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1. Precursors of the Novikov Conjecture

Characteristic classes

The Novikov Conjecture has to do with the question of the relationship of
the characteristic classes of manifolds to the underlying bordism and homo-
topy theory. For smooth manifolds, the characteristic classes are by defini-
tion the characteristic classes of the tangent (or normal) bundle, so basic to
this question is another more fundamental one: how much of a vector bun-
dle is determined by its underlying spherical fibration? The Stiefel-Whitney
classes of vector bundles are invariants of the underlying spherical fibration,
and so the Stiefel-Whitney numbers of manifolds are homotopy invariants.
Furthermore, they determine unoriented bordism. The Pontrjagin classes of
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vector bundles are not invariants of the underlying spherical fibration, and
the Pontrjagin numbers of manifolds are not homotopy invariants. However,
together with the Stiefel-Whitney numbers, they do determine oriented bor-
dism. The essential connection between characteristic numbers and bordism
was established by Thom [Th1] in the early 1950’s.

Geometric rigidity

As we shall see later, the Novikov Conjecture is also closely linked to prob-
lems about rigidity of aspherical manifolds. As everyone learns in a first
course in geometric topology, closed 2-manifolds are determined up to home-
omorphism by their fundamental groups. In higher dimensions, of course,
nothing like this is true in general, but one can still ask if aspherical closed
manifolds (closed manifolds having contractible universal cover) are deter-
mined up to homeomorphism by their fundamental groups. That this should
be the case is the Borel Conjecture formulated by Armand Borel in the 50’s
(according to Hsiang in [Hs3]), and communicated to various people in the
60’s. In dimension 2, restricting attention to aspherical manifolds is little
loss of generality, since S2 and RP2 are the only closed 2-manifolds which
are not aspherical. The Mostow Rigidity Theorem was the most dramatic
early evidence for the Borel Conjecture, proving the conjecture for closed
manifolds which are locally symmetric spaces.

The Hirzebruch signature theorem

The actual history of the Novikov Conjecture starts with the Hirzebruch
signature theorem [Hir], which expresses the signature of an oriented closed
4k-dimensional manifold M in terms of characteristic classes:

signature(M) = 〈L(M), [M ]〉 ∈ Z .

Here, L(M) ∈ H4∗(M ; Q) is the L-class of M , a certain formal power
series in the Pontrjagin classes p∗(M) ∈ H4∗(M) with rational coefficients.
The formula is surprising in that the left hand side is an integer which
only depends on the structure of the cohomology ring of M , whereas the
right hand side is a sum of rational numbers which are defined (at least a
priori) in terms of the differentiable structure. The (inhomogeneous) class
L(M) determines all of the rational Pontrjagin classes of M , but only the
component of L(M) in the dimension of M is homotopy invariant – in fact,
the other components are not even bordism invariants. Milnor [Miln1] used
the signature theorem to verify that the homotopy spheres he constructed
do indeed have exotic differentiable structures.
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The converse of the signature theorem (Browder, Novikov)

Following the development of Thom’s bordism theory, Milnor [Miln2] proved
that two manifolds are bordant if and only if they are related by a finite
sequence of surgeries. This was the beginning of the use of surgery as a fun-
damental tool in differential topology. Soon afterwards, Kervaire and Milnor
[KerM] used surgery to classify exotic spheres in dimensions ≥ 7. In 1962,
Browder ([Br1],[Br4]) and Novikov [Nov1], working independently, applied
the same technique to manifolds with more complicated homology. They
used surgery theory to establish a converse to the Hirzebruch signature the-
orem in dimensions ≥ 5: if X is a simply-connected 4k-dimensional Poincaré
space, such that the signature of X is the evaluation on the fundamental
class [X] ∈ H4k(X) of L(−ν) for some vector bundle ν with spherical Thom
class, then X is homotopy equivalent to a smooth closed manifold M with
stable normal bundle pulled back from ν. A consequence of this is that for
simply-connected 4k-dimensional manifolds in high dimensions, the top de-
gree term of the L-class is essentially the only homotopy-invariant rational
characteristic class. Novikov ([Nov1], [Nov2], [Nov3]) extended these ideas
to the study of the uniqueness properties of manifold structures within a
homotopy type. Sullivan [Sul] then combined the Browder-Novikov surgery
theory with homotopy theory to reformulate the surgery classification of
manifolds in terms of the surgery exact sequence of pointed sets, which for
a 4k-dimensional simply-connected manifold M (k > 1) has the form:

0 → S(M) θ−→ [M, G/O] A−→ Z

with S(M) the structure set of M , consisting of the equivalence classes
of pairs (N, f) with N a closed manifold and f : N → M a homotopy
equivalence. Two such pairs (N, f), (N ′, f ′) are equivalent if there exists a
diffeomorphism g : N → N ′ with a homotopy f ′g ' f : N → M . Here G/O
is the homotopy fiber of the forgetful map J from the classifying space BO
for stable vector bundles to the classifying space BG for stable spherical
fibrations, and the map θ sends an element (N, f) of the structure set to
the difference between the stable normal bundle of M and the push-forward
under f of the stable normal bundle of N . (Both are lifts of the same
underlying spherical fibration, the Spivak normal fibration [Spv].) The map
A sends an element of [M, G/O], represented by a vector bundle η over M
with a fiber homotopy trivialization, to

〈L(τM ⊕ η)− L(τM ), [M ]〉,

where τM is the tangent bundle of M .
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Topological invariance of the rational Pontrjagin classes (Novikov)

Around 1957, Thom [Th2] and Rokhlin and Shvarts [RokS], working inde-
pendently, proved that the rational Pontrjagin classes of PL manifolds are
combinatorial invariants. As we have just explained, the work of Browder
showed that the Pontrjagin classes are very far from being homotopy in-
variants of closed differentiable manifolds. Nevertheless, Novikov in 1966
([Nov4], [Nov5], [Nov6]) was able to prove a most remarkable fact: the ra-
tional Pontrjagin classes are topological invariants. An essential feature of
the proof was the use of non-simply-connected compact manifolds with free
abelian fundamental group (e.g., tori), and of their non-compact universal
covers.

Non-simply-connected surgery theory (Novikov, Wall)

While the basic methods used in Browder-Novikov surgery theory make
sense without assuming simple connectivity, it was soon realized that for-
mulating the correct results in the non-simply connected case is not so easy.
For one thing, correctly understanding Poincaré duality in this context re-
quires using homology with local coefficients. In fact, the correct algebraic
approach required developing a theory of quadratic forms defined over an
arbitrary ring with involution, the prototype being the integral group ring
Z[π] of the fundamental group π. This algebra was developed in the even-
dimensional case by Novikov ([Nov8], [Nov10]) and Wall, working indepen-
dently, and in the odd-dimensional case by Wall [Wall1]. Using this algebra,
Wall [Wall2] developed a non-simply connected version of the surgery exact
sequence for a closed n-dimensional manifold M with n ≥ 5:

· · · → Ln+1(Z[π1(M)]) → S(M) θ−→ [M, G/O] A−→ Ln(Z[π1(M)]) .

The L-groups are Witt groups of (−)k-quadratic forms on finitely generated
free modules over the group ring for even n = 2k, and stable automorphism
groups of such forms for odd n = 2k + 1. The L-groups are periodic in n,
with period 4. While S(M) is only a pointed set, not a group, it has an
affine structure: Ln+1(Z[π1(M)]) acts on S(M), and two elements with the
same image under θ lie in the same orbit. Rationally, the map θ : S(M) →
[M, G/O] sends a homotopy equivalence f : N −→ M to the difference
f∗(L(N)) − L(M). Here the push-forward map f∗ can be defined as g∗,
where g is a homotopy inverse to f .

Shortly after the work of Wall, new advances by Kirby and Siebenmann
made it possible to carry surgery theory over from the category of differen-
tiable manifolds to the category of topological manifolds [KirS]. One again
obtained a surgery exact sequence of the same form as before, but with
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G/O replaced by G/TOP . This theory made it possible to reinterpret No-
vikov’s theorem on the topological invariance of rational Pontrjagin classes
as the fact that the forgetful map G/TOP → G/O induces an isomorphism
on rational homology. The classifying spaces G/O and G/TOP both have
rational cohomology rings which are formal power series algebras in the
Pontrjagin classes.

Higher signatures

Let Γ be a discrete group. A rational cohomology class x ∈ H∗(BΓ; Q)
may be interpreted as a characteristic class for manifolds with fundamental
group Γ. If Γ = π1(M) for a manifold M , obstruction theory implies that
one can always find a map u : M → BΓ which induces an isomorphism on
π1. For oriented M the class x defines a (rational) characteristic number,
called a higher signature:

signaturex(M, u) = 〈L(M) ∪ u∗(x), [M ]〉 ∈ Q .

This characteristic number is said to be homotopy invariant if for all orien-
tation-preserving homotopy equivalences f : N → M of closed oriented
manifolds and all maps u : M → BΓ,

signaturex(M, u) = signaturex(N, u ◦ f) ∈ Q .

It is now possible to determine when this is the case. Because of the L-
groups in the surgery sequence, there can be far more homotopy-invariant
characteristic classes than in the simply connected case. Let θ∗(M, u) be the
map sending x ∈ H∗(BΓ; Q) to the functional on structure sets sending

N
f−→ M

u−→ BΓ

to
signaturex(M, u)− signaturex(N, u ◦ f) .

By definition, the homotopy-invariant higher signatures are exactly those
signaturex’s for which x is in the kernel of θ∗(M, u), for all M and u. The
surgery exact sequence shows that these are precisely the x’s in the image
of a certain map

A∗ : Hom (L∗(Z[Γ]), Q) → H∗(BΓ; Q) .

The Novikov Conjecture is that every higher signature is homotopy-invariant,
or equivalently that A∗ is onto, for every discrete group Γ.
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Discovery of special cases of the Novikov Conjecture (Rokhlin,
Novikov)

Novikov’s use of manifolds with free abelian fundamental group in the proof
of the topological invariance of rational Pontrjagin classes led him to the
study of homotopy invariance properties of other characteristic classes as
well. In particular, he studied the mod-p Pontrjagin classes of homotopy
lens spaces ([Nov7], [Nov9]), and the higher signatures of general non-simply
connected manifolds. Novikov himself discovered that the higher signature
(in this case there is essentially only one) of a manifold with infinite cyclic
fundamental group is a homotopy invariant [Nov7], and Rokhlin [Rokh]
studied the case of Γ = Z×Z. These examples led Novikov to the formulation
of the general conjecture.

2. The Original Statement of the Novikov Conjecture

The statement that is now usually known as the Novikov Conjecture
first appears in complete form in §11 of S. P. Novikov’s monumental paper
[Nov10]. A slightly different formulation was given in Novikov’s talk at the
International Congress in Nice in 1970 [Nov8]. More preliminary versions
had appeared in the lectures of Novikov for the de Rham Festschrift [Nov9]
and the Moscow International Congress [Nov7]. Since the name “Novikov
Conjecture” these days seems to mean quite different things to different
people, in the interests of historical accuracy, we quote here the complete
text of Novikov’s original (Izvestia) formulation, both in the original Russian
and in an English translation. As we shall see shortly, Novikov’s original
formulation already includes the three main approaches to the conjecture:
the analytic, the topological, and the algebraic. Here is first the original
Russian (with a few misprints corrected) and then a translation (our own
correction of the printed translation in [Nov10]). The footnote indexed ∗ is
Novikov’s; numbered footnotes in the English version are ours.

O nerexennyh zadaqah

1. Zdes~ my obsudim pervonaqal~no sledu�wiĭ obwiĭ vopros:
qto takoe “obwa� neodnosv�zna� Formula Hircebruha”?

Na �tot vopros mo�no otvetit~ takim obrazom: dol�en suwest-
vovat~ nekotoryĭ gomomorfizm “obobwennyh signatur”

σk : Un
1 (A) → Hn−4k(π1; Q)

takoĭ, qto dl� l�bogo n-mernogo zamknutogo orientirovannogo mno-
goobrazi� Mn s fundamental~noĭ gruppoĭ π1 i estestvennogo oto-
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bra�eni� f : Mn → K(π1, 1) skal�rnoe proizvedenie

〈Lk(Mn), Df∗(x)〉

gomotopiqeski invariantno pri vseh x ∈ H∗(π1; Q), i DLk kak
lineĭna� forma na H∗(π1)—ili �lement H∗(π1; Q)—prinadle�it
obrazcu σk. My �vno postroili takie gomomorfizmy dl� odnoĭ
abelevoĭ gruppy—oni okazalis~ zdes~ da�e izomorfizmami nad
Q (ne�ffektivno �to bylo izvestno v topologii—sm. [HsS], [Sh1],
[Wall1]).

Koneqno, �ta zadaqa mo�et byt~ postavlena i dl� koneqnyh mod-
uleĭ p—po kraĭneĭ mere dl� bol~xih p sravnitel~no s n.

Zametim, qto r�d soobra�eniĭ podskazyvaet, qto, naprimer, dl�
fundamental~nyh grupp “solv” i “nil~”-mnogoobraziĭ takogo roda
gomomorfizm suwestvuet i �vl�ets� �pimorfizmom nad Q, tak qto
dopustimye klassy ciklov—�to ne tol~ko pereseqenie ciklov ko-
razmernosti 1. Zdes~ mo�no vvesti “nekommutativnoe rasxire-
nie” kol~ca A—pribavlenie z, z−1 bez kommutirovani� s A—obob-
wit~ teorn� operatorov tipa Bassa. Odnako obwego voprosa �to
ne pro�sn�et. Razumeets�, bolee prost vopros ob “otnositel~nyh
Formulah Hircebruha”. Otmetim, qto suwestvenno bolee slo�nym
�vl�ets� vopros o vnutrennem vyqislenii skal�rnyh proizvedeniĭ
Lk s ciklami vida Df∗(x) da�e dl� abelevyh π—on ne rexen u�e
dl� π = Z× Z (sm. [Nov6], [Nov7], [Rokh]).*

2. Posmotrim, vo qto perehodit vopros o “neodnosv�znoĭ for-
mule Hircebruha” i postroenii gomomorfizmov “obobwennyh sig-
natur”

σ : U∗
1 (A) → H∗(π; Q)

pri zamene gruppovyh kolec A kol~cami funkciĭ A = C(X).
Esli zamenit~ H∗(π; Q) na H∗(X), to my irihodim k kadaqe ob

abstraktno algebraiqeskom postroenii haraktera Qerna

Ch : U∗(A) = K∗(X) → H∗(X) .

Pri �tom nado ishodit~ iz kaogo-to qisto kol~cevogo algebraiqes-
kogo formalizma v postroenii H∗(X)—ot kol~ca C(X).

*A. S. Miwenko nax�̈l svoeobraznyĭ analog klassiqeskoĭ signa-
tury—mnogoobrazi� gomotopiqeski invariantnym sposobom sopos-
tavl�ets� �lement iz U∗(π1)⊗Z[ 1

2
], qto opredel�et gomomorfizm teo-

rii bordizmov ΩSO∗ (π1) → U∗(π1)⊗ Z[ 1
2
] v �rmitovu K-teori�, sv�zan-

nyĭ, vero�tno, s L-rodom.
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[An English Version:] Unsolved Problems

1. Here we consider first of all the following question: what should be the
“general non-simply connected Hirzebruch formula”?

The question can be answered as follows: there should exist a certain
“generalized signature”1 homomorphism

σk : Un
1 (A) → Hn−4k(π1; Q) 2

such that for any n-dimensional closed oriented manifold Mn with funda-
mental group π1 and for the natural map3 f : Mn → K(π1, 1), the scalar
product 〈Lk(Mn), Df∗(x)〉 4 is homotopy-invariant for any x ∈ H∗(π1; Q);
and DLk as a linear form on H∗(π1)—or regarded as an element of H∗(π1,
Q) 5—belongs to the image of σk. We have explicitly constructed such homo-
morphisms for one class of abelian groups (viz., free abelian groups)—they
turn out to be isomorphisms over Q (this was known non-effectively from
results in topology—cf. [HsS], [Sh1], [Wall1]).

Of course, this problem can be posed for a finite modulus p, at least for
p large compared with n.6

Let us note that a number of considerations suggest that, for example,
for the fundamental groups of “solv-” and “nil-” manifolds, such a homo-
morphism exists and is an epimorphism over Q, such that the allowable
homology classes are not just the intersections of cycles of codimension 1.
Here we can introduce a “non-commutative extension” of the ring A, by
adjoining z and z−1 without assuming that they commute with A, to gen-

1In modern language, perhaps “higher signature” would be more appropriate.
2Here A = Z[π1] is the group ring, and Un

1 (A) is a certain variant of the Wall group
Ln(A); the exact decoration on the surgery group is unimportant since we are ignoring
torsion here anyway. The homomorphisms σ∗ are exactly what one needs to have a
rational splitting of the L-theory assembly map.

3the classifying map for the universal cover of M
4Here Lk is the component of the total Hirzebruch L-class in degree 4k, and D de-

notes the Poincaré dual, or ∩-product with the fundamental class [M ] determined by the
orientation.

5meaning f∗(DLk(Mn))
6It seems that here Novikov is referring back to a problem discussed in §3 of his paper

[Nov9], concerning topological and homotopy invariance of “mod-p” Pontrjagin classes.
While the mod-p Pontrjagin classes are in general not even homeomorphism invariants,
Corollary C in [Nov9, §3] asserts that for any integer n ≥ 2, the tangential homotopy
type of lens spaces obtained as quotients of S2n−1 by linear representations of Z/p on
Cn (free away from the origin) is a topological invariant, provided that p is sufficiently
large compared with n.
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eralize the theory of operators of Bass type.7 However, this does not clarify
the general question. It goes without saying that the question of a “relative
Hirzebruch formula” is simpler.8 Let us note that the question of the in-
trinsic calculation of scalar products of Lk with cycles of the form Df∗(x)
is essentially more complicated even for abelian π—it has not been solved
even for π = Z× Z (see [Nov6], [Nov7], [Rokh]).*9

2. Let us see what the question about a “general non-simply connected
Hirzebruch formula” and the construction of “generalized signature” homo-
morphisms

σk : U∗
1 (A) → H∗(π; Q)

becomes when we replace the group ring A by a ring of functions A =
C(X).10

If we replace H∗(π; Q) by H∗(X) then we arrive at a problem about the
abstract algebraic construction of the Chern character

Ch : U∗(A) = K∗(X) → H∗(X) .

For this it is necessary to start from some purely ring-theoretic formalism
for constructing H∗(X) from the ring C(X).11

7Without saying so, Novikov is sketching here an inductive method of proving the
Novikov Conjecture for poly-Z groups in a purely algebraic way. For the free abelian
case, one needs an analogue in L-theory of the Bass-Heller-Swan decomposition of the
K-theory of a Laurent polynomial ring A[z, z−1] ([BHS]). This was first provided in work
of Shaneson [Sh2]. A similar method will work for poly-Z groups but it is necessary to
work with twisted Laurent rings or crossed products

Aoα Z = Aα[z, z−1] := 〈A, z, z−1 | zaz−1 = α(a), a ∈ A〉

and to prove a “Bass type” theorem for those. Such theorems for twisted Laurent rings
were later provided by Farrell and Hsiang ([FarHs2], [FarHs3]) for algebraic K-theory,
by Cappell [Cap2] and Ranicki [Ran3] for algebraic L-theory, and by Pimsner-Voiculescu
[PimV] for the K-theory of C∗-algebras. Specific applications to the Novikov Conjecture
were provided in [FarHs4], [FarHs5] and in [Ros2], [Ros4].

8Novikov has pointed out to us that he was referring here to (relative) invariants of
degree-one normal maps, which are easier to define than (absolute) invariants for closed
manifolds.

*A. S. Mishchenko has found an analogue of the classical signature—a homotopy-
invariant element of U∗(π1) ⊗ Z[ 1

2
] associated to a manifold, which defines a homomor-

phism from bordism theory ΩSO∗ (π1) → U∗(π1) ⊗ Z[ 1
2
] to hermitian K-theory, related,

apparently, to the L-genus.
9This is the symmetric signature of Mishchenko [Mis1] and Ranicki ([Ran4], [Ran5]).
10Here Novikov is anticipating what later became a major industry, of studying the

Novikov Conjecture in the context of C∗-algebras rather than group rings. A ring of the
form C(X) is exactly the most general commutative (complex) C∗-algebra.

11This is of course exactly what Connes has done with the introduction of cyclic
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3. Work related to the Novikov Conjecture: The First
12 Years or So

Statements of the Novikov and Borel Conjectures

Let Γ be a discrete group.

Novikov Conjecture for Γ. The higher signatures determined by Γ are all
homotopy invariant, i.e. for every rational cohomology class x ∈ H∗(BΓ; Q),
for every orientation-preserving homotopy equivalence f : N → M of closed
oriented manifolds and for every map u : M → BΓ

signaturex(M, u) = signaturex(N, u ◦ f) ∈ Q .

Borel Conjecture for Γ. Every homotopy equivalence f : N → M of
closed aspherical manifolds with π1(M) = Γ is homotopic to a homeomor-
phism. More generally, if f : (N, ∂N) → (M, ∂M) is a homotopy equivalence
of compact manifolds with boundary such that M is aspherical, π1(M) = Γ
and ∂f : ∂N → ∂M is a homeomorphism, then f is homotopic rel boundary
to a homeomorphism.

The first part of the Borel Conjecture only applies to discrete groups Γ
such that the classifying space BΓ is realized by a closed aspherical manifold
M with π1(M) = Γ, πi(M) = 0 for i ≥ 2. The more general part applies to
any discrete group Γ such that BΓ is realized by a finite aspherical polyhe-
dron K, since then any regular neighbourhood of K in a high-dimensional
Euclidean space is a compact manifold with boundary (M, ∂M) such that
M ' K ' BΓ is aspherical. Such Γ are finitely presented, but in a later
section we shall also formulate a version of the Borel Conjecture for non-
compact manifolds, which applies to Γ which need not be finitely generated.

The Novikov and Borel Conjectures are only interesting for infinite groups
Γ.

The h-cobordism version of the Borel Conjecture has the same hypothe-
sis, but it is only required that the homotopy equivalence be h-cobordant to
a homeomorphism. There is also an s-cobordism version of the Borel Con-
jecture in which it is required that the homotopy equivalence be simple: by
the s-cobordism theorem for dimensions ≥ 6 there exists a homotopy to a

homology, though one complication that Novikov seems not to have anticipated is the
need to make a good choice of a dense subalgebra A of the C∗-algebra A = C(X), which
on the one hand has the property that the inclusion A ↪→ A induces an isomorphism on
(topological) K-theory, and on the other hand gives the correct cyclic homology groups.
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homeomorphism if and only if there exists an s-cobordism to a homeomor-
phism. The h- and s-cobordism versions of the Borel Conjecture only differ
from the actual Borel Conjecture in Whitehead torsion considerations. In
particular, if Wh(Γ) = 0 the three versions of the conjecture coincide.

Surgery theory shows that the Borel Conjecture for Γ implies the Novi-
kov Conjecture for Γ, and that in fact the Borel Conjecture is an integral
version of the Novikov Conjecture.

Also at about the same that Novikov’s Izvestia paper appeared in print,
Wall’s monumental book [Wall2] appeared, giving for the first time a com-
plete published account of the theory of non-simply connected surgery.
The appendices to this book, written later than the main body of the
text, contain Wall’s slight reformulation of the Novikov Conjecture. Us-
ing Mishchenko’s work on the symmetric signature (which is described in
the next section) Wall made the first study of what is now :

Integral Novikov Conjecture for Γ. The assembly map in quadratic
L-theory

AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ])

is an isomorphism for a torsion-free group Γ.

See the section below on surgery spectra for an account of the quadratic
L-theory assembly map.

For a group Γ which is the fundamental group of an aspherical manifold
M ' BΓ and is such that the Whitehead group of Γ vanishes the Inte-
gral Novikov Conjecture is in fact equivalent to the Borel Conjecture in
dimensions ≥ 5.

Mishchenko and the symmetric signature

As Novikov indicated in a footnote (marked above with an asterisk) to
his Izvestia paper, a useful technical tool, the symmetric signature, was
developed by Mishchenko ([Mis1], [Mis2]) shortly after Novikov was led to
the first version of his conjecture. Mishchenko worked not with quadratic
forms over the integral group ring Z[Γ] of the fundamental group Γ, but
rather with symmetric forms over the rational group ring Q[Γ] (though
for rings containing 1

2 there is no essential difference between quadratic
and symmetric forms), and more generally with chain complexes C over
an arbitrary ring with involution A, with a symmetric Poincaré duality
Cn−∗ ' C. In more modern language, Mishchenko had in effect introduced
the symmetric L-groups Ln(A), as the cobordism groups of n-dimensional
symmetric Poincaré complexes over A. The symmetric signature of an n-
dimensional Poincaré duality space M with π1(M) = Γ is the cobordism
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class σ∗(M) ∈ Ln(Z[Γ]) of the chain complex C(M̃) of the universal cover
M̃ . This is a homotopy invariant of M , which for n ≡ 0(mod 4), Γ = {1},
is just the ordinary signature. The symmetrization maps 1 + T : L∗(A) →
L∗(A) from the Wall quadratic L-groups L∗(A) are isomorphisms modulo
2-primary torsion, for any ring with involution A. The symmetrization of
the surgery obstruction σ∗(f, b) ∈ Ln(Z[Γ]) of an n-dimensional normal map
(f, b) : N → M is the difference of the symmetric signatures

(1 + T )σ∗(f, b) = σ∗(N)− σ∗(M) ∈ Ln(Z[Γ]) .

Mishchenko and Soloviev ([Mis5], [MisS1]) used sheaves of symmetric Poin-
caré complexes to define assembly maps12

A : H∗(M ;L•(Z)) → L∗(Z[Γ]) .

Here, L•(Z) is the spectrum of the symmetric L-theory of Z, and

H∗(M ;L•(Z))⊗Q ∼=
∞∑

k=0

H∗−4k(M ; Q) .

The surgery obstruction of a normal map (f, b) : N → M of closed n-
dimensional manifolds is determined modulo 2-primary torsion by an ele-
ment [f, b]• ∈ Hn(M ;L•(Z))13. If u : M → BΓ is the classifying map for
the universal cover of M , the assembly map A for M factors as

A : Hn(M ;L•(Z)) u∗−→ Hn(BΓ;L•(Z)) AΓ−−→ Ln(Z[Γ])

with AΓ the assembly map for the classifying space BΓ, and

A[f, b]• = AΓu∗[f, b]• = (1 + T )σ∗(f, b) = σ∗(N)− σ∗(M) ∈ Ln(Z[Γ])

is the difference of the symmetric signatures. The torsion-free part

u∗[f, b]• ⊗ 1 ∈ Hn(BΓ;L•(Z))⊗Q
= Hn−4∗(BΓ; Q) = HomQ(Hn−4∗(BΓ; Q),Q)

12This construction of A required M to be a manifold, which is not necessary in the
construction of A due to Ranicki [Ran9]; cf. the section below on surgery spectra.

13The symmetric L-theory homology class [f, b]• does not depend on the bundle map
b, being the difference [f, b]• = f∗[N ]L−[M ]L of absolute invariants with A[M ]L = σ∗(M),
A[N ]L = σ∗(N). See Ranicki ([Ran9],[Ran10]) for the symmetric L-theory orientation of
manifolds. The actual surgery obstruction is the quadratic L-theory assembly σ∗(f, b) =
A[f, b]• ∈ Ln(Z[Γ]) of a quadratic L-theory homology class [f, b]• ∈ Hn(M ;L•) with
(1 + T )[f, b]• = [f, b]•, which is not in general the difference of absolute invariants.



20 Steven C. Ferry, Andrew Ranicki, and Jonathan Rosenberg

determines and is determined by the differences of the higher signatures

signaturex(N, u ◦ f)− signaturex(M, u) ∈ Q, x ∈ Hn−4∗(BΓ; Q) .

If f : N → M is a homotopy equivalence of closed manifolds, then σ∗(N) =
σ∗(M) and

u∗[f, b]• ∈ ker
(
AΓ : Hn(BΓ;L•(Z)) → Ln(Z[Γ])

)
.

Thus if AΓ is a rational injection then the higher signatures of M and N
are equal and the Novikov Conjecture on the homotopy invariance of the
higher signatures holds for Γ. In fact, the following is true :

Proposition. The Novikov Conjecture holds for a group Γ if and only if
the assembly map in symmetric L-theory

AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ])

is a rational split injection.

Many proofs of the Novikov Conjecture use special properties of some
class of groups Γ to construct (rational) splittings L∗(Z[Γ]) → H∗(BΓ;L•(Z))
of AΓ.

Lusztig and the analytic approach

In his thesis, published in 1972 [Lus], Lusztig made a major contribution to
the theory of the Novikov Conjecture by being the first one to use analysis,
more specifically, index theory, to attack the conjecture. Lusztig’s paper
was in fact the prototype for what was ultimately to be the largest body of
literature related to the conjecture. The basic idea of Lusztig’s work was to
relate the higher signatures of a manifold to a priori homotopy invariants
coming from the de Rham complex with local coefficients in a flat vector
bundle. In the case of an oriented closed manifold M2m with free abelian
fundamental group Zk, the flat line bundles over M are parametrized by a
torus T k, and a choice of a Riemannian metric on M gives rise to a signature
operator D = d + d∗ which can be “twisted” by any of these line bundles.
Twisting by a line bundle does not change the index of D, which is just
signature(M), but viewing all the twists simultaneously gives a family of
elliptic operators on M parametrized by T k. Lusztig showed that the index
of this family, in the sense of the Atiyah-Singer Index Theorem for Families,
is on the one hand a homotopy invariant, but on the other hand related
to the higher signatures. He was thus able to give an analytic proof of
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the Novikov Conjecture for manifolds with free abelian fundamental group.
His methods also gave partial results for other fundamental groups with
“lots” of finite-dimensional representations (for which one can again twist
the signature operator by a family of flat bundles).

Splitting theorems for polynomial extensions

Surgery on codimension 1 submanifolds has been an important feature of the
study of non-simply-connected manifolds in general, and the Novikov Con-
jecture in particular. Browder ([Br2], [Br3]) used surgery on codimension
1 submanifolds to deal with the homotopy properties of simply-connected
open manifolds, and non-simply-connected closed manifolds with π1 = Z.
Novikov used an iteration of codimension 1 surgeries to prove the topological
invariance of the rational Pontrjagin classes. On the algebraic side, codimen-
sion 1 surgery corresponds to the algebraic K- and L-theory properties of
polynomial rings and their generalizations, starting with Z[Z] = Z[z, z−1].
We have already seen (in footnote 7 above) that Novikov in his Izvestia
paper recognized the significance for his conjecture of the “fundamental
theorem of algebraic K-theory” proved by Bass, Heller and Swan [BHS]
and Bass [Bass]: for any ring A

K1(A[z, z−1]) ∼= K1(A)⊕K0(A)⊕ Ñil0(A)⊕ Ñil0(A)

with Ñil0(A) the nilpotent class group. Farrell-Hsiang ([FarHs1], [FarHs3])
gave a geometric interpretation of the fundamental theorem in terms of
splitting homotopy equivalences of manifolds N → M × S1 along the codi-
mension 1 submanifold M × {∗} ⊂ M × S1, with

A = Z[π1(M)] , A[z, z−1] = Z[π1(M × S1)] = Z[π1(M)× Z] .

Shaneson ([Sh1], [Sh2]) used this codimension 1 splitting theorem to give a
geometric proof of the analogous L-theory splitting theorem

Ls
n(Z[Γ× Z]) ∼= Ls

n(Z[Γ])⊕ Lh
n−1(Z[Γ])

for any finitely presented group Γ. Novikov [Nov10] gave an algebraic proof
of the L-theory splitting theorem modulo 2-torsion:

Ln(A[z, z−1])⊗ Z[1/2] ∼= (Ln(A)⊕ Ln−1(A))⊗ Z[1/2]

for any ring with involution A with 1/2 ∈ A, with the involution extended
by z̄ = z−1. This splitting was used to give the algebraic proof of the
Novikov Conjecture for free abelian groups in [Nov10]. Farrell and Hsiang
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[FarHs3] gave the corresponding geometric proof. The 2-torsion restrictions
were removed by Ranicki ([Ran1], [Ran2]), and the splitting theorems

Ls
n(A[z, z−1]) ∼= Ls

n(A)⊕ Lh
n−1(A)

Lh
n(A[z, z−1]) ∼= Lh

n(A)⊕ Lp
n−1(A)

were obtained algebraically for any ring with involution A, with Ls
∗(A) (resp.

Lh
∗(A), Lp

∗(A)) the simple (resp. free, projective) L-groups. The simple L-
groups Ls

∗(A) are the original surgery obstruction groups of Wall [Wall2];
there is only a 2-primary torsion difference between Ls

∗(A), Lh
∗(A) and

Lp
∗(A). The lower K-groups K−i(A) and the lower NK-groups NK−i(A)

were defined by Bass [Bass] for any ring A, to fit into splittings

K−i+1(A[z, z−1]) ∼= K−i+1(A)⊕K−i(A)⊕NK−i+1(A)⊕NK−i+1(A)

for all i ≥ 0, with NK1(A) = Ñil0(A). The analogous lower L-groups
L〈−i〉(A) were defined in [Ran2] for any ring with involution, to fit into
splittings

L〈−i+1〉
n (A[z, z−1]) ∼= L〈−i+1〉

n (A)⊕ L
〈−i〉
n−1(A)

for all i ≥ 0, with L
〈0〉
∗ (A) = Lp

∗(A). The forgetful maps L
〈−i+1〉
n (A) →

L
〈−i〉
n (A) are isomorphisms modulo 2-primary torsion, with the relative

terms the Tate Z2-cohomology of the duality involution on K−i(A).

Cappell and codimension 1 splitting theorems

With the development of surgery theory for non-simply connected mani-
folds, machinery was finally in place that could be used to determine when
a homotopy equivalence f : M ′ → M of closed manifolds “splits” with
respect to submanifold P of M , in other words, when it can be deformed
so as to restrict to a homotopy equivalence P ′ → P . The general splitting
obstruction theory was worked out by Wall [Wall2, §12]. As noted in the
previous section, the case where P is of codimension 1 in M (i.e. a hyper-
surface) is of particular importance for Novikov Conjecture. Suppose P is a
separating hypersurface in M , so that M is the union of two codimension-
zero compact submanifolds, M+ and M−, each with boundary P . Then
assuming that f splits, we get a comparable decomposition of M ′ as the
union of two submanifolds M ′

+ and M ′
−, each with boundary P ′. By Van

Kampen’s Theorem, π1(M) splits as an amalgamated free product:

π1(M) = π1(M+) ∗π1(P ) π1(M−) .
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So the question of whether or not f preserves higher signatures can be
reduced to questions about the restrictions of f to the various pieces of
M ′, and about higher signatures for the groups π1(M+), π1(P ), π1(M−). If
these groups are simpler than π1(M), there is some hope to use this strategy
to give an inductive proof of the Novikov Conjecture for a large class of
groups that can be built up from amalgamated free products. As we saw
above, Novikov was certainly aware that such a strategy might be useful,
especially for studying polycyclic groups, but Cappell ([Cap2], [Cap3]) was
the one to finally work out the applications to the Novikov Conjecture using
both this case of amalgamated free products (corresponding geometrically to
separating hypersurfaces) and the case of HNN extensions (corresponding
geometrically to non-separating hypersurfaces, generalizing the polynomial
extensions considered in the previous section). Cappell’s theory was the
first successful attempt to inductively verify the Novikov Conjecture for
a large class of well-behaved fundamental groups. An unexpected subtlety
which Cappell had to overcome was the “UNil obstruction” to splitting,
involving the L-theoretic analogues of the nilpotent class group Ñil0; since
this involves only 2-torsion it has little impact on the higher signatures, but
it does play an important role in any attempts to correctly formulate an
integral Novikov Conjecture.

Mishchenko and Fredholm representations

Meanwhile, in the wake of Lusztig’s thesis, others hoped to use index the-
ory to attack the Novikov Conjecture for large numbers of fundamental
groups. But Lusztig’s methods required having families of flat vector bun-
dles, which may not be available for non-commutative groups. Mishchenko
([Mis3], [Mis4]) suggested an important idea for overcoming this difficulty,
namely the use of Fredholm representations of the fundamental group. A
Fredholm representation ρ of a group Γ on a (Z/2-graded) Hilbert space
H is a pair (ρ0, ρ1) of unitary representations of Γ on H(0) and on H(1),
respectively, together with a Fredholm operator T : H(0) → H(1) which
intertwines the two representations modulo compact operators. One should
think of ρ as being the formal difference ρ0 − ρ1, which one can think of as
being approximately finite-dimensional, even though ρ0 and ρ1 are them-
selves infinite-dimensional, so that the case where T is a precise intertwiner
is uninteresting. A general discrete group π always has lots of Fredholm
representations, even though it may have very few finite-dimensional repre-
sentations. We can think of these as parameterizing certain generalized flat
vector bundles over manifolds with Γ as fundamental group. Mishchenko’s
idea was to prove the appropriate index theorem for the signature operator
with coefficients in a Fredholm representation of the fundamental group,
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then to substitute these for genuine flat vector bundles in Lusztig’s machin-
ery.

Another of Mishchenko’s major contributions was to notice that this
program works especially well in the presence of a “non-positive curvature
assumption” in a model for BΓ, when for example BΓ is a compact manifold
whose universal cover EΓ is a locally symmetric space of non-compact type.
Then the “outward-pointing vector field” on EΓ “asymptotically commutes”
with covering translations by Γ, and thus gives rise to what Connes later
called the “dual Dirac” operator. By using the machinery of Fredholm rep-
resentations and the dual Dirac (or its analogue in the case of Bruhat-Tits
buildings), Mishchenko and his co-workers ([Mis3], [Mis4], [Mis5], [Mis6],
[MisS2], [MisS3]) were able to verify the Novikov Conjecture for a number
of geometrically interesting fundamental groups.

Farrell-Hsiang and the geometric topology approach

At about the same time, Farrell and Hsiang embarked on a program to
systematically attack not only the Novikov Conjecture but also the Borel
Conjecture for classes of groups of geometric interest, using methods of geo-
metric topology. Farrell and Hsiang began [FarHs3] by proving both con-
jectures for free abelian fundamental groups by purely topological methods,
using splitting machinery growing out of Farrell’s thesis work [Far] on when
a manifold fibers over a circle. Then they went on to study the conjectures
for flat manifolds (Bieberbach groups) ([FarHs4], [FarHs6], [FarHs7]), non-
positively curved manifolds ([FarHs8], [FarHs10]), and almost flat manifolds
(infra-nilpotent groups) [FarHs11]. Of special interest in their work was a
new idea which they applied to the study of the Novikov Conjecture for
Bieberbach groups [FarHs7]: the application of “controlled” topology. The
rough idea of how Farrell and Hsiang applied this, reformulated in terms of
a fundamental theorem of Chapman and Ferry [ChapF],14 is the following.
The Chapman-Ferry “α-approximation theorem” says that given a closed
manifold Mn, with n > 4, there is a constant ε > 0 such that a homotopy
equivalence f : M ′ → M of closed manifolds is homotopic to a homeomor-
phism provided that there is a homotopy inverse g : M → M ′ to f such
that the homotopies from fg and gf to the identity maps don’t move points
more than a distance ε (as measured in M). Suppose one has a homotopy
equivalence f : M ′ → M , and suppose the fundamental group of M is such
that there exist coverings M → M of arbitrarily large degree, which stretch
distances by an arbitrarily large amount. Then lifting f by such coverings,
one can get new homotopy equivalences M ′ → M which are “controlled”

14Farrell and Hsiang actually quoted earlier papers of Chapman and of Ferry that use
some of the same ideas.
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as much as one likes, so that eventually these are homotopic to homeomor-
phisms. This is a major step in proving the Borel Conjecture. For further
discussion of this and other geometric approaches to rigidity, see the subsec-
tions on “Farrell-Hsiang, Ferry-Weinberger and tangentiality” and on “The
Farrell-Jones Program.”

Kasparov and operator-theoretic K-homology

Still another analytic attack on the Novikov Conjecture, motivated both by
Lusztig’s thesis and by ideas of Atiyah and Singer concerning possible refor-
mulations of index theory, was begun by Gennadi Kasparov in the 1970’s.
The idea behind this program was to give a good analytic model for the
homology theory dual to K-theory, so that elliptic operators on manifolds
would naturally give rise to K-homology classes. Then the index of an el-
liptic operator is computed merely by taking the image, in K-homology
of a point, of the corresponding K-homology class. By analyzing the K-
homology class of the signature operator on a non-simply connected mani-
fold, one could hope to redo what Lusztig had done, but in a more powerful
setting. Kasparov’s earliest results in this direction, as well as the first an-
nouncements of his results on the Novikov Conjecture, appeared in [Kas1]
and [Kas2], although the power of his methods did not become clear un-
til the development of the “KK calculus” in [Kas3]. (For more informal
expositions, see also [Black] and [Fack1].) While Mishchenko’s Fredholm
representations were basically equivalent to K-homology classes in the Kas-
parov sense, Kasparov’s “intersection product” in KK gave more powerful
technical tools for overcoming a drawback of Mishchenko’s method pointed
out in [HsR]. In his famous “Conspectus” [Kas4], Kasparov for the first
time was able to sketch a complete analytic proof of a result not yet prov-
able by purely topological methods: that the Novikov Conjecture (in fact,
even an integral version, after localizing away from the prime 2) holds for
groups Γ which are fundamental groups of complete Riemannian manifolds
of non-positive curvature, or which can be realized as discrete subgroups of
connected Lie groups.

Surgery spectra and assembly (Quinn)

The global approach to surgery theory initiated by Sullivan and Wall was
carried forward by Quinn, and has proved useful in attacking the Borel and
Novikov Conjectures using various mixtures of geometry and algebra. Given
an n-dimensional Poincaré duality space M , let STOP (M) be the topological
manifold structure set of M , consisting of the equivalence classes of pairs
(N, f) with N a closed n-dimensional topological manifold and f : N → M
a homotopy equivalence. Two such pairs (N, f), (N ′, f ′) are equivalent
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if there exists an h-cobordism (W ; N, N ′) with a homotopy equivalence
(g; f, f ′) : (W ; N,N ′) → M × (I; {0}, {1}). The Browder-Novikov-Sullivan-
Wall theory provides an obstruction theory for deciding if STOP (M) is
non-empty, and for manifold M there is an exact sequence of pointed sets

· · · → Ln+1(Z[Γ]) −→ STOP (M) θ−→ [M, G/TOP ] A−→ Ln(Z[Γ])

with Γ = π1(M), and G/TOP the homotopy fiber of the forgetful map
J from the classifying space BTOP for stable topological bundles to the
classifying space BG for stable spherical fibrations. For a manifold M the
map θ : STOP (M) → [M, G/TOP ] sends an element (N, f) of the struc-
ture set to the difference between the stable normal bundle of M and
the push-forward under f of the stable normal bundle of N . The map
A : [M, G/TOP ] → Ln(Z[Γ]) sends an element of [M, G/TOP ], repre-
sented by a topological bundle η over M with a fiber homotopy trivial-
ization, to the surgery obstruction σ∗(f, b) ∈ Ln(Z[Γ]) of any normal map
(f, b) : N → M with b : νN → η. The interpretation of G/TOP as a surgery
classifying space came from the work of Casson and Sullivan on the mani-
fold Hauptvermutung, which grew out of Novikov’s proof of the topological
invariance of the rational Pontrjagin classes ([Ran10], [Ran11]).

Quinn ([Q1], [Q2], [Q3]) constructed for each space X a spectrum L•(X)
consisting of normal maps with a reference map to X, such that the homo-
topy groups are the surgery obstruction groups

π∗(L•(X)) = L∗(Z[π1(X)]) ,

and with a homotopy equivalence

L•(pt.)0 ' L0(Z)×G/TOP .

The surgery obstruction map A for an n-dimensional topological manifold
X was interpreted as the abelian group morphism

A : [X, G/TOP ] ⊆ [X,L0(Z)×G/TOP ] = Hn(X;L•(pt.)) A−→ L∗(Z[π1(X)])

defined by the geometric surgery assembly map. Let H •(X;L•(pt.)) be
the spectrum with homotopy groups the generalized homology groups with
L•(pt.)-coefficients

π∗(H •(X;L•(pt.))) = H∗(X;L•(pt.)) .

The surgery assembly map is induced by a map of spectra A : H •(X;L•(pt.))
→ L•(X). For the surgery exact sequence it is necessary to work with the
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1-connective simply-connected surgery spectrum L• = L•〈1〉(pt.) such that
(L•)0 ' G/TOP . The cofibre S•(X) of the spectrum-level 1-connective
surgery assembly map fits into a (co)fibration sequence

H •(X;L•)
A−→ L•(X) → S•(X) ,

and the homotopy groups π∗(S•(X)) = S∗(X) fit into a long exact sequence
of abelian groups

· · · → Sn+1(X) → Hn(X;L•)
A−→ Ln(Z[π1(X)]) → Sn(X) → . . . .

There is such a sequence both for the free L-groups L∗ = Lh
∗ and for the

simple L-groups L∗ = Ls
∗. If M is a closed n-dimensional TOP manifold

then
[M, G/TOP ] ∼= H0(M ;L•) ∼= Hn(M ;L•)

and the structure set
STOP (M) = Sn+1(M)

have abelian group structures, as indeed do all the rel ∂ structure sets

STOP (M ×Dk rel ∂) = Sn+k+1(M) (k ≥ 0) .

Nicas [Ni1] used the abelian group structures to prove induction theorems
for the structure set. If (Mn, ∂M) is an n-dimensional manifold with bound-
ary and π1(M) = Γ, then Siebenmann Periodicity [KirS]15 shows that there
is a monomorphism STOP (Mn) → STOP (Mn ×D4 rel ∂), n ≥ 6, which is
an isomorphism for ∂M 6= ∅.

4. Work related to the Novikov Conjecture: The Last 12
Years or So, I: Homotopy Theory and Algebra

Algebraic surgery theory (Ranicki)

It was already suggested by Wall [Wall2] that a development of chain
complexes with Poincaré duality would be the appropriate formulation for
the ‘whole setup’ of surgery. The symmetric Poincaré complex theory of
Mishchenko [Mis2] was extended by Ranicki ([Ran4], [Ran5], [Ran 7]) to
a comprehensive theory of chain complexes with Poincaré duality, includ-
ing the quadratic structures required for the Wall surgery obstruction. The
surgery obstruction of an n-dimensional normal map (f, b) : M → X was

15See [Ni1] and [CaW1] for a correction.
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expressed as a quadratic Poincaré cobordism class σ∗(f, b) ∈ Ln(Z[π1(X)])
of the quadratic Poincaré duality on the algebraic mapping cone C(f !) of
the Umkehr Z[π1(X)]-module chain map

f ! : C(X̃) ' C(X̃)n−∗ f∗−→ C(M̃)n−∗ ' C(M̃) .

The main application of the theory to the Novikov Conjecture is by way of
the algebraic surgery assembly map, as follows.

Ranicki ([Ran6], [Ran7], [Ran8], [Ran9], [LeRa]) used quadratic Poincaré
complexes to define, for any ring with involution R, an algebraic surgery
spectrum L•(R) such that π∗(L•(R)) = L∗(R), and an algebraic surgery
assembly map

A : H∗(X;L•(Z)) → L∗(Z[π1(X)])

for any space X. These are algebraic versions of Quinn’s geometric construc-
tions, particularly the surgery exact sequence. Taylor and Williams [TW]
determined the homotopy types of the algebraic L-spectra, generalizing Sul-
livan’s determination of the homotopy type of G/TOP .

Proposition. The Novikov Conjecture holds for a group Γ if and only if
the algebraic surgery assembly map AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ]) is a
rational split injection.

Proposition. The h-cobordism Borel Conjecture holds for a group Γ if and
only if the algebraic surgery assembly map AΓ : H∗(BΓ;L•(Z)) → Lh

∗(Z[Γ])
is an isomorphism. Similarly for the s-cobordism Borel Conjecture with Ls

∗.

See [Ran10] for a somewhat more detailed account. The algebraic surgery
assembly map is a special case of the universal assembly construction of
Weiss and Williams ([WW3], [WW4]). Study of the assembly map for poly-
nomial extensions and amalgamated free products ([MilgR], [Ran8], [Ran10])
has been used to prove some special cases of the (integral) Novikov Conjec-
ture, extending the method of Cappell.

The homotopy-limit problem, descent (Carlsson)

The homotopy theoretic approach to the Novikov Conjecture is based on
experience with analogous problems arising with finite groups. We first re-
call G. B. Segal’s equivariant stable theory. For any finite group G, Segal
constructs a G-space QG(S0), whose fixed point set is described as

∏
K⊆G

Q(BWG(K)+)
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where Q denotes Ω∞Σ∞, WG(K) denotes the “Weyl group” NG(K)/K,
and “+” denotes disjoint basepoint added. The factor corresponding to the
trivial subgroup is thus Q(BG+). This factor can be seen to be the image
of a certain transfer map, which is formally similar to the assembly in its
definition. The affirmative solution of Segal’s Burnside ring conjecture now
shows that in the case of a finite p-group, this factor includes as a factor in
the homotopy fixed set of the G-action on QG(S0) after p-adic completion.
See [Car1] or [Car2] for a more thorough discussion. Similarly, it follows
from results of Atiyah [At1] that the assembly map for K-theory of the
complex group ring of a finite p-group is split injective, indeed that it is an
equivalence, after p-adic completion. Here it is crucial that we consider the
periodic complex K-theory. In this case, the inverse to the assembly map is
given by the natural map to the homotopy fixed set of the action of G on
BU .

Both these constructions suggest that if one wants to study the assembly
map more generally, one should attempt to construct a splitting map using
the homotopy fixed set of an action of the group Γ in question on the K-
theory of the coefficient ring. In the finite group cases mentioned above,
the existence of the corresponding G-action and homotopy fixed set was
self-evident, arising from the actions of the G by conjugation on symmetric
groups or complex matrix groups. In the case of infinite groups of geometric
interest, the obvious actions on rings of infinite matrices yields nothing,
since the K-theory of infinite matrix rings is trivial by an appropriate use
of the “Eilenberg swindle”. It turns out, though, that the Pedersen-Weibel
bounded K-theory [PeW] gives the right model. For any torsion-free group
Γ, it is possible to construct a bounded K-theory spectrum KΓ on which Γ
acts with fixed point set equal to the algebraic K-theory of the group ring.
Furthermore, it is possible to construct an equivariant assembly map α from
the “locally finite homology” of the universal cover of BΓ to KΓ, whose
induced map on fixed-point sets is the usual assembly. When one can prove
that the map α is an equivalence of spectra, standard facts about homotopy
fixed-point sets allow one to conclude that the usual assembly map is onto a
wedge factor. See [Car3] for an expository discussion of this. Details are done
in [Car5]. There, the bounded K-theory is computed for G/K, where G is a
connected Lie group and K is its maximal compact subgroup. This allows
one to prove the integral form of the Novikov Conjecture for cocompact
torsion-free discrete subgroups of Lie groups. Similar methods work for the
case of cocompact torsion-free discrete subgroups of p-adic Lie groups, as
in the Princeton thesis of P. Mostad.
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The Carlsson-Pedersen approach

An alternative is to observe that one perhaps does not need to compute the
bounded K-theory explicitly, but only to produce a Γ-spectrum to which
the bounded K-theory maps equivariantly, and so that the composite of this
map with the map α above is an equivalence. This is the approach taken
in [CarP], where it is assumed that the universal cover of the classifying
space can be compactified to a contractible space with Γ-action, with cer-
tain hypotheses on the action on the boundary. The method of Carlsson
and Pedersen combines this equivariant homotopy theory with the categor-
ical approach of Pedersen and Weibel [PeW], the continuously controlled
categories of Anderson, Connolly, Ferry and Pedersen [AnCFP], and the
lower L-theory of Ranicki [Ran10]. (See the section below on bounded and
controlled topology for more information.) In particular, Carlsson and Ped-
ersen proved the integral form of the Novikov Conjecture for, e.g., Gromov’s
word-hyperbolic groups. They are currently in the process of extending this
work to the case of groups which are not torsion-free, using analogues of the
Baum-Connes ideas discussed below.

Controlled, continuously controlled and bounded topology

Controlled topology gives geometric methods for approximating homotopy
equivalences by homeomorphisms [ChapF]. As we shall see in the sections
below on the work of Farrell-Jones and Ferry-Weinberger, these methods
can be directly applied to proofs of the Novikov and Borel Conjectures. The
controlled algebra of Quinn [Q3] uses a mixture of algebra and topology
for recognizing certain types of spectra to be generalized homology spectra.
In [Q4], Quinn gave applications to the algebraic K-theory of polycyclic
groups. For certain groups Γ it is possible to show that there is enough
codimension 1 transversality to prove that the surgery spectrum L(Z[Γ])
is a generalized homology spectrum, verifying the Conjectures by show-
ing that the assembly map AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ]) is an isomor-
phism. Yamasaki ([Ya1], [Ya2]) applied these methods to the case when Γ
is a crystallographic group. Other results, both positive and negative, on
topological rigidity statements for crystallographic groups may be found
in the work of Connolly and Koźniewski ([CyK1]–[CyK3]). Bounded topol-
ogy also gives methods for recognizing generalized homology spectra, using
the categorical methods initiated by Pedersen and Weibel [PW]. The most
effective results on the Novikov Conjecture obtained algebraically use the
continuously controlled category of Anderson, Connolly, Ferry and Pedersen
[AnCFK] — see the section above on the work of Carlsson and Pedersen.
For more details on how bounded and continuously controlled topology are
related to the Novikov Conjecture, see the papers of Pedersen [Pe2] and
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Ferry-Weinberger [FW2].

K-theoretic analogues of the Novikov and Borel Conjectures

Proposition. If the Borel Conjecture holds for Γ then the Whitehead
group of Γ vanishes, Wh(Γ) = 0.

Proof. Let K be a finite aspherical polyhedron with π1(K) = Γ. Let M be
a regular neighborhood of K in some high-dimensional euclidean space. If
τ ∈ Wh(Γ), then we can build an h-cobordism rel boundary, (W,M, M ′) so
that τ(W,M) = τ . Let f : (W,M, M ′) → (M × [0, 1],M × {0},M × {1})
be a homotopy equivalence with f |M × {0} = id and f |W − M × {0, 1}
a homeomorphism. Since f |M ′ is a homotopy equivalence, the Borel Con-
jecture implies that f |M ′ is homotopic to a homeomorphism rel bound-
ary. By the homotopy extension theorem, we can assume that f |M ′ is a
homeomorphism. Applying the conjecture again, f is homotopic to a home-
omorphism rel ∂W . Since Whitehead torsion is a topological invariant and
τ(M × [0, 1],M × {0}) = 0, τ = 0.

Proposition. The Borel Conjecture holds for a group Γ if and only if
the algebraic surgery assembly map AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ]) is an
isomorphism and Wh(Γ) = 0, with L∗ = Lh

∗ = Ls
∗.

Thus if the Borel Conjecture holds for Γ then S∗(BΓ) = 0, and if (M, ∂M)
is an n-dimensional manifold with boundary such that π1(M) = Γ and M
is aspherical then

STOP (M rel ∂) = Sn+1(M) = Sn+1(BΓ) = 0 .

Remark. The “fundamental theorem of K-theory” of Bass-Heller-Swan
([BHS], [Bass]) for the Whitehead group of a product Γ× Z is

Wh(Γ× Z) = Wh(Γ)⊕ K̃0(Z[Γ])⊕ Ñil0(Z[Γ])⊕ Ñil0(Z[Γ]) .

Thus K̃0(Z[Γ]) and Ñil0(Z[Γ]) are direct summands in Wh(Γ × Z), and
these must vanish as well if the conjecture holds for Γ × Z. Similarly, the
conjecture for products of Γ with free abelian groups implies that all the
negative K-groups of Z[Γ] must vanish.

Thus, rigidity for aspherical manifolds with boundary requires that the
Whitehead groups and projective class groups of the fundamental groups
of these manifolds should vanish. Consequently, a number of authors have
proven vanishing theorems for Whitehead groups of fundamental groups of
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aspherical manifolds and polyhedra, beginning with the proof in [Hi] that
Wh(Z) = 0 and in [BHS] that Wh(Zn) = 0. Other efforts along these lines
include [FarHs2], [FarHs9], [FJ3], [FJ12], [Ni2], [Ni3], [Q4] and [Wald1]. A
notable recent effort is the paper [Hu] in which Hu proves that Wh(Γ) =
0 when Γ is the fundamental group of a finite nonpositively curved (≡
CAT(0)) polyhedron. The paper uses a Gromov hyperbolization trick to
reduce the problem to the case of a nonpositively curved PL manifold. This
case is then handled by an extension of the methods of [FJ13]. Hu also proves
that the Whitehead group of Γ vanishes for any Γ which is isomorphic to a
torsion-free cocompact discrete subgroup of SLn(Qp), where Qp is the field
of p-adic numbers.

There is an assembly map in algebraic K-theory, first introduced by Lo-
day [Lod], which is analogous to the one for L-theory:

A : H∗(BΓ;K (Z)) → K∗(Z[Γ]) .

(For further information on how to understand this map, see [Wald1], §15.)
In his address to the 1983 ICM, W.-C. Hsiang, [Hs2], proposed four con-
jectures as K-theory analogues of the Novikov and Borel Conjectures. The
last of these refers to Loday’s assembly map.

Conjecture 1. Let Γ be a finitely presented group. Then K−i(Z[Γ]) = 0
for i ≥ 2. At least, K−i(Z[Γ]) = 0 for i À 0.

Conjecture 2. Let Γ be the fundamental group of a closed K(Γ, 1)-mani-

fold. Then Wh(Γ) = K̃0(Z[Γ]) = K−i(Z[Γ]) = 0, (i ≥ 1).

Conjecture 3. Let Γ be a torsion-free group such that BΓ has the homo-

topy type of a finite CW-complex. Then Wh(Γ) = K̃0(Z[Γ]) = K−i(Z[Γ]) =
0, (i ≥ 1).

Conjecture 4. If Γ is a torsion-free group such that BΓ is of the homotopy
type of a finite complex, then

A⊗ id : H∗(BΓ;K (Z))⊗Q→ K∗(Z[Γ])⊗Q

is an isomorphism.

The first conjecture is somewhat tangential to the concerns of this survey
and will not be discussed here, though it is true for finite groups by work of
Carter [Carter]. The second is the K-theory part of the Borel Conjecture for
closed aspherical manifolds. The third is a generalization of the second to
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the case of finite aspherical polyhedra. As we have seen, this must hold if the
Borel Conjecture mentioned above is true for compact aspherical manifolds.
The fourth conjecture, however, is a true analogue of the classical Novikov
Conjecture, though it is only stated for a restricted class of groups. A still
closer analogue of the classical Novikov Conjecture would be:

Conjecture 5. For any group Γ, the rational K-theory assembly map

A⊗ id : H∗(BΓ;K (Z))⊗Q→ K∗(Z[Γ])⊗Q

is injective.

The integral version of Conjecture 4 is:

Algebraic K-theory Isomorphism Conjecture. If Γ is the fundamen-
tal group of a finite aspherical polyhedron, then the assembly map

A : Hi(BΓ;K (Z)) → Ki(Z[Γ])

is an isomorphism for all i ≥ 0.

For i = 0 this is just the conjecture that K̃0(Z[Γ]) = 0, and for i = 1 that
Wh(Γ) = 0.

Results on the K-theory Isomorphism Conjecture for discrete subgroups
of Lie groups and for groups satisfying non-negative curvature assumptions
may be found in [FJ12] and [Car5]. For various technical reasons, it turns
out that in approaching Conjecture 5, it is best to introduce Waldhausen’s
algebraic K-theory of spaces A(X) [Wald2], a theory which has geometrical
interpretations in terms of pseudo-isotopies of manifolds [Wald3]. There are
analogues of the above conjectures for A-theory as well, results about which
may be found in the papers by Carlsson, Carlsson-Pedersen, and Farrell-
Jones already cited.

In a technical tour de force ([BöHM1], [BöHM2]), Bökstedt, Hsiang, and
Madsen have proved Conjecture 5 for a class of groups including all groups
Γ such that Hi(BΓ) is finitely generated in each dimension. This, of course,
includes all groups of type FP∞ — groups Γ such that BΓ has finite n-
skeleton for all n. Their argument is homotopy-theoretic and relies on both
a topological version of cyclic homology theory and use of Waldhausen’s
A-theory.
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5. Work related to the Novikov Conjecture: The Last 12
Years or So, II: Geometric Topology

Farrell-Hsiang, Ferry-Weinberger and tangentiality

In [FarHs8], Farrell and Hsiang gave a proof of the integral Novikov Con-
jecture for closed Riemannian manifolds of nonpositive curvature. Their
approach was to use Quinn’s geometric description of the L-spectrum, [Q1],
to construct an explicit splitting of the assembly map. An interesting feature
of their construction is that it uses the nonpositive curvature assumption
to produce a suitably nice compactification of the universal cover. The ex-
istence of this compactification is the only aspect of nonpositive curvature
used in the proof.

In [FW1], Ferry and Weinberger extended the Farrell-Hsiang argument
to include the noncompact case. This recovers Kasparov’s theorem and ex-
tends it to include the prime 2. We shall sketch a proof of the Novikov
Conjecture for closed Riemannian manifolds of nonpositive curvature which
blends elements of the Farrell-Hsiang approach with elements of the argu-
ment from [FW1]. One pleasant aspect of this argument is that it shows
that if f : N → M is a homotopy equivalence from a closed n-manifold
N to a closed nonpositively curved n-manifold M , then f is covered by
an unstable equivalence of tangent bundles. This unstable equivalence was
used in [FW1] to show that the A-theory assembly map (see the section on
K-theory above)

W+ ∧A(∗) → A(W )

also splits for W a complete Riemannian manifold of nonpositive curvature.
Let Mn be a closed Riemannian manifold with nonpositive curvature. To

prove that the assembly map

A : Hn(M ;L•) → Ln(Z[π1(M)])

is a monomorphism, it suffices to show that the map STOP (M)→Hn(M ;L•)
is zero. Thus, if f : N → M is a homotopy equivalence, we need to show
that f is normally cobordant to the identity. That is, we must show that
there is a cobordism (W,N, M) and a map F : W → M×I so that F |N = f ,
F |M = id, and so that F is covered by a map of stable normal bundles.

Let f̃ : Ñ → M̃ be the induced map on universal covers and form the
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diagram:

Ñ ×Γ Ñ
f̃×Γf̃−−−−→ M̃ ×Γ M̃

proj1

y
yproj1

N
f−−−−→ M,

where Γ = π1(M) = π1(N) acts diagonally on the product spaces. The fiber-
preserving map f̃ ×Γ f̃ restricts to f̃ on the fibers of the bundle projections
proj1.

Since M is nonpositively curved, M̃ has a natural compactification to a
disk, M ∼= Dn. The action of Γ on M̃ extends to M and we obtain a disk bun-
dle M̃×ΓM → M . This compactification induces a similar compactification
of Ñ by adding an (n−1)-sphere at infinity. By the Černavskii-Seebeck the-
orem (see [Fer1]), the compactified fibers N are disks and an argument using
local contractibility of the homeomorphism group shows that Ñ ×Γ N → N
is a disk bundle. The induced map of boundaries is a homeomorphism on
each fiber, so fiberwise application of the Alexander coning trick shows that
f̃ ×Γ f̃ is homotopic to a fiber-preserving homeomorphism. Making this ho-
motopy transverse to the zero section s(m) = [m̃, m̃], where m ∈ M and
m̃ is any lift of m to M̃ , gives the desired normal cobordism. The twisted
products M̃×ΓM̃ and Ñ×ΓÑ contain copies of the tangent microbundle so,
by Kister’s theorem [Kis], they are isomorphic to the tangent microbundles
of M and N and unstable tangentiality follows. For details, see [FW1].

We shall now show that the above assembly map is split. As we have seen
in the section on surgery spectra (Quinn) the surgery exact sequence is the
long exact homotopy sequence of a (co)fibration of spectra:

H •(M ;L•)
A−→ L•(Z[π1(M)]) → S•(M) .

A spectrum-level version of the vanishing result above shows that the map
S•(M) → ΣH •(M ;L•) is nullhomotopic. Since

L•(Z[π1(M)]) → S•(M) → ΣH •(M ;L•)

is also a (co)fibration sequence, the nullhomotopy allows us to lift a map
homotopic to the identity map S•(M) → S•(M) to L•(Z[π1(M)]), splitting
the homotopy sequence of the (co)fibration. It follows that the assembly
map is split injective.

We begin our discussion of the extension to complete Riemannian man-
ifolds of nonpositive curvature by stating a noncompact Borel Conjecture,
which applies to discrete groups Γ which need not be finitely generated.
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Noncompact Borel Conjecture for Γ. Let (M, ∂M) be an open n-
dimensional noncompact manifold with boundary such that M is aspherical
and π1(M) = Γ. Let f : Nn → Mn be a proper homotopy equivalence which
is a homeomorphism on the union of ∂N with a neighborhood of infinity.
Then f is homotopic to a homeomorphism relative to the boundary and
relative to a (possibly smaller) neighborhood of infinity.

To see how this is related to the Borel Conjecture consider the surgery
exact sequence

· · · → STOP (Mrel ∂M ∪ {nbhd. of infinity})
→ [M, ∂M ∪ {nbhd. of infinity};G/TOP, ∗] → Ln(Z[π1(M)]) .

The middle term is the cohomology of M rel ∂M with compact supports
and coefficients in G/TOP , so that

[M,∂M ∪ {nbhd. of infinity};G/TOP, ∗]
∼= H0

c (M,∂M ;L•) ∼= Hn(M ;L•) ∼= Hn(BΓ;L•) .

As in the compact case considered in the section on “K-theory analogues”
we have :

Proposition. The Noncompact Borel Conjecture holds for a group Γ if and
only if the algebraic surgery assembly map AΓ : H∗(BΓ;L•(Z)) → L∗(Z[Γ])
is an isomorphism and Wh(Γ) = 0.

Here is an analogous Novikov-type result for complete Riemannian man-
ifolds of nonpositive curvature.

Theorem ([FW1]). Let W be a complete Riemannian manifold of nonpos-
itive curvature and dimension ≥ 4. Suppose that f : W → W ′ is a proper
homotopy equivalence and a homeomorphism on the complement of some
compact set. Then f is canonically covered by an isomorphism of unstable
tangent bundles. The isomorphism produced agrees with the isomorphism
given by f outside of a, perhaps larger, compact set.

Instead of compactifying and coning, the proof uses the Chapman-Ferry
α-approximation theorem, a rescaling argument, and local contractibility of
the homeomorphism group to produce a tangent bundle isomorphism cover-
ing f . The advantage is that this construction only sees a finite neighborhood
of the zero-section, so the bundle isomorphism automatically becomes the
given isomorphism near infinity.
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The Farrell-Jones program

In this section, we shall outline the work of Farrell-Jones on topological
rigidity and the Borel Conjecture. This work was a direct continuation of
the work of Farrell-Hsiang discussed above. By the Proposition in the section
on “K-theory analogues,” the Borel Conjecture holds for a discrete group
Γ if and only if Wh(Γ) = 0 and the algebraic surgery assembly map A :
H∗(BΓ;L•) → L∗(Z[Γ]) is an isomorphism.

In [FarHs7], Farrell and Hsiang proved the Borel Conjecture in case
BΓ = Mn, n > 4, is a flat Riemannian manifold with odd order holonomy
group. The argument is an interesting combination of geometry and alge-
bra. By an argument of Epstein-Shub, the manifold M supports expanding
endomorphisms. It follows that given ε > 0 and a homotopy equivalence
f : N → M , a map e : M → M can be chosen so that the pullback fe of f
over e is an ε-controlled homotopy equivalence over (the upper copy of) M
in the sense of [ChF] :

N̂
fe

−−−−→ M
y

ye

N
f−−−−→ M .

It follows from the “α-Approximation” theorem of Chapman-Ferry quoted
above that for small ε, fe is homotopic to a homeomorphism. Farrell and
Hsiang then use Frobenius induction to analyze the surgery exact sequence
and show that the structure given by the original f is trivial. The idea is
that passage to finite covers corresponds to an algebraic transfer map and
that if enough transfers of a structure are trivial, then the original structure
is trivial, as well.

In [FJ5], Farrell and Jones proved the conjecture for closed hyperbolic
manifolds. As in the work of Farrell-Hsiang, the idea is first to use differ-
ential geometry and a transfer argument to show that the transfer of an
obstruction dies, and then to use an algebraic argument to deduce that the
original obstruction is also zero.

In this case, the relevant geometry is the geometry of the geodesic flow on
the unit sphere bundle of a hyperbolic manifold Mn. This flow is Anosov,
which means that the sphere bundle admits a pair of transverse foliations
such that the flow is expanding along one foliation and contracting along the
other. Farrell and Jones show that it is possible to lift a homotopy equiva-
lence f : N → M in such a way that the tracks of the lifted homotopies are
pushed close to flow lines by the geodesic flow. This is the asymptotic trans-
fer. Farrell and Jones use this construction to generalize results of Chapman
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and Ferry [ChF] and Quinn [Q3] to obtain a foliated control theorem. A full
discussion of their results would occupy too much space for this survey, but
we include a few precise statements to give the flavor of their work.

Definition. A path γ in the unit sphere bundle SM is said to be (β, ε)-
controlled if there is a second path φ in SM such that

(1) The image of φ is contained in an arc of length β inside a flow line
of the geodesic flow.

(2) d(γ(t), φ(t)) < ε for all t ∈ [0, 1].

An h-cobordism (W,SM) is said to be (β, ε)-controlled if the tracks of the
strong deformation retractions are (β, ε)-controlled when pushed into SM .

Theorem. Given a closed hyperbolic manifold M with dim M > 2 and a
positive real number β, there exists a number ε > 0 such that the following
is true. Every (β, ε)-controlled h-cobordism (W,SM) is a product.

The key property of the asymptotic transfer is that given positive real
numbers β and ε there is a positive number t0 so that if α is a smooth
path in M of length < β, then the asymptotic lift ᾱ of α to SM becomes
(
√

(2)β, ε)-controlled if we let the geodesic flow act on ᾱ for any time t ≥ t0.
Together, these results show that if (W,M) is an h-cobordism on M , then

its transfer to the unit sphere bundle is a trivial h-cobordism. This is a key
tool in their proof of topological rigidity for closed hyperbolic manifolds. We
should emphasize that by itself this does not prove very much. Even though
the fundamental groups of M and SM are isomorphic, the transfer map on
the Whitehead groups is multiplication by 2 for n odd and multiplication by
0 for n even. Part of the solution is to modify this transfer to get a transfer
to a disk bundle. Here, the transfer is multiplication by 1 and the analogous
foliated control theorem shows that the Whitehead group of M vanishes.
Further effort is required to achieve topological rigidity. See [FJ3], [FJ5],
[FJ7] for details.

In [FJ6], Farrell and Jones announced a proof of topological rigidity for
closed nonpositively curved manifolds. The proof of this result is similar in
outline, but much more complicated in execution. They begin by showing
in [FJ10] that the Whitehead groups of the fundamental groups of these
manifolds vanish. Given this, it suffices to show that if f : N → M is a
homotopy equivalence then f × id : M × S1 → N × S1 is homotopic to
a homeomorphism. Instead of transferring to the unit sphere bundle of M ,
they then transfer to a certain bundle over M×S1 whose fiber is a stratified
space with three strata. The asymptotic transfer, which does nothing in the
nonpositively curved case, is replaced by a focal transfer. See [FJ13] for
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details. The work of Farrell and Jones has also given significant results on
integral versions of the Novikov Conjecture for algebraic K-theory [FJ12];
cf. the section on K-theory above.

Problems about group actions (Weinberger et al.)

Weinberger ([W3]–[W6]) has pointed out a number of interesting connec-
tions between the Novikov Conjecture and group actions. Aside from being
interesting in itself, this work, together with the structure of the proofs of
various versions of the Novikov Conjecture, has led to a study of “equivari-
ant” versions of the Novikov Conjecture for manifolds equipped with group
actions, a subject which is still under active development.

In general, equivariant surgery theory is considerably more complicated
than ordinary surgery theory, both for geometric reasons (a manifold M
equipped with an action of, say, a compact group G is stratified according
to the various orbit types, and the relations between the various strata can
be quite complicated) and for algebraic ones (in general, G does not act on
the fundamental group of M , but only on the fundamental groupoid; also,
the algebra required to keep track of all the strata can be quite complicated).
Weinberger in [W3]–[W5] studied the case where the algebra is as simple as
possible, namely the case of “homologically trivial” actions, and found (this
should not be so surprising, after all) that when M is not simply connected,
the theory of such actions is closely linked to ordinary non-simply connected
surgery. As a result, he was able to prove the following:

Theorem [W4]. Let G be a non-trivial finite group. Then the Novikov
Conjecture is equivalent to the statement that the higher signatures vanish
for any connected oriented manifold M cobordant (by a bordism preserving
the fundamental group) to a manifold N admitting a free homologically
trivial G-action (i.e, to a manifold N admitting a free G-action, such that
π1(N/G) ∼= π1(N)×G, and such that G operates trivially on the homology
of N with local coefficients).

Theorem [W5]. Let p be a prime, G = Z/(p). Suppose G acts on a con-
nected oriented manifold M with non-empty connected fixed set F , with
trivial action on Γ = π1(M) (computed at a basepoint in F ) and on the
homology of M with local coefficients. (Also assume G preserves the orien-
tation if p = 2.) By the G-signature theorem (the equivariant version of the
Hirzebruch signature theorem), there is a rational characteristic class D of
the equivariant normal bundle ν of F , such that

signature(M) = 〈L(F ) ∪ D(ν), [F ]〉 ∈ Z.
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Then the Novikov Conjecture is equivalent to the statement that, in this
context, the higher signatures of M agree with the higher signatures of F
twisted by D(ν), i.e., that if u : M → BΓ is the classifying map for the
universal cover of M , then

signaturex(M, u) = 〈L(F ) ∪ D(ν) ∪ u∗(x), [F ]〉

for each cohomology class x ∈ H∗(BΓ; Q).

Subsequent work by Weinberger, discussed in detail in his book [W9],
deals with applications and analogues of the Novikov Conjecture in much
more complicated situations involving stratified spaces or manifolds with
group actions. We shall discuss just one aspect of this here, the concept of
the equivariant Novikov Conjecture, which is considered in [FRW], [RW1]–
[RW3], and [Gong]. Using Kasparov’s notion of the K-homology class [DM ]
of the signature operator DM on a closed oriented manifold M , and following
[RW2], we may explain this as follows. Suppose f : N → M is an orientation-
preserving homotopy equivalence of closed manifolds. The ordinary Novikov
Conjecture says that if X is an aspherical space and u : M → X,16 then

u∗([DM ]) = (u ◦ f)∗([DN ]),

at least rationally. Now suppose that a compact group G acts on M and N
and that the map f is also G-equivariant (though not necessarily an equivari-
ant homotopy equivalence). A G-space X is called equivariantly aspherical
if for every subgroup H of G (including the trivial subgroup!), every con-
nected component of the fixed set XH is aspherical. For example, it follows
from the Cartan-Hadamard Theorem (see [RW2, Proposition 1.5]) that if
X is a complete Riemannian manifold of nonpositive curvature, and if G
acts on X by isometries, then X is equivariantly aspherical. The equivari-
ant Novikov Conjecture asserts that for suitable equivariantly aspherical
spaces X, where u : M → X is a G-map and f : N → M is as above,
then again u∗([DM ]) = (u ◦ f)∗([DN ]), the equality holding in the equi-
variant K-homology KG

∗ (X). While this is definitely false in some cases, it
seems plausible when X satisfies some equivariant finiteness conditions, and
various cases are proved in the references cited above.

16Any map will do here. Often u is the classifying map for the universal cover, but
this need not be so.
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6. Work related to the Novikov Conjecture: The Last 12
Years or So, III: Elliptic Operators and Operator Alge-
bras

In the last decade and a half, the analytic approach to the Novikov Con-
jecture, first introduced by Lusztig, has led to an explosion of research on
various problems concerning elliptic operators and operator algebras. While
we can only hint at some of these developments, we shall at least try to give
the reader some impression of the various directions in which the subject is
moving.

Further development of Kasparov KK-theory

To understand any of the further analytic developments, one needs to ex-
amine some of the ideas behind the work of Mishchenko and Kasparov, and
in particular, why the K-theory of group C∗-algebras plays such a critical
role in analytic approaches to the Novikov Conjecture. We shall be very
brief; for further details, see the survey [Ros6] elsewhere in this volume.

The following is the basic idea of the analytic approach. Consider, say, a
closed manifold M with fundamental group Γ, equipped with the classifying
map f : M → BΓ for the universal cover. Without great loss of generality,
suppose the dimension n of M is even, n = 2k. We compare a certain ana-
lytic invariant of M , which one can call the analytic higher signature, with
an a priori homotopy invariant, the Mishchenko symmetric signature. The
former is the generalized index of a certain (generalized) elliptic operator;
it plays the role of the index of a family of twisted signature operators in
Lusztig’s proof. Recall that the index of a family of operators parameterized
by a compact space Y is a certain formal difference of vector bundles over
Y , in other words an element of the Grothendieck group of vector bundles,
K0(Y ). By the Serre-Swan Theorem, vector bundles over Y correspond pre-
cisely (via passage to the space of continuous sections) to finitely generated
projective modules over the ring C(Y ) of continuous functions on Y , so
that K0(Y ) may be identified with K0(C(Y )). In Lusztig’s case, Γ was free
abelian, Y is the Pontrjagin dual Γ̂, and by Fourier analysis, C(Y ) may
be identified with a C∗-algebra completion of the group ring C [Γ]. In a
similar fashion, in the general case the analytic higher signature is a for-
mal difference of finitely generated projective modules over the completed
group ring C∗(Γ), and thus takes its values in the K-group K0(C∗(Γ)).
On the other hand, the Mishchenko symmetric signature lives in the Wall
group L2k(C∗(Γ)) = L0(C∗(Γ)). (In this case the symmetric and quadratic
L-groups coincide and are 2-periodic, since we are taking C∗(Γ) to be an
algebra over C .)
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The key idea that makes it possible to compare the two invariants is
an observation originally going back to Gelfand and Mishchenko [GM]: for
complex C∗-algebras, unlike general rings with involution, the functors L0

and K0 are naturally isomorphic. (This is due to the Spectral Theorem
for self-adjoint operators on a Hilbert space, which implies that any non-
singular hermitian form on a C∗-algebra can be split as a direct sum of
a positive-definite form and a negative-definite form.) One can then show
([Kas4], [Kas8], [KM2]) that under this isomorphism, the analytic higher
signature coincides with the Mishchenko symmetric signature, and is thus
homotopy-invariant. On the other hand, one can prove an index theorem,
which implies that the analytic higher signature is the image under a certain
analytic assembly map

A : K∗(BΓ) → K∗(C∗(Γ))

of f∗([DM ]), where [DM ] is the class of the Atiyah-Singer signature operator
on M in Kasparov’s analytic K-homology group. Thus if A is injective,
f∗([DM ]), which under the Chern character corresponds (up to some powers
of 2) to f∗ of the total L-class, is a homotopy invariant of M . In other words,
the higher signatures of M are homotopy invariants.

Thus, just as in the algebraic approaches to the Novikov Conjecture,
the conjecture boils down to the injectivity of a certain assembly map A.
Within the last decade or so, various strategies for proving this injectivity
have been simplified and strengthened. The approach of Kasparov and his
co-workers has basically been to construct a splitting s to the assembly map
using a “generalized elliptic operator” (some variant of “dual Dirac”), and
to prove that s ◦ A = id using the KK-calculus. In fact, this has usually
been done by showing that A and s come from equivariant KK-classes
on the universal cover EΓ of BΓ, and then applying the equivariant KK-
calculus ([Kas4], [Kas7]). This program has by now been extended to quite a
number of situations: discrete subgroups of Lie groups [Kas7], groups acting
on buildings ([JuV], [KS1], [KS2]), hyperbolic or even “bolic” groups ([HilS],
[KS3]), and so on.

The cyclic homology approach (Connes et al.)

One of the most important new developments has been the introduction by
Connes (from the point of view of geometry and analysis, [Con1]–[Con7])
and by Loday-Quillen [LodQ] and Tsygan [Tsy] (from the point of view of
algebra and topology) of cyclic homology and cohomology HC∗ and HC∗,
homology and cohomology theories for algebras which, when specialized to
the algebra C∞(M) of smooth functions on a manifold, recover de Rham
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homology and cohomology theory, based on differential forms and currents.
The fundamental perspective here is that cyclic homology should be viewed
as a “linearized” version of K-theory, and bears the same relationship to the
algebraic K-theory of general algebras that ordinary (co)homology bears to
topological K-theory. Motivated by this relationship, one can construct a
natural transformation, the Chern character, from K-theory to cyclic ho-
mology.

The idea of applying cyclic homology to the Novikov Conjecture is based
on the hope of finding a completion A(Γ) of the group ring C [Γ] so that
C [Γ] ⊆ A(Γ) ⊆ C∗(Γ) 17 and the following two properties hold:

(1) A(Γ) is “big enough” so that the inclusion A(Γ) ↪→ C∗(Γ) induces
an isomorphism on K0, and

(2) A(Γ) is “small enough” so that the inclusion C [Γ] ↪→ A(Γ) induces
an injective map on cyclic homology.

Now there is an analogue of the assembly map A for cyclic homology, and
in the case of the group ring C [Γ], it is quite easy to show this assembly
map is a split injection (for any group Γ) [Bur]. On the other hand, as we
mentioned above, the usual Novikov Conjecture is a consequence of injec-
tivity of the assembly map for K-theory of the group C∗-algebra, because
of the special relationship between L-theory and K-theory for C∗-algebras.
(Knowledge of K0 is all one needs to handle even-dimensional manifolds,
and odd-dimensional manifolds can be handled by crossing with a circle and
replacing Γ by Γ×Z.) The idea of the cyclic homology approach is therefore
to construct a commutative diagram

K∗(BΓ) A−−−−→ K∗(C∗(Γ))
∥∥∥

x
K∗(BΓ) A−−−−→ K∗(A(Γ))

Ch

y
yCh

H∗(BΓ, C) A−−−−→ HC∗(A(Γ))
∥∥∥

x
H∗(BΓ, C) A−−−−→ HC∗(C [Γ]) ,

where the Chern character Ch induces an isomorphism K∗(BΓ) ⊗Z C
∼=−→

17The experts will realize that sometimes one needs to use the reduced group C∗-
algebra here.
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H∗(BΓ, C), and thus to deduce from (1) and (2) that the top assembly map
is rationally injective.

In some cases, this program has been carried out successfully. As notable
successes of the program, we mention in particular [CM1]–[CM2], [CGM2],
[Jo1]–[Jo2], [Ji1]–[Ji3].

K-theory of group C∗-algebras: the Connes-Kasparov and Baum-
Connes Conjectures

As we indicated above, the work of Mishchenko and Kasparov showed that
the Novikov Conjecture for a group Γ is a consequence of something stronger
(now often called the “Strong Novikov Conjecture”), the injectivity of the
assembly map K∗(BΓ) A−→ K∗(C∗(Γ)). Thus the study of the Novikov Con-
jecture naturally leads to the study of the K-theory of group C∗-algebras.
This study has led in turn to a number of related conjectures, which have
been verified in many cases.

To begin with, the classifying space BG and the group C∗-algebra C∗(G)
are defined not only for discrete groups, but also for all locally compact
groups G, and circumstantial evidence [Ros1] suggests a close connection
between the K-theory of the classifying space and of the C∗-algebra for
arbitrary Lie groups.

Secondly, it is useful to try to examine what sort of surjectivity one
should expect for the assembly map. For non-amenable discrete groups Γ,
the “full” C∗-algebra C∗(Γ) turns out to be “too big” (in the sense that even
for nice torsion-free groups, one cannot expect surjectivity), so it seems the
appropriate object of study is the “reduced” C∗-algebra C∗r (Γ). This is a
quotient of C∗(Γ) for which one also has a functorial assembly map A. By
extrapolating from carefully studied examples, Baum and Connes ([BC3],
[BC4], [BCH]) arrived at the conjecture that a certain modified assembly
map

A′ : KΓ
∗ (EΓ) −→ K∗(C∗r (Γ))

should be an isomorphism for any discrete group. Here EΓ is the universal
proper Γ-space, just as BΓ is the quotient of the universal free Γ-space
EΓ by the Γ-action. When Γ is torsion-free, Γ acts freely on EΓ = EΓ, so
the equivariant K-group on the left becomes just K∗(BΓ), and A′ = A.
Hence the Baum-Connes Conjecture predicts that for torsion-free groups,
the assembly map of Mishchenko and Kasparov is an isomorphism if one uses
the reduced C∗-algebra. In general, A factors through A′, and the natural
map

K∗(BΓ) ∼= KΓ
∗ (EΓ) → KΓ

∗ (EΓ)



A History and Survey of the Novikov Conjecture 45

is at least rationally injective, so the Baum-Connes Conjecture implies the
Novikov Conjecture.

Various extensions and strengthenings of the Baum-Connes Conjecture
have been proposed. For example, Baum and Connes [BCH] also suggested
that if Γ is replaced by any countably connected Lie group G, acting on a
C∗-algebraA, then there should be a canonical assembly isomorphism from
KG
∗ (EG; A) to K∗(Aor G). Here Aor G, also sometimes written C∗r (G, A),

is the reduced crossed product C∗-algebra. The previous conjecture is just
the special case where A = C and G is discrete. When G is a connected
Lie group with maximal compact subgroup K, then EG = G/K, so if we
take A = C again, the conjecture reduces to the assertion that the “Dirac
induction” map

µ : R(K) = KK
∗ (pt) ∼= KG

∗ (G/K) → K∗(C∗r (G))

(here R(G) is the representation ring of K) should be an isomorphism. This
special case of the generalized Baum-Connes Conjecture is usually known
as the Connes-Kasparov Conjecture, and has been proved for connected
linear reductive Lie groups by Wassermann [Was]. Similar results are known
for some p-adic Lie groups (e.g., [Pl3], [BHP], [BCH]). For arbitrary closed
subgroups G of amenable connected Lie groups, of SO(n, 1), or of SU(n, 1),
the generalized Baum-Connes Conjecture follows from still stronger results
of Kasparov et al. ([Kas4], [Kas5], [Kas7], [JuK]).

Parallels with positive scalar curvature (Gromov-Lawson, Rosen-
berg et al.)

Around 1980, Gromov and Lawson ([GL1], [GL2]) began to notice an in-
teresting parallel between the Novikov Conjecture and a problem in Rie-
mannian geometry, that of determining what smooth manifolds admit Rie-
mannian metrics of positive scalar curvature. They conjectured in particular
that a closed aspherical manifold could not admit such a metric, and that
a general spin manifold (except perhaps in dimensions 3 and 4) should ad-
mit such a metric exactly when certain “higher index invariants” vanish.
Originally, the parallel with the Novikov Conjecture was just phenomeno-
logical: both problems were related to index theory on non-simply connected
manifolds, and in both cases the best results were for aspherical manifolds
homotopy-equivalent to K(Γ, 1)’s satisfying some sort of “non-positive cur-
vature” condition.

In a series of papers [Ros2]–[Ros5], Rosenberg showed that this coinci-
dence was not accidental, and that in fact both problems are closely related
to the Strong Novikov Conjecture. The formal similarity between the two
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problems is explained via the index theory of Mishchenko and Fomenko
[MisF], applied to the canonical flat bundle V = M̃ ×Γ C∗(Γ) over a mani-
fold M , whose fibers are rank-one free modules over the group C∗-algebra
C∗(Γ) of the fundamental group. The main differences between the two
problems are that:
(1) the Novikov Conjecture is related to the signature operator, whereas

the positive scalar curvature problem (on a spin manifold M) is related
to the Dirac operator /DM via the Lichnerowicz identity /D2

M = ∇∗∇+
s
4 , where s is the scalar curvature;

(2) the Novikov Conjecture and the Borel Conjecture are most directly
related to the assembly map for L-theory, whereas the positive scalar
curvature problem is related to the assembly map for KO-theory. In
particular, the two theories behave very differently at the prime 2
[Ros6].

Rosenberg gave [Ros5] a reformulation of the Gromov-Lawson Conjecture
with some hope of being true for arbitrary spin manifolds, and he and Stolz
(whose techniques have proven to be crucial for the problem) have now
verified a “stable” form of the Gromov-Lawson Conjecture for a wide variety
of fundamental groups, including in particular all finite groups [RS1]–[RS3].

Analogues for foliations

Around 1980, A. Connes [Con1] pointed out that one can attach operator
algebras to foliations, and use them to develop index theory for operators
associated with foliated manifolds: at first, operators which are “elliptic
along the leaves,” such as the Dirac and signature operators of the leaves
[CS], and later, certain transversally elliptic operators (i.e., elliptic operators
on the “leaf space”) [Con2]. From these beginnings it was only a small step
to the study of an assembly map

A : K∗(B(M, F)) → K∗(C∗r (M, F))

[BC1] for foliated manifolds (M, F) and to analogues for foliations of the
Novikov, Borel, and Baum-Connes Conjectures. The first formulation of a
Novikov Conjecture for foliations was given by Baum and Connes in [BC2].
The conjecture states that if (M, F), (M ′, F ′) are foliated closed manifolds,
with M and M ′ compact and oriented and with F and F ′ orientable, then if
f : M ′ → M is an orientation-preserving leafwise homotopy equivalence (i.e.,
leaf-preserving map which is a homotopy equivalence in a leaf-preserving
way) and if u : M → Bπ is the canonical map to the classifying space of
the fundamental groupoid of (M, F) along the leaves, then for any x ∈
H∗(Bπ; Q), the “higher signatures”

〈L(M) ∪ u∗(x), [M ]〉 and 〈L(M ′) ∪ (u ◦ f)∗(x), [M ′]〉



A History and Survey of the Novikov Conjecture 47

should be equal. As pointed out by Baum and Connes, when M and M ′

each consist of a single leaf, this is the usual Novikov Conjecture, and when
M and M ′ are each foliated by points (i.e., F and F ′ are zero-dimensional),
this reduces to Novikov’s theorem on the homeomorphism invariance of
rational Pontrjagin classes. Using a variant of Kasparov’s methods, Baum
and Connes verified their Conjecture when there is a Riemannian metric
on M for which the sectional curvatures of the leaves are all non-positive.
Other cases of the Novikov Conjecture for foliations and of the analogues
of the Baum-Connes and Gromov-Lawson Conjectures for foliations have
been settled in [Na2], [To], [Mac], [Tak1]–[Tak3], and [Hu4].

Flat and almost flat bundles revisited (Connes-Gromov-Moscovici,
Gromov et al.)

A major theme in analytic work on the Novikov Conjecture, which already
appeared in the pioneering work of Lusztig, has been the use of flat and
almost flat bundles. These have also been used by Gromov [Gr6] within the
last year to give a very slick proof of Novikov’s theorem on the topological
invariance of rational Pontrjagin classes. Since this is a little easier than
the work on the Novikov Conjecture, we mention it first. As is well known,
Novikov’s theorem is essentially equivalent (see [Ran10, §2] for a few more
details) to the statement that if M4k+r is a closed oriented manifold and N4k

is the inverse image of a regular value of a map M → Sr, then the signature
of N is a homeomorphism invariant of M . Since homeomorphisms restrict
on open subsets to proper homotopy equivalences, it is then enough to show
that signature(N) only depends on the proper homotopy type of some open
tubular neighborhood U . One can reduce to the case where r = 2m+1 is odd,
and then embed in Sr a product (Σ2)m ×R, where Σ2 is a closed Riemann
surface of genus > 1. (That such an embedding is possible follows from
the fact that Σ is stably parallelizable.) Gromov then uses the fact that Σ
admits a flat rank-2 real vector bundle X with structure group SL(2, R) and
non-trivial Euler class. Since SL(2, R) ∼= Sp(R2), this bundle comes with a
natural symplectic structure, which gives rise (because of anti-symmetry of
the cup product for odd cohomology classes) to a non-degenerate symmetric
bilinear form on the cohomology with local coefficients, H1(Σ;X). One can
compute that the signature σ of this form turns out to be non-zero. Putting
m copies of X together and pulling back to U , Gromov obtains a twisted
signature invariant for U that can be shown (using the original ideas of Novi-
kov) to be a proper homotopy invariant, but which differs from signature(N)
only by a non-zero constant factor (σm), and so Novikov’s theorem follows.
See [Ran10, §4] for the surgery-theoretic interpretations of Novikov’s and
Gromov’s proofs of the topological invariance of the rational Pontrjagin
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classes.
The application of flat bundles to the Novikov Conjecture similarly orig-

inates from the rather simple observation that if M4k is a closed oriented
manifold and X is a flat vector bundle over M with structure group O(m)
or U(m), then one can define a symmetric or hermitian pairing on the coho-
mology with local coefficients, H2k(M ;X), and thus a “twisted signature”
signatureX(M). It is clear that this signature is an oriented homotopy in-
variant. It is also not hard to show that signatureX(M) coincides with the
higher signature signaturex(M, u), where (since X is flat) the Chern char-
acter x of X is the pull-back under some u : M → BΓ of a cohomology class
x ∈ H∗(BΓ; Q). The only difficulty is that since flat vector bundles with
structure group O(m) or U(m) have trivial rational characteristic classes,
all one gets from this argument is the homotopy invariance of the usual
signature.

Nevertheless, there are several ways of getting around this difficulty to use
this argument to prove results on the Novikov Conjecture. One idea (in effect
the idea of the Mishchenko and Kasparov methods) is to replace the ordinary
vector bundle X by a flat bundle with infinite-dimensional fibers (which
are finitely generated projective modules over C∗(Γ)). Another possibility,
explored by Lusztig [Lus] and Gromov [Gr6], is to use indefinite orthogonal
or unitary groups in place of O(m) or U(m). But an alternative is to use
ordinary finite-dimensional bundles, but which are only “approximately”
flat, yet which come from representations of the fundamental group. It is
this approach which is adopted in [CGM1] and [HilS], and also discussed
in [Gr6]. Here the idea is roughly that since the twisted signature (i.e., the
index of the signature operator with coefficients in a bundle) is a “discrete”
invariant, “small” amounts of non-flatness do not affect that argument that
this is a homotopy invariant.

Index theory on non-compact manifolds (Roe et al.)

The original ideas of Novikov for proving topological invariance of rational
Pontrjagin classes made essential use of non-compact manifolds, so it is not
surprising that analysis on such manifolds is starting to play a bigger and
bigger role in recent work on the Novikov Conjecture. While it would be
impossible to survey here everything that has been done using analysis on
non-compact manifolds that is related to the Novikov Conjecture, we shall
mention a few key themes, especially as found in the work of J. Roe and
his coworkers. Much of the impetus for this work came from an important
paper of Atiyah [At2], which showed how the theory of operator algebras
could be used to study index theory on the universal covers of compact
manifolds. To illustrate how the theory works, we shall begin by discussing
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some results on the Gromov-Lawson Conjecture (see the section above on
positive scalar curvature). The index theory of the Dirac operator /DM

shows via the Lichnerowicz identity that if M is a closed spin manifold with
Â-genus

Â(M) = 〈Â(M), M〉 6= 0

(here Â(M) is a certain formal power series in the rational Pontrjagin classes
of M), then M does not admit a metric of positive scalar curvature. (Pos-
itive scalar curvature would imply /DM is invertible by the Lichnerowicz
identity, whereas the index of /DM is Â(M) 6= 0 by the Atiyah-Singer Theo-
rem.) If M has fundamental group Γ and universal cover M̃ , then one could
similarly argue using Atiyah’s index theorem [At2] that M̃ does not admit a
Γ-invariant metric of positive scalar curvature. However, this argument does
not yet exploit the extra “flexibility” of non-compact manifolds as compared
with closed manifolds, since most metrics on M̃ are not Γ-invariant. A more
powerful result, proved by Roe [Roe1] using a more robust version of index
theory on non-compact manifolds, is that under these circumstances, M̃
does not admit any metric, quasi-isometric to a Γ-invariant metric, whose
scalar curvature function is uniformly positive off a compact set.

Once the technology for proving this result was in place, it became pos-
sible to prove that certain aspherical manifolds M (such as tori, which have
vanishing Â-genus) do not admit Riemannian metrics of positive scalar cur-
vature, by showing that M̃ does not admit any metric of uniformly posi-
tive scalar curvature in the appropriate quasi-isometry class. It is here that
“coarse geometry” and “coarse homology” (also known as “exotic homol-
ogy,” though this is less descriptive) come into play. The Atiyah-Singer
Theorem on a compact manifold computes the index of an elliptic operator,
which is a certain obstruction to its non-invertibility, as a certain character-
istic cohomology class (determined by the symbol of the operator) paired
against the fundamental class in homology. Roe’s index theory in [Roe3]
does something similar for elliptic operators on non-compact manifolds, but
now one is only interested in the asymptotic behavior of the manifold at
infinity, and compact sets can be thrown away. One still finds that there
are homological obstructions to the non-invertibility of the operator, but
they involve the homology of the manifold “at infinity.” This may be made
precise either in terms of the concept of a “corona” (introduced in [Hig2]—
as a prototypical example, the sphere at infinity Sn−1 is a corona for the
Euclidean space Rn) or in terms of Roe’s coarse homology theory [Roe3].

Corresponding to these results on the Gromov-Lawson Conjecture, there
are also results on the Novikov Conjecture itself using the machinery of
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“coarse homology.” For more details, we refer the reader to the paper
[HigR2] in these proceedings. However, the main idea can be stated briefly
as follows. For any “proper metric space” X,18 one can define a coarse
assembly map

Ac : K`f
∗ (X) → K∗(C∗(X)) .

Here K`f
∗ (X) is the locally finite K-homology of X, in other words, the re-

duced Steenrod K-homology of the one-point compactification [Fer2], and
K∗(C∗(X)) is the topological K-theory of the C∗-algebra constructed in
[Roe3] out of “generalized pseudodifferential operators” on X. This as-
sembly map factors through the “coarse K-homology” KX∗(X). In favor-
able cases, one can prove injectivity of this coarse assembly map Ac with
X = EΓ, and then deduce from a commutative diagram the injectivity of
the usual assembly map

A : K∗(BΓ) → C∗r (Γ) ,

in other words, the “strong Novikov Conjecture” for Γ. (See [HigR2], [Yu3]–
[Yu5], [FW2], [PeRW], and [Ros6] for more information.)
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Bruhat-Tits, K-théorie operatorielle et conjecture de Novikov, C. R. Acad.
Sci. Paris Sér. I Math. 310 (1990), 171–174.

[KS2] G. G. Kasparov and G. Skandalis, Groups acting on buildings, operator K-theo-



A History and Survey of the Novikov Conjecture 59

ry, and Novikov’s conjecture, K-Theory 4, Special issue in honor of A. Grothen-
dieck (1991), 303–337.

[KS3] G. G. Kasparov and G. Skandalis, Groupes “boliques” et conjecture de Novikov,
C. R. Acad. Sci. Paris Sér. I Math. 319 (1994), 815–820.

[Kee] J. Keesling, The one-dimensional Čech cohomology of the Higson corona and
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[Lod] J.-L. Loday, K-théorie algébrique et représentations des groupes, Ann. Sci.
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Math. Helv. 28 (1954), 17–86.
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