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Recent ly  many new r e s u l t s  have been obtained on the loca l  topological  s t r u c t u r e  of complex  a lgebra ic  
se ts .  We ci te  some of them since they have some re la t ion  to the methods  of studying complex  sets ;  these 
methods  a r e  used  in this  a r t i c l e .  

In 1966 1~. B r i e s k o r n  s tudied manifo lds  which a rose  as  the in t e r sec t ion  of a hype r su r face  spec i f ied  
in C m by the equation z~l + . + z pm = 0 and the sphere  S2e m-1 cen t e r ed  at  the origin;  in pa r t i cu l a r ,  he 
showed that  the 28 manifolds"  "~k-t m 3 2 2 Z 2 = 0 ,  [ Z l l  2 + . . . + IZs I  2 = J ,  k = 1 ,  , 28 a re  28 Mi lner  z 1 + z 2 + z 3 + z 4 + . . .  
or  exotic s p h e r e s  (they a r e  all  homeomorphic  to the usual  s even-d imens iona l  sphere  but they a r e  pa i rwise  
not diffeomorphic) .  

J. Mi lner  showed in [1] how geomet r i c  methods  could be used  in the study of the local  topology of a l -  
gebra ic  sets :  the cons t ruc t ion  of vec to r  f ie lds  on the manifolds  being d i s cus sed  (where the vec tor  f ie lds  had 
spec ia l  p r o p e r t i e s )  and M o r s e  theory.  Milner  obtained seve ra l  impor tan t  new f ami l i e s  of s ingular  points 'on 
h y p e r s u r f a c e s .  Suppose f(z 1 . . . . .  Zm), f(0) = 0 is  a polynomial  on C m, Y = f-l(0); let  S e and D e be the 
sphere  and the bal l  in C m with rad ius  e and cen te r  the coordina te  or igin ,  with K = Y ~ S e. Mi lner  showed 
that  for  suff ic ient ly  sma l l  e the map q~ = f / I l l :  S ' e ~ K  --~ S 1 g ives  a loca l ly  t r i v i a l  f ibra t ion  over  the c i r c l e .  
Moreover ,  if ze ro  is  an i so l a t ed  s ingular  point of Y then K is a smooth manifold  and the f iber  F of the f i b r a -  
l ion ~p has the homotopy type of a bouquet of s phe r e s  S m-1. Mi lner  a lso  gave a fo rmula  which de t e r mines  
the number  ~ of sphe re s  in the bouquet. It i s  equal to the degree  of the map 

2 m - I  ~rr~-t 

grad ]/]lgrad ][1: S~ ~S t  �9 

The c h a r a c t e r i s t i c  map of the f ibra t ion  ~0 in the homology h . : H m _ l ( F )  --* Hm_I(F) is  ca l l ed  the local  
P i c a r d -  Lefshetz  monodromy.  Mi lner  showed that  th is  monodromy is an impor tan t  tool in the study of the 

topology of s ingu la r i t i e s .  

F. H i rzeb ruch  and K. Mayer ,  and P. Or l ik  and F. Wagreich have thoroughly inves t iga ted  the specia l  
c a s e s  of i so la ted  s ingu la r i t i e s  of h y p e r s u r f a c e s  Y where Y ~ { 0 }  admi ts  a na tura l  act ion of the m u l t i p l i c a -  

l ive group of nonzero  complex  numbers .  

t~. Br i e skorn  gave a desc r ip t ion  of the monodromy of an i so la ted  s ingula r i ty  of a hype r su r f ace  in a l -  
gebra ic  t e r m s  in the a r t i c l e  "Die Monodromie  der  I so l i e r t en  Singularitf i ten von Hyperflfichen," i . e . ,  he 
d e s c r i b e d  it in t e r m s  of cons t ruc t ions  in which the polynomial  f p layed  the pa r t  only of an a lgebra ic  object .  

On the o ther  hand H. Harem [2] g e n e r a l i z e d  the geomet r i c  methods p roposed  by Milner  and used  them 
to study the loca l  topological  s t ruc tu re  of a lgeb ra i c  se t s  given by more  than one equation. M i l n e r ' s  f o r -  
mula  for  t~ is extended to this  case  in [3]; a lgeb ra i c  e x p r e s s i o n s  for/~ were  obtained not long ago by 1~. 
B r i e s k o r n  and H. Gruel  as  well as  by the Vietnamese ma themat i c i an  Lieh Tung Trongom.  

In this  a r t i c l e  we inves t iga te  the s t ruc tu re  of complex se t s  in the neighborhood of noniso la ted  s ingular  
points .  We use g e o m e t r i c a l  methods  s i m i l a r  to those used  by Harem, and we prove  that the connect ivi ty  of 
the f iber  F of the Milner  f ib ra t ion  q~ depends,  when c o m p a r e d  with the case  of an i so la ted  s ingular i ty ,  on 
the dimension of the set  of s ingu la r  points .  When the methods of [3] a r e  used,  we can prove a fo rmula  
which g ives  the Eule r  c h a r a c t e r i s t i c  of the f ibe r  F as  the "degree"  of the na tu ra l ly  occur r ing  map of the 
in t e r sec t ion  of the a lgebra i c  se t  f r om the sphere  S s to a manifold  of f r a m e s  of spec ia l  fo rm in C m. 
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The r e s u l t s  of t h i s  a r t i c l e  can  be u s e d  to s tudy  the s t r u c t u r e  of a l g e b r a i c  s e t s  in g r e a t e r  de ta i l ,  if 
c e r t a i n  r e s t r i c t i o n s  a r e  i m p o s e d  on the s e t  of s i n g u l a r  po in t s .  In p a r t i c u l a r ,  if the  se t  of s i n g u l a r  po in t s  
i s  o n e - d i m e n s i o n a l ,  then the f o r m u l a  f o r  the E u l e r  c h a r a c t e r i s t i c  of the  f i b e r  F of the M i l n e r  f i b r a t i o n  can  
be ob ta ined ;  t h i s  f o r m u l a  i s  much  m o r e  conve n i e n t  f o r  a c t u a l  c a I c u l a t i o n s  than the f o r m u l a  of Sec t ion  3 b e -  
low.  These  r e s u l t s  wi l l  be  s e t  out  in de t a i l  be low.  

The a u t h o r  w i s h e s  to thank V. I. K u z ' m i n o v  fo r  the  t i m e  he spen t  on th i s  a r t i s t e .  

1 .  A L e m m a  o n  g r a d  h 1 a n d  g r a d  h 2 

In th i s  s e c t i o n  we p r o v e  s o m e  r e l a t i o n s  be tween  g r a d i e n t s  of func t ions  which  o c c u r  in the  s tudy  of a l -  
g e b r a i c  s e t s ;  they  a r e  n e e d e d  to c a r r y  out  a l l  the  c o n s t r u c t i o n s  which fo l low.  

Le t  Y ~0 be a r e a l  a l g e b r a i c  s e t  in R n, gl  . . . . .  gk g e n e r a t o r s  of the i dea l  I(Y), and  l e t  h 1 ->- 0 and 
h 2 _> 0 be nonnega t ive  p o l y n o m i a l  func t ions  on R n, hi(0) = h~(0) = 0. Then on s o m e  n e i g h b o r h o o d  of the  c o -  
o r d i n a t e  o r i g i n  and at  a l l  s i m p l e  po in t s  x of the  s e t  Y such tha t  hj(x) > 0, h2(x) > 0, the v e c t o r s  gradh~(x} 
and  g radhz (x )  do not  poin t  in e x a c t l y  o p p o s i t e  d i r e c t i o n s .  H e r e  v is  the  p r o j e c t i o n  of the  v e c t o r  v on the 
t angen t  s p a c e  to Y a t  the poin t  x. This  a s s e r t i o n  i s  e a s i l y  p r o v e d  from. the  Curve  Se lec t ion  L e m m a  (see 
below; a l s o  s ee  C o r o l l a r y  3.4 of [1], L e m m a  1 of  [4], and L e m m a  1.9 of t h i s  a r t i c l e ) .  

When Y has  an i s o l a t e d  s i n g u l a r  po in t  a t  the c o o r d i n a t e  o r ig in ,  one can  e a s i l y  p r o v e  f r o m  con t inu i ty  
a r g u m e n t s  tha t  the  s a m e  a s s e r t i o n  ho lds  fo r  x 6 G  w h e r e  G i s  so rae  n e i g h b o r h o o d  Y ' ~ { 0 }  in R n (see L e m m a  
3 of [41). 

The f u n d a m e n t a l  r e s u l t  of t h i s  s e c t i o n  i s  e m b o d i e d  in L e m m a s  1.5 and 1.6; t h e s e  show tha t  in the  g e n -  
e r a l  c a s e  in a n e i g h b o r h o o d  of the  s e t  Y"X {0} the v e c t o r s  g r a d h  1 and g r a d h  z do not  po in t  in e x a c t l y  oppos i t e  
d i r e c t i o n s .  

Le t  u s  now s t a t e  a l e m m a  on r e a l  a l g e b r a i c  s e t s ;  we shalI  u s e  t h i s  l e m m a  below.  

Le t  V ~ R n be a r e a l  a l g e b r a i c  s e t  and  l e t  U ~ R n be an open se t  de f ined  by a f in i te  n u m b e r  of p o l y -  
n o m i a l  i n e q u a l i t i e s :  

U={~sR"lg,(z) >o . . . . .  g,(x) >o}. 

LEMMA 1.1 (Curve Se l ec t i on  L e m m a ;  L e m m a  3.1 of [1]). If U n V c o n t a i n s  po in t s  a r b i t r a r i l y  
c l o s e  to the c o o r d i n a t e  o r i g i n  (i. e . ,  if 06U r/V), then t h e r e  i s  a r e a l  ana ly t i c  c u r v e  p :  [0, e) ~ R n such  
tha t  p(0) = 0 and p ( t )6U fl V f o r  a l l  t > 0. 

The fo l lowing  two l e m m a s  d e s c r i b e  the s t r u c t u r e  of r e a l  s e m i a l g e b r a i c  s e t s  in a n e i g h b o r h o o d  of a 
p r o p e r  a l g e b r a i c  subse t .  Le t  V be a r e a l  a l g e b r a i c  se t ,  gl  . . . . .  gk g e n e r a t o r s  of  I(V). P u t  ~0 = g~ + . . .  
+ g~ and l e t  Z T = {x l r  -< 7}, k 7 = {xko(x) = 7}, and  2;7 = {xkp(x) < "y}. 

Le t  Vj, j = 1 . . . . .  r be r e a l  a l g e b r a i c  s e t s ,  UI, 1 = 1 . . . . .  s open s e t s  de f ined  by p o l y n o m i a l  i n e q u a l -  
i t i e s .  

LEMMA 1.2. The ( r +  s +  1) s e t s  

( Z ~ \  V, v ~ n z , \  v, . . . , v ,  n z ~ \  v, v ,  n z , \  v, . . . .  u ~ n z , \  g) 

a r e  h o m e o m o r p h i e  to  the p r o d u c t  

(Z,, v, nz~ . . . . .  V, n2,, y,  nZ, . . . . .  (Ln~,,)N(0,~L 

if  T > 0 i s  s u f f i c i e n t l y  s m a l l .  

p r o o f .  The l e m m a  fo l lows  d i r e c t l y  f r o m  the g e n e r a l  t h e o r e m  on t o p o l o g i c a l  e q u i s i n g u l a r i t y  ( T h e o r e m  
6.5 of [5]). 

A g a i n  s u p p o s e ,  a s  we have  done above ,  tha t  Vj, j = 1 . . . . .  r a r e  r e a l  a l g e b r a i c  s e t s ,  Ul, : n  = 1 . . . . .  s 
open s e t s  de f ined  by p o l y n o m i a l  i n e q u a l i t i e s ,  and  l e t  0~U b l 1 . . . . .  s .  J u s t  a s  above,  l e t  S e d D e be 
the  s p h e r e  and  ba l l  of r a d i u s  e c e n t e r e d  a t  the  c o o r d i n a t e  o r i g i n .  

LEMMA 1.3 (Conical  S t r u c t u r e ;  cf. T h e o r e m  2.10 of [1] and  L e m m a  3.2 of [6]). If e > 0 i s  s u f f i -  
c i e n t l y  s m a l l ,  the (r + s + 1) s e t s  

(~,D~NV~ . . . . .  D~,,V~, DJlU,, ,D~NU.) 
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a r e  h o m e o m o r p h i c  to the  (r § s + 1) s e t s  

(D~, cone (S, flV,), . . . ,  cone (Sj lVr)  , cone (S, flU,) \ { 0 }  . . . .  

. . . .  cone (S, nV,)  ~ { 0 } ) .  

P r o o f .  This  fo l lows  d i ' r ec t ly  f r o m  L e m m a  1.2. 

The fo l lowing  l e m m a  p a r t i a l l y  g e n e r a l i z e s  the Curve  Se l ec t i on  L e m m a .  Le t  V, V 1 be r e a l  a l g e b r a i c  
s e t s  in R n, U an open se t  de f ined  by the p o l y n o m i a l  i n e q u a l i t i e s  gl  > 0 . . . . .  gl  > 0. Let  us  a s s u m e  tha t  

U N V I = ~ .  

LEM]VIA 1.4. Suppose  tha t  t h e r e  a r e  po in t s  x ~ V  1 a r b i t r a r i l y  c l o s e  to the c o o r d i n a t e  o r i g i n  which b e -  
long to the c l o s u r e  of U n V. Then t h e r e  i s  a t w o - d i m e n s i o n a l  a l g e b r a i c  s e t  V' = Y and a c u r v e  s which  i s  
a h a l f - r a y  a t  z e r o  of a o n e - d i m e n s i o n a l  a l g e b r a i c  s e t  W' = V ~ N V 1 such  tha t  

1) in s o m e  n e i g h b o r h o o d  of z e r o  s c o n s i s t s  whol ly  of po in t s  f r o m  the c l o s u r e  of U f~ V; 

2) t h e r e  i s  an e > 0 and  a n e i g h b o r h o o d  W of the  se t  s ~ { 0 )  in W fo r  which  D e n  W \ s  i s  d e c o m p o s e d  
into a f in i te  n u m b e r  of c o n n e c t e d  c o m p o n e n t s  W i such  tha t  s fl D e = ~r i, and at  l e a s t  one of t h e s e  c o m p o -  
nen t s  l i e s  whol ly  in U. 

P r o o f .  The p r o o f  of t h i s  l e m m a  i s  s i m i l a r  to tha t  of L e m m a  3 . 1 o f  [1]. F i r s t  we s h o w t h a t  if d im V >- 3 
then one can  f ind  a p r o p e r  a l g e b r a i c  s u b s e t  V 1 c=_ V such  that ,  jus t  a s  b e f o r e ,  t h e r e  a r e  po in t s  x ~ V  1 a r b i -  
t r a r i l y  c l o s e  to the c o o r d i n a t e  o r i g i n  and ly ing  in the  c l o s u r e  of U f3 V s. By the h y p o t h e s i s  on the b r e a k  in 
the  d e c r e a s i n g  cha in s ,  we can  ge t  a t w o - d i m e n s i o n a l  s e t  V' wi th  the s a m e  p r o p e r t y .  P u t  V ~' = V' n V s. 
Then on one of the h a l f - r a y s  of V ~' t h e r e  a r e  po in t s  xl~W n U a r b i t r a r i l y  c l o s e  to z e r o .  Denote  t h i s  h a l f -  
r a y  by s.  Then the Conica l  S t r u c t u r e  L e m m a  e a s i l y  y i e l d s  the r e s u l t  tha t  W has  the  r e q u i r e d  s t r u c t u r e  in 
a n e i g h b o r h o o d  of s. 

We sha l l  u se  the fo l lowing  a b b r e v i a t e d  no ta t ion  in what  fo l lows :  that  a c e r t a i n  l i n e a r  r e l a t i o n  ho lds  
be tween  the v e c t o r s  w I . . . . .  w k m o d v l ,  . . . .  v s m e a n s  tha t  t h i s  r e l a t i o n  ho lds  fo r  f o r m s  w 1 . . . . .  w k in the 
quo t i en t  s p a c e  f o r m e d  f r o m  R n ( r e s p e c t i v e l y  C m) by the s u b s p a c e  spa nne d  by the v e c t o r s  v~ . . . . .  Vs, o r ,  
wha t  i s  the  s a m e  thing,  f o r  the p r o j e c t i o n s  of the  v e c t o r s  w~ . . . . .  w k onto the s u b s p a c e  o r t hogona l  ( c o m -  

p l e x  o r thogona l )  to the  v e c t o r s  v 1 . . . . .  v s.  

Le t  0 ~ V  c y c y *  be r e a l  a l g e b r a i c  s e t s ,  gl  . . . . .  gs  g e n e / ' a t o r s  of the idea l  I(Y*),  gl,  �9 . . ,  gs ,  fl ,  

. . . .  f r  g e n e r a t o r s  of I(Y). P u t  r = f~ + . . .  + f2 r .  

Le t  h i and  h 2 be nonnega t tve  p o l y n o m i a l  func t ions  on R n where  the  h i IV have an i s o l a t e d  z e r o  at  z e r o ,  

i = 1 , 2 .  

LEMMA 1.5. T h e r e  i s  an e > 0 and a n e i g h b o r h o o d  G of the s e t  V ~ { 0 }  in Y* such  tha t  fo r  xt~D e f3 G 

~ Y ,  if f o r  s o m e  ill, /32, fl~ +/3~ > 0, 

~ grad h~ ( x ) + f~, grad h2 ( x ) =0 rood grad r (x), 

grad g ~ ( x ) , . . . ,  grad g,(x),  

then/31"/32 < 0. In o t h e r  w o r d s ,  f o r  x 6 D  e fl G ~ Y  the v e c t o r s  g r a d h l ( x )  and  g radh2(x)  do not  poin t  in e x a c t -  
ly  o p p o s i t e  d i r e c t i o n s  modgrad~o(x ) ,  g radg~(x )  . . . . .  g r a d g s ( x ) .  A s i m i l a r  a s s e r t i o n  ho lds  fo r  c o m p l e x  
a l g e b r a i c  s e t s  in C m.  

If f i s  a c o m p l e x - a n a l y t i c  funct ion  on C m,  put  g r a d f  = (a-U/ '~ . . . . .  0-F-/-~m). F o r  a r e a l  s m o o t h  

funct ion gv on C m,  put  

(OcP.+i OcP OcP +i : : : ) ,  where Zh=xh+iyh. 
grad r Ox~ Oy~ . . . . .  ~x,~ 

If p(t) i s  a smoo th  pa th  in C m,  then obv ious ly ,  

dl(p(t)_____~) =<_~,grad / (p( t )  ) ), dep(p(t) ) -- Re<~,gradq~(p(t) ) >. 
dt dt 

=(~--~ajbj~ i s  the  H e r m i t i a n  s c a l a r - o r - i n n e r  p r o d u c t .  M o r e o v e r ,  i t  i s  e a s y  to v e r i f y  tha t  f o r  the  H e r e  (a, b) 

c o m p l e x - a n a l y t i c  funct ion  f, g r a d f  = g r a d R e  f, and  if hi,  . .  , h l a r e  c o m p l e x - a n a l y t i c  func t ions  and  h = 
l J = i  

Ihj 12, then g r a d h ( z )  = 2 ~ h j ( z )  g r a d h j ( z ) .  
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Let  06V c Y ~.Y* be c o m p l e x  a lgeb ra i c  se t s ,  gj . . . . .  gs  g e n e r a t o r s  of the ideal ! (Y*L gl . . . . .  gs ,  
fl . . . . .  f r  g e n e r a t o r s  of  I(Y). A s s u m e  that  Y * \  Y is r e g u l a r .  

Put q~= ~ :  {fj{2 and let hl{ V and h2[ V have isolated zeros at the coordinate origin, where h i :  Z lh~ 12 

= and whe re  h and h k a r e  po lynomia l s  in the v a r i a b l e s  z 1 . . . . .  z m. 

LEMMA 1.6. There  is an e > 0 and a ne ighborhood  G of the se t  V " \ { 0 }  in Y* such that  f o r  z 6 D  e a G 
\ v ,  if 

~, grad h~(z)+~ gradh~(z) =0 rood grad qo(z), grad g~(z), . . . ,  grad g~(z), 

where /3 t ,  fi2l~R, fi~ + / ~  ~ 0, then f~-/~2 < 0. 

COROLLARY 1.7. At points  z e D  e 0 G \ Y  the v e c t o r s  g radh i ( z )  and gradq~(z) a r e  complex  l inea r ly  
independent  m o d g r a d g i ( z )  . . . . .  g r a d g s ( z ) ,  just  a s  a r e  the v e c t o r s  h2(z) and g r a d e ( z ) .  

P r o o f .  Using the Curve  Select ion L e m m a  We eas i ly  show that  at  points  z 6 Y * \ Y ,  suff ic ient ly  c lose  
to ze ro ,  grad~0(z) ~ 0 m o d g r a d g l ( z )  . . . . .  g radgs (Z) .  

T h e r e f o r e  in the r e l a t ion  

~, grad h, (z)+c grad q~(z)--0 rood grad g, (z) . . . . .  grad g~ (z) 

the coeff ic ient /~t ,  which can obvious ly  be taken to be rea l ,  m u s t  be d i f ferent  f r o m  ze ro .  

The p roo f  of L e m m a  1.6 witl  be given below. L e m m a  1.5 is p roved  in a comple te ly  ana logous  m a n -  
n e r .  

LEMMA 1.8. For points z 6Y*~ Y sufficiently close to the coordinate origin, if the following holds: 

~lgradh,(z)§ ) rood grad g,(z) . . . .  , grad g~(z), (17 

where  fit, fi26R, fil -> 0, fi2 -> 0, c 6 C ,  c ~ 0, then {argc[  _< ~/4. 

P r o o f  (by cont rad ic t ion) .  Le t  us  a s s u m e  that  the re  a r e  points  z e Y *  \ Y  suff ic ient ly  c lose  to the c o -  
ord ina te  o r ig in  such that  (1) holds  at  t hem where  fit >- 0, fi2 -> 0, c ~ 0 but l a rgc l  > w/4. 

Cons ide r  the se t  A of points  (z, c, /31, ~2) which a r e  such that  z 6 Y *  ~ Y ,  fil -> 0, fi2 >- 0, e ~ 0, {argci  
> •/4, and 

~, gradh~(z)+~2gradh~(z)=c grad~(z) rood grad g~(z) . . . .  , grad g~(z). (2) 

Since (2) m a y  be mul t ip l ied  by any posi t ive  number ,  our  a s sumpt ion  m e a n s  that  the point  (0, 0, 0, 0) 
C m �9 C $ R ~ be longs  to the c l o s u r e  of A. It fol lows f r o m  the Curve Select ion L e m m a  that  the re  is a r e a l -  

ana ly t ic  cu rve  p(t) in C m e C  ~ R  ~ such that  p(0) = (0, 0, 0, 0) and p(t)~A fo r  smal l  pos i t ive  t. In o ther  words ,  
t he re  is a r e a l - a n a l y t i c  cu rve  p(t) in C m such  that  p(0) = 0 and fo r  all smal l  pos i t ive  t, p ( t )6Y* \ Y, and 

~ (t) grad h,(p(t) ) +~2(t) grad h2(p(t) ) = c(t)grad~(p(t) ) rood grad g~ (p(t) ) . . . . .  grad g~(p(t) ), (3) 

where  fit(t) -> 0, ~2(t) >- 0, c(t) ~ 0, {argc(t)I  > ~/4,  and the coef f ic ien t s  p~(t), fi2(t), c(t) can be expanded in 
power  s e r i e s  in t in a ne ighborhood  of z e r o .  

Take the inner  p roduc t  of (3) with the v e c t o r  ~ = dp/dt .  We get  

~, (t) (!5, grad h~(p ( t) ) )+~z(t) (15, grad h2(p (t) ) ) =~(t) (15, grad q)(p (t) ) ), (4) 

s ince the path p(t) l i es  in Y*,  and thus the v e c t o r  ~ is comp lex  or thogonaI  to the v e c t o r s  gi(P(t)) . . . . .  g r a d  
�9 gs(P(t)). 

r 

Consider the series for (~, gradq0(p(t))) = ~ ij(p(t)) (~, gradfj(p(t))) = Zfj(p(t))dfj(p(t))/dt. If fj(p(t)) 
5=I  j ~  

ajt j  1 = i m l +  . . . .  t h e n m j  > 0 ,  s ince  

/j(p (0)) =0  and ~j(p (t)) d]j(p (t))/dt=m~'[ aj'{2t2%'-~+... 

Thus the first coefficient of the series for (~, grad~(p(t))} is a real positive number if the function ~p(p(t)) 
is not identically zero. The same holds true for the series for (~, gradht(p(t)) } and (~, gradh2(p(t)) }, 

By hypothesis, p(t)6Y*~Y for t < 0, i.e., ~0(p(t)) > 0 for small positive t, and therefore the first 
coefficient in the series for (~, gradq~(p(t))} must be strictly greater than zero. Since the series for c(t) 
must be nonzero by hypothesis, on the right side of (4) there is a nonzero series. 
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Since /31(t) ~ 0 and/32(t) -> 0, it fol lows that  the f i r s t  coef f ic ien t  in the s e r i e s  on the left  of (4) is a r ea l  
pos i t ive  number ;  this  impl ies ,  in turn ,  that  the f i r s t  coef f ic ien t  in the s e r i e s  fo r  c(t) m u s t  be s t r i c t ly  
g r e a t e r  than ze ro .  Thus la rgc( t ) l  --* 0 when t -* 0, which c o n t r a d i c t s  the a s sumpt ion  we made .  

LEMMA 1.9. F o r  points  z ~ Y *  suff ic ient ly  c lose  to the coord ina te  o r ig in  such that  hi(z) > 0, h2(z ) 
> 0, the v e c t o r s  g radh l ( z )  and gradh2(z)  cannot  point  in exac t ly  opposi te  d i r ec t ions  m o d g r a d g j ( z ) .  In o the r  
words ,  the r e l a t ion  

~grad h, (z)+~2grad h2 (z) =0  mod grad g, (z) . . . . .  grad g, (z), (5) 

where  ill, f12 ~R, fi~ +/322 > 0, impl i e s  that/31"/32 < 0. 

P r o o f .  Let  us  suppose  tha t  t he re  a r e  points  z ~ Y *  a r b i t r a r i l y  c lo se  to z e r o  fo r  which (5) holds  but 
/3t" ~2 >- 0. The Curve  Select ion L e m m a  impl i e s  tha t  t he re  is  a r e a l - a n a l y t i c  path p(t) such that  p(0) = 0, 
and that  f o r  sma l l  t > 0, p ( t ) ~ Y * ~ { 0 } ,  and 

~, (t)grad ha (p(t) ) +[12(t)grad h~(p(t) ) =0 rood grad g~ (p(t) ) . . . .  
(6) 

. . . .  grad g.(p(t) ), ~:(t)>~O, ~(t)>~0, ~,2(t)-t-~z~(t)>O. 

A r g u m e n t s  s i m i l a r  to those  given in the p roo f  of I . emma  1.8 show that  the coefficients/31(t)  and/32(t) can be 
a s s u m e d  to be funct ions  of t which a r e  ana ly t ic  at z e ro .  Take the inner  p roduc t  of (6) with ~. We get  

~,(t) (fg, grad h~ (p(t) ) )+[h(t) ([~,grad h2(p(t) ) )~0.  (7) 

However ,  f r o m  the a s s u m p t i o n s  we have made ,  f o r  smal l  t > 0 we get  hi(p(t)) > 0, h2(P(t)) > 0, /31(t ) _> 0, 
P2(t) >- 0, /3~(t) + fl2(t) > 0, and so the f i r s t  coef f ic ien t  on the left  of (7) m u s t  be s t r i c t ly  posi t ive.  

P r o o f  of L e m m a  1.6. This a l so  is  done by con t rad ic t ion .  Let  us  a s s u m e  that  fo r  the requ is i t e  e > 0 
the re  is no ne ighborhood  G. Then the re  a r e  points  in V a r b i t r a r i l y  c lo se  to the coo rd ina t e  or ig in  which a r e  
l imi t  points  fo r  the se t  D cons i s t i ng  of points  z ~ Y * ~ Y  at which, for/31, ~2~R, fi2 +/3~ > 0, /31.fi2 -> 0 

~, grad t~, (z) +[~2 grad h~(z) =0 rood grad g, (z) . . . . .  grad g,(z), grad ap(z). (8) 

It is  obvious  that  D = (D 1 N U) U (D 2 N U') U (D 3 N U').  Here  D1 is the a lgebra ic  se t  cons i s t ing  o f p o i n t s  z~Y* 
at  which, f o r  s o m e  fit, /32 ~R, (8) holds;  D 2 and D 3 a r e  a lgeb ra i c  subse t s  of D1, where  fit ( respectively/32) 
can be made  ze ro .  The se t  U' = C m ~ Y ,  U is a c l o s e d  subse t  cons i s t ing  of points  z~U'  fo r  which ire <grad 
�9 hi(z), gradh2(z)> < 0 (v is the p ro j ec t ion  of the v e c t o r  v on the subspace  c o m p l e x - o r t h o g o n a l  to the v e c t o r s  

g r a d  ~0 (z), g r a d g l ( z )  . . . . .  g radgs(Z)) .  

F r o m  the a s sumpt ion  we have made ,  the re  a r e  l imi t  points  a r b i t r a r i l y  c lo se  to the coord ina te  o r ig in  
in V fo r  at l eas t  one of the se t s  D 1 N U, D 2 N U ' ,  o r  D 3 N U',  and s ince  L e m m a  1.4 appl ies  to each  of these  
se t s  we get:  t h e r e  is a r e a l - a l g e b r a i c  two-d imens iona l  se t  V ~ and a cu rve  s which is a h a l f - r a y  at z e r o  fo r  
the o n e - d i m e n s i o n a l  set  V" = Y ~ N V, and these  a r e  such that  in some  ne ighborhood  of  ze ro  all the points  of 
s l ie in I) and fo r  some  ne ighborhood  W of the se t  s ~ { 0 }  in V ~ at l eas t  one of the connec ted  componen t s  of 
W \ s l i es  wholly in D. 

Choose an  ana ly t ic  p a r a m e t r i z a t i o n  s(t) of the c u r v e  s in a ne ighborhood  of ze ro ,  with s(0) = 0. Since 
the cu rve  s l i e s  in V, and s ince hll V and h21V have i so la t ed  z e r o s  at  the coord ina te  or igin ,  h~(s(t)) > 0 and 
h2(s(t)) > 0 fo r  sma l l  t > 0. Since hi(s(t)) and hE(S(t)) a re  analyt ic  funct ions  of t, which take z e r o  to ze ro ,  
it fo l lows that  dh l /d t  > 0 and dh2/dt > 0 fo r  smal l  t > 0, i . e . ,  both the funct ions  h i and h 2 i n c r e a s e  a long s 
fo r  some  ne ighborhood  of the coo rd ina t e  or ig in .  

Let  Zip = {Z~Y*lhi(z) --< p}, ~ i :  {z t?y . ih i (z )  : p } ,  i : 1 , 2 .  Pu t  N~ = V' N.~ip, i =  1, 2. It is obvious  
that  Z~, fo r  suff ic ient ly  sma l l  p > ~, i n t e r s e c t s  the cu rve  s in the unique point  x~, i = 1, 2. 

Now choose  .W k as  one of the componen t s  of  W \ s which l ie wholly in D, and denote by a~ that  ha l f -  
t which l ies  in Wk, i = 1, 2. r ay  of the cu rve  Zp 

LEMMA 1.10. At l eas t  one of the two following poss ib i l i t i e s  holds:  e i t he r  t he re  a r e  a r b i t r a r i l y  smal l  
6 > 0 f o r  which the func t ionh  2 d e c r e a s e s  (not n e c e s s a r i l y  s t r i c t l y  monotonica l ly)  along the cu rve  a~ in some  
ne ighborhood  of  x}, o r  the re  a r e  a r b i t r a r i l y  smal l  6' > 0 f o r  which the funct ion h 1 d e c r e a s e s  (not n e c e s -  
s a r i l y  s t r i c t l y  monotonica l ly)  a long the cu rve  cry, in some  ne ighborhood  of x}, .  

P r o o f .  A s s u m e ,  fo r  example ,  that  f o r  e v e r y  suff ic ient ly  smal l  6 > 0 the funct ion h 2 is s t r i c t l y  in-  
c r e a s i n g  along the c u r v e  a} in s o m e  ne ighborhood  of x~. Since the c u r v e s  a~ admi t  analyt ic  p a r a m e t r i z a t i o n  
and h 2 is  a po lynomia l ,  this  is the unique a l t e rna t ive  to the f i r s t  of the poss ib i l i t i e s  l i s t ed  in the l e m m a .  
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Now fix a suff ic ient ly  smal l  6 > 0 and we shal l  now show that  t he re  a r e  points  x~, a r b i t r a r i l y  c lose  to 
x} such that  the funct ion h i is  s t r i c t ly  d e c r e a s i n g  along ~}, in some  ne ighborhood  of x~,. 

Choose a r e a l - a n a l y t i c  change of c o o r d i n a t e s  on a ne ighborhood  of x~ such that  in the new coo rd in a t e s  
Yt, . . . .  Yzm-i, Y2m the cu rve  s is spec i f ied  by equat ions  Yl = 0 . . . . .  Y2m-t = 0 in a ne ighborhood  of x~ while 
the funct ion h i equa ls  Y2m- This change  of c o o r d i n a t e s  is poss ib le  s ince  it has  been shown that  the deriva- .  
l ive of h i a long the c u r v e  s is g r e a t e r  than z e r o  at  the point  x~. 

Let  us  define the funct ion r in a ne ighborhood  of x~ by the equation:  

*(Yl, �9 �9 y2~) =h2 (yt . . . . .  y~,,)-h~(0, 0 . . . . .  0, y ~ ) .  

It is obvious  that  r s ~- 0. On the o the r  hand, by a s sumpt ion  r > 0 fo r  points  y~a~  suff ic ient ly  c lose  to 
x~. T h e r e f o r e  r is not  ident ica l ly  z e r o  on V ~. (More p r e c i s e l y ,  this  is t rue  on the ana ly t i ca l ly  i r r educ ib l e  
componen t  of V ~ in a ne ighborhood  of x~ which conta ins  W k. ) T h e r e f o r e  ~, n r is  a r e a l - a n a l y t i c  cu rve ,  
one of whose componen t s  is s. It is obvious  that  s i n t e r s e c t s  the r e m a i n i n g  componen t s  of the cu rve  V ~ 
N C-t(0) on a z e r o - d i m e n s i o n a l  ana ly t ic  se t  cons i s t ing  of i so la ted  points .  T h e r e f o r e  at  each  point  x~, dis-- 
t inct  f r o m  x~ and suff ic ient ly  c lose  to it t he re  is a ne ighborhood  U in the se t  V' in which the re  is no point  
of S-t(0) except  the po in t s  of s. Now fix the point  x~,. The funct ion r is  n o n z e r o  on the se t  U fi W k, which 
can  be a s s u m e d  connec ted .  

By the hypo thes i s  we have made ,  r > 0 fo r  points  x lying on the cu rve  cry,, which s t a r t s  at the point  
x~, and goes  suf f ic ient ly  c lose  to x~,.  T h e r e f o r e  r nW k > 0. 

2 ~ 5'. Let the point y = ~1 ..... Y2m)~a6, i~ U. Then h2(Y ) = h2(x ,) = On the other hand, hi(y} = Y2m 
= ht(y'), where y' = (0, 0 ..... 0, Y2m}. Since r > 0, h2(Y) > h2(Y'), we get h2(x~,) > h2(Y'). But, as has 
been remarked earlier, the functions h I and h2 increase along the curve s in the same direction. There- 

2 ~ �9 2 . . . . . . . .  
fore, ht(xs,) > ht(y ) = hi(y). Since the curve ~5' admlts an analytm parametrlzatmn, this last mequahty 
gives: hi(y ) < h1(x~, ) for all points y6(~, sufficiently close to x~,, and this implies that the function h i de- 
creases strictly along the curve e~, in some smaller neighborhood of x~,. 

Suppose, for example, that the first of the possibilities listed in Lemma i.i0 holds. Fix 5 > 0 with 
the required properties, and choose an analytic parametrization p(t) of the curve a~ such that p(0) = x~. 
Since o~ ~ W k ~ D, the following holds for small t > 0: 

~,(t) grad h,(p(t))+~2(t) grad h~(p(t) )=c(t) grad ~(p(t) ) 
(9) 

rood grad g,(p(t))  . . . . .  grad g,(p(t)) .  

M o r e o v e r  fil(t).fi2(t) _> 0, s ince  we m a y  a s s u m e  that  fit(t) -- 0, fi2(t) _> 0, and fl~(t) + fl~(t) > 0~ So once again,  
just  as  in the p roo f  of L e m m a  1.8, we can a s s u m e  that  fl~(t), fi2(t), and e(t) can be expanded  as  power  s e -  
r i e s  in t in a ne ighborhood  of ze ro .  

Since x ~ s  ~ V, we have ht(x~) > 0 and h2(x~) > 0. T h e r e f o r e  hl(p(t)) and h2(p(t) ) a r e  g r e a t e r  than 
z e r o  fo r  smal l  t. L e m m a  1.9 now impl i e s  tha t  c (t) ~ 0 f o r  smal l  t. 

Now take the inner  p roduc t  of (9) with ~. We get:  

~, (t) (p, grad h, (p(t) ) }+~2(t) (1~, grad h2(p(t) ) )= ~(t) (~  grad cp(p(t) ) ). (10) 

F r o m  p(0)~s  ~ V ~ Y we get  f(p(0)} = 0, and s ince  p( t )~Y* \ Y  fo r  sma l l  t > 0 we get,  just  a s  we did. 
above,  that  the f i r s t  coef f ic ien t  of the s e r i e s  f o r  (~, g r a d  ~(p(t))) is  a pos i t ive  rea l  number .  F u r t h e r ,  

Re (/~, grad h~)=dh,/dt, Re(~, grad h2)=dh2/dt. 

But hi(p(t)) - 5, and h2(P(t)) d e c r e a s e s  fo r  smal l  t. The re fo re  R e a  1 = 0, R e a  2 _ 0, where  a t and a 2 a r e  
the f i r s t  coef f ic ien t s ,  r e spec t i ve ly ,  in the s e r i e s  fo r  (~, gradh~)  and (~), gradh2) .  Since fit(t) _ 0 and fl2(t) 
_> 0, it fo l lows f r o m  this  that  Re a 3 -< 0, where  a 3 is the f i r s t  coef f ic ien t  in the s e r i e s  fo r  the left  s ide of 
(10); in turn ,  ~his impl i e s  that  Re c ~ 0, where  c is the f i r s t  coef f ic ien t  in the s e r i e s  f o r  c(t). Thus 
la rgc( t ) l  > ~r/4 f o r  suff ic ient ly  smal l  t. But s ince  5 can be chosen  a r b i t r a r i l y  smal l ,  we can a s s u m e  that  
the point  x~ and t h e r e f o r e  the point  p(t) fo r  sma l l  t l ie in any a p r i o r i  a s s i g n e d  ne ighborhood  of the c o o r -  
dinate or ig in .  But then the inequal i ty  la rgc( t ) i  > ~r/4 c o n t r a d i c t s  L e m m a  1.8. Hence L e m m a  1.6 is p roved .  

2 .  A T h e o r e m  o n  t h e  C o n n e c t i v i t y  o f  t h e  F i b e r  

F i r s t  of all we make  p r e c i s e  the c o n c e p t s  of " a  nons ingu la r  man i fo ld  c lose  to Y, and the i n t e r s ec t i on  
of V with a sphere  of " suf f ic ien t ly  sma l l  r ad ius ; "  these  will be f r equen t ly  u s e d  below. 
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Suppose we a r e  given a complex  a lgebra ic  mani fo ld  V ~z 0 o r  the pa i r  Y* ~ Y ~ z 0 of complex  a lgebra ic  
man i fo lds  in C m.  

Let  I(V) be g e n e r a t e d  by the po lynomia l s  r 1 . . . . .  r k, I(Y*) be g e n e r a t e d  by the po lynomia l s  gl . . . . .  
gs ,  and I(Y) be g e n e r a t e d  by the po lynomia l s  gl . . . . .  gs ,  f. 

F o r  V we shal l  a s s u m e  that  the point  z 0 is e i t he r  an i so la t ed  s ingu la r  point  o r  a s imple  point  of this  
set;  fo r  the p a i r  Y ~ Y* we shal l  a s s u m e  that  Y * \ Y  is r e g u l a r  in a ne ighborhood  of z 0. 

Suppose,  a s  in Section 1, tha t  ~ Ih]l 2, h 2 = ~ Ih~l 2, hi(z0) -- h2(z0)= 0, and that  z 0 is an i so la ted  z e r o  

of the funct ions  h i IV o r  h i IY f o r  i = 1, 2. Let  u s  define, just  a s  we did above,  

Z~={z~Y*lhi(z) <<.e}, ~,~={zEY*]h,(z)=e}, 

2~'={z~Y*lh,(~)<e}, i= t ,  2. 

C o r o l l a r y  2.8 of  [1 ] p r o v e s  tha t  fo r  suff ic ient ly  smal l  e, Zie i n t e r s e c t s  V t r a n s v e r s e l y  along a smooth  m a n i -  
f o l d X i  e, i =  1, 2. 

i '  F o r  p a i r s  Y ~ Y* we define a smoo th  man i fo ld  X e,  i = 1, 2 with boundary ,  as  follows: fix an e > 0 
suff ic ient ly  smal l  (small  enough that  C o r o l l a r y  2.8 Of [1.] impl i e s  that  Y * \ Y  i n t e r s e c t s  ~ i  t r a n s v e r s e l y  along 

t 1 = y ,  a smooth  manifo ld ,  i = 1, 2) and c o n s i d e r  Xe5 = Y5 fi Ze, where  Y5 fi f-1(6). Once again  Coro l l a ry  2.8 
of [1] impl i e s  that  f o r  suff ic ient ly  smal l  5 x 0, Y5 is a smooth  mani fo ld  in a ne ighborhood  of z 0. C o r o l l a r y  

~ 1.7 now impl i e s  that  if 6 is suff ic ient ly  smal l  then at points  z 6 Y  5 fi Z e the v e c t o r s  g radh i (z )  and g rad f ( z )  
= (1/2f(z))gradif(z)]  2 a r e  complex  l i nea r ly  independent  m o d g r a d g l ( z )  . . . . .  g r a d g s ( z ) ,  and t h e r e f o r e  Y6 and 

t Zi e i n t e r s e c t  t r a n s v e r s e l y ,  i = 1, 2. ~ h e r e f o r e  Xe5 is a smoo th  man i fo ld  with boundary .  

It is  e a s y  to show that  f o r  suff ic ient ly  smal l  51 ~ 0 and 52 x 0 the mani fo lds  Xie5 and xie5 a re  dif-  
f eomorph ic ;  t h e r e f o r e  the man i fo ld  Xie5 will s imply  be denoted by X~, i = 1, 2 f o r  s~If~iciently 2mall  5. 

LEMMA 2.1. Let  e 1 and e 2 be suff ic ient ly  smal l .  Then 

1) the man i fo lds  Zlel and X2e2 a r e  d i f feomorphic ;  
1T 2 v 

2) the mani fo lds  with boundary  Xel and Xe2 a r e  d i f feomorphic .  

P roo f �9  1) L e m m a  1.9 impl i e s  that  fo r  z 6 V  suff ic ient ly  c lose  to z0, the v e c t o r s  g radh l ( z )  and gradhx  
�9 (z) do not point  in exac t ly  oppos i te  d i r ec t ions  m o d g r a d r l ( z )  . . . . .  g r a d r k ( z ) .  The re fo re ,  if we use  the c o n -  
s t ruc t ion  of  L e m m a  11.3 of [1] we can  c o n s t r u c t  a tangent  v e c t o r  f ie ld  co on a ne ighborhood  of z 0 in V, and 
along the t r a j e c t o r i e s  of th i s . f i e ld  the func t ions  h l a n d  h 2 both i n c r e a s e .  Thus the t r a j e c t o r i e s  of w i n t e r -  
s e c t  the mani fo lds  Xlel and ~22 at a s ingle point  in each ,  and so we can e s t ab l i sh  the r e q u i r e d  d i f f e o m o r -  
ph i sm.  

o 2 ~ 11 
2) Choose e 3 < e 1 such that  Z~ n Y ~ Z 2 . We now prove  that  Xe2 is d i f feomorphic  to Xe3. The di f -  

v ~ ~3 ~2 
f e o m o r p h i s m  between XV 1 and XV 3 is  e s t ab l i shed  in a s i m i l a r  way. 

L e m m a  1.6 impl ies  that  we can find a ne ighborhood  G of the se t  Y ~ { z o }  in Y* such that  f o r  z E G ~ Y  
suff ic ient ly  c lo se  to z 0 the v e c t o r s  g r adh l ( z )  and gradh2(z)  do not point  in exac t ly  opposi te  d i r ec t ions  rood 
�9 g r a d g  l(z) . . . . .  g r a d g  s (z), g r a d f ( z )  = (1/2f(z)) g r a d  If(z)l 2. 

Choose 5 ~ 0 so sma l l  tha t  Y~ fi ~Z 2 \ Z~ ~ ~ G Then in Y~ the re  is  a tangent  f ie ld  ca on a n e i g h b o r -  
o o 0 ~ F_, o 3" " . o . . . .  

hood of Y5 n ( Z 2 \  Z ~ )  such that  the funct ions  h 1 and h 2 m c r e a s e  along the t r a j e c t o r m s  of this  fmld.  Jus t  
a s  above,  the traLjecto~ies of the f ie ld  w i n t e r s e c t  both axe35 = Y6 n Z~3 and 0X225 = Y5 N Z~e2 t r a n s v e r s e l y  

in a s ingle point  in each .  It is  e a s y  to c o n s t r u c t  a d i f f e o m o r p h i s m  of the m a n i f o l d s  X 2 2 ( ~  Xe36~ and Xe351 

2 and i • [0, 1] with the help of these  t r a j e c t o r i e s .  It obvious ly  fo l lows f r o m  this  that  the mani fo lds  Xe25 Xe36 

a r e  d i f feomorph ic .  But 5 can  be chosen  so sma l l  tha t  X l 1' 2 e.~5 is d i f feomorphic  to Xe3 and Xe25 is d i f f e o m o r -  

phie to  X~2. 

In what  now fol lows,  all  the man i fo lds  d e s c r i b e d  above will be denoted  s imply  as  X and X' ,  o r  XZo, 
Xzo if it b e c o m e s  n e c e s s a r y  to e m p h a s i z e  that  all the c o n s t r u c t i o n s  a r e  c a r r i e d  out on a ne ighborhood  of 
the point  z o. The man i fo ld  ob ta ined  fo r  the c a s e  h(z) = IIz - zoll 2 will be taken as  the s t a n d a r d  model .  

R e m a r k .  Suppose V has  an i so la t ed  s ingu la r  point  at z e r o  and is  a comple te  in t e r sec t ion ,  i . e . ,  g e n -  
e r a t o r s  r~ . . . . .  r k can be chosen  f o r  the ideal  I(V) such that  V = m - k .  Then the cons t ruc t i on  c a r r i e d  out 
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above  c o r r e c t l y  d e f i n e s  a s m o o t h  m a n i f o l d  wi th  b o u n d a r y  X ' ,  X' = Z a N r~ ' l (Si)  • . . .  N rk l{6k) ,  w h e r e  6i .  
. . . .  6 k a r e  s u f f i c i e n t l y  s m a l l  c o m p l e x  n u m b e r s ,  not  a l l  z e r o .  

Suppose ,  j u s t  a s  b e f o r e ,  f i let  Y* and  Y, 0EY ~ Y*,  a r e  c o m p l e x  a l g e b r a i c  s e t s ,  w h e r e  gl  . . . . .  g s  
a r e  g e n e r a t o r s  of t he  i d e a l  ICY*), wh i l e  ICY) i s  g e n e r a t e d  by gl  . . . . .  g s ,  f. We s h a l l  a s s u m e  f r o m  now o;~ 
tha t  a l l  the  s i n g u l a r  p o i n t s  of Y* a r e  c o n t a i n e d  in a n e i g h b o r h o o d  of the  c o o r d i n a t e  o r i g i n  in Y, Le~ ~ Y*~\Y 
i s  r e g u l a r  in  a n e i g h b o r h o o d  of  z e r o .  

Le t  ~ *  = Y* N Se, Z = Y fl S e. The Conica l  S t r u c t u r e  L e m m a  i m p l i e s  tha t  the  a l g e b r a i c  s e t s  ~* and 
a r e  i ndependen t  (up to h o m e o m o r p h i s m )  of the  cho i ce  of the  s u f f i c i e n t l y  s m a l l  n u m b e r  e and  tha t  ~ * \  

i s  a s m o o t h  m a n i f o l d  f o r  a l l  s u f f i c i e n t l y  s m a l l  e. 

L e m m a  1.6 of [2] i m p l i e s  tha t  the M i l n e r  f i b r a t i o n  c o n s t r n c t i o n  ( T h e o r e m  4.8 of [1]) c a r r i e s  o v e r  to 
t h i s  c a s e ,  i . e .  ~ the  m a p  ~ :  ~ * \  ~ -* S l, ~(z)  = f (z) / ] f (z) l  de f i ne s  a s m o o t h  f i b r a t i o n  of Z*  \ Z o v e r  the c i r -  
c l e .  M o r e o v e r ,  the  f i b e r  F e (more  s i m p l y  F)  of the  f i b r a t i o n  r i s  d i f f e o m o r p h i c  to the i n t e r i o r  of the m a n i -  
fo ld  X' de f ined  above .  

We sha l l  a s s u m e  f r o m  now on tha t  a l l  i r r e d u c i b l e  c o m p o n e n t s  of Y*,  a s  wel l  a s  a l l  the  i r r e d u c i b l e  
c o m p o n e n t s  of Y, have  the s a m e  d i m e n s i o n ,  with n = d im Y = d im Y * -  1. L e m m a  2.2 of [2] p r o v e s  tha t  in 
t h i s  c a s e  e a c h  s i n g u l a r  po in t  in a n e i g h b o r h o o d  of z e r o  in Y* i s  a l s o  a s i n g u l a r  po in t  of  Y. 

L e m m a  1.7 of [2] s t a t e s  tha t  the f i b e r  F of the  f i b r a t i o n  ~0 h a s  the  homotopy  type  of a f in i t e  C W - c o m -  
p l ex  of d i m e n s i o n  n when Y* and  Y a r e  c o m p l e t e  i n t e r s e c t i o n s ,  i . e . ,  n = m - s -  1; and,  m o r e o v e r ,  when 
Y* and  Y have  an i s o l a t e d  s i n g u l a r  po in t  a t  z e r o ,  the  f i b e r  F h a s  the  homotopy  type  of a bouquet  of s p h e r e s  
S n. (This  i s  e q u i v a l e n t  to the  f i b e r  be ing  ( n -  1 ) - c onne c t e d .  ) 

The f u n d a m e n t a l  r e s u l t  of the s e c t i o n  i s  T h e o r e m  2.2, which  s t r e n g t h e n s  the  p r e v i o u s  a s s e r t i o n .  

Le t  V be the  s e t  of s i n g u l a r  p o i n t s  of Y. Le t  d be the  m a x i m a l  d i m e n s i o n  d i m o V  of the  i r r e d u c i b l e  
c o m p o n e n t s  of V a t  z e r o .  

THEOREM 2.2. Le t  Y* and  Y be c o m p l e t e  i n t e r s e c t i o n s .  ' then  the f i b e r  F of the  f i b r a t i o n  ~? i s  
(n - d - 1 ) - c o n n e c t e d .  

In f ac t  we p r o v e  the  fo l lowing  s o m e w h a t  m o r e  p r e c i s e  a s s e r t i o n .  

LEMMA 2.3. The f i b e r  F of the  f i b r a t i o n  ~ i s  ( I n -  s - d -  2 ) - c o n n e c t e d .  

COROLLARY 2.4. The m a n i f o l d  ~X' = ~.* N f - i (5) ,  w h e r e  6 ~ 0 i s  su f f i c i e n t l y  s m a l l ,  i s  ( m - s - d  
- 2 ) - c o n n e c t e d  if  d = d i m ~ V  > 0 o r  m -  s < d im Y* When d im~V = 0 and  m -  s = d im Y*,  the m a n i f o l d  ~X ~ 
i s  (m - s - 3 ) - c o n n e c t e d .  

P r o o f  of the C o r o l l a r y .  C o n s i d e r  the  M o r s e  func t ion  r on the  m a n i f o l d  X ' , which  func t ion  i s  o b t a i n e d  
by r e m o v i n g  the d e g e n e r a t e c r i t i c a l  po in t s  of the func t ion  flzil 2. The index  of e a c h  c r i t i c a l  poin t  of ~ i s  l e s s  
than o r  equa l  to n (see ,  fo r  e x a m p l e ,  [7]). 

T h e r e f o r e  ~ a l l o w s  us  to r e p r e s e n t  the  m a n i f o l d  X' a s  a t u b u l a r  n e i g h b o r h o o d  of the  b o u ~ d a r y  ~X' 
wi th  c a l l s  of d i m e n s i o n  ---n g l u e d  on. T h e r e f o r e  the  h o m o t o p y  g r o u p s  of X' and  DX' c o i n c i d e  up to d i m e n -  
s ion  n - 2 .  But s i n c e  X' and  F a r e  d i f f e o m o r p h i c ,  X' i s  h o m o t o p y  e q u i v a l e n t  to  F .  We n e e d  only r e m a r k  
t h a t m - s - d - 2 _ < n - 2  when d > 0 o r m - s  < d i m Y * = n +  1. 

When Y* and  Y have  an i s o l a t e d  s i n g u l a r  po in t  at  z e r o ,  the  m a n i f o l d s  9X' and  Z a r e  d i f feomorphic~  
and  t h e r e f o r e  C o r o l l a r y  2.4 m a k e s  C o r o l l a r y  1.3 of  [2] s o m e w h a t  m o r e  p r e c i s e .  

B e f o r e  we p r o v e  L e m m a  2.3 in i t s  g e n e r a l  f o r m ,  we p r o v e  i t  f o r  the  c a s e  w h e r e  Y, and  t h e r e f o r e  
Y* ,  h a s  an i s o l a t e d  s i n g u l a r i t y  a t  z e r o .  In th i s  c a s e ,  F,  the  c l o s u r e  of F in Z * ,  i s  a m a n i f o l d  with b o u n d -  
a r y  which  i s d i f f e o m o r p h i c  wi th  X' CTheorem 1.7, 3 of [2]), and the M o r s e  funct ion  $ i s  the  m e a n s  by which 
we can  ge t  F f r o m  the d i sk  D m by ad jo in ing  h a n d l e s  of index  ~m. A l l  t h e s e  r e a r r a n g e m e n t s  c a n  be c a r r i e d  
out  i n s i d e  the  m a n i f o l d  Z * .  But E * ,  and  t h e r e f o r e  ~ * \  D 2n, i s  ( m - s - 2 ) - c o n n e c t e d ,  by T h e o r e m  2.9 of  
[2], and  the  ad junc t ion  of h a n d l e s  of  index  -<n does  not  change  the  f i r s t  E * - n  - 2  = n - ! h o m o t o p y  g r o u p s  
of  the  add i t ion .  T h e r e f o r e  E * \ F i s  C m -  s -  2 ) - c o n n e c t e d .  

S ince  E * \ F = (E * \  Z) \ F ,  the  m a p  ~ d e f i n e s  a f i b r a t i o n  of Z *x \  F above  the i n t e r v a l ,  wi th  f i b e r  
F .  T h e r e f o r e  Z * \ F and  F a r e  h o m o t o p y  equ iva l en t ,  and  so F i s  (m - s - 2 ) - c o n n e c t e d .  (See L e m m a  6.4 
and C o r o l l a r y  6.2 of [1]. ) 
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The p roo f  of L e m m a  2.3 in the case  where  d im~V > 0 is quite s i m i l a r  to that  of T h e o r e m  1.5 of [2]. 

Let  ql  . . . . .  ql  be g e n e r a t o r s  of the i dea l  I(10. Pu t  q = Y. ]qLI 2 and let  N~,={zEY*[q(z)<~a}, N~={z~Y*lq(z) 
=cr ~N=={zeY'lq(z)<a}. F o r  suff ic ient ly  smal l  o > 0, No ,  and N o N Y a r e  smoo th  mani fo lds .  (F rom L e m -  
m a  2.7 of [2], o r  f r o m  Coro l l a ry  2.8 of [1]. ) 

Now fix e > 0 suff ic ient ly  smal l ,  and then fix o > 0 suff ic ient ly  smal l  with r e s p e c t  to e. 

LEMMA 2.5. The man i fo ld  X' is homotopy  equivalent  to X' N N o .  More  p r e c i s e l y ,  if 5 ~ 0 is su f -  
f ic ient ly  smal l ,  then X 5 = D e N Y* N f- l(5)  is homotopy  equivalent  to X6 f~ N~. 

P roo f .  L e m m a  1.9 impl ies  tha t  fo r  zED efl  y \ V the v e c t o r s  z = (1/27 g r a d  ]lzl] 2 and g radq (z )  can be 
a s s u m e d  not to point  in exac t ly  oppos i te  d i r ec t ions  m o d g r a d g l ( z )  . . . . .  g r a d g s ( z ) ,  g rad f (z ) .  Since the points  
of  Y \ V a r e  s imple  points  of Y, we have that,  fo r  z~Y \ V ,  the s y s t e m  of v e c t o r s  g radg1(z  ) . . . . .  g r a d g  s 
�9 (z), g r a d f ( z )  has  r ank  p + 1, the m a x i m u m  poss ib le  r ank  at t hepo in t s  of Y*, p = m - d i m Y * .  T h e r e f o r e  it 
is  ea sy  to see f r o m  cont inui ty  a r g u m e n t s  that  the Vec tors  z and g radq (z )  do not point  in exac t ly  opposi te  d i -  
r e c t i o n s  m o d g r a d g i ( z )  . . . . .  g r a d g s ( z ) ,  g r a d f ( z ) ,  f o r  z EW, where  W is s o m e  ne ighborhood  of Y ~ V in Y* 
(see L e m m a  3 of [4]). 

Now choose  5 ~ 0 so smal l  that  X 6 \  I~a ~ W. Then in Y5 = Y* Nf-l(5) one can c o n s t r u c t  a tangent  
v e c t o r  f ie ld  w on a ne ighborhood  of  X 6 \ 1~ o ,  such that  a long the t r a j e c t o r i e s  of this  f ie ld  both l] zll 2 and q(z) 
dec rea se �9  So by mov ing  along the t r a j e c t o r i e s  of the f ie ld  co we can push X 5 onto X~ R No.  

In o r d e r  to study the topology of X 6 n N o ,  we c o n s t r u c t  [2] the aux i l i a ry  mani fo lds  Y~ and Y0, 0~Y0 
Y0* which lie in Y* and Y, r e s p e c t i v e l y ,  and which have an i so la ted  s ingu la r  point  at  the coord ina te  o r i -  

gin,  

Let  P denote the space  of all po lynomia l s  of deg ree  -<2, which have a ze ro  at the coord ina te  or igin .  
Cons ide r  se t s  of h = (h i . . . . .  h d ) 6 P  d, where  d, a s  above, equals  dim+V. Let  Y~' = {z6Y*lhl(z)  = h2(z) 

d 

. . . .  = h d ( z  ) = 0 } ,  Y 0 = Y ~ ' N Y f ~  d. P u t h =  2 Ihil2" 

LEMMA 2.6. (See L e m m a  1.12 of [2]). There  is  a se t  of h 6 P  d with the fol lowing p rope r t i e s :  

1) Y ~ " \  V is r egu l a r ;  

1') Y0~  V is r egu la r ;  

2) 0 is an i so la ted  point  of  Y~ N V; 

3) if o ~ 0 is chosen  suff ic ient ly  smal l ,  then at each  c r i t i ca l  point of the funct ion h l N a n y , , y  0 the r e -  
s t r i c t ion  of the Hess i an  H of the function h is nondegenera te  on the subspace  of v e c t o r s  v tangent  to 
Y and such that  (v, g r a d h j ) = 0 ,  j =  1 . . . . .  d, (v, g r a d q i ) = 0 ,  i = l  . . . . .  l; 

3 ')  if 5 ~ 0 is chosen  suff ic ient ly  smal l ,  then at each  c r i t i ca l  point  of the funct ion h tYf\Y~*u the..restric-~. 
tion of the Hess i an  H of the funct ion h is nondegenera te  on the subspace  of v e c t o r s  v tangent  m ~5 
and such that  <v, gradhj>  = 0, j = 1 . . . . .  d. 

P roo f .  We note that  s t a t e m e n t s  1') and 3) co inc ide  with s t a t e m e n t s  1) and 3) of L e m m a  2.12 of [2], if 
we rep lace  the Y* of that  l e m m a  by our  Y, and the Y the re  by our  V. S ta tements  1) and 2) coincide  with 
s t a t emen t s  1) and 2) of L e m m a  2.12 of [2] if we let  Y* and Y* coincide  and rep lace  the Y of that  l e m m a  by 
our  V. In fac t  it is  p r o v e d  in [2] that  each  of the p r o p e r t i e s  1), 2), and 3) of L e m m a  2.12 holds  fo r  a l m o s t  
all s e t s  of h ~ P  d. T h e r e f o r e  to p rove  I_emma 2.6 we need  only show that  s t a t emen t  3')  holds for  a lmos t  all 
s e t s  of h e P  d. 

This  is p roved  in the same  way as  s t a t emen t  3) of L e m m a  2.12 of [2]. Cons ider  the rea l  analyt ic  
man i fo ld  !~,in p d  x (y*X x V) which c o n s i s t s  of  p a i r s  (h, z) such that  

a) g r adh (z )  = 0 m o d g r a d g l ( z )  . . . . .  g r a d g s ( z ) ,  g rad f (z ) ,  i . e . ,  the point  z is a c r i t i c a l  point  of the r e -  

s t r i c t i on  of h to the su r f ace  Y5 pas s ing  th rough  z; 

b) the r e s t r i c t i o n  of the Hess i an  H of the funct ion h to the subspace  of the v e c t o r s  v or thogonal  to 
g r a d g l ( z  ) . . . . .  g r a d g s ( z ) ,  g rad f (z ) ,  and g r a d  hi(z) . . . . .  g radhd(Z ) is degenera te .  

The rea l  cod i m e ns i on  of ~ in p d  x ( Y * \  V) is 2n + 2. In fact ,  the equal i ty  a) loca l ly  defines n c o m -  

plex o r  2n r ea l  r e la t ions .  
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Direct  calculations show that the Hessian H(v, v) is given by the following formula at the cr i t ical  point 
z of the function h IYh; 

d d s 

J = ~  j = t  j = l  

Here the complex quadratic form D2u of the complex-analyt ic  function u is defined by the formula 

D2u(v, v) = ~ (~2U/SZi3ZjjViVj, and ~, c~ . . . . .  c s~C are the coefficients of the identity gradh(z)  = Xgradf(z) 
* . 2 _  

+ ~_~ c i gradgi(z)  which holds at the point z. 
i x !  

Thus the res t r ic t ion  of H to the subspace of vec tors  v tangent to Y6 and such that (v, gradhj} = 9, 
j = 1 . . . . .  d is given by the formula H(v, v) = ReG(v, v) where G is some complex quadratic form.  It is 
easy  to see that the degeneracy of Re G is equivalent to the degeneracy of G as a complex quadratic form, 
and therefore  condition b) is given by one complex relation or two real  ones. 

Direc t  calculat ions show that the rank of the Jacobian of the sys tem of 2n + 2 functions locally defining 
the set ~t is equal to 2n + 2 at a lmost  all points of ~, and so codim ~ = 2n + 2. But the real codimension of 
p d  in pd  x ( y * \  V) also equals 2dimY* = 2n + 2, and so the fiber of the projection 7r: ~1~ p d  where ~r 
is the res t r ic t ion  to ~t of the projection of pd  x (y* V)onto its f i rs t  factor,  is zero-dimensional  above a l -  
mos t  every  point h6P  d. But this means  that, for a lmost  every  set of h~P d and for all sufficiently small 
5 r 0, at the cr i t ical  points of h ly  5 the res t r ic t ion  of the Hessian to the subspaee given above is nondegen- 
crate .  

Now fix a set of h6P d which has all the proper t ies  l isted in Lemma 2.6. 

LEMMA 2.7. Let ~ > 0 be chosen sufficiently small and let 6 ~ 0 be chosen sufficiently small with 
respec t  to a .  Then 

1) the function h ix  5 does not have Critical points in X 5 fi N a \  Y0*; 

2) at any cr i t ical  point of h lxxY ~ the index of the Hessian of h is g rea te r  than or  equal to ( n - d ) ,  and 

3) at any cr i t ical  point of h]xhf~lqc~\y~ the index of the Hessian of hix6;~.~a is g rea te r  than or  equal to 
(n --  d). 

Proof .  1) As Corollary 2.8 of [1] shows, the function hlyx~r ,v ~ does not have any cr~t~caI points in 
n e i g ~ o o d  of zero.  But continuity arguments  imply that f o r ' ~ u * ~  a some netghborhood W~ of the set Y \ (V 

U Y0) in Y* the point z6W 1 fl D e is not a cr i t ical  point of the res t r ic t ion  of h to the manifold Y6 passing 
through z. On the other hand, hypothesis  1') of Lemma 2.6 implies that the vec tors  grad h l(z) . . . . .  g rad  hd(z) are  
complex l inearly independent modgradgl (z )  . . . . .  gradgs(Z), gradf(z)  for z6Y 0 \ V, and this means that 
this holds for all z 6 Y 0 \  {0} sufficiently close to zero.  Continuity arguments  also show that this holds for  
z~W 2, where W 2 is some neighborhood of Y0~ {0} in Y*. 

If for fixed c~ we choose 6 sufficiently small then it is obvious that we may assume that XhnNc~ ~ W1 
U W 2 are  neighborhoods of Y \ V in Y*. Now we need only note that the vector  gradh(z)  = ~ hi(z)gradhj(z)  
is not zero m o d g r a d g l ( z  } . . . . .  gradgs(Z),  gradf(z)  for  z f .W2\  Y~o 

2) Let us choose 6 ~ 0 so small that hypothesis 3') of Lemma 1.6 holds, and let z e X 6 ~  " Y~ be a c r i t i -  
cal point of h lx  6. Consider the res t r ic t ion  of the Hessian H to the subspaee T of tangent vec to rs  v such 
that (v, gradhj> = 0, j = 1 . . . . .  d. Formula  (11) implies that on T, H(v, v) = ReG(v, v), where G is a non- 

d i m  T 

degenerate quadratic form. Since G can be reduced to the form G(z, z )=  ~ z~, ReG = ~ x ~ -  ~ y [ ,  in 

some basis ,  it follows that the index of H >- dim T >-_ n - d. 

3) If ce is so small that hypothesis 3) of Lemma 1.6 holds, then Lemma 2.18 of [2] implies that the in- 
dex of the Hessian of the function hlyn 1~ \ Y  is not less  than ( n - d ) .  Since the proper ty  we are  cons ide r -  
ing is stable under small C2-deformatioffs of~ function, the proper ty  holds for h jy  6 n h~a\ y~  if 6 is suf-  
ficiently small .  

Now fix (e and 6 so small that Lemma 2.7 holds. Just  as above, Zfi = {z6Y*lh(z) _</3}. Choose/3 so 
that N(e fl Z/3 ~ D  e. 

LEMMA 2.8. The pair  (X 6 N Nc~ N Z/3, X 6 NNa N Y~) is ( n -  d -  1)-cormected. 
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Proof �9  C o r o l l a r y  2.8 of [1] shows that  suff ic ient ly  smal l  ~ > 0 a r e  not c r i t i c a l  va lues  of h l x  5 and 
h lxsn i~  a .  "Therefore  if fi' is suff ic ient ly  smal l ,  X5 A N n  N Y~ is a s t rong  de format ion  r e t r a c t  of X 5 fi Na  
N Zfl,. We now quote the f o r m  of M o r s e ' s  t h e o r e m  on mani fo lds  with boundary  we need  (see, fo r  example ,  
[8], p. 60). 

Suppose the funct ion ~ on the d i f fe rent iab le  man i fo ld  M with boundary  9M has  only nondegenera te  
c r i t i c a l  points ,  and that  none of t hem lie on 8M. Let  us  a lso  a s s u m e  that  all the c r i t i c a l  points  of ~ ]aM 
a r e  nondegene ra t e .  Suppose,  m o r e o v e r ,  that  ~- l [a ,  b] is compac t ,  where  a and b a re  noncr i t i ca l  va lues  of 
cpl M and ~plaM. Then 9-1(-o% b] has  the h o m o t o p y  type of ~-1(_oo, a] with adjoined ce l l s ,  where  the n u m -  
be r  of adjoined ce l l s  of d imens ion  i is equal to the sum of the n u m b e r  of c r i t i c a l  points  of ~ IM of index i 
and of those  c r i t i c a l  points  of q~lgM of index i at which the der iva t ive  of ~p along the ex te rna l  n o r m a l  to M 
is negat ive .  

Take as  the M o r s e  funct ion on X 6 N N~ the funct ion r obta ined f r o m  h by r e m o v i n g  the degenera te  
c r i t i c a l  points  of h tX5 NN~" and h IX~- Then L e m m a  2.7 and the t h e o r e m  we have quoted imply  that  X 6 n N~ 
N Z has  the homotopy  type of X 6 NVNa N Z , with adjoined ce i l s  of d imens ion  g r e a t e r  than o r  equal to 
(n ~d) .  

COROLLARY 2.9. X 6 n N~ N Z~ is ( m - s - d - 2 ) - c o n n e c t e d .  

P roo f .  The mani fo lds  Y~' and Y0 = Y~' N f-l(0) have an i so la ted  s ingu la r i ty  at ze ro ,  because  of 1), 1'), 
and 2) of L e m m a  2.6. As  we have shown, L e m m a  2.3 holds in this  c a s e  and t h e r e f o r e  the f iber  F 0 homotopy 
equivalent  to it and the man i fo ld  X~ a r e  ( m -  s -  d - 2 ) - c o n n e c t e d ,  s ince  I(Y0*) is g e n e r a t e d  by the s + d po ly -  
nomia l s  gl . . . . .  gs ,  hi . . . . .  hd- 

But the funct ion ql v has  an i so la t ed  z e r o  at  z e r o  by 2) of  L e m m a  2.6, and t h e r e f o r e  L e m m a  2.1 i m -  
p l ies  that  fo r  suff ic ient ly  sma l l  6 the mani fo ld  X 5 N N~ N Y~' = Y0* N'f-l(6) fi N~ is d i f feomorphic  to X 0. 
Since m - s - d -  2 -< n - d -  1, the r e q u i r e d  connec t iv i ty  of X 6 n N~ N Z~ fol lows f r o m  L e m m a  2.8�9 

LEMMA 2.10. The man i fo lds  X 6 N N~ and X 6 NN~ N Zfi a re  h o m e o m o r p h i c .  

P r o o f .  Since h i v  has  an i so la ted  z e r o  at ze ro ,  2) of L e m m a  2.6 and L e m m a  1.6 imply that  t he re  a r e  
el > 0 and a ne ighborhood  G 1 of the se t  V ~ { 0 }  in Y* such that  fo r  z6Do N G I ~  Y the v e c t o r s  g r adh (z )  and 

G1 
z do not  point  in exac t ly  opposi te  d i r ec t ions  m o d g r a d g l ( Z )  . . . . .  g radgs (Z) ,  g r ad f ( z )  = (1/2f(z))gradlf(z)l  2. 
The same  L e m m a  1.6 s t a t e s  that  t he re  a r e  e 2 > 0 and a ne ighborhood  G 2 of the se t  V ~  {0} in Y such that  
fo r  z6De~ N G 2 ~  V the v e c t o r s  g r a d h ( z )  and z do not point  in exac t ly  opposi te  d i r ec t ions  m o d g r a d g l ( z ) ,  
. . . .  g ra~gs(Z)  , g r ad f ( z ) ,  g r adq (z ) .  Continuity a r g u m e n t s  imply  that  this  l as t  p r o p e r t y  holds  f o r  z6D  E 
N G3, where  G 3 is a ne ighborhood  of G 2 ~  V in Y*. We can a s s u m e  that  a f t e r  the se t  of  h 6 P  d has  been 

chosen  e is chosen  s m a l l e r  than min(e  1, e2); then ~ is chosen  such that  Y N Nc~ n (De~  Z~) ~ G1 fl G2; and 
�9 o 

f inal ly,  5 is chosen  so that  Y6 fl N~ fi ( D e \  Z~) ~ G 1, Y5 N N~ N (D~"x Z~) ~ G~. Then we can c o n s t r u c t  
�9 . . ~ -  ~ . . i ~ a tangent  v e c t o r  f ie ld  w on Y5 m a ne tghborhood  of Y6 N N~ {~ ( D e ~  Zfi) such that  a long thts  f te ld  both Ilzl 

and h i n c r e a s e ,  while at  the points  of Y5 N I~I~ this  f ie ld  can  be a s s u m e d  to be tan,gent to Y6 N 1 ~ .  With the 
help of the t r a j e c t o r i e s  of the f ie ld  o~ it is  e a s y  to e s t ab l i sh  that  Y8 fi N~ N (D e \ Z~) = (X 6 fi N ~ ) ' ~  (X 5 N N~ 
n ~fi) is h o m e o m o r p h i c  to (X5 N N~ fi Z~) • [0, 1], and the a s s e r t i o n  of the l e m m a  fol lows f r o m  this  d i r e c t -  

ly. 

L e m m a  2.3 now fol lows f r o m  L e m m a  2.5, L e m m a  2.10, and Coro l l a ry  2.9. 

3 .  E u l e r  C h a r a c t e r i s t i c  o f  t h e  F i b e r  

Let  us  a s s u m e  that  Y* and Y a r e  comple te  i n t e r sec t i ons ,  i . e . ,  n + 1 = dim Y* = m - s ,  where  gl, 
. . . .  gs  a r e  g e n e r a t o r s  of I(Y*), gl . . . . .  gs,  f a r e  g e n e r a t o r s  of I(Y). Jus t  as  before ,  suppose  that  V is 
the se t  of s ingu la r  points  of  Y, and put Z * = Y* N Se, Z = Y N Se; put ~0 = V N S e f o r  suff ic ient ly  smal l  e. 

There  is a f o r m u l a  which e x p r e s s e s  the E u l e r  c h a r a c t e r i s t i c  of the f ibe r  F of the f ib ra t ion  q~: Z * ~  
S 1 in t e r m s  of the mapping  of  Z * \ Z into a man i fo ld  of the type of the Stiefel manifold ,  and this  f o r m u l a  

is c lose  to that  of T h e o r e m  2 of [3] which holds  under  the a s sumpt ion  that  the s ingu la r i ty  at z e r o  in Y* and 
Y a r e  i so la ted .  The notat ion below is  that  of [3]. 

Let  R k m be the space  of k - f r a m e s  (v I . . . . .  Vk__l , Vk) in C m such that  (v i, vj) = 6ij fo r  (i, j) ~ (k - 1, k), 
while no c o n s t r a i n t s  a r e  i m p o s e d  on (Vk_ 1, Vk). Let  Vk, m ~ R k ,  m be the space  of f r a m e s  (v 1 . . . . .  Vk_ 1, Vk) 
such that  Vk_ 1 and v k a re  complex  l inea r ly  independent .  It is  obvious  that  Vk,m can be d e f o r m e d  into Rk, m 
in Vk, m, the Stiefel  mani fo ld  of complex  or thogona l  k - f r a m e s  in C m.  
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Since Y* is  a comple te  in tersec t ion ,  at all s imple  points of Y* the vec to r s  gradgl (z )  . . . . .  g radgs (z )  
a re  complex  l inear ly  independent. Fur ther ,  Coro l la ry  2.8 of [1] shows that, for  some e > 0, at all points 
z~D e ~A ( Y * \  Y) the vec to r  gradf (z )  r 0, m o d g r a d g l ( z )  . . . . .  g radgs (z )  and the vec to r  z ~ 0, modgradg I ( z ) ,  
. . . .  gradgs(Z) ,  i . e . ,  the f r a m e s  gradgl (z )  . . . . .  g radgs (z ) ,  gradf(z)  and gradgl (z)  . . . . .  g radgs (z ) ,  z a re  
complex l inear ly  independent. There fo re  the fo rmula  

(z) = ([ grad g, ( z ) , . . . ,  grad g~ (z) ], gr~d ](z) It]grad ] (z) H, z/l]z]l) 

defines the map  X: Z * \  Y. --~ Rs+2,m. - Here  iv I . . . . .  Vk] denotes the f r a m e  obtained f r o m  the f rarae  (v~, 
. . . .  Vk) by or thonormal iza t ion ,  and v is the project ion of the vec tor  v on the subspace  comp!ex-or thogonal  
to the vec to r s  g radg l (z  ) . . . . .  g radgs(Z  ). 

Fo r  ~ and for  the other  mappings  defined below in a s i m i l a r  way, the f r a m e  X(z) will be writ ten s imply 
as  (gradgl(z)  . . . . .  g radgs (z ) ,  g radf (z) ,  z), with the exception of those c a s e s  where  the o rde r  of o r thonor -  
real izat ion is important .  

Remark .  It is  not difficult to see that  the map  X is in fact  defined for  z 6 2 * \ E0- 

As Corol la ry  1.7 shows (or Corol la ry  3.8 of [2] shows), at points z E Z * \  ~ sufficiently c lose  to E, 
the v e c t o r s  gradf (z )  = (1/2f(z))gradlf(z)l 2 a re  complex l inear ly  independent modgradg~(z)  . . . . .  gradgs(Z).  
There fo re  if we put M a = {zeY*l  ]f(z)l 2 -< a}, 1~I a = {zeY*l  If(z)l 2 = a}, ~ a  = {z6Y*l If(z)l 2 < a}, then for  
sufficiently smal l  ce: 

Z: ( Z ' \ Z ,  Z'0M=\Y)-~ (n.+ . . . .  Vo+~, =): 

Fo r  sufficiently smal l  c~, 1Via fl ~ * is  a smooth manifold  and will be taken below as  the pa i r  {Y *, a~ *) in-  
s tead of the pa i r  ( ~ * \  ~, ~*  (1 Ma 'N ~), where ~* is the manifold  with boundary ~ * \  M s ,  and its bound- 
a ry  is ~ *  = ~*  fl 1QIa. 

Let r '  ~H2m_2s_ 1(~ *, O~ *) be the fundamental  re la t ive  cycle  of the manifold ~*  (The or ientat ion of 
�9 is defined by the or ienta t ion of the complex  manifold  Y* and its  ex terna l  normal .  ) As will be shows be-  

low, H2m_2s_l(Rs+2,m, Vs+2,m) ~ Z, and in this group there  is a na tura l  gene ra to r  s ' .  Let  the in teger  
~(~,) be defined by ~,,(r ') = ~(~)s ' .  

THEOREM 3.1. x(F) : ~(k). 

To prove  Theorem 3.1, we f i r s t  desc r ibe  the homology of the pa i r  (Rk,m, "r and the t r ip le  (Rk,m, 
~k ,m,  Vk,m) m o r e  prec i se ly ;  he re  ~k ,m  is the subspace  of f r a m e s  (v 1 . . . . .  Vk_p Vk)~Rk,m such that Vk_ 1 
a n d v  k a re  r ea l  l inear ly  independent. It is obvious that  C~k, m cen t r ac t s  to -~k,m in Rk, m,  where 6k ,m  is 
the space of f r a m e s  in Rk, m such that Re (Vk_ l, v k> = 0. 

LEMMA 3.2. H2m-2k+3(Rk,m , Vk,m) ~ Z. In this group the gene ra to r  s '  can be chosen so that 

1) in the exac t  sequence 

u~_~,+,(V,,~) -~" H~_~,+,(~,.~) ~ ~,~_~,+,(R,,~, V,,~) ].(~) =--].(s ~) =s'; 
we have 

2) in the exact  sequence of the t r ip le  

H~_~+~ (R~ ,=, V~,,~) ~; - -  ~' 

we have 

i2 (s') = s ' + s  5, a (s') = - - O  (s 5) =s '+s~ ;  

3) in the exact  sequence of the pa i r  
0 

H~_=+~($~, ~, V~, ~ ) - - - ~ _ = + ~ ( V ,  ~) 
we have 

a(s') =--~(s") =s ' .  
- 3 5 Here  sl~H2m_2k+l(Vk,m), s 2, s ~H2m_2k+3(Rk,m), s 4, s ~H2m_2k+3(Rk,m, ~k,m),  and s 7, sSfiH2m_2k+2(~k,m; 

Vk,m) a r e  the homology c l a s s e s  defined in L e m m a s  8, 9, and 12 of [3]. 

569 



Proof ,  Some s imple  ca lcula t ions  show that H2m_2k+3(Rk m, Vk m) -~ Z and that the c l a s s  j .  (s 2) 
= - j ,  (s 3) gene ra t e s  this group. The other  re la t ions  follow di rec t ly  f r o m  the appropr ia te  l e m m a s  of [3]. 

We now prove  seve ra l  p r o p e r t i e s  of the pa i r  (Rk,m, Vk,m); these  p r o p e r t i e s  a re  not requ i red  in this 
a r t ic le .  

LEMMA 3.3. L e t ' s  be the gene ra to r  of the group H2m-zk+3(Rk,m , "~k,m) such that (s ' ,  's) = 1. 

Let  ls~H2m-2k+l(Vk, m) be the gene ra to r  of this  group such that (s 1, ~s) = 1. 

We identify the groups  H* (Rk, m, Vk,m) and H* (Rk , m~  Vk, m, " ~ k , m \  Vk,m) via the excision i s o m o r -  
phism.  

Finally,  let  the map ~. Rkm \ Vk, m --- S 1 be defined by 7r(v i . . . . .  Vk-1, Vk) = (Vk-1, Vk)/l(Vk-1, vk)l, 
and let  a~HI(S l) be the fundamental  cocycle  of the c i rc le .  Then 5(ls) ,~Tr* (u) = - ' s ,  where 

~): ',,vh,,.,,,.J ~ l ~ , m N  ~ , m ,  , , �9 

Proof .  Let Wk, m c: Rk, m be the submanifold cons is t ing  of the f r a m e s  (v 1 . . . . .  Vk-1, Vk)ORk, m such 
that  Vk_ 1 = ei~~ . It is  obvious that "r = I l k , m \  Wk,m. On the other  hand, R k , m \  Vk, m is a tubular  
neighborhood of Wk,m. 

In fact ,  suppose that  the vec to r  bundle ~ on Wk, m has  f iber ,  above the point (v 1 . . . . .  Vk_l, Vk)~Wk,m, 
a subspace  of C m consis t ing of those vec to r s  co such that (co, v i) = 0, i = 1 . . . . .  k. The map T : E~ ~ Rk, m 
\ Vk,m, ~-((v I . . . . .  Vk_ l, Vk), co) = (v 1 . . . . .  Vk_ 2, (Vk_l + co)/llvk-1 + coil, v k) defines a d i f feomorphism of the 
space E~ of the bundle ~ and the space R k , m ~  Vk, m, which takes  Wk, m c E~ into Wk, m c Rk, m.  

Therefore ,  as  the Thom i s o m o r p h i s m  theo rem impl ies ,  the gene ra to r  ' s~H2m-2k+3(Rk,m\  Vk,m, 
"r Vk,m) is the product  of the Thom c la s s  ueH2m-2i~+2(Rk,m\ Vk, m, " r  Vk,m) and the genera to r  
v of the group H l ( R k , m ~  Vk, m) -~ Hl(Wk,m). But it is  easy  to see that u = 6(is) and v = -Tr*(a). 

Let  us  now re tu rn  to the proof  of Theorem 3.1. The f ibe r  F of the f ibrat ion q~ is  diffeomorphtc to the 
in te r ior  of the manifold  X' ,  and so the Euler  cha r ac t e r i s t i c  of the manifold X' can be calcula ted f rom 
Theorem 1 of [3]. As this t heo rem  a s s e r t s ,  • = ~t(~/), where 7/: 8X' --* Vs+2, m. Here  8X' = 2 6 = P . *  

N f-l(6) for  sufficiently smal l  6 ~ 0 and for  zOzh, ~(z) = (gradgl(z) . . . . .  gradgs(Z) ,  gradf(z) ,  z). To prove  
Theorem 3.1 we mus t  equate ~t(X) and ~(7/). 

Consider  the auxi l iary  manifold  Y~ = Y* 0 (Re f)-l(~). If ~ e 0 is  sufficiently smal l ,  then Corol lary  
2.8 of [1] impl ies  that Y~ is a smooth manifold,  as  well as  Z~ = Y~ fl Y~*. 

LEMMA 3A. ~ > 0 can be chosen so smal l  that 

1) the vec to r s  gradf(z)  and z a re  rea l  l inear ly  independent for  z ~ r * \  2 such that IRef(z)l -< g; 

2) the vec to r s  i g r ad f ( z )  and ~ a r e  r ea l  l inear ly  independent for  zOZ~ such that  IImf(z)l -< 10" ~. Here  
�9 ~ is  the projec t ion  of the vec to r  v onto the tangent space to V) at the point z, i . e . ,  onto the sub-  
space of C m which is complex-or thogona l  to the vec to r s  gradgl(z)  . . . . .  gradgs(Z)  and r e a l - o r -  
thogonal to the vec tor  g radf (z ) .  

Proof .  Corol la ry  1.7 shows that, at points z ~ U l \  Y, where U i is some neighborhood of Z in r * ,  the 
v e c t o r s  gradf(z)  and z a re  complex  l inear ly  independent. On the  other  hand, since in Y~\  Y there  a re  no 

! 

singular  points of the r ea l  a lgebra ic  se t  Y0, then Corol la ry  2.8 of [1] al lows us  to a s s u m e  that the vec to r s  
gradf (z )  = g r a d R e  f(z) and z a r e  r ea l  l inear ly  independent for  z 6 Z ; \  Z, and t he re fo re  for  z ~U 2, a neigh-  
borhood of Y.~\ 2 in r. *. Since UI U U 2 is a neighborhood of 2~ in ~*, for  sufficiently smal l  ~ the points 
z ~ Z *  such that IRef(z)l - ~ lie in U 1 UU z. 

1 For  2), it is obvious that for  sufficiently smal t  ~ > 0, 2~ {3 I Imf l -  [0, 10" ~] ~ U l \  I~, and the re fo re  
the v e c t o r s  gradf (z )  and z a r e  complex  l inear ly  independent for  Z(~Z~, IImf(z)t -< 10" ~. But then the v e c -  
t o r s  i g radf (z )  and ~ = z - 7  gradf(z)  a r e  complex  and rea l  l inear ly  iddependent. 

Now fix ~ > 0 so smal l  that  L e m m a  3.4 holds; then fix ~ > 0 so smal l  that M~ f12?~ = ~. T h u s N  is 
a smooth  manifold  of codimension 1 in the manifold  Z * Moreove r  Y,~ divides ~ * into two par ts :  Z + ,  
= ~ . n R e f - i [ ~ ,  co) and Z _ .  = Y . * f l R e f - l ( - %  ~]. 

Fu r the r  Z~ ~: Z~ is defined in N~ by the equation I m f  = 0, and the re fo re  N~ also divides 2~ into 
two par t s :  2~+ and Z~ . 
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Cons ide r  ~he fol lowing sequence :  

--, H~,,_~,_~ (0Y: LJ Z( ,  0I: 'U ~d ~ H~_~_~ (~,(, ~() ~ - ~ _ ~ _ ~  (20. 

LEI~IMA 3.5. In the sequence  (12) 

]. (r') =r~+r~; 0 (r ~) = - 0  (r ~') =P+r" ;  
0 (~') = - o  (~') =r ' .  

H e r e  r 2 and r3~H2m_2s_t (Z*,  0 ~ *  ~J Z~) a r e  the fundamen ta l  r e l a t i v e  c y c l e s  of the m a n i f o l d s  with boundary  
E~ and E_*, r ~ and r~H2m_2s_2(Z~ ,  E~) a r e  the fundamenta ' i  r e l a t i v e  c y c l e s  of the m a n i f o l d s  E~+ arid E~_, 
and r ~ is  the fundamen ta l  cyc le  of  E~." (Notation a s  in [2]. ) 

P r o o f .  All the r e l a t i o n s  of L e m m a  3.5 flow f r o m  the f ac t  tha t  a app l i ed  to the fundamen ta l  r e l a t i v e  
cyc l e  of the mmaifold  with bounda ry  is  the fundamen ta l  cyc le  of the boundary .  A g r e e m e n t  of the o r t e n t a -  
t ions  is  v e r i f i e d  by d i r e c t  ca leu la t ion .  

Now c o n s i d e r  the d i a g r a m  

H~ (R, F) j"/-/~ (B, ~)  ~ H~_t (q), V-) ~ H~_~ ( ~  
$~.. r �9 '[';~,=,~, (1 .3 )  

Hz (2, OS')~H~ (2", o2*U~()~H~_, (Y~ ', Z~) --" H~_~(2~). 

H e r e  1 = 2 m -  2 s -  1 and the r e l a t i o n s  of I_emma 3.4 on l i n e a r  independence  imply  tha t  the map  X: 2 "  
\ E  - -  Rs+2,m def ined  above induces  the p a i r  of m a p s  denoted by th is  l e t t e r  in the d i a g r a m  (13). It is  ob -  
v ious  tha t  the m a p s  ?, and ~ of Z~ into Vs.z ,  m a r e  homotop tc ,  and t h e r e f o r e  X. = ~ , .  

LEMMA 3.6. 1) The m a t r i x  of the m a p  

is  d iagonal  in the b a s e s  r 2, r s and s ~, s 5. {More p r e c i s e l y ,  the m a t r i x  of the r e s t r i c t i o n  of ;~. 'co the sub -  
group  of H / ( ~ * ,  ~"2*U E~ g e n e r a t e d  by r z and ra.) 

2) The m a t r i x  of the m a p  

is  d iagonal  in the b a s e s  r s, r ~ and s 7, s 8, 

P r o o f .  The p r o o f  of th is  1 e m m a  is  c o m p l e t e l y  s i m i l a r  to tha t  of  L e m m a s  10 and 13 in [31, The s in -  
gle d i f f e r ence  is  tha t  the m a n i f o l d s  Z~ and ~,~ a r e  " m o v e d  by ~," and this  t u r n s  out to be u n i m p o r t a n t  in 
v i r t u e  of L e m r n a  3.4. 

P r o o f  of  T h e o r e m  3.1. L e m m a s  3.2 and 3.5 imply  tha t  j ,  ?t, ( r ' )  = ) ,  (~t(X)s~) = ~(k) (s  4 + s 5) = ?,, (r 2 
+ r3). L e m m a  3.6 i m p l i e s  tha t  ;~, (r 2) = ~<(;~)s ~. L e m m a s  3.2 and 3.5 imply  tha t  ~ ,  (r 5 + r 6) = ~(X)(s 7 + sB). 
L e m m a  3.6 i m p l i e s  tha t  ; t , ( r  5) = ~(X)s 7, and L e m m a s  3.2 and 3.5 imply  tha t  ;~,(r  l) = ~Q,)s l, But X, = ~7, 
: H/_2(Z~) ~ H/_2{Vs+Lm}. T h e r e f o r e  ~<(X) = ~(~), 

R e m a r k  1. S ince  the m a p  X i s  def ined  o~ Z * \  E~  we can c o n s i d e r  the ~ e i g h b o r h o o d  N~ of the s e t  
Z 0 i n s t ead  of tb, e ne ighborhood  M~ of the se t  ~. The p roo f  of " l heo rem 3.1 i s  unchanged  f o r  th i s  variat~.en. 

R e m a r k  2. The p r o o f  g iven  does  not  ex tend  to the c a s e  w h e r e  s = m - 1, [, e . ,  w h e r e  0 i s  an i so l a t ed  
point  of  Y and the m a n i f o l d s  E and  E~ a r e  e m p t y .  H o w e v e r  T h e o r e m  3.1 i s  t r u e  in th~s c a s e  too.  
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