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Abstract. Several proofs have been published of the mod Z gluing formula for the #-invariant
of a Dirac operator. However, so far the integer contribution to the gluing formula for the
n-invariant is left obscure in the literature. In this article we present a gluing formula for the
n-invariant which expresses the integer contribution as a triple index involving the boundary
conditions and the Calderon projectors of the two parts of the decomposition. The main
ingredients of our presentation are the Scott-Wojciechowski theorem for the determinant of
a Dirac operator on a manifold with boundary and the approach of Briining-Lesch to the
mod Z gluing formula.

Our presentation includes careful constructions of the Maslov index and triple index in a
symplectic Hilbert space. As a byproduct we give intuitively appealing proofs of two theorems
of Nicolaescu on the spectral flow of Dirac operators.

As an application of our methods, we carry out a detailed analysis of the z-invariant of the
odd signature operator coupled to a flat connection using adiabatic methods. This is used to
extend the definition of the Atiyah-Patodi-Singer p-invariant to manifolds with boundary. We
derive a “non-additivity” formula for the Atiyah-Patodi-Singer p-invariant and relate it to
Wall’s non-additivity formula for the signature of even-dimensional manifolds.
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1 Introduction

An intriguing feature of certain spectral invariants is that they behave nicely with
respect to cutting and pasting. Such a feature has several advantages, in particular
with respect to computations. For example, the index of a Dirac operator behaves
additively with respect to gluing of manifolds. This is not surprising due to the
locality of the index. For higher spectral invariants (e.g. analytic torsion and the #-
invariant) cutting and pasting properties came as a surprise and proofs are non-
trivial. The gluing formula for the n-invariant has a long history (cf. [7] for a histor-
ical account). Basically, there are four different types of proof due to Bunke [9],
Wojciechowski [33, 34], Miiller [25] and Briining and Lesch [7]. Bunke’s argument
was simplified and generalized by Dai and Freed [12].

While the articles [33, 34, 25, 12] contain proofs of the gluing formula only in
IR/Z, the original formula of Bunke [9] offers a formula for the integer contribution
in terms of indices of certain projections. Unfortunately, these projections are not
intrinsically defined and therefore Bunke’s formula is difficult to work with. In [7] it is
shown (though not explicitly stated) that the integer contribution can be expressed as
the spectral flow of a naturally defined family of self-adjoint operators.

In the current paper we present another formula for the integer contribution in
terms of Calderdn projectors. This is very satisfactory from a theoretical point of
view since all ingredients of the formula are defined intrinsically. Moreover, using
adiabatic techniques our formula can be made rather explicit; we carry out a detailed
analysis for the odd signature operator.

Given an appropriate orthogonal projection P in the Hilbert space of sections over
the boundary, the domain of a Dirac operator D can be restricted to those sections
whose restriction to the boundary lie in the kernel of P. Denote the resulting oper-
ator Dp. The self-adjoint Fredholm Grassmannian Gr(4) (see Definition 2.1) consists
of those projections P so that Dp is a self-adjoint discrete Fredholm operator. It con-
tains a distinguished element, namely the Calderon projector for the Dirac operator
D. Denote by 7 the reduced x-invariant, #(D) = ((D) 4+ dimker D)/2. Our main
result is the following. (See Theorem 5.9, Theorem 7.4, and Lemma 5.1.)

Theorem. Let D be a Dirac operator on the closed manifold M and let N = M split M
into M and M~. Assume that D is in product form D = y(di + A) in a collar of N,

X

with A self-adjoint. Let P € Gr(A) and let P, be a smooth path in Gr(A) from P to the
Calderén projector Py~ for D acting on M. Then
(D, M) = j(Dp, M) +#(Dy-p, M~ ) +SF(Dp, M"), o
+SFE(Di-p, M7 ) e 0.1y
=7(Dp, M™) +7i(D1—p, M™) — 7,(I — Py, P, Pys+).
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In particular, taking P = Py,
ﬁ(D7 M) = ﬁ(DPM+ ) M+) + ﬁ(DI*PA,ﬁ y Mﬁ)'

In these formulas SF denotes the spectral flow, and 7, refers to a Maslov triple index
we define for appropriate triples of projections. We also prove a more general for-
mula, Theorem 5.10, which holds for any boundary conditions (P, Q), rather than
the special case (P,I — P).

It is well-known that spectral flow and #-invariants are intimately related. It is
therefore an interesting feature of our approach that it can be used to give new and
conceptually simple proofs of Nicolaescu’s formulas for the spectral flow of a family
of Dirac operators [26]. (See Theorems 7.5 and 7.6.)

For purposes of computation it is usually convenient to use the positive spec-
tral projection of the tangential operator, PT, rather than the Calderén pro-
jector as boundary conditions. According to our theorem this requires computing
SE(Dp,s M*),c(0.1) + SF(Dr—p, M™),[o ) Where P, is a path starting at P* and end-
ing at the Calderdn projector. In favorable circumstances, such a path (actually its
reverse) is obtained by stretching the collar neighborhood of the separating hyper-
surface. More precisely, replacing M by Mt U (N x [—r,0]) gives a continuous
path (as r — o0) of projections starting at the Calderon projector and limiting essen-
tially to P*. This gives a method to obtain computationally useful splitting formulas,
and sheds light on the mechanism of adiabatic stretching.

We carry out this analysis in detail in Section 8 for the odd signature operator.
Given a flat connection with holonomy o over an odd-dimensional manifold, we take
D to be the odd signature operator in the corresponding flat bundle. The adiabatic
limit of the Calderdon projectors for D as the collar is stretched is identified in Theo-
rem 8.5. We use this identification along with the topological invariance of the kernel
of D to establish the formula (cf. (8.32)):

”(D7M) = ”(DPJr(VJr_q)vMJr) +77(DP’(V,_,)7M7) +m(l/+,ata K,zaaa g)

In this expression Vi, =imH*(M* C}) — H*(N;C2), and m(V, 4, V_ 5, o, g) is
a real-valued symplectic invariant which depends only on the subspaces V., <
H*(N;C,) and a choice of Riemannian metric on the separating hypersurface N.
The projections PE( V4 ,) are the sum of the positive/negative spectral projections of
the tangential operator and the finite-dimensional projection to V; ,. In particular if
H*(N;C}) = 0 the formula simplifies to

(D, M) =7(Dp+, M) +#(Dp-, M").

These formulae motivate a definition for the p-invariant of a manifold with bound-
ary, p(X, o, ¢g) (Definition 8.17), which is shown to depend only on the smooth struc-
ture of X, the conjugacy class of the representation «, and the choice of Riemannian
metric g on 0X. We then prove the following theorem, and discuss its relation to
Wall’s non-additivity theorem [32] for the signature of even-dimensional manifolds.
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Theorem 8.18. Suppose the closed, odd-dimensional manifold M contains a hypersur-
face N separating M into M and M~ . Fix a Riemannian metric g on N. Suppose that
o:m (M) — U(n) is a representation, and let t:7m;(M) — U(n) denote the trivial
representation. Then

p(M,0) = p(M*, 0, g) +p(M~, 0, g)
+Wl(V+“, K,xaaa g) - m(V‘r,‘H K,Tvaag)-

The paper is organized as follows:

In Section 2 we review the basic facts about Dirac operators on manifolds with
boundary and the Grassmannian of their boundary value problems.

In Section 3 we introduce the #-invariant and review its basic features. Using the
Scott-Wojciechowski Theorem [30] we establish in Section 4 a formula describing the
dependence on the choice of boundary condition of the #-invariant of a Dirac oper-
ator on a manifold with boundary (Theorem 4.4).

Section 5 deals with splittings of manifolds. We prove a result on the behavior of
the spectral flow under splittings (Corollary 5.6) and the gluing formula for the
n-invariant (Theorem 5.10).

Section 6 contains careful constructions of various forms of the Maslov index for
families of self-adjoint projections in a Hermitian symplectic Hilbert space. Conven-
tions must be set to deal with degenerate situations when defining symplectic invari-
ants, and we carefully construct the various invariants consistently and in such a way
that they match our choice of convention for the spectral flow.

A byproduct of our considerations are new proofs of (generalizations of') two the-
orems by Nicolaescu [26] identifying the spectral flow of a family of Dirac operators
with a Maslov index involving the Calderdn projectors and boundary conditions.
These results (Theorem 7.5 for manifolds with boundary and Theorem 7.6 for split
manifolds), together with an improvement (Theorem 7.7) of our gluing formula for
the x-invariant which allows more general boundary conditions, are presented in
Section 7.

Finally, in Section 8 we apply our splitting results for the #-invariant to the special
case of the odd signature operator coupled to a flat connection. By making use of the
method of adiabatic stretching of the collar of a separating hypersurface and the fact
that the dimension of the kernels of these operators are topological, i.e. independent
of the Riemannian metric, we obtain a splitting formula for the Atiyah-Patodi-Singer
p, invariant. The main tool introduced in this section is Theorem 8.5, which gives a
precise identification of the adiabatic limit of the Calderdn projectors in this setting.
We end the paper with an examination of the role adiabatic stretching plays in addi-
tion formulas for the z-invariants of general Dirac operators.

2 Dirac operators on manifolds with boundary and the self-adjoint
Fredholm Grassmannian

We begin by describing the set-up of Dirac operators on a manifold with boundary.
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Let X denote a compact smooth Riemannian manifold with boundary 0X. We fix
an identification of a neighborhood of dX in X with dX x [0,¢). Let E — X be a
complex Hermitian vector bundle and suppose that D : C*(E) — C*(E) is a sym-
metric Dirac operator, i.e. a symmetric first-order operator whose square is a gener-
alized Laplacian (the square of the leading symbol of D is scalar and given by the
metric tensor). The symmetry is measured with respect to the L? inner product; thus
we assume that if ¢, ¢, € C*(E) are supported in the interior of X then

J <D¢1,¢2>E\,dx=J (i Dadi dx.
X X

A Dirac operator satisfies the unique continuation property [5].

In this paper we will deal only with the product case, i.e. we assume that the
restriction of D to the collar takes the form D = y(4 + A), where y : Ej;x — Epy is
a bundle endomorphism and 4 : C*(Ejpx) — C*(Ej;y) is a first-order self-adjoint
elliptic differential operator on the closed manifold ¢X (called the tangential oper-
ator) satisfying

(2.1) y?=-I, yp*=—y, and y4=—Ay.

Note that A is assumed to be independent of x for x € [0, ).

The operator D : C*(E) — C*(E) can be extended to an unbounded self-adjoint
operator on L?(E) by imposing appropriate boundary conditions. Since D is a first
order operator, it can be extended to a bounded operator H(E) — L*(E), where
H,(E) denotes the Sobolev space of sections of E with s derivatives in L2. Given
an orthogonal projection P : LZ(E‘F;X) — Lz(E|5X) define Dp to be D acting on the
domain

9(Dp) :={$ e L*(E) | € H(E) and P(¢;y) = 0} = L*(E).

We will consider the operators Dp for a certain class of projections P which we now
introduce. Let

P : L*(Epy) — L*(Ejx)

denote the positive spectral projection for the self-adjoint tangential operator A :
C*(Ejox) — C*(Ejay); thus if {y;} is a basis of L?(E;x) with Ay; = Ay, then
Poo(Xoa:) = > s 0.

Definition 2.1. Define the self-adjoint Fredholm Grassmannian Gr(A) to be the set of
maps P : L*(Ejpy) — L*(Ej;x) so that

(1) P is pseudo-differential of order 0,

(2) P = P*, P> = P, i.e. Pis an orthogonal projection,

(3) yPy* =1-P,

(4) (P>, P) form a Fredholm pair, that is,
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P>0|imP :im P — iIl’lP>0
is Fredholm.

The Grassmannian Gr(4) is topologized using the norm topology on bounded oper-
ators.

Remark 2.2. 1. We note that a P € Gr(4) also acts as a (non-orthogonal) projection
in the Sobolev space H,(E) for all s € R. This follows from (1).

2. We obtain the same Grassmannian if we replace P~ in (4) by any pseudo-
differential orthogonal projection Q such that P-y — Q is smoothing. This follows
immediately from the following general fact:

Let P, Q, R be orthogonal projections in the Hilbert space H such that O — R is
compact. Then (P, Q) is a Fredholm pair if and only if (P, R) is a Fredholm pair.

This fact can be seen as follows: by [3, Prop. 3.1] (P,Q) is Fredholm if and
only if +1 ¢ spec. (P — Q). Since Q — R is compact this is equivalent to +1 ¢
spec.(P — R). Applying again [3, Prop. 3.1] the latter is the case if and only if (P, R)
is Fredholm.

If P e Gr(A), then Dp is self-adjoint, Fredholm, and has compact resolvent; in par-
ticular its spectrum is discrete and each eigenvalue has finite multiplicity. These facts
follow since (D, P) is a well-posed boundary value problem in the sense of R. T.
Seeley [31]. A general reference for boundary value problems for Dirac type oper-
ators is the monograph [5]. A different approach is presented in [8, 6].

It will be necessary to consider a more restricted class of projections, those that
differ from P~ by a smoothing operator. Define Gr,(4) = Gr(4) by

(2.2)  Gry(4) ={P e Gr(4)| P — P~y is a smoothing operator}.

Again, in (2.2) we can replace P~ by any pseudo-differential orthogonal projection
0 such that Py — Q is smoothing.

The projection P~ does not lie in Gr(A) unless ker A = 0, since the third condition
does not hold for P = P if ker 4 # 0. It is convenient to specify a finite rank per-
turbation of P~ which does lie in Gr(4).

Notice that y leaves ker 4 invariant. It is well-known that since (0X, 4) bounds
(X, D), the i and —i eigenspaces of y acting on ker 4 have the same dimension
[27, Chap. XVII]. This implies that there are subspaces L < ker 4 satisfying y(L) =
L+ nker A (such subspaces are called Lagrangian subspaces; see Definition 2.8
below). Given a Lagrangian subspace L < ker A define

(2.3)  P*(L) = proj; + P=o.

Then Pt (L) differs from P, by the projection onto L, a subspace of ker A, which
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consists only of smooth sections. Since P is a Oth order pseudo-differential projec-
tion, so is PT(L). It is straightforward to check that P*(L) € Gr.,(A4).

We call P™(L) the Atiyah-Patodi-Singer projection corresponding to the Lagran-
gian subspace L. Notice that P*(L) depends only on the tangential operator 4 and
the choice of L; in particular it is unchanged if D is altered in the interior of X.

There is a canonical projection in Gr(4) determined by the operator D which will
play a special role in what follows, namely the Calderon projector Py. It is defined as
the orthogonal projection onto the Cauchy data space

(24) LX = }’(kCI'D : Hl/z(E) — H,l/z(E)) c LZ(E‘@X).

Here r denotes the restriction to the boundary. The trace operator r is a priori only
defined on H,(E) for s > 1/2 but one can show that r defines a bounded map from
the H, »-kernel of D into L*(Ej;x) (see [5] for a proof ).

The Calderon projector Py = proj;, lies in Gro,(4) [29, Prop. 2.2], [17, Prop. 4.1].
The unique continuation property for D implies that

r:(kerD: Hyp(E) — H_yp(E)) — L*(Epx)

is injective, so that to any vector x in the image of Py we can assign a unique solution
to D¢ =0 on X with ¢ € H,;, and r(¢) = x. This makes it possible to identify the
kernel of D with boundary condition given by a projection P and the intersection of
the Cauchy data space with the kernel of P, as in the following lemma.

Lemma 2.3. Let P € Gr(A). Then
ker Pji, p, = im Py nker P = y(ker Py) nker P

and this space is isomorphic to the kernel of Dp. Thus Dp is invertible if and only if
im Py nker P = 0. In particular Dp, is invertible.

Proof. If ¢ € ker D, then by definition the restriction of ¢ to the boundary of X lies in
the image of the Calder6n projector Py. In particular, if ¢ € ker Dp, then the restric-
tion of ¢ to the boundary lies in the intersection of ker P and the image of Py. The
unique continuation property for D implies that this intersection is exactly the kernel
of Dp, i.e. the kernel of Dp is isomorphic to ker Py, p, .

As a discrete self-adjoint operator, Dp is invertible if and only if ker Dp = {0}.
Moreover, Py is a self-adjoint projection satisfying the equation yPyy = —(I — Py).
Thus im Py = ker(I — Py) = y(ker Py). O

In a rough sense the Atiyah-Patodi-Singer projection P (L) and the Calderén pro-
jector Py are opposites: PT(L) is determined entirely by the boundary data, i.e. the
tangential operator 4 acting on 0X (and the choice of L), whereas Py depends on all
of X and D.
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For future reference we note the following special case of a result due to K. Wojcie-
chowski.

Proposition 2.4. The Grassmannians Gr(A),Gry(A) are path connected. For a
fixed P e Gry,(A) (resp. Gr(A)) the space {Q € Gry,(A4) |[ker Q nim P =0} (resp.
{Q € Gr(4) |ker Q nim P = 0}) is path connected.

Remark 2.5. This result could also be proved using Proposition 6.5 below (resp. its
analog for pseudo-differential Grassmannians) and properties of the unitary group.

Proof. The first statement is a special case of [15, Appendix B], where the homo-
topy groups of Gr.(A4) and Gr(4) are computed. The path connectedness of
{0 e Gry(A4)|ker Q nim P = 0} was proved in Proposition 5.1 of [30]. The path
connectedness of {Q e Gr(4) |kerQ nim P =0} can be proved along the same
lines: if kerQnim P =0 then ||Q — P|| <1 and hence Q,:=Z,PZ;', 0 <s<1,
where Z; := 1+ s(Q — P)(2P —I), is a path in Gr(4) connecting P and Q (cf. e.g.
[6, Sec. 3]). Il

Notice that Gr(A4) and Gr,, (4) can also be defined by replacing P~ by P*(L) or Py
in the fourth condition defining Gr(A4), and in (2.2).

We next discuss two alternative perspectives on the Grassmannian Gr(A4), identifying
this space with the space of certain unitary operators on a Hilbert space, and also
with certain Lagrangian subspaces of a symplectic Hilbert space.

The bundle endomorphism y: Ejsx — Ejox induces a decomposition of Ejpy =
E; ® E_; into the +i eigenbundles and consequently we get a decomposition of
L*(Epx) into the +i eigenspaces,

(2.5)  L*(Epx)=L*(E)®L*(E_)) =1 & ® ;.
Given P € Gr(A), write
PZE(A B)
2\C D
with respect to the decomposition (2.5). Then P = P* implies C = B*. The conditions

yPy* =1 — P and y* = —y imply that A = D = I, and the condition P> = P implies
that BB* = I = B*B. This proves the first part of the following lemma.

Lemma 2.6. If P e Gr(A), then with respect to the decomposition (2.5), P can be
written in the form

o pi(1T),
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where T is a Oth order pseudo-differential isometry from &; onto &_;. Conversely, given
such an isometry T, then

1 /1 T~
2\T 1

is a pseudo-differential projection satisfying (1), (2), (3) of Definition 2.1.

Given
1/1 T* 1 /1 S*
P=— ——
Z(T I)’ Q 2<S I)’

satisfying (1), (2), (3) of Definition 2.1, then:

(1) (P, Q) form a Fredholm pair if and only if —1 ¢ spec. T*S,
(2) (P, Q) is invertible if and only if —1 ¢ spec T*S,

(3) ker P nim Q is canonically isomorphic to ker(I + T*S),

4)

In particular, if Q = P*(L) for some Lagrangian L < ker A, then P € Gr(A) if and
only if —1 ¢ spec T*S.

P — Q is smoothing if and only if T*S — I is smoothing.

Proof. The first part was proved above. Since S*S =171 = SS* any element in

L2(E|5,X) = & @ &_; can be written in the form <;;> for x, y € &;. Since

o(5)=2(s0)

it follows that im Q = {(; >|x € @”,} Thus the restriction of P to the image of
Qis X

pl * 1/ (I+T*S)x

(ﬁ>_2<TU+TWW)'

It follows that (P, Q) is Fredholm (i.e. P restricts to a Fredholm operator on the
image of Q) if and only if 7 + 7*S is Fredholm, which occurs precisely when —1 is
not in the essential spectrum of 7*S. Similarly (P, Q) is invertible (i.e. the restriction
of P to the image of Q defines an isomorphism onto the image of P) if and only if —1

is not in the spectrum of 7*S. The same argument also shows (3).
Finally, since

0 T -5
P_Q:(T—S 0 )’
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P — Q is smoothing if and only if 7" — S is smoothing. Here we use that the projec-
tions - (i + 7) onto &4; are differential operators of order 0. Since 7', S are pseudo-
differential and unitary the operator 7" — S is smoothing if and only if 7*S — I is
smoothing. |

Let %(&;,&-;) denote the set of unitary isomorphisms from &; to &_;. Then P — T
defines a map

(2.7) @ :Gr(A) — U(&, ),

1 I oP)
P=— .
2\ o(P) 1
More abstractly, consider the group % of unitary pseudo-differential isomorphisms
& — &6;. Let

1.e.

b

(2.8)  WUrrea ={U €W |—1 ¢ spec,, U},
and
(2.9) WUy = {U € Urrea| U — I is a smoothing operator}.

Then given any P € Gr.,(A4), the map

1/ I (®P)U)
(2.10) UH2<®(P>U ; )

defines homeomorphisms
WUvrea — Gr(A)
and
Uy — Gro(A).

Another useful description of Gr(4) and Gr,,(A4) is in terms of Lagrangian sub-
spaces.

Lemma 2.7. Let (H,<,)) be a separable complex Hilbert space and y: H — H an
isomorphism satisfying y> = —I, y* = —y. Then there exists a subspace L = H such
that y(L) = L* if and only if dimker(y — i) = dimker(y + i).

Proof. Suppose L = H is a subspace with y(L) = L*. Then it is easy to check
that the orthogonal projections 74 : L — ker(y &+ i) are isomorphisms and hence
dimker(y + i) = dimker(y — 7).
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Conversely, if dimker(y + i) = dimker(y — i) then let T : ker(y — i) — ker(y + i)

be a unitary isomorphism. Then L = ; | x € ker(y — i) ¢ is a subspace satisfy-
ing y(L) = L*. * O
Definition 2.8. A Hermitian symplectic Hilbert space is a separable complex Hilbert
space together with an isomorphism y: H — H satisfying y?> = —I, y* = —y and
such that the i and —i eigenspaces of y have the same dimension (i.e. if H is infinite-

dimensional we require that both eigenspaces are infinite-dimensional). The sym-
plectic form is the skew-Hermitian form

(2.11)  o(x, p) == {x, ).

A Lagrangian subspace L — H of a Hermitian symplectic Hilbert space is a subspace
so that (L) = L*. A Lagrangian subspace is automatically closed.

The space L2(E|@ x) together with the map y is a Hermitian symplectic Hilbert space.
The space ker 4 is a finite-dimensional Hermitian symplectic Hilbert space since
(0X,A) bounds (X, D).

Given P € Gr(4), the kernel of P is a Lagrangian subspace, since ker P is orthog-
onal to y(ker P). Notice that the kernel of P can be expressed as the graph of —®(P),

ker P = {(—@fP)x) |xe o@,} c LZ(E‘(;X).

This gives a third characterization of Gr(4) as follows. We define ¥ to be the
set of Lagrangian subspaces of LZ(E‘@X) whose associated projections are pseudo-
differential of order 0. The Cauchy data space, Ly, (the image of the Calderén pro-
jector) is a Lagrangian subspace of LZ(E‘(; X)-

Define
(2.12)  PLprea ={L e Z|(L,y(Ly)) is a Fredholm pair of subspaces},
and
(2.13) %, ={L € LFrea | proj, — proj;, is a smoothing operator}.
Then we have homeomorphisms

B?Fred — GI‘(A)

and

Py — Gry(A).

The identifications of %, Gr(A4), and % are determined by the conditions that
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Le Prredq, PeGr(Ad), and T € Upwed(&i,E-)
correspond if

L=imP=graphof T and T = ®(P).

3 The p-invariant and spectral flow

It was mentioned in the last section that Dp is the self-adjoint realization of a well-
posed boundary value problem and hence it is a discrete operator in the Hilbert space
L?(E). For the discussion of {- and 5-functions we need the more refined analysis of
the heat trace of Dp. The (- and #-functions of Dp are defined, for Re(s) > 0, by

n(Dpis) = u(Dp|Dp| ™) = > sign(A)A7,
Aespec Dp\{0}
(3.1) (Dps)i=ulDpl) = > A7
Aespec Dp\{0}
1 o]
= 5 (U(DR;5/2) +1(Dpss)) + €™ 2 (((Ds 5/2) = n(Dp3 ).

Theorem 3.1. For P € Gr(A) the functions {(Dp;s), n(Dp;s) extend meromorphically
to the whole complex plane with poles of order at most 2. If P € Gro,(A) then n(Dp; s)
and {(Dp; s) are regular at s = 0. Moreover {(Dp;0) is independent of P € Gro,(A).

That the {- and #n-functions extend meromorphically has been proved in increasing
generality in [15], [18], [19], [7], [35], and [17]. The definitive treatment of all well-
posed boundary value problems is given in [17]. The proof of the statement about
regularity at s = 0 can be found in [35]. The methods of [17] show that the assump-
tion P € Gro,(A4) can be somewhat relaxed [16]. Finally, that {(Dp;0) is independent
of P e Gry,(A) is [35, Prop. 0.5].

Definition 3.2. The #-invariant of Dp, n(Dp), is defined to be the constant term in the
Laurent expansion of 7#(Dp;s) at s = 0, i.e.

n(Dp;s) = as™> + bs™ '+ y(Dp) + O(s).
We also give a symbol to a convenient normalization of the #-invariant.
Definition 3.3. The reduced n-invariant is defined to be
(3.2)  7i(Dp) = (y(Dp) + dimker Dp)/2.

We continue with a discussion of the spectral flow and its relation to the x-invariant.
Suppose one is given a smooth path of Dirac type operators D, : C*(E) — C*(E),
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t €0, 1], over X so that D, = y(;—i + A,) on the collar. Choose a smooth path of pro-
jections P; so that P, € Gr(4,) for ¢ € [0, 1]. Then the family Dp(¢) := (D;)p, is in par-
ticular a graph continuous family of self-adjoint discrete operators. As a consequence,
the eigenvalues of Dp, vary continuously (as a general reference see [21]). The spectral
flow of the family Dp(t), which we denote by SF(Dp(1)), (g 1) or just SF(Dp(7)), is the
integer defined (roughly) to be the difference in the number of eigenvalues that start
negative and end non-negative and the number of eigenvalues that start non-negative
and end negative (see [5, 11] for a precise definition). Notice that we have chosen
a particular convention for dealing with zero eigenvalues. This convention is often
called the (—¢, —¢) spectral flow in the literature, since it corresponds to intersecting
the graph of the spectrum as a function of ¢ with the line from (0, —¢) to (1, —¢).

The 1-parameter family of #-invariants #(Dp(f)) € R will in general not vary
smoothly with respect to ¢ € [0, 1]. However, it follows from the work of G. Grubb
[17] that the reduction modulo integers of the reduced #-invariant #(Dp(¢)) varies
smoothly with z. In particular, the real valued function

wee | G nae)

is smooth.

In general, given a smooth function f : [0,1] — IR/Z = S!, the expression u — ¢
+ fé’ %d! is just an explicit formula for the unique smooth lift of f to the universal
cover IR of S! starting at ¢ € IR. Thus if f and g are (possibly discontinuous) func-
tions from [0, 1] to R so that the reductions of f and g modulo Z are smooth and

agree, then the smooth real-valued functions u +— fO” %dt and u — fO" % gt coincide.

di
Lemma 3.4. Suppose that D,, t € [0, 1], is a smooth path of symmetric Dirac type oper-
ators as above, and P, € Gr(A,) is a smooth path, giving a smooth path of self-adjoint
discrete operators Dp(t).

Then

1
HD2(1) = A(DH0) = SFDp),c +3 | G 0DAD))

Moreover, if the dimension of the kernel of Dp(t) is independent of t, then the function
t — 7(Dp(2)) is smooth.

Proof. We only sketch the proof, since this fact is well-known, at least when the #-
function is regular at s = 0, and the general case is proven by the same argument,
because the pole of the n-function at s = 0 is determined by the asymptotics of the
spectrum, whereas the spectral flow depends only on the small eigenvalues.

Given r € [0, 1], choose an ¢ > 0 so that +¢ does not lie in the spectrum of Dp(r).
Applying standard results from perturbation theory [21] we infer that +¢ does not lie
in the spectrum of Dp(¢) for ¢ close enough to r, say ¢ € [t, t;]. Moreover the span of
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those eigenvectors of Dp(f) whose eigenvalues lie in (—¢,¢) varies continuously for
te [lo, ll].
Thus we can write 7(Dp(?);s) for t € [to, ;] and Re(s) > 0 as a sum

n(Dp(1);5) = 2 sign(2)14]™ + > sign(AAT
Jespec Dp(t),0<|A|<e J.espec Dp(t),|A]>¢

(3.3)
= 1o(Dp(1);5) + 1..(Dp(1);5).

The sum #_,(Dp(2);s) is finite, and so its analytic continuation to s =0 is integer
valued:

N<.(Dp(1);0) = 2. sign(2).
Aespec Dp(t),0<|A|<e
Thus
N<(Dp(11);0) = n,(Dp(10); 0)
(3.4)

= 2SF(Dp(1)) | +dimker Dp(19) — dimker Dp(11).

telto, 1y
Notice that this equation depends on our choice of convention for defining the spec-
tral flow. The function #.,(Dp(?);s) = n(Dp(t);s) — n..(Dp(t);s) varies smoothly
in 7 € [to, ;] since we have subtracted the eigenvalues that cross zero, and since no

eigenvalues equal +¢ in this interval. If we define 7. ,(Dp(?)) similarly to Definition
3.2 then 5. ,(Dp(t)) is smooth and

1-.(Dp(t)) = n(Dp(t)) mod Z.

Therefore, using (3.4) we obtain

(3.5) =1.,(Dp(11)) — 1-,(Dp(1))
=n(Dp(t1)) — n-(Dp(t1)) — n(Dp(to)) + 1,(Dp(t0))
=n(Dp(t1)) — n(Dp(t0)) = 28F(Dp(1))c(1y. 1]

+ dimker Dp(t;) — dimker Dp(ty).
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Dividing by 2 proves the lemma over the interval [, #;]. The general case is obtained
by covering the interval [0, 1] by small subintervals and adding the results.

For the last assertion, notice that if the dimension of ker Dp(¢) is independent of ¢,
then SF(Dp(1)),c (o, = 0 for all s € [0, 1]. O

N

4 The Scott-Wojciechowski theorem

The theorem of Scott and Wojciechowski [30] identifies the regularized {-determinant
of a boundary-value problem for a Dirac operator with a Fredholm determinant of
the associated boundary projection. In this section we summarize and slightly extend
that part of their result which we need, in the language of this article. Briefly, their
theorem shows that the reduction mod Z of the #-invariant of Dp for P € Gr,(4)
and the Fredholm determinant of the unitary map ®(P) which corresponds to P via
(2.10) agree up to a constant independent of P. The important consequence for this
article is that the mod Z reduction of the #-invariant for a manifold with boundary
depends only on the boundary data and the Calderén projector.

In this section D denotes a fixed Dirac type operator on a manifold X with
boundary 0X and A denotes its tangential operator.

Before stating the Scott-Wojciechowski theorem, let us briefly recall the (-
regularized determinant. Let P € Gr, (A4). Then {(Dp;s) is regular at s = 0 and one
puts

(4 l) det“DP = {exp(_C/(DP7O))a 0 ¢ SpeCDP,
. U 0 € spec Dp.

In view of (3.1) and Theorem 3.1 a straightforward calculation shows for Dp invertible

(42)  deteDp = exp(i5 ((D3:0) ~ n(Dr) - 5¢'(D3:0) ).

We emphasize that the regularity of #(Dp;s) and {(Dp;s) at s = 0 is essential for (4.2)
to hold. (4.2) implies that in general (det; D)? # det(D?). Note that Fredholm deter-
minants are multiplicative, i.e. if S, T are operators of determinant class in a Hilbert
space then detg(ST) = detp(S) detg(T), where dety denotes the Fredholm determi-
nant.

With these preparations, the Scott-Wojciechowski theorem reads as follows.

Theorem 4.1. Let P € Gro,(A). Then
I+ ®(Px)®(P)"
(43) detg(Dp) = detg(DpX) detg f .

This result was proved for M odd-dimensional in [30, Thms. 0.1, 1.4]. An alternative
proof which applies to all dimensions and to slightly more general operators will be
presented in [23].
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In view of (4.2) the Scott-Wojciechowski theorem can be applied to express the
dependence of #(Dp) on P in terms of Fredholm determinants.

Let P,Q e Gr.,(4). Since ®(Q)®(P)" — I is a smoothing operator, it is of trace
class and hence
gy LEOQOPS @) -1

2 2

is of determinant class. In particular, w is of determinant class and thus the
right hand side in (4.3) is well-defined.

Also, ®(P)®(Q)" is of determinant class. Hence the determinant detg(®(P)®(Q)")
is defined and lies in U(1) since ®(P)®(Q)" is unitary.

Theorem 4.2. Let P, Q € Gro,(A). Then
(4.5)  ¥Pr=1(D) — detp(D(P)D(Q)*).

Proof. Assume first that P is the Calderon projector Py and that the pair (Py, Q) is
invertible. By Lemma 2.3 this means that Dp, and Dy are invertible. Putting Theo-
rem 4.1 and (4.2) together and taking into account that {(D3;0) is independent of P
(Theorem 3.1), we obtain

(712 (1(Dr ) 1(Dg)) ,(1/D(C' (D} :0)~L'(D3:0))

4.6
e _ dete(Do) _ 4o (1 O(Pr)®(Q)
detC(DPX) F 2 b
and thus
dete (LH2PHI2(Q
(4.7) F< ’ ) — oi®/2)(Dry)=n(Dg))

‘detF <I+CI)(P;£)(I)(Q)*> ‘

Since ®(Px)®(Q)" — I is of trace class we may choose a self-adjoint trace class oper-
ator H such that e = ®(Py)®(Q)". Then

*\ 2 i 2
dety (I+<D(P2X)(D(Q) ) — dety (1 +2e ”)

= detg(e™ cosh?(H/2))

(4.8)

= detp(D(Py)®(Q)") detp(cosh?(H /2)),

where we have used the multiplicativity of the Fredholm determinant in the last line.
Consequently
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detr (—IW(P?CD(Q)*) 2
4. = O(Py)D .
(4.9) PRYPRPYRENE detp(®(Px)P(Q)")
‘detp<42 )

Putting together (4.7) and (4.9) we obtain (4.5) for P = Py and Q € Gr,(A4) such
that (Py, Q) is an invertible pair. However, since both sides of (4.5) depend con-
tinuously on Q, (4.5) remains valid for all Q € Gr.,(A). Finally, if P, Q € Gr,(4) are
arbitrary then

2il(DP) (D)) 2mii(Dp)~i(Dpy)) o271l Dry ) ~7i(Dg))
(4.10) = detp(O(P)D(Py)") detp (O(Px)®(Q)")

— detr (B(P)D(0)"). O

We will use the following convenient form of the Scott-Wojciechowski theorem. We
consider the reals R as the universal cover of U(1) via the map r — e

Corollary 4.3. Let P, t € [0, 1], be a smooth path in Gry,(A). Then the map

1[d
sz | Gon)

is the unique lift to R of the map [0,1] — U(1)
s +— detp(O(P)®@(Py)").

In preparation for the next theorem, suppose that P € Gr,,(4). From Lemma 2.3
we know that Dp is invertible if and only if ker Py ny(ker P) =0 where Py
denotes the Calderén projector; by Lemma 2.6 this happens if and only if
—1 ¢ spec(®(P)®(Px)"). In fact, the kernel of Dp is canonically isomorphic to
ker(1 + ®(P)®(Px)").

Using the functional calculus we can define the operator log(®(P)®(Py)"). The
choice of the branch of log will be essential in what follows. We define log : €\ {0}
— C as follows

(4.11) log(re") =Inr+it, r>0,-n<t<m.

Since —1 ¢ spec.(P(P)®(Pyx)*), —1 is an isolated point in the spectrum of
®(P)®(Py)" and thus we can choose a holomorphic branch of the logarithm
which coincides on spec(®(P)®(Py)*) with log defined in (4.11). The so defined
log(®(P)D(Py)") is of trace class and

trlog(®(P)D(Pyx)") = logdetg (O (P)D(Py)") mod 2riZ.

After these preparations we can improve Theorem 4.2 as follows.
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Theorem 4.4. Let X be a compact manifold with boundary and let D be a Dirac
type operator such that in a collar 60X x [0,¢) of the boundary D takes the form D =
V(4 + A) with A,y as in (2.1). Let ® be the map defined in (2.7). Then for P € Gr,,(A)
we have

i(Dp) — (D) = 5. rlog(@(P)o(Px)").

Proof. We assume first that Dp is invertible. Dp, is invertible by Lemma 2.3. In
view of Proposition 2.4 and Lemma 2.3 the space of those P € Gr,,(A4) so that Dp is
invertible is path connected. Choose a smooth path P; in Gr,,(4) starting at Py and
ending at P so that Dp, is invertible for all z.

The spectral flow of Dp, equals zero since the kernel is zero along the path and so
Lemma 3.4 shows that ¢ — #(Dp,) is smooth. Hence

(4.12)  t—7(Dp,) —7(Dpy)

is smooth. Also, the map
1

(4.13) t+— = trlog(®(P,)®(Py)")
T

is smooth since —1 ¢ spec(®(P,)@(Py)") for all # and hence log is holomorphic on
spec(®(P;)®@(Pyx)").

Theorem 4.2 states that the two smooth functions of (4.12) and (4.13) are the lifts
to R of the same function to U(l) = R/Z, and they both start at 0. Hence they
coincide for all ¢.

Now let P e Gr..(A) be arbitrary. We may choose a path (P;)_,_,_, in Gr(4)
such that (P, Py) is invertible for ¢ # 0, Py = P, and such that at t =0 exactly
k = dimker Dp, eigenvalues of ®(P,)®(Px)" cross —1 from the upper half plane to
the lower half plane and no eigenvalues cross from the lower half plane to the upper
half plane. To see this let R be the orthogonal projection onto ker(I + ®(P)D(Py)").
The projection R is a pseudo-differential operator. Now put

(4.14) ®(P,) := (™R @ (I — R)D(P)®(Px)")D(Py).
By our choice of log we then have

1 . .1 .
(4.15) i trlog(®(Py)DP(Px)") = ;1_1>ron_271i trlog(®(P,)D(Py)").
Moreover, for ¢t # 0 we have from the first part of this proof

(416) (D) ~i(Dr,) = 5 trlog(@(P)D(Py)").
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From Lemma 3.4, (4.14) and (4.16) one infers SF(Dp)_,_,., = —k and since
dimker Dp, = k at t = 0 exactly k eigenvalues of Dp, cross 0 from + to — and no
eigenvalues cross from — to +. Hence

n(Dp,) —7(Dpy) = lim 7(Dp,) —7(Dp,)

t—0—
1 .
(4.17) = lim o trlog(®(P)®(Px)’)

= % trlog(®(Py)D(Pyx)"),

completing the proof. O

5 Splittings of manifolds and the y-invariant I

We consider now the gluing problem for the -invariant. Suppose we are given a
closed manifold M containing a separating hypersurface N < M. We consider only
Dirac operators D on M so that in a collar neighborhood [—¢,¢] x N of N, D has the
form D = y(<L + 4) as in (2.1).

Let M denote the compact manifold with boundary obtained by cutting M
along N. Thus M is the disjoint union of two submanifolds M and M~, with
OM™ and 0M~ canonically identified with N. To apply the results of the previous
section, we reparameterize the collar of M~ as IM~ x [0, ] with x = 0 corresponding
to the boundary. See the following figure.

cut

The manifolds M and M



572 P. Kirk, M. Lesch

The H;-Sections of a bundle E over M correspond to sections f € Hi(Ejyeu) over
M so that fiop+ = floa- With respect to the canonical identifications 0M* = N.
More precisely, the restriction of the section f to the boundary of M°" lies in
H,yj(Ejppren) < Lz(Em aret). The identification of M ™ with two copies of N gives a
canonical decomposition

(5.1) LZ(E\aMC'") = LZ(E\N) @ LZ(E\N)

where the first factor corresponds to dM ™+ and the second to dM . The restriction of
a section f over M " to the boundary can thus be written as (f., /_), and the sec-
tions over M correspond exactly to those f so that f = f_.

On the collar of M, The operator D takes the form

y 0 d A 0 fd -
(52) (0 —y)(dx+<0 y Nax ™t
with respect to the decomposition (5.1) (this is because of the change of parameter-

ization of the collar of M ™).
Note that the (closed) diagonal subspace

A={(f,)|fe*(En)} = L*(Ey) ® L*(Epy)
is Lagrangian. In fact:
1. A is orthogonal to (A) since
), 7(9,9)> = <fvg> +<f,—vg> = 0.
2. A+5(A) = L*(Ejy) ® L*(E,y) since

1

(f,9) =5((f +9,.f+9)+7(=f +v9, =2 +79))-

0|

The orthogonal projection to A will be denoted by Pa. It is called the continuous
transmission projection. By construction an H,-section f over M " defines an H-
section over M if and only if the restriction (f, f_) of f to the boundary satisfies
Pa(fy,f-) =0. Note that Py € Gr(4) since Dp, is canonically identified with the
(Fredholm) operator D acting on the closed manifold M.

With respect to the decomposition (5.1) the operator P, takes the form

(5.3) PA:%<_11 _11)

In a strict sense, the projection P, is not in Gr(A4) since it does not act as a pseudo-
differential operator on E|gye. Namely, since (5.3) contains off-diagonal terms the
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two copies of N = 0M " interact and hence P, is a Fourier integral operator. How-
ever, P is pseudo-differential on the bundle E\y @ E|y over N. This is only a mild
generalization of the situation of Section 2 and we refrain from formalizing it. From
now on Gr(A) is to be understood as the set of those pseudo-differential operators on
the bundle Ejy @ Ejy over N which satisfy (2), (3), (4) of Definition 2.1. It is fairly
clear that the results of the previous sections also apply to this situation.

There is a natural map

(54)  Gr(4) x Gr(—A4) — Gr(4), (P, Q)'—><g g)

with respect to the decomposition (5.1). In particular the Calderdn projector for M <™
takes the form

Py+ 0
55 P cut — .
653 =" )

Warning. 1. There are two different decompositions of L2(E|5 M), One coming from
the +i eigenspace decomposition of # (2.5), and the second from the decomposi-
tion oM = NIIN (5.1). This leads to two different matrix representations of
P € Gr(A). These two decompositions are compatible since 7 = y @ (—7), and so in
fact one can write

L*(Ejppen) = (6@ E-) @ (61 ® &).

2. Although P € Gr(A), it is not in Gr.,(A). This fact causes technical difficulties.

3. It follows from (5.2) that if one parameterizes the collar of M~ as dM~ x [0,¢)
then y is replaced by —y and A4 is replaced by —A. This in particular means that the
natural symplectic structure on L?(E|s)-) is induced by —y. Sometimes it will be
crucial to distinguish between the map @, and the map ®_, (cf. (2.7)). The relation
between the two is

(56) @_,(P)=—®,(I—P)", PeGr(A).

Lemma 5.1. Let D be a Dirac operator on M and suppose that P, 0 <t <1, is a
continuous path in Gr(A) and Q,, 0 < t < 1, is a continuous path in Gr(—A). Let

P,
(0 o)
0 0
be the corresponding path in Gr(A). Then

SF(Dg,, M), j0.1) = SE(Dp,, M™), 0.1 + SF(Do,, M), o 1)-
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Proof. This follows from the fact that
(57) L*(E,M™)=L*E,M")®L*E, M),

and D, B, preserve this splitting. Hence, Dp, = D,Q{ﬁ &) Dé{ . Note that the splitting
(5.7) induces the splitting (5.1) by restricting to the boundary. O

Notice that P € Gr(A) if and only if I — P € Gr(—A). Therefore, a particularly sym-
metric family of boundary conditions for D acting on M*°" is given by the image of
(P, I — P) under the map (5.4).

Corollary 4.3 to the Scott-Wojciechowski theorem implies the following lemma.

Lemma 5.2. Let D be a Dirac operator over M and let Py, P\ € Gry,(A). Choose a
smooth path P, € Gry,(A4), 0 <t < 1, from Py to Py and put

P, 0 -
0, := ( 0 I—Pl)eer(A)'

Then
(D, M) — 1(Dg,, M) = SF(Dp,, M+)t€[0, i SE(Dr-rp, M_)te[OJ]'

In particular, the quantity SF(Dp,, M™), o 1)+ SF(Dr—p, M™),(q 1) is independent of
the choice of the path P;.

Proof. We know from Proposition 2.4 that Gr,,(4) is path connected. This assures
the existence of a path P,. Furthermore, notice that

(5.8)  7(Dg,, M) = #i(Dp,, M) +7(Dy—p,, M")

since D and Q, preserve the splitting of L(Ejyen) = L*(Ejy+) @ L*(Ejy-).
Lemma 3.4 and Corollary 4.3 imply that

ﬁ(DP|7M+) - ﬁ(DP()ﬂM+> - SF(DPHM_‘—)re[OA,l]
(5.9)

ljli( (D ))dzijlim detr (O(P)D(Py)") di
T2 R = o) OB ST IR0 At

and
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ﬁ(Dl—PlaMi) _ﬁ(Dl—PovMi) - SF(DI—anMi)te[O,l]
1('d
(5.10) =3), @ "Pr-r))dt

1 ('d N
= %JO 7 logdetg(P_, (I — P,)D_,(I — Poy)") dt.

Note that in (5.9) @ is taken with respect to y and in (5.10) @ is taken with respect to
—y (cf. 3. of the warning above). In view of (5.6) we find

(5.11)  detp(®_,(I — P)®_,(I — Py)*) = detp(®(P,) D(Py)) = detr(D(P)D(Po)’),

and consequently,

(5.12) %logdetp(d)_y(l —P)®_,(I —Py)") = —% log detg (O(P,)D(Py)").

Adding (5.9) and (5.10) and using (5.8) gives the desired formula. O

. P 0 .
For any P e Gr(4) a natural path connecting Pp and ( 0 I P) is given by
(cf. [7, Sec. 3]) B

(5.13) P(0,P) = (cosz(H)P—&- sin?(0)(I — P) —cos(0) sin(0) >
. o —cos(#) sin(6) 0052(0)(1 —P)+ sinz(Q)P ’

A straightforward calculation shows that & = (? ) € ker P(6, P) if and only if

cos(0)PE, = sin(0)PE_,
(5.14)
sin(0)(I — P)¢, = cos(0)(I — P)E_.

Lemma 5.3. Let P e Gr(A). If cos(8) # 0 then the map P(6, P) lies in Gr(A). Fur-
thermore

P 0
P(O,P)(O I—P> and P(%,P):PA.

Proof. Fix a Lagrangian subspace L < ker 4 and let Pt = PT(L). };l}re onl}6 part
which is not straightforward is the claim that (P(0, P), P*), P* := 0 I_pt
is a Fredholm pair. We use the following criterion (cf. [6, Remark 3.5]).

Two orthogonal projections Q, R in a Hilbert space form a Fredholm pair (invertible
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pair) if and only if the operator QRQ + (I — Q)(I — R)(I — Q) is Fredholm (inver-
tible).

One calculates
PYP(O)PT 4 (I — P — P(0, P))(I — P)
= (cos*(0)(PTPP* + (I — PY)(I — P)(I — P"))

(5.15) +sin®(0)(PT(I — P)P* + (I — PT)P(I — P*))) ® <(I) (I)>

> cos?(0)(PPPT + (I — P - P)(I - PY)® ((I) ?)

Hence if cos(0) # 0 then the pair (P(0, P), P*) is Fredholm (invertible) if the pair
(P, P™) is Fredholm (invertible). O
We emphasize that even if P e Gr,(A4) then P(6, P) ¢ Gr,(A4) if sin(d) # 0. The
significance of the family P(6, P) stems from the fact that Dp, is naturally unitarily
equivalent to D acting on the closed manifold M.

We first note some consequences of the existence of the family P(6, P) which do
not make use of #-functions.

Proposition 5.4. Let D be a Dirac operator over M and let Py, Py € Gr(A). Choose a
smooth path P, € Gr(A), 0 <t < 1, from Py to Py and put, as in Lemma 5.2,

(5.16) Q,:= (g’ I_Opl)eGroc(/f).

Then
SF(DP(O.PI)a Mcm)ee[o,n/q - SF(DP<0,P0)7 Mcm)ee[o,n/4] + SF(DQm Mcm)te[o,l] =0.

Proof. Note again that in view of Proposition 2.4 the space Gr(A4) is path connected.
Using P, one obtains a map H : [0,%] x [0,1] — Gr(4):

(5.17) H(0,1) = P(0, P,).

Since H (%, t) is the constant map at Pa, one sees that the path

60— H(0,0)=P0,P), 0<6<

)

|

is homotopic to the composite of the paths



p-invariant, Maslov index, and spectral flow 577
t— HO,H)=0,, 0<t<]1,

and
0— H(0,1) = P(0, P)).

The claim now follows from the homotopy invariance and additivity of the spectral
flow. |

Proposition 5.5. For the Calderdn projectors Py+ of Mt and Pyye of MY, the space
ker P(0, Pyr+) nker §(Pyyen) is canonically isomorphic to im Py~ nim Pyy-. In partic-
ular, its dimension is independent of 0 € [0,%]. Moreover,

(5.18)  SF(Dp(g, p,1)s M) peio,nja = O-

Furthermore, if P € Gr(A) and P,, 0 < t < 1, is a smooth path in Gr(A) from P to the
Calderon projector Py+ then

(5.19)  SE(Dp, p), Mcut)oe[o,nm] = SF(Dy,, Mcut)te[O, NE
where Q, = P, ® (I — P,) as in (5.16).

Proof. By Lemma 2.3 the space ker P(0, Py+) nker j(Pyen) is isomorphic to
ker Dp(g, p,,.). Hence, if we can show that ker P(0, Py+) 0 ker J(Pyeu) is independent
of 0, then SF(Dp(p, p,.), M) e (o,z/a) = O-

Consider & = (?

> € ker P(0, Pyr+) 0 ker §(Pygen). In view of (5.5) and (5.14) this
means -
cos(0)Py+& = sin(0) Py+&_,
(5.20)
0 =sin(0)(I — Py+)Ey = cos(0)(I — Pp+)E_.

Since cos(0) # 0 we infer £_ € im Py+ N im Pyy-.
Conversely, given £_ € im Py+ nim Py~ put &, := tan(0)¢_. Then (5.20) implies

that (? ) € ker P(0, Pyr+) nker j(Ppgeu).

(5.19)_is an immediate consequence of (5.18) and Proposition 5.4. Il

Corollary 5.6. Let M be a split manifold and let D(t), a < t < b, be a smooth path of
Dirac type operators such that in a collar of the separating hypersurface we have
D(1) = p(k + A(t)). Let Py (1) be the corresponding family of Calderdn projectors.
Then

SF(D(I))te[a,b] =SF(D;_p,,. (1), M)

tela,b)"
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Proof. We note that it was proved in [26] that Py (¢) is smooth. Consider the two
parameter family of operators on M "

(DP(O-,PM-(f))(t)7 MCUt)OgHSn/&asng'

By Proposition 5.5 for fixed ¢ the dimension of the kernel of Dp(g, p,,. (1)) (?) is indepen-
dent of 6. By the homotopy invariance of the spectral flow this implies

SF<DP(0,PM+(t))<t)’ Mcm)te[a,b] = SF(DP(”/‘LPMJr(’))(Z)’ Mcm)re[a‘h]'

Since P(§) = Pa the right hand side equals SF(D(t)),., ;- The left hand side equals

SE(Dp,,.(1)(8); M),cup) + SF(D1-py (s M), ey

and since Dp: (;(7) is invertible its spectral flow vanishes and we reach the desired
conclusion. 0

Remark 5.7. We emphasize that we did not use #-invariants to prove Proposition 5.4,
Proposition 5.5, and Corollary 5.6. The only ingredients of the proof are the family
P(0, P) and basic properties of the spectral flow.

We now return to the discussion of y-invariants. Since Dp, is naturally unitarily
equivalent to D acting on the closed manifold M, we have for any P € Gr(4)

(5:21)  n(Dp(rsa,p) M) = n(Dp,, M*) = 5(D, M).

On the other hand, Dp(, p) is the direct sum of Dp acting on M* and D;_p acting on
M~ . Therefore,

(5.22)  n(Dpgo,p), M) = n(Dp, M™) +n(Dj—p, M™).
Hence, by Lemma 3.4 we have

n(D, M) =n(Dp, M") +n(D;_p, M")

+= %U(Dp(o, P)> Mcm) dr + SF(DP(O, P))He [0,7/4]"
0

2

Thus, in order to obtain a splitting theorem for the #-invariant one needs to under-
stand the last two terms on the right hand side of (5.23). If P is the Calderon projec-
tor of M+ or M~ then by Proposition 5.5 the spectral flow term vanishes.

Consider now the Atiyah-Patodi-Singer projection Pt = P (L) of (2.3). The fol-
lowing theorem is the main result of the article [7] by J. Brining and M. Lesch
([7, Theorem 3.9], see also (3.68) of loc.cit. with 7'y = —T* determined by the choice
of Lagrangian L < ker A4).
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Theorem 5.8. Let P™ = PY(L) be the Atiyah-Patodi-Singer projection and let
P(0,P")yc(0,n/a the deformation (5.13) to the continuous transmission projection. Then

d
70 (n(Dpgg, p+y, M) = 0. 0

In view of (5.23) we conclude from Theorem 5.8 that
(524) ﬁ(Da M) - ﬁ(DP+a M+) - 77(D1—PJr ) Mﬁ) = SF(DP((),I“)? Mcut)He[O,n/4]'

Since the right hand side of (5.24) is an integer this formula implies the mod Z gluing
formula for the 7-invariant (see [7] for a discussion of the history of this result). Note
that (5.24) is slightly weaker than Theorem 5.8.

Our strategy to obtain a useful splitting theorem for the #-invariant can now be
explained. On the one hand (5.24) gives a complete splitting formula for the #-
invariant with respect to Atiyah-Patodi-Singer boundary conditions, but it contains
the (in general) uncomputable term SF(Dp(g,p+))ge (o, z/4- On the other hand if we
were to replace P by the Calderdn projector P+, Proposition 5.5 shows that the
corresponding spectral flow term vanishes. Thus Theorem 5.8 (or at least (5.24))
needs to be extended to a more general class of projections, including the Calderon
projector. One possible strategy would be to generalize the arguments of [7] to more
general projections. This might be manageable but technically tedious. Here, we will
use a simpler approach which shows slightly less. Lemma 5.2 and Proposition 5.5
lead to a generalization of (5.24) to projections in Gr,,(A4). This is less than a gener-
alization of Theorem 5.8 since the variation of the #-invariant with respect to the
path P(0, P) might be non-zero.

Theorem 5.9. Let D be a Dirac operator on M and let N = M split M into M and
M. We assume that in a collar neighborhood [—¢, ] x N of N, D has the form D =
V(4L + A) asin (2.1). Let P € Gro,(A) and let P, be a smooth path in Gro,(A4) from P
to the Calderon projector Pyr+. As in (5.16) put Q, := P, @® (I — P,). Then

(D, M) = j(Dp, M) +7(Dr-p, M~ ) + SF(Dp(g p), M) g0, n/a
(5.25)
=7(Dp, M™) +7(Dy-p, M™) + SF(Dg,, M), (g y-

In particular, if Py is the Calderén projector for M then

ﬁ(DvM) :ﬁ(DP

M

+7M+) +’7(D17PM+7M_)'

Proof. Fix a Lagrangian subspace L < ker 4 and choose a smooth path R; € Gr,,(4)
from P to the Atiyah-Patodi-Singer projection P* = PT(L). Set R, := R, ® (I — R,).
By Proposition 5.4 we have
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SE(Dp(g,p) M) gc (o 2y = SE(Dpio,pr)s M) o nja+ SF (D, M) 1 po.1)-

Using Lemma 5.2 and (5.24) we obtain

(5.26) + (D, M) — (D, M)
= SF(Dp(g, p+)s M) gc (o, nya) + SF(Dgg,s M™), o

= SF(DP(()AP)7 Mcm)ae [0,7/4]

This proves the first line of (5.25). The second line of (5.25) and the last assertion
follow from Proposition 5.5. |

Notice that by symmetry the same argument also shows that
ﬁ(Dv M) = ﬁ(DI*PM’ ) M+) + ﬁ(DPM’ ) Mﬁ)'

Applying Theorem 4.4 allows us to extend Theorem 5.9 as follows.

Theorem 5.10. Let D be a Dirac operator on M and let N = M split M into M+ and
M. Then for P e Gry,(A) and Q € Gr,,(—A) we have, with ® = ®,,

ﬁ(DaM) _ﬁ(DPaM+) _ﬁ(DQvM_)
= —% trlog(®@(P)D(Py+)") — % trlog(®(Py-)®(Q)")

1 *
+% trlog((D(I — PM—)(D(PM+) )

In particular,

~ - _ _ 1 X
(527) (D, M) = i(Dp,.. M) +i(Dp, s M) + 5 trlog((T — Par ) (Par-)’).

Proof. It was remarked after (2.4) that Py« € Gro,(A4) and Py~ € Gro, (—A). Conse-
quently, I — Py~ € Gro,(A4) and hence I — Py~ — Pyy+ is trace class.
Theorem 5.9 implies that 7#(D, M) — #(Dp, M™) — (Do, M) is equal to
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(528) —(7(Dp, M) = #{(Dp,,., M ")) = ((Dg, M) — if(Dp,,, M "))
. _(ﬁ(DPM*vMi) _ﬁ(leP‘w+7M7)).

Applying Theorem 4.4 to the three summands in (5.28) and taking (5.6) into account
gives the assertion. |

The formula (5.27) expresses the 7-invariant of D on M in terms of two 7-invariants
intrinsic to the two pieces M+ and M~ of the decomposition and an ““interaction”
term.

6 Maslov index and winding number

In this section we compile the necessary material about the Maslov index and the
winding number. One important comment is that in constructing the various invar-
iants (winding number, Maslov index, triple index, spectral flow, and the branch of
the logarithm) conventions must be chosen to set signs and to handle degenerate
cases. In particular, care must be taken to ensure that the different possible con-
ventions are chosen compatibly. Thus, although some of the material we present here
is a generalization of ideas which appear in the literature, the subtleties arising in
organizing the conventions compatibly and extending the constructions from the
finite-dimensional to the infinite-dimensional context require the careful exposition
we present.

6.1. Winding number. Let H be a complex Hilbert space and denote by % (H) the
group of unitary operators on H. Similarly to (2.8), (2.9) we introduce the following
subspaces:

U.(H) ={UeWU(H)|—1¢spec U},

Urred(H) :={U e U(H) | —1 ¢ spec., U},
(6.1)
Uy(H):={UeU(H)|U — I is compact},

Uw(H):={UeU(H)|U—1I is trace class}.

The spaces %.(H) and %gwq(H) are not groups. It is well-known that the inclusion
Uyw(H) — Uy (H) is a homotopy equivalence and that %, (H) is homotopy equiv-
alent to the infinite unitary group #(o0) = lim %(n). Therefore, one has by Bott
periodicity e

ok (Uy (H)) = no (U (H)) = 0,
(6.2) k=01,2,...
Tk 1 (U (H)) = nops1 (U (H)) ~ Z,
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Furthermore, the isomorphism 7; (% (H)) — Z is given by the winding number. L.e.
if £:[0,1] — %(H) is a closed C'-path then

1
(6.3)  wind(f) ::L,J tr(f ()" (1)) dt.

2mi 0

Lemma 6.1. 1. The inclusion Uy (H) — Uprea(H) is a weak homotopy equivalence,

2. For any U € Urred(H) there exists a smooth path f :[0,1] — Upreqd(H) such that
f(0) — I is of finite rank, f(1) = U, and such that dim ker( (t) + 1) is independent

of t.

Proof. 1. Let 2(H) := #(H)/# (H) be the Calkin algebra. Then the quotient map
o:%B(H)— 2(H) sends Urrea(H) onto {ue 2(H)|—1 ¢ specu} =: #.2(H). More-
over, Uy (H) acts freely (from the left and right) on the fibers. Thus we obtain a
fibration %y (H) — Uprea(H) — U.2(H). The claim now follows since #.2(H) is
contractible.

To see the latter we note that for any C*-algebra .o/ the set {u € ./ |u unitary,
—1 ¢specu} is contractible. The contraction is given by H,(u) := exp(tlogu),
0 < ¢ < 1. This is well-defined since —1 ¢ specu.

2. Let H=ker(U+1)@® H, =: Hy® H;. Then U splits into U = —Iy, ® U and
—1 ¢ spec U. Now put f(t) := —1Ip, ® exp(tlog U). O

In view of this lemma the winding number (6.3) extends to a group isomorphism
wind : ﬂl(OZ/Fred(H)) — Z.

Next we define the winding number for not necessarily closed paths in %preq(H).
Namely, as it was noted in the previous proof the space %.(H) is contractible. Hence
the natural map 7y (%ereq(rr)) — 71 (UFrea(H ), %.(H)) is a bijection and thus we
obtain a winding number defined for curves f : ([0, 1], {0,1}) — (%prea(H ), %.(H)).
More concretely, if f is such a curve then one chooses f :[0,1] — %.(H) with
£(0) = f(1) and f( ) = f(0). Then f * f is a closed curve in @/Fred( ) and one puts
wind(f) := wind(f * f). Since %.(H) is contractible it is clear that wind(f') is well-
defined independently of the choice of f.

Finally, we choose a convention to define the winding number for a curve whose
endpoints do not lie in %, (H): let f : [0, 1] — %rrea(H) be a continuous curve. —1 is
an isolated point in the spectrum of f(7) since —1 ¢ spec.(f(#)). We may therefore
choose an ¢ > 0 such that for all g€ [—¢,¢], ¢ # 0, we have —1 ¢ spec(f(j)e”),
7 =0,1. Now define

(6.4)  wind(f) := wind(fe ).

The winding number has the following properties:
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1. Path Additivity: Let fi, f>:[0,1] — Urrea(H) be continuous paths with £,(0) =
f1(1). Then

wind(f] * f>) = wind(f;) + wind(f3).

2. Homotopy invariance: Let f1, f> be continuous paths in %p.q. Assume that there is
a homotopy H : [0,1] x [0, 1] — %greq such that H(0,¢) = f1(¢), H(1,¢) = f>2(¢) and
such that dimker(H(s,0)+ I), dimker(H(s,1) + ) are independent of s. Then
wind(f;) = wind(f3).

3.1 £:]0,1] — %, (H) is a C'-curve then

(65 wind(r) = 51 Feetr () dr - whog (1)) + etow 10D ).

where the logarithm is normalized as in (4.11).

We note in passing that the winding number may be interpreted as a spectral flow
across —1 [4], [28]. Namely, the winding number of a path f : [0, 1] — #prea(H) can
be calculated as follows: choose a subdivision 0 =¢ty <1 <---<t,=1 and 0 <
g <m j=0,...,n— 1, such that —e' ¢ spec.(f(¢)) for 7 € [t;, #;11] and |p| < ¢ and
moreover —e*% ¢ spec f(¢) for ¢ € [#;, ;41]. Then put

wind(f (1)), < <., = #(spec(f (111)) N {=e [0 < 9 < &})
(6.6)
— #(spec(f (1)) N {—e” [0 < ¢ < &},

where eigenvalues are counted with multiplicity. Finally,

(67)  wind(f) = 5 wind(£(1)), ., .

Jj=0

Definition 6.2. Let U € % (H) and V € %Upeq(H). Then the double index 7,,(U, V)
€ Z is defined as follows: choose continuous paths f : [0,1] — %4 (H), g : [0,1] —
Urrea(H) such that f(0) =g¢(0) =1 and f(1) = U, ¢(1) = V. Then put 7,(U, V)
= wind(f") + wind(g) — wind(fg). 7,,(U, V) is defined accordingly if U € Upreqd(H),
Vey(H)or UV e Upreda(H), UV € Uy (H).

Proposition 6.3. The double index t,, is well-defined. It has the following properties:

1. (Homotopy invariance) If f:[0,1] — %y (H), g : [0,1] = Uprea(H) are continu-
ous paths then

7 (£(1), (1)) = .(£(0), 9(0)) = wind(f) + wind(g) — wind(fy).
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In particular, if dimker(f(¢) +I), dimker(g(¢) + I) and dimker(f(t)g(¢) + I) are
independent of t then 1,,(f(1),9(1)) = 7,(£(0), g(0)).

2. If U,V €Uy (H) then
1
(6.8) 1, (U, V)= P (trlog UV —trlog U — trlog V).

3. For any U € Upred(H) we have
t,(I,U) =1,(U, 1) =0 and 1,(U,U") = —dimker(U +I).

Proof. First note that if U e %, (H) and V € %gea(H) then since U — I is com-
pact one has spec.(UV') = spec(V), in particular UV € Uprea(H). If f : [0, ]
Ux(H), g:[0,1] = WUprea(H) are different paths with 7(0) = g(0) =1, f() =

gy =v then consider the closed paths / =/ and g = §_, where f_ denotes the path
S traversed in the opposite direction. Since the pointwise product of closed paths
(f *f_)(g*g_) is homotopic to (f *f_) * (g x g_) we find

0 =wind(f *f )+ wind(g*§_) —wind((f *f )(g*gG_))
(6.9)

= —wind(f) + wind(f) — wind(§) 4+ wind(g) 4+ wind(f§) — wind(fg).

This shows that 7,, is well-defined. The homotopy invariance is straightforward from
the definition and the homotopy invariance of the winding number.

2. This assertion is a consequence of (6.5).

3. That 7,,(I, U) = 7,,(U,I) = 0 follows immediately from the definition.

For U € %(H) the third identity follows from Assertion 2. (note the normaliza-
tion (4.11) of log). If U is arbitrary we apply Lemma 6.1 2. and choose a contin-
uous path f :[0,1] — %prea(H) such that f(1) = U, f(0) € %,(H) and such that
dimker(f(¢) + I) is independent of 7. The claim now follows from the homotopy
invariance 1. O

A priori 7,, cannot be defined on %pea(H) X Uprea(H) (Which might be desirable)
since for U,V € WUpwea(H) in general UV ¢ Upreq(H). Even if one assumes UV e

Uprea(H) it 1s in general not possible to choose paths f,g as above such that
f(0)g(t) € Upreqa(H) for all 1.

Corollary 6.4. Let [ : [0,1] — WUprea(H) be a continuous path. Then
wind(f) + wind(f ') = dimker(f(0) + I) — dimker(f (1) + I).

Proof. We apply Proposition 6.3 1. with g = f~! and obtain using Proposition
6.3 3.
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wind(/) + wind(f ™) = 7, (/(1), £(1)7") = 2 (/(0), £(0) )
= —dimker(f (1) + I) + dim ker(f(0) + I). O

6.2. Maslov Index. Let (H, {, »,y) be a Hermitian symplectic Hilbert space (cf. Def.
2.8). Thus y : H — H is a unitary map satisfying > = —1 and the eigenspaces &, :=
ker(y F i) have the same Hilbert space dimension. As in Section 2 we denote by

% :={L < H|L closed subspace, yL = L*}

the set of Lagrangian subspaces. As usual L € % will be identified with the orthogo-
nal projection Py onto L. The image of an orthogonal projection P in H is Lagran-
gian if and only if yPy* = I — P. Similarly as in Section 2 we put

Gr(H) :={Pe#(H)|P = P*,P> = P,yPy* = — P},

Gr%zr)ed(H) ={(P,Q)|P,Q0eGr(H),(P,Q) are a Fredholm pair},
(6.10)
Gr¥(H) := {(P,Q)| P, Q € Gr(H), (P, Q) is an invertible pair},

G (H) := {(P,Q) | P, 0 € Gr(H), P — Q is compact}.

Notice that, in contrast to the definition of Gr(A4), there is no Fredholm assumption
about elements of Gr(H). The corresponding spaces of Lagrangians are

féfid ={(L1,Ly) | Ly,L, € #,(Ly, L) is Fredholm},
(6.11)

P2 = {(L,Ly) e P | (L1, L) is invertible}.
Recall that a pair of Lagrangian spaces (L;, L) is Fredholm if L; n L, is finite-
dimensional and if L; 4+ L, is closed with finite codimension, and that the pair
(Li,Ly) is invertible if Ly n L, = {0} and L; + L, = H.

We emphasize the confusing fact that (L;, L) is Fredholm (resp. invertible) if and
only if the pair of projections (I — Pr,, Pr,) is Fredholm (resp. invertible). There-
fore, a Fredholm pair of projections (P, Q) will sometimes be identified with the pair
(ker P,im Q) of Lagrangian subspaces.

As in Lemma 2.6 one sees that with respect to the decomposition H = & @ &_;
each P € Gr(H) takes the form

1/ 1 ®F)
(6.12) Pz(q)(P) ; >

where ®(P) € %(&;,&-;). Moreover, the map
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(6.13) @:Gr(H)— U(&,E-))

is a diffeomorphism. Furthermore, the pair (P,Q) is Fredholm if and only if
O(P)D(Q)" € Urrea(6-;) and (P, Q) is invertible if and only if ®(P)D(Q)" € .(&-;)
(cf. Lemma 2.6). Finally, P — Q is compact (resp. trace class) if and only if
O(P)D(Q)" € Uy (6-i) (resp. Uu(E-1)).

Proposition 6.5. There are diffeomorphisms
Griy (H) = Uprea(6-3) % U(61, 6-1),
Gr' (H) = Up (6-1) x U(8:,6-,),
GrP(H) = U (6-;) x U(&, 6-)),
Gt (H) n Gr (H) = (Uy (6_1) O U(E-1)) X U(6:1, ).
In particular the identifications induce homotopy equivalences
(Grig(H), Gr? (H)) ~ (Uprea(6-1), U.(6-1))
(Gt (H), Gt (H) 0 Gy (H)) = (U (6-4), U(63) A Uy (64),
Proof. In all four cases the diffeomorphism is given by
(P,Q) = (D(P)D(Q)", D(P)).

By Kuiper’s Theorem [22] the space %(&;,é—;) is contractible and hence we obtain
the claimed homotopy equivalences. |

The Maslov Index [10], [26] is an integer invariant of Fredholm pairs of paths of
Lagrangian subspaces. We discuss it in terms of the projection picture of Lagrangian
subspaces. Let (f,g) : [0,1] — Grgr)ed(H ) be a continuous path (i.e. a pair of paths in
Gr(H) such that (f(¢),g(¢)) is Fredholm for all 7). The Maslov index Mas(f, g) is the
algebraic count of how many times ker f(#) passes through im g(7) along the path.
We use the notation Mas(f,g), Mas(ker f,img), Mas(im f, ker g) interchangeably.
Indeed Mas(ker f,im g) = Mas(y ker f, yimg) = Mas(im f, ker g).
The Maslov index has the following properties (cf. [26], [10]):

1. Path Additivity: Let (f;,g;) : [0,1] — Gr(Fzr)ed(H), j = 1,2, be continuous paths with
£2(0) = fi(1), 92(0) = g1(1) then

Mas((ﬁ?Ql) * (f27g2)) = Mas(flvgl) + Mas(f2,g2).
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2. Homotopy Invariance. Let (f;,g;) : [0,1] — Gr(Fzr)ed(H), j = 0,1, such that ( fy, go) is
homotopic (fi,g;) rel endpoints then

Mas(fo,go) = Mas(f1,91).

More generally, suppose that (F,G) is a homotopy from (fy,g0) = (F(—,0),
G(—,0)) to (fi,¢1)=F(—,1),G(—,1)) and suppose that dim(kerF(0,s)
im G(0,s)) and dim(ker F(1, s)mlm G(l,s)) are independent of se[0,1]. Then

Mas(ﬁ)vg()) Mas(ﬁvgl)'

3. Normalization: This is done in two steps. First one requires that on paths with
endpoints in Gr'? (H) the Maslov index induces a group isomorphism 7, (GrFred(H ),
Gr¥(H)) — Z (since Gr'? (H) ~ %.(6-;) x U(&, &) is contractible 7| (GrFred(H),
Gr¥(H)) is indeed a group). This determines Mas on paths with endpoints in
Gr¥(H) up to a sign. The sign is chosen as follows: if (P, Q) e Gr'® (H) then
Mas(e”Pe™, Q) _,_,., = dim(kerP nim Q) for ¢ small enough.

Secondly, if (f,g):[0,1] — GrFred( ) is an arbitrary continuous path then one
chooses ¢ small enough such that the pairs (e”f(j)e ™, g(j)) are invertible for
j=0,1,0 < s < ¢ Then one puts

(6.14) Mas(f,g) := Mas(efe™", g).

Actually, the normalization property 3 determines the Maslov index completely and
it may be viewed as its definition. Properties 1 and 2 follow from 3. There exist other
conventions for dealing with paths whose endpoints do not lie in Gr'®) (H) and not all
of these conventions satisfy path additivity.

The discussion of the Maslov index works as well when the Hermitian symplectic
Hilbert space H is finite-dimensional. In this case the Fredholm condition is vacuous
and the Maslov index is defined on Gr'® (H) = Gr(H) x Gr(H). We will use the
Maslov index in both contexts; in the infinite-dimensional setting with H = L*(Ex)
and in the finite-dimensional context with H = ker 4.

Theorem 6.6. For a continuous path (f,g) in Grgr)ed (H) the Maslov index is related to
the winding number by the equation

(6.15) Mas(f,g) = —wind(®(f)P(9)").

Proof. In view of Proposmon 6.5 the right hand side of (6.15) induces a group iso-
morphism 7; (GrF 2) a(H), Gr'? (H)) — Z. 1t remains therefore to check the sign con-
Ventlon and the convention for paths with endpoints not in Gr'® (H). Let (P, Q) €
GrFred( ). Then, by definition, Mas(e”Pe™",Q)_,_,_, —dlm(keerim Q) for ¢
small enough. A straightforward calculation shows

(6.16) ®(e"Pe™) = e X' D(P)
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and thus for ¢ > 0 small enough we have, in view of Lemma 2.6 (3),

wind(® (e Pe™")®D(0)*)_, ., = dim(ker P nim Q) wind(—e **)_, _ _,

(6.17)
= —dim(ker P nim Q).

To check the convention for paths with endpoints not in Gr' (H) we consider the
paths (e Pe™, Q), —¢ < s < 0, resp. 0 < s < &. By definition we have for § > 0 small
enough

Mas(e”Pe™,0)_,_, ., = Mas(el")7 pe= )7 Q)

—e<s<0

(6.18)

= Mas(e”Pe™", Q) = dim(ker P nim Q),

—e+0<s<+0
and, analogously,

(6.19) Mas(e"Pe™, 0),_._. = 0.

0<s<e

According to our convention for the winding number we have, on the other hand,

wind(—e ), _ o= —1,
(6.20)
wind(fez"s)ogsgg =0.
In view of (6.17) the proof is complete. O

Corollary 6.7. Let (f,g) be a continuous path in Gr<F2r>ed(H ).

1. The Maslov index Mas_, with respect to the opposite symplectic structure is related
to Mas, as follows: Mas_,(f,g) = Mas, (g, f).

2. Mas,(f,g) + Mas,(g, ) = dim(ker /(1) nimg(1)) — dim(ker f(0) nim ¢(0)).
Proof. 1. In view of (5.6) and the previous theorem we find Mas_,(f,g) = —wind
(D, (/)P (9)") = —wind(D, (/) ®,(9)) = wind(®D,(9)®,(/)") = Mas,(g, /).

2. Using the previous Theorem and Corollary 6.4 we obtain (we write Mas instead
of Mas,)

Mas(f’ g) + Mas(g, /) = —wind(®(f)®@(g)") — wind((®(f)@(9)")™")
= dim(ker f(1) nimg(1))
— dim(ker £(0) nim g(0)). O

Finally we construct a version of the Maslov triple index in our context. The Maslov
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triple index as defined in (cf. [10, Sec. 8]) cannot be generalized to the present infinite-
dimensional setting. The reason is simply that interesting triples of Lagrangian sub-
spaces Ly, Ly, Ly such that (L, L,), (L2, L3), (L3, L) are all Fredholm pairs are hard
to find.

However, motivated by [10, Prop. 8.4] we can construct a variant 7, of the Maslov
triple index which is related to the double index 7,,: consider continuous paths f g,
h:[0,1] — Gr(H) such that (f,g), (g, %), (f,h) map into Gri\,(H) and such that
f—gorg—hor f—hmaps into the set of compact operators. If, say, f(¢) — g(¢)
is compact for all ¢ then, of course, it suffices to assume that ( f(¢), 4(¢)) is Fredholm
for all 7. The Fredholmness of (f(z),g(¢)), (g(¢), () then follows. Now in view of
Theorem 6.6 and Proposition 6.3 we find

Mas(/f, g) + Mas(g, h) — Mas(f’ )
= —wind(®(f)®(g)") — wind(®(g)®(h)") + wind(D(/)D(h)")
o2 = = ((S(1)®(g(1))", D(g(1))P(A(1))")
+ 7 (D(f(0)2(g(0))", D(9(0)) D (a(1))").

This motivates the following definition.

Definition 6.8. Let P, O, R € Gr(H) such that (P, Q), (0, R), (P, R) are Fredholm and
at least one of the differences P — Q, Q0 — R, P — R is compact. Then we set

(6.22) 7,(P,Q,R) := —1,(D(P)D(Q)*, D(Q)D(R)").

and call 7, the triple index of (P, O, R).

The triple index 7, inherits properties from z,, in a straightforward way. For example,
one has the following.

Lemma 6.9. Let P, Q, R € Gr(H) such that P — Q, Q — R are trace class. Then

(6.23) 1,(P,0,R)

= %(trlog(d)(P)@(Q)*) + trlog(®(Q)D(R)") — trlog(®(P)D(R))). [

We will have occasion below to use the homotopy invariance of the triple index.

Lemma 6.10. Let P,Q, R : [0,1] — Gr(H) be paths in Gr(H) so that (P, Q), (0, R),
(P, R) map into Gr?r)ed(H) and at least one of the differences P— Q,Q — R,P — R
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maps into the set of compact operators. Suppose further that dim(ker P(t) nim Q(¢)),
dim(ker Q(¢) nim R()), and dim(ker P(¢) nim R(?)) are independent of t. Then

7.(P(0), 2(0), R(0)) = 7,(P(1), O(1), R(1)).
Proof. By (6.21) we have

7u(P(0), 9(0), R(0)) — 7,(P(1), O(1), R(1))

= Mas(P, Q) + Mas(Q, R) — Mas(P, R).

(6.24)

Now the claim follows immediately from the homotopy invariance of the Maslov
index. O

We defined the triple index in such a way that formulas become short. A drawback of
this is that 7, is not antisymmetric in the variables, as the following proposition

shows.

Proposition 6.11. Let P, Q, R € Gr(H) such that (P, Q),(Q,R),(P,R) are Fredholm
and at least one of the differences is compact. Then

7,(P, R, Q) = —1,(P, O, R) + dim(ker 0 nim R),
7,(0, P, R) = —1,(P, O, R) + dim(ker P nim Q),
(6.25)
74(R, Q, P) = —1,4(P, O, R) + dim(ker P nim Q)
+ dim(ker Q nim R) — dim(ker P nim R).
Moreover,
(6.26) t7,(P,P,0)=1,(0,P,P)=0 and t,(P,Q,P)=dim(ker P nim Q).
Proof. We prove (6.26) first. From Proposition 6.3 and the definition of 7, we infer
2(P.P, Q) = —1,(I,D(P)D(Q)") =0,
(6.27) Tu(Q, P, P) = —1y(P(Q)P(P)", 1) = 0,

2u(P, 0, P) = —t,(D(P)D(Q)", ((P)D(0)") ") = dim(ker P nim Q).

To prove (6.25) we assume, without loss of generality, that Q — R is compact. Let
f(#):=(1—-1)Q+1R,0<t<1. Then we obtain from Corollary 6.7 and (6.26)
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(P, R, Q) = 1u(P, R, Q) — 74(P, 0, Q) = Mas(P, f) + Mas(f, Q)
— Mas(P, f) — Mas(Q, f) + dim(ker Q nim R)
= —1,(P, 0, R) + dim(ker Q nim R),
7u(Q, P, R) = Mas(P, /) — Mas(Q, f) + 7,(Q, P, Q)

= —1,(P, Q, R) + dim(ker P nim Q),

(6.28)

T,M(Ra Qa P) = Mas(f, Q) - Mas(f, P)
= —Mas(Q, f) + Mas(P, f) + dim(ker P nim Q)
+ dim(ker Q nim R) — dim(ker P nim R). O

6.3. Symplectic reduction. We conclude this section with a discussion of symplectic
reduction in our infinite-dimensional context. We will use symplectic reduction in
Section 8.

Let (H,<.,.>,7) be a Hermitian symplectic Hilbert space with symplectic form
o(x, y) = {x,yy). For a subspace U = H the annihilator of U is defined to be

Ann(U) := {xe H|Vy e U w(x,y) =0} = (U)™.

A subspace U < H is called isotropic if U = Ann(U).

Assume for the moment that H is finite-dimensional and that Ann(U) < U. Then
o induces a symplectic structure on the quotient U/Ann(U) in a natural way.
Moreover, if L < H is Lagrangian then Ry (L) := L~ U/L n Ann(U) is Lagrangian
in U/Ann(U). Ry (L) is called the symplectic reduction of L.

Proposition 6.12. Let (H,<.,.»,y) be a Hermitian symplectic Hilbert space, U < H a
closed subspace with Ann(U) = U.

Suppose that L = H is a Lagrangian subspace such that L+ Ann(U) is a closed
subspace of H. Then (U nyU,<.,.>,y) is a Hermitian symplectic Hilbert space and
the orthogonal projection

Pru =projyry : LU —UnyU

has closed range isomorphic to L~ U/L nAnn(U). Moreover, Ry(L) =im Py y is
Lagrangian in U N yU.

Ry(L) is called the symplectic reduction of L with respect to U.

Remark 6.13. 1. For (U nyU,<.,.>,7) to be Hermitian symplectic it is crucial that
there is at least one Lagrangian subspace L < H with L + Ann(U) closed. To illus-
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trate the problem start with an infinite-dimensional Hermitian symplectic Hilbert
space (H,<{.,.>,7). Let H := H @ H,, where H, is another Hilbert space, and put
7 :=y @ i. Furthermore, pick a Lagrangian subspace L < H and put U := L ® H,
c H. Then Am(U) =L ®0 and UnyU = 0@ H,. Since j acts by multiplication
by i on UnyU we conclude that (U nyU,<.,.>,7) is not Hermitian symplectic.
From the proposition we infer that for each Lagrangian subspace K — H the space
K + Ann(U) is not closed.

2. Proposition 6.12 in particular applies if (L, Ann(U)) is a Fredholm pair of sub-
spaces.

3. The assignment L — Ry(L) is not continuous, but is continuous along paths L,
so that dim(L, n Ann(U)) is constant. These facts are well-known and we omit the
examples.

Proof. Certainly U nyU is a Hilbert space and y leaves U nyU invariant. If we
can prove that im Py y is Lagrangian in U nyU then from Lemma 2.7 we infer
dim(ker(y + i) n U nyU) = dim(ker(y — i) n U nyU).

What remains, therefore, is to prove the second part of Proposition 6.12 without
using the fact that dim(ker(y + i) n U nyU) = dim(ker(y — i) n U nyU).

We note first that we have an orthogonal direct sum decomposition

(6.29) Ann(U)® (UnyU)="U.

Also, im Py ¢ is an isotropic subspace of U nyU. In fact, if x e L n U then, since
L is Lagrangian, <{x,yx) =0. Writing x=¢+#, £ € UnyU, n € Ann(U) then 0 =
(6, 7x> = <&, x> = <&, &> = (Ppux, P, ux.

Next consider ¢ € UnyU such that p(¢) Lim Py y. Thus for all xe LnU
we have (y(¢),x) = (&), PLyx>=0. Hence p(¢)e(LnU)" =L-+UL=
y(L) + U+ and consequently, since L + Ann(U) is closed, £ € L + Ann(U). We may
write ¢ =/ +#n,le L, ne Ann(U). From ¢ e U,y € Ann(U) < U we infer /e Ln U
and hence & = Py (/) e im P(L).

Summing up we have proved y((im Py, U)L) c im Py y. Since im Py g is isotropic
this implies im P, = y((im P )"). Thus im Py ¢ is a Lagrangian (in particular
closed) subspace of U nyU.

From (6.29) it is now clear that im P, y is isomorphic to L~ U/L n Ann(U). [

7 Splittings of manifolds and the »-invariant I1

For the proof of Theorem 5.9, Lemma 5.2 was crucial. The proof of Lemma 5.2
depends on the Scott-Wojciechowski theorem 4.1. In this section we want to give
proofs of Lemma 5.2 and Theorem 5.9 which are independent of the Scott-
Wojciechowski theorem and which apply to all P e Gr(4). We only use (a mild
generalization of ) Theorem 5.8. Moreover, we derive generalizations of two results
due to L. Nicolaescu [26]. This in turn leads to a nicer version of the splitting formula
for the z-invariant which involves our version of the Maslov triple index.
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We first introduce a setting which slightly generalizes the one described in Section
2. Let X be a compact Riemannian manifold with boundary X = Y 11 Z, i.e. the
boundary is a disjoint union of two (not necessarily connected) manifolds. We assume
that in collars U = Uy and Uz we have D = yy (£ + Ay) (resp. D =y, (4L + A4z))
and that the +i-eigenspaces of yy (y,) acting on ker Ay (ker A7) have the same
dimension. The latter does not follow as in section 2; rather it is an assumption. We
fix once and for all a Pz € Gr(A4z). Then we can define the Calderén projector
(relative to Pz) in Gr(Ay). Write again A instead of Ay. It will be convenient to
address Y, Z as boundary components although Y, Z are not assumed to be con-
nected.

The results of Sections 2 to 5 generalize verbatim to this more general setting. Also
Theorem 5.8 applies to this setting since all proofs work locally in a collar of the
separating hypersurface. The advantage of this setting is that it allows in particular to
glue cylinders of the form [0, ¢] x N with different boundary conditions on the ends to
a manifold.

Lemma 7.1 (cf. [24, Lemma 2.5)). Let M = [0,&] x N and D = y(:- + A) as before.
Moreover, let P, Q € Gr(A) and denote by Dp o be the operator obtained by imposing
the boundary condition P at {0} x N and I — Q at {¢} x N. Then J. € spec Dp, ¢ if and
only if —A € spec Dy p. In particular,

n(Dp,o) = —n(Dg,p), dimkerDp o = dimker Dy p.

Proof. The proof is exactly the same as the proof of [24, Lemma 2.5]. Namely, the
isometry

T: LZ([078]7 LZ(EIN)) - Lz([078]a Lz(E\N))7 Tf(x) = yf(g - X)

maps the domain of Dp o onto the domain of Dy p and it anticommutes with D.
Hence T"Dp 9T = —Dg p and we are done. O

Now let M be a Riemannian manifold with boundary containing a separating hyper-
surface N = (M\éM). Let D be a Dirac operator as in Section 5; i.e. in a collar
neighborhood [—¢,&] x N of N, D has the form D = y(4 + 4) as in (2.1). Moreover,
we assume that the +i-eigenspaces of y acting on ker A have the same dimension.
Define M, M* as in Section 5. We assume that on the boundary components of

(OM*)\N self-adjoint boundary projections have been fixed once and for all.
Lemma 7.2. For any P € Gr(A) we have (D, M) — f{(Dp, M) — 7j(D—p, M~ ) € Z.

Proof. Denote by M the manifold with boundary obtained by removing [—¢,¢] x N
from M. As in Lemma 7.1 for P,Q € Gr(A4) we denote by #(Dp g, [—¢,¢] x N) the
n-invariant of the operator on [—¢, ] x N obtained from D by imposing the boundary
condition P at {—¢} x N and the boundary condition 7 — Q at {¢} x N. The mod Z
gluing formula for the #-invariant (5.24) then implies
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(71) ﬁ(D, M) = ﬁ(DP‘ ®U-P+); Mgcut) =+ ﬁ(Der,er, [—8, {;‘] X N) modZ

for Pt = P*(L) the Atiyah-Patodi-Singer projection with respect to a Lagrangian
subspace L < ker 4. One easily checks that ker Dp+ p+ = {0}, hence Lemma 7.1
implies

(72) ﬁ(DP+7P+7 [—8, 8] X N) =0.

Also by Lemma 7.1

ﬁ(Der,p, [—8, 0] X N) + 17](Dp.’p+, [0,8] X N)
(73) = % dim ker(Dp+_p, [—8, O] X N) +% dim ker(DpJ», [0, 8] X N)

= dimker(Dp p+,[0,¢] x N) € Z.

Plugging this into (7.1) and applying again the mod Z splitting formula for the #-
invariant we get

(D, M) = 7i(Dp-@-p+), M;™) +7(Dp+ p, [~2,0] x N)
(7.4) +74(Dp p+,[0,¢] x N)
=7(Dp, M ") +7(D;—p, M~) mod Z. O
Lemma 7.3. Lemma 5.2 holds for all Py, Py € Gr(A).

Proof. We freely use the notations of Lemma 5.2 and its proof. By Lemma 7.2 we
have for all ¢

ﬁ(DQn Mcm) - ﬁ(DQoa Mcut)

7.5
7 = (1(Dg,, M*") = ii(D, M)) — (7i(Dg,, M™") = /i(D, M)) € Z.
Hence
(1.6) Lo, M) =0
dt
and the assertion follows from Lemma 3.4 and Lemma 5.1. O

Now we can prove the following considerable generalization of the splitting formula
for the y-invariant. In Theorem 5.9 we assumed that P € Gr.,(A4). In the following
theorem we only require P € Gr(A4).
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Theorem 7.4. The statement of Theorem 5.9 remains valid if P € Gr(A) and P, is a
smooth path in Gr(A) from P to the Calderon projector.

Proof. The proof is exactly the same as the one of Theorem 5.9. One only has to
invoke Lemma 7.3 instead of Lemma 5.2. |

We next present generalizations of two results due to L. Nicolaescu [26].
Theorem 7.5. Let X be a manifold with boundary and D(t), a < t < b, a smooth family
of Dirac operators. We assume that in a collar of the boundary D takes the form

V(4 + A(1)) as before. Let P(t) € Gr(A(1)) be a smooth family. Denote by Px(t) the
Calderon projectors of D(t), and Ly (t) = im Py () the Cauchy data spaces. Then

SE(Dp((1))1e(a,5) = Mas(P(1), Px (1)) ey, 5y = Mas(ker P(1), Lx (1)) e (4 1
Note that y is assumed to be constant. This is essential. Note that in [14, Theorem

4.3] the collar of X was parametrized as (—¢, 0] x dX. Their formula is obtained by
invoking Corollary 6.7.

Proof. We first consider the case P(t) € Gr(4(t)). Since Dp (,(?) is invertible, its
spectral flow vanishes. We apply Lemma 3.4, Theorem 4.4, (6.5), and Theorem 6.6 to
calculate

SE(Dp (1)) 1e1a,5) = SEDp(1)(1)) e a5 = SF(Dry() (1) 1100

= 7(Dpwp)(b)) = 1(Dpyp)(b)) — 7(Dpy(@)) + 1#(Dpy(a)(@))

b
— [ G D2 (0) — (D g ()

Now suppose that P(¢) is arbitrary. Choose smooth paths Py(¢) in Gr(A(0)) and
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P;(t) € Gr(A(1)) such that Py(0) € Gr, (4(0)), Po(1) = P(0), P1(0) = P(1), Py(1) e
Gr,, (A4(1)) and such that

(7.7)  dim(ker Po(z) nim Px(0)) and dim(ker P;(¢) nim Py(1))

are independent of ¢. The existence of Py, P; follows from Lemma 6.1 by considering
O(P(j))®(Px(j))", j=0,1. In view of (7.7) and Lemma 2.3 the dimension of the
kernels of Dp((0) and Dp, (1) are constant and hence the spectral flow of Dp,(0)
and Dp, (1) vanishes. We may therefore compose the paths Dp(0), Dp((2), Dp, (1)
without changing the spectral flow. Also Mas(Py(¢), Px(0)) = Mas(P;(¢), Px(1))
=0 in view of (7.7). In sum, without loss of generality we may assume that the
family P(r) satisfies P(0) € Gr,(A4(0)), P(1) € Gro,(A(1)). Now consider the path
O(P(1))D(Px(1))" in Upreq. In view of Lemma 6.1 this path is homotopic rel end-
points to a path f(¢) € %,,. Putting P(t) := ® ' (f(1)®(Px(t))) € Gr..(A(1)) we see
that (P(t), Px(t)) is homotopic rel endpoints to the path (P(), Px(t)). Since homo-
topies with fixed endpoints neither change the spectral flow nor the Maslov index we
find

SE(Dp((1));e 0, = SF (D) (1) a5y = Mas(P(1), Px (1)), 4,
= Mas(P(1), Px (1)) e (a1)- -

We also give a generalization of Nicolaescu’s theorem for closed manifolds. The
result in the following form was first proven in [13].

Theorem 7.6. Let M be a split manifold as in Section 5 and let D(t), a <t < b, be a
smooth path of Dirac type operators such that in a collar of the separating hypersurface
we have D(t) = y(4 + A(1)). Then

SE(D(1)) (0,5 = Mas,(Py- (1), 1 — Prr+(1)) e 1)

= Mas(Ly- (1), Lyt (1)) e a,5)-

Proof. Corollary 5.6 states that
(7.8)  SE(D(1))ciap) = SE(Dr-py (0(1), M) 110, 1)-
Applying Theorem 7.5 to the right hand side of (7.8) and using Corollary 6.7 yields

SE(Dr-py(n)(1)s M), 1 5) = Mas—,(I = Py (1), P (1)) e 0, 1)

= Masy(PM— ([),I - PM'(Z))te[u,b]’

finishing the proof. O
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Notice that the proof of Theorem 7.6 does not rely on Theorem 5.9, and in particular
does not use the result of [7].

Finally, we state the following nicer version of the gluing formula for the #-invariant.
We emphasize that the term 7,(I — Py, P, Py+), which was defined in Subsection
6.2, is an integer invariant which is defined completely in terms of the Hermitian
symplectic structure on L*(Ey).

Theorem 7.7. In the situation of Theorem 5.9, let P € Gr(A). Then
(D, M) =ij(Dp, M") +ii(Dy—p, M~) = 0,(I — Py, P, Py+).

Proof. We note again that I — Py~ — Py+ is trace class (cf. the proof of Theorem
5.10). Thus I — Py~ — Py+ is compact and hence the triple index 7,(f — Py, P,
Py+) is well-defined for any P € Gr(4).

Let P, 0 <t <1, be a smooth path in Gr(4) from P to the Calderén projec-
tor Pys+. Notice that Mas, (I — Py, Py+) = 0 since I — Py~ and Py+ are constant
paths. From Theorem 7.4, Theorem 7.5, (6.21), Corollary 6.7, and Proposition 6.11
we infer

7(D, M) —7i(Dp, M") = 7j(Dy-p, M ")
= SF(Dp,, M "), 0.1+ SF(Di1—ps M7), 0.1
= Mas, (P, PM*)te[o, g+ Mas_,(I — P, PM*)te[o,u
= Mas, (P, Pur+ )9, 1) + Mas,(I — Py, Pr) o 1)
— Mas, (I — Py, Pu+) e o, 1
=1,(I = Py, Pyre, Prg+) — Tu(1 — Pag, P, Py

:—T;,(I—PMi,P,PMJr). D

8 Adiabatic stretching and applications to the Atiyah-Patodi-Singer p-invariant

For the purpose of computation, one weakness of the splitting formulas of Theorems
5.9, 5.10, and 7.7 is that it is difficult in practice to identify the Calderén projector. In
many applications it is more convenient to work with the Atiyah-Patodi-Singer pro-
jection P*(L), or at least some finite rank perturbation of P™(L), as a boundary
condition. According to Theorem 5.9, this requires knowing the spectral flow of Dp,
and D;_p along a path P, starting at the Calderon projector and ending at P*(L).
A natural choice of such a path is the path obtained by stretching the collar neigh-
borhood of the separating surface. According to a theorem of Nicolaescu [26], the
Calderon projector limits to a projection of the form P-, + proj;, where P, is the
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projection to the span of the eigenvectors of 4 with eigenvalues greater than v and L
is a Lagrangian subspace of the (finite-dimensional) span of eigenvectors of A4 with
eigenvalues in the range [—v,v]. The number v is the non-resonance level [26] of D
acting on M+ and in particular is zero if and only if there are no L? solutions to
D¢ = 0 on the manifold obtained from M ™ by adding an infinite collar. If v = 0, then
the limit of the Calder6n projector is an Atiyah-Patodi-Singer projection P* (V) for a
particular Lagrangian V' < ker 4.

This approach works particularly well to study the odd signature operator and the
Atiyah-Patodi-Singer p, invariant [2], since the effect of the Riemannian metric is
minimized in this important case. We present the details. The approach can be made
to work for arbitrary Dirac operators as well, however additional correction terms
appear corresponding to the 1-parameter family of operators acting on M and M as
the collar of the separating hypersurface is stretched to infinity. We will make some
comments about the case of general Dirac operators at the end of this section.

8.1. The odd signature operator. Let X be a compact manifold of dimension 2n + 1,
with (possibly empty) boundary 0X?'. Assume a collar of 0X is isometric to
[0,6) x 0X. Let o: m(X) — U(n) be a representation. To « one can assign a flat
vector bundle, that is, a €" bundle E — X together with a flat connection B on E
so that the holonomy representation of B is equal to o. If X is non-empty, we may
assume, by gauge transforming B if necessary, that B is in temporal gauge on the
collar, in other words there is a flat U(n) connection b on E;y so that the restriction
of B to the collar [0,¢) x 0X is of the form

B, s)xox = q"(b),

where ¢ : [0,¢) x 0X — 0X is the projection to the second factor.

Let dg : Q7(X; E) — Q"N (X; E) and dy : Q7(0X; Ejoy) — Q7" (0X; Ejoy) denote
the associated coupled DeRham operators. Note that d3 and d}? are zero since B and
b are flat. The cohomology of the complex (Q*(X; E),dp) (resp. (Q*(0X; Ejox),dp))
is identified via the DeRham theorem with the singular cohomology H *(X; C)) (resp.
H*(0X;C))), where €] denotes the local coefficient system determined by the rep-
resentation o.

The odd signature operator on X coupled to the flat connection B is the operator

Dy PO¥(X;E) — PO¥(X;E)

defined by
Dy() = " (=1)"" (xdp — dx)(B) for p € Q7 (X;E),
where * : Q%(X; E) — Q*"17*(X: E) denotes the Hodge * operator (see [2]).

The operator Dp is a symmetric Dirac operator. Its square is the twisted Laplacian
acting on even bundle-valued forms:
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Dé = dgdg + dgdg

In particular Dy is self-adjoint if X has empty boundary and in that case its kernel can

be identified with the twisted cohomology group B, H ¥(X;C!) by the Hodge and

DeRham theorems. This implies that the dimension of the kernel of Dp is indepen-

dent of the choice of Riemannian metric if X is closed.
Define a restriction map

r: @OY (X E) — QN (0X; Ejx)
p k

by the formula
r(B) =i"(B) +i"(xp)

where i : 0X — X denotes the inclusion of the boundary.
To avoid confusion we denote the Hodge * operator on the boundary by %, thus

% QF(0X; Epy) — Q¥ F(0X; Epay).
We use * to define

v ?Qk(aX; Ejox) — ?Qk(@X;wa)

by

(8) = M (=1)%B i pe QY (0X; Eox),
PZ (1) %8 if fe Q7 (0X; Epoy).

Finally, we define the operator

Ay POF(0X; Ejox) — Bk (ox; Ejox)
3 X

Ab(ﬂ) = _(db§< + %db)ﬂ if ﬂ € @k sz(aXa E\("?X)a
(dyk + #d)p if fe @, Q¥ (0X; Eoy).

The following facts are routine to verify.
1. Ap is a self-adjoint Dirac operator on 0.X.

2. r induces an identification ® : @, Q([0,) x 0X; E) — C*([0,¢), D, Q" (0X;
E)) which is isometric with respect to the L?-structures. Moreover,
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0
1 ODd* =y —+ A4
(8.1) B V(ax+ h),

where x denotes the collar coordinate.
vAp = —Apy.

y2 =—1I.

Ap reverses the parity of forms.

Apdy = —dyAp and Apd; = —d; Ay, where d;f = —*dp* is the L*-adjoint of dj.

NS AW

Ag preserves the subspace Qk(éX ; Ejox) for each k, and equals the twisted Lap-
lacian on k-forms, A7 = Ay = dpd; + dj'd).

8. The kernel of A, equals ker A7 = ker A, which is identified using the Hodge
theorem with the DeRham cohomology of the complex (Q(0X i Eox),dy). The
DeRham isomorphism identifies the DeRham cohomology with twisted coho-
mology H*(0X;C,), where o : 10X — U(n) = GL(C") is the holonomy repre-
sentation of the flat connection b.

The first five facts do not depend on B being a flat connection, and hold for any U(n)
connection in temporal gauge near the boundary. The last three depend on b being
flat.

For convenience we simplify the notation as follows. Let QY denote
®D, Q¥ (X; E) and let Q3 denote @, Q*(0X; Esx). The L? completion of Q3 will
be denoted by L*(Q};). We will often drop the subscripts “B” and “b” and, for
example, write D for Dg, A for A, and d for dg or dp.

The self-adjoint operator 4 induces a spectral decomposition of L?(Q%,). We
denote the u-eigenspace of 4 by E,. Given v > 0 we will also use the notation

F:— = Spaan{lﬁ# |Alp,u = /up,unu > V} = @Eﬂa

u>v
F; = SpanLZ{l//,u |Alp/[ = ﬂlﬁ,uﬂ < —V} = @ E/Jv
U<~y

E:r = @ E/u

O<u<v

and

E = @ E,.

—v<u<0

Thus E; is the finite-dimensional span of the eigenvectors of 4 with eigenvalues
4 in the range —v < 1 < 0, E corresponds to the range 0 < x4 <v (if v =0, then
E} =0). Similarly F, is the infinite-dimensional space spanned by eigenvectors with
eigenvalues u satisfying u < —v, and F,” corresponds to x> v. In particular F;
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denotes the positive eigenspan and F; the negative eigenspan of 4. This gives an
orthogonal decomposition

(82) L*Qiy)=F, OF OkerA®E ®F,.
Another orthogonal decomposition of L?(Q},) is the Hodge decomposition:
(8.3) L*QZy) =imd ®ker 4 ®imd".

We introduce a notational convention: the decomposition 8.2 is compatible with the
operators d,d* in the sense that we have decompositions of domains:

9(d)=(F, n2(d)) ®E, ®@kerA®E ® (F,” n2(d)),
(8.4)
D(d*)=(F, n9(d*)) DE, ®kerA®E @ (F,; n2(d")).

Note that E,” @ ker 4 @ E;" consists of smooth sections hence (E, @ ker4 ® E,) n
2(d)n2(d*) = E; @ ker A ® E;. By slight abuse of notation we will write in the
sequel d*)(F*) for the image of d*) on F* ~ Z(d™)).

The relations between the decompositions (8.2) and (8.3) are summarized in the
following useful lemma.

Lemma 8.1.
1. d(F*) < FF and d*(F*) < FF.
Fr=d(F )®d*(F;)= (kerd : F,, — F,) ® (kerd* : F;; — F,).

Fr =dFS)®d* (F})=(kerd: F; — F})@® (kerd* : F, — F,").

dE_y) cE,andd*(E_,) c E,, and for n # 0, E, =d(E_,) ® d*(E_,).
y(kerd) = ker d* and y(kerd*) = kerd.

wok wn

Proof. If Af = up, then Adf = —dAf = —udp, and similarly Ad*p = —ud*f. This
proves the first assertion and the first part of the fourth assertion.

If p € F, then f is orthogonal to ker 4, since the decomposition (8.2) is orthogo-
nal. Since the decomposition (8.3) is also orthogonal, § has the orthogonal decom-
position ff =dt+d*o. Write 1 =1_ + 14 € F, @ F;', and similarly 6 = o_ + 0.
Then

pf=dt_+dt, +d'o_+do,.

Since f € F,F, the first assertion implies that dtv, =0 =d*o,, so that f=dr_+
d*o_. The second assertion follows from this and the consequence d(F, @ F,") =
kerd : F, @ F;f — F; @ F," of the DeRham theorem. The third assertion is proved
similarly, as is the second part of the fourth assertion.
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The last assertion follows from the identity d* = —%d* and the fact that y equals *
up to a non-zero constant. O

Of particular concern will be the symplectic structure on ker 4. The isomorphism y

preserves ker A4, satisfies y> = —I, and acts with signature zero, since (0X, 4) bounds
(X, D). Therefore ker A is a finite-dimensional Hermitian symplectic subspace of
L*(Qiy).

Notice that the restrictions of <, », y, and w to ker 4 induce these structures on the
cohomology H*(0X;C,) via the Hodge and DeRham isomorphisms. The inner
product <, > and complex structure y depend on the choice of Riemannian metric on
0X, but the symplectic structure o does not: if §; € ker 4 is a p-form and f, € ker 4 is
a 2n — p form, then

(85) (B, fa) = <Br.y(Ba)d = i" Lxﬂl ABy

where the constant ;" depends only on p and n (and we have suppressed the notation
for the inner product in the flat €” bundle Ejx). Since wedge products and cup
products correspond via the DeRham isomorphism, w coincides with the cup product
up to a power of i, and in particular is a homotopy invariant. To put this differently,
the cup product, together with the standard U(n)-invariant Hermitian inner product
on C", induces a skew-hermitian form

w: HY(0X;C") x H*(0X;€") — €, o(fy,f,) = i"(By v By) N [0X]

which is a homotopy invariant of the pair (0X,«sy). Fixing a Riemannian metric
on 0X induces a positive definite Hermitian inner product and an isomorphism 7y
on ker 4. The Hodge and DeRham theorems define an isomorphism ker A —
H*(0X;C;) which takes the form {x,y(y)) to the form w(x, y).

The following lemma collects some useful information about symplectic subspaces
and symplectic reduction. For more details about symplectic reduction in this setting
the reader should consult Section 6.3 and [26].

Lemma 8.2. 1. Let S < L*(Q}y) be a closed subspace satisfying y(S) L S. Then

S @ y(S) is a Hermitian symplectic subspace of L*(Q2y), and S is a Lagrangian sub-

space of S @ y(S).

2.Ifv=0, then F;, ®F), E, ®E/, E, @kerA® E/, and d(E}) ® d*(E)) are
Hermitian symplectic subspaces of L*(Qfy).

3. Given a Lagrangian subspace L = L*(Q3y) so that (L, Fy ) form a Fredholm pair of
subspaces, then

Lo (F, @E; @kerd®E))
B LAF;

(8.6) R,(L): cE @kerdA®ES

is a Lagrangian subspace, called the symplectic reduction of L with respect to F,.
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Proof. 1. Notice that y preserves S @ y(S). Let K4; denote the +i eigenspaces of y
acting on S @ p(S). It is easy to check that since y(S) is orthogonal to S, the projec-
tions S @ y(S) — K, restrict to isomorphisms on S. Thus the +i eigenspaces of y on
S @ 7(S) have the same dimension (or are both infinite). This shows that S @ y(S) is
a symplectic subspace of L?(Q}y). Clearly S is a Lagrangian subspace of S @ y(S).

2. For F; @ FS, take S=F, and apply the first assertion. For E @ E,
take S = E,. For d(EX) ® d*(E)), take S = d(ET); then »(S) = %S = %d(E}) =
%d(*EJ) = d*(E]). That ker 4 is symplectic was discussed above; hence the direct
sum E; @ ker 4 @ E is symplectic.

3. We apply Proposition 6.12 with U=F, @ E, @kerd® ES. We have
Ann(U)=F; and UnyU =E, @kerA® E;. Since (L,F;) form a Fredholm
pair and F;; /F, is finite-dimensional, also (L, Ann(U)) = (L, F, ) is Fredholm. Con-
sequently L + Ann(U) is closed and we reach the desired conclusion using Proposi-
tion 6.12. |

In preparation for what follows we define the following enlargements of X. Given
r > 0 define

X, =(-r0xo0X)uX
and
X = ((—00,0] x 0X) U X.

Thus X, has a collar of length r attached to X and X, is obtained from X by at-
taching an infinitely long collar. Equation (8.1) can be used on the collar to define a
natural extension of D to X, and X,,.

The key to identifying the adiabatic limit of the Calderdn projector is the following
result.

Proposition 8.3. Suppose that the boundary of X is non-empty, and suppose that
p e QY satisfies D =0 and r(p) € Fy @ ker A = span{y, |u < 0}. Then dff =0,
d(xf) =0, and d(r(f)) = 0.

Proof. Naturality of the exterior derivative implies that d(i*(z)) = i*(dz) for any

z e QK. 1t suffices, therefore, to show that dff = 0 and d(xf8) = 0, since r(f8) = i*(f)
+i*(xf) and hence

d(r(p)) = d(i*(B) + i*(+p)) = i*(df + d x ) = 0.

Following [1], since D = 0 and r(f8) € F; @ ker 4,  has a Fourier expansion on the
collar [0,¢) x 60X of the form

(8.7) ﬁ\[O,s)x@X = Zcuef'm% +k,
n<0
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where k € ker 4, x € [0,¢), and y, € E,. Equation (8.7) can be used to extend /8 to a
bounded form on X, so that the extension still satisfies Df = 0.

Notice that dk = 0 since k € ker A and k is independent of the collar parameter.
Thus dff decays exponentially on the infinite collar (—co,0] x 0X. Write f =3 f,,.
Then

{d * Poyy #dPa, 1y 012(0;) =

-+

d * Py A Pap-1)
X,

r

Il
I+

B d(+fop Adfop-1y)

r

=+ i*(+Bap) N (dPByp1y)-
X x{—r}

The last step follows from Stokes’s theorem. As r increases to infinity, the last integral
converges to zero since *f5,, is bounded on X, and df,,_) exponentially decays. It

follows that d * f3,, and df,, ) are orthogonal in LZ(Qf((fp ). Now

0= Dﬁ = in+1 Z(_l)p(d *ﬁZp + *dﬁZ(p—l))a
p

with this sum expressed as a sum of homogeneous components. Thus d  f8,, and
*df(,—1) both vanish for each p, and therefore d * § and *df both vanish. O

As an application of Proposition 8.3 we can identify the /imiting values of extended
L? solutions of DB = 0 in the sense of [1]. Recall that this is the subspace of ker 4
defined by

(8.8) V= {k

there exists a f € QF*" with Df =0
andr(f)=f_. +keF; @kerd

The terminology is justified by the Fourier expansion (8.7). In light of the unique
continuation property for D (which says that for each / € Ly there exists a unique f
with D = 0 and r(ff) = /), it is easy to see that V}, has the alternative description as a
symplectic reduction:

Ly n (Fy @kerA)
- Ly (‘\F(;

(89) Va = Ro(LX) c ker 4.

Equation (8.9) says that V is the symplectic reduction of the Cauchy data space Ly
with respect to subspace F;. Using Lemma 8.2 it follows that ¥, is a Lagrangian
subspace of ker 4.
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The kernel of A is identified via the Hodge and DeRham theorems with the coho-
mology H*(0X; C,). The next result identifies V.

Corollary 8.4. The space V, of limiting values of extended L* solutions to DS =0 on
X, is identified via the Hodge and DeRham theorems with the image of the cohomo-
logy of X in the cohomology of 6X (with local coefficients in the corresponding flat C"
bundie):

V,=imi*: H'(X;C}) — H*(6X;C}).

Proof. Proposition 8.3 shows that if § € QF*" satisfies D = 0 and r(f) € F; @ ker 4,
then f and =f are closed forms. Thus they represent classes in H*(X;C,). Since
r(p) =i*(p) + i*(xf), it follows that r(f) is a closed form on 0X representing a
class in imi*: H*(X;C)) — H*(0X;C}). The identification of cohomology with
harmonic forms takes [r(f)] = [f- + k] to k and so

V,cimi*: H*(X;C,) — H*(0X;C)).

The space V, is a Lagrangian subspace, as is imi* : H*(X;C,) — H*(0X;C}) by a
standard argument using Poincaré duality. Since any two Lagrangian subspaces of a
finite-dimensional symplectic vector space have the same dimension, V, = imi*. []

It follows from Lemma 8.1 that Ef = d(E,f) ® d*(E,), and so the decomposition
8.2 can be refined to

(8.10) L* Qi) =F, ®d(E))®d (E)®kerA®d(E;)®d*(E;)®F,.

The terms in this decomposition are arranged according to increasing eigenvalues.
We will find it convenient to rewrite this in a different order, as a symplectic direct
sum of symplectic subspaces:

B.11) LAQiy) = (F, ®F) @ [d(E)) @ d"(E;)) ® (d"(E)) ® d(E, ) ® ker 4.

We will refer to the decomposition (8.11) frequently. Notice that F,” @ F," is infinite-
dimensional and the other three symplectic summands in this decomposition have
finite dimension.

There exists a v > 0 so that the Cauchy data space Ly of D is transverse to F, . This
is because Ly n Fy is finite-dimensional, and as v increases, Ly n F,” decreases to
zero. Nicolaescu calls the smallest such v the non-resonance level for D.

We can now state and prove a theorem identifying the limit of the Calderén pro-
jectors of D acting on X, as r goes to infinity. Denote by L} the Cauchy data space
(i.e. the image of the Calderon projector) of D acting on X, = ([-r,0] x 0X) U X.
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Theorem 8.5. Let X be an odd-dimensional manifold with boundary and D the odd
signature operator coupled to a flat connection B acting on X as above. Let v > 0 be
any number greater than or equal to the non-resonance level for D.

Then there exists a subspace

W, =d(E)) = Fy
isomorphic to the image of
HYX,0X;C,)) — HY(X; C))
so that if W~ denotes the orthogonal complement of W, in d(E), then with respect to

the decomposition (8.11) of L*(Q3y) into symplectic subspaces, the adiabatic limit of
the Cauchy data spaces decomposes as a direct sum of Lagrangian subspaces:

(8.12) lim Ly = F @ (W, @ y(W}')) ®d(E;) ® Vs,

Fr—0o0
where V,, « ker A = H*(0X; C})) denotes the image of H*(X;C,) — H*(0X;C}).

Proof. Lemma 8.2 shows that the finite-dimensional vector space E,” @ ker 4 @ E; is
a symplectic subspace of L*(Q ).

Let R,(Ly) ¢ E; @ker A @ E; be the symplectic reduction of Ly with respect to
the isotropic subspace F,” as in Lemma 8.2:

Lyn(F, @E, @kerd® E))
Ry(Lx) = LynF-
;

= PrOjg. gkerame: (Lx 0 (F, @ E; @kerd @ E))).

Then R,(Ly) is a Lagrangian subspace of E; @ ker 4 ® Ef.
Nicolaescu’s theorem [26, Theorem 4.9] says

(8.13) lim L = ( lim e"ARV(LX)) ®F,.

r—o0 r—0o0

(The sign in the exponent e™ differs from [26] because in that paper the collar of X, is
parameterized as 0X x [0,7].) Thus we need only to identify the limit of ¢’/ R, (Ly).
To help with the rest of the argument the reader should observe that the dynamics of
e™ favor the vectors with a non-zero component in eigenspaces corresponding to
positive eigenvalues.

Let 1y < py < -+ < u, denote the complete list of eigenvalues of 4 in the range
[—v,V]. Thus

E ®kerAQE =E, ®E, ® - ®E,,.
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Given 7 € R,(Lyx), we use this decomposition to write
(= (Ot .. L.

Let u(/) denote the largest y; so that /; is non-zero (and hence 7,41 = --- = £, = 0).
Then

o1
lim e A(W/) =(0,0,...,0,4,),0,...,0).
This shows that

lim e Ry,(Ly) =Ly ® Ly, @ ®L, < E, ®E, ® - ®E,,

Fr—0o0

where
L, = projEM (R(Lx) N (E, @ - @E,))
(8.14)
= projg, (Lxn(F, ®@E, ®---®E,)).
Write
L = @Lﬂ, cE,
#;<0 !
L’ = @© L, < ker4,
ﬂ/:()
and
LT = @Lﬂ, cE;,
#>0 !
so that
lim e R,(Ly) =L @ L°@®L" < E, ®kerAD E; .
r— 00
Set
(8.15) W,:=L".
Lemma 8.6.
1. Ly =V,

2. The spaces
(a) W,=L",
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(b) the image of H**"(X,0X;C,) — H®"(X;C,),
() Ly nFy, and

(d) the L? solutions of Dx =0 on X,

are all isomorphic.

3. L~ cd(E)).

Assuming these three facts, the rest of the proof of Theorem 8.5 is completed as
follows.

Note that W, < d(E)) = d(E,") @ d*(E,) = E, . We define W;* to be the orthog-
onal complement of W, in d(E;"). Since

W.@L'=L"@L" cE @E =(dE)®d (E]))® (d(E)Dd"(E,))

is a Lagrangian subspace (obtained by modding out L° and ker A4), it follows from
Lemma 8.1 that

LY =d(E,) @ y(W;") < d(E,) @d*(E,),

completing the proof of Theorem 8.5. O

Proof of Lemma 8.6. The first assertion follows immediately by comparing Equations
(8.9) and (8.14).

For the second assertion, Equation (8.14) shows that if m € L~, there exists a
4#; < 0and an

(:(fa/ﬂ17/ﬂ3"'741;)G(F;®E#1 ®Eﬂ2®'”®E/‘i)mLX

with m = /.. This sets up an identification of L™ with F;; n Ly. The unique contin-
uation property identifies this (via the restriction map r) with the kernel of D with
P boundary conditions, which, by Proposition 8.3 and Equation (8.7) (with k£ = 0),
is the same as the space of L? harmonic forms in Q. The space of L* harmonic
p-forms is shown to be isomorphic to the image of HP(X 0X;C,) — HM (X;C))
in [1, Proposition 4.9].

The third assertion also follows, since if £ = r(f), then Proposition 8.3 says d/ =
d(r(p)) = 0. But

0=dl=df +dt,, +dty, + - +df,
and since d(E,) c E_,,

0=d/t,, =dm.



p-invariant, Maslov index, and spectral flow 609
Hence (since u; < 0)

meker(d: E, — E_,)=d(E_,) < d(E/),

vV
completing the proof of Lemma 8.6. O

Remark 8.7. Notice that ;- denotes the orthogonal complement to W, in the finite-
dimensional space d(E;"), not in L2(Q}y).

We adopt the following notation in the rest of this section to deal with boundary
conditions. Given a manifold with boundary X, the odd signature operator D = Dp
coupled to a flat connection B on X as above, and a Lagrangian subspace L € Lrred,
then let #(D, X; L) denote the x-invariant of the Dirac operator D with boundary
conditions given by the orthogonal projection to L. Thus,

77(D7X§L) = ”(DPTOJMX)

in the previous notation. The same notation applies to the reduced #-invariant 7.

In a similar manner, given appropriate Lagrangian subspaces L, M, N of a Her-
mitian symplectic Hilbert space we will use 7,(L, M, N) to denote the triple index of
the corresponding projections 7,(proj; , proj,,, projy) (cf. Section 6.2).

Suppose that B and B’ are flat connections on X in temporal gauge near 60X such that
the holonomy representations «, o’ : 1; X — U(n) of B, B’ are conjugate. Then there
exists a gauge transformation g so that on a collar [0,¢) x 0X, g = n*(h) for a gauge
transformation /1 on 0X satisfying B’ = ¢ - B. Hence the restrictions b, b’ of B, B’ to
the boundary satisfy b’ = /- b. We have

Dy = Dyp = gDpg ™",
and

Ap = App = hAbh_].

In particular, & takes the positive (resp. negative) eigenspan of A, to the positive
(resp. negative) eigenspan of A4/, and gives an isomorphism ker 4, — ker A, which
coincides via the Hodge and DeRham theorems with the isomorphism H*(0X; C,)
— H*(0X;C}) induced by conjugating the holonomies o, o’. Thus if K < ker 4, is
a Lagrangian subspace, the /-eigenspace of Dy with Ff () @ K boundary conditions
is sent by g to the A-eigenspace of Dp with Fy (b") @ h(K) boundary conditions.
Since any representation « : 71X — U(n) is the holonomy representation of a flat
connection B, we conclude that given a representation o and a Lagrangian subspace
K < H*(0X;C,) (recall that the symplectic structure w on H*(0X; C}) is defined by
the cup product), the quantity (D, X; F;” @ K) is unambiguously defined, i.e. it is



610 P. Kirk, M. Lesch

independent of the choice of flat connection B in temporal gauge with holonomy
conjugate to o, and the Lagrangian in ker 4, corresponding to K via the Hodge and
DeRham theorems is well defined. Of course #(D, X; Fy @ K) may depend on the
choice of Riemannian metric on X.

We can now turn to the splitting problem for the #-invariant of the odd signature
operator. As in earlier sections suppose that M = M+ U M~ is a closed manifold
decomposed into 2 submanifolds along a separating hypersurface N. Assume that N
has a neighborhood isometric to N x [—1, 1]. Suppose that B is a flat connection on
M in temporal gauge on N x [—1,1].

As we have seen, because the outward normal for M™ is the inward normal for
M, the operators y and A for M~ are related to those for M by a change in signs.
This has the following consequences. First, whereas the conclusion of Theorem 8.5
identifies the limit of the Cauchy data spaces L},. of D acting on M,", VILI?C L. as

(8.16) F @ (W, . @p(W.,) ®dE, )@V, .,

(in the decomposition (8.11)) for W, , c d(E,) = F; a space isomorphic to the
image

in,l([_leven(]‘4+7 5M+; (E:) N Heven(MwL; (E:))
and V, , < ker A a space isomorphic to
im(H®*"(M™*;C) — HY"(N;C))).

For M~ the conclusion is that lim L}, is

r— o0
(8.17) F, @d(E))® (y(W-,) @ W-.) ® V4,
where W_ , = d(E,) < F," is isomorphic to the image
im(H"(M~,0M~;C,) — H*"(M~;C,))
and V_ , < ker A4 is a space isomorphic to
im(H®"(M~;C;) — HY(N; C)).
(We assume that v has been chosen greater than or equal to the non-resonance level
for D acting on both M+ and M ™))
Theorem 7.7 calculates the x-invariant of D acting on M in terms of the z-
invariants of D on M and M~. Take P to be the Atiyah-Patodi-Singer boundary

projection P = P* (V) for some Lagrangian subspace V' < ker 4. Then Theorem 7.7
says
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7(D, M) =7{(D,M";V @ F) + (D, M Fy @ y(V))
(8.18)
— ‘Eﬂ(l — PM—,P+(V),PM+).
(Recall that P+ denotes the Calderdn projectors onto the Cauchy data spaces L;+.)

Theorem 8.8. Let D denote the odd signature operator coupled to a flat connection. For
any Lagrangian subspace V < ker A,

7(D, M) =#(D,M*; V @ Fy) + (D, M~ Fy @ y(V))
- T/l(y( K,OC)7 Va V;#)v
where t,(y(V_ ), V, Vi ) refers to the triple index in the finite-dimensional space
ker4 ~ H*(N;TC}).
The triple index t,(y(V_,), V, Vi o) vanishes if V.=V, , or V = y(V_ ) and so
(D, M) =7i(D,M"; Ve, @ Fy") + (D, M~ Fy @ y(Vs0))
=D, M"59(V_0) @ F) + (D, M~ Fy @ V).
In particular, if H*(N,C}) = 0, then
7(D, M) =7(D, M"; Fy) + (D, M~ Fy ).
The main advantage that Theorem 8.8 has over Theorem 7.7 is that the Calderén
projectors have been replaced by the Atiyah-Patodi-Singer projections.
We postpone the proof of Theorem 8.8 until after two lemmas are in place. The
basic idea is to apply Lemma 6.10 to the paths obtained by stretching the Cauchy
data spaces to their adiabatic limits.

Lemma 8.9. W, , ® W_ , ® (V. o " V_ ) is isomorphic to H®*"(M; C}).

Proof. For each integer k let (twisted coefficients in €, are to be understood for all
cohomology groups)

W =im(H"(M*,0M*) — H*(M*)) = ker(i}, : H*(M*) — H*(N))
and let

vl =im(i} . HY(M*) — H*(N)).
Consider the map

Y HN M) @ HY(M™) — HN(N),  WH(my,m_ ) =if(my) —i*(m.)
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in the Mayer-Vietoris sequence for M = M+ Uy M~. Then there is a short exact
sequence

(8.19) 0 — Wr@® W — ker¥* L vEavE —o,

where f(my,m_) = if(m;) = iy (m_). Moreover, the Mayer-Vietoris sequence gives
a short exact sequence

(8.20) 0 — coker¥* ! — H¥(M) — ker ¥* — 0.
Thus
(8.21) dim H*(M) = dim coker ¥*~! + dim(V* A V¥) + dim W} + dim w*.
Also

dim coker P! = dimHk_l(N)/(Vf_1 + vk
(8.22) = dim H*"'(N) — dim V!

— dim V! 4 dim(V A V.

Combining (8.21) and (8.22) and summing up over k even one obtains

S dim H* (M) = S dim(VE a VE) + 3 dim w2 + 3 dim w2
(8.23)
+ S dim H*Y(N) — 3 dim 72 — S dim v

The symplectic space H*(N) decomposes as a symplectic sum H*(N) @ H°¥(N)
(one way to see this is to notice that % and hence y preserves the parity of a har-
monic form since N is 2n-dimensional). The Lagrangian subspace V' =3 Vf de-
composes accordingly into a sum of Lagrangian subspaces @ V* @ V?*~!. Hence
dim(p V1) =1 dim H°Y(N). Similarly dim(@® V*~!) =1 dim H°%(N). Thus
the last three terms in (8.23) cancel. Since Wy , = @ W2  and V., = @ V%,

dim H"(M) = dim(Vi , 0 V. ;) + dim W, , + dim W_ ,,
completing the proof of Lemma 8.9. |
Lemma 8.10. Let V < ker A be a Lagrangian subspace. Let L}, denote the Cauchy

data space for D acting on M* = ([—r,0] x N) U M* when r < oo and let LY, . be the
adiabatic limit im L}, . which was identified in Theorem 8.5.
r—o0

1. The dimension of the intersection L}, N L} . is independent of r € [0, co].
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2. The dimension of the intersection L}, n (Fy @ V) is independent of r € [0, o0].
3. The dimension of the intersection (Fy @ y(V)) n L}, is independent of r € [0, o0].
4. Tﬂ("/(L;f[,)7Fg' @V, LX%) = Tﬂ(V( K,a)7 v, V+x)

Proof. 1. For r < oo, the intersection L}, n Lj},, is isomorphic to the kernel of Dp
acting on the closed manifold M, = M," U M, obtained by stretching the collar of N.
But this kernel is a homotopy invariant, isomorphic to H*"(M; C,), and in partic-
ular its dimension is independent of r.

To compute L3; N L5, we use Theorem 8.5, or, more conveniently, its conse-
quences (8.16) and (8.17). These show that Ly, N Ly, =W, , @ W_,® (Vi N
V_ ,), which by Lemma 8.9 is also isomorphic to H**"(M; C, ). Notice that the full
conclusion of Theorem 8.5 is used here.

2. and 3. are proven by the same argument. We prove 3. From the definition of
V. 4 (8.9) there is an exact sequence

0— Ly+nFy — Ly+n(Fy +kerd) — V, , — 0.
It follows easily that for any subspace V' < ker A there is an exact sequence
(824) 0— Ly+nFy — Ly 0 (Fy +p(V)) = Viunp(V) — 0.
Lemma 8.6 identifies L+ N F; with the image

HO (M, 0M " €)) — HO (M €2),

and with W, ,. Thus the dimension of Ly« n Fy is independent of the length of
the collar of M*. Corollary 8.4 identifies V; , with the image of H*(M™;C)) —
H*(0M™*;C}), hence its intersection with (V) is independent of the length of the
collar as well. Thus the middle term in the exact sequence (8.24) is isomorphic to
W, o @® (Vi op(V)) and in particular its dimension is independent of the length of
the collar; this shows that (F; @ y(V")) n L}, is independent of r for r < co.

Now consider the case when r = co. In the decomposition (8.11) of L?(Qy),

Fy @y(V)=F, @d(E[)@d"(E/) ®y(V)
and so using (8.16) shows that (F; @ y(V)) n L3+ equals
(Fy @d(E))@d*(ES)®y(V) N (F) @ (W, @ (W) ®d(E,)® Vi)
=Wia®@ (V)0 Vi)
Therefore, (Fy @ »(V)) L%, equals to Wy , @ (Vi., 0 y(V)).

4. Tt follows immediately from the definition that the triple index is additive in
the following sense: let H, H' be Hermitian symplectic Hilbert spaces and P, Q, R
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(resp. P’, Q’, R’) be projections in Gr(H) (resp. Gr(H')) such that the triple indices
(P, Q,R), 7,(P’, Q', R’) are well-defined. Then the triple index of (P ® P/, Q @ O’

R@® R’) is well-defined in the Hermitian symplectic Hilbert space H @ H' and we
have

1 (P®P,Q® Q' R®R') =1,(P,0,R) +1,(P, 0", R).
In the decomposition (8.11) we have

P(Lig) = y(F, @dED) @ (W) @ W) ® V-.1)

=F @d(E))@ (W2, @y (W-..)) @ y(V-.),
Ff @V =F ®d(E)®dE,)®V, and
L =F @ (W, @ (W) @d(E,) @ Vi s

Using the additivity of 7, we see that 7,(y(L3;-), F,” @ V,L$,.) equals

W F FS P p g +tud ™ (E)), d(E]), We s @ YW )) e yoa- (k0

+ Tﬂ(y(W—l,oc) ® W—,Otvd(E;)vd(E;))d*(E‘T)(-Dd(E;) + 7 (Vo) Vo Vi a)ker a
which equals 7,(y(V-.4), V, Vi 4)er 4 DY Proposition 6.11. O
Proof of Theorem 8.8. Combining Lemma 8.10 and Lemma 6.10 to the paths of

Cauchy data spaces obtained by stretching the collars of M to their adiabatic limit,
we see that (switching from projection to Lagrangian notation)

Tl = Par—, PT(V), Par) = wu(p (L ), g @V, L) = 7u(y(V-a), V, Vi ).
It then follows from Theorem 7.7 (and in particular (8.18)) that
(D, M) =#i(Dg, M*; V @ Fy') +#(D, M~ Fy @ (V)
= 7u(Y(V- )y V' Vi)
Proposition 6.11 shows that 7,(p(V_ ), V, V. ) =0if V =p(V_,) or V, ,. N
Remark 8.11. The Riemannian metric on the separating hypersurface N enters into
the formula of Theorem 8.8 via the map y : ker 4 — ker A, since y equals the Hodge-

* operator up to a power of i. It follows that the correction term z,(y(V_ ,), V, V; )
is not a homotopy invariant. In fact, suppose that varying the Riemannian metric
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moves the space y(V_ ,) slightly (we use the Hodge and DeRham theorems to identify
this as a subspace of the fixed space H*(N; C,)). Then by choosing V' <« H*(N; C,)
carefully so that y(7_ ,) passes through ¥ as the metric is varied one can change
Tu((Vora), Vi Via).

To complete our analysis of the odd signature operator, we derive a formula which
calculates 7(D, M) in terms of intrinsic invariants of the pieces and a “‘correction
term” which only depends on finite-dimensional data, namely the subspaces V. , <
ker A.

First we define the analogue of the map @ : Gr(4) — %(&;, 6-;) of Equation (2.7)
in the finite-dimensional space ker 4. We use the Lagrangian notation, so that to any
Lagrangian subspace K < ker A we assign the unitary map

(8.25) #(K): (6inkerd) — (6-inkerA)
by the formula
K={x+¢K)(x)|xe (6inkerd)}.

Theorem 8.12. For the odd signature operator D coupled to a flat connection B with
holonomy o : 1y M — U(n) acting on a split manifold M = M+ oy M~

7D, M) =7(D, M"; Vs ® Fy") + (D, M Fy @ V)

+ dlm( V+_’O( N V,“) - 2L7Zl trlOg(*¢( V+1)¢(V,“)*)

Remark 8.13. Corollary 8.4 implies that dim(V,. , n V_ ,) depends only on the homo-
topy type of the triple (M, M, M) and the representation « : ;y M — U(n).

Proof. Theorem 4.4 implies that

(D, M* P (p(V-,4)))

(8.26) 1
= (D, M Pygs) + 5 trlog(@(P* (2(V-.2))(Pur:)")
and that
7(D, M*; PV, 1))
(8.27)

. 1 .
= (D, M3 Page) + 5 trlog(®(P* (V. .))®(Par:))

Subtracting (8.27) from (8.26) yields
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(D, M*; P (y(V-,5)))

(8.28) =#4(D, M PT (V. ,)) + 2%1 trlog(@(P+(y(V_.,)))®(Py+)")

e trlog(@(P (V)P )).

The difference
1 « 1 *
3 log(@ (P (y(V-,2)))@(Py+)") — i trlog(®(P*(Vy ,))®(Py-+)")
is equal to

Tu(PT(Vern), PT(7(V-.2)), Par) — % trlog(P(PT(V;..)) R (P (7(V-.2))")

by Lemma 6.9. Moreover, it follows easily from the definitions that
trlog(@(P* (Vi) R(P T (7(V-,4)))") = trlog(¢(Vi 2)b(r(V-.4))"),
and since ¢(y(V)) = —¢(V), that
trlog($(Vi)d(y(V-.2))") = trlog(—¢(Vi u)p(V-2)").
Hence (8.28) reduces to
A(D, M5 PT(p(V-4)))

(8.29) = (D, M PH(Viw)) + 7P (Vea), P (2(V-.0)), Pare)

1 %
— 5 trlog(— (V. )H(V-..)).
We will show that
(8.30) T/t(P+(V+,a)vP+(7(K,o<))7PM+) = dim(V«hoc N K,M)-

Assuming (8.30), the proof of Theorem 8.12 is completed by combining (8.29) and
Theorem 8.8, taking V' = y(V_ ,).

It remains, therefore, to prove (8.30). The proof is similar to the proof of Theorem
8.8. Lemma 8.10 implies that as the collar of M™ is stretched to its adiabatic limit,
the dimension of the intersection of Lj,. with F(;r ® V., is independent of r € [0, co],
as is the dimension of the intersection of L}, with F(;“ @ (V).
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Lemma 6.10 then implies that t,(P"(Vi ), P (p(V_4)), Pu+) is equal to
T (PY(Viw), PT(p(V_,5)), P37+ ). Using additivity of the triple index with respect to
the decomposition (8.11), the calculation of L$;, (8.16), and Proposition 6.11, we
conclude that

Tu(PT (Vi) PT (Vo)) P ) = Tu(Vi s Y(Vo ), Vi)
Proposition 6.11 then implies that

Tu(Vea 7(Voa), Via) = dim (Vo 2 V. ). [
It is convenient to introduce the following notation.

Definition 8.14. Let (H, {, ),y) be a finite-dimensional Hermitian symplectic space
(cf. Def. 2.8). Define a function of pairs of Lagrangian subspaces

my: Y(H)x (H) — R

by

my(V, W) = —% trlog(—g(V)gp(W)*) + dim(V n W)

1
- > log A.
Tt ) espec(—(V)p(W)")
i# -1

Here ¢(V') is the unitary map from the -+ eigenspace E; of y to the —i eigenspace E_;
of y whose graph is V. (If H = 0 then set my(V, W) = 0.) Recall that V' n W is iso-
morphic to the —1-eigenspace of g(yV)d(W)* = —d(V)p(W)* (cf. Lemma 2.6).
The function m has been investigated before, the notation is taken from [9].
Given an even-dimensional Riemannian manifold (N,g) and a representation o :
m N — U(n), define

m(V‘rv V_,a, g) = mH*(N;(E;I)(V-‘ra V—)v

where we have used the Hodge Theorem (and hence the metric g on N) to identify
H*(N;C}) with ker 4 (so that y and hence ¢ make sense).

Thus Theorem 8.12 says that

(D, M) = ii(D, M*; V., @ Fy) +ii(D, M~ Fy @ V.,)
(8.31)

1 1
+§ dim(V, , NV ,) —i—zm(ﬁ,a, V. 4,0, 9).
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Using #-invariants instead of #7-invariants, (8.31) can be put in the more compact
form

(832) ’7(D>M) :”(D7M+7 V‘r% ®F(;‘—)+77(D7M+7F0_® I/*M)_'_m(VF% I/,#,O(,g)

using Equation (8.24) and Lemma 8.9.
The function my(V, W) has some useful properties which we list in the following
proposition.

Proposition 8.15.
1. I’I/IH(I/V7 V) = —mH(V, W)
2. my, o, (Vi @ Vo, Wi @ Wa) = mp, (Vi, W1) + mpy,(Va, Wa).

3. If h,: H— H, tel0,1] is a continuous family of symplectic automorphisms, then
my (h(V), h(W)) is continuous in t. O

Proof. The first assertion follows immediately from the definition of my. The second
assertion is clear. For the third, notice that dim(%,(V) n i, (W)) is independent of ¢,
and that the —1 eigenspace of —¢(h,(V))¢(h,(W))* is isomorphic to (V) N h(W).
In particular the —1 eigenspace of —@(h,(V))d(h,(W))" is constant dimensional, and
so ¢+ log(—g(h,(V))p(h,(W))") is continuous. These facts imply that my(h,(V),
h,(W)) is continuous in z. Il

8.2. The Atiyah-Patodi-Singer p,-invariant for manifolds with boundary. We apply the
previous results to obtain information about the Atiyah-Patodi-Singer p,-invariant
[2]. Consider two flat connections: B with holonomy «, odd signature operator Dp
and tangential operator 4,, and the trivial connection ® on the bundle C" x X — X
with (trivial) holonomy 7, odd signature operator D, and tangential operator A4y.

In expressions like (D, X; V @ F,") the notation F," is to be understood as the
positive eigenspan of the tangential operator A of D and V as a Lagrangian in ker A.
In particular, in a “mixed” expression like 7(Dg, X; V, @ F,") — 71(De, X; V; @ Fy)
the reader should understand that the first F; refers to the positive eigenspan of 4,
and the second the positive eigenspan of 4y. These are in general unrelated since A4,
acts on the bundle F | 60X and A4y acts on the trivial bundle.

Lemma 8.16. Let X be a Riemannian manifold with boundary, whose collar is isometric
to [0,&) x 0X. Let B be a flat connection on a compact manifold X in temporal gauge
near the boundary with holonomy o, and let ® denote the trivial connection, with trivial
holonomy t© : 7 (X) — U(n).

Then the difference

(833) (D, XV, ® ) — ii(Do, X: V; ® Fy)

depends only on the diffeomorphism type of X, the conjugacy class of the holonomy
representation of B and the restriction of the Riemannian metric to 0X.
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Proof. We explained above why the #-invariant depends on the flat connection B only
through the conjugacy class of its holonomy representation.

By taking the double of X we obtain a closed Riemannian manifold M = X U —X
= M* U M~ over which the connections B and ® extend flatly.

Letting Dp denote the extension to M, we know from [2] that the difference

(8.34) 7(Dp, M) —1(De, M)

is independent of the metric on M and depends only on the conjugacy class of the
holonomy representation of B (see the paragraph following this proof).
Theorem 8.8 shows that

7(Dp, M) — (Do, M) = 7j(Dg, M*; V, ® F}) +71(Dp, M~ Fy @ p(V3))
(8.35)

Notice that by Corollary 8.4 the subspaces V, and V; are independent of the
Riemannian metric on M*. Hence solving for #(Dg, M™; V, @ F,") — (Do, M*;
V. @ F,") in (8.35) yields an expression which is unchanged when the Riemannian
metric is altered on the interior of X = M. O

We can now extend the definition of the Atiyah-Patodi-Singer p,-invariant to mani-
folds with boundary. Recall that the p,-invariant is defined in [2] for a closed mani-
fold M and a representation o : 71 (M) — U(n) by

p(M, o) =n(Dg) —n(De)

where B is a flat connection on M with holonomy o and ® denotes a trivial U(n)
connection. It is a difftomorphism invariant of the pair (M, [o]) where [¢] denotes the
conjugacy class of «. In terms of reduced 7-invariants p(M, o) can be written:

p(M, o) = 2(7(Dp) — #(De)) — dim ker Dg 4+ dim ker Dg.
Since ker Dp is isomorphic to H*"(M; C}) this is the same as

p(M,x) =2(7(Dp, M) — 7j(De, M)) — dim H*"*"(M; C;)
(8.36)
+dim H®"(M; C").

Definition 8.17. Given a triple (X, «,g), where

1. X is a compact odd-dimensional manifold with boundary,
2. a:7m(X) — U(n) is a representation, and
3. g is a Riemannian metric on 0.X,
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choose a Riemannian metric on X isometric to [0,¢) x dX on a collar of 0X and a flat
connection B with holonomy « in temporal gauge near the boundary. Then define

p(X,a,9) :=n(Dp, X, Fy ® V) —n(De, X, Fy ® V).

Reversing the orientation of X changes the sign of p(X,a,g), since the y-invariant
changes sign when the orientation is reversed.
In terms of reduced # invariants p(X, «, g) can be expressed as:

p(X,0,g) =2(7(Dp, X, Fy” ®V,) —7i(De, X, Fy & V;)) — dim W, + dim W,
where

W, = im(HO (X, 0X; C)) — Ho(X; C2))
and

W, 2 im(H"*"(X,0X;C") — H™"(X; C")).

This is because the kernel of Dg acting on X with boundary conditions given by the
Atiyah-Patodi-Singer projection P*(V,) is isomorphic to W, by Lemma 8.6 and
Equation (8.24) (with V' = V. ,,), and similarly for De.

Lemma 8.16 shows that p(X,a,¢) is independent of the choice of Riemannian
metric on the interior of X (as long as the metric is a product in some collar of the
boundary) and the choice of flat connection B with holonomy «.

We now can state the main result of this section.

Theorem 8.18. Suppose the closed manifold M contains a hypersurface N separating M
into M* and M~ . Fix a Riemannian metric g on N. Suppose that o.: 1;(M) — U(n) is
a representation, and let © : m; (M) — U(n) denote the trivial representation.

Then

P(M, o) =p(M", 0, g) +p(M~,0t,9) +m(Viio, Vo, g) =m(Vi e, Vo 2,7, 9).
Proof. This follows by applying Equation (8.32) to B and ® and subtracting. O

It can be shown that the invariants p(M % «, g) and m(V,, V_,a,g) depend in general
on the choice of Riemannian metric g on the hypersurface N. We leave as an in-
triguing open problem to determine exactly how they depend on the metric g, and in
particular, how these invariants change if ¢ is replaced by the pulled-back metric
f*(g) for a diffeomorphism f : N — N.

8.3. Relationship to Wall’s non-additivity theorem. Theorems 8.18 and 8.12 should
be viewed as odd-dimensional counterparts of Wall’s non-additivity theorem for
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the signature [32]. Indeed these theorems give formulas which express the non-
additivity of the signature defect. The relationship between splitting theorems for
the x-invariant and Wall non-additivity is explored in Bunke’s article [9] and also
in [20].

To clarify the relationship between Wall’s theorem and Theorem 8.18, consider the
following situation. Suppose we are given two 4k-dimensional manifolds Z* and Z~
with 0Z% = M* Uy M°. Suppose that IM° = N and that Z = Z* U ;0 Z~. Finally
suppose that o : 71;Z — U(n) is a representation and let 7 : 7;Z — U(n) denote the
trivial representation. The Atiyah-Patodi-Singer signature theorem [2, Theorem 2.4]
says that

Sign(Z) — Sign,(Z) = p(M, 2).

Similarly Sign, (Z*) — Sign,(Z*) = p(M* U M° o) and Sign, (Z~) — Sign,(Z7) =
p(=M° U M~ ). On the other hand Wall’s theorem says that

Signa(Z) = Sign“(Zﬂ + Signa(zi) - U(V-i—,ow V—,oca VE),%, 0‘)7
where ¢ is a correction term which depends on the relative positions of the subspaces
Via Vo4 and Vo, in H*(N;C}). Similarly Sign (Z) = Sign,(Z") + Sign,(Z~) —

O'(Vhf, V;_ﬂ VE),‘H T)'
Hence

Vi Voo Voo @) — a(Vi oy Vo 2y Voo, 7)
= Sign,(Z) — Sign,(Z") — Sign_(Z7)
(8.37)
— (Sign,(Z) — Sign,(Z") — Sign,(Z"))
=pMT UM o) —p(MT UM, 0) — p(—M° U M, q)
Applying Theorem 8.18 we see that (8.37) is equal to 6, — &,, where
Gy := (Vi o Vo oy 0, 9) = m(Vi o, Vo s %, g) — m(Vo oy Vo s 01, )
and
G i=m(Vy o, Vo r,1,9) —m(Vi 2, Voo T, 9) — m(Vo,, Vo 1,7, 9).

This motivates introducing the following notation. Given a Hermitian symplectic
space H, define the function of triples of Lagrangian subspaces

G L(H)x Z(H)x L(H) - Z

by
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(8.38) Gu(V,W,U) =my(V,W)+muy(W,U)+my(U,V).

By definition 6, = 5H*(N;¢;)(V+,m V_ 4, Vo.») and similarly for &,. That 6 is an in-
teger can be seen by exponentiating and using the multiplicativity of the determinant:

exp(2niey (V, W, U))
= (exp(trlog(—g(V)g(W)") + trlog(—g(W)$(U)*) + trlog(—¢(U)$(V)*)))

= det((=1)’p(V)p(W)" $(W)$(U) p(U)p(V)") )
=1.

Proposition 8.19. The function 6y satisfies the following properties.
1. Given a permutation B, 6 (Vy), Va)s Vaz)) = sign(B)an(V1, Va, V3).
2. 6mom, (V1 @ Vo, Wi @ Wo, Ui @ Up) =6, (V1, Wi, Ut) + 6w, (Va2, Wa, Un).

3. If h: H— H is a symplectic automorphism, then g (h(V),h(W),h(U)) =g (V,
w,U).

4. Take H = C* with y = ((1) 01>. Then 61 (C(1,0),C(1,1),C(0,1)) = 1.

Proof. The first and second assertions follow from the first and second assertions of

Proposition 8.15.

For the third assertion, we first claim that the group Sp(H) of symplectic auto-
morphisms of H is path connected. To see this, fix a Lagrangian subspace V of H.
The map Sp(H) — ¥ (H) taking g to g(V) is a fibration with fiber the subgroup
Spy(H) consisting of those symplectic automorphisms which leave V' invariant.
Next, Spy(H) fibers over GL(V') by mapping g € Spy(H) to the restriction g|,. The
fiber F of this map consists of those symplectic transformations g so that g restricts
to the identity on V. Writing H = V @ p(V) it is easy to see that F consists of all
matrices of the form ({) j‘) with 4 an arbitrary real matrix. Thus F is contractible, and
since GL(V) is path connected, Spy (H) is also path connected. Finally, since Sp(H)
fibers over the path connected space ¥ (H) =~ U(n) with path connected fiber
Spy(H), it is itself path connected.

Choose a path /4, from the identity matrix to /4. The third assertion of Proposition
8.15 shows that my (h,(V),h,(W)) varies continuously in ¢. Thus the same is true of
the integer-valued function ¢ +— &g (h,(V),h, (W), h,(U)). Therefore this function is
constant, completing the proof of the third assertion.

To prove the last fact, Notice that C> = E; @ E_;, where E; is the span of (1, =)
and E_; is the span of (1,i). It is easy to calculate that with respect to these bases,

H(C(1,0) =1, ¢(C(1,1)=—i, and ¢(C(0,1)) = —1.

Thus
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&H((E(L O)a (E(L 1)7 (]:(07 1))

= fi.(log(*l -i) +log(—(=i) - (=1)) + log(=(=1)(1)))

T

= 1. O]

It follows from Proposition 8.19 and [10, Theorem 8.1] (suitably generalized to the
complex Hermitian case) that 6 is equal to the Maslov triple index 7 defined in loc.
cit. Therefore, 6 depends only on the underlying symplectic form w(x, y) = {x, yy),
and not on the Hermitian metric. In particular 6, and &, are independent of the
Riemannian metric on N.

6x and the Maslov triple index 7, defined in Section 6.2 are (of course) intimately
related. 7, is, up to normalization, what Bunke [9] called the twisted Maslov triple
index. A direct calculation shows the following:

&H(Va W7 U) = _Tﬂ(V) Wa U) - T,ll(va W7 U) - T,ll(VvyW7 U)
(8.39) —7,(V, W, yU) +dim(V n W)
+dim(W N U) +dim(V n U),

,(V,W,U)==(eua(V,W,U) —eu(yV,W,U) —eu(V,yW,U)

=

(8.40) —au(V,W,pU) + 2dim(yV A W)

+2dim(W nyU) + 2dim(V nyU)).

Using Proposition 8.2 of loc. cit. we conclude that 6, equals Wall’s correction term
o(Vi.o, Vo 4, Vo.o) and similarly &, equals (V. -, V_ -, Vo, 1).

Using the argument outlined in [20] one can analyze Wall’s theorem using Theo-
rem 8.12 as follows.

In the context described above, the Atiyah-Patodi-Singer signature theorem states
that

Sign,(Z) = nJ L—n(Dg,M™OM™),
z

where L denotes the L-polynomial of the Riemannian curvature tensor on Z. Simi-
larly one obtains formulas for Sign,(Z+)

Sign,(Z") = nJ L—n(Dp, M™ U M")

Z+
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and

Sign,(Z7) = nJ L—n(Dg,—M° U M™).
zZ+

Applying Theorem 8.12 and using Lemma 6.9 as before, one obtains

Sign,(Z) — Sign,(Z") — Sign,(Z7) =6, + n(; L— [L- IL)

VA zZ

At this point one can invoke Wall’s theorem and the identification of &, with Wall’s
correction term given above to conclude that the integrals cancel. (This is not imme-
diate since the Riemannian metrics on Z* and Z~ need to be in cylindrical form near
the boundary to apply the Atiyah-Patodi-Singer theorem, but these do not glue to
give a smooth metric on Z in cylindrical form near the boundary.)

On the other hand, Wall’s theorem can be proven by showing that the integrals
cancel. This is discussed in [20] and so one obtains an analytic proof of Wall’s theo-
rem.

More importantly, Equation (8.38) establishes a direct relationship between the
correction terms 6, and &, for the non-additivity of the signature to the correction
term m(Vy o, V_ 4,0, 9) — m(Vy o, V_ 1, 7,¢g) for the non-additivity of the p invariant.

8.4. Adiabatic stretching and general Dirac operators. Some of the preceding exposi-
tion for the odd signature operator extends to the more general context of arbitrary
Dirac operators, and we discuss aspects of this now. The new feature of this approach
is that the role of adiabatic stretching in the splitting formula for the #-invariant is
clarified.

Suppose we are given an arbitrary Dirac operator D on a split manifold M =
M* Uy M~. Assume as usual that D = p(<£ + 4) on a collar of N. Let M, denote the
manifold obtained by replacing the collar [—1,1] x N of N by the stretched collar
[—r, 7] x N. Thus My = M. Given 0 <r < 0, let L},. denote the Cauchy data space
of the operator D acting on M,;* = M* U ([-r,0] x N), and let L};. denote the
adiabatic limit lim L},.. Lemma 3.2 of [14] states that the path [0, 0] — Gr(4)

r— o0
given by r — L. is continuous.

We let F* denote the span of i-eigenvectors of A for +4 > v, and E* the span of
J-eigenvectors of A for 0 < +4 < v, so that the L?-sections over N decompose as
F  ®E Oker AQE ®F/
or, as a symplectic direct sum

(841) (F, ®F') ®(E, ®E)) @ ker 4.

Theorem 8.5 has a counterpart for general Dirac operators, but the conclusion is
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slightly weaker. The following theorem has a similar but simpler proof than Theorem
8.5. It is implied by Theorem 6.5 of [14].

Theorem 8.20. Let V., < ker A denote the limiting values of extended L* solutions
on M™*, so V, = projie, 4(La+ 0 (F~ @ ker A)). Let v =0 be a number in the non-
resonance range of D, i.e. Lyr+ 0 F; = 0. Then there exists a subspace W, < E; iso-
morphic to the space of L? solutions to D = 0 on M} so that letting Wt < E; denote
the orthogonal complement of W, in E;,

Ly =Fre(W. @yw)) eV,
in the decomposition (8.41). Moreover, y(L5;.) N Ly+ = 0. O

Then we have the following theorem.

Theorem 8.21. With notation as above, for any ry > 0,
ﬁ(D7 Mro) - ﬁ(D7 M+; L?\;*) - ﬁ(D7 M_; y(L]l:X/j[*»

— Mas(Lly L )ye ) — Mas(Ly, Ly,

relry, o] rer, ]

Remark 8.22. In light of Theorems 7.5 and 7.6 the term Mas(Lj,, Li/:), (s, o]
in Theorem 8.21 can be thought of as the spectral flow of the family of oper-
ators on M obtained by stretching the collar from ry to infinity. Similarly the term
Mas(Lj;-, L7+ ),cpr, ) can be thought of as the spectral flow of the family on M~
obtained by using the projection to L. as boundary conditions and stretching the
collar of M~ from ry to infinity.

Proof. We prove this for ry = 0, the general case is obtained by reparameteriz-
ing. Let P, denote the path of projections to the Cauchy data space Lj,.,
where t =1/(r+ 1). Applying Theorem 5.9 and Proposition 5.1 to the path P,
we see that 7(D, M,,) — (D, M*;LS,.) — (D, M~;y(L5;.)) equals SF(Dp, M™) +
SE(D;-p,, M™) 1), which by Theorem 7.5 equals

(8.42) Mas(P,, Py+) + Mas(Py-,1 — P,).

Switching to Lagrangian notation and parameterizing by r instead of ¢ we can rewrite
(8.42) as

(8.43) —Mas(y(Lj+), La+) | — Mas(Ly-, L)

rel0, 00 ref0,00]*

We use the homotopy invariance of the Maslov index to simplify these terms. Con-
sider first Mas(y(L},. ), Ly+) - We will show this term vanishes.

rel0, o
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The path r — p(L},.) is homotopic to the composite of r — y(L},.) and the con-
stant map at y(L3;-), and the constant path at L+ is homotopic to the composite of
r+— L%, and its inverse. Since y(L},.) n L}, =0 for all », Mas(y(L},.),L},.) =0
and so by path additivity of the Maslov index, Mas(y(L},. ), La+) = —Mas(y(L§;.),
L},.). Theorem 8.20 says that y(L3,.) n L}, =0 for r =0, but by reparameteriz-
ing we see that the intersection is zero for all r < co; obviously y(L3,.) N L3 = 0.
Hence Mas(y(L3;.),L},;+) =0 and so

(8.44) Mas(p(L’,.), L) = 0.

rel0, ]

Consider now the term Mas(Ly-, Lj;+), (o, .- The constant path at Ly is homo-
topic to the composite of » — L}, and its inverse, and the path r — L}, is homo-
topic to its composite with the constant path at Lj;.. Therefore,

(8.45) Mas(Ly-, Ly, ) =Mas(Ly,—, Ly,) —Mas(Ly,—, Ly+).
Substituting (8.44) and (8.45) into (8.43) finishes the proof. O

We finish this article by outlining a few ways to use Theorem 8.21 to obtain other
useful splitting formulas for the #-invariant. We will not give an exhaustive list, but
we note that many other useful formulas can be derived from these using the results
of Sections 5, 6, and 7. One can, of course, obtain other formulas by reversing the
roles of M and M~ in Theorem 8.21 and in these examples.

Example 8.23. Suppose that L3, n L3 =0. Then there exists an ryp > 0 so that
Ly, nLj,=0and L), nL5, =0 for all r > ry. Applying Theorem 8.21 we see
that if r > ry then

7(D, My) = (D, M™; Ly ) + (D, M5 (L))
=7(D,M";F] @ W, @ y(W.) @ V)

+7(D, M~ F; @ W @ p(W.) @ (V).

The hypothesis L3; n L}, = 01is a technically simpler replacement of the hypothesis
“no exponentially small eigenvalues” which appears in related results in the litera-
ture.

Example 8.24. Suppose that Dff = 0 has no L? solutions on M7 ; i.e. that W+ =0 in
Theorem 8.20. Then L},. = F* @ V, and so
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A(D, M) —7(D, M F" @ V,.) —7i(D, M ; F~ @ y(V}))

— Mas(Ly, . F* @ V4),.0.) — Mas(L}y, L.

rel0, o] rel0,00]*

In other words, with respect to the Atiyah-Patodi-Singer boundary conditions given
by the projection to F™ @ V, on M+ and the projection to F~ @ y(V,.) on M~, the
failure of the additivity of the 7-invariants is measured by Mas(L},-, F* @ V), [0, o]
—Mas(L};-, L};+),cp0, ] As remarked above this is the difference of the spectral flow
of D on M~ with F™ @ V, conditions as the collar of M~ is stretched to infinity, and
the spectral flow of D on M as the collar is stretched to infinity.

Example 8.25. We can combine the previous two examples as follows. Suppose that
there are no L? solutions on M£ and M (i.e. W, =0 = W_) and that the limiting
values of extended L? solutions are transverse (i.e. ¥, n V. = 0 in ker A4; this happens
for example if ker 4 = 0). Then L},. = F* @ V4 and so both of the previous exam-
ples apply.

Hence there exists an ry > 0 so that L},  nL},, =0 and L},  n L5, =0 for all
r > ry. Therefore,

ﬁ(DvM) _ﬁ(D7M+;F+® V+) _ﬁ(DvMi;Fi ®y(V+))

=SF(D,M;F* @ V,) SF(D, M,)

re(0,r] — rel0,r]"

This says that the failure of additivity of the #-invariants with Atiyah-Patodi-Singer
boundary conditions is measured by the difference of the spectral flow of D on M~
with F™ @ V, conditions as the length of the collar of M~ is stretched to ry, and the
spectral flow of D on M as the collar is stretched to ry.

In particular, if r > ro,
(D, M,) = i(D, M*; F* @ Vi) + (D, M~ F~ @ (V).

This last formula appears in Bunke’s article [9]. The reader should compare this for-
mula with the formula of Theorem 8.8 (with V' = V. ,) which, by contrast, holds in
complete generality for the odd signature operator.

These examples, together with Theorem 8.20, underscore the point that difficulties in
establishing simple splitting formulas for the y#-invariant using Atiyah-Patodi-Singer
boundary conditions arise from the existence of L? solutions on the two parts of the
decomposition of M. To put this in a positive perspective, the failure of the addi-
tivity of the z-invariant with Atiyah-Patodi-Singer boundary conditions is measured
by the spectral flow terms discussed in Remark 8.22 and symplectic invariants of the
Lagrangian subspaces W, @ (W) in the finite-dimensional symplectic space
E; @ E; consisting of the span of the u-eigenvectors of 4 with —v <y <v, u # 0. In
our analysis of the odd signature operator the formulas simplify because we can
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control these terms; the spectral flow terms vanish for topological reasons and the
symplectic invariants of the Lagrangian subspaces W, @ y(W,") vanish because of
the additional control on W, that Theorem 8.5 provides over Theorem 8§.20.
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Added in proof: The UCP (and hence Lemma 2.3) clearly holds only if each component of the
manifold has non-empty boundary. Hence our splitting theorems hold as stated if M+ are
connected or have no closed components, but (obvious) modifications to the statement are
needed if M ™ or M~ contains a closed component.



