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1. IN my book on harmonic integrals (4) I applied the theory of harmonic
integrals to derive certain results concerning algebraic varieties. Sub-
sequently (5) I pointed out that many of the results obtained depended
only on local properties of the metric used and that some of them depended
only on the fact that an algebraic variety is capable of carrying a Kahler
metric, and not on the actual metric selected. Weil (7) pointed out that
the results obtained in this way for algebraic varieties could be extended
to apply to any Kahler manifold, and in a series of notes in the Comptes
Rendus (3) Eckmann and Guggenheimer have shown how the arguments can
be carried through in detail for a general Kahler manifold.

The topological properties of Kahler manifolds deduced by Eckmann
and Guggenheimer are similar to those obtained by Lefschetz (6) for algebraic
varieties, but are weaker, since in the case of Kahler manifolds the cycles
are considered relative to the field of complex numbers, whereas in the
Lefschetz theory they are combined with integral coefficients. The object
of the present paper is to show that if a certain restriction is imposed on
the Kahler manifold, the methods of Eckmann and Guggenheimer lead to
results on the integral topology of the manifold similar to those obtained
by Lefschetz for algebraic varieties, though they are still incapable of
taking account of torsion. The restriction imposed has other consequences,
which will also be described.

In order to describe the methods and to introduce the notation, it is
necessary to describe in some detail the main results of Eckmann and
Guggenheimer. This will be done as briefly as possible, and proofs will not
be given at this stage. The opportunity will be taken to add to the results
of Eckmann and Guggenheimer another result (Theorem I) of considerable
interest. The proof of this result for algebraic varieties was indicated in (5),
and the proof for general Kahler manifolds given below is, like the proofs
of most of the theorems for Kahler manifolds which are derived by the use
of harmonic integrals, similar to that for algebraic varieties.

2. A complex differentiable manifold Cm of m (complex) dimensions is
a real manifold of 2m real dimensions which has the following property:
the points of any neighbourhood N can be parametrized by means of m
complex parameters zv..., zm in such a way that if N and N' are any two
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intersecting neighbourhoods, and z^..., zm and z'v..., zm are the parameters
in N and N' respectively, then in N n N' we can write

where the functions fv..., fm are analytic functions of zl5..., zm and the
Jacobian

is never zero in N n N'. In this paper we shall further assume that the
manifold Cm is compact.

If, in addition, there is a metric given on Cm, defined, in the neighbour-
hood N, by the positive definite Hermitian form

ds2 = aap{dz"dzP), (1)

where the coefficients aap are functions of z1,..., zm, zv..., zm, of class C^, the
manifold is called a Hermitian manifold, and is denoted by Hm.

Of particular interest are the Hermitian manifolds for which the metric
satisfies the Kahler property

da<xy _ dapy da^p _ daay

dzp 8za ' dzy dzp '

for all a, j3, y; this is equivalent to saying that the exterior 2-form*

OJ = aap dz'xdzP (2)

is exact, that is dco = 0.

co, given by (2), is called the fundamental 2-form associated with the
metric (1), and, conversely, the metric (1) associated with the 2-form co
given by (2) is called the co -metric. Hermitian manifolds on which the
metric is Kahlerian are called Kahler manifolds, and will be denoted by Km.

3. We now summarize some of the known properties of harmonic forms
on a Kahler manifold Km. In what follows, Rp denotes the #th Betti
number of Km, and cor = wXwX...Xw (r factors) is the exterior product
of r forms equal to co.

A £>-form P (p < m) is said to be effective if it is harmonic, and satisfies
the condition

p+1 = 0. (3)

When P is effective (and different from zero) P X cor (r ^ m—p) is har-
monic (and different from zero). The effective ^p-forms form a vector space
over the field of complex numbers of dimension R,p—Rp_2, and an

* The form in (1) is a quadratic form in dzl,...,dzm, dzl,...,dzm, that in (2) is the
integrand of a double integral. To distinguish the two types of form we write the
products of differentials in the former case in brackets.
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independent basis for the harmonic p -forms on Km consists of
(0) an independent basis for the effective p-forms;
(1) the p-forms obtained by constructing the exterior products of an

independent basis for the effective (p—2)-forms, by a^; theses-forms
are an independent basis for the ineffective p-forms of class one;

(q) (where q = [$p]), the ̂ -forms obtained by constructing the exterior
products of an independent basis for the effective (p—2gf)-forms by
u>q\ these p-forms are an independent basis for the ineffective p-forms
of class q.

A p-form P which can be written as

I 2 Pa1..^1...f}Jzai---dz<x>>dzPK..dzPi' (h+k = p), (4)

is said to be a form of type (h,k). Usually we shall write Ph'k to denote
a form of type (h, k). Any p-form P can be written, in one and only one
way, as a sum p __ p,>,o_i_p»-i,i i i po,j> (5)

For a Kahler manifold we have the property that if, in (5), P is harmonic
(effective), then each Ph>p-h on the right-hand side is harmonic (effective).
Thus we obtain a further classification of the basis for harmonic ^-forms
obtained above. If p7l>fc denotes the number of linearly independent effec-
tive (h-\-k)-forms of type (h, k), we have

and since it is clear that if Ph>k is an effective form of type (h, k) its complex
conjugate Ph>k is an effective p-form of type (k,h), we have

ph,k _ pk,i,

For proofs of the above results see (3).

4. If P is any exact £>-form on a complex manifold, there is associated
with P a uniquely determined homology class of dimension 2m—p, with
coefficients in the complex field, with the property that if y2m-p is any cycle
of the homology class corresponding to P

J P = I{Y2m-p>Yp)>
YP

where, generally, /(Fl5 r2,..., Fr) is the intersection number of the cycles
T1}..., Fr; this relation holding for every p-cycle yp of the manifold. We
then write u

F ~ Y2m-p-

It is known (2) that if P and Q are, respectively, exact p- and g-forms,
and if p n '
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then PxQ^y2m_py'2m_q. (6)

In particular, if 2m—q = p, we have

\ P = I(Y2m-P,YP) = \ PXQ. (7)
y'v a*

We apply these formulae to the harmonic p-iorm on a Kahler manifold Km.
Let p h k / • _ j ft fcv

be an independent basis for the effective (/&+&)-form of type (h,k)
(h-\-k ^ m), and let

ph,k ̂  rj,fc (a (2m—7t—&)-cycle).
We may assume that Pk'h =

and we may write Yk'h =

Further, we denote by A a (2m—2)-cycle satisfying the relation
to '-^ A

and let Ar represent a cycle of the (2m—2r)-dimensional homology class
determined by the intersection of r cycles each homologous to A.

If h+k = p, r£-r-&-rAm-p+r is ap-cycle homologous to PJ-'.*-'* x com_;p+r,
and it follows from what was said in § 3 that the cycles

T*h-r,k—rAm—p+r

{i = \,...,ph-r'k-r\r = 0,...,min[A,q; h = 0,...,p; k = p-h)
form a basis for the jp-cycles of Km. For a given value of r, the cycles of
this basis form a basis for the ineffective p-cycles of class r\ ineffective cycles
of class zero are also called effective cycles.

The ineffective cycles of class r are the intersections of (2m—p-\-2r)-
cycles with Am-p+r. In the case of an algebraic variety, Am~p+r is, save for
a scalar factor, the cycle of dimension 2(p—r) corresponding to an algebraic
sub-variety Vp_r of p—r complex dimensions, and it is a consequence of
Lefschetz's theory that a basis for ineffective ^-cycles of class r can be
found among the p-cycles of the sub-variety Vp_r. Hence, without con-
fusion, we may say that a basis for the ineffective p-cycles of rank r of
any Kahler manifold Km 'lies in' Am~p+r.

Let h+k = p = h'+k'. Then, by (6),
yh-r,k—rp/t'-r'.fc'-r'Awi-w+r+r' _ . T>h—r,k—r\/ ph'-r'.k'—r' v /,.
1 i lj L* ^ M A-Tj- AW m _ p + r + r »

J)h-r,k-r\s pk'-r'.h'-r' ̂ /,..
— r i A r j ••- fJm-p+r+r'-

The right-hand side of this homology is a 2m-form involving

~h—r-\-k'—r'-\-m—p-\-r-\-r' = h-\-k' -\-m—p

differentials dza, and
k—r-\-h'—r'-\-m—p-\-r-\-r' = h' -\-k-\-m—p
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differentials dza. It is zero unless there are m differentials dz* and m
differentials di* present; hence it is zero unless

h+k' = p, h'+k = p,

that is, unless h = h', k = k'.
Again, since the forms P%-r*-r a r e effective (p—2r)-forms, it follows

from (3) that Pf~rtk~rXwm_p+r+r. is zero if r' > r; and similarly

pk'-r',h'-r' y-, .
x j A ^m-p+r+r'

is zero if r > r'. Hence we conclude that

I(Y1}~r'k~r, YI>'-r''k'-r', h>n-P+r+r'\ — Q

unless h — h', k = k', r = r'. Since the cycles

Vh-r,k-r \ m-p +r

(i = l,...,ph-r*-r; r = 0,...,min[^q; h = 0,...,p; k = p-h)

form an independent basis for the ^-cycles of Km, and the cycles

form an independent basis for the (2m—p)-cycles of Km, the intersection
matrix of these two bases is non-singular. It follows from the results
obtained above that this is only possible if each of the ph-r>k~r x ph-r>k-r

matrices whose elements are

ph-r,k-r)

is non-singular.
Since

I* ph-r,k-r XaJr=

it follows that the period of any integral of type (h, k) and ineffective of
class r is zero on any p-cycle of type (k',h'), ineffective of class r', unless
h = h', k = k', r = r'.

5. It is known that not every complex manifold can be made into a
Kahler manifold by the construction of a Kahler metric on it. But if it
is possible to construct one such on a complex manifold, many such metrics
can be constructed on it. The harmonic integrals, and hence the corre-
sponding classification of the cycles on the manifold, depend on the choice
of the metric. However, some of the characters of the manifold determined
by the consideration of the harmonic integrals can be shown not to depend
on the choice of metric but only on the fact that it is possible to construct
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a Kahler metric on the manifold; these may be called invariants of the
complex structure of the Kahler manifold. We now prove

THEOREM I. The numbers ph>k are invariants of the complex structure of
the manifold Km.

Consider two different Kahler metrics on Km, and let to, v be their funda-
mental forms. We shall use the notation of the previous paragraphs when
dealing with the co-metric; when we deal with the v-metric we shall replace
ph,k} ph,k by Qh,k} a

h>k. We have to prove that ph<k = oh>k. We suppose that
h+k=p = h'+k'.

The v-harmonic forms of type (h, k) are all those of the form

2 I Kit
r=0 i«=l

and we shall call the p-cycles homologous to
minlft.fc] p * - ' . * - '

2 2 ^rj^j-r'k-r

0 1

the ^3-cycles of co-type (h, k). Now, by (7),

r' v w V Ph—r,k-r y ..)h'—r',k'—r' v ,, I (~)h'-r',k'—r' v w V Ph—r,k-r y ...

The form under the integral sign on the right is of type

{h'-\-k-\-m—p, k'-\-h-{-m—p)

and hence is zero unless h = h', k = k'. Now the period matrix of the Rp

integrals Q\-r>k~r X vr (for all admissible values of i, r, h, k) on the Rp ^-cycles
Yh-r,k-r^m-v+r (for &\\ admissible values of i, r, h, k) is non-singular. I t
follows from the above that this is only possible if the number of v-harmonic
forms of type (h, k) is equal to the number of ^-cycles of co-type (h, k), for
all admissible (h, k). Hence

O.7i,fc_|_o.7i-l,fc-l_j_o.7i-2,fc-2_l_ = ph,k\ ph-l,k-l\ ph-2,k-2 I

By considering v-harmonic (p—2)-forms and the (p—2)-cycles, we obtain
the equation

ah-l,k-l\_ah-2,k-2\ _ p7t-l,fc-l_|_p/i-2,fc-2_i_ _

Subtracting, we obtain the equation
ah,k __ ph,k

6. The classification of the ^-cycles of K^ into cycles of various classes
of ineffectiveness and different types which we have outlined above re-
quires us to consider the cycles over the field of complex numbers. We
now introduce a new condition to be satisfied by the metric on Km, and
show that when this condition is satisfied the classification of the cycles
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according to their class of ineffectiveness can be carried out rationally, that
is, that a base for the ineffective p-cycles of class h can be found consisting
of integral cycles.

For a general Kahler manifold, the (2m—2)-cycle A is a complex cycle.
But when the Kahler manifold is constructed from an algebraic variety
as in (4), A is a scalar multiple of an integral cycle. We shall say that the
Kahler manifold is of the restricted type if the fundamental 2-form w is
homologous to A = kT, where Y is an integral cycle. We shall denote a
Kahler manifold of the restricted type by Um.

It is easy to see that k must be a pure imaginary number. For, since the
metric is Hermitian to is J(— 1) times a real form. This real form is homo-
logous to a real (2m—2)-cycle. Hence (fc/̂ /(—1))F is real, and therefore
kl^J(-l) is real. It will be convenient to write A = — iaT, where a is a
positive real number. This amounts to assigning a particular orientation
to T.

THEOREM II. / / Um is a Kahler manifold of restricted type, the ineffective
p-cycles which are ineffective of class r have an integral basis.

Let F = rh-r'k-rhm-J)+r be any ineffective p-cycle of class r. Then if
q < r, FA3 = rh-r'k-rA.m-p+q+r is a (p—2q)-cycle, and it is easily seen from
§ 4 that it is ineffective of class r—q. On the other hand, if q > r,

VAQ ,—, pii~r,k-r y ,,•

and, since m— p-\-q-\-r > m—h—k-\-2r, it follows from (3) that

TA« ~ 0.

Now let 1} (i = 1,..., R2m-p = ^p) be an integral basis for the (2m—p)-
cycles of Um. Then the cycles Tt A

m-P form a basis for the p-cycles of Um.
If 2 \ I* Am~p is an effective p-cyc\e,

and Rp-z of the (p—2)-cycles 1̂  Am-p+1 are independent and form a basis
for the (p—2)-cycles of Um. This, and the statements which follow, are
immediate consequences of the properties of the cycles of a Kahler mani-
fold given in § 4.

More generally, J K r* Am-p+r ~ 0
i

is a necessary and sufficient condition that ]£AiriA
m-p should be homo-

i

logous to a combination of p-cycles whose class of ineffectiveness is less
than r. Hence we can find a basis for the p-cycles of Um whose class of
ineffectiveness does not exceed r—1 by finding a basis for the solutions of
the homology ^ \.I\ A » w — 0. (8)
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Similarly, to find the^p-cycles whose class of ineffectiveness does not exceed
r we have to solve the homology

"V \ F Am-P+r+1 ~^J 0 (Q^

Now if A = — iaV, where F is an integral cycle, the homologies (8) and
(9) are equivalent to v > r rm-v+r n

and 2 K ri Tm-v+r+l ~ 0,

respectively, and hence they can be solved in integers. Let us suppose the
basis {FJ has been rearranged so that the solutions of (8) have a basis
Â  = 8̂ - (j = 1,..., Rp—Rp-2r)> a n d that the solutions of (9), which include
those of (8), have a basis Â  = 8̂ - (j = 1,..., Rp—Rp-2r-2)- A necessary and
sufficient condition that 7?J,-7?p_2r_5

be ineffective of rank r exactly is that its intersection with each cycle F̂
such that the class of ineffectiveness of Fi A

m-v is less than r should be zero.
Thus we find a basis for the ineffective p-cycles of class r by finding a basis
for the solutions of

r ^ = ^ ^ ^ i ^ Rp-Rp_2r).

This can be done rationally, and Theorem II is therefore proved.

7. The fact that Um is a Kahler manifold of restricted type does not,
however, permit us to obtain an integral basis for the cycles

V \ . yh-r.k-r Am-p+r

for given h, k, r. Nevertheless, we are able to obtain a theorem about the
integral topology of Um by considering these cycles. Since the theorem
which we propose to prove for the ineffective p -cycles of class r is the same
as that for the effective (p—2r)-cycles, it will be sufficient to consider the
effective ^-cycles of Um.

From § 4 we know that

/(rtfc, rf•k\ rm-p) = o (h+k = p = h'+kf),

unless h = h', k = k'. Write

Mfyk = i( r![-k, Tf'k, rm-p). (i o)

Let av..., otph.k be ph>k complex numbers. Then, by (6),

(-ia)m-p ^ M^cn&j ~ PxPXcom_p, (11)

where P = 2 «i Pi'k = p
a i ah.Pi ft dza*...dz«* &...&&*.
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To evaluate the form on the right of (11) at a point 0, we choose the local
coordinates zv..., zm so that at 0

m

a, = J dzKdza.

A simple calculation then shows that

PxFxu>M.p

and if we express this in real form by writing

we see that _
T>h,k v P/'.fc v /.i / 1 \k I"/>0J—1)-WJ A <7->*l f]v2m

where 4̂ is a positive function of a;1}..., x2m, except when P = 0. Since

( ""*" lit ) / JJJ. .*̂  (X>* O-; I -/ xx -* A tO,«_ .i *
' M tj v J I lit JJ '

and a is positive, we conclude that

2(M
?;jk<xi5cj= { — \)hi»sxc, (12)

where c is a non-negative number, zero only when ax = a2 = ...-= 0.

. L e t i v i — | | i w , - j II-

Then M;'>A" = ( —1)/;(M//>A:)'.

We consider first the case in which p is even. Then M''-fc is a Hermitian
matrix, and by (12) it is ( — l)h times a positive definite Hermitian matrix.

Let F̂  (i = 1,..., Rp—Rp-2) be an integral basis for the (2m—^)-cycles
of Um whose intersections with Tm~p are effective ^-cycles. Then

We denote by A the square matrix whose elements are A^, where the suffix
j indicates the column, and the other indices refer to the rows. If N is the
integral matrix whose elements are the intersection numbers I{Vi} I}, Fm~p),
we see that

ANA' = / MP-° 0 0 . . .
0 MP-1-1 0 . . .

0 0 . . .

0 - H P - 1 - 1 . . . .

0 0 . ( —
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where Hh>k is a positive definite Hermitian matrix of phtk rows and columns.
Hence we have

THEOEEM III. Let 1̂  (i = 1,..., Bp—Rp-%) be an integral basis for the
(2m—p)-cycles of Um whose intersections with Ym~v are effective p-cycles
where p is even. Then the signature of the intersection matrix \ \I(Ti} I}, Tm~'p) 11
lS (pp-°+pv-2-2-\-... + p°-v, pv-1-1-^pv-3,3_|_ ^.pt.p-iy

8. We now consider the period matrix of a base for the effective p-fold
integrals on a base for the effectives-cycles, for any value of p not exceed-
ing m. We consider the integrals of the forms P\'k (h-\-k = p), arranging
them so that P%>k precedes Pf>fc' if h > h', and the cycles Y\kYm-v, arrang-
ing them in the same way. Then, as we have seen,

\{ h = h', k = k', and is zero otherwise. Hence the period matrix £1 is

given by ft = / M^° 0

\J J.VX * • • i

Let R be the intersection matrix of the cycles YJ(-k of the base with their
complex conjugates and Fm-p . Then we have

R' = (_1)P / MP'° 0
0 M"-1'1 .

Hence, if R denotes the transpose of the inverse of R, we have

0 . . .
0

0 -

Now let F̂  (i = 1,..., Rp—Rp-2) he an integral base for the cycles
(Theorem II), and let A be the matrix of coefficients in the representation

0388 I
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of the new base in terms of the old. If S is the (integral) matrix of inter-
section of the cycles Fi5 I}, Tm-v

S = ARA',

and if A is the period matrix of the integrals of the forms P!['k on the cycles

Hence

ASA' =
0 - ]

(13)

where H'*>fc is a positive definite Hermitian matrix, and S is a matrix of
rational numbers.

The most interesting case of this result arises when p = 1. In this case
the effective integrals of type (1,0) are the exact integrals of the form
J Pa dz01, which are everywhere finite on the manifold, and the effective
integrals of type (0,1) are their complex conjugates. Let w denote the
period matrix of the effective integrals of type (1,0) on TJnv with respect
to the cycles Fi F"1"1. Then, in the notation used above,

and equation (13) gives the equation

(H 0
_ S(co,w) - —i[
u)/ \0 — H

where H is a positive definite Hermitian matrix. Since S is a skew-
symmetric matrix of rational numbers, we deduce

THEOREM IV. On a Kdhler manifold of restricted type, the period matrix
of the effective integrals of type (1,0) is a Riemannian matrix.

9. If Cm is any compact manifold, an exact integral of the form J Pa dza

which is regular at all points of Cm is called a Picard integral, by analogy
with the case of algebraic varieties. If Cm is not a Kahler manifold, there
may be no Picard integrals on it, even if Rx > 0. If Cm is a Kahler mani-
fold, the Picard integrals are the same as the effective integrals of type (1,0).

The complete converse of Theorem IV would state that if on a compact
complex manifold Cm there exist IR1 linearly independent Picard integrals
whose period matrix is Riemannian, then, with a suitable choice of metric,
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Cm is a Kahler manifold of restricted type. We cannot prove this result
completely, but we can prove a partial converse of Theorem IV as follows:

THEOBEM V. If a compact complex manifold Cm satisfies the following
conditions:

(a) it possesses ^R1 linearly independent Picard integrals

jPiadz« («=l,...,|i21);
ia

(6) the matrix \\Piot\\ is of rank m at all points of Cm;
(c) the period matrix of J Pi(X dza is Riemannian;

then we can choose a metric on Cm so that it becomes a Kahler manifold of
restricted type.

On account of condition (6), the theorem tells us nothing if R1 < 2m.
If j?1 = 2m the m covariant vectors Pi(X can be used to find the mth
characteristic cohomology class of Cnl (1). It follows from the properties
of characteristic classes that in this case (b) cannot be satisfied if the mth
characteristic class of Cm is not the zero class.

Assuming the conditions of the theorem satisfied, we proceed as follows.
Let yi (i = 1,..., Rp) be an integral basis for the 1-cycles of Cm, and let to
be the period matrix of the integrals J P^ with respect to these cycles.
Then there exists a skew symmetric matrix of integers T such that

jy. «
where H is a positive definite Hermitian matrix. Let 1̂  (i = 1,..., RL) be
an integral basis for the (2m— l)-cycles of Cm. Then there is a matrix
b = ||6.£i|| such that P ~ Y />, r

A?

We have u>i} = J bik{Vkyj) = £ bikchJ,
rC rC

where c = | |cy | | is a matrix of integers. Thus

b = we-1.

Let a = \\ocij\\ be a ^R1x\Rl matrix. Then

where di} = T <x,lkbhibkJ— J, <xkhbhibkJ,
hjc h,k

that is,
d = \\dij\\ = b 'ab—b'a'b = cw'atoc-1—cui'a'coc-1
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Take a = H"1. Then
/a 0

and so d = icT~1c~1.

Since c and T are both matrices of integers, it follows that

is homologous to a scalar multiple of an integral cycle.
Now consider the quadratic form

Since a = H - 1 is a positive definite Hermitian matrix, and condition (6)
of the theorem is assumed to be satisfied, we conclude that this quadratic
form is positive definite. Hence Cm, with the metric

is a Kahler manifold of restricted type.

10. THEOREM VI. A necessary condition that a complex manifold be a
Kahler manifold of restricted type is that there should exist on it an integral
(2m—2)-cycle Y such that every exact integral on the manifold, of type
(m,m—2), should have zero period on Y, and such that I(Ym) > 0.

If Cm is of restricted type

where a is a positive real number. If P is any exact form of type (m, m—2),
Px co is a form of type (m-fl,ra— 1) and is hence zero. Now we have

—io>\P = f Pxw = 0.
r M

Again, ( — ia)mYm ~ com = ( —i)mxreal positive 2m-form.
Hence I(Ym) = a~mx positive number > 0.

By considering conjugate imaginaries, Theorem VI remains true if for
'integrals of type (m, m—2)' we read 'integrals of type (m—2,m)'.

It is not known whether these conditions are sufficient for the manifold
to be of restricted type.

If Um is a Kahler manifold for which Rx > 0, and whose Picard integrals
have a Riemannian period matrix, we can construct, in the usual way,
0-functions of the Picard integrals. From these ©-functions we can con-
struct one-valued functions/(z1,...,zm) on Um whose singularities are all of
polar type. The locus of poles of such a function defines on Um an integral
(2m—2)-cycle Y. Y is analogous to the (2m—2)-cycle defined on an alge-
braic manifold by a sub-variety of dimension m—1 (complex), and it can
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be verified at once that the exact integrals of type (m,m—2) on Um have
zero periods on F. But it is not always true that I(Tm) > 0, as can be
verified by considering the special case of an algebraic variety.
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