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A NOTE ON OBSTRUCTIONS AND CHARACTERISTIC CLASSES.*

By MicHEL A. KERVAIRE.

The present paper is a generalization of [7]. Relations will be established
between the obstructions associated with cross-sections in a stable U(n), SO (n)
or Sp(n)-bundle over a complex K and the characteristic classes of such
bundles.

In the U(n)-case, we obtain as a corollary a theorem of F. Peterson [10]
stating that a U(n)-bundle over a torsion free complex K of dimension = 2n
is trivial if and only if the Chern classes of the bundle vanish.

A similar statement in the SO(n) or Sp(n) case, involving the Pontryagin,
resp. symplectic Pontryagin classes, would be wrong. In case of an SO (n)
[resp. Sp(n)] bundle there are obstructions in H2s** (K ; Z,) and H®+*?(K ;Z,)
[resp. H®** (K ;Z,) and H®+(K ;Z,)] which are not expressible in terms-of
characteristic classes of the bundle (see Lemma 4.3 for ‘a precise statement).
The information about these obstructions is still very poor.

In [10], F. Peterson deduces his theorem from a computation of the
Postnikov decomposition of Byy. We proceed the other way around and
obtain the Postnikov decomposition of By(ay, Bso) and Bsp in the stable
range from the main lemma (Lemma 1.1).

I am indebted to J. Milnor, B. Eckmann and A. Borel for their sugges-
tions during the preparation of this paper.

1. Let G be one of the groups U(n), SO (n) or Sp(n). Let £ be a stable
principal G-bundle over a CW-complex K (stability means that the homotopy
groups w1 (G) are stable for ¢ = dim K). Assume that ¢ admits a cross-
section f over the (g—1)-skeleton K@ of K. Take q to be even — 2r if
G =U(n) and g divisible by 4, ¢ =4k, if G=S0(n) or Sp(n). Then, by
[4], 71 (G) = Z in all cases. The obstruction class o (¢, f) € HY(K ;741 (G))
to extending f over the g-skeleton can be regarded up to sign as an integer
class. Denote by c,(£), pr(€), ex(€) the Chern class, the Pontryagin or the
symplectic Pontryagin class® of ¢ in dimension ¢ according as G =1U(n),
SO (n) or Sp(n) respectively.

* Received October 5, 1958.
1 See [3], 9. 6, for the definition.
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74 MICHEL A. KERVAIRE.

Lemma 1.1. The characteristic classes c.(£), pr(£), ex(£) are given by
the formulae

i) er(§) = (r—1)lo(&1) if 6=U(n),
(ii) Pe(§) = (Rk—1)!aro (&, 1) if 6=S0(n),
(iii) er(€) = (2 —1)!bxo (& f) if 6=Sp(n),

where, as in [6], ax- by =2 and ay is equal to 1 for k even and to 2 for k odd.

Proof. Let G=1U(n). Denote by ¢ the associated bundle with fibre
Wanra=U(n)/U(r—1). Let q: U(n) > U(n)/U(r—1) be the natural
projection and ¢’ the induced map of the total space of ¢ into the total space
of ¢. The map f/=¢ of is a cross-section of ¢ restricted to the (¢g—1)-
skeleton. Denote by gy : mory (U(n)) = Tort (Wanri1) and

Goexe? H* (K 5 mara (U(n))) = H (K 57303 (Wanrin) )

the homomorphisms induced by g. Clearly, g,40(¢, f) = 0(¢, f’) = the obstruc-
tion to extending f” over the 2r-skeleton. In other words G0 (6 F) = cr(§).
Identifying . (U(n)) and myy (Wanrey) with Z (disregarding signs), we
have gyuu= (r—1)!u for any u€ H*(K;Z) because g, maps a generator
of 71 (U(n)) onto (r—1)! times a generator of myy (Wi nors) according
to [5]. Thus ¢ () = gus0 (&) — = (r—1) !0 (& ).

The proofs of (ii} and (iii) are entirely similar and are left to the reader
(compare also [9]).

2. As a corollary we obtain the

TupoREM 2.1 (F. Peterson). Let ¢ be a U(n)-bundle over a complex
K with dim K = 2n and assume that H* (K ;Z) has no torsion except possibly
prime to (r—1)! for r=1,2,- - -. Then ¢ is trivial if and only if the
Chern classes ¢y,* - -, ¢, vanish.

Proof. Half of the statement is trivial. We prove that ¢ is the product
bundle provided ¢,(£) =0, ¢;(¢) =0, - -, ¢,(&) =0 by stepwise extension
of a cross-section in the associated principal bundle &p.

If f is a cross-section in &p restricted to K@ and ¢ is odd, there is no
obstruction to extending f to K@ since my(U(n)) =0 for i< n by [4].
Let g be even: g=2r. Then by Lemma 1.1 the obstruction class 0(&7)
satisfies the identity ¢, = = (r—1)!0(& ). Under the assumptions of the
theorem this implies o0 (&) =0. It follows (see [11], 34.2) that fl K@
is extendable over K@. This proves the theorem by induction on q.
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Some information on the obstructions arising in the SO(n) and Sp(n)
cases is given in Lemmas 4.1 and 4.2 below. We need a preliminary lemma.

3. Let G be any Lie group and H a closed subgroup of & such that

the sequence
9 Ty

(3.1) 0 7mq(G/H) —> mq s (H) —> 741 (G) -0
is exact for some ¢ (here 4, is induced by the inclusion i: H— G). Assume
that the G-bundle ¢ over the complex K admits a cross-section f over the
(g—1)-skeleton. Let o(& f) € HI(K ;74-(G)) be the obstruction class to
extending f over K@. We want to compute §%0 (&, f), where 8* is the boundary
homomorphism 8*: H4(K ;71 (G)) —> H?** (K ;7,(G/H)) of the cohomology
exact sequence associated with the coefficient sequence (3.1). (Compare
Steenrod [11], 38.5.)

Let & be the associated bundle with fibre &G/H. The cross-section f
induces a cross-section f” of ¢ restricted to the (g— 1)-skeleton.

LemmA 3.2, Under the above exactness assumption of (8.1), the cross-
section f is always extendable to a cross-section F’ of ¢ restricted to K@.
Let o(¢,F') € H¥*' (K ;74(G/H)) be the obstruction class to extending F’
over K@V, Then 8%0 (&) =o0(¢, F).

Proof. Let p:wgs(G)—>me1(G/H) be induced by the projection
G—G/H, and p,: Z9(K ;741(G)) > Z9(K ;w1 (G/H)) be the homomor-
phism induced by the coefficient homomorphism p. Let z€ 0(&f) be the
obstruction cocycle to extending f over K@ and 2’ be the obstruction cocycle
to extending f’ over K@. We have pyz=2" and since p is zero, it follows
7/ =0. In other words, / can be extended to a cross-section F” of ¢ restricted
to K@. The map F’: K@ — E’, where E’ is the total space of ¢ induces over
K@ an H-bundle 5 (B is the quotient of the total space E of ¢ by the action
of H as a subgroup of G). fy(z) = (2,f(z)) for € K@Y defines a cross-
section of 7 restricted to K@Y (compare Steenrod [11], 10.2). Let
Un € (KD ;e (H)) be the obstruction cocycle to extending fn over K@
and let w€ C¢(K;mey(H)) be defined by u[r]=uy[+] for every g-cell
T€ K9 C K. Clearly, iyt =2, where i,y : CUK ;mq1(H)) = OUK ; 74-41(G))
is induced by 4y : w4y (H) = o1 (G). The assertion of the lemma can be
stated as

(3.3) du =0,7,
where 3, : 29 (K ;n(G/H)) — 29 (K ;w44 (H)) is induced by 8: =, (G/H)
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— g1 (H), and #’ is the obstruction to extending F” over K@". (Compare
Steenrod [11], 38.5 formula (8).)

Let ®: Be*'— K be the attaching map of a (g4 1)-cell ¢ of K, and
denote by ¢ the restriction of @ to the boundary S¢ of B#'. Then
F’o¢: 81— E’ induces over S? an H-bundle whose characteristic map x = A«
is the image of the element a € m,(£’) represented by F” o ¢ under the boundary

™
operator A: my(E’) —> mqs (H) of the homotopy sequence of H—>E— E’.
Since F” o ¢(87) C p~*(®B), where p is the projection p: E’— K of the bundle
g, F'o¢ as a map in p*(®B) represents an element of x,(G/H) which is
equal to z’[¢]. Thus §/4(#[¢]) = a, where //: G/H— E’ is the inclusion of
the fibre. On the other hand x is equal to u[¢S7]. Consider the commutative
diagram
0
7 (G/H) —— me1 (H)

7%
A
mq(B') —— w1 (H)

induced by the bundle map

7
G/H—— F'.
We have

Sulo] =u[¢87] = Aa=Af4 (7[¢]) =0, (¢[0]) = (0+7) [].
Since this is true for any (¢ -+ 1)-cell o, the proof of (3.3) is complete.

4. We apply this to the cases G =S80 (2n) and G =Sp(n), H=U(n).

LeMma 4.1. Let the stable principal SO (2n)-bundle & admit a cross-
section f over the (8s-1)-skeleton K&V of the base complex K. Let
0(&f) € H+*(K ;Z,) be the obstruction class (compare Bott [4]). The
induced cross-section [’ of the associated bundle ¢ with fibre SO (2n)/U(n)
restricted to K®s+1) is extendable over K®s*2 {0 g cross-section F’. One has
Bo(&f) == 0(&, F"), where B is the Bockstein operation and o(¢,F’) is
the obstruction class to extending F’ over K (5s+9),

Proof. Take G=S0(2n) and H=U(n) in Lemma 3.2. The sequence
0= 70002 (SO (1) /U (1)) = 75011 (U (1) ) =732 (SO (2m)) = 0
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is exact and reads 0>Z —>Z—>Z,— 0.. (Compare Bott [4].) The associated
coboundary homomorphism §* is 8 by definition. Similarly,

LemMA 4.2. Let the stable principal Sp(n)-bundle & admit a cross-
section f over the (8s-5)-skeleton of the base complex K. Denote by
0(¢f) € H*%(K ;Z,) the obstruction class. f induces a cross-section f’ of
the associated bundle & with fibre Sp(n)/U (n) restricted to K®+3), Then
f' is extendable over the (8s--6)-skeleton. Let F' be an extension and
o(¢,F") € H*"(K;Z) the obstruction class (up to sign). We have
Bo(&f) = £ o (&, F).

Proof. The sequence
0> w556 (SP (1) /U (1) ) = 5 (U (1) ) = 75005 (Sp(n) ) = 0

is exact and reads 0>Z—>Z—>Z,— 0. (Compare Bott [4].)

Next we show that the Stiefel-Whitney class w, of an SO (n)-bundle ¢ is
in general independent of the obstruction to extending over K@ a cross-
section of ¢ restricted to K@V, In fact:

Lemma 4.3, If there ewmists a cross-section of the SO (n)-bundle ¢
restricted to the (q— 1)-skeleton of the base complez K, ¢ >0 and g2,
4, 8, then the Stiefel-Whitney class w, of € is zero.

Proof. Let o(£, f) be the cohomology class of the obstruction to extending
the given cross-section f over the g-skeleton. Let p: SO(n) = Vyngn
=S0(n)/S0O(g—1) be the natural projection, and

Pyt 71 (SO (1)) = w41 (Vingir),
Paset HUEK 571(SO(n))) > HUK 5741 (Vinger))

the induced homomorphisms. Clearly, p4y0(& f) —w, The lemma follows
from the fact that p, is zero provided ¢£®,4,8. This is trivial for ¢g==3,
5,6,7 modulo 8 (w4 (SO (n)) is zero in these cases by [4]). It is also trivial
for g=1mod 8 since 7, (SO (n)) =0 and ns; (SO (1)) = Zo, 7se(Vin-ss) = Z
for s > 0. For ¢g==2mod 8, p, — 0 follows easily from considering the homo-
topy exact sequence of SO (n)/SO(¢q—1). For ¢g=4mod8, p,—0 was
stated and proved in [6], Lemma 8. The case g=0mod 8 will be treated in
a forth coming paper [8].2

Using the Lemma 1.1 above, we obtain the k-invariants of the classifying
spaces By(n), Bsom), Bspny in the stable range. (For the k-invariants of

? (Added in proof) p, =0 also follows from comparison with p’,: m,.,(SO(q))
- my1(89) as in the proof of Lemma 6.4 below.

16



8 MICHEL A. KERVAIRE.

By(n), compare F. Peterson [10]). We need a few probably well known
lemmas about k-invariants which we derive in the next section.

5. Let X be a simply connected space and X, D X such that
(i) (X X) is a relative CW-complex (compare G. W. Whijcehead [12]),
(ii) m(Xg) =0 for ¢ <4,

(iii) m(X) =m(X,) for 1= ¢ under inclusion.

Then, m;(Xg X) =0 for i=g¢-1 and since = (X) =0 by assumption, it
follows from the relative Hurewicz theorem that H;(Xg, X) =0fori=q-+1,
and 7 (X) = 7gee(Xg X) = Hgpo(Xg, X). It follows that He2(Xg, X 5 mger)
=Hom (Hg,»(Xg, X),mq1) contains a fundamental class # (g denotes
mga (X)) for brevity).

Lemma 5.1, a*u=Fkv2€ H®**(X;mq,) 18 the (g R)-dimensional k-
invariant of X, where a*: H*(X g, X jmgy) => H* (X g3 mge1) 18 induced by the
inclusion a: (Xgq,0) = (Xg X).

In fact the lemma is a special case of the following definition of the
characteristic class.

Let p: E— B be a fibering with g-connected fibre F, and let i: F—>E
be the inclusion of the fibre. Assume that £ (and thus also B) is simply
connected. By the homotopy exact sequence, py: =;(¥)—> =(B) is an iso-
morphism for 1=g¢, and py: wg1(F) = mq.(B) is surjective. Therefore,
m;(B’, B) =0 for 1= ¢ + 1, where B’ is the mapping cylinder of p (B and B’
have the same homotopy type). Since = (E) =0, it follows H;(B’,E) =0
for i=q+41, and wgue (B, B) = Hgo (B, E). Thus Hv?(B’, E ;742 (B, E))
=Hom(Hg (B, E), nq:2(B’, F)) contains a fundamental class u.

Define a homomorphism ¢ : m;(F') — 7y, (B, E) for every ¢ as follows:
If f: S*— F represents a class « € m;(F'), the formula

f,(w’ t) = (f(x)yt):

0=1¢=1 defines a mapping of the cone over 8% into B’. The boundary of
this cone is mapped into F C E. Let ¢a be the class of { in my (B, E).

Lemma 5.1°. ¢ is an isomorphism, and ¢yc = a*u, where ¢, is induced
by the coefficient homomorphism ¢: mgy (F) = wqa(B, E) ; ¢ is the charac-
teristic class and a* is induced by the inclusion (B’,0)C (B, E).

Proof. Consider the diagram
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0 /'::[4
1 (#) —> (I, F) — W(F) —>mi(B) —> m(E, F)
id. Dx ¢ , id. Px
P« L 0 Px

7r4;+1(E) —_ 77'4',+1(B) _—>7Ti+1(B,’ E) —)"’i(E) __>7ri(B)'

It is easily seen from the definition of ¢ that commutativity holds in each
square. Since p, is an isomorphism, ¢ is an isomorphism by the 5-Lemma.

Let y: Hi(F) = Huy (B, E) be defined similarly to ¢. The cycle 2z being
a representative of a class {€ H;(F), y¢ is the class in H;,, (B, E) of the
cone over z in B’, regarded as a cycle modulo E. Clearly, the following
diagram is commutative:

H,(E)—H.(E,F)y—> H{(F) —>H/(E)—>H;,(E,F)

id. Dy v id. Ps
Ay o

Hy(F)— Hyu(B) —> Hyy (B, E)—> Hy(E)—> Hi(B).
It follows by a standard argument that the dual diagram with coefficient
group =;(¥) =, (B, E), identified by ¢: = (F) — . (B, F), is also com-
mutative. In particular,

b}
H* (B, F;mgyq) «— H(F;mg1)
p* y*
a*

Ha? (B smga) < H? (B’: B ;mg)

is commutative (g, denotes mqyy (F) identified with mg.2 (B, E) by ¢). Since
¢ is characterized by p*c = 8v, where v is the fundamental class in H¢*(F ; wg.1),
it remains only to prove that y*u=v. This is obvious, and the proof of
Lemma 5.1’ is complete.

Consider the cohomology exact sequence

3 a*

T > HIN(X 5w ) —> HO? (X g, X s ) —> H®* (X g5mgn) =« -

Clearly, 8 annihilates every decomposable element of H (X jmg.).

In fact, if ¢ € H® (X ;g ) is any class, 8¢ as a homomorphism of gy
into g, is given by .

(5.2) Sc[a] = a*c, for every o € mq.,

where a*: HU' (X ;744) = H? (8¢ ;7y,,) is induced by any map §7**— X
representing a, and H (8% ;x,,,) is identified with mg,,.
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6. As an application of Lemma 1.1 and the preceding remarks, we
obtain:

THEOREM 6.1. Let X =Bywm and mg=mngi1(Bom) <7 (U(n)).
Then, for 1 <mn, we have k**2=0, and X,,, may be taken equal to X,
H23 (X pihn 3 monn) == H?"3 (X301 3Z) 18 a finite cyclic group of order 4!
generated by the k-invariant k23,

THEOREM 6.2. Let X=Bso(m and Tge1 == Tgs1 (Bso(")) ,’:rq(SO(’n))
Then, in the stable range, k* =0, k*"2=0, k% 1=0. One can take
Xyjr=X4j0, Xoio=Xsi-s=Xsia. The k-invariants k+, k32 k313 gre
different from zero. Specifically, we have exact sequences

s

a:.:
(6. 2’) 0— Z(zi—1) 1a; —> [t (X4j_1 ;Tr,g) — [+ (X;1r4j) -0
which split for j=3. The k-invariant k*** is the image under d* of a
generator of Z(zj1y1a,. For j=1 or 2, E*** can be halved and Lk*** can be
chosen so as to project onto W+ € H4* (X ;my). Similarly, the sequences

a*
O b d Zz _ H’Si+2 (Xg{ ; ‘l!'gr[+1) i HBM.Z (X ; 778i+1) s 0}

a*
0 b d Zg —_— I{Bi+3 (X8i+1 ; 778i+2) bl H8i+3 (X ; 7rgi+2) Ed 0,

(6.27)

are ezact and split. Kk*¥2, resp. k*"*2 are the images under a* of the generator
Of Zz. (1!'4] = Z, Tgi+1l =~ T8i+2 = Zg, by [4:].)

THEOREM 6.3. Let X = Bspm) and mgu =g (Bspn)) = me(Sp(n)).
Then, in the stable range, k* —0, Kk8+2—=0, Kk8#*3—=0. One can take
Xija=Xy5 5, Xetno=Xgy1=Xs. The other k-invariants are non-zero.
Precisely,

HY (X 4y 3 Z) = Z 251y, generated by k4,
H*2( Xy 43 2,) = Z, generated by k*2,
H*Y (X 53 2,) = Z, generated by k8i,

Proof of Theorem 6.1. The first assertion is trivial since mas,q (Bym) =0
for 1 <n. Consider the cohomology exact sequence

8 a*
H2i+2 (X) —_— H2i+8 (X21+1} X) —_— H2i+3 (Xziu) —_ H2i+3 (X)

with coefficients in m,»(X) = Z. Since H*(X) =Z[cy, - -,0x], dege;=—2j
(see [2], Theorem 21.3), we have H2*3(X) —0 and H?#2(X) is the direct
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sum of = (i + 1) copies of Z, where (- 1) is the number of partitions of
i+ 1. By (5.2) and Lemma (1.1), § is zero on the decomposable elements
and 8¢i,; = = 1! u, where u is the fundamental class in H*¥3( Xy, X) = Z.
It follows that H2#*3(X,,,) is cyclic of order 1!, generated by a*u = k*#*S.

Proof of Theorem 6.2. The first assertions are trivial since m4;, (SO (7)),
7514(SO(n)) and mg;5(SO(n)) are zero in the stable range (see [4]). Con-
sider the cohomology exact sequence.

8 a* &

H4(X) —> H49* (X gy, X) —> HY¥ (X ypy) - HY(X) —>
with coefficients in my;j(Bgso)) = Z. Since H*(Bso;R) = R[ps," -, pr, ],
H*(Bsowm) ; £2) = Z:[ws,- - -,wy], and Bsow) has no other torsion than R-
torsion (see [3], Appendix II), every class c€ H*(Bsow ) with dege<n
can be written in the form ¢ =P (py,- - *, pr) + BQ (ws, - - -, ws), Where g is
the Bockstein homomorphism and P, @ are polynomials. Hence, §: H*/ (X)
— H**'(X,;,,X) kills every element except possibly p;. It follows from
(5.2) and Lemma (1.1) that 8p; = = (2 —1)!a; u, where u € H***(X,;, X)
is the fundamental class. If c€ H¥*'(X), it has the form B¢, with
¢ € H%(X ;Z,). Thus &c=0, except possibly if ¢ = Bwj = Waj1, and then
§Wajoy — Bow,;. Since by (5.2) dws; is the 4j-dimensional Stiefel-Whitney
class of the SO (n)-bundle induced over S* by a map S*—> Bso) Tepre-
senting a generator of w4 (Bsom)) = Z, we obtain information about dw,; from
the following lemma:

LeMMA 6.4. Let & be the stable SO (n)-bundle induced over S* by a
map representing a generator of we(Bsom)) =Z. The Stiefel-Whitney class
wej(£) € HY (8% 3Z,) = Z, is different from zero if and only if S is
parallelizable. (Compare Bott and Milnor [5].)

Since S*/-! is parallelizable only for j=1,2 (see [5] or [6]), it follows
that for j = 3, the sequence

d*
0—>Z 501y, — H4* (X ) & HY(X) =0,

is exact. In order to show that the sequence splits, consider the diagram

8 a*
H*(X) —— HY9Y (X4, X) —> H¥*(Xypq) = HY(X)
3

*

a
H,4(X) — H4% (X gy, X) —> Ho4# (X y5q) = HoH(X)
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where H,* is the cohomology with coefficients in Z, and ¢, is induced by the
coefficient epimorphism ¢: Z—Z,. Since ¢,u %0 and 8 kills decomposable
elements in H,* (X), it follows that ¢,k**'=0 if and only if Sw. =40.
Hence, by Lemma 6. 4 above, k*** cannot be halved unless j=1 or 2. Since
H#*+1 (X ;Z) is the direct sum of copies of Z,, it follows that every element
540 in H*+ (X ;Z) is the image of an element of order two in H4** (X ,;Z).
Thus (6.2’) splits for j=3.

Now, let j=1 or 2. Since S® and S” are parallelizable, it follows that
dw, 540, dws%~0. Thus k* and k° can be halved. Consider first the case
j=1: The sequence we are interested in reads

a* &
HY(X) > H (X3, X) —> H*(X,) > H3 (X)) —>- - -
Since H®*(Bsoy) = Z, generated by W;, the only possible value of the pro-
jection in H®(X) of 1k® is W;. Therefore, & is trivial also in this case and
exactness of (6.27) holds for j=1.
Let j=2. Consider the sequence

b) a* * &

H3(X) —> H* (X, X) —> H°(X,) ﬁ—)HQ(X) —

H®*(Bsown)) =Z,-+ Z;+ Z, generated by p, W5, (W) and W,. Let h be an
element in H®(X,) such that 2h =FKk°. Claim: p*h = Wy 4 ap, W5+ B(W,;)3,
where ¢ and B are remainders mod 2 depending on the choice of . This is
equivalent to proving p*h £ ap, W, -4 B(W;)3 Since p* is an isomorphism
in dimensions < 8, there exist classes p’y, W’s5, W’s whose projection under p*
are pi, Ws, Ws. Thus ap’ W+ 8(W’)2€ H?(X,) is an element of order 2
whose image by p* is ap, W5+ B(Ws)®. If p*h were equal to ap, W5 - B(Ws)3,
we would get an element A =h—ap’ Ws— B(W’;)® with the properties
p*h’ =0 and 2%’ =EK°. Such an element however does not exist. It follows
from p*h = W, -4 decomposable elements, that §W,—=0. Hence (6.2’) is
seen to be exact in any case.

To obtain the exactness of (6.2”), consider the cohomology sequence

) a* * &
H8its-1 (X) —— JJ8its (X8i+s—2: X) —_— H8i+s(Xsi+s—2) ——> JI8its (X) —_—

with coefficients in g2 (80 (n)) =Z, for s=2 or 3.

We have to prove that § and & are zero. Since § and & kill decomposable
elements, it suffices to prove dwgy: =0, dwsie=0, Wsys =0, Fwsss=0.
The first two assertions follow from (5.2), by which

3w8i+s—1)€H8i+s (Xstsso, X 3 Z;) = Z,
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is the value a*wss,s1[S%¥**-2] of the (8¢ s—1)-th Stiefel-Whitney class of
the SO (n)-bundle over §®¥*#1 induced by a map representing the generator
@ of wsirea(Bsomy) =Z,. Since such a Stiefel-Whitney class vanishes, it
follows that dwsiss = 0. To prove 8wsis =0, observe that

Wgia = qu'wm. for ’i; 1, and Weisg == Sqlwgf,{.g
(see Wu Wen-Tsiin [18] and Borel [1]). It follows that
wsiyr = &S qPwe; = Sq?we; =0, and similarly §wei,s = 0.

The splitting of (6.2”) is trivial since every element in H®*$ (Xgy,e-2;Z2)
has order two.

It remains to prove Lemma 6.4. Let & be the associated bundle with
fibre Vin-gjer=3S0(n)/SO(4j—1), and let

pa: HHY(84;m45.1(SO(n))) = HY (8 s mapa (Van-sjer) )

be induced by p: w1 (SO (n)) = wijos (Van-assr). Identifying H*(S¥;
7452 (SO (n))) with 74, (SO(n))), we clearly have pyo=—w,;(£), where «
is a generator of my (SO (n)). Since mys (Vin-sirr) = Z,, it follows that
wyy(€) is different from zero if and only if p: mey (SO (1)) = majs (Vian-sjir)
is surjective. The commutative diagram

74j-1 (SO (47) ) = 742 (SO (n))

4

P p
Taj1 (S*j‘l) > Tyj1 ( Vn,w—4j+1)

shows that p is surjectice if and only if p” is; in other words, if and only if
§*5-* ig parallelizable.

Remark. The proof in [6] can be improved by using the above diagram
from which Lemma 2 of [6] follows immediately.

Proof of Theorem 6.3. Let X = Bsp(n). Again the first statements of
the theorem follow trivially from the results of [4].

Consider the exact sequence

5 o
H4(X) = HY%' (X i1, X) —> HY* (X ,4,) = H4*(X)

with integer coefficients (ry;(X) =Z by [4]).
Since H*(Bspin);Z) =Z[K4,- - -, K,], degK;=44, it follows that



784 MICHEL A. KERVAIRE.

H**1(X) =0, and the multiples of K; are the only non-decomposable elements
of H¥(X). By (5.2) and Lemma 1.1,

SK;= (2/—1)!b;-u,
where u is the fundamental class in H** (X, X;Z) = Z.

It follows that H*/**(X,; ) is cyclic of order (2j—1)!b; generated by
k**t, The assertions about k3! and k%2 are trivial.

BATTELLE MEMORIAL INSTITUTE, GENEVA.
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