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WHEN IS A COMPLEX FIBERED BY A SUBCOMPLEX?

BY
S. Y. HUSSEINI(?)

Introduction. Suppose that (B, F) is a pair of spaces of the homotopy type of
countable CW-complexes. Problem 10 of Massey’s list of 1955 [6] poses the ques-
tion of when (B, F) is homotopically equivalent (i.e., there is a homotopy com-
mutative diagram

B ——>F

e ]
B'—> F’

such that g and h are homotopy equivalences) to a pair (B’, F’) such that B’
is fibered, in the sense of Serre, by F’ with base-space Y, for some suitable Y.
If B’ is contractible and F’ fibres B’, then F’ (and hence F) is of the homotopy
type of the loopspace Q(Y) (see e.g. [9]). Conversely, if B is contractible and if
Fis of the homotopy type of a loopspace Q(Y), then there is a pair (B’, F’) homo-
topically equivalent to (B, F) such that F’ fibres B’ with base-space Y (see [1],
[11]). In both cases, Y is of homotopy type of the projective space of F, which
is inductively defined by means of Hopf fibrations. Since projective spaces and
Hopf fibrations have proved useful in the study of H-spaces, I have tried to
preserve these features in the solution of the general problem which I offer in
this paper.

The general idea of the solution is to consider first Q(B, F), the space of paths
beginning in some fixed point 5° and ending in F, as a right Q(B)-space, and
then to investigate certain multiplications on Q(B, F) which extend this action.
These multiplications yield fibrations of the Hopf type, in which the total spaces
are the manifold joins of F with itself when F is a suspension and are ““twisted’’
manifold joins of F in general (see §6). One also gets spaces which resemble the
classical projective spaces; in particular, one gets a filtration of Y (or rather a
space of the homotopy type of Y) by subspaces determined by F and B (see §6).

The solution is given in the context of constructions of the reduced product
type (RPT-constructions for short). To be able to handle the right action of Q(B)
on Q(B, F), one needs a relative theory of RPT-constructions. This can easily be
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250 S. Y. HUSSEINI [August

developed as follows. (All complexes are supposed to be special, i.e., countable
CW-complexes with a single 0-cell.) Suppose A4 is an H-complex which is a limit
of RPT-complexes [3]. Then 4, like RPT-complexes, is essentially an associative
H-complex with a nondegenerate multiplication in the sense that the product
of two cells of A4 is again a cell of 4. The domain of the theory is the category
whose objects are complexes containing A as a subcomplex and on which 4 acts
on both sides nondegenerately in the sense given above. (The objects are called
two-sided A-complexes.) The maps of the category are cellular maps which respect
the action of 4. (The maps are called two-sided invariant maps.) Having established
the category, one proceeds in a manner similar to that of the absolute theory
as developed in [3]. Thus if X is a two sided A4-complex, then a set of A-relations
in k variables on X,

‘/,k(X) = (MO(X), MI(X)’ ) Mk(X); Up,g A)’

is given by a two-sided A-complex M,(X) filtered by two-sided A-subcomplexes
M (X), such that My(X) = 4 and M(X) = X, and by two-sided invariant maps
Ky, Which are associative, with a two-sided identity, and take M, (X) x M,(X)
into M, (X) nondegenerately. (If A consists of a single O-cell only, then this
notion of a set of relations is that given in [3] for the absolute case.) One also
shows, as in the absolute theory, that X generates a universal H-complex modulo
any (X). The details of the theory are given in the first and third sections.

The application of the relative theory of RPT-constructions to the problem
mentioned at the beginning of this introduction is a continuation of the refor-
mulation of Stasheff’s A4,-structures given in [3]. First, replace Q(B) by a complex
A which is a limit of RPT-complexes and Q(B, F) by a right A-complex U. It turns
out that the existence of a fibration

F'-B' -Y

such that (B’,F’) is equivalent to the given pair (B,F) implies, first, that
U ~ Q(B, F) is of the homotopy type of a two-sided A-complex X and, second,
that X admits a set of A4-relations for all n =1

M (X) = (Mo(X), M((X), -+, Mi(X); f1p, A)

such that M; is a deformation retract of M;., where 1 <i<n — 1, the defor-
mation being given by two-sided invariant maps. (X is said to admit a Q,-structure
if it admits a set of A-relations such as ,(X); if 4 consists of one O-cell only,
then Q,-and A,-structures agree (see [3]). Conversely, the existence of a two-sided
A-complex X of the homotopy type of U ~ Q(B, F) and of a Q,-structure on X
imply together the existence of a fibration,

F,-»B' -Y,
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such that the pair (B’, F,) is equivalent to the pair (B, F) in a range that increases
with n (see §5). This reduces Massey’s problem 10 to a problem on the existence
of Q,-structures.
To get the fibrations of the Hopf type from the set of relations defining a
~structure on X ~ U ~ Q(B, F) demands a point of view quite different from
the one usually employed. This point of view can be roughly described as follows.
Suppose G is an associative H-space and consider the kth stage Hopf-fibration of G,

@ Gy g Py p,
where E, is the (k + 1)-fold join of G with itself and P, = E; /G, the so-called
projective space of G (see [1], [11]). Then p, induces a fibration
(1)) QP,—> G —’i> E,
from the path-space fibration over Py,
QP, > P(Py) > P,.

Note that G is an Q(P,)-space of the homotopy type of G, i equivalent to i,, and
Dx the classifying map of the fibration (II). In Massey’s problem, M(X) = X is
analagous to G, and *M, to QP, where *M is the RPT-complex generated by X
modulo #(X). What I do here is construct (II) first and then obtain (I) from it
by constructing the classifying map p,. To construct (II) one must replace M by a
homotopically equivalent right *M-complex N, and then show how in general a
right A-complex N is quasi-fibered by A over a base-complex N // A similar to an
orbit space. The latter problem is answered by Theorem (2.2) of §2—a result of
independent interest which plays a primary role in this work. The complex N is
constructed in §8. Now, Theorem (2.2) shows that N, is quasi-fibered by A over
the orbit complex N, /[ A. The complex N,// A is shown to be of the homotopy
type of the (k + 1)-fold join of F with itself, when F is a suspension, and is the
“relative”® (k + 1)-fold join of M;//A in general (see §§6 and 8). The quasi-
fibration of any right A-complex N over N// A is shown, in §4, to admit a clas-
sifying map. One obtains (I) from (II) by taking p, to be the classifying maps of (II).

I would like to express my thanks to the referee of this paper for his suggestions
which contributed to its better organization and for the title, a more descriptive
one than the original.

1. Preliminary notions and definitions. Suppose A4 is a special complex in the
sense of James, i.e., a countable CW-complex with a single 0-cell a°. Take a° to
be the basepoint of 4. Assume that 4 is an H-complex with multiplication a.
(Recall that, by definition, « is cellular, associative, and has a°® as an identity.)
Suppose also that A is filtered by subcomplexes

do={a"}cd;c-cd,c-
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and o takes 4, X 4, into 4, , for all p and q. Write 4,(X) for 4,, where 4, = X.
Then we say that A4 is a complex of the reduced product type (an RPT-complex
for short) if, and only if, the set

‘S‘ik(X) = (AO(X)9A1(X)’ ""Ak(X); “p,q))

where o, , = oclAp(X) X A,X), is a set of relations in the sense of [3], for all
k = 2. If, moreover, there is an integer m such that

4,x= U %, (A4(X) X A(X)),
r+s=p,r,s>0

for all p> m, then we say that 4 is of rank < m. Otherwise we say A is of
infinite rank. (This notion of an RPT-complex is slightly different from that
given in [3]. An RPT-complex in the sense of [3] is always of finite rank. Here we
are going to admit RPT-complexes of arbitrary rank.)

Suppose that B is a special complex containing A4 as a subcomplex and that it is
filtered by an ascending sequence of subcomplexes

Bo:zA(:... CBmC"'.
Assume that there is a cellular mapping
(1.1) n:BxX A— B,

with the following properties:

(1.1, the basepoint a° of A is the identity, i.e. §(b,a®) = b, for all b in B;
(1.1), n is associative, i.e. n(n X 1)=n(l X n); and

(1.1), n restricted to A X A is just o, the multiplication in A.

So far, what we have is a complex B and an action on the right by 4 on B.
However, one must restrict one’s attention, in the context of reduced products,
to those actions which are nondegenerate in the sense that the product of a cell in B
by a cell in A4 is a cell in B. The precise condition is the following:

n takes B,, X A, to B,,, and imbeds the complex [B,,, A,] obtained by
(1.1), attaching B,, X A, to B,,.,_, by the map 11]B,,,_1 XA, UB,, X Ap-1,
into B,., as a subcomplex.

DerNITION (1.2). Suppose B is a special complex and A an RPT-complex
imbedded in B as a subcomplex. B is said to be a right A-complex if it is filtered
by an ascending sequence

By=Ac- cB,c-
and there is a cellular mapping
1:BX A—->B

subject to the conditions (1.1),,-++,(1.1)4 given above.
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Similarly, we define a left A-complex B to be a filtered special complex with a

mapping
¢:AXB—B

subject to conditions similar to (1.1),,--+,(1.1)4 given above. A two-sided A-complex
B is, by definition, a left and right A-complex such that the left and right actions
of A on B commute with each other.

In studying A-complexes one can vary the given filtration to a certain extent
(see §3 below). In fact, one can always replace an arbitrary filtration by the one
given by its skeletons, as can be easily checked. Note also that nondegeneracy is
defined by means of the filtration, rather than by requiring that the product on
any two cells be also a cell, because quite often one gets naturally defined filtrations
(see §5), with which it is more natural to work. Note also that the filtrations of the
left and right actions a two-sided complex need not be the same.

An example of a two-sided A-complex is given by taking B= A and letting
n and ¢ be the multiplication « in 4. Other examples are obtained by taking
first a special complex C containing A as a subcomplex, and then setting

B=A4AUCXxA,

where the complex C x A4 is attached to A by the multuiplication o of 4. Clearly
B is a right A-complex with 4 acting naturally on the right. Similarly, one can
define AUAXC and AUA X C X A. The former is a left A-complex, and
the latter is a two-sided A-complex. In fact, any A-complex is filtered by sub-
complexes of one of these three types. To see this, suppose A4 is an RPT-complex
of arbitrary rank, and let B be a right A-complex. By definition, let B; be the
smallest subcomplex of B which contains 4 and the cells of B— A4 of lowest
dimension. Then the complex

B=AU.§1 XA,

where B, x A is attached to 4 by the multiplication 4 x A - 4, is a subcomplex
of B, as follows easily from (1.1)4. Suppose we have been able to define a sequence
of subcomplexes of B,

-EO =4 CEI Coee C-Em’
and a sequence of right A-subcomplexes of B,

By=Ac<B,c:-<B,,
such that
(i) B,>B;,_, and
(i) B;=B;_,UB; x4,
where the attaching map is given by the action of B;_y X A— B;_,. If B, # B,
define B, to be the smallest subcomplex of B containing B,, and the cells of
B — B,, of smallest dimension. Now, if we let
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Bni1=B,UB,.; X4,

where the attaching map is given by the action of B, X A —» B,,, we get what
we wish. Hence we have the following proposition.

ProrosITION (1.3). Suppose B is a right A-complex, where A is an RPT-
complex of arbitrary rank. Then there is a sequence of subcomplexes of B,

A=‘§OC§1 Coeee cB‘mC.-.,
and a sequence of right A-subcomplexes of B,

A=BOCB1 C oo CBmC“',
such that
(i) B,-,<B,;
(i) B,=B,-1YB,xA4,m=1
(the attaching map being the action B,,_; X A— B,,_,); and
(iii) B =1im,,B,,.

Similarly, one can prove the following proposition.

ProposiTiON (1.4). Suppose B is a two-sided A complex, where A is an RPT-
complex of arbitrary rank. Then there is an ascending sequence of subcomplexes
of B,

A=BycB c--cB,c-,

and an ascending sequence of two sided A-subcomplexes of B,

A=BycB, - <B,c-,
such that
() Bu-1<B,; .
(ii) B,=B,-.iUAXB,xA,m=1
(the attaching map being the action A X B,,_; X A—> B,,_4); and
(iii) B =lim,,B,,.

There is a similar representation for the left A-complexes. Note that these
representations depend on the cellular decomposition of B and not on the filtrations.

Suppose B is a right A-complex and B’ a right A’-complex. By definition, a
right invariant map

f:B—>B’
is a cellular map of B into B’ such that

Fo(x,a) = ¢'(f().S (V)

where ¢ and ¢’ are the actions of 4 and A’ on B and B’, forall x in Band a in 4,
and f lA is a homomorphism of A into A’. Similarly we define a left invariant
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map, and a two-sided invariant map. A right (left, two-sided) 4-map fis a right
(left, two-sided) invariant map such that 4 =A" and f ]A =1.

Suppose next that B and B’ are, respectively, right and left A-complexes, and
denote the actions of 4 by ¢ and 5’. We wish to join B to B’ along the “‘orbits”” of
A. Consider, therefore, the special complex

Bx AXB'.

Suppose x; = (by,a,,b}) and x, = (b,,a,,b3) are two elements of B X 4 X B’.
Then we shall say that x, is an amalgam of x, if, and only if,

bl = ¢(b2’a2)’ a; = aO’ and bll = blz, or

Il

by n'(az,b3), a; = a®, and by =b,,

where a,,a, are in 4, by, b, in B, and b{,b; in B’, and a° is the basepoint of 4.
This notion of amalgamation is similar to that of [3] and generates in a similar
manner an equivalence relation. Let B x ,B’ be the quotient space of B X A X B’
modulo this equivalence relation, and give B X 4B’ the quotient topology. Clearly
B x4 B’ is a covariant functor in two variables. The following result can be proved
in the same manner as Theorem (2.4) of [3].

THEOREM (1.4). Suppose B and B’ are right and left A-complexes. Then the
cellular structure of B X A X B’ induces the structure of a special complex on
B x4B’. Also, if B and B’ are two-sided A-complexes, then the left action of A
on B and the right action of A on B’ make B x 4B’ a two-sided A-complex.

By definition, B X 4B’ is the A-cartesian product of B and B’. Observe that the
imbeddings of B and B’ as the first and last factor in B X A X B’ induce imbed-
dings of B and B’ in B X4 B’, as subcomplexes whose intersection is 4. Note also
that if 4 = {a°}, a single O-cell, then an A-complex is just a special complex, and
B x,B’ is the usual cartesian product.

2. The quasi-fibration of an A-complex over its orbit space. Recall that a map
p:E-B
of the space E onto the space B is a quasi-fiber map if, and only if,
Pu: M(E,p (%), y) = n(B, ),

for all x in B, y in p~*(x), and i = 0 [2]. Also recall that if 4 is an associative
H-space, then a left principal quasi-fiber map for A is a quasi-fiber map

p:E—- B,

together with a left action of 4 on E,
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n:AXE—E,

such that
(@) n@e)=e,

where a° is the O-cell of 4 and e is in E;
(i)) n(4 x e) =p~'(p(e)),

p~'(p(e)) being the fiber through e; and
(iii) the mapping

et A— p~'(p(e)

which takes a to n(a, e) is a weak homotopy equivalence [1]. Similarly one defines
a right principal quasi-fibration.

The object of this section is to define the complex of orbits of 4 in N and to
show that the natural projection of N on its orbit complex is a quasi-fibration.

Suppose A4 is an RPT-complex of arbitrary rank, and let N be a right A-complex
as in §1. Denote the action of 4 on N by 5. Two elements n and n’ of N are said
to be equivalent if, and only if, there is a chain of elements ny, -, n, in N such
that, for every consecutive pair n,,n ., there is an element a in A4 such that
either n(n,,a) =n,,, or n(n,4,a) =n,. Denote the quotient space by N//A4,
and give it the quotient topology. N // A is, by definition, the orbit complex of 1.
Suppose p is the natural projection of N onto N//A. Now, according to Prop-
osition (1.3) of §1, there is an ascending sequence

(2.1) NOC"'CNmC'"
of right A-subcomplexes of N such that
(2.1a) No=A4,and N,=N,,_ UN, x4, m>0,

where N, is the smallest subcomplex of N containing N,_; and the cells of
N — N,,_, of lowest dimension. We conclude from this that the cellular structure
of N induces the structure of a special complex on N//A and that the natural
map,

p:N->NJ/A,

is cellular.

THEOREM (2.2). Suppose N is a right A-complex. Then the natural pro-
Jjection

p:N-N/J/A
is a principal quasi-fibration.
Theorem (2.2) is a special case of the following theorem.

THEOREM (2.2'). Suppose N and N’ are right and left A-complexes. Then
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(i) the map
pP''Nx,N >N/l A,

induced by the projection on the first factor, is a quasi-fibration with fibre N';
and
(i) the map

i N’ = 0"~ (p(n)),
which takes the point n’ to n X 4n’, is a homotopy equivalence for all n in N.

Proof. Consider the ascending sequence (2.1) given above. If m =0, then
No/|A=a°, the O-cell of N//A, and, hence

Po:Nox4 N'>d°,  po=p|N,

is trivially a quasi-fibration; and, since A is arcwise connected, condition (ii)
is also satisfied. Suppose we have proved that the map

pr,n:NmXA-N,—)Nm//As pr:1=ple

is a quasi-fibration with fiber N’ and such that (ii) of the theorem is satisfied
when N = N,,. We wish to do the same thing for the case m + 1. Note that

Nm+1_Nm=U D" x A

where D™ ranges over the cells of N,,, — N,, and D* denotes the interior of
D*. Hence,

Npiy X4N' =N, %, N'={J D" xN".
Moreover, we can write
Not1//[A=UUYV,
where
V=pu+1 (J D"G/4) x N")
(D™(3/4) being the n,-disc of radius 3/4), and

U= pps1(Nn+1(1/4) x4 N'),
where

Npir(1/H) =N, U |J (D" = D™(1/4) x A.

Clearly Vis a distinguished set. Hence, to finish the proof we need to show that U
is also distinguished since U N V is distinguished (see (2.2) of [2]). But, according
to (2.10) of [2], we need prove only that the map

VuiN'— P;n_+11(P:n+ 1(n)
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which takes n’ to n x, n’, for all n in N, is a homotopy equivalence. (This
also proves the assertion (ii) of the theorem when N =N, ,,.) Observe that

DPm 1(P:n(")) = P:n—+l1(Pp:a +1(m),

if n is in N,,. In this case the induction assumption implies y, is a homotopy
equivalence. If n is in N,,,; — N,,, then

n =(#,a),

for some 7iin N,,; — N,, and a in A. Hence y, takes n’ to (#,an’). Since 4 is
arcwise connected and

Pr'n—+11(P:n+ i(n) = AXN’,

¥, is a homotopy equivalence. This establishes the induction step and hence
the theorem.

REMARK (2.3). Suppose N’ is a left A-complex. Then one can define an equiv-
alence relation on N’, as was done for right A-complexes. Denote the quotient
space by A\\N’. Then A\\N’ inherits from N’ a natural cellular structure, and
the projection

p':N'=-> A\\N’
is again a principal quasi-fibration. Moreover, if N is a right A-complex, then
the projection
Nx 4N'—» A\N’
induced by the projection on the second factor is a quasi-fibration with fiber N.

3. Constructions relative to an RPT-complex. Very often one has a complex
X on which an RPT complex A already acts, and one is interested in studying
multiplications on X which extend to given action of 4. The absolute theory
of RPT-constructions given in [3] does not take care of this problem. One needs
a relative theory. The object of this section is to develop such a relative theory.

Suppose A is an RPT-complex of arbitrary rank as in §1. Assume that X is
two-sided A-complex, and let

My(X) = M(X) < - =« Mi(X)

be an ascending sequence of two-sided A-complexes such that My(X) =4,
M(X)=X, and M(X) is a subcomplex of M, (X) for k> p=0. Suppose
also that there is a two-sided invariant map,

(3'1) ”’p,q: Mp(X) XAMq(X)—)Mp+q(X)’

for all integers p,q =0 with p+ g <k, such that the following conditions are
satisfied.
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(B.1),  The map p,,|M(X)UM/X) is the folding map;
G.1), any two maps p,, and p, , agree on their common
domain of definition; and
the maps p,, are associative, i.e.
(3'1)c ”p+q,r(”p,q X 1) = I'l'p,q+r(1 X I’lq,r)
whenever the mappings are defined.

Notice that M (X) is a two-sided A-complex filtered by two-sided A-subcom-
plexes and with a partially defined multiplication which is associative and which
extends the action of 4 on both sides, as (3.1), easily implies. If 4 = {a°}, then
this is precisely the situation described in [3]. Again as in [3], we need another
condition on p, , to guarantee that the product of a cell of M,(X) by a cell of
M (X) is also a cell of M, (X). So, proceeding in a similar fashion, we note that
the mappings p, ,—; and pu,_, , induce together a cellular mapping

61),q: Mp X4 Mq—l UMP"I XAMq—')Mp-f-q—l)
where M, stands for M(X). By definition,
[MP(X)qu(X)]A = Mp+q—1(X) U(sp,qu(X) X4 Mq(X)

where the complex M ,(X) XM (X) is attached to M,,,_,(X) by the mapping
0, It is easy to see that [M(X), M(X)], is a two-sided A-complex and that it
contains M, ,_(X) as a two-sided A-subcomplex. The desired condition is:

the map p,, , induces an imbedding of [M (X),M(X)], into M, (X)

G-Da as a two-sided A-subcomplex, for all p,q =0 and p—q < k.

DErINITION (3.2). Suppose X is a two-sided A-complex, and let
A=MX)cM(X)=X c- c M(X)
be an ascending sequence of two-sided A-complexes. Assume that for every pair
of integers p,q = 0 such that p + q S k, we are given a two-sided A-mapping,
Hp,qt My(X) X 4 M(X) > M, (X),
subject to the conditions (3.1),,--+,(3.1)4 given above. Then we say that
MY X) = M(X), -+, MUX); pip,q )

is a set of A-relations in k variables.

Note that if 4 = {a°}, then this notion reduces to that of [3]. Thus any set of
relations in the old sense is a set of {a°}-relations in the sense of Definition (3.2).
One can relativize an absolute set of relations in other ways, and sometimes it is
both natural and necessary to do so. In fact, let

'/[k(X) = (MO(X)a * "sMk(X)s y’p,q)
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be a set of relations in the sense of [3]. Let A = X, the reduced product complex
of James [4]. By definition, let

M,=A4U,AxM,x A,

where M, is the complex A U M,(X) obtained by attaching 4 = X, to M(X)
along the subcomplex X, and the attaching map

PIAXAXA->M,

is the one induced by the multiplication in A. Observe that M, = A.Put X = M,
and M,(X)= M,. Denote by fi,, the two-sided invariant maps

fipg: M(X) X ;M(X)> M, (X)
induced by p,,. Then the set
‘/”k(ﬂl) = (MO(X)a ty Mk(y)a /jp,q, A)

is a set of A-relations in k variables equivalent to the original set .#,(X) in the
sense that it does not restrict the multiplications y,, any further (see end of
section). Clearly one can, in a similar manner, relativize the set . (X) with
respect to any of the RPT-complexes "M generated by X modulo the subsets

M (X)) = (My(X), -, M, (X); 1y, 0)s m<k-1.

Under certain circumstances the converse is also true. We shall indicate how it
can be done by discussing a simple situation. Suppose A = X, the reduced
product complex of a special complex X, and assume that

M (X) = (Mo ), M(X), Ma(R); fip i A)
is a set of relations on X in two variables such that
X=M(X)=A4U;AxD xA4,
where D" is the r-disc and the attaching map
fiAXSixA-4
extends the multiplication in 4. Assume also that
My(X) = [M(X),M(D)]a

To define an equivalent absolute set of relations, let k be the smallest integer such
that f(S"~')  X,, and put

Mk(X) = Xk UfDr.
Then the set
M(X) = (Mo(X), -+, MiX); tp,),
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where M, = x°, the O-cell of X, M, = X, M,= X, for p<k—1, M, is as above,
and p, , are the natural maps, is a set of relations in the absolute sense (see [3])
equivalent to the given set .,(X).

DeriNiTION (3.3). Suppose that

M (X) = (Mo(X),+, N(X); lhp,q»A) and
MX') = Mo(X"), -+, MUX"); php, 0 A")
are two sets of two-sided A-and A’-relations on X and X'. A mapping
[l (X)— MYX")
is a tuple of two-sided invariant maps (fo,-,f;) such that

ﬂ;.q(fp x fq) =fp+q”p.q’

for all p and q such that p+ q < k.

Again this concept reduces to that of [3] in the case 4 = {a°}.

Suppose next that M is an H-complex with multiplication p, and assume
that M contains an RPT-complex A of arbitrary rank as a sub H-complex. Suppose
also that M is filtered by an ascending sequence of two-sided A-complexes

A=MycM,c---cM,c--,

and assume that pu takes M, x M, into M,,,, for all p and g =0. Denote
M, by X, and write M (X) for M, for all p = 0. Then, as in the absolute case
(see §1), we say that M is an RPT-complex relative to A if, and only if, the set

‘ﬂk(X) = (MO(X)aMl(X)’ "'9Mk(X);ﬂp,q’A)

where p, , is induced by p on M,(X) X, M (X) is a set of A-relations on X,
in the above sense, for all integers k = 2. If, moreover, there is an integer m such
that

My (X) = Jp (MAX) X M(X)), 1,5>0, r+s5s=p,

for all p > m, then we say that M is of rank < m. Otherwise we say that M is
of infinite rank. Here also an RPT-complex relative to {a°} is just an RPT-complex
in the absolute sense, as defined in the first section.

Next we wish to show that every set of A-relations generates an RPT-complex
relative to 4. The construction will be seen to be a modification of the one given
in [3] for the absolute case.

Suppose that

M(X) = (Mo(X),+++, MyX); 17,00 A)

is a set of relations as above, where A is an arbitrary RPT-complex. By definition,
the index of an element a in A4 is 0, and the index of an element x in M; — M;_,
is i. If
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u= (xl’ ""xn) € (Mk)n,

where (M,)" is the n-fold cartesian product M, X M, X --- x M,, then the index
of u is X7, index (x;). Consider now the set

S, = {ue(M,)"|index(u) < n}.

It can be easily seen that S, is a two-sided A-subcomplex of (M,)". If
u=(xy,-+,x,)and u’ = (xy,---,x;) are in (M,)", then u’ is said to be an amalgam(*)
of u if, and only if, there is an integer p < n such that

X,=X,, if g<p,orqg>p+1,

WXy Xp41) = X,, and

0 __
a” = Xp+1>

where a° is the O-cell of 4 and u stands for the appropriate multiplication of
M (X). The notion of amalgamation generates an equivalence relation on S,
(see [3]). Denote the quotient space by M,(X), and give it the quotient topo-
logy. Note that A acts on the left and right on M,(X) and that the two actions
commute with each other. Since the mappings p,, are associative, the juxta-
position map of S, X S, into S, 4, induces a continuous mapping

(34),, st M(X) X4 MY(X) > My, (X).
Note that the mappings y,, induce a mapping
Oyt MUX) X g My 1(X) UM;_(X) X4 M(X)~> M7~ y(X)
By definition, let
(35, [MY(X), M(X)]4 = My4s-1(X) Us,, M{(X) X 4 M(X).

ris

Then A acts on both sides of [M(X), M(X)],, and the actions commute with
each other.

THEOREM (3.6), . M (X) inherits naturally from S, a cellular structure
which makes it a two-sided A complex with the following properties:

(a), there is a natural imbedding B,_, of M,_(X) in M,(X) as a two-sided
A-subcomplex;

(b), if r + s =n, then the map p, ; of (3.4), , is cellular, and [M(X), My(X)],
is a two-sided A-complex imbedded in M,(X) as a two-sided A-subcomplex, the
imbedding being induced by p; , of (3.4),;

(), M (X) is naturally isomorphic to M(X) of #(X) as a two-sided A-com-
plex for n<k, and y,  is equal to p,  of M\ (X) as a two-sided invariant
map for r+s=k.

(2) Cf. definition of A-cartesian product in §l1.
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Note that this theorem is just Theorem (2.4), of [3], when A = {a°}. The
proof is also similar to that case, and therefore will not be given.

From here on write M,(X) and p,, for M)(X) and g, and identify
[M(X),M(X)], with its image in M, ,(X).

COROLLARY (3.7). Suppose n>k=r=1. Then, if r<s,
[Mn—s9Ms]A n[Mn—r’Mr A

is isomorphic to [M,_,M,_, M,],. Moreover, M, is the union of the two-
sided A-complexes [M,_,,M,],, for r=1,---,k.

By definition, let
M(X) = lim M, (X).
Then M(X) is certainly a two-sided A-complex, and the two-sided invariant
mappings 4, ; of (3.4), , induce a two-sided invariant map
wr M(X) x4 M(X) - M(X).

THEOREM (3.8). M(X) with the multiplication p is an RPT-complex relative
to A.

Suppose next that B is an associative H-space on which A4 acts on both sides;
i.e., the left and right actions of 4 commute with each other and are associative,
and the O-cell of A acts like the identity. (If B is an H-complex, then the product
of a cellin B by a cell in A is not required to be a cell of B.) Then by a map

f: 4(X)->B

of ., into B, we mean a tuple of two-sided invariant maps (fo, -+, f;), where f,,
takes M,(X) to B, and

Lo=B(fyxf), p=4q+r,
B being the multiplication in B.
THEOREM (3.9). Suppose that
M(X) = (M(X), +, M(X), pip 0, A)
is a set of two-sided A-relations on X, and suppose that
f: M (X)~>B

is a map of the set M (X) into the associative H-space B on which A acts on
both sides. Then there is a two-sided invariant homomorphism,

fo: M(X)~ B,
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uniquely determined by f, where M(X) is the RPT-complex generated by X
modulo M (X). Moreover, f,, is cellular if f is cellular and B is an H-complex.

The proof is straightforward.
In the first part of the section we indicated how the absolute and relative relations
correspond to each other. Suppose

M (X)) = (Mo(X), M )X, (M(X); 15,9)

is a set of absolute relations; i.e., Mo(X) = {a°} and M,(X) = X. Assume also
that M,(X) =X, UD", where X, is the 2-fold reduced product of X and D"
is the n-disc. Then, as above, .#,(X) corresponds to a set of A-relations

M (X) = (Mo(X), M (X),My(X); Ry, 4)

where A=X,, M{(X)=AUAXD"XA, and M,(X)=[M(X),M (X)),
Here M,(X) is formed by attaching A x D" X A to A by the multiplication
A X A X A— A. One can see easily that the RPT-complex M(X) generated by X
modulo «#,(X) is naturally isomorphic to the RPT-complex M(X) generated by £
modulo /,(X).

4. The universal quasi-fibration of an RPT-complex. One knows that an asso-
ciative H-space A always has a principal quasi-fibration

DP4: E(4) —» B(4)

such that the total space E(A) is aspherical [1]. (Recall that such a principal
quasi-fibration is called universal.) This quasi-fibration is, however, not quite
appropriate to the needs of this study, since it is not possible in general to tell if
the restriction of a quasi-fibration to a subset of the base is also a quasi-fibration.
The aim of this section is to construct a universal quasi-fibration (for any RPT-
complex) which is more appropriate in that respect for the cases under consideration
here (see Corollary (4.5) below). The construction is based on the following
theorem.
Suppose A4 is an RPT-complex of any rank (see §1), and assume that

fiL-A
is a cellular map of some special complex L into A. By definition, let
MyX)=A4, and M|(X)=X=AUA XA XA,

where A’ = AU;TL(TL being the cone on L) and A X A’ X 4 is attached to 4
by the multiplication A X 4 X A — A. Clearly My(X) and M(X) are two-sided
A-complexes; and, if we put M,(X) =[M(X), M,(X)],, then the set

4.1) M (X) = (Mo(X), My(X), Mx(X); 1y, 4);
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where p, , are the natural maps, is a set of A-relations in the sense of §3. Suppose
M(X) is the RPT-complex generated by X modulo .#,(X). Assume now that
E(A) is a contractible right A-complex, and denote E(A)// A by B(A). Then

P4: E(4)~ B(4)

(p. being the natural projection) is a principal quasi-fibration according to Theo-
rem (2.2). We wish to imbed E(A4) in a contractible left M(X)-complex E(M) in
such a way that the action of M on E(M) extends the action of 4 on E(A4). Consider,
therefore, the right M-complex E(A4) x,M, and let

P E(4) x 4M — B(4)

be the quasi-fibration induced by the projection on the first factor. Observe that
we can extend f to a map

g L=S#L—EA) x M

which is equal to the natural map g, of TL into M < E(4) X 4M on the upper
cone and to a contraction of f£

g-:(TL,L)~ (E(4), 4),
on the lower cone. (S# L is the suspension of L.) Then
4.2) EM) = E(A) x,MU,TLx M,
where the attaching map,

B:LXM—-E(4)x, M,

is the map that takes (x,y) to g(x)y and is clearly a right M-complex, and the
natural projection,

pu:E(M)— B(M) = EM)//M
is a principal quasi-fibration for M. Observe also that
4.3 B(M) = B(4) Y, TL,
where 7 is the composition of g and p.

THEOREM (4.4). Suppose E(A) is a contractible right A-complex where A
is a given RPT-complex, and let M be the RPT-complex relative to A which is
determined by (4.1). Then the complex E(M) of (4.2) is a contractible right
M-complex which contains E(A) as a subcomplex, the imbedding being of a
right A-complex into a right M-complex. Moreover, in the induced diagram
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E(4) —————> E(M)

)l [

B(4) —— B\M) ,
the vertical maps are universal quasi-fibrations, and B(M) is obtained from
B(A) according to (4.3).
We need prove only that E(M) is contractible, which we shall do a bit later.

COROLLARY (4.5). Suppose A is an RPT-complex. Then there is a universal
quasi-fibration,
pa: E(4)— B(4).
Moreover, if N is an RPT-subcomplex of A, then E(A), B(A) and p, can be
constructed so that
py'(K) =E(N) xyA4,
where K is a subcomplex of B(A) and
(pa| EQVN):E(N) > K
is a universal quasi-fibration for N.
The corollary can be proved easily by expressing A as the ascending sequence
of RPT-complexes
HeHeccMe...,
where 24 = X, for some special complex (X, being the reduced product of
James), and 4 is obtained from *”'4 by adding one indecomposable cell to

k=14, in the same manner that the RPT-complex M(X) is obtained from 4
by adding the cone on L (see (4.1)). Now, by definition, let

E(CA)=2AUTX x 24,

where TX is the cone on X and TX x 24 is attached by %u| X X 24 (%« being
the multiplication in 24). It is easy to see that E(*4) is contractible; and, if we
make 24 act on the right on E(24), then E(*4) becomes a right >4-complex,
and

p:ECA) > ECA)||*A=BCA)=S#X

is a universal quasi-fibration for 24. Now, by Theorem (4.4), we can find an
ascending sequence
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E(4) c - cE(*4) = -

le lPk
B(A) = < B(A) < -,
where p, is a universal quasi-fibration for *4.

By definition, let
E(A) = lim E(*4), B(A) =lim B(*4), and p, =lim p,.
k k k

Then the map
P4t E(4) - B(4)

is a universal quasi-fibration for 4 (see (2.1) of [2]).

The fact that E(4) can be constructed so as to satisfy the second assertion
of the corollary can be shown by constructing E(N) first and then applying The-
orem (4.4) to a filtration of A by RPT-subcomplexes starting with N and such
that each RPT-subcomplex is obtained from the preceding one by adding one
indecomposable cell only.

Similarly one can construct a universal quasi-fibration on which A acts on
the left.

Proof of Theorem (4.4). As we mentioned above, we need prove only that
E(M) is contractible. So let P(B(M)) be the space of Moore paths based at the
0-cell 59, and let

q: P(B(M)) > B(M)

be the fibration that sends a path to its end-point. The fiber is the space of loops
Q(B(M)). Observe that Q(B(M)) is an associative H-space and that it acts on
the right on P(B(M)). We can find a homomorphism,

u: M - Q(B(M)),

which is a homotopy equivalence [3]. It is not hard to see that u can be extended
to a map

v: E(M)— P(B(M))

of an M-space into an Q(B(M))-space such that the induced diagram

E(M) ——— P(B(M))

b

B(M) —————> B(M)
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is commutative and the induced map ¢ is homotopic to the identity. This implies
that E(M) is contractible, which is what is to be proved.

REMARK (4.6). Given a simply-connected complex B, one can find an RPT-
complex 4 and a homomorphism ¢ of 4 into Q(B) which is a homotopy equiv-
alence. It is easy to see that

B~ B(A).

Thus the universal quasi-fibration represents the canonical fibration of the space
of paths over B.
Next we show that the principal quasi-fibrations

P:N->N//A
admits a classifying map, where N is a right A-complex. Let
pa-E(4)— B(4)
be a universal quasi-fibration on which A4 acts on the left, constructed as above.

Consider the commutative diagram,

N <L N B s W)

A
NjjA <P N %, E4) > B

where the vertical maps are the natural projections and the horizontal maps
are the projections on the factors and the maps induced by them.
Theorem (2.2)" implies that

B:N x,E(4)>N//A and
n:N x4 E(4) > B(4)

are quasi-fibrations with fibers E(A4) and N respectively. Since E(A) is contractible,
B has a homotopy-inverse, B~ ', say. Define

@7 x = B 'n: NJ/A— B(4)
to be the classifying map of the quasi-fibration
P:N->N//A.

5. Fibrations of complexes by subcomplexes. Let us say that a sequence

#F—sptsy

of special complexes and cellular maps is a fiber sequence, if and only if, # can
be imbedded in a homotopy-commutative diagram,
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F—5 I v

Lol

FI 1 ; Bl f E Y',

where the lower row is a Serre fibration and the vertical maps are all homotopy-
equivalences. F is the fiber, B the total space, and Y the base-space of #.

Consider now the following problem, which is essentially Problem 10 in
Massey’s list of 1955 [6]: suppose

i:F->B
is a map of special complexes. When is it possible to imbed i in a fiber sequence

FFtsp Iy
Is & unique?

Assume i is an imbedding, since there is no loss of generality in doing so. One
can see right away that the problem does not always have a solution. For example,
let F=S*", the 2n-sphere with n >0, B=S2"*1, the (2n + 1)-sphere, and let
i:S2"— §2"*1 be the natural imbedding. Since S2" cannot be an H-space, i cannot
be imbedded in a fiber sequence [10]. Note also that the injection of F in B plays
an important role. In fact, for some spaces F and B it may happen that one im-
bedding gives rise to a fiber sequence, while another does not. For example,
let B=TF X F, where TF is the cone on F. Then if we imbed F in B as the
second factor, the projection on the first factor defines a fiber sequence for which
F is the fiber; but if we imbed F as the base of the second factor TF, then the
resulting sequence is not a fiber sequence, for this would imply that F was an
H-space [10].

Moreover, the sequence

s rtyp Iy

in which i can be imbedded is not unique. For example, let F = S3, the 3-sphere,
and B = S7, the 7-sphere; and let i be the natural imbedding. Then there are
inequivalent multiplications {a}, on 53, which yield inequivalent fiber sequences

a:S3-> 87> 84

according to [5].

We shall give necessary and sufficient conditions for the problem to have a
solution, as well as a method, at least in theory, for obtaining all solutions when
B and F are simply connected special complexes and F is a subcomplex of B.
Denote the space of Moore paths based at b° by P(B) and by Q(B) the subspace
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of loops. Then, with the usual juxtaposition multiplication, P(B) is a right Q(B)-
space. Suppose

(5.1 u:4-Q(B)
is a homomorphism of some RPT-complex A into Q(B), which is a homotopy

equivalence [3]. Then, as we saw in §4, there is a commutative diagram,

A — E(4) 24 B
IC R
QB —> P(B) —4> B ,

where the upper row is the universal quasi-fibration for A4 and the lower row
is the canonical fibration which sends a path to its end-point and v is a map of

a right A-space into a right Q(B)-space. Moreover, u, v, and ¥ are all homotopy
equivalences. Now, let

U = p,'6"(F), and Q(B,F) =q"'(F).
Corollary (4.5) of §4 implies that the restriction of p, to U is a quasi-fibration,
and hence, comparing the homotopy groups, we conclude that

G2 (0] px 07 (F): U~ Q(B,F)

is a homotopy equivalence. (Recall that Q(B,F) is of the homotopy type of a
countable CW-complex [8].)

What kind of A-relations does U admit, when F is the fiber for some fiber
sequence in which the total space is B? The following theorem gives the answer.

THEOREM (5.3). Suppose that
f

F—sB—Isvy

is a fiber sequence such that B and F are simply connected special complexes
and F is a subcomplex imbedded by i in B. Assume also that A is the RPT-com-
plex representing Q(B) and U the right A-complex representing (B, F) as in
(5.1) and (5.2). Then there is a right invariant map,

¢:U->M,,

which is a homotopy equivalence, and, for every n 2 1, there is a set of A-relations
on M,,

‘//{n(Ml) = (MOs"',Mn;”p,qu),
such that
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@), #(M,) is a subset of M, (M,), for k<n, and
(b), there is a two-sided invariant deformation retraction,

kM, > M, k=2,-,n,
of M, onto M,_,.

The proof will be given in §7 below.
DEFINITION (5.4). Suppose that M, is a two-sided A-complex, A being an

RPT-complex. Then M, is said to admit a Q,-structure if and only if, there
is a set of A-relations on M,

e%n(MI) = (MOs"'aMn; ﬂp,qu)s

subject to condition (b), of Theorem (5.3).

Note that the necessary conditions of Theorem (5.3), which are satisfied if F
is the fiber of a fiber sequence for which B is the total space, are of two kinds.
First, U or, equivalently, Q(B, F) must be of the homotopy type of a two-sided
A-complex M ; and second, M, must admit a Q,-structure for all n =2, and
the Q,-structures must extend each other. We shall take up the discussion of
when M exists in another paper, confining our attention here to the implications
of a Q,structure. We shall see in effect that the existence of a Q,-structure is
a sufficient condition for the existence of sequences,

z:F——sp {58,

which are fiber sequences in a range which widens with n. The following con-
dition will be needed in most of what follows.

CoONDITION (5.5). Suppose B and F are simply connected special complexes
with F a subcomplex of B, and let A and U be the RPT-complex and the right
A-complex representing Q(B) and Q(B,F), as in (5.1) and (5.2). The condition
is that there be a two-sided A-complex M, and a right A-map

¢:U->M,

which is a homotopy equivalence.
Consider now the set of A-relations

(5'6) 'ﬂn(Ml)=(M05"°’Mn;”p,q9A)’

and denote by “M the RPT-complex relative to A which is generated by M,
modulo the subset #,(M,) of #,(M,). Put B, = B(*M), the base-space of the
universal quasi-fibration of “M (see §4). Then the imbedding of *~'M into*M
induces an imbedding

N:Bi—y = By.
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Thus we obtain an ascending sequence

B—-B;—:-—>B,
of special complexes. Let

Se=Mtgn:B—>By
and

Fy = Q(B,, B) = {ae P(B)| «(0) € B},

where P(B,) is the space of Moore paths « ending in b° (i.e., a(1) = b°). Suppose
that

ik:Fk—)B

is the natural map which sends a path to its initial point. Then

F, iy s B fi B,
Az ” , P
» .

F,—2, g 2, g,
A3 ” N3
4 4
A I M
y ) y

i
F, *s By B
is a commutative diagram in which the rows are fiber sequences, and 1; is the
natural imbedding of F;_, into F;.

THEOREM (5.7). Suppose that Condition (5.5) is satisfied. Assume that the
set of A-relations (5.6) defines a Q,-structure on M, the two-sided A-complex
of (5.5). Then, for k < n — 1, with the notation as in the preceding paragraph,
there are natural maps,

'yk:F—)Fk and Bk:Fk_)F’

for k=1,--- n, such that

@ B ~1, Ay~ Vir1»> and gi = iy, where g is a homotopy equivalence
of B; and
(b), the induced homomorphism

s nj(F )— ﬂj(F 3
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is an isomorphism for j < c(k + 1) + (k — 2), where (c — 1) is the connectivity
of F. (~ denotes homotopy.)

The proof is given in §9.

Thus the existence of a Q,-structure on M, implies that the pair (B, F) can be
‘‘approximated’’ by pairs (B, F,) with the property that F, is a fiber in a fiber
sequence in which B is the total space and F and F, agree in a range which in-
creases with n. Thus the existence of Q,-structures on Q(B,F) which extend
each other for all »n is a sufficient condition for the existence of a fiber sequence

F-B-X.

Note that if B is contractible, then the fibers F, are all of the homotopy type
of loopspaces [9], and, hence, F is increasingly getting like a loopspace. This
suggests that if B is contractible, our conditions are just Stasheff’s A4,-structures
[11]. In fact, this is the case. First we need prove that Condition (5.5) is satisfied.

(5.8). Suppose B is a contractible special complex and F is a simply connected
subcomplex, and let A and U be the RPT-complex and the right A-complex
representing Q(B) and Q(B,F), as in (5.1) and (5.2).

Then there is a right A-map,

$:U—->M,,
of U into a two-sided A-complex M, which is a homotopy equivalence.
In fact, let
M; =UUgAXU,
where the attaching map is the map
B:AXAVU->U

induced by the multiplication in 4. Then clearly M, is a two-sided 4-complex,
and the right 4-imbedding,

¢:U'—’M1a

is a homotopy equivalence.

Let us denote by A, the complex M, without the action of 4. (Recall that
an A,-structure in the sense of Stasheff is according to [3], just a Q,-structure
relative to {a°}, a° being the 0-cell of 4.)

THEOREM (5.9). Suppose that the assumptions of (5.8) are satisfied, and let
M, and M, be as above. Assume that

M) = (Mo, -+, M,; i, 0 {a°})
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is a set of {a®}-relations which defines an A,-structure on M, . Then there is a
set of A-relations

'ﬂn(Ml) = (MOa""Mu;ﬂp,q’A)

which defines a Q,-structure on M, and conversely. In either case, there is a
map

fn:'ﬁn(ﬂl) - ‘/”n(Ml)
which is a homotopy equivalence when restricted to M, .

We shall sketch the proof in the case n = 2 only, the general case being similar.
So suppose that

'/%2(M1) =(M0’M13M2;up,q’A)

is a set of A-relations which defines a Q,-structure on M, (see Definition (5.4)).
By definition, let

My={a’} and M, =M,
and let

y:[My, M, ] - [M, M ],
be the natural projection. Let

M2=M2 UY[MI’Ml] XI,

where I is the unit interval, the point (x,1) is identified with y(x)e M,, and
{a®} X I is identified with the basepoint a®. (#7, is just the mapping cylinder
of y with the segment through a° identified with a°.) Clearly the set

MAMy) = (Mo, My, M, ﬁp,q,{ao})

where i, , are the natural maps is a set of relations which defines an A,-structure
on M, and the natural map

Jor ol (M (8 ,) > Mo (M)

is a map which satisfies the requirements of the theorem.
The converse is similar. Suppose that

MAMy) = (MO’MI’MZ;ﬁp,qi{aO})
is a set of {a°}-relations which defines an A,-structure on #7;. By definition
My=A and M, = M,.
Suppose also that y is the natural map

y:[My, M ] [M;, M ],
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Then since A4 is contractible (B being so), we can easily check that the natural
map

Ml X.A_ll - Ml XAMI

is a homotopy equivalence. This implies that y is a homotopy equivalence by
comparing the homology groups. Hence

M, = [Ml’Ml:IAUyMZ’

where M, is attached to [M,;,M ], by 7, is of the homotopy type of M,, and
the two-sided A-complex

M, = M,UAXM,x A,
where A x M, x A is attached to ¥, by the map
AX[M],Ml]A XAUM’Z—?MZ,

is of the homotopy type of M,. To find an invariant two-sided deformation
retraction of M, onto M,, apply Lemma (7.1) of §7. Thus, with p, , being the
natural maps,

‘%Z(Ml) = (MO,MDMZ; ,'lp,q9A)

is a set of A-relations which defines a Q,-structure on M, .

Observe that the first part of the proof did not use the fact that B is contractible.
In fact, the same argument can show that any set of A-relations on a two-sided
A-complex M defines a set of A’-relations on M, . A’ being any RPT-subcomplex
of A,. The two sets are related but do not define the same RPT-complex.

6. Fibrations of the Hopf type defined by a Q,-structure. One of the attractive fea-
tures of the Hopf fibrations defined by an H-structure on a space is that they enable
one to reduce the property of the existence of an H-structure, which is essentially
an algebraic property, to the existence of fibrations and projective spaces defined
by them (see e.g., [9]). In fact, this has been one of the most productive tools
in the study of H-spaces. We shall see that the A-relations defining a Q,-structure
provide us with fibrations on the Hopf type. First we need introduce the concept
of smashed product and join in the category of A-spaces. Suppose M, is a two-
sided A-complex, and let 2M be the RPT-complex generated by M; modulo the
set of A-relations

MAMy) = (Mo, M (,[M, M 1451, A)
where p, , are the natural maps. Consider
[ ]:;(Ml) = [Ml’ "’aMl:IA’
the subcomplex of *M of index n. Then [ J4(M,) is a two-sided A-complex
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which includes [ T '(M,) as a two-sided A-subcomplex. By definition, the
n-fold smashed product of M,[| A relative to A is

(6.1) (AaM /] A) = [ TiM )] DI T (M) 4),

the special complex obtained from [ ]3(M,// A) by identifying the subcomplex
[ 15 '(M,/] A) with the basepoint. Note that if 4 = {a®}, where a° is a single
0-cell, then

(H)aM /[ A) = (#)'(M ),

the usual smashed product, since in this case M,//A = M. By definition, the
n-fold join of M || A relative to A is

(6.2) (2(M [] A) = "1 # (#)4(M /] 4),

where S"™! # (#)4(M /] A) is the usual smashed product of the (n—1)-sphere
and (#)3(M,// A). Again observe that if 4 = {a®}, then the join relative to {a°}
is just the usual join.

Suppose that M, is a two-sided A-complex, and let

‘/”n(Ml) = (M05 ""Mn;up,q’A)

be a set of relations which defines a Q,-structure on M, (see Definition (5.4)
above). Denote by M the RPT-complex generated by M, modulo the subset
MMy, k=2,---,n, and by B,, the basespace of the universal quasi-fibration
of *M (see §4). We have then the following theorem.

THEOREM (6.3). There is a commutative diagram,

M; —> (MiM,//4) —> B

I ’
v 4

l/ll nn—l
% y

M; —> (*)yM,//A) —> B,_;,

where the rows are fiber sequences, the maps n, are those induced by the imbed-
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dings ¥ 'M ->*M, and (*)X(M,/] A) is the k-fold join of M,/ A relative to A.
Moreover, M is contractible in (*}\(M*// A), for k=2, and (V)XM,// A) is
contractible in (*)*'(M,/] A), for k=1.

The proof will be given in §8 below. Note that if 4 = {a°}, then the preceding
fibrations are the usual Hopf fibrations associated with an A,-structure [11].
Suppose now that Condition (5.5) is satisfied, and assume

%n(Ml) = (Mos"'9Mn;ﬂp,qu)

is a set of A-relations which defines a Q,-structure on M,. Then Theorem (6.3)
implies that there is a ladder of fiber sequences

M, /[A=M,||AxM;[| A< =(*V(M,]] A)

L

B < B, coe o B,_,

with fiber M. Observe that, from the second stage on, M, is contractible in

the total space (*)4(M,//4), while (*)i(M,//A) is always contractible in
™t1(M,// A). This implies that

6.4 By ~ B,_, U T((*)%(M,// A)) U other cells,

where T((*)%(M,// A)) is the cone on (*)%(M,//A). The fact that ¢ (see (5.5))
is a right invariant map which is a homotopy equivalence implies that the induced
map

¢:U//A=F->M,/A

is also a homotopy equivalence. But what can we say about (*)%(M,//4), for
k = 27 A partial answer is given by the following proposition.

PROPOSITION (6.5). Suppose F is a suspension. Then there is a natural homo-
topy equivalence

wi(AM ] )~ E), k=1
PROOF. Suppose that
F=S#F,

where F is a special complex. Since F is a subcomplex of B, F_, is an RPT-sub-
complex of 4, the RPT-complex representing Q(B) as in (5.1) above. This means
that

U = E(F.) X7, 4,

where E(F,) is the universal quasi-fibration of F, (see Corollary (4.5)), and
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E(F)=F,UTFxF,

(see proof of Corollary (4.5)). Hence

U=AUTF
where the cone TF is attached by the imbedding on the base is a subcomplex
of U. Note that

U/A=U//A,
and hence U/4 and M,// A are of the same homotopy type. To finish the proof,
note that the imbedding of U induces a map,

t:(U/A) # (0] 4) > (M| A) #4(M,]] 4).

Since U is right invariant homotopy equivalent to M, (see Remark (7.2) of §7),
it follows that (U//A)#,(M,/|A) (defined by identifying the image of
UxAUA XM, in (U Xx,4M,)//] A with the basepoint) is homotopy-equivalent
to (M,/[ A) # 4(M,/[ 4). But

(U] 4) #4(M ] A) = (U] 4) # (M,/] 4),
since U= U U U X A4, the attaching map being the multiplication
AXA->AcT.

This is enough to prove that ¢ is a homotopy equivalence and, therefore, the
proposition when k = 2. The general case follows similarly by induction.
Rewriting (6.4), we get the following

6.4)’ B(*M) ~ B(*~*M) U T((*)%.F) U other cells,

when F is a suspension. How are the ‘‘other cells’” related to F and B? This
turns out to be a tractable problem. A complete description of how they are
formed out of F and B and how they are attached to B(*™'M) U T((*)F), as
well as some applications of these results, will be given in a future article. Here
we shall note only that, if B is contractible, then these extra cells do not change
the homotopy type of B(* M) U T((*)%F). To see this, apply Theorem (5.9)
of §5 to replace the given set of A-relations,

"”n(Ml) = (MO, "‘9Mn;aup,q,A)s
defining the Q,-structure on M; = Q(B,F) by a set
"”n(ﬂl) = (MO’ '"’Mn;ﬂp,q’{ao})

of relations which defines an A4,-structure on M; = M,. We also have a homo-
morphism
fi*->"™, k=1,.n,
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of the RPT-complex *A7 generated by A7, modulo «,(#,) into the RPT-com-
plex ¥M generated by M; modulo A(M,). Now we note that f; induces a map

Je: B(M)~ B("M)

and that Theorem (6.3) implies that £ is a homotopy equivalence, which is enough
to prove the assertion.

Thus, if B is contractible, B("M) is the projective space of F corresponding to
the A,-structure which is defined by the given Q,-structure, and conversely.

It is well known that F is an H-space if, and only if, F , =QS # F retracts onto
F (e.g., see [4]). This result was extended to A,-structures in [3]: F admits an
A,-structure if and only if, Q(P,(F)) can be retracted onto F, P,(F) being the
n-projective space of F. The following theorem gives a similar result for Q,-
structures.

THEOREM (6.5). Suppose M, is a two-sided A-complex, A being an RPT-
complex, and assume that M, admits a Q,structure defined by the set of
A-relations

‘%n(Ml) = (MO’""Mn;H'p,q’A)-

Then this Q,-structure can be extended to a Q,,-structure if there is a two-
sided invariant retraction,

.n
Tt M'—)Mn,

where "M is the RPT-complex generated by M, modulo /(M) and M, is
the subcomplex of "M of index n.

Conversely, if the given Qstructure can be extended to a Q. -structure,
then there is an invariant right retraction of "M onto M,,.

The fact that a Q,-structure can be extended to a Q, . -structure if r, ., exists
can be proved in the same way as Theorem (4.6) of [3], the only modification
being to replace ‘‘complex’ by ‘‘A-complex’’ and ‘“‘map’’ by “‘invariant map.”
To prove the converse, apply Theorem (6.3) to prove that

K, X M, and "M are of the same homotopy type,

(K being a special complex such that S# K = (#)4 1M,/ A)), and then ap-
ply Remark (7.2) of §7 to the mapping cylinder of the homotopy equivalence
to get the right invariant retraction. (Consider K, X M, as a right A-complex
by making 4 act on M,.)

7. Proof of Theorem (5.3). In general outline the proof resembles that of Theorem
(4.5) of [3], but some of the details are different. Suppose

F—tspJfoy
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is a fiber sequence of special complexes, where B and F are simply connected
and F is a subcomplex of B. Assume also that B is a suncomplex of Y. As in §5,
let

g:4-Q(B)

be a homomorphism of the RPT-complex A4 into Q(B), which is also a homo-
topy equivalence, and
g U->Q(B,F),

the map of an A-space into an Q(B)-space, which is a homotopy equivalence
(see (5.1) and (5.2)). Now, according to [3], there is an RPT-complex M, pos-
sibly of infinite rank, which contains 4 as a sub-H-complex, and a homomorphism,

n:M - QY),

which extends g and is a homotopy equivalence. Clearly M is a two-sided A-com-
plex.
By definition, let

M0=A and M1=Mo
Next, let
Mz = [Man]A-

Then the mapping
fiy: My — M,

which sends the point [X;,X,] to 7(x;,%;), where x;,x, €M, and y, the mul-
tiplication in M, is a two sided invariant retraction of M, onto M, . By defi-
nition, let

M2=M2Uﬂ1M2 X I

where I is the unit interval [0,1] and the attaching map f, is defined by the
equations

B,(x,0) = x, Ba(x,1) =fj,(x), for xe M,, and
Bi(x,t) = x, for (x,f)eM,; X I.
Now, if we make A4 act on M, according to the rule
a(x,t) = (ax,t) and
(x,t)a = (xa,t),

for all (x,f)e M, and ae A, then M, becomes a two-sided A-complex, and the

map
zhs: Mz""Mz’
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which sends the point (x,?) to (x,(1—s)t + s), is a two-sided invariant deforma-
tion retraction of M, onto M,. Hence the set

‘/IZ(MI) = (MO’M13M2;“p,q’A)a

where the complexes M; are defined above and p, , are the natural maps, is a set
of A-relations on M, which defines a Q,-structure on M, as desired (see Defi-
nition (5.4)).
Proceed by induction. Suppose that we have been able to define a set of A-re-
lations
‘%m—l(Ml) = (MO’ ""Mm—l;“p,q’A)

and a two-sided invariant mapping,
() ‘h:M;xI-M;, j=2,-,m—1,
which is a deformation retraction of M; onto M;_,, and a two-sided invariant
retraction
Gi) nj:M;»> My, j=2,---,m—1
such that
Y(p X Ng) = Mpiglpy> P420and p+q>m-—1,

y being the multiplication in M = M, . We wish to do the same thing for the case
m. Consider, therefore,

Mm = U [Mpan]Aa with pt+q=m,

the subcomplex of index m of the RPT-complex ™M generated by M, modulo
M ,,—1(M;). Since the mappings #; and y are two-sided invariant and associative,
the maps 7; induce together a two-sided invariant retraction,

ﬁm: Mm—')Ml’
such that
fim| My =1, With 1 Sk <m—1.

By definition, let
M,=M,0M,+1,

where I is the unit interval [0,1] and the attaching map B, is defined by the
equations

Bn(%,0) = x, Bul(x,1) = n,(x), for xe M,, and
Bul(x,t) = x, for (x,t)e M, x 1.
Now, if we make 4 act on M, by the rule
a(x,t) = (ax,t) and

(x,0)a = (xa,1),
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for all (x,t)e M,,, then M, becomes a two-sided A-complex. Define
N> Moy = M4
to be the map that takes (x,t) to #,(x). Clearly the set
M (M) = (Mo, -, M3 By g5 A)

where M, = M, for k <m, and fi, , are the natural maps, is a set of A-relations
which satisfies (i) of the induction hypothesis and which extends ,,_,(M,).
Thus, to finish the induction step, we need find a two-sided invariant map

"h:M, X I- M,

which deforms M,, onto M,,_;.
Note that the imbedding

‘))ZM -1—)Mm

is a homotopy equivalence, since each of the complexes is of the homotopy type
of M, =M,. Hence we need prove the following lemma only.

LemMA (7.1). Suppose N and N’ are two-sided A-complexes, and assume
that there is an imbedding

y:N->N'

which is a homotopy equivalence. Then there is a two-sided invariant deforma-
tion retraction

¢,:N'—> N’
of N’ onto N.

Proof. According to §1, there is an ascending sequence of two-sided A-com-

plexes,
N:Noc... CNkC"‘ CNI,

such that N’ = | Jx N, and, for each k> 1,
N,=Nudx N x4,
where N, is the subcomplex
Ny=N,_, U, D™

(D™ being the m,-disc attached to N,_; by some map f;) and the complex
A X N, x A is attached to N, by the map

A X Nk—l XAUNk—) k>

which is induced by the multiplication by 4. We shall construct the deformation
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¢, by induction on the two-sided A-subcomplexes N, . Now, since the imbedding
y of N into N’ is a homotopy equivalence, the attaching map

f1:(D™, 8"~ (N',N)

can be deformed relS™ !, into a map of D" into N. This deformation yields
a deformation retraction,

((I;;)l:]vl"’N',

of N, onto N which is extendable uniquely to a two-sided invariant deformation
retraction,

(¢)1:N—>N’,

of N, onto N. Suppose that, by induction, we have been able to find a two-sided
A-deformation retraction,

(¢t)m—1:Nm_' N'9
of N,, onto N. Consider the characteristic map
£:(D", 8™ > (N, Npy—y)-

Note that we have a deformation of S~ ! into N defined by (¢,),—;. By the
homotopy extension property of the pair (D™, S"™ 1), we get a deformation of
f, into a map

Ju: (D", 8™ 1) = (N',N).
But and N’ are of the same homotopy type. Thus we get a deformation,
(@m: Ny~ N,

of N, onto N which extends (¢,),,—;. Then ($,),,, can be extended uniquely to
a two-sided invariant deformation retraction,

(¢t)m: Nm - N’

of N,, onto N as desired.

REMARK (7.2). A similar argument proves that, if N and N’ are right (left)
A-complexes and y is a right (left) A-imbedding, then one can find a right (left)
invariant deformation retraction ¢, of N’ onto N.

8. Proof of Theorem (6.3). Suppose that M, is a two-sided A-complex which
admits a Q,-structure defined by the set of A-relations

‘/”n(Ml) = (MO, "',Mn; ”p,q)A)°
Denote the subset of #,(M,) in k—1 variables by
My (M) = (Mo, -+, My_y; iy 0 A).
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Suppose “~!M is the RPT-complex generated by #; modulo .#,_,(#,), and
consider the complex

(8.1), N =% IMUM,x,*'M,
where the complex M, x ,*"*M is attached to *"'M by the map
M, % M - * i

which is induced by the multiplication in *"*M. (Here M, =*"'M N M,, the
subcomplex of ¥*"*M of index k.) Now let "M act on *N on the right, thereby
making N a right *~*M-complex. Hence, by Theorem (2.2) of §2, the sequence

(8.2), FIM AN SN IM,

is a quasi-fibration and, hence, a fiber sequence. The fibrations of the Hopf type
are induced in the following way by (8.2). Denote by B,_, the base-space of the
universal quasi-fibration of *“!M (see (4.5) of §4). Then the sequence

(8.3), kN kN ey ks B,

is a fiber sequence, where g, is the classifying map of (8.2),. Observe that (8.3),
maps into (8.3),+; in a natural fashion. Thus we get the commutative ladder,

N —s N —>» - —> 'N
1N//0M s 2N//1M S e > nN//n—-lM
B —> B —> = — B,_,

where °M = A, the vertical sequences are fiber sequences, and the maps of the
lowest sequence are those induced by the homomorphisms “M —**!M . Thus, to
finish the proof of the theorem, we need prove the following two lemmas only.

LeMMA (8.4). The natural imbedding
M, -*N,

where M, is the kth complex of 4 (M,) and *N is the complex defined above,
is a homotopy equivalence.

LemMA (8.5). The complexes
NJ[“T'M and (%y(M]] A4)

are of the same homotopy type.
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Proof of Lemma (8.4). Recall that the RPT-complex “~'M is filtered by an
ascending sequence of two-sided A-complexes

k 1M)r U[ Mr—p]A
such that

[Mer—p]An U [_ q]A = p qa —r—-p]A

qa<p q<P

where M, is the subcomplex of *“'M of index i, i = 1 (see Corollary (3.7) of §3).
It can be easily checked that this implies that

k=2
(k_lM)r = [Mk,Mr—k]A U U1 [Mk—p’Mr—k+pJA9
p:

where
_ _ q—1 _ -1
[Mk-—q’Mr—k+q]A N UO [Mk-'p’Mr—k+p]A= LJO [Mk q9Mq p’M k+p]A'
p= p=

Therefore we can filter the complex “N by an ascending sequence of two-sided
A-subcomplexes,

(N)r_[MIv r— k]AU U [Mk -p> —k+p]A’ T>k

such that

([Mk’ r— k]A U k—p’Mr—k+p]A) r\[]‘Zk—qaA—Jr—k—q]zl

b&'ﬂ
'-‘s—-

= U Mk —q» q p9Mr—k+p]A

where M, is the subcomplex of *IM of index i. Observe now that M,_, is a
two-sided A-deformation retract of M,, and, for p=1, M,_,_, is a two-sided
A-deformation retract of #%,_,. Hence (“N), is made up of complexes each of
which is of the homotopy type of (*N),_;. One can show inductively, using the
Mayer-Vietoris sequences of the appropriate proper triads which correspond to
the decomposition of (“N), given above, that in constructing (*N),_, one attaches
two complexes of the homotopy type of (“N),_; along a subcomplex of the
homotopy type of (*N),_;. This establishes the lemma.

Proof of Lemma (8.5). If Q is a subcomplex of the special complex P, then
denote by P/Q the special complex obtained from P by identifying Q with the
base point. Observe that

(M| A)|(¥]] A) ="N/[* "' M.
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Hence it suffices to prove that

(8-6) (M| (7] A) and S*™" # (#Ya(M,/] 4)

are of the same homotopy type.
Proceed by induction. If k=1, then the assertion is trivially true. Suppose
we have been able to prove (8.6),,—;. To prove (8.6),,, write

[pa q, r] = ([Mp’ Mq’ Mr]A)//A’
similarly, write [p] for (#,)// A, and [p,q] for ([M,,M,])//A. Let us also put
[p] #alal #4[r] =[p.a."1[(p—1,9, ]V [p,a—1,r] U [p,q,r—1]).
Observe now that Corollary (3.7) of §3 implies that

m—1

[m]/[m—1] = L=J1 [m — p]#4[p]
where ’

[m—ql#40qa] 0 | [m— pl #4[p]1= U [m — a1 #4[a—p] #4lp]-

p<4q p<q

To finish the proof we need the following lemma.

LeMMA (8.7),,, The complex

m—2
LJ1 [m—p] #4lp]
o

is contractible,

Proof. Proceed by induction on m. If m =3, then the Lemma is true ob-
viously. Suppose (8.7),_, is true, with s < m. To prove (8.7),, argue by induction.
Note that [s — 1]#,[1]is contractible, since M,_, is a two-sided A-deformation
retract of M,_,. Suppose that we have been able to show that

Di[S —pl#4[p], r—1<s-2,
is contractible. Observe :l;at
U) b=l alel = L= 401 0 U s = p1 4000
and " ’
U=l 24l = [s=1 £l U - 2al2].

Next note that [s—r] #,[r] is contractible, since M, _ is a two-sided A-deforma-
tion retract of M,, for r =2,---,m < k. The complexes
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Di [s—p]#4[p] and ;L;jl [s—rl#4lr—p]#4lr]

are also contractible, the first by induction and the second because M,._, is a
two-sided deformation retract of M,, for 2 < r < m. Hence

U Is-rladel, rss—2,

is contractible. This establishes the induction step, and hence, Lemma (8.7).
Now we can go back to the proof of (8.6),. Note that

mgl [m—pl#4[p] = :L—jl [m—pl#a[p] V1] #4[m—1],
and

Utn—rl e ALt aln—11 = U [ #4m=p=1] 417]

= 'q[q #alm—1—q]#4[a].

The induction hypothesis implies that

;Dj [m—1-q]#,[q] = ((m—1]/[m-2]

~ ST (1
This proves (8.6),, and, hence, the lemma.

9. Proof of Theorem (5.7). Suppose B is a simply connected special complex
and F, a connected subcomplex. Assume that 4 and U are the RPT-complex
and right 4-complex representing Q(B) and Q(B, F), as in (5.1) and (5.2) of §5.
Recall that Condition (5.5) of §5 says that there is a two-sided A-complex M,
and a right invariant map,

¢: U - M 1>
which is a homotopy equivalence. Suppose that
'/ﬂn(Ml) = (MO’ B Mn;up,qu)

is a set of A-relations which defines a Q,-structure on M, (see Definition (5.4)),
and let

B 2_71_> 31 "2> n

v
&
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be the ascending sequence of complexes defined by the sequence of RPT-com-
plexes

A->'M—> ... "M,

where *M is the RPT-complex generated by M, modulo .#,(M,) and B, is the
base-space of the universal quasi-fibration of “M (see §4). As in §5, let

F, = {acP(By) ] «(0) e B},

where P(B,) is the space of Moore paths ending at the O-cell b°. Observe that
Q(By) acts on the left on F,. The first stage of the proof is just the replacement
of F, by an equivalent left A-complex. Now note that, according to §4, one can
find a left universal quasi-fibration,

pi:E'("M) - By,

such that E'(“M) is a subcomplex of E'(*M), the imbedding being a map of a
left ‘M-complex into a left “M-complex, k> j (°M = A, by definition). More-
over, there is a homomorphism u, of *M into Q(B,) which extends to a map,

u: E'("M) > P(P,),
of a left “M-complex into a left Q(B,)-space such that
M —— E'(*M) —p’:> B,
ool -
QB) —> P(BY _q;l) B,

is a commutative diagram. Here g is the map that sends a path to its initial point.
Observe that u; takes kM ox 4E'(4) into F, and, hence, induces the following
commutative diagram:

M ——> *M x E'(4)——> B
N .,
QB) —> F, —> B.
This implies the following assertion.
9.1) uy, is a homotopy equivalence.

Thus we can replace F, by the left “M-complex “M x ,E’(4). Consider now
the following diagram (see end of §4),
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MJA <SP g B ) —Ts B ey g

k

A A
o gt
MyJJA <2 M, x,E'(4) —s B &5

A A
T{ﬁk ¢k T= =
F=UJjd <2~ U x,E'(4) —> B L B,
5 -l

B <X E(4) x,E(A—>B £ B,

where the horizontal maps to the left of the B column are those induced by the
projections on the corresponding factors, while the rest of the horizontal maps
and all the vertical maps are those induced by the natural imbeddings, (see end
of §4). Note that the sequence

*M x 4E'(A) ey, g Sy B,

is a fiber sequence which is equivalent to the fiber sequence

Q(Bk,B)=Fk "—l'!‘—% B —_— Bk’

i, being the map that sends a path to its initial point. Observe also that the hori-
zontal maps pointing to the left are all quasi-fibrations with contractible fiber
E’(A) and hence are homotopy equivalences. Let p; ! be a homotopy-inverse for
Pr> and set, by definition,

Ve = Pr 15k$k~
Then y, takes F = U//A into F, = *M x ,E'(A), and
My~ Ve+1 and gi=dyy, = i)

(note that d, and i, become the same when *M x E’(A) and F, are identified),
where g is a homotopy equivalence of B and J, is the imbedding of “M X , E'(4)
into **'M x , E'(A) induced by the imbedding of “M into ***M (or, equivalently,
the imbedding of F, into F,,; induced by the imbedding f; of B into B,).

To finish the proof of the theorem, consider the injection

5k: Mk—)kM.

Denote by V the special complex S*7'# (#)5*' (M, /| A) (see §6). Then the
adjoint p,,,; of the fibration

P41 (*)k+l(M1 /| A)—> By
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of Theorem (6.3) induces a homomorphism
(pk+1)oo: Veo "—)kMS

where V,, is the reduced product complex of James. In the usual fashion, Theorem
(6.3) implies that the map

9.2 v: VX My—*M

which takes the point (x, ¥) t0 (F+ 1)(X)0(y) is a homotopy equivalence. Consider
now ¥V X M, a right A-complex by allowing 4 to act on the right factor. Observe
that » becomes a right invariant map, and, hence, by Remark (7.2), there is a right
A-map,

r*M -V, x M,

such that vr~1 and rv~ 1. Define
Bi: "M - M,

to be the composition of r and the projection on the second factor. It is a right
map and, hence, induces a map

B kM//A—’Mk//A

such that Sy, ~ 1.

This finishes the proof of part (a) of the theorem. Part (b) can be established as
follows.

If F~ M, /] A is (c — 1)-connected, then one can replace in a straight forward
fashion M, by a two-sided A-complex M, of the same homotopy type and such
that the cells of lowest dimension in M;//A are of dimension c. Hence
(*EFY(M, /] A) is of the homotopy type of (*)"'(#7,// A) (see Lemma (7.1) of
§7). But the cells of lowest dimension in (*);"* (¥, // A) have dimension (k + 1)c
+ k. Hence (*)5*' (M, // A) is ((k + 1)c + (k — 1))-connected, and V is ((k + 1)c
+ (k — 2))-connected. Therefore, the injection

8 My > M
induces an isomorphism
(0% nj(M i ﬂj(kM)’
if jS(k+ e+ (k—2).
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