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1. IN my book on harmonic integrals (4) I applied the theory of harmonic
integrals to derive certain results concerning algebraic varieties. Sub-
sequently (5) I pointed out that many of the results obtained depended
only on local properties of the metric used and that some of them depended
only on the fact that an algebraic variety is capable of carrying a Kahler
metric, and not on the actual metric selected. Weil (7) pointed out that
the results obtained in this way for algebraic varieties could be extended
to apply to any Kéhler manifold, and in a series of notes in the Comptes
Rendus (3) Eckmann and Guggenheimer have shown how the arguments can
be carried through in detail for a general Kahler manifold.

The topological properties of Kahler manifolds deduced by Eckmann
and Guggenheimer are similar tothoseobtained by Lefschetz (6) for algebraic
varieties, but are weaker, since in the case of Kéhler manifolds the cycles
are considered relative to the field of complex numbers, whereas in the
Lefschetz theory they are combined with integral coefficients. The object
of the present paper is to show that if a certain restriction is imposed on
the Kahler manifold, the methods of Eckmann and Guggenheimer lead to
results on the integral topology of the manifold similar to those obtained
by Lefschetz for algebraic varieties, though they are still incapable of
taking account of torsion. The restriction imposed has other consequences,
which will also be described.

In order to describe the methods and to introduce the notation, it is
necessary to describe in some detail the main results of Eckmann and
Guggenheimer. This will be done as briefly as possible, and proofs will not
be given at this stage. The opportunity will be taken to add to the results
of Eckmann and Guggenheimer another result (Theorem I of considerable
interest. The proof of this result for algebraic varieties was indicated in (5),
and the proof for general Kihler manifolds given below is, like the proofs
of most of the theorems for Kihler manifolds which are derived by the use
of harmonic integrals, similar to that for algebraic varieties.

2. A complex differentiable manifold C,, of m (complex) dimensions is
a real manifold of 2m real dimensions which has the following property:
the points of any neighbourhood N can be parametrized by means of m
complex parameters z,,..., z,, in such a way that if N and N’ are any two
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intersecting neighbourhoods, and z,,..., z,, and z,..., z,, are the parameters
in N and N’ respectively, then in N n N’ we can write

Z’i =fi(zl"“’ 2m) (1‘ = 1:"', m))

where the functions f,,..., f,, are analytic functions of z,,..., z,, and the
Jacobian of,

6zj

is never zero in N n N'. In this paper we shall further assume that the
manifold C,, is compact.

If, in addition, there is a metric given on C,,, defined, in the neighbour-
hood N, by the positive definite Hermitian form

ds? = a5(dz>dzP), (1)

where the coefficients a4 are functions of ,,..., 2,5, 2,,..., Z,,, of class C,,, the
manifold is called a Hermitian manifold, and is denoted by H,,.
Of particular interest are the Hermitian manifolds for which the metric

satisfies the Kahler property

day, _dag,  fa.p _ 394
g oz, = 05, oFg
for all o, B, y; this is equivalent to saying that the exterior 2-form*
w = a.g dz>dzB (2)
is exact, that is dw = 0.

w, given by (2), is called the fundamental 2-form associated with the
metric (1), and, conversely, the metric (1) associated with the 2-form w
given by (2) is called the w-metric. Hermitian manifolds on which the
metric is Kéahlerian are called Kahler manifolds, and will be denoted by K,,,.

3. We now summarize some of the known properties of harmonic forms
on a Kahler manifold K. In what follows, R, denotes the pth Betti
number of K, and w, = w X w X ... Xw (r factors) is the exterior product
of r forms equal to w.

A p-form P (p < m) is said to be effective if it is harmonic, and satisfies

the condition PXwppiy = 0. (3)

When P is effective (and different from zero) P X w, (r < m—p) is har-
monic (and different from zero). The effective p-forms form a vector space
over the field of complex numbers of dimension R,—R,_,, and an

* The form in (1) is a quadratic form in dz\,..., dz™, dz!,...,dZ™, that in (2) is the

integrand of a double integral. To distinguish the two types of form we write the
products of differentials in the former case in brackets.
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independent basis for the harmonic p-forms on K,, consists of
(0) an independent basis for the effective p-forms;
(1) the p-forms obtained by constructing the exterior products of an
independent basis for the effective (p—2)-forms, by w,; these p-forms
are an independent basis for the ineffective p-forms of class one;

(¢) (where ¢ = [$p]), the p-forms obtained by constructing the exterior
products of an independent basis for the effective (p— 2q)-forms by
w,; these p-forms are an independent basis for the ineffective p-forms
of class q.

A p-form P which can be written as

Py cpop 020 deo0dzPr dsPe (h+k =p),  (4)

<o <ap Pr< <P

is said to be a form of type (k,%). Usually we shall write P** to denote
a form of type (k,k). Any p-form P can be written, in one and only one

way, as a sum P = Pp,()+ P"‘l'l-l—...—l-l’o”’. (5)

For a Kéhler manifold we have the property that if, in (5), P is harmonic
(effective), then each PP~% on the right-hand side is harmonic (effective).
Thus we obtain a further classification of the basis for harmonic p-forms
obtained above. If p* denotes the number of linearly independent effec-
tive (A+k)-forms of type (h, k), we have

pUr 4. A pP0 = Rn—Rn—z;
and since it is clear that if P** is an effective form of type (&, k) its complex
conjugate Ptk is an effective p-form of type (k, k), we have

Ph,k _ pk,h .

For proofs of the above results see (3).

4. If P is any exact p-form on a complex manifold, there is associated
with P a uniquely determined homology class of dimension 2m—p, with
coefficients in the complex field, with the property that if y,,_, is any cycle
of the homology class corresponding to P

f P = I(YZm—p’ yp)a
Yp

where, generally, I(I, I},..., I}) is the intersection number of the cycles
IN,..., I}; this relation holding for every p-cycle y, of the manifold. We

then write
P ~ Yom

—p
It is known (2) that if P and @ are, respectively, exact p- and g-forms,

and if ,
P~ Yem-p> Q ~ Yem—q>
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then Px@Q~ Yem-p 7,2m—q' (6)
In particular, if 2m—q = p, we have
[ P = Itysnpovy) = [ Px@Q. (1)
Yp 4

We apply these formulae to the harmonic p-form on a Kahler manifold K,,. .
Let PHE (G = 1,..., phk)
be an independent basis for the effective (h+k)-form of type (k,k)
(h+k < m), and let

Phk ~ Thk  (a (2m—h—k)-cycle).
We may assume that Pl — Phk,
and we may write Thh = Tk,
Further, we denote by A a (2m—2)-cycle satisfying the relation

w~A

and let A" represent a cycle of the (2m—2r)-dimensional homology class
determined by the intersection of 7 cycles each homologous to A.

If h+k = p, Th-mk-TAm-P+7 jg 3 p-cycle homologous to P}k X w,, ..,

and it follows from what was said in § 3 that the cycles
l":.z—r,k—rAm——zwr
(¢ = 1,...,ptmk=r,r = 0,...,min[h, k]; b = 0,...,p; k = p—h)
form a basis for the p-cycles of K. For a given value of r, the cycles of
this basis form a basis for the ineffective p-cycles of class r; ineffective cycles
of class zero are also called effective cycles.

The ineffective cycles of class r are the intersections of (2m—p-2r)-
cycles with Am-»+7, In the case of an algebraic variety, A™-P+r is, save for
a scalar factor, the cycle of dimension 2(p—r) corresponding to an algebraic
sub-variety ¥,_,. of p—r complex dimensions, and it is a consequence of
Lefschetz’s theory that a basis for ineffective p-cycles of class » can be
found among the p-cycles of the sub-variety ¥, .. Hence, without con-
fusion, we may say that a basis for the ineffective p-cycles of rank r of
any Kahler manifold K, ‘lies in’ Am-»+r,

Let h+k = p = kh'4-k'. Then, by (6),

F%-r,k—rf}lp’-—r’,k'—r'Am-p FA Al P:_'l—r.k—r X F;L'—r’,k'—r' X wm—p+r+r’
— Pét—r,k—r X P;c’—r’,h’-r’ Mo
The right-hand side of this homology is a 2m-form involving
h—r+k'—r'+m—p+r+r' = h+k'+m—p
differentials dz%, and

k—r+b —r'+m—p+r4+r' = b'+k+m—p

—pr+r’
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differentials dz*. It is zero unless there are m differentials dz® and m
differentials dz* present; hence it is zero unless

h+k = p, h+k=p,

that is, unless h = &', kL = k'.
Again, since the forms PY-7%-r are effective (p—27)-forms, it follows

from (3) that P}—"%-"Xw,,_,. ., is zero if 7' > r; and similarly

K =1 =1’
Pj X Wy ptr+r

is zero if r > 7’. Hence we conclude that
I(I‘?iz—r,k-r, r\?'_f"k'_f', Am_p+r+r’) =0
unless b = &', k = k', r = r'. Since the cycles

Dh-rk—rAm-p+r
(¢t = 1,..,phrk-rip = 0,..,min[h,k]; A = 0,...,p; k = p—h)
form an independent basis for the p-cycles of K, and the cycles
Th-rk=r' (j=1,..,p" "%~ 4" = 0,..,min[h’,k']; ' = 0,...,p; k' = p—h')

form an independent basis for the (2m—p)-cycles of K,,, the intersection
matrix of these two bases is non-singular. It follows from the results
obtained above that this is only possible if each of the ph-mk-rx ph-rk-r
matrices whose elements are

I(I‘{:l—r,k—r’ I_‘}t—r,k—r’ Am—p+2r) (’L,] =1,.., ph.—r,k—r)

is non-singular.
Since
“ _p{g—r,k—-r X w, = I(F{-"'”k_’, f}t'—r',k‘—r” Am—);+r+r’)’

l"-"_"'k'_. ram=p.r
J

it follows that the period of any integral of type (,%) and ineffective of
class 7 is zero on any p-cycle of type (k', '), ineffective of class 7', unless
h=W,L=Fk,r=r1".

5. It is known that not every complex manifold can be made into a
Kahler manifold by the construction of a Kahler metric on it. But if it
is possible to construct one such on a complex manifold, many such metrics
can be constructed on it. The harmonic integrals, and hence the corre-
sponding classification of the cycles on the manifold, depend on the choice
of the metric. However, some of the characters of the manifold determined
by the consideration of the harmonic integrals can be shown not to depend
on the choice of metric but only on the fact that it is possible to construct
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a Kahler metric on the manifold; these may be called invariants of the
complex structure of the Kihler manifold. We now prove

THEOREM 1. The numbers p"* are invariants of the complex structure of
the manifold K,,.

Consider two different Kiahler metrics on K,,, and let w, v be their funda-
mental forms. We shall use the notation of the previous paragraphs when
dealing with the w-metric; when we deal with the v-metric we shall replace
Pk, phk by Qrk, ghk. We have to prove that p¥ = o™k, We suppose that
h+k=p=hn+Fk.

The v-harmonic forms of type (%, k) are all those of the form

minlh,k) oh—rk-r hrk
=7,k —
Am' Q’i, T T X Vy

r=0 i=1
and we shall call the p-cycles homologous to

minl[h,k} ph—rk-r -
e —r k=7 AM—D 4T
2 pTyETA
r=0 i==1

the p-cycles of w-type (h,k). Now, by (7),

W —p’ K = — h - K =1 Pherk—-r
Qi Xy = J‘ Qi Xvp X Pj X Wn—p+r
Th=rk—rpam—pir M

j

The form under the integral sign on the right is of type

(b +k~+m—p, k'+h+m—p)
and hence is zero unless » = A’, k = k’. Now the period matrix of the R,
integrals @}~k X v, (for all admissible values of 7,7, b, k) on the R, p-cycles
Th-rk-rAm-p+r (for all admissible values of ¢, 7, h, k) is non-singular. It
follows from the above that this is only possible if the number of v-harmonic

forms of type (&, k) is equal to the number of p-cycles of w-type (4, k), for
all admissible (%, k). Hence

Oh,k+o.h—1,k-l+oh—2,k—2+ _— Ph,k+PI;—1,k~1+ph—2,k—2_|_ e

By considering v-harmonic (p—2)-forms and the (p—2)-cycles, we obtain
the equation

oh-lR-14 gh-2k-2 = ph-lk-14 gh-2k-24
Subtracting, we obtain the equation

oMk = phk,

6. The classification of the p-cycles of K, into cycles of various classes
of ineffectiveness and different types which we have outlined above re-
quires us to consider the cycles over the field of complex numbers. We
now introduce a new condition to be satisfied by the metric on K,,, and
show that when this condition is satisfied the classification of the cycles
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according to their class of ineffectiveness can be carried out rationally, that
is, that a base for the ineffective p-cycles of class k can be found consisting
of integral cycles.

For a general Kéhler manifold, the (2m—2)-cycle A is a complex cycle.
But when the Kéhler manifold is constructed from an algebraic variety
as in (4), A is a scalar multiple of an integral cycle. We shall say that the
Kéhler manifold is of the restricted type if the fundamental 2-form w is
homologous to A = kI', where I is an integral cycle. We shall denote a
Kahler manifold of the restricted type by U,,.

It is easy to see that & must be a pure imaginary number. For, since the
metric is Hermitian w is \/(— 1) times a real form. This real form is homo-
logous to a real (2m—2)-cycle. Hence (k/,/(—1))I is real, and therefore
k[J(—1) is real. It will be convenient to write A = —ial', where a is a
positive real number. This amounts to assigning a particular orientation
to I'.

TrEOREM II. If U, is a Kdhler manifold of restricted type, the ineffective
p-cycles which are ineffective of class r have an integral basis.

Let I' = I'h-rk-rAm-p+r he any ineffective p-cycle of class ». Then if
g < r, PA? = Th-rk-rAm-p+a+r jg g, (p—2g)-cycle, and it is easily seen from
§ 4 that it is ineffective of class r—g. On the other hand, ifg > 7,

TAT ~ Ph=mk=T 3w,y sqir
and, since m—p+q+r > m—h—k-+27, it follows from (3) that
A7~ 0.

Nowlet [} (s = 1,..., Ry,_,, = R,) be an integral basis for the (2m—p)-
cycles of U,,. Then the cycles I; A"-? form a basis for the p-cycles of U,,.
If 3 A, T;A™-? is an effective p-cycle,

' > AT AmP+ ~ 0
?

and R,,_, of the (p—2)-cycles I; Am-?+! are independent and form a basis
for the (p—2)-cycles of U,,. This, and the statements which follow, are
immediate consequences of the properties of the cycles of a Kahler mani-
fold given in § 4.
More generally, 2 AT AP~ 0
1

is a necessary and sufficient condition that ¥ A;I;A™-? should be homo-
[

logous to a combination of p-cycles whose class of ineffectiveness is less
than 7. Hence we can find a basis for the p-cycles of U,, whose class of
ineffectiveness does not exceed r—1 by finding a basis for the solutions of

the homology S AT Am-pr 0. (8)
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Similarly, to find the p-cycles whose class of ineffectiveness does not exceed
r we have to solve the homology

> A Am-pHr+l 0, 9)
T
Now if A = —ial", where I' is an integral cycle, the homologies (8) and
(9) are equivalent to S AT w4 0 0
and > N L Im-pirdl 0,

respectively, and hence they can be solved in integers. Let us suppose the
basis {I;} has been rearranged so that the solutions of (8) have a basis
A =38;(j=1,.., R,—R,_,,), and that the solutions of (9), which include
those of (8), haveabasis A, = 8;; (j = 1,..., B,— R, _,,_,). A necessary and
sufficient condition that

p—Rp-sr—s

Ai n Am-p

is1

be ineffective of rank r exactly is that its intersection with each cycle I}
such that the class of ineffectiveness of I; A™-? is less than r should be zero.
Thus we find a basis for the ineffective p-cycles of class r by finding a basis
for the solutions of

I [P _ .
2 AMIGTT7) =0 (j=1.,R,—R,,)

This can be done rationally, and Theorem II is therefore proved.

7. The fact that U, is a Kahler manifold of restricted type does not,
however, permit us to obtain an integral basis for the cycles

z Ai P!':l»—r,k—r Am-p +r
for given h, k, r. Nevertheless, we are able to obtain a theorem about the
integral topology of U,, by considering these cycles. Since the theorem
which we propose to prove for the ineffective p-cycles of class r is the same
as that for the effective (p—2r)-cycles, it will be sufficient to consider the

effective p-cycles of U,,..
From § 4 we know that

Ik, TWK Tm=P)y = 0 (h-h = p = I +k'),
unless h = &', k = k'. Write
Mk = I(Tk, Tk, [m-p), (10)
Let «y,..., apne be ph* complex numbers. Then, by (6),
(—ia)ym? > Mlika,a; ~ PXPXw,_p, (11)
where P=73oPhk=P, . 5. pde5. dzodzh. dzbe,

Q.



112 W. V. D. HODGE
To evaluate the form on the right of (11) at a point O, we choose the local

coordinates 2;,..., 2,, so that at O

m
w = z dzodze.
a=1

A simple calculation then shows that
PXPxw m—p
(1D TP P sy G212,
and if we express this in real form by writing

2y = xza—1+‘ix2a
we see that

Phk X Ph,k X W,y = (_ l)k P -1)-m 4 dl}l...dl‘g'",

where 4 is a positive function of 2,..., ,,,, except when P == 0. Since

(—iayr=> 3 Ml = [ PxPxow
’ivj )1

m-p»

and a is positive, we conclude that

2 MiFa;a; = (—1)v xe, (12)
0]
where ¢ is a non-negative number, zero only when o) = ay == ... == 0.
Let MMk = || M¥]|.
Then Mk = (—1)P(MIk)’,

We consider first the case in which p is even. Then Mk is a Hermitian
matrix, and by (12) it is (—1)* times a positive definite Hermitian matrix.

Let T} (: = 1,..., B,—R,_,) be an integral basis for the (2m—p)-cycles
of U,, whose intersections with I'"-? are effective p-cycles. Then

D~ 5 MAT,
J

We denote by A the square matrix whose elements are A%, where the suffix
j indicates the column, and the other indices refer to the rows. If N is the
integral matrix whose elements are the intersection numbers I(I}, T}, I'™-?),
we see that

ANN' = / Mpo 0 0
0 Mp-11 0

L ‘Mov
— / Hpo 0 0
0 —Hr11

0 0 . (—1)pPHo»
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where H"* is a positive definite Hermitian matrix of p"* rows and columns.
Hence we have

Tueorem III. Let T; (s = 1,..., R,—R,_,) be an integral basis for the
(2m—p)-cycles of U, whose intersections with I'™-P are effective p-cycles
where p is even. Then the signature of the intersection matrix || 1(T, T, T™~7)]|

(N (Pp,0+Pp—2,2+ “.__|_P0,p, p1)—1,1+pp—3,3+ “__I__pl,p—l)'

8. We now consider the period matrix of a base for the effective p-fold
integrals on a base for the effective p-cycles, for any value of p not exceed-
ing m. We consider the integrals of the forms P»* (h4+k = p), arranging
them so that P}* precedes P¥* if b > I', and the cycles T?I'-?, arrang-
ing them in the same way. Then, as we have seen,

[ Pf"" — I(F’L”‘, T"}z,k’ Fm—p) — Jﬂ:xjk
'[‘;n'_k'i"m—-p
if h=A', k=1%", and is zero otherwise. Hence the period matrix  is
given by Q — Mpo 0
0 Mp-11
Mor

Let R be the intersection matrix of the cycles T of the base with their
complex conjugates and I'»-?. Then we have

R’ = (—1)» / Mpo 0
0 Mru

Mo»

Hence, if R denotes the transpose of the inverse of R, we have

QRQ' = / Mro 0
0  Mr-it
Mo»
= iP(—1)p [ HPO o .
0 —Hr11,
(—1)PHw

Now let I, (i = 1,..., R,—R,_,) be an integral base for the cycles I'}*
(Theorem II), and let A be the matrix of coefficients in the representation
5388 I
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of the new base in terms of the old. If S is the (integral) matrix of inter-
section of the cycles I}, I}, I'-P

S = ARA/,
and if A is the period matrix of the integrals of the forms P%* on the cycles
LI, A=QA
Hence

ASA' = QR = i»*(—1)» / Hpo 0 . . .\,
0 —He11

: (_ 1)1;1-[0..1) (13)

where H"* is a positive definite Hermitian matrix, and S is a matrix of
rational numbers.

The most interesting case of this result arises when p = 1. In this case
the effective integrals of type (1,0) are the exact integrals of the form

P, dz*, which are everywhere finite on the manifold, and the effective
integrals of type (0,1) are their complex conjugates. Let w denote the
period matrix of the effective integrals of type (1,0) on U, with respect
to the cycles [;I'™-1. Then, in the notation used above,

(g)é(a',w') - ——i(lg _OH),

where H is a positive definite Hermitian matrix. Since S is a skew-
symmetric matrix of rational numbers, we deduce

TaeOREM IV. On a Kihler manifold of restricted type, the period matriz
of the effective integrals of type (1,0) is a Riemannian matriz.

9. If C, is any compact manifold, an exact integral of the form J P, dz=
which is regular at all points of C,, is called a Picard integral, by analogy
with the case of algebraic varieties. If C,, is not a Kéahler manifold, there
may be no Picard integrals on it, even if R, > 0. If C,, is a Kihler mani-
fold, the Picard integrals are the same as the effective integrals of type (1, 0).

The complete converse of Theorem IV would state that if on a compact
complex manifold C,, there exist } R, linearly independent Picard integrals
whose period matrix is Riemannian, then, with a suitable choice of metric,
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C,, is a Kahler manifold of restricted type. We cannot prove this result
completely, but we can prove a partial converse of Theorem IV as follows:
TraeorEM V. If a compact complex manifold C,, satisfies the following
conditions:
(@) it possesses 3 R, linearly independent Picard integrals

[ Pade® (w= 1, 3R

(b) the matriz || P,,|| ts of rank m at all points of C,,;

(¢) the pertod matriz of f P, dz* is Riemannian;
then we can choose a metric on C,, so that it becomes a Kihler manifold of
restricted type.

On account of condition (b), the theorem tells us nothing it R; < 2m.
If R, = 2m the m covariant vectors P;, can be used to find the mth

characteristic cohomology class of C,, (1). It follows from the properties
of characteristic classes that in this case (b) cannot be satisfied if the mth
characteristic class of C,, is not the zero class.

Assuming the conditions of the theorem satisfied, we proceed as follows.
Let y; (¢ = 1,..., R,) be an integral basis for the 1-cycles of C,,, and let w
be the period matrix of the integrals Jﬂ with respect to these cycles.
Then there exists a skew symmetric matrix of integers T such that

— JH 0 w
-1 __ —
QTQ = 'l«( 0 —H)’ Q (—):
where H is a positive definite Hermitian matrix. Let I (: = 1,..., R,) be
an integral basis for the (2m—1)-cycles of C,,. Then there is a matrix

We have W = % by(Liy)) = Zk: by.crjy

where ¢ = ||¢;;]| is a matrix of integers. Thus

il
b = wc-L
Let @ = ||oy;|| be a $RB) X} R, matrix. Then

g O‘ijPiXPj =} oy X F— 3 ajiPiXPj] ~4%>d,;LL,
where dy; = ;§ r O Bkj_ h’Zk Oxn ghi byjs
that is,
d = ||d;l| = b'ab—b'a’b = Ew'adcl—E® a'wc!

- esz’(g 0 ,)S—Zc-l.
—a
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Take « = H-1. Then .
F 0):&%@%
0 —a
and so d =&€T-1c .
Since ¢ and T are both matrices of integers, it follows that
g oy P;x PJ

is homologous to a scalar multiple of an integral cycle.
Now consider the quadratic form

Z (P x Pj)-

1)
Since a = H-1 is a positive definite Hermitian matrix, and condition (b)
of the theorem is assumed to be satisfied, we conclude that this quadratic
form is positive definite. Hence C,,, with the metric

dst =3 “ij(Rcij):
)

is a Kahler manifold of restricted type.

10. TueoreEM VI. A necessary condition that a complex manifold be a
Kihler manifold of restricted type is that there should exist on it an integral
(2m—2)-cycle T' such that every exact integral on the manifold, of type
(m, m—2), should have zero period on I', and such that I(I'™) > 0.

If C,, is of restricted type = —ial,

where a is a positive real number. If P is any exact form of type (m, m—2),
PXw is a form of type (m+1,m—1) and is hence zero. Now we have

—mfp=fpxw=a

r M
Again, (—1a)" '™ ~ w,, = (—i)™ X real positive 2m-form.
Hence I(I'™) = a-™ X positive number > 0.

By considering conjugate imaginaries, Theorem VI remains true if for
‘integrals of type (m,m—2)’ we read ‘integrals of type (m—2,m)’.

It is not known whether these conditions are sufficient for the manifold
to be of restricted type.

If U, is a Kéhler manifold for which R, > 0, and whose Picard integrals
have a Riemannian period matrix, we can construct, in the usual way,
O-functions of the Picard integrals. From these ®-functions we can con-
struct one-valued functions f(z,,...,2,,) on U, whose singularities are all of
polar type. The locus of poles of such a function defines on U, an integral
(2m—2)-cycle T'. T is analogous to the (2m—2)-cycle defined on an alge-
braic manifold by a sub-variety of dimension m—1 (complex), and it can
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be verified at once that the exact integrals of type (m,m—2) on U, have
zero periods on I'. But it is not always true that I(I'"™) > 0, as can be
verified by considering the special case of an algebraic variety.
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