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1. - Let & be a finite group. We shall work in the category of
G-manifoids. A G-manifold is a compact oriented differentiable
manifold with or without boundary, on which & acts by orientation
preserving diffeomorphisms,

Let Y be a G-manifold of even dimension. Then the equivariant
signature of ¥ is an element of the representation ring R(G} of G
see [2], p. 578. Taking its character, for any g € G the complex number

signature which is 0 if dimY =2 (4).

Let X Dbe a free G-manifold without boundary and of odd dimension.
« Free » means that no element of ¢ except the identity has a fixed
point in X. To a free G-manifold X there is associated o Tunction

alg, X): 6 —{1} = C

which has been used by C.T.C. Wall and others for the classification
of free G-manifolds. The definition of o is as follows {{2], p. B90).
According o equivariant cobordism theory some multiple AX
bounds & free (G-manifold Y.
We define

(1) oy, X) = %’;Sign (¢, ¥) for ¢ 1.

(Observe a(g, X) = —o(g, X) as defined in [2]).

By the equivariant (-signature theorem ([2], p. 582) we have
Bign (¢, 4) = 0 for an even-dimensional G-manifold Z without boundary
and an element ge & acting without fixed points. This together with
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the Novikov additivity of the equivariant signature ([2], p. 588)
ensures that the definition of ey, X) in (1} is independent of the
choice of Y.

It & is of order 2, ie. G = {1, 1% with I?==1, then (T, X) is the
invariant for free involutions studied in (4] and [6]. It is zero for
dimX =1 (4). If dim X =4k —1, then «(T,X) is the Browder-
Livesay invariant which is always an integer.

We wish to calewlate o(T, X) in special cases. Let G, be the group
of g-th roots of unity and p a natural number prime to gq.

Then

Loy &) == (o, P20) {eq,
is a free action of G, on

88 = {(2,, z,) & C?| |zl12+

FPALESE § IR

The orbit space 8$3/@, is the lens space L{g, p). Since &, ¢ @,, we have
for p prime to 2¢ a natural map

Lig, p) -> L(2q, p) .

This is a double covering whose covering translation is a free
orientation preserving involution T on Lig, p}. We define for p prime
to 2q

{2) Cpe ™= OC(T, L(fb p)) .

2. ~ The numbers ¢,, were introduced by W. D. Neumann {[7],
§ 17.2) and used for his ealculation of the Browder-Livesay invariant
for free involutions on Seifert manifolds. We shall relate the ¢,, to
well-known numbers N, ocewring in elementary number theory in
conneection with the guadratic reciprocity law.

DurrnitioN: Let p, ¢ be velatively prime natural numbers and q odd.
N, . is the number of integers a with

for which op has module q a remainder of smallest absolufe value which
1§ negative.

LEnma: If p, ¢ are relatively prime and g odd, then for the guadratic
reciprocity symbol (Jacobi-Legendre symbol)

P g
2] == (— 1 V¥ra
(5) ==
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This is called « Lemma of GauB» if ¢ is a prime, and found in
most books on elementary number theory. For the general case, see
Trobenius, Gesammelte Abhandlungen, Springer Verlag, Band 1171,
p. 630.

We can also define N, , by

¢—1 1 _zp zp
e S [l P o T— X — M .
{3) Ny wc’«{a:il__m_ 3 and 2<g [q”

For real numbers we shall use the function

(o)) =o—[2]—14, if # is not an integer,

(=) =0, if « is an integer,

Compare [8], p. 254, The function ({)) has period 1 and is odd.
it is convenient to introduce the function

f) = (@ + 1) — (=)

We have
floy =&, it 0<w—[s]<d,
flo) = —1%, if b<o—[e]l<l,
flw)= 0, otherwise.

Formula (3) implies

_ _ﬂlq‘-‘_::,_l——(q-l)w (.1-,}—))
(1 L e i vk

LeMMA: If p, q arve relatively prime and both odd, then

®) v.=17245 ()

o A\2g

PrOOF: Since pg = —qmod2¢ we have by (4)

_g=1 ey (((_9':3%)) ((?}fl? ))
Nyg = 1 -+ ’g; 2q -+ 5q , q.ed.

-1
The expression ¥ ((vp/3¢)) will also be useful for p, 2q relatively

vl
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prime where ¢ may be even or odd, We have

o ey W P

2 () -+ ()
where § is a function introduced by Dedekind ([3], formula {39)).
Observe that () in [3] is our funetion ()} with a shift of } in the
independent variable. According to [3], formula (42), we have for
p and 2q relatively prime

. »
(6) S
_ p L
#{lgwfq—i]0<—q—<l mod:&}—
: P
P 1gvgg—-1[1<7[<2 mod 23 .

Tor the proof of (6} we write the right side of (6) as

S (@)
-3[(%) + ()

Now we state the relation between the Dedekind number S(p/2¢),
the Gaufl number N,, and the Browder-Livesay invariant of lens
spaces.

TuroreM: Consider the lens space Lg, p) for p and 2q relatively

prime. It admits a free involution T’ whose orbit space is Li2q, p). The
Browder-Livesay invariant ¢, of T is given by

)
Opg = — 48 (.%&) . sce (6).

If p and ¢ are relatively prime and both odd, then
Cp.0 :—""_4N1).a“‘i' g—l '

"

This will be proved in § 5 as a special case of a more general theorem.
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We shall have to prove the first formula in the above theorem
only, the second one heing a consequence of (3).

Remark: The formula

— 18 (})i) =—dN, .+ g1 for p, ¢ odd

=

(see (5) and (6)) is easily seen to be equivalent to: « Von den absolut
kleinsten Resten der Zahlen p, 2p, ..., 4(¢g—1}p (modgq) sind ebenso
viele negativ, wie von ihren absolut kleinsten Resten (mod 2¢)».
{Frobenius, Gesammelte Abhandlungen, Springer Verlag, Band III,
B, 646).

3. = The invariant « of free G-actions has the following property

Provosirron: Let X be a free G-manifold without boundary of odd
dimension. Let U be o normal subgroup of G. Then X[U is a free G/U-
monifold. If p: & — G[U is the natural homomorphism, then for &€ G/
(€ # 1)

- e 1 .
{0 alé, X/U) = z olg, X)

l I vEp~HE)

Proor: Let T be a finite-dimensional vector space over R or C
which is a representation space of &.
The group /U acts on

W' = {we Wlue =« for all ue U},
We obfain in this way a linear map
o B{GY — R{G] 1)

where B denotes the representation ring.
The endomorphism 1/|U| 3 gu of W has WY as image and equals ¢

Hew
when restricted to W7, Therefore, its trace eguals the trace of the

restriction of ¢ to WY and, for he R(@), the chavacter of » and ¢h
satisfy (£e@Q/U)

®) 18 = 5 3 o).

If NX = 2Y where Y is a free G-manifold, then N(X/U) = (¥
where Y/U is a free G/U-manifold. The cohomology of Y/U with
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real {or complex) coefficients can be identified with the U-invariant
part of the cohomelogy of Y. It follows easily that ¢ of the equivariant
signature of ¥ is the equivariant signature of ¥jU. Formula (8)
implies (7).

4. — Suppose the free €-manifold X (without boundary and of
odd dimension) bounds a G-manifold ¥ wnot necessarily free, then for
any ge Gy = 1)

(9) alg, X) = Sign (g, ¥) - L{g, Y} .

Lig, ¥) is a number associated fo the fixed-point set Y¥* of g and to
the action of ¢ in the neighbowrhood of ¥? TFor g1 we have
Yo X = and Y7 is a subwmanifold of ¥ without boundary. IL{g, )
is defined in [2], p. 382, For the proof of (9) we have Lo use again the
equivariant @-signature theorem

for an even-dimensional G-manifold Z withoult boundary, see {2},
p. 582 and p. 389,

Let @, be as before the group of ¢-ih roots of unibty. Consider
natural numbers p,, ..., Pu, each p; prime to g, Then G, acts freely on

San-1 — {(2’1, veey z") EC’*| [Zl 2'"!" ...-{m [z"|” B 1}

by
C(zu oy By} = UL ST (:p"zu) ’ te Gu.

The orbit space is the (2n — 1}-dimensional lens space ¥(q; p(,y ..., D).
For n=2
(g 1, p) = Llg, p)
as infroduced in § 1.
"he invariant « of the above (,-manifolds S~ can be caleulated
using (9), since $¥-1 hounds the disk D* on which &, operates. Any
£ == 1 has only the origin as fixed point, Sign ({, D*) vanishes and

1 Ty —Jil— 'E
(10) 1, Do =TT = - atg, S

=1

(see for example, [1], Theorem 6.27).
If all p, are prime to 2¢ we have the map

£(g3 Pry ooy D) >RG5 Pry s Do)
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which is a covering of degree 2. The covering translation is an
involution 7' of L(g; py, ..., pa).

PropostTion: The Browder-Livesay invariant of the involution T on
2035 1y vy D) where all p; are prime to 2q is given by the formula

—1 LN ]
Ay e . Fregp— I l 2.
(ll) Ot(T,Sv(g} pi) -.-7pri)) = ¢ guZ_I 1 T .
Ugk1

If ¢ is odd, then the tnvolution T is induced by the antipodal map om
S-znhz and
12) (T ﬁ( . ) )) . wi[ Z ﬁ gi{_—:J
(1 GLL, A5 3Py vy Pa)) == g S Ll

Proor: (11) is a consequence of (7) and (10}, Formula (12) holds
because {—{i00 =1} = ¢y, — &, for ¢ odd.

For n even we rewrite (11)

(13) “(T,'g(q_'} Py "',])rx)) ==

(m_,:i)(nfa)-nzn—l . jp] - jpa - jp"
= 7 — ¥ cot I—)—q-;rz - ot G - cot 35;71: .

=1 & ...1’ o
i cdd
5. — Using (13) we shall derive a different expression for

“(Tr S(Q’ Py oy Zjn))-
For any 2m—row of natural numbers

(@1 wevy s byy ony b)) with &, and 2a,

relatively prime, we introduce the integer
(14) ey ooy @i Byy ooy by) ==

, L
st {:L &0 <, < a, and 0« z w:?—'* <1 mod 2}

Rl 13

n b
g {$ Lm0 <<, and 1< 2 e <2 mod 2} .

=1 &
This number is always 0 if m iz even. For m odd we have the

following proposition due to Zagier (who stated and proved it for
b, =1),
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PrOPOSITION {Zagier): Let m be odd and (ay, .., @u; by, ..y by} @
above. Let N be any common multiple of ay, ..., a,, then

{13) Wty oury ) Dyy ooy b)) =

(_ 1)(:::-*«1).’2 A¥—1 ?' ) j 1 ?bm
¥ ,écot YRk cob | 5 5. ") - . cotb 50"}

§ odd

Proor: For any positive rational number » = a/b where a, b are
natural numbers not necessarily relatively prime we have the formula
of Eisenstein

(16) ()= zcot (g—n) exp [ 27i-jr]

J-'I

(see [8], p. 276). This implies for the function f introduced in § 2

(17) fir) = ((? +5)) )

m Zcot( ) cexyp (2wt fr], for b even,
=1
§ odd

Therefore

i(aig seny s bl, LRRE bm) -

9 Z f ('L_ibl 4 wzbz S ‘I_’_’i’k’") =

0<zplay 2a‘l 2“‘2 26.',,,
2N~_ﬂ1 o &, bl P bm)
cob | = m exp 2ot f =4 ... )] -
J"zl (ZAT )0<z%<a;, 1 ( 7 ( £1 1 2“‘:): )
F odd

Since for » and 2 relatively prime and j odd,

a--1

.. vh . ib
{ 2 —_— = —
%’l exp[ ] 2&] i cot (2(& n) )

formula (13) follows.

The number {da:, ..., &y} 1, ..., 1) i3 the signature of the Brieskorn
variety &4 ..+ #= =1, (Compare [5]). This is the reason why
Zagler studied formulas like (15), We can also express the Browder-
Livesay invariant of the involution on the lens space £(g; Py o) P
in terms of ¢ as defined in {14). We may assume p,==1 without Ioss
of generality.

157




Tree involutions on manifolds and somo elemontary number theory 419

THROREM: Consider the lens space £(g; 1, py, ..., ) for p; and 2q
relatively prime and n even. [t admits a free involution T whose orbit
space is L(2¢; 1, p,, vy D)o The Browder-Livesay invariant of I is
given by

(18) AL, 8¢5 1, pay ooy ) = UGs ooy @5 Doy oy Po)

as defined in (14) for m = n--1,
Formula (18) is a consequence of (13) and (15). The theorem in
§ 2 is the above theorem for n == 2,

Testo pervenute il 2] settembre 1970,
Bozze licenziate 111 novembre 1950,
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