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0. Introduction

THE free differential calculus was invented by Fox in order to calculate
the Alexander polynomials and ideals of a classical knot, starting from the
knot diagram. We show here that with a little extra effort the method can
be adapted to write down the Blanchfield duality pairing of the knot.
From this it is possible to define a signature for each irreducible factor of
the Alexander polynomial (regarded as a polynomial with real coeffi-
cients), and we show that these signatures coincide with certain signatures
defined by Milnor in [6].

1. Notation

Given a presentation of a knot k, S' < §3, divide the knot into overpas-
ses ag, a,,. - .,a, and underpasses b, by, ..., b, so that in progressing
round S' in the positive direction they lie in the order
ag, bg, ay, b, ..., a,, b,. Around each b, draw a rectangular neighbour-
hood B, oriented as shown in Fig. 1, and let ¢, be the corner of B,
indicated.

Let * be a point of $* not lying on the projection of the knot, or on
any of the B,. For each i, join * to ¢ by an arc B, = $? which crosses the

knot only on the overpasses, and meets |J B; only in . A small circle
=0

centred at * should cross the B, in order of increasing i when traversed
anti-clockwise.

Define a homomorphism ¢ from the free group on generators
X, X1, - . - , X, tO the free group on one generator t by e(x)=t,0<i=n.

In order to read an arc y which crosses the knot transversely, on its
overpasses, we write x; when vy crosses g, from left to right, and x; ' when
v crosses q; from right to left. In Fig. 2, v is read as x,x3'xz".

For orientation, we adopt a left-hand convention. Thus if T(A, x)
denotes the intersection number of a 2-cell A and a 1-cell x, and L(y, x)
the linking number of two 1-cycles, Fig. 3 illustrates the convention.

Let A=Z[t,t7'], the integral group ring of (t : ), regarded as the ring
of Laurent polynomials in ¢t with integer coefficients.
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2. The Blanchfield duality pairing
If N is a regular neighbourhood of k, set K =cI[S*>—NJ. Let K be the
covering of K corresponding to the kernel of the Hurewicz homomorph-
ism m(K)—> H(K)=(t :). Then H,(K,3K), H,(K) are (finitely-
generated modules over A. Blanchfield [1] shows that there is an Hermi-
tian pairing
(', ) Hy(K, 3K) X Hy(K) = Ag/A

where A, denotes the field of fractions of A, and conjugation in A is the
linear extensions of ¢+~ ¢™*, denoted by ~. This pairing is non-singular in
the strong sense, that the induced map H,(K, 3K) — Hom (H,(K), Ag/A)
is an isomorphism; Hom ( , ) denotes the module of conjugate linear
maps. 3 o

Since the usual map H,(K) — H,(K, 3K) is an isomorphism, the Blan-
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chfield pairing induces another pairing

(, ) Hi(K)xH,(K)— Ad/A,

and it is this one that we shall study.
Further details of the Blanchfield pairing may be found in [§].

3. Overpasses, underpasses and handles

A presentation of the knot may be regarded as a handle decomposition
of S', the underpasses being 0-handles and the overpasses being 1-
handles. By a trivial isotopy we may regard S' as embedded in S*X1I,
with each 0-handle in S?x2, and vertical collars in $*%[§,2]. If N is a
regular neighbourhood of S, then S?x I —int N has a handle decomposi-
tion on S2X0 with one 1-handle h} for each 0-handle of S’, and one
2-handle h} for each 1-handle of S*. Figure 4 illustrates this: for a fuller
discussion see [3], [4].

fa)

The knot has a dual presentation obtained by turning it over, so that
the overpasses become underpasses and vice-versa. The dual presentation
corresponds to the dual handle decomposition of S', in which 1-handles
dualise to 0-handles, 0-handles to 1-handles, yielding a handle decompos-
iion of S’XI—intN on S%x1. Figure 5 illustrates the relationship

Fic. 4

FiG. 5§
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between the two handle decompositions of $?x I —int N, only the cores of
the handles being shown.

For an underpass b, let d; denote the core of the corresponding
1-handle, and D, the core of the corresponding 2-handle in the dual
presentation (where b, is regarded as an overpass). For an overpass a,, let
G denote the core of the corresponding 2-handle, and ¢; the core of the
corresponding 1-handle in the dual presentation. We take aD, =3B, and
B, is the projection of D, onto S§*=8?x4.

When dealing with intersection theory on a PL manifold M™, one
normally considers a triangulation of M and a dual triangulation of
(M, 3M). In terms of handle-body theory, this is dealt with by taking a
handle decomposition of M, and considering the dual handle decomposi-
tion of M on aM. The cores of the r-handles play the role of r-chains, and
the cocores of the r-handles play the role of (m —r)-chains in the dual
triangulation. Here the ¢; will play the role of 1-chains, the D, the role of
2-chains in one decomposition; and the d; will be the 1-chains, the C, the
2-chains in the ‘“dual” decomposition.

Let x; denote the following composite arc: from *x1e$?x1 to the
point of S?x 1 vertically above the tail end of ¢, from this point straight
down to ¢, along ¢; in the positive direction, straight up again to $2x1,
and back to *x 1. Clearly the x, 0<<i=<n, generate m,(K, *Xx1).

Let p; denote the following arc: from * X 1 straight down to *=#x3;
from * along B8, around 3B, in the positive direction, back along B,, and
from * up to * X 1. The arc p; starts from *X 1, and follows the projection
of p] into $?x 1 except when p} crosses the knot. If p/ crosses the knot at
a, say, then p; leaves $?X 1 to pass along ¢ in the appropriate direction,
and then back to S?x1.

Let y, denote the following arc: from * X 0 follow the projection of B8, in
S$2x%0 to ¢ X0, from there straight to the tail end of d,, along d,, straight
back to e, X0, and back along B, to *Xx0.

Let §, denote an arc in $2Xx 1 from *x 1 to the point vertically above ¢,
and straight down from this point to e;.

4. Presentation of the knot group

Corresponding to each overpass a;, we have a loop x; based at *x1.
For each underpass b, read the word in the x; defined by the arc p{ as in
§1; call this r. Then (x4 Xy,...,X,:), the free group on n+1

generators, is m,((S*%[3, 1DU U ¢, *x 1), and the word r, represents the
i=0

element killed off by the 2-cell D, From the theory of handle-
bodies, or CW-complexes, m,(K;*x1)=x (S*XI—intN,*x1)=
(x09x1)-°-9xn: rO)rly---yrn)'
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Note that the B; have been so chosen that H r;=1. This is the
over-presentation of m,(K).

The under-presentation is obtained in a similar way from the dual
presentation of the knot, using d; in place of ¢, C; in place of D,

5. Presentation of the knot module

Let % be a lift of * to K, and let % be the lift of x, which starts at ¥x 1.
Thus X,,..., %, forms a basis for the free A-module of 1-chains C,(K).
Let &, be the lift of 8, which starts at %X 1 and ends at &: this defines the
lift D, of D,

Using the free differential calculus of Fox [2], we can lift the loop p, to

K: the lift is represented by i € %)i, Setting A;=¢ ‘3_;:), we obtain
=0

an Alexander matrix A; this matrix presents the A-module H,(K)®A,
with generators X, ..., %,..

Because [] r, =1, the sum of the rows of A is zero, and so is the sum

=0
of the columns. So we can delete the Oth row of A and still have a
presentation matrix for H,(K)®A. If we change basis in C,(K) to %,
X, —%q,..., %, —Xy, we obtain a matrix with Oth column zero but whose
other columns are the same as those of A. Thus the Alexander matrix A
with its Oth row and column deleted gives a presentation matrix B for
H,(K) as a A-module.

Let s, be the word in the x; read from the arc 8,. Then the ith row of B
represents the boundary of e(s)D, with respect to the chains %,—
%o, . . ., %, —%o. The chains X, — %, . . . , %, — %, form a basis for Z,(K), the
module of 1-cycles.

Let ¥, be the lift of y, which starts at ¥x0; then y,,...,y, forms a
basis for the dual module of 1-chains C,(K).

After Blanchfield [1], define

SD,5)= X TMD, g
—ook <o
where T denotes the _ordinary intersection of chains. Clearly
T(D, e(s)"'y,) = — &, T(D,, e(s))"'t"'y,)= &, and zero otherwise. Thus
S(bi’ i]) = 5(31)_1(t_1 -1 8”-

Define the matrix S by S; =S(D, §,— o) =S(D, ;) for 1<i<n, 1s
j<=n _
If x is a 1-cycle in K, y a dual 1-cycle, and ax =du for some non-zero

3
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a €A, and 2-cycle u, then Blanchfield [1] defines V by
1
Vi, y) =% S(w, y).

Setting V, = V(X — %o, ¥, — ¥o) for 1<i=n, 1<j=n, we obtain
Y B,V =2 ByV(E —%o, i — o)
ji=1 i=1
= Z By(%; — %o), ?k"?o)
-1

=S(e(s:)D, §i —Fo)
=e(s,)Su.

Now S is a diagonal matrix, and the ith diagonal entry is (s;)”'(t7'—
1). Thus

BV=("1-1L

To express ¥, in terms of the X;, we use the free differential calculus
again. First, let vy, denote the loop illustrated in Fig. 6. By changing base
point from *xX(0 to *X1, we obtain from y, a loop based at *X1.
Reading the arc B,y,8; " gives the word s,xs; " corresponding to this loop.
The free differential calculus applied to s;x;s;* gives ¥, in terms of the %,
Strictly speaking we should distinguish between the chain y, based at
%X 0, and that based % 1; but there will be no difference when we pass
to H,(K), and so we avoid introducing the extra notation.

d
Defining C; =¢ ‘-3; (s;xs; ), we obtain

5i=2 G% O<is<n

f=0

i =,Zo Cio+ ), Cy(%—%) O<i<n.

j=1

Fi—Vo= 2, (Cy— CopFo+ . (C;—Co)(%,— %)  l<isn

i=0 i=1
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But for each i, }} G, =1, and so defining D, = C; — C,; we obtain

j=1
§1'90=2Du(f1—i0). I1=i<n
j=1

Thus D is obtained from C by subtracting the Oth row from every other
row, and then deleting the Oth row and column.

Let U be the linking matrix with respect to the basis ¥, — %, ..., X, —
Xo; so Uy = V(X; — Xo, X; —X,). Then

,il UpDy = 3. V(% — %0, %~ x)Dyy

j=1
= V(ii—io» Z D!j(ij_iﬂ))
j=1
= V(X — %o, i — Yo)
= Vik'
So UD*=V, where D*=D’, and hence
BUD*=BV=("'-1IL
UD*=("'-1)B~ .
Now let @: (£, =%, ..., % —%o) > Hi(K), ¥: (F1=Vo, - .-, Ja— Vo) >
H,(K) be the quotient maps, and define the matrix W over As/A by
W;s ek —%),  @(%—%)).

Of course, W is just the image of the matrix U under the map A, —
AJ/A.

For each i, 1<i=<n, we have

W~ o) = 2. Dyo(% — o).

i=1

But since
o X Bulh-5)=0
-1
for each k, 1sk =<n, we deduce that

'-I/(i"i - 90) = Z (aB” + Du)‘P(i; - io)

=1

for any a € A. Thus we may add a multiple of any row of B to any row of
D without affecting the matrix W.
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6. Matrix moves

Let Ej denote the identity matrix added to the matrix whose only
non-zero entry is a« in the ijth place, i#j. Then EjB is obtained by
adding « times the jth row of B to the ith row, and BEj is obtained by
adding «a times the ith column of B to the jth column. Furthermore, note
that (Ej)~' = E;".

Recall that the matrix B is a presentation matrix for the A-module
H 1(I-( ). As such, it may be altered by certain row and column operations,
and we now analyse the effect of such operations on the matrices B, D,
and U.

Premultiplying B by Ejj cotresponds to a change in basis from
D,,....,D,...,D, toﬁl,.. D,+aD,,.. D.. U is unchanged, and D
becomes PD where (Ejy 'P*'=1,ie. P= E .

Postmultiplying B by E,;; corresponds to a change in basis from X, —
Kosounos = %oy, Xy — X 10 Xy — Xy, ..., H—Ko—a(F—%p),..., % — %o
This alters U to E;*UE;®, and so D is changed to DE;.

The third move we shall consider is enlargement of B by an extra row

0 ) . D 0]
0 1],th15reqmresanenlargementotho [0 r—1)

for then U is enlarged to [U 0]. In view of the final remark in the last

0 1
section, we can enlarge D to [D O], or indeed to [D :]

0 0 0

Let E; denote the matrix with 1 in the ijth and jith places, 1 on the
diagonal except for the ith and jth places, and zeros elsewhere. Premul-
tiplication by E|; corresponds to swopping the ith and jth rows, postmul-
tiplication corresponds to swopping the ith and jth columns.

So if B is replaced by E;B, D must be replaced by PD where
Ej'P*'=I;ie., P=E;"*=EJ=E,. U is unchanged.

If B is replaced by BE,;, corresponding to a swop of basis elements
X, — X%, and X;—X,, then U is altered to E,UE;, and so D is altered to
DE,.

Let E} denote the identity matrix with the ith diagonal entry replaced
by the unit a € A. Premultiplying by E{ multiplies the ith row by a,
postmultiplying by Ej multiplies the ith column by a. Premultiplying B
by E;* corresponds to a change in basis of the 15,, so does not affect U.
Thus D is replaced by PD where (Ef)"'P* '=1I, and hence P=E* '=
E?. Postmultiplying B by E{ corresponds to changing base in the X, — X,
replacing X, —%, by a (X, —%,). U is altered to EZ"'UE*™?, and D to
DE?.

To sum up, the moves we allow are as follows.

(i) Add a times the jth row of B to the ith.
Subtract a times the ith row of D from the jth.

and column to [
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(i) Add « times the ith column of B to the jth.
Add « times the ith column of D to the jth.
i) Enl B [B 0]. ol D [D *]
(iii) arge toOl,carge too‘.
(iv) The inverse of (iii).
(v) Swap the ith and jth rows of B.
Swap the ith and jth rows of D.
(vi) Swap the ith and jth columns of B.
Swap the ith and jth columns of D.
(vii) Multiply the ith row of B by a unit a € A.
Multiply the ith row of D by D by a.
(viii) Multiply the ith column of B by a unit a € A.
Multiply the ith column of D by a.
(ix) Add a multiple of any row of B to any row of D.

7. Economy

So far we have given each overpass and each underpass its own label.
In practice, it is often convenient to label some of the overpasses in terms
of the others, using the relations given by the underpasses. This is
justified by passing to a new knot diagram; the example in Fig. 7
illustrates the principle involved.

re=ayzytyH(zyx )

ry=yx(yzy ) ta?

re=zyzyyya Ty

ry=yzyxlyta!

Fic. 7
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8. Examples

The first example is the trefoil knot, illustrated in Fig. 7. As subscripts
‘are rather tedious in practice, the overpasses are labelled x, y, yxy ', and
the B, are labelled X, Y. The third underpass has already been used to
label yxy~, and plays no further part in the computation.

The relations ry, ry are given by

rx =xyxy 'y (yxy )"
=xyxy 'y 'yxTly™!
=xyxy 'x7'y™
ry =yx(yxy™)7'x7?
=yxyx~ly T x™
Choosing x to play the role of x, the matrix B is obtained by
. a
calculating e(a—r;)=l+t2—t. Thus B=(1—1t+1?).
In this case sgx,55  =x and s,x,s7' =y, so that C is given by

10
, C'[o 1]
-1
and so D =(1). It follows that W=( 2).
1—t+t
X

— - o ————
o —— —

——————

Ny

FiG. 8

In the second example, the reef knot shown in Fig. 8, three labels x, y,
z are necessary. Note that ry is not used, and so it is not necessary to
compute it.
ry=zxz 'y 'z yzy(z lyz) 2 2 T yz (2 yz) Ty (2x2 )
=zxz 'y 'z 'yzyz 'y 2z yzx Tz !
= zxz—ly—lz—lyzyx—lz—l
rp=zx(zxz V) 'x7}

=zxzx "1z 1x?
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[ ary ary

E— E—

aY aZ
B=

arz arg

E— E—

| dy az
-1+t 1—t—t“+1—1]

| 0 1+62—t
=1+ —t"+1—t]

L 0 1—t+1¢?

SoXoSo' =X

$1X%:87 = zxz 7ty Tz yzy(z 7 yz) Ty (zxz Y)Y

-1.,,-1 1

=2zxz 'y 'z lyzyz ly T lzyzx Tz
$2X,87 =2

- 1 0 0
C=|t-t* —-1+t'+t—1+: 1—:—:‘1+1—t+1+t2—t]
| 0 0 1

r 1 0 0
=lt—t* '-2+2t —t"+3—3t+t2]
. O 0 1

[t~ 1—2+2¢ —t_1+3—3t+t2]
D=

[ o 1

Multiplying the first row of B by ¢t gives

B_[l—t+t2 —1+t—t’]

0 1—t+12
[1—2t+2t2 —1+3t—3t2+t3]

b= 0 1

Adding the second row of B to the first gives
1—t+¢2 0 ]
B=
[ 0 1—t+1¢2
[ 1-2t+2¢2 —1+3t—3t2+t3]
—-1+2t-262 2-3t+3¢2-¢3
The form of B allows us to add any multiple of 1—¢+¢? to any entry of
D: thus we easily obtain
-1 1
=7 o
10

D=
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From the equation WD*=(t"*—1)B~! it follows that
(t-1) [1—t+t2 0 ][0 1]
We=———
(1-t+t»? 0 1—t+22Jl1 1
- -1 [0 1]
1-t+2211 1
It [0 1]
T -1+¢l1 1
-1 [O 1]
= —— .
-1+ 11 1

9. Signatures

Let T'=R{t, t™']; then I' is a PID, and so H,(K;R) is a direct sum of
cyclic I'-modules of the form I'/(a), a#0 (since dimg H,(K;R) <).
The Blalic_:hﬁcld pairing yields a non-singular Hermitian pairing
(, ) H{(K: RxXH(K; R)—> T T.

Let A be the Alexander polynomial of the knot, so that A annihilates
H,(K; R). Let « be a prime in I dividing A, and let V,. be the #-primary
summand of H,(K; R). As in [7], V. is orthogonal to V, unless (m(t)) =
(o(t™)). Arguing as in [7]; pp. 95-96, the following facts can be estab-
lished. Assuming 7 (t)=w(t"'), V, splits as an orthogonal direct sum
V3i... V™ for some integer m, where V. is free over I'/(7'). Setting
H.=V'/7V! let (x) denote the image in H' of xe V.. Setting

1
;((x), (Y, =(w'"'x,y) for x, ye V. defines a non-singular Hermitian

pairing on H,. In fact, H, is a finite dimensional vector space over the
complex numbers C=R(7)=I/(w), where 7 is a root of , and conjuga-
tion in R(7) is given by 7+ 7. This of course is just complex conjuga-
tion since 7 is quadratic, and 77! = 7 lies on the complex unit circle. The
pairs (H', ( , )!) are independent of the choices made.

Furthermore, the pairs (H,{ , ),) determine (V,,{, )| V..). To see
this, consider an orthogonal basis (v,),...,(v,) of Hy. Then if
{(v1), (v)))7 =be R, we have

(™ v, v)=b/m (mod IN).

Write v =v,+a(t)mv,, where a(t)eI will be defined shortly. As in
[7]; p. 96,

(77'"‘_20'1, v))= (wm—-zvl, v)+(a(t)+ a(t"))<1r"'"vl, vy).

Since (7™ ?v,, v,)=b/m*+c/w (modTI), we can make (7™ ?v}, v})=
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b/m* (modT) if we can solve the equation
O=c¢/m+(a(®)+a(t )b/ (mod ).

But ceR, and so we only need to set a(t) = —¢/2b.

Continuing in this way, we arrive at an element x, € VT with (x,) = (v,)
and (x,, x,)=b/r™ (mod ).

Now V7' splits as the direct sum of the submodule (x,) and its
orthogonal complement. Choosing a representative for (v,) in this or-
thogonal complement, an inductive argument shows that (HT,{ , )7)
determines (VT,{ , )| V™). A similar argument applies to VI*~!, and so
on.

The trace function R(7) — R makes H into a quadratic space over R,
with signature ¢'. Define o, to be the sum over odd i of the o'.

Writing (t) =t"'—2 cos 8 +t, 0< 0 <, Milnor [6] has defined signa-
tures o, for a certain quadratic form on H,(K; R).

THEOREM. 0, = 0.

The proof will be given in the following sections.

In the discussion above, it was assumed that (7(t)) = (ar(t™*)). The other
cases are not of interest here, as the quadratic spaces obtained are
hyperbolic and so make no contribution to the signature. Compare [7];
pp. 93,94,

10. The Milnor signatures

Cut K open along a connected Seifert surface V, and let X be a lift of
the resulting manifold to K, so that K is covered by the sets ..., t7'X, X,
tX, t2X,... . Note that X is connected and that X NtX= V. Further-

more, N, = |J t'X is a neighbourhood of one end » of K, and the sets

{=p

No>N;oN,>---form a cofinal sequence of neighbourhoods of .
Similarly the sets N, = {J t'X form a cofinal sequence of neighbourhoods

{=—q

of the other end ' of K.
For p=p’, there is a homomorphism

i He(K, N,;R)— H(K, N,;R)
induced by inclusion. Define Hy(K, w;R)=lim Ho(K, N,; R).

By a result of Milnor ([6]; p. 125), there exists an integer s>0 such
that for all p, He(K, N, ,,;R) — Hy(K, N,;R) is the zero map. It follows
that Hy(K, w;R) =0, and similarly for w'.

For p=p’, g=4q, let i®3: Hy (K, N,UN’;R)— Hy(K, N,,UN/;R) be
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induced by inclusion. Define Hy(K, w Uw’; R) =lim Hy(K, N, UN’;R).
The Mayer-Vietoris sequence yields

-+ — Hy(K, N,UN};R) -2 H,(K; R) > H,(K, N, ; R)® H, (K, N;R) >

for large p, q. Since we are working with real coefficients, these are vector
spaces over R, and taking inverse limits yields an exact sequence

0— H,(K, o Uw';R) > H,(K; R) = 060.

p—1 .
Let F,,= U t'X, and 8,F,,=dKNF,, Then for p=p’, q=4',

{m—q+1
there is a homomorphism

jg:‘,: Ht(Fp'.q” aOFP'A'; R) - H*(Fp.q’ aOFDA; R)
induced by inclusion. Taking the direct limit,

lim Hy(F, o, 3F,.; R) = Hy(K, 0K; R).

Here is a technical result we need.

LemMa. Let M be a 3-manifold, A and B 2-manifolds with oM =
AUB, ANB =0A =4B. Using real coefficients, the intersection pairing
H,(M, A)xX H,(M, B) - R is non-singular.

Proof. There is a ladder of exact sequences and intersection pairings
which is commutative up to sign.

H,(M, 3M) — H,(8M, A) > H,(M, A) > H,(M, dM) — H(0M, A)

X X X X X
H,(M) <« H{(B) <« H),MB)« H,M) <« HyB)

The first and fourth pairings are non-singular by Lefschetz duality. By
excision, Hg(dM, A)= H,(B, dB), and so the second and fifth pairings are
also non-singular.

If U, V are finite-dimensional vector spaces over R, then a bilinear
pairing U X V - R defines a map U — V*, where V* is the dual space of
V. Hence the ladder above gives rise to a diagram, commutative up to
sign:

H,(M, oM) — H,(6M, A) = H,(M, A) = H\(M, dM) > Hy(0M, A)

i l i i i
H,(M)* — H\(B)* —H;M, B)*> H,M)* — HyB)*
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The bottom row is exact because we are using real coefficients, and the
four outer vertical maps are isomorphisms because the corresponding
pairings are non-singular. By the five lemma, so is the middle map.

Now apply the lemma with M=F,,, A=0,F,,, B=F,,N(N,UN)),
to obtain (after excision) a non-singular intersection pairing

{, Yoa: Hi(F, 4 30F,q;R) X Hy(K, N, UN/; R) > R.
Taking the direct and inverse limits yields a pairing
{, } HiKK;R)xHy(K, 0 Uw'; R) >R
as follows. Let
iq: HyK, 0 Uw';R)— H,(K, N, UN;R),

Joa: Hi(E, o 80F, 4 R) — H,(K, 3K ;R) be the maps corresponding to the
inverse and direct limits. Let x € H,(K, aK;R), y € Hy(K, ® Uw';R). For
some p’, q¢'>0, there is an element x,. . € H,(F, 4, 8,F, ,;R) such that
joaXpar=x. For all p=p’, q=4, set x,, =2 'x,.,; then for all p=p’,
q=q’, we have j, .x,, =x. Furthermore, for p=p’, =4/,

{xp.q’ ip.qy}pA ={jg::zq’xp’.q” ip.qy}p.q ={xp'a” if;:t'lq‘ip.qy}p’.q' ={xp’.q” ip'.q'y}p’.q"
So we can define {x, y}={x, 4, i, oY}, 4 fOr large p, q. This is independent
of the choice of x, ., for if j, X, . =j, 4%} 4, consider the direct
system obtained by restricting j,, to the subspace spanned by x,, —x] .
The direct limit of this system is zero, and so j5.;3(x, . — X} ,) must be
zero for sufficiently large p,q. Whence {x, y} is independent of the choice
of X, g0

Suppose that {x,y}=0 for all xeH,(K dK;R). Let =ze€
H(F, 4, 3oF, 45 R); then {z, i, v}, . ={jpq2, ¥} =0, so since { , },, is non-
singular, i,,y=0 and hence y=0. Since H,(K,dK;R) has the same
dimension as H,(K;R)=H,(K, ®Uw’;R), it follows that { , } is non-
singular.

Let jo: H,(K;R)— H,(K, 3K ; R) be the usual isomorphism, and define
the non-singular skew-symmetric bilinear pairing

[, Hl(K;R)XHl(K§R)—’R
by [x, y]={j«x, 35" y}.
Define a symmetric pairing
(,): Hy(K;R)XH,(K;R) - R
by (x, y)=[tx, y]+[ty, x].
The action of t on H,(K;R) is easily seen to be an isometry of [ , ],

and hence also of ( , ). As in [6]; Assertion 10, ( , ) is non-singular.
The characteristic polynomial of the isometry t is A, the Alexander



172 C. KEARTON

polynomial of the knot. Let A be a symmetric quadratic factor of A,
irreducible over R: we may take A(t)=t*—2tcos 8 +1, 0< 0 <. In [6],
Milnor defines o, to be the signature of ( , ) restricted to the A-primary
component of H,(K;R) regarded as a I'-module. If A is not symmetric,
then the A -primary component makes no contribution to the signature, as
the corresponding quadratic form is hyperbolic.

Finally, note that since the cup product pairing is dual to the intersec-
tion pairing, our g, is the same as Milnor’s.

11. Equality of signatures

In this section we show how the quadratic form ( , ) can be obtained
from the Blanchfield pairing ( , ). Let A be a factor of A, irreducible over
R, of the form A(t) =1—2at+t%; and let V, be the A-primary component
of H,(K;R). As in §9, V, splits as an orthogonal direct sum V@ - -®
Vi, with V] free over I'/(A"): note that the direct sum is orthogonal with
respect to ( , ).

Let ue V;, ve Vi, r#s, and let x be a cycle representing u, y a dual
cycle representing v. There is a 2-chain ¢ such that A'x =dc. Because
(u, v)=0, we know that V(x, y)=0 (modT), and so V(x, y)=feT. Thus
S(c, y) =f.A". Suppose that we choose a disc d which meets t?y just once,
and meets no other translate of y; thus S(d, y)=1t% Let z =4ad, and set
x' = x +az for some real number a. Note that x’ is a cycle representing u.
Moreover, AX'=Ax+Aaz=08(c+ar’d), and S(c+ar’d, y)=
fA"T+ar"t9. It follows that by choosing the representative cycle x care-
fully, we can arrange that S(c, y)=0. A similar argument holds for y in
place of x.

Suppose now that x is a cycle representing ueVy, y is a cycle
representing v € V3, r#s, that A’y =4dd, and that S(x,d)=0. We can
expand as formal power series

=Za‘t'

= &, o

=) -(F ac)e

y= (;),d 3 Z RPN e ‘)d.

=0

Setc= ) at'd, where a,=0 for —2s<i<O0.

—oo| <o
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Then I claim that the homology class w € H,(K, w U »'; R) represented
by c is such that d,w = v; this follows by considering the Mayer-Vietoris
sequence and inverse limit of the préceding section. Furthermore,
{u, w}=0, and so (4, v)=0. Thus V] is orthogonal to V; with respect to
(,).

Now let us restrict our attention to Vj; in order to compute the two
signatures of this subspace, it is enough to examine H} = V}/AV] (see
[7]. Choose an orthogonal basis (u,),...,(w,) of H; with respect to
{ , )%; as above, this is also an orthogonal basis of H} with respect to the
quadratic form induced by (, ). To avoid subscripts, write u=u,. If
{(u), (u)),=b, then (u, () 'u)=b/(t"*—2a +t)=bt/A mod I". Arguing as
above, there are cycles x, y representing u, and a 2-chain d such that
A(A) 'y =0d and S(x,d)=bht.

We write

() ty =ag=a{1 +tRa-0)+t*2a—1)*+---}d
-2
(W) ly=3a t—x— d=8{t"21+t"'Qa—-t ) +t*Qa—-t"1)+: - -}d.
c=—{1+tRa-0)+t*Q2a—1t)*+---}d
1+ 2a—tT)+172Qa -t +- - -},
Let w e Hy(K, w U w’;R) be the homology class represented by c. Then
since S(x, d)=bt, we have T(x, td)=>b and T(x, t'd)=0 for i# 1. Thus
{u,w}=—2ab, {, w}={y, t7'w}=b;
[u, ((A)'ul=—2ab,  [tu, () 'ul=b;
(u, (IX)~u) =2b,
(tu, () " w) =[u, (A) " ul+[t(A) " u, tu]
=[r, (¢ + 1) () "'u]
= [tw, 2a(tA) "u)
=2ab.
Thus regarding H}, as a vector space over R(7) the subspace spanned by

(u) yields a real quadratic space with basic u, Tu and matrix [2b ng]
this is the quadratic space determined by ( , ). 2ab 2
But the pairing { , ), restricted to the subspace spanned by (u) and
regarded as an Hermitian pairing over R(7) has as its matrix b. Using the
trace R(7) — R, this yields a quadratic space whose matrix with respect to

. . [2b 2ab]
therealbas1su,~ru1s[2ab 2 I

’
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In the case r even, V] contributes nothing to the Milnor signature [7];
p- 94, remark, and nothing to o, by definition. If r is odd, then the
contributions coincide, again by [7]; p. 94. This proves the theorem.

Note that the sign of o, depends on the sign of 9, in the Mayer Vietoris
sequence: by redefining the homomorphisms in the Mayer-Vietoris sequ-
ence we could change the sign of 3, and hence the sign of o,.

12. Examples
Recall that for the trefoil knot we obtained

Tt —1 72—t -1
‘ w=(imra)= (o) = (o)
1-t+t =14t/ \tT'—1+1¢
In this case H,(K;R) is a 1-dimensional vector space over R(r), where

r2—1+1=0, and the Hermitian form has matrix (—1) with respect to
some basis v say. Over R, take v, Tv as a basis; since tr(—7)= —1, the

corresponding quadratic form has matrix [ ], which is congruent

-1 =2

to [ ?) __g] Hence the signature is —2.
With the reef knot, there'is a self-annihilating subspace with dimension
equal to half the dimension of H,(K;R); hence the signature is 0.
Fig. 9 illustrates the knot 6, in Reidemeister’s table. The computation

is as follows.

-1.-1

ry = yxy ' xTlyx Ty Ty T T yx Ty Thxyx T yxy T xyx”
SoXoSg" = yxy 'xyx "'y~

-1_
$;X187 =Y

1

B =(6A,)=(—t+3—3t_1+3t_2—t"3)
ay

[t l—2t+t2]
C_[o 1
D=Q2t-1t%)

B—> (1?=3t+3-3t'+1™®
(vi)

D— (*-2¢t3)
(vid)
2—=3t4+3-3t1+ 1 2=t —B+V5)/2+ ) - (3=V5)2+17Y).
Set A=t—(3+V5)24+t7, p=t—(3-+/5)/2+t7"; note that A =X, u=
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yz-ly—lx y—lx-l yz y-—lxyx—-lyx 1 yrly-layzly 1
Yy y 2y Ty~
Fi1G. 9

£, and that aA +B8u =1 where —a =8 =1/V5.
i P el P el B Bl P
B=Qw) i) [ 0 1J o L0 1] o l-A 1] » LO pn
[—A 1 —aA] [—A 1—aA - Bu.] [—A 0]
) -——) = .
@ L0 N o LO m 0 pu
Set v=t>—2t%
L 1 0 1 0 1 0] ‘{—u 0]
D=0)=»(1) 3D l1{0 0] 0] l{—u 0] an v{—p. 0] » 1 0
<N et P o]
— — v =y
) 1 a o 1-Bu a—afu —BA a-aBp
- 0] [x—# 0] -5 0 ]
N — v = .
@ix) 0 al a 0 o 0 —15
The polynomial A is reducible over R, and so contributes nothing to the

signature. As an exercise, the reader may care to check directly that this
is so. On the other hand, p is irreducible, and we proceed as follows.

B_1=[—1/A o], D*=a[_‘/5 0]

0 1p 0 -1/V5
woo-vse 0 T, [—m o]
[o w][ 0 —a/Js] U T

t71—1

-2 __ t—3) =

7‘% 2t
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Let t be a root of u, so that r—(3—+v5)/2+77*=0. Passing to the
Hermitian form over R(r), we obtain

7“’5(27_2—1'_3)=‘r—1—1
w_ 1t'-1 -1 (=727 1)
Vs 20277 27—1 4—2(r+1 N+1

_21'—'1'2~-21'2+1'3

2++/5

(—2—};/—5)w=21-—372+73
3~-V5\ ,
)

T T

=21—372+(

_(3+V5) ,
——"2 T

-5 )1]

3445

2

_(B3+VSVS 5-V5
YT+ 2

=T

>0.

Thus o, =2.

13. Torus knots

Finally we adapt the methods developed above to find the signatures of
the (p, q)-torus knot. We regard S> as the union of S'XB? and B2x S
identified along their common boundary S'XS®, oriented so that
L(S$'x0,0xS")=1. For positive coprime integers p and g, the (p, q)-
torus knot k is an embedded circle in §*'xS* representing the element
(p, @) in H(S'xS'")=ZBZ. Thus k winds p times around the first factor
of S'xS! and q times around the second. Figure 7 illustrates the case
p=2,q=3.

The Alexander polynomial of the (p,q)-torus knot is A(t)=
A —=-*)(1~-0)/(1—-¢*)(1—1%), and so its roots are the pqth roots of unity,
excluding the pth and gth roots of unity. These can be obtained in the
form exp 2mi(a/p + b/q), where a runs over a complete set of non-zero
residue classes mod p, and b runs over a complete set of non-zero residue
classes mod q. In particular, we can take 0 <a <p, 0<b <q. The complex
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conjugate of exp 2i(a/p + b/q) is exp 2wi((p —a)/p +(q — b)/q), and so we
run through the real quadratic factors 1—2t cos 2m(a/p +b/q) +t* of A(t)
by restricting attention to the set X ={(a,b): 0<a<p, 0<b<q,
a/p+b/q<1}. Denote the Milnor signature cormrresponding to
exp 2mi(a/p +bl/q) by o(a, b); then with the notation above we can state
the following result.

THeEOREM. o(a, b)= 2 if alp+blq<}
-2 if a/p+blq>1.

This result has previously been obtained by T. Matumoto [8].

I should like to thank D. Zagier for showing me how to handle the
number theory involved in the proof.

Pick * € S'XS'—k, and let x be the loop which goes from * along a
- radius of B? to S'X0<S'XB? once around S'X0 in the positive
direction, and back along the radius to *. Similarly let y go from * along
a radius to 0X S*< B?*x S?, once around 0X S! in the positive direction,
and back to *. Because L(x, k)=q and L(y, k) =p, we define g(x) =19,
e(y)=1¢.

Let | be a path in S' X S", containing *, which is parallel to k: that is,
represents (p, q) in H;(S* X S') and does not meet k. Join each point of |
by the radius of B*c S'xB? on which it lies to $'x0< S*x B2, and
similarly join I to 0xS'< B?x S'. Call the resulting 2-complex A. Then
dA consists of p copies of S* X0 and q copies of 0 X S*. We can regard A
as a singular 2-cell whose boundary gives a loop r, based at *, such that
TA =y7?; then by Van Kampen’s theorem the knot group has a
presentation (x, y: y%x~"). ‘

Choosing lifts %, §, A based at % in the infinite cyclic cover K, it is a
standard exercise in the free differential calculus to establish that

1=t _ (1Q—t™) _
- + §.
1—-1¢2 1—1¢°

9A =

Setting A(t) =(1—t™)(1—)/(1—")(1-1t7),
a()=1-")/(1-1), b(t)=(1—1")/(1-1),
this becomes
3A =A()[—a()x+b(1)¥).

Because p and q are coprime, there exist integers r and s such
that pr+qs=1. Setting f(t)=(1—t")/(1—1°), g(t) =(1—1*)/(1—1%), it is
easily checked that a(t)f(t)+b(1)g(t)=1. Thus H,(K) is cyclic of order
A(t), with Z = —a(t)x+b(t)y as a generator.

Now let *’ be a new base point, and x’, y’ be paths as indicated in Fig.

4
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F1G. 10

10. Then x', y' play the role of a dual basis for C,(K). We must now
compute S(A, £'). Recall that

QA= —(1+69+124- - -+t DNF+(1+P+- - -+ VP)§,

The ordinary intersection of £ with A is obtained by starting at * and
tracing along ! until one circuit of S'XS! in the x direction has been
made. The number of whole revolutions in the y direction (plus one) is
the number of times that A meets %', and this is the number of multiples
of p in the interval [0, q). Similarly the intersection of A with ™%’ is
equal to the number of multiples of p in the interval [rq, (r+1)q), for
O0=r<p. .

. Define A(r) to be the number of multiples of p in the interval [rq, (r+
1)q), and u(s) to be the number of multiples of q in (sp, (s + 1)p]. Then
arguing as above it can be seen that

S, E)="F A

r=0
S(A, 7)=~- iou(s)r'v.
Setting z'= —a()x'+b(t)y’, we have
A(NV(z,£)=S(A, ")

=—a(t™)S(A, £)+b(tT)S(A, §')
—(1_t—p p=1 m_(l_t—q)q—l -
e B O ) &,

Call the Laurent polynomial on the right — F(t).
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Let ¢ denote the integral part of the real number ¢, and define ((c)) by

c—[c]-3 i c¢Z

((C))z{o if cel.

Then we can write

F() = 1-t) pf ([(r + 1)q] B [rﬂ])t"'

a-t,% p P
v & (- )
+ﬁ:§:; (1-¢®~ba)

Recall that V(z, z') is only defined mod A, and so we are only in-
terested in F(tf) mod A(1).

£
P (0 N (C) S

S 1) !

To see the last step, set ¢t equal to any root T of A(t); thus 7™ =1 but
7P#1 and 7%# 1. Then

L =3 (=0

r=0 r=0

p—1
and so A(f) divides ) t™.
r=0
Noting that (1™ — P9 =¢"(1—¢™?), we obtain

s A (B

Define p*, q* by q*q=1 (mod p) and p*p=1 (mod q); we shall be
dealing with periodic functions and shall only be interested in the value of
p*(mod q) and q* (mod p). Set { =exp (2wimq*/p), T =exp (2mim/pq),
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"where 7 is a root of A(t), and note that 79 ={%,{? =1, {# 1. We have
LE-2 @)
- L, Q)

L (e

rm=1 p

p—1

But (1-0) Y ' ={+20%+ -+ (-1 =20~ (-1

re=1

=0+34 -+ P HP—plP
=—p'
Whence

D)) [ S S R <51

= \\p 1-9 2 2 ¢-1°
Setting £ =exp (2wimp*/q), we have
(1—-17")(1-779) {1,(c+1)+1.(§+1)}
a-+ 2 (-1 2 (¢-1

I Gt il i D St {(c"’+rm)+(§m+r“’)}
(17 =771%) A s NG

F(r)=

_sin (wm/q) sin (wm/p) {oot mmq* 'mP"}
sin (rm/pq) p q F

Working mod A, we have ‘

F(t) F(exp (2mim/pq)) 1

A(t) ‘7 A'(exp (2mim/pq)) t—exp (2mim/pq)

where the sum runs over a complete set of residues mod pq, excluding
multiples of p and multiples of q. Here A’(t) denotes the derivative of
A(t). An easy calculation gives

) sin (mm/pq)
sin (7m/p) sin (wm/q)’

&'(exp (2mim/pa)) =S exp ‘rri(-;—;—;)



SIGNATURES OF KNOTS 181

and so
e~
oo g et J (—exp (;m'm/pq)
L )

where
A(n=—22 (2mimjpq) __exp (= 2mim/pq)
t—exp (2mim/pq) t—exp (—2mim/pq)
_ 4it sin (mm/pq) cos (mm/pq)
t*—2t cos 2mm/pg)+1

.t’—2toos(27rm/m)+1

t
= ,,,(mi“'dm)c'" t>—2t cos (2mm/pq)+1

pifm.qg+m

where

4 . mmq* Tmp™*
cm=—-sin2msm2m-ootm{oot +cot 2P }
Pq q pq p q

If we set m =aq+bp, and allow a to run through a complete set of
non-zero residue classes mod p, and b to run through a similar set mod g,
then m runs through the required set of residue classes mod pq. So

4 waq 2'n'bp a b ma wh
Cm = a,b=_5m cot m{—+—)joot—+cot— 1.
Pq 14 q q p q

Now cot x +cot y =0 & cot x =cot (—y)
Sx=nw—y
& x+y=nm.

b
But 0<;—1+E<1=>0<1r(§+§)<1r, and. so for a and b in this range

the sign of c,, is equal to that of oot‘rr(: 2)
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Recall the set X defined at the beginning of this section: we see that

- =y 2¢, 0t
V(2= Z “'ba 5 .
(a'b)‘xtz—2t00827(;+a)+l

The theorem will follow if we can show that the sign of ¢, is the same
as that of the corresponding Milnor signature, since for (a, b)€ X,

cot‘rr<§+2)>0 iff g+2<l.

q P q 2

Set Va‘b(t)=t—20082‘rr(§+2)+t_’, let V¢)=A@{).t™ where n=
q

(p—~1)(q—1)/2, and let V*4(t)=V(1)/V,, (). Let V=H,(K;R) and let o
be the image of Z(and ') in V. Then V*’(t)V is the subspace of V
annihilated by V_,(#). Referring to Section 9, it is easy to see that this is a
1-dimensional vector space over C, with basis given by V*?(t)o, and that
the signature of the corresponding Hermitian form is sign c_,
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