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Abstract For each d > 2, the mapping class group for plane curves of degree d
will be defined and it is proved that there exists uniquely the Meyer function on this
group. In the case of d = 4, using our Meyer function, we can define the local sig-
nature for four-dimensional fiber spaces whose general fibers are non-hyperelliptic
compact Riemann surfaces of genus 3. Some computations of our local signature will
be given.
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0 Introduction

Let X, be a closed oriented C*°-surface of genus g > 0 and let I'y be the mapping
class group of X, namely the group of all isotopy classes of orientation preserving
diffeomorphisms of X.

In [12] Meyer discovered and studied a cocycle 7g: I'y x I'y — Z. For the sake
of the reader a brief definition of 7, will be given in Appendix. This cocycle is called
Meyer’s signature cocycle. In his paper Meyer showed that the cohomology class
[z,] € H2(1"g; Z) is torsion for g = 1, 2 and has infinite order for g > 3, and gave
an explicit formula for the unique Q-valued 1-cochain of ' cobounding 7| using
the Rademacher function ([12], p. 259 Satz 4). Since the hyperelliptic mapping class
group I’ g , a subgroup of I'g, was shown to be Q-acyclic by Cohen [5] and Kawazumi
[9] independently, it was known to specialists that there exists the unique 1-cochain
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924 Y. Kuno

of ' f cobounding T, restricted to I' g’ . In [7] Endo directly showed the existence and

the uniqueness of such a 1-cochain qbg : T g — ﬁz using a finite presentation of

Fg’ by Birman and Hilden [3]. He also defined the local signature for hyperelliptic
fibrations using ¢f , and studied the geometry of hyperelliptic fibrations; for example,
he derived a signature formula for such fibrations over a closed surface. His formula
originates from Matsumoto [11,Theorem 3.3] where genus 2 fibrations are discussed.
For the study of the function ¢£’ , see also Morifuji’s paper [13].

The purpose of the present paper is to give another interesting example of these
phenomena; the Meyer function on the mapping class group for plane curves.

For d > 2 a group I1(d) and a homomorphism p: I1(d) — I'g,where g = %
(d — 1)(d — 2), will be constructed. The group I1(d) can be considered as the fun-
damental group of the classifying space for isotopy classes of continuous families of
non-singular plane curves of degree d; the precise meaning of this statement will be
given in Theorem 6.1 later.

The main results of this paper are Theorems 4.1 and 4.2. As a consequence of them
it follows that the pull back p*[t,] vanishes in the rational cohomology H 2(I(d); Q)
and there exists the unique 1-cochain ¢¢: T1(d) — Q such that §¢¢ = P T, »? will
be called the Meyer function for plane curves of degree d.

This is similar to the case of I';, I', and I” f , but we remark that the homomorphism
p seems no more injective nor surjective. In fact, for d = 4 we will see in Proposition
6.3 that p is surjective but has non-trivial kernels. In this sense our result is different
from the works of Meyer and Endo where subgroups of I'y are considered.

While they did explicit computations of 7, for certain relators of the mapping class
groups to prove the vanishing of [7¢], our method depends on the vanishing of [7g]
pulled back to the cohomology of a fundamental group of the complement of a hyper-
surface in a complex vector space, which will be stated in Proposition 3.1 and proved
using the definition of Meyer’s signature cocycle and the standard argument in dif-
ferential topology; the way from Proposition 3.1 to the vanishing of [z,] pulled back
to H(T1(d); Q) are elementary. Since this needs no explicit computations of Ty, WE
believe that our method has its own meaning to grasp the conceptual reason of the
vanishing of [7,] and can be applied to other cases in the future.

Our study of the vanishing of p*[7,] € H 2(I1(d); Q) has a connection with local-
ization of the signature of four-dimensional fiber spaces, that is a recent hot topic
studied in various fields such as topology, algebraic geometry, and complex analysis
(see [1,2]).

As an application of our study, especially d = 4, we define the local signature for
the set of all fiber germs of four-dimensional fiber spaces whose general fibers are
non-hyperelliptic compact Riemann surfaces of genus 3 by using our 1-cochain ¢* of
I1(4). The fact that any non-hyperelliptic compact Riemann surface of genus 3 can be
realized as a smooth quartic curve in P? by the canonical embedding, is crucial.

In this case of non-hyperelliptic family of genus 3, Ashikaga and Konno [2] and
Yoshikawa [15] have already defined local signature independently. The definition
of [2] is algebro geometric and that of [15] is complex analytic. We compute some
examples of values of our local signature, defined by topological way, and observe
that they coincide with those computed in [2,15].
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The mapping class group and the Meyer function for plane curves 925

1 Definitions

Throughout this paper, d denotes a fixed integer >2. Let V¥ be the complex vector
space of homogeneous polynomials of degree d in the determinates x,y, and z, and
let P(d) = P(V?) be the projectivization of V. By taking the set of monomials
{xe(k)ym(k)z”(k)},ivzo of degree d, where N = %(d +2)(d + 1) — 1, each element of
V¢ can be uniquely written as the form

N
d = Zakxe(k)ym(k)zn(k),
k=0

where a; € C. We denote the corresponding homogeneous coordinates of P(d) by
[ap: ar: ---: ay]. Each element a € P(d) determines an algebraic curve C, C P2
of degree d. Later we also denote by C the algebraic curve defined by F € V¥\{0}.
We believe this use of notation does not confuse the reader. Let D be the set of points
a € P(d) such that the corresponding curve C,, is singular. D is called the discriminant
locus and is well-known to be irreducible and of codimension 1. For a proof, see also
the remark after the proof of Proposition 2.1 in this paper.
There is an action of GL(3; C) on V¢ given by

(A-F)(x.y.2) = F (3.2 -'A7").

where A € GL(3;C) and F € V. Here ‘A is the transpose of the matrix A. This
action induces the action of PGL(3) on P(d), D, and P(d)\D.

Let EPGL(3) — BPGL(3) be the universal principal PG L(3) bundle. We de-
note by IT(d) the fundamental group of the Borel construction (P(d)\D)pGr3) =
EPGLQ) xpgL@3) (P(d)\D) and call this group the mapping class group for plane
curves of degree d.

For (e,a) € EPGL(3) x (P(d)\D), we denote by [e, a] the element of (P(d)\
D) pG 13 represented by (e, a). This notation concerning Borel construction will be
used several times.

Let F (respectively, F) be the hypersurface in P(d) x P2 (respectively, (P(d)\ D) x
P2) defined as the zero set of ® considered as a bi-homogeneous polynomial in
ao, ...,ay and x, y, z. Then the restriction of the first projection p: F — P(d)\D is
a family of non-singular plane curves of degree d whose fiber overa € P(d)\D is C,,.
Since the diagonal action of PG L(3) onP(d) x P? preserves F and p is PG L(3)-equi-
variant, we have a family of Riemann surfaces p, : Fpgr3) — P(d)\D)pcr3). We
denote the topological monodromy (see Appendix) of this family by p: I1(d) — I,
where g = %(d — 1)(d — 2). Note that the genus of a non-singular plane curve of
degree d is given by %(d —1)(d —2).

In Sect. 4 we will prove that the rational cohomology class p*[t] € H 2(1'[ d); Q)
vanishes and compute the abelianization of I1(d). In Sect. 6 we will prove that the
space (P(d)\D)pgL3) is the classifying space of the set of all isotopy classes of
continuous families of non-singular plane curves of degree d.
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926 Y. Kuno

2 The discriminant locus

In this section we investigate the discriminant locus D, which also can be described
in terms of dual variety as follows. For generality of dual variety, see [8] or [10]. Let
P(d)" be the dual projective space of P(d), i.e., the space of all hyperplanes of P(d). We
denote by [ al: - o™ the homogeneous coordinates of P(d)" corresponding
to the homogeneous coordinates [ag: aj: -+ : ay] of P(d); a = [ al: - o]
is the hypersurface of P(d) defined by

aoao—i—alal —|—~o+aNaN =0.
The Veronese embedding v: P> — P(d)" is defined by

v(x:y:z]) = [xao)ym(o)z"(o): cee xe(N)ym(N)z”(N)] .

Since the dual of P(d)" is canonically isomorphic to P(d), each element a € P(d)
determines the hypersurface of P(d)Y which we denote by H,. We set

X = {(a, @) € P(d) x P(d) : « € v(P?) and H, is tangent to v(P?) at a] .

Then the image of X’ by the first projection is just D, i.e., D is the dual variety of
v(P?).
Let X be the analytic subset of P(d) x P? defined by the equations

D=0, =, =d, =0,

where @, is the partial derivative of @ with respect to x, etc. Thus if (a, p) is a
point of X, then a is a point of D and p is a singular point of C,. Then we see that
X — X', (a, p) = (a, v(p)) is an isomorphism. X’ has the structure of fiber bundle
over v(P?) whose fiber over @ € v(IP?) is the set of all hyperplanes in A’ tangent
to v(IP?) at , which is isomorphic to a (N — 3)-dimensional projective space. From
this point of view it is clear that A" is non-singular (see also [8], p. 30), but for later
consideration we give here an alternative proof using coordinate description.

Proposition 2.1 X is non-singular.

Proof Let (ao, [x0: yo: zo]) be a point of X'. We will show & is non-singular at this
point. Since the action of PGL(3) on P(d) x P2 preserves X', we may assume that
[x0: y0: zo] = [0: O: 1]. Take a polynomial representative F € V4 of ¥, then the
coefficient of z¢ of F is zero because [0: 0: 1] € C 0. Moreover, F cannot be written
as the form

F = (ax + By)z%~ 1,

where («, 8) # (0, 0) because [0: 0: 1] is a singular point of C 0. Therefore there is
a monomial x¢® y’"(k)z"(k) which is different from z¢, xz¢~!, and yzd —! such that the
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The mapping class group and the Meyer function for plane curves 927

coefficient of x¢®) ym®) 72K of F is not zero. By a rearrangement of indices we may
assume that k = 0 and a1, a» , and a3 correspond to monomials 2, xz41 ,and yzd_l,
respectively. Then setting ap = 1 and z = 1, we have an inhomogeneous coordinates
(ai,...,ay,x,y) of P(d) x P? near (a°, [0: 0: 1]). In this local coordinate system

X is defined by the equations
Y=y =y =0,

where ¥ = ®(1,ay,...,ay,x,y, 1).
Now the Jacobian matrix of (¥, ¥y, W,) at @®,10: 0: 1) is

W, Y, W, v, \lJy
J=| Vs Yra, g Wer Wiy
“I}y»al \lly,az \Ily,a3 \Ilyx \yy\’
1 0 0 0 0 0
=10 1 O 0 Wy Wiy |,
0 0 1 0 Wy, Wy,

we see that the rank of J is 3. This shows that X is non-singular at @®,[0: 0: 17).
O

Let m: X — D C PP(d) be the first projection. The above proof shows that
(@°,[0: 0: 1]) is a regular point of 7 if and only if

d \yxx \I'[xy 0
. Wyr Wy #

at (ao, [0: O: 1]). By an argument like the Morse lemma, we can take a coordinate
system (X, Y) of P2 centered at [0: 0: 1]such that C o is locally given by the equation
X2 4+ Y2 =0.Thus [0: 0: 1] is a nodal singularity. This holds for other points of X’;
(a, p) € X is aregular point of 7 if and only if p is a nodal singularity of C,,.

Let E be the union of singular points of D and the r-image of critical points of 7.
E is a proper analytic subset of D by Sard’s theorem.

Here we give a short proof that D is irreducible and of codimension 1. At first,
X = X’ is non-singular and connected hence irreducible. Therefore, D = 7 (X) is
also irreducible. On the other hand D is at most N — 1-dimensional because D is a
proper analytic subset of P(d). Let a be a point of D\ E and take a point (a, p) in
the fiber 7 ~! (). Then D is smooth around a and the differential of 7 at (a, p) is of
maximal rank N — 1. This shows D is indeed N — 1-dimensional. Note that E is at
most N — 2-dimensional.

In the next lemma we shall describe the hyperplane of P(d) tangent to D at a point
in D\E.

Lemma 2.2 Let (a°, [xo: yo: z0]) be a point of X and suppose that a® € D\E. Then
the hyperplane T,o tangent to D at a® is given by
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928 Y. Kuno

T, = i[go;gl; s En] € P(d) stf(k) m(k) n(k) O].

k=0

Moreover, [xo: yo: zo] is the unique singular point of C .

Proof To prove the first part, we may assume a8 = zo = 1 and take an inhomo-

geneous coordinate system (ay, ..., ay, X, y) of P(d) x P2 near (a°, [xo: yo: 1]).
Since a' is a non- singular point of D and (a [x0: yo: 1]) is a regular point of 7w,
we have T,0D = 7u(T(u0 [y yo: 1pA)» Where Tt T 11 300 1)) B(d) x P?) —
T,0P(d) is the differential of the first projection 7 : P(d) x P2 — P(d) and we regard
Ta0 [xp: yo: 1n<X (respectively, T 0 D) as the subspace of T(,0 (. y,: 17)(P(d) X P?)
(respectively, T,0P(d)).

Now the Jacobian matrix J appeared in the proof of Proposition 2.1 has the form

O T N LW T R
J = k PN k \Ijxx \ley
% e % \ijx \I]yy

at (a®, [xo: yo: 11). The rank of this matrix is 3, because det Yir Wy £ 0 at
Wy Wy
(@, [x0: yo: 1]) by a” ¢ E and there is an index i such that xé(’)y(’)"(’) £ 0.

Therefore
N
d 9 d
T 1xg: yo: 1DX = kaa—ak—FéNJrla +§N+25 i J =0
k=1

and

N N
- 0 o) mk
T D = 0 (T(a0 12y yo: 1 X) = [zé"a_ak 2 s g =0
k=1 k=1

Interpreting this equation in terms of homogeneous coordinates of P(d), we obtain the
desired description of 7,0. The latter statement of the lemma follows from the form
of T,0 just proved and the injectivity of the Veronese embedding. O

Combining the remark after the proof of Proposition 2.1, we can say more about
the curve Co:

Lemma 2.3 Let a° € D\E and [xo: yo: zo] be as in Lemma 2.2. Then [xo: yo: Z0]
is a nodal singularity of C,, and C o is irreducible except for d = 2. Thus if d > 3
the topological type of C o is Lefschetz singular fiber of type I, that is obtained by
pinching a non-separating simple closed curve on L into a point.
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The mapping class group and the Meyer function for plane curves 929

Proof We only have to show the irreducibility of C,0 for d > 3. If C o is reducible it
has two irreducible components C; and C» with degrees di and d», and they intersect
transversely at one point. We have did> = 1 by Bézout’s theorem, but this contradicts
todi+dy=d > 3. O

The projective space P(d) can be regarded as the set of all complex lines through
the origin in V¢. Let D (respectlvely, E) be the union of all lines in D (respectively,
E). In the coordinate system (ao, . . ., ay) of V¥, the tangent space of DatF e D\E
is given by

N N
~ 0 0 mk) _n(k
5= T s a5 <o),
k=0 k=0

where [xo: yo: zo] is the singular point of Cr. This follows from Lemma 2.2. B
We shall prove a useful lemma which will be used in the next two sections. Let 7
be the family of algebraic curves over V¥\ {0} defined as in the case of F over P(d).

Lemma 2.4 Let B be a C*°-manifold of dimensions > 2and j: B — vida C*-map
such that j(B) c V4 \E and j is transverse to D. Then the total space ]*}' of the
pull back of the family F by j is a C*°-manifold.

Proof j *Fis given by
JF={.p)eBxP; o), p) =0}

and it is easy to see that if (bo, po) € j*]? and pg is a smooth point of Cj ) then
j*j:' is smooth at (°, py). _

Suppose @®°, po) € j*F and pg = [x0: yo: zo] is the singular point of Cj(bo).
Note that we have j(b°) € E\E Let (jo, j1, ..., jn) denote the N + I-tuples of
smooth functions on B determined by j and the coordinate system (ao, ai,...,ay)
of V. By the assumption of transversality and the descrlptlon of T; 40y D given above
we can choose a suitable local coordinate system (by, ..., by) of B around by such
that complex numbers

N
Z (bo) 0 m(k) n(k) and Z Ok ) ) m(k) n(k)
i—o b parel

are linearly independent over the real numbers. From this we can conclude that j*f
is smooth at (°, po). This completes the proof. O

We remark that in holomorphic category one can say more; if B is a complex man-

ifold of complex dimension > 1 and j is holomorphic, j*F has a complex structure
as a hypersurface in B x P2.
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3 The 1-cochain of nl(Vd\ﬁ)

Let x1: m(Vd\D) — 11(P(d)\D) be the homomorphism induced by the projec-
tion map Vd\D — P(d)\D and let x>: 71 (P(d)\D) — TI(d) be the homomor-
phism induced by the inclusion map P(d)\D — (P(d)\D)pGL(3), a — [eo, a] where
ep is the base point of EPGL(3). We set x 1= x20 x1 and p := p o x. Then
p:m(VIA\D) - T ¢ 1s the topological monodromy of the family over V4\ D defined
as in the case of 7 — P(d)\D.

In this section, we shall construct a 1-cochain ¢: 7 (V¢ \L~)) — Z and prove that
8c = p*t,. The key is that Vd\E is 2-connected, which follows from the fact that the
complex codimension of E in V¢ is > 2. All of the spaces that we consider in this
section as well as all of the maps are based.

We regard the circle S' as the boundary of the unit disk D? in R?. D? has the
natural orientation induced by that of R? and this induces the orientation of S! by
counter clockwise manner. Let £: §' — V¢ \D be a C*°-map. Since VA\E is simply
connected we can extend £ to a C*-map ¢: D?> — V4\E. We may assume that £
is transverse to D. By Lemma 2.4 £*F is a compact four-dimensional C*°-manifold
with boundary and has the natural orientation induced by the orientation of D? and
that of the fibers, which have the natural orientations as compact Riemann surfaces.
Set

c([£]) := Sign(£*F),

where [£] denotes the element of 7 (Vd\ﬁ) represented by £ and the right hand side
is the signature of £*F.

Proposition 3.1 The above definition of c is well defined and 8¢ = p*tg, i.e., cisa
cobounding cochain for p*t,.

Proof We first show that ¢ is well defined. Let £p and £ are C°°-maps from § 1
to V¢4 \l~), and suppose that they represent the same element of m(V‘l\f)). Then
there exists a C°°-homotopy H : st x 10,11 — Vd\D such that H(-,0) = £o and
H(,1)=1¢.

Regard the 2-sphere S? as the annulus S' x [0, 1] with two copies of D? attached
along its two boundary circles S' x {0} and ' x {1}. We denote by Dg one of copies
of D? attached to S' x {0} and D12 the other. Using some extensions f, : Dl.2 — Vd\E
of ¢; fori = 0 and 1, H extends to a C®-map H: S — V9\E. We introduce the
orientation of 2 so that the inclusion D2 <> §? is orientation preserving. Thus the
other inclusion D2 <> §2 is orientation reversing.

Since nz(Vd\E) = 0, we can extend H to a C*°-map H: D — V9\E transverse
to D\E. Then H*F is a C*°-manifold with boundary H*F. Since the signature of
the boundary of a manifold is zero, we have by the Novikov additivity of the signature

Sign(éy" F) — Sign(¢; " F) = 0,

so ¢ is well defined.
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The mapping class group and the Meyer function for plane curves 931

We next show the latter part. Let £o and £; be C°°-maps from S' to Vd\ﬁ. We will
show

c([€oD) + c([41D) — c([boll1]) = p* g ([Lo], [€1]). ey

Let P denote the pair of pants; this is the 2-sphere % with the interior of the three
disjoint closed disks removed. We also choose two of three boundary components of
P and denote them by Sé and Sll, respectively. Sé and Sl1 have the natural orientations
induced by that of P and can be naturally identified with S'. Since P has the homotopy
type of the bouquet S' v S!, we can construct a C*°-map L: P — V¢ \5 such that
the restriction of L to S(% (respectively, S 11) are exactly same as £¢ (respectively, £1).
We notice that the restriction of L to the remaining boundary component of P with
the natural orientation is homotopic to the inverse of the composition loop €g - ;.
We also have Sign(L*F) = —p*1,([£o], [£1]) by the definition of Meyer’s signature

cocycle t,. Using some extensions 21 of ¢; fori = 0 and 1, and an extension { - ¢;
of £o - £1, L extends to a C*°-map L:5? - Vd\E Moreover L extends to a map
L: D3 — V9\E transverse to D. We have Slgn(L*.?’:) = Osince L*F is the boundary
of L*F hence we obtain by the Novikov additivity

0=Sign (L*F) =Sign ([0*.7?) + Sign (fl*f) — Sign (6/0_\71*]::) + Sign (L*F),
that is just the Eq. (1). O

4 Main theorems

In this section we shall state and prove the main results of this paper. In Sect. 1 we
defined the group IT(d) and the homomorphism p: I1(d) — I'.

Theorem 4.1 p*[7,] =0 € H*(T1(d); Q).

Theorem 4.2 The first homology group of T1(d) is given as follows:

7/3(d —1*7Z ifd =0mod3,
H(N(d):7) = | 2P~ D2 itd =
Z/](d — )7 if d =1 or 2 mod 3.

In particular, we have H'(T1(d); Q) = 0.

As an immediate consequence of these theorems, it follows that there exists the
unique 1-cochain ¢ : T1(d) — Q such that §¢? = p* 1. We will call ¢ the Meyer
function for plane curves of degree d.

The rest of this section will be devoted to the proof of these theorems. In Proposi-
tion 3.1 we have showed that p*[1,] = 0 € H?(my (Vd\ﬁ); 7). Thus Theorem 4.1
follows from the following:
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932 Y. Kuno

Lemma 4.3 The homomorphism
x*: H(I(d); Q) — H*(m (V/\D); Q)
induced by x, introduced in Sect. 3, is injective.

Proof Recall that x is the composition of x; and x». We first consider x;. Let £ €
H2(P(d); Q) denote the first Chern class of the principal C* bundle Va\{0} — P(d).
Then the restriction of & to P(d)\D is zero, for the first Chern class c{([D]) €
H2(P(d); Q) of the line bundle [ D] determined by the divisor D of P(d) is a multiple
of & and of course the restriction of ¢1([D]) to P(d)\ D is zero.

By the Gysin sequence

HO(P(d)\D: Q) = H2(P(d)\D; Q) — H*(V\D; Q)

of the principal C* bundle Vd\ﬁ — P(d)\D we see that H2(P(d)\D; Q) —
H?*(V¥\D; Q) is injective. Therefore

Xt H2 (i (P(d)\D); Q) — H2(m1(V\D); Q)

is also injective.

We next consider x». By the homotopy exact sequence of the P(d)\D bundle
(P(\D)pGrL3) — BPGL(3), [e, a] — @ (e) where w denotes the projection map
EPGL(3) - BPGL(3), we have an exact sequence

ZJ37 = m(BPGL(3)) — m (P(d)\D) 33 M(d) — 1. )
This implies that
x5 HX(T1(d); Q) — H*(m (P(d)\D); Q)

is isomorphic. Since x* = x{ o x5, the lemma follows. O

We next proceed to Theorem 4.2. In the following we consider (co)homology with
coefficients in Z. We need the following two lemmas:

Lemma 4.4 Let a° € P(d)\D and denote by P the set of all projective lines in P(d)
through a°. Then there exist a non-empty Zariski open subset U C P such that each
element of U does not meet E and is transverse to D.

Proof Consider the projection with center a°

f: D — P, f(a) = the line through a° and a.

Note that for a € D\E, f is critical at a if and only if f(a) is contained in the
hyperplane 7, appeared in Lemma 2.2, namely f (a) is not transverse to D at a.

@ Springer



The mapping class group and the Meyer function for plane curves 933

Pis a (N — 1)-dimensional projective space and f(E) is a proper algebraic set in
P since dimE < N — 2. Let K denote the set of all critical values of fomr: X — P.
K contains all critical values of f|p\ g since Tl z=1(D\E) " 7~ (D\E) — D\E is bi-
holomorphic by Lemma 2.2, and is algebraic and proper because K is nowhere dense
in P by Sard’s theorem. Therefore if we set

U :=P\(f(E) UK),

U has the desired property. O

Lemma 4.5 Let a° and U be as in Lemma 4.4. For each Q € U the invariants of the
complex surface M = {(a, p) € Q x P*>; p € C,} is given as follows:

(M) =—d*>+9, cy(M)=d*+3, Sign(M)=1-d>

Proof Since Q = P! we can regard M as a smooth hypersurface in P! x P? determined
by a (1, d) homogeneous polynomial. For i = 1 and 2, respectively, we denote by
& € H>(P! x P?; Z) the pull back of the first Chern class of O(1) by H>(P'; Z) —
H2(P! x P%; Z) induced by the projection P! x P2 — Pi. Here O(1) denotes the
dual of the tautological line bundle over P The first Chern class of the line bundle
[M] determined by the divisor M of P! x P2isc ([M]) = &1 + d&;. Therefore by the
adjunction formula, the first Chern class of M is

1) = (1@ x P = c1 (M) |
= Q1+ 36 — (&1 +dE) I
= 6+ G- D&) lu.

Then the Chern number c% (M) is computed as follows:

G = (er 2, )

<
(@ + G = e er (M), pi 2
<
<

(& + G — DE(E + ), 1pr o)

(—d® + 98183, 1p1 )

Here 1) (respectively, up1 , p2) denotes the fundamental homology class of M (respec-
tively, P! x P?) and (—, —) denotes the Kronecker pairing between cohomology and
homology. We next compute c»(M). Again by the adjunction formula, the second
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Chern class of M is

2 (M) = e2(P' x PH)|yr — e1(M) - e (M)
= (3522 + 6515 — (514 B — d)E) (& + d&)) |\

= (3616 + (@ - 34 + 3E}) |,
and the Chern number which will also be denoted by c2 (M) is

(M) =

—

2 (M), )
(618 + (@ — 3d + )EDA (M), pi 52

(6162 + (@ = 3d + 3)ED) 61 +d&), p o)

(@ + 9616, upr )

243

—— —— ——

Il
Y

Finally by the Hirzebruch signature theorem we have Sign(M) = %(c%(M) —
2e0(M)) =1 —d>. o

Let a® and Q € U be as in Lemma 4.5. Using the above two lemmas we can
compute the first homology group of 1 (P(d)\D):

Proposition 4.6 H, (71 (P(d)\D); Z) = Z/3(d — 1)*Z.

Proof The first projection g: M — Q is a family of algebraic curves, whose all sin-
gular fibers are of type I by Lemma 2.3. Since the Euler contribution (see [4], p. 118,
(11.4) Proposition) of a singular fiber of type I is 41, the number of singular fibers of
g:M— Q=Pis

(M) =22 —2g)=d*+3 —2(2—2. %(d— 1)(d—2)) =3d—-1> ()

Now consider the following commutative diagram:

Z = Hy(P(d)) — H2(P(d), P(d)\D) — H(P(d)\D) —0

;l |2

HAN=2(P(d)) — > HN-X(D) = .,

Here the vertical isomorphisms are Poincaré duality and the first horizontal sequence
is a part of the homology exact sequence of the pair (P(d), P(d)\ D), and ¢* is induced
by the inclusion D < P(d). For a generator of H,(IP(d)) we can choose [ Q]. We can
conclude this generator is mapped to 3(d — 1)? times a generator of H>Y~2(D) in the
above diagram, because (3) shows that Q and D intersect transversally in 3(d — 1)2
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points. This completes the proof, since Hi(P(d)\D) = H; (w1 (P(d)\D); Z) is iso-
morphic to the cokernel of H(P(d)) — Hx(P(d), P(d)\D). O

Now we start the proof of Theorem 4.2. Let Fp € v \5 be a base point and a° the
image of F under the map V¢\ D — P(d)\ D. We consider the maps A: GL(3; C) —
VA\D, A+ A-Fyand .: PGL(3) — P(d)\D, A — A -a°. Since the isomor-
phism 7 (BPGL(3)) = m1(PGL(3)) induced by the homotopy exact sequence of
the universal PGL(3) bundle EPGL(3) — BPGL(3) is compatible with (2) and

Ayt T (PGL(3)) — 71 (P(d)\ D), we have an exact sequence of group homology

Z/3Z=H, (1 (PGL(3)) 25 H\ (ry (P@)\D)=Z/3(d — 12255 H, (N(d))—0.

Therefore we must compute the map A« to determine H; (I1(d)).
For this purpose, we consider the following exact sequence

7 = H{(C*) - H,(V!\D) - H\(P(d)\D) — 0

induced by a part of the homotopy exact sequence of the principal C* bundle VA\D —
P(d)\D. We have H;(V4\D) = Z (see [6], chap. 4, Corollary (1.4)). Let y be the
generator of H; (C*) represented by the loop y (f) = ¢>” VeIt g <r < 1. By Proposi-

tion 4.6 we see that the image of y, which is represented by the loop 7 — 2Vl Fo,
is 3(d — 1)? times a generator of Hj (V4\ D). On the other hand the loop

eZn\/j]t 0 0
t > 0 2Vl 0 . 0<1<1
0 0 eZnJ?lt

in GL(3; C), representing three times a generator of H|(GL(3; C)) = Z, is mapped
to the loop (ez”ﬁ’ )~ . Fy by A. Hence in the commutative diagram

Z= H{(GL(3; C)) = H,(vi\D)

| |

ZJ37. = Hy(PGL(3))"—> H,(P(d)\D)

we have A, (1) = +d(d — 1)? € Z = H;(V9\D) so we can conclude (1 mod 3) =
+d(d — 1)> mod 3(d — 1)2. This completes the proof of Theorem 4.2.

5 The value of the Meyer function
By Proposition 4.6, we have H'! (71 (P(d)\D); Q) = 0. Therefore ¢¢ := ¢¢ o x5 is

the unique 1-cochain of 7} EIP’(d)\D) satisfying (p o x2)*1g = (Sd;d . In this section we
will compute the value of ¢?ona special element in 771 (P(d)\ D) so called lasso.

@ Springer



936 Y. Kuno

We first explain what a lasso is. Let M be a connected complex manifold of dimen-
sion m and N an irreducible hypersurface of M. Then the inclusion M\N — M
induces the following exact sequence:

1— (6) > 7t (M\N) - mi(M) — 1.

Here (o) denotes the normal closure of an element o of w1 (M \ N), which is described
in the following. Let p be a non-singular point of N and (z1, ..., z;;) a local coordi-
nate system of M around p such that N is defined by z; = 0. For a sufficiently small
¢ > 0, consider a loop defined in this coordinate system by

[0, 1] — M\N, t > (e¢2™V=17.0,...,0)

based at g = (&, 0, ..., 0). Joining this loop with a path from the base point of M\ N
to g, we get an element o of 71 (M\N). Since N is irreducible, the conjugacy class
of o in 1 (M\N) is independent of choices of p and a local coordinate system. Each
element of this conjugacy class is called a lasso around N.

Returning to 71 (P(d)\D), D is an irreducible hypersurface of P(d). Let ol e
w1 (P(d)\D) be a lasso around D. Since ¢_>d is a class function (see Lemma 8.2 in
Appendix), the values of ¢ on the conjugacy class of o is constant.

Proposition 5.1 Ford > 3,

g a4 d+1
¢ (0%) = 3d_1)

Proof Choose a® and Q € U as in Lemma 4.5. In the proof of Proposition 4.6 we
see that Q meets D transversely in 3(d — 1)? points. Let 0 N D = {q1, ..., q34—1)2}
andletD; i =1,...,3(d — 1)2) be a small closed 2-disk in Q such that ¢; € IntD;
and D; N D; = @ fori # j. We fix a base point of Q¢ := O\ U?Ldl_l)z IntD; and
foreachi = 1,...,3(d — 1)2, choose a based loop o; in Qg such that o; is free
homotopic to the loop traveling once the boundary 9 D; by counter clockwise manner.
Note that regarded as an element in 7 (P(d)\ D), o; is a lasso around D hence we
have ¢?(0;) = ¢ (c'?).

Let g: M — Q be as in the proof of Proposition 4.6 and set My := g~!(Qy) and
M; = g_l(Di), i=1,...,3d - 1)2. By Meyer’s signature formula ([12] Satz 1)
and the equation (p o x2)*1, = 8¢?, we obtain

3(d—1)*
Sign(Mo) = D ¢%(07) =3(d — 1)’¢* (o).

i=1

Since the topological type of g~!(g;) is Lefschetz singular fiber of type I, we have
Sign(M;) = 0. We compute by the Novikov additivity and Lemma 4.5
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3(d—1)2
1 — d* = Sign(M) = Sign(Mo) + Z Sign(M;) = 3(d — 1)?¢% (c?).
i=1

This completes the proof. O

In the rest of this section we consider the remaining case d = 2. Since V2 is the set
of quadratic forms each element of V2 can be expressed by a 3 x 3 symmetric matrix
S. In this view point V2\D is the space of non-singular symmetric matrices and the
action of GL(3; C) on V2\D is given by

A-S="A"1.5. A7, AeGL3:;0).

Since this action is transitive and the isotropy group of the unit matrix is the complex
orthogonal group O3(C) = {A € GL(3; C); 'A- A = I}, we have

V2\D = GL(3; C)/ 03(C).
Also we have
PQ)\D = PGL(3)/S03(C),

where SO3(C) = {A € 03(C) ; detA = 1} is regarded as a subgroup of PGL(3) by
the injection SO3(C) — PG L(3) induced by the projection GL(3; C) - PGL(3).
Therefore, we obtain

(P\D)pcLz) = EPGL(3) xpgLi) (P(2)\D)
Z EPGL@3)/S03(C) = BSO3(C) ~ BSOs.

The last homotopy equivalence holds because the natural inclusion SO3 — S0O3(C)
is homotopy equivalence. In particular, we have

Q) = 7 (BSO3) = 1.

6 The universal property of (P(d)\D) pGL3)

In this section we will show the universal property of the space (P(d)\D)pcr3)- In
the latter part of the section, we consider the case d = 4 more detail; in particular, we
prove that p: T1(4) — I'3 is surjective.

We first make some definitions. Let¢: X — P beacontinuousmapandh: P — B
a P2 bundle whose structure group is PGL(3). We call § = (X, ¢, P, h, B) a family
of non-singular plane curves of degree d if

1. p:=hot: X — Bisacontinuous family of compact Riemann surfaces of genus
g=4d—1)d~-2),and

2. foreach b € B, therestrictiont|y, : X; — P is aholomorphic embedding where
Xy, = p~l(b) and P, = h= (b).
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For each b € B, the image ((X;) C P, = P? is a non-singular plane curve of
degree d. Two such families & = (X', 1;, P!, h;, B),i = 0, 1, are called isotopic if
there exists a family of non-singular curves of degree d over B x [0, 1], denoted by
3; = (X I,P,h,Bx]I0, 11), such that for i = 0, 1, the restriction ofS to B x {i}is
1somorphlc to él, i.e., fori = 0, 1, there exists a homeomorphism W; : Pl — P| Bx{i)
and ¥;: X' — X|B><{z} such that the diagram

. Vi =
X — Xl

l - g

Pl — Plpx(i)

h,i |

B—— B x {i},

where the last horizontal arrow is the homeomorphism B — B x {i} given by b
(b, i), commutes and W; (respectively, ;) maps each fiber Plj (respectively, X f;) onto
h=Y(b, i) (respectively, (h o 1)~ (b, i)) biholomorphically.

For a given space B, we denote by PC4(B) the set of all isotopy classes of families
of non-singular plane curves of degree d over B. PC,(e) is contravariant; for a given
continuous map f: B’ — B we have a natural map PCy(B) — PC4(B’) which
assigns the isotopy class of & the isotopy class of the pull back of & by f, which will
be denoted by f*&. In fact, the isotopy class of f*& is uniquely determined by the
homotopy class [ f] € [B’, B].

Among such families of non-singular plane curves of degree d, there is a univer-
sal one. Consider the inclusion map F — (P(d)\D) x P2 and the first projection
(P(d)\D) x P? — P(d)\D. For simplicity, we write Y instead of (P(d)\D) x P2.
Since these maps are PG L (3)-equivariant, we obtain

w:FreLe) = YreLo)
and
hu: YpGr3) = (P(A\D)pGL3)-
The map p, := hy o, is the same as the map defined in Sect. 1 and
& = (FPGL®)s tus YPGLB) hu, (P(d)\D) pGL(3))

is a family of non-singular plane curves of degree d. The next theorem says that
(P(d)\D) pcL3) is the classifying space for the functor PC,4(e) and &, is the universal
family.
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Theorem 6.1 For any space B, the map

n: [B, P(\D)pGL3)] = PCa(B)
which assigns the homotopy class of f: B — (P(d)\D)pcL(3) the isotopy class of
the pull back f*&,, is bijective.

In the following we shall construct the inverse of 7.
Let& = (X, , P, h, B) be given. We divide the argument in three steps.

Step 1 We first consider the case when P is trivial: suppose that P = B x P?. Then
for each b € B, 1(X;) C {b} x P?> = P? is a non-singular plane curve of degree d, so
the defining equation of ¢(X}) in P? is uniquely determined as an element of P(d)\ D.
Denoting it by Eq(b), we obtain a map

Eq: B — P(d)\D.

Lemma 6.2 The map Eq is continuous.

Proof Regard P? as the set of all complex lines through the origin in C3. Then the
holomorphic line bundle O(d) over IP? is given by

O(d) = 0(1)® = | J Hom(e, C)®“.
LelP?

Let pr: B x P> — P2 be the second projection and consider the pull back L :=
(p200)*0O(d). L — X is a continuous family over B of holomorphic vector bundles.
Now HY(P?; O(d)) is canonically isomorphic to V¢ and for each b € B there is the
natural homomorphism

op: V4= HOP 0W) — HO (1(Xp); O luxy) = HO(Xp; Lp),

where Ly is the restriction of L to Xj;. Combining all oy, b € B together, we obtain a
homomorphism of vector bundles

o:Bx Ve U HO(Xb; Lyp).
beB

We see that for each b € B, o}, is surjective and its kernel is one-dimensional gen-
erated by the defining equation of ((X}), i.e., Eq(b) = kerop. This shows that Eq is
continuous. O

We alsodefinea PG L(3)-equivariantcontinuousmap W : Bx PGL(3) — P(d)\D
by

W(b, g) = g -Eq(b).

Here we regard B x P G L(3) as the trivial principal P G L(3) bundle with left PG L(3)
action.
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Step 2 We next consider the general case § = (X, t, P, h, B). Let {U,};c; be an open
covering of B trivializing h: P — B: There is an isomorphism ¢; : hYU) —
U; x P2 foreach i and a system of transition functions g;;: U; NU; — PGL(3) for
each (i, j) satisfying U; N U; # @, such that

(¢io@; )b, p)=(b,gijb)-p), belUiNU;, peP.

As in Step 1, we have a continuous map Eqi : Ui — P(d)\D and a PGL(3)-equi-
variant map W': U; x PGL(3) — P(d)\D for each i. Let Q(£) be a principal
PGL(3) bundle over B associated to h: P — B:namely Q(§) is constructed from
the disjoint union [[;., U; x PGL(3) by identifying (b, g) € U; x PGL(3) with
(b, g-gij(b)) € Uj x PGL(3) where b € U; NU;. We have g;; (b) -Eq’ (b) = Eq' (b)
forb € UiNU;j because g-C, = Cy.qforg € PGL(3), a € P(d)\D. Therefore piec-
ingall W', i € I together, we obtaina PG L(3) equivariant map W: Q(§) — P(d)\D
and a continuous map

Vperay: Q) pcre) — PWA\D)pcL3)-
Note that Q (&) and W are determined up to isomorphism over B.
Step 3 The natural map
T: Q@)pcrLe) = EPGLQA) xpgrL3) Q6) > PGLOB\Q(E) =B

is a homotopy equivalence because this is an £ PG L(3) bundle. Taking a homotopy
inverse map {: B — Q(&)pgr) of T, we set

O([&]) :=[YpoLi3) 0 ¢l

Here [£] denotes the element of PC,4(B) represented by & and [V pgL(3) o ¢] denotes
the element of [B, (P(d)\D) pcr3)] represented by Wpgp (3) o £. Itis easy to see that

0:PCa(B) — [B, ®(d)\D)pcL3)]

is well defined.

Before starting the proof of Theorem 6.1, we describe the above construction applied
to the family &,. In the below, e € EPGL(3), g,h € PGL(3) anda € P(d)\D. We
can write

Q(&u) = (P@\D) x PGL(3))pgL@3) “

where the action of PGL(3) on (P(d)\D) x PGL(3) is diagonal, i.e.,
g-(a,h)y=(g-a,g-h),
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and the left action of PG L(3) on the right hand side of (4) is given by
g-le.(a,m]=le (ah-g "]

The PG L(3)-equivariant map V¥, : Q(&,) — P(d)\D defined as in Step 2 is given
by

W, (e, (@, 9)) =g ' -a,

and moreover, the induced map Q(&,) pGL3) — (P(d)\D)pcL3) has a section s,
given by

su(le, a]) = [e, [e, (a, D]].

Proof of Theorem 6.1 We first prove n o 6 = idpc,(p). Let & = (X, (, P, h, B) be
given. By construction, there is the canonical isomorphism 7% — W7 . L(3)5u as
families of non-singular plane curves of degree d over Q(§) pGr3)- Thus we have

(VpGL3) 0 8) 6w = Vpgrabu = (T = (T 0 £)".

Since T o ¢ is homotopic to the identity map of E, this shows 1 0 6 = idpc,(p)-

We next show 0 o = id[gy(P(d)\D)PGLG)]. Let f: B — (P(@)\D)pgr@3) be a
continuous map.

Starting from the family f*& and tracing the construction of 6, we construct the
map

Yporey: Q(f*&) pora) = (PA)\D)pGL®3)-

O(f*&) pGL@3) is naturally isomorphic to the pull back of Q(&,)pgr3) — (P(d)\
D) pGr(3) by f. Thus pulling back the section s, we obtain amap ¢’ := f*s,: B —
O(f*&) pcLi) suchthat T o ¢’ = idp and Wpgr3) o ¢’ = f. Then ¢’ is a homot-
opy inverse of T and 6 o n([f]) = [WpsL3) © 'l = [f), so we obtain § o n =
idiB,@()\D)porey1- O

We call any representative of 6 ([£]) the classifying map for the family &.

For d = 4, we do not have to consider P> bundles. Recall that a non-hyperelliptic
Riemann surface C of genus 3 can be realized as a non-singular plane curve of degree
4 (=plane quartic) by the canonical embedding. This means that the canonical map

te: € — P (HC; KoY

where HY(C: K¢) is the space of holomorphic 1-forms on C, is an embedding and if
we identify P(HO(C; K¢)Y) with P2 by a choice of a basis of HO(C; K¢), the image
of C is a non-singular plane curve of degree 4. The defining equation of the image is
uniquely determined as an element of P(4)\ D.
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Let p: X — B be a continuous family of compact Riemann surfaces of genus 3.
We call it a non-hyperelliptic family of genus 3 if the complex structure of each fiber
p_l(b), b € B is non-hyperelliptic. Two such families p;: X; — B (i = 0, 1) are
called isotopic if there exists a non-hyperelliptic family of genus 3 over B x [0, 1] such
that for i = 0, 1, its restriction to B x {i} is isomorphic to p; : X; — B as continuous
family of Riemann surfaces over B = B x {i}.

For a given space B, we denote by AN'H3(B) the set of all isotopy classes of non-
hyperelliptic families of genus 3 over B. Then the forgetful functor

PCs(e) — N'Hz(e) (5

defined by an obvious manner, is bijective. For, let p: X — B be a given non-hyperel-
liptic family of genus 3. Set Ax := Upcp HO(p~1(b); Kp), where HO(p~1(b); K})
denotes the space of holomorphic 1-forms on p~! (b). This has the structure of complex
vector bundle over B. Projectivising the dual of A x, we obtain a P? bundle

Wep =] IP’(HO(p_l(b); K;,)V) ~ B,
beB

and piecing the fiberwise canonical maps tx,, b € B together, we getamap ¢: X —
P’. Then we obtain an element £ = (X, ¢, P’, h’/, B) € PC4(e). This correspondence
gives the inverse of (5).

We continue the consideration of the case d = 4. We next prove that:

Proposition 6.3 The homomorphism p: 11(4) — T'3 is surjective.

Combining this with Theorem 4.1, which implies that p*: H 2(I';; Q) — H?
(T1(4); Q) is not injective, we see that the order of the kernel of p is infinite.

Proof of Proposition 6.3 Let 73 be the Teichmiiller space of compact Riemann surfaces
of genus 3 and H3 the hyperelliptic locus of 73; namely the set of marked Riemann
surfaces whose complex structure is hyperelliptic. H3 is acomplex analytic closed sub-
manifold of codimension 1 with infinitely many components (see [14], pp. 259-260).
In particular, 73\ H3 is path connected.

We recall; there is a holomorphic family 77 : V3 — 73 called the universal Teichmiil-
ler curve, whose fiber over the marked Riemann surface [ f, C] is isomorphic to C;
the mapping class group I'3 acts on 73 and V3, and 7 is equivariant with respect to
these actions; it is well known that the quotient space I'3\73 is the Riemann moduli
space. Since the action of I'3 on 73 preserves H3, '3 also acts on 73\ H3 and its inverse
image by 7. Restricting 7w to 73\ Hz and taking the Borel construction, we obtain a
non-hyperelliptic family of genus 3 over (73\ H3)r;.

It is not difficult to see that this family also have the universal property which the
family p, over (P(4)\ D) pc1(3) has. Therefore, (73\ H3)r, is homotopy equivalent to
(P(4)\D) pG L3y hence its fundamental group is isomorphic to IT(4).

By the homotopy exact sequence of the 73\ H3 bundle (73\H3)r; — BI'3 =
K (I'3, 1) we obtain an exact sequence

I(4) = m (-:\H3)r;) LA w1 (BI3) =T'3 — mo(T3\ H3).
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We notice that the homomorphism p’ just coincides with the topological monodr-
omy over (73\H3)r;, and 7o(73\ H3) is one point. This shows o' is surjective, so p
is. O

7 Local signature for four-dimensional non-hyperelliptic fibration of genus 3

As an application, we will define the local signature for the set of all fiber germs
of four-dimensional fiber spaces whose general fibers are non-hyperelliptic Riemann
surfaces of genus 3, using the Meyer function ¢*. This local signature is used to derive
a signature formula for a class of four-dimensional fiber spaces, whose general fibers
are non-hyperelliptic Riemann surfaces of genus 3.

Let A be a closed oriented 2-disk and p its center. A 4-tuple F = (E, w, A, p) is
called a fiber germ of non-hyperelliptic family of genus 3 if

1. E isa C* manifold of dimension 4 and 7w : E — A is a C* map,
2. the restriction of  to A\{p} is a non-hyperelliptic family of genus 3.

Note that E has the natural orientation and compact, hence its signature Sign(E) is
defined. Two such germs (E, w, A, p) and (E’, 7/, A, p’) are called equivalent if
there exist a smaller disk Ag C A (respectively, A; C A’) whose center is p (respec-
tively, p’), and there exist orientation preserving diffeomorphisms ¢: (Ag, p) —
(Ay, p') and ¢: 7 1(Ay) — n/’l(A{)) such thatp or = 7’ o ¢ and

Pla-taovipn: T (Qo\PD = AN P'D

maps each fiber biholomorphically.

Let N"H3 denote the set of all equivalence classes of such 4-tuples. We denote the
elementof N'Hz alsoby F = (E, w, A, p).For F = (E, m, A, p) € N'H3, y denotes
the element of 1 (A\{p}) traveling once the boundary d A by counter clockwise man-
ner. We denote by F the restriction of 7 : E — Ato A\{p}. F? is anon-hyperelliptic
family of genus 3 and can be considered as an element of PC4(A\{p}) in view of (5).

Definition 7.1 Define loc.sig@: N'Hz — Q by
loc.sig 2 (F) := ¢*O(F )u(y)) + Sign(E).

Here, 6(FV), is the homomorphism from 1 (A\{p}) to I1(4) induced by the clas-
sifying map 0(F°) for FO. It is assumed that suitable base points of A\{p} and
(P(4)\D) pG L3 are chosen. Since ¢* is a class function, we don’t have to care about
base point so we omit it.
We call a triple (E, 7, B) a four-dimensional non-hyperelliptic fibration of genus
3if
1. E (respectively, B) is a closed oriented C°°-manifold of dimension 4 (respec-
tively, 2) and 7 : E — B is a C®°-map,
2. there exist finitely many points by, ..., b, € B such that the restriction of 7 to
B\{by, ..., b,} is a non-hyperelliptic family of genus 3.
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Fori = 1,...,n, we obtain an element of A'’H3 by restricting 7 to a small closed
disk neighborhood of b;. we denote it by F;. Then, we obtain

Theorem 7.2 (The signature formula) Let (E, 7w, B) be a four-dimensional non-hy-
perelliptic fibration of genus 3. Then

Sign(E) = > loc.sig®(F).

i=1

Proof Fori =1, ..., n, take a small closed 2-disk D; around b; so that they do not
intersect each other. Then F; = (x~'(D;), 7, D;, b;). We denote by .7-"10 the restriction
of 7 to D;\{b;} and set By := B\ |J;_, IntD;. By Meyer’s signature formula, we get

Sign(r ! (Bo) = > ¢* (6(F.(n))

i=1

Using the Novikov additivity, we compute

Sign(E) = Sign(r ™' (Bo)) + Y _ Sign(w ' (D;))
i=1

= > OFD () + D Sign(x (D)

i=1 i=1

n
= z loc.sng(.’F,-).

i=1
O

Corollary 7.3 Let g: E — B be a non-hyperelliptic family of genus 3 over a closed
oriented surface B. Then Sign(E) = 0.

We compute some examples. Comparing the following computations with those in
[2,15], we see that their values coincide.
Singular fiber of type I Let A C PP(4) be a closed 2-disk intersecting with D only
in its center p € A transversely. Let 7;: E; — A be the restriction of F - P4)
to A. Then E; is smooth by Lemma 2.4 and F; = (Ey, my, A, p) is a fiber germ of
non-hyperelliptic family of genus 3. By Lemma 2.3 the topological type of rr,_l (p)
is Lefschetz singular fiber of type I, therefore we also call F; € N'H3 a singu-
lar fiber germ of type I. The signature of E; is 0 and by definition, the inclusion
A\{p} = PA\D — (P(4)\D) pg L) is the classifying map for ]-”? and the bound-
ary of A is a lasso about D. Therefore, by Proposition 5.1, we have

Proposition 7.4

5
loc.sigg(}'l) = s
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Hyperelliptic fiber Let F € V*\{0} be a polynomial such that Cr intersects with the
non-singular conic C: yz — x> = 0 in eight points, and let A be a small closed 2-disk
around 0 € C with the complex coordinate s. Let Sr be the hypersurface in A x P?
defined by the equation

vz —x)? +5F(x,y,2) =0.

S is singular along C' = - {0} x C. Blowing up A x P? along C, let S be the proper
transform of S and 7 : Sr Sp—> A the composition of Sk r — SF and the first pro-
jection Sg — A. Then Sp is non- singular and the exceptional divisor 7~1(0) is a
non-singular hyperelliptic curve of genus 3 with a natural projection onto C’ = P!,
which is a double cover.

Choose A small enough so that the singular fiber of 7 is 7 ~'(0) only. Set F, =
(Sg,m, A, 0) and call this fiber germ a hyperelliptic germ. Let £}, be the corresponding
loop in P(4)\ D defined by

2
() = (yz — x5 + (eez”ﬁf) Flx,v,2), 0<t<1,

where ¢ is the radius of A.

Proposition 7.5
o) 74 4
loc.sig=(Fpn) = ¢" ([n]) = 5

Proof We first note that loc.sng(]—'h) = ¢*([4n]) since a hyperelliptic germ is topo-
logically trivial.

The set W of all polynomials in V* such that the corresponding curve intersects
with C in eight points is a non-empty Zariski open subset of V4. Since [¢4] and
Sign(S‘;) does not change under any small perturbation of F in V#, it suffices to show
the proposition for a particular element of W. But by the same reason as in Lemma
4.4, there is actually an element F € W such that the map

P! — P@), [wo: wi] > wi(yz —xH* + wiF(x,y,2),

does not meet E and is transverse to D, except at [wg: wi] = [1: 0]. Then for this
choice of F, the complex surface S in P! x P? defined by the equation

wj(yz —x3)* + wiF(x,y,2) =0,

has singularities only along the conic {[1: 0]} x C. After blowing up P! x P2 along this
conic, we obtain the proper transform S of S. By the choice of F, S is non-singular.
The composition of S — S and the first projection S — P! is a family of algebraic
curves whose all singular fiber germs are singular fiber germ of type I except the fiber
germ around [1: 0], and the fiber germ around [1: 0] is a hyperelliptic germ. The
invariants of S are computed as: c2(S) —6, cz(g) = 18, and Sign(g) = —14.
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Now the number of singular fiber germs of type I is equal to the total Euler contri-
bution

18 —2(2 —2-3) = 26.

Note that a hyperelliptic germ, which is topologically trivial, does not contribute to
the Euler number. By Theorem 7.2 and Proposition 7.4, we have

5
—14 = -5 X 26 + loc.sig? (Fp),

hence loc.sng(]-"h) = é. O

Singular fiber of type II Let A be as in the previous example, and let S be the surface
in A x P? defined by

Px+y22 4yt + 50t =0,

S has an isolated singularity at po = (0, [1: 0: 0]) so called a singularity of type
Eg. The inverse image Cy of 0 € A by the first projection p;: S — A is a curve of
geometric genus 2 with one cusp singularity.

Let @ : S — S be the minimal resolution of the singularity of S at pg. Then the
exceptional curve is a non-singular elliptic curve C; with self intersection number —1.
If A is small enough, F;; = (E, p1 o @, A,0) is a fiber germ of non-hyperelliptic
family of genus 3. The topological type of the singular fiber (p; o ) ~!(0) is obtained
by the disjoint union of C; and C> by identifying a point of C with the cusp singularity
of C», that is, Lefschetz singular fiber of type II. We call F;; a singular fiber germ of
type II.

Let €77 be the corresponding loop in P(4)\ D defined by

Cr(0) = P + 92+ 9t 4 VI 0 <1 < 1.

Proposition 7.6

1 4

loc.sig@(Fp) = 3 (i) = 3

Proof 1In this case 434([5 17 = loc.sng(]-' 11) + 1 because the intersection form of S

? (1)) hence Sign(g) =—1.
We perturb S slightly by adding a higher term about s; consider the surface in
A x P? defined by

is given by

Px 22 v+ 5O " F(x, y,2) =0,

where m is an integer > 7 and F'is a polynomial in V4. The singularity of this surface
remains at the origin and is still of type Eg. Taking the minimal resolution of this
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singularity and taking A to be smaller if needed, we obtain a new fiber germ ]-"1’ i and
a new loop ¢/, in P(4)\ D. This perturbation does not influence the value of ¢* and
the topology of the fiber neighborhood of the singular fiber. So it suffices to compute
1oc.sng(]-'}1).

Let S’ be the complex surface in P! x P? defined by the equation

wy' (x + y2x2 + y4) + wg’_6w?x4 +wl'F(x,y,2) =0,

and let S’ — S’ be the minimal resolution of the singularity of §" at pg = ([1: 0],

[1: 0: 0]). If a generic F is chosen, then S’ is non-singular and the singular fiber

germs of the family of algebraic curves §” — S’ — P! are all of type I except the

fiber germ around [1: 0], and the fiber germ around [1: 0] is F ; ;- The invariants of §’

are computed as: c%(g’) =9m —17, cz(g/) =27m — 19, and Sign(5~”) =—15m+7.
Now the number of singular fiber germs of type I is equal to

2Tm —19-22—-2-3)—1=27Tm — 12.

This time, the fiber over [1: 0] do contribute to the Euler number.
By the signature formula,

5
—15m+17= -3 % Q27m — 12) + loc.sigg(f},).
Thus we obtain loc.sig2(F;;) = IOC-Sng(}-}[) = % o

Appendix

In this appendix we give a definition of Meyer’s signature cocycle in the form used
in the present paper and review its properties. For details, see Meyer’s original paper
[12].

We first explain the topological monodromy of surface bundles. Let 7: £ — B
be an oriented X, bundle whose structure group is the group of all orientation pre-
serving diffeomorphisms of X;. Choose a base point by € B and fix an identification

¢: X, S 77 1(by). For each based loop £: [0, 1] — B the pull back £*(E) — [0, 1]
of 7 : E — Bby £is trivial. Hence there exist a trivialization @ : %, x [0, 1] — L*(E)
such that ® (x, 0) = ¢ (x). By assigning the isotopy class of ®(x, 1)~! o ¢ to the ho-
motopy class of £, we obtain amap yx : 1 (B, bg) = m1(B) — I'g. This map becomes
a homomorphism under the conventions; (1) for any two mapping classes fi and f>,
the multiplication f1 o f> means that f> is applied first, (2) for any two homotopy
classes of based loops ¢1 and 5, their product £ - £, means that £; is traversed first.
x 1is called the topological monodromy of w: E — B and determined up to inner
automorphisms of I'g.

Let P denote the pair of pants, i.e., P = Sz\ Ul-3=1 IntD; where D;,i = 1,2, and 3
are the three disjoint closed disks in the 2-sphere S2. Choose a base point py € IntP
and fix a based loop ¢ and ¢; such that ¢; is free homotopic to the loop traveling once
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the boundary 0 D; by counter clockwise manner (i = 1, 2). For (f1, f2) € Iy x I,
we can construct an oriented ¥, bundle E(fi, f2) over P such that the topological
monodromy x : 71 (P) — 'y sends [¢;] to f; fori = 1,2. (If g > 2, the isomorphism
class of this bundle is unique.) E(fi, f2) is a compact C*-manifold of dimension 4
and has the natural orientation induced by the orientation of P and that of the fibers.
Then the signature of E(f1, f>) is defined and we set

7o (f1. f2) := =Sign(E(f1, f2)).

This turns out to be well defined even when g = 1, and 7,: I'y x I'y — Zis called
Meyer’s signature cocycle. The basic properties of T, are

(D) 7g(fif2, 13) + 15(f1, f2) = 15 (f1, f213) + T4 (f2, f3):
@) T (fi, 1) =1(1, fi) = 1o (f1, f; ) = 0;
@) (7 D =~ (i, fo:
@ o (f1, f2) = 1o (f2, f1);
) w(fsfifs s ffafs D = te(fi, f2),
where f1, f2, and f3 are elements of I',.

For an oriented ¥, bundle 7: E — B and a choice of base point by of B, we
obtain a 2-cocycle x*t, of w1 (B) = 71 (B, bp) by pulling back 7, by the topological
monodromy y : w1 (B) — T',. Although y is determined only up to conjugacy, x *z, is
uniquely determined by the property (5) of 7, above. Moreover, x *t, does not depend
on the choice of base point of B in the following sense: suppose b;, € B and b are in
the same path component of B then under any isomorphism 71(B, bo) = 71 (B, b))
using a path from bg to b(’), two cocycles of w1 (B, bg) and 71 (B, bf)) defined as the
pull back of 7, by topological monodromies, correspond to each other.

Let G be a group and ¢ : G — I'y a homomorphism.

Definition 8.1 A Q-valued 1-cochain ¢: G — Q is called a Meyer function with
respect to the pull back ¢* 7, of 7, by ¢ if it satisfies 6¢ = ¢* 14, i.e., ¢ cobounds the
2-cocycle ¢*1g.

If a Meyer function exists on G, the cohomology class ¢*[7,] € H 2(G; 7Z) is tor-
sion. The following properties of ¢ are easily derived by the above properties of 7,
(see also [7, Proposition 3.1]).

Lemma 8.2 If ¢ is a Meyer function with respect to ¢*t,, we have

(1) ¢(xy) = p(x) + () — 9 T4 (x, );
(2) ¢(1) = 0;

3) 7 =—px);

) ¢(yxy™H =),

where x,y € G.
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