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SOME THEOREMS ON POPOLOGICAL MANTFOLDS
R.C. Kirby and L.C, Siebenmann

‘We list here some theorems about (metrizable) topological manifelds, most of whieh

were annownced in (7], [8], with proofs to appear in (g1, [10], [11]. 1n eddition,
neﬁﬂ [13]. (151, [6].

] First is the theorem on existance and uniqueness of PL (menifold) structures, which

settles the triangulation problem and the Hauptvermutung for manlfolds. (

Cohomology
will be Cech cohomology throughout, )

b Theorem 1: Let Qq be a g-dimensional topological manifold and let C be & closed

subset of Q. Suppose that & neighborhood of ¢ has a PL structure 80. Let 'q 2 6,
»or'q;S it Qe C,

It ¥(q, C; Za) =0, then Q hes & PL structure I which agrees with I, near C,

Given the FL structure I, then the PL structures (up to imotopy rel C) on §
which agree with

L near C are in one to one correspondence with the elements of
H:3(Q. Cy ZE)'

Definition: et L end © Ve two' PL structures on Q. Then § and © are said
to be equivalent (up to homotopy, or up to isotopy) if there exists a PL homeomor-
* phism f: Q + Qg (which iz homotopic, or isotopic, to the identity). In the
velative. case, £ =@ near C and the homotcspy, or isotopy, fixes a nelghbourhood
of C, and respects both 93Q and Q-C.

Sullivan proved the following theorem on wniqueness up to homotopy [21], [1], ],

Theorem 2: For the data of Theorem 1 suppose HM(Q, C; 2) has no 2-torsion,
Buppose also that Q is compect and C is & codimension | (locally flat) submani-
fold and suppose that for each conr}eéted component Q' of Q-C either

(i) 3Q' is connected and ‘RIBQ' ¥ 1,Q" by inclusion, or

{(i1) 3Q' = ¢ and Q' =0,

Then any two PL structures on Q which agree near C .are hémotOpic {rel C).

The two uniqueness theorems are related as follows: let R: 13 (Q, C; 2 ) h(Q, ¢, 2)
be the Bockstein homomorphism coming from the exmet sequence of coerflc:tents
0+ 7+2 z2 + 0 (which is the sequence 0 + 7, (G/PL) + m,(G/TOP) + w3(TOP/PL) + 0).

Assume the conditions of Theorem 2, Then if Q@ has PL etructures [ and @
corresponding to [Z], [@] € H3(Q, C; ZZ’)" then T end @ are equivalent (rel ¢C)
up to hemotopy iff 8([r]) = s([0]).

This fails however for 83 x s' X B1 which has two PL structures up to isomorphism
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homotopy or isotopy,

The uniquenesa half of Thecrem 1 fails for 3-manifold

8, Where PL structures unique
up to

isotopy (Moise). ‘But it is g reasonable conjectur

e that Theorem 1 holds vhenever
dim Q ¥ 3 ¢ dim 3Q.

Theorem 1 is elucidated by two more detailed theorems 3 and h below, which also deal

with DIFF (smooth ¢ ) manifold structures,

Le# CAT(q) be the semi-simplicial group of CAT autcmorphishs ot g4 fixing the

origin, Here CAT = DIFF, PL or TOP, Recall that DIFF(q) ~ G1(q) » 0(q), [14].

Theorem §._f7], [13} [15] |11] Let r > 5 throughout. Then the stabllxzatlon map
: nk(TOP(r), PL(r)} » 1 (TOP(r+1) PL(r+1)) is an isomorphism. Further

% (TOP(r) PL(r)) = (TOP PL) is zero if k # 3 and is Z, if Xk =3, For DIFF
in place of PL, the stabxlizatlon 8 is blaectlve if k < r+1
k = r+2 (using Cerf's pseudo- -isotopy result).

and surjective if

Thus, for exemple, the clagsifying map f: Q + BTOP( y for the tangent ‘q-microe

tundle +Q of Q lifts to BPL(Q) if and only if an obstruction in
H(Q; = (TOP(q) PL(g))) = ®" (Q, ) is zero. By the classification thecrem below,
this is the obgtruction of Theorem 1 to imposing & PL' manifold structure on Q.

Let .Y BCAT(q) TOP( ) be the map of classifying spaces for CAT and TOP
q-microbundles that corresponds to forgattlng CAT structure. Form a triangle

CAT(q) " Bpop(q)
AN /y
. ar
CAT(q) -
where i is a homotopy equivalence and Y' is a Hur?Tlcz]flbgatlon. For example
: 0,1 0
)

] .
BCAT(q)- can be the space of maps (BTOP(q)f Boan(q)

Consider & TOP q-manifold Q, a closed subeet CCQ anda CAT structure I,
on & neighbourhood of C. Define Cat(Q rel 03 I ) to te the (semz~almpl1c1al Kan)
complex of which a typical d~51mplex is a CAT structure T on A X Q “sueh that
projectlon onto Ad is- a CAT submersion ) and T' = Ad x ZO near Ad x ¢, If

C =6, we write Cat (q).

Slmilarly, let Llft(f rel C, 98 ) be the (semi-simplicial, Kan) complex of lifts

- it fixed
of £:Q+ BTOP(q) to maps f': Q + BCAT( }. where ' agrees near C with a
lifting Ty of f near C induced by E ‘

) Amap f: X oY of CAT menifolds ig a CAT sutmersfon if ¢ y) is a CAT sub-
manifold of X for each y in Y and for each point x €X there exists an open
neighbourhood V of £(x) in ¥, an open neighbourhood U of x in the submanifold

f—1f(x) and a CAT isomorphism ¢.0f U x V onto an open nelghbourhood of x in X
such that felu, v) = v for each. (u, ) in U x v,
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Theorem 4, (Classification Theorem (10]. There is a natural map (detined up to

homotopy) £: Cat (Q rel c, z ) + Lift (£ rel c,

ro) that is a homotopy equivalance
it 944 amd g ec,

It Q#C but q2 6, Lirt (¢ rel C, £, ) must be replaced by a new. more complica-
ted complex that takes asccount of llftlnga of the ‘mep 3Q + B

10P(q-1) claaslfylng
13q; also q must be > 6. But happily, for q 2 6 the nev complex hag the same 1 ,

end in case CAT = PI it ia actually equivalent to fot (

Lashof [121 Morlet [15] and C, Rourke have also proved versions of the classifica-
tion theorem. We discuss ingredients of the proof belov.

Let r be 2 CAT satructure on. I x Q and let 0 x 2 be its restriction to 0 x Q,
Suppose : I XL near I x C,

Theorem 5. (Concordance implies isotopy) ﬁ; let g 26, or Q25 if ¥ ecC.

Thera exists an isotopy h : I x Q +IxQ, te [0 1} fixing 0 x Q end &

~ ‘neighbourheod of I x ¢, auch that h, = identity and byt Ix Q.+ (T x Q) i
CAT isomorphism, '

Furthermore h

s a

¢ c¢an be chosen arbitrarily close to the identity.

Theorem 6. (Sliced concordance implies isotopy) (9]. Suppose q # b, and q £ 5 if

Q& C. Also suppose the projection [I x Q) + 1 1s a CAT submersion. Then ht

exists as in Theorem 5. Furthermore h (s x Q) =8 x @ forall s & I. This assertion

a
holds if, more generslly, a pair (A s A) replacea the pair (I, 0), where & is

the standard A-simplex and A is & contractible subcomplex such that
FlAxQ=pAxg .

Theorem 6 readily implies the sliced comcordance extension theoren:

- Theorem 7. Let Q' be an open subset of Q. Suppose q #Lk, and q ¥ 5 ir 3Q # 4.
Then the restriction map Cat(Q) + Cat(Q') is a Kan fibration.

Theorens 5 and 6 ere established first for 5Q = g, by decomposing Qz into emall

handles and then applying inductively a version where @ 1is an open k-handle

x R, Q= ktn, and C = (Rk - int p¥ ) x R". This version differs in that h
needs to be a CAT imbedding only near I x (R x B7)
replaced by the condltlon that h
independent of t),

1
and the smallness corndition is

L, Tix 81l points outside a compactum (which is

The handle version of Theorem 5 is most efficiently established by use of & variant

of the Main Disgram of [7] (see alaq (9], (6]) which uses only the s-cobordism
theorem. In case CAT a PL (out net DIFF),

tﬁe Alexander isotopy dsvice (invalida
for DIFF) and the

a-cobordism theorem can be used quite directly in the Main Dxagram

to strengthen Theorem 5 to read: Given the data of Theorem S5, the semi-simplicial

space of concordances of the given structure I on g,
(a d-simplex i & PFL structure F on Ad
a Submersion, [A x 0 x Q= A% %0 xg

rel I % (, is contractidble
X I %Q such that projection on Ad is

frelC, £, ) by Theorem 3.

»and T equals A% x T x I near Adexc).
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For the handle version or Theorem 6
topy extension theorep will deduce
CAT isomorphic to 4% x (p* x gM)

» Tirst note that the (many parameter ) TOP iso~
it from the statement that (4% y g% ), i
y DYY & map respecting projection to Ad. This

statement follows from a aimilay iscmorphism of (Ad X Bk-” (g%

d

- 0))r with
8% % (85 x (" L gy

¢ Which is established via g useful technical lemma,
Lemme. (This lemma will hold for CAT equal TOP a8 well as
Congider & CAT manifold E vith two ends equippéd with
8) a CAT submersion p: B+ 4% (the leaves P, 2 p-1(u),
folde, possibly with boundary),

b) a propercontinuous n: E - R such that for each

PL or DIFF.)
d |,
UWE A7, are CAT mapi-

pair of integers 4, b with
& <b the preimage Fla, ) 2 (x| Fu)—1(a, b)‘: Fon T

val (a, b) of real numbers is a CAT produst of
least has the following engulfing property:

1(a,- b) of the open inter-
8 compact manifold with R, or at

(@) .Fu(a, b) has two ends €. €, andif U, U, .are given open neighborhoods

of ¢, €,s then there e;iéta & CAT gelf-isomorphism h of Fu(a, b) fixing points
outside gome compactum such that h{v v u, = Fu(a. b}.

Then p: E + ad is & CAT product bunale,
To prove this one can apply the d;pargmeter_fCAT isotopy extension theorem and an
elementary engulfing argument to prove a "global, sliced" version of (%) namely the
version with E in place of Fu(a, b), vhere h ig supposed to respect each Fu.
Then glue together the ende of E as in [18] to deduce the reswit from the known
fact that every proper CAT' submersion is a CAT ‘$Undle map.
We remark that Theorems 4, 6, 7 shun dimension U precisely because for CAT = DIFF
or PL we are unable to verify (s) given.that Fu(a, b} is topologically 55 % R.
The classification Theorem now follows from the immersion theory machine [2].
Theorem 7 is the key tool; with-iﬁ, the machine works easily, establishing the homo-
’tbpy equivalence handle by ﬂandle, once we observe that the classification theorem
holds for zero-handles. But this amounta to obserﬁing that the complex Cat (a?, 0)
of CAT manifold structures on RY réspecting the origin is identical to the complex
of CAT microbundle stfucturas‘on the trivial &2 bundle over & point, which in
turn is TOP(q)/CAT(q). This proof of Theorem 1 can be regarded as & semi-simplicial
version (with improﬁemehts) of the handle-by~handle Argument sketchea in [7].
A very different method of proving theorem 1 involves & stable version of the
clagsification theorem. _ .
By Milnor's argunent in [14] a lifting Q -+ BCAT of the stable classifying map
Q BTO? of rQ gives & CAT structure on q x Rz for some 2z; and cpncordance
classes of such liftings correspond to concordence classes of CAT structures on
qQ x RZ. Applicaii&n of the concordance-implies-isatopy Theorem (Thgorem 5) and the
Product Structure Theorem balow finish this proof of Theorem 1,



Lattar S TR

T e

Moreover, there is an a-—xsotopy ht Q‘t R1+ (@ xR b with ho = identity, h

~isotopy (4], [16].
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Theorem 8, (Product Structure Theorem). let ¢ > 6 or a5 1if 3QcC, and
let Zp be s CAT structurs near C. Let

& be a CAT sgtructure on Q x r? which
agrees with 80 x BY nesr C x R°

- Then Q has a CAT structure &, extending 8
near. C, go that [ «x Rs is concordant to © modulo € x R

CAT
] »
and ht = identity near ( x R® . Here e: Q x R® + R, 18 a giyeq continuous function,
Hote that the theorem fails for closed S-manlrolds, e.g. 83 X R2 has two PL
structures but 83 has only one.

The. Product Structure Theorem is equivalent to the Concordance-lmplies-lsotopy

Theorem plus the Annulus Theoren {5] the equivalence is not too hard to prove [9].

The classical PL-DIFF Product Strueture Theorem (Cairns-Hirseh Theoren) [3} Follous

sasily from the TOP-CAT versions of the Product Btructure Theorem and Concordance-

implles-lsotopy Theorem. By using the strengthene& Concordance-lmpl1es-1sotopy

Theorem in addition, we can also recover the PL-DIFF version of Conccrdance~implies-

To be sure,we land up with the same reatrlctions %o high 4imenaions that ve have for.
the TOP-CAT versions, vhereas in fact ne dimension restrictions are necessary [x].
The Product Structure Theorem is partlcularly significant because of Theorems 9, 10,

- and 11 below which follow easily, (see {11, [6])

Theorem 9. Let M° be a TOP manltcld. Then M hes a well defined gimple homo--
topy type (infinité if M ies non=compact [19]) vhich agrees with the usual definition
it M is PL or is s handlebody. Thlﬂ implies that the Vhitehead torsion of a

homecmorphism is zero [7].

Theoren 10. (Tra.naversalltx) Let £ : E(t") +X be TOP B® bundle over a
topological space ¥ and let £: M2+ E(E be & continuous function. Then if m ¢ 4
®- n#lt and M =g, £ is homotoplc to a map f, which is tran?gprse to the zero-

0581bly empt:
section of £ . This means f (G-sectlon} is an (m—n)-manxfcld With & no

0P ' bundle v such that the rastrlctlon of f1 toa ne1ghborhood of P gives

e {miero~)bundle map v + £. If £ ia transverse near a closed set ( €. M, then the

,homotopy can equal £ near C. {A version v1th M # ¢ results).

Theorem 11, Every closed TOP manifold M™ of dimension m > 6 admits a Morse
fanction £: M + R; that is, £ 1is locally of the form -xf-...—xx+x§+1 ...+x§.
Equivalently M is a TOP handlebody. If Mm, m 2 6, is compact with non-empty
boundary M and V, V' are given compact  (m-1)-submanifolds of 3M such that
M - int(V o V‘) % av x [o, 1] then there exists a Morge function f: M+ R such
that ’f"(o) f'1(1} V! on BM - int(V wV') ¢ ig prOJectlon

W ox o, 1] » [o, 1] € R, and all critical points lie in N = 3M .

On the other hand, in dimension U4 or 5 " (or both) there exists a manifold vhich
ig net a handlebody, and thus has no Morse functlon

86
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