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Jordan normal form projections 

By 

NEE YUEN LAM, ANDREW RANICKI and LARRY SMITH 

Let  K be a field, and  let T: V ~ V be an e n d o m o r p h i s m  of a f in i te -d imens iona l  vec tor  
space V over  K such tha t  K con ta ins  the roo t s  21, 22, . . . ,  )-,, of the charac ter i s t ic  po lyno-  
mia l  

7~(t) = det  ( t I  - T ) =  (t - )ol) "~ ( t -  22) . . . . .  (t - 2m) nm . 

V is a direct  sum of T- inva r i an t  subspaces  Vj = ker  ( T  - 2jI)"J, one for  each e igenvalue  
2j, such tha t  T - 2 j I :  Vk ~ Vk is n i lpo ten t  f o r j  = k and  an  a u t o m o r p h i s m  f o r j  4= k. We 
ob t a in  in this p a p e r  an  explici t  fo rmula  for  the p ro jec t ion  pj (T) = pj (T)Z: V ~ V on to  the 
subspace  V~, as a p o l y n o m i a l  in T. 

A near-project ion in a r ing A is an e lement  p ~ A such tha t  q = p (1 - p) ~ A is n i lpotent ,  
t ha t  is q" = 0 for some exponen t  n > 1. We refer to Lfick and  Ranick i  [3] for  the general  
theory  of near -pro jec t ions ,  and  for the cons t ruc t ion  of the un ique  p ro jec t ion  
p~, = (p,o) 2 e A such tha t  p~ - p is n i lpo ten t  and  p p ~  = p ~ p ,  namely  

po, = (p" + (1 - p ) " ) - l p ,  = p + (1 /2 ) (2p  - 1)((i  - 4 q)-1/2 __ 1) 

= p  + (2p -- l ) ( q  + 3 q  z + 10q 3 + 35q 4 + 126@ + 462q  6 + 1716q 7 

+ 6435q s + 24310q 9 + 92378 q 1~ + 352716q 11 

+ 1352078q lz + " "  c A .  

(In the special  case when A is of charac te r i s t ic  2 this simplifies to 

Po, = P + q + q2 + q4 + q8 + q16 + . . .  E A ) .  

If  R is any  r ing and  p:  V ~ V is a nea r -p ro j ec t ion  in the e n d o m o r p h i s m  ring of an 
R - m o d u l e  V then  P,o: V --* V is the p ro jec t ion  on to  the p - inva r i an t  s u b m o d u l e  

P = im (p~) = im (p") = ker  ((1 - p)") ~ V, 

such tha t  V = P @ Q with  Q the p - i n v a r i a n t  s u b m o d u l e  

Q = im (1 - p j  = im ((1 - p)") = ker  (p") ~ V. 

p :  P --* P is an  i s o m o r p h i s m  and  p :  Q ~ Q is n i lpotent .  An e n d o m o r p h i s m  p:  V ~ V of 
a f in i te -d imens iona l  vec tor  space V over  a field K is a nea r -p ro jec t ion  if and  on ly  if the 
charac te r i s t ic  p o l y n o m i a l  is of the type z( t)  = t "  (1 - t)", in which  case (p (1 -p))~a~(m,,) 
= 0 : V ~ V  
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Let R be a commutative ring with 1, with polynomial extension ring R [t]~ A poly- 
nomial qo (t)~ R [t] is completely reducible if it can be expressed as a product of linear 
factors 

q ) ( t )  = ( t  - -  ,),1) nl ( t  - -  2 2 )  n z ' ' "  ( t  - -  2m)nmE R [ t ] .  

Let T: g -~ g be an endomorphism of an R-module V. A polynomial ~0 (t) e R [t] annihi- 

lates T if 

q0( T ) = 0: V ~  V, 

in which case V is an R [t]/(q~ (t))-module with t acting on V by T. Any expression of 
R [t]/(q0 (t)) as a product of rings 

R[tl/(q)(t)) = A 1 x A 2 x . . .  x A m 

determines a decomposition of V as a direct sum of T-invariant submodules 

v =  vi | v2 | . . .  | vm, 

with Vj = A; V an A j-module. 
The characteristic polynomial of an endomorphism T: V --, V of a finitely generated free 

R-module V is defined by 

X(0 = det (( tI  - T): V[t] - ,  V[t]) e R[t],  

as usual. )~ (t) annihilates T by the Cayley-Hamilton theorem. More generally, Almkvist 
[1] defined the characteristic polynomial of an endomorphism T: V ~ V of a finitely 
generated projective R-module V by 

Z(t) = r  l/t) ~ R[t], 

with n the degree of the polynomial 

2 (t) = det (I + t (T �9 0): (V �9 W) [t] --, (V @ W)[t]) ~ R [t] 

defined for any finitely generated projective R-module W such that V @ W is a finitely 
generated free R-module. This agrees with the previous definition, and is also such that 
z(T)  = 0: V ~  V. 

Theorem. Let  T: V --, V be an endomorphism o f  an R-module V such that there exists a 
completely reducible annihilating polynomial o f  degree n 

q o ( t ) = ( t - 2 1 )  " l ( t - , )~2)n2- . . ( t -2m)"m~R[t]  ( n = j = t  ~ nj) ,  

with the eigenvalues 21,22, . . . ,  2 m ~ R such that each 2 ~ -  2 k ~ R ( j  ~ k) is a unit. For 

j = 1, 2 . . . . .  m define the polynomial of  degree (n - n j) 

gj (t) = H (t -- 2k) ~ ~ R [t], 
k4-j 

so that ~o (t) = (t - 2j)~J gj (t). Then 

gj(2~)-~ gj(T): V ~  V 
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is a near-projection in the endomorphism ring of V, and its associated projection 

pj(T) = (gj(2j)- l gj(T))o~: V ~ V 

is the projection onto the direct summand 

Vj = im (9j (T) :  V ~  V) = ker  ((T - )vI)"J: V ~  V) ~= V, 
with 

p ~ ( T ) = I : V ~ V ,  p j ( T ) p k ( T ) = O  for j + k .  
j=l 

V is the direct sum of the T-invariant submodules Vj ( j  = 1, 2 , . . . ,  m), such that 
T -- 2 j I :  Vk ~ Vk is nilpotent f o r j  = k and an automorphism f o r j  t- k. 

P r o o f. F o r  j = 1, 2 . . . . .  m define 

= c R [t] ,  
k=O k! t=~j 

the first nj te rms in the  Tay lo r  expans ion  of 1/g~(t) a r o u n d  t = 2 i,  such tha t  

al ( t )g l ( t  ) + az(t)gz(t) + . . .  + am(t) gm(t ) = I E R[t]. 

The left h a n d  side is the degree  (nj - 1) Lagrange-Sy lves te r  i n t e rpo l a t i on  p o l y n o m i a l  f ( t )  
with f(2~) = 1, f(k)(2j) = 0 (1 < j  < m, 1 < k _< nj - 1) ( G a n t m a c h e r  [2, V.1]). The  co- 
efficients of a j  (t) are  def ined in R, since the coefficients of the formal  power  series 

(t - ;~) -"~  = (,~j - ;~) -"~  (1 + (t - ,~j)/(,~j - ,~))-", 

+ k 
1) (t - ,,~j)k/(2j - 2i) k-hi E R [[t - / , j]] 

are  def ined in R, for  i + j ,  q~(t) is a fac tor  ofgj(t)gk(t) f o r j  + k, so tha t  there  are  defined 
p ro jec t ions  

pj( t )  = a j ( t )g j ( t )  ~ R[tl/(q~(t)) (1 < j  < m)  

such tha t  

pj(t) = 1, p~(t)pk(t) = 0 for j 4: k.  
j=l 

The i s o m o r p h i s m  of r ings def ined by  p ro jec t ion  on each fac tor  

R [t]/(~o (t)) --,  I~I R [t ] / ( ( t  - ~.~)",) �9 x -~  (x ,  x . . . .  , x )  
j = t  

has  inverse 

~I R [tl/((t - ;~)"0 -~ R [t]/(~o (t)); 
]= l  

( x l , x  2 . . . .  ,x,~) ~ x l p l ( t  ) + x2P2 (t) + - ' -  + x,,p,~(t). 

8* 
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The elements gj(t), ( t -  2 )  ~J ~ R [t]/(~9(t)) are coprime and have product  0, so that 

im (gj.(T): V ~ V) = ker ( ( T - ) v I ) " J :  V ~ V). 

Let Vj =~ V be the image of the projection 

p j ( T )  = a j ( T ) g i ( T ) :  V- - ,  V, 

an R [ t ] / ( ( t -  ,[s.)"J)-module with t acting by T: V s. - ,  Vj, and with g~(T), aj(T):  Vj-~ 
inverse automorphisms.  Thus 

Vj = im (pj (T): V ~ V) = im (gj(T): V-+ V) = ker ( ( T -  2j [)~'< V--, V). 

As )~j is a root of gj(t) - g j ( 2 j )  there exists a polynomial  hi(t) such that 

gj(t) - gj (2j) = (t - ;~j) hi(t) e R [t]. 

Similarly, there exists a polynomial  bj(t) such that 

aj (t) - aj (2j) = (t - 22) b# (t) ~ R [t]. 
Now 

aj (2 )  gj (t) = gj (2,j) 1 g2 (t) e R [t]/(~0 (t)) 

is a near-projection, since 

~j ( 2 ) -  ~ aj (t) (1 - gj ( 2 ) - ~  gj(t))  = - g~(;tj) ~ gj (t) (t - 2 )  hj (~) ~ R [ t l / ( e  (t)) 

is nilpotent (of exponent at most  n3). The near-projection differs from the projection p# (t) 
by a nilpotent 

pj (t) - gj (2#)- 1 gj (t) = gj (t) (t - 2)  b# (t) ~ n [t]/(cp (t)), 
so that 

p2(t) = (gj(2j) ~gi( t ) ) , ,~R[ t l / ( (p( t ) ) .  D 

R e m a r k 1. The hypotheses of the Theorem are satisfied for any endomorphism 
T: V -~ V of a finite-dimensional vector space V over a field K which contains the roots 
of the minimal polynomial  # (t), with (p (t) either # (t) or the characteristic polynomial ;((t). 
The near-projections gj ()q)- 1 gj (t): V ~ V for the two cases need not be the same, but they 
differ by nilpotents so that the projections p j ( T ) =  (g2(2 j ) - lg j (T ) )~ :  V - *  V are the 
same. [] 

R e m a r k 2. The projections pj (T) can also be expressed as 

p j ( T )  -- ( (T - ,~,jI)"J + gj(T))  -~ gj(T): V ~ V. E2 

R e m a r k 3. The proof  of the Theorem does not actually use the Jordan normal  form, 
and could be used to simplify the standard proofs. We are indepted to S. J. Pat terson for 
describing to us Fitting's proof, making use of the projections p j ( T )  but without an 
explicit formula. [] 
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