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1 Introduction

We begin with a classical theorem, attributed to T.A. Chapman [4], on sucking and wrapping
up manifolds over the real line. Recall that the infinite cyclic groupC∞ acts on the real line
R by integer translations.
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Theorem (Chapman)Let W be a connected topological manifold of dimension> 4. The
following statements are equivalent:

1. The space W is finitely dominated, and there exists a cocompact, free, discontinuous
C∞-action on W.

2. There exists a proper bounded fibration W→ R.
3. There exists a manifold approximate fibration W→ R.
4. There exist a C∞-action on W and C∞-manifold approximate fibration W→ R.
5. There exists a manifold approximate fibration M→ S1 with M homeomorphic to W.

This theorem can be viewed as an answer to the question:

When does a finitely dominated manifold W admit a cocompact, free, discontinuous
action of the infinite cyclic group C∞?

There are two essentially different answers. The first, spelled out by conditions (2) and (3),
is thatW admits a proper map toR with bounded or controlled versions of the homotopy
lifting property (called a bounded or approximate fibration). The equivalence of the bounded
and controlled versions is the main advance of Chapman’s paper [4] (which was preceded
by the Hilbert cube manifold case in [3]), and it is part of thephenomenon calledsucking.

The second answer, formulated in conditions (4) and (5), is that the approximate fibra-
tion W→ R can be made equivariant with respect to someC∞-action onW, or thatW→ R

can bewrapped-upto an approximate fibrationM→ S1. Chapman’s wrapping-up construc-
tion is a variation of Siebenmann’s twist-gluing construction (where the twist is the identity)
used by him [28] in his formulation of Farrell’s fibering theorem [12] (for more details see
[16]). From this point of view, the question that is being raised is:

Given a discrete subgroupΓ of isometries onR and a manifold approximate fibra-
tion W→ R, can theΓ -action onR be “approximately lifted” to a free, discontinu-
ousΓ -action on W, so that there is aΓ -manifold approximate fibration W→ R?

Chapman proves that this can always be done whenΓ = C∞ and dimW > 4.
Since our formulation of Chapman’s theorem does not appear explicitly in [4], we in-

clude a proof, which is actually a guide to finding the proof inthe literature. Most aspects
of this theorem were discovered independently by Ferry [13]. An analysis of many of the
details appears in [16].

Proof The implication(1) =⇒ (2) follows from Proposition 7.1 and then [16, Proposition
17.14]. The implication(2) =⇒ (3) is the casen = 1 in Corollary 3.35, which is theε-δ
version of Chapman’s sucking principle. The implication(3) =⇒ (2) is clear from the defi-
nitions. The implication(3) =⇒ (4) is [16, Lemma 17.8], which uses Hughes’s approximate
isotopy covering principle instead of an argument of Chapman (cf. [16, Rmk. 17.9]). The
implication(4) =⇒ (5) follows by taking the quotient ofW→R by the freeC∞-action. The
implication (5) =⇒ (3) follows from taking the infinite cyclic cover ofM → S1. Finally,
sinceW has the proper homotopy type of a locally finite simplicial complex [24, Essay
III, Thm. 4.1.3], the implication(4) =⇒ (1) follows from the elementary argument of [16,
Prop. 17.12]. ⊓⊔

The theme of this paper is to extend Chapman’s results from the smallest infinite discrete
group of isometries onR, namely the infinite cyclic groupC∞, to the largest discrete group
of isometries onR, namely the infinite dihedral groupD∞. In particular, our main result can
be viewed as an answer to the question:
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When does a finitely dominated manifold W admit a cocompact, free, discontinuous
action of the infinite dihedral group D∞?

The main technical issues that arise involve the fact thatD∞ has torsion; it has a non-
trivial finite subgroup, namely the cyclic groupC2 of order two, which acts by reflection on
R fixing the origin. The liftedD∞-action onW contains aC2-action onW with a nonempty
invariant subset. For notation, for anyN≥ 1, consider the dihedral groups

D∞ := C∞ ⋊−1C2

DN := CN ⋊−1C2.

In particular,D1 = C2. There are short exact sequences

0−→C∞ −→ D∞ −→C2 −→ 0

0−→ N ·C∞ −→ D∞ −→ DN −→ 0.

Fix presentations:

C∞ = 〈T | 〉

C2 = 〈R | R2 = 1〉

D∞ = 〈R,T | R2 = 1,RT = T−1R〉.

TheD∞-action onR by isometries is given byR(x) =−x andT(x) = x+1.
Our main theorem, which we now state, contains analogues of all parts of Chapman’s

theorem.

Theorem 1.1 (Main Theorem)Let W be a connected topological manifold of dimension
> 4. The following statements are equivalent:

1. The space W is finitely dominated, and there exists a cocompact, free, discontinuous
D∞-action on W.

2. There exist a free C2-action on W and proper C2-bounded fibration W→ R.
3. There exist a free C2-action on W and C2-manifold approximate fibration W→ R.
4. There exist a free D∞-action on W and D∞-manifold approximate fibration W→ R.
5. For every N≥ 1, there exist a free DN-action on a manifold M and DN-manifold ap-

proximate fibration M→ S1 with induced infinite cyclic coverM homeomorphic to W.

The prototypical example of a manifoldW satisfying the conditions of Theorem 1.1
is the productW = Sn×R, where theD∞-action onW is given byT(x, t) = (x, t + 1) and
R(x, t) = (−x,−t).

Here is a guide to finding the proof of the theorem in the rest ofthe paper.

Proof The implication(1) =⇒ (2) follows from Proposition 7.1 and then Theorem 7.6. The
implication (2) =⇒ (3) is the special case ofG = C2 andn = 1 in Corollary 6.2, which
requires freeness. The implication(3) =⇒ (2) is clear from the definitions. The implication
(3) =⇒ (4) is Theorem 8.1. The implication(4) =⇒ (5) follows by taking the quotient by
the action of the subgroupN ·C∞, whereN ≥ 1. The implication(5) =⇒ (3) follows from
taking the infinite cyclic cover ofM→ S1 for the special caseD1 = C2.

Finally, consider the implication(4) =⇒ (1). Restrict theD∞-action onW and theD∞-
manifold approximate fibrationp : W→ R to the finite-index subgroupC∞. Therefore, by
the implication(4) =⇒ (1) in Theorem 1, we obtain thatW is finitely dominated and the
C∞-action (hence theD∞-action) onW is cocompact, free, and discontinuous. ⊓⊔
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Most of the work in this paper applies to settings more general than the real line in the
main theorem. We now discuss some of the highlights.

The first is a variation on the well-known property that closemaps into an ANRB are
closely homotopic. In the compact case, closeness is measured uniformly by using a metric
onB. In the non-compact case, open covers ofB are used (see Section 3.2). In this paper we
are confronted with metrically close maps into a non-compact ANR (B,d) which we want
to conclude are metrically closely homotopic. We isolate a condition, calledfinite isometry
type, that allows us to do this. Here is the result.

Theorem 1.2 Suppose(B,d) is a triangulated metric space with finite isometry type. For
everyε > 0 there existsδ > 0 such that: if X is any space and f,g: X→ B are two close
δ -close maps, then f and g areε-homotopic rel

X( f=g) := {x∈ X | f (x) = g(x)}.

See Section 3.1 for the definition of finite isometry type and Section 3.2 for a proof of
the theorem (Proposition 3.16).

Likewise, we need a metric version of Chapman’s manifold approximate fibration suck-
ing theorem, which has an open cover formulation in Chapman’s work. We again find the
finite isometry type condition suitable for our purposes.

Theorem 1.3 (Metric MAF Sucking) Suppose(B,d) is a triangulated metric space with
finite isometry type, and let m> 4. For everyε > 0 there existsδ > 0 such that: if M is an
m-dimensional manifold and p: M→ B is a properδ -fibration, then p isε-homotopic to a
manifold approximate fibration p′ : M→ B.

The proof of Theorem 1.3 is found in Section 3.3 (use Corollary 3.32, Proposition 3.16).
The following result is an equivariant version of Theorem 1.3, valid for many finite

subgroups ofO(n). We will need it only for the simplest non-trivial case ofC2≤O(1) when
we perform dihedral wrapping up. However, we expect future applications in the theory of
locally linear actions of finite groups on manifolds.

Theorem 1.4 (Orthogonal Sucking)Suppose G is a finite subgroup of O(n) acting freely
on Sn−1, and let m> 4. For everyε > 0 there existsδ > 0 such that: if M is a free G-manifold
of dimension m and p: M→ Rn is a proper G-δ -fibration, then p is G-ε-homotopic to a G-
manifold approximate fibration p′ : M→ Rn.

The proof of Theorem 1.4 is located in Section 6.
Let us consider an example that illustrates how one may enterinto the situation of The-

orem 1.1. Consider an equivariant version of Farrell’s celebrated fibering theorem [12] [11],
which solves the problem of when a mapf : M→ S1 from a high-dimensional manifoldM
to the circleS1 is homotopic to a fiber bundle projection. One usually inputsthe necessary
condition thatM be finitely dominated. The first non-trivial equivariant version of this prob-
lem concerns the action ofC2 on S1 by complex conjugation and a free action ofC2 on M.
The prototypical example of such aC2-fiber bundle is the projectionp : Sn×S1→S1, where
the freeC2-action onSn×S1 is given byR(x,z) = (−x, z̄). Observe that the orbit space is
a connected sum of projective spaces,(Sn×S1)/C2 = RPn+1#RPn+1. With this action of
C2 on M = Sn×S1, the infinite cyclic cover isp : M = Sn×R→ R with theD∞-action de-
scribed above. In the language of Section 7,(M, f ,R) is aC2-manifold band. It is shown in
Theorem 7.6 thatf : M→ R is aC2-bounded fibration. Thus, Theorem 1.1 is a preliminary
step in constructing aC2-relaxation of aC2-manifold band, following Siebenmann’s [28]
approach in the non-equivariant case. We expect to return totheC2-fibering problem in a
future paper.
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2 Preliminary notions

This section contains most of the standard terminology thatwe will use throughout the paper.
In addition, there are statements of two known principles that we will need: relative sucking
and approximate isotopy covering.

By manifoldwe mean a metrizable topological manifold without boundary. An action
of a discrete groupΓ on a topological spaceX is discontinuousif, for all x∈ X, there exists
a neighborhoodU of x in X such that the set{g∈ Γ |U ∩g(U) = ∅} is finite. The action is
cocompactif X/Γ is compact. In this paper, everyANR(absolute neighborhood retract) is
understood to be locally compact, separable, and metrizable.

We denote thenatural numbersby N := Z≥0 = {0,1,2,3, . . .}, and theunit intervalby
I := [0,1]. For eachk∈ N andr > 0, denote theopenandclosed cubes:

◦
Bk

r := (−r, r)k⊆ Bk
r := [−r, r ]k ⊆Rk.

We denote the variousopen coneson a topological spaceX as follows:

◦
c(X) := (X× [0,∞))/(X×{0})

cr(X) := (X× [0, r ])/(X×{0})
◦
cr(X) := (X× [0, r))/(X×{0}) .

If (Y,d) is a metric space,ε > 0, andH : X× I → Y is a homotopy, thenH is anε-
homotopyif the diameter ofH({x}× I) is less thanε for all x∈ X. The homotopyH is a
bounded homotopyif it is an ε-homotopy for someε > 0. Given two mapsu,v : W→Y, we
say thatu is ε-close to vif d(u(w),v(w)) < ε for all w∈W. Furthermore, givenµ > 0 and
A⊆Y, we say thatu is (ε ,µ)-close to v with respect to Aif u is ε-close tov andu|v−1(A) is
µ-close tov|v−1(A).

2.1 Lifting problems

The notion of approximate fibration is due to Coram–Duvall [8]. A convenient source for
the following definitions is [16,§16].

Definition 2.1 Let (Y,d) be a metric space, and letp: X→Y be a map.

1. Letε > 0. The mapp is anε-fibration if, for every spaceZ and commutative diagram

Z X

Z× I Y
?

×0

-f

?

p

p

p

p

p

p

p

p

p

p

�F̃

-F

there exists anε-solution. That is, there exists a homotopỹF : Z× I → X such that
F̃(−,0) = f andpF̃ is ε-close toF . The above diagram is ahomotopy lifting problem .

2. Let ε > 0 andA⊆ Y. The mapp is anε-fibration over A if every homotopy lifting
problem withF(Z× I) ⊆ A has anε-solution. In particular, the mapp is aε-fibration
if p is aε-fibration overY.
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3. The mapp is abounded fibration if p is anε-fibration for someε > 0. The mapp is a
manifold approximate fibration (MAF) if X andY are topological manifolds andp is
a properε-fibration for everyε > 0.

Remark 2.2By anε-fibration, Chapman [4] means a proper map between ANRs, that is, an
ε-fibration for the class of locally compact, separable, metric spaces. This restriction on the
class of spaces is of no consequence in the present paper as can be seen in either of two ways.
First, the reader will note that the only property we use ofε-fibrations is theε-homotopy
lifting property for compact, metric spaces. Second, the techniques of Coram–Duvall [6]
can be adapted to show: for a proper mapE→ B between ANRs, theδ -homotopy lifting
property for compact, metric spaces implies theε-homotopy lifting property for all spaces
(whereδ > 0 depends only onε > 0 and the metric onB).

2.2 Equivariant lifting problems

The notion of(ε ,ν)-fibration is due to Hughes [19]. See Prassidis [26] for a morecomplete
treatment.

Let G be a group. AG-spaceis a topological space with a leftG-action, and aG-map
betweenG-spaces is a continuous, equivariant map. Throughout the paper, we assume that
the unit intervalI is a trivial G-space.

Definition 2.3 Let (Y,d) be a metric space, and letp: X→Y be aG-map.

1. Let ε > 0. The mapp is aG-ε-fibration if, for every G-spaceZ and commutative dia-
gram ofG-maps:

Z X

Z× I Y
?

×0

-f

?

p

p

p

p

p

p

p

p

p

p

�F̃

-F

there exists aG-ε-solution. That is, there exists aG-homotopyF̃ : Z× I → X such that
F̃(−,0) = f andpF̃ is ε-close toF . The diagram above is called aG-homotopy lifting
problem.

2. Let ε > 0 andA⊆Y. The mapp is a G-ε-fibration over A if every G-homotopy lift-
ing problem withF(Z× I) ⊆ A has aG-ε-solution. In particular, the mapp is aG-ε-
fibration if p is aG-ε-fibration overY.

3. The mapp is aG-bounded fibration if p is aG-ε-fibration for someε > 0. The mapp
is aG-manifold approximate fibration ( G-MAF) if X andY are topological manifolds
andp is a properG-ε-fibration for everyε > 0.

4. Letε ,µ > 0 andA⊆ B⊆Y. The mapp is aG-(ε ,µ)-fibration over (B,A) if every G-
homotopy lifting problem withF(Z× I) ⊆ B has aG-(ε ,µ)-solution over (B,A). That
is, there exists aG-homotopyF̃ : Z× I→X such thatF̃(−,0) = f andpF̃ is (ε ,µ)-close
to F with respect toA.

2.3 Stratified lifting problems

See Hughes [14] for the definitions here.
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Definition 2.4 Let X be a topological space.

1. A stratification of X is a locally finite partition{Xi}i∈I for some setI such that each
Xi , called thei-stratum, is a locally closed subspace ofX. We callX a stratified space.

2. If X is a stratified space, then a mapf : Z×A→ X is stratum-preserving alongA if,
for eachz∈ Z, the imagef ({z}×A) lies in a single stratum ofX. In particular, a map
f : Z× I → X is astratum-preserving homotopy if f is stratum-preserving alongI .

Definition 2.5 Let (Y,d) be a metric space, and letp : X→Y be a map. SupposeX andY
are spaces with stratifications{Xi}i∈I and{Yj} j∈J .

1. The mapp is astratified fibration if, for every commutative diagram

Z X

Z× I Y
?

×0

-f

?

p

p

p

p

p

p

p

p

p

p

�F̃

-F

with F a stratum-preserving homotopy, there exists astratified solution. That is, there
exists a stratum-preserving homotopyF̃ : Z× I → X such thatF̃(−,0) = f andpF̃ = F .
The diagram above is called astratified homotopy lifting problem .

2. Letε > 0. The mapp is astratified ε-fibration if, for every stratified homotopy lifting
problem, there exists astratified ε-solution. That is, there exists a stratum-preserving
homotopyF̃ : Z× I → X such thatF̃(−,0) = f andpF̃ is ε-close toF .

2.4 Relative sucking

In Section 8 we will need the following relative version of Chapman’s MAF Sucking Theo-
rem [4, Theorem 1]. We include a proof that shows it is a formalconsequence of Chapman’s
work.

Proposition 2.6 Suppose a1 < a3 < b3 < b1 are real numbers. For every m> 4 there exists
ε > 0 such that: if W is an m-dimensional manifold, p: W→R is a properε-fibration, and p
is an approximate fibration over(−∞,a3)∪ (b3,∞), then there exist a manifold approximate
fibration p′ : W→ R and a homotopy p≃ p′ rel p−1((−∞,a1]∪ [b1,∞)).

Proof Let m> 4 be given. LetU be an open cover of(a1,b1) such that: ifp: X→ R is a
map andp|p−1(a1,b1) is U -homotopic to a mapq : p−1(a1,b1)→ (a1,b1) via a homotopy
H, thenH extends to a homotopỹH : p≃ q̃ rel p−1((−∞,a1]∪ [b1,∞)). For example, this
property is satisfied by the open cover

U := {(x− rx,x+ rx)|x∈ (a1,b1)} whererx := 1
2 min{x−a1,b1−x}.

By Chapman’s MAF Sucking Theorem [4, Thm. 1] (see Theorem 3.18 below), there exists
an open coverV of (a1,b1) such that: ifM is anm-dimensional manifold andp: M →
(a1,b1) is a properV -fibration, thenp is U -homotopic to a MAF.

Next, selecta2 ∈ (a1,a3) andb2 ∈ (b3,b1). Consider an open coverO of (a1,b1):

O := {(a1,(a2 +a3)/2),(a2,b2),((b3+b2)/2,b1)} .
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By a local-global result of Chapman [3, Prop. 2.2] [4, Prop. 2.2], there exists an open cover
W of (a1,b1) such that any proper map of an ANR to(a1,b1) restricting to aW -fibration
over the closure of each member ofO is aV -fibration. Finally, chooseε > 0 such that the
ε-ball about any point of[a2,b2] is contained in some member ofW . One checks thatε
satisfies the desired conditions. ⊓⊔

2.5 Approximate isotopy covering

We begin with the 1-simplex version of the Approximation Theorem [20, Thm. 14.1].

Theorem 2.7 (Hughes)Let p: M× I→B× I be a fiber-preserving MAF such thatdim M >
4. For every open coverδ of B, there exists a fiber-preserving homeomorphism H: M× I →
M× I such that H0 = idM and pH isδ -close to p0× idI . ⊓⊔

In [18, Theorem 7.1], the proof of the above theorem is given only for ε > 0 and closed
manifoldsB that admit a handlebody decomposition (e.g. a compact, piecewise linear man-
ifold without boundary). However, as observed in [20,§14], that proof (by induction on the
index of handles) adapts to give a proof for any connected manifold B that admits a han-
dlebody decomposition. Moreover, the arguments in [20,§13] can be adapted to prove the
general case ofB any topological manifold. In this paper, we only require thecase ofB= R.

A well-known consequence of Hughes’s Approximation Theorem is the Approximate
Isotopy Covering Theorem for MAFs (see [21,§6] [16, Thm. 17.4]). The following metric
version is an immediate consequence of Theorem 2.7.

Corollary 2.8 (Approximate Isotopy Covering) Let p: M→B be a MAF withdim M > 4.
Suppose g: B× I → B is a isotopy from the identityidB. For everyε > 0, there exists an
isotopy G: M× I →M from the identityidM such that pGs is ε-close to gsp for all s∈ I.

Proof Defineg′ : B× I → B× I by g′(x,s) = (gs(x),s). Theng′(p× idI ) : M× I → B× I
is a fiber-preserving MAF. Givenε > 0, by Theorem 2.7, there exists a fiber-preserving
homeomorphismH : M× I → M× I such thatH0 = idM and g′(p× idI )H is ε-close to
g′(p× idI )0× idI = p× idI . It follows thatG: M× I →M defined byG(x,s) = H−1

s (x) is
the desired isotopy. ⊓⊔

3 Finite isometry type and metric sucking

In this section we introduce a condition on a triangulated metric space,finite isometry type,
which essentially says that the local geometry of the space has finite variation. This special
condition allows us to phrase two controlled-topological results about non-compact triangu-
lated spaces in terms of the metric rather than open covers. The two results concern close
maps into an ANR and Chapman’s MAF Sucking Theorem.

3.1 Finite isometry type

We begin by introducing terminology for the metric conditions to appear in the results of
Sections 3.2 and 3.3. This will allow for cleaner statementsof our results on equivariant
sucking in Section 6.

The following notion of shapes is used by Bridson–Haefliger [2, Chapter I.7] in a slightly
more restrictive context.
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Definition 3.1 A simplicial isometry between two metrized simplices is an isometry that
takes each face onto a face. If(B,d) is a triangulated metric space, theshapes ofB, denoted
Shapes△(B), is the set of simplicial isometry classes of simplices ofB.

Definition 3.2 If v is a vertex of a simplicial complexK, thenKv denotes theclosed star
of v in K. That is,Kv is the union of all simplices ofK that containv, triangulated by the
simplicial complex consisting of all simplices ofK that are faces of simplices havingv as a
vertex.

We often abuse notation by identifying a simplicial complexwith its underlying polyhe-
dron.

Definition 3.3 Suppose(B,d) is a metric space with a triangulationφ : K → B (i.e., K is
a simplicial complex andφ is a homeomorphism). For verticesv,w ∈ K, the closed stars
φ(Kv) andφ(Kw) in B aresimplicially isometric if there exists an isometryh: φ(Kv)→
φ(Kw) such thatφ−1hφ : Kv→ Kw is a simplicial isomorphism. Theshapes of closed stars
of B, denoted Shapes⊠(B), is the set of simplicial isometry classes of closed stars ofB.
More generally, ifA is a closed sub-polyhedron ofB, then Shapes⊠(B,A) denotes the set of
simplicial isometry classes of closed starsφ(Kv) of B such thatφ(v) ∈ A.

Remark 3.4If φ : K → B is a triangulation of(B,d) with respect to which Shapes⊠(B) is
finite, then Shapes△(B) is also finite. Moreover, ifK′ is the first barycentric subdivision of
K, then Shapes⊠(B) is finite with respect to the induced triangulationφ : K′→ B.

Definition 3.5 A complete metric space(B,d) with a triangulationφ : K → B hasfinite
isometry type if

1. K is a locally finite, simplicial complex,
2. there existsd0 > 0 such that: ifv 6= w are vertices ofB thend(v,w)≥ d0,
3. for everyα > 0 and for everyn≥ 0, there existsβ > 0 such that: ifx,y lie in distinct

n-simplices ofB andd(x,y) < β , thenx andy are in theα-neighborhood of the(n−1)-
skeleton ofB, and

4. Shapes⊠(B) is finite.

Remark 3.6A finite triangulation has finite isometry type.

Remark 3.7Let (R,e) be a metric space, and letp : R→ M be a regular cover withM
compact. Suppose the groupD of covering transformations acts by isometries on(R,e).
Observe thatp : (R,e)→ (M,e/D) is distance non-increasing and a local isometry. Also,p is
regular implies thatD acts transitively on the fibers. Therefore, ifS is a finite triangulation
of M, then the inducedD-equivariant triangulationp∗(S ) of R has finite isometry type.

This finiteness condition arises in the following rigid situations, not pursued here.

Example 3.8Let (B,d) be a triangulated, geodesic metric space such that each simplex of
B is a geodesic subspace. It follows that the metric on each closed star inB is completely
determined by the metric on the simplices in the star. Thus, if Shapes△(B) is finite, then
so is Shapes⊠(B). It is also clear that for suchB, the condition Shapes△(B) is finite im-
plies conditions (2) and (3) of Definition 3.5. In summary, if(B,d) is a complete, geodesic
metric space triangulated by a locally finite simplicial complex, each simplex is a geodesic
subspace, and Shapes△(B) is finite, then(B,d) has finite isometry type.
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Example 3.9LetK be a connectedMκ -simplicial complex in the sense of Bridson–Haefliger
[2]. If Shapes△(K) is finite, then it follows from [2, Theorem 7.19, page 105] that (K,d) is
a complete geodesic space, whered is the intrinsic metric. Thus, by applying Example 3.8,
it follows that(K,d) has finite isometry type.

We show that split crystallographic groups induce triangulations of Euclidean space
(Rn,e) with the standard metric with respect to which(Rn,e) has finite isometry type.

Definition 3.10 An action of a groupΓ on a topological spaceR is virtually free if there is
a finite-index subgroup∆ ≤ Γ whose restricted action onR is free.

Proposition 3.11 Let (R,e) be a metric space such that R is a smooth manifold. LetΓ be
a discrete, cocompact subgroup of smooth isometries of(R,e). If the action ofΓ on R is
virtually free, then R admits a smooth,Γ -equivariant triangulationT of finite isometry
type, which is unique up toΓ -combinatorial equivalence.

Proof SinceΓ has a virtually free action onR, there exists a finite-index subgroup∆ of Γ
with a free action onR. Define a finite-index, normal subgroup∆0 of Γ by

∆0 :=
⋂

g∈Γ
g∆g−1.

Then there is an exact sequence 1→ ∆0→Γ →G→ 1, whereG := Γ /∆0 is a finite group.
Since∆0 has a cocompact, free action onR, the quotientM := R/∆0 is a compact smooth
G-manifold. So, by a theorem of S. Illman [22], there exists a smooth,G-equivariant trian-
gulationS of M which is unique up toG-combinatorial equivalence. Since∆0→R→M is
the sequence of a regular covering map, there is a unique, smooth,Γ -equivariant triangula-
tion T of R coveringS . Therefore, by Remark 3.7, sinceS is finite, we conclude that the
pullbackT has finite isometry type. ⊓⊔

Example 3.12For any crystallographic groupΓ of rank n, the Euclidean space(Rn,e),
wheree is the standard metric, admits aΓ -equivariant triangulationT of finite isometry
type. Indeed, the action is virtually free, since there is anexact sequence 1→ Zn→ Γ →
G→ 1, where the subgroupZn acts freely onRn by translations, and the finite groupG is
called thepoint group(see [10]). Suppose this short exact sequence splits, in which case we
call Γ a split crystallographic group. ThenG is a subgroup of the orthogonal groupO(n)
and the triangulationT /G of (Rn/G,e/G) has finite isometry type.

More generally, we have an important geometric observationused in Section 6.

Proposition 3.13 Let G be any finite subgroup of O(n). ThenRn/G has finite isometry type.

Proof Consider the unit sphereSn−1⊂Rn with the spherical metricsand induced isometric
G-action. For any pointa∈ Sn−1, recall itsDirichlet domain D(a) is the open neighborhood

D(a) := {x∈ Sn−1 | ∀g∈G : a 6= ga=⇒ d(x,a) < d(x,ga)}.

Then, by [27, Theorem 6.7.1], the closureD(a) is a convex polyhedron and a fundamental
domain for theG-action on(Sn−1,s). Select a geodesic triangulation ofD(a). This extends
to a geodesicG-triangulation ofSn−1. That is, we obtain aG-homeomorphismφ : K→Sn−1,
from aG-simplicial complexK, such that the imageφ(σ ) of each simplexσ of K is totally
geodesic in(Sn−1,s). Upon replacingK with a (necessarilyG-equivariant) barycentric sub-
division, we may assume thats(φv,φv′) < 1 for all verticesv,v′ that share a simplexσ of K.
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Now defineψ : K → Rn as the unique continuousG-map such thatψ(v) := φ(v) for each
vertexv of K and that the imageψ(σ ) of each simplexσ of K is the convex hull in(Rn,e).
It is clear that 0/∈ ψ(K) andψ(σ )∩ψ(σ ′)⊆ ψ(∂ σ )∩ψ(∂ σ ′) for all simplicesσ ,σ ′ of K.
Henceψ is injective and extends to aG-homeomorphism

Ψ :=
◦
c(ψ) :

◦
c(K)−→ Rn ; (x, t) 7−→ tψ(x).

Let T be (the set of simplices of) a linear triangulation ofRn such thatT is invariant
under permutation of coordinates ofRn and under the standard action ofZn on Rn. For
example,T can be taken to be the standard triangulation defined as follows. The set of
vertices ofT is Zn. There is a directed edge from a vertexx = (x1,x2, . . .xn) to a vertex
y = (y1,y2, . . . ,yn) if and only if x 6= y andxi ≤ yi ≤ xi +1 for eachi = 1,2, . . . ,n. A finite
setσ of vertices spans a simplex if and only if for any two verticesin σ , there is a directed
edge from one to the other. It follows from the invariance properties thatT is a triangulation
of finite isometry type. Moreover, ifA: Rn→ Rn is any non-singular linear transformation,
thenA(T ) = {A(σ ) | σ ∈T } is also a triangulation of finite isometry type.

Now, for each(n− 1)-simplex σ of K, define a non-singular linear transformation
Aσ : Rn→ Rn as follows. Order the verticesv1,v2, . . . ,vn of Ψ (σ ), and defineAσ (ei) := vi

for eachi = 1,2, . . . ,n, wheree1,e2, . . . ,en are the standard basis vectors ofRn. The trian-
gulationAσ (T ) of Rn restricts to a triangulationTσ of Ψ (

◦
c(σ )) that is independent of the

ordering ofv1,v2, . . . ,vn. Moreover, ifσ andτ are two(n−1)-simplices ofK, thenTσ and

Tτ agree onΨ (
◦
c(σ ∩τ)). It follow thatTΨ :=

⋃
σ Tσ is aG-equivariant triangulation ofRn

of finite isometry type and induces a triangulation ofRn/G of finite isometry type. ⊓⊔

3.2 Metrically close maps into ANRs

For notation if f ,g: X → Y are maps, thenX( f=g) = {x ∈ X | f (x) = g(x)}. Recall the
following classic property of ANRs (cf. [25, p. 39]).

Proposition 3.14 Let B be an ANR. For every open coverU of B there exists an open cover
V of B such tha:t if X is a space and f,g: X→B areV -close maps, then f isU -homotopic
to g rel X( f=g).

We will need a metric version of Proposition 3.14 that is onlyvalid for certain trian-
gulated metric spacesB. For the proof of the metric version, we will need the following
relative version of Proposition 3.14 in the compact case. Itis a fairly routine application of
Proposition 3.14 and the Estimated Homotopy Extension Theorem of Chapman–Ferry [5],
but we include a proof for completeness.

Lemma 3.15 Let (Y,d) be a compact, metric ANR. For everyε > 0 there existsδ > 0 such
that: if X is a space with a closed subspace X0 and f,g: X→Y areδ -close maps for which
there is aδ -homotopy H: f |X0≃ g|X0, then there exists anε-homotopyH̃ : f ≃ g such that
H̃|X0× I = H.

Proof Let ε > 0 be given. By Proposition 3.14 there existsµ > 0 such thatµ < ε and if X
is any space,f ,g: X→ Y areµ-close maps, then there exists anε/2-homotopy f ≃ g rel
X( f=g). Chooseδ > 0 such thatδ < µ/2. Now supposeX is a space with a closed subspace
X0 and f ,g: X → Y areδ -close maps for which there is aδ -homotopyH : f |X0 ≃ g|X0.
By the Estimated Homotopy Extension Theorem [5, Proposition 2.1] there exists a map
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ĝ: X→Y and aδ -homotopyĤ : f ≃ ĝ such thatĤ|(X0× I) = H. Thus,ĝ = Ĥ1 is δ -close
to f , which in turn isδ -close tog. Thus,ĝ is µ-close tog. By the choice ofµ there is an
ε/2-homotopyG: ĝ≃ g rel X(ĝ=g). NoteX0 ⊆ X(ĝ=g).

The concatenation

Ĥ ∗G : X× [0,2]−→Y; (x, t) 7−→

{
Ĥ(x, t) if 0 ≤ t ≤ 1

G(x, t−1) if 1 ≤ t ≤ 2

is anε-homotopy, which can be re-parameterized to give the homotopy H̃ as follows. Let
u: X→ [0,1] be a map such thatu−1(0) = X0. Define

q: X× [0,2]−→ X× [0,1]; (x, t) 7−→

{(
x, t

(
1− 1

2u(x)
))

if 0 ≤ t ≤ 1(
x, 1

2u(x)t +1−u(x)
)

if 1 ≤ t ≤ 2.

Thenq is a quotient map with the property that each interval{x}× [0,1] is taken linearly
onto {x} × [0,1− 1

2u(x)] and each interval{x} × [1,2] is taken linearly onto{x} × [1−
1
2u(x),1]. The only non-degenerate point inverses ofq are for(x,1) with x ∈ X0, in which
caseq−1(x,1) = {x}× [1,2]. It follows thatH̃ := (Ĥ ∗G)◦q−1 is the desired homotopy.⊓⊔

The following result is our metric version of Proposition 3.14. It is used in the proof of
Lemma 6.6.

Proposition 3.16 Suppose(B,d) is a metric space triangulated by a locally finite, finite
dimensional simplicial complex and A is a closed sub-polyhedron of B such that:

1. There exists d0 > 0 such that: if v and w are distinct vertices of A, then d(v,w)≥ d0.
2. For everyα > 0 and for every n≥ 0, there existsβ > 0 such that: if x and y are in

distinct n-simplices of A and d(x,y) < β , then x and y are in theα-neighborhood of the
(n−1)-skeleton of A.

3. Shapes△(A) is finite.

For everyε > 0 there existsδ > 0 such that: if X is a space and f,g: X→ B are δ -close
maps such that f= g over B\A, then f isε-homotopic to g rel X( f=g).

Proof The proof is by induction on dimB. If dim B = 0, then choose 0< δ < d0 (which
is independent ofε in this case). It follows that iff ,g: X→ B areδ -close andf = g over
B\A, then f = g.

Next assume that dimB = n > 0 and the proposition is true in lower dimensions.
We will now define a particular strong deformation retraction of a neighborhood of the

(n−1)-skeleton ofA to the(n−1)-skeleton. LetAn−1 denote the(n−1)-skeleton ofA and
let Sn denote the set ofn-simplices ofA. Since Shapes△(A) is finite we can choose a finite
subsetTn of Sn such that each member ofSn is simplicially isometric to a member ofTn. For
eachτ ∈ Tn, choosebτ ∈ τ \∂ τ and letrτ : τ \{bτ}× I → τ \{bτ} be a strong deformation
retraction onto∂ τ . Using the finiteness of Shapes△(A), we can extend the selection of the
points bτ to a selection of pointsbσ ∈ σ \ ∂ σ for every σ ∈ Sn, and we can extend the
strong deformation retractionsrτ to a strong deformation retraction ofB\ {bσ | σ ∈ Sn}
onto(B\A)∪An−1 so that the following is true. There is a homotopy

r : B\{bσ | σ ∈ Sn}× I → B\{bσ | σ ∈ Sn}

such that:
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1. r0 = id
2. rt |(B\A)∪An−1 = incl for all t ∈ I
3. The image ofr1 is (B\A)∪An−1

4. rt(σ \{bσ})⊆ σ \{bσ} for all t ∈ I andσ ∈ Sn

5. (Finiteness)For eachσ ∈ Sn there existsτ ∈ Tn and a simplicial isometryh: σ → τ
such thath(bσ ) = bτ and the following diagram commutes for allt ∈ I :

σ \{bσ} τ \{bτ}

σ \{bσ} τ \{bτ}
?

rt |

-h|

?
(rτ )t

-h|

It follows that(∗) for everyγ > 0 there existsρ > 0 such that:

1. If σ ∈ Sn, thenbσ /∈ N̄ρ(An−1), the closedρ-neighborhood aboutAn−1 in B.
2. If x,y∈ N̄ρ(An−1) andd(x,y) < ρ , thend(r1(x), r1(y)) < γ .
3. For everyx∈ N̄ρ(An−1), the trackr({x}× I) has diameter< γ .

Let ε > 0 be given. Use Lemma 3.15 and the assumption that Shapes△(A) is finite to
chooseµ > 0 with the following property: if∆ is any simplex ofA, X is any space with
a closed subspaceX0 and f ,g: X→ ∆ areµ-close maps for which there is aµ-homotopy
H : f |X0 ≃ g|X0, then there exists anε/3-homotopyH̃ : f ≃ g such thatH̃|X0× I = H.

Let Bn−1 denote the(n−1)-skeleton ofB and use the inductive hypothesis to choose
δ1 > 0 with the following property: ifX is a space andf ,g: X→ Bn−1 areδ1-close maps
such thatf = g overBn−1 \A, then f is µ-homotopic tog rel X( f=g). It follows that if X is a
space andf ,g: X→ B areδ1-close maps such thatf−1(B\Bn−1)∪g−1(B\Bn−1)⊆X( f=g),
and f = g overB\A, then f is µ-homotopic tog rel X( f=g).

Let ρ = ρ(γ) be given by(∗) above whereγ = min{δ1,ε/3}. Let β > 0 be given by
hypothesis (2) in the proposition forα = ρ . Chooseδ > 0 such thatδ < min{δ1,ρ ,β ,µ}.

Now suppose given a spaceX andδ -close mapsf ,g: X→ B such thatf = g overB\A.
We must show thatf is ε-homotopic tog rel X( f=g). For eachσ ∈ Sn, define subspaces

Xn−1 = X( f=g)∪
(

f−1(An−1)∩g−1(An−1)
)

Y =
⋃

σ∈Sn
Xσ

Xσ = f−1(σ )∩g−1(σ ) Z = X \ (Y∪Xn−1).

If x∈ Z, then f (x),g(x) are in distinctn-simplices ofA andd( f (x),g(x)) < δ . The choice
of δ < β implies thatf (x),g(x) ∈ N̄ρ(An−1). Define maps

f n−1 : Xn−1∪Z−→ B; f n−1 =

{
f onXn−1

r1 f onZ

and

gn−1 : Xn−1∪Z−→ B; gn−1 =

{
g on Xn−1

r1g on Z.

The choice ofρ implies that there areε/3-homotopiesE : f | ≃ f n−1 rel Xn−1 andF : g| ≃
gn−1 rel Xn−1. Moreover, the choice ofρ implies thatf n−1 andgn−1 areδ1-close. Define

f ′ : X −→ B; f ′ =

{
f n−1 onXn−1∪Z

f onY
=

{
f on Xn−1∪Y

r1 f on Z
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and

g′ : X −→ B; g′ =

{
gn−1 onXn−1∪Z

g onY
=

{
g on Xn−1∪Y

r1g on Z.

The homotopiesE andF can be extended toε/3-homotopiesE′ : f ≃ f ′ rel Xn−1∪Y and
F ′ : g≃ g′ rel Xn−1∪Y. By the inductive assumption, there exists aµ-homotopy

Hn−1 : f n−1≃ gn−1 rel X( f=g).

The choice ofµ implies thatHn−1 can be extended to anε/3-homotopyH : f ′ ≃ g′. Clearly,
H is rel X( f=g). Finally, we concatenate the threeε/3-homotopiesE′, H, andF ′ to get an
ε-homotopy f ≃ f ′ ≃ g′ ≃ g rel X( f=g). ⊓⊔

Corollary 3.17 Suppose(B,d) is a triangulated, metric space of finite isometry type. For
everyε > 0 there existsδ > 0 such that: if X is a space and f,g: X→ B areδ -close maps,
then f isε-homotopic to g rel X( f=g).

Proof Apply Proposition 3.16, Definition 3.5, and Remark 3.4. ⊓⊔

3.3 Metric version of Chapman’s MAF sucking theorem

A fundamental result concerning approximate fibrations defined on manifolds is the follow-
ing theorem of Chapman [4].

Theorem 3.18 (Chapman’s MAF Sucking Theorem)Suppose B is a locally compact,
separable, metrizable, locally polyhedral space. For eachinteger m> 4 and each open
coverα of B, there exists an open coverβ of B such that: if M is an m-dimensional manifold
and p: M→ B is a properβ -fibration, then p isα-close to a proper approximate fibration
p′ : M→ B.

It is referred to as “sucking” because it says that a map that is nearly an approximate
fibration can be deformed, or sucked, into the space of approximate fibrations. Chapman had
earlier proved a Hilbert cube manifold sucking theorem [3].

The purpose of this section is to establish a metric version of Chapman’s result in which
B is given a fixed metric and the open coversα andβ of B are replaced by numbersε > 0
andδ > 0, respectively. See Corollary 3.32 below. In fact, we establish a relative result in
Corollary 3.31, A special case of Corollary 3.31, namely Corollary 3.34, is the key result
that will be applied in Lemma 6.6 in the course of proving an equivariant version of sucking
in Section 6.

Of course, the numbersε andδ correspond to open covers of the metric spaceB by balls
of radiusε andδ , respectively. Thus, the metric result applies to fewer situations (because
not all open covers consist of balls of fixed radius), but has astronger conclusion than Chap-
man’s Theorem 3.18. Such a variation is not true in general without further restrictions on
the metric spaceB. For example, letB =

⊔∞
i=1 S1

i be the disjoint union of circles metrized
so that each circle is a subspace ofB and limi→∞ δi = 0, whereδi = diam(S1

i ). If M = Sk is
a singlek-sphere, wherek > 1, then there exists no approximate fibrationM→ B. On the
other hand, if for eachi = 1,2, . . . , pi : M→ B is a map such thatpi(M) ⊆ S1

i , thenpi is a
properδi-fibration.

That there are metric versions of Chapman’s theorem is not a new observation. It was
pointed out by Hughes [19, Remark 7.4] that such a metric version holds forB= Rn with the
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standard Euclidean metric. Hughes–Prassidis [15, Footnote, p. 10] assert the metric result
for “non-compact manifolds with sufficiently homogeneous metrics.” Hughes–Ranicki [16,
Thm. 16.9] assert and use Corollary 3.35 in the casen = 1. In each of these three references
it is claimed that these variations can be proved by closely examining Chapman’s proof.
This is indeed the case; however, detailed explanations have not heretofore appeared in the
literature. Since we require a yet more general result, we provide a detailed outline of proof.

The proof of our metric result follows Chapman’s papers [3] [4] as well as Hughes
[17]. The heart of Chapman’s proof consists of his Handle Lemmas (quoted below as Lem-
mas 3.21 and 3.22), which we can use without change. Chapman proves those lemmas by
engulfing and torus geometry (also known as torus tricks). His methods require high dimen-
sions. What we have written here is just a careful repackaging of that part of Chapman’s
proof that comes after his Handle Lemmas.

We begin by discussing a limit result (Lemma 3.20) implicit in Chapman’s work [3] [4].
The proof requires the following result, the proof of which is based on Coram and Duvall
[8, Proposition 1.1].

Lemma 3.19 Suppose(B,d) is a metric ANR and U is an open subset of B. For everyµ > 0,
for every compact metric space Z, and for every homotopy F: Z× I →U, there existsν > 0
such that the following holds: ifε > 0, E is an ANR, p: E→ B is a properε-fibration over
U, and f: Z→ E is a map with p fν-close to F0, then there is a homotopỹF : Z× I → E
such thatF̃0 = f and p̃F is (ε + µ)-close to F.

Proof Given µ > 0, a compact metric spaceZ, and a homotopyF : Z× I → U , choose
a compact neighborhoodK of F(Z×{0}) with K ⊆ U . Choosed0 > 0 such that thed0-
neighborhood ofF(Z×{0}) is contained inK. Let δ = min{d0,µ/2}. Chooseν > 0 such
that any twoν-close maps intoK areδ -homotopic inU (see Proposition 3.14).

Now suppose givenε > 0, an ANRE, a mapp: E → B that is a properε-fibration
overU , and a mapf : Z→ E such thatp f is ν-close toF0. Let : Z× [−1,0]→ U be a
δ -homotopy such thatJ−1 = f andJ0 = F0. Thus, the image ofJ is contained inK ⊆U .
Define

Φ : Z× [−1,1]−→U ; (z, t) 7−→

{
J(z, t) if −1≤ t ≤ 0

F(z, t) if 0 ≤ t ≤ 1.

It follows that there exists a lift̃Φ : Z× [−1,1]→ E such thatΦ̃0 = f and pΦ̃ is ε-close
to Φ . SinceZ is compact, there existsq∈ (0,1) such thatF({z}× [0,q)]) has diameter less
thanµ/2 for everyz∈ Z. Finally, define

F̃ : Z× I −→ E; (z, t) 7−→





Φ̃(z,2t/q−1) if 0 ≤ t ≤ q/2

Φ̃(z,2t−q) if q/2≤ t ≤ q

Φ̃(z, t) if q≤ t ≤ 1

One may check that̃F0 = f and thatpF̃ is (ε + µ)-close tof . ⊓⊔

Lemma 3.20 (Limit Lemma) Suppose E and B are ANRs,U is a collection of open subsets
of B,{εi}

∞
=1 is a sequence of positive numbers withlim i→∞ εi = 0, and there are proper maps

q,qi : E→ B for i = 1,2,3, . . . with lim i→∞ qi = q (uniformly). If qi is anεi-fibration over U
for each U∈U , then q is an approximate fibration over∪U .
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Proof It suffices to show that givenU ∈U , q| : q−1(U)→U is an approximate fibration for
the class of compact metric spaces. For then results of Coramand Duvall [6, Theorem 2.6],
[7, Uniformization, page 43] imply thatq| : q−1(∪U )→∪U is an approximate fibration.
Thus, suppose givenε > 0, a compact metric spaceZ, and a homotopy lifting problem

Z q−1(U)

Z× I U
?

×0

-f

?

q|

p

p

p

p

p

p

p

p

p

p

�F̃

-F

For µ = ε/3, letν = ν(U,µ,Z,F) be given by Lemma 3.19. Now choosei ∈N such thatqi

is ν-close toq andqi is anε/3-fibration overU . It follows thatqi f is ν-close toq f = F0.
Thus, Lemma 3.19 implies there existsF̃ : Z× I → E such thatqi F̃ is 2ε/3-close toF. It
follows thatqF̃ is ε-close toF . ⊓⊔

We next quote the two handle lemmas of Chapman [4, Lemma 5.1, Theorem 5.2].

Lemma 3.21 (Chapman’s First Handle Lemma)Suppose k is a positive integer and
Rk →֒ B is an open embedding, where B is an ANR. For every m> 4 and ε > 0 there is
exists aδ > 0 such that: ifµ > 0, M is an m-manifold, and p: M→ B is a proper map that
is a δ -fibration overBk

3, then there is a proper map p′ : M→ B such that

1. p′ is a µ-fibration overBk
1,

2. p′ is ε-close to p,

3. p= p′ on M\ p−1(
◦
Bk

3). ⊓⊔

Lemma 3.22 (Chapman’s Second Handle Lemma)Suppose k is a nonnegative integer

and
◦
c(X)×Rk →֒ B is an open embedding, where B is an ANR and X is a compact ANR.

For every m> 4 andε > 0 there is exists aδ > 0 such that: ifµ > 0 there existsν > 0 so
that the following statement is true:
if M is a m-manifold and p: M→ B is a proper map that is aδ -fibration over c3(X)×Bk

3

and aν-fibration over[c3(X) \
◦
c1/3(X)]×Bk

3, then there is a proper map p′ : M→ B such
that

1. p′ is a µ-fibration over c1(X)×Bk
1,

2. p′ is ε-close to p,

3. p= p′ on M\ p−1(
◦
c2/3(X)×

◦
Bk

3). ⊓⊔

Remark 3.23These two handle lemmas are not an exact quote of Chapman [4, Lemma 5.1,
Theorem 5.2], but the difference is insignificant. Chapman considers maps directly toRk

and
◦
c(X)×Rk, rather than to manifolds in which these spaces are embedded. The lemmas

above are formal, immediate consequences of Chapman’s lemmas.

Remark 3.24It is important to note that both of these Handle Lemmas are independent
of the metric onB. That is, the various constantsδ andν depend on the metric, but their
existence is independent of the metric. This is because theydepend only on the metric on a
compact portion ofB.

Hypothesis 3.25The following list of technical hypotheses are used later inthis section.
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1. SupposeB be a locally finite polyhedron and letA be a closed sub-polyhedron of dimen-
sionn.

2. Fix a locally finite triangulation ofB with respect to whichA is triangulated as a closed
subcomplex. We will abuse notation and make no distinction between a simplicial com-
plex and its underlying polyhedron.

3. Supposed is a metric forB compatible with the topology onB.
4. Let B be the set of barycenters of simplices inA. For each 0≤ k≤ n, let Bk = {b ∈

B | b is the barycenter of a simplex ofA of dimensionk}. For eachb∈B, letσb denote
the simplex ofA of whichb is the barycenter.

5. For eachb∈B, fix an open neighborhoodVb of b in B, a compact polyhedronXb and a
homeomorphismφb :

◦
c(Xb)×Rk→Vb, whereb∈Bk. If k = n, thenXb = ∅ and

◦
c(Xb)

is a single point.
6. Assume thatVb1 ∩Vb2 = ∅ whenever 0≤ k≤ n andb1,b2 ∈Bk.
7. For eachb∈B, letCb denote the closed star neighborhood ofb in the second barycentric

subdivision ofB. Thus,A⊆
⋃
{Cb | b∈B}.

8. For each 0≤ k≤ n andb∈Bk, assumeCb = φb
(
c1(Xb)×Bk

1

)
and thatφb

(
{v}×Rk

)

is a neighborhood ofb in σb, wherev is the cone point of
◦
c(Xb).

9. LetV =
⋃
{Vb | b∈B}.

10. The metricd restricts to a complete metric on the closure ofV.
11. For each 0≤ k≤ n andb∈Bk, letWb = φb

(
c1.1(Xb)×Bk

1.1

)
.

12. Choose numbers 1.2 < r0 < r1 < · · ·< rn = 1.3 and assume that for each 0≤ k < n and
b∈Bk, we have

(a) φb

([
c3(Xb)\

◦
c1/3(Xb)

]
×Bk

3

)
⊆

⋃
{φa

(
crk+1(Xa)×Bℓ

rk+1

)
| k+1≤ ℓ≤ n,a∈Bℓ},

(b) φb
(
c2/3(Xb)×Bk

3

)
misses

⋃
{φa

(
crk(Xa)×Bℓ

rk

)
| k+1≤ ℓ≤ n,a∈Bℓ}.

13. (Finiteness)For each 0≤ k≤ n andb∈Bk, let db = φ ∗b d be the metric on
◦
c(Xb)×Rk

obtained by pulling backd alongφb. For each 0≤ k≤ n, assume that{db | b∈Bk} is
finite.

Remark 3.26The Finiteness condition above says in the first place that the set{Xb | b∈B}
of non-isomorphic polyhedra that are links of barycenters is finite. In the second place, it
says that for any given polyhedronX occurring as a link and any 0≤ k≤ n, even though

there might be infinitely many different open embeddings given of
◦
c(X)×Rk into B, there

are only finitely many different induced metrics on
◦
c(X)×Rk.

Remark 3.27Note that given condition (1) in Hypothesis 3.25, conditions (2) through (12)
may always be achieved. They are listed to fix notation. Thus,condition (13) is the only
extra assumption.

The proof of the next result is based on Hughes [17, Lemma 10.1], which in turn is based
on Chapman [3, Section 6].

Proposition 3.28 Assume Hypothesis 3.25. For each integer m> 4 and eachε > 0 there
exists aδ > 0 such that for everyµ > 0 if M is an m-dimensional manifold and p: M→ B
is a properδ -fibration over Vb for each b∈B, then p isε-close to a proper map p′ : M→ B
such that p= p′ on M\ p−1(V) and p′ is a µ-fibration over Wb for each b∈B.

Proof Let ε > 0 be given. Inductively define small positive numbers

ε0,δ0,ε1,δ1, . . . ,εn,δn

with the following properties:
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1. 0< ε0 < ε/(n+1),
2. δk < δ (εk), whereδ (εk) is given by the Handle Lemma 3.21 (ifk = n) or 3.22 (ifk < n)

for the open embeddingsφb : Rn →֒ B or φb :
◦
c(Xb)×Rk →֒ B for eachb ∈Bk (The

handle lemmas are applied independently for eachb ∈Bk. SinceBk may be infinite,
the Finiteness condition of Hypothesis 3.25 is crucial at this step.),

3. δk < δk−1/2,
4. εk < ε/(n+1),
5. For eachb∈Bk, any map toB that isεk-close to a(δk−1/2)-fibration overφb (Rn) or

φb
(
c3(Xb)×Bk

3

)
is itself aδk−1-fibration overφb (Rn) or φb

(
c3(Xb)×Bk

3

)
, respectively.

(The Finiteness condition is again being used here.)

Setδ = δm and letµ > 0 be given. letp: M→ B be given as in the hypothesis. We will
produce a mapp′ : M → B that is aµ-fibration over eachWb. It suffices to construct a
sequence of mapsp = pn+1, pn, . . . , p1, p0 = p′ such thatpk is εk-close topk+1 and pk is
a µ-fibration overφb

(
crk(Xb)×Bℓ

rk

)
for k ≤ ℓ ≤ n andb ∈Bℓ}. First, inductively define

small positive numbersν−1,ν0, . . . ,νn be settingν−1 = µ and fork = 0, . . . ,n−1, choosing
νk < µ such thatνk < ν(νk−1), whereν(νk−1) is given by the Handle Lemma 3.22 for the

open embeddingsφb :
◦
c(Xb)×Rk →֒ B (The Finiteness condition of Hypothesis 3.25 is used

here to apply the handle lemma independently for eachb∈Bk.)
Using the appropriate Handle Lemma, we inductively producethe mapspk (starting

with k = n) so that

1. pk is aνk−1-fibration overφb
(
crk(Xb)×Bℓ

rk

)
for eachb∈Bℓ,

2. pk is εk-close topk+1,

3. pk = pk+1 overB\
⋃

b∈Bk

[
◦
c2/3(Xb)×

◦
Bk

3

]
.

In order to apply the Handle Lemma inductively simply observe thatpk is aδk−1-fibration
overφb

(
c3(Xb)×Bk

3

)
. Also observe thatpk is aµ-fibration overφb

(
crk(Xb)×Bℓ

rk

)
for each

k≤ ℓ≤ n andb∈Bℓ. ⊓⊔

The next corollary is essentially a renaming of some of the sets in Proposition 3.28.
As such, it can be viewed as a corollary to the proof of Proposition 3.28. However, a more
formal derivation is also given. We begin by introducing some more notation.

Notation Assume Hypothesis 3.25. For eachR> 1, 0≤ k≤ n, andb∈Bk, define

VR
b := φb

(
◦
cR(Xb)×

◦
Bk

R

)
⊆ B.

Corollary 3.29 Assume Hypothesis 3.25. For each integer m> 4, each1 < R2 < R1, and
eachε > 0 there exists aδ = δ (m,ε ,R1,R2) > 0 such that for everyµ > 0 if M is an m-
dimensional manifold and p: M→ B is a properδ -fibration over VR1

b for each b∈B, then

p is ε-close to a proper map p′ : M→ B such that p= p′ on M\
⋃

b∈B p−1(VR1
b ) and p′ is

a µ-fibration over VR2
b for each b∈B.

Proof Fix a homeomorphismh: [0,R1)→ [0,∞) such thath(t) = t for all 0≤ t ≤ 1 and

h(R2) = 1.1. For each 0≤ k≤ n andb∈Bk, define a homeomorphismhb :
◦
cR1(Xb)×

◦
Bk

R1
→

◦
c(Xb)×Rk by hb([x, t],y) = ([x,h(t)],(h(y1),h(y2), . . . ,h(yk)) for all x∈ Xb, t ∈ [0,R1), and

y = (y1,y2, . . . ,yk) ∈
◦
Bk

R1
. Apply Proposition 3.28 to the open embeddingsφb ◦h−1

b . ⊓⊔
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Note that in the statement of Corollary 3.29,δ = δ (m,ε ,R1,R2) also depends on the
set-up in Hypothesis 3.25, but we suppress that dependence in the notation.

Theorem 3.30 Assume Hypothesis 3.25. For each integer m> 4 and ε > 0 there exists
δ > 0 such that: if M is an m-dimensional manifold and p: M→ B is a properδ -fibration
over V , then p isε-close to a proper map p′ : M→ B such that p= p′ on M\ p−1(V) and
p′ is an approximate fibration over A.

Proof For eachi = 1,2,3, . . . , let Ri = 2+ 1
i . Let m> 4 andε > 0 be given. For eachi =

1,2,3, . . . let δi = δ (m,ε/2i,Ri ,Ri+1) > 0 be given by Corollary 3.29. We may also assume
thatδi < 1/i so that limi→∞ δi = 0. Letδ = δ1 and supposeM is anm-dimensional manifold
and p: M → B is a properδ -fibration overV. Use Corollary 3.29 to define inductively a
sequence of proper mapsqi : M→ B, i = 1,2,3, . . . , such that:

1. q1 = p,
2. qi is (ε/2i)-close toqi+1,
3. qi is aδi-fibration overVRi

b ⊇V2
b for eachb∈B,

4. qi = qi+1 onM \
⋃

b∈B p−1
(
VRi

b

)
.

The completeness of the metric on the closure ofV implies that the uniform limitp′ =

lim i→∞ qi exists. Clearly,p′ is ε-close to p and p = p′ on M \
⋃

b∈B p−1
(
VR1

b

)
⊇ M \

p−1 (V). By Lemma 3.20,p′ is proper and an approximate fibration over
⋃

b∈B V2
b ⊆ A. ⊓⊔

Corollary 3.31 Suppose(B,d) is a metric space triangulated by a locally finite simplicial
complex, A is a closed sub-polyhedron of B,Shapes⊠(B,A) is finite, U is an open subset of B
containing A, and the metric d is complete on the closure of U.For every integer m> 4 and
ε > 0, there exists aδ > 0 such that: if M is an m-dimensional manifold and p: M→ B is
a properδ -fibration over U, then p isε-close to a proper map p′ : M→ B such that p= p′

on M\ p−1(U) and p′ is an approximate fibration over A.

Proof This follows directly from Theorem 3.30. ⊓⊔

The following corollary follows immediately from Corollary 3.31 by takingA = B. It is
the metric version of Chapman’s MAF Sucking Theorem 3.18.

Corollary 3.32 (Metric MAF Sucking) Suppose(B,d) is a complete metric space triangu-
lated by a locally finite simplicial complex such thatShapes⊠(B) is finite. For every integer
m > 4 and ε > 0, there exists aδ > 0 such that: if M is an m-dimensional manifold and
p: M → B is a properδ -fibration, then p isε-close to a manifold approximate fibration
p′ : M→ B. ⊓⊔

Corollary 3.33 Suppose(B,d) is a triangulated metric space of finite isometry type. For
every integer m> 4 and ε > 0, there exists aδ > 0 such that: if M is an m-dimensional
manifold and p: M → B is a properδ -fibration, then p isε-homotopic to a manifold ap-
proximate fibration p′ : M→ B.

Proof Apply Corollary 3.32, Corollary 3.17, and Definition 3.5. ⊓⊔

The following corollary is the exact form of metric MAF sucking that we will use in
Lemma 6.6 below in the course of proving an equivariant version of MAF sucking.
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Corollary 3.34 Suppose Y is a compact metric space and d is a complete metric for the

open cone
◦
c(Y). Restrict the metric to the subset B:= Y× (0,∞). Select0 < r1 < r2 < r3

and an integer m> 4. Suppose B is triangulated by a locally finite simplicial complex such
that there is a closed polyhedral neighborhood A of Y× [r3,∞) contained in Y×(r2,∞) with
Shapes⊠(B,A) finite. For everyε > 0 there existsδ > 0 such that: if P is an m-dimensional
manifold and p: P→ B is a properδ -fibration over Y× (r1,∞), then p isε-close to a map
p′ that is a MAF over Y× (r3,∞) such that p= p′ on p−1(Y× (0, r2]).

Proof Apply Corollary 3.31 withB = Y× (0,∞) andU = Y× (r2,∞). ⊓⊔

As mentioned above, the following result has been used in theliterature (e.g., [16, The-
orem 16.9]) , but a detailed derivation has heretofore not appeared.

Corollary 3.35 SupposeRn is given its standard metric. For every m> 4 and everyε > 0
there existsδ = δ (n,m,ε) > 0 such that: if M is an m-manifold and p: M→Rn is a proper
δ -fibration, then p isε-homotopic to a MAF. Consequently, any proper bounded fibration
p : M→ Rn is boundedly homotopic to a MAF.

Proof For the first statement, apply Corollary 3.31 withRn = A=U = B and triangulateRn

so that Shapes⊠(Rn) is finite. For the second statement, apply a standard scalingprocedure;
see Hughes–Ranicki [16, Corollary 16.10] and the proof of Corollary 6.2 below. ⊓⊔

4 Orthogonal actions

In this section we establish various lifting properties formaps associated to actions of certain
finite subgroupsG of the orthogonal groupO(n). For our Main Theorem 1.1, we only need
the case ofC2 acting by reflection onR. However, for the proof of the more widely applicable
Theorem 1.4 (Orthogonal Sucking), we need to work in a more general context.

We shall assume the following notation throughout the remainder of the paper.

Notation SupposeG is a finite subgroup of the orthogonal groupO(n). We assume thatRn

has the Euclidean metric. WriteX := Sn−1/G. SinceG acts onRn by isometries, we may

endow the open cone
◦
c(X) = Rn/G with the quotient metric. Then note that the quotient

mapqRn : Rn→
◦
c(X) is distance non-increasing.

At certain specified times, we shall assume a freeness hypothesis, as follows.

Hypothesis 4.1 SupposeG is a finite subgroup ofO(n). Furthermore:

1. Assume thatG acts freely onSn−1. ThenX is a closed, smooth manifold of dimension
n−1. SupposeM is aG-space. The quotient map is denoted byqM : M→ N := M/G.

2. ConsiderN to be a stratified space with exactly one stratum (itself). Consider
◦
c(X) to

be a stratified space with exactly two strata: the cone point{v} and the complement
◦
c(X)\{v}= X× (0,∞).

For example, we assume Hypothesis 4.1 for the remainder of Section 4.
In the following lemma, we considerRn to be a stratified space with exactly one stratum.

However, the lemma holds equally well—with no change in the proof—if Rn has exactly two
strata: the origin{0} andRn \{0}. The lemma is a special case of a more general theorem
of A. Beshears [1, Thm. 4.6], but it is quite elementary in thecase at hand; therefore, we
include a proof.
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Lemma 4.2 The quotient map qRn : Rn→
◦
c(X) is a stratified fibration.

Proof Consider a stratified homotopy lifting problem:

Z Rn

Z× I ◦
c(X)

?

×0

-f

?

qRn

p

p

p

p

p

p

p

p

p

p

p

�
F̃

-F

The stratified condition is equivalent to saying: if(z, t) ∈ Z× I , thenF(z, t) = v if and only
if F(z,0) = v if and only if f (z) = 0. LetZ0 = f−1(0). Then the stratified homotopy lifting
problem above restricts to the following homotopy lifting problem:

Z\Z0
f |

−−−−→ Rn\{0}

×0

y
yqRn |

(Z\Z0)× I
F |

−−−−→
◦
c(X)\{v}

SinceqRn| : Rn\{0}→
◦
c(X)\{v} is a fibration (in fact, a covering map), this later problem

has a solution. That is, there is a mapF̂ : (Z\Z0)× I → Rn \{0} such thatF̂(z,0) = f (z)
andqRnF̂(z, t) = F(z, t) for all (z, t) ∈ (Z\Z0)× I . Define

F̃ : Z× I −→ Rn; (z, t) 7−→

{
F̂(z, t) if z∈ Z\Z0

0 if z∈ Z0.

Clearly,F̃ is the required stratified solution if̃F is continuous. To verify continuity it suffices
to consider a ballB centered at the origin inRn and observe that̃F−1(B) is open because

qRnB is open in
◦
c(X) andF̃−1(B) = F−1(qRnB) (using the fact thatq−1

Rn qRnB = B). ⊓⊔

Proposition 4.3 For everyδ > 0 and every proper G-δ -fibration p: M→ Rn, the induced

map p/G: N→
◦
c(X) is a proper stratifiedδ -fibration.

Proof For reference, we note that the following diagram commutes:

M
qM−−−−→ N

p
y

yp/G

Rn qRn
−−−−→

◦
c(X)

Consider a stratified homotopy lifting problem:

Z N

Z× I ◦
c(X)

?

×0

-f

?

p/G

p

p

p

p

p

p

p

p

p

p

p

�
F̃

-F
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Form the pull-back diagram

Ẑ
f̂

−−−−→ M

q̂

y
yqM

Z
f

−−−−→ N

There is a naturalG-action onẐ (g(z,x) = (z,gx)) and f̂ is a G-map. Note that there is a
stratified homotopy lifting problem:

Ẑ Rn

Z× I ◦
c(X)

?
×0

-pf̂

?
qRn

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p*
H

-F(q̂×idI )

Lemma 4.2 implies that there is a stratified solutionH : Ẑ× I → Rn. Now we claim thatH
is aG-homotopy. This is essentially true because the action ofG on Rn is free away from
the origin and constant on the origin (thus, we are using the fact that the action ofG onSn−1

is free). In more detail, first note thatF(q̂× idI )(ẑ, t) = F(q̂× idI )(gẑ, t) for all (ẑ, t) ∈ Ẑ× I

andg∈ G. Then letẐ0 = (pf̂ )−1(0). Sinceqn
R
| : Rn \{0} →

◦
c(X) \{v} is a covering map

andH0 is a G-map, it follows thatH| : (Ẑ \ Ẑ0)× I → Rn \ {0} is a G-map. Finally, note
thatH(Ẑ0× I) = {0} andẐ0 is G-invariant. Together these observations imply thatH is a
G-homotopy.

It follows thatH fits into aG-homotopy lifting problem:

Ẑ M

Ẑ× I Rn
?

×0

-f̂

?

p

p

p

p

p

p

p

p

p

p

�H̃

-H

By hypothesis, there is aG-homotopyH̃ : Ẑ× I → M such thatH̃0 = f̂ and pH̃ is δ -close
to H. It follows that there is a unique map̃F : Z× I → N making the following diagram
commute:

Ẑ× I
H̃

−−−−→ M

q̂×idI

y
yqM

Z× I
F̃

−−−−→ N

It follows thatF̃ is aδ -solution of the original stratified problem. For this we usethe assump-

tion thatqRn : Rn→
◦
c(X) is distance non-increasing together with the following diagram

Z× I
q̂×idI←−−−− Ẑ× I

=
−−−−→ Ẑ× I

q̂×idI−−−−→ Z× I

F

y H

y
ypH̃

y(p/G)◦F̃

◦
c(X)

qRn
←−−−− Rn =

−−−−→ Rn qRn
−−−−→

◦
c(X)

where the outer two squares are commutative and the middle square commutes up toδ . ⊓⊔
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We set up two basic lemmas on lifting homotopies acrossqRn : Rn→
◦
c(X), which will

be used in Section 6. Recall thatG is a finite subgroup ofO(n).

Lemma 4.4 Let Z be a G-space, and denote the quotient map p: Z→ Z/G. Suppose f:

Z→ Rn is a G-map and F: Z/G× I →
◦
c(X) is a stratum-preserving homotopy such that

qRn ◦ f = F(−,0)◦p. Then there is a unique G-homotopyF̃ : Z× I→Rn such thatF̃(−,0) =
f and qRn ◦ F̃ = F ◦ (p× idI ).

Proof SinceF ◦ (p× idI ) : Z× I →
◦
c(X) is a stratum-preserving homotopy, by Lemma 4.2,

there exists a homotopỹF : Z× I → Rn such thatF̃(−,0) = f andqRn ◦ F̃ = F ◦ (p× idI ).

Observe, sincẽF is stratum-preserving and the restrictionqRn| : Rn \{0} →
◦
c(X)\{v} is a

covering map, that̃F is uniquely determined.
DefineZ0 := Z \ f−1{0}. Note F̃ restricts to a homotopŷF : Z0× I → Rn \ {0}. Let

g∈G andz∈ Z0. Consider the paths

α := F̂(g·z,−), β := g· F̂(z,−) : I −→ Rn\{0}.

Note, sincef is aG-equivariant, that

α(0) = f (g·z) = g· f (z) = β (0).

Note, sincep andqRn areG-invariant, that

qRn ◦α = F(p(g·z),−) = F(p(z),−) = qRn ◦ F̂(z,−) = qRn ◦β .

Therefore, by the Path Lifting Property, we obtain thatα = β . ThusF̂ : Z0× I → Rn \{0}
is aG-homotopy. HencẽF : Z× I → Rn is aG-homotopy. ⊓⊔

Recall that the open cone
◦
c(X) = Rn/G has the quotient metric.

Lemma 4.5 Let Z be a topological space, and let r> 0. There existsε0 > 0 such that: if

F : Z× I → Rn \Bn
r is a homotopy and qRn ◦F : Z× I →

◦
c(X) \ cr(X) is an ε0-homotopy,

then F is anε0-homotopy.

Proof SinceX is compact, there exists a finite coverU by non-empty open subsetsU ⊆ X
such that the covering mapq : Sn−1→X evenly covers eachU ∈U . Then the induced cover
on the metric subspaceX×{r} ⊂

◦
c(X) has a Lebesgue numberε0 > 0. So the restriction

of the induced cover
◦
c(U ) := {

◦
c(U) | U ∈ U } to the frustum

◦
c(X) \ cr (X) has the same

Lebesgue numberε0 > 0.

Let z∈ Z. Then, since the trackqRnF({z}× I)⊂
◦
c(X) \cr(X) has diameter< ε0, there

existsU ∈U such thatqRnF({z}× I)⊂U× (r,∞). LetV ⊂ q−1(U) be the path component
of the pointF(z,0). Then, sinceq|V : V →U is an isometry, the trackF({z}× I) ⊂V has
diameter< ε0. ThusF is anε0-homotopy. ⊓⊔

5 Piecing together bounded fibrations

Throughout Section 5, we assume that G is a finite subgroup of O(n).
Our goal here is to adapt [19, Proposition 2.6] and give a detailed proof. This result will

be used in Section 6.
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Theorem 5.1 Let K⊂V ⊂C⊂U be G-subsets ofRn such that:

1. U,V are open subsets ofRn,
2. C,K are closed subsets ofRn, and
3. U (resp. V) contains a metric neighborhood of C (resp. K).

For everyε > 0 there existsδ > 0 such that for everyµ > 0 there existsν > 0 satisfying:
If p : E→ Rn is a G-δ -fibration over U and a G-ν-fibration over V , then p is a G-(ε ,µ)-
fibration over(C,K) for the class of compact, metric G-spaces.

The proof of the theorem is located at the end of this section.The following corollary is
required in Proposition 6.7 below.

Corollary 5.2 Let 0 < r1 < r2 be given. For everyε > 0 there existsδ > 0 such that for
everyµ > 0 there existsν > 0 satisfying: if p: E→ Rn is a G-δ -fibration overRn and a
G-ν-fibration overRn \Bn

r1
, then p is a G-(ε ,µ)-fibration over(Rn,Rn\Bn

r2
) for the class

of compact, metric G-spaces.

Proof This follows immediately from Theorem 5.1 by taking theG-subsets

K = Rn\Bn
r2
⊂V = Rn\Bn

r1
⊂C = U = Rn. ⊓⊔

5.1 Homotopy extension

First, we construct a certain strong deformation retraction. A G-spaceZ is normal if Z/G is
normal and the quotient mapZ→ Z/G is a closed map.

Lemma 5.3 Let B be an open G-subset of a normal G-space Z. Let A⊂ B be a closed
G-subset of Z. There is a G-homotopy R: (Z× I)× I → Z× I such that:

1. R(−,0) has image in Z×{0}∪B× I, and
2. R(y,s) = y if s= 1 or y∈ Z×{0}∪A× I.

Proof We may assumeZ \B andA are non-empty. SinceZ/G is a normal space, by the
Urysohn lemma, there exists aG-mapυ : Z→ I such thatυ(Z\B) = {0} andυ(A) = {1}.
Define aG-homotopy

R : (Z× I)× I −→ Z× I ; ((z, t),s) 7−→ (z,st+(1−s)tυ(z)).

This function satisfies the required properties. ⊓⊔

We adapt the Estimated Homotopy Extension Property [5, Prop. 2.1].

Lemma 5.4 Let Y0 be a closed G-subset of a finite-dimensional, locally compact, metric,
separable G-space Y. For everyλ > 0: if h : Y→ Rn is a G-map and H0 : Y0× I → Rn is a
G-λ -homotopy such that h|Y0 = H0(−,0), then there exists a G-λ -homotopy H: Y× I →Rn

extending H0 such that h= H(−,0).
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Proof We may assumeY0 is non-empty. Note that there are finitely many fixed-point sets
(Rn)H , each of which is a vector subspace ofRn, hence each(Rn)H is an ANR. Also note
thatY1 := Y×{0} ∪Y0× I is a closedG-subset ofY× I . SinceY is a finite dimensional,
locally compact, metric, separableG-space, by a theorem of J. Jaworowski [23, Thm. 2.2],
there exists an openG-neighborhoodU1 of Y1 in Y and aG-mapHU : U1→Rn extending the
G-maph∪H0 : Y1→ Rn. By the tube lemma and uniting openG-sets, there exists an open
G-neighborhoodU ′0 of Y0 in Y such thatU ′0× I ⊆U1. Since the tracks ofHU |Y0× I = H0

have diameter< λ , by continuity, there exists an openG-neighborhoodU0 ⊆U ′0 of Y0 in Y
such that the tracks ofHU |U0× I have diameter< λ .

We may assumeY \U0 is non-empty. SinceY/G is a normal space, by the Urysohn
lemma, there exists aG-mapυ : Y→ I such thatυ(Y \U0) = {0} andυ(Y0) = {1}. Then,
sinceY1 ⊆Y×{0}∪U0× I ⊆U1, we can define aG-homotopy

H : Y× I −→ Rn; (y,s) 7−→ HU (y,sυ(y)).

Note thatH extendsh∪H0. Also note diamH({y}× I) ≤ diamHU({y}× I) < λ for all
y∈Y. This completes the proof. ⊓⊔

We need an often-used corollary for close homotopies.

Corollary 5.5 Let X0 be a G-subset of a finite-dimensional, locally compact, metric, sep-
arable G-space X. For everyλ > 0: if f : X → Rn is a G-map and F: X× I → Rn is a
G-homotopy, and if F′0 : X0× I → Rn is a G-homotopy such that f|X0 = F ′0(−,0) and F′0 is
λ -close to F|X0× I, then there exists a G-homotopy F′ : X× I → Rn extending F′0 such that
f = F ′(−,0) and F′ is λ -close to F.

Proof DefineY0 := X×{0}∪X0× I andY := X× I andh := F : Y→ Rn. Observe that the
straight-line homotopy

H0 : Y0× I −→ Rn; ((x, t),s) 7−→

{
(1−s)F(x,0)+s f(x) if t = 0

(1−s)F(x, t)+sF′0(x, t) if x∈ X0

is a G-λ -homotopy such thath|Y0 = H0(−,0). Then, by Lemma 5.4, there exists aG-λ -
homotopyH : Y× I → Rn extendingH0 such thath = H(−,0). Define aG-homotopy

F ′ := H(−,1) : X× I −→ Rn.

NoteF ′|X0× I = F ′0 andF ′(−,0) = H((−,0),1) = f . Also note‖F ′(y)−F(y)‖= ‖H(y,1)−
H(y,0)‖< λ for all y∈ X× I . This completes the proof. ⊓⊔

5.2 Homotopy lifting

We adapt the Stationary Lifting Property [17, Thm. 6.2].

Lemma 5.6 Let δ > 0. Let A⊆ Rn be a G-subset. Let Y be a normal G-space. Suppose
p : E→ Rn is a G-δ -fibration over A. If H: Y× I → A is a G-homotopy and h: Y→ E is a
G-map such that ph= H(−,0), then there exists a G-homotopyH̃ : Y× I → E such that:

1. h= H̃(−,0),
2. pH̃ is δ -close to H, and
3. H̃({y}× I) = H̃({y}×{0}) if H ({y}× I) = H({y}×{0}).
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Proof Define aG-subset

C := {y∈Y | H({y}× I) = H({y}×{0})}.

Note thatC is the inverse image of{0} under theG-map (y 7→ diamH({y}× I)). Hence
C is a closed G-Gδ -subset of Y ;that is,C is a closedG-subset ofY andC is a countable
intersection of openG-subsets ofY. Then, sinceY/G is normal, by the strong Urysohn
lemma, there exists aG-mapυ : Y→ I such thatC = υ−1{0}. Define aG-homotopy

H∗ : Y× I −→ A; (y,s) 7−→

{
H(y,s/υ(y)) if 0 ≤ s< υ(y)

H(y,1) if υ(y)≤ s≤ 1.

Note thatυ−1{0}⊆C impliesH∗(−,0) = H(−,0) = ph. Sincep is aG-δ -fibration over
A, there exists aG-homotopyH̃∗ : Y× I → E such thath = H̃∗(−,0) andpH̃∗ is δ -close to
H∗. Now defineG-homotopy

H̃ : Y× I −→ E; (y,s) 7−→ H̃∗(y,sυ(y)).

NoteH̃(−,0) = H̃∗(−,0) = h and‖pH̃(y,s)−H(y,s)‖= ‖pH̃∗(y,sυ(y))−H∗(y,sυ(y))‖<
δ for all (y,s) ∈ Y× I . Furthermore, ify ∈ C ⊆ υ−1{0}, then noteH̃(y,s) = H̃∗(y,0) =
H̃(y,0). This completes the proof. ⊓⊔

5.3 Blending bounds

We adapt [17, Lemma 4.7]. This result finds a jointly close solution to the homotopy lifting
problem for a prototypical kind of homotopy. We say that a neighborhoodN of a subsetA
of a metric space(X,d) is metric if N equals theα-neighborhood{x∈ X | d(x,A) < α} of
A in X for someα > 0.

Lemma 5.7 Let K⊂ intK′ ⊂V ⊂C⊂U be G-subsets ofRn such that:

1. U,V are open subsets ofRn,
2. K′,K are closed subsets ofRn, and
3. U contains a metric neighborhood of C.

Let Z be a finite-dimensional, locally compact, metric, separable G-space. For everyε > 0
there existsδ > 0 such that for everyµ > 0 there existsν > 0 satisfying: if p: E→ B is a
G-δ -fibration over U and a G-ν-fibration over V , and if F: Z× I→C is a G-homotopy with
tracks in{intK′,C\K}, and if f : Z→ E is a G-map such that p f= F(−,0), then there
exists a G-homotopỹF : Z× I → E such that f= F̃(−,0) and pF̃ is (ε ,µ)-close to F with
respect to K.

Proof Let ε > 0. Select 0< δ < ε . Let µ > 0. Select 0< ν ≤min{ε−δ ,µ} such that the
ν-neighborhood ofC is contained inU . TheG-homotopyF̃ : Z× I → E is constructed in
two steps.

The first step is to consider theG-subsets

Z1 := {z∈ Z | F({z}× I)∩K 6= ∅}

Z′1 := {z∈ Z | F({z}× I)⊂ intK′}.

SinceK ⊂ intK′, by hypothesis onF, we haveZ1⊆ Z′1. SinceK andK′ are closed inRn, we
have thatZ1 is closed andZ′1 is open inZ. Sincep is aν-fibration overV ⊃ K′, there exists
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a G-homotopyF̃0 : Z′1× I → E such thatf |Z′1 = F̃0(−,0) and pF̃0 is ν-close toF |Z′1× I .
Then, by Corollary 5.5, there exists aG-homotopyF ′ : Z× I → Rn extendingpF̃0 such that
p f = F ′(−,0) andF ′ is ν-close toF . HenceF̃0 is a partial lift ofF ′ and the image ofF ′ is
contained inU .

The second step is to use Lemma 5.3. SinceZ is a normalG-space, there exists aG-
homotopyR : (Z× I)× I → Z× I such thatR(−,0) has image inZ×{0}∪Z′1× I and that
R(y,s) = y if s= 1 ory∈ Z×{0}∪Z1× I . Consider theG-homotopyF ′R : (Z× I)× I →Rn

with initial G-lift ( f ∪ F̃0)R(−,0) : Z× I→E. Sincep is aδ -fibration overU , by Lemma 5.6,
there exists aG-homotopyF̃I : (Z× I)× I → E such that:

– ( f ∪ F̃0)R(−,0) = F̃I (−,0),
– pF̃I is δ -close toF ′R, and
– F̃I (y,s) = ( f ∪ F̃0)(y) if y∈ Z×{0}∪Z1× I .

Now define aG-homotopy

F̃ := F̃I (−,1) : Z× I −→ E.

Note F̃(−,0) = F̃I ((−,0),1) = f . Also note‖pF̃(y)−F(y)‖ ≤ ‖pF̃I (y,1)−F ′R(y,1)‖+
‖F ′(y)−F(y)‖ < δ + ν ≤ ε for all y∈ Z× I . Furthermore, ifF(z, t) ∈ K, thenz∈ Z1, so
note‖pF̃(y)−F(y)‖= ‖pF̃0(y)−F(y)‖< ν ≤ µ. This completes the proof. ⊓⊔

Finally, we adapt [17, Theorem 4.8]. This result finds a jointly close solution to the
homotopy lifting problem for an arbitrary homotopy.

Proof (Proof of Theorem 5.1)To begin, we shall set up additional parameters. Select closed
G-subsetsK1,K2,K3,C1 of Rn such that

K ⊂ intK1 ⊂ intK2⊂ K3 ⊂V ⊂C⊂ intC1⊂C1 ⊂U

andU,K1 (resp.C\K1, intK3) contains a metric neighborhood ofC1,K (resp.C1\K, intK2).
Let ε > 0. Select 0< δ ′ ≤ ε/3 such thatC1\K (resp. intK3) contains the 2δ ′-neighborhood
of C\K1 (resp. intK2). Select 0< δ < δ ′. Let µ > 0. Select 0< ν ′ ≤ µ/3. Select 0< ν ≤
min{δ ′−δ ,ν ′} such thatU contains theν-neighborhood ofC1.

Next, let Z be a compact, metricG-space. LetF : Z× I → C be aG-homotopy. Let
f : Z→ E be aG-map such thatp f = F(−,0). SinceF is continuous, eachz∈ Z has a
neighborhoodWz in Z and a finite partitionPz of I :

Pz = {0 = tz
0 < · · ·< tz

i < · · ·< tz
nz = 1}

such that the partial-trackF({z}× [tz
i , t

z
i+1]) lies in eitherC\K1 or intK2. SinceZ is compact,

the open cover{Wz|z∈ Z} admits a finite subcover, and the common refinementP of the
associated partitions is finite:

P = {0 = t0 < · · ·< ti < · · ·< tn = 1}.

Thus, for eachz∈ Z and 0≤ i < n, the partial-trackF({z}× [ti , ti+1]) lies in eitherC\K1 or
intK2, depending onz.

Lastly, for each 0≤ i ≤ n, we shall inductively define maps̃Fi : Z× [0, ti ]→ E such that:

– F̃0 = f andF̃i extendsF̃i−1 if i > 0,
– pF̃i is (ε ,µ)-close toF|Z× [0, ti ] with respect toK, and
– pF̃i |Z×{ti} is (δ ′,ν ′)-close toF |Z×{ti} with respect toK if i < n.
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HenceF̃ := F̃n : Z× I → E shall be the desired homotopy.
Sincep f = F(−,0), noteF̃0 := f satisfies the above properties. Assume, for some 0≤

i < n, that there exists̃Fi satisfying the three properties. SinceF is continuous andX is
compact, by the tube lemma, there existsti < si+1 < ti+1 such that diamF({z}× [ti ,s]) < δ ′
(resp.< ν ′) for all z∈ Z (resp. ifF(z, ti) ∈K). Selectti < si < si+1. Define aG-homotopyH
from pF̃i |Z×{ti} to F |Z×{ti+1} by

H : Z× [ti , ti+1]−→ Rn; (z, t) 7−→





si− t
si− ti

pF̃i(z, ti)+
t− ti
si− ti

F(z, ti) if t ∈ [ti ,si ]

F

(
z, ti +

si+1− ti
si+1−si

(t−si)

)
if t ∈ [si ,si+1]

F(z, t) if t ∈ [si+1, ti+1].

Note, for all(z, t) ∈ Z× [ti , ti+1], that

‖H(z, t)−F(z, t)‖ ≤





si− t
si− ti

‖pF̃i(z, ti)−F(z, ti)‖+‖F(z, ti)−F(z, t)‖ if t ∈ [ti ,si ]

diamF({z}× [ti ,si+1]) if t ∈ [si ,si+1]

0 if t ∈ [si+1, ti+1].

Then observe that:

– H is (2δ ′,2ν ′)-close toF|Z× [ti , ti+1] with respect toK,
– H has image inC1, and
– H has tracks in{intK3,C1\K}.

Sincep is aδ -fibration overU and aν-fibration overV, by Lemma 5.7 and the epsilonics in
its proof, there exists aG-homotopyH̃ : Z× [ti , ti+1]→ E such thatF̃i(−, ti) = H̃(−, ti) and
pH̃ is (δ ′,ν ′)-close toH with respect toK. Now define

F̃i+1 := F̃i ∪ H̃ : Z× [0, ti+1]−→ E.

Note, for all(z, t) ∈ Z× [ti , ti+1], that

‖pF̃i+1(z, t)−F(z, t)‖ ≤ ‖pH̃(z, t)−H(z, t)‖+‖H(z, t)−F(z, t)‖.

HencepF̃i+1 is (ε ,µ)-close toF on Z× [ti , ti+1] with respect toK. FurthermorepF̃i+1| is
(δ ′,ν ′)-close toH| = F| on Z×{ti+1} with respect toK. This concludes the inductive
construction of the desired homotopyF̃ . ⊓⊔

6 Equivariant sucking over Euclidean space

Throughout Section 6, we assume that G is a finite subgroup of O(n), that G acts freely on
Sn−1 and on M, and that M is a manifold of dimension m> 4.

The following theorem is the main result herein; the proof islocated at the end of the
section. It is an equivariant version of the first part of Corollary 3.35 and appears in the
Introduction as Theorem 1.4.

Theorem 6.1 For everyε > 0 there existsδ > 0 such that: if p: M→ Rn is a proper G-δ -
fibration, then p is G-ε-homotopic to a G-MAF.
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The proof of Theorem 6.1 shows thatδ is independent ofM but is dependent on dim(M).
The following corollary is an equivariant version of the second part of Corollary 3.35.

The scaling trick in the proof is due to Chapman [4] in the non-equivariant case.

Corollary 6.2 If p : M→ Rn is a proper G-bounded fibration, then p is G-boundedly ho-
motopic to a G-MAF.

Proof Obtainδ > 0 from Theorem 6.1 withε = 1. Let p: M→ Rn be a properG-bounded
fibration. That is, there existsλ > 0 such thatp is a properG-λ -fibration. There existsL > 0
such thatλ/L < δ . Then, sinceG⊆ O(n), note that1

L p is a properG-δ -fibration. So, by
Theorem 6.1, there exists aG-1-homotopyH : M× I → Rn such thatH(−,0) = 1

L p and
p1 := H(−,1) is a G-MAF. Therefore the scaled mapL ·H : M× I −→ Rn is a bounded
G-homotopy fromp to aG-MAF Lp1. ⊓⊔

The rest of this section is devoted to the proof of Theorem 6.1.

Lemma 6.3 Let 0 < r1 < r2 be given. For everyε > 0 there existsδ > 0 satisfying: if
p: M→Rn is a proper G-δ -fibration and a G-MAF overRn\Bn

r1
, then, for everyν > 0, the

map p is a G-(ε ,ν)-fibration over(Rn,Rn\Bn
r2

) for the class of compact, metric G-spaces.

Proof This is an immediate consequence of Corollary 5.2. ⊓⊔

Lemma 6.4 Let r > 0 and in the following commutative diagram

M
qM−−−−→ N

p
y

yp/G

Rn qRn
−−−−→

◦
c(X)

suppose that p is a proper G-map and p/G is a MAF over
◦
c(X)\cr(X). Then p is a G-MAF

overRn\Bn
r .

Proof Let Z be aG-space, and denote the quotient mapqZ : Z→ Z/G. Let ε > 0. Let
f : Z→M andF : Z× I→Rn be the data for anε-lifting problem:F(z, t) = p f(z)∈Rn\Bn

r .
Consider the inducedε-lifting problem, consisting of the continuous mapsf̄ : Z/G→N and

F̄ : Z/G× I →
◦
c(X) of quotient spaces such that̄F(w, t) = qM f̄ (w) ∈

◦
c(X) \ cr(X). Since

p/G is anε-fibration over
◦
c(X) \ cr(X), there exists anε-solution:H̄ : Z/G× I → N such

thatH̄(w,0) = f (w) andd(p/G◦ H̄ , F̄) < ε . Define aG-invariant map

H := H̄(qZ× idI ) : Z× I −→ N.

Note thatH(z,0) = f qZ(z) = qM f and thatp/G◦H is ε-close top/G◦ F̄ = qRnF .
Now, sinceG acts freely onM implies thatqM is a covering map, by the Homotopy

Lifting Property, there exists a unique map̃F : Z× I → M such thatF̃(z,0) = f (z) and
qM F̃ = H. Note, for anyz∈ Z andγ ∈ G, since f is G-equivariant andH is G-invariant,
that both the pathsγF̃(z,−) and F̃(γz,−) have common initial pointγ f (z) = f (γz) and
have commonqM-compositionH(z,−) = H(γz,−). Thus, by the uniqueness property of
path lifts in a covering space, we must haveγF̃(z, t) = F̃(γz, t) for all γ ∈ G,z∈ Z, t ∈ I .
ThereforeF̃ : Z× I →M is aG-homotopy. SinceqRn is distance non-increasing, note

d(pF̃ ,F)≤ d(qRn pF̃ ,qRnF) = d(p/G◦qM F̃ ,qRnF) = d(p/G◦H,qRnF) < ε .

ThusF̃ is anε-solution to the lifting problem given byf andF . Thereforep is anε-fibration
overRn\B

n
r , for all ε > 0. ⊓⊔
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The proof of the following lemma follows immediately from the definition.

Lemma 6.5 Let r > 0 and in the following commutative diagram

M
qM−−−−→ N

incl
←−−−− N′ = g−1(X× (0,∞))

p
y

yp/G

yp/G|

Rn qRn
−−−−→

◦
c(X)

incl
←−−−− X× (0,∞)

suppose that p is a proper G-map. If p/G| is a MAF over X× (r,∞), then p/G is a MAF

over
◦
c(X)\cr(X). ⊓⊔

Lemma 6.6 For everyε > 0 there existsδ > 0 such that: if p: M→ Rn is a proper G-δ -
fibration, then p is G-ε-homotopic to a map p′ that is a G-MAF overRn \ B̄n

ε .

Proof Let ε > 0 andm> 4 be given. By Lemma 4.5, there exists 0< ε0 ≤ ε/4 such that:
if Z is a topological space andF : Z× I → Rn \Bn

ε/2 is a homotopy andqRn ◦ F is an

ε0-homotopy, thenF is anε0-homotopy. By Proposition 3.13, the open cone
◦
c(X) = Rn/G

with the induced metric has finite isometry type. Then, sinceX = Sn−1/G is a closed smooth
manifold, by Proposition 3.16 and Corollary 3.34, there existsδ > 0 such that: ifP is anm-
manifold andf : P→X×(0,∞) is a properδ -fibration over(ε/2,∞), then f is ε0-homotopic
rel f−1(X× (0,ε− ε0]) to a mapf ′ that is a MAF overX× (ε ,∞).

Let p : M→ Rn be a properG-δ -fibration. By Proposition 4.3, the induced mapg :=
p/G : N→

◦
c(X) is a proper stratifiedδ -fibration. Consider them-manifoldP := N\g−1{v}

and f := g|P : P→ X× (0,∞). Since f is a properδ -fibration over(ε/2,∞), there exists
anε0-homotopyH : P× I → X× (0,∞) rel f−1(X× (0,ε − ε0]) from f to a MAF f ′ over

X× (ε ,∞). This extends uniquely to anε0-homotopyH̄ : N× I →
◦
c(X) rel g−1(cε−ε0(X))

from g to someg′ := H̄(−,1). Note, by Lemma 6.5, thatg′ is a MAF over the frustum
◦
c(X)\cε (X).

By Lemma 4.4, there is a uniqueG-homotopyH̃ : M× I → Rn such thatH̃(−,0) = p
andqRn ◦ H̃ = H̄ ◦ (qM × idI ). Observe thatH̃ restricts to a constant homotopy onM0 :=
p−1(Bn

ε−ε0
). Furthermore, there exists a restriction

H̄| : (N\qM(M0))× I −→
◦
c(X)\cε−2ε0(X)⊆

◦
c(X)\cε/2(X).

Then the restrictionH̃| : (M \M0)× I → Rn \Bn
ε/2 exists and is anε0-homotopy. Hence

H̃ : M× I → Rn is anG-ε-homotopy. Finally, consider the mapp′ := H̃(−,1) : M→ Rn.
Sincep′ is a properG-map coveringg′, by Lemma 6.4, we conclude thatp′ is a G-MAF
overRn\Bn

ε . ⊓⊔

Proposition 6.7 For everyε > 0 there existsδ > 0 satisfying: if p: M → Rn is a proper
G-δ -fibration, then p is G-ε-homotopic to a map p′ that is, for everyν > 0, a proper G-
(ε ,ν)-fibration over(Rn,Rn\Bn

ε ) for the class of compact, metric G-spaces.

Proof Let ε > 0 be given. Letr1 = ε/2 andr2 = ε . Let δ1 > 0 be given by Lemma 6.3 for
ε , r1, andr2. Let δ2 > 0 be given by Lemma 6.6 for min(ε/2,δ1/2).

Let δ = min(δ2,δ1/2). If p: M→Rn is a properG-δ -fibration, then Lemma 6.6 implies
that p is G-δ1/2-homotopic to a mapp′, wherep′ is aG-MAF over Rn \Bn

ε/2. Now p′ is a

G-δ1-fibration. It follows from Lemma 6.3 that, for everyν > 0, the mapp′ is aG-(ε ,ν)-
fibration over(Rn,Rn\Bn

ε ) for the class of compact, metricG-spaces. ⊓⊔
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Definition 6.8 Let r > 0. Theradial crush with parameter r is theG-map

ρr : Rn −→ Rn; x 7−→

{
(1− r

‖x‖ )x if r < ‖x‖

0 if ‖x‖ ≤ r.

Lemma 6.9 Let r > 0.

1. There is a G-r-homotopy fromidRn to ρr .
2. The mapρr is distance non-increasing.
3. The mapρr is a G-MAF.

Proof Part (1) is given by the straight-line homotopy

H : Rn× I −→ Rn; (x, t) 7−→

{
(1− tr

‖x‖ )x if r < ‖x‖

(1− t)x if ‖x‖ ≤ r.

This is easily checked to be aG-r-homotopy.
Part (2) follows from the calculation

‖ρr (x)−ρr(y)‖
2 =





0 if ‖x‖,‖y‖ ≤ r

(‖y‖− r)2 if ‖x‖ ≤ r ≤ ‖y‖

‖x−y‖2−2r(1−cosθ)(‖x‖+‖y‖− r) if r ≤ ‖x‖,‖y‖

≤ ‖x−y‖2 .

The inequality in the second case follows from the Triangle Inequality. The equality in the
third case follows from the Law of Cosines, where cosθ = 〈x,y〉

‖x‖‖y‖ .

For Part (3), consider the above straight-line homotopyH = {Ht : Rn→ Rn}t∈I . Ob-
serve, for eacht ∈ [0,1), thatHt is aG-homeomorphism. Moreover, for eacht ∈ [0,1), note,
for all y∈ Rn, that

‖y−ρr H
−1
t (y)‖=

{
(1− t)r if (1− t)r < ‖y‖

‖y‖ if ‖y‖ ≤ (1− t)r

and hence, for allx∈ Rn, that

‖ρr (x)−ρrH
−1
t ρr (x)‖=

{
(1− t)r if r < ‖x‖

0 if ‖x‖ ≤ r.

Let ε > 0. SelectT ∈ [0,1) such that(1−T)r < ε . Then, the straight-line homotopy from
idRn to ρr H

−1
T is a G-ε-homotopy, and the straight-line homotopy from idRn to H−1

T ρr is
a G-ε-homotopy, when measured in the targetRn usingρr . Henceρr : Rn→ Rn is aG-ε-
homotopy equivalence. Therefore, by (b)=⇒ (c) in [26, Theorem 3.4], we conclude thatρr

is aG-approximate fibration. ⊓⊔

Lemma 6.10 Let a,ε > 0. Suppose, for allν > 0, that p: M → Rn is a proper G-(ε ,ν)-
fibration over(Rn,Rn\Bn

a) for the class of compact, metric G-spaces. Ifρ = ρa+ε : Rn→Rn

is the radial crush with parameter a+ ε , then the compositeρ ◦ p : M→ Rn is a G-MAF.
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Proof Let Z be a compact, metricG-space. Letµ > 0. Suppose the following diagram is a
G-homotopy lifting problem:

Z M

Rn

Z× I Rn
?

×0

-f

?

p

?

ρ

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

�

F̃

-F

Then the following is also aG-homotopy lifting problem:

Z Rn

Z× I Rn
?

×0

-p f

?

ρ

p

p

p

p

p

p

p

p

p

p

�F̂

-F

By Lemma 6.9(3) this latter problem has aG-µ/2-solutionF̂ : Z× I → Rn. It follows that

Z M

Z× I Rn
?

×0

-f

?

p

p

p

p

p

p

p

p

p

p

p

�F̃

-F̂

is also aG-homotopy lifting problem, which by hypothesis has aG-(ε ,µ/2)-solutionF̃ : Z×
I →M over(Rn,Rn\Bn

a). We show thatρ pF̃ is µ-close toF , as follows.
Let (z, t) ∈ Z× I . There are two cases to consider. First supposeF̂(z, t) ∈ Rn\Bn

a. Then
pF̃(z, t) is µ/2-close toF̂(z, t) becauseF̃ is a (ε ,µ/2)-solution. Therefore,ρ pF̃(z, t) is
µ/2-close toρF̂(z, t) becauseρ is distance non-increasing by Lemma 6.9(2). AlsoρF̂(z, t)
is µ/2-close toF(z, t) becauseF̂ is a µ/2-solution. Thus,ρ pF̃(z, t) is µ-close toF(z, t).
Second supposêF(z, t) ∈ Bn

a. In particular,ρF̂(z, t) = 0. ThenpF̃(z, t) is ε-close toF̂(z, t)
becauseF̃ is anε-solution. Therefore,pF̃(z, t) ∈ Bn

a+ε and soρ pF̃(z, t) = 0. Also F(z, t)
is µ/2-close toρF̂(z, t) = 0 becauseF̂ is a µ/2-solution. Thus,F(z, t) is µ/2-close to
ρ pF̃(z, t). Henceρ pF̃ is µ-close toF. In any case, we have shownρ pF̃ is µ-close toF .

Thusρ p : M → Rn is an approximateG-fibration for the class of compact, metricG-
spaces. Therefore, by a result of S. Prassidis [26, Prop. 2.18], we conclude thatρ p is an
approximateG-fibration for the class of allG-spaces. ⊓⊔

Proof (Proof of Theorem 6.1)Given ε > 0, let δ be given by Proposition 6.7 forε/3. It
follows that p is G-ε/3-homotopic to a mapp′ : M → Rn that is, for allν > 0, a proper
G-(ε/3,ν)-fibration over(Rn,Rn\Bn

ε/3) for the class of compact, metricG-spaces. Letρ =

ρ2ε/3 : Rn→Rn, the radial crush with parameter 2ε/3. Lemma 6.10 implies thatρ p′ : M→
Rn is a G-MAF. Lemma 6.9(1) implies that there is aG-2ε/3-homotopy from idRn to ρ .
Therefore,p is G-ε-homotopic toρ p′, aG-MAF. ⊓⊔
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7 Bounded fibrations from discontinuous actions

First, we show certainΓ -spacesW admit an equivariant map to the real line.

Proposition 7.1 Let W be a connected topological manifold equipped with a free, discon-
tinuous C∞-action (resp. with a free, discontinuous D∞-action). Then there exists a C∞-map
(resp. D∞-map) f : W→ R. Hence f is the infinite cyclic cover of a map (resp. C2-map)
f : M→ S1 of topological manifolds.

Proof Consider the infinite groupΓ :=C∞ (resp.Γ := D∞). Since theΓ -action onW is free
and discontinuous, the quotient mapq : W→ N := W/Γ is a regular covering map. SinceN
is a connected topological manifold, by [24, Essay III, Theorem 4.1.3], there exists a (locally
finite) simplicial complexN′ and a homotopy equivalenceh : N′ → N. Then the pullback
W′ := h∗(W) has a canonical mapq′ : W′→N′. Sinceq is a covering map, we have thatq′ is
a covering map. ThenW′ has an induced simplicial structure and free, simplicialΓ -action.
By replacing the simplicial structure onW with the first barycentric subdivision, we obtain
thatW′ is a freeΓ -CW-complex. Furthermore, by covering space theory, the canonical map
g : W′ →W (satisfyingq◦ g = h◦ q′) is a Γ -homotopy equivalence. Then there exists a
Γ -mapg′ : W→W′ that is aΓ -homotopy inverse tog. SinceW′ is aΓ -CW-complex with
isotropy in the family f in of finite subgroups ofΓ , by [29, Theorem I.6.6], there exists a
Γ -mapc : W′→ Ef inΓ = R. Now define the desiredΓ -map by f := c◦g′ : W −→ R. ⊓⊔

The main theorem herein shows thatC2-bands unwrap toC2-bounded fibrations.

Definition 7.2 A manifold band (M, f ) consists of a closed, connected topological man-
ifold M and a continuous mapf : M → S1 such that the induced infinite cyclic cover
M := f ∗(R) is connected and finitely dominated (cf. [16, Defn. 15.3]). Let the circleS1 have
theC2-action generated by complex conjugationR : z 7→ z. A C2-manifold band (M, f ,R)
consists of a manifold band(M, f ) and aC2-action onM, generated by a homeomorphism
R : M→M, such that the continuous mapf : M→ S1 is C2-equivariant.

We do not assume that theC2-action onM is free.

Definition 7.3 Let (M, f ,R) be aC2-manifold band. Theinfinite cyclic cover (M, f ,R) is
defined by the pullback diagram

M
f

−−−−→ R

p
y exp

y

M
f

−−−−→ S1

and the diagonalC2-action

R : M −→M; (x, t) 7−→ (Rx,−t).

The covering translation is defined by

T : M −→M; (x, t) 7−→ (x, t +1)

and satisfies the dihedral relationRT = T−1R. Note that all the maps in the diagram are
proper andC2-equivariant, and moreover thatf is D∞-equivariant. Observe that(M, f ) is a
connected manifold band if and only ifM is a connected, finitely dominated manifold.
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Example 7.4Let n > 0. An example of a freeC2-manifold band is

(Sn×S1,projS1 ,(x,z) 7−→ (−x,z)) .

The following infinite cyclic cover possesses a freeD∞-action:

(Sn×R,projR,(x, t) 7−→ (−x,−t)) .

The following statements are equivariant versions of [16, Props. 17.13, 17.14].

Lemma 7.5 Let (M, f ,R) be a C2-manifold band. Then there exists a C2-homotopy

{Ks : M×R→M×R}s∈I ,

called a C2-sliding domination, and a constant N> 1 such that:

1. K0 = idM×R,
2. projR ◦Ks = projR for all s∈ I,
3. Ks|Graph( f : M→ R) is the inclusion for all s∈ I, and
4. K1(M×R)⊆ {(x, t) | | f (x)− t| ≤N}.

We perform a folding trick to constructK indirectly.

Proof By [16, Proposition 17.13], there exists a homotopy

{K′s : M×R→M×R}s∈I ,

called asliding domination, and a constantN > 1 satisfying Properties (1)–(4). Then, by
Property (3) forK′, there is a well-defined, continuousC2-map

K : I ×M×R−→M×R; (s,x, t) 7−→

{
K′s(x, t) if f (x)≤ t

RK′s(x, t) if f (x)≥ t.

One checks easily thatK andN satisfy Properties (1)–(4). ⊓⊔

Theorem 7.6 Let (M, f ,R) be a C2-manifold band. Then the proper mapf : M→ R is a
C2-bounded fibration.

Proof We show thatf is an (C2,N + ε)-fibration for anyε > 0. Consider theC2-sliding
dominationK with constantN > 1 of Lemma 7.5. Letg : Z→ M be aC2-map andG :
Z× I → R be aC2-homotopy such thatG(z,0) = f g(z). First, define aC2-homotopy

Ĝ : Z× I −→M×R; (z, t) 7−→ (g(z),G(z, t)).

Next, define aC2-homotopy

G̃ : Z× I −→M; G̃ := projM ◦K1◦ Ĝ.

Note Lemma 7.5(2) impliesK1Ĝ = (G̃,G). Then Lemma 7.5(4) impliesd( f G̃,G) ≤ N.
Thereforef : M→ R is aC2-bounded fibration. ⊓⊔



35

8 Dihedral wrapping up over the real line

The main theorem herein constructs a dihedral covering translation. The non-C2-version is
given in [16, Theorem 17.1], and we modify some of its techniques.

Theorem 8.1 Let W is a topological manifold of dimension> 4 and equipped with a free
C2-action generated by R: W→W. Suppose p: W→ R is a C2-MAF.

1. There exists a cocompact, free, discontinuous D∞-action on W extending the C2-action.
2. The C2-MAF p : W→ R is properly C2-homotopic to a D∞-MAF p̃ : W→ R.

We shall construct a covering translationJ1 : W→W satisfying the dihedral relation
RJ1 = J−1

1 R. The basic technique is to cut, fill in, and paste embeddings.

Proof (Proof of Theorem 8.1(1))First, we decomposeW and obtain a certain isotopyG.
Consider a decompositionW = C−∪∂−B B∪∂+BC+ into closed subsets:

B := p−1[−µ,µ], ∂−B := p−1{−µ}, ∂+B := p−1{µ},

C− := p−1(−∞,−µ], C+ := p−1[µ,∞).

Also consider the auxiliary compact subsets

K := p−1[−1,−µ], ∂−K := p−1{−1}.

Define an isotopyg : I ×R→ R from the identity:

{gs : R−→ R; t 7−→ s+ t}s∈I .

Select 0< µ < 3
7. Then, by Corollary 2.8, there exists an isotopyG : I ×W→W of home-

omorphisms such thatG0 = idW andpGs is µ/3-close togsp for all s∈ I .
Second, we construct the homeomorphismJ1 : W→W in four steps, as follows. In fact,

we shall construct an isotopyJ : I ×W→W of homeomorphisms fromJ0 = idW to the
desiredJ1 such thatpJs is µ-close togsp.

1. Define an isotopyH of embeddings from the inclusion:

{
Hs := RG−1

s R|K∪Gs|C+ : K∪C+ −→W
}

s∈I .

Indeed eachHs is injective, sinceRG−1
s R(K)∩Gs(C+) = ∅.

2. SinceK ∪ ∂+B is compact andH|K ∪ ∂+B is the restriction of a proper isotopy of a
neighborhood ofK ∪ ∂+B in W, by the Isotopy Extension Theorem of Edwards–Kirby
[9, Cor. 1.2], we obtain thatH|K∪∂+B extends to an isotopȳH from the identity:

{H̄s : W −→W}s∈I .

ThenH|K ∪C+ extends to an isotopy of embeddings from the inclusion:

{
J+

s := Hs|K∪ H̄s|B∪Hs|C+ : K∪B∪C+ −→W
}

s∈I .

Since eachH̄s(B) is the unique compact subset ofW with frontier Hs(∂−B∪ ∂+B), we
obtainH̄s(intB)∩Hs(K∪C+) = ∅. SoJ+

s is indeed injective.
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3. SinceHs(∂−K) ⊂ B, we obtainC+ ⊂ J+
s (K ∪B∪C+). Then we can define an isotopy

J− of embeddings from the inclusion:
{

J−s := R(J+
s )−1R|C− : C− −→W

}
s∈I .

4. NoteJ−s |K = RG−1
s R|K = J+

s |K. Therefore, we can define an isotopyJ of homeomor-
phisms from idW as a union:

{
Js := J−s |C−∪J+

s |(B∪C+) : W −→W
}

s∈I .

Third, we verify thatpJs is µ-close togsp for all s∈ I . Note, for allx∈C−, writing y :=
(J+

s )−1(Rx), that |pJ−s (x)− gsp(x)| = |pR(J+
s )−1R(x)−Rg−1

s Rp(x)| = |gsp(y)− pJ+
s (y)|.

Hence it suffices to verify thatpJ+
s is µ-close togsp. If x∈C+ then |pJ+

s (x)−gsp(x)| =
|pGs(x)− gsp(x)| < µ/3. If x ∈ K, writing y := G−1

s (Rx), then note|pJ+
s (x)−gsp(x)| =

|pRG−1
s R(x)−Rg−1

s Rp(x)|= |gsp(y)− pGs(y)|< µ/3. Otherwise, supposex∈ B. SinceH̄
is an isotopy, we haves−2µ/3 < inf pRG−1

s R(∂−B)≤ pH̄s(x)≤ suppGs(∂+B) < s+2µ/3.
Then |pJ+

s (x)− gsp(x)| = |pH̄s(x)− gsp(x)| ≤ |g−1
s pH̄s(x)|+ |p(x)| < 2µ/3+ µ/3 = µ.

ThereforepJs is µ-close togsp for all s∈ I .
Fourth, we verify thatJ1 satisfies the dihedral relation. On the one hand, recallC+ ⊂

J+
s (K∪B∪C+) andJ−s |K = J+

s |K. On the other hand, observeµ/3 < 1
7 impliesJ+

1 (∂−B)⊂
intC+ henceC−∪B⊂ J1(C−). Then

J−1
1 R|C− = (J+

1 )−1R|C− = RJ−1 |C− = RJ1|C−

J−1
1 R|(B∪C+) = (J−1 )−1R|(B∪C+) = RJ+

1 |(B∪C+) = RJ1|(B∪C+).

Therefore the dihedral relationJ−1
1 R= RJ1 holds. (In fact, the relationJ−1

s R= RJs holds for
all s∈ [7µ/3,1].) Hence{R,J1} generates aD∞-action onW.

Finally, we verify that theD∞-action is cocompact. Letx∈W. Define a neighborhood
U := p−1(p(x)− µ, p(x)+ µ) of x in W. SincepJ1 is µ-close tog1p andµ < 1

2, we have
pJ1(U)∩ p(U) = ∅. Thus theC∞-action generated byJ1 is free and discontinuous. That is,
the quotient mapW→W/J1 is a covering map. Furthermore, define aJ1R-invariant subset

V := p−1[0,∞)∩J1p−1(−∞,0]

with frontier ∂V := p−1{0}⊔ J1p−1{0} in W. SincepJ1 is µ-close tog1p, it follows that
V is compact. NoteW =

⋃
n∈Z(J1)

n(V) and (J1)
n(V)∩ (J1)

m(V) ⊂ ∂V for all m,n ∈ Z.
ThereforeV is a fundamental domain forJ1 andW/J1 is compact. ⊓⊔

We shall construct aD∞-MAF p̃ : W→ R according to the following outline: (1) use
Urysohn functions to interpolate crudely betweenp andg1pJ−1

1 , (2) use relative sucking to
sharpen the bounded fibration to an approximate fibration, (3) use a crushing map to force
C2-equivariance about12 , and (4) use the fundamental domainV to copy-and-paste across
W to forceC∞-equivariance.

Proof (Proof of Theorem 8.1(2))It suffices to construct the desiredD∞-MAF p̃ : W→ R,
since the straight-line homotopy is a properC2-homotopy fromp to p̃:

H : I ×W −→ R; (s,x) 7−→ (1−s)p(x)+sp̃(x).

First, by the relative sucking principle (Prop. 2.6), we mayre-select 0< µ < 1
48 so that:

if f : W→ R is a proper 2µ-fibration which is an approximate fibration over(−∞, 7
24)∪
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( 17
24,∞), then f is homotopic relf−1((−∞, 1

4)∪ ( 3
4,∞)) to an approximate fibrationf ′ : W→

R. Then, sinceµ < 1
3, by the Urysohn lemma, there exists a mapu : W → I such that

p−1(−∞, 1
3]⊆ u−1{0} andJ1p−1[−1

3,∞)⊆ u−1{1}. Define a proper map

p′ : W −→ R; x 7−→ u(x)+ pJ−1
u(x)(x).

Second, note|p′(x)− p(x)| = |gsp(y)− pJs(y)| < µ for all x ∈W, where we abbre-
viate s := u(x) and y := J−1

s (x). Since p is a µ-fibration, we conclude thatp′ is a 2µ-
fibration. Furthermore, sinceµ < 1

24 implies(p′)−1(−∞, 7
24)⊂ p−1(−∞, 1

3], we obtain that
p′ restricts to the approximate fibrationp over (−∞, 7

24). Moreover, sinceµ < 1
48 im-

plies(p′)−1( 17
24,∞)⊂ J1p−1[−1

3,∞), we obtain thatp′ restricts to the approximate fibration
g1pJ−1

1 over( 17
24,∞). Thereforep′ is homotopic rel(p′)−1((−∞, 1

4)∪ ( 3
4,∞)) to an approxi-

mate fibrationp′′ : W→ R.
Third, consider a proper cell-like map

κ : R−→ R; t 7−→





2t if t ∈ [0, 1
4]

1
2 if t ∈ [ 1

4, 3
4]

2t +1 if t ∈ [ 3
4,1]

t if t ∈ (−∞,0]∪ [1,∞).

By the composition principle [7, p. 38], we obtain thatp′′′ := κ ◦ p′′ : W→ R is also an
approximate fibration. Furthermore, sincepR= RpandJ1R= RJ−1

1 , notep′′′ ◦J1R= g1R◦
p′′′; roughly speaking,p′′′ is C2-equivariant about12.

Fourth, recall thatV = p−1[0,∞)∩ J1p−1(−∞,0]. It follows that p′′′|p−1{0} = p| and
p′′′|J1p−1{0} = g1pJ−1

1 |. Then we can define a proper map

p̃ : W −→ R; x 7−→ gm
1 p′′′J−m

1 (x) wherex∈ Jm
1 (V).

Sincep̃◦J1 = g1◦ p̃ andp̃◦J1R= g1R◦ p̃, we obtain that ˜p is a properD∞-map. Furthermore,
by the uniformization principle [7, p. 43], we obtain that ˜p is an approximate fibration.
Therefore, by Lemma 8.2 (see below), we conclude that ˜p is in fact aD∞-MAF. ⊓⊔

Lemma 8.2 Let W be a topological manifold equipped with a free, discontinuous D∞-
action. Supposẽp : W→ R is a proper D∞-map and an approximate fibration. Thenp̃ is
a D∞-MAF.

Proof First, we show that the inducedC2-map p̃/J1 : W/J1→ R/Z = S1 is indeed aC2-
MAF. By Coram–Duvall’s uniformization principle [7, p. 43], we conclude that ˜p/J1 :
W/J1→ S1 is an approximate fibration. SinceC2 acts freely onW, that the fixed-set re-
striction (p̃/J1)

R : (W/J1)
R = ∅→ (S1)R = {1,−1} is trivially an approximate fibration.

By Jaworowski’s recognition principle [23, Thm. 2.1], boththe finite-dimensional spaces
W/J1 andS1 areC2-ENRs, hence they areC2-ANRs for the class of separable metric spaces.
Therefore, by Prassidis’s recognition principle [26, Thm.3.1], we conclude that ˜p/J1 is a
C2-approximate fibration.

Now, we show, by an elementary argument, that ˜p : W→ R is aD∞-MAF. Let Z be a
D∞-space, and let 0< ε < 1

2. Let F : Z× I → R be aD∞-homotopy. Letf : Z→W be a
D∞-map such that ˜p f = F(−,0). Sincep̃/J1 : W/J1→ S1 is aC2-ε-fibration, there exists a

C2-homotopyF̃/J1 : Z/J1× I →W/J1 such thatf /J1 = (F̃/J1)(−,0) and(p̃/J1)(F̃/J1) is
ε-close toF/J1. Furthermore, consider the normalization map

Θ : R2\{0} −→ S1; y 7−→ y/‖y‖.
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Sinceε < 1
2 , there is the unique great-circleC2-ε-homotopy

H : I × (Z/J1× I)−→ S1 ⊂ R2;

(s,x) 7−→Θ
(
(1−s)(p̃/J1)(F̃/J1)(x)+s(F/J1)(x)

)
.

SinceW→W/D∞ is a covering map, there exists a uniqueD∞-homotopyF̃ : Z× I →W

such thatf = F̃(−,0) andF̃/J1 = F̃/J1. Then, sinceR→ S1 is a covering map, there exists
a uniqueC∞-homotopyH̃ : I× (Z× I)→R such that ˜pF̃ = H̃(0,−) and p̃ f = H̃(−,(−,0))
andF = H̃(1,−) andH̃/J1 = H. Furthermore, sinceH is anε-homotopy and the quotient
mapR→ S1 is a local isometry, we conclude thatH̃ is anε-homotopy. Hence ˜pF̃ is ε-close
to F . Thus p̃ is aD∞-ε-fibration for all 0< ε < 1

2. Therefore ˜p is aD∞-MAF. ⊓⊔

Example 8.3Finally, we illustrate why the properC2-homotopy in Part (2) cannot be im-
proved to a boundedC2-homotopy fromp to p̃. Let m 6= 0,1 be a real number. Define a
homeomorphism

p : R−→ R; x 7−→mx.

Clearlyp is aC2-MAF. Assume thatp is boundedlyC2-homotopic to aD∞-MAF p̃ : R→R.
In particular,p is ε-close to aC∞-mapp̃ for someε > 0. Then an elementary argument shows
that p̃ is µ-close to theC∞-map

q : R−→ R; x 7−→ p̃(0)+x

for anyµ > supx∈[0,1] |p̃(x)−q(x)|. Hencep is (ε + µ)-close toq, a contradiction.
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