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John Hollingsworth and John Morgan

In [8] and [9] Kirby and Siebenmann answer the question: "Does
a topological manifold have a triangulation?” Thelr answer is that, pro-
vided the dimension of M is not 4, there is one obstruction, |
kM € Hhﬁd;ﬂvz), which is the obstruction to lifting the stable
topological tangent bundle‘of M to a PL bundle. Twovrelated questions
are 1:) "When can a closed topological manifold be triangulated up
to homotopy type?” (i.e. "When does there exist Q" a PL manifold
‘nomotopy equivalent to M™2") and 2.) "If M is a closed PL manifold
what is the relation of the set of topological manifolds homotopy
equivalent to M to the set of PL manifolds homotopy equivalent to M?"
In this paper we will examine both questions and.give partial answers
to each.

Some things were known about the first question. For instance,
Hsiang and ShanesonA[7] show that if some fake k-torus,. fk, (x 2 5)
is homeomorphic to Tk then there is a closed topological (x+1) " manifold
which does not have the homotopy type of a closed FL manifold
(Tk = Slx...xsl? k times, a fake‘torﬁs, fk, is a FL manifold homotopy
equivalent to Tk but not PL homeomorphic.) Kirby and Siebenmann,
however, show that for k > 5, any fake torus, Tk, is ﬂomeomorphic to
Tk. In dimension 5 another example is provided by Siebenmann, [15].
Let Wbr be the rt-manifold of index 8 obtained by plumbing together 8

copies of the tangent disk bundle of 82 (the Milnor manifold in
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dimension 4, (3] section 5) Bwl‘ is a homology three sphere (the
dodecahediel space)‘ and Siebenmann shows that there is a closed
. . Ly d 1
topological manifold homotopy equivalent to (W'u c(dwW))x8—, but
no such PL manifold exists. The following theorem (with 2=0)

provides the answer in terms of the cohomology ring of M.

Theorem: Let M® be a closed topologicel n-manifold, n # L.
Then there is a subset K — Hl‘(M; Z/2) such that ky- z € K
if aﬁd only if there is a closed manifold Q" and a homotopy
equivalence £:M —> Q with ey = 2. IfH C s w¥u; 2/2) is
the subgroup of elements of the form Sqex +(y)2 for x € H2(M; z/2)
and y € Hh(M; %Z) then K &> H. F\n‘thérmore -

1.) if M is 1 - connected then K = H

2.) 1if = (M) = Z* = Zo...0Z, k times, and

ngk+5thenK=H
3.) if -nl(M) 7 %...% Z, k times, and n 2 6 then

K=H

L.) if ztl(M)

[

%/q and n > 5 then K = H.
5.) if M= thSl for some closed 1 - connected four
panifold, N, then K = image (sq® 2 (M; Z/2) —> 1 (u; 7/2))
5) implies that there is a closed manifold homotop;' equivalent to
(IIP2xSl with no PL structure, but 21l manifolds homotopy equivalent
to Szxszxsl are PL. 4
The paper is organized along the following lines: In section

one we use geometry and the Kirby-Siebenmann obstruction theory to

construct a nomeomorphism between simply connected PL manifolds which




is not homotopic to a PL homeomorphism. ’This implies, by Sullivan's
work, (14], that [ ,TOB/PL} —> [ ,6/FL] is a nontrivial map.
We then use Sullivan's calculation of G/FL, [17], to determine the
sbove map and the space G/TOP. In section two we calculate the map
G/TOoP —> B(TOP/PL) = K(Z/2,4). In section three we translate
this homotopy theory into bundle theoretic results. We then study
the situation for the various fundamental groups mentioned in the
theorem stated above. To do this we must invoke the calculatlona
of L (ﬂ) and descriptions of surgery obstructions of various people.
In this sectlon we also compare the PL structures on M to the
topological structures on M. All manifolds, unless otherwise stated
are closed, topological and oriented. The results in sections one
and two were originally proved by Siebenmann using different techniques
and are well known (or widely suspected), but the authors were unable
to finq proofs in print. 3
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his interest while this work was being done.
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Section 1 - Computation of G/ TOP.

In this section we will give a proof that G/TOP is the
path component of the constant path in QhG/ PL. A crucial step
in the proof is showing that TOP/PL —> G/PL is nontrivial. To
do this we construct a homeomorphism M —13-> Q between simply con-
nected PL manifolds so that h is not homotopic to a FL homeomorphism.
Let SPL(Q,) ‘denote the homotopy triangulation set »f Q, i.e. equi-
valence classes of maps h:M -_-;—> Q, ha homotbpy equiiraleace, M, a
PL manifold. (M,h) is equivalent to (M',h') if there is a homotopy

_ n .
commutative diagram M with I a PL isomorphism.

:\

M e
Thus any homeomorphism h:M —> Q_ which is not homotopic to a PL
homeomorphism is a non zero element in SPL(Q). " The Sullivan structure
sequence, {17], provides a one to one map SPL(Q,) 2 (q,c/PL).
Thus ©(M,h) : @ —> G/PL is nontrivial, but since b is a homeomorphian
q(M,h) factors through TOP/PL £ G/PL. This shows P is nontrivial.
Note. Sullivan has shown that TOP/PL —> G/PL —> BPL is non-

trivial by different methods.

Definitions and Notation. Let Q,n be a compact, oriented FL n-manifold.

We assume that 9Q._is orientation preserving FL homeomorphic to k copies
of some PL manifold Mn-l, j.e. £:0Q° — MWL ...x WL pet w

be the PL space obtained by gluing the copies of i together by




tfxe identity maps between them. Such a space, Wn, is a closed,

PL, Z/k manifold, and M*5 —> W' is its Bockstein, written

M = 8W. We will denote a Z/k manifold by (W,8W). - Given (W,5W),
we may cut it along SW to get Wn, the original PL manifold with
boundary. A PL Z/k manifold with boundary is defined similarily,
see [1]. If (w‘i,awl) and (wg,aw) are PL Z/k manifolds and

£:H) —> W, is a map, we say that f is a map of Z/k manifolds

provided f is transverse regular o BW, and f-l(swa) = 8W . Hence

a map fzw;: —_— Wg of Z/k manifolds induces a map ?:Wl - ﬁa.

A Z/k manifold map £, —> W, is a homotopy equivalence of Zfk

manifolds if there exists a map giW, —> W, of Z/k manifolds such

that fog and gof are homotopic to IdW2 and IdWl, respectively, (the

homotopies are also maps of Z/k manifolds). Hence a homotopy

equivalence fiW, —> W, of %Z/k manifolds induces a homotopy
equivalence -f-‘:ﬁl —> Wz. A neighborhood of awl is homeomorphic
to 8W1xc(k points). £, —> W, is a PL homeomorphian of Z/k

menifolds if and only if 'f:ﬁl —_— Wz is.

Kirby and Siebenmann, [9], show that $3xT° has precisely

two concordance classes of PL structures. We write (5-33x'122 )Z‘. for

the nonstandard structure.

Lemma 1.1. (Shaneson [151.). Let I«I:MP6L —> §3¢™xI be a normal

map and suppose OM = O#M U d-M, with O+M = (S3x’12)z and O-M = 3477,
Assume H!a-!-M is a homotopy equivalence and Hla-M is a PL homeomorphism.
Let b = Hldg? @ WP —> SSKFXIAF . If ve usc Farrell's fibering
theorem [5] along the boundary to get N —> $3xIxUFF by a homotopy

equivanence, and then use relative transversality to get a cobordism Q
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between the components of N;(_ we have I(Q) = Index of Q = (2k+1)-8.

L 6 3

fheorem 1.2. Let W', M  be PL Z/2-manifolds with ®W = 57 and

= (SBxﬂz)z. Let h:M6 —> Wh x T be a homotopy equivalence of
Z/2-manifolds such that ‘-ﬂ*[ﬁ] = [#xT]. Suppose h is normally co-
bordant to h'M' —> Wx’I2 so that h'|dM':BM' —> S3x'1.'2 is a PL home-
L

omorphism. Then if h' is transverse regular to W,

(' "H W) - I(W) = (2k+1)-16. ' y
Proof: Let HaN( —> W x'lsz be the PL normal cobordism between (M,h)
and (M',h'). Cutting along the coboundaries gives H:N —> W WxPxI, OF =
= Fiu - ¥'uquQ where Q is a normal cobordism between (3M,h|3M) and
(sM',n' |6M'). Crossing with CF? gives ix'xxdmpa:ﬁxmpa —> PRI
Since hiM —> W)f:'l'.‘2 is a homotopy equivalence of Z/2 manifolds,
thdeZ MxﬂIP2 —_— Wx.sz(l:P2 is a homotopy equivaleuce. Hence fibering
twice by Farrell [5] (first on the boundary, and then using the relative
version of the theorem :’m the interior) gives a homotopy equivalence
1_418 —> W xﬂ!l’2 where 3@ is two copies of the same manifold V, and V
is homotopy equivalent to S3xﬂ!1’2 C (S3xtl:2 ) xll!P2

Now h':M' —> Wx’I"‘2 is transverse regular to W and

h'|oM' : 8M' —> ST 1s a PL homeomorphism, Hence we take

ﬁi = 7" L(@)xxP?, and to calculate I(b' "1(W)) - I(W) it suffices to
calculate I(ﬁl'.) - I(ﬁxEPz).

Consider HlQ6xEP2 : Q,6x(L'E2 —> §3xTPxIxEF. This is a normal
cobordism between ((S3x'12)ZxO!P2,thde2|(S3x'1‘2)szP2) and
((S3x1‘2)x(!P:2 , PL homeomorphism). We have used the fibering theorem to
put the boundary transverse regular to S3xixmfz. Thus the 8-dimensional
manifold N? obtained by relative transversality will have index (2x+1) 8

by lemma 1.1l. Now ﬁluNlu - @UNl is the boundary of a 9-dimensional




manifold (using relative transversality to make H transverse regular
to WxIFPxI). Hence 1(M1) + QI(Nl) I(Ml) But I(Ml) = I(Wx(L'Pz) (W)

because M —> ﬁmea is a homotopy equivalence. Thus

I(W) - I() = 2(2x+1) 8 = (2k+1) 16

Corollary 1.3. Let h:M —_> W sz be a homotopy equlvalence of z/2

manifolds where OW = 83, M = (s3xT2 )Z' Then h is not nomally‘ cobordant

4o a PL homeomorphism.

:P_;'__o_o_if.‘_. If h is normally cobordant to the FL homnomorph:.sm

M —> W x'12, then I(m)) - (W) = 0, vhich is not an odd multiple

of 16.

Lemma 1.4k, Suppose Mn and Q" are PL manifolds without boundary,

n>5, higQ —> M is a homeomorphism and M, C M is an open subset. Let

Q, = n1(M,). Then if 6(h) is the Kirby-Siebenmann obstruction to

jsotoping h to a PL homeomorphism, 1*6(n) = 6(nlq ), where 1Mo —> M

is inclusion.

Proof: The obstruction 6(n) is defined as follows: Let TPL(M) M —> By
 and ‘r,mP(M) M —> B’IOP classify the stable PL and topological tangent

bundles of M, respectively, so that TmP(M) is the composition

1PL(M) t (M)

- h TOP . o2
> BPL > BTOP‘ Then Q > M > B classifies the

M 0P
stable topological tangent bundle of @, and is therefore homotopic to

T,mP(Q) . By lifting the homotopy to By, We may assume that the diagram

pr, (@)

NN

Ml > Brop



T T .
"PL(9) 5§ ana q o 2l By

commutes. Then each of Q BPL
is a lifting of TTOP(Q) : @ —> Bpyps and hence differs by a map

Q —> TOP/PL. If @ e H3(M;Z,) 1is the homotopy class of this map,
then 9(h) = (h-l)*a. Lemma 1.4 follows easily.

Proposition l.§r. Let M® and Q,n be PL manifolds without boundarfy‘
with n > 5, and let h: Q@ —> Mbe a homeomorphism. Suppose there
is a PL embedding f: g3 xm n-3 5 M so that < 6(h), uls3] > # 0.
Then S3xTPx B3 inherits a PL structure © from Q

{via (thd,Iz)"l ° (ﬁcIdTQ)). The PL manifold (S3x xm?".3)® is con-

cordant to (S3x12)£x Rr3,
Proof. The identity map (s 3xrFx BP ) —_— S3x'I2 X ®®3 is a homeo-
morphism with non-zero Kirby-Smbenmann obstruction. Hence ® is not -
the standard structure. The only remaining candidate is & x @ vhere
® is the standard structure on i 3

Lemma 1.6. Suppose M® is a closed topological manifeld, n > 5, Q s
e PL manifold and £: M —> int Q is an embedding with a topological
normal bundle V £ that admits 2 PL reduction. Then there is a unique
(up to isotopy) PL structure © on M for which there is an isotopy

H: QxI —> Q such that

' (1) H, =14

Q
(11) Hof(M) is a PL submanifold of Q with PL

normal bundle vf, and
(iii) H is fixed outside a given neighborhood

of £f(M) in Q.
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Proof. By the classification theorem of [9] it suffices to show that
7(M) has precisely one PL reduction (say to TPL(M)) such that
Tp (M) © Vo is the PL bundle 7(Q)I£(M). This is clear.

We now construct a homeomorphism which is not homotopic to

a PL homeomorphism.

Let M" i'Je a closed 2-connected PL manifold with
Ho(M;Z) = Z,, n> 9. There exists an embedding 5 CM o0 that
tx [83] is the non-zero element of H3(M,' Z) and 2+83 is zero in 93(M).
Thus 83 is the 'coboundary of some Zg manifold Wb' Cum. “Let
h: QgL —_ MBL be a homeomorphism with <9(h),[S3]2> #0. (Such a
homeomorphism exists since I, (M) —> H3(M; Z,) is a bijection
where ITOP(M) is the topological isotopy classes of PL structures on M.)
We will show that hXId12: th[z —_— fo[;2 is not homotopic to a PL
homeomorphism. Thus h! @ —> M is a homeomorphism, and [Q,h] e SPL(M)
is non zero.

We may assume that th'.[‘e C MxT2 with a PL normal bundle V.

Let hxId2 = g.

P ' > m;za
I

8J; . | > ‘1{

g (W XP) > W TP

Now g-l(v) is an open subset of Q,sz, so it inherits a PL structure,
and v(g"l(WxTz) — g"l(v)) is a topological bundle which admits a
PL reduction (via g). Thus there is a unique PL structure © on

g~l(WxT2) such that there exists an isotopy H: g"l(V)xI —_— g—l(v)
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with
i ) H, =1Ia
ii ) Hl((WxT?)e) is a PL submanifold

of g'l(v), (with a new triangulation
in the same isotopy class)

iii) H is fixed near w.

Now Hy u T2 -1, &xF —> Q,xTB is a homecmorphism, and the

composition A
: ho

is isotopic tg h.

Now b is PL transverse regular to thiz with preimage
(whx'lz)e . By proposition 1.5, (Wﬂz) 9'5’1(83:(‘12)' is (S3x'12)z.
Hence by corollary 1.2, ((lez)é,ﬁl _(WXTQ)G) is not normally cobordant
to a PL homeomorphism. If h were homotoj:ic to a PL homeomorphism, theni
relative FL transverse regularity along Wx‘1‘2 C Mx'l’2 would give a normal
cobordism from (Wx’lz)e —E-> WP to a PL homeomorphism. Since hxId 2
is homotopic to H, h is not homotopic to a PL homeomorphism.

Sullivan shows (see [14], [18]) that the map

TOP/PL > G/FL factors through X(Z,,3). Kirby and Siebenmann
show [9] that TOP/PL = K( 22,3) . By the argument at the begining
of this section, the map TOP/PL —3> G/PL is non-zero. Hence in the

factorization

TOP/PL

> GfPL
A

i P e




b A

the map @ is a homotopy equivalence.

\I/

We have TOP/PL G/PL —> G/TOP
@iz I ~

A
K( z/2,3) —> 6/PL > T'6/PL

This implies € G/TOP = 1% G/PL. Thus :ti(G/ TOP) = P, the mod L sequence
0, Z/2,0, Z. We wish to calculate the homotopy type of G/TOP and the
map £f. To do this we will use the argument of Sullivan which caiculates
G/PL together with the fac_t that one may do topological surgery in high
dimensions.

Let % (X; Z/n) be Z/n-bordism classes of maps of Z/n manifolds
1y 12 (XAT ). Thus 0y (X; Z/n)

into X. If T =854 D", then 8 (X; Z/n) = 9

+1
is the homotopy theoretic bordism with Z/n coefficients.

Sullivan's argument goes as follows, see [13]. There are

homomorphisms Qh*(G/PL) L Z, Qh*(G/PL,' Z/n) 221358 Zfn, and
L2

o bk+2
Yuip(G/PLZf2) 2 Zf2 o, o, o, = are all defined the same

way, namely by taking the surgery obstruction. Thus to f£3 th — G/PL

there is associated a surgery problem

-
th —> §
¢ R i

- S

o([M,£]) is then defined to be =N éI % eZ. o 1is defined analogously
AN _‘l‘IN-"IM'] k2 .
except that ﬂn([Mn ,f]) = I_ 8 n 62 is the Kervaire

-Nhk+2. > 2

invariant of the resulting normal map . See [3] anda

[20]. These homomorphisms satisfy the following properties:

» cgk+2 are multiplicative with respect to the

index. (o 9,(X;6) —> G is multiplicative with respect to the index

1.) o, 0

if oM, £] - W) = a(lm,£]) - I(N) ).
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2.) o and the g, are compatable with the natural maps Z —> Z/n
and Z/n-k —> Z/n.

Using these homomorphisms Sullivan [18] constructs maps
K+ £,
G/PL > g K( Z/2,ki-2) xx(z(z), 1)
> Ny

for the definition of the localization of a space at a set of primes)

BO(odd). (See [19, section 2,]

o induces an isomorphism of G/PL{odd) —> BO(odd) and

47.
K +,:‘\ . G’/PL(z) — i

v

lK( Z/2,41-2) xK( 2(2),’41) is an isomorphism on

n for i # 4 and multiplication by 2 on my. It then follows that

G/PL(Q) = K(2/2, 2) x 5 K( z(a),h)x I I K(z/z 4i-2) K(Z(z),ln) Where_

q
SSq € HB(K(Z/Z 2):;%Z )) is the integral Bockstein of Sq2, the unique

(2
element of order 2 in the group which is isomorphic to Z/l&. See [18].
Since in dimensions greater than or equal to 5 topological sur.gery is
possible, we have maps Qh*(s/'mp) —_— 7, ﬂh*(G/IOP;Z/n) —> Z/n and
Qxan (6/T0P; Z/2) —> Z/2 which satisfy the same properties. (To
define these maps on the low dimensional bordism, first cross with

IP° to shift the dimensions up above L.) Thus we have a map

G/T0P(py —> 4 4, K(z/2,4i-2) x K(Z (2),1;1) and it is an isomorrhism on

=

i
G/TOP is universal with respect to homorphisms as above. This

means given X and maps ﬂh*(x) £ Z, ﬂh*(x Z/n) L2115 Z/n and

phk+2
Ypsp  (X52/2)

> 7/2, the homomorphisms being compatable with
multiplication by the index and compatable with the n_atural maps from

Z —> Z/n and Z/n'm —> Z/m, then there is a unique map X £ G/T0P

% for all i. Of course, G/PL{odd) —> G/T0P(odd) is a homotopy equivalence.

e o S T
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such that £¥o = p, £%o = ¢, and f*cxma‘+2 - p’-l»12{+2. The fact that the

homomorphisms must be compatable with the index may be stated as follows.
1.) p: %*(x) —> Z must factor through nh*(x) ® Z QL*(pt)
where Z is a Qh*(pt) module via multiplication by the index

2.) pn:ﬂh*(xz Z/n) —> Z/n must factor through

0,2/ 8  Z/n
%, , (pt; Z/n)
Uy b2, o :
3.) P 2 +2(x,- z/2) —> Z/2 must factor through
Qh*+2(x; z/2) ® zf2 . For a proof of this fact.see (11]

Qu* (Pt; ZZ/ 2)

The connectioh between the homomorphisms and the product structure
at 2 is given by the surgery formulae of Sullivan, see [18]. There are ﬁnique
class Khi +2 and ”ﬁhi with the property that if g: th —> G/TOP a(g) =
= <g*fu n(m),[M>, and if h: &2 s g/T08P, then
pl‘g"z (h) = <h*KuV2(N),[N]>. These classes.)) y -4 gtee- € Hl‘*(G/'mP; z(z))
and K,+Kgt ... € Hh*+2 (G/TOP;Z/2) induce a homotopy equivalence

G/TOP(2) —-—>i§lx(z(2),!+i) x K( z/2,4i-2).

This is the splitting at 2 of G/TOP into a product of Eilenberg-MacLane

spaces.
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§2 [x,¢/T0P] —= [X,BTOP/PL]

In this section we compute the image of the map
(x,6/T0P] — [K,BT0P/PL] = H“(K;z/a) for finite complexes K.

Suppose f: K —> BTOP/PL factors through G/TOP, say
K —£—> BTOP/PL

No 7o

G/TOP
Then £t = g*QJ*L where L € Hh(B'IOP/PL,‘%/a) is the fundamental class.
Hence we wish to identify 9%t in Hl‘(G/Top,a/z). By theorem 16.6.2¢c of [6]
the sequence _ 4
L, . oF b L,
Z/2 = H'(BTOP/PL;%/2) +—> H (G/TOPZ/2) —> H'(G/PL;Z/2)
is exact, so if we find a non-zero element in Hh(G/‘IOP;ZC/Z’-) that goes

to zero in Hh(G/Pi,'Z/Q) , this element is of necessity o t.

Let

} $

Xy Yy,

5 3!

' 3> X 2> Y3
G/PL PR G/TOP - ¢
\\ﬁi X2 '\%\Y’e

: ¢

R Ky | ¥y

' ¢

%o Yo

be Postnikov systems for G/PL, G/TOP respectively. Hence

X; =Xy =pt, X; =X, = k@z/2,2), Yo=Y =pt, ¥, =% = k@&Z/2,2).

37 3
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From the discussion in_section 1 it follows that the (j_+1)St k-invariant
for G/PL is zero if i # bk, has odd order if i = bk > b4, and

K = aquca. Y), = K( z,4)xk(®/2,2). Since G/TO0P(2) is a product of
FEdenberg Maclane spaces.

Now ‘the map G/PL —> G/TOP induces a map of Postnikav systems,

so we have

o = B (kiz/2,2); B) —> K (03 B) = gk z,8); Z) —> W(K@/2,2); Z)
) "‘"’*‘nl :
\L A h*h * lel
0= Hh(K(i/E,Z); Z) —> Hl?(xh; 7Z) —> Hl‘(x( Z,4); Z) s w(x@/[2,2); Z)
where the rows are exact, and W% Yy = K( Z,l&)xKZ/é,Z) —> K( i,h) |
is projection on to the first factor.

* * V
Let x = hy, “1 4, We wish to show that v(x) = 2ty,.

Tndeed, if Q represents a generator of ith(K( Z,4)), then P-is twice

st —g> K(Z,4) —> kh — Y, —> K(2Z,4)

a generator of n'h(K( Z,4)). Thus ﬁ*nh =2 Q*Ll;' Since O*: Hh(K( Z,4): Z)

> Hl"(sh,’ #Z) is an isomorphism, v(x) = 2‘Lh.

Suppose x = 27. Then v(7) = s 50 x?(G/PL) = 'r(c.h) =0.
As ks(G/PL) is known to be non-zero, x reduced modulo 2 is non-zero.
Hence (x)2 is a non-zero element of the kernel of . '

Hh(xu;z/e) —> 1Kz, Y 7/2) -
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If we consider the same diagram with Z/2 coefficients we see
that the kernel is |
0 —> Hh(x(z/z,a) m[2) —> Hh'(Yu; z) —> Hl‘(x( Z,4) z/2)
' I '

o —> Hl‘(x(z/z,a); z/2)—> Hl‘(xh;z/z) —_ Hl‘(x(- Z,h4); 2/2)

precisely %/2, and furthermore, if Sq2 Ly is the non-zero element of
Hh(K(Z/2,2) ;Z/2), its image in Hh(Xh;Z./2), say Sqakz, ig the non-zero
element of the kernel. Hence (x)2 + Sqak2 =0 in Hh(xh;z/a) , but
(%), + s¢° by # 0 in Hh(Yh; z/2).

Let Ly, = gz IIl*Lh € H“(G/'mp; z;) and let
k, = ggtz € H?(G/TOP;Z/E). Then we nave proved the following lemma:

Lemma 2.1. The kernel of the map Hh(G/‘IOP Z[2) —> th(G/PL; zZ/2)
iz Z/2, and its non-zero element is (Lh)é + Sc12k2 where Ly, ¢ Hh(G/ TOP; Z)
and k, € HZ(G/'.[OP%/2) are the fundamental classes.

Theorem 2.2. Let K be a finite complex and let

a:K —> BTOP/PL = K(Z/2,4). Then there is a map T:K —> G/TOP such that '

K 2 > BTIOP/PL  homotopy commtes if and only if da¥t = 6Sq2c for some
s
T ‘q’
G/ TOP
c € B (K;2/2).
Proof: Suppose such a T exists. Then a‘l = T*CP*'» =
= (1), + SCY) = (T'Iy), + §¢° T'k,. Hence if we set

¢ = T*ke) a*L - Sqac = (T*L'h)'g, SO 5(3.*L_Sq20) = S(T*LL})Q = 0.
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Now suppose Ba L = BSch, c € HZ(K; Z/2). Then

a¥L - quc is the mod 2 reduction of an integral class, say
d € Hh(K; Z). Let o:K —> K(Z,4) represent d and let
8:K —> K(&Z/2,2) represent c. This gives a map

(¢,B) : K —> K(Z,L) x K(z/2,2) = Y'h, and

(Q,B)* (("’4)2 + Sqatz) =at.
Since all the non-zero k-invariants of G/TOP have odd order (and are
primitive) and K is finite dimensional, some odd multiple of (a,B)

1ifts to a map T:K —> G/TOP, and T'((Ly), + SiPk,) = a"t. Hence

A_> B ToP/PL

I

G/ TOP

K

homotopy commutes and the theorem is proved.
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Section 3. Geometric Results

lLet HS HA(X; Z/2) be the subgroup im (qu,ﬂz(x; Z/Z)) +

im rz(H"(X; z)). If &€ — X is a topological bundle, let

k(t) denote the Kirby-Siebenmann obstruction to lifting € to

a PL Bundle. Let kM= k(vM) for any topological manifold M.

By (9] kM is the only obstruction to triangulating M provide,dé

that the dimension of M is not 4.

Theorem 3.1. Given aeH"(M; Z/2) there is a topological bundle

¢ over M with k(§) = a and [T(&) JeHy, (T(8); Z) spherical if and
only if k- aeH. | ' -
Proof: By Spivak's theorem (17], [T(E)] is spherical if and
only if € is fiber homotopy equivalent to V. Assuming such
a £ exists, ' E: M —> BT
obstruction to lifting (V.M—g) to a PL bundle thus lies in the

oP factors through G/TOP. The

image [M, G/ToP] —2—[M, B(TOP/PL)]. Theorem 2.2 implies that

the obstruction to lifting (vM—ﬁ) lies in H. By additivity, the

obstruction to lifting (vy-€) is "kM-k(é)- Thus (k- k(€))e H.
Conversely if aeHl'(M; z/2) with (ky- @) € H, there is

amap p:M — G/TOP so that ge.p: M — B TOP/PL is (ky -a).
Let £ be the bundle classified by (p:M—G/TOP~B..),

and &=§ @ VM. Then the cbstruction to lifting £ to BPL is a.

Corollary 3.2: If f£f: NO—> Mt is a homotopy equivalence

*
between topological manifolds, then (kN‘- - fky) e H

g ) *
Proof: £ kM is the obstruction to lifting £ VM to BPL‘
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* _ ,
But £ v, has a spherical representative for [T('VM)-], since £
is a homotopy equivalence.

Corollary 3.3: Given Mn, n#4, and aeH4(Mn; Z[/2), there is a

degree 1 normal map £: N—> M' with kN = f*a if and
only 1f (kM- a)eH..
Proof: Suppose there is such a degree one normal map
(%;f): (VN,N) —> (£,M). Since [T(vN)} is spherical and
T(D), [T(v)] = [T(E)], [T(E)] is spherical.

Butf f'*(}k (B)) = k(vy) = fjka and £ 1is monic. So that
k(¢) = a. Thus (kMﬂa)eH. Conversely given a with (kM'TQeH,

there is a topological bundle i with shin £ T(E) degree

M?

+1. Use topological tramsversality (n#4) to put f transverse

‘V ~

'N 3

regular to M® o T(¢). Let ¥ e J_  be the resulting
Nn £ Mn

normal map. Then g 1is a degree one normal map and
k(v =gt = g o

We wish to narrow the gap between corollary 3.2 and 3.3
by stating exactly when the normal map of corollary 3.3 may be
assumed to be a homotopy equivalence. This of course is the
classical surgery situation. However, we have the freedom to
change the bundle £ by maps of M into G/PL. The set of
homotopy classes of méps, [Mn,G/PL], operates on pairs (£,t)
where ¢ 1is a topological bundle over M® and t: SN+n——> T(E)

is a sphericalization of [T(¢)]. 1If [£]e[M,G/PL] then
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[£]ot,£) = (§,2) where € = £ @ yof (¥: G/PL — B is the

PL
natural map). Conversely the pairs (£,t) and (£,t) differ by
an element in [Mn,G/PL] if £-t may be reduced to a PL bundle.
Define S(e,t): [Mn,G/PL] _— Ln(ﬂl(M)) as follows. _(See [22]
section 3 for the definition of Ln(ﬂl(M)).)‘ s(&,t)([f]) is

the surgery obstruction of the problem arising from putting
Mn

t: § "—> T(£) transverse regular to Mp, where (E,E) = [f]‘(&;@

Proof: The existence of t: S

Proposition 3.4: Given (€,t) Wich k(g) = @, there is a homotopy
equivalence gE'Nn“—>‘Mn wiﬁh‘ g-l*(kN) = a if and only if '
Oe im(S(e’t)).

Mn__, T(¢) implies o=k(£€)eH.
Suppose OeS(e’t). Let f: M—> G/PL - be such that

Sce,¢y([£1) = 0, and let (£,t) = [£]-(E,t). Putting ¢t
transverse regular to . MC;T(E), we have a surgery problem with’

0 obstruction. Thus we may assume EMI(M) = N is homotopy

equivalent to M. We have

lnl

rt|
R &l

= 2
1 l

e X - X —
Let t|IN=g. Thus g (£) = Vs SO that gxk(ﬁ) = kN.
Equivalently o = k(E} = (gf*)‘kN.
Conversely if there is a g: N—> M a homotopy equiv-

Nn

o——

1% - 1. % -
alence with g 1 (kN) =q, let £ = (g 1) VN and t =S




(v B> (D). K(EE) = k(&) - k() = e-a= 0. Ths &
may be ieduced to a. PL bundle. Thus (E}E) = [f]'(E,t)\ for
some f: M — G/PL, and S(e,t)([f])’== 0.

Specializing to o = 0 we have

Corollary 3.5: Let M* be topological manifold, n#4, then
® is h.e. to a PL manifold <=> k, ¢ H and for any § aPL
bundle over M with t: SN+Q——>VT(€) degree 1 S(&,t) contains
0 in its image. (Since kM§H there will be pairs (€,t).)

Of course the second condition in both corollaries is
unpleasant. We wish to characterize it inbthe;\ways-and‘make
explicit computationsvfor certaln groupsbwhere information is
known about thé Wall grﬁups.

) Let KC>HC>H4(M; Z/2) be the subset of x such that
kMﬁ x 1is realizable by a hoﬁotopy equivalence, i.e. all x
such that there is a homotopy equivalence g: N — M" with
(g-l)* kN= kﬁ+ X Oor g*kM- kN= g*(x). The nexﬁ fdur proposi- |
tions are devoted to givingconditions under which K = H. The
technique of proof in all four is to show that an arbitrary

1 | -topological normal map

N

v _.._g———>
may be altered to another normal map,
— > '

B e v

i.
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(gﬂ,g'): (v&,N') — (&',M), with 0 surgery obstruc~k
tion and such that §£'-§ has the structure of a PL bundle.
Cnce we establish this fact, given any aekMﬁ H, there is a
(¢,t) with k(&) = o. Putting ¢t: SN+n —> T(€) transverse

regular gives a norn..) map

The existencé of ¢&',g' with €'~€- reducible to a PL bundle
'.means the normél map (g';gw)‘is associatednto_a_pair (gt,t")
which differs from (£,t) by some map £f: M — G/PL. Thus
S(&,t)([f]) is the surgery obstruction of‘(g') which is O.
This shows 0 1is in the ipage of s(&,t)' Thus we have shown:
Lemma 3.6: If for some manifold M any normal map into M
vy & may be altered to Vo, = g' with £'-€ a
§od R
g: N—> M v == M
PL bundle and surgery obstruction of g' equal 0 then K = H.
Proposition 3.7. 1f Mp, n>5 is simply connected then K = H.
‘ Proof: Let (ggg): (vN,N) —> (£,M) . be a normal map into M.
S(g) is the index or Kervaire invariant.of g. Since n + 4
there is a normal map (ﬁ:h): (vw,Wn) —> (C,Sn) with

s(h) = - S(g)» end ¢ a PL bundle.. This follows from

plumbing theory. (See [3].)

e




Form Vier Vi _gith 314 S(g#h) = s(g) + s(h) = 0.
1 4

N B Ppsta”
EffL-€ = d*l; where d: M® —> s is a degree one map. Thus

¢s#2-£ has a PL reduction. The lemma now applies to prove the

proposition.

Proposition 3.8: If ﬂl(Mn) =2/k, n 35 and k > 1 is any

integer then K = H for M, i.e. all aekM+ M are realizable
by homotopy equivalences.
Proof: Case 1: n = 24

Petrie shows, [12], that there is an onto map

L, ,(Z/k) ALy , where F is the free abelian group
22 T. .
:z k':‘
k-1
of rank T, = 2 k odd
k
2 k even, £ even
1-5-;—2‘- k even, £ odd.

It follows easily from his work (see[11l] that if Mu is a closed
topological manifold with ‘rrl(Mu) =Z/k that [Mu,G/TOP] S

(Z/k)AFr is 0. Wall shows that L,,(Z/k) = cokernel of the
k, £

y

split monomorphism L2 B(e)--*>2(..2 Je@/k) is free abelian of rank r, ,
i
2
[22]. Thus the image S & image 12 (e). This means the only surgery
obstruction of a normal map onto Mu is the simply connected

obstruction over the top cell. Thus we may alter the normal
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map, as in the simply cbnnected case, over the top cell to
produce another normal map with O obstruction so that the
difference of the bundles is PL.

Case 2. n = 24+1 and k is odd. There is an argument due to

2241

William Browder [2] which shows [I.k , G/TOP] —> L213 +1(Z/k)

is 0 if I..k 24+1 is a lens space with fundamental group Z/k.

This argument uses only the facts that 1) Iél']‘ L%H'l induces
~2£'1XS]' where iu-l is

an isomorphism on ‘171 2) aVLZI-l

2241 -

_the universal cover of Lzz 1, and 3) that 'n'l(L - int v 2,_1)

&% . There is a result of Levine [10] which states glven

24t uien 1r1(M) = Z [k, any k, there is a Wu-l o w2l ien

i
1 22+1

i, an isomorphism on ,, avw= WxS~™ and 1r1(M - int vw) =Z.

Thus Browder's argument appli.e's any time the fundamental group

is Z/k, k odd, to show that any normal map onto M2£+1 has O

24+1
)

surgery obstruction provided "rrl(M = z/k for k odd.

Case 3. n= 2441, k even.Wall in [21] generalizes Browder's

argument to lefﬂ‘ for k even. If £ 1is even , the result is

the same. If £ 1s odd and g: N — LZIH-1 is a normal map Wall

4k+2

shows S(g) = 0 provided that 0 (g |L ) = 0 where

Lub LEH']' is dual to aeHl (Lki Z/ 2). Again applying Levine's
theorem these remarks are true for any manifold with fundmnenfal
group Z/k, keven. So in case ¢ 1is even the argument pro-

cedes és in the other cases. If £ is odd and k is even we may

have to change the normal map g to one, g', with 64H2@[L )=0

tc insure its surgery obstruction is O.
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First notice since nvg 5, £ is odd, and n = 2i4+1, n > 7. Thus

the codimension one manifold is of dimension at least 6. Suppose

we are given normal ma ~ and
& Py E

N
M g l21—!-1
N —— M

4k+2 (g lL Y40 (Lzzg Muﬂ'is dual to ael-ﬂ‘(M;Z/Z)-.)

Yy > :
Form i : where h{dX is a PL homeo=-

(x”%axzs — (sz‘,szz‘l)

4k+2

morphism. (h) =1 and f 4is a PL bundle. Embed

) ‘
S G M2 +1 representing a generator of 7T1(M). We may assume

Slﬂ sz is one point, that a neighborhood, v, of S1 is homeo-

morphic to Slx D (by orientability) and that v 0 W Dzz.

Ve may also assume g: N — M is a homeomorphism from g- (v) to

v. Form

~

& .
vy Uvgxe elUexe

(. N
N-int gnl(v) U XXS]' g_=__(g._l_L_Uh>M2£+1

4k+2

Then 9y (g "L 41’+2

elL?) + omlx?) = 5z IL?%) +1 = 0.
Thus S(g') =0 . But e U {xe - € has a PL structure since ¢
is a PL bundle.

Proposition 3.9. Let M" be closed oriented topological mani-

fold with n > 6, m (M") = Z*.-+*Z then K =H, i.e. all «

with (kM-‘a)e H  are realizable by homotopy equivalences.
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Proof. The splitting theorem of Cappell [4] states that
Ln(z*-°-*2) (k factors) equals Ln(e) ® Ln-l(e) G - &)Ln-l(e)
(k+1 factors in all). Furthermore if
2.,

vy €
J ¢
N & M0
is a normal map S(£) = (o(), o(EM] ™), (£ ™) where
o(g) is the simply connected aobstruction of g and ~c(ngi
is the simply connected obstruction of g restricted to W?'l,

the manifold-dual to -xem, (M), X;, the ith generator.

Case 1. n is even. In this case Ln-l(e) = 0. Thus any

g
v, ——> §
normal map JN i has as its only obstruction the simply
N £ M

connected obstruction over the top cell. The argument then
proceeds as in the simply connected case.

Case 2. n is odd. Now L (e) =0 but L ,(e) # 0. Since

YN £ €
n>6,n-1>5. Let L l be a normal map. We

g
N — M
will perform an alteration on this map of the same type as in
the previous proposition. Let ji: SlC} M' be an embedding

representing x; with v(i{(Sl)) S’SIx Dn-l, v(ji(sl))ﬂ Wz_l =

n-l)“

re——
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C -1, . 1y 8, ol ool . |

g (v(j;(sT) =T SX D, and j; 03,, =8 |
- Vx — €

Let hy! ) |  be a normal map with { a PL

x,2%) —(0°1,3)

bundle, hi X a PL homeomorphism, and a(hi) = -a(g lwi). \

This is possible since n > 6. Then £ g Cix £

v (g v 6N U g X e g U Exe

Mgty (s VXX S g Uhs

has o(g'lw,) = 0, and £ U{;x & differs from ¢ by a PL

bundle.

e

Proposition 3.10. If ny 5tk and m () FZ &~ Z, k times

then K = H.

Proof. By Shaneson's ZXG theorem, [15] Theorem 5.1, Ln(zk) &

k ~
pX (IS)L 1f (g,g): N—™ M is a normal map, then

i=0"1 n—k+1(e)'

S(f)= z (o(g le . ) where Mj ev3 is a sub~-
lsjl,...,jrgk 13 1 _r
manifold dual to xji e (xl, ceesXy are generators for

r
Hl(M; Z). We wish to construct a map f: M —> G/TOP so that

k(£f): M —> B(TOP/PL) 1is any given element in H Q»HA(M; zZ/2)

and o(f M, 3 ) = 0. We will do this using the character-
R

jzation of G/TOP as universal with respect to certain homomor-

phisms from bordism. To do this we first must be able to
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calculate k{(f) when £ 1is given in terms of these homomor-
phisms. It follows from Sullivan's surgery formulae that
k(f) = (y) ot qux where x and y are determined as follows.

Let azeHz(M; Z/2) then (ic',atz> = c(flwaz) where Wa2C>M is

a 2-manifold representing a,. Likewise {y,a 4> = c:(:’:'lwa )
4
where aael-la(M; Z) and WAC} M represents a,. If quHA(M;ZXu),

then <[y] ,a,> = on(flw;aa).

Suppose we are given (y) 2+ quer<§ HA(M; Z/2). Ve will con-
struct the required vh‘omomorphisms.' We do this first in the

world of the prime two only, i.e.

' p
1) 94*(M; Z 9 ) ® Z(z) — 2
@7 g iz P

Por
2) 0,05 z/2% © 72 —E-z/f
0, (pt; Z/27)

4k+2

. Py
M; Z/2) ® z/2 —— Z/2.

and 3)
94*(pt; z/2)

Qs

To construct p use the fact that Ql‘.*(M; z(z)) ® Z(Z)

~

—_— }14*(M; Z(Z))' This isomorphism sends [N,f] += £, ([N] n
L(N)). Thus (image QA(M; Z(Z)) is a direct summand. Call it
F. On F, use {y,> to define the homomorphism. We wish to

. - . ® .
extend this over all of 94*(M, %2)‘) Z (2) in such a way that

E,!z e Loy AN a0 B,
b 4 W e e




AR s g

3

Lemma 3.11. If xaeF4 and za
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that the homomorphism vanishes on all Mj . » For this we

- 4 a0 e

1 r
need a lemma.

"‘jz PLRE Jz xa is divisible by

ZN then: T a .. M. . is divisible by 2 .
jl...Jz Jl...jz

Proof. We group the M by dimension and prove inducting

Jl;..jz
downward that in each group Saj %& - is divisible by 2 .let
s e e z ..z

{m

M. .. },. be those M of top dimension. This
Jloo-Jz (JlnooneA) p

dimension is bigger than 4. Thus 2 'Z a, . M.
A Jl"’Jg J]_‘"Jz

N .
Th N isa ., *** X, . .Thus [IM] N (Sa. gee
. us AJl"‘JZ Jl Jz ’ [ ] (A Jl‘oon Jl .

szu L(M). But [M] N (Za 24, J UL(M))- i Z(IM 1‘."3.3] N

L(M, . )). So that Za .
Jl-oth A o-cjz Jl“'JZ

is divisible by ZN.
We proceed in this manner using only the fatt that we are always
in dimension greater than 4. This lemma allows us to extend

{y, >:F4'—> Z(Z) to all of Q *(M Z(z))M*(gt’Zzgg) in such a

way as to be 0 on all M, R
Jl,c [} .JZ

We perform similar constructions using ([y]z,a> and
{x, > to get the other homomorphisms. Some odd multiples of
there homomorphisms will 1ift to integral bordism, and may be
extended over Z/r bordism for r odd. The fact that we take
large odd multiples changes neither k(f) or the fact that

£ M, .
Jyeredy = 0.
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Setting a = 0 in the above propositions gives results
above when topological manifolds are homotopy equivalent to PL
ones.

We now give an example in which K # H.

2. nla;z/2)

Proposition 3.12. 1If ﬂl(Ms) = Z, then K = im Sq
— H4(M; 2/2). In particular if Sq2 is 0 them K = 0.

Proof. LSCZ);'Z and if VN - 3 is a normal map

[

o 8 5
S(g) = a(gX Idm,zlw ) where gXIde)_: N

xcp? — WxIP? is a
normal map and woes w XID;PZ is dual to the generator of
nl(Msxm_Pz). 1f (h,h) is a normal map with range Xn, let w(h) X0
—> G/TOP be the associated map. Then w(gXIdez) = a(g) o -

By the surgery formula o(gXIdEPZ |W8) =
La@)en W &, + L v1ed), B
= Ca@)em)” (L, + L VLerx ), 1, 8D
%* 2 2
= lalgyem)”™ (L, + Ly) ULONEED) U 201, D0xwe2]>
where aeHl(M; Z) is a generator.
= <olg)' (ot L) BLULADBLER?) v a1, 1] © [EP2]
= (olg) (L) vl v a @ L[0pY, O] ® [ep?])
= <wl@) (£,) 14 [0]> + T(EPY) = Calg) L 4iy WD

i
(]

*
Thus the associated map w(g) :MS —> G/TOP has o(g) 054
if g is a homotopy equivalence. This follows since

HA(M; Z) SZ and is generated by i, ([W4]). Thus an homotopy
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e

has o(g): M‘r’----> G/TOP with

£

< Sl A

v
equivalence v
N

o(@)* L, = 0- Thus w &), g/rop £ B(TOP/PL) has | {

oley ot (5,) = wl@) (saiy + L)) o(g)* Sk, = Sa(a(@) k) \

*
But o(g) k, is free to range over all of HZ(M; Z/2) so that
(&) - lgm)e:\.m qu but may be any element in im qu.

Corollary 3.13. Any manifold homotopy equivalent to th S.'L ’

Nl*a PL manifold with ‘n’l(N) = 0, 1is PL if and only if

S5q2: HE(N) — gy is 0.

Thus there is Ms_':' EPZX Sl which is non-t,riangulable‘but
every manifold homotopy equivalent to 82X52X51 is triangulable.

(In fact PL equivalent to SZX.SZX.S]'.)

Proposition '3.14. Given a natural aumber £ there is a topo-

logical manifold of dimension &£ which cannot be written’ as the

union of £ FL submanifolds of codimension 0.

)
Proof. Let W4 _':'ll‘.PZz with kw = x2 where erZ(EPZP'; Z/2)

)
is the nonzero element. Then k(W) # O. Let W42== M[{zU...U nf':
Lo

each M; 2 PL manifold. (We may assume each M; is an open

manifold and i : M. —> W is the :anlusa.on, then 1i. kw =

J J
ky = 0. Thus 3aje H (W, M s Z/2), 1 *ae H (w,z':/2) is ky- -
3 %*

: 2
Thus (kw)z = i (al- o, vo az)e HL"z(W, U Mi; Z/2) =

le W,W; Z/2) = This contradicts the fact that (kw) % 0.




32

Section 4. The Relation of SPL(M) EQ_STOP(M)

To state results about the relation of homotopy triangula-
tions of MP,SPL(M),and topological structures on M, STOP(M),
we need a result about additivity of the surgery map:

Theorem 4.1. If M i1s a PL manifold, there exist group struc-

tures on [M,G/PL] so that

(M, G/PL] _ P
Ln(wl)
A4

[M, G/TOP] S

b4

M, B('I‘OP/PL) ]

are all homomorphisms (where B(TOP/PL) has the usual H space
structure). This theorem has independently been proved by
Quinn. For a complete proof see [lLl]. The H-space structure on

[ ,G/TOP] comes from the fact that G/TOP is universal with

o
respect to maps 94*(x) L Zz, 94*(X; Z/n) —--B—>Zh and
, 4142
QZ*+2(XJ Z/2) N Z/2 where o and the o, are compatible
4k+2

and 0,0 s and ¢ are multiplicative with respect to the
1 3

2
index.

The addition we take in [X, G/TOP] is that corresponding
to additions of homomorphisms on the bordism of X. We call

this characteristic variety addition. The proof of the fact

that [X, G/TOP] =L (7, (X)) is a homomorphism for X a PL
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manifold then uses the Quinn surgery spaces, see [12] sectrion 4.

e have a homotopy equivalence c/Top — Eb(e). Disjoint union
in ILo(e) corresponds to the characteristic variety addition

. c/T0P. We have [X7, L (e)] — Ly(m(X)) where L_(m (X))

is defined to be all surgery problems of dimension n together

with a map of the range into K(ﬂl(X),l) with disjoint union

as addition.

‘see [22] section 9 for this definition of the Wall groups.

s 1is given by amalgamation, i.e. over n simplex of X we .

have a surgery problem into a manifold with boundary. We then
glue all these problems together like the n simpliexs of X

are joined to get our surgery problem. Thus under disjoint

union in ILo(e) and disjoint union in Ln(ﬂl(x)), S becomes

" a homomorphism. The addition in [ ,G/PL] is similarly defined

gince G/PL has a similar description in terms of homomorphisms

on bordism.
Finally, we wish to show how homotopy topological struc-

tures on M are related to homotopy triangulations on M. Ve

first note that if £: M —> Q is a homotopy equivalence, then

£ 1induces bijections SPL(M) -— SPL(Q) and STOP(M) - STOP(Q
Since we wish to assume SPL(M) # ¢, we may (and do) assume that
M is a PL manifold.

As in [18] there are exact sequences of sets and a com-

mutative ladder:




~ }
e, (D) = S 00— I

— 1 (1 D) = sTopcm [,

where Ln+l(1rl(M)) a;:ts as a group

STOP(M)‘ Thus the diagram induces

ITOP(M)

|

5 S DLy (r O0)

am——— [M,

e

* — TOP(M),Ln-I-l(" ) — M,

Ker ¢ -7H M; 2/2) —

where ITOP(M) is topological isotopy classes of PL structures

on M.

The spaces, TOP o),

(7r (M)) inherit group structures fr
and [M, G/TOP] respectively. With these group structure

maps are homomorphisms, and the diagram commutes.

in section two imply Ker 7 = im x,
HS(M; z/2) 1is reduction modulo 2.
yields the following theorem:

Theorem 4.2.

34

G/PL] — Ln(ﬂl(M))
G/PL] — Ln(ﬂl(M))

on the sets SPL(M) and

TOP/PL]

|
G/PL] \E’
| L (7 (D)

g/toe}] ~ °

!

[M,B(TOP/PL)!

(M) /Ln+l(1r1(M)), ~and STOP(M)/

where T,: H3(M; z) —

A bit of diagram chasing

on [M, TOP/PL], [M,G/PL].
s all

The results

Let M be a closed PL n-manifold with n > 5.

Then there is an exact sequence of groups
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0 — WO Z/2)/in 1) > Spr /Ly (mO0) —
) > - e P —> n_1 :
Spop M) /Ly (M (M) —>Kery—=0, where ¢: = 3mg Ty —G/PLT)

is the map induced by [M, G/TOP] S Ln(nl(Ml).

Proposition 4.3. If M is a PL manifold Ker ¢ = K. Thus K is

a subgroup.

Proof. We have

(M, G/PL] S o
l I )

[M, G/TOP] y l

L, (m (D)
im S([M, G/PLI)

|

0

-w .

o € M €<—

a commutative diagram.

But g: M —> G/TOP may be altered by h: M —> G/PL to have

6 surgery obstruction if and only if ¢[g] = 0. Thus ker = K.
We finish with a conjecture and a consequence of it.

Conjecture. For M a topological manifold [M,G/TOP]---§-—->

Ln(ﬂl(M)) is a homomorphism.
Note: Ve know S(0) = 0 and we know the conjecture is true for
PL manifolds.
Assuming this conjecture we again have K = Ker ¢
¥: H — Ln(ﬂl(M))/im s(iM, G/PL]) for any topological manifold.

Thus K would always be a subgroup.
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