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BLANCHFIELD DUALITY AND SIMPLE KNOTS 

BY 

C.KEARTON 

ABSTRACT. The method of presentation for n·knots is used to classify 

simple (2q - I)-knots, q > 3, in terms of the B1anchfield duality pairing. As a 

corollary, we characterize the homology modules and pairings which can arise 

from classical knots. 

O. Introduction. In this paper we use the results and techniques of [4] to 

give a classification of simple knots in terms of the Blanchfield duality pairing. 

We work in the piecewise linear category throughout, and it is to be under

stood that all embeddings, submanifolds, and isotopies are locally flat. An n-knot 
is an oriented pair (Sn+2, Sn), where Sr denotes the r-sphere; two n-knots 
are equivalent if there is an isomorphism of pairs between them which preserves 

orientations. 
A knot of S2q-I in S2q+ 1 is simple if its complement has the homotopy 

(q - I)-type of a circle; in the terminology of [4], it is a (q - I)-simple (2q - 1)

knot. The term simple is due to Levine [8]. 

Let K denote the complement of a simple (2q - I)-knot; if R is the 

integral group ring of the infinite cyclic group, and Ro its field of fractions, then 

Blanchfield [1] shows that there is a nonsingular pairing of R-modules 

V: Hii(, 070 x H/10 ---+ Ro/R, 

where K denotes the infinite cyclic cover of K. 

By Corollary 10.1 of [4], if q > 3, a simple (2q - I)-knot has a presenta

tion with one O-handle, some (q - 1)- and q-handles, and one (2q - I)-handle. 

Such a presentation is called simple, and we use it to obtain a matrix presentation 

of H/10 and V; we remark that Hq(K, 070 ~ Hq (70 by the long exact se

quence of homology. 

By means of the matrix presentation, we show that for q > 3 a simple 

(2q - I)-knot is determined by its homology module Hq(10 and the duality' 

Received by the editors January 11, 1974 and, in revised form, July I, 1974. 
AMS (MOS) subject classifications (1970). Primary 55C05, 57C45; Secondary 55A25, 

55B45, 57CIO. 
Key wordS and phrases. n-knot, knot presentation, Blanchfield duality pairing, simple 

knot. 
Copyright (S) 1975. American Mathematical Society 

141 



142 C.KEARTON 

pairing V. Furthermore, we characterize those modules and pairings which can 

arise from such knots. 

These results may profitably be compared to some theorems of Kervaire [5] 

and Levine [8]. Any simple (2q - I)-knot has associated with it an integer ma

trix A, called the Seifert matrix, such that 

is unimodular. A is not unique, but is determined up to S-equivalence (see [8], 

[10]). Kervaire and Levine show that the S-equivalence classes of integer matrices 

satisfying (*) are in I-I correspondence with simple (2q - I)-knots for q ~ 3. 

They work in the differential category, but their proofs use handlebody techniques 

and are applicable to the PL category in which we work. 

It is not hard to see that the Blanchfield pairing may be described in terms 

of A, using Seifert's construction for the infinite cyclic cover. Thus, via the 

geometric results, for q > 3 the Blanchfield pairing determines, and is determined 

by, the S-equivalence class of the Seifert matrix. But the algebra depends only 

on the value of q mod 2, and so this is true for all q. 

Trotter [12] has a purely algebraic proof of this result. 

By means of the above observation, we may extend the range of values of 

q: thus for q ~ 2 a simple (2q - I)-knot is determined by its homology module 

and duality pairing, and for q oF 2 we characterize those modules and pairings 

which can arise from simple (2q - I)-knots. 

The latter result is particularly striking in the case q = 1. Any classical 

knot is simple, and so by high-dimensional techniques we are able to characterize 

the homology modules and Blanchfield pairings which can arise from classical knots. 

1. Presentation of the knot module. We use the notation of [4] throughout 

the present paper. 

Consider a simple presentation of a (2q - I)-knot, q > 3. Suppose that 

there are k (q - I)-handles, added at level (J, and that T is a level between 

the (q - 1)- and q-handles. By the proof of Theorem 5.1 of [4], the (q - 1)

handles are unknotted in their level, i.e. we may move the O-handle up to level 

(J to obtain P = hO u U~=lhr-l unlmotted in S2 q , as in [4, §6]. Let M 

be the boundary of the submanifold to which the q-handles are attached, so that 

M ~ ap is unknotted in S2 q , and let Q be the complement in S2q of the 

interior of a regular neighborhood N ~ B2 X M of M. Note that KT ~ Q. 
From [4, §6] we may choose a handle decomposition of Q by means of 

P, and hence a basis [Xi] ~ u [y;] ~ of HiQ, aQ). We remark that Yi corre

sponds to the cocore of the ith (q - I)-handle of the knot, but that the [xi] ~ 
are to some extent arbitrary: we make a choice at this stage, but we shall be ready 

later on to alter this choice. 
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By [4, §2] we may assume that the q-handles are in normal position. 

By the Euler characteristic of S2 q-I, there are k q-handles of the knot. 

The core of each q-handle meets Q in a q-ball, to which we assign an orienta

tion and lift in Q, thereby determining an element of HiQ, aQ). Writing these 

elements in terms of the basis [xi] ~ U [y i] ~, we obtain a k x 2k matrix over 
R, the integral group ring of the infinite cyclic group. 

We use the notation of [4, §6]. 

LEMMA 1.1. HqCK(T») = [u I ,· .. , Uk ' VI'· •. 'Vk : VI = ... = Vk = 0]. 

PROOF. P collapses to a wedge of k (q - I)-spheres contained in its inter-

ior; let P be a regular neighborhood of this wedge in P. A regular neighborhood 
of P in S2q has the form BI x p", where p" = P U collar. Let X denote 

the closed complement of BI x p" in S2q, and let K(r,s) denote K n 
(S2 q x [r, s]); recall that K(s) = K(o.s). 

By deformation retraction along the I factor, we have the following homo

topyequivalences: 

K(a .T) <::>< X U (BI x 1"), K(a) <::>< X U (BI x 1"') = S2q. 

By the work of [4, § 6] we see that 

HqCX) = [VI'· •• ,Vk : ], 

and that 

using the first homotopy equivalence. 

An application of the Mayer-Vietoris sequence to the couple (K(a.T)' K(a») 
shows that 

HqCK(T») = [up···, Uk ' VI'··· ,Vk : VI = ... = Vk = 0]. 0 

Consider the dual presentation of the knot, and let [Xi] ~ U [~;1 ~ be a basis 

of Hq(Q, aQ) similar to [xi] ~ U [Yt] ~, with a basis [at] ~ U [~i] ~ of Hq(Q) 
similar to [ui] ~ U [vi] ~. By taking the dual presentation we reverse the orienta
tion of I in S2q x I, and so must reverse the orientation of S2q to preserve 

that of S2q x I. This means that the sense of the normal to a codimension one 

submanifold of S2q is reversed, and so the construction of [4, Lemma 6.4] leads 

to the relations 

i.at = (1 - r I )Xi' i.~t = (1 - t)~t. 

Note that ~i corresponds to the cocore of the ith dual (q - I)-handle of 

the knot, i.e. to the core of the ith q-handle. If ~t = aijxj + dijYj' we shall 
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write this in matrix notations as ~ = Ax + Dy. 

LEMMA 1.2. If q > 3, and ~ = Ax + Dy, then 

Hiit) = [u, v: v = 0, Au - tDv = 0] = [u: Au = 0] . 

PROOF. We note that HqCK) = HiK(1») as q > 3, and K is obtained 

from K (1 ) by adding two (2q + 1 )-handles. 

Lemma 1.1, applied to the presentation and its dual, yields 

HiK(T») = [u, v: v = 0] , HiK(T,l)) = [a, fj: fj = 0]. 

Note that, again in matrix notation, 

i*fj = (1 - t)~ = (1 - t)Ax + (1 - t)Dy 

= A(1 - t)x + D(l - t)y = i*(Au - tDv). 

Applying the Mayer-Vietoris sequence to (K(T)' K(T,l)) we obtain 

Hq(K(l)) = [u, v: v = 0, fj = 0] 

= [u, v: v = O,Au - tDv = 0] = [u: Au = 0]. 0 

LEMMA 1.3. If q > 3, and ~ = Ax + Dy, then 

Hq(K, oK) = [x, y: y = 0, Ax + Dy = 0] = [x: Ax = 0]. 

The proof is similar to the argument above. 

We remark that det A =1= 0, being the Alexander polynomial of the knot in 
dimension q. 

2. An equivalence lemma. Consider simple presentations of two (2q - 1)

knots, q > 3, each with k (q - I)-handles. Assume that the (q - I)-handles 

of each knot are added at level a < *, the q-handles at level fj > *. The part 

of the knot below level * we shall call the lower half, the part above level * 
the upper half. As a (2q - I)-ball unknots in S2 q , we may isotop the O-handle 

of the first knot onto the O-handle of the second, and by the proof of [4, theo

rem 5.1] we may isotop the (q - I)-handles of the first knot to coincide with 

those of the second. Thus we may isotop the lower half of the first knot to coin

cide with the lower half of the second. 

LEMMA 2.1. Suppose that the presentations above yield the same matrices 

A, D of Lemma 1.2, with respect to the same bases. Then the two knots are 

isotopic. 

PROOF. Let K denote the complement of the first knot, and Q the 
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intersection of K with level *. Let K, Q be similarly defined for the second 

knot, and note that Q = Q. 
Let hi denote the ith ,-handle of the first knot, hi that of the second. 

Let Ej denote the shadow in level * of h7, and let Ct denote the shadow of 

its core, with Ei, Cj similarly defined for the second knot. 

Then Q () Cl and Q () Cl represent the same element of HiQ, aQ), 
and so by the Hurewicz and covering space theorems they represent the same ele

ment of 1Tq(Q, aQ). By the proof of [4, Lemma 7.3], quoting Irwin's theorem 

in place of general position, we may assume that they are homotopic keeping the 

boundary fixed. Comparison with the w()rk of Hacon [13] shows that the obstruc

tion a to isotoping Q () Cl onto Q () Cl' keeping the boundary fixed, lies in 
EB: .. 1Tl, where 1Tl is 1Tq(Sq-l) = Z2. Let us add a trivially cancelling handle 

pair (ky- 1, ky) to the first knot, and a similar pair (ky-l, iCy) to the second, 

such that ky-l coincides with ki- l , but the obstruction to isotoping the core 

of ki onto that of ki is a. Move hi over ki; the obstruction for hi 

becomes a + a = 0, and so we can isotop Cl onto Cl. 
By the uniqueness of regular neighborhoods, we may assume that the attach

ing tube of El coincides with that of El. If we try to apply the argument of 

[4, Lemma 7.1] to isotop El onto El' we find an obstruction in 1Tq(sq-l) = 

Z2. We add another trivially cancelling handle pair (hq - 1, hq) and (iiq - I, hq) 

in each presentation, such that hq - 1 coincides with liq - 1, and the core of hq 

coincides with that of hq, but such that the obstruction in Z2 is nonzero. 

Suppose that the obstruction to isotoping El onto El is nonzero: then 

we move hi over hq and hi over fzq . Now moving one q-handle over an
other may be achieved by adding together two q-balls (representing the cores of 

the handles) which meet in a common face. Thus the obstruction in 1Tq(~-I) 
is additive over handle addition, and the obstruction in Z2 vanishes for the new 

q A q 
hp hI. 

This enables us to isotop El onto El' i.e. we may isotop hi to coincide 

with hi. By considering the dual presentations of the knots, we see that the Cj 

form part of a basis of Hq(Q, aQ); if we slide hi (= fzy) down below level *, 
then C2'···, Ck still form part of a basis for HqCQ, aQ), now a free R-mod· 
ule of lower rank, which may be identified with a sub module of the original 

Hq(Q, aQ). Therefore C2 represents the same element as C2 in this module. 

Thus we may repeat the argument above, to isotop E2 onto E2 • 

Reiterating this procedure, we may isotop the first knot until h7 coincides 

with h7, for 1 ~ i ~ k. We still have to consider the handle pairs that we have 

introduced. In the dual presentation, the dual of hq -1 cancels the dual of hq, 

and the shadow of the dual of h7- 1 does not meet the dual of hq for any i; 

similar remarks hold for the other pairs. Thus in the dual presentation we may 
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isotop the (dual) O-handles to coincide, the (q - I)-handles to coincide, and the 
duals of the h7 -1 to coincide with the duals of the h7 - 1; sliding the dual of 

hq up to the level of the dual of hq-I, we may cancel, and similarly for the 

other handle pairs. Isotoping the (2q - 1 )-handles to coincide completes the 

task. 0 

COROLLARY 2.2. Suppose that two simple (2q - I)-knots, q > 3, each 
have simple presentations yielding the same matrices A, D of Lemma 1.2. Then 
the two knots are eqUivalent. 

PROOF. As the (q - I)-handles unknot, we may construct an isomorphism 

h: B2q+1 --+- B2q+ 1 which takes the lower half of the first knot onto the lower 

half of the second, and which preserves the chosen bases of homology. The proof 

of the lemma then applies to complete the argument. 0 

3. Change of base. Recall the bases of homology that we have used so far. 

From [4, §6] we have bases [xin U [Yj] ~ of HiQ, aQ) and [ui] ~ U [Vjn 
of Hq(Q) with the following properties: 

i*Ui = (1 - t)xi' i*vj = (1 - t- 1 )Yj' 

S(x j, uj) = 0, S(Yj' uj) = (- I)qB jj , 

S(Xj' Uj) = Bjj• S(Yj' Vj) = O. 

If Q arises from a simple presentation of a knot, then we are given an un

knotted embedding of P = hO U U~h7 -1 in S2 q , so that the Y j are deter

mined by the cocores of the (q - I)-handles of the knot. There is a certain amount 

of choice for the Xj' which we now investigate. 
Similarly, from the dual presentation of the knot we obtain bases [Xj] ~ U 

[~j] ~ of Hq(Q, aQ) and [aj] ~ U [{3j] ~ of Hq(Q) with the following properties: 

S(Xi' aj) = 0, 

S(Xj' {3j) = Bij , 

i *{3j = (1 - t)~j' 

S(~j' aj) = (- I)qB jj, 

S(~j' {3j) = O. 

LEMMA 3.1. Suppose that a change of base is made in Hq(Q, aQ) and 

Hq (Q), replacing [x;1 ~ by [Xi + LjjYj] ~ and [Uj] ~ by [Uj - tLjjvj]~. Then 
a necessary and sufficient condition for the new bases to have the same intersection 
properties as old is that L = (- I)q r 1 L *, where L * = L', the conjugate trans
pose of L. 

PROOF. Note that i*(u j - tLjjvj) = (1 - t)(x j + LjjYj). 
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S(Xi + LijYj' Uk - tLkmvm) 

= S(Xi' Uk) +S(xi.-tLkmvm) +S(Lijy,. Uk) + S(LijYj' -tLkmvm) 

= Li!(Yj' Uk) - r llkmS(Xi• Vm) 

= {- l)qLik - r1lki = {- l)q[L - (- 1)qt- 1L*]ik' 
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Thus the new bases satisfy the analogue of S(x i • uj ) = 0 if and only if 
L - (- l)q r 1 L * = O. The other relations are proved similarly. 0 

LEMMA 3.2. Suppose that a change of base is made in HiQ. (lQ) and 

HqCQ). replacing [Xi] ~ by [Xi + Lii~i] ~ and [ai] ~ by [ai - r 1 LiA]~' 
Then a necessary and sufficient condition for the new bases to have the inter

section properties of the old is that L = (- l)qtL*. 

PROOF. Similar to the proof of Lemma 3.1. 0 

k k k k '" '" LEMMA 3.3. Let [Xi] 1 U [Yi] l' [Ui] 1 U [Vi] 1 be bases of Hq{Q. 3Q), 

Hq{Q) related as above, and let [Xi] ~ U [~;] ~, [ai] ~ U [(ji] ~ be bases satisfying 

i*a = {l - r 1 )X;. i*(ji = (1 - t)~;. 

Suppose that the matrix relating them is given by 

Then a necessary and sufficient condition for the second pair of bases to have 

the intersection properties listed above is that the inverse of this matrix should be 

PROOF. First note that the matrix relating the bases of absolute homology 
is given by 

for (1 - t)~ = A{l - t)x + D(l - tlY and so (j = Au - tDv and similarly a = 

-rlBu + Cv. 

Next consider X; = BijXj + CiiYj; taking the intersection with vk we obtain 

SeX;, vk) = S(B;ri' vk) + S(CijYi' vk) = Bi,S{xj• vk) = Bik · 

To prove the necessity, assume the inverse of (! g) is (~ Z), and note 

the following relations, obtained as above. 
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Bij = S(Xi' Vj)' 

A ij = S(~j' Vj)' 

Fij = S(x j, ~j)' 

E jj = S(y j' ~j)' 

Cjj = (- l)qS(Xi' uj), 

D jj = (- 1)qS(~j' uj), 

Gij = (- 1)qS(xj, (Xj)' 

Hij = (- 1)qS(Yj' (Xj)' 

Thus we see that 

(1 - t)Fij = S«(1 - t)xj, ~j) = S(i*u j, ~j) 

= (- 1)qS(iA, Uj) = (- 1)qS«(1 - t)~i' ui) 

= (- 1)q(1- r1)S(~i' Uj) = -r1(1- t)Dji 

and therefore F = -r 1 D*. The other entries are calculated in a similar way. 

To prove sufficiency, we simply compute the intersection relations of the 

second pair of bases. For instance: 

S(Xi' ~j) = S(Bikxk + CikYk' A;mum - tDjmvm) 

= S(Bikxk , -tDjmvm ) + S(CikYk, Ajmum) 

-1- -
= -Bjkt DjmS(xk , Vm) + Ci0-jmS(Yk' Um) 

-1- - q 
= -Bikt Djk + Ci0-jk(- 1) 

= [- Br 1 D* + (- 1)q CA *] jj = B ij" 0 

k k k k --LEMMA 3.4. Given bases [xi] 1 U [Yi] l' [Uj] 1 U [Vi] 1 of HiQ, aQ), 

HiQ) with the properties listed above, there is a corresponding handle decom

position of Q, if q > 3. 

PROOF. Regard Q as the complement of the interior of a regular neigh

borhood N = B1 X B1 X M of M = ap unknotted in S2q. By piping together 

basis elements of 7Tq(Q) and 7T/Q, aQ), and using the map i* of [4, Lemma 

6.4], there are embeddings f;: Bq x Bq-1 -- Q such that fj-1(1 x 0 x M) = 

fi-1(aQ)=a~ xBq-1, and filBQXO represents the element xjEHiQ,aQ) 

~ 7T/Q, aQ). By the intersection relations, we may assume these embeddings to 

be disjoint. 

Let B2 Q be a regular neighborhood of Im f1 in Q meeting aQ regu

larly, and let Q 1 be the closed complement in S2Q of NU B 2Q. Then Q = 

Q1 U B 2Q, and Q 1 () B 2Q is the closed complement in aB2Q of Im f 1. Thus 
Q1 ()B2Q ~SQ-1 X Bq. 

- -2Q We apply the Mayer-Vietoris sequence to the couple (Q l' B ). In the 

middle dimensions we obtain 
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o ~ HqC'OI () 'ff2 q) ~ HqC'OI) ~ HqC'O) 

~Hq-lOl ()Jj2q)~Hq_l(Ql)~0, 

o ~ Hq(Ql) ~ HqCQ) ~ Hq_ 1 (Ql () Jj2 q) ~ Hq_ 1 (Ql) ~ o. 
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Now Hq_ 1 (Ql () 'ff2 q) = R, and the intersection relations Sex l' uj) = 0, 

sex l' Vi) = 0li show that 3*v1 is a generator of this module. It follows that 
Hq_ 1(Q) = 0 and Hq(Ql) is identified with the submodule of HqCQ) with 

basis [Uj]~ U [vjg. 
By excision we note that H*(Ql' 3Ql) = H*(Q, 3Q U Jj2 q). From the lo~g 

exact sequence of the triad (Q, 3Q U Jj2 q, 3Q) we obtain 

o ~ Hq+ 1 (Q, 3Q U Jj2 q) ~ HqC3Q U Jj2 q, 3Q) 

~ Hq(Q, 3Q) ~ Hq(Q, 3Q U Jj2 q) ~ o. 
HqC3Q U Jj2 q, 3Q) = R, with a basis element that is mapped onto Xl by 

j*: it follows that Hq+1(Q1' 3Ql) = 0 and Hq(Q1' 3Ql) may be identified 
with the submodule of Hq(Q, 3Q) generated by [xjg U [y a ~. These bases of 

Hq(Ql)' HqCQ1' 3Ql) have properties similar to those for the homology of Q. 
Define M 1 to be (B 1 x 0 X M) U 11 (Bq x Bq - 1), and note that we have 

a proper embedding 12IBqXO: Bq ~ Q1' constructed above, which represents 

x 2 E Hq(Ql' 3Ql). We repeat the argument above to obtain Q2 and M 2, where 

Hq(Q2) is the free R-module with basis [u j] ~ U [Vj] ~ and Hq(Q2' 3(2) has 

basis [xjg U [yj]~. Continuing in this way we arrive at Qk' Mk. 
Now we go back to the beginning, and remark that the elements Y j of 

Hq(Q,3Q) may be represented by proper embeddings gjlBqXO: Bq x 0 ~ Q, 
with gj(3Bq x Bq - 1) C -1 x 0 x M. Applying the procedure above, we construct 

Qk+ l' Mk+ l' ... , Q2k' M 2k· 
At each stage we are killing off a pair of basis elements of Hq_ 1 (M) by a 

surgery, by [4, Lemma 6.5] so that as q > 3, M2k ~ S2q-2 x Bl. As Hq(Q2k) 
= 0, Q2k has the homotopy type of a circle, and so S2q-2 x 0 in unknotted 

in S2q [6]. As 7T2q _ 2(SI) = 0, the proof of [4, Lemma 7.1] shows that we 

may add two (2q - I)-handles to M2k to form an unknotted sphere. This 

sphere induces a handle decomposition of Q as described in [4, §6]. 0 

4. The Blanchfield pairing. Recall that R is the integral group ring of the 

infinite cyclic group, and that Ro is the field of fractions of R. Conjugation in 

R is defined as the linear extension of the map t ~ t- 1 , and the conjugate of 

an element Cl! is d~noted by Ci. RolR denotes the quotient of Ro by R, re

garded as R-modules. 
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Let K be the complement of an n-knot, and let x be an r-chain of 

(K, aJq. If y is an (n - r)-chain of K in a dual triangulation, define 
00 

Sex, y) = L T(x, tky)tk E R o' 

where T denotes the ordinary intersection of chains. 

Now H*(Jq and H*(K, aJq are R-torsion-modules in each dimension 
(cf. [9)), and so if u is an (n - r - I)-cycle of K, there exists an (n - r)

chain w and an a E R such that iiu = aw. Thus if x is an r-chain of 

(K, aJq we may define 

Vex, u) = sex, w)/a E Ro. 

By taking values of V modulo R we obtain a pairing of homology classes to 

Ro/R which Blanchfield [1] shows to be sesquilinear, i.e. linear in the first vari

able and conjugate linear in the second. 

We remark (cf. [1)) that if (Jx = ay for fj ER and an (r + I)-chain y 
of (K, aJq, then 

Vex, u) = sex, w)/a = S(y, u)/fj. 

We now set down a formula for V in terms of a simple presentation of a 

(2q - I)-knot; naturally we have only the case V: Hq(K, aJq x HqCJq - Ro/R 
to consider. Recall the bases o!, Hfl.-c'Q, aQ) and Hq(Q) considered in § 1. 
According to Lemma 1.3, Hq(K, aK) =.[x, y: y = 0, Ax + Dy = 0]. Thus, if 

I{J is the quotient map, I{J)'; = 0 for each i. 

Similarly, by Lemma 1.2, there is a presentation of Hq(Jq as a quotient of 

Hq(Q) with basis [a;] ~ U [fj;g. If the quotient map is t/J, then t/Jfj; = 0 for 
each i. 

As a cycle in (K, aJq,~; bounds, and we may write it explicitly as ~; = 

-ao; mod aK, where 0; ~ ~; x I and (~; x I) U (a~; x I) c aK. This uses the 
remark in [4, §2] about the form of N(S2 q -l;S2q +l). 

LEMMA 4.1. V(I{JX;, t/Jak) = (- I)q(A- 1);k. 

PROOF. First note that S(O;, ak) = (- I)q+ 15;k in K, for S(~;, ak) = 
q ....., 

(- 1) 5jk In Q. Thus 

(- I)q5 jk = -S(O;, ak) = -V(l{JaO j, t/Jak) 

= V(I{J~;, t/Jak) = V(I{J(A irj + D;jYj)' t/Jak) 

= A;jV(l{Jxj' t/Jak), 

from which the result follows at once, as det A =1= O. 0 
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5. Equivalence of simple knots. Now we are ready to prove an equivalence 

theorem for simple knots. Let K,!f be the complements of two simple (2q - 1)· 

knots. We shall say that these knots have isomorphic Blanchfield pairings if there 

is a commutative diagram of isomorphisms 

H (70 _---:..:h~---40l Hilt> 

q li. 1 L. 

where j *, L* come from the homology sequences of the pairs (K, a70, (g, a19, 
such that Y(hx, hy) = Vex, y) for each x E Hq(K, aK),y E Hq(70. Here .y 
denotes the Blanchfield pairing of the second knot. 

THEOREM 5.1. If two simple (2q - I)·knots, q > 3, have isomorphic 

Blanchfield pairings, then they are equivalent knots. 

PROOF. Consider a simple presentation of the first knot. Take a level be· 

tween the (q - 1). and q.handles of the knot, and let Q be the complement 

of the interior of a regular neighborhood of the intersection of the knot with this 

level. Let [Xi] 7 U [Yi]7 be the basis of HiQ, aQ) as in §I, with Yi being 

represented by the co core of the ith (q - I).handle of the knot. Let [Xi] 7 U 
[~i] 7 be similarly defined from the dual presentation of the knot, and let 

[ui] 7 U [Vi] 7 and [ail 7 U [Ili ] 7 be bases of Hq (Q), defmed as in § 1. Then 
by Lemma 3.3 these bases are related in the following manner: 

(X) = (B C)(X) (X) = (- rlD* (- I)qC*)(X) 
~ A D y' y (- l)q A * - tB* ~' 

where A, B, C, Dare n x n matrices over R. 

Let !P: Hq(Q, aQ) - Hii<., a70, 1/;: Hq(Q) - Hq(70 be the quotient 

maps; recall that !PYi = 0, I/;Ili = ° for each i, as in the previous section. 

Let i*: Hq(Q) - Hq(Q, aQ) be defined as in [4, §6], and note that 

j*1/; = !pi*. 
We use a similar machinery for the second knot, the notation in this case 

being underlined. Thus for instance we have a basis ~;1 r U ~i] r of HiQ, aQ). 
Add m trivial pairs of (q - 1)., q.handles to the first knot~ and n pairs 

to the second. Relabel the bases so that the new handles correspond to the last 

m basis elements of HqCQ, aQ) and the first n basis elements of Hq@, aQ), 
respectively. 

As '£. is onto, and ~l = 0, there exist kn+ l' ••• , kn+m ER such 
that 
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hl{)Xl = ~1 + kn+l~+l + ... + kn+m!£::..n+m· 

Changing base in Hi~, ag), hl{)X 1 = ~1' 
Note that this may be effected by a series of handle additions, as in the 

proof of [4, Theorem 5.1]. Iteration yields 

1 "" i "" n. 

So far we have only altered the ~, 1 "" i "" n. Using the fact that I{) is 

onto and I{)Xn+ 1 = 0, we have 

h(k1'PXl + ... + kn'PXn + 'PXn+ 1) = ~n+ l' 

for some k 1,···, kn ER. Changing base in HiQ, aQ) yields hl{)Xn+ 1 = 

~+1' As before, we obtain 

hl{)Xi = I{)X i , n + 1 "" i "" n + m. 

This has been achieved by column operations on A, the matrix which pre

sents Hil<., oK) with generators [xi]~+m, i.e. by row operations on A*, the 

matrix which presents Hil<., oK) with generators [Xi] ~+m. Therefore, the 

values of !{)Xi' 1 "" i "" n + m, are unchanged. Thus we may repeat the proce

dure with the Xi to obtain: 

Note that 

hl{)x,. = I{)X, I' ~ l""i""n+m. 
hl{)Xi = '£Xi 

bh'l/JCXi = hj.1/Icxi = hl{)i*cxi = (1 - r 1)h!{)Xi' 

L*1/Ir:!.; = 1/Ii *~i = (1 - t- 1 ~ = (1 - t- 1 )h!{)Xi' 

and so, L. being an isomorphism, 

h 1/Icxi = 1/Icxi , 

Using the hypothesis that the pairings are isomorphic, we have from Lemma 

4.1: 

Thus A-I = ~-1 + E, where E is an (n + m) x (n + m) matrix over 

R. We deduce 

~ = (I + ~E)A, ~ = TA, 

where T = I + AE. 
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As we remarked in § I, det A is the Alexander polynomial of the knot in 

dimension q. It follows that det A is nonzero and det A = det ~ x (unit of R). 
Hence T E GL(R), and as Wh«t: » = 0, (~7) may be written as a prod

uct of elementary matrices for some identity matrix l. Thus, after enlargement 
if necessary, ~ may be obtained from A by elementary row operations. These 

may be induced by handle moves, and so we may arrange for ~ to be equal to 
A: this we shall shortly do. 

From the relationship between the bases, 

and 

htpXi = ':PA.i = '.£@.x, + c .. v .) = B .. ,nx, = B .. htpx '. r.:.../ _1/"-/ _1/=/ _1/ / 

Therefore 

(Bij - !!,ij)tpXj = O. 

The relation matrix for Hil, 370 with generators [Xi] 7+ m is A, and 
so there exists an (n + m) x (n + m) matrix Lover R such that B - B = 
LA. 

Now we make ~ = A; as this involves only row operations on ~, !!, is 

not affected. 
The form of the inverse matrix to (~ g) provides the equation (- I)qA *B 

- tB*A = O. Similarly, with ~ =A, (-I)qA*!!,- t!!,*A= O. Therefore, 

A*[(- I)qL - tL*]A = (- I)qA*(B -!!,) - t(B* - !!,*)A 

= (- I)qA*B - tB*A - [(- I)qA*!!,- t!!,*A] = O. 

Since det A :;6 0, (- I)qL = tL*. 
Recall Lemmas 3.2 and 3.4: these show that we may realize geometrically a 

change of base in Hig, 3g) providing the matrix L satisfies just this condition. 

Thus by altering the ~] 7+ m we may arrange for !!, = B. 

A similar argument shows that we may make f! = D; and as ~ = Ax + Dy, 

Corollary 2.2 shows that the two knots are equivalent. Alternatively we could 

apply the corollary to y = (- I)qA*X - tB*~. 0 

6. Properties of the Blanchfield pairing. Given a simple (2q - I)-knot, we 

know from §4 that there is a sesquilinear pairing V: Hq(K, 370 x Hiit)-+ 
Ro/R. 

We say that such a pairing is nonsingular if the associated map Hq(K, 370 
-+ Hom(HqC70, Ro/R) is an isomorphism. Here Hom(A, B) denotes the mod

ule of conjugate linear maps of A into B. 
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LEMMA 6.1. V is nonsingular. 

PROOF. By Lemma 4.1, V(I,OX;, 1/I0:k) = (- 1)q(A- 1);k' 
By the results of § 1 and Lemma 3.3, the relation matrix associated with 1,0 

is A, and that associated with 1/1 is (- l)qA*. The work of Blanchfield [1, 
p. 351] applies to furnish the desired result. 0 

Recall that j*: HqC'K) ~ Hq(K, 3K) is the isomorphism from the long 
exact homology sequence of the pair (K, 3K), and define [, ]: Hq(K) x 

HqCIQ ~ Ro/R by 

where u, u E Hq(K). Then [, ] is also a nonsingular sesquilinear pairing, which 
we call the modified Blanchfield pairing of the knot. 

LEMMA 6.2. [u, u] = (- l)q+ l[u, u] [or all u, u E HqC'K). 

PROOF. Using the notation in the proof of Theorem 5.1, we have: 

[1/10:;, 1/I0:k] = V(j*1/I0:j, 1/I0:k) = V(l,Oi*O:j, 1/I0:k) 

= V(!P(l - rl)Xj' 1/I0:k) = (1 - rl)V('PXj' 1/I0:k) 

= (1 - rl)V(I,O(B;rj + CjjY), 1/I0:k) 

= (1 - t- I )BijV(I,OXj, 1/I0:k) (as IPJ'j = 0) 

= (1 - t-l)Bij(- l)qAjkl (by Lemma 4.1) 

= (- l)q(1- t- 1)(BA- 1)jk' 

From Lemma 3.3 we obtain the relation (- l)qA*B - tB*A = 0, and thus 
we deduce: 

[1/I0:k' 1/10:;] = (- l)q(1- r 1)(BA- 1)kj 

= (- l)q(1 - r 1)(_ l)q teA *-1 B*)k; 

= t(1 - r 1)(BA- 1);k = (- 1)q+l[1/I0:i' 1/I0:k]' 

This is true for all i, k, and so it is true for a generating set; therefore it 
is true for all u, u E Hq(K). 0 

We take the opportunity to list some properties of Hq(K). The work of 
Kervaire [5] shows that the map J: Hq(IQ ~ Hq(K) defined by Jx = (1 - t)x 
is an isomorphism. For a particularly neat argument see the proof of Assertion 5 

by Milnor in [9]. The work of Crowell [2] shows that Hq(K) is Z-torsion-free. 

Let M = HqCK); then M has the following properties: 
(i) M is a finitely generated R-torsion-module. 
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(ll) J: M ~ M is an isomorphism, where Jx = (1 - t)x. 
(iii) M is Z-torsion-free. 
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(iv) There is a nonsingular sesquilinear pairing, [,]: M x M ~ Ro/R, 
which satisfies [u, v] = (- l)Q+1[v, u] for all u, v EM. 

The work of the next section will show that these properties characterize 

the modules and pairings which can arise. 

I should like to thank the referee for pointing out that (iii) is a consequence 

of the other properties. The proof which follows is his. 

By (i) and (ll), there exists .!l(t) ER such that .!l(t)M = 0 and .!l(1) = 1 

(for if {ai} generate M, then write ai = (t - l)~jA;jaj; so X = 1- (t - l)(Aij) 

is a relation matrix for M and we set .!l(t) = det X). Suppose a E M is Z

torsion, i.e. ka = 0 for some k E Z. If {3 E M, the [a, (3] = A/k mod R for 

some A E R: since .!l(t)a = 0, .!l(t)A/k E R and so klX. By (iv), a = O. 

7. Finding a knot for the algebra. 

LEMMA 7.1. A finitely generated R-module M which is Z-torsion-free 

and such that J is an isomorphism, has a presentation by a square matrix A over 

R. Moreover, the matrix obtained from A by putting t = 1 is unimodular. 

PROOF. This is essentially Lemma 11.12 of Kervaire [5); see also the remark 

halfway down p. 256 of [5]. The second assertion comes from the fact that the 

matrix obtained by putting t = 1 presents the Z-module obtained from M by 

identifying x and tx, for all x EM. As J is an isomorphism, this is the zero 

module, and so the matrix presenting it is unimodular. 0 

THEOREM 7.2. If M is an R-module satisfying properties (i)-(iv) of §6, 

then for q > 3 there is a simple (2q - 1 )-knot having M as its homology mod

ule Hiiq and the given pairing as its modified Blanchfield pairing. 

PROOF. Let (- I)Q A * be the n x n presentation matrix of M guaran

teed by Lemma 7.1, with generators [ai]~' Then M*, the dual module of M, 
is presented by A with generators [Xi) ~ related to the generators of M by 

('PXi' 1/Iaj ) = (- I)QAij 1 where I{J: [Xl" •• ,Xn : ] - M* and 1/1: [al ," • ,an: ] 
~ M are the quotient maps. This is essentially the result of Blanchfield [1, p. 

351] ; note that in our case M* denotes the module of conjugate linear maps of 

M to Ro/R. By property (iv) of §6, there is an isomorphism j",: M ~ M'" 

given by the formula (I{JXi , 1/Iaj) = U; l'PXi' 1/Iaj ]. Let this isomorphism be des

cribed by the matrix B, so that 

j",1/Iai = (1 - t- 1)Btj'.pXj' 

and let its inverse be described by - t- 1 D*, so that 
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(1 - t-I)pXt = -rIDiji*t/la:,. 

Note that this uses property (ii) of M. 

We deduce that 

(1 - rl)",xi = -rIDiji*t/la:j = -t- 1Dij(1- rl)Bjk",Xk 

and so 

by property (ii). Therefore, as A presents M* with generators [xi] ~, there 

exists an n x n matrix C* with entries in R such that 

From the equation 

( - rlD* (- l)qC*)' (B CD) 
(- l)qA* - tB* A 

= (- rID*B + (- l)qC*A 
(- l)qA*B - tB*A 

- rID*C + (- l)qC*D) 
(- l)qA*C- tB*D 

we remark that (*) is one of the equations needed to prove that the matrix on 

the right is the identity. The dual of (*) is another of the equations needed. 
AsSUMPTION. (- l)qA*B - tB*A = O. 
Now consider the remaining expression, - t-ID*C + (- l)QC*D; this may 

not be zero, but we shall show how to make it zero by permissible alterations of 

C and D. 
Recall that - t- I D* was defined as the matrix representing an isomorphism; 

as (- l)Q A * is the relevant relation matrix, we may alter - t- I D* to - r I D* 
+ L(- l)Q A *, where L is an n x n matrix over R. 

We shall need to alter C* if the equation (*) is to retain its form: let C* 
be the new value of C*, so that 

By subtracting, we obtain 

(- l)Q(f* - C*)A = -(- l)QLA*B 

= -tLB* A by the assumption. 

Therefore, as det A =1= 0, 

(- l)Qf* = (- l)QC* - tLB*. 

Let us consider the effect of such a change on - t- I D*C + (- l)Q C* D: we 

obtain: 
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[- r ID* + (- l)qLA*] [C - (- l)qr IBL*] + [(-l)qC* - tLB*][D-(-l)qr IAL*] 

= -t- 1 D*C + (- l)qC*D + L[(- l)qA*C - tB*D] 

+ rl[(- l)qrlD*B - C*AJL* + (- l)qL[(- 1)qr 1A*B + B*A]L* 

= -t-1D*C + (- l)qC*D + L + (- 1)qr 1L* 

by (*) and the Assumption above. Putting L = -(- l)qC*D, we obtain zero as 
desired. 

PROOF OF ASSUMPTION. Let Y = (-'1)qBA- 1 - t(A*)-IB*. Then Y is 

a matrix over R, by the following argument. 

[1/JO!j' 1/JO!k] = V*1/JO!j, 1/JO!k) = «(1 - t- 1)Bjj..pxj , 1/JO!k) 

= (1- t- 1)B jj(..pxj' 1/JO!k) = (1 - t- 1)B jj(- l)qAjkl 

= (- l)q(1 - t- 1 )(BA - t )jk' 

and from property (iv) we obtain 

Thus 

(- l)q(1- t- 1)(BA- 1) == (- l)q+l(- l)q(1- t)(BA- 1)* mod R, 

from which it follows that 

(1- t)Y= 0 modR. 

Now A*YA = (- l)qA*B - tB*A = X, a matrix over R. We may rewrite this as 

Y = (A *)-1 XA -1 = adj A * . X . adj A . 
det A* det A 

Now (1 - t) is not a factor of det A (or det A *), by Lemma 7.1. It 
follows from this, and the fact that (1 - t)Y is a matrix over R, that Y is a 
matrix over R. 

Just as we were able to change - t- 1D* to - t-1D* + (- l)QLA*, so 
we may alter B to B + (- l)QLA. We then obtain, in place of A*YA: 

(- l)qA*[B + (- l)qLA] - t[B* + (- l)qA*L*]A = A*[Y + L - (- 1)QtL*1A. 

Put 

i <j, 
i ;;: j. 

Then Y + L - (- l)q tL * has elements only on the diagonal, because Y = 
-(- l)QtY*. 
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Thus we may arrange for Y to be a diagonal matrix; suppose that Yll = 
a_mr m + ... + ao + ... + aktk. Then 

tYil =akr k+1 + ... +al +aot+··· +a_m~+l, 

and from Y = -(- l)q t Y* we obtain 

Yll = -(- l)qakr(k-l) _ ... - (- l)qal + alt + ... + aktk. 

Now let L be the diagonal matrix with Lll = -(a I t + ... + aktk) and with 

the other diagonal terms similarly defmed. 

Then Y + L - (- l)qtL * = 0, and so we have justified the assumption. 

Now it is a simple matter, using Lemmas 3.3 and 3.4, to construct a knot 

corresponding to the matrix (~ g), and hence to the given module and pairing.o 

8. The Seifert matrix. We conclude by examining the relationship between 
the work of the preceding sections and some results of Kervaire and Levine. A 

simple (2q - I)-knot has associated with it an integer matrix A, called the 
Seifert matrix, such that A + (- l)qA' is unimodular. A is not unique, but is 

determined up to S-equivalence (see [8], [10], [12]). 
The matrix A is defined in terms of linking numbers as follows (see [7], 

[11]). If U is a spanning surface of the knot, let i*: Hq(U) ----+ His2q+ I - U) 
be the map induced by translating q-cycles off U in the positive direction. If 

Bj(S) denotes the torsion-free part of Hj(S) for any space S, then there is a 
bilinear map L: BiU) x Bq(S2q+ I - U) ----+ Z which is defined by linking num

bers. By Alexander duality, L is a completely dual pairing, i.e. given a basis 

ai' ... ,ar of Br(U) , there is a dual basis (31" •• ,(3r of Bq(S2 q+ I - U) 
such that L(ai, (3j) = 0ii' 

Suppose that iiai) = Aij(3j (using the summation convention); this defines 

a Seifert matrix A of the knot. Then from [7], [11] we know that tA + 
(- l)qA' presents the R-module Hiif) , with generators (31" •• ,(3r; let the 

quotient map of this presentation be IP. 

Following Levine [7], we consider a (q + I)-chain I x a j of K, where 

/ x a j is transverse to U along * x ai • We have 

In terms of intersections, this gives us 

and so we obtain a formula for the modified Blanchfield duality pairing as follows: 

(1 - t)Ojk = S(/ x ai' (3k) = V(IPo(/ x ai), IP(3k) 

= [tA + (- l)QA'ljV(IP(3j' IP(3k)' 
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and so 

We may use this connection between the Seifert matrix and the duality 

pairing to extend our earlier theorems. First we quote three theorems due to 

Kervaire [5] and Levine [8]: note that although they work with homotopy 

spheres in the differential category, their proofs use handlebody techniques and 

apply in the PL category . 

THEOREM A Seifert matrices of equivalent knots of any (odel) dimension 

are S-equivalent. 

THEOREM B. Let q be a positive integer and A a square integral matrix 

such that A + (- I)qA' is unimodular. If q "* 2, there is a simple (2q - 1)

knot with Seifert matrix A. If q = 2, and signature(A + A') is a multiple of 

16, there is a simple 3-knot with Seifert matrix S-equivalent to A. 

THEOREM C. Let q ~ 2 and kl' k2 be simple (2q - I)-knots with S

equivalent Seifert matrices. Then k 1 is equivalent to k2. 

From Theorems 5.1, 7.2, A, B, and C, we deduce the following theorems. 

THEOREM 8.1. Let q be a positive integer and A a square integral matrix 

such that A + (- I)qA' is unimodular. Then the S-equivalence class of A de

termines, and is determined by, the duality pairing defined by (*). 

THEOREM 8.2. If two simple (2q - 1 )-knots, q ~ 2, have isomorphic 

Blanchfield pairings, then they are equivalent knots. 

THEOREM 8.3. If M is an R-module satisfying properties (i)-(iv) of §6, 

then for q"* 2 there is a simple (2q - I)-knot having M as its homology mod

ule HqCK) and the given pairing as its modified Blanchfield pairing. 

The referee has pointed out that Theorem 8.3 is true for q = 2, subject 

to the following remarks. By the theorem, a module M satisfying properties 

(i)-(iv) is the module of some knot; M is therefore presented by tA + (- I)qA' 

for some Seifert matrix A. Define a(M, [ , D = signature(A + A'); a is well 

defined by virtue of Theorem 8.1. 

ADDENDUM 8.3. If M is an R-module satisfying properties (i)-(iv) of 

§6, and 16Ia(M, [ ,D, then there is a simple 3-knot having M as its homol

ogy module H2 (K) and the given pairing as its modified Blanchfield pairing. 

Finally, we remark that Theorem 8.1 has been proved by Trotter [12] using 

entirely algebraic techniques. 
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