Thus, the average
valence is 2#E/#V. Substituting the upper bound 3#V — 3¢ for #E, we
conclude that

6¢
average valence(G) < 6 — — O

5.1.2. Chromatically Critical Graphs

A graph G is called “chromatically critical” if, no matter what edge is
removed, the chromatic number is decreased. Given any graph imbedded in S
whose chromatic number is that of the surface S, one can successively delete
edges until a chromatically critical graph imbedded in S is obtained. Obvi-
ously, every chromatically critical graph is simplicial and connected.

Theorem 5.1.2. Let S be a closed surface, and let G be a chromatically critical
graph such that chr(G) = chr(S). Then for every vertex v of G, chr(S) — 1 <
valence (v).

Proof. Suppose that v is a vertex of G with fewer than chr(S) — 1
neighbors. Since G is chromatically critical, its subgraph G — v can be colored
with chr(S) — 1 colors. At most chr(S) — 2 of these are assigned to neighbors
of v. This leaves one of those chr(S) — 1 colors available to color v, thereby
contradicting the fact that chr(G) = chr(S). O

Example S5.1.1. Since the projective plane N, has Euler characteristic c = 1, it
follows from Theorem 5.1.1 that any graph G imbedded in N, has a vertex of
valence five or less. From Theorem 5.1.2 it then follows that chr(N,) < 6. Figure
5.1 shows an imbedding of the complete graph K in the projective plane. Since
chr(K¢) = 6, it follows that chr(N,) = 6, as first proved by Tietze (1910).

Example 5.1.2. The torus S, has Euler characteristic ¢ = 0. Thus, by Theorem
5.1.1, the average valence of a simplicial graph G imbeddable in S, is less than or
equal to 6. By Theorem 5.1.2, it follows that chr(S,) < 7. Figure 5.2 shows an
imbedding of the complete graph-K, in S,. Since chr(K,;) =7, it follows that
chr(S,) = 7, which was first proved by Heffter (1891).
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Figure 5.1. An imbedding of the complete graph K in the

0
projective plane N, .
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Figure 5.2. An imbedding K, — S, is obtained by pasting the left side to the right side and then
pasting the top to the bottom with a 2/7 twist.

Example 5.1.3. Like the torus, the Klein bottle N, has Euler characteristic
¢ = 0. By the same argument as for the torus it is proved that chr(N,) < 7.
Unlike the torus, however, the Klein bottle has chromatic number 6, one less
than its Heawood number, because-—as we established in Theorem 3.4.6—the
crosscap number of K is 3. This anomaly was discovered by Franklin (1934).

Theorem 5.1.3 (Heawood, 1890). Let S be a closed surface with Euler char-
acteristic ¢ < 1. Then

2

7 + V49 — 24¢
chr(S) <

Proof. If ¢ =1, then the expression on the right-hand side of the in-
equality has the value 6, and the surface S is a projective plane, so that
chr(S) = 6, as we saw in Example 5.1.1. Thus the inequality holds.

If ¢ < 0, our immediate objective is to prove that the quadratic expression

chr(S)* — 7chr(S) + 6¢

is nonpositive. To this end, let G be a graph imbedded in S such that
chr(G) = chr(S), and such that G is chromatically critical. From Theorem
5.1.1, it follows that

c
average valence( G - —
ge valence(G) < 6 — -
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From Theorem 5.1.2, it follows that
average valence(G) > chr(S§) — 1

Combining these two inequalities, we obtain the inequality

h 1<6-— -———GC
§)—1< -
chr(S)

Since ¢ < 0, we have —6¢/#V < —-6c¢/chr(S), because #V > chr(S). Thus,
we infer

hr(S 1<6 6c
chr(§) —1<6 - chr(S)

from which we immediately produce the inequality
chr(S)* — 7chr(S) + 6¢ <0

By factoring the quadratic expression on the left-hand side we obtain

<0

chr(S) - 5

7— V49 —24c \[ 7 + V49 — 24¢
' chr(S) — -
2
For ¢ < 0, the value of the expression 7 — V49 — 24c¢ is less than or equal to
0. Thus, the value of the first factor is positive. It follows that the value of the
second factor is nonpositive. Since chr(S) is an integer, the conclusion follows.
O

5.1.3. The Five-Color Theorem

If one substitutes ¢ = 2 into the Heawood inequality, one obtains the result
chr(S,) < 4. Even though Appel and Haken have subsequently proved this, it
does not follow from Heawood’s argument. Indeed, one of the purposes of
Heawood’s paper (1890) was to show the error in a purported proof by Kempe
(1879) that chr(S,) < 4. What Heawood was able to prove about the sphere is
the following theorem.

Theorem 5.1.4 (Heawood, 1890). The chromatic number of the sphere S, is at
most 5.

Proof. Let G be a graph imbedded in S, such that chr(G) = chr(S,) and
that G is chromatically critical. By Theorem 5.1.1, the average valence of G is
less than 6, so that G must have a vertex v of valence less than or equal to 5.
By Theorem 5.1.2, the chromatic number of G is at most 6. Since G 1is
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U1

Uz
;5"\ y .

/"34 b U3 Figure 5.3. The five neighbors of the vertex v.

chromatically critical, we can color the graph G — v with five colors, say the
colors ¢y, ..., ¢s. If any two of the five neighbors of v had the same color, then
some color ¢; would not be applied to any neighbor of v. Accordingly we
might extend the coloring of G — v to a coloring of G by assigning color ¢, to
v. Thus, we suppose that the five neighbors v,,..., v5 of v are assigned the
colors cy,..., cs, respectively, corresponding to the order in which they are
encountered in a clockwise traversal around v. This is illustrated in Figure 5.3

For any two colors ¢; and ¢;, consider the subgraph of G — v containing
every vertex that is assigned color ¢; or ¢;. Every component of this subgraph
is called a “c,-c, Kempe chain”.

First, suppose that the vertex v, is not contained in the ¢,-c; Kempe chain
that contains the vertex v,. One might recolor the vertices of this ¢,-c; Kempe
chain by reversing the roles of ¢, and c;, that is, by recoloring every c,-colored
vertex ¢, and recoloring every c;-colored vertex c¢,. This results in a proper
coloring of the graph G — v such that v, and v, are both assigned color c,,
while vertices v,, v,, and v are still assigned colors ¢,, ¢,, and ¢y respec-
tively. We can extend this revised coloring of G — v to a coloring of G by
assigning color ¢, to v.

Alternatively, if the vertex v, is in the same ¢,-c; Kempe chain as v,, then
v, and v, cannot be in the same c¢,-c, Kempe chain, because of the Jordan
curve theorem. Thus, we might revise the coloring of G — v by reversing the
assignment of ¢, and ¢, to the vertices in the ¢,-c, Kempe chain that contains
vs. Then color ¢, would be assigned to no neighbor of v, and so it could be
assigned to v, yielding a 5-coloring of G. O

5.1.4. The Complete-Graph Imbedding Problem

The Euler characteristic of the orientable surface S, is 2 — 2g. Thus,

- 7+1/1+74?;—ng
B 2

The Euler characteristic of the nonorientable surface N, 1s 2 — k. Thus,

l7+\/49—24(2—k)‘_ 7+Jﬁm}
2 B 2

7+ /49 — 24(2 — 2g)
2

H(S,) =

g

H(N,) =
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Table 5.1 Heawood number of S, ,forg = 1,...,23

genusg 123 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23
H(S,) 7891011121213 13 14 15 15 16 16 16 17 17 18 18 19 19 19 20

Table 5.2 Heawood number of N, ,fork =1,...,23

crosscap
numberk 123456 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23
H(N,) 677899101010 11 11 12 12 12 13 13 13 13 14 14 14 15 15

Tables 5.1 and 5.2 show the calculated values of the Heawood number for
some orientable surfaces and for some nonorientable surfaces, respectively.

From the formula for the Heawood number, one sees that it must increase
as the genus or crosscap number increases, but at a rate proportional to the
square root of the genus or crosscap number. Tables 5.1 and 5.2 confirm this.
Thus, every sufficiently large integer is the chromatic number of at least one
orientable surface and of at least one nonorientable surface. Moreover, the
same chromatic number may serve for several different surfaces of consecutive
genera or of consecutive crosscap numbers, and the number of consecutive
surfaces that share the same chromatic number tends to increase along with
the chromatic number.

One reads from Table 5.1 that H(S,) = H(S,) = H(S,,) = 19. Now
suppose that there were a graph G imbeddable in S,, such that chr(G) = 19.
It would follow that chr(S,,) > 19. Moreover, since any such graph that is
imbeddable in S, is also imbeddable in §,, and §,,, it would also follow that
chr(S,,) > 19 and chr(S,,) > 19. By Theorem 5.1.3, the chromatic number of
each of these three surfaces 15 also at most 19, their common Heawood
number. Thus, they would all have chromatic number exactly 19. In fact, this
is true, because the complete graph K4 is imbeddable in S,,, which is proved
in Example 4.4.1. In general, complete graphs are used in this manner to show
that the chromatic number of a surface is equal to its Heawood number. To
formalize the process, we define the numbers

o) - [(n - 3:;,: - 4)1 wd () - I(n - 3)6(n - 4)1

Theorem 5.1.5. Assume that n > 7 and that y(K,) < I(n). Then for any
orientable surface S, such that I(n) < g < I(n + 1), the equation chr(S,) =
H(S,;) = n holds.
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Proof. Substitution of I(n) and I(n + 1) into the formula for the Heawood
number establishes by direct calculation that H(S;,,) = n, that H(S,,,)) =
n + 1, and that for a surface S, such that I(n) < g < I(n + 1), H(S,) = n.
By Theorem 5.1.3, chr(S,) < H(S,) = n. Under the stated assumption, on the
other hand, the complete graph K, is imbeddable in every such surface S, so
that chr(S,) = n = H(S,). O

Theorem 5.1.6. Assume that n>8 and that Y(K,) < I(n). Then for
any nonorientable surface N, such that I(n) < k < I(n + 1), the equation
chr(N,) = H(N,) = n holds.

The proof of Theorem 5.1.6 is simplistically analogous to the proof of
Theorem 5.1.5, and so it is omitted. These two theorems together reduce the
calculation of chromatic numbers to proving that the complete graph K, can
be imbedded in the surfaces S;,, and Nj,,. In fact, no better imbeddings
exist for K, as it is now proved.

Theorem 5.1.7 (The Complete-Graph Orientable-Imbedding Inequality).

(n—=3)(n- 4)]
12

v(K,) > [
Proof. We begin with the Euler equation for the closed orientable surface
of genus y(K,), that is,
#V — #E + #F =2 — 2y(K,)

From the edge-region inequality 2#E > 3#F, we infer that #F < 2#E, and
substitute for #F into the equation above to obtain

#V — L#E > 2 - 2y(K,)
from which we routinely calculate that

n2—Tn+12 (n-3)(n-4)
v(K,) > =
12 12

Since y(K,) is an integer, the conclusion follows. O

Theorem 5.1.8 (The Complete-Graph Nonorientable-Imbedding Inequality).
(n—3)(n—4) l
6

Y(K,) = [

Proof. Proceeding exactly as in the proof of Theorem 5.1.7, we obtain the
inequality

e 22— 7(K,)
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from which we immediately derive

n?—"Tn + 12
6

¥(K,) =

The conclusion follows, since Y(K,) is an integer. O

5.1.5. Triangulations of Surfaces by Complete Graphs

The main part of the solution to the Heawood problem is now before us: to
construct minimum imbeddings of the complete graphs in both orientable and
nonorientable surfaces. The general form of these imbeddings seems to depend
strongly on the residue class of » modulo 12.

First, if n =0, 3, 4, or 7Tmodulo12, then the value of the expression
(n — 3)(n — 4)/12 is an integer. The value of the expression is not an integer
for other values of n. It follows that

(n—3)(n- 4:)‘ ~ (n—=3)(n—4)
12 B 1

2
forn =0, 3, 4, or 7Tmodulo 12

I(n) = [

A review of the proof of Theorem 5.1.7 reveals that this equality is obtained if
and only if #F = 2#E, which happens, of course, if and only if the graph K,
triangulates the surface of genus I(n).

In general, the quantity I(n) — (n — 3)(n — 4)/12 measures by how much
an orientable imbedding K, — S,.,, would fail to be a triangulation, in the
following sense. For each positive integer i, let F; denote the set of i-sided
faces of the imbedding. Then

1 1
I(n) — (n—-3)(n—4)/12 = E(E #F, = 3#F | = —(2#E - 3#F)

I

For instance, if n = 1, 6, 9, or 10 modulo 12, then I(n) — (n — 3)(n — 4)/12
= 3/6. The number of extra edges one would need to add to such an
imbedding to obtain a triangulation is 3. Table 5.3 gives this quantity for every
residue class.

Similarly if n =0, 1, 3,4, 6,7, 9, or 10 modulo 12, then (n — 3)(n — 4)/6 is
an integer. It is not an integer for other values of n. Table 5.4 shows the values

Table 5.3 The values of I(n) — (n — 3)(n — 4) /12

n modulo 12 0 1 2 3 4 5 6 7 8 9 10 11
I(n)—(n—=3)(n-4712 0 ¢ 2 0 0 2 ¢ 0 2 ¢ 3 ¢
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Table 5.4 The values of I(n) — (n — )n-—-4)/6

r_imoduloliz 0 1 2 3 4 ]
I(n)y—(n—-3)n-4/6 0 0 % 0 0 %2 0 O % 0 o0 }?

of I(n) — (n — 3)(n — 4)/6, which indicate by how much a nonorientable
imbedding K, — Nj,, would fail to be a triangulation.

Tables 5.3 and 5.4 suggest immediately that there might be at least four
cases to consider for orientable imbeddings and at least two cases to consider
for nonorientable imbeddings of K, . Only upon deeper investigation does one
discover the properties that lead to a natural split into 12 orientable cases and
12 nonorientable cases. These are commonly known as orientable cases
0,...,11 and nonorientable cases 0,...,11, corresponding to the residue of
n modulo 12. Orientable cases 0, 3, 4, and 7 and nonorientable cases 0, 1, 3, 4,
6, 7, 9, and 10 are called “regular cases”, because the imbedded complete
graph actually triangulates the surface in those cases. All other cases are called
“irregular cases”.

5.1.6. Exercises

1. Let G be a 16-vertex graph with four vertices each of valences 4, 5, 6, and
7. Prove that the graph G is not planar.

2. Construct a S-regular planar graph with as few vertices as possible.

3. Suppose that G is a connected chromatically critical graph such that
chr(G) = 3. Is G necessarily an odd cycle?

4. Construct a chromatically critical graph G such that y(G) =1 and
chr(G) = 5.

5. Prove that the removal of an edge from K, yields a graph of crosscap
number 2.

6. Construct an imbedding of K, in a Mdbius band.

7. Let G be the edge-complement in K, of a 1-factor. What is the genus
of G?

8. What is the chromatic number of the graph G of Exercise 7?

9. Suppose that y(G) =1 and that chr(G) = 7. Prove that G contains a
subgraph isomorphic to K,.

5.2. QUOTIENTS OF COMPLETE-GRAPH IMBEDDINGS AND
SOME VARIATIONS

It would be very convenient if minimum orientable and nonorientable imbed-
dings of all the complete graphs could be immediately derived from imbedded
voltage graphs. That would have greatly simplified the solution to the Heawood
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problem. However, only orientable case 7 admits such a direct construction,
and even in that case, it requires considerable ingenuity to assign the voltages
correctly to the imbedded base graph. Each of the other three regular orient-
able cases requires a few additional tactics beyond the basic strategy.

5.2.1. A Base Imbedding for Orientable Case 7

Suppose that n = 125 + 7. Then the complete graph K, has 125 + 7 vertices
and (12s + 7)(6s + 3) edges. Our objective is to construct an imbedding with
(12s + 7)(4s + 2) faces, every one a triangle. The greatest common divisor of
these three numbers is 12s + 7, so the obvious approach is to consider a base
graph imbedding such that

#V =1 #HE=6s+3 and #F=4s+ 2

that is, an imbedding of the bouquet B, ; in the surface S ,.

There is little trouble in constructing candidates for a base imbedding, if
one generalizes a construction for surfaces already considered in Figure 4.31.
In that figure, opposite sides of an octagon are pasted to each other to produce
the surface S,. In general, the opposite sides of a 4g-sided polygon can be
pasted together to yield the surface S,. To prove that this works, one considers
the corners of the polygon to be vertices of a graph and the sides of the
polygon to be edges. The result of the pasting leaves 2g edges and one face,
obviously. It is not difficult to verify that it also leaves only one vertex. (See
Exercises 1--3.) Thus the result is the bouquet B,, imbedded in the orientable
surface of Euler characteristic 1 — 2g + 1, that is, the surface S,

To obtain an imbedding of the bouquet B, ,, in the surface S,,,, one
begins with a (4s + 4)-sided polygon. When each side is pasted to the opposite
side, the result is an imbedding B, ,, = S, . If one now draws a line from
one corner of the (4s + 4)-sided face to each of the other 4s + 1 corners to
which it is not adjacent, one obtains an imbedding B, ,; — S,,,. The
scallop-shell appearance of this imbedding is illustrated in Figure 5.4.

Ordinarily one tries to choose the voltage group to be cyclic, since cyclic
groups are the least complicated. In this case, since the covering space to be
constructed is (12s + 7)-sheeted, the obvious candidate for a voltage group is
Z\,,.7- Moreover, since numbers of the form 12s + 7 can be prime, the only
hope to lift some of the scallop-shell base imbeddings to triangular imbeddings
of complete graphs is with cyclic voltage groups.

Any one-to-one assignment of the voltages 1,...,6s + 3modulo12s + 7 to
the edges of the bouquet B;,, , yields K,,,,, as the derived graph. However,
they must be assigned so that the Kirchhoff voltage law holds globally, else the
derived imbedding would not be a triangulation. There is no known general
reason to suppose that a particular problem of this kind can be solved at all.
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Figure 54. Imbeddings By — S, and B,5 — S;. These are base graphs for imbeddings K9 — Sy
and K, — Sg4.

Alternatively, one may observe that the global Kirchhoff voltage law corre-
sponds to a system of 4s + 2 linear equations in 6s + 3 unknown edge-voltages,
which would seem to have many solutions. However, the requirement that
each of the voltages 1,...,6s + 3 be used exactly once corresponds to an
inequality '

II_—E(Jx:,- -x;)#0

of degree (65; 3). Accordingly, one does not expect to find a solution by the
routine application of general methods.

5.2.2. Using a Coil to Assign Voltages

To obtain a satisfactory voltage assignment for the scallop shell base imbed-
ding, the voltages 1,...,6s + 3 modulo 12s + 7 are first partitioned into three
intervals. Voltages 1,...,2s in the lower range are distributed along the rim of
the shell in consecutive clockwise order, with plus edge directions assigned so
they alternate. The voltage 2s + 1 is assigned to the middle interior edge.
Voltages 25 + 2,...,4s + 2 in the middle range are assigned to the right half
of the shell, and voltages 4s + 3,...,6s + 3 are assigned to the left half.
Figure 5.5 shows the way that they are assigned.

The relationship between the voltages 1,...,2s in the lower range and the
voltages 2s + 2,...,4s + 2 in the middle range 1s called a “coil”. Note first
that the voltage 3s + 2 in the precise middle of the middle range is assigned to
the top edge of the scallop shell. The first outer voltage to follow 3s + 2 is the
voltage 1, and the plus direction of its edge is opposite to that of the top edge.
Thus, the top triangle will satisfy KVL if and only if 3s + 1 is assigned to its
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Figure 5.5. This assignment of voltages in Z,,.,; to the imbedded bouquet By, ; — S,

satisfies KVL and yields as a derived graph a triangular imbedding K\;, .7 - S;12547)-

other edge. Since the voltage 2 is assigned to the outer edge of the second
triangle from the top, in the same direction as the voltage 3s + 1, that triangle
will satisfy KVL if its other edge is assigned the voltage 3s + 3. In this manner

the voltages 1

.,2s are used to coil from the middle voltage 3s + 2 in the

middle range outward to the limiting voltages 2s + 2 and 4s + 2. Figure 5.6

shows a combinatorial abstraction of the coil.
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Figure 5.7. Imbedded voltage graphs that yield triangular imbeddings of (a) K,, (b) K|, and
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Because of the way the scallop shell is to be pasted together to form a
closed surface, the lower voltages 1,...,2s also appear on the left rim. There
they coil among the upper voltages 4s + 3,...,6s + 3, starting from 5s + 3
on the vertical interior edge and working outward. The result is that KVL also
holds on the triangles on the left side of the shell.

The voltage 25 + 1 on the middle interior edge welds the two coils together,
so that KVL is also satisfied on the two triangular faces in which it lies. Thus,
KVL holds globally, and the Heawood problem is solved for orientable case 7.
Figure 5.7 shows the voltage assignments for imbeddings B, — S,, By — S,,
and B,; — S, that have derived triangular imbeddings K, — S, K,y = S,
and K,;, — Sg;, respectively.



Quotients of Complete-Graph Imbeddings and Some Variations 229

e clockwise
1;!_ l;ﬂ: Ei O counterclockwise
e &L
~ '<\ ‘a/ )
10 - < ——0 —-
6 9 7
. - J
5

Figure 5.8. A Gustin current graph for K, .

5.2.3. A Current-Graph Perspective on Case 7

If one now draws the dual of the imbedded voltage graph in Figure 5.7, one
obtains precisely the topological current graph already illustrated in Figure
4.31. The underlying graph is planar and 3-regular, so that it is also possible to
draw an equivalent Gustin current graph in the plane, with no edge-crossings.
Such a Gustin current graph appears in Figure 4.18. Figure 5.8 shows the
Gustin current graph that is equivalent to the imbedded voltage graph in
Figure 5.7c.

The coiling relationship among the currents is highly visible in this ladder-
like Gustin current graph. It is also easy to see that KCL is satisfied at every
vertex. This ease of visibility makes Gustin current graphs very useful in
computations. On the other hand, while the base graph imbedding for the
voltage graph solution is designed to have one vertex, it requires a certain
amount of work to check the corresponding face in the Gustin current graph.

e clockwise

0O counterclockwise

slop \( 11 w12
—;f__/:\ — = \13
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Figure 5.9. Pictorial representation of the Face Tracing Algorithm.
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Figure 5.10. A general current graph for orientable case 7 of the Heawood problem.

Fortunately, there is a pictorial way to apply the Face Tracing Algorithm,
illustrated in Figure 5.9.

One may start at any edge. In this example, we have started with the
horizontal edge at the upper left, which carries the current 11. Since the
terminal vertex of that edge is solid, the next edge we traverse is the one
carrying the current 14. When this single edge orbit closes on itself, every edge
has been traversed in both directions. Thus, the corresponding imbedding has
only one face. The thin line that runs along the edges in Figure 5.9 traces out
the boundary circuit of that face.

The general voltage graph for orientable case 7, shown in Figure 5.5, also
has a dual that may be represented as a ladderlike Gustin current graph. This
is shown in Figure 5.10. Ringel (1961) solved this case with purely combina-
torial methods. The generating row he devised anticipates the technique of
coiling.

5.2.4. Orientable Case 4: Doubling 1-Factors

If n=12s + 4, then the complete graph K, has 12s + 4 vertices and
(65 + 2)(8s + 2) triangular faces. Since the greatest common divisor of these
three numbers is 6s + 2, the obvious properties one might want in an
imbedded voltage graph are 2 vertices, 12s + 3 edges, and 8s + 2 triangular
faces. Unfortunately, the complete graph K, ., cannot have such a quotient.

Theorem 5.2.1 (Gross and Tucker, 1974). Let p: K, » G be a covering
projection. Then the cardinality of the fibers is an odd number.

Proof. Let v be a vertex of the base graph G. Suppose that there are 2n
vertices in the fiber over v. Then the subgraph of G spanned by these 2n
vertices 1s isomorphic to K,, and contains n(2n — 1) edges. These n(2n — 1)
edges must be the union of the fibers of v-based loops. However, every edge
fiber contains 2n edges, and 2n does not divide n(2n — 1), a contradiction.

O
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It would not make sense to depend on the largest odd factor of 125 + 4,
since 125 + 4 might be a power of 2, for example if s = 5 or 85. However,
there is a tactic that does help, namely, to double some 1-factors of K5, ,.
“Doubling” a set of edges means to insert an additional adjacency along each
edge in the set, that is, so that it has the same two endpoints.

If one 1-factor of K,,,,, were doubled, then the resulting graph would
have 12s + 4 vertices and (6s + 2)(12s + 3) + (65 + 2) edges, that is,
(6s + 2)(12s + 4) edges. This looks promising, since assigning the voltages
1,...,6s5 + 2modulo (125 + 4) to the edges of the bouquet B, , yields as a
derived graph K,,,,, with a doubled 1-factor. The edge with voltage 6s + 2
leads to the double edges in the derived graph, because it is a loop with a
voltage of order 2.

One does not want a triangular imbedding of K,,,,, with a doubled
1-factor. Instead, the idea is to derive an imbedding so that each pair of
doubled edges bounds a digon, but that all other faces are three-sided. Then
each digon may be excised and its two sides sewn together, that is, identified.
The result would be a triangular imbedding K, 4 = S;12,+4)- The number
of digons in the derived imbedding would be 6s + 2, and the number of
triangular faces would be (6s + 2)(8s + 2).

According to Theorem 4.1.1, such a derived imbedding could be obtained
from an imbedded voltage graph with one vertex, 6s + 2 edges, and 4s + 2
faces. Of these faces, 4s + 1 should be 3-sided and satisfy KVL. The other
face should be a monogon whose net voltage has order two. An easy calcula-
tion reveals that the base surface would have Euler characteristic 1 — 2s, an
odd number, so the base surface would be nonorientable. Figure 5.11 shows
such an imbedded voltage graph for K,, when s = 0.

Some experimentation reveals that it is not easy to generalize Figure 5.11.
One of the problems that would arise is the necessity of proving that the
derived surface is orientable. Of course, this is obvious for Figure 5.11,
because the derived surface has Euler characteristic 2. However, every non-
positive even Euler characteristic is shared by an orientable surface and a
nonorientable surface.

These problems are completely circumvented if one doubles three 1-factors
of K,,,. 4, thereby obtaining a total of (6s + 3)(12s + 4) edges. This time the
derived imbedding has 18s + 6 digons, to be excised, and (6s + 2)(8s + 2)
triangular faces. A plausible base imbedding for this configuration might have
one vertex, 65 + 3 edges, and 4s + 4 faces. Three of these faces could be

( > b

\ Figure 5.11. The bouquet B, imbedded in the projective plane N, .
- Voltages are in the cyclic group Z,.
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Figure 5.12. Voltages in 2§ X 2, for an imbedding By — S, . The derived graph is K, with
three doubled 1-factors, and the imbedding surface is S5 .

monogons and the other 4s + 1 could be three-sided. The Euler characteristic
of the base surface would then be 2 — 2s, so that it might be orientable.

However, this raises a new problem. The three monogons all need voltages
of order 2 if they are to lift to digons, and these voltages must differ from each
other if the derived graph is to be the one that is wanted. Therefore, the cyclic
group Z,,,., cannot be the voltage group for this kind of base imbedding.

The obvious voltage group to try is 2, ,, X Z,, because it has the right
order and it has three elements of order 2. For instance, one would try to
obtain an imbedding of K,, — S,; by an assignment of voltages in Z; X 2,
to the imbedded bouquet By — S,. Figure 5.12 shows an appropriate voltage
assignment.

The three loops that are monogon boundaries get the voltages (4,0), (4,1),
and (0, 1) that have order 2. Thus, the derived imbedding has 24 digons, each
of whose boundaries is a double adjacency. Each of these digons is excised and
its two boundary edges are identified to eliminate a multiple adjacency. Since
KVL holds on the boundary circuit of every base face except the monogons,
and since these other faces are three-sided, all the faces in the derived
imbedding except the digons are three-sided. Thus, excising the digons and
closing up yields an imbedding K, — S,;.

The configuration illustrated in Figure 5.12 can be generalized. Figure 5.13
shows an imbedded bouquet B,; — S, with voltages in Z,;, X &, so that the
derived imbedding is of K,, with three doubled 1-factors into S,,. Excising
the digons and closing up would yield a triangular imbedding K, — Sy,5.

Once again, coiling is used to assign voltages so that KVL holds everywhere
but on the three monogon boundaries. This time however, the voltages (3, 0),
(3,1), (6,0), (6,1), (9,0) and (9,1) are used on the rim of the polygon. The
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Figure 5.13. An imbedding bouquet B,, — S5 with voltages in 2%, X Z,.

voltages (3, 0), (6,0) and (9, 0) coil among the voltages whose first coordinate is
congruent to 1 modulo 3, while the voltages (3,1) and (6,1) coil among the
voltages whose first coordinate is congruent of 2 modulo 3. The voltage (9, 1) is
used to patch the coils together. The current graph in Figure 5.14 shows the
coiling and patching clearly. The general solution to orientable case 4 was first
achieved by Terry et al. (1970), and is left as an exercise. (See Exercise 11.)

5.2.5. About Orientable Cases 3 and 0

The two other regular orientable cases are much more difficult to solve than
cases 7 and 4. What makes case 3 difficult is that the voltage graph for the
solution has three vertices, rather than one. Nonabelian voltages are the
complicating factor in case 0. Ringel (1974) gives a complete explanation of
their solutions.

8, 1) (5,0) 4,1) 7,1 (1,1) (10,1)

@.0) . —f p— - k- -y
©, 31 (3,0 9,0
e
(6.1) 16. D | (6, 0)

2,1 \

-t - el ) 3 o O- o ———O)

(8,0) 5, 1) (4,0) (7,0) (1,0) (10,0)

Figure 5.14. A current graph corresponding to the voltage graph in Figure 5.13.
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Figure 5.15. This base graph has 2s loops at each of its three vertices and 4s + 1 edges between
each pair of vertices. The derived graph consists of three isomorphic copies of K5, 5.

\

A triangular imbedding of K,,,,; must have 12s + 3 vertices,
(6s + 1)(12s + 3) edges, and (6s + 1)(8s + 2) faces. In general, the largest
common factor of these three numbers is 4s -+ 1. Thus the smallest quotient
graph must have at least three vertices and 18s + 3 edges. Figure 5.15 shows
an unimbedded voltage graph that has three isomorphic copies of K, ., as
its derived graph. The solution to orientable case 3 is achieved by imbedding
this voltage graph in the surface §;, so that every face is three-sided and that
KVL holds globally. The first solution to orientable case 3 was by Ringel
(1961).

Case 3 perfectly illustrates the mathematical principle that a primal object
and its dual can both be useful, without one entirely supplanting the other.
Since the derived graph imbedding directly covers an imbedded voltage graph,
theoretical investigations tend to concern themselves with voltage graphs,
rather than with current graphs. On the other hand, for small-face imbeddings
of high-valence graphs, it is often easier to assign appropriate currents than to
assign voltages—when the work is by hand, but not necessarily for computer
algorithms.

In particular, imagine assigning appropriate rotations to the voltage graph
of Figure 5.15 so that the derived imbedding would be a genus imbedding for
K,5,.,. It might be a tedious task to traverse face boundaries in order to
verify KVL. On the other hand, Figure 5.16 contains a Gustin current graph
that generalizes into a solution for all of orientable case 3. As soon as the
combinatorial patterns of current assignments on various classes of edges are
identified, it becomes clear that KCL holds. Note the coiled currents on the
horizontal edges and on the globular rungs. An induction on the ladder length
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Figure 5.16. A three-orbit Z,,-current graph that yields a triangular imbedding K,; — S, .

is used to show that the current graph has three edge orbits, each of which
contains each nonzero current exactly once.

Orientable case 0 was first solved by Terry et al. (1967). The complication
here is that if the number 12s has no large odd factors, then by Theorem 5.2.1,
the complete graph K,,, has no small quotients. The solution here involves
the doubling of many 1-factors and the use of nonabelian voltages or currents.
In particular, if 2% is the largest power of two that divides 12s, then 2% — 1
1-factors are doubled.

5.2.6. Exercises

1. Number the vertices of an eight-sided polygon in consecutive cyclic order
from 0 to 7. For each pair of vertices that is identified in pasting opposite
edges together, write a transposition. Note that for i = 1,...,7, there is a
transposition (i, i + 3 modulo 8). How many vertex orbits are there in the
permutation group generated by these transpositions?

2. Suppose that opposite sides of a 4n-sided polygon are pasted together,
and let the image of the polygon rim be regarded as a graph imbedded in
the resulting surface. Prove that the graph has only one vertex. ( Hint: See
Exercise 1.)

3. Suppose that opposite sides of a 4n + 2 sided polygon are pasted
together as in Exercise 2. How many vertices does the graph have?

4. Try to complete the partial voltage assignment shown so that the derived
imbedding is K,y = S,,. Paste opposite sides together.

N
\ voltages

8 9 in2q
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S. Complete the partial voltage assignment shown so that the derived
imbedding is K,y — S,,. The voltages shown imply the pasting rules.

6. The coil in Figure 5.6 might have been 3s + 2,35 + 3,35 + 1,...,
4s + 2,25 + 2. Show how to use this in another solution to orientable
case 4.

7. Draw the Gustin current graph for the imbedding K,; — S)5,.
Trace the face boundary in the current graph of Exercise 7.

9. Prove that if 4 is an odd divisor of n, then the complete graph K, has a
unique d-fold quotient (Gross and Tucker, 1974).

10. Classify the quotients of the complete bipartite graph K, , (Sit, 1976).

11. Draw a general current graph solution for orientable case 4, modeled
after Figure 5.14.

oo

5.3. THE REGULAR NONORIENTABLE CASES

Perhaps surprisingly, the nonorientable cases of the Heawood problem seem to
admit easier solutions than the orientable cases. Moreover, Ringel (1959)
solved them all before the solution was known to any orientable case except
case 5.

5.3.1. Some Additional Tactics

To solve the nonorientable cases of the Heawood problem, several interesting
tactics are employed beyond the fundamental branched-covering-space
strategy. Most of them are illustrated in Figure 5.17, which is the key to
imbedding the complete graph K5 in the nonorientable surface Ny s,.

Two of the regions in Figure 5.17 are special digons, marked by a cross in a
circle. The interpretation of such a region is that the digon is to be excised and
its two boundary edges matched together so that the plus directions coincide.
This operation adds a crosscap to the surface. It is just like making the usual
boundary-matching operation that converts a disk into a projective plane, but
now viewed “inside-out”. Thus the length of the boundary walk for the region
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Figure 5.17. A voltage graph in N, that ultimately yields a triangular imbedding K, — N, .

on the other side of the digon boundary remains the same as before the
matching.

The two crosscaps in Figure 5.17 convert the apparently spherical imbed-
ding surface in which the figure is drawn into the Klein bottle N,. The edge
identifications convert the graph into the bouquet B,. Four of the regions are
three-sided and satisfy KVL in the group Z,,. In particular, 4 + 5 + 5 = 14
and 2 + 6 + 6 = 14. There are also two monogons, one with boundary
voltage 7, the other with boundary voltage 1.

The derived graph is K, with a doubled 1-factor, and the derived imbed-
ding has 56 = 14 - 4 triangular faces, seven digons, and one 14-sided face. The
Euler characteristic of the derived surface is 14 — 98 + 64 = —20. Since the
even numbers 0, 2,4, 6, 8,10, 12 form the only subgroup of index 2 in &,,, and
since the base edge carrying voltage 6 is orientation-reversing, the derived
surface is nonorientable, by Theorem 4.1.4.

Excising the seven digons and closing up the holes converts the derived
imbedding into an imbedding K,, — N,, such that every face is triangular,
except for one 14-sided face whose boundary circuit is a Hamiltonian cycle.
Insert a 15th vertex into the interior of that face and adjoin it to each of the
other 14 vertices. The result is a triangular imbedding K,5s = N,,.

5.3.2. Nonorientable Current Graphs

In Section 4.4 we observed that assigning currents to a nonorientably imbed-
ded graph does not automatically yield a well-defined derived imbedding.
However, Youngs (1968a, b) established some combinatorial conventions that
make it well-defined for certain restricted types. Youngs used these to give a
current-graph explanation of Ringel’s solution (1959) to the nonorientable
cases. Figure 5.18 shows the Youngs nonorientable current graph that corre-
sponds to the voltage graph in Figure 5.17.

The vertices of valence 2 in a Youngs nonorientable current graph are not
topologically dual to a digon in the voltage graph. One of the edges with such
an endpoint must have valence one at its other endpoint. That edge crosses the
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Figure 5.18. The Youngs nonorientable current graph to produce the imbedding K)s = N, .

“warp” in the surface indicated by an encircled cross in a drawing of a
nonorientable voltage graph imbedding. The “warp” is where a digon was
excised and the hole closed up with a crosscap matching.

Another convention used by Gustin, Ringel, and Youngs occurs in both
orientable and nonorientable current graphs. If an edge has valence 1 at one
endpoint and current of order 2, then the dot representing that endpoint is
omitted. Under the topological interpretation of this combinatorial notation,
the absent dot reminds the reader to excise all the digons that lie over the
monogon dual to that endpoint, and to close up the holes in the surface by
matching the two sides together.

5.3.3. Nonorientable Cases 3 and 7

The example in Figure 5.17 is easily generalized to a system of voltage graphs
that solves nonorientable case 3. The triangular imbedding K, 3 = Nyqz,43
is always obtained by first imbedding K,,.,, into Nj;,..; so that the
boundary circuit of one face is a hamiltonian cycle and so that the other faces
are all three-sided. The imbedding K,,,,, = Ny, 3 is obtained by excising
digons from an imbedding of K, ,, with a doubled 1-factor in Nj,;, 3.

The imbedding of K,,,,, with a doubled 1-factor is derived from a voltage
assignment in Z,.,, to the bouquet B, , ,. A monogon boundary loop
carries the voltage 65 + 1 of order 2, so that the monogon will lift to 6s + 1
digons. Another monogon boundary carries the voltage 1, so that that mono-
gon will lift to a (12s + 2)-sided face whose boundary circuit is hamiltonian.
All of the other 4s faces are three-sided. The base surface is N, . Figure 5.19
shows the general Youngs current graph for nonorientable case 3.

The 2s vertices of valence 2 correspond to 2s crosscaps in the base surface.
One observes that the odd currents 1,3,...,4s — 1 are assigned by coiling
outward from 2s + 1, from left to right in the row of horizontal edges.

The details of nonorientable case 7 are remarkably similar to the ones for
nonorientable case 3. Figure 5.20 shows the general Youngs current graph. It
cannot be used on the anomolous graph K, since ¥(K,) = 3 > I(7) = 2.

One difference in the solution to case 7 is that the vertical edge at the
extreme left carries the current 4s + 2, which has order 3 in 2,, . Thus, the
monogon dual to its endpoint of valence 1 lifts to 4s + 2 three-sided faces.
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Figure 5.19. The Youngs nonorientable current graph that yields Ky, .3 = Njyz,.3). The
currents are in 2, , 5.
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Figure 5.20. The Youngs current graph for nonorientable case 7. The current group is 2,5, -

5.3.4. Nonorientable Case 0

To obtain an imbedding K,,, = Nj,,), one first derives an imbedding
K51 = Njqas such that one face is (12s — 1)-sided and the others are
three-sided. In that sense, nonorientable case 0 resembles nonorientable cases
3 and 7.

For instance, to imbed K,, into N,,, we start with K,,, which has 23
vertices and 23 - 11 edges. The kind of imbedding we seek in N,,, has one
23-sided face, whose boundary is a hamiltonian cycle, and 23 - 7 three-sided
faces. Thus, we hope to derive it from a voltage assignment in Z,; on the
bouquet B,,, imbedded in the nonorientable surface N,. Figure 5.21 shows
that this is possible.

. — L

Figure 5.21. An imbedding B;, — N, with voltages in ;.
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Figure 5.22. The Youngs current graph for nonorientable case 0. The current group is Z,,_; .

The rectangular sheet in Figure 5.21 is made into a torus in the usual
manner, by matching opposite sides together. Then two crosscaps are inserted,
to obtain N,. The Kirchhoff voltage law holds on every face except the
monogon.

In general, to derive the imbedding K;,; = Nj,,,, the base graph is the
bouquet B, _,, and the base surface is N, , formed by inserting two crosscaps
into the orientable surface S,_,. The base imbedding has one monogon and
4s — 1 triangular faces. The voltages 3,6,...,6s — 6 coil among the voltages
4,7,10,...,65s — 2 and also among the voltages 5,8,11,...,6s — 1. The

Youngs current graph is shown in Figure 5.22.

5.3.5. Nonorientable Case 4

Nonorientable case 4 is slightly different from nonorientable cases 0, 3, and 7,
because the base surface has an odd number of crosscaps. Starting with the
complete graph K,,.,,, one adds a 1-factor to create the possibility
of a quotient graph with one vertex. With the 1-factor added, there are
(6s + 2)(12s + 4) edges, and the derived imbedding has 6s + 2 digons and
(6s + 2)(8s + 2) triangular faces. Taking a (12s + 4)-fold quotient, the base
graph has one vertex, 6s + 2 edges, one monogon, and 4s + 1 triangular faces,
for an Euler characteristic of 1 — 2s. Thus, the base surface is N, , ,. Figure
5.23 shows the voltage graph for the case s = 2.

5.3.6. About Nonorientable Cases 1, 6, 9, and 10

We omit details of the solutions for nonorientable cases 1, 6, 9, and 10. For
nonorientable case 9, Ringel (1974) uses a three-orbit current graph, which
means that, as in orientable case 3, the underlying voltage graph has three
vertices. For nonorientable cases 1, 6, and 10, Ringel (1974) uses inductive
constructions. Cases 6 and 10 are symbiotically intertwined.

5.3.7. Exercises

1. Using Figure 5.19, draw a voltage graph from which a triangular imbed-
ding K,, — Ny, can be obtained.



Additional Adjacencies for Irregular Cases 241

v
==
g

\\
=

OPR)

1@ ®s

> 13 13

3

//’—“\\\\

¥\
N N L—

Figure 523. An imbedding B,, —» N; with voltages in Z5;. The derived graph yields an
imbedding K3, = Nygg .

2. For the current graph of Figure 5.20, calculate exactly how many faces of
each size occur in the derived graph.

54. ADDITIONAL ADJACENCIES FOR IRREGULAR CASES

In orientable cases 1, 2, 5, 6, 8, 9, 10, and 11 and in nonorientable cases 2, 5, 8,
and 11, the minimum imbedding cannot be a triangulation, as we recall from
Tables 5.3 and 5.4. The solution strategy is the same for nearly all these cases.
First, a slightly smaller graph than K, is imbedded in a slightly less com-
plicated surface than §;,, or Sj,,. Then additional surface complications are
added in order to permit the slightly smaller graph to be built up into K.

5.4.1. Orientable Case 5

The simplest example of an additional-adjacency solution occurs in case 5. As
a preliminary, we observe that the complete graph K has one too many edges
to be imbedded in the sphere S,. That is, the graph K. — e already triangu-
lates S,, and there is no room for an additional edge between the two
nonadjacent vertices. However, by adding a handle that runs from any face
whose boundary contains one of those vertices to any face whose boundary
contains the other, and by then running the missing edge across that handle,
we achieve a genus imbedding Kg — S;.

In general, we shall discover that the graph K,,,,s — e has a triangular
imbedding in the surface S;,,,s,-;- By consideration of fiber sizes and orbit
sizes, we see immediately that the graph K,,,,s — e has no quotients (see
Exercise 1). It follows that we cannot hope to construct an imbedding

K12s+5 —e S.r(us+5)—1

as a branched covering. However, consider what we would obtain if we deleted
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Figure 5.24. A three-orbit Z,,-current graph that ultimately yields a triangular imbedding
Kll; - j(z - 5:54.

the two (12s + 3)-valent vertices from such an imbedding—an imbedding of
the complete graph K, ,; into S;,,,s,-; such that two face-boundaries are
Hamiltonian circuits and all other faces are three-sided.

More specifically, such an imbedding

Kijer3 = SJ‘(12s+5‘)—1

would be for a graph with 12s + 3 vertices and (125 + 3)(6s + 1) edges. There
would be two (12s + 3)-gons and (12s + 3) - 4s triangles. One might hope
that it covers an imbedded voltage graph with one vertex, 6s + 1 edges, 4s
triangles, and two monogons. Unfortunately, no such 1-vertex voltage graph
or corresponding 1-orbit current graph for case 5 is known. The imbedding is
achieved, instead, with a 3-orbit current graph closely related to case 3, as
illustrated for K,, in Figure 5.24, in which x and y denote the vertices with
excess current.

Once we have the imbedding K, ,; = Sy1p,45-1, We install a vertex in
the interior of the two complete (12s -+ 3)-gons and adjoin it to each of
the 12s + 3 vertices on the region boundary. This yields an imbedding of
Kiy5.5 — € into S;q,,45)-1- An additional handle is added for the missing
edge, thereby achieving our goal, an imbedding K ;.. 5 = Syi,+5)-

5.4.2. Orientable Case 10

To solve orientable case 10 with additional adjacencies, we must go a little
further out on a limb than in case 5, before we can crawl back. This time, as a
preliminary, we notice that K,, has three too many edges to be imbedded in
Srao) = S4- If we could imbed K, — K, into S; and then restore the three
missing edges with only one handle, we would be done. Restoring all three
edges of a missing 3-cycle with only one handle is not always possible, so
special attention will be required.

The graph K,, — K; has 10 vertices and 42 edges. If it triangulated its
imbedding surface, there would be 28 faces, from which it follows that the
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Figure §.25. A Z,-voltage graphl wuh base imbedding B3 - S and derived 1.mbedd1ng K 7= 8.
The three complete 7-gons of the derived imbedding are shown at the right.

surface would have Euler characteristic 10 — 42 + 28 = —4. If the imbedding
surface were orientable, it would be S;. Since the graph K,;, — K; has no
quotients (see Exercise 1), we delete the three 7-valent vertices from a
hypothetical imbedding K,, — K; — S; and thereby obtain an imbedding
K, — S; with three complete 7-gons and seven 3-gons. (A “complete” face
boundary has one occurrence of every vertex.)

Such an imbedding of K, into S; can be derived from a voltage graph with
one vertex, three edges, one 3-gon, and three 1-gons, as illustrated in Figure
5.25.

New vertices, labeled x, y, and z, are inserted into the interiors of the
7-gons covering the monogons with voltages 1, 2, and 3, respectively, and
adjoined to the old vertices on their 7-gon boundaries. The result is a
triangular imbedding of the graph K,, — K; into the surface S;. Figure 5.26
illustrates the neighborhood of the vertex 0 in this imbedding.

Our objective i1s to add the 3-cycle x, y, z with the aid of only one
additional handle. The handle itself is implemented by identifying the boundary
of a hole in the 3-gon 0lx to the boundary of a hole in the 3-gon 054. Next,
the edges 04 and 05 are deleted, so that the vicinity of the vertex 0 becomes as
illustrated in Figure 5.27. Figure 5.28 shows how to install the five edges xy,
xz, yz, 04, and 05 so that the result is an imbedding K,, — S,.

In order to keep track of the four new edges that cross the hole boundary,
we have marked them with the symbols

o o ove and oeee

y k z
V Figure 5.26. The vicinity of the vertex 0 in the imbedding
5 4

Kio — K3 = 55.
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Figure 5.27. An imbedding of ( K, — K3) — {04,05} into
the surface S, in the vicinity of the vertex 0.

‘-.____-
/-————-\..
y & . z
Z Figure 5.28. An imbedding K, — S, in the vicinity of
\" N the vertex 0.
5 4

Whereas this sequence of symbols appears in clockwise order on the lower
hole in Figure 5.28, it appears in counterclockwise order on the upper hole.
This corresponds to an identification of hole boundaries that ensures orien-
tability of the resulting closed surface.

The general solution for orientable case 10 is very much like the solution for
K, itself. The strategy is first to imbed K, .0 — K3 Into Sy 55110y
triangularly, and then to use a single new handle to create room to insert the
edges of the missing 3-cycle. The derived imbedding associated with the
current graph in Figure 5.29 is the graph K, ; in the surface S, 1, with
three complete (125 + 7)-gons and all other faces three-sided. We see that this
current graph is closely related to the one used for orientable case 7.

55+ 3 5s+ 4 5s+2 6s+3 .
2 @ - > —_—

4s+3

1 2 e o o 2s Sp— X
' / 2s+1

2s+2
y O= - O — O - et
3s+2 3s+3 3s+1 4s+2

Figure 5.29. A 2, ,,-current graph used in the general solution to orientable case 10. The
vertices with excess currents are labeled x, y, and z.
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5.4.3. About the Other Orientable Cases

Although the original solution to case 9 was quite complicated, Jungerman
(1974) ultimately designed an easier approach, which Ringel (1974) has
reproduced. First, the complete graph K,,,,s is imbedded in the surface
Sra2s+9)—1 SO that there are two (65 + 4)-gons and all other faces are three-
sided. The boundary circuits of the two (6s + 4)-gons together form a 2-factor.
Next, a handle is installed so that it runs from the interior of one (6s + 4)-gon
to the interior of the other, and a (12s + 9)th vertex is placed on the handle. It
is possible to adjoin the new vertex to every vertex of K,,,, ¢, which thereby
creates an imbedding K, ,¢ = S;125+9)-

Orientable case 1 is solved by combining the methods already used in cases
4 and 10. Using currents in £, X Z,,_,, an imbedding of K,,,_, into
Sia2s+1y-1 18 obtained, in which there are three (125 — 2)-gons and all other
faces are 3-sided. Edges are added to create an imbedding

K1 = K3 = Siqa541y-1

and then a handle is added to create room for the missing 3-cycle.

The rotation graph for orientable case 6 is a fascinating variation on the
one for case 3, and the assignment of currents presents interesting new
difficulties. Analogous to case 10, the near-final objective is a triangular
imbedding

,
Kiysi6 — K3 = Sia2s46)-1

Orientable cases 11, 2, and 8 require special ingenuity. In case 11, the
branched covering space is a mostly triangular imbedding of K,,,,¢, which
has five exceptional faces, each a complete (125 + 6)-gon. Figure 5.30 shows
the current graph used when s = 2 and 125 + 11 = 35. When new vertices are
inserted into the (12s + 6)-gons and adjoined to the vertices on the boundary
cycles, the result is a triangular imbedding

Koo = Ks = Sinzs411)-2

13 11 7 10
X @ e — - -3 ]
6
15
2 12 3 14 D
y O C O - O 3 -0 > 9
1 z 4 8 5

Figure 5.30. A 25)-current graph used to construct the imbedding K35 — S;35, from case 11.
The vertices with excess currents are labelled x, y, and z.
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V7
4 \ ‘1
\ Figure 531. A Zs-voltage graph imbedding B, — N, with

& \ derived imbedding K5 — Nj;7_,. The two monogons are
> covered by complete 15-gons.

Jsing two handles to create room to add the missing ten edges of K is
ubstantially more difficult than the analogous problem of using one handle in
ase 10 to add K;. Cases 2 and 8 are like case 11 in some important ways, but
1ey include complicated additional irregularities.

5.4.4. Nonorientable Case 5

Nonorientable case 5 provides a simple illustration of a nonorientable ad-
ditional adjacency problem. Analogous to orientable case 5, the voltage graph
problem is to derive an imbedding

Kirs43 = Nigases)-1
with two complete (12s + 3)-gons and all other faces three-sided. Figure 5.31
contains the voltage graph to be used when s =1 and K,,,, = K;;.
A new vertex is inserted into the interior of each of the two complete

(125 + 3)-gons and adjoined to each vertex of the (12s + 3)-gon boundary.
The result is a triangular imbedding

-
Kiysis = Ky = Nigagisy-1

Figure 5.32 illustrates the vicinity of the vertex 0, where we have assigned x
as the label on the new vertex installed into the 15-gon covering the monogon

/\ ® o
Figure 5.32. The vicinity of the vertex 0 in the imbedding

6 Ky; — K3 = Nigzy -1 -
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RSN,

6

Figure 5.33. Since the vertices x and y have vertex 0 as a common nelghbor, there is a way to
adjoin them if only one more crosscap is added.

with voltage 1, and y as the label on the other new vertex, for the special case
of K,;.

We shall now demonstrate that only one additional crosscap is needed to
create room for the missing edge xy. Figure 5.33 illustrates the appropriate
surgical procedure. First, split the vertex 0 into the two vertices 0" and 07, so
that the vertex x and all the vertices on one side of the path yOx are adjoined
to 07, whereas the vertex y and all the vertices on the other side of the path
y0x are adjoined to 0*.

Next, delete the interior of a disk whose boundary passes through both 0
and 0~ and parametrize that boundary by the unit circle so that 0* and 0~
are antipodal points. Also, draw edges from x and y, respectively, to another
pair of antipodal points. Finally, reclose the surface by identifying all pairs of
antipodal points on the parametrized boundary. The antipodal identification
adds a crosscap, it completes an edge between x and y, and it reunites vertices
0" and 0~ into a single vertex 0 adjacent to every other vertex. Thus, the
result is an imbedding K,; = Nj,, . This technique easily generalizes to all of
nonorientable case 5.

5.4.5. About Nonorientable Cases 11, 8, and 2

Nonorientable case 11 is quite similar to nonorientable case 5. Nonorientable
case 8 is slightly more difficult, in that the derived imbedding contains two
(n/2)-gons and one n-gon, rather than two n-gons. Nonorientable case 2 is
solved inductively, rather like regular nonorientable cases 1, 6, and 10.

5.4.6. Exercises

1. Prove that graphs of the form K,, . — e or of the form K,,,,,, — K;
have no nontrivial quotients.
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Trace the edge orbits in Figure 5.24, in order to demonstrate that there are
three orbits and that each nonzero current occurs exactly once on each
orbit.

Use the pattern of Figure 5.24 to develop a current graph for the general
solution of orientable case 5.

Draw the imbedded voltage graph used for K ,,.

Use Figures 5.28 and 5.29 to construct a general solution to the ad-
ditional-adjacency problem for case 10.

Describe the face-size distribution for the voltage graph dual to Figure
5.30 and the order of the net voltage on each face.



6
The Genus of a Group

In calculating the genus of the complete graph K,, we represented K, as a
Cayley graph for the cyclic group Z,. By way of generalization, one might
hope that similar methods can be used to compute the genus of Cayley graphs
for other groups. As we saw in Chapter 5, the difficulties encountered even for
cyclic groups were numerous. Thus, it is natural to suspect that calculating the
genus of Cayley graphs for noncyclic groups might be an intractable problem,
unless the choice of generating set is somehow restricted. Accordingly, in this
chapter, we restrict our study to the case in which the generating set X is
“irredundant”, by which we mean that no proper subset of X also generates
the group. In fact, to diminish the role of generating set even more, we shall
focus on determining the minimum genus over all Cayley graphs for a given
group &, which White (1972) has called the genus of the group, and denoted
by y(&).

One consequence of this concentration on the group itself rather than the
generating set is that one is led inevitably to “highly symmetric” imbeddings,
for which the group action on the Cayley graph extends to the imbedded
surface. Surprising and intricate relationships are revealed between the genus
of a group and the minimum genus surface on which the group acts. The result
is a complex interplay of topology, combinatorics, and algebra.

Levinson (1970) has proved that the genus of an infinite group is either 0 or
infinite (see Exercises 13 and 14). Accordingly, the emphasis is on the genus of
finite groups.

6.1. THE GENUS OF ABELIAN GROUPS

Abelian groups are an obvious first target in a general attack on the genus of a
group. Indeed, White (1972) initiated the modern study of the genus of a
group by computing the genus of certain abelian groups, using methods
discussed in Section 3.5. Jungerman and White (1980), whose work is now
described, subsequently succeeded in determining the genus of “most” other
abelian groups.

Before we proceed, a comment about generating sets is in order. A
generating set X for a group & can be irredundant without being the

249
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Figure 6.1. The Cayley graph C(%;, X) and two quotients. Edges corresponding to generator
(123) are solid, and generator (1 2), dashed.

)

minimum in size over all generating sets for /. For example, consider the
group & =%, and the irredundant generating set {2,3}. If the generating
set X has “minimum” size, then the number # X is called the “rank” of the
group <.

In computing the genus of a group, one need consider only irredundant
generating sets, because discarding extra generators serves only to delete edges
from the associated Cayley graph. Obviously, deleting edges cannot increase
the genus of a graph. On the other hand, as we shall see, it is possible that the
genus of a group is not attainable by using any of its minimum-size generating
sets. (See Exercise 6.4.16.) This was first observed by Sit (1980), in response to
a problem of Gross and Harary (1980).

6.1.1. Recovering a Cayley Graph from Any of Its Quotients

For many applications, it is helpful to know how to assign voltages to a given
quotient of a given Cayley graph, so as to recover the Cayley graph. For
example, consider the full symmetric group &; and let X be the generating
set consisting of the permutations (12 3) and (1 2). The Cayley graph C(%;, X)
is depicted in the center of Figure 6.1. On the left is the quotient graph G
under the cyclic action on C(%;, X) generated by (12 3). On the right is the
quotient graph H under the cyclic action on C(%;, X) generated by (12).
Observe that since the subgroup of &, generated by (123) is normal, the
graph G is itself a Cayley graph for the group Z,, with generating set ¢( X),
where ¢: &3 — &, is the canonical quotient map. On the other hand, since
the subgroup in &, generated by (12) is not normal, the graph H is not a
Cayley graph, but a Schreier coset graph. In either case, the problem is to
assign voltages to the quotient so as to recover the original Cayley graph
C(%, X).
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It 1s tempting simply to assign the voltage x to each edge in the quotient
graph that is the image under the quotient map of an edge colored x in the
Cayley graph C(.Z, X). In the present example, the derived graph for such a
voltage assignment on base graph G would have 12 vertices, and on base graph
H, 18 vertices. If this assignment is to work, it is necessary that the derived
graph consist of n copies of the original Cayley graph, where n is the number
of vertices in the quotient graph. The following theorem establishes such a
property. By the “natural” voltage assignment on the Schreier coset graph
S(&: #, X), we mean the map into the group .27 that assigns the voltage x to
each directed edge colored x for every generator x € X.

Theorem 6.1.1. The natural voltage assignment o on the Schreier coset graph
G=S(H: #, X) yields a derived graph with #[</: %] components, each
isomorphic to the Cayley graph C(Z, X).

Proof. Suppose that #, = %, %#,,..., B, are the right cosets of %. Then
the n#x/ vertices of the derived graph G* are the pairs (%,, a), where a € &/
and 1 < i < n. There is an edge from the vertex (%,, a) to the vertex (%;,b)
if and only if there is a generator x € X such that &, = %,x and b = ax. We
define the vertex part of a graph map f from the Cayley graph C(s, X) to the
derived graph G* by the rule f(a) = ([a], a), where [a] denotes the right coset
of # that contains a. Also, let f take the edge of C(%Z, X) from a to ax to
the edge in G¢ from ([a], a) to ([a]x, ax). Since [a]x = [ax], we infer that the
resulting map is a graph map. It clearly takes the set of directed edges
originating at the vertex a of C(/, X) one-to-one onto the set of directed
edges originating at the vertex ([a], a) of G°. Therefore, f is a covering map
from C(%Z, X) onto a component of G* Since f is also one-to-one on the
whole vertex set of C(&7, X), it follows that f is a graph isomorphism onto
that component. The theorem follows, since the components of the derived
graph of an ordinary voltage graph are mutually isomorphic. O

Corollary 1. Ler X be a generating set for a group ¢, and ¢ a homeomorphism
from o onto the group 2. Let a be the voltage assignment for the Cayley graph
C(2,¢(X)) that gives a directed edge colored ¢(x) the voltage x for each
x € X. Then the derived graph consists of #2 copies of the Cayley graph
C(, X).

Proof. Apply Theorem 6.1.1 with the kernel of ¢ as the subgroup £, so
that the Schreier coset graph S(27: %, X) is isomorphic to the Cayley graph
C(2,¢(X)). D

Corollary 2. Let X be a generating set for the group /. Suppose that
(G — S, a) is an oriented current graph with current group % satisfying these
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conditions:

i. In each directed face boundary there is exactly one edge assigned the
current x and one the current x~' for every generator x € X, and all
currents or their inverses are in X.

ii. There is a subgroup # contained in 2/ and a one-to-one correspondence
between the faces of the imbedding G — S and the cosets of %, such that
if the edge e lies in faces corresponding to cosets %, and %,, then
Bo(e®) = RB,, where e is the direction of e given by the directed
boundry of the face for %, .

Then each component of the derived graph G, is isomorphic to the Cayley graph
C(«, X).

Proof. Conditions i and ii imply that the dual graph for the imbedding

G — § 1s the Schreier coset graph S(%7: #, X) and that the dual voltage
assignment is the natural one. The corollary then follows from Theorem 6.1.1.
O

The following two examples further develop the quotients of Figure 6.1 in
the context of Theorem 6.1.1 and its corollaries. The first example concerns the
left quotient, which is regular, and the second the right quotient, which is not.

Example 6.1.1. On the left of Figure 6.2 is a voltage graph imbedded in the
sphere with voltages in the symmetric group ; generated by X = {x, y}, where
x =(123) and y = (12). The given voltage graph is the Schreier coset graph
S(Sy: B, X) where & is the subgroup generated by (12 3). Alternatively, since
B is normal in &, with quotient map ¢: 3 = &, such that ¢(x) =0 and
¢(y) = 1, the voltage graph may be viewed as the Cayley graph C(Z,,{0,1}).
The vertices have been labeled by the cosets # and By (rather than O and 1) to
maintain the Schreier coset viewpoint. By Theorem 6.1.1, the derived imbedding
for this voltage graph consists of two copies of the Cayley graph C(%5, X). If one
prefers to view the voltage graph as a Cayley graph, use the first corollary to
Theorem 6.1.1 instead. On the right of Figure 6.2 is the dual current graph. The

"’--H
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x y PR PV
....__Jy | I
Y ) S S
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x=(123) \ /
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::(l 2) ~

Figure 6.2. An imbedded voltage graph and its dual current graph.
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Figure 6.3. A current graph and its dual voltage graph.

reader should verify that the edge and face labels satisfy conditions 1 and ii of the
second corollary.

Example 6.1.2. On the left of Figure 6.3 is a current graph imbedded in the
torus with currents in the symmetric group #; generated by X = {x, y}, where
x =(123) and y = (12). Clearly condition 1 of the second corollary to Theorem
6.1.1 is satisfied. If the faces are labeled as illustrated, by cosets of the subgroup
% generated by the permutation (12), then condition ii is also satisfied. Thus the
derived graph for this current graph consists of two copies of the Cayley graph
C(%;, X). On the right of Figure 6.3 is the dual voltage-graph imbedding, which
the reader should recognize as the right quotient in Figure 6.1, the Schreier coset
graph S(%5. %, X).

The information contained in an imbedded voltage graph or current graph
like those in Examples 6.1.1 and 6.1.2 can be coded in tabular form. Since the
voltages uniquely identify each directed edge incident on a given vertex, it
follows that, to give the rotation system for such an imbedded voltage graph, it
suffices to list the cyclic ordering of voltages at each vertex, where each vertex
is identified by a coset of the subgroup %. For example, the imbedded voltage
graph of Example 6.1.2 is given by the following table, in which we adopt the
notations x = (123) and y = (12) of the figures:

B x y xtoyT!
Bx x y x byt
Bx? x yloxl p

In terms of the dual current graph, this table gives the currents encountered in
a trip around each face boundary. In the early literature, these are sometimes
called the “logs of the circuits”. In effect, the table of logs is just a condensed
rotation system for the derived imbedding of the Cayley graph C(.</, X). That
is, edges incident on a vertex are identified by their “color” x or x 7!, x € X,
and the rotation at vertex a, where a is in coset %,, is simply the log for
circuit %,.

r?
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6.1.2. A Lower Bound for the Genus of Most Abelian Groups

The classification theorem for finite abelian groups (e.g. see MacLane and
Birkhoff (1967)) states that any finite abelian group %/ of rank r has a unique
“canonical form”

Z X -+ XZ

m m,

such that m, divides m;,, fori=1,...,r — 1, and m; > 1. Each element of
&/ 1s written as an r-tuple whose coordinates correspond to the canonical
product form. The “canonical generating set” for &7 consists of the r elements
that have 1 as one coordinate and 0 for all others.

Cyclic groups &, and abelian groups of the canonical form 2, X Z,,
have planar Cayley graphs, and groups with canonical form £, X Z, ,
m, > 2, have genus 1 (see Exercise 6). Also, if the canonical form of an
abelian group has any Z-factors, then its genus is easily computed using
methods of Section 3.5. Therefore, in the rest of this section, we consider only
abelian groups of rank r > 2 having no Z,-factors in their canonical form.

The following theorem establishes a lower bound on the genus of such an
abelian group that has no Z;-factors in its canonical form either. The bound
given is simply the genus of an imbedding of C(%/, X), where X is minimum
size and all faces of the imbedding are quadrilaterals. At first glance this
bound appears to be obvious, since any cycle of length 2 or 3 in a Cayley
graph for an irredundant generating set must come from a generator of order 2
or 3, and the canonical generating set has no elements of order 2 or 3 under
the given restrictions. However, there are other irredundant generating sets,
and they can have elements of order 2 or 3. The argument needed to eliminate
such generating sets is actually rather delicate.

Theorem 6.1.2 (Jungerman and White, 1980). Let the abelian group s/ have
the canonical form Z,, X --- X Z,, suchthatr>1andm;> 3 for all i. Then
y(&£)>1+ #-(r—2)/4

Proof. Let X be a generating set for &/ such that y(C(%/, X)) = y(&).
As we have already observed, it may be assumed that X is irredundant. It
cannot be assumed that X is canonical or even that #X = r.

Let s be the number of generators in X of order at least 4, let ¢, be the
number of order 2, and let ¢, be the number of order 3. We first claim that
s+ t,>rand s + t; > r. To show that s + t; > r, let Z be the subgroup of
& consisting of all elements of order 2. Then b € # if and only if the ith
coordinate of b is 0, when m; 1s odd, and either 0 or m,/2, when m, is even.
Let ¢: o/ — 2 be the natural quotient homomorphism whose kernel is %.
Clearly, the group £ is isomorphic to 2, X --- X Z, , where n; = m, if m, is
odd and n, = m,;/2 if m, is even. In particular, the group 2 has rank r, since
m,; > 2 for all i. Therefore, the set ¢(X) must contain at least r nonidentity
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elements, because ¢( X ) generates 2. Since every element of order 2 is sent by
¢ to the identity, it follows that s + ¢; > r as claimed. A similar argument
using the subgroup of elements of order three establishes the other inequality
s+i,=2r.

Now suppose that C(/, X) — S is an orientable imbedding. Let f; be the
number of i-sided faces. Then

L< #A-1,/2 and f, < #-1,/3

because digons and triangles arise only from elements of order 2 or 3 in the
irredundant generating set X. Since Xi f; = 2#E, it follows that

2+ 3f, + M#F —f, — f;) <2#E
Therefore
A#F < 2#E + #4 (1, + t,/3)

Hence

- #V — #E + #F

 #HV — #E/2 + #(1, + 1,/3) /4

- ol — #HA(s+ 1, + 13)/2 + #HA(t, + 1,/3) /4
c#A(1 - 25+, + 13)/4)

x(S)

IA

Il

A

From the inequalities s + ¢, > r and s + t; > r, we obtain
x(S) < #2(1 — r/2)
and consequently

v(§)>1+ #(r—2)/4 O

6.1.3. Constructing Quadrilateral Imbeddings for Most Abelian Groups

The lower bound for y(%) in Theorem 6.1.2 could be realized by a quadri-
lateral, orientable imbedding of a Cayley graph C(&/, X) with #X = r. Since
commutator relations in an abelian group provide an abundance of quadri-
laterals, one expects that y(&Z) = 1 + #Z(r — 2) /4 whenever this number is
an integer and the canonical form for & contains no Z;-factors. This is
precisely what Jungerman and White have shown, except when the group &/
has rank 3 and the first factor in the canonical form for &/ is odd.

Theorem 6.1.3 (Jungerman and White, 1980). Let the abelian group s¢ have
the canonical form Z,, X -+ X Z, , where r > 1 and every m; > 3, and such

that either every m, is even or r > 3. Then y(&) =1+ #A(r - 2)/4,
whenever the number on the right-hand side of this equation is an integer.
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Figure 6.4. A voltage graph and its dual current graph.

Proof. The proof is broken down into various overlapping cases. In each
case, a generating set X is given such that #X =r and a quadnlateral,
orientable imbedding for the Cayley graph C(%/, X) is constructed. In all but
Case 1, the imbedding is obtained by a voltage-current—graph construction,
using a quotient graph of C(%/, X) corresponding to a certain subgroup %.

Case 1. Every m, is even.

Historically, this was the first case handled (White, 1972). It is a conse-
quence of Theorem 3.5.7, where we take X to be the canonical generating set
for the group «/. We observe that the Cayley graph C(2Z, X) is isomorphic to
the cartesian-product graph C, X --- X, . Although the proof of Theorem
3.5.7 does not involve voltage graphs, it is also possible to obtain this
imbedding by a voltage-graph construction that has for its base graph a
Cayley graph for the rank-r abelian 2-group &, X --- X %, (see Exercise 1).

Case 2. r even, m, even.

Let x; be the element of the group &/ having its rth and ith coordinates
equal to 1 and all others 0. Let Z be the subgroup consisting of all elements
with even rth coordinate. Then the quotient group /% is isomorphic to Z,,
and the Schreier coset graph S(«/: #, X) has two vertices and no loops.
Consider for r = 4 the imbedded voltage graph given on the left in Figure 6.4.
The base graph is S(&7: &, X), the base surface is S,, and the voltage
assignment is the natural one. On the right is the dual current graph (the
reader should check that conditions i and i of the second corollary to
Theorem 6.1.1 both hold). The pattern for arbitrary even r should be obvious.
It is easily verified that every face of the imbedded voltage graph is a
quadrilateral with boundary walk of the form xx,,,x;"'x;,,”¢, e= 1.
Dually, KCL holds at every vertex of the current gmph Thus the derived
graph is C(&, X), and every face of the derived imbedding is a quadrilateral.

Case 3. r =2mod4, m, odd.

Let X be the canonical generating set for »/. Let # be the subgroup
containing every element of </ whose sum of coordinates is congruent to
Omod m,. Then the quotient group /% is isomorphic to Z, , and each

directed edge of the Schreier coset graph S(&7: %, X) originlatlng at vertex j
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Figure 6.5. The current graph for Case 3. Hollow vertices have counterclockwise rotation and
solid vertices ¢lockwise rotation.

terminates at the vertex j + 1 mod m,. Consider the current graph given in
Figure 6.5. To avoid a blizzard of subscripts, we denote the canonical
generator x; simply by i, for i = 1,..., r. An unfinished edge on the left of the
diagram is to be identified with the unfinished edge on the right carrying the
same current; similarly for unfinished edges at the top and bottom. To avoid
double subscripting, let m = m;. The correspondence between faces and
cosets of # is given by the capital letters %,, ..., %,,_,, where every element
in #; has a sum of coordinates congruent to j mod m.

The' voltage graph dual to the current graph given in Figure 6.5 is more
difficult to draw, because the valence, 2r, of each vertex is too large. Instead,
we give a rotation system for the imbedding of S(&7: %, X). That is, a table of
logs for the current graph of Figure 6.5. As in the current graph, we simply
denote generator x, by i, and x; ' by i. The vertices of S(&/: &, X) are the
cosets %, ..., #,,_,, where again elements of %, have sum of coordinates
equal to i mod m. There are four kinds of rotation (logs): one for vertex
#,,_,, one for vertex #,,_,, one for all other vertices %, with j even, and one
for all other vertices #;, with j odd, as given here for r = 6:

B, jeven: 123456123456
®B,,jodd: 654321654321
161654543232
161654543232

m—2 -

B

m—1:
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It can be verified from this rotation scheme that all faces are quadrilaterals
satisfying KVL. For example, start with edge 1 (i.e., x,) at vertex %,,_,. That
edge terminates at vertex %, _,, where we obtain the next edge, 6. That edge
takes us to vertex %,,_,. There we obtain edge 1, which returns us to vertex
%,,-,, where we find edge 6 awaiting to return us to %#,, _,. The next edge is 1
again, so the face is complete (since m — 3 is even, the rotation for %, _,
is given by the first row). The face is a quadrilateral with net voltage

Cased. rodd, r > 5, m,_, and m, even, m; odd.

If i is even, let x, have (r — 1)th, rth, and ith coordinate equal to 1 and all
others equal to 0; if 7 1s odd and i # 1, let x; have rth and ith coordinate 1
and all others 0. Finally, x; has first coordinate 1 and all other coordinates 0.
Then X = {x,|1 <i <r} is a generating set for the group /. Let # be the
subgroup of all elements having first coordinate 0, and (r — 1)th and rth
coordinates even. Then /% =2, X &, X Z,. The Schreier coset graph
S(: #, X) is a Cayley graph for »//% having edges labeled x; from vertex
(j, m, n) to vertex (j, m + 1, n + 1) for i even, from (i, m, n) to (i, m, n + 1)
for i odd and i # 1, and from (j, m, n) to (j + 1, m, n) for i = 1. The desired
current graph is given in Figure 6.6. Unfinished edges on the left and right
match up as in Case 3. Unfinished edges disappearing into the hole a; (resp.,
B., Y,) reappear in hole ;. (resp., Bii1, ¥j+1)- Asin Case 3, we abbreviate i
for x,.

The corresponding directed rotation system for the dual voltage graph is as
follows for r = 7.

jeven, j#m—1:

(j,0,0). 71671 2
(j,0,1). 716716545432
(j,1,0). 61761723234545
(j,1,1). 6176172323454
jodd, j# m— 2:

(j,0,0). 61761723234545
(,0,1). 61761723234545
(/,1,0). 71671654543232
(j,1,1). 71671654543232

j=m-—2:
(,0,0). 76176514543232
(,0,1). 76176514543232
(,1,0). 15671672323454
(j,1,1). 15671672323454
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Figure 6.7. The current graph for Case 5. Rotations at hollow and solid vertices as in Figure 6.5.
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j=m-1:
(7,0,0). 76176541543232
(j,0,1). 76176541543232
(j,1,0). 45145671672323
(j,1,1). 45145671672323

For arbitrary r, the generators 1, — 3,r —2,r — 1, r behave like
1,4,5,6,7, respectively, whereas all other generators follow, in pairs, the
pattern of 2,3. For example, for r = 9, the second row under j =m — 1
would read:

(/,0,1). 981987617654543232

As in previous cases, it can be verified from the scheme above that every
face is a quadrilateral satisfying KVL. For example, starting with edge 1 at
vertex (m — 3,0, 1), one obtains next the edge 7 at vertex (m — 3,1,1), then
edge 1 at vertex (m — 2,1, 1), then edge 7 at vertex (m — 3,1, 1), then edge 1
at vertex (m — 3,0,1) again. We notice that m — 3 is even, so that rotations
come from the first and third groups.

Case 5. rodd,r > 5, m,=0mod4, m, odd.

Let x have rth coordinate 2, ith coordinate 1, and all other coordinates 0,
if 7 is even; let x, have rth coordinate 1 and all other coordinates 0, if i is odd
and / # 1. Finally, x, has first coordinate 1 and all other coordinates 0. Then
X={x,|1 <i<r} is a generating set for the group /. Let # be the
subgroup of all elements having even (r — 1) and rth coordinates and first
coordinate 0. Then /% =2, X Z,, where again m = m,. The Schreier
coset graph S(&/: %, X) is a Cayley graph for the quotient group /% that
has edges labeled x; from vertex (j, m) to vertex (j, m + 2) for even i, from
vertex (j, m) to vertex (j, m + 1) for odd i and i # 1, and from ( j, m) to
(j + 1, m) for i = 1. The desired current graph is given in Figure 6.7. Again,
broken edges are identified by the same conventions as in Case 4.

The corresponding directed rotation system for the dual voltage graph is as
follows for r = 7:

jeven, j#m—1:

(j,0). 76171632325454
(j,1). 61716745452323
(j,2). 61716745452323
(j,3). 76171632325454
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jodd, j# m— 3:

(j,0). 61716745452323
(j,1). 76171632325454
(j,2). 76171632325454
(j,3). 61716745452323
Jj=m—2:
(/,0). 54514767163232
(j,1). 67167451452323
(j,2). 61767415452323
(j,3). 54154761763232
j=m-—1:
(j,0). 54514761763232
(j,1). 61767415452323
(/,2). 67167451452323
(j,3). 54514767163232

As in Case 4, for arbitrary r, generators 1, r — 3, r — 2, r — 1, r behave like
1,4,5,6,7, whereas all other generators behave in pairs like 2, 3. For example,
the vertex (,2) for j = m — 1 has the following rotation for r = 9:

(j,2). 891897817823234545
As in the previous cases, it can be verified that every face is a quadrilateral
satisfying KVL. O
The smallest abelian group whose genus is not ascertainable by application

of Theorem 6.1.3 is 2, X 2, X Z,. For this group, we have the following
special result, stated here without proof.

Theorem 6.1.4 (Mohar et al., 1985; Brin and Squier, 1986). The genus of the
group 3 X Z, X Z is 7. O

It is not difficult (see Exercises 10 and 11) to prove that
5<y(2,x Z,X Z,) <10

and for about a decade, it was commonly suspected that the genus was 10,
based on the reasoning that a lower genus could not be realized with a
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symmetric imbedding. After Mohar et al. (1985) produced a chaotic imbed-
ding in the surface S, Brin and Squier (1986) responded with an ingenious
case-by-case demonstration that no surface of smaller genus would be ade-
quate.

Just to illustrate the difficulties posed by Z;-factors, although it is not hard
to prove that y(Z; X Z;) =1 (see Exercise 6.4.14), there are many different
toroidal imbeddings of the Cayley graph for 2, X £, each corresponding to
an irredundant generating set. Beyond the obvious quadrilateral imbedding,
there is an imbedding having six triangular faces and three hexagonal faces
(Exercise 7), and there is another imbedding having six triangles, two quadri-
laterals, and one face of size 10 (Exercise 8). In the same way, there are a
variety of bizarre imbeddings of Cayley graphs for 2, X &, X £, in the
surface of genus 10 (see Exercises 9 and 10).

6.1.4. Exercises

1. Construct a voltage-graph imbedding (or current graph) for Case 1 of
Theorem 6.1.3 using the quotient group &, X - -+ X %, of rank r.

2. Verify that conditions 1 and ii hold for the current graph in Case 2 of
Theorem 6.1.3. Give the table of logs for this current graph.

3. Check that KCL holds at every vertex of the current graph given for
Case 3 of Theorem 6.1.3. Verify at least three rows in the associated table
of logs given in the text.

4. Same as Exercise 3, but for Case 4 of Theorem 6.1.3.
5. Same as Exercise 3, but for Case 5 of Theorem 6.1.3.

6. Prove that y(Z,, X Z,) = 1, where m divides n and m > 2 (see also
Exercise 6.4.14 for the case m = n = 3).

7. Use a one-vertex voltage graph imbedded in the sphere to obtain a
toroidal imbedding of a Cayley graph for 2%, X Z,.

8. Let X = {x, y} be an irredundant generating set for %, X Z;. Give a
rotation scheme for an imbedding of C(Z; X 25, X) that has six
triangles and at least one quadrilateral. (Hint: Draw a rectangle xyx 'y !
bordered by a pair of x> triangles and a pair of y* triangles. This gives
you the full rotation at the four vertices of the rectangle and part of the
rotation at four more vertices. Now complete the rotation system so that
the remaining x> and y? circuits are faces.) Given that y(Z, X Z;) =1,
the imbedding constructed in this way must be toroidal. Why? What are
the sizes of the faces?

9. Use one-vertex voltage graphs to construct three different imbeddings of
a Cayley graph for Z; X 2, X &, in the surface §,,: one with 9
triangles, one with 18, and one with 27.

10. Let X = {x, y, z} be an irredundant generating set for 2, X Z; X Z,.
Let # be the subgroup generated by z. The Schreier coset graph
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S(: B, X) is just a Cayley graph for Z; X Z;, having x and y as
generators, with an additional loop for z attached at each vertex. Start
with the usual quadrilateral imbedding of a Cayley graph for Z; X 2,
and then place z-loops inside some of the faces so that KVL holds
around every face not enclosed by a z-loop. (The directions of the
z-loops matter; one of the original quadrilateral faces contains three
z-loops.) Show that the derived imbedding of C(Z; X &, X Z, X)
given by the natural voltage assignment has genus 10. Find the sizes of
all faces of the derived imbedding.

11. Prove that y(&; X &, X Z,) > 5.

12. Construct an imbedding of a Cayley graph for 2%, X Z; X %, in the
nonorientable surface of Euler characteristic xy = —15. Notice that
x(S,0) = —18. (A three-vertex voltage graph imbedded in the projective
plane can be used. See also Exercise 6.4.15.)

13. Let &/ be an infinite group and  any finite subset of /. First prove
that there exists an element b in & such that b7 N J is empty. Next,
suppose that a Cayley graph for the group .2/ has a subgraph homeomor-
phic to K; or to K;;. Prove that &/ has infinitely many disjoint
subgraphs homeomorphic to K or to Kj ;.

14. Assume the infinite version of Kuratowski’s theorem, due to Dirac and
Schuster (1954), that an infinite graph can be imbedded in the plane if
and only if it contains no subgraph homeomorphic to K5 or to K 5. Use
Exercise 13 to prove Levinson’s theorem (1970) that the genus of an
infinite group is either 0 or infinite.

6.2. THE SYMMETRIC GENUS

In attempting to determine the genus of a given Cayley graph C(%/, X), one
strategy 1s to suppose that there exists a minimum-genus imbedding that
somehow reflects the symmetry of the graph. In particular, the natural action
of the group =7 on the Cayley graph C(%/, X') might extend to an action of .&/
on the imbedding surface. If the natural action does so extend, then we call the
imbedding “‘symmetric”. Furthermore, if the natural action is orientation
preserving, then we call the imbedding “strongly symmetric” and, otherwise,
“weakly symmetric”. The “symmetric genus” o(.2/) (resp., “strong symmetric
genus” ¢°()) is then defined to be the smallest number n such that the
surface S, contains a symmetric (resp., strong symmetric) imbedding of a
Cayley graph for the group /. A main result of this section is that if the group
&/ acts on an orientable surface S, then there is a symmetric imbedding in S
of a Cayley graph for &7. It follows from this result that the symmetric genus
could be defined equivalently without any reference at all to generating sets or
Cayley graphs.
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The concept of strong symmetric genus is actually the oldest version of a
genus for groups. A form of it, where the quotient surface of the group action
is restricted to be the sphere, was studied by Dyck (1882), in the context of
automorphism of maps on surfaces. Burnside (1911) devotes Chapters 18 and
19 to this “graphical representation of a group” by map automorphisms and
determines all groups of “genus” 0 and 1. To those working on conformal
automorphisms of Riemann surfaces, “genus” means smallest genus surface,
other than the sphere or torus, in which the group has a strongly symmetric
imbedding. Maclachlin (1965) computes this genus for abelian groups. On the
other hand, Tucker (1983) seems to have been first to introduce the symmetric
genus, although Levinson and Maskit (1975) do discuss a related concept
called the weak point-symmetric genus.

6.2.1. Rotation Systems and Symmetry

Suppose C(%/, X) — S is an imbedding of a Cayley graph in an oriented
surface. Since the edges of C(7, X) are directed and labeled by elements of
the generating set X, a rotation at a particular vertex can be represented as a
cyclic ordering of the elements of X and their inverses. Thus, it makes sense to
compare rotations at different vertices.

Example 6.2.1. The dihedral group 2, is given by the presentation (x, y:
x*=y2=1, yxy ' =x"1'), with generating set X = {x, y}. Consider the
planar imbedding of the Cayley graph C(2,, X) given on the left in Figure 6.8.
Edges corresponding to x are solid, and edges corresponding to y are dashed.

Every vertex has the (clockwise) rotation xx~'y~1y.

Is the imbedding of Example 6.2.1 symmetric, or even strongly symmetric?
Perhaps it is not exactly clear geometrically how the natural action of &, on

y:r yx2

ZA

\ I\
/: | 3 /l, ‘I
'F 4‘1 I"::li.;r ,\ l ’
— AN WA \
[} ‘ \Ir’a | l /
] A I <t x?
Yany
! i
—4| VA 4
|b . o v

Figure 6.8. An imbedding of a Cayley graph in the sphere.
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C(2,, X) might extend to the sphere. On the right in Figure 6.8 is an
equivalent imbedding, depicted as a cube. In the right-hand figure, the vertices
of C(2,, X) have been labeled by elements of Z2,. Left multiplication by x
clearly rotates the bottom quadrilateral by 90° about the vertical line through
its center, counterclockwise when looking from above. Left multiplication by x
has the same effect on the top quadrilateral, since xy = yx ~'. Thus the natural
action on C(%/, X) given by left multiplication by x extends to a 90° rotation
of the cube. Similarly, it is easily verified that left multiplication by y is
equivalent to a 180° rotation about the line through the centers of the left
front and right rear digons. Thus, the imbedding is symmetric in our precise
sense. In fact, since the action on the sphere involves only rotations, and since
rotations preserve orientation, the imbedding is strongly symmetric.
Although geometric visualization is important, one might also want a purely
combinatorial way to show that a given imbedding is strongly symmetric. To
discover such a way, we first observe that the natural action of a group & on
the Cayley graph C(&/, X) respects edge labels and directions. Accordingly, if
the action of 7 extends to an imbedding surface, it must also respect the
rotation system, in the sense of Section 4.3. That is, if the imbedding
C(#, X) — § is strongly symmetric, then the rotation at every vertex is the
same, and if the imbedding is symmetric then the rotation at every vertex is
the same or reversed. For strongly symmetric imbeddings, the converse is also
true. If the rotation at every vertex is the same for the imbedding C(#/, X) —
S, then by Theorem 4.3.3, the natural action of 2/ extends to an orientation-
preserving action on the surface. Summarizing, we have the following result.

Theorem 6.2.1. An imbedding C(&/, X) — S is strongly symmetric if and only
if the rotation at every vertex is the same. If an imbedding C(%, X) = S is
symmetric, then the rotation at every vertex is the same or reversed.

It might be helpful to restate Theorem 6.2.1 in terms of voltage graphs, at
least for strongly symmetric imbeddings. Since the extended action can be
chosen to have at most one fixed point in each face of the imbedding, the
natural projection to the quotient surface is a regular branched covering, and
hence by Theorem 4.3.5, it can be obtained by a regular voltage graph
construction.

Corollary. An imbedding C(Z, X) — S is strongly symmetric if and only if it
it can be obtained as the derived imbedding for a one-vertex, regular voltage
graph. 0O

In this context, the Dyck—-Burnside genus of a group &/ is simply the
minimum genus obtained by a one-vertex voltage graph “in the sphere”.
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Maclachlin’s genus is the minimum genus “greater than 1” obtained by a
one-vertex voltage graph in any orientable surface.

The converse to the second statement of Theorem 6.2.1 is false, as readily
illustrated by some nonsymmetric imbeddings for 2-generator presentations of
odd-order cyclic groups. Since an orientation-reversing homeomorphism must
reverse every rotation and the action of a group on its Cayley graph has no
fixed points, exactly half the vertices in a weakly symmetric imbedding have
one rotation and the other half have the reverse. In particular, no group of odd
order can have a weakly symmetric Cayley graph imbedding. Necessary and
sufficient conditions for a rotation system to yield a weakly symmetric
imbedding are considered in Exercise 1.

One consequence of Theorem 6.2.1 should be mentioned: the number of
symmetric imbeddings of a given Cayley graph is very small compared with
the total number of imbeddings. For example, if &/= 2%, X Z, X Z,, and if
X 1s the canonical generating set for &7, then C(Z, X) has (51" different
imbeddings but only 5! different strongly symmetric imbeddings.

The situation for weakly symmetric imbeddings is greatly complicated by
involutions. A variation on Example 6.2.1 will illuminate the problem. The
group 2, X &, has the presentation (x, y:x*=y2=1, yxy~! = x), for
which we let X denote the generating set {x, y}. Figure 6.8 also gives an
imbedding of C(Z, X Z,, X) in the sphere if the directions of the x-edges in
the inside quadrilateral, on the left (or the top quadrilateral on the right) are
all reversed. Although the underlying graph is isomorphic to the previously
examined Cayley graph for the dihedral group 2,, the group action on the
graph has changed. Left multiplication by x is still accomplished by a 90°
rotation of the cube. However, left multiplication by y now takes the vertices
of the top quadrilateral to the vertices immediately below them. The only way
this can be accomplished is by a reflection about the horizontal plane through
the center of the cube. The trouble is that such a reflection takes each y-edge
to itself, whereas left multiplication by y takes each edge labeled y to its
“twin” edge.

Thus the imbedding of C(Z, X Z,, X) is not even weakly symmetric, in
our precise sense, because the natural action of Z, X Z, on the Cayley graph
cannot be extended to the imbedding. This could also be discovered from the
rotation system of the imbedding. Every rotation is either xx~!y~!y or
x " !xy~ly, but these rotations are not the reverse of each other.

The difficulty here is really an artifact of representing involutions by
doubled edges. Suppose we avoid double edges by using the alternative Cayley
graph C}(Z, X Z,, X), and we tolerate the fact that the “natural action” on
CNZ, X Z,, X) fixes some edges. That is, left multiplication by y now
simply reverses the undoubled y-edges in the same way as reflection in the
horizontal plane through the cube’s center. In terms of rotation systems, every
rotation is either xx ~!y or x " lxy, which are respective reverses of each other.

Throughout the rest of this chapter we shall use only alternative Cayley
graphs. This provides a minor variation on the voltage-graph viewpoint, since
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an alternative Cayley graph C!(./, X) with an involution in its generating set
is not the derived graph of a bouquet of circles.

6.2.2. Reflections

If the group &/ acts pseudofreely on the surface S, then the methods of
Chapter 4 involving branched coverings and voltage graphs suffice to describe
the action of & on S. However, some group actions on surfaces are not
pseudofree. Under the most general conditions, the fixed point set of a surface
homeomorphism can be very complicated, and one might fear that nonfree
actions are completely intractable. Fortunately, the behavior of a surface
homeomorphism of finite order is fairly simple, which is reassuring since our
interest is in finite groups of homeomorphisms. For example, the main
theorem of this section asserts that an orientation-preserving surface homeo-
morphism of finite order greater than 1 has only a finite number of fixed
points.

We have already called attention, in passing, to some group actions that are
not pseudofree, such as the action discussed just above of Z, X Z, on the
sphere, which involves reflection across the equator. For the sphere, reflection
in the equator 1s, in effect, the only finite-order homeomorphism having an
infinite number of fixed points. For a surface of higher genus, it is easy to
visualize a similar reflection using a plane in 3-space to split the surface in
“half”. There are, however, other “reflections” that are not so easily visual-
ized.

Example 6.2.2. Let S be the torus given by the rectangle with sides to be
identified, as in Figure 6.9. Note that after the top and bottom are identified, to
form a cylinder, the left and right sides are identified by a half-twist. Let f be a
reflection of the rectangle about the center broken line. Then f induces a
homeomorphism h on the torus S. The broken line becomes a circle C left
pointwise fixed by h, whereas the line v uv becomes a circle C’ that is taken to
itself by h but is not left pointwise fixed—it is turned 180°, taking u to v and v to
u. The circles C and C' split the torus S into halves that are interchanged by h.
On the right of Figure 6.9 is the torus with edges identified. The symbols “F”
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Figure 6.9. A reflection of the torus.
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and “G” are given, together with their images under the reflection, to show how
the homeomorphism h acts on the torus.

Up to this point the term “reflection”, which is well defined in Euclidean
geometry, has been used loosely to apply to certain types of surface homeo-
morphisms. With Example 6.2.1 in mind, we can now be more precise. A

homeomorphism h&: § — S on an orientable surface S is called a “reflection”
if

i. A is an orientation-reversing involution;

ii. S is the union of two connected surfaces with boundary S, and S, such
that h(S,) =S, and S, N S, is a collection of disjoint circles im-
bedded in §, at least one of which is left pointwise fixed by .

The surfaces S, and S, are called the “halves” of the reflection A, and the
components of S, N S, are called the “dividing circles”.

It can be shown (Exercise 3) that x(S) = 2x(S,). Since there are only
finitely many surfaces with boundary having a given Euler characteristic, the
choice of halves for reflections on a given surface is limited. For a torus, there
are only two kinds of reflections: the one given in Example 6.2.2 and the
obvious reflection that has the same halves as Example 6.2.2 but leaves both
dividing circles pointwise fixed. Reflections for a higher-genus surface are
considered in Exercise 4. The main result of this section can now be stated.

Theorem 6.2.2. Any finite-order homeomorphism of an orientable surface either
has a finite number of fixed points or is a reflection.

Proof. The proof in the general topological case, due mostly to Kerekjarto
(1921), with later corrections by Eilenberg (1934), is very difficult and is not
considered here. If one assumes that the given homeomorphism is an automor-
phism of a graph imbedding that behaves “piecewise linearly” on the faces,
then the proof follows from easily verified facts about linear transformations
(see Exercises 5-10). O

Given a group & acting on an orientable surface S, the collection of
orientation-preserving elements of &/ forms a subgroup of index at most 2. It
is a subgroup because the composition of two orientation-preserving homeo-
morphisms is orientation-preserving. The index is at most 2, because the
composition of two orientation-reversing homeomorphisms is orientation-
preserving. This subgroup is called the “orientation-preserving subgroup” and
is denoted «/°. A given group can have many index-2 subgroups, and which
one of these is the subgroup &/ ° depends, of course, on the given action.

Corollary. Given an action of the group 2/ on the orientable surface S, the
orientation-preserving subgroup s/° acts pseudofreely.
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6.2.3. Quotient Group Actions on Quotient Surfaces

If the group &7 acts pseudofreely on the surface S, then by Theorem 4.3.6
there is a Cayley graph for &/ imbedded in S. We wish to prove that this
result holds even if the action of &7 is not pseudofree. At the same time we
should like to use voltage graphs and regular coverings as in Section 4.3 to
obtain information about presentations for the group /. Since the orienta-
tion-preserving subgroup «/° does act pseudofreely, the main difficulty is to
understand the relation between the subgroup /% and the reflections in /.
This is accomplished by studying the natural action of the quotient group
22/s/° on the quotient surface S /o/°.

Let & act on the surface S, and let # be a normal subgroup of 7 that
acts pseudofreely on S. Let p: § » §S/Z% be the natural projection of the
regular branched covering associated with the action of #. Given an element
a in £, let a denote the corresponding element of the quotient group &7/ %.
Then an action of the group /% on the surface S/% can be given by
associating to a the function {;: S/% — S/% defined by y.(p(x)) =
p(¢,(x)), where ¢, is the homeomorphism of § for the element a given by the
action of 7. This is called the “natural action” of the quotient group &//% on
the surface S/%.

Of course it must be shown that ; is well defined, that {; is a homeomor-
phism, and that the association a — {; does define an action, that is,
Va5 = Y¥5- First, suppose that ¢ = a and p(y) = p(x). We must show that
Vva(p(p)) = ¥z(p(x)). By definition y.p(y)=po(y) and ¢;(p(x)) =
pd,(x). Thus it suffices to show the orbit of ¢.(y) equals the orbit of ¢,(x)
under the action of %. Since we are given p(y) = p(x), it follows that
y = ¢,(x) for some b € #. Hence ¢ .(y) = ¢ $,(x) = ¢.,(x). Since cb= cb =
a, cb = b'a for some b’ € #. Thus ¢, (x) = ¢,¢,(x), which implies that
¢.(y) = ¢.,(x) has the same orbit as ¢,(x), as desired. To show that {; is a
homeomorphism, we first observe that y;p = p¢,. Therefore, since p is a
(possibly branched) covering and ¢, is a homeomorphism, it follows that ¢ 1s
a (possibly branched) covering. Moreover, since the number of sheets of the
branched coverings . p and p¢, must be equal, we infer that ¢, is 1-sheeted,
because ¢, is. Thus {; is a homeomorphism. The proof that ¢ ; = ¢ {3 is
left to the reader as Exercise 11.

Example 6.2.3. Let S be the surface of genus 2., imbedded in 3-space as shown
in Figure 6.10. Consider the action of the group /= %, X %, X &, generated
by reflections in the three coordinate planes:

a: reflection in the yz-plane,
b: reflection in the xz-plane,
c: reflection in the xy-plane.
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Figure 6.10. A surface of genus 2 and a quotient surface.

The orientation-preserving subgroup Z° consists of the identity and the 180°
rotations ab, ac, bc about the z, y, x axes, respectively.

To visualize the quotient surface S/2/° and the quotient action of 7/,
we proceed as follows. The surface S is divided into eight pieces by the three
coordinate planes. We keep two adjacent pieces to form a surface S’ (with
boundary) and discard the rest of S. On the right of Figure 6.10 is shown the
case in which S’ consists of all points of S satisfying x < 0 and y < 0. The
restriction of the quotient map p: S —» S/« to S’ still maps onto S/7°,
since the subsurface S’ contains a point from every orbit of the action of .«°.
Moreover, the restriction of the covering projection p to the interior of S’ is a
homeomorphism, because that part of S’ contains only one point from each
orbit. On the other hand, the quotient map identifies pieces of the boundary of
S’. Rotation ac about the y axis identifies the top and bottom halves of the
circle in the yz-plane on the left and the semicircle in the yz-plane on the
right, as indicated by double arrows. Rotation bc about the x axis identifies
the top and bottom halves of the semicircle in the xz-plane, as indicated by
single arrows.

Thus the quotient map closes off the holes in S’ to form a sphere for the
quotient surface S/2/°. The branch points of the covering p: S — S//° are
indicated by heavy dots: r, s, ¢t correspond to fixed points of rotation ac about
the y axis, u to fixed points of rotation ab about the z axis, and v to fixed
points of rotation bc about the x axis. The sphere S /27° has an equator given
by the arcs rs (semicircles identified), stz (half of a dividing circle for reflection
in the xy-plane), tu (quarter-circles identified), uv (quarter-circles identified),
and or (half of a dividing circle for reflection in the xy-plane). The action of
the quotient group 2//%7° on the quotient surface S//° is simply reflection
in this equator.

6.2.4. Alternative Cayley Graphs Revisited

As we have already indicated at the beginning of this section, reflections
necessitate the use of alternative Cayley graphs when studying symmetric
imbeddings. The difficulty with alternative Cayley graphs is that the natural
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action of a group on an alternative Cayley graph for the group is not
necessarily free; if the given generating set contains an involution z, then left
multiplication by z will “flip” the edge leading from the identity vertex to the
vertex z, leaving the midpoint of the edge fixed. This implies that an
alternative Cayley graph for a generating set with elements of order 2 is not a
regular covering of a bouquet of circles.

There is, however, a characterization of alternative Cayley graphs that is
analogous to the corollary to Theorem 2.2.3. Although the action of a group
on an alternative Cayley graph for the group is not necessarily free, it is
fixed-point free on the vertex set. The converse is also true:

Theorem 6.2.3 (Sabidussi, 1958). Let the group &/ act on the graph G so that
the action on the vertex set is free and transitive. Then G is a Cayley graph for
&, in which edges in the same orbit of the action correspond to the same
generator of &/. Moreover, any edge left invariant by a nonidentity element of </
corresponds to an involution in the generating set.

Proof. Choose any vertex v, and label it by the group identity 1. For each
a € &, label the vertex ¢,(v) by a. If ¢,(v) = ¢,(v), then ¢, ,-:(v) = v,
which implies that ab~! = 1, since & acts freely on the vertex set. Thus, there
are no conflicts in the labeling. Moreover, every vertex receives a label, since
the action of &7 is transitive on vertices.

Next, choose an edge e incident on the vertex v, and suppose that its other
endpoint u is labeled with the group element x. Then assign the label x to
every edge in the orbit of e. In addition, if ¢ .(e) # e, then for each a € «,
direct the edge ¢,(e) so that its initial vertex is ¢,(v); if ¢, (e) = e, do not
assign any directions to the edges labeled x. Observe that the edge ¢ (e),
which is labeled x, leads from vertex ¢,(v), which is labeled a, to the vertex
¢, (u) = ¢,(¢,(v)) = ¢,,.(v), which is labeled ax. The only way a conflict in
assigning directions could arise would be if there were a group element b such
that ¢, (e) = ¢,(e) and ¢,(v) # ¢,(v). But then ¢,,-1(e) = e, which implies
that ¢,,-1(v) = u, which in turn implies that ab~' = x; and therefore, we
have ¢, (e) = e, which implies that no direction should be assigned, thereby
ending the conflict. After edges in the orbit of the edge e are labeled and
directed, choose another edge incident on v, and then label and direct the
edges in its orbit. Continue in this manner until all edges incident on v have
been labeled. Since the action of group &/ is transitive on vertices, it follows
that all edges of the graph G have been labeled. As has already been observed,
this labeling transforms G into a Cayley color graph for 7.

The given labeling certainly assigns the same generator to every edge in the
same orbit. We still must show that if e 1s labeled x and if ¢,(e) = e for some
nonidentity element a, then x is an involution. So suppose that the initial
endpoint of e is labeled b. We may infer that ab = bx and that a(bx) = b,
since ¢, switches the endpoints of e. It follows that b = a(bx) = (ab)x =
bx x, and therefore that x2=1. 0O
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6.2.5. Group Actions and Imbeddings

The following theorem is the fundamental result relating group actions on
surfaces and imbeddings of Cayley graphs. The pseudofree case has already
been considered in Theorem 4.3.6.

Theorem 6.2.4 (Tucker, 1983). Let the finite group ¢ act on an orientable
surface S. Then there is a Cayley graph for £ cellularly imbedded in S so that the
natural action of </ on the Cayley graph extends to the given action of &/ on the
surface S.

Proof. If there are no reflections in the action of & on S, then, by
Theorem 6.2.2, the action is pseudofree, and according to Theorem 4.3.6, the
conclusion holds. Assume, therefore, that the action of & on S contains
reflections. Consider the action of the quotient group 2///° on the quotient
surface S/s7°, where, as usual, %/° denotes the index-2, orientation-preserv-
ing subgroup of the action /. The only nonidentity element of the action of
/4% on S//° must be a reflection, because it leaves fixed the image in
S/s/° of any circle left fixed by a reflection of the action of =/ on S. Let f be
this reflection, and let p: S > S/«/° be the natural projection. We wish to
construct a 2-vertex graph G cellularly imbedded in S/° such that G
contains no branch points of the covering map p and no fixed points of f,
such that each face of the imbedding contains at most one branch point, and
such that f(G) = G. Then the preimage graph p~'(G) is invariant under the
action of &7 on S, and the action of & on the vertex set of p~!(G) is
transitive and free. It follows from Theorem 6.2.3 that p~!(G) is the natural
action of a group on a Cayley graph. The imbedding of p~!(G) in S is
cellular, since the imbedding of G in S/&7° is cellular and has at most one
branch point in each face.

To construct the imbedded graph, we first construct half of G and then
reflect it to get the other half. Let T be one-half of the reflection f. Suppose
that T is a surface of genus g with » boundary components corresponding to
the r dividing circles C,,..., C, of the reflection f. The case for g =1 and
r = 2 is illustrated in Figure 6.11. Begin the construction of G by imbedding a
bouquet of 2g circles at a vertex v in the surface 7" so that the complement is
an open disk with r holes (see the left of Figure 6.11). Next, for each branch
point in the interior of 7, imbed a loop at vertex v that encloses that branch
point but no others (see the middle of Figure 6.11). Finally, for each dividing
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Figure 6.11. The imbedding of half of G in T (black dots are branch points).
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circle C;, choose a finite set W, of points in C,, such that each component of
C; — W, contains exactly one branch point; if C; contains no branch points, let
W, consist of a single point in C;. Then, for each point w in W;, imbed an arc
in T running from v to w, and, if f(w) # w, then imbed another arc from v to
f(w) (see the right of Figure 6.11). Let G, be the resulting collection of loops
and arcs in T, and let G = G, U f(G,). Then G is a graph with two vertices v
and f(v) (the points in w are now just midpoints of edges). By construction, it
follows that f(G) = G and that the imbedding of G is cellular with at most
one branch point inside each face. O

Corollary. Let &/ be a finite group. Then the symmetric genus o(%Z) is the
minimum genus over all surfaces on which %/ acts, and the strong symmetric
genus o°(s) is the minimum genus over all surfaces on which s/ acts preserving
orientation. 0O

The imbedding G — S/&7° constructed in the proof of Theorem 6.2.4 is
more important to later sections of this chapter than the theorem itself is. Let
C(%/, X) be the Cayley graph p~!(G). Then G is the quotient of C(%/, X) by
the index-2 subgroup 2/°. This implies that the imbedding C(#/, X) — S and
the covering p: § — S/2° can be obtained by a voltage-graph construction.
Moreover, by Theorem 6.1.1, the voltages can be assigned in &7, if desired,
instead of 7 °: the loops in G correspond to elements of the generating set X
that are contained in /° while the arcs from v to f(v) correspond to
orientation-reversing elements of the generating set X. (Note that if the loop e
at vertex v corresponds to the generator x, then so does the reflected loop
f(e), because the edges of p~!(e) and p~'(f(e)) all belong to the same orbit
of the action of &/.) The voltage-graph construction can be used to read off
information about the presentation for &/ with generating set X. One example
suffices here.

Example 6.2.4. Let <7 be a finite group acting with reflections on the surface S
such that the quotient surface S/s/° is the sphere and such that the covering
p: S — S//° has three branch points in S/s/°, one of which lies on the
dividing circle of the reflection f of the quotient action of ///° on S/s/°. Since
f takes branch points to branch points, it follows that the remaining two branch
points must be paired by f. In particular, they have the same order. The
appearance of graph G is then as illustrated in Figure 6.12 The generator z
corresponding to the edge e through the dividing circle of f must be an involution,
by Theorem 6.2.3, because at least one edge of its preimage p '(e) passes
through a circle left pointwise-fixed by a reflection of /. Since the order of the
net voltage on each face equals the order of the branch point inside that face, the
group s/ can be presented

(x,z:22=1,x9=1,(xzx""2) =1,...),

where r is the order of the branch point on the dividing circle and where q is the
order of the other paired branch points.
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Figure 6.12. The imbedding G — S/&/° with voltages in
the group .
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Figure 6.13. A quadrilateral in an imbedding of a Cayley graph C(%/, X), where % is abelian.

6.2.6. Are Genus and Symmetric Genus the Same?

By definitions, y(%/) < o(%7) for any group /. We shall show for most
abelian groups %7, the inequality is strict, that is, y(&7) < o(%).

Let &/ =2, X Zp X £}, and let X = {x, y, z} be the canonical gener-
ating set. By Section 6.1, the Cayley graph C(%/, X) has a quadrilateral
imbedding, and the genus of this imbedding is y(.%/). We claim, however, that
no symmetric imbedding of C(/, X)) can have any quadrilaterals at all. The
only quadrilaterals in C(%/, X) correspond to commutators in the generators.
Suppose that the relator xyx 'y ~! bounds a face in a symmetric imbedding of
C(«, X), as illustrated in Figure 6.13. Then the rotations at the vertices of
this quadrilateral must have the form (starting at the lower left vertex):

I

t.oyxThL
u., ...ox"lyTh
v. ...y ...

Since the imbedding is symmetric, each of these rotations must be the same
or reversed. Since the reverse of ... xy... is ... yx..., the rotation at ¢ is the
same as the rotation at s. By similar reasoning, the rotations at ¥ and v must
be the same as those at ¢ and w. From the information given at s, ¢, and u,
this rotation must be ...xyx 'y~ !.... The information given at vertex v
implies that x immediately follows y~! in this same rotation, but that is
impossible because z and z~' must appear somewhere in the rotation. We
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conclude that no symmetric imbedding of C(.%/, X) can have a quadrilateral
xyx~'p~1, and hence C(%/, X) has no symmetric, quadrilateral imbedding.
Since y(&Z) is strictly less than the genus of any Cayley graph for &/
corresponding to any noncanonical generating set, it follows that
Y(H) < o( ).

Of course, it should not be surprising that minimal-genus Cayley graph
imbeddings can be highly nonsymmetric. Jungerman and White’s construc-
tions of quadrilateral imbeddings given in Section 6.1 are quite complicated
partly because so many different rotations are needed. Even the more easily
pictured tubing construction of Section 3.5, which suffices to obtain a quadri-
lateral imbedding for &= 2, X £, X Z,, is complicated if viewed in
terms of rotations; in fact, eight different rotations are used (Exercise 15; see
also Exercise 6.1.1).

The inequality o(.%/) < 6°(27) can also be strict. In particular, the example
with &/ =2, X Z, at the beginning of this section satisfies o(2/) = 0 and
0%(«/) = 1 (Exercise 14).

6.2.7. Euclidean Space Groups and the Torus

Group actions on a surface do not simply appear from nowhere; they arise
from some geometric structure of the surface. To understand a particular
group action, one often must search for some geometry that the group action
respects. Perhaps the most revealing example is the relationship between the
torus and plane Euclidean geometry.

Example 6.2.5. Consider the pattern of bricks shown in Figure 6.14, which the
reader has probably seen in a courtyard or patio. Imagine the pattern extending
infinitely in all directions in the plane. What rigid motions, that is, Euclidean
isometries of the plane, take this pattern to itself? First, one can simply
“translate” the whole pattern, so that, for instance, the set of four outlined
bricks around point u displaces those around point v. Second, one can “rotate”
the pattern 90° about the point u (note that this rotation takes the entire global
pattern onto itself, not just the four local bricks). Third, one can “reflect” the
pattern about a horizontal or vertical line such as k or I. Finally, one can
translate half the distance from u to v, at the same time reflecting about the line
through u and v (this last type of motion is called a “glide’’). The whole pattern
can be generated as the orbit under rigid motions of a single half-brick like that
shaded near the point w in Figure 6.14.

The collection of all Euclidean isometries leaving the pattern in Figure 6.14
invariant forms a group ¢, called the “symmetry group” of the pattern. This
group has two important properties:

1. It contains translations in linearly independent (i.e., different) direc-
tions in the plane.

2. It is discrete; that is, for any point u, the orbit {c(u)|c € €} has no
accumulation points.
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Figure 6.14. A pattern in the Euclidean plane.

Another way of stating property 2 is that for any point u, there is a minimum
distance d such that every isometry in the group € either moves u at least the
distance d or does not move u at all. Any group of isometries of the Euclidean
plane satisfying properties 1 and 2 is called a (two-dimensional) “Euclidean
space group” (or alternatively a Euclidean “crystallographic group”). Every
pattern in the Euclidean plane having translational symmetry in more than
one direction and having no infinitesimal symmetry (N.B.: a pattern of vertical
stripes has infinitesimally small vertical translations as symmetries) has a
Euclidean space group as its symmetry group. Conversely, every Euclidean
space group has patterns for which it is the symmetry group: one first finds a
“fundamental domain” like the half-brick in Figure 6.14, next draws any motif
on this domain, and then replicates the motif throughout the plane using the
given space group.

The history of space groups, from the art of the Alhambra and of M. C.
Escher to the crystallography of Federov (1891) to the mathematics of
Bieberbach (1911), is too rich to elaborate here. The reader is urged to read
Weyl (1952) or Schattschneider (1978) for an informal account. Lyndon (1985)
and Coxeter and Moser (1957) provide the mathematical details. The im-
portant facts we need about Euclidean space groups are summarized in the
following theorem.

Theorem 6.2.5. There are exactly 17 Euclidean space groups (up to group
isomorphism), 5 of which contain only orientation-preserving isometries. The
collection " of all translations contained in a given Euclidean space group € is a
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normal subgroup of €, is isomorphic to & X %, and has as quotient €/ either
the trivial group or one of the cyclic groups %,, %5, %,, Z¢ or one of the
dﬁ’ledﬂﬂl gr(i'upS gaz, 523, .@4, '@6 "

Proof. Omitted. O

The first statement of Theorem 6.2.5 is a lovely contribution to mathe-
matics. Although it may well have been known to artists for centuries, it was
not proved until Polya (1924) and Niggli (1924). Most of the facts about the
subgroup 7 are easily verified. The composition of two translations is clearly
a translation, making Z a subgroup. That .7 is normal follows from the
classification of isometries as either translations, rotations, or glides (the
conjugate of a translation preserves orientation and has no fixed points and,
hence, must be another translation). That J 1s isomorphic to 2 X Z follows
from the obvious cornmutativity of translations and the discreteness of € (see
Exercise 17). That /2 must be on the given list of groups follows from the
“crystallographic restriction” that any rotation in a Euclidean space group
must have order 2, 3, 4, or 6 (see Exercise 18).

The present reason we are interested in Euclidean space groups is that they
give rise to group actions on the torus. For example, if we simply “roll up” the
pattern in Figure 6.14 in both the vertical and horizontal directions, identi-
fying in the process the top and bottom edges and the right and left edges of
Figure 6.14, we obtain a similar pattern on the torus. Let ¢ be the vertical
translation from u to v, and let s be the horizontal translation from u to w.
Then the “rolling up” is accomplished by taking the quotient of the Euclidean
plane by the group A" generated by s> and 2. In particular, the finite quotient
group /A" acts on the torus as the symmetry group of the rolled-up pattern.
The following theorem gives the general situation.

Theorem 6.2.6. Let ¥ be a Euclidean space group and N any normal subgroup
of finite index in €. Then the quotient group €/ A" acts on the torus or on the
sphere.

Proof. Let J be the subgroup of translations in €. Let ¥° be the
orientation-preserving subgroup of ¢, and let #°% = €° N 4. Since 4" has
finite index in %, the normal subgroup 4% N 9 must contain translations in
two directions. Thus the quotient surface S’ = E/A"° N 7 of the Euclidean
plane E by the action of #°° N 7 is a torus (Exercise 17 shows that #° NI
is generated by two translations that roll up the plane in two directions). The
natural action of the quotient group A4 °/A4°NJ on S’ has quotient
S = E/#°. Since A#°° preserves orientation, it follows that the surface S is
orientable and that the projection §’ — S is a regular branched covering. By
the Riemann-Hurwitz equation, we know that x(S’) < x(S). Since S’ is the
torus, it follows that S must be the torus or the sphere.

In order to complete the proof, we first observe that the group €/A4°° acts
naturally on S. Thus, if A=, we already have the desired action.
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Alternatively, if #°° # A", then /'€° = &, since the subgroup ¢° has index
2 in €. By the fundamental isomorphism theorem for quotient groups, we
know that ¥°/47° is isomorphic to #/'¢°/A". Since €°/A4° acts on S and
NE€° = &, it follows that €/4" acts on the torus or on the sphere. [l

Corollary. If o is a finite quotient group of a Euclidean space group, then
o(&) <1

One can also define “spherical space groups” using spherical geometry and
“hyperbolic space groups” using hyperbolic geometry. In both cases we
require the group to be discrete. For the sphere, which is a compact surface,
this automatically means the group is finite. For the hyperbolic plane, we
require the quotient space under the group action to be compact, in analogy to
condition 1. In either case, there is no subgroup analogous to the translation
subgroup 7 for Euclidean space groups.

6.2.8. Triangle Groups

Triangle groups are a particularly important kind of space group, especially
for non-Euclidean geometry. We give here a sketchy account of the salient
features of these groups. For more details, pictures, history, and rigor, we
highly recommend Magnus (1974). For geometry, both Euclidean and non-
Euclidean, see Coxeter (1961) or Lyndon (1985).

Example 6.2.6. We begin with a “ fundamental” isosceles right triangle in the
Euclidean plane, such as the one outlined in the pattern in Figure 6.15. Let x and
y be the reflections about the lines along the legs of the triangle, and let z be
reflection about the line along the hypotenuse. The group € of isometries
generated by x, y, and z flops the triangle all over the plane, creating the pattern
shown in Figure 6.15. Half the triangles in the pattern have the same orientation
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Figure 6.15. The full (2, 4,4) triangle group.
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as the fundamental triangle and half the opposite; the forward and backward
letter F's tell which is which. The group € is the symmetry group of the pattern
and hence is a Euclidean space group.

This construction applies to certain other triangles. Since the triangles of
the pattern must fit together around each vertex in a circle of paired “forward”
and “backward” triangles, each angle a of the fundamental triangle must be
of the form 7 /p, where p is an integer (so that 2« fits into 27 a whole number
of times). A “( p, g, r) triangle” is one with angles #/p, m/q, n/r, where p, q,
and r are positive integers. Because the sum of the angles of a Euclidean
triangle is 7, the only Euclidean ( p, g, r) triangles are (2,4,4), (2,3, 6), and
(3, 3, 3). There are, however, other kinds of geometry. In spherical geometry,
where lines are great circles, triangles have angle sum greater than 7. The
possible spherical ( p, g, r) triangles are (1, r, r), (2,2, r), for any r > 2, and
(2,3,3), (2,3,4), (2,3,5); although (1, r,r) is a degenerate triangle, it still
can be used. In hyperbolic geometry, which can be modeled by the interior
of the unit disk, where “lines” are circles orthogonal to the boundary and
“reflections” are inversions in those circles, triangles have angle sum
less than 7. There are hyperbolic ( p, g, r) triangles for any p, g, r such that
1/p+1/9+1/r <1.

Given any ( p, g, r) triangle, the group of isometries, either Euclidean or
spherical or hyperbolic, generated by reflections x, y, z in the three sides of
the triangle is called the “full ( p, g, r) triangle group”. The symmetry group
of Figure 6.15 is the full (2, 4,4) triangle group. The number of elements of a
triangle group equals the number of copies of the original triangle in the
pattern, because there is a unique isometry in the group taking the fundamen-
tal triangle to any other triangle (isometries are determined by what they do to
a single triangle and no isometry in the group takes the fundamental triangle
to itself, other than the identity). Thus, Euclidean and hyperbolic triangle
groups are infinite, because the Euclidean and hyperbolic plane are un-
bounded, but spherical triangle groups are finite. In fact, since the area of a
triangle on the unit sphere is equal to the excess of its angle sum compared
with «, the orders of the full triangle groups for the sphere are easily
computed. For example, the area of a (2,3,5) triangle on the unit sphere is
w/2 +w/3 + w/5 — m, or m/30. Since the total area of the unit sphere is 4,
the order of the full (2,3, 5) triangle group must be 120.

A presentation in terms of generators and relations for the full triangle
group ( p, g, r) is not difficult to obtain. The three generating reflections x, y,
and z clearly have order 2. The product of two reflections in lines meeting at
an angle a is a rotation by 2a about the intersection of the two lines. Thus xy,
yz, and xz are rotations by 27 /p, 27/q, and 27 /r and hence have orders p,
g, and r. So far, we have

x2=y2=22=1,(xp)’ =(yz)?=(x2)" =1
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These are in fact the only relators needed. We sketch a proof. First, note that
the dual graph to the triangular pattern for a ( p, g, r) triangle group % is a
Cayley graph for €, since € acts on the dual graph transitively, fixing no
vertex (i.e., fixing no triangle in the original pattern). Any relator in the
generators corresponds to a closed walk in this Cayley graph. Since the Cayley
graph is imbedded in the plane, every cycle, and hence very closed walk, can
be expressed in terms of the face boundary cycles, which simply correspond to
the relators (xy)” = (yz)? = (xz)" = 1. Thus, every relator can be expressed
in terms of the already given relators. (We are being vague about what we
mean by “expressed”, but this can be made rigorous.)

Given a full ( p, g, r) triangle group ¥, the subgroup % generated by the
rotations xy, yz, and xz at the three vertices of the fundamental triangle is
called the “ordinary” (p, g, r) triangle group. Since (xy)(yz) = xp’z = xz,
this group is generated by u = xy and v = yz alone. It has the presentation

(u,v:u? =v7=(w) =1)

Moreover, this subgroup has index 2 in the full triangle group [the map
f:€—Z, given by f(x)=f(y)=f(z)=1 has kernel #], and thus %
coincides with the orientation-preserving subgroup #°.

We summarize these facts in the following theorem.

Theorem 6.2.7. A full (p, q, r) triangle group € has the presentation

(x,y,2:x*=yr=2z=1,(xp)" = (pz)?=(xz)"=1)

Its orientation-preserving subgroup €° is the ordinary triangle group generated
by the rotations u = xy, v = yz and has the presentation

(u,v:u?=v7=(w) =1)

If (p,q,r)is(1,r,r),(2,2,r),(2,3,3),(2,3,4), or (2,3,5), then the triangle is
spherical and the group € is finite of order 4/(1/p + 1/q + 1/r —1). If
(p,q.r)is (2,3,6), (2,4,4), or (3,3,3), then the triangle is Euclidean and € is
an infinite Euclidean space group. Otherwise, ¥ is a hyperbolic full triangle
group.

An especially interesting application of triangle groups to graph imbeddings
can be found in the work of Jones and Singerman (1978) and Bryant and
Singerman (1985). By a clever combinatorial definition of graph imbedding or
“map”, they show that every map is the quotient of part of some (2, g, r)
triangle pattern in the sphere, Euclidean plane, or hyperbolic plane. Map
automorphisms are then interpreted as quotients of subgroups of the ordinary
(2, g, r) triangle group in the orientable case and the full (2, ¢, r) triangle
group in the nonorientable case.
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6.2.9. Exercises

1. Prove that an imbedding of a Cayley graph C(%Z, X) is weakly symmet-
ric if and only if there is a subgroup % of index 2 in the group %/ such
that every vertex of the Cayley graph labeled by an element of # has the
same rotation and all other vertices have the reversed rotation.

2. Let S be a surface with » boundary components. Then x(S) is defined
to be x(S) — r, where S is the closed surface obtained by spanning each
boundary component with a disk. Find all orientable surfaces S with
boundary such that x(S) = —5.

3. Let S, be one-half of a reflection of the surface $. Prove that x(S) =
2x(Sp)-
4. Find all reflections of the surface of genus 2.

5. Given simplexes o in R” and 7 in R”, a map f: ¢ — 7 is said to be
“linear” if f takes vertices of o to vertices of 7, and if f is the restric-
tion to o of an affine map F:R™ - R” [i.e. F(x) = L(x)+ b, where
L:R™ — R" is a linear transformation and b € R”]. Find a linear map
from the simplex ¢ in R? having vertices (0,0), (1,0), (0,1), to the
simplex 7 in R? having vertices (1,2,1), (3,5,2), (0,2,8). Prove that a
linear map between simplexes is uniquely determined by what it does to
vertices.

6. Given simplicial complexes K and L, a continuous map f: |K| — |L| is
“piecewise linear” if there are subdivisions K’, L’ of K, L such that f
restricted to each simplex of K’ is linear (K’ is a subdivision of K if
|K’| = |K| and every vertex of K is a vertex of K’). Let K be the
simplicial complex in R? consisting of the 2-simplex with vertices (0, 0),
(0,1), and (1,0) (and all its faces). Find a piecewise-linear map
f:|K| — |K]| that leaves fixed the two legs of the right triangle |K| and
takes the point (1/3,2/3) to the point (2/3,1/3).

7. The set of fixed points of a piecewise-linear homeomorphism can be quite
complicated. Let L be the two-dimensional simplicial complex in R?
formed by four right triangles with vertices at (0, 0), (+1,0), (0, +1). Use
the function f of Exercise 6 to construct a piecewise-linear homeomor-
phism g: |L| — |L| that leaves fixed all points of |L| on the x axis, on the
y axis, or in the second quadrant. Sketch |L| and its set of fixed points.
Does g have finite order?

8. Prove thatif A R? > R? is a linear transformation of finite order leaving
the x axis fixed, then either A is the identity or A is a reflection across the
X axis.

9. Let g be an orientation-preserving, piecewise-linear homeomorphism
g: |L| — |L|, where |L|is a surface. Use Exercise 8 to prove that if g has
finite order and leaves some 1-simplex of L fixed, then g is the identity.

10. Use Exercise 9 to prove Theorem 6.2.2 for piecewise-linear homeomor-
phisms.
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0 3
/
\C)/ 0 5 7 05 . . . . .
\ Figure 6.16. A quotient surface with branch points and
—_—— quotient reflection.

11. Prove that y; = Y 3, where § defines the natural quotient action of
the quotient group /% on the quotient surface S/%.

12. Suppose that the group & acts on a surface S with reflections so that the
quotient surface S/« is a surface of genus 2. Suppose that the quotient
action of &///° on S//° is a reflection with a single dividing circle
and that the branch points of p: S > S/27° have orders and locations
as given by Figure 6.16. Find a partial presentation for the group &/ by
constructing a 2-vertex voltage graph as in the proof of Theorem 6.2.4.

13. Prove that a Cayley graph imbedding C(&/, X') — S is strongly symmet-
ric if and only if it is the derived imbedding of a 1-vertex imbedded
voltage graph.

14. Prove that %%, X Z,) = 1 (see also Theorem 6.3.1).

15. List all the rotations used in the quadrilateral imbedding given in Section
3.5 for the Cayley graph C(%/, X), where /=%, X £, X £, and
X = {x, y, z}, a canonical generating set for <.

16. Give an example of an involution on the torus that is not a reflection.

17. Let J be a discrete group of translations of the Euclidean plane
containing translations in independent directions. Choose any point P.
Let Q be the closest point to P in the orbit of P, and let R be the closest
point to P in the orbit of P but not on the line through P and Q. Prove
that the translations by vectors PQ and PR generate 7.

18. Let € be a Euclidean space group, and let r € ¥ be a rotation about
some point P. Let Q be the closest point to P in the orbit of P. Prove
that if r is a rotation through an angle of less than 7 /3, then r(Q) is
closer to Q than Q is to P. Why does this contradict the choice of Q?
Use a similar argument to show that r is not a rotation of order 5 either.

6.3. GROUPS OF SMALL SYMMETRIC GENUS

A first project in studying the genus of groups is to identify all the groups of
genus 0, then maybe all the groups of genus 1. We shall see that the analogous
problem for symmetric genus happens to be a quite tractable problem, and
that preliminary consideration of the symmetric genus gives remarkably accu-
rate insight into the general case, whose derivation is otherwise rather lengthy.
Study of the symmetric genus is additionally rewarding, in that it also reveals
rich connections with Euclidean and non-Euclidean geometry. Moreover, the
moderately easy success in determining all the groups of symmetric genus 0 or
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1 encourages the study of groups of given symmetric genus greater than 1,
where we encounter Hurwitz’s theorem that establishes a bound on the order
of any group acting on a surface of given genus.

The geometric group actions introduced at the end of the previous section
provide an abundance of groups acting on the torus and the sphere. An
optimist might hope that all actions arise geometrically, that every finite group
acting on the sphere is isomorphic to a spherical space group, and that every
finite group acting on the torus is a quotient of a Euclidean space group. The
main theorems of this section show that such optimism is justified. They also
classify all such groups in terms of lists of partial presentations.

6.3.1. The Riemann-Hurwitz Equation Revisited

The main tool used to study symmetric genus is the Riemann-Hurwitz
equation, which has appeared here as Theorem 4.2.3. Because the equation
was first introduced in the context of general (not necessarily regular) branched
coverings, it will be helpful to restate the equation in terms of group actions
and regular branched coverings.

Let the group &7 act pseudofreely on the surface S, and let p: § —» S/ be
the associated regular branched covering map. Let Y C S/« be the branch
point set of p. Recall that, by Theorems 4.3.4 and 4.3.5, for any given branch
point y € Y, the order of every prebranch point in the covering surface S is
the same. It follows that the deficiency of y is given by the equation

def(y) = #/— #/r,

where r, is the order of the branch point y. The Riemann-Hurwitz equation
then assumes the second form

x(S) = #|x(S/2) - 2 (1-1/r,)

yeyY

The key observation about the order of a branch point is that if the regular
branched covering p: S — S/ corresponds to an imbedded voltage graph,
then the order of each branch point is the order of the net voltage on the face
containing that branch point.

Example 6.2.4 Revisited. Suppose that beyond the original circumstances, we
further specify that x(S) = 0. Then, since x(S/s/°) = 2, the second form of
the Riemann—Hurwitz equation implies that

0=#x2°Q2~(1-1/9) - (1-1/9) — (1 =1/r))
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We conclude that 2/q + 1/r = 1. It is easily verified by simple arithmetic that
the only possibilities are ¢ = 4, r = 2, and q = 3, r = 3. It follows that there are
only two classes of groups that act on the torus in the manner described in the
example itself, namely, the groups with these presentations:

x,2:22=1,x%=1,(xzx "z P = 1,...
(

(x,2:22=1,x>=1,(xzx"2)’ = 1,...)

6.3.2. Strong Symmetric Genus 0

Because dihedral groups are encountered frequently in classifying the groups
that act on the sphere, a word or two about presentations for dihedral groups
is in order. The dihedral group &, is defined classically to be the group of
symmetries of a regular n-sided polygon. Its order is 2n, and it has two
obvious presentations. If the generator x is rotation of the n-gon by 360° /n,
and if the generator y is any reflection of the n-gon, then we have the
presentation

D,={(x,y:x"=y2=1, yxyx = 1)

If x and y are reflections of the n-sided polygon through different diameters
making an angle of 180° /n with each other, then we have

D, =(x, y:x*=y>=(xp)"=1).

In both presentations, it is easily verified that the permutations x and y
generate the group &, and that the given relations hold. No more relations are
needed to define 9, because it can be shown that the order of the group
presented is the same as the order of &,, namely, 2n (see Exercise 1). The
second presentation given is particularly useful since it characterizes the
dihedral groups as the groups generated by a pair of involutions.

We divide the classification of groups acting on the sphere into two cases.
The first case 1s the subclass of orientation-preserving actions, the groups with
strong symmetric genus 0.

Theorem 6.3.1.  For a finite group s, the strong symmetric genus o°(27) is 0
if and only if either the group & is isomorphic to one of the cyclic groups Z, or
to one of the dihedral groups 2, or else the group ¢ has one of the following
presentations and the given order:

(a) (x,y:x*=y2=(xp)’=1,...), #o=12

(b) (x,y:x’=y2=(xp)'=1,...), #=24
) (x,y:x=y=(xp)’=1,...), #L=60
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Proof. 1If 0% «7) = 0, then the group %7 acts on the sphere S preserving
orientation. By the corollary to Theorem 6.2.2, the action is pseudofree. Let
p:S — S /o be the associated regular branched covering, with branch set B.
From the second form of the Riemann-Hurwitz equation, we observe that

2=#A|x(S/) - X (1-1/r)

yEB

We infer from this equation that the characteristic x(S/%/) must be
positive. Since the quotient surface S/2/ is orientable, the only possibility is
that S/ is itself the sphere and that x(S/%’) = 2. Moreover, because
1 — 1/r, > 5 for each branch point y, it follows that there are at most three
branch points. If there are fewer than two, then

2=#|2-L(1-1/1)| > #o

from which it follows that &7 is the trivial group. We conclude that there are
either two or three branch points.

Suppose, on one hand, that there are two branch points. Then imbed the
1-vertex, 1-loop graph B, in the sphere S/ so that the loop separates the
branch points. By Theorem 4.3.5, the covering p: § — S/ is the derived
covering for some voltage assignments on the imbedded bouquet B, into the
group /. Since B, has only one edge, the group &/ must be generated by a
single element, that 1s, the group & is cyclic.

Now suppose, on the other hand, that there are three branch points. Let
g < r < s be the orders of those branch points. The only values for the triple
(g, r,s) that leave the right-hand side of the Riemann-Hurwitz equation
positive are (2,2, n), (2,3, 3), (2,3,4), (2,3,5). Imbed the bouquet B, into the
quotient surface S/ as in Figure 6.17 (in which heavy dots represent the
branch points of the given orders). Again it follows from Theorem 4.3.5 that
the covering p: § — S/ is obtainable by assigning the two loops voltages
x, y € &, as shown in Figure 6.17. Since the order of the net voltage on each
face equals the order of the enclosed branch point, we infer that the group &/
may be presented

= (x,y:x"=yT=(xy)" =1,...)

If (qg,r,s)=(2,2,n), then &/ 1s the dihedral group &,. The other three
possibilities for (g, r, s) yield the three presentations given in the theorem.

X

y
or > 0q
_ Figure 6.17. An imbedded voltage graph.
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Moreover, in each of these cases the order of &/ is determined exactly by the
Riemann-Hurwitz equation. For example, if (¢, r, s) = (2, 3, 5), then

2= #(2-1/2-2/3 - 4/5) = #24/30

so #.27= 60.

We have shown that if 6%(27) = 0, then 7 is as described in the theorem.
The converse, that if &/ is isomorphic to Z, or &, or has presentations (a),
(b), or (c), then & acts on the sphere, follows directly from the voltage-graph
constructions already given in this proof. O

The reader should recognize immediately the presentation (x, y: x9 = y” =
(xy)*=1,...) as an ordinary spherical (g, r, s) triangle group with perhaps
some extra relations. In particular, by Theorem 6.2.7, the given presentation
yields a group of the required order without any extra relations. [For those
uncomfortable with the geometry of the sphere, or maybe just to make the
reader appreciate geometric arguments, Exercises 2—-4 show how to use alge-
braic methods to establish that presentations (a)—(c) are automatically finite
even without any extra relations.] Thus presentations (a)—(c) are precisely the
ordinary (2, 3, 3), (2, 3,4), and (2, 3, 5) ordinary triangle groups.

To identify these spherical triangle groups as more familiar groups, all we
need to do is find a group having two generators of the right order whose
product has the right order. The alternating group &7, 1s generated by
x=(123), y=(12)34). Since xy = (1)(243) has order 3, the group pre-
sented by (a) must be «7,. Similarly, presentation (b) is the symmetric group
%, generated by x = (123) and y = (34), and presentation (c) is the alternat-
ing group 2/, generated by x = (123) and y = (24)(39).

Corollary (Maschke, 1896). The finite group </ has strong symmetric genus 0
if and only if it is isomorphic to one of the groups, Z,, 2,, &,, %, or Zs.
These groups correspond respectively to the ordinary (1, n, n), (2,2, n), (2, 3, 3),
(2,3,4), (2,3,5) triangle groups.

We have credited Maschke with the classification of the groups of symmet-
rics and strong symmetric genus 0, because his 1896 paper implies such a
classification. However, Maschke was actually computing groups of genus (i.e.,
White genus) 0. In truth, the classification of spherical space groups is more a
matter of folklore, and the general topological problem of finding which finite
groups act on the sphere can be traced through a variety of papers, including
Kerekjarto (1919), Scherrer (1929), and Babai et al. (1972).

The case of orientation-reversing actions on the sphere is also handled by
the Riemann—-Hurwitz equation. It is complicated, however, by reflections.

Theorem 6.3.2. Suppose that the finite group < acts on the sphere, reversing
orientation. The action has no reflections if and only if &/ is isomorphic to %,,
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for some n > 1. The action has reflections if and only if either & is isomorphic to
2D, Z,XZ,, & X2, or & has one of the following presentations and the
given order:

(a) (x, y: x> ==}'2 = (xyx‘ly')2 =1,...), #H=24

(b) (x,y,z:x*=y*=7?

Il
.
—~

Il

‘(xy)?' = (yz)3 = (.x:z)3 =1,...), #L&=24

2

() (x,y,zix*=y*=22=(xp)" = (yz)’ = (x2)" = 1,...), #or=48

~<
I

2

(d) (x,y,z:xt=yp>=z2=(xp)’ = (yz)’ = (x2)’ =1,...), #/=120

<
I

Moreover, in (a), the orientation-preserving subgroup sZ/° is generated by x and
yxy, and in (b)—(d), " is generated by xy and yz. In particular, these
subgroups have index 2 in .

Proof. Suppose &/ acts without reflections on the sphere S. Then, by
Theorem 6.2.2, the group &7 acts pseudofreely with nonorientable quotient. By
the Riemann-Hurwitz equation, the quotient surface must still have positive
Euler characteristic. Hence, x(S /%) = 1 and the quotient surface S /2 is the
projective plane. The Riemann-—Hurwitz equation now reads

2 = #.szf[l - Z(l - 1/5’)]

and therefore we conclude there is at most one branch point, lest the right side
become negative. If the order of the branch point is n, then #</= 2n.
Moreover, with a single branch point in the projective plane, the covering
p: S — S/&7 can be obtained from an imbedded voltage group with a single
type-1 loop. Therefore the group 7 is cyclic.

Suppose  acts with reflections. The orientation-preserving subgroup 2/ °,
however, still acts pseudofreely. As in Theorem 6.3.1, the quotient surface
S/s7° is again the sphere, and the regular covering p: S — S/&/° has two or
three branch points. Suppose there are two branch points. As in Theorem
6.3.1, they must have the same order, call it n. The quotient group 7/« ° acts
on S/7° as a single reflection. Either both branch points lie on the dividing
circle of this reflection or one lies on one side and one lies on the other side.
The regular covering p: S — S/27° can then be obtained by a voltage graph
as illustrated on the left of Figure 6.18 for the first case, and the right of
Figure 6.18 for the second case. In both cases, edges crossing the reflection line
correspond to reflections in the action of »/ on the sphere §, and hence the
voltages on those edges have order 2. Presentations for the group % are given
by setting the order of the net voltage on each face equal to the order of the
enclosed branch point. In the first case, we get the presentation

(x, y:x*=y*=(x)"=1,...)
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Figure 6.18. Voltage graphs in the case of two branch points.
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Figure 6.19. Voltage graphs in the case of three branch points.

and thus 7 is the dihedral group 2, . In the second case, we get

n

(x, y:x"=y*=yxyx 1 =1,...)
and thus &/ is the group &, X Z,.

Suppose instead there are three branch points. Let their orders be ¢ < r < s.
As in Theorem 6.3.1, possible values for (g, r, s) are (2,2, n), (2,3, 3), (2,3,4),
(2,3,5). There are again two ways that the branch points are located with
respect to the dividing circle of the reflection for the action of 27/2/° on
S /2/°. All three branch points may be located on the dividing circle, as on the
left of Figure 6.19. Or, if two of the branch points have the same order,
those two may be located on either side of the dividing circle, with the third
branch point lying on the circle, as on the right of Figure 6.19. The covering
p: S — S/s7° can then be obtained from an imbedded voltage graph, as in
Figure 6.19. If (q, r, s) is (2,2, n), we obtain the presentations for «/:

p) ) 2 ¢ 2 2 n
(Jf, y,z:x‘.=yd-=z =“xy) =(yz) =(x2'r) =l’._'>
2n
(x,y:x*=yp?=(xp)"=1,...)

The second presentation is, of course, the dihedral group &,. In the first
presentation, since y commutes with both x and z, and since the subgroup
generated by x and z is the dihedral group 2,, the group & must be 2, X &,
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(unless the subgroups (y) and (x, z) have a nontrivial intersection, in which
case y is a redundant generator and & is simply the dihedral group 2,).

For the other possible values of (g, r,s), we obtain the presentations
(a)—(d) given in the statement of the theorem. Presentations (a) and (b)
correspond to the two ways of locating branch points when (g, r, s) = (2, 3, 3),
whereas (c) and (d) correspond to the only possible branch-point locations
from (2,3,4) and (2, 3,5). The subgroup that must be of index two in each
presentation is just the orientation-preserving subgroup, which is also the
isotropy group for the given voltage graph. The order of 7 is determined as
given in each case, because #./=2#2" and #«/° is determined by
Theorem 6.3.1.

Since all the voltage graph constructions given in this proof depend only on
&/ having the desired presentation, the conditions &/ must satisfy are not only
necessary but also sufficient in order that &/ act on the sphere as described.

O

It can be shown (Exercise 6) that the subgroup (x, yxy) in presentation (a)
and the subgroup (xy, yz) in presentations (b)—(d) must have index at most
two for purely algebraic reasons. Since these subgroups are just the groups
(a)—(c) of Theorem 6.3.1, they are automatically finite without any extra
relations. Therefore the presentations (a)-(b) of Theorem 6.3.2 are also
automatically finite without any extra relations. This means again that only
one group is defined by each presentation with the given subgroup restriction.
In Exercise 5 the reader is asked to find the appropriate generating sets to
present 2, X &/, by (a), &, by (b), £, X ¥, by (c), and Z, X & by (d).

Again, the reader should recognize the full triangle groups appearing in the
proof of the theorem and in presentations (b)—(d). On the other hand, the
presentation

(x,y:x"=y*=[x,y]"=1,...)

which yields either &, X £, , for n = 1, or presentation (a), for m = n = 3,
appears to be new. In fact, it can be obtained from an ordinary (m, m, n)
triangle group by adjoining a reflection in the perpendicular bisector to the
side opposite the 7 /n angle, or as the index-2 subgroup of the full (2, m,2n)
triangle group generated by rotation of order m at the w/m vertex and
reflection in the side opposite the #/m vertex (see Exercise 20). Call this
group a “hybrid (m, m, n) triangle” group, since there appears to be no
standard terminology for this group. Thus we can summarize Theorem 6.3.2 as
follows. '

Corollary (Maschke, 1896). o(7) =0 and ¢°(/) # 0 if and only if <« is
isomorphic to one of the groups &, X Z,,, Z, X D,, %, X A, Z, X %, £, X
. These groups correspond, respectively, to the hybrid (2,2, n), the full

D
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(2,2, n), the hybrid (2,3,3), the full (2,3,4), and the full (2,3,5) triangle
groups.

6.3.3. Symmetric Genus 1

The classification of groups acting on the torus again uses the Riemann-
Hurwitz equation, but not surprisingly, there are now more combinations of
quotient surfaces, branch points, and reflections. The list of presentations
looks bewildering at first, but the reader should know what to expect. There
should be at least 17 partial presentations, none of which limits the order of
the group without the addition of extra relations. These correspond to quo-
tients of the 17 Euclidean space groups. If there are exactly 17 partial
presentations, we might have struck gold—a quick check with the list of
presentations given in Coxeter and Moser (1957) for the Euclidean space
groups will settle the issue. The reader should also find full and ordinary
(2,3,6), (2,4,4), and (3, 3, 3) triangle groups and hybrid (2,4,4) and (3, 3, 3)
triangle groups. One last hint before counting presentations in the statement
of Theorem 6.3.3: presentations with the same letter but different subscripts
are different presentations for the same underlying group. The only reason
both presentations are listed is for convenience in later computations.

Theorem 6.3.3. The group </ acts on the torus and preserves orientation if and
only if &/ has one of the following presentations

(a) (x,p:lx,y]=1,...)

(b)) (x,p,z:x*=y*=z2=(xpz)’=1,...)
(b)) (x,p.ziy?=z2=(xp)" = (xz)*=1,...)
© (xyx*=y'=(w)=1,..)

(d)  (x,prxt=y?=(w)'=1,..)

(€) (xyix’=y2=(x)"=1,.)

The group =/ acts on the torus and reverses orientation, but without reflec-
tions, if and only if &/ has one of the following presentations, with the given
subgroup # having index 2 in -

(f,) (x,yixyx7ly=1,...), B=(x%y)
(f,) (x,y:x¥y?=1,...), Z=(x*xp)
2 -
(8) (x,y:p2=(x%)"=1,...), &=(x%y, xpx)

(82) (v y:()=(x"Y)=1,...0, @B=(x%x,»)
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The group &/ acts on the torus with reflections if and only if &/ has one of the
following presentations, with the given subgroup % having index 2 in :

(h) (x,y,z2y?>=22=[x,y]l=1[x,2z]=1,...), B={(x,yz)
() (x,y:yr=[x%y]=1,...), @=(x%xp)
() (xyozwixt=yi=zt=wt= () = (2)
= (zw)2 = (w'Jnc)2 =1,...), Z=(xy, yz,zw)
(k) (x,y,zix*=y*=72= (yz)2 - (xyxz)‘2 =1,...),
B = (x, yz, yxy)
(1)) (x,y,zzx*=y*=z"=xpzyxz=1,...), B=(x,y,zxz)
(1) (x,p,z2pr=22= () =[x,z]1=1,...), B=(x,p,2yz)
(9) = (32 = (x2)’ = 1,..),
B = (xy, yz)
'(n) (x’y:x3=y2=[x’y]3 =1,...), Z=(x,yxy)
(0) (x,y,z2x*=y*=2°= (xy)2 - (yz)4 = (xz)4 =1,...),
B = (x, y2)
(p) (xoyixt=y’=[x,yP'=1,..), Z=(x, yxp)
(@ (x oy zixt=ypr=z2=(x)" = (yz)’ = (x2)°=1,...),
B = (xp, yz)

(m) (x,y,z:x*=y>=2z°

Proof. Suppose &/ acts on the torus S preserving orientation. Then &/
acts pseudofreely. By the Riemann-Hurwitz equation

0=x(8)=#(x(S/) - L(1-1/r,))

It follows that x(S/2) > 0 and that S/ is the torus or the sphere. If S/</
is the torus, then there can be no branch points. Presentation (a) is thus
obtained from a voltage assignment for a bouquet of two circles cellularly
imbedded as usual in the torus S/&/. If S/27 is the sphere, then, by the
Riemann-Hurwitz equation, there are either four branch points all of order 2
or three branch points. Figure 6.20 illustrates two ways to imbed a bouquet of
three circles in the sphere so that each face of the imbedding encloses one
branch point of order two. The imbedded voltage graph on the left yields
presentation (b,), and the one on the right, (b,). If there are three branch
points of order g < r < s, then, from the Riemann-Hurwitz equation, the
possible values for (g, r, 5) are (3, 3, 3), (2,4,4), (2, 3, 6). Presentations (c), (d),
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Figure 6.20. Two imbedded voltage graphs for the case of four branch points.
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and (e), respectively, are obtained from these possibilities by an imbedded
voltage graph of a bouquet of two circles, as in Theorem 6.3.1.

In all of the remaining cases, there is a subgroup % that is required to be of
index 2. Given the action of the group &/ on the torus, the subgroup % is
necessarily of index 2 because it corresponds to the orientation-preserving
subgroup 2/ °. Conversely, given a group 2/ having one of the presentations
(f,)-(q), the index of the subgroup % must be 2 in order to construct the
necessary voltage graph. In cases (f,)—(g,), the subgroup % must have index 2
so that Theorem 4.1.5 can be invoked to make the derived surface orientable;
in cases (h)-(q), the subgroup # must have index 2 because the necessary
voltage graph is a 2-vertex quotient graph. It should be noted that the
generators given for the subgroup % are chosen to be irredundant. For
example, from the voltage graph for presentation (1,), one would expect to see
zyz as one of the generators for #. However, zyz = zyxz - zxz, and since
xyzyxz = 1 implies that zyxz = yx, we have zyz = yx - zxz € (x, y, zxz) = &.

Suppose that &/ acts on the torus, reversing orientation but without
reflections. Then &/ acts pseudofreely, with nonorientable quotient surface
S/&. Since x($/«) =0, from the Riemann-Hurwitz equation, S/ is
either the Klein bottle or the projective plane. If S/ is the Klein bottle,
then, by the Riemann-Hurwitz equation, there are no branch points. Two
ways of imbedding a bouquet of two circles in the Klein bottle are illustrated
on the upper left and lower left of Figure 6.21. The corresponding voltage
graphs yield presentations (f,) and (f,), respectively. If S/o/ is the projective
plane, then there must be two branch points of order 2, by the
Riemann-Hurwitz equation. Two ways of imbedding a bouquet of two circles
enclosing the branch points are illustrated on the upper and lower right of
Figure 6.21. The corresponding voltage graphs yield presentations (g;) and
(g,), respectively.

Suppose that 2/ acts on the torus with reflections. The orientation-preserv-
ing subgroup &7 acts pseudofreely. As with the presentations (a)—(e) already
considered, the quotient surface S/«/° is either the torus or the sphere.
Suppose it is the torus. By the Riemann-Hurwitz equation, the covering
p: S > S/s7° has no branch points. As usual, the quotient group =7/ ° acts
on S//° by a single reflection. There are two possibilities for this reflection.
One is the “obvious” reflection both of whose dividing circles are left point-
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Figure 6.21. Some imbedded voltage graphs.
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Figure 6.22. Two voltage graphs imbedded in the torus.

wise fixed; it is illustrated on the left in Figure 6.22. The other possible
reflection is the one discussed in Example 6.2.2 and is illustrated on the right
in Figure 6.22 (the dotted line down the middle of the rectangle is the dividing
circle left pointwise fixed by the reflection, whereas the left and right sides of
the rectangle form the dividing circle that is taken to itself with a half-rota-
tion). In both cases, the figure shows a 2-vertex voltage graph imbedded in the
torus, invariant under the given reflection, as in the proof of Theorem 6.2.4.
Voltages on edges crossing a dividing circle left pointwise fixed are involu-
tions. These two cases yield presentations (h) and (i).

Finally, suppose that the quotient surface S/&/° is the sphere. As in the
orientation-preserving case, the covering p: S — S/&/° has either four branch
points of order 2 or else three branch points. With four branch points of order
2, there are three ways the points can be located with respect to the dividing
circle of the quotient reflection: all four on the circle, two on and two off, all
four off. Figure 6.23 illustrates the corresponding imbedded voltage graphs;
two possible voltage graphs are shown for the case of no branch points on the
dividing circle. These imbedded voltage graphs yield presentations (j), (k), (1,)
and (1,), respectively. The last five presentations, (m)—(q), correspond to the
case of three branch points, as in presentations (a)—(d) of Theorem 6.3.2, only
here the branch-point orders are (3, 3, 3), (2,4,4), or (2, 3, 6).

The converse, that any group %/ having one of the presentations (a)—(q)
with the given subgroup restrictions must act on the torus as described,
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Figure 6.23. Imbedded voltage graphs for four branch points of order 2.

follows directly from the voltage-graph construction applied to the imbedded
voltage graphs already listed. 0J

The number of different classes of groups given in Theorem 6.3.3 is 17. In
the following corollary, pl, p2, and so on are the standard crystallographic
notations for the Euclidean space groups.

Corollary. If the finite group 27 acts on the torus, then & is a quotient of a
Euclidean space group. The presentations a—q of Theorem 6.3.3 correspond
respectively to the groups pl, p2, p3, p4, p6, pg, pgg, pm, cm, pmm, cmm,
pmg, p3ml, p31lm, p4dm, pdg, pbm.

Proof. See Coxeter and Moser (1957) and Exercise 21. 0O

6.3.4. The Geometry and Algebra of Groups of Symmetric Genus 1

Some further comments on Theorem 6.3.3 are necessary. The subgroup %
corresponds to the quotient of the orientation-preserving subgroup of the
underlying Euclidean space group. Thus # has index at most 2, for geometric
reasons. Alternatively, one can also show this by algebraic methods. For
example, in presentation g, the subgroup % is normal, since xx2x ™' = x2,
x(x)x = x%*y*(xy) '€ B, and xp2x~! = (xy)y*(xy)” ! € B; similarly
yRBy ' = %. Given that # is normal, it is clear that # has index at most 2,
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because the quotient group /% has the presentation (x, y: x? = y? =
xy = 1). The other presentations, ( ;) — (g), are handled by similar arguments
(Exercises 6-8).

What if & does not have index 2 in &, that is, what if # = «/? This can
happen if &/ is a space group quotient ¥/A4" where the normal subgroup A4~
contains orientation reversing isometries. Since # is the quotient of %°, we
expect that .7 must then have one of the orientation-preserving presentations
(a)—(e). This can be derived algebraically. For example, in presentation (g,)
again, let u=xy,v =y 'x,w=x"'y"'. Then x> =w and y?=(w)},
from which it follows that u, v, w generate &/ = %. Moreover, from the given
relations (xy)? = (x!y)? =1, it follows that u? = v?> = w? =1 and (uww)?
= (xy~ 1% =1, thus yielding presentation (b,). The other presentations,
(f1) — (g), are considered in Exercises 9-11.

Finally, by Theorem 6.2.5, we know that every one of the presentations of
Theorem 6.3.3 has a normal, 2-generator, abelian group  corresponding to
the translation subgroup of the underlying Euclidean space group %, such that
/T istnvial or ,, %5, %y, %, 25, D5, D4, Dg. Again this can be derived
by purely algebraic methods (see Exercises 12-15). The following theorem
summarizes this discussion.

Theorem 6.3.4. If the group %/ has one of the presentations (f,)-(q), then the
given subgroup # has index at most 2, and if B = s/, then &/ also has one of
the presentations (a)—(e). Thus, if &/ has any of the presentations (a)—(q), with
or without subgroup restrictions, then o(sZ) < 1. Finally, if &/ has one of the
presentations of Theorem 6.3.3, then 2 has a normal, 2-generator, abelian
subgroup I such that 2/ is trivial or one of the following groups:

gﬂ!(bhf"h’i) @2(g7 .]9k’l)

Z5(c) .@3(??!,!1)
Z,(d) 2,(o, p)
Qae;(e) P(q)

6.3.5. Hurwitz’s Theorem

The problem of determining all groups of a given symmetric genus g > 1
would appear to be hopelessly complicated, in light of the long list of
presentations just given for groups of symmetric genus 1. In one way, however,
the situation for g > 1 is easier, or at least quite different, from the case
g = 1: the number of groups of given symmetric genus g > 1 is finite. The
following theorem, first proved by Hurwitz (1892), for automorphisms of a
Riemann surface, provides a bound upon the order of any group acting on a
given surface of genus g > 1.

Theorem 6.3.5 (Hurwitz). Suppose the group 2/ acts on the surface of genus
g > 1. Then #27 < 168(g — 1).
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Proof. Let p:S — S/s/° be the regular covering associated with the
pseudofree action of the orientation-preserving subgroup /°. By the
Riemann-Hurwitz equation,

2-2g=x(S)= #Jff’[x(s/.oi") -2~ 1/'5)]

If x(S/«°) <0, then x(5/%7°) < —2. Therefore 2 — 2g < #/°(—2), and
hence #.o7 < 2#2° < 2(g — 1). If x(S/°) = 0, then there must be branch
points; otherwise 2 — 2g = #.79(0), contradicting the assumption that g > 1.
Since r,> 2 for any branch point y, ¥(1 —1/r,) < ;. Thus 2 —2g <
#2/%(— 1), and hence #.97/ < 2#%% < 8(g — 1).
If ,((S/cai") > 0, then x(S/7°) = 2. Because 2 — 2g is negative, S0 is
— X(1 — 1/r,). In particular, there must be more than two branch points. If
th|=-re are five or more branch points, then 2 — ¥(1 — 1/r,) < 3, and hence
#< 8(g — 1) again. Suppose there are four branch points. The negative
value for 2 — ¥(1 — 1/r,) nearest to 0 is — ¢, obtained with three branch
points of order 2 and one of order 3. Thus 2 — 2g < #&7/°(— 1), and hence
#.o/ < 24(g — 1). Finally, suppose there are three branch points of orders
g<r<s. Then 2 -YX(1-1/r)=1/q+1/r+1/s—1, which has —
for its negative value nearest to 0, occurring when (gq, r, s) = (2,3, 7). Thus, in
this case, 2 — 2g < #2/°(— %), from which it follows that #.27 < 168(g — 1).
O

The value of 1/q + 1/r + 1/s — 1 next nearest to 0 is — 3;, occurring for
(g, r,s5)=1(2,3,8). Thus the proof of Theorem 6.3.5 leads to the following
corollaries.

Corollary. Suppose o°(/) > 1. Then #./> 48(c°( /) — 1) if and only if
#.o/=84(c°% ) — 1) and o has the presentation

(x, y:x2=y3= (xy)?=ls--“>

Corollary. Suppose o(Z) > 1. Then #Z/> 96(o() — 1) if and only if
#o/ = 168(o() — 1) and &/ has the presentation

22

(x,y,2:x*=y*=2%= l,.(.vcy)2 =(yz)’ = (xz)" =1,...)

Conder (1980) has shown that the symmetric group %, has a presentation
of the form given in the second corollary for all » > 167. Thus o(%) =
n'!/168 + 1, n > 167. He has also shown that the alternating group %/, has a
presentation of the form given in the first corollary for all n > 167. Thus
o(,) = 0%,) =n!/168 + 1, n > 167. Conder (1984) has also computed
the symmetric genus of all the other symmetric and alternating groups. Glover
and Sjerve (1986) have computed the strong symmetric genus of the simple
groups PSL(2, p), where p is a prime.
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A careful inspection of the proof of Hurwitz’s theorem leads to the
following refinement. We leave it to the reader to verify the details. First, we
define the group &/ to be a “proper” quotient of the full triangle group ¥ if
the image of €° is a proper subgroup of /. That is, if

A= {(x,y,z:x*=yr=z2=1,(xp) = (yz) = (x2)°=1,...)

then the subgroup generated by xy and yz is required to be a proper
subgroup. Similarly, the presentation

o= (x,y:x7=yr=[x,y]"=1,...)

makes &/ a ‘“proper” quotient of the hybrid (g, g, s) triangle group if the
group generated by x and yxy is a proper subgroup of /.

Theorem 6.3.6 (Refined Hurwitz Theorem). Suppose o(7) > 1 and #</>
24(o () — 1). Then one of the following holds:

a. % is an ordinary (q, r, s) triangle group quotient where (q, r, s) is either
(2,4,5) or (2,3,s) with 71 <s < 11.

b. & is either a proper quotient of a full (q,r,s) triangle group quotient,
where (g, r,s) is (2,r,s) with3 <r <5or (3,3,s) withs = 4,5, or &
is a proper quotient of a hybrid (3,3,4), (3,3,5), or (5,5,2) triangle
group.

Moreover, if #57> 48(o( ) — 1), then & is either a quotient of the ordinary
(2,3,7) triangle group or a proper quotient of the full (q,r,s) triangle group,
where (q, r,s) is (2,4,5), or (2,3,s) with 7 < s < 11.

6.3.6. Exercises

1. Prove that the group (x, y: y?> = x" = yxyx = 1) has order 2n by pro-
ving that the subgroup (x) is normal of index 2. Prove that the group
(x,y: x* =y? = (xp)" = 1) has order 2n by proving that the subgroup
(xy) is normal of index 2.

2. Prove that the group (x, y: x> = y2 = (xy)? = 1) has order 12 by show-
ing that #, By, Byx~! are all of the right cosets of the subgroup
B = (x). (Hint: Use yxy = x " 'yx"! and yx~'y = xyx.)

3. Prove that the group (x, y: x* = y? = (xy)® = 1) has order 24 by show-
ing that @, Byx', Byx*y, r =0,1,2,3, are all of the right cosets of the
subgroup # = (x).

4. Prove that the group (x, y: x> = y? = (xy)? = 1) has order 60 by show-
ing that B, Byx’, Byx’yx", Byx?yx 2y, r=0,1,2,3,4, are all of the
right cosets of the subgroup # = (x). (For example, Zyx 2y is in this
list of cosets because Zyx’yx is in the list, and Byx2yx = Bxyxxyx =
Byx " yyxly = Byx7’y.)
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S.

6.

10.

11.

12.

13.

14.

15.

16.

17.
18.*
19.*

Find generators for &, X &,, %, &, X %, &, X &5 that give, respec-
tively, presentations (a)—(d) of Theorem 6.3.2.

Prove that the subgroup % = (xy, yz) has index at most 2 in the group
A= {(x,y,2:x*=y?=22=1,...). Do the same for the subgroup
# = (x, yxy) in the group &= (x, y: y2=1,...).
Prove for presentations (f,)—(g,) of Theorem 6.3.3 that the given sub-

group Z is of index at most 2.

Same as Exercise 7 for presentations (h)—(1,) of Theorem 6.3.3.

Prove that if # =7 in presentations (f,), (f,), (h), or (i) of Theorem
6.3.3, then 2 has presentation (a).

Prove that in Theorem 6.3.3 if Z = &/ in presentations (g,), (g,), (), (k),
(1), then &/ has presentation (b,), and if 4 =<7 in presentation (1,),
then &/ has presentation (b,).

Show that presentations (m)-(q) of Theorem 6.3.3 correspond, respec-
tively, to presentations (c), (c), (d), (d), (¢) when % = .

Verify that the normal subgroup 7 of Theorem 6.3.4 is given by
(x" 'y, xy~') for presentation (c), (xyx, x’y) for (d), and
(xyx~ty, x " lyxy) for (e).

Verify that the normal subgroup 7 of Theorem 6.3.4 is % itself in
presentations (f,), (h), (1).

Verify that the normal subgroup 7 of Theorem 6.3.4 is given by
(xyx 'y~ x"lyxy) for presentation (g,), (xz, yw) for (j), (xyxy, yxz)
for (k), and (x, yz) for (1,).

Verify that the normal subgroup .7 of Theorem 6.3.4 is given by
(yxyz, xyzy) for presentations (m) and (0), (x 'yx~ly, xyxy) for (n)
and (p), and ([yz, xy],[zy, xy]) for (q).

Determine ¢(2) and ¢°(2), where 2= (i, j:i*=1,i*=j?), the
quaternion group of order 8.

Find o(%/) and 0°(s¢) for all groups of order #.27 < 16.

Determine ¢°(/) for all groups .« such that o(%) = 0.

Compute o(.%7) and ¢°(%/) as for many groups as you can in Coxeter
and Moser’s (1957) list of all groups of order #./ < 32.

Prove that the group obtained by adjoining to the ordinary (m, m, n)
triangle group the reflection in the perpendicular bisector to the side
opposite the 7 /n angle, has presentation

(x,y:x"=y2=[x,y]"=1,...)

(Hint: x is the rotation of order m at one w/m vertex, and y is the
reflection in the bisector.)
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21. Prove the corollary to Theorem 6.3.3 by comparing the presentations
given in the theorem to the presentations in Table 3 of Coxeter and
Moser (1957).

* denotes a problem whose solution is lengthy.

6.4. GROUPS OF SMALL GENUS

Now that the lists of all groups of symmetric genus 0 or 1 have been compiled
in Section 6.3, it is time to ask about genus rather than symmetric genus. Is it
possible that every group of genus 0 or 1 appears in the lists of Section 6.3?
Since y(&) < o() for any finite group 27, every group in these lists has
genus at most 1. On the other hand, from the example at the end of Section
6.2, the imequality y(&) < o(.27) is strict for most abelian groups, so one
would not expect these lists to be complete. In this section, perhaps surpris-
ingly, it will be shown that if y(&7) <1, then y(&) = o(/), with three
exceptions. Thus, with the addition of three extra presentations, the lists of
Section 6.3 classify all groups of genus O or 1. At the same time, it is shown
that Hurwitz’s theorem applies to genus as well as to symmetric genus, that is,
# < 168[y() — 1]if y(&) > 1. It follows that the number of groups of a
given genus g > 1 is finite.

The classification of groups of genus 0 or 1 begins with Maschke (1896),
who shows that if y(%Z) = 0, then & is isomorphic to one of the groups Z,,
2,, A4, %, or & or to the direct product of &, with any of these groups,
from which it follows that o(%/) = y(.%/) when y(%/) = 0. Baker (1931)
extended some of Maschke’s work to the torus, but it was Proulx (1977, 1978)
who did all the massive work needed to classify groups of genus 1. Tucker
(1983, 1984a) clarified the connections of Proulx’s results to group actions on
surface and space groups. He used those connections to prove that three of the
four group presentations not fitting into Proulx’s list of general classes of
Euclidean space group quotients are truly exceptional. The imbedded-Cayley-
graph version of Hurwitz’s theorem was proved first by Tucker (1980) and was
later refined by Tucker (1984b). This last paper includes also a proof of
Proulx’s classification. Finally, this last paper opens the way to the determina-
tion by Tucker (1984c) of the only group of genus 2.

6.4.1. An Example

The basic idea behind the results of this section is fairly simple. Suppose that
the group &/ has a Cayley graph imbedded in a surface whose genus is small
compared with #.%/ (in particular, genus 0 or 1). Then this imbedding must
have many faces. If it has many faces, there must be some faces of small size.
A face of small size gives a short closed walk in the Cayley graph, which in
turn corresponds to a short relator in the group /. Upon inspection, the
group presentations appearing in the lists in Section 6.3 all seem to have few
generators and short relators. If the imbedding forces enough short relators in
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&, then &/ will have one of the listed presentations. As example will illustrate
the details of this argument in a particular case.

Example 6.4.1. Let X = {x, y} be an irredundant generating set for the group
&, such that both x and y have order greater than 3. Suppose there is an
imbedding C(Z, X) — S such that #2/> —20x(S). The number of vertices of
the graph C(, X) is #sZ, and the number of edges is 2#.s/. Consider the
faces of the imbedding. A boundary of a two-sided or three-sided face gives a
relation such as x*>=1 or xyx =1; clearly any such relation contradicts
irredundancy or the assumed orders of x and y. Thus every face has four or more
sides. Let F' be the set of four-sided faces and F" the set of faces with more than
four sides. By the Euler polyhedral equation,

X(S) = #s/— #24+ #F + #F"

Also, since the sum of the face sizes taken over all faces is twice the number of
edges, it follows that

A4#F + SHF' < 4# Y
Suppose that #F' = 0. Then

X(S) = —#A+ #F + #F' < —#4+ 4# /5,

and hence #/ < —5x(S), contradicting our assumption that #s/ > —20x(S).
Thus there must be a four-sided face and, consequently, a relator of length 4. The
relation xyx~'y~! =1 gives presentation (a) of Theorem 6.3.3. The relation
xyx~'y =1 yields presentation (f,) of Theorem 6.3.3, and x?y* =1 yields
presentation (f,) of Theorem 6.3.3. The only other relators of length 4 not
contradicting irredundancy are (xy)?*, (xy~1)?% x*, y*. Suppose four four-sided
faces all meet at one vertex v. Assuming the only relators of length 4 are the four
just given, then there are two cases depending on whether or not x and y edges
alternate in the rotation at vertex v. If they alternate, as depicted on the left of
Figure 6.24, then (xy)? and (xy~')? are relators yielding presentation (g,) of
Theorem 6.3.3. If they do not alternate, as on the right of Figure 6.24, then
x4 y*and (xy*')? are relators, which gives presentation (d) of Theorem 6.3.3
(replace y by y =1 if necessary).

Suppose instead that there is no vertex at which four four-sided faces meet.
Then counting vertices by counting four-sided faces and multiplying by 4, one
obtains 4# ' < 3#5/. Then since #F"' < 4 #— #F')/5,

X(S) < —#A+ #F + A%l — #F) /5= — #/5 + #F' /5
< — #o0/5 + 3%20/20

Therefore, #/ < —20x(S), again contradicting the assumption.

We conclude that if #2/> —20x(S), in particular if x(S) > 0, then the
group &/ has a presentation in the lists in Section 6.3. Of course, there are
many other cases to consider, depending on the number of elements in the
given generating set and their orders. It is the consideration of these cases that
occupies most of this section.
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Figure 6.24. The rotation at vertex v.

6.4.2. A Face-Size Inequality

The determination of groups of low genus depends, as in Example 6.4.1, on
some delicate computations for the number of faces of various sizes. The
following inequality is the main tool in these computations.

Theorem 6.4.1. Let G — S be a cellular imbedding, where G is a regular graph
of valence d. Let f; be the number of i-sided faces. Then for any integer r > 1,

rd r_l
(—2— —r- d)#V+ rx(S) < Y. (r—i)f,
i=1
Proof. Since L ,if, = 2#E, it follows that
r—1 00 r—1
Ziﬁ+r(flﬂ— ZL] <2sE
i=1 i=1 i=1
which can be rewritten
00 r—i
rY [ <2#E+ Y (r—1i)f
i=1 jm

Multiplying the Euler polyhedral equation by r and rearranging, one obtains
‘L'XJ
r#E —r#V +rx(S)=r ) f
i=1

Therefore,

r—1
r#E — r#V + rx(S) <2#E+ ) (r—1i)f,
i=1

The substitution #E = d#V /2 now yields the desired inequality. O

We shall put this inequality to immediate use. The following corollaries
show that it 1s necessary to consider only Cayley graphs of valence 4 or less
when studying groups of low genus.
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Corollary 1. Let G — S be an imbedding of a regular simple graph of valence
d > 6. Then #V < —6x(S). In particular, there are only finitely many regular
simple graphs of given valence d > 6 and genus g > 1, and there are no regular
simple graphs of valence d > 6 and genus g < 1.

Proof. By the inequality of Theorem 6.4.1, with r = 3,
(d/2 —3)#V + 3x(S) <0

since fy=/f,=0. If d>6, then d/2 -3>1/2 so #V < —6x(S),
as claimed. O

Corollary 2. Let C'(s/, X) > S be an imbedding of an alternative Cayley
graph of valence d > 4, where X is an irredundant generating set for the group
. Then #4 < —12x(S). In particular, if d( ) denotes the minimal valence
over all Cayley graphs for 2/, then there are only finitely many groups =/ with
given genus and given d( /) > 4, and there are no groups </ with d(</) > 4
and y(&) < 1.

Proof. By the inequality of Theorem 6.4.1, with r = 4,
(d—4)#A+4x(S) < fy

since f, = f, = 0 by irredundancy. Also by irredundancy, the only three-sided
faces correspond to a relation of the form x3 =1, x € X. Thus there are at
most |d/2] three-sided faces meeting at any vertex. Thus 3f, < |d/2|#V. By
the previous corollary, we need consider only the cases d = 5 and d = 6. For
d =6, f; < #V, and hence

2#V + 4x(S) < f, < #V
which gives #V < —4x(S). Ford =5, f; < 2#V /3 and hence
#V + 4x(S) < 2#V
which gives #V < —12x(S). O

The second corollary leaves open the question of whether there are in-
finitely many regular graphs of valence d < 6 and given genus g > 1. In fact,
there are infinitely many such graphs (see Exercises 1-3). These corollaries
also raise other questions. Is the hypothesis of irredundancy necessary? The
following example illustrates the difficulties here.

Example 6.4.2 (N. Wormald). Let

2

= (x,y, z,w: x"=yr=72=wl=1z=x",w=xy), n>?2

Clearly z and w are redundant, and <7 is actually the dihedral group of order 4n.
Consider the Cayley graph C(&Z, X ), where X = {x, y, z, w}. The subgraph of
C(#, X) of edges colored x or z forms two disjoint 2n-cycles with *“diameters”
(see left of Figure 6.25). In particular for n > 3, the Cayley graph C(, X)
contains disjoint copies of K, ; and therefore y(C(%Z, X)) > 1. On the other
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Figure 6.25. A subgraph of the Cayley graph C(%/, X) and a partial imbedding of C(#, X).

hand, if a pair of antipodal x-edges is removed from each x-cycle, the resulting
graph can be imbedded in the plane; in effect, the crossing of the z-diameters
can be undone with a twist at the expense of two x-edges crossing (see the
right of Figure 6.25). The four remaining x-edges can be reattached using
two handles (hitting the plane at spots marked 1 and 2 in Figure 6.25). Thus
y(C(, X)) = 2.

This example provides infinitely many Cayley graphs of valence 5 and
genus 2. Most evidence, however, indicates that this phenomenon is limited to
genus 2. A reasonable conjecture is that the second corollary is true without
the restriction of irredundancy, if g > 1 is replaced by g > 2. L. Babai has
made the stronger conjecture that there are only finitely many graphs of given
genus g > 2 whose automorphism groups act transitively on vertices.

6.4.3. Statement of Main Theorem

As was noted at the beginning of this chapter, one needs to consider only
irredundant generating sets to compute the genus of a group. Since the
condition of irredundancy is so frequently used, call a Cayley graph C(%/, X)
“irredundant” if the generating set X is irredundant.

Theorem 6.4.2 (Proulx, 1978; Tucker, 1980, 1984a). Let C(Z, X) — S be an
imbedding of an irredundant Cayley graph in a surface S. If #2/> —84x(S),
then &/ has one of the presentations listed in Theorems 6.3.1-6.3.3 or one of
these presentations:

(a) <x, y: x3=y3=xyxy_1x—1y—l J— 1>’ #-ﬂ’z ﬂ!4

(b) (xoyixd =y = (o)(x ) = 1), #a/= 48
(c) (x,y:x}=y2= (xyxyx‘ly)z =1), #=48

To give some idea of the power of this theorem, we list three immediate
corollaries.
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Corollary 1. If y(&7) > 1, then #7< 168(y() — 1). Thus there are only
finitely many groups of a given genus g > 1.

Proof. If #x7> 168(y(%/) — 1), then an irredundant Cayley graph for &/
can be imbedded in a surface S such that #</> —84x(S). But then, by
Theorem 6.4.2, we have o(%/) < 1 and hence y(&) < 1. O

Analogously to the inequality for symmetric genus in Hurwitz’s theorem,
the inequality of Corollary 1 becomes an equality if and only if the group &/ is
a proper quotient of the full (2,3,7) triangle group. In particular, it follows
from the work of Conder (1980) that

Y(&) =0o(%) =1+ n'/168
for all n > 167.

Corollary 2. If y(&) < 1, then either & is one of the three groups (a),(b), (¢)
of Theorem 6.4.2 or else o() < 1. In particular, the lists of Section 6.3
together with (a),(b),(c) classify all groups of genus 0 or 1.

Proof. 1f y(s&) < 1, then an irredundant Cayley graph for &/ imbeds in a
surface S of Euler characteristic x(S) > 0. In particular, #2/> —84x(S).
O

Corollary 3. If the group & has a Cayley graph imbeddable in the Klein bottle,
then it has a Cayley graph imbeddable in the torus.

Proof. The surface S in Theorem 6.4.2 is allowed to be nonorientable. O

This last corollary does not say that any Cayley graph imbeddable in the
Klein bottle is imbeddable in the torus. In fact, for redundant Cayley graphs
this is not true.

Example 6.4.2 Revisited. The two cycles with diameters formed by x-z edges
imbed in a pair of projective planes so that the x-cycles bound faces (view the
projective plane as a disk with antipodal points identified ). If the two projective
planes are then joined by a tube to form a Klein bottle, the remaining y- and
w-edges can be added around the tube. Thus the Cayley graph C( %/, X) imbeds
in the Klein bottle but not in the torus.

In general, Theorem 6.4.2 and its corollaries apply to the genus of a group,
not the genus of a Cayley graph. Part of the difficulty is that in the proof of
Theorem 6.4.2, the given generating set X occasionally must be changed to
obtain one of the presentations in the Section-6.3 lists; thus one obtains a
Cayley graph for o/ imbeddable in the torus, but it might not be the original
Cayley graph C(&Z, X). In fact, this difficulty can be overcome, but it involves
some intricate group theory that would take us far afield (Tucker, 1984b).
Thus, in Theorem 6.4.2, without extra hypotheses, it can be shown that the
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given Cayley graph C(%7, X)) imbeds in the torus or sphere whenever #./>>
—84x(S). It also follows that there are only finitely many irredundant Cayley
graphs of a given genus g > 1, that an irredundant Cayley graph imbeddable
in the Klein bottle is imbeddable in the torus, and that the lists of Section 6.3
together with presentations (a)—(c) of Theorem 6.4.2 classify all generating sets
and groups for irredundant Cayley graphs of genus 0 or 1.

The other difficulty in applying the results of this section to the genus of a
Cayley graph, rather than the genus of a group, is the restriction of irre-
dundancy. Example 6.4.2 shows that this is a serious problem. It is conjectured
that this example is, in effect, the only example that makes redundant Cayley
graphs different.

The proof of Theorem 6.4.2 occupies the remainder of this chapter. By the
second corollary to Theorem 6.4.1, only Cayley graphs of valence 3 or 4 need
be considered. The proof is broken into two main arguments: valence 4 and
valence 3. These are, in turn, broken into cases and subcases depending on the
nature of the given generating set X.

The proof of Theorem 6.4.2 involves much manipulation of generators and
relators. The study of groups given by generators and relators (usually called
combinatorial group theory) has many famous logical pitfalls, but here the
obvious intuitive approach is fine. Some agreement on terminology is, never-
theless, in order. A “word” in a generating set X for the group . is a finite
sequence of elements of X and inverses of elements of X. The “length” of the
word is the number of terms in the sequence. A “relator” is a word the
product of whose terms is the identity; by abuse of language, we shall refer to
the product itself as a relator. Any conjugate or inverse of a relator is a relator,
as 1s any cyclic permutation. A relator is “reduced” if no cyclic permutation of
it can be shortened by using another relator to replace one subword by
another word. For example, if xyxy is a relator, then yzxzyx would not be a
reduced relator, since zxzyxy = zxzx~!. A relator of length k is called a
k-relator.

6.4.4. Proof of Theorem 6.4.2: Valence d = 4

The inequality of Theorem 6.4.1 will be used repeatedly. It is given again here
in the specific case d = 4 for easy reference:

r—1
(r—d&)#L+rx(S) < Y (r—i)f,
i=1
Case Ia. X = {x, y}, both x and y have order greater than 3.
This case was handled in Example 6.4.1.

CaseIb. X = {x,y}, x> =1, and y has order greater than 3.
By the inequality of Theorem 6.4.1, with r = 5,
#+ 5x(S) <2f; + f

The only 3-relator, by irredundancy, is x°, and hence f; < #.s¢/3. Thus f, > 0
if #o/> —15x(S). The only reduced 4-relators that do not immediately give
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a Section-6.3 presentation are y* or (xy *1)2. If y* is the only 4-relator, then
fa < #52/4, which implies #.2/ < —60x(S). Therefore we assume (xy)? is a
relator (if both (xy)* and (xy~')? are relators, we have presentation (f,) of
Theorem 6.3.3). We claim that if #2/> —42x(S), then y has order at most
6, in which case we have presentation (a) or (b) of Theorem 6.3.1 or (¢) of
Theorem 6.3.3. Suppose every k-relator, k < 6, involves x. The total number
of sides of edges labeled x available for building faces is 2#./. By irre-
dundancy, any relator using x once must use it twice. Thus by counting
occurrences of x, we obtain

35+ 2f,+ 2f + 2f, < 28/
Combining this inequality with Theorem 6.4.1, when r == 7, we get
3#A+TX(S) <4fs + 3, + 2fs + fo < [y + [, + 2#HA

Since (xy)? is the only 4-relator, there can be at most two faces of size 4
meeting at any vertex, and hence 4f, < 2#%/. Since f; < #x7/3, it follows
that #o/> —42x(S). Thus if #o/> —42x(S), there must be a k-relator,
k < 6, not involving x, that is, y has order at most 6, as claimed.

Casele. X ={x,y},x’=p’=1
By Theorem 6.4.1, with r = 7,

3#A+ Tx(S) < 4f, + 3f, + 2fs + f;

The only 3-relators are x> and y°, so 3f; < 2#x/. Therefore if #./>
—21x(S), at least one of f,, fs, or f; is nonzero. Any 4-relator yields one of
the presentations of Section 6.3. Since x?> = x~! and y2? = y~!, there is no
reduced 5-relator. The only 6-relators, up to cyclic permutation, interchange of
x and y, or replacement of x by x~! or y by y~ !, are (xy)°, xyxyxy~!,
xyxyx "'y~1 or xyx~lyxy~!. The relator (xy)’ gives presentation (c) of
Theorem 6.3.3. The relator xyxyxy ~! implies that (xy)? = yx~!. Thus yx ! is
in the subgroup (xy). Sois yx~ ! xy = y> = y~', and therefore so is x. Thus
& is cyclic generated by xy, and obviously o(.%/) = 0. The relator xyxyx "'y !
implies xyx = yxy~'. Therefore xyx has order 3, which yields (xyx)> =
xyx " yx~lyx = 1. Cyclically permuting this last relator gives us (x~'y)?3; this
is just presentation (c) of Theorem 6.3.3 again when x is replaced by x .
Finally, the relator xyx ~'yxy ! becomes xyxy x~!y~! after replacing y by
y~1 and cyclically permuting; this gives the first exceptional presentation (a)
of this theorem. We conclude that if #&/> —21x(S), then the group & has

one of the desired presentations.

Case lla. X = {x, y,z}, y>=z% =1, x has order greater than 3.
By irredundancy, f; = 0. If there is no vertex at which four faces of size 4
meet, then 4f, < 3#.</. Thus by Theorem 6.4.1, with r = 5,

#l+ 5x(S) < 2f; + f, < 3#Z/4
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and therefore #.7 < —20x(S). On the other hand, if four faces of size 4 meet
at a vertex, then it is easily verified that, no matter what the rotation at that
vertex, the group &/ must have presentation (b,), (h), or (1,) of Theorem 6.3.3.

CaseIllb. X = {x,y,z},y?=2z2=1,x*=1

As in Case Ib, if #.7> —15x(S), there must be a 4-relator. If xyx *1y and
xzx *!z are both relators, then one of the presentations (b,), (h), or (I,) of
Theorem 6.3.3 is obtained, as in Case Ila. Therefore assume that xzx *!z is not
a relator. The only possible 4-relators are then xyx *'y and yzyz. Let f, be
the number of faces of size 4 corresponding to xyx *'y and f, the number of
faces of size 4 corresponding to yzyz. We claim that f, + f < #s7/2. It

would then follow from Theorem 6.4.1, with r = 6, that
2%+ 6X(S) < 3f3 + 2(fx +fz) +f5 Sfa + #o + fz +f5

Since the cycles yzyz give a 2-factor of the Cayley graph C(#, X), f, < #22/4.
Any reduced 5-relator contradicts irredundancy, so f; = 0. Since f; < #.7/3,
the above inequality then gives us #2/< —72x(S)/5 < —15x(S).

To establish the claim that f; + f, < #2//2, consider the subgraph of the
Cayley graph generated by x- and y-edges. With the relators x> and xyx *1y,
the subgroup (x, y) is just &, X Z,; or the dihedral group &,;. Thus a
component of the x-y subgraph is simply a 6-vertex prism with a triangular
top and bottom (corresponding to x?) and three quadrilateral sides (corre-
sponding to xyx *y). As soon as a single z-edge is inserted at a vertex in the
prism, one of the five faces of the prism is destroyed (as a face). At least two of
the prism faces are destroyed when all six z-edges are inserted. Thus each
prism can contribute at most three faces to the imbedding. Since there are
#.27/6 prisms, it follows that f, + f < 3#.%//6, as claimed.

Case lll. X = {x,y,z,w},x*=y>=:2=w?=1.

As in Case la, if #o/> —20x(S) there must be a vertex at which four
faces of sizes 4 meet. By irredundancy, each reduced 4-relator involves two
generators. Thus there is some cyclic ordering of the generators such that
(xp)%, (yz)*,(zw)?, and (wx)? are all relators, which gives us presentation (j)
of Theorem 6.3.3.

6.4.5. Proof of Theorem 6.4.2: Valence d = 3

There are two main cases to consider here: two generators, one of order 2, and
three generators, all of order 2. The form of Theorem 6.4.1 used here is

r—1
(r/2 =3)#L+rx(8) < Y (r—i)f
i=1

Case la. X = {x, y}, y?> =1, x has order greater than 5.

There can be no 3-relator, by irredundancy. The only possible reduced
4-relators are xyx *'y; this gives presentation (a) or (f,) of Theorem 6.3.3 since
y = y~1. The only reduced S-relators are yxyx =2 The relator yxyx 2 implies
yxy = x%. Thus, x = yx?y = yxy - yxy = x? - x2, which means x has order 3,
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contradicting the assumed order of x (in any case x2 = x ! so that the relator
yxy = x* makes o/ the dihedral group 2,). A similar argument handles
yxyx?. We conclude that f;, = f, = f; = 0. By Theorem 6.4.1, with r = 7,

#20/2 + Tx(S) < f,

Therefore if #27> —14x(S), there must be a 6-relator.
Possible reduced 6-relators are, up to cyclic permutations and replacement
of x by x71,

xiyx*2y, pxyx 3, xpxyxTly, (xp)’, x®

The relator x2yx2y gives presentation (g,) and x2yx~2y gives (i) of Theorem
6.3.3. If yxyx~?3 is a relator, then yxyx = x* Thus (yx)? commutes with x.
Since (yx)? also commutes with yx, it must commute with y. Let u = yx.
Then u and y generate 7, and u?yu~2y is a relator yielding presentation (g,)
of Theorem 6.3.3 again. The same argument applies to the relator yxyx?. The
relator xyxyx~'y implies x = yxyx 'y, which means x is conjugate to y and
hence x has order 2, a contradiction. Finally, the remaining relators, (xy)>
and x©, together give us presentation (€¢) of Theorem 6.3.3 with generators
y and u = xy. If three six-sided faces meet at a single vertex, then both (xy)?
and x°® are relators, or one of the other relators is present; in either case, we
have a desired presentation. If there is no vertex at which three six-sided faces
meet, then 6f; < 2#./ and, by Theorem 6.4.1 again, ¥/ < —42x(S).

Caselb. X ={x,y},y’=1x’=1
As in Case la, f, = f, = 0. If f, = 0, then, by Theorem 6.4.1, with r = 7,

#2/2 + Tx(S) < 2fs < 2#A/S

and hence #7 < —70x(S). If f # 0, then the previous analysis of 6-relators
leads to a presentation from Section 6.3.

Casele. X = {x,9},y?=1x*=1

As in Case Ia, f; = f; = 0. We can assume f; = 0, by the analysis of
6-relators in Case Ia. Since x> = x ™%, there are no reduced 7-relators involving
two y’s. Thus the only possible reduced 7-relators are of the form x2yxyx *!y.
If x?yxyxy is a relator, then xyxyxy = x~!; thus x € (xy), which makes &/
cyclic, and o(%/) = 0. If x?yxyx 'y is a relator, then xyxyx ! = x~'y. Thus
x "1y is conjugate to x, and hence x "'y has order 4. This gives us presentation
(e) of Theorem 6.3.3, generated by x and u = x~'y. We assume therefore that
f, = 0. Theorem 6.4.1, with r = 9, then yields

3#2/2 + Ix(S) < 5f, + f;

Since f, < #%/4, it follows that f; > 0 when #&/> —36x(S).

Consider then the possible reduced 8-relators. Since x* = x ™!, there are no
reduced 8-relators involving two y’s. The only 8-relators involving three y’s
are of the form yx?yx?yx*! but then yx2yx?y = x*!, which implies that
x *1 is conjugate to y and has order 2, a contradiction. Therefore we need only
consider 8-relators involving four y’s. Up to cyclic permutation and replace-
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ment of x by x~, the possibilities are

(xp), ()’x7Y, ()(x7 )% (wx~Y)’

The relator (xy)* gives us presentation (€) of Theorem 6.3.3 again. The relator
(xy)>x "'y implies that xyx = yx~'yxy, that is, xyx is conjugate to y and
therefore has order 2. Hence xyxxyx is a relator, yielding presentation (g,) of
Theorem 6.3.3, as in Case Ia. The relator (xy)?(x ~'y)? implies that (xy)? =
(yx)% Thus y(xy)?%y = y(yx)%y = (xp)?, and this gives us presentation (i) of
Theorem 6.3.3, generated by y and u = xy. Finally, the relator (xyx~ly)?
together with x* yields presentation (p) of Theorem 6.3.3.

Case Id. X ={x,y},y’=1,x>=1

Since x? = x ™, there are no reduced relators of odd length. By the analysis
of the previous cases, we can assume that f, = f, = f; = 0. Up to cyclic
permutation and replacement of x by x !, the possible 10-relators are

- _ 2 2 o
(xy)’, (x)'x7 Y, (o)(x7Y), (xp)’x yxpxly

The relator (xy)’ gives us presentation (c) of Theorem 6.3.1. Since xy - yx =
x? = x"1, the ele ments xy and yx together generate the group 7. Therefore
the relator (xy)*x~'y, which makes yx = (xp)* e (xy) implies that &7 is
cyclic. The relator (xy)3(x~'y)? implies that xyxyxyx~'yx~! =y, but then y
is con]ugatf to x contradicting the assumed orders of x and y. The relator
(xy)%x " 'yxyx~'y implies that yxyx lyxyx~ly = x~1, and again x~! is con-
jugate to y, a contradiction. Therefore we can assume that f,, = 0. Then by
Theorem 6.4.1, with r = 14 (recall that f,, = f,; = 0, since there are no

odd-length relators),
47+ 14x(S) < 11f; + 21},

Since f, < #%//3, it follows that f,, # 0 when #x/> —42x(S).
Up to cyclic permutation and replacement of x by x~!, the possible
6-relators are

(XJ’)G, ‘(xY)Sx_l.V, (xy)d(x_ly)z, (xy)sx’]lyxyx_ly, (Jn:yxyx_ly)2
(o)’ (x7)s ()x xp(x7), (ox7ly)’

The relator (xy)® gives us presentation () of Theorem 6.3.3. The relator
(xy)°x "1y implies that <7 is cyclic, as before, for 10-relators. The relator
(x»)*(x~'p)? implies that yxyxyx 'yx~'y = x " 'yx~1; that is, x "lyx7! is
conjugate to y. Therefore (x " 'yx~1)? is a relator, which in turn gives the
relator (xy)?, making &/ the dihedral group 2,. Similarly, the relator
(xy)3x " lyxyx~y implies that yxyx 'yxyx~'y = x 'yx~!, from which it fol-
lows again that x!yx~! is conjugate to y and &= 92,. The relators
(xyxyx~'y)? and (xy)3(x"1y)? give us, respectively, the exceptional presenta-
tions (c) and (b). The relator (xy)?x !yxy(x~'y)? can be rewritten
(xy)2x " lyx~1. xy(x"'y)?, from which we obtain xyxyx 'yx~! = (yx)>.
Then (yx)* is conjugate to y, which means that x has order 6 and that ./
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has presentation (e) of Theorem 6.3.3 again. Finally, the relator (xyx~ly)3
gives us presentation (n) of Theorem 6.3.3.

Case lla. X = {x, y,z},x>=y%=12%2=1, xp, yz, xz all have order greater
than 2.

By irredundancy, there are no reduced relators of length 3 or 5, and the
only relators of length 4 are of the form (xy)?, contradicting the assumed
orders of xy, yz, and xz. Therefore f; =f, = f; = 0. As in Case Ia, if
#27> —14x(S), then f; # 0. Up to cyclic permutation and interchanging the
names x, y, z, the possible 6-relators are

(xpz), xpzyxz, (xp)’, (yz)’, (xz)’
Relators (xyz)? and xyzyxz yield, respectively, presentations (b,) and (1,) of
Theorem 6.3.3. The remaining three relators together give presentation (m) of
Theorem 6.3.3. Thus if three faces of size 6 meet at a vertex, then one of the
desired presentations is obtained. As in Case la, if #&/> —42x(S), then
three faces of size 6 meet at a vertex.

Casellb. X = {x, y,z},x*=y?=2?=1,(xp)? =1, yz and xz have order
greater than 3.

Observe that if, say, (xy)? = (yz)? = 1, then y commutes with both x and
z, which means that &/ =2, X &, and o(%/) = 0. Therefore at most one of
xy, yz, and xz can have order 2. By the analysis in Case IIa, we can assume
that f, = f; = fg = 0. The only possible reduced 7-relator, up to cyclic permu-
tation or interchange of x and y, is zxzyzyx (recall that x and y commute,
since (xy)? = 1). Thus zyzy = xzx and xzxz = yzy, which imply (zy)? and
(xz)? have order 2. This gives us presentation (0) of Theorem 6.3.3. Therefore
we assume that f, = 0. As in Case Ic, fy # 0 if #/> —36x(S).

Up to cyclic permutation or interchange of x and y, the possible reduced
8-relators are

zxzxyzxy, (zxzv)’, (zx)(zv)%, (x2)*, (»2)*

The relator zxzxyzxy implies that xzxyzx = zy, which means that zy is
conjugate to xy and has order 2, a contradiction of the assumed order of yz.
The relator (zxzy)? gives us presentation (k) of Theorem 6.3.3 (interchange x
and z). Given the relator (zx)?(zy)?, let u = zxz and v = xy. Then (uv)? =
(zxzxy)? = (zx)*y(zx)%y = (zx)*p(yz)%y = (zx)*(zy)?> =1, and (zuzv)> =
(xxy)? = 1. Thus we have presentation (k) of Theorem 6.3.3 again, generated
by u, v, and z. Finally, if both (xz)* and (yz)* are relators, then we have
presentation (0) of Theorem 6.3.3. Thus if two 8-sided faces meet at a vertex,
we have one of the desired presentations. On the other hand, if there is at most
one 8-sided face at any vertex, then by Theorem 6.4.1, with r = 9,

3#A/2 =9x(S) <Sfy + f3 < SHEA/4 + #H2/8
and hence # < —T72x(S).

Caselle. X = {x, Y, Z}, x2 = y2 = 72 = ]_,(xy)z = (y'z)3 = 1.
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We claim that if #2/> —84x(S), then xz must have order 6 or less, and
hence &/ has presentation (b), (c), or (d) of Theorem 6.3.2 or (q) of Theorem
6.3.3. The claim is equivalent to showing that there is a relator of length 13 or
less not involving y. Indeed, suppose that every relator of length 13 or less
involved y. By the analysis of previous cases, we can assume that f; = f; =
f,=/fs =0 and that the only 4-relator is (xy)? and only 6-relator is (yz)>.
Suppose we could show that f, = 0, that every 10-relator uses at least four y’s,
and that every 11-relator uses at least three y’s (by irredundancy, any relator
using y must use it twice). There are only #./ sides of edges labeled y
available for building faces. Counting occurrences of y, we would have

2fs + 3fg + 4f10+ 3f1 + 2f1y + 2f13 < #FA
Then by Theorem 6.4.1, with r = 14,
4o/ + 14x(S) < 10f, + 8f + 4f1o + 3f11 + 2f10 + f13 < 8f4 + 5f, + #s7

Since f, < #/4 and f; < #/6, it follows that #/ < —84x(S).

Therefore, to establish our claim, we must eliminate all 9-relators, all
10-relators using three y’s or fewer, and all 11-relators using two y’s. In the
following computation, it should be recalled that because (xy)? = (yz)* =1,
x and y commute and yzy = zyz. There is no reduced 9-relator using only two
z’s or five or more z’s. The only reduced 9-relator using three z’s is (zxy)3. If
we let u = xy, then (uy)?, (yz)>, and (zu)? are relators, thus giving us
presentation (b) of Theorem 6.3.2, generated by u, y, and z. Any reduced
9-relator using four z’s must contain an occurrence of zyz, and hence can be
turned into a 9-relator with three z’s, since zyz = yzy. It is easily verified,
using the relations xy = yx and yzy = zyz, that the only 10-relator involving
two y’s that needs to be considered is ( yxzxz)*. Let u = yx; then (uzxz)? and
(ux)? are relators, yielding presentation (k) of Theorem 6.3.3, generated by u,
x, and z. In any reduced 10-relator involving three y’s, there must occur the
word yxzy, yzyx, or yzy. In each case, the relations xy = yx and yzy = zyz
can be used to make a 10-relator involving two y’s. Finally, by similar
arguments, the only 11-relators involving two y’s that one needs to consider
are of the form yzxzy(zx)? and yzxzxzy(zx)>. The first implies that (zx)? is
conjugate to x and that hence zx has order 6, giving us presentation (q) of
Theorem 6.3.3. The second implies that (zx)? is conjugate to x and that hence
zx has order 4, giving us presentation (c) of Theorem 6.3.2. O

6.4.6. Remarks about Theorem 6.4.2

We have not yet addressed the exceptional groups (a)-(c) of Theorem 6.4.2.
These groups do have genus 1; toroidal imbeddings are given in Figures
6.26—6.28. The groups are related; group (a) is contained in both (b) and (c) as
the normal index-2 subgroup corresponding to the normal closure of x,
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Figure 6.26. A toroidal imbedding of group (a): {x, y: x* = p® = xpxy~'x" !y~ = 1). Vertices

with the same number are to be identified.

namely, (x, yxy) (see Exercises 4 and 5). The orders of the groups (a)-(c) are
then easily computed from the order of any one of them; the order of (c) is
computed in Exercise 6. None of these groups has symmetric genus 1,
Theorem 6.3.4 is used in Exercise 7 to show that the group (a) does not act on
the torus, and therefore (b) and (c) cannot either, since (a) is contained in both
(b) and (c). Also, as a perhaps curious coincidence, group (c) is the classical
group GL(2, 3) of 2 X 2 invertible matrices over the field with three elements,
which means that group (a) must be the subgroup SL(2,3) of matrices with
determinant 1 (see Exercise 8). In summary, we have the following result.

Theorem 6.4.3 (Tucker, 1984a). The groups (a)—(c) of Theorem 6.4.2 are the
only groups &/ such that y(&/) =1 and o(Z) > 1. In addition, group (a) is a
subgroup of both (b) and (c), and (c) is the group GL(2,3).

As it stands, Theorem 6.4.2 does not quite classify groups of genus 0.
However, a reconsideration of the proof of Theorem 6.4.2 in Exercises 9-13
leads to the following theorem that, in fact, does imply o(%/) = 0 whenever
v(%) = 0. An interesting consequence of this theorem is that, although
Y(Z, X &) = 0, there is no two-element generating set X for the group
Z, X &, such that y(C(Z, X &, X)) = 0 (see Exercise 16).
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Figure 6.27. A toroidal imbedding of group (b): (x, y: x =yl =(x)>(x" )t = 1). Vertices
with the same number are to be identified.

Theorem 6.4.4 (Maschke, 1896). If the irredundant Cayley graph C(, X)
imbeds in a surface S such that x(S) > 0, then either /=2, X%, or
o(Z) = 0. Moreover, y(Z; X Z,;) =1, although there is a projective-plane
imbedding of a Cayley graph for Z; X Z;.

The actual proof of Theorem 6.4.2 is probably as important as the final
result, at least for the computation of groups of low genus. Many of the
bounds on #./ that appear in the proof can be improved (Exercises 17-20),
and additional information about the structure of the given group %/ can be
determined when #.7 is near one of these bounds. The computation of y(%5)
in Exercises 21-23 gives one example of how the proof of Theorem 6.4.2 can
be refined in a specific case. As another example, we state without proof the
following Cayley-graph version of the refined Hurwitz theorem (Theorem
6.3.6) given at the end of the previous section.

Theorem 6.4.5 (Tucker, 1984b). Suppose that Yy(«) > 1 and that
#o > 24(y(L) — 1). Then either the group < is as described in Theorem
6.3.6, with the word “ proper” omitted throughout, or else 2/ has a presentation
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Figure 6.28. A toroidal imbedding of group (c): (x, y: x* = y? = (xpxyx~!y)? = 1). Vertices
with the same number are to be identified.

of the form
(x,y:x3=yr=1,w=1,...)

where w is a word in x, x~', and y of length 14, 16, 18, 20, or 22. If
# > 48(y(H) — 1), then o is as described in Theorem 6.3.6, without the
word “ proper”.

Proof. Omitted. O

Conder (1987) has considered all possible words w. For w = (xy)*(x~1y)*,
Conder (1986) has shown that #<7> 24(y(2/) — 1) and 7 is not described
in Theorem 6.3.6. Thus the exceptional presentations of this type really do
provide examples of conflicts between y(/) and o(%7), even when the order
of &/ is large compared with y(%/). The role of the word “proper” in all of
this is not understood. It is known that improper quotients have Cayley-graph
imbeddings in the surface of “correct” Euler characteristic, but that surface
must be nonorientable. The genus of such groups is unknown; the alternating
groups &Z,, n > 167, are an example of such groups, due to Conder (1980).
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irredundant Cayley graph, imbeddable in a surface S, x(S) > 0, then &/
is one of the groups &, X %, 25, 5, 2L X Zs, Z, X D, or else
L={(x,y: x> =y = (xy)*=1), r=3,4,5.

Prove that if x(S) > 0 in Theorem 6.4.2, then in Case Ib and Ic for
valence 3, xy has order 3. (For Case Ic you will need to show that
f:=0)

Prove that if x(S) > 0 in Theorem 6.4.2, then in Case Id for valence 3,
either (xy)* or [x, y]? or (xy)? is a relator.

Prove that if x(S) > 0 in Theorem 6.4.2, then Case IIb for valence 3
cannot occur, and in Case Ilc, the element xz has order 3 or 4.

Use Theorem 6.4.1, with r = 7, to prove that y(Z; X Z;) # 0.

Give a projective-plane imbedding of a Cayley graph for 2, X Z;.
Show that the group &= %, X &/, has a two-element generating set.
Prove, however, that although o(%/) = 0, y(C(%, X)) > 0 for any two-
element generating set X. Thus for a given group &7, it is not necessarily
true that y(C(#/, X)) is minimized by choosing a generating set of
minimal size (Sit, 1980).

By considering possible 5-relators in Case Ib, valence 4, of Theorem
6.4.2, prove that if #27> —12x(S) (rather than —60x(S)), then xy has
order 2. Thus, in this case, if #2/> —42(S), then y(&) < 1.

By considering possible 7-relators in Case Ib, valence 3, show that
v (&) < 1if #> —20x(S) (rather than —70x(S)).

In Case IIb, valence 3, of Theorem 6.4.2, if yz has order 4, prove by
counting y-edges and by using Theorem 6.4.1, that if #.<7> —36x(S),
then xz also has order 4 and y(&) < 1.

Use Exercises 17-19 to prove that if #2/> —42x(S) in Theorem 6.4.2,
then either y(&) <1 or &= (x,y, z:x2=yr=z2=1,(xy)*=
(yz)=1...).

Prove that the symmetric group % has no normal subgroup as in
Theorem 6.3.4 and hence that y(%;) > 1. Then show that therefore &
has no presentation of the form (x, y:x"=y‘=(xy)' =1,...) or
(x,y,2:x2=y? =22 =(xy)" = (p2)* = (x2)',...) such that {2,3} C
{r,s, t}. (Hint: Every element of &% has order at most 6.)

Suppose that y(%) < 3. Use Exercises 17-20 to show that all valence-4
cases and Case Ib, 1d, IIc for valence 3 of Theorem 6.4.2 do not occur.
Eliminate the other valence-3 cases using Theorem 6.4.1 and #.%; >
—30x(S). (Difficult cases are Ic, where you must show f; = f; = 0, Ila,
where 7-relators must be considered, and IIb, where you must show that
yz has order 4 and xz order 5, which is impossible for .%.)

Prove that y(%) = 4 (Proulx, 1981).

Let o/ be the K-metacyclic group (x, y: x? = y? 1 = yxy " Ix"=1), p
a prime, r # +1. Prove that y(&/) < 1 if and only if p = 5 or 7 (Gross
and Lomonaco, 1980).
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the orientable surface of genus g, 24
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the carrier of complex K, 96
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GROUP ACTIONS AND COVERINGS
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action, 21, 186
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oL, 22, 186

the quotient map for the action of group 7, 22, 186

a covering projection for graphs, 75

a covering projection, possibly branched, for surfaces,
174

the branchpoint set of a branched covering, 174

the orientation-preserving subgroup of a surface
action of group 27, 269

the deficiency of branchpoint y, 175

the order of the branchpoint y for a regular cover-
ing, 284

a symmetry group, 276

the translation subgroup of a Euclidean space group,
2717

IMBEDDINGS AND ROTATIONS
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G*

an imbedding of graph G in surface S, 26

the set of faces for an imbedding of graph G, 26
the number of faces of size i, 302

the graph dual to an imbedding of G, 31
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dual edges, vertices, faces, 31

the dual plus direction of edge e, 202

a rotation at vertex v, 112

a type-1 edge, 112

a rotation as a permutation of the directed edge set,
161

a rotation ...x,x;'... for a Cayley graph with
generators x,, x5, 257

VOLTAGE AND CURRENT GRAPHS
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(G, a/B)
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an (ordinary) voltage graph with voltage assignment
a, 57

a relative voltage graph, 74

a permutation voltage graph with assignment in the
symmetric group %, 81

the derived graph for voltage assignment a, 57

the natural projection of the derived graph onto the
base graph, 61

an imbedded (ordinary) voltage graph, 162

an imbedded permutation voltage graph, 162

the derived surface for an imbedded voltage graph,
162

the derived imbedding for an imbedded voltage graph,
162

a natural projection of the derived surface onto the
base surface, 176

a current graph with current assignment 8, 194

the derived imbedding for current assignment S, 194

edges of a derived graph, 57

vertices of a derived graph, 57

minus directions of derived edges for a current graph,
194

the voltage graph dual to the current graph

(G- S, pB),204

the dual derived imbedding for the current graph
(H - S, B), 206

the natural projection of the dual derived graph onto
the base current graph, 207

the local (voltage) group at vertex u, 87

the type-0 local (voltage) group, 169

the T-potential of vertex v, 89

the T-voltage for edge e, 90
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GENUS AND RELATED PARAMETERS

Y(G)
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Ym(G)
B(G)
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girth(G)
chr(G)
GR(G)
CR(G)
ER(G)
Y(#)
()
0%()
x(G —S)
x(S)
H(S)
chr(S)
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the (minimum) genus of graph G, 29

the maximum genus of graph G, 132

the (minimum) crosscap number of graph G, 29

the maximum crosscap number of graph G, 133

the Betti number (cycle rank) of graph G, 135

the deficiency of graph G with respect to the span-
ning tree T, 143

the deficiency of graph G, 143

the girth of graph G, 29

the chromatic number of graph G, 37

the genus range of graph G, 132

the crosscap range of graph G, 133

the Euler characteristic range of graph G, 148

the genus of group &7, 249

the symmetric genus of group <7, 264

the strong symmetric genus of group 27, 264

the Euler characteristic of the imbedding G — §, 121

the Euler characteristic of surface S, 130

the Heawood number of surface S, 215

the chromatic number of surface S, 37

the integer [(n — 3)(n — 4)/12], 221

the integer [(n — 3)(n — 4) /6], 221

the set of all x such that P holds, 1

v 18, 1s not, an element of set V, 1

set A is contained in set B, 12

the union of sets 4 and B, 18

the set of elements in 4 but not in B, 18

the cartesian product of sets 4 and B, 11

the number of elements in the set V, 3

strictly less than, less than or equal, 29

strictly greater than, greater than or equal, 19

the integers a and b are congruent modulo n, 146

the “floor of x”, i.e., the greatest integer less than or
equal to x, 38

the “ceiling of x”, i.e., the least integer greater than
or equal to x, 38
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NOTATION USED IN FIGURES

- 3- e the plus direction of edge e, 5

- = e a type-1 edge, 114

~——> -«——e a type-1 edge in a current graph, 199

° o clockwise, counterclockwise rotations, 193
identify sides of the polygon according to the
arrows, 30
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1 1 104
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( @D \> identify sides of the digon, non-orientably, 237

(- ) a local orientation, 106
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Adjacent imbeddings, 133
Adjacent vertices, 4
Alexander’s horned sphere, 100
Alexander’s Theorem, 179
Algorithm:
face-tracing, 115
genus, 53, 149
maximum genus, 146
orientability, 111
planarity, 52
Alternating group, 287
Alternative Cayley graph, 12, 271
Amalgamation of graphs, 20
genus of, 150ff
Appel and Haken, 38
Automorphism of graph, 6
fixed-point free, 67
preserving edge type, 184
respecting rotation, 184
reversing rotation, 184

Band decomposition of surface, 109
0-, 2-bands, 109

1-band, 109
ends of, 109
orientation-preserving, reversing, 110
locally oriented, 110
orientability algorithm, 111
reduced, 109
2-Basis for graph, 54
Battle, Harary, Kodama, Youngs (BHKY)
theorem, 151
Betti number, 135
Block, 40
Block design, 105
balanced, 105
balanced incomplete (BIBD), 105
Bouquet of n circles, 15
Branched covering, 174
branch points, 174
deficiency of, 175
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abstract, 97
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classification, 277
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