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Stable Equivariant Bordism

Theodor Brocker and Edward C. Hook

§ 0. Introduction

Given a compact Lie group G, there are at least two reasonable
approaches one can use in defining a G-equivariant bordism theory.
The first of these methods is the geometric approach initiated by Conner
and Floyd in [3, 4], which has been extensively studied by Stong (cf., for
exemple, [8]). The second approach is to construct an equivariant version
of the appropriate Thom spectrum and then to define G-bordism theory
to be a suitable homology theory with coefficients in this spectrum. This
has been done by tom Dieck in [9, 10], where he considers the unitary
case. We propose in this paper to investigate the relationship which
exists between these two approaches; for simplicity, we restrict attention
to the unoriented case, although similar results would hold in the
unitary case. The main result is Theorem (4.1): Stabilized geometric
equivariant bordism is isomorphic to homotopy theoretic equivariant
bordism.

The second-named author would like to take this opportunity to
express his gratitude to Prof. R.E. Stong for many helpful conversations
and a great deal of encouragement.

§ 1. Homotopy-Theoretic Equivariant Bordism

Let G be a compact Lie Group. Let RO(G) denote the set of real
finite dimensional orthogonal representations of G. The set RO(G) is
partially ordered by V< W if V' is isomorphic to some G-submodule
of W. If VeRO(G), let |V|=dimension of ¥, and RO,(G)={VeRO(G)|
|V|=k}.

If Ve RO(G), let D(V), S(V) denote the unit disc and unit sphere in V,
and X (V)=D(V)/S(}V) the quotient space, with base point S(V')/S(V).

Let W be any real orthogonal representation of G (possibly infinite
dimensional) and let BO,(W) be the Grassmannian of n-dimensional
subspaces of W, with the G-action induced by the linear action on W.
There is also the space

EO,(W)=1{(V,x)e BO,(W)x W|xeV}
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270 Th. Brocker and E.C. Hook:

which is the total space of the *tautological” n-plane bundle y"(W)
over BO,(W), and there is an action of G on EO,(W) by bundle maps
covering the action on BO,(W) and such that the projection is equiv-
ariant; y"(W) is a G-vector bundle. Moreover the unit disc bundle
Dy"(W) and its boundary sphere bundle Sy"(W) are equivariant sub-
spaces of EO,(W), such that we have a G-action on the Thom space

MO, (W):=My"(W):=Dy"(W)/Sy"(W).

If |[W|=n, then MO,(W) is just the sphere Z(W).

We now define R *(G) to be the orthogonal direct sum of countably
many copies of each of the irreducible finite dimensional orthogonal
representations of G with the obvious action of G. Then, for any non
negative integer n, the above construction determines an object MOF in
the category Top, (G) of pointed G-spaces. The bundle

" EOS:=EO,(R*(G))— BO,(R*(G))=: BOZ

is known to be a universal equivariant n-plane bundle in the category of
G-spaces.
If We RO, (G), one has a suspension map

m, . L(W)AMOF— MOZ, ,
induced by the Whitney sum. Note that
MOy, =MO, ,(R*(G)=MO, . (WOR”(G)).

The spaces MOY together with the suspension maps m, , constitute a
G-spectrum, denoted by MO°.

We may now define the homotopy-theoretic G-bordism groups of a
space X in Top,(G) to be the groups

RS(X):=lim [ZV,X AMO§,,,J§. .VeRO(G),

where [ , ]§ denotes equivariant homotopy classes of pointed maps,
and the limit is taken over the direct system indexed by the partially
ordered set RO(G) and the maps induced by suspension.

These are the spectral homology groups of X with coefficients
in MOY, as introduced by tom Dieck [10]. They constitute an equiv-
ariant homology theory in the sense of Bredon [1], but in addition have
suspension isomorphisms for all suspensions with linear G-action; i.e. if
Ve RO, (G), there is a canonical isomorphism

(1.1) o(V): NS(X)—> NG, (Z(V)A X)
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(see [2. 1V] for the completely analogous proofs in the non equivariant
case). Moreover the graded group Nf(X) is a natural N -module, and
the suspensions are maps of N,-modules (N, is the unoriented bordism
ring).

§ 2. Stable Equivariant Bordism

For any pair of G-spaces (X, A) one defines NS (X, A), the G-equiv-
ariant bordism of (X, A), as follows (see [8] for a more detailed account):
A singular G-manifold of (X, A) is a pair (M, f) where M is a compact
differentiable G-manifold with boundary, and f: (M, dM)— (X, A) is an
equivariant map. Two singular G-manifolds (M, f), (M’, ') are bordant,
if there is a triple (V, V,, F) where V is a compact differentiable G-manifold
with boundary, and 0V is the union of the invariant regularly imbedded
G-manifolds M, V,, M, with M n Vo=0M; M'nVy=0M'; MnM' =g
(MUM'YAVy=2eV,: and F: (V, V,)— (X, A) is an equivariant map ex-
tending f on M and f’ on M'. Bordism is an equivalence relation, and
on the set ‘JIf,f(X,A) of equivalence classes one has a group structure,
which is induced by disjoint union of manifolds.

G-equivariant bordism also defines an equivariant homology theory
in the sense of Bredon [1]; this theory does not have suspension iso-
morphisms for suspension with non trivial G-action (e.g. for G=2Z,).
One does, however, have a suspension homomorphism

(2.1) a(V): NEX) > NG, 1 (Z(V) A X)
assigning to f: (M, dM)— (X, *) the class of
(D(V)yxM,a(D(V)x M))W(D(V)XX,S(V)X XuD(V)x*)

>(ZV A X, %).

pr
Obviously one has a(V@W)=a(W)oa(V), hence for a pointed G-space
X one has the direct system, indexed by RO(G), of Ny-modules
N(Z(V)AX), VeRO(G),

and suspension homomorphisms, and we define the stable G-equivariant
bordism group

NES(X):=lim NG, (Z(V)AX),  VeRO(G).

These groups also form an equivariant homology theory which, by
construction, has suspension isomorphisms for all suspensions with
linear G action. For pairs of G-spaces one has an analogous stabilization,
and the suspension isomorphism take the form

o(V): NES(X, A)=NGS 1y (D(V)x X, D(V)x AUS(V)x X).

19b Math. Z., Bd. 129




272 Th. Brocker and E.C. Hook:

Let &: E— X be a k-dimensional G-vector bundle and let A< X then
we have a natural Thom homomorphism

(&) NE(X, A)—> NG, (D(E), D(E|A) U S(E))

defined as follows: If f: (M, dM)— (X, A) represents a bordism element,
then one has the induced bundle map

* g
S*E 7 E
f*{ g
M-——X;

T(&)[M, ] is represented by
(D(f*E), E(D(‘f*E)))"'j—’(D(El D(E|A)US(E)).

If &2 E>X and &': E'— X are G-vector bundles, then ¢ @ ¢ is the
composite ¢*E'— E—— X and

(2.2) (€@ L)=1(*&)o1(d).

If 7: V x X — X is the trivial bundle with Ve RO(G), then t(n)=a(V) is
the suspension homomorphism. So by (2.2) in particular the Thom
homomorphisms are compatible with suspensions, and passing to the
limit we have a Thom homomorphism

(23) 1(8): RS (X, A) > NG (D(E), D(E|A) U S(E)).

(2.4) Lemma. Let & be a G-vector bundle over X which is stably invertible.
Then the Thom homomorphism (2.3) is an isomorphism.

Proof. One has formula (2.2) also for the stable Thom homomorphism.
If ¢ is an inverse bundle of &, then t(¢ @ &) is an isomorphism, being a
suspension. Thus 7 (&) has a left inverse, and 7(&*¢&’) has a left and a right
inverse, so t(&* &) is an isomorphism and 7 () is an isomorphism. [

The bundle ¢ is invertible in particular if X is compact, but in fact it
is sufficient to assume that X is a limit of a sequence of closed subspaces
X;, such that £|X; is stably invertible, for stable bordism is compatible
with direct limits. So we have a Thom isomorphism for every reasonable
G-bundle, in particular for the universal bundle y". In the absolute case
one can pass to quotients to get a Thom isomorphism

(2.5) 7(8): NG S(X) NG5, (D(E), S(E) = N5, (M(©).
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§ 3. The Pontrjagin-Thom Construction

As noted by tom Dieck [10], there is an equivariant Pontrjagin-Thom
construction
(3.1) D:NE(—)->NF(—)
which will be shown to stabilize to a transformation
(3.2) S NES(—) > NE(—).

The construction of @ runs as follows:

Let f: (M, M) —(X, %) represent an element of ‘th,f(X, x). Choose an
equivariant imbedding ¢: M — D(V), for some VeRO(G) (see [6,7]).
Then M’s tangent bundle 1 (M) is a subbundle of M x ¥, and the normal
bundle v of the imbedding ¢ is defined to be the orthogonal complement
of (M) in this bundle. Then a small disc bundle D v of v can be identified
with a compact subset of D(V), called a “tubular neighbourhood™
although it is not a neighbourhood, and there is the usual collapsing
map

k: X(V)=D(V)/S(V)>Dv/D(v|cM)u Sv).
On the other hand v has a classifying map u: M — BOf_, covered by
a: Dv>DyVI=" and the map (fev,it): Dv—X x D7V1=" induces an
equivariant map Dv/(D(v|dM)u Sv)— X A MOf;,_,: if we compose this
with the cojlapsing map k, we get a map which represents the element
®[M, f1e NS (X, %).

One shows as in the classical case, that we have Produced in this
manner a well-defined natural transformation @: NG(—)— NE(—),
which preserves degrees and respects the N,-module structures present.

In order to be able to stabilize this transformation we have to show:

(3.3) Lemma. The natural transformation @ is compatible with the sus-
pension homomorphisms (2.1) and (1.1).

Proof. We have to follow an element [M,f]eté(X) around the
diagram
NG(X) > Nk (E(W) A X)

[ (]

NE(X) = 7 NS (ZW)AX),  WeRO,(G).

If one constructs @[ M, f ] by means of an imbedding e: M — D(V'), one
may use the imbedding 1 x e¢: D(W)x M —> D(W) x D(V)=D(W@ V) for
the construction of ®a(W)[M, ], and then the verification is straight
forward. [
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As a consequence we get by passing to the limit a natural trans-
formation of N,-modules
% NI (=) > NE (),
which preserves degrees and is compatible with suspension isomorphisms.

Remark. Our presentation of the Pontrjagin-Thom construction in
this section differs from that in [5], chiefly in being more flexible, though
both result in the same natural transformation.

§ 4. The Isomorphism Theorem

Call a pointed G-space admissible, if the inclusion *< X of the
basepoint is an equivariant cofibration. Then our main result is

(4.1) Theorem. For any compact Lie group G and any admissible G-space
X the natural transformation
% NS (X)— N (X)
is an isomorphism.
Proof. One may suppose that X is compact because both theories are

determined by their values on compact spaces, and one may suppose
that the basepoint is disjoint, by looking at the exact sequences of the

cofibration (slU{+lcX* X,

We construct an inverse transformation ¥ for @5 using the following
idea: By definition the homotopy-bordism of X * may be considered as
stable equivariant homotopy groups of the spectrum MO A X*. If we
denote such homotopy groups by n¢:¥(—)—without defining them — the
transformation ¥ will be defined by the following diagram:

&S (X AMO®) —— NGS5 (X AMOY)

-1

NE(X) NES(X x BOY)
‘I‘ prix
NES(X)
here « is the canonical map which looks at a sphere as a particular
manifold (which bounds when projected to the point), and 7 is essentially
the Thom isomorphism for the bundles X x y", where y" is the universal
G-bundle.

For a more explicite construction, suppose e N (X *) is represented
by a: (D(V), S(V))— (X A My¥1="(Q), +) for some ¥, Qe RO(G); here
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we use the compactness of D(V) to replace R *(G) by the finite-dimensional
representation Q (this in fact is unnecessary by the remark after (2.4)).
The map a then also represents an element

K(o)=[D(V),a]eNGE(X* AMyY1="(Q)).

The space in brackets is the Thom space of the bundle &:=X x y!VI=";
thus we can apply to the element x(x) the composite

RS (M(E) - NG (X % BOyyp(Q)) —pr> RES(X )

) prix

where t(¢) is the Thom isomorphism (2.5). Then it is easy to verify that
the element ¥ (x):=pr,+ 0 1(¢)™ ' o k(x) only depends on o and not on the
choices involved in the definition, so that we have a well-defined degree-
preserving function

¥ NS(XH)-NES(XT)
which, it is claimed, inverts @5.

It is easily seen that ¥ o &% is the identity of R¢:5(X). For the proof
let [M", f Je NC:S(X) where we may assume that the range of f isactually X,
by passing to the appropriate suspension. To obtain ®*[M" ] we
chose an imbedding ¢: M — D(V) with normal bundle v which has a
bundle map ii: Dv—Dy"!="(Q) for some Qe RO(G). These define the
map of pairs

(fov,@): (Dv,D(v|eM)uU SV)
(X x Dy"=(Q), {+} x DMITMQ)U X x SyVIT"(Q)),
and there is the canonical projection
p: (X xDy¥1="(Q), {x} x DyI""(@)u X x SyV17"(Q))
— (XA MyYI="Q), *).

Now in R S(M, M) there is the fundamental class 1, represented by the
identity of M, and t(v)(1)eNf;¥(Dv, D(v|dM)L Sv) is also the funda-
mental class. Therefore by an obvious bordism [3, p. 12f.] the element

Pyo(fov, i), T(v)(1) represents k®[M,f],
and by naturality of the Thom isomorphism
(&) (pyo(forv, W) T (M) =1()" ' kP[M,[]
is represented by
(f,ulM): (M,0M)— X x BOy|_,(G).
This establishes that ¥ o @5 is the identity.

We now consider the composition %o ¥. Given ae N°(X *) repre-
sented by f: (DV, SV)— (M &, ), we can find a G-manifold with boundary
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LcInt D(V) of dimension | V|, such that f ~'(B&)= L—7JL and ™ Y(%)n
L=g (see [3,(3.1)]). If we vary f within its G-homotopy class, we get a
commutative diagram

(D(V), S(V))

N
~_ f
AN
AN

N
(42) (ZV, )~ (L/OL¥) —— (M &)

T

|a
|

(L7 PL) *W‘) (Déssé)s

therefore k[D(V), f ]=r[L,qof | L]eNGF (M)
NowletE @ &=n:Q x X -» X for Qe RO(Gj;then o (Q)=1(E* &) o 1(¢)
or equivalently

(4.3) a(Q)et(§)~ " =1(E*{).

The right side of this equation describes 7(£)™' up to suspension. We use
this fact to define the manifold M to be D((f|L)* &* &) which comes
provided with an equivariant map into D(Q) x B(¢); if we compose this
map with the projection onto D(Q)x X and the canonical map into
Z(Q)A X ™, we receive an equivariant map h: M —X(Q)A X*, and by
definition of ¥ and (4.3) 6(Q)o ¥ (x)=[M, h]e NG, (2(Q) A X ), so
that to compute ¢(Q)o @50 ¥(x), we have to apply the Pontrjagin-Thom
construction to the map h.

For this purpose, note first that M is equipped with an equivariant
imbedding into

D((fIL*E*E @ E))=D(Q)x LcD(Q)xD(V)=D(Q ® V),
so we may use this imbedding in performing the construction. Moreover,
a “tubular neighbourhood” of this imbedding is just D(Q)x L and this

is the “neighbourhood” we employ in the construction. Now consider
the diagram

D(Q)x L 157> D(Q) x D(E)=D(Q) x X x Dy"I="(Q)

VAR

(4.4) M——— D(E*E)=D(Q)x B¢ DyV1="(Q)

R

L~ D& —5— BC —55> BOy-.(Q)
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in which the unnamed maps are either bundle projections or induced
by the pullback construction. This diagram is commutative and the map
M ->BOy, - ,(Q) classifies the normal bundle of M in D(Q) x D(V). By an
examination of diagrams (4.2) and (4.4), we eventually see that the
Pontrjagin-Thom construction applied to the map h yields the “Q-fold”
suspension of the map with which we began. Equivalently, we have
shown that ¢(Q)c ®%o W(a)=0(Q)(x); since ¢(Q) is an isomorphism this
completes the proof. [

The way transversality was circumvented here may have many more
applications in equivariant bordism theory.

Theorem (4.1) was proved in [5] for the special case of the group Z,,
using very different methods. A proof of the present version was later
discovered and shown to tom Dieck, among others. He and the first-
named author raised objections to this proof, concerned with assumed
stability properties of homotopy theory which led to false consequences
in the case G={1}. Fortunately, the first named author was able to
circumvent the need for these assumptions.

References

1. Bredon. G.E.: Equivariant cohomology theories. Lecture Notes in Mathematics, vol. 34,
Berlin-Heidelberg-New York: Springer 1967.
2. Brocker, Th., tom Dieck, T.: Kobordismentheorie. Lecture Notes in Mathematics 178,
Berlin-Heidelberg-New York: Springer 1970.
3. Conner, P.E.. Floyd, E.E.: Differentiable periodic maps. Berlin-Gottingen-Heidelberg-
New York: Springer 1964.
4. Conner, P.E., Floyd, E.E.: Maps of odd period. Ann. of Math. 84, 132-156 (1966).
5. Hook, E.C.: Stable equivariant bordism. Dissertation, University of Virginia 1970.
6. Mostow, G.D.: Equivariant imbeddings in Euclidean space. Ann. of Math. 65, 432-446
(1957).
7. Palais, R.S.: Imbedding of compact, differentiable transformation groups in orthogonal
representations. J. Math. Mech. 6, 673-678 (1957).
8. Stong, R.E.: Unoriented bordism and actions of finite groups. Amer. Math. Soc.
Memoir No. 103, Providence, Rhode Island, 1970.
9. tom Dieck, T.: Kobordismentheorie und Transformationsgruppen. Aaarhus University
Preprint Series 1968/69, No. 30.
10. tom Dieck, T.: Bordism of G-manifolds and integrality theorems. Topology 9, 345-358
(1970).

Dr. Th. Brocker Dr. E.C. Hook

Mathematisches Institut Department of Mathematics

der Universitat Massachusetts Institute of Technology
D-8400 Regensburg Cambridge, Mass. 02139

Federal Republic of Germany USA

(Received September 3, 1972 )







	Bröcker, Theodor; Hook, Edward C.: Stable Equivariant Bordism.

