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Stiefel-Whitney homology classes
By STEPHEN HALPERIN AND DOMINGO TOLEDO*

1. Introduction

In this paper M is a smooth n-manifold without boundary; its tangent
bundle is 7,: T Z, M, and T,(M) is the tangent space at «. The ¢** Stiefel-
Whitney class of M, W¢, is the primary obstruction to finding n — ¢ + 1
linearly independent vector fields on M. W? is an element of HY(M; Z) (q
odd or ¢ = n) and an element of HY(M; Z,) (g even and < m); in the first

case we use twisted coefficients. Thus the Poincaré dual of W?isa homology
class

H, (M;Z) qoddorq=mn

W._q€
H, (M; Z,) qevenand < mn

where we use infinite chains if M is not compact. W, will be called the p'™
Stiefel- Whitney homology class.

Throughout the paper (K, #) denotes a smooth triangulation of M (K is a
simplicial complex and ®: |K|— M is a homeomorphism from the geometric
realization of K to M; further @ is a smooth embedding on each simplex).
K’ denotes the first barycentric subdivision of K.

The simplices of K will be denoted by a, a;, b, b;, -++; their barycentres
are denoted by q, q;, b, b;. If a is a p-simplex we write |a| = p. The sim-
plices of K’ are denoted by o, 7, --- ; and their barycentres are denoted by
o,7, . Each p-simplex ¢ < K’ is uniquely of the form ¢ = <{q,--- a,)
where a, < +++ < a,e K. (@ <b (resp. a <b) means a is a face (resp. a
proper face) of b.)

Each o is given that orientation for which qa, ---, a, is a positive order-
ing of the vertices.

An infinite integral simplicial p-chain on M will mean a formal infinite
integral combination, ) \,0, where the sum runs over the distinct p-sim-
plices of K’, ordered as described above. These chains form a complex
Ci(M) = E,, C,(M) whose homology is the standard infinite integral homo-
logy of M.

In this paper we present a proof of the following theorem of Whitney [9].

* N.S.F. graduate fellow.
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THEOREM 1. The (infinite) chain

Co = 2ocvcapex (Z DT 001 Cay oo e a,) O=p<m

18 a cycle (integral if m — p odd or » = 0; mod 2 if n — p even) and repre-
sents the Stiefel- Whitney homology class W,.

(Note that C, is the sum of all the p-simplices of K’, with appropriate signs.)
The theorem has the obvious

COROLLARY. The (infinite) chain
Ea0<--~<ap§K a5 -+ a,)

is a (mod 2)-cycle and represents the p** (mod-2) Stiefel- Whitney homology
class.

Remarks 1. The theorem was conjectured by Stiefel [7]. It was then
proved by Whitney, who wrote up his proof for a book; unfortunately this
never appeared. A proof using different techniques has recently been obtained
by Cheeger, and a sketch appears in [3]. However, no complete proof seems
to have appeared in print.

Rourke has observed that our proof works in the P.L. category. Sullivan
has used the corollary to define (mod 2) Stiefel-Whitney classes for more
general spaces [8].

2. C,= 2 ... (—1)"a represents (if M is compact and connected) the
Euler characteristic of M, y(M)e Hy(M; Z) = Z. In this case the theorem
reduces to the Hopf theorem (y(}) = the index sum of a vector field with
finitely many zeros).

The paper is organized as follows: in Section 2 we establish properties
of the chains C, for a wider class of spaces than manifolds. These have
recently been obtained independently by Sullivan. In Section 8 we review
basic facts about twisted chains and Poincaré duality.

The rest of the paper is devoted to the proof of Theorem 1. In Section 4
we construct vector fields F,, ---, F, on M with the property that the first
p are linearly independent of the (p — 1)-skeleton of K’. These vector fields
are essentially the same as those given by Whitney in [9]. With the aid of
these we can write down a representative m,0 of W,, where each integer
m, is the index of F,,, (mod F', -+, F,) at the barycentre of a.

In Sections 5 and 6 the integers m, are computed. Thisis done by deform-
ing F,., to more tractable local sections Z,. The index of Z, is computed by
expressing its flow as a product of explosions and implosions.

We are grateful to J. Munkres for pointing out to us his theorem on
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smooth cell decompositions [5] which greatly simplifies the computation of m,.
Section 7 contains the proof of a lemma used in Section 5.

2. Euler spaces

The chains C, introduced above have a wider application. Let L be any
locally-finite n-dimensional simplicial complex, with first barycentric sub-
division L’. We use L also to denote the geometric realization of L (and L’);
a simplex a < L is also considered as a closed subset of L. a denotes the
boundary of a. a denotes its interior, and Lk (a; L) denotes the link of a in L.

Define (infinite) simplicial chains

Co(L)) = 2opcrricaper (m D071 {a oo+ @)

(0 < p < n). Sullivan and E. Akin [8] showed that these chains are (mod 2)-

cycles if and only if for each x ¢ L, x(L, L — ) = 1 (mod 2); and they called

such spaces (mod 2)-Euler spaces. (For a subspace B of a topological space 4,
(4, B) = EP (—=1)*dim H,(A, B; Q)

whenever the right hand side makes sense.)

An n-dimensional locally finite polyhedron L will be called an integral
Euler space if

(L, L —x) = (=1)" for all xe L.

Sullivan has shown that complex analytic spaces are integral Euler spaces [8].
PROPOSITION 1. L s an tntegral Euler space if and only if

0C, (L) = (8" ") Cpi(L) . p=1.

Proof. For any we L there is a simplex a < L such that zea, and
there is a homeomorphism carrying « to a. Moreover,

H,(L, L — a; Q) = H,(Lk(a; L'); Q)

where the isomorphism shifts degrees by 1. Thus L is an integral Euler
space precisely when

1 — x(Lk(a; L)) = (=1)*, for all a< L.
Note that Lk(a; L’) is homeomorphic to the join @ Lk(a; L). Since a is an

(la] — 1)-sphere (S™* = ¢) and 1 — x behaves multiplicatively on joins, L is
an integral Euler space if and only if

(=" = 2(Lk(o; L)) = (=1, for all a < L.
On the other hand, write

oC, = Ean<m<a,,_1§L Mag + e+ ;) <90 e Gy
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Then
X(GO’ N ap—l) — En<n0 (_1)1nl+\nol+-.-+|np_11
+ E:z (_1)i+1 Eﬂi<°<ﬂ1’+1 (_1)Inl+ln0!+---+mp_1\
+ E - (_1)17(_1)|n|+|aol+"'+|np_1|
= (= 1)ttt fy(Gg) + 30070 (— 1) (= 1) y(Lk(as; diry))
+ (=1 (— 1)y Lh(a,ii L))}
Since the link of a; in d;;, is an (|a;,,| — |a;| — 2)-sphere its Euler charac-
teristic is 1 + (—1)"+!~"l, Thus
(_1)Inol+..-+lnp_1l )»(ao, cee, ap_l)
=1— (_l)hol + E:’;ﬁ [(_1)i+m1 . (_1)i+1+|ai+1l]
_ (—1)”*'“P—1'X(Lk(a,,_1; L))
=1+ (=1)**»-1(1 — y(Lk(a,—; L))) -
This integer is %(S*~?) if and only if
(=D = (=111 — x(Lk(a,—; L)) -
The proposition follows. g.e.d.

Proposition 1, in conjunction with Theorem 1, yields the well known fact

([6], p. 195) thatif ¢ is even then W?"'e H*"'(M, Z) is the Bockstein of
Wie H(M; Z,).

3. Poincaré duality

In this section we recall the definitions of twisted cochains and Poincaré
duality.

Let K’ denote the second barycentric subdivision of K. For each o0 < K’
with barycentre ¢ we denote by Do and Do the full subcomplexes of K"
defined by:

7 is a vertex of Do (resp. Do) if and only if ¢ < = (resp. ¢ < 7).

Do is the boundary of Do. The interiors of Do and o are denoted by 50 and 7.

Because K is a smooth triangulation of M, for each p-simplex ¢ < K,
Do is an (n — p)-celland Do isan n — p — 1 sphere. The collection {Do}, <.
decomposes M as a cell complex whose cellular g-skeleton consists of all the
cells Do of dimension < q. We denote it by M,.

Note that for each ¢ the map

(@, Y) — —& + ~y vea
2 2 ye Do

o
(convex combination in K’) defines a homeomorphism +, of ¢ x Dg ontoan open
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neighborhood, U, of ¢ in M.

The twisted integral cellular cochain complex C*(M) corresponding to
the cell decomposition above of M is described as follows: Let G(o) denote
the group of global sections of the integral orientation sheaf of 7, |,,; thus
G(0) = Z and its two generators are the two orientations in 7, |,,. A twisted
integral cochain is a map, ®, which assigns to each oriented g-cell (Da, z) an
element of G(g), and which satisfies

®(Do, — ) = — ®(Da, )

(— ¢t denotes the orientation of Do opposite to ).

To define the coboundary operator, &, observe that the boundary of a
(@ + 1)-cell, Dz, is the union of g-cells Do;,. With an orientation, v, in Dt
associate the orientations f; in Do; which satisfy

vy = (outward normal) x g; .
Then set

(0®)(Dz, v) = E,- (();i(q)(Dai, #i))
where 0;: G(t) — G(0;) is the restriction isomorphism.

The canonical projections G(d) —Z, (¢ < K’) define a homomorphism
from this cochain complex to the (mod 2)-cochain complex; it is called reduc-
tion mod 2.

Finally, we recall the definition of the Poincaré isomorphism 9: C,(M) —
C*(M) which induces the standard Poincaré isomorphism of homology.

Let (Do, ) be an oriented (n — p)-cell. It determines a generator,
(o, (Do, 1)y of G(o) as follows: Identify the generators of G(¢) with the
orientations in U, in the usual way, and let <o, (Dg, ££)> be the orientation
of U, for which +r,: 0 X Do — U, is orientation preserving. (Here ¢ is oriented
as described in Section 1, and ¢ x D¢ is given the product orientation.)

Now 9: C,(M) — C~*(M) is defined by

. A7)Do, ) = Mo, (Do, 1)) -

The Poincaré isomorphism between (mod 2) chains and (mod 2) cochains

is defined analogously; and the Poincaré duality commutes with reduction
mod 2.

4. Stiefel-Whitney homology classes
Consider K (and hence K’) as a P.L. subset of R (N sufficiently large).
Each p-simplex ¢ < K’ spans an affine p-plane T(c) c R?. If x o, its tan-
gent space is the linear space T,(o) obtained from the affine space T(o) by
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making « the origin. The tangent bundle of ¢ is the product bundle ¢ x T(0)
(x x T(o) is identified with T,(c)). Note that

T.(0) = T(0) = T,(o) r,yeo
identifies T,(c) and T,(0) as affine, but not as linear spaces. The orienta-
tion of ¢ defined in Section 1 determines an orientation in each T,(o).

Since (K, ®) is a smooth triangulation of M, so is (K’, #). Thus the
restriction, @,, of @ to a simplex ¢ < K’ is smooth, and its derivative

dp,: 0 X T(e) — T,

is a bundle map which restricts to a linear injection in each fibre. Henceforth
we identify the geometric realization of K (and of K') with M via @. Further,
for xeo £ K we identify T,(o) with the subspace of T,(M) to which it s
mapped by dp,.

Let xe M. Its closed star (in K’) is denoted by Stz. If ¢ < Stwx is a

maximal simplex then x € T(0). Thus a continuous cross-section X: Stz —
T, is defined by

Xy == ye Stx .

X is smooth in each simplex and is called the radial vector field generated by
x; X(y) = 0 if and only if ¥ = . The radial vector fields generated by the
points a, a;, b, b;, g, will be denoted by A, 4;, B, B;, and S. If = =} na;
then

X =) MNA,;.
For xe {a,+++ a,> we write
=27 N\ ()a;.
\,; is extended to a continuous function in M by setting \, (x) = 0, v ¢ Sta,.

LEMMA 1. Let 0 = {a,+++ a,) < K’ and let wea. Then
(i) A (x), «-+, A(x) s a positively ordered basis of T,(o).
(i) 7 n (@A) = 0.

Proof. Clear.

Definition 1. The fundamental vector fields F,, ---, F, on M are the
vector fields given by
Fp(x) = Eoo<---<np§K k’no(x) b Kap(x)AP(x) *

LEMMA 2. The F, are well-defined continuous vector fields on M, smooth
on each simplex. Moreover,

(i) If vco thenm F,(x)e T, (0), 1<p<mn.
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(i) Fy(x) =0 if x is in the (p — 1)-skeleton of K'.

(i) If vco (0 ={a -+ a,p) then F,x), -+, F(x) is a positively
ordered basis for T,(0).

Proof. (i) and (ii) are obvious. To prove (iii) observe that

Fi(x) = Ef-:i ii(w) Aj()
where 7v;(®) = A, (@) «++ N, (®) > 0. Thus (iii) follows from Lemma 1, (i).
g.e.d.

COROLLARY. For any y mnot in the (g — 1)-skeleton of K’ the wvectors

F.(y), «-+, F(y) are linearly independent.

M? will denote the p-skeleton of K’ (recall that M, denotes the g-skeleton

of the dual cell complex). The corollary to Lemma 2 yields a trivial sub-
bundle of 7, | y—yr—1:

& BEr " (M — M)
whose fibre E” at « is the space spanned by F(v), ---, F,(v). Orient & so
that F,(x), ---, F,(x) is a positive basis of E7.

Let »p~?: N*7 R (M — M*™*) be the orthogonal complement of & with
respect to some Riemannian metric in 7,,. Define F';,, to be the unique cross-
section of »"~? which satisfies

F;: . (x) — F,.(x) € E? xeM— M.
Then (again by the corollary to Lemma 2) Fj.,(x) = 0 if « ¢ M?.

F:., determines a twisted integral » — p cochain, ®, which represents

Wr?, as follows: Fix an oriented (n — p)-cell (Do, t). Then Do c M —

M?*, and the decomposition
& 5o D 17" o = Tulpo
establishes a 1 — 1 correspondence between orientations in 7"~?|,, and orien-

tations in 7, |,. Moreover, Do N M? = {c}; hence F7,, defines a cross-section
in 7"*|,, with a single zero at g.

Now choose an orientation in 7*~?|,,. Use the local product structure to
obtain from F;,, a continuous map

Y.t (Do, Do — {g}) — (R"7?, R*™* — {0})
between pairs of oriented spaces. Set
®(Do, 1) = (degree of 7,)g(0)

where g¢(0) € G(0) is the orientation of 7, |, corresponding to the chosen
orientation of 7»"7?|,,.
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The degree of v, is called the index of F,,; it depends only on F’,;., and
the orientations of Do and %" ?|,,. Thus the right hand side of the equation
above depends only on F';,, and (Dg, t); and so it defines an (n — p) twisted
cochain, ©.

Moreover, ® (or its (mod 2)-reduction if (n — p) is even and p > 0) rep-
resents the Stiefel-Whitney cohomology class W*~?. This follows easily from
the obstruction definition of these classes—cf. [6]. For the equivalence of
this and other definitions see Milnor [4].

An orientation of %" ?|,, determines an orientation of 7,(,, and hence
it determines an orientation in the open set U, of Section 3. Orientations in
7"7?|,, and in Do will be called compatible if the homeomorphism +,: o X
Do — U, is orientation preserving. The following proposition is an immediate
consequence of the discussion above, and Section 3.

PROPOSITION 2. Let m, be the index of F1., at o, defined with respect to

compatible orientations of Do and 7" *|,,. Then the (infinite) chain
an p-simplex of K’ m,,U
(o its (mod 2)-reduction if n — p is even and p > 0) represents W,.

It remains to compute the integers m,. W, is either an integral 2-torsion
class or a (mod 2)-class if p > 0. In either case if ¢ represents W, so does
—¢. Thus Theorem 1 follows from Proposition 2 as soon as we have proved

THEOREM 2. The integers m, of Proposition 2 are given by

(—1)P P+, = (—1)ll+Fleg

tf 0={a Q.
5. Deformation of F',,

By a theorem of Munkres ([5], 1.4 and 1.5) any smooth triangulation of
M is isotopic to a smooth triangulation whose dual cells form a smooth cell
decomposition of M. If ¢, @,: K’ — M are isotopic smooth triangulations,
then the indices m, of the vector fields F'; (defined via @, and ¢;) are the same.
Thus to compute the m, we may and do assume that the dual cells (Do)
(o < K') form a smooth cell decomposition of M. Then for a p-simplex ¢ < K”,
T,(0) @ T,(Do) = T(M) .
It follows that for some neighbourhood, W,, of ¢ in Do we have

C;p|w,, @TW,, = TM!WU .

Hence we may and do choose the Riemannian metric in 7, so that the
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restriction of 7" * to W, coincides with the tangent bundle of W,. Moreover,
the orientation induced in 7,,, (i.e. in 7"7?|,,) by an orientation of Do is
compatible with the orientation of Do in the sense of Section 4.

Henceforth in this section ¢ = {q, --- a,> denotes a fixed p-simplex of
K’y and qy < +++ < a,. L, denotes the full subcomplex of K’ spanned by the
vertices b; with b, < ay; L; (¢ =1, ---, p) is the full subcomplex spanned
by the b; with a,_, < b; < a;; L,., is the full subcomplex spanned by the b;
with b; > a,. Each L;, 1 =1 is a combinatorial (|a;| — |a;—;| — 2)-sphere,
and L, is an (|a,| — 1)-sphere.

D; will denote the cone on L; with vertex 0; a point w in D, is then of
the form 3 \;b; where the b; are vertices of L;, ; =0, and 35, < 1. If
w =3 \b;eD; wewrite 5.\ = |w|. Then

, 1 — |w]
wt 3o pt1 @ + 20, \ib;

defines a continuous embedding «r;: D; — M.
Remark. The letters b; may denote any vertices of K’; they will not be
restricted to vertices of the L;’s, unless explicitly stated (as above). In parti-

cular, unless the b; are restricted to be vertices of L;, the formal sum }_ \;b;
does not make sense as a point of D;.

For each sequence ¥, -+, ¥ps, (¥: € D;) there is some simplex 7 < Sto
which contains all the +,%;. A continuous map

i Dy X eee Dppy— M
is given by

Yoy =%y Ypsr) | Z

1
; ri(Y:)
‘p+2 v
(convex combination in 7).

We can (and do) choose W, and neighbourhoods W; of ¢ in D; so that «
restricts to a homeomorphism

i Wy X eee X W,,H—'z'» w,.
The restriction of v to WyN 7, X *++ X Woyy N Yy (i @ simplex of D) is
a smooth embedding.
We shall deform F;,, to a vector field on Do whose flow is a product of

implosions and explosions along the cone lines of the D;. As a first step,
define a vector field V, tangent to Do by

......

where © =) " \;b; € Do and ¢; = (—1)**+ if b, € L;. Thus if « € Im 4 then
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V,(®) = (=1 37 \;B;(x). Since V, is tangent to Do, its restriction to W,
is a cross-section in %"?,

PrOPOSITION 3. Suppose x€ W,—{c} and let t, s be non-negative num-
bers, not both zero. Then

tV, (%) + sFh,(®) = 0.

In particular V, is a vector field on Do with an isolated zero at o, and index
m, at o.

LEMMA 8. If 7 =B+ b)> <K' and =Y " \b;e7, then

0 B =XV F @

=1 j+1
A3

and

(i) Biw) = ———{Fi@) + X, 7aF(@)

j=i+1
Ng ®
where

- 1
Yii = (—1).7 i 205”15“‘§V:‘—i§i _):...—
V1

and B; is the radial field corresponding to b;.

Proof. Deferred to Section 7.

COROLLARY. B;(@) = (—1)*"F,(») (mod F,(x), «+-, F,_,(2)).

Proof of Proposition 3. Fix xe Do — {g}. Let 7 =<b -+ by < K’
(b < +++ < b,) be its carrier; write « = 3 /\b;,. Then p < ¢ and o < 7.
We must show that

tV,(@) + sFpi,(@) # 0 (mod F\(x), - -+, F\y(®))

and we proceed by induction on q.

Suppose first that ¢ = p + 1. Then forsome: 0 <i<p + 1)

a;=b; < and a;=0b;, (G=1).
Thus the corollary to Lemma 3 yields
V(@) = (—1)*"\Bi(@) = MFyp (@) (mod Fu(@), -+, Fy(@)) .

Clearly the proposition must hold in this case.

Next assume that ¢ = p + 2 and that the proposition is proved for ¢ — 1.

Fix an integer » so that b, is not a vertex of 0. Set 7, = b, +++ b, -+ b, and
let 6: 7 — 7, be the projection from b,,

0: Ekibi L Eﬁefl z‘zk Ei .
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Its derivative df: T,(c) — T,(7)), (v = 6(z)) satisfies
df(Bi(x)) = Bi(y) 1€{0,1, «+«, 7, +-+, q}
and
df(B.(x)) = 0 .
It follows that for each j

dO(F;(@)) = (1 — M) Fi(y) + N1 — N) 7 Fi_i(y)

(set Fy(y) = 0); moreover
do(V, (@) = 1 = N) V() -
Thus a relation of the form
tVo(x) + sFpi(@) = 0 (mod F\(x), - -+, Fy(x))
would yield (after df was applied to both sides) the relation
td = N Vo(y) + sl — N)* " Fpp(y) = 0 (mod Fi(y), -+, F,(y)) -

This would contradict the induction hypothesis; hence the proposition is
proved. q.e.d.

Let S be the radial vector field in St o which is generated by a. If b; is
a vertex of St ¢ we write B; = B; — S; it is a vector field in Sto N St b;.
With respect to the standard parallelism in the ambient RY, B;(x) is the
constant vector field b, — g.

We define a vector field, Z,, tangent to Do by

Z,(%) = E_bﬁégo,,,.,gp &;\;B;(x)
where « = Y _"\;b;€ Do, and ¢; = (—1)***¢ if b;e L,.

ProrosiTION 4. tZ,(x) + 1 — )V, (x) 20 if x€eDoc — o and 0 <t <1.
In particular, Z, has an isolated zero at ¢ with index m,.

Proof. Suppose ® = Y "X\;b;e Do. Let J = {j/b; # any a;}. Then
Z,(@) = V(@) — (X2,., &) S(@)
Since ¢ =37 (1/(p + 1), S =37 (1/(p + 1))A;. Hence

2@ + A = DViw) = Tyep MBilw) — U, 0p &) Do o Aulo) -

Suppose tZ,(x) + (1 — t)V,(x) = 0. Since \; = 0 if b, is not in the carrier
of X, we obtain a relation among scalar multiples of the vectors corresponding
to the vertices of the carrier of x. In view of Lemma 1, Section 4, all the
coefficients must have the same sign, which is clearly impossible. q.e.d.
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6. The flow of Z,

We retain the conventions of Section 5. A local flow {i: W; — D; (t suf-
ficiently small) is defined by

Citw) = exp (17 +t)w .
Ciis an explosion (resp. implosion) along the cone lines of D; if p + 1 + ¢ is
even (resp. odd). The equation
Po Qi X eee X M) = Lo
determines a local flow (,: W, — Dao.
LEMMA 4. Fix x€ W,. Then t— {,(x) is a smooth curve in W, and its
tangent vector at x s Z,(x). In particular, , is the flow generated by Z,.
Proof. Let © = E;f:o A;b; € W,. Asin Section 5 let J = {j/b; # any a;}
and set ¢; = (—1)**'*¢* if b;e L;. Then
Colw) = 30, € NB; + 2207 MB)a
where A(t) is chosen so that the coefficients sum to 1. The lemma follows.

Proof of Theorem 2. From Propositions 3 and 4, m, = index Z,. By
Lemma 4 this is the product of the indices of the flows {i. (For the fix-point
index of a flow see [1], Chapter XIV). Since (i is an explosion if p + 1 + ¢
is even, and an implosion if » + 1 + ¢ is odd,

index £i — { 1 »+ 1+ 1 even
(=DM p 4+ 1+ odd .
Hence
(— 1) Uepl—lap—il=1+(lap_gl—lap_gl=1)+=++(leg) p even
. = 1(_1)(lup|—|up_1|—l)+(!ap_2|—|ap_3|—l)+-'~+(!n1|—|a0—l) p odd

and in either case this is (—1)?®+V2+lal+ -+l Thig finishes the proof of
Theorem 2; Theorem 1 is now proved as well.

7. Lemma 3

If =<6 +-- 0> <K' and x:}:‘gzoxi@ie%, then

) B = 20,V Fw)

j=1 Kg-{-—l
and
(i) Bia) = ———{F@ + T}, v @)

0

where
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SR \ LD B —
Sy Scesvjo st PR .
and B; is the radial field corresponding to b;.
Proof. (i) Note that

o (1)
j=1 M Ff(x)

_ V¢ i (=1)
- i=1 <Ej=1 MJ; Eos»0<-~-<y iy <i >“vo cee Kuj_1>>‘liBi(x)

. - —\,.
. q k3 vo j—1
= T (T D () - (2 Biw)

-2 (= 22 (- ) - s
= — 21 MBi(@) = NBy(x) .

(ii) The expression on the right can be re-expressed in terms of the
vectors B,(x) (k = 7). The coefficient of B;(x) (in the resulting expression)
is obviously 1; it must be shown that the other coefficients vanish. Fix k > <.
The coefficient of B,(x) is given by the formula

— T
N 0 o< <5y <k Ngg * 0 Ny
0 k3

k i—i 1
+ Ej:i'f»l (_1)] Eoéhé“'évj—i-s-i TT E°§”0<"'<!‘j—1<k KPO e )\,I,j__l}Xk .

vy vi—1

To show that this is zero we divide the expression inside { } by A\, «++ \; and
set m =k —1, | =37 — 1; it then reads
)» _r
0§/11<..-<l1m<ln Kﬂl e K#

m

m— 1 1
(6.1) X (1) Eoéns,._s,lgi—_—x—Eoé,,ﬁu.qm_ld ———

Nq ©t Ay u T X”m—l

" 1
+ (_1) Eogvlg'“é’“mgim—

and we must show that it vanishes.

Let E be a vector space with basis e, -, ¢,_,; let F' be the subspace
spanned by e, -+, e; and let F, be the subspace spanned by e;.,, ***, ¢;_;.
AE, AF, and AF, are the exterior algebras over E, F, and F;; and VF is the
symmetric algebra over F'.

Grade W= AEQ®VF by setting W,=23, ., ANEQVF. Let p:
E — F be the projection with kernel F, and define an operator d in W,
homogeneous of degree +1 by setting
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dl®=z =0

and

Aoy A e A2, ®2) =300 (1) A eee @eee N2, @ O(5) V 2.

Then d? = 0 and so (W, d) is a chain complex. Evidently

(W,d) = (AF,® (AF® VF), identity ® d)
and since (cf. [2]) (AF ® VF,d) is acyclic, it follows that the inclusion
AF,® 1 — W induces an isomorphism
AF, — H(W, d) .

In particular, H;(W,d) =0 if j >dimF, =k —17—1.

On the other hand (W, d) is the direct sum of subcomplexes W* given by

W = }:m‘:x NEQV!F .

Thus H(W, d) is a direct sum of the H(W?); since W**NW; =0 <k —
1 — 1) it follows that

H(W*i d) =0 .

Denote W*= by C and consider (C, d) as a complex with the gradation of C
givenby C =3_" C, where m =k — 4, and

C,=A""ER V'F
(this is different from the other gradations!)
Finally, define a linear map ®: E — E Dby setting

1
(Di:_i-
(e:) ¢

7

@ restricts to a transformation of F, and these maps extend to a unique auto-
morphism of the algebra W, which we again denote by ®@. It satisfies

Dod =dod.

Moreover, @ restricts to an automorphism of (C, d); denote the restriction
of ® to C; by ®,. Then the number

1, (—1)! trace @,

is precisely given by (6.1). Since H(C,d) = 0, and @ is a chain map; this
number vanishes.

Exactly the same argument as given in the proof of Lemma 3, (ii)
establishes

PROPOSITION 5. Let R be a commutative ring with identity. Let N, -« +,\,
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be invertible elements R. Then the q X q upper triangular matrices A =
(a:;) and B = (b;;) given by

aij = EO§”0<“_<#7;—1<:’. K#O LR AY K‘uj—l K,‘ 1/ é ]
and
1 (—1)i* .
L=t )5 R S? A, <
b” Ao eoo Ay {5” + Eoéylsmgyj_i§1 7\w1 e >wj~i v=7
are tnverse:
AB=1= BA
(055 ts the Kronecker delta).
UNIVERSITY OF TORONTO
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