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The purpose of this paper is to give a new proof of the following proposition, which is a
sort of “folklore”.

Proposition 1. Let F be a closed surfacgy an oriented4-manifold andf:F — N a
stable magtherefore an immersignThen

e +2D(f) = (P(Dy filF12), [N1a) + 2 (F) (mod 4, (1)

wheree is the normal Euler number of, D(f) denotes the number of double points
of £, P:H?(N; Zy) — H*(N; Zy) is the Pontrjagin square anfiV]4 € H4(N; Z) is the
modulo4 fundamental class of .

The only properties of the Pontrjagin square we will use are its naturality and that the
Pontrjagin square of the modulo 2 reduction of a class H?(N; Z) is the modulo 4
reduction ofa? € H*(N; Z). Recall that the normal Euler number gfcan be defined
even if F is nonorientable as the algebraic number of the zeros of a generic section of the
normal bundle 7.

In [1] a more general proposition (Lemma 2.5.2) is stated but no formal proof is given;
only an indication is made that it can be verified by the method of Lannes [3]. This method
is based on the investigation of some cohomology operations in configuration spaces. Li [4,
Theorem 2 (1)] proves the same result for embeddmégs— N%*, whereM is closed N
is oriented, by a formula of Massey [5].

We will need the next lemma of the second author [6]; for the convenience of the reader
we give here a short proof.
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Let g: M" — R?~1 be a self-transverse immersion of a closed manifold and let
62(g) ¢ R~ denote the double point set gf This is the union of immersed circles;
for each such circl& a double coveringf — C arises naturally. We call’ nontrivial,
if this is nontrivial, i.e.,C is connected; otherwis€ is trivial. Let 8(g) € Z, denote the
parity of the number of nontrivial circles.

Lemmal. Forn evend(g) = (wi(M)Uw,_1(M),[M]2).

Proof. Let v denote the normal bundle af2(g) := g~ 1(f2(g)) in M and lete! be the
trivial line bundle overAx(g); then obviouslyy @ e = TM|A2(g) and hencavi(v) =

wl(M)|A2(g)- Then we have

(wiv), [A2(2)],) = (wi(M) Uw,_1(M), [M]2)

because the homology class representedipig) in H1(M; Zy) is the Poincaré dual of
w,—1(M) (see [2]). The left hand side of this equation is precisely the parity of the number
of those components af2(g) which have nonorientable normal bundlesihand forn

even this parity coincides witf(g) (there are two components db(g) belonging to each
trivial double point circle and either both or none of them has nonorientable normal bundle;
to a nontrivial circle belongs one componentaf(g) and in the case of being even this
must have a nonorientable normal bundle)

To prove our proposition, we will need several steps.

Proof of Proposition 1. First we consider the casé = R*, along with the additional
condition of the existence of a nowhere vanishing sectiorvforin this casee = 0 and
obviously the congruencB(f) = x(F) (mod 2 is to be proven. Using Hirsch’s theory
for immersions, we find thay is regularly homotopic to a self-transverse immersion
g: F — R3(R3 c R* being an affine subspace). Itis easy to seellgt) = §(g) (mod 2.
Then, by Lemma 1D(f) = (w1(F) Uwa(F), [Fl2) = (wf(F), [Fl2) = (w2(F), [Fl2) =
x(F) (mod 2. B

Another, almost trivial special case is thatBfbeing orientable. NowP(Dy f[F]12),
[N1a) = f«[F]- f«[F] (mod 4 and of course 2(F) = 0 (mod 4 and the proof is easy
using the definition of the normal Euler number.sifis a generic section of; and
i:vy — N is an immersion onto a tubular neighbourhoodf@f’), then bothf andi o s
representf,[ F], and their intersection points are the following: one for each zescanid
two for each double point of . Below, we will reduce our statement to this case.

First we reduce it to the casg(F) = 0 (mod 2. Fix an immersionRP?2 — R3
(e.g., Boy’s surface), and by a regular homotopy move it to a self-transverse immersion
a:RP%2 — R* If x(F) is odd then let us choose a ‘small’ set My diffeomorphic to
R4, ‘close’ to im(f), but disjoint from it and copyx(RP?) into it. Constructing the
connected sum of (F) anda (R P?) we obtain a surface immersed Mwith even Euler
characteristic. By the construction @f e(v,) = 0 and it is easy to see that our operation
does not change the normal Euler numbesf f. It does not change the summand in
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(1) containing the Pontrjagin square either, because the original and modified surfaces are
homological. The only one thing left to prove is that we increased the number of double
points by an odd number, i.e,has an odd number of those, but this is obvious by the first
paragraph of the proof.

We can assume now that(F) is even. In this casev1(F) can be represented by a
single circleC c F, disjoint from the double points of and embedded with trivial
normal bundlevc. The circle f(C) is embedded invV and its normal bundle is trivial
because of the orientability of; vc can be identified with a trivial subbundle of this
trivial bundle. Letk denote the Klein bottle and Igt: K — $* be an immersion obtained
by lifting an immersionk — R3 into R* and then embedding the latter in§4. This map
B and a circleC’ C K representinguv1(K) have the same properties as above, thus we
can identify closed tubular neighbourhoddsandV of f(C) andB(C’), respectively, in
such away that/ N f(F) andV N B(K) correspond to each other. Now cut outthaind
intV from N and $4, respectively, and attach the resulting two 4-manifolds along their
boundaries using the above identification. As a result we get an orientable 4-mavifold
(U = 3V = ST x 52 are connected) and amientablesurfaceF’ immersed in it. Trivially
x(F") = x(F). Orient N’ by extending the orientation of (the remainder &f) Sincepg
can be chosen to be an embedding atg) = 0, the summands on the left hand side
of (1) do not change and neither does the second term on the right hand side. Again by our
first paragraph(ﬁ(DS4ﬁ*[K]2), [S414) = 0. Using the fact thaN’ is cobordant with the
disjoint union of N andS*, the proof will be completed by the next lemmat

Lemma2. Let A and B be oriented closed-manifolds andfy: F1 — A and f2: F» — B

be generic immersions of closed surfaces into them. Assume that there is a cobordism
between the pairs of spacés, f1(F1)) and (B, f2(F>)), meaning the following. LeW

be an oriented compad-manifold with boundary ang¢: X — W an immersion of a
compact3-manifold X with boundary. Assume thatv can be identified by the disjoint
union A U B (in such a way that the orientation & induces that ofA but the reverse of

that of B by some fixed conventipandd X by the disjoint uniorF; U F» and under these
identificationsg|yx coincides withfi U f>. Then

(P(Da f1,[F112). [Als) = (P(Dp f2.[ F212). [ Bla).
Proof. It is sufficient to show thatf’(Dawg*[aX]z), [0W]4) = 0. Denoting the identical
embeddingg W — W by j we have

<’|§‘,(Dawg*[ax]2), [3W]4> = (j*ﬁ('Dwg*[X]Z), [3W]4>
= (B(Dwg:(X12). ju[8Wla) = (B(Dwe:[X12). 0) = 0.
as we wanted. O
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