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Introduction

We consider countable CW-complexes' which have exactly one vertex, or
0-cell. Such complexes will be described as special;; any connected countable CW-
complex can be deformed into a special complex without altering its homotopy
type. Let 4 be a given special complex with vertex a’. In this paper we define
a special complex A, , called the reduced product complex of A. Its points are
finite sequences of points in the set A — a°, but its topology derives from the
pair of spaces (4, a’) rather than the space A — a’. Its cells are finite products
of cells from A — a’. The subset of sequences in A — @’ with fewer than a given
number of terms defines a subcomplex of 4, , so that A, is filtered by these sub-
complexes. In particular the empty sequence is the only vertex of 4, , which we
identify with @°, and the sequences with not more than one term form a sub-:
complex which we identify with the original complex A. For example, let 4 be a
sphere 8" (n = 1) so that the complement of the vertex is an n-cell, e". The
sequences in e” with exactly m terms form an mn-cell ™" in the reduced product
complex, so that

St =8"ue"u---ue™u---

Let I be the unit interval. The suspension of A, denoted by 4, is the space
obtained from the product A X I by shrinking A X [ ua® X I to a point, that
point being identified with a’. Let Q be the space of loops on the suspension of
A; that is to say, the set of maps (I, I) — (4, a°) with compact-open topology.
This space is important in many connections (see [5] for examples). We em-
bed A C Q so that a ¢ A is identified with the map ¢ — f(a, t) (¢ ¢ I), where
f:A X I — A is the identification map. We shall define a class of maps of 4,
into @ called canonical maps. The canonical maps are (1, 1) into, but are not
topological (except in the trivial case A = a°). Each canonical map is the
identity on A, and for our present purposes it is unimportant that there is no
preferred canonical map, since any two of them are homotopic, rel. A. Thus the
induced homomorphism of the homotopy sequence of the pair (4, , 4) into that
of the pair (Q, 4) is independent of the particular canonical map chosen, likewise
the induced homomorphism in homology is independent. We refer to these
homomorphisms as the canonical homomorphisms. Our main theorem is that both
these canonical homomorphisms are isomorphisms onto.

Thus for many purposes Q can be replaced by the complex 4., with three
kinds of attendant advantages. Firstly, we can make use of the homotopy ex-

! For information about CW-complexes we refer the reader to [9], in the list of references
at the end.
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tension theorems, cellular approximation theorems, and so forth, which are
available for complexes but not for function spaces. Secondly, there are special
extension properties of reduced product complexes (the combinatorial extensions
of (1.4)-(1.7) below) which appear to have no analogue for the space of loops
and which have very interesting applications. Thirdly, there is the filtration of
A, by a sequence of subcomplexes, each of which is a simple identification space.
For example, in §3 we use this filtration to express the homology of 4 in terms
of the homology of 4; and the same method can be used to express the cohomol-
ogy ring of 4, in terms of the cohomology ring of A, under certain conditions.

In the first four sections of this paper, which constitute the first part, we make
our definitions and discuss the homology of the reduced product complex and
that of the space of loops. The second part contains the theory of the canonical
maps, and it is introduced in §5 with a statement of results. Applications have
been kept for a sequel, entitled On the suspension triad, which will be published
in this journal shortly.

I express warm thanks to E. Pitcher for correspondence enlarging on his
Congress lecture [4], to C. H. Dowker for sending me his theorem on products of
complexes with an invitation to include it here, and to J.-P. Serre and N. E.
Steenrod for suggesting some improvements which I have been glad to make.
There appears to be a connection between this theory and some recent work of
Toda’s announced in [7].

PART I: PRELIMINARY ANALYSIS
1. Definitions and basic properties

Let A be a Hausdorff space, and let a’ ¢ A be a given point. The m-fold topo-
logical product A™, m = 0, 1, --- , is represented by infinite sequences in 4,

a” = (al,a’lﬁ "')af)'“))

such that @, = a’if » > m. It is convenient to abbreviate a™ to (a1, **+ , Gm),
the inclusions

A'cA’'c.--.cA™c ...

being understood. We identify @’ = A’and A = A'in the obvious way. Ifa™ ¢ A™
let pa™ be the (finite) subsequence of a™ consisting of those terms which lie in
A — d’, with the same relative order as they have in a™. Let A, be the set of
sequences in A — a’ which have not more than m terms, with the identification
topology determined by pnm:A™ — A, . Thus po, p1 identify 4°, 4", and hence
a’, A, with A, A, , respectively. Less trivially, p, identifies (a, a") and (a’, a)
in A* for all a ¢ A ; p; identifies (a, @', @°), (a, a’, a’) and (a’, a, a’) in A® for all a,
a’ ¢ A; and so on.

A basis for the open sets of A, is obtained as follows. Let V' < A4 be an (open)
neighborhood of a’ and let U be a sequence of open subsets Uy, ---, U, € 4
(0 £ r £ m) which do not contain a’; if » = 0 then U is empty. Let (U, V)" < A™
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be the union of all products W; X - -+ X W,, in which m — r of the factors are
V and the remainder are U,, ---, U, in their proper relative order. Thus if
r =2, m = 3 we have

U,V =Ui X U: X VuUi XV X UsuV X UL X Us.

Then (U, V)™ is open and saturated under p,, , hence (U, V)m = pa(U, V)™ is
open in A ,, . Hence we obtain without difficulty, applying the Hausdorff condition,
THEOREM (1.1). The sets (U, V)m , for all U, V of the above description, form a
basts for the open sets of Anm .
It is clear that the identity function ¢,:A4, — A1 is continuous and that
tmAm is closed in A, . Moreover we have

(1.2) (U, V)m = tmdAmn (U, V)ms1,

and so 7, embeds A, topologically as a closed subset of 4,,,;. The topology of
the reduced product space of A, rel. a°, viz:

A, =Ajud,u---ud,u---,

is now defined so that a set F < A_ is closed if and only if F n A, is closed for
every m = 0. Thus the points of A_ are the finite sequences of pointsin A — a°.
To illustrate this we prove

TueoreM (1.3). A, ts a Hausdorff space.

Let a*, ax € A be distinct sequences in A — d°, say

’ ’
at=(aly""aw)g a*=(a,,---,a;).

Let Vsd’, U,sa, (1 £ r < p) and U,sa, (1 £r =< q) be open neighborhoods
indsuchthat VnU, = (1 =2r=<p),ValU =g 1A= r=g),and
UnU,=gifa #a (1 £r < min (p, g)). Consider the sequences

U=(U1"")U?)) U'=(U;1"'1U:l)°

Let W C A_ be the union, over all m = p, of the sets (U, V) . It follows from
(1.2) that W n A, = (U, V), which is open in A,, . Hence W is open in 4, .
Similarly W', defined in the same way with U’ and ¢ instead of U and p, is open
in A, . However, W and W’ are disjoint, and since W contains a4 and W’ con-
tains a,; this proves (1.3). Since A4, is a Hausdorff space we can reapply the con-
struction to A, and regard the reduced product space of A, , rel. a’, as the
second reduced product space of A, and so on.

Let B be a Hausdorff space and let B, be the reduced product space of B,
rel. b°, where b’ ¢ B. Let g,.:B™ — B,, be the identification map. From a map
h:A — B such that ha’ = b’ we obtain a map h.:4, — B, by defining

hnopm'-:qmohm (m=192y°"))

where h™:A™ — B™ is the product map. We say that h, maps termwise by h.
If A is a closed subspace of B and h is the inclusion map then k4, is closed in
B, , and hence h, embeds 4, topologically in B, . Returning to the general
case, let m = 1 and let h:4,, — B, be a map such that hd,._; = b". In §2 we
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shall define a function 2’: 4, — B, , such that A’ | A,, = h, which we refer to as
the combinatorial extension of h, without asserting its continuity. We shall, how-
ever, prove

THuEOREM (1.4). If hA, C B, for some n < « then b’ is conlinuous.

In case m = n = 1, k’ maps termwise by the map A — B which h determines.
Let h,:A,.— B, (t ¢ I) be a homotopy such that kA ., = b’, and let h; tA,— B,
be the combinatorial extension of h, . We shall prove

THeoreM (1.5). If h,A, C B, for some n < o« which is independent of ¢, then
h: is a homotopy.

The combinatorial extension is natural in the following sense. Let C and D
be Hausdorff spaces and let ¢® ¢ C and d° ¢ D be basepoints. Let f:A — C and
g:B — D be maps such that fa’ = ¢’ and gb° = d’. Consider the following diagram,

4. . B,
(1.6) A 6
Co -k—,* D,

in which f, , g, map termwise by f, g and 4’, k' are the combinatorial extensions
of maps

h:Amn — B, k:Cp — D, (mz1)

such that kA, = b°, kCm—_y = d’. We shall prove
TueEoREM (1.7). If k o | Am = g © h then the diagram (1.6) is commutative.
These last three theorems will be proved in the next section when the com-
binatorial extension is defined. The proof of the next theorem is left to the reader
as an exercise. We say that A4 is an h-space, relative to @', if there is a map of
the product space 4 X A into 4 such that

for all @ ¢ A. Such a map determines a retraction of A, onto A, and conversely.
Thus we have

TuroreM (1.8). A s a retract of A, if and only if A is an h-space relative to a°.
Moreover any retraction of As onto A extends to a retraction of A, onto A.

A CW-complex is described as locally countable if every point of it lies in the
interior of a countable subcomplex. The following theorem and the proof of it
given in §8 below are due to C. H. Dowker.

THEOREM (1.9). Let K and L be locally countable CW -complexes. Then the weak
topology of the product complex K X L is the same as the product topology.

Let A be a special complex, as in the introduction. That is to say, 4 is a count-
able CW-eomplex in which a’ is the only vertex. Then, by an induction based on
(1.9), the weak topology in the product complex A™ is the same as the product
topology. A™ is the union of disjoint products of cells from A4,

g Xe X+ - Xe X --,
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such that e, is the vertex if » > m. Each such product cell is mapped homeo-
morphically into 4, by p. , and the images of two of them either coincide or are
disjoint. Hence A ,, is a complex whose cells are the products of cells of 4 — a:

e Xe X e Xe,  r=0,1,---,m).

Since A . is closure finite and p,, is cellular, it follows from (E) on page 225 of
[9] that with this cell structure the reduced product space

A, =Audu---udu---,

has the weak topology. This CW-complex 4, is the reduced product ecomplex of
A referred to in the introduction. Notice that A4 is itself a special complex, so
that we may iterate the construction if we wish. Notice also

(1.10). The m-section of A, is contained in the subcompler A, .

We define a function T:4, X 4, — A, by

’ ’ ’ ’
T((aly"'ya")y (al;"';a')) = (al""’ar7a1""’al)7

where the coordinates are in A — a’. By (1.9) the weak topology of the product
complex A, X A, is the same as the product topology, since A4, is countable.
Hence T, which is obviously continuous as a map of the product complex, is
actually continuous as a map of the product space. Clearly

T(ax, @) = T(a’, as) = as (s e A,).

We shall refer to T as the natural multiplication. We have proved

TueoreM (1.11). If A is a special complex then A is an h-space, relative to a’,
with the natural multiplication. In fact A, is a free topological semigroup with a°
as left and right identity.

Finally, since this section is in the nature of a summary of the results of the
first part, we state the description of the singular homology of A, which is ob-
tained in §3. Let (G", G* ---, G™, --- ) be the sequence of groups defined in-
ductively from a given abelian group G by

=G0 G@=0®GC"'4+G+«G™" (m = 2),

where the summation is direct and where ® and * denote the tensor and torsion
products, respectively. We shall prove
TaEOREM (1.12). Let A be a special complex, and let G™ be defined from G as
above, with
G = T Hi(A).

Then the homology of the reduced product complex A, is given by an isomorphism
1 Hi(A,) & 2ma1 G™.
2. Some mapping theorems

In this section we prove (1.4)-(1.7) and discuss some similar properties which
illustrate the general nature of reduced product spaces. As in §1, let A be a
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Hausdorff space and let a’ ¢ A. We describe a7 , a7 ¢ A™ as a contiguous pair if
ay differs from a7 only in that two adjacent components, one of which is a’,
are transposed. Notice that any two points in A™ at which p, has the same
value are the ends of a finite sequence of points in A™, adjacent terms of which
are contiguous. For example, if a, @’ ¢ A then (a, a’, a°) and (d’, a, a’) in A® are
connected by the contiguous pairs (g, &/, ), (a, @', a’) and (a, @', a*), (a’, a, ).
Let X be a space and let f":A™ — X be a map. We describe /™ as invariant if
f™(a?) = f(a?) for every contiguous pair a7, az ¢ A™. If f™ is invariant then
fm = f" o pn:Am — X is single-valued, hence continuous (Lemma 3 of [8]).
We describe a sequence of maps f":A™ — X, m = 1, 2, ---, as compatible if
f™ | A™ = f™. If each f™ is invariant and the sequence is compatible then a
single-valued function f: 4, — X is defined by fo p., = f™. Then f | An = fm and
the topology of A, is such that f is continuous.

- To extend the discussion to homotopies we prove

LeEmMA (2.1). A set F < A, X I is closed if and only of F n (A, X I) i3 closed
Jor every m = 0.

Let A be the union of the spaces A, X m, m = 0, 1, --- , where the set of
integers {m} is discrete, so that a set E <A is closed if and only if E n (A, X m)
is closed for every m = 0. Then 4., has the identification topology determined
by p:Ax — A, , where p(a, m) = aif a ¢ A, . Hence it follows from.Lemma 4 of
[8] that A, X I has the identification topology determined by the product map
pX1:4Ax X I— A, X I.Since Ay X I is the union of the spaces A, X m X I,
m=20,1,--- ,andaset E C Ax X Iisclosed if and only if En (A, X m X I)
is closed for every m, by setting E = (p X 1)”'F we obtain (2.1).

Let h™:A™ X I —- X be a homotopy’. We describe A™ as invariant if
h™(ay, t) = h™(az, t) (t e I) for every contiguous pair af, az e A™. If A" is in-
variant then A, = A™ o (pm X 1)':4,, X I — X is single-valued, hence con-
tinuous by the Corollary to Lemma 3 of [8]. We describe a sequence of homotopies
A" A" X I—X,m=1,2, ---, as compatible if "' | A™ X I = h™. If each ™
is invariant and the sequence is compatible then a single-valued function
h:A, X I — X isdefined by ho (pm X 1) = A™ Thenh |Am X I = hn and it
follows from (2.1) that & is a homotopy. The above remarks are fundamental in
what follows. '

Let B be a space and let

pmn X 1:A™" X B—>An X B

be the product map. It is a simple exercise in the use of the basis in 4,, given in
(1.1) to prove

LeEmMA (2.2). A X B has the identification topology determined by p. X 1.

Let (A™" (n = 1) be identified with A™" so that the r** term (in 4) of

3 Homotopies are written in either of two ways, whichever happens to be the more con-
venient. Thus, if P and Q are spaces then a set of maps h;:P — Q (0 S ¢t = 1) is called a
homotopy if the corresponding function A:P X I — Q, in which (z, t) — k. (z ¢ P), is con-
tinuous. But A, if continuous, is also called a homotopy itself.
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the st factor A™ is the (r + m(s — 1))t term in A™". Consider the identifica-
tion maps

p:l:(Am)“ - (Am)n ) pﬂm:Am” - Anu ;

the first of these is defined since A ., is Hausdorff by (1.3). Since the composition
of two identification maps, if defined, is an identification map, it follows by
iteration of (2.2) that (4.)" has the identification topology determined by
the product map

(Pm)":(A™)" — (4)".
Hence
Pmin = Pma© [p:' ° (Pm)”]-l:(An)u — A,

being single-valued, is continuous. Moreover if U C A my and pn.» U is open then
PmaU is open and so U is open. This proves
LEMMA (2.3). An, has the identification topology determined by

Pm.ne (An)u - Alub .

Maps (An)" — Ams and (A™), — A, are defined by suitable compositions
with pm, . Also,if m, 2 0 (1 £ 7 £ n),m = maxm,,andl = Zm, then pm,a
determines a map

Amy X oo X Ay X +oo X A, = Ay

We shall refer to such maps as natural maps. An example of frequent occurrence
below is the natural map A X A, — Am+. Now let

Pni(Am)e— A4, (m 2 1)
be the map determined by pm,. ( = 1, 2, --- ). Notice that we have

PM+II(AM)-° = Pn.

(2.3) leads at once to

LeEMMA (2.4). A, has the identification topology determined by P .

Let P:(4,.), — A, be the single-valued function defined by P | (Am), = Pm,
m=1,2, ---.If A is a special complex then 4, and (4,), are CW-complexes
as described in §1. Moreover the m-section of (4,), is contained in (An)m,
and since P | (Am)m = Pm | (Am)m is continuous it follows that P is continuous.
I do not know if P is continuous without this restriction on 4.

Let A and B be Hausdorff spaces. We construct the reduced product space
of B, rel. b°¢B. We prove

LEMMA (2.5). Let f:A™ =B (m = 1) be an tnvariant map such that fA™™ = b°.
Then there exists a compatible sequence of invariant maps f":A" — B,
n=12 ---, suchthat f™ agrees with .

Let J be the sequence (1,2, --- ,n) (n = m),andlet k = (n) be the binomial
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coefficient. Let w = (w;, - -+, wi) be the set of subsequences of J with exactly
m terms, ordered as follows. Let

’wr=(a1,-“,am), ws=(Bl,"',Bm),
where w, , w, e w. Then r < sif and only if there exists ¥ < m such that
a, =B, (v>u), Aau<ﬂu‘
For example, if n = 4, m = 2, the six terms of w are ordered
1,2, 1,3, (23), 149, 249, G9.
Let w,:A™ — A™ be the map defined by
w:(aly e ,a,.) = (adly vt !aam),
where w, isasaboveand a; ¢ A (1 < ¢ < n). Then wedefine themap f*:A"™ — B,
by f"A™ = b’if n < m, and if n = m by
f'a" = q(fwia”, -+, fwia™) (a"eA™),
where g;: B* — B, is the identification map. In casen = m we have k = 1, w/ =1,
@@ = 1, and so f™ agrees with f, as required. Clearly the sequence of
maps (f', f%, ---, f*, -+ ) is compatible. We complete the proof of (2.5) by
showing that f" is invariant (n > m).
Let a", @" ¢ A™ be a contiguous pair, where
a”=(aly""aﬂ), dn=(dl"'°’dﬂ)
so that forsome s (1 < s S n — 1) we have
d=0a4, Gu=a=4d, a=a, QZ2rsnr=ss+1).

Let %, be obtained from w, ¢ w by interchanging s and s + 1 if either or both
occurs in the subsequence w, . Then %, is a subsequence of the rearrangement
of J in which s and s + 1 are interchanged. Let @,: A" — A™ be the correspond-
ing map, and let ® = (W, , -- -, W:). The set of subsequences of J which do not
contain s is a subset of both w and %, and has the same order in each. If w, e w
does contain s, then fw,a” = b°, since @, = a°, fA™™" = b° and f is invariant.
If @, e ® does contain s, then fB,a” = b° similarly. Hence
(fw;a”) ) fw’:a”)y (fw;aﬂy STty ;a”)
have the same image under ¢:, and since
Ba" = w.a"

it follows that f"a™ = f"a", as required.

If h:A,, — B is a map such that hd,_; = b* thenf = h o pn:A™ — B fulfils
the conditions of (2.5), and from the compatible sequence of invariant maps

defined in (2.5) we obtain a map h*:4_ — B, which agrees with h on 4,. . Now
replace B by B, ; let h:4,, — B_ be a map such that h4,_, = b, and let

h*:4, = (Bo)w
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be the result. Let @: (B,),, — B,, be the natural function, as defined immediately
after (2.4) but with B instead of A and @ instead of P. We define the combina-
torial extension of h to be
K =Qoh*A,— B,.

Obviously (1.7) isfulfilled. Supposethat hd, C€ B, (n < «).Thenh*A, C (By),
and since Q | (B.,),, is continuous, by (2.4), it follows that 4’ is continuous, which
proves (1.4). A similar argument proves (1.5). Notice that if B is a special com-
plex then @Q itself is continuous, and so the conclusions of (1.4) and (1.5) hold in
this case even if the conditions involving n are violated.

3. Homology of the reduced product complex

Throughout this section let A be a special complex. Let 6™:4 X Apy — An
be the natural map, m = 1,2, --- ;andlet : 4 X 4, — A_ be the map which
agrees with 6™ on A X Am. Then 6 = T |A X A, , where T is the natural
multiplication. Let

PMA X Apy— Ama, pAXA, A,
be the projections in which (z, y) — y. Let

Ox

H(Any) 22— H(A X Apq) —— H(Aw)
be the homomorphisms induced by p™ and 6™. Let
(p: , 0:):Hr(A X A,,..]) - Hr(Am—l) + Hr(Am)

be defined by (o} , 0%)y = (p3v, 63,v), wherey e H,(A X An1) and + indicates
direct summation. We shall prove .
TueoreMm (3.1). If r = 1 then

(py, 03):H(A X Am) & Hi(Ama) + H.(Aw).

Before the proof we draw two conclusions from (3.1). In the first place by
considering the homology sequence of the pair (4 X Am-1, @’ X Anm.) and
the fact that p™ has a right inverse, we deduce

TueorREM (3.2). If r = 1 then

H(Aw) ~ H(A X Apa, @’ X Amy).

Hence it follows from the Kiinneth formula, applied to the pdirs (4, a*) and
(Am_y, &), that if » = 1 then

3.3) H.(An) ~ 2 im{H(A)®H, o(An-1) + Hia(4) # Hr_(An))

where the summation is direct, and ® and * denote the tensor and torsion prod-
ucts respectively. (3.3) is a recurrence formula which.eventually expresses the
homology groups of A in terms of those of A. The result may be written as
follows. Let G™, m = 1,2, -- -, be the group defined inductively by

G'=Y2H(4), G =G@@GC'+G+«@" mz2).
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Then it follows from (3.3) by induction that
(3.4) 2 H(An) =G +G+ --- +6™

In the second place, recall that the m-section of the complex A is contained
in A,, . Hence (1.12) follows at once from (3.4). Also, if (p«, 8«) is the direct sum
of the homomorphisms induced by p, 8:4 X A, — A_, as defined above, we
obtain from (3.1)

TuEOREM (3.5). If r = 1 then

(px, 0x):H(A X A,) = H.(4A,) + HA(A.).

The key to the proof of (3.1) is an auxiliary identification space, constructed
as follows. Let I be the real segment 0 < ¢ = 1. Let C be the cone obtained
from A X I by identifying (a, 1) with a e 4, and 4 X 0 u a® X I with a°. Let
E,. be the set (C — A) X An U A, , with the identification topology of the
function ¢n:C X Am_y — E, which maps A X A._; by ™ and is the identity
on (C — A) X A . Then A, is topologically embedded in E,, . By taking a
basis, as in the case of A, , we find that the inclusions,

EiCcEc.---CE,C- -,

are topological.
THEOREM (3.6). The space E ., is contractible.
We begin by showing that E, is deformable into En—3 (m = 2). Let

Bm1=CXAm2Ud X Ap1 CC X Ap.

B, is closed and saturated by ¢.. , and the cell structure of A can be extended
over C so that B, is a subcomplex of the product complex C X A, . Let
u,:C — C be a homotopy, rel. a’, such that uy, = 1, mC = a’. We de-
fine v,:C X Amy — En by

vic, ax) = gm(uc, ax) (ceC, ax e Am).
Then vo = qm, 1(C X Amt) C Epy, and v.Bny C En . Hence the map
(CX Amai,Bm1) = (Em, En)

determined by g is deformable into® E,._; . Applying (8.2) below to this map, it
follows that g¢. is deformable into En—, rel. B,;. Since ¢g» maps

C X Amiy — Bus = (C = @) X (Amas — Amos)

without identifications, it follows that 1:E, — E, is deformable into E,_,.
Hence, by induction, E.,, is deformable into E; . But E, is homeomorphic to C,
which is contractible. Hence E,, is contractible. This proves (3.6).

Let J°, J' be the real segments 0 < ¢t < 3, 1 < ¢ < 1, respectively, and let

3Let f:1 (X, A) — (Y, B) be a map of pairs of spaces. We say that f is deformable into
B if f ~ f’ where f’X C B.
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where g:A X I — C is the identification map. Let A’ = C° n C' = ¢(4 X 3),
let E, = qm(C° X Amy) (i =0, 1), and let A,, = Enn E& = qm(4’ X Am).
Then it follows from (8.3) below that A’ is a neighborhood deformation retract® of
C®, and hence that A, is a neighborhood deformation retract of EJ . Therefore
(E™; E, , Ev) is a proper triad®. Since E., is contractible by (3.6), we obtain from
the Mayer-Vietoris sequence of the triad (see (15.3), Chap. I of [2]) the direct
sum expression

3.7 H,(A,) ~ H,(E%) + H.(E,) rz1)

in which the components of the isomorphism are induced by the inclusions
j.':A' - E:,. .
In the following diagram p™, 8™ are as before, ¢™ is defined by

¢m(a7 a*) = Qm(Q(a, %): a*) (aGA, ax eA-m—l)

and the other maps are inclusions.

Am—l (P__ A X Am—! L Am

g ek
En An — E.
Jo N
Since C° is contractible to a° it follows that A,_; is a deformation retract of
E,. , and since A is a strong deformation retract of C' it follows that A, is a
deformation retract of E . Hence I, and I, are homotopy equivalences, and
¢™ is a homoemorphism. Let
yitA X Apy— En, ((=0,1;tel)
be the homotopy defined by
tﬁ:(a, ax) = qm(Q(a’: 3+ - it), ax),
where a ¢ A and ax € Ap;. Then g = Lo p™, o = L o 6™, and ¢§ = j; o ™
(z = 0, 1). Therefore
Jood" =lyop”,  j1og" lo "

Hence the following diagram of induced homomorphisms is commutative and
the verticals are isomorphisms, so that (3.1) follows from (3.7).

Yl

Hidny) <& H(A4 X Any) 2% H(42)
H.(En) <— H.(An) —— H/(E.)
Jox Jix
¢ Let Q be a subspace of a space P. We say that Q is a neighborhood deformation retract

of P if P contains an open set of which @ is a (strong) deformation retract.
5 As defined in Chapter I of [2].
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4. Homology of the space of loops

Let A be a space, not necessarily a Hausdorff space, of which @’ ¢ 4 is a neigh-
borhood deformation retract. Let A be the suspension of A, i.e. the space ob-
tained from A X I by shrinking A X I u @® X I to a point. We identity a ¢ A
with f(a, ) ¢ 4, where f:A X I — 4 is the identification map, so that A < 4.
Let E be the space consisting of maps A:] — A such that A(1) = a', with the
compact-open topology. Let p:E — A be defined by p(A\) = A(0). Then p is a
fibre mapping, by Prop. 4 on p. 479 of [5], and p~'(a’) = ., the space of loops
on A. For brevity we write @ = 2, and embed A C Q so that a ¢ A is identified
with the path ¢t — f(a,f) (¢ eI). Let o/, #:A X @ — Q be the maps given by

F@N) =% ¥ = a@) Ost=3),
=A@t - 1) Gsts1)

where @ ¢ A, A ¢ Q. Then with (o4, %) defined as the direct sum of the induced
homomorphisms we prove (cf. (3.5))
THEOREM (4.1). If r 2 1 then
(px » 63):HA(A X Q) = H,(Q) + H.(Q).

Asin §3 let J°, J' be the segments 0 < ¢ < 4, 3 < ¢ < 1, respectively. Let
D' = f(A X J),andlet E* = p™(D*) (@ =0,1). Then A = D’ n D}, and it
follows from (8.3) below that A is a neighborhood deformation retract of D°.
Hence by the covering homotopy theorem F = E° n E'is a neighborhood de-
formation retract of E°, and so (E; E°, E") is a proper triad. Then since E is
contractible we obtain from the Mayer-Vietoris sequence of this triad the
direct sum
(4.2) H.(F) ~ H(E") + H,(E") (rz 1),
m which the components of the 1somorphlsm are induced by the inclusions
ji:F—E (@=0,1).

In the following diagram p’, ¢’ are as before, and the other maps are inclusions
except for ¢’, whose value on (a,\) e 4 X Q is given by

¢'(@, () = alt + ) O=st=19),
=\2t-1) Gsts)).

!’ 0/
e L axe 25 @

| ¢ e
B —~— F —/ E
h Jo

Since D' is contractible (i = 0, 1) it follows from the covering homotopy theorem
that Q@ is a deformation retract of E*. Hence I; and, from the proof of Prop. 5
on p. 480 of [5], also ¢’ are homotopy equivalences. Let

VA X Q- E (s el)
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be the homotopy defined by
¥e(a, N ()

a((2t + 8)/(1 + 9)) 0=t=sh,
A2t — 1) Gst=s)),

where a ¢ A, A ¢ Q,t ¢ I. We have
w=hot, Yr=jood
and solg o 8’ =2 jo 0 ¢'. Let

VoA X Q- E' (sel)
be the homotopy defined by

Vala, N(2)

at+1/14+5s) O=t=s/(A+9),
st 4+t — s) (s/A+s) st=s1),

where a e A, A ¢Q,t ¢ I. We have

Yo =liop’, Y1 =jiog'
andsol;© p’ = j; o¢’. Therefore the following diagram of induced homomorphisms
is commutative, and the verticals are isomorphisms, so that (4.1) follows from
(4.2).

’ ’

H{®) £~ H@Ax9 2 m#@©

~ kR

HJ(E" o H.(F) g H(E"

PART II: THE CANONICAL MAPS

5. The main theorems

Let A be a Hausdorff space, which admits a distance relative to a’. We mean
by this that a real-valued map can be defined on A which vanishes at a® and is
positive everywhere else. Such a map we shall refer to as a distance, without
implying that there is a metric on the space. A metric space or a CW-complex
certainly admits a distance relative to any point. Given a distance we shall define
in §7 a map

a4, —Q

which is the identity on A. We describe a as the canonical map associated with
the given distance. We shall prove in §7

TueoreM (5.1). If a, & are the canonical maps associated with two choices of
distance tn A then a ~ &, rel. A.

Let B be a closed subspace of A which contains a’. Then B, , the reduced
product space of B, rel. @’, is naturally embedded in A4, , as we saw in §1. Also
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Qs , the space of loops on the suspension of B, is naturally embedded in @ = Q, .
We shall prove
THEOREM (5.2). Let

Q:An“)QA, ﬁ:Bw—')Qa

be the canonical maps associated with a distance in A and the restriction of that
distance to B, respectively. Then a | B, agrees with (8.

Let A and B be special complexes, and let hi:A — B be a map such that
ha® = b". Let h:A — B be the suspension of h, defined by hf(a, t) = g(ha, ?),
where a ¢ A, t ¢ I and where

ffAXI—A4 ¢g:BXI—B
are the identification maps. Let hq:24, — Q5 be the map defined by
ha(\) = ho (A Q)

and let h,: A, — B, map termwise by h. We shall prove
THEOREM (5.3). Let

atd, —Q, B:B, — Qs
be canonical maps. Then
Boh,>hao a,rel. A.

In the rest of this section let A be a special complex and let a:4, — Q be a
canonical map, where @ = Q, . In the following diagram let § mean the same as
in §3 and let ¢’ mean the same as in §4.

6

AXA, — A,
(54) 1 Xal |a
AXe —r

ol
We shall prove

Lemma (5.5). In (54), a0 8>~ 6"0 (1 X a).

All these results must wait for proof until the definition of a canonical map in
§7. For motivation, meanwhile, we shall assume two of them, namely (5.2) and
(5.5), and use them in this section with the homology analysis in §3 and §4 to
deduce our main theorem:

TueorREM (5.6). If A is a special complex then a canonical map induces an
isomorphism (the canonical isomorphism) of the homotopy sequence of the pair
(A, , A) onto that of the pair (2, A).

CoroLLARY (5.7). A canonical map induces an isomorphism (the canonical
1somorphism) of the singular homology sequence of the pair (4, , A) onto that of
the pair (2, A).
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CoroLLARY (5.8). A canonical map induces an isomorphism (the canonical
isomorphism) of the singular cohomology ring of @ onto that of A, .

The first of the corollaries follows from the theorem by applying (8.5) in the
appendix below. The second follows by applying the universal coefficient theorem
(cf. Ex. 4 on p. 161 of [2]) together with the naturality of the cup product.

In the proof of (5.6), to begin with, let A be a finite CW-complex with a°
its only vertex; this restriction will be lifted in due course. Let M be the mapping
cylinder of the canonical map a. Then A, € M and @ € M, and sosince A C @
there are two distinct embeddings of A in M. Which embedding we mean in a
given context will always be plain. It follows from Lemma 4 of [8] (this is where
we seem to need the finiteness condition) that we can identify the product space
A X M with the mapping cylinder of 1 X a; assume this done. In the following
diagram let ¢ be the projection (z, y) — v and let ¢ be the map which agrees
with 8 on A X A, and with ¢ on A X @ and whose existence is guaranteed
by (5.5). ’

o, ¢:(A X M,A XA)—M,A).

Since A is pathwise connected it follows that A_, @ and M are all pathwise
connected. Both ¢ and ¢ induce homomorphisms of the reduced homology se-
quence of the pair (4 X M, A X A_) into the reduced homology sequence of
the pair (M, A,). Let ¢ denote the direct sum of these two homomorphisms, so
that ¢y maps the former sequence into the direct sum of two copies of the latter.
If » = O then from (3.5) and (4.1) (remembering that Q is a deformation retract
of M) we have

V:H (A X A,) = HA(4,) + HA(AL),
Y:H.(A X M) =~ H.M) + H.M),

where the case »r = 0 is properly included since the zero-dimensional groups
are zero. Applying the five lemma (Lemma 7 of [1]) it follows that if » = 0 then

(5.9) Vv:H(AXMAXA)~HM,A,) + HM,A,).

We use (5.9) to prove
LEmMma (5.10).

HM,A,) =0 (r z 0).

The lemma is trivial if » = 0. We make the inductive hypothesis that (5.10)
has been established for all » < m (m = 1) and show how it follows that
H,(M,A,) =0.Leti:(M,A,.) — (A X M, A X A_) be the map defined by

i) = (a’, \) (\ e M),
and let

(3
H.(M,A.) —— H.(A XM/ A X A.)

Ox
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be the homomorphisms induced by ¢ and ¢. Since ¢ o7 = 1 we have ox o074 = 1.
Thus 74 is an isomorphism into. However, by the inductive hypothesis it follows
from the Kiinneth formula, applied to the product of the pairs (4, &) and
(M, A,), that 74 is onto. Therefore 74 and o4 are isomorphisms. However, y is
an isomorphism in (5.9) with » = m, and so the component of ¥ induced by ¢ is
trivial, i.e. Hn(M, A,) = 0. This proves (5.10).

To facilitate examining the homotopy groups we prove

Lemma (5.11). m1(A.) operates trivially on (M, A,,).

To prove (5.11) we re-examine the map

(A XM, AXA)— M, A,).
Let ¢ be the endomorphism of «,(M, A.) which is induced by
(M, A) — (M, 4.)
where ¢'(\) = ¢(@’, \) (A ¢ M). If a ¢ A then ¢(a, a") = 6(a, a°) = a.
Hence, by (8.4) below, the injection of x(4) into m(4,), which is onto since 4
contains the 1-section of 4, , operates trivially on the image of ¢« . Hence (5.11)

will follow from
LemMa (5.12).

¢;TT(M’ Aa) = TT(M7 Aan)'
If A € @ we have

$'N(@O) = 0@, N = d O0Ost=?d),
= M2t - 1) Gsts)).
Hence the map of @ into itself determined by ¢’ is homotopic to the identity.

Hence, and since Q is a deformation retract of M, it follows that ¢’, regarded as
a map of M into itself, is homotopic to the identity. Moreover, if ax ¢ 4, then

¢'(ax) = o(aoy ax) = ax,

i.e. ¢’ maps A4, identically. Therefore ¢’ induces automorphisms of =.(4.) and
of (M) in the homotopy sequence of the pair (M, A,). Application of the
five lemma proves that ¢« is an isomorphism, in particular we have (5.12), and
8o the proof of (5.11) is complete.

It follows from (2.6) of [6] that the elements of xy(A) are the suspensions of
those of 71(4) and so the injection of x,(A4) into »,(2) is onto. Hence the injection
of m(A) through »1(4,) into »(M) is onto, and a fortior: the injection of =i(4,,)
into m (M) is onto. Hence and from (5.11) we can apply the form of the relative
Hurewicz theorem given by Blakers as (23.3) of [1] to the pair (M, 4.), and
deduce from (5.10) that x.(M, A,,) = 0 for all » = 0. Hence we obtain, using the
exactness of the homotopy sequence of the pair (M, 4,), that =.(4,) ~ =.(M)
under the injection. Since M is the mapping cylinder of « this proves

TueoreM (5.13). If A s a finite CW-complex with a single vertex and if a is a
canonical map then

ax:m(4,) = 7(Q) (r = 0).
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The next stage is to remove the restriction to finite complexes in (5.13).
Henceforth let A be a special complex. Then A is the union of a sequence of
finite subcomplexes whose only vertex is a’, say:

dcdc.---c AdC .-,

The suspension of A is again a special complex, with the usual cell-structure,
and is the union of the sequence of subcomplexes obtained by suspending each
complex of the previous sequence:

Adcidc.---cAcC ...

Let .2 denote the space of loops on .4 based at a’. Then © contains the sequence
of closed subspaces:

NCQC .. C.2C---.

Let a: A, —  be the given canonical map. Then by (5.2) the image of .4, , the
reduced product complex of .4, is contained in ,,Q2, and the map ma:md, — nQ
determined by « is a canonical map for 4. Hence, denoting the induced homo-
morphisms by mas and ax , and the injections by 7 and j, we have the following
commutative diagram:

’rr(mA en) Lﬁ** w1'(m9)
(5.14) il lj
- 7r(Aw) T*-) 1,(9)

We proved in (5.13) that max is an isomorphism; we now assert

LeMMA (5.15). ax 28 an isomorphism.

We prove that ax maps onto a given element z ¢ x.(2) by making a suitable
choice of m in (5.14). Let f:S8" — Q be a map which represents z, and
let f’: 8" X I — A be the function defined by

'z, t) = (fz)(®) (xeS, tel).

Since f’ is continuous, by Theorem 1 of [3], it follows that S™ X I has a compact
image which, by (D) on page 225 of [9], is contained in a finite subcomplex of
A, and that, in its turn, is contained in nA if m is chosen sufficiently large.
Hence fS" C Q. Let g: 8" — ,.Q be the map which f determines, and let y € 7,(nQ)
be its homotopy class. Let z € 7,(n4,) be the element such that nax(z) = y. Then
jy = z and so, from (5.14),

axt(z) = jmox(z) = jy = =.

This proves that ax is onto. A similar argument shows that o5 (0) = 0 and com-
pletes the proof of (5.15).

Besides (5.15) we know that a maps A identically. Therefore, by the five
lemma, the homomorphism of the homotopy sequence of (4., A) into that of
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(2, A) which « induces is an isomorphism. Thus our main result, (5.6), is estab-
lished on the assumption that canonical maps exist and have the stated properties
(5.1)-(5.5). The last two sections of this paper (apart from the appendix) are
devoted to defining canonical maps and demonstrating these properties.

6. Spaces with a distance relative to a point

Let Y be a space and let @ be the space of maps (I, I) — (Y, y), whereyo ¢ ¥
is a basepoint, with compact-open topology. Let

waxe—Q
be the usual multiplication by composition of paths, given by
W, N)(©O) = NM2) 0=st=)),
=\N@2t-1) G=st=s),

where A\, N’ ¢ Q. With this multiplication Q is an H-space (Prop. 1 on p. 474 of
[5]). Let B, B’ be Hausdorff spaces which admit distances p, o’ relative to by, be
respectively. We embed B, B’ < B X B’ so that b = (b, by), b’ = (bo, ) if
beB,b eB'. Let

B M o M p
be maps, such that kb, = h’by = ys , where ys is the constant path. We shall
define a homotopy

k.sBX B —Q (sel)

with the following two properties. We write k; = k since it will be of principal
interest. Firstly

(6.1) k|B=h, k|B =F.
Secondly, we have a commutative diagram:
B X B’
, K
(62) pxw| N
2XQ W Q

k, is a variant of the following construction, which is slightly more general.
Let

BxI 4. v L BxI
be maps such that
FBX1uby XI)=f(B"X0uby XI)=y.
Then we define a homotopy
G .BXB XI—>Y (sel)
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as follows. Let b ¢ B, b’ ¢ B, t ¢ I and let
Bo=1—s+sb), B =1—s+sF), v=4+5.

Notice that 8, > O unless s = 1 and b = by, and that 8, > O unless s = 1 and
b = bo. We define

g:(b, V', t) = f(b, v.t/B:) ifB. > 0and vt £ B,
(6.3) = f'(t', (vt — B.)/B.) if B, > 0andvit = B,
= 1o, otherwise.

It is easy to check that g, is a homotopy. Notice that for all b ¢ B and b’ ¢ B’ we
have 8y = Bo = 1, 70 = 2 and so

go(b, ¥, £) = f(b, 20) O©stsd),
= f'(b’, 2t — 1) G=t=1).

For comparison, the value of g; is given in terms of 8 = p(b), 8’ = p’(b’), and
v = B + B’ as follows

(6.4)

a1, ¥, t) = f(b, vt/B) if B> 0and vt < B,
(6.5) = f'', (vt — B)/B") if B > O0and vt 2 B,
= Yo , otherwise.

Notice that
(6.6) 91b, bo , 1) = f(0,8),  galbo, V', t) = f'(V, ).
If Z is any space we describe functions
wZXI-Y, v:iZ > Q

as associates if u(z, {) = vz(t) (z ¢ Z, t ¢ I). By Theorem 1 of [3], u is continuous
if and only if » is continuous. Let h and %’ be as before and let f and f’ in the
preceding paragraph be their respective associates. Then the associate of g, is a
homotopy

k,:B X B'— Q.

This defines k, , and we see that (6.1) follows from (6.6) and (6.2) from (6.4).
By inspection of (6.3) we also verify

LEMMA (6.7). Let b, b € B be equidistant from by and let b', b’ € B’ be equidistant
from b . Then if hb = hb and K'Y’ = 'Y’ we have

k.(b, ') = k,(b, V') (sel).

As we have defined it k depends on the choice of distances p in B and p’ in
B'. Let & be constructed by the same formula with distances 5 in B and 3’ in
B'. Let p,, p: be the distances in B, B’, respectively, which are defined by

(6.8) p=Q0—=0p+1t, p=(1-20p+t; (t eI).
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Let k' be constructed with these distances. Then k° = , since po = p and po = ¢/,
and k' = £ similarly. The function B X B’ X I — Q, which is given by

b, v, t) = k'@, v) (beB,b e¢B),
is continuous and so we obtain

LemMa (6.9). k° 25 a homotopy of k into k.
Henceforth we write :

k = K[k, 1'), ke = ki[h, B'], k' = k'[h, 1]

so as to emphasize the dependence of the construction on & and &’. Replace A’
by a homotopy &::B’ — Q such that h;b = y§ (¢ € I). Then the map

k', h]:B X B’ —Q

is defined for each ¢ ¢ I. It can be verified that the function B X B’ X [ — Q,
which is given by

(b, ¥, t) = k'lh, Re)(b, ) (beB,b B,
is continuous, and hence we have

LEMMA (6.10). k'[h, h:] is a homotopy of k{h, he] into klh, hi].

The lemmas in this section have been stated with a view to applications in
the next section. However, we conclude with a result which is not applied but
which seems to be of interest in itself.

THEOREM (6.11). Let Y be a Hausdorff space which admits a distance relative
to Yo . Then Q, the space of loops on Y based at y, , 13 an h-space relative to the constant
path.

Let ¢ be the distance on Y and let p be the corresponding distance on 2, rela-
tive to the constant path yg , which is defined by

p(A) = sup oA(?) (),

where the upper bound is taken over ¢ ¢ . With this distance and B = B’ = @
the map
k=k11:2XQ2—Q

is defined and by (6.1) we have
kA, y8) = k(ys ,\) = A (\ €Q).

Therefore Q is an h-space with k& as multiplication. Notice that, in view of (6.2),
k1, 1] is a homotopy of W, the usual multiplication with which Q is merely an
H-space, into k.

7. The canonical map -

Let A be a Hausdorff space which admits a distance relative to a’, say p, and
let A be embedded in @, which now means the space of loops on A again, as in
§5. The product A™ admits the distance p™ relative to a’ which is defined by

pr(@, 8,0, am) = p(ar) + - +p(a,) + -+ + p(am) (ar e 4).
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In the construction of §6 we set
(B,b) = (4,d), (B, b)) = (4™, a",

with distances p, p”, and take ¥ = A4, yo = a’. Weidentify 4 X 4™ = A™in
the obvious way. Then a sequence of maps f™; A™ — Q is defined inductively so
that f; is the inclusion map and (m = 2) f™ = k[f", /), in the notation of §6.
For some purposes it is convenient to have /™ defined explicitly, and the follow-
ing formula may be verified from (6.5) by induction on m. Let

a" = (ay, -, am) e A"
andlet o, = p(a,) (1 £ r < m). Let
=0 =+t - +a 1=r=sm).

We have f"a® = o’ If a” # o’ and ¢ ¢ I, thereexistsr (1 < r < m)such that
a,>0and ™' £ a™ < a’. Then

(7.1) M@ @) = a((@™t — a™)/a).

Examination of (7.1) leads to the conclusion that f™ has the same value on either
point of a contiguous pair, indeed we find

Lemma (7.2). (f, %, -+, f™, - -+ ) is a compatible sequence of invariant maps.

We now define the canonical map associated with the distance p to be the map
a:A, — Q which is given by a o p,, = f™. Notice that « maps A identically,
and that (5.2) is obvious from (7.1). For convenience of reference we summarize
(5.2) here as _

(7.3) If B is a closed subspace of A which contains a® and if B is the canonical
map associated with the restriction of p to B then « | B, agrees with B.

We also restate (5.1) in the following form, and proceed at once to its proof.

LEmMA (7.4). Let a, & be the canonical maps assoctated with distances p, § re-
spectively, relative to a’. Then a ~ &, rel. A.

We apply (6.10) with B = A, B’ = A™" and with distances p’ = p"7,
3 = p""in A™". Let p, and p; be defined as in (6.8) and let a; be the canonical
map associated with p, (¢ ¢ I). Then we have

@ © Pm = k'[f1, @s 0 pna]:A™ > Q,

and it follows by induction from (6.10) that «, o p. is & homotopy. Hence «; is
a homotopy, and since a; is a canonical map for each ¢ ¢ I, a, maps A identically.
This proves (7.4).

We shall now prove (5.5). Let

T =LA X AT > Q (sel),

so that fT*' = f™*'. Then since ¢’ = W|A X Q, where ¢:4 X Q@ — Q is as
defined in §4, we obtain from (6.2) the relation

(7.5) ot =0o(1 XfM:AXA™ —Q.
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Let a™, @™ ¢ A™ be such that p.a™ = pmd™. Then a™ and ™ are equidistant from
a’, and f"a™ = f™a™, by (7.2). Hence by (6.7) we have o

T e, a™) = 77 (a, &™) (@eA,sel).
In other words
farn =fe o (I X pm) A X An—Q

is single-valued, and hence, by (2.2) and the corollary to Lemma 3 of [8], fm: is
a homotopy. Moreover, since /™ | 4™ = /™ we have fasi |A X Amy = fa.
Now let 4, be a special complex, as in (5.5). Since, by (1.9), the weak topology
in the product complex A X A, is the same as the product topology, it follows
that a homotopy

falA X A, —Q

is defined by fo | A X Am = fmi1. Let 0:4 X A, — A_ be the same as in §3,
so that 6 o (1 X p,) has the same values as pn41. Then f4 = « o 6, since

fano (I X pw) =T =" = aopuu.
Alsof% = & o (1 X a) since, by (7.5), -
forio (I X pm) =fo =00 (1 XM
#o(lXa)o(lXpa)

Therefore f2, is a homotopy of & o (1 X a) into a o 6, which proves (5.5).

There remains the naturality theorem (5.3). Let A and B be special complexes
whose only vertices are a’ and b’, respectively, and let h:4 — B be a cellular
map. Then the mapping cylinder of k has cell structure, as described at the top
of p. 238 of [9], in which A and B are embedded as subcomplexes and in which a
1-cell joins a’ and b’, the only vertices. Let C be the complex obtained from the
mapping cylinder by shrinking the closure of this 1-cell to a point, and lét
g:A X I — C be theidentification map, sothatg(a,0) = a,g(a,1) =ha (acd),
g(@ X I) = @, and g maps (4 — a’) X (I — 1) homeomorphically into C.
Then C is a countable CW-complex in which A and B are embedded as sub-
complexes and in which @’ = b’ is the only vertex. Consider the homotopy
w,:C — C (t e I) which maps B identically and is such that

]

wyg(a, 8) = gla,1 — ¢t + st) (aed,s e‘I).

We have woC C B, w; = 1, and if 7:C — B isthe retraction determined by ws , so
that rg(a, ) = ha, we have )

(7.6) rew, =r (tel).
Let ::A — C, j: B — C be the inclusion maps, so that we have )

(7.7 rot = h, roj =1, jor = w.
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Let A and B receive distances relative to a’ by restricting a chosen distance
on C. The canonical maps «, 8, and v associated with these distances are shown
in the following diagram.

T T

Aco———)cuo ""—‘)" ©

Jeo

Ao
v
Je
QA _.—) QC — QB
0 o
In the above diagram, 7, j, and 7, map termwise by 7, j and r, respectively,
* 80 that 7, embeds A, and j,, embeds B,, as a subcomplex of C, . Also, 7, jo and
ro are obtained by composition with the suspensions of 7,7 and r, respectively, so

that 3 embeds Q4 and jq embeds Q5 in Q¢ . Applying (7.3) we obtain

(7.8) Yoi, =1g0a@, Y°j, =jach.
Let v,:C, — C_ map termwise by w; (¢ ¢ I). Thenv; = 1, and from (7.7) we have
(7.9) reojoa =1 jooTe =1.
Therefore
Bory,ot, =rgojoofBor,ot,, by (7.9),
=rgoY0j,0T,01%,, by (7.8),

~rgoyoi,, under rpgoyov,eo17,,
- recigoa, by (7.8).

Since 7., maps A identically, since v, maps A into C by w, , and since y maps C
identically, we have yvi (@) = w.(a) (a ¢ A). However

rawe(a) = rw.(a) = r(a),

by (7.6), and so rq o v o v, © 7, is & homotopy rel. A. Now h, = r,°1,,
which maps termwise by h, and he = rg ° ig, which is obtained by composition
with the suspension of h, mean the same as in (5.3). Since we have proved
that

(7.10) Boh,~hpoa, rel. A,

(5.3) is established if h is a cellular map and if the canonical maps o« and 8 are
those associated with our particular choice of distance. This last restriction is
removed at once by appealing to (7.4). Hence it remains to establish (7.10) if A
is not necessarily a cellular map.

Let h be a map such that ha” = °. Then by (L) on p. 229 of [9] there is a
homotopy w,:A — B, rel. a’, such that wo, = k, and w, = k', where &’ is a cel-
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lular map. Let v,:4_, — B_ map termwise by w, and let u.:Q, — Q5 be obtained
by eomposition with the suspension of w, (¢ ¢ I). Then

vo="rhy, V=he, Uw=ha, w=h.
By (7.10), applied to h’, there is a homotopy z,:4, — Qs, rel. A, such that
Zo =B ohoand z; = hgo a. Let

Y:Ado X I —Qp
be the map defined by
y(as , t) = Puslas) O=st=s))
= z51(as) G=t=3
= uaa(as) G=sts1),
where ay ¢ A, . Thenif a ¢ A € A, we have
y(a, t) = ws(a) O0O=st=sd
= wi(a) d=t=3
= ws_y(a) @G=st=s1.

Hence y |A X I ~z,rel. A X I, where z:A X I — Q5 is given by z(a, t) =
ha (a ¢ A, t ¢ I). Hence by the homotopy extension theorem ((J) on p. 228 of
[9]), applied to the pair (4, X I, A, X I u A X I), there is a homotopy of
y,rel. A, X I, into a map y':A, X I — Qp such that 4’ | 4 X I = z. Theny’
defines a homotopy, rel. 4, of 8 o h, into hg ° a. This completes the proof of
(5.3).

We conclude with the following observation. If A is a Hausdorff space then
A, admits a homeomorphism V:4, — A_ in which each sequence has its order
reversed, for example

V(a, 62, as) = (as, az, ay).

Let f:A X I — A be the identification map. Then 4 admits the homeomorphism
R:4 — A defined by

Rf(a, t) = f(a, 1 — ¢) (aed,tel),
and 2 admits the homeomorphism U:2 — Q defined by
Ux(t) = R\(1 — 1) ANeQ tel).

Notice that U maps A identically. If 4 admits a distance relative to a’ and if
a is a canonical map then from (7.1) we obtain the following commutative
diagram:

4. -2
(7.11) |4

A, —
®

QD «— B
-
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8. Appendix

We shall deduce (1.9) from
LemMma (8.1). Let K and L be countable CW -complexes and let G C K X L be
open in the weak topology of the product complez Then G is open in the prodzwt

topology.
The following, with a httle rewording, is Dowker’s proof Let (p, ) ‘be a point

of G. We shall show that there exist open sets U C K and V C L such that
pelU,qeVand U X V C G. Since K is countable, K is the union of a sequence

K, cC Kz - C Kr
of finite subcomplexes such that Pe K,. Slmllarly L is the union of a sequence
L c L,.c---cL cC-

of finite subcomplexes such that qe Ll We construct inductively sets U, open
in K, and V,openinL, (r=1,2, - )suchthatp eU,CUp,qgeV, C Ve,
and U, X V., C G.

. Since G is open in the weak topology of K X L we have that G n F is open
in F for each finite subcomplex F of K X L. In particular G, = Gn (K, X L,)
is'open in the finite product complex K, X L, . Since (p, ¢) € G, it follows from
(H) on p. 227 of {9] that there are neighborhoods U, of p in K; and V; of ¢ in
Ly such that U; X ¥; & G,.. Replacing these by smallepneighborhoods, if neces-
sary, we assume that U; X V; C G;. Assume that:U,-and V, have been con-
structed for » £ n. Then U, , V., are compact subsets. of K41, La41 respectively
such that U, X V' C Guyi. Forany z ¢ U, , y ¢ V. we have (2, y) € Gasr With
G 0pen in Ky X Loy . Hence by (H) on p. 227 of [9] there exist neighbor-
hoods M, (z) of x in K, and N.(y) of y in L., such that M,(z) X N-(y) C Gns1.
Replacing these by smaller neighborhoods, if necessary, we assume that :

My(z) X N.(y) © Gas1.
A ﬁmte set of nexghborhoods M), -+, M, ,(z.) covers the compact set U, . Let
= Ur-! Mll(xf): N(y) = n:-l N’r(y)'

Then M, and N(y) are open, U, C M, ,yeN(y) and M, X N(y) C Gnpa. A
finite set of neighborhoods N(y1), - - - , N(y.) covers the compact set ¥, . Let

U"+1 = n:-l MVr ’ Vn+1 = U:—l N(yr)°

Then Un,i'is open in Kny1, Vasrisopenin Lnyy, Un © Unsa, Vo © Vaya and
Uns1 X Vaa © Gnpr. Hence by induction we obtain the two sequences re-
quired. Let

U=UU,, V=ULV
If r = n, U, n K, is open in K, , and since the sets U, are increasing we have
U n K” = U?_](Ur n Kn) = U?—n(Ur n Kﬂ),
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hence U n K, is open in K, . Hence U is open in K and similarly V is open in L.
NowpelUyC U,qgeV, C V. If (z, y) e U X V there exists an r such that
(z,y) e U. X V, C G. Therefore U X V C @G, and the proof of (8.1) is complete.

(1.9) is deduced from (8.1) as follows. Let K and L be locally countable CW-
complexes, and G € K X L. If G is open in the product topology then G is also
open in the weak topology of the product complex. Conversely, let G be open in
the weak topology of the product complex, and let (p, ¢) ¢ G. Then there are
neighborhoods U of p in K and V of ¢ in L such that UC K'and V C L/,
where K’ is a countable subcomplex of K and L’ is a countable subcomplex of
L. Since G n (K’ X L’) is open in the weak topology of the product complex
K’ X L' there exist, by (8.1), neighborhoods U’ of p in K and V' of ¢ in L such
that (U' n K’) X (V' n L) € G. Then U n U’ is a neighborhood of p in K and
V n V' is a neighborhood of ¢ in L such that (Un U’) X (Vn V') C G. Hence
@ is open in the product topology. This proves (1.9).

We end by proving four simple theorems which were applied in the course of
the paper but for which I can find no reference in the literature.

Let (K, L) be a pair consisting of a CW-complex and a subcomplex, and let
(P, Q) be a pair of spaces. Let f: (K, L) — (P, @) be a map. We prove

THEOREM (8.2). If f 13 deformable into Q then f is deformable info Q, rel. L.

Let fi: (K, L) — (P, Q) be a deformation such that fo = f and fiK C Q. Let
ge = fi| L. By the homotopy extension theorem ((J) on p. 288 of [9]) there is an
extension h,:K — Q of g, such that Ak, coincides with f, . Let

F:(KXIL,LXI)—(P,Q
be defined by
F(z,t) = fau(z) O0O=st=s),
= ha-2,(z) Gsts,
wherez ¢ K, and let G = F | L X I. Then G(y, ) = G(y, 1 — ) if (y,¢) e L X I,
and so G ~G', rel. L X I, where G'(y, t) = f(y). Hence it follows from the homot-
opy extension theo!'em, applied to the pair (K X I, K X fu L X I), that
F~F' rel. K X I, where F' |L X I = G'. Then F' is a homotopy, rel. L, of
f into ko, and since AK C Q this proves (8.2). -
Let A be a space, @’ ¢ 4, and let C be the cone obtained from A X I by identi-
fying (a, 1) with a if @ ¢ A and identifying A X 0 u a’ X I with a’. We prove
TueoREM (8.3). If o’ i8 a neighborhood deformation retract of A then A is a
neighborhood deformation retract of C.
Let L, L’ be the intervals 0 £ ¢ < }, # < ¢ S 1 respectively, and let

lL,:I,Lul’)—>(I,Lul (sel)

bea homotopy, rel. I, suchthatly = 1and 4L = 0, L’ = 1. Supposethat U < A
is open and contractible, rel. a’. Then

D=qAdXLugAXL)YuqU X I)
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is open in C, where g:A X I — C is the identification map. I assert that 4 is a
strong deformation retract of D. For the homotopy h,: D — D defined by

hyg(a, t) = g(a, L) (aed,tel)

deforms D, rel. A, into A u C’, where ¢’ = ¢(U X I). Since U is contractible,

rel. a°, it follows that A n ¢’ = U is a strong deformation retract of the cone

C’ which stands upon it. Hence A is a strong deformation retract of 4 u C’,

hence of D itself. This proves (8.3). If A is a CW-complex it follows from the

proof of local contractibility given in [9] ((M) on pp. 230-1) that @’ is a neigh-

borhood deformation retract of 4. .
Next, let Y be a space and let (X, 4), (P, Q) be pairs of spaces. Let

:PXY,QXY)—> (X, A
be a map, and let ¢': (P, @) — (X, A), ¢”:Y — A be the maps defined by

¢'(P) = ¢(pr yo)’ ¢”(y) = ¢(p0 ’ y)
where pe P, y ¢ Y, and po € Q, o ¢ Y are basepoints. We represent an element
a efr(P’ Q} Po) (7' g!z) byampf:(E', Sr_l) _’(P, Q) such ﬂ}atfzo = po,Whel‘e
E" is an r-element bounded by 8" and z e 8. Let A:(I, I) — (¥, ») be a
map, and consider the homotopy f.: (E", ™) — (X, A) defined by

Ji(2) = ¢(f(2), A (?)) (zeE, tel).
We have fiz = ¢(f(2), y0) = ¢'f(2), and so f, represents a7 (X , 4, ), where
Zo = ¢(Po, o) and ¢« is induced by ¢’. Equally, f; represents ¢a. But
f(20) = ¢(po, A(t)) = ¢"\(?).

Hence ¢+f ¢ m(A, z,) operates trivially on ¢xa, where 8 e m(Y, ) is the ele-
ment represented by A and ¢« is induced by ¢”. This proves
THEOREM (8.4). In the above notation, the subgroup

éxmi(Y, ) C mi(4, 7o)
operates trivially on the subgroup
¢;=1l',-(P, Q) Po) c TT(X’ A’ Zo).

Let X and Y be pathwise connected spaces and let f:X — Y be a map. We
describe f as an algebraic homotopy equivalence if the induced homomorphism of
homotopy groups,

Tr(X) hand Tr(Y)v

is an isomorphism in all dimensions. A well-known corollary of the relative
Hurewicz theorem, due to J. H. C. Whitehead and proved by using the mapping
cylinder of f, asserts that the induced homomorphism of singular homol-
ogy groups,

H.(X) — H\(Y),
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is an isomorphism in all dimensions if f is an algebraic homotopy equivalence.
Now let A € X and B C Y be pathwise connected subspaces and let

fi(X,A) - (Y, B)

be a map. We describe f as an algebraic homotopy equivalence of the pair if
the maps

X-Y, A—B

which f determines are both algebraic homotopy equivalences. Applying the five
lemma we obtain

THEOREM (8.5). An algebraic homotopy equivalence of the pair,
(X, 4) — (Y, B),

induces an isomorphism of the homotopy sequence of the pair (X, A) onto that of
(Y, B), and an isomorphism of the singular homology sequence of the pair (X, A)
onto that of (Y, B).

THE QUEEN’S COLLEGE, OXFORD

BIBLIOGRAPHY

1. A. L. BLAKERS, Some relations between homotopy and homology groups, Ann. of Math.,
49 (1948), pp. 428-461.
2. S. E1LENBERG AND N. E. STEENROD, Foundations of algebraic topology, Princeton Uni-
versity Press, 1952.
3. R. H. Fox, On topologies for function spaces, Bull. Amer. Math. Soc., 51 (1945), pp. 429-
432.
. EvERETT P11cHER, Homotopy groups of the space of curves with applications to spheres,
Proc. Int. Congress of Math., (1950), I, pp. 528-529.
5. J-P. SErrE, Homologie singuliére des espaces fibrés, Ann. of Math., 54 (1951), pp. 425~
" 505.
. Hirost Topa, Generalized Whitehead products and homotopy groups of spheres, Jour. Inst.
Poly. Osaka City Univ., 3 (1952), pp. 43-82.
7. Hiros1 Toba, Topology of standard path spaces and homotopy theory, I, Proc. Jap. Acad.,
29 (1953), pp. 299-304.
8. J. H. C. WHITEHEAD, Note on a theorem due to Borsuk, Bull. Amer. Math. Soc., 54 (1948),
pp. 1125-1132.
9. J. H. C. WuitEaEAD, Combinatorial homotopy, I, Bull. Amer. Math. Soc., 55 (1949),
pp. 213-245.

'S

(-]



