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Octe 7, 1959

Dear Milnor,

I need the following statement which should be an easy extension of
the surgery theorem you proved in "Differentiable manifolds which are
homotopy spheres".

Let M" be a closedy diff. manifold imbedded in R with m larges
Assume the normal bundle V is almost trivial. Let o(Vv, f) be the obs=
truction to extend some given x=section f of V|M=x .

Then surgery in M" yields a manifold MT in R which is r=connected,
r < #n. The normal bundle Pl of Mln is almost trivial and there exists
a x=section £, of VilMlnxo such that o(¥, ) = o(;ﬁ, fl). Prom this
I(M) = I(Ml) is a corollary. Moreover, if I(M) = O, then surgery can
make Ml to be [En]=connected, still with existence of x=section f
of Vllml-xo such that o(¥V, f) = o(Vl, fl)'

1°) Do you think the above statement is true ?

It would imply that if n =1, 2 (8), then o(V, ) does not depend on £,
Can you prove this last statement a priori ?

2°) 1f your answer to first question is yes, do you intend to publish

1

a surgery theorem including the statement on the obstructions and the
case r = [#n] %

If there ie anything true in the above beyond your statements in the
mimeographed ﬁotes on homotopy spheres, it would be very useful, I think,
to have it in the literature. '

I apologize for keeping the manuseript of your paper with Spanier
such a long time. I'1l make an effort to return it soon.

Very sincerely yours,
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10C Banl Street
New York 14; N.Y.

Nov,. 22' 1959

Dear Johns

Thanks for correctinz my last lettere. I believe I can answer your last
question, assuming that ihe X, =construction (explain tc me your reason for
this terminology, please) is equivalent to passing from one level surface to
another with just one non=degenerate critical point inbetween. ) |

Sot r = kel, and let V=¥ be & menifold with boundary 9 V> = K' = Me
(dim M = dim M' = 2kel,) Let £ ¢+ V —2>R Dbe diff,, with just one non-dege=
nerate eritical point O of index r in the interior of V. Assume M = f‘l(-l),
M = i"l(«n-l), 1 S 2(x) S4l for every x e Vy, and £(0) = Os I am only
interested in the case where the element of Hk(M) killed by erossing O is
a torsion clement, and since p, - p; s P * 1, where P = rank Hk(!-'.; Q)s
pé = rank Hk(n'; Q)s it follows that in order to prove that the disturbing
element introduced in Rk(b‘l") is of infinite order, it is sufficient to
prove that p! £ p e

The thoorem of Morse, concerning pi =Py I was referring to, bs
gontained in his papert "Homology relations on regular orientable manifolds®
Proc. Nat., Acad, Sciences 38 (1952), 247=-258. I want to use a refinement of
this theorem which runs as follows. (The following is contained in my thesis
§9. Sorry I have no more reprints,) Let X}’ denote the semi=-characteristiec,
then modulo 21

KAV = XY + @

where g is the rank of the cup=product matrix of Hr(Vzr, 2 v2r’ Q)e (There is
a better proof of this formula in "Relative characteristic classesl)

If r is oddy, g is congruent O modulo 2 because u.u = O for every
ue H(V,2Vs Q)s From the existence of the gradient field of f over V, it
follows that X (V) = 1 modulo 2, and since pj = Py for 1 <k, one has p! £ p, .



If r is even, you have reduced the problem to the case where

I-Ik(l\l) ~ Hk(;;-; za) o Go# ese * Do
What I have said before is,I believe,still true, regarding p,, p'i ag being
. rank Hk(H; Z,)y rank Hk(ﬁ'; 22) and replacing "of infinite order® by "non=-zero%,
and pk-l -p’ks P,

We still have to prove that p'k # p.s and this is apperently sufficient. Thie
is equivalent to proving ¢ ® 0 module 2, where e is now the rank of the
cup=product matrix of H' (V,d V3 Zy)e

Conjectures If Mzk*l is a m-manifold, tgn V is also a memenifold 7777
If this is true, the statement @ = O mod 2 followe from §5 of my thesis, page 239

If the conjeeture is wrong, I don't know how to prove ¢=0 mod 2e

Best regards,

2
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Dec. 26, 1959

Dear John:

The arguzent in my last letter is I think OR for a manifold

2k+l
1

be the manifold with boundary %, and Hz the mirrorimeges. Perform

with boundary provided the boundary is a homotopy sphere. Let M

the consgtructions on M = &11 ] ﬁz leaving Hz alene, If % is a
homotopy sphere, t ere will be no "interaction® between the homology

of ¥, and the homology of H, in Ho(¥)e

4
Skikkxinxkrax{lixijndixzxaaney

I 414 have in mind that .Jl:&‘a = O ghould iwply existence of
a (&e+l)~homotopy sphere whiich is not a mezanifeold. It seems OK
now, as well as o T(2n) = G

There ig a series of morc or less conjectural statements as
followss

n i
Case 1. ﬂmzk(s ) stable, 8" parallelizable.

2k

For every a €, () take £ ¢ o ouch that £ (a) = K" 1s

(kﬂl)mannected. Let ‘1’ evey ’L ’ Bl’ seny B be a"canonical®™ basis

of Hk(z'-i&l Z)e leee 1»&3 = B QBJ = Uy ij = 5 + Represent Ai’ Bj

1)

by imbedded spheres a 8® cumi®™ Byt 8% e U7

normal ke=frazes Ty O'j over ai(sk), ﬁé(sk) respectively. Define

» Take fields of



A N (resps /"’j) to be the Steenrod=fopf invarient of ‘f“;(ak)‘ T % ?ni

(reeps %ﬂi(sk)g 63 x £ ; )s where F, 1s the field of normal n=frases

sver iim‘ in Smﬁ:. B

2 Ly
i % (RYr s 1t (50(ke2)) e 2, =0
Ls exact 1f S° is parallelizeble, it follows that A g fey are well

defined modulo 2.
14

petine w (") Lz, by Y (a) mz A . fq. Por k= 1, Pone
tryagin shows that this is indeed well defined, and a homomorphism,
Lemmas If Y (o) = ©y there exists f ¢ @ such that f-l(u) = homotopy
sphere for sove & © 3“.
Corollary, There existe an exact sequence

0 wep

n
for kw1, %3 and 7. (n large.)
Corollary. 06 e Us (I dont have Yamanoshita on hand to see what thlnl

means for Qu;)

Gase II. m . (")  stable, k odd, 8° not parallelizable.

For every o ¢ "makcsn) pick £ ¢ @ with f‘*l'(a) . (le=l)= conneo=
teds Use your function @1 H, (17" Z,) ==> 2, to define
h = L, fo(ni). @(Ei}. where A.5 seey Aq' Bys sevs Bq is a canonical
basis. Thle expression does not depend on the cholce of the basis (pro=
vided it ie & canonical basis). Is this the Arf inverient ?

Do you know whether or mot h is a homotopy invariant ﬂm&(-sn ) Zyet
Also, if r (Case I) is homot py invarient, it is certainly surjective
(it takes vslue 1 on the composition of & Hopf map with iteelf). Do you
know whether h is surjeetive 7 If h iz homoiopy invariant, then

0 =k () —>n (") B oz, 1y 57 o)

is exact.

2wl =
e Wu) ¥ Moy (830, (S0(n))s



Case IV, e’*" 4 "mkr(gn)/""&r(%("”'

Beat repards,



Jan. 2, 1960

Dear Johnt
Enclosed are some moredetails about the proof of the
gtatements in my last letter in Case 1. At the end I have
listed the }C =theorems which are needed.
As far asg Case II is concerned, one should be able to
prove that there exists an ewact sequence
O g (1) =t~

2k 2
for k odd and Sk not parallelizable,

_’_02](-1(") — ﬂzk_l/:[m J =0

The homomorphism Z, ——)-92k-1(ﬂ) being defined as

followss Let U, U' be two copies of the tubular neighborhood of

the diagonal in Sk x Sk. Let X be obtained from the disjoint union

k k
1 % R2 with
! x R} under Rl x R, <> R! x R!., The boundary of X

1 2 2 2 1
is a homotopy sphere, image of 1 ¢ 32 under 22 -—ﬁ'92k-1(ﬂ).

U U' by identification of a coordirnate neighborhodd R

its copy R

In my opinion, the main problem now would be to decide
for which values of k the boundary of X represents the zero
J=equivalence class.

Best wishes for the new year.
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Let V be a finite dimensional vector space over 22 with a commutative
bilinear product V¥V x V —> 22 satisfying
(1) xux = Q for every x ¢ V,
(2) @aex = O for every x ¢ V implies a = O.
It follows that dim V is evenj dim V = 2q. A basis
Bys eeey aq, bl’ seey bq of V is said to be canonicn:l if
ai.aj = bi'bj = 0 and &i.bj = 51

exists at least one canonical basis.

j. (1 5 i, j 5 q.) There

Let ¢V — 22 be a function satisfying

g(x+y)= ¢(x)+ @y) + xuy

) - 1 L
LEMMA 1. Let al’ sesy Eq, bl’ ssay bq and al' sany a.q’

bi, sesy bé be two canonical bases of V. Then
I =2 gla)p) = zF ¢a}).pol).

Proof. (Compare L.Pontryagin [1].) One proves that succesive

Y ' 1
transformation of the basis aj, bj not altering Eisa(ai) ¢ (bi)

1, ! [
bring ais b! into .y b, Assume by induction that a) = a,

b J
and bi = hk for r<k = qs Then, a, is a linear combination
of aly b} with 1, § -'N
1 1 1 '
ﬂ.r = Glal + see #+ Grar + ﬂlbl + cee + prhr
One of the coeffients is § O. After possible permutation of
LA '
the indicesyand interchange of a and b, we can assume G, = 1.
Def'ine a new basis u1' eney uq, VI, “nny Vq by
1 [ 1l ' - TR ™
ui - ai + Bibr ’ vi = b1 + uibr for 1 i=r=1
]
llr = B.r 9y ‘Vr = bI‘
W, =8, y V) = bk forr <k = g.

The new basis is canonical, and
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E%(f(ui). (f(vi) 'Z-l?(a'i + 31b;_). Cp(bi + “ibr'-) + P(ar). q(b;) * oos

- z}qo(ni).qa(bi) + A,
where ..
A= Lo B, (b)) # 8, p(a)) + 2,B))  # o (a,) +p(al)]
The axpi'ession‘in brackets is zero because
@ (ag) = T May p(al) + By (b)) + a8,) +(al) + B.(1+ (p(B1))s
and
B @ (b1)(1 + (b)) = O
Claims

br =T U ¥ e * TR + 0’1v1+ s *O‘r-lvr—l il- Ve

Indeed, the coefficient of ¥y in the expansion of br is given By

hr-ur = broar = 1.

Interchanging u and v and applying the same procedure leads
to a new canonical basis ui, P u:l, vi, seop v{'l such that

w o= a, and v} = b, for rsx=q

and T g(ul). p(v]) = 23 p(al)e ¢(b])e QuED.

_ n <
Let be the stable homotopy group ﬁm_zk(s )s 2k+2 = n,

and 0% as in J.Milnor [2].

THEOREM l.= For k = 1, 3, 7 there is an exact sequence

r
0 —> & —> m, —> 2

By [2], Corollary 6.8, o

2 —""'!h 0.
2k

(n)/8““(Dn) is naturally iso=-

morphic to a subgroup of ﬂn+2k(sn)/Jﬂ2k(SO(n)). For k = 1, 3

or 7, & - e2k(n) and 921{(5 n) = 0 by [2], Theorem 5.13.

Since ﬂzk(S(;‘(n)) =0 for k=1, 3 or 7y we have exactness of

0 —— sz —_— ok



03

We proceed to the definition of the homomorphism

'} Moy 2*
n+2i

Let @ ¢ “h+2k(3n)° Let £ 1 8 —~>5" be a C°%=map
representing @ and MZk- f-l(reg. value). Fn a field of normal
neframes over M2X such that a is associated with (sz; Fn).

Arplying Theorem A, we obtain a (kel)=connected m=manifold
of dimension 2k imbedded in R™*2° and a field of norsal
n=frames over it assoclated with the same .

l.e. we may assume M2 to be (k=1)=connected. Then Hk(Mzk; Z)
is a finitely generated free abelian group. Set V = Hk(mzk; 32)
and define x.y to be the intersection coelficient of x, y € V.
The axioms (1) and (2) of page Ol are satisfied.

Define a funoction f’i Vo 32 as followst For every xec V
let X ¢ Hk(Mak; Z) be such that X = x modulo 2, and let

J . 4 Sk —--:l-Mzk be a completely regular immersion represen-

-
1
ting X. The normal bundle (in M°F) of J, is trivial (s 18

parallelizable). Let * be a field of normal k=fraves. The imbedding
of 4% in B2 induces an Ymmepsion of 8° into A% yith s

field 7 x F_ of normal (ken)=frames. Let w  be the *degree®

of the induced map Sk e vn+2k, sl Def'ine
P(x) = W, o+ S(Jx)fi

where S(Jx) ie the self=-intersection ccef icient of t'e imersion
st Sk ———hMZk. To be proved:

(a) P(x) does not depend on the choice of v (under fixed
X and J_)3

(b) @(x) does not depend on J_ (under fixed choice of X).

Clearly then, ‘f(x) does not depend on the choice of X,



o4

It is casily seen that if i, J, ¢ s —% ¥¥ are
immersions representing x and y respectively, there exists
an immersion Jx-ry s 8 —_—> #%*  guch that

a"x-ry = (.Jx + Cdy + 1,
Rexthexokbxoxbxsky and
S(Jx‘_y) = S(Jx) + S(Jy) 4 XoYe
It follows that (¢ satisfies
(p (xay) =P(x) + Py) + %oy,

Proof of (a). Let X ¢ Hk(r-izk; z) and J_ 3 T repre=
senting X be fixed. Let v, v' be two fields of normal k-frames
over Jx(Sk) in H2, There exists a map Ot s© —% 80(k) such
that 7'(u) = 8(u)er(u) for every u e s, 1r 8 ¢ n‘k(SO(k)) also
denotes the homotopy class of &, and 12 H ﬂk(SO(k)) —-}rtk(su(mk))
is induced by the natural inclusion, then

W(r') = W(r) + J,i38,

where J.¢ ﬁk(SO(n-rk)) -—-*ftk(‘a'

e n-o-k) is natural.
$ ]

Ir Sk is parallelizable, 125 is divisible by 2. Therefore

@ (r') = @(r).




Proof of (b). Let 'rk(MZI‘) be the space of the bundle of

tangent k=frames on Mak. hommnd e de M Hipeeh 2} +ke-rorilar

hanotooy el qﬁm-nf‘—t“r-r*rﬂr—b —% stand 1a I-1 corres=

nondenee with tre S0 jesmniveptant ouciouy classes of-

DBl ) e R AT, Bineewe

- 1.y T o

ek Rt St R A L R k
- K % B s e P et Bk :

Saprepl S to bowmmallelizahles—thle is - tie-vame e the

o W . = e o R N

ooty CloLSes Gi Daper Rl e——de§ () The iobeddIng

2k n+2l . % e
£f 1 N -3 R induces a map £ @ Tk(ﬂ ) vn..zk, n+k

given by v —> £'(r) x F + VWe have a diagram

i. #
PR (1, (45)) — 1 ()

J/f'

n+2k, n+k’*

;008




Let 8 be a fixed field of tangent k-frames over Sk. With every
1
immersion j t S5 —» M>X 1is associated a lifting [js g —-a-Tk(Mzk)

given by 8, and je

Let §_, jyt 8° —M"

be respectively a trivial immersion
and a Whitney immersion (with precisely one self=intersection
point). Define <(j) = ‘j - [jc. If j is obtained as a sum of
3% and j", then 7(j) = v(3') + «(3").

One has ’f'.(f(j}) = aoj + 1.

Let j' and j" be homotopic (as maps), then v(j') = v(J") is
in the kernel of p,. Since Im i, is generated by r(jl), it follows

(') = 7(3") + aev(]y) = v(J* + a.j)) |

By M.Hirsch, this means that j' is rezularly homotopiec to
"+ 8.j,+ Thus 8(3") = s(j"» a.jl) = S(3") + a.

Applying £°, to the equation v(j') = v(j") + a.r(jl) and
using f',(r(Jl)) = 1, we get

&)j, +1+8(i") = .+ 14+58(3") modulo 2.

; J
QcEtDo
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Since [7 is well defined for a pair (Mzk; Fn), where M2X
is fkeekJexmmmmmiud the disjoint union of (k=1)=connected
closed manifolds, and clearly additive with respect to the
disjoint union of manifiolds in Rn+2k with fields of normal
n=-frames, the proof of the homotopy invariance of " amounts
to proving that (4™ 7 ) = 0 1r (¥ 7)) 1s the restriction
2k+1’ Fn)'

There exists a canonical basis of Hk(MZK; Z) such that

ofer the bounary of some (W

Ajy eees A 15 @ basis of the kernel of kxwxim Hk(Mzk) e

2kel
Hk(ﬂ )e

By theorem ;rz, we can make W to be (k=l)=connected
without changing the field P on the boundary. It follows

that Jx H Sk'-—qh- Mak, immersion representing X e [Al, suny Aq]

is homotopic to zero in W2k+1. Let A be anyone of the classes
Al, casy Aq’ and J @ Sk ~—7h-M2k an imbedding representing
A, (Compare J.Milnor [2], Theorem 5.9.) Let v be a field of
normal k-frames over J(Sk). Since 70 (a) = @ +1 isa
hometopy invariant of the sphere map associated with J(Sk) and
T X Fn’ and since Fn is extended 21l over W, it is sufficient
to show that the map sz'ﬂﬁ)?sk definzdxkyx associated with
J(Sk) and v can be extended to a map el —p-5%, The only

obstruction to sueh an externsion lies in Hk*l

(w’ M3 2)0 The
Poinearé dual in uk(w; Z) of this obstruetion is the image
of A under B (M°% 2) — B (W5 2). It follows that the

obstruction is zero. Q.E.De.



Ifa, B e m, and h(a)y, h(B) 4is the Steenrod-Hopf invariant
of a, B respectively. Then ["(a¢ o B) = h(a)sh(B)s Therefore

is surjective.

let a e be an element in Ker F. Represent a by a

2k
manifeld Mgk imbedded in Rn+2k

with a field of normal n=frames
F + We can assume that MK 18 (k=1 )=connecteds Since r’(MZk; Fn)
= U, there exists a canonical basis Al' seey Aq, Bl’ veey Bq
2k
of Hk(l-i $ 2) such that Cf(Al) = rf(Az) = see = ?(Bq) = O,
2k 2k
By Theorem }/5 5, (™ Fn) is homotopic to (£ Gn) where

EZk is a homotopy sphere.
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Theoren )CI' Let Md be a closed differentiable manifold imbedded
in Rd+n, where n is to be large. Let Fn be a field of normal

n=frames over Md. There exbsts H‘d in Rd+n

with a field F'n
of normal n~frames such that M'¢ is [ é%-!'-]-ccnnected and

(Md; F_) is homotopic to (H‘d; Fro)e

Theorem %21 1t (ﬁ*l; Fn) is a homotopy between (M’d; F'n)
and_(u‘?;“vvn), fiee QW wM' = k' and F' = F |N', F" =P |u%,
and if M', M" are [ggl]-connected, then there exists a homotopy
Ed+1; F;) between (M'j; F‘n) and (M"; F'n) such that il is

[ggll;?onnectad. X

' The;rem jxﬁz Given (szi Fnj whisre MK 14 (k=1)=connected. Then
(Mzk;-Fn) ie homotopic to gome (M's F'n) where M' is a homotopy
gphere iff r*(Mak; Fh) = 0, If Sk is parallelizable r is defined

~in the text (page C3). 1If Sk ie not.parallelizable I7 is as in

your letter of Nov. 19.

[1] L.Pontryagin, Smooth manifolds and their applications in

homotopy theory. Tranelations A.M.S. “vol. 11, Series 2, p,101.

[2] DeMoewea.H.S.
[3] M.Hirsch, Transactions paper, (Probably Hirsch's thecorem

is not really needed here.)
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NeBe to the proof of homotopy invariance of rﬂ «(Case I;@bottom
of page 07«) The map W e s  amgemet aalsloeiatad with
J(Sk) and v can be extended to W = U == Sk, where

U is ﬁg spherical neighborhood of some point ¢ Int W. Thus the
map associated with J(Sk) and T X F‘n is homotopic to the n=th
suspeccion of a map 82k ---?Sk- The Steenrod=Hepf invariant of

such an animal 1is z-ro.
Case 1I.

Def'inition of r': My, = 32 for k oddy and Sk not
paralldizable.

According to M,Hirsch [3], the map J —» ﬂk(Tk(Mak)J ix
hi3mzkk copled from the definition of the Smale invariant
is bijectives (M°° unbounded compset manifolds T, (4°5), the
space of the bundle of tangent k=frames over Mak, and J the
get of mpmiyximmzmxzixzmmxxmf regular homotopy classes of
imnersions Sk — Mzka)

If j ¢ J, denote by [j] the corresponding element in ﬂk(‘l‘k(Hak)).
The argument on page 125 of [4] ylelds

(3] = [3'] + [3"]
if j is comtructed as sum of j' and j". let j; be a Whitney
kex immersion.

such that £[3.,] =1
LEMMA 2.- Lot £ 1 7t (T, (v°5)) — Z, be any homomorphism} then

2k
there is & function (o1 ﬂk(}i ) — Z, defined by l’o(u) =

£03] + 8(j)» where j is any immersion representing .
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Lok _. wk(“zc) ‘Enzka - soobd fea-l-frome

mthaxsiixﬂstskep!mx Bprexedshpxthexhnfxaxe.,

1r #*¥ is aluost parallelizable, there is £ t n (T, (4™)) -2
2%

given by normel bundles £ 12 a homcmorphism, If M

2
is (k=l)=conec~

ted this ylelds a function @1 Hk(b{akj z,) — Z, satisfying
plx+y) = ¢(x)+p(y) + xy.

Proof of lem.e 2. Since p‘[j] = homotopy elase of j; where

Py ! ﬂk('l’k(ﬂzk)) -——Fﬂk(E--lzk), it follows that if j' and j® are

homotcpie immersion Sk ---ﬂ-Mzk, then

[5] = [3*] = al3, s -
for some a € 4,y where J, is a Whitney immersion, (S(jl) =1
and P*[jl] = 0s) Thus j' and j* 4 aj, are regularly homotopie.
Therefore 5(j') = 8(3") + a. It follows

£3'] + s(3") = £[3"] + s(3").

" is thus well defined and additive on pairs (M F_)s vhere

n+2k

x 5 e (k=1)=connected unbounded manifold in R and F_ is

M
a field of normal n-frames over Mzk. To prove the homotopy inva=-
riance of | it is sufficient to prove that F(MZk; Fn) =0 if
M2 « D WP ynere W'l 15 a manifold in R*P*! caver which
?n can be extended as a f'ield of normal n=frames. It is suffi-
cient to prove (@ (A) = O for A in the kernel of Hk(Mak] Z)
—H (™ 2)s Let § + 85—+ 4" be an imbedding repre-
senting A. If the normal bundle of j were nontrivial we would

2k 2

get a map £ ¢ M

— 5%V e (where o2* 15 attashed by [ik,i.k])
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such that £, HZK(Mzk; 2)  m— sz(sk eak) is an isomorphism,

Again, the extension of f is possible over W except possibly
in some spherieal neighborheod. The boundary of this neighborhood

2k

baing 321{ wz get that the top cyele of Sk Ve is spherieal,

Ine. [1, 1,] = 0. This contradicts J.F.Adans if 8 k £ 1, 3, 7.

(of course the 'x, =conglructiony theoren x 29 has to be used
again to make ¥ (lc-l)-co:lnectadw Hq'.'l(w, My G) = O for

k<q<2k.)

ams

—

odd

Theorem 2.~ For kf¢ 1, 3, 7 there is an exact sequence

VAR )

o-—.s-egk(n)—-»-ﬂ, —= Yol

2le=1
o 5 8 (n) -+"2

; £ z:zk_l is a homotopy sphere which bounds a m=manifold Vz“,

then theorem Xz yields a ?2k which is (k=1)=conrected, Further

2k

X ~construetion leaves us either with V havin% the homotopy £ype

off a disk, or Hk(Vzk; Z) % Z 4+ Z with generators represented

k

by imbeddings j' 1 B° = VX, % 1 55— v yith 8(§%) §") = 1

and both normal bundles kxixk nontrivial., If U is a neighborhood

of 3*(s)u J"(s¥), contractivle on §7(s5)v 3*(s¥), then U® is

a homotopy sphere which is J-equivalent to Eak.l

2]{"1(")

« This proves

exactness at €
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