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Abstract. By the use of the Karoubi Tower diagram we generalize the classical invariants of
quadratic forms. Similar to Quillen’s higherK-theory generalization of the classicalK-theory
groups, these invariants are an extension of the classical invariants by the use of homotopy theory.
The iterated forgetful maps in the Karoubi Tower areKR valued and yield a generalization of the
standard (rank, discriminant and total Hasse–Witt) invariants of quadratic forms in two directions.
First, we get invariants of all degrees. Second, these invariants are defined for every Hermitian ring.
They yield and generalize the Clifford invariant in the case of a field of characteristic different from
2, or in the case of an arithmetic Dedekind domain containing1

2.
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1. Introduction

Quadratic forms over a fieldR have been extensively studied, in particular their
classification by the use of invariants. The classical invariants of non-singular sym-
metric bilinear forms over a field are rank, discriminant, Hasse–Witt and signature
invariants [12, 16]. Invariants rank, rank(mod 2), discriminant and Hasse–Witt are
K0, K0/2K0, K1/K

2
1 andK2/2K2 valued, respectively. We writeKi for the ith K-

theory groupKiR. These invariants assemble into the Clifford invariant, which is a
homomorphism from the Witt ringW(R) into the Brauer–Wall groupBW(R). In
some special cases, for example in the case of a finite fieldFpi , in the case ofp-adics
Q̂p, or in the case of algebraic number fields, the Clifford invariant (together with
rank and signatures) classify the quadratic forms (see [16]). Recall that when1

2 ∈ R

the category of quadratic forms and the category of Hermitian forms over(R, id, 1)

are equivalent.
The classical invariants of quadratic forms over a field were generalized in many

ways. In particular, one desires to have a general theory of quadratic forms over any
commutative ring (see [2, 8]). For another example of generalized classical invariants
see Giffen’sK2 valued Hasse–Witt invariants for(α, ε)-reflexive forms [4]. In [11],
Milnor defines ‘Stiefel–Whitney invariants’ of quadratic forms over a field. These
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invariants are defined by the use of Milnor’sK-theory groups and in low degrees
Stiefel–Whitney invariants yield the classical invariants of quadratic forms over a
field.

Using the Karoubi Tower, we give a construction of invariants of Hermitian forms
over any Hermitian ring. Our construction resembles Quillen’s generalization of the
classicalK-theory groups. There is an obvious analogy in defining the classical
K-theory groups and the classical invariants of quadratic forms. Quillen’sK-theory
groups are the homotopy groups of a certain space, whose lower homotopy groups
realize the classicalK-theory groups. Similarly, our invariants are the maps be-
tween the homotopy groups of certain spaces intoπ∗(KR), where in lower dimen-
sions these maps realize the classical invariants. Our invariants (using all degrees)
yield the classification of forms over fields and rings for which the inclusion of the
K-theory fixed set into theK-theory homotopy fixed set induces an isomorphism
on π0 (compare [5]). Low degree cases of these invariants generalize the classical
invariants of quadratic modules over a field and over (arithmetic) Dedekind domains
([2, 8]). In particular, our invariants yield and generalize the Clifford invariant in the
case of a field(char 6= 2) or in the case of an arithmetic Dedekind domain containing
1
2.

Let (R, α, ε) be a Hermitian ring, i.e.R is a ring with unit element 1,α is an
anti-involution andε is a central element, such thatα(ε)ε = 1. LetP(R) be the
category of finitely generated projective leftR-modules and letH(R, α, ε) be the
category of Hermitian modules, that is the category of finitely generated projective
left R-modules with an(R, α, ε)-Hermitian form [9]. LetKRandK Herm(R, α, ε)

be the associatedK-theory spaces.

1.1. the karoubi tower

For a Hermitian ring(R, α, ε) we constructed [9] the Karoubi Tower diagram:

· · ·

�nKV n
Ry �nHV n

R

→�nKH(n)→y �nFV n
R

�nKV n
R

· · ·

�KVR KR KURy �HVR

y HR

y HUR

→�KH(1)→KH(0)→KH(−1)→y �FVR

y FR

y FUR

�KVR KR KUR

· · ·

KUn
Ry HUn

R

→KH(−n)→y FUn
R

KUn
R

· · ·

whereV 0
R =R = U0

R,KH(n) =KHerm(V n
R, α, ε)andKH(−n) =KHerm(Un

R, α, ε).

1.2. invariants of a hermitian ring

Karoubi Tower generalizes the classical invariants of quadratic forms. The maps
π0(�

nFV n
R
) are KnR valued homomorphisms, which yield invariants for every

Hermitian ring and for everyn > 0. These generalizations simplify and under
some assumptions agree with the generalizations of Bass and others.
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THEOREM. In the case of a local ringR the mapπ0(FR) is the classical rank map.
In the case of a Dedekind domainR which contains1

2, the mapπ0(FR) yields the
rank map[8]. In the case of an arithmetic Dedekind domain (or in the case of a field)
containing 1

2, the mapπ1(FVR
) yields the discriminant map and the mapπ2(FV 2

R
)

yields the total Hasse–Witt invariant.

2. Classical Invariants

If G is a group, we writenG to denote the subgroup of elements of ordern in
G andG/n to denote the groupG/nG or G/Gn, respectively, for an additive or
multiplicative group. The following is a brief dictionary of the classical theory of
invariants of quadratic forms over fields:

• Rank: Rank is the dimension of the free module underlying a quadratic
form [12].

• Discriminant: Let(M, q) be a (non-singular) quadratic module of rankn over
a field R. The discriminant of(M, q), denoted byd(M, q) is the element
(−1)n(n−1)/2det(q) ∈ R∗/2, where det(q) is the determinant of the matrix
associated toq. The discriminant depends only on the Witt class inW(R).
If I 6 W(R) is the fundamental ideal (the ideal of classes of even rank) in
W(R), thend defines a homomorphismd : I → R∗/2 with the kernelI 2,
whereR∗ is the multiplicative Abelian group of invertible elements inR [12].

• Hasse–Witt invariant: LetR be a field andB a multiplicative Abelian group
of exponent 2. A symbolϕ : R∗ × R∗ → B is a bimultiplicative function
satisfyingϕ(x, 1 − x) = 1 for everyx 6= 1 in R∗. The universal symbol is a
symbolϕ : R∗ × R∗ → B, such that for any other symbolϕ′ : R∗ × R∗ → B ′

there exists a unique homomorphismf : B → B ′, such thatϕ′ = f ◦ ϕ.
There exists a universal symbol (Steinberg symbol)ϕ : R∗ × R∗ → K2/2 ∼
I 2/I 3 ∼ 2Br(R), where Br(R) is the Brauer group [11, 16(12.11)]. Under the
determinant isomorphismK1 ∼ R∗ the Steinberg symbolϕ is given by(x, y) →
[x∪y] ∈ K2/2, whereK1×K1

∪−→ K2 is the standard map. Letϕ be the Stein-
berg symbol. Any quadratic module(M, q)admits an orthogonal decomposition
(M, q) = 〈x1〉 ⊕ · · · ⊕ 〈xn〉 and one defines the total Hasse invariantHϕ(M, q)

byHϕ(M, q) = ∏
iøj ϕ(xi, xj ).Hϕ(M, q) does not depend on the choice of the

orthogonal decomposition. Furthermore, quadratic modules of the same rank
and belonging to the same class inW(R) have the same total Hasse invariant.
For anyX ∈ I one can choose a quadratic module(M, q) whose class inW(R)

isX such that rank(M, q) ≡ 0(mod 8). The total Hasse–Witt invariant ofX ∈ I

is hϕ(X)
def= Hϕ(M, q). The restriction of the total Hasse–Witt invariant toI 2

is a homomorphismI 2 → 2Br(R), with the kernelI 3.

There exists a general theory of the classical invariants of quadratic forms over a
commutative ring (see [2, 8]).
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Let R be a Dedekind domain and assume that 2∈ R∗. The Clifford invariant is
a homomorphismW(R)

Cliff−→ BW(R), whereW(R) is the Witt ring andBW(R) is
the ‘Brauer–Wall group’ (see [2, 8]). The image of the Clifford invariant is called the
‘Hasse–Wall group’ and is denoted byHW(R). It follows from the study ofBW(R)

(see [8, 10]) that there exists a filtration ofBW(R):

1 ↪→ BW2(R) ↪→ BW1(R) ↪→ BW0(R) ↪→ BW(R)

with the following properties:

BW2(R) ∼ Br(R),
BW1(R)

BW2(R)
∼ R∗

R∗2
,

BW0(R)

BW1(R)
∼ 2Pic(R),

BW(R)

BW0(R)
∼ Z2,

where Br(R) is the Brauer group ofR and Pic(R) is the Picard group ofR. Further-
more,BW2(R) ∩ HW(R) ∼ 2Br(R). The groupBW(R)/BW2(R) is known as the
graded quadratic group ofR and is denoted by QU(R). Note also that ifR is a field
(char 6= 2), then2Br(R) ∼ K2/2 [11, 16 page 89]),R∗/2 ∼ K1/2, Pic(R) ∼ 1 and
Z2 ∼ K0/2. The Clifford homomorphism and the above filtration ofBW(R) induce
the filtration ofW(R):

1 ↪→ W3(R) ↪→ W2(R) ↪→ W1(R) ↪→ W0(R) ↪→ W(R)

whereW3(R) = Ker(Cliff ) andWi(R) = Cliff −1(BWi(R)) for i = 0, 1, 2. In the
case of a field(char 6= 2) this filtration coincides with the filtration of the powers of
the fundamental ideal, i.e.I i ∼ Wi(R) for i = 1, 2, 3, whereI is the fundamental
ideal in the Witt ringW(R). Also W1(R) = W0(R).

3. Generalized Invariants

Let (R, α, ε) be a Hermitian ring. Applyπ0 to the Karoubi Tower (see Section 1.1
and [9 (1.5)]). To simplify the notation we write the associate diagram of Abelian
groups in the following way:

· · ·

Kn Kn−1y hn

y hn−1

in+1−−−→Hn

in−−−→Hn−1
in−1−−−→y fn

y fn−1

Kn Kn−1

· · ·

K1 K0y h1

y h0

i2−−−→H1
i1−−−→H0

i0−−−→Wy f1

y f0

K1 K0

(KT )

whereKi = πi(KR), Hi = πi(KHerm(V i
R, α, ε)) andW is the cokernel ofh0. Re-

call, the diagram from [9(2.3)] and its properties. The mapH0
f0→ K0 factors asH0 →

π0FZ2(aS
n
+, KR) → K0. Let 0n be the homomorphismH0

0n−→ π0FZ2(aS
n
+, KR).
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DEFINITION 1. The homomorphisms0n, for n = 0, 1, . . . , ∞ are called the
invariants of a Hermitian ring(R, α, ε).

Consider the following diagram

K0
h0−−−−−−−−−−−→ H0 −−−−−−−−−→ W −−−−−→ 0y id

y 0n

y wn

K0
0n◦h0−−−−−→ π0FZ2(aS

n
+, KR) −−−−−→ Wn −−−−−→ 0

whereW andWn are the cokernels ofh0 and0n ◦ h0, respectively andwn is the
homomorphism (invariant) induced by the invariant0n. The rest of this chapter is
mostly devoted to the following theorem:

THEOREM 2. Let (R, id, 1) be a Hermitian ring.

(a) If R is a field of characteristic different from 2, then the homomorphismw2

is equivalent to the Clifford invariant and the groupW2 is isomorphic to the
Hasse–Wall groupHW(R).

(b) If R is an arithmetic Dedekind domain containing1
2 then the Clifford invariant

W → BW factors asW
ω2→ W2 → BW .

For any Hermitian ring(R, α, ε), let In be the image of the mapαn = i0 ◦ i1 ◦
· · · ◦ in (see diagram (KT) above). The invariants0n (or simply homomorphisms
fn from (KT)) yield homomorphismsϕn : In → fn(Hn)/fn(Kerαn) ∼ In/In+1 for
everyn > 0.

Remark3. LetI∞ be the inverse limit of the tower of groups· · · ↪→ In ↪→ · · · ↪→
I1 ↪→ W . Invariantsϕn, for n = 0, 1, 2, . . . classifyW upto the subgroupI∞. In
particular, ifI∞ = 0, then the invariantsϕn classifyW .

PROPOSITION 4.The mapW
wn−→ Wn factors asW → W/In+1 ↪→ Wn, where the

first map is the quotient map, the second is an inclusion,W ⊂ π0(KHerm(UR, α, ε))

and Wn ⊂ π0FZ2(aS
n+1
+ , KUR). If KR is −1 connected, thenW = π0(K Herm

(UR, α, ε)) andWn = π0FZ2(aS
n+1
+ , KUR).

Proof. The first statement is clear since the two sequencesHn → W → Wn

and Hn → W → W/In → 0 are exact.W ⊂ π0(KHerm(UR, α, ε)), Wn ⊂
π0FZ2(aS

n+1
+ , KUR) (W = π0(K Herm(UR, α, ε)) andWn = π0FZ2(aS

n+1
+ , KUR),

if KR is −1 connected) by the exact sequences following from [9 (2.3)]

Remark.The homomorphismsϕn areIn/In+1 valued and in generalIn/In+1 is
isomorphic to a subgroup of the quotient group ofĤ n(Z2, Kn). Namelyfnhn is the
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map 1+ (−1)nτ , whereτ is the involution onKn and Im(hn) ⊂ Ker(αn). Thus

Ĥ n(Z2, Kn) = Ker(1 − (−1)nτ )

Im(1 + (−1)nτ )

= Ker(1 − (−1)nτ )

fn((Im(hn))

quotient−−−−−→

quotient−−−−−→ Ker(1 − (−1)nτ )

fn((Ker(αn))
⊃ fn(Hn)

fn((Ker(αn))
∼ In/In+1.

The inclusion Ker(1 − (−1)nτ ) ⊃ fn(Hn) follows from the exact sequences in the
Karoubi Tower.

THEOREM 2(a)

(i) Let (R, id, 1) be a Hermitian field and let the characteristic ofR be different
from 2. The groupW2 is isomorphic to the Hasse–Wall groupHW(R), the
homomorphismW

w2−→ W2 is equivalent to the Clifford invariant andIi = I i

for i = 1, 2, 3. (Therefore,W1 ∼ W/I2 ∼ BW(R)/BW2(R), W0 ∼ W/I1 ∼
BW(R)/BW1(R), ϕ2 : I2 → I2/I3 ∼ K2/2 ∼2 Br(R) is the ‘total Hasse–Witt’
invariant, ϕ1 : I1 → I1/I2 ∼ K1/2 ∼ R∗/2 is equivalent to the discriminant
homomorphism,w0 ≡ ϕ0 : W → W/I1 ∼ K0/2 ∼ Z2 is the rank(mod 2)
invariant and00 is the rank map.)

(ii) Let(R, id, 1) be a Hermitian ring and assume thatR is an arithmetic Dedekind
domain with2 ∈ R∗. The groupW1 is isomorphic to the quotient groupBW(R)/

BW2(R) ∼ QU(R), the homomorphismW
w1−→ W1 is equivalent to the compo-

sitionW(R)
Cliff−→ BW(R) → BW(R)/BW2(R), W1(R) = I1 andW2(R) = I2.

(Therefore,W0 ∼ W/I1 ∼ BW(R)/BW1(R), ϕ1 : I1 → I1/I2 ∼ K1/2 ∼ R∗/2
is the discriminant homomorphism,w0 ≡ ϕ0 : W → W/I1 ∼ K0/2 ∼ Z2 ⊕
Pic(R)/2 composed with the projectionZ2 ⊕ Pic(R)/2 → Z2 is therank(mod
2) invariant and00 composed with the projectionK0 ∼ Z ⊕ Pic(R) → Z is the
standardrankmap.)

(iii) Let(R, id, 1) be a Hermitian ring and assume thatR is a Dedekind domain with
2 ∈ R∗. The groupW0 is isomorphic to the quotient groupBW(R)/BW1(R),

the homomorphismW
w0−→ W0 is equivalent to the compositionW(R)

Cliff−→
BW(R) → BW(R)/BW1(R) and I1 ⊂ W0(R). (Therefore,w0 ≡ ϕ0 : W →
W/I1 ∼ K0/2 ∼ Z2⊕Pic(R)/2composed with the projectionZ2⊕Pic(R)/2 →
Z2 is the rank(mod 2)invariant and00 composed with the projectionK0 ∼
Z ⊕ Pic(R) → Z is the standard rank map.)

Proof. A detailed proof can be found in [10]. Compare also [7(4.2.3)], which
turns out to be equivalent to the statement (i) above.

Now let F be a number field, that is some finite extension of rationalsQ. Let R
be such a ring thatO ⊂ R ⊂ F , whereO is the ring of (algebraic) integers inF .
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Such a ringR is called an arithmetic Dedekind domain. LetP be the set of non-zero
prime idealsP ⊂ R. Let fP = R/P, that isfP is a finite field of characteristicp,
whereP is over the ideal(p). Let F̂P be theP-adic completion of the fieldF and
ÔP the completion ofOP in F̂P , whereOP is the ring of integers inF localized at
P. By assumption12 ∈ R and so all the fieldsfP , forP ∈ P, have odd characteristic.
Let P ∈ P be an ideal over(p) and let 0→ K2(ÔP) → K2(F̂P) → K1(fP) → 0
be the ‘localization sequence’ (see for example [15(5.3.28)]).

LEMMA 5. The mapK2(F̂P) → K1(fP) from the exact sequence above induces an
isomorphismK2(F̂P)/2

∼→ K1(fP)/2 ∼ Z2.
Proof. Recall thatK2(F̂P) ∼ µ(F̂P) ⊕ H , whereµ(F̂P) is the group of roots of

unity in F̂P and H is a divisible and torsion free group (see [6(10)]). One gets
the exact ‘torsion sequence’ 0→ tor(K2(ÔP)) → µ(F̂P) → K1(fP) → 0.
The group tor(K2(ÔP)) is the kernel of the surjective mapµ(F̂P) → fP∗ and
is isomorphic to thep-primary subgrouppiµ(F̂P) of µ(F̂P) (see [17(14.10)] or

[13(5.8 Cor.)]). Sincep 6= 2 one concludes thatµ(F̂P)/2
∼→ K1(fP)/2 ∼ Z2. Since

K2(F̂P)/2 ∼ µ(F̂P)/2 we are done.

Recall the Karoubi Tower (KT) and especially the following relations:

I2(R)

I3(R)
∼ f2(H2(R))

f2(Kerα2(R))
⊂ K2(R)

f2(Kerα2(R))
,

h2(K2(R)) ⊂ Kerα2(R), h2(K2(F )) = Kerα2(F ),

and

K2(R)2 ⊂ f2(Kerα2(R)) ⊂ K2(R).

Let E = f2(Kerα2(R)).

LEMMA 6. There exists a natural surjectionK2(R)/E → 2Br(R).
Proof. The mapK2(R) → K2(F ) induces the mapK2(R)/2 → K2(F )/2.

Because of the functoriality and sinceh2(K2(F )) = Kerα2(F ) the mapK2(R)/2 →
K2(F )/2 factors asK2(R)/2

j→ K2(R)/E
k→ K2(F )/2, wherej is surjective and

thus Im(k) = Im(kj). Look at the following commutative diagram:

0 −−−−−→ K2(R) −−−−−→ K2(F ) −−−−−→ ⊕
P∈P

K1(fP) −−−−−→ 0
x

xy id x
K2(F ) −−−−−→ ⊕

P∈P

K2(F̂P)
y

y
0 −−−−−→ Br(R) −−−−−→ Br(F ) −−−−−→ ⊕

P∈P

Br(F̂P).
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The top and the bottom sequences are the ‘localization exact sequences’ for
K-theory [15(5.3.28)] and for the Brauer group [14(6.35)], respectively. The bot-
tom two vertical arrows are the maps which induce the isomorphismsK2(F )/2

∼→
2Br(F ) and

⊕
P∈P

K2(F̂P)/2
∼→ ⊕

P∈P

2Br(F̂P) [11, 16 page 89]. Using Lemma 5 we

get the following diagram:

K2(R)/E −−−→ K2(F )/2 −−−→ ⊕
P∈P

K2(F̂P)/2 −−−→ 0

p

p

p↓↓

y ∼
y ∼

0−−−→ 2Br(R) −−−→ 2Br(F ) −−−→ ⊕
P∈P

2Br(F̂P)

where the two horizontal sequences are exact and the two isomorphisms induce the
desired surjection.

Let (R, id, 1) be a Hermitian ring and assume thatR is an arithmetic Dedekind
domain containing1

2. All the groups which appear in the following theorem are
associated to the ringR.

THEOREM 2(b) The Clifford invariantW → BW factors asW
ω2−→ W2 → BW .

(ThereforeI3 ⊂ W 3 and there exist natural surjectionsK2/2 → 2Br andI2/I3 →
2Br.)

Proof. The following diagram is self-explaining:

The existence of the mapK2/E → 2Br is essential in defining the mapW2 →
HW .

EXAMPLE. In the case of a finite field(Fq, 1, 1) the computations of the Karoubi
Tower [9(4), 10(3)] imply thatI2 = I 2 = {0} . (If q is even, thenI = {0}.) Therefore,
the quadratic forms over a finite field are determined by dimension and discriminant
(see Remark 3).
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EXAMPLE. If in the case of a field(R, 1, 1) the groupI 3, whereI is a fundamental
ideal, is torsion free, then the quadratic forms overR are classified by dimension,
discriminant, Hasse–Witt and signature invariants. IfI 3 = {0}, then the quadratic
forms are classified by dimension, discriminant and Hasse–Witt invariants. Namely,
the kernel of the total signature homomorphism equals to the torsion subgroup ofW

(see [12] and compare Remark 3).

Finally, in the case whenKR is −1 connected (see [9(1.8)]), the invariants0n, or
more precisely the induced invariantswn, can be described by the use of equivariant
Postnikov tower of the infinite loop spaceKR. Recall the map

H∗(Z2, KR) −→ K Herm(R, α, ε) −→ H ∗(Z2, KR)

| ↑
N

from the remark at the end of chapter 3 in [9]. The homotopy cofibre ofH∗(Z2, KR) →
K Herm(R, α, ε) is homotopy equivalent to the homotopy direct limit of the Karoubi
Tower and its 0th homotopy group is isomorphic toW . The homotopy cofibre of
the norm mapN : H∗(Z2, KR) → H ∗(Z2, KR) is the Tate spectrum̂H(Z2, KR).
Thus, we get the mapW → π0Ĥ (Z2, KR). There exists the mapπ0Ĥ (Z2, KR) →
π0Ĥ (Z2, KR〈0, . . . , n〉), induced by the Postnikov tower projection.

THEOREM 7. IfKR is −1 connected, then the composition homomorphismW →
π0Ĥ (Z2, KR) → π0Ĥ (Z2, KR〈0, . . . , n − 1〉) is equivalent to the invariantwn.

Proof. See [10].
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