
SPHERICAL FIBRATIONS 

BY S.Y. HUSSEINI 

Introduction 

Suppose that p : E~ B and p' : E' -~ B are two fiber spaces with the same 

fiber S m, where S m is the standard Euclidean m-sphere. Recall that a fiber homo~ 

topy equivalence 

9:E~E' 

i s  a f i b e r - p r e s e r v i n g  map  w h i c h  c o v e r s  the  i d e n t i t y  map  B -* B a n d  w h i c h  i s ,  a t  t he  

s a m e  t ime ,  a h o m o t o p y  e q u i v a l e n c e .  The o b j e c t  of t h i s  a r t i c l e  i s  to a n s w e r  in par t  

t h e  f o l l o w i n g  p r o b l e m .  

Prob lem A. D e t e r m i n e  w h e n  one_can  r e p l a c e  a g i v e n  h o m o t o p y  e q u i v a l e n c e  

f : (E ,S  m)-~  ( E ' , S  m) 

b y  a f i b e r  h o m o t o p y  e q u i v a l e n c e  w h e r e  S m i s  i d e n t i f i e d  w i t h  t he  f i b e r  a b o v e  t h e  

b a s e p o i n t .  

This  p rob l em is  r e l a t e d  to  t h e  c l a s s i f i c a t i o n  par t  of t he  s e c o n d  p r o b l e m ,  

w h i c h  f o l l o w s .  

Problem B. G i v e n  the  p a i r  (E, sm),  d e t e r m i n e  w h e n  E is. f i b e r e d  b y  S m 

o v e r  a s p a c e  B, and classif Y the various possible fibrations. 

Prob lem B is  t h e  s u b j e c t  of [1]. There  a r e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i -  

t i o n s  ( w h i c h  g e n e r a l i z e  the  c o n d i t i o n s  on the  e x i s t e n c e  of  Hopf  f i b r a t i o n s  w h e n  E 

i s  c o n t r a c t i b l e )  on ~(E, sm),  the  s p a c e  of b a s e d  p a t h s  in  E e n d i n g  in  sm~ w h i c h  
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i n s u r e  tha t  E is f i b e r e d  by S m and,  t h e r e f o r e ,  in some s e n s e  p r o v i d e  an  a n s w e r  

for Problem A. But w h e r e a s  t h e s e  c o n d i t i o n s  are  p e r f e c t l y  s a t i s f a c t o r y  for the  p u r -  

p o s e s  of  e x i s t e n c e  of f i b r a t i o n s ,  i t  is  g e n e r a l l y  d i f f i cu l t  to  s e e  how to  u s e  them,  

p a r t i c u l a r l y  w h e n  the  p o s s i b l e  f ibe r  homotopy  e q u i v a l e n c e s  b e t w e e n  E and E' a re  

not  n e c e s s a r i l y  in the  homotopy  c l a s s  of f. Our o b j e c t  is  to p ro v id e  a d i f f e r e n t  k ind  

of answer. 

It is easy enough to see that some additional conditions are necessary if one 

hopes for a positive answer. For example~ 

lent if~ and only if, the multiplications on 

(see also [4]). 

two  Hopf f i b r a t i o n s  S 7 S 4 -~ are equiva- 

S 3 which give rise to them are equivalent 

l a m e s  and W h i t e h e a d  s tudy  in [3] the  p rob lem of the  h o m o t o p y - t y p e  c l a s s i f i -  

c a t i o n  of  E and  E' w h e n  B is  a s p h e r e .  Thei r  s t u d y  has  some  b e a r i n g  on 

Problem A. It i n d i c a t e s  tha t  t h e r e  are  two e s s e n t i a l l y  d i f f e ren t  c a s e s ,  d e p e n d i n g  

upon w h e t h e r  or not  the  f i b r a t i ons  admi t  s e c t i o n s ,  and tha t  one canno t  hope  for  a 

p o s i t i v e  a n s w e r ,  e v e n  in the  e a s i e r  c a s e  w h e n  t h e r e  is  a s e c t i o n ,  u n l e s s  one  s t a b i -  

l i z e s  the  p rob lem.  

The p o s i t i v e  a n s w e r  we  g i v e  is  a s t a b l e  r e s u l t .  The f ibe r  homotopy  

e q u i v a l e n c e  

~: E-~ E' 

is constructed by induction on the skeletons of the base. The given maps f and 

are related in a certain way which can be described roughly as follows: the stable 

nature of the problem allows us to think of f as effecting a horizontal twist of B by 

S m and a vertical twist of S m by B. (This is precisely the situation if the fibra- 

tions are trivial. ) In constructing ~ one insures that it has the vertical effect of B. 

To make the preceding precise is a delicate task and requires use of the RPT- 

category; the relevant facts and results are summarized in §Z. In §3 the problem of 

the Theorem is given. We conclude with some remarks and examples in §4. 
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1. S t a t emen t  of the M a i n  Theorem 

It w i l l  be a s s u m e d  t a c i t l y  th roughou t  th i s  a r t i c l e  ( u n l e s s  o the rwise  no ted )  

tha t  s p a c e s  a n d  maps  are  in  the ca t ego ry  of b a s e d  s p a c e s  a n d  b a s e p o i n t - p r e s e r v i n g  

Suppose  now tha t  

maps. 

(~) 

i s  a Hurewicz  f i b r a t i o n  w i t h  f ibe r  F, 

p:E-~B 

and  a s s u m e  tha t  B is  a s i m p l y  c o n n e c t e d  

f i n i t e  C W - c o m p l e x .  By d e f i n i t i o n ,  l e t  E ( ~ n [ )  be the s p a c e  o b t a i n e d  from E x S n, 

whe re  S n i s  the s t a n d a r d  E u c l i d e a n  n - s p h e r e  s by c o l l a p s i n g  p - l ( x )  v S n to  a po in t ,  

for a l l  x ( B. One can  prove e a s i l y ,  e i t h e r  d i r e c t l y  or by  u s i n g  the  c l a s s i f i c a t i o n  

theorem of [2], tha t  the  map 

induced by p 

the nth suspension of ~. 

(~') 

with the same fiber F 

~np: E( n[ )_~  B 

is also a Hurewicz fibration. We shall denote it by E% 

Two Hurewicz fibrations 

p : E-~ B, and 

p' : E' -* B, 

and over the simply connected finite CW-complex B 

and call it 

are said 

to be stably fiber homotopically equivalent if, and only ifj there is a fiber homotopy 

equivalence 

: E(~n£)~ E(~n% ' )~ 

for some n, covering the identity map B ~ B. 

The main theorem is the following. 
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THEOREM 1. 1. S u p p o s e  t h a t  

(~) p : E-~ B, a n d  

(~ '} p '  • E' ~ B 

a r e  t h e  H u r e w i c z . f ! b r a t . i o n s  ove r  the  s i m p l y  c o n n e c t e d  fin.$te C W - c o m p l e x  B a..nd 

w i t h  the  s ame  f i b e r  S m, w h e r e  S m is  t h e  s t a n d a r d  Euc!il.dean m - d i m e n s i o n a l  ..sphere, 

T..h.en [ a n d  [ '  a re  s t a b l  Y f ibe r  h o m o t p p i c a l l y  e q u i v a l e n t  i f ,  and  o n l y  if ,  t h e r e  i s , a  

h o m o t o p y  e q u i v a l e n c e  

f : (E(~n[, S n+m) 

where n + m > dim B and S n+m 

-~ (E(~n~ ,), sn+m), 

is identified with the fiber over the basepoint. 

W h e n  B is  a s p h e r e ,  t he  t h e o r e m  f o l l o w s  from t h e  c l a s s i f i c a t i o n ,  up  to  

h o m o t o p y  t y p e ,  of t h e  t o t a l  s p a c e s  of s p h e r e  b u n d l e s  ove r  s p h e r e s  c a r r i e d  out  by  

J a m e s  a n d  W h i t e h e a d  in [3]. In g e n e r a l  t he  f i b e r  h o m o t o p y  e q u i v a l e n c e s  E -~ E' 

o b t a i n a b l e  a r e  not  h o m o t o p i c  t o  f but  a r e ,  h o w e v e r ,  r e l a t e d  t o  f in c e r t a i n  w a y s  

t o  be d e s c r i b e d  in  §3, w h e r e  t he  p roof  i s  g i v e n .  

2.. The R P T - c a t e g o r y  

Before w e  c a n  g i v e  the  p roof ,  w e  n e e d  a few c o n c e p t s  from t h e  t h e o r y  of  RPT- 

c o m p l e x e s  [1, ~]. R e c a l l  t h a t  a s p e c i a l  c o m p l e x  i s  a c o u n t a b l e  C W - c o m p l e x  w i t h  a 

s i n g l e  v e r t e x  w h i c h  we  t a k e  a s  a b a s e p o i n t  . An R P T - c o m p l e x  (i .  e . ,  a c o m p l e x  of  

t h e  r e d u c e d  p r o d u c t  t y p e )  i s  a s p e c i a l  c o m p l e x  w i t h  a n  a s s o c i a t i v e  m u l t i p l i c a t i o n  

AXA~A, 

for  w h i c h  t h e  v e r t e x  is a t w o - s i d e d  i d e n t i t y  and  such  t ha t  t h e  p r o d u c t  of two  c e l l s  of  

A is a g a i n  a c e l l  of A. (See  [1, Z] for  d e t a i l s .  ) The p u r p o s e  of t h e  RPT - the o ry  is  to  

p r o v i d e  s u i t a b l e  c o m b i n a t o r i a l  m o d e l s  for  l o o p s p a c e s  a n d  p a t h  s p a c e s .  For  e x a m p l e ,  
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i f  B is  a s p e c i a l  c o m p l e x  and  ~(B) i s  i t s  s p a c e  of  M o o r e  l o o p s ,  t h e n  t h e r e  i s  an  

R P T - c o m p l e x  M and  a homomorph i sm 

(Z. I) ¥ : M -~ ~(B) 

which is also a homotopy equivalence, and the indecomposable cells of M are in 

o n e - t o - o n e  c o r r e s p o n d e n c e  w i t h  the  c e l l s  of ~B. 

q u a s  i - f i b r a t i o n  

q : 8 M - ~  B, 

for M, w h o s e  t o t a l  s p a c e  8M 

on the  r igh t  s and  a map 

Moreover, there is a universal 

is a c o n t r a c t i b l e  s p e c i a l  c o m p l e x  on w h i c h  M a c t s  

~M ~ ~B 

of an  M - s p a c e  to  an  f2 (B) -space  w h i c h  c o v e r s  the  i d e n t i t y  B -~ B (P(B) be ing  the  

s p a c e  of  Moore  pa ths ) .  

These  c o m b i n a t o r i a l  m o d e l s  for ~2(B) and  e(B) a l l o w  us to  p rove  a c l a s s i f i -  

c a t i o n  t h e o r e m  [Z] for f i b r a t i o n s .  

THEOREM Z. 1. Suppose  tha t  

.is a H u r e w i c z  f i b r a t i op  w i t h  f ibe r  F; 

c o m p l e x e s  and  tha t  

p:E-~B 

and assume that E, B, and F are special 

B i..s simply connected. Then there is a fiber-preserving map 

~' :SMx F-~ E 

which induces a fiber hqmotopy equivalence 

: 8 M  x M F -~ E 

which covers the identity map of B and such that the maps (x, f) -~ F 

the induced action 

d e f i n e a  Dy 
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M x  F - ~ F  

g i v e  a h o m o m o r p h i s m  

y : M ~ G(F), 

where C-(F) is.....the monoid of homotopy equivalences of F with itself. 

p : E -- B admits a sectionj then ¥ takes M to the submonoid G0(F) 

preserving homotopy equivalences. 

Moreover~ if 

of ba sepoint- 

The f o l l o w i n g  c o r o l l a r y  i s  t h e  s t a r t i n g  p o i n t  of  t h e  p r o o f  of  T h e o r e m  1. 1. 

COROLLARY Z.Z. Suppose that 

p:E~B 

is a Hurewicz fibration, as in Theorem Z. i~ and let 

E :p-iB r> 0~ 
r r '  --  

w here B stands for the r-skeleton of B. 
r 

T h e n  there.are f i b e r - p r e s e r v i n g  m a p s  

~, : 8D r X F-* Er, 
1 

..., - B ), where i = i~ kr, (k r being the number of cells of B r r-I 

topy equiva.lence 

and a fiber homo- 

E ~E u Dr× F u ... o Dr)< F 

r r-I ~I ~2 ~k 
r 

w__hich is  t h e . i d . e n t i t y  on Er_ 1. M o r e o v e r ,  i f  p : E ~ B 9.dmits a s e c t i o n ~  

= ~I(D r U~k D r B r Br_ I u x ~:-~)u ... x ;:% 

r 

where ;:~" stgnds for the. . basepoint of F. 

then 
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3. T h e  P r o o f  of  T h e o r e m  1. 1. 

In  o r d e r  t o  p r o v e  t h e  t h e o r e m ,  i t  i s  e n o u g h  t o  c o n s i d e r  t h e  f o l l o w i n g .  

S u p p o s e  t h a t  

p : E ~ B, a n d  

p '  : E ' - ~  B 

a r e  t w o  H u r e w i c z  f i b r a t i o n s  w i t h  f i b e r  S m o v e r  t h e  s i m p l y  c o n n e c t e d  f i n i t e  C W -  

c o m p l e x  B; a n d  l e t  

f : (E,S m)-~ (E' S m) 

be a homotopy equivalence where S m is identified with the fiber above the base- 

point in B. To prove Theorem I. I, it is enough to show that there is a fiber 

homotopy equivalence 

~:E-÷ E' 

covering the identity map of B, provided that dim B < m - I. 

we can find sections Observe that, since dim B < m, 

s:B-*E a n d  s '  : B ~  E'  

f o r  t h e  t w o  f i b r a t i o n s  p : E -~  B a n d  p '  : E' ~ B. I d e n t i f y  B w i t h  t h e  s u b s e t s  o f  E 

a n d  E' g i v e n  b y  t h e  s e c t i o n s ,  a n d  c h o o s e  c e l l u l a r  s t r u c t u r e s  o n  E a n d  E' w h i c h  

m a k e  t h e  s u m  B v S m a s u b c o m p l e x  of  E a n d  E ' .  I t  i s  c l e a r  t h a t  t h e  g i v e n  h o m o -  

t o p y  e q u i v a l e n c e  f c a n  b e  a s s u m e d  ( a f t e r  a d e f o r m a t i o n ,  i f  n e c e s s a r y )  t o  i n d u c e  a 

h o m o t o p y  e q u i v a l e n c e  of  p a i r s  

f : (E, BVSm) -~ (E',B vs m) 

which takes each summand of B vS m into itself. We can also arrange it, after 

changing p' : E' -~ B by a fiber homotopy equivalence if necessary, so that 

f [ B v S m = i d e n t i t y .  



- 114 - 

As in  §Z, d e n o t e  t h e  r - s k e l e t o n  of  B b y  Br, a n d  l e t  

E = p-IB and E' = p'-iB . 
r r r r 

A c c o r d i n g  to  C o r o l l a r y  2. Z, w e  c a n  a s s u m e  t h a t  

w h e r e  

( 3 . 1 )  

D r S m 
E = U × u ... U 

r Er-i al aZ ~k 
r 

E' = E' D r S m . .  
r - 1  uo~ i x u i . u ~. 

r 

a .  : O D r ×  S m -- E 
1 r -1  

a ' :  8 D r ×  S m -* E' 
i r - l '  

D r × S m 

D r x S m, 

a n d  

fo r  i = 1 , . . . , k  r (k r b e i n g  t h e  n u m b e r  of  c e l l s  in B r - B r_ l ) ,  a r e  s u i t a b l e  f i b e r  

m a p s .  S i n c e  p : E -~ B a n d  p '  : E'  --  B a d m i t  s e c t i o n s ,  w e  c a n  a s s u m e  t h a t  t h e  

m a p s  e .  
1 

a n d  ~'  h a v e  b e e n  s o  c h o s e n  t h a t  
i 

a i ( a D  r x {x0}  ) C B r _  1 C E r _  1 

t 

a i t a D r  X {Xo}) < Br_ 1 C E r _  1, 

and 

w h e r e  x 0 i s  t h e  b a s e p o i n t  o f  S m. O b s e r v e  t h a t  t h e  ( r + m ) - c e l l s  of  E r 

o b t a i n e d  f rom t h e  ( r + m ) - c e l l s  of p r o d u c t s  D r x S m, Let  

and E' 
r 

are 

(3. z) 

8 D r+m 
~i : ~ Er_ 1 u B r 

' 8D  r+m ~ E' U Br~ 
[3i : r - 1  

a n d  

fo r  i = 1 , . . . ,  kr,  be  t h e  a t t a c h i n g  m a p s  of  t h e  ( r + m ) - c e l l s .  

C o n s i d e r  now t h e  f i l t r a t i o n  

SmVBC... CE u BC... CE. 
r 

S u p p o s e  t h a t  M i s  t h e  R P T - c o m p l e x  r e p r e s e n t i n g  ~E,  a n d  l e t  

y :  M -* f~E 
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be the  r e p r e s e n t i n g  homomorphism.  

f i l t r a t ion  

The f i l t r a t ion  of  E i nduces  an  a s c e n d i n g  

• . .  c(r)M C... CM 

of M by s u b - R P T - c o m p l e x e s  (r)M such  tha t  

(1) Y] (r)M is  a h o m o t o p y  e q u i v a l e n c e  

(r)M -* ~(E r u B), and  

(2) (r)M is g e n e r a t e d  by ( r -1 )M and the  c e l l s  {el} in o n e - t o - o n e  c o r r e s -  

p o n d e n c e  wi th  the  ce l l s  of Er u B - Er-1 u B, w h o s e  c h a r a c t e r i s t i c  maps  

~i (Dr+m' 8Dr+m) : (E r U B, Er_ I u B) 

are those of (3.2) above. 

We shall construct now a complex useful in measuring the difference between 

two given homomorphisms of (r)M into G, an associative H-space. To start out 

with, denote by A the RPT-complex of M which corresponds to ~(B), and note 

that (r)M is generated by A and the set of cells {e m+i-I }, with 0 < i < r, which 

are in one-to-one correspondence with the cells of E u B - B. Therefore, according 
r 

to [I, 2], an element of (r)M is an equivalence class of the form 

(X 1, • . . , X n ) ,  

w h e r e  e a c h  x. is e i t he r  an  e l e m e n t  of A or one of the  g e n e r a t i n g  ce l l s  {e re+i-1 }. 
] 

One can e a s i l y  s e e  tha t  t he  cond i t i on  dim B < m impl ies  tha t  the s u b s e t  N '  of r 

(r)M c o n s i s t i n g  of  t h o s e  e l e m e n t s  r e p r e s e n t e d  by s e q u e n c e s  

(x l, • . . ,  x n) 

such that at most one x. belongs to a generating cell e m+i-I is actually a sub- 
J 

(r)M. Now let N' u_ N' be the complex obtained from two distinct complex of 
r A r 

c o p i e s  of N '  by jo in ing  them a long  ~ and  put 
r 
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Lr =K) 8(D i+m-1 × I ) j i ,  

w i t h  the  d i s j o i n t  s u m m a t i o n  r a n g i n g  over  the  s e t  of i n d i c e s  ( i ,  j i  ), w h e r e  0 < i < r 

and ,  for e a c h  i,  1 <__ ] i  <-- k i  (ki  b e i n g  the  number  of i n d e c o m p o s a b l e  c e i l s  of 

d i m e n s i o n  i). By d e f i n i t i o n ,  l e t  

N =(N'rUAN')uAx L x A ,  r r r 

w h e r e  t he  a t t a c h i n g  map 

A X<.) (D i+m-i X aI)j i × A -~ N' u A N' 
r r 

is  the  one i n d u c e d  by  t h e  c h a r a c t e r i s t i c  map of t he  c e l l s  D i+m-1  x {0} a n d  

i+m- 1 D i+m-1  X { 1} on to  the  c e l l s  e in the  l e f t  and  r igh t  c o p i e s  of  N'  in 
r 

N' u_ N' respectively. We shall call N the difference co[nplex relative to A. 
r A r r 

W e  can  now r e s u l t  t he  p roof  of t he  t h e o r e m .  W e  s h a l l  c o n s t r u c t  t h e  d e s i r e d  

fiber-preserving map 

~:E~E' 

by induction on the skeletons of B. So we put 

~0 : E0 = sm ~ E0' =Sm C E' 

equal to the identity map of Sm. Suppose we have been able to define a fiber- 

preserving map 

~r: E ~E' r r 

w h i c h  c o v e r s  the  i d e n t i t y  map B ~ B s u c h  t ha t  t he  f o l l o w i n g  c o n d i t i o n s  a r e  
r r 

satisfied 

( 3 . 3 )  r ~rPk and f~k are homotopic as maps 

S r+m-I -- E' u B, 
r 

where ~k are the maps defined in (3. 2) above. 
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In  order  to s t a t e  the s e c o n d  c o n d i t i o n ,  we  n e e d  a new c o n c e p t .  

the re fo re  the  a d jo in t s  

To.gether t h e y  def ine  a map 

~o r , f  : (r)M -- f2(E' r u B) C[2E'. 

C o n s i d e r  

N 

f): N/A - r u B) c E' 

~ ~ Dm+i-  1 Din+i-1 
by first putting 6(~r,f ) equal to ~r on x {0} and to ~ on x {I} 

8 D m+i- 1 and then using the homotopy of (3.3) r to define it on × I. (Cf. [5]. ) Here 

N/A is the complex obtained from Nr by collapsing A to the vertex. 

We sha l l  s ay  that  a map 

h :  K - ~ E  ' 

of the complex  K in to  the l o o p s p a c e  ~E' is  h o r i z o n t a l  if, and  only  if, the  maps 

~]h,h : K~ ~E' 

are homotopic. Here T] is the composite 

B 

The s e c o n d  c o n d i t i o n  is  the fo l lowing  

(3.4) r The map 

6(~r, f) : Nff/A -* eE '  

is  ho r i zon t a l .  

We w i s h  to  e x t e n d  the  f ibe r  homotopy e q u i v a l e n c e  ~ to the  ( r + l ) - s k e l e t o n .  

For the  s ake  of s i m p l i c i t y ,  we s h a l l  g ive  the proof w h e n  Br+ 1 - Br c o n s i s t s  of one 

c e l l  only,  the g e n e r a l  c a s e  be ing  s i m i l a r .  Then 

(D r+l X S m) and ' = E' D r+l S m 
Er+l = Er uo~ Er+l r ua' x , 

w h e r e  the  a t t a c h i n g  maps  
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aD r+ l  S m 8D r+ l  S m E' : X -'- E and ~ '  : X 
r r 

a r e  t h o s e  g i v e n  in (3. 1)r+ 1 a b o v e .  Nex t  c h o o s e  an  R P T - c o m p l e x  P of the  form 
r, m 

P 
r, m 

0 r -1  m-1 r+m-1 
= e  D e  u e  u e  u higher dimensional cells 

to represent the loopspace ~(8D r+l x S m) (see [I, Z]). The maps a and ~' define 

homomorphisms 

~ : Pr, m -~ (r)M = ~(Er u B) and ~' : Pr, m -~ fI(E' r u B), 

w h i c h  c o r r e s p o n d  to  t he  a d j o i n t s  of ~ and  ~ ' .  O b s e r v e  now t h a t  t he  t w o  h o m o -  

morphisms 

~r a '  fa : Pr, m-~ •(E'r U B) 

0 r-I m-I 
agree on the m-skeleton e u e b e and hence induce a map 

d(~r~,f~) : S r+m-I -~ f~(E' r U B) 

as in [5]. 

N e x t  w e  no t e  t ha t  

d(~ra~ ~ )  = 8(~P~r "~) o (~  v ~), 

w h e r e  ~ v ~ is  the  f o l d i n g  map 

p vp --N 
r, m r, m r 

i n d u c e d  by  the  m a p p i n g  P i n t o  N' 
r, m r 

induction, w e  conclude the following. 

by  a [ I ] .  Since 6(~r, f) is horizontal by 

(3.5) The mapping 

is horizontal. 

d(~r% fa) : S r+m-I -,- ~ ( r . '  r u B )  

C o n s i d e r  nex t  t h e  d i ag ram 
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(r) M 

, \ 
Pr, m ~ / f ~ ( E '  r u B) 

(r) M 

where  the t r iangles  are not n e c e s s a r i l y  commutative.  One can e a s i l y  see  that 

(cf. [5]) 

as  maps of S m+r-1 

d(~r~,T~) = d(%~, ). 

into ~(E' r u B), or that 

(3.6) [dCgr¢,7 )] -- ¢' + 

as e lements  of w f~(E' u B). To compute [d(~r~, ~')], cons ider  the commutative 
re+r- 1 r 

diagram 

Of 
P ~ f~(E r U B) 

r j  m 

Pr, m ,.~ f~(E' r u B) 

where o- is the loopspace  map induced by the map 

of'-l~rof : 8D r+l × S m _, 8D r+l × S m 

and of,-1 is a f iber homotopy inverse  to of'. Now let 

aD r+1 "r : ~ G(S m) 

be the map of 8D r+l into G0(sm) , the monoid of basepo in t -p rese rv ing  homotopy 

equ iva l ences  of S m defined by the equat ion 



- 120  - 

for a l l  ( x , y )  in  8Dr+l x Sm. 

~'-1%~(x, y) = (x, T(x)y), 

w here 

LEMMA 3.7. The element [d(~ra , a')] lies in 

S m E' i m ( i $  : Wr+m_ 1 -~ ~r+m-1 e (  r U B))j 

i i s  the  i n j e c t i o n  of S m in E' u B as  the f iber  a bove  the b a s e p o i n t .  
- -  r . . . . . . . . . . . . . . . .  

w here 

map 

Proof. Note tha t  

(~')#[d(cr ~, id)] = [d(~'g, ~' )] = [d(~%~ ~' )], 

id stands for the identity map of P . But d(~, id) is the adjoint of the 
rj m 

sr+ m 8D r+t S m ' d(0-, id) : ~ X 

and id agree when projected onto S r = 8D r+l, Since the two maps o- 

t ha t  the componen t  of d(0-, id) w h i c h  l i e s  in 8D r+l  

d ( ~ , i d )  f ac to r s  through S m 

is  t r i v i a l .  

- - w h i c h  p roves  the lemma.  

i t  fo l lows  

This implies tha t  

LEMMA 3.8. d(a', fa) is null-homotopic as a map of S r+m into E' u B. 
.... r 

But 

Proof. O b s e r v e  tha t  f i n d u c e s  a homotopy e q u i v a l e n c e  of pa i r s  

E' (Er+ 1 u B,E r U B) -~ ( r+ l  u B,E r U B). 

Er+ I u B = (E r u B) u~ D r+m+l and 

i Er+ 1 u B = (E' r u B) u~, D r+m+l ,  

where  [3 and  ~' are  the  a t t a c h i n g  maps for the  ( r + m + l ) - c e l l s  ( s ee  (3. Z) above) .  
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Hence the maps 

are homotopic. 

t h a t  

S m+r E' ~f, ~' : -~ u B 
r 

A f t e r  a more  or  l e s s  s t r a i g h t f o r w a r d  c o m p u t a t i o n  ( s e e  [6]),  one  s e e s  

d (pf ,  ~ ' )  = d(~f ,  ~ ' )  

--which proves the lemma. 

An immediate consequence of the preceding two iemmas is that 

[d (~ r~  , ~ ' ) ]  : 0, 

s i n c e  t h e y  i m p l y  t h a t  t h e  e l e m e n t  u n d e r  c o n s i d e r a t i o n  i s  b o t h  h o r i z o n t a l  a n d  l i e s  i n  

m 
t h e  i m a g e  of  [2S . I t  f o l l o w s  now t h a t  w e  c a n  e x t e n d  ~r  t o  a m a p  

9 r + i  : Er+ l  r + I  

t i s u c h  t h a t  9 r + l  [ Br+l  = i d e n t i t y  a n d  ~0r+ 11Er is  t he  f i b e r  h o m o t o p y  e q u i v a l e n c e  

E -* E' o b t a i n e d  b y  i n d u c t i o n .  A c c o r d i n g  t o  [6], or  c o m p u t i n g  d i r e c t l y  in  t he  s p i r i t  
r r 

of  [3],  o n e  c a n  f i n d  a f i b e r  h o m o t o p y  e q u i v a l e n c e  

- __~ E I 

q~r+I : Er+ l  r + i  

such that 

~Or+ I I Er+ 1 = ~° r. 

The map ~Or+l, however, may not satisfy Condition (3.4)r of the induction assump- 

tion without further modification. So consider the map 

6(~Or+l~ f) : Nr+I/A -* fZE', 

where Nr+I/A is the difference complex and 6(~o~'+i, ~) is the map induced by the 

adjoints ~0r+ 1 and f of ~0r+ 1 and f respectively. Observe that 
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The n e c e s s a r y  mod i f i c a t i on  is i n t e n d e d  to  make 6(¢r+l~ f) ho r i zon ta l  by c h o o s i n g  

~r+l appropr ia te ly .  So let us consider the diagram 

Nr+I/A ) ~2E' 

s2E' 

w h e r e  ~] is the compos i t e  

~E' ~P'~ ~B ~i') f~E' 

i n t r o d u c e d  ear l ie r .  We w i s h  to  modify  ~r+l  so  tha t  the  p r e c e d i n g  diagram becomes  

h o m o t o p y  commuta t ive .  To beg in  wi th ,  we  c h a n g e  6(~'r+l, ~) up t o  h o m o t o p y  if 

n e c e s s a r y ,  so  tha t  the diagram b e c o m e s  s t r i c t l y  commuta t ive  w h e n  r e s t r i c t e d  to  

6 ~'' ~) and N/A. Then the difference (in the sense of [4]) of the two maps (~r+iJ 

o is  i s  a m a p  

h : ( N r + l / A ) / ( N / A ) -  ~E ' ,  

where (Nr+I/A)/(N/A) is the complex obtained from Nr+I/A by collapsing N/A to 

a point. But 

(Nr+I/A)/(Nr/A) = (A X (S m+r "~ S m+r v S m+r) x A)/(A X A), 

as  fo l lows  r e a d i l y  from the s t ruc tu re  of Nr+ 1. Next  we  note  tha t  h can  be f a c t o r e d  

a c c o r d i n g  to  the  d iagram 

h 
(Nr+ I/A)/(N/A) • ~E' 

! I,, 
A X S m+r A/(A x A) ~ aE' 

where the vertical map on the left is that induced by the folding map 
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S m+r v S m+r v S m+r -~ S m+r and h is a map of two-sided A-spaces. Therefore, to 

insure that h is homotopic to 0, it is enough to consider its restriction, 

h I S m+r Sin+ r : -~ mE'. 

Now the fact that p' : E' -~ B admits a section implies that 

~rm+r~E' ~ Wm+r~S m e ~m+rf2B. 

S m+r in Wm+r~S m is represented by a map h' : -~ ~S m The componen t  of [h I S re+r] 

w h i c h  we r ega rd  as  a map 

: S r+l  _~ Go(Sm), 

whe re  Go(S m) is the monoid of b a s e p o i n t - p r e s e r v i n g  homotopy  e q u i v a l e n c e s  of S m 

wi th  i t s e l f .  By def in i t ion ,  l e t  

~r+l  : Er+l r+l  

be  the  f iber  homotopy  e q u i v a l e n c e  s a t i s f y i n g  the  fo l lowing:  

(i) ~r+l  I E r = ~r '  and 

(i i)  ~r+l(X, y) = ~'r+l(X, 0-'(x)y), 

where 0-' is the composite 

-~ S m 
Dr+l Sr+l ~ G0(S m) c(S m) , 

the map D r+l -~ S r+l being that which sends 8D r+l to the basepoint. One can now 

easily check that ~r+l satisfies the two conditions of the induction assumption. 

This proves the theorem. 

4. Remarks. 

Suppose that in Problem A the spaces E, E' and B are all smooth closed 

manifolds and that f is a diffeomorphism. Then, assuming that dim B < m and 

dim E >__ 5, one can adjust f up to diffeotopy so that it takes B diffeomorphically 

onto itself~ where B is regarded as a smooth submanifold of E and E' (this is 
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possible since dim B < m). Now, by appealing to the Tubular Neighborhood Theorem s 

one can change f up to diffeotopy so that it induces a map of closed disk bundles of 

I a tubular neighborhood E 0 of B in E onto a tubular neighborhood E 0 of B in E'. 

Note that E l = E - int E 0 and E'I = E' - E 0' are also closed disk subbundles of E 

and E'. Hence one can find an orthogonal bundle equivalence ~ : E ~ E' which 

obviously need not be homotopic to f. 

The preceding remark raises the question as to whether or not one can find 

an equivalence ~ : E ~ E' of the same nature as f. For example, if the given fibra- 

tions were Top (sm)-bundles~ Top (S m) being the group of homeomorphisms of S m, 

and f a homeomorphism, would it be possible to find a Top (sm)-bundle equiva- 

lence E-~ E'? 

It is not clear what the answer is, but it seems likely that further conditions 

on f need to be imposed. 
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