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Preface

The idea of writing this book came roughly at the time of publication of
my graduate text Lectures on Modules and Rings, Springer GTM Vol. 189,
1999. Since that time, teaching obligations and intermittent intervention of
other projects caused prolonged delays in the work on this volume. Only a
lucky break in my schedule in 2006 enabled me to put the finishing touches
on the completion of this long overdue book.

This book is intended to serve a dual purpose. First, it is designed as
a “problem book” for Lectures. As such, it contains the statements and
full solutions of the many exercises that appeared in Lectures. Second, this
book is also offered as a reference and repository for general information in
the theory of modules and rings that may be hard to find in the standard
textbooks in the field.

As a companion volume to Lectures, this work covers the same math-
ematical material as its parent work; namely, the part of ring theory that
makes substantial use of the notion of modules. The two books thus share
the same table of contents, with the first half treating projective, injective,
and flat modules, homological and uniform dimensions, and the second
half dealing with noncommutative localizations and Goldie’s theorems,
maximal rings of quotients, Frobenius and quasi-Frobenius rings, conclud-
ing with Morita’s theory of category equivalences and dualities. Together
with the coverage of my earlier text First Course in Noncommutative
Rings, Springer GTM Vol. 131, these topics comprise a large part of the
foundational material in the classical theory of rings.

An integral part of Lectures is the large collection of six hundred exer-
cises distributed over the seven chapters of the book. With the exception
of two or three (which are now deemed too difficult for inclusion), all
exercises are solved in full in this problem book. Moreover, some 40 new
exercises have been added to the present collection to further broaden its
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coverage. To facilitate the cross-referencing, I have by and large used the
same numbering scheme for the exercises in the two books. Some exceptions
to this rule are explained in the Notes to the Reader section on page xiii.

Problem solving is something truly special in mathematics. Every stu-
dent trying to learn a mathematical subject with any degree of seriousness
finds it helpful or even necessary to do a suitable number of exercises along
the way, to help consolidate his or her understanding of the subject matter,
and to internalize the myriad of information being offered. This exercise
book is intended not to supplant this process, but rather, to facilitate
it. There are certainly more exercises in Lectures than the author can
realistically expect his readers to do; for instance, §3 alone contains as
many as 61 exercises. If my teaching experience is any guide, most students
appreciate doing some exercises in detail, and learning about others by
reading. And, even in cases where they solved exercises on their own, they
find it helpful to compare their solutions with more “official” versions of
the solutions, say prepared by the author. This is largely the raison d’étre
of a problem book, such as the present one.

What this book offers, however, is more than exercise solutions. Among
the exercises in Lectures, only a rather small number are of a routine
nature. The others range from nontrivial to medium-difficult, difficult,
challenging, to very challenging, although they are not explicitly identi-
fied as such. In quite a few cases, the “exercises” are based on original
results of other authors published in the research literature, for which no
convenient expositions are available. This being the situation, a problem
book like this one where all exercise solutions are independently written and
collected in one place should be of value to students and researchers alike.
For some problems that can be approached from several different angles,
sometimes more than one solution is given. Many of the problem solutions
are accompanied by a Comment section giving relevant bibliographical,
historical or anecdotal information, pointing out latent connections to other
exercises, or offering ideas on further improvements and generalizations.
These Comment sections rounding out the solutions of the exercises are
intended to be a particularly useful feature of this problem book.

This book is an outgrowth of my lecture courses and seminars over the
years at the University of California at Berkeley, where many of the problem
solutions were presented and worked over. As a result, many of my students
and seminar participants have offered corrections and contributed useful
ideas to this work; I thank them all. As usual, the warm support of my
family (Chee King; Juwen, Fumei, Juleen, and Tsai Yu) was instrumental
to the completion of this project, for which no words of acknowledgement
could be adequate enough.

T.Y.L.
Berkeley, California
September 25, 2006
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Notes to the Reader

Since this Problem Book is based on the author’s “Lectures on Modules
and Rings”, the two books share a common organization. Thus, just as
in Lectures, the main text of this book contains seven chapters, which
are divided into nineteen sections. For ease of reference, the sections are
numbered consecutively, independently of the chapters, from §1 to §19.
The running heads offer the quickest and most convenient way to tell what
chapter and what section a particular page belongs to. This should make
it very easy to find an exercise with a given number.

Each section begins with its own introduction, in which the material in
the corresponding section in Lectures is briefly recalled and summarized.
Such short introductions thus serve as recapitulations of the theoretical
underpinnings of the exercises that follow. The exercises in §8, for instance,
are numbered 8.1, 8.2, etc., with occasional aberrations such as 8.5A and
8.5B. The exercise numbers are almost always identical to those in Lectures,
though in a few cases, some numbers may have shifted by one. Exercises
with numbers such as 8.5A, 8.5B are usually added exercises that did not
appear before in Lectures.

For the exercise solutions, the material in Lectures is used rather freely
throughout. A code such as LMR-(3.7) refers to the result (3.7) in Lectures
on Modules and Rings. Occasional references are also made to my earlier
Springer books FC (First Course in Noncommutative Rings, 2nd ed., 2001)
and ECRT (Ezercises in Classical Ring Theory, 2nd ed., 2003). These are
usually less essential references, included only for the sake of making further
connections.

The ring theory conventions used in this book are the same as those
introduced in LMR. Thus, a ring R means a ring with identity (unless
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otherwise stated). A subring of R means a subring containing the identity
of R (unless otherwise stated). The word “ideal” always means a two-sided
ideal; an adjective such as “noetherian” likewise means both right and left
noetherian. A ring homomorphism from R to S is supposed to take the
identity of R to that of S. Left and right R-modules are always assumed
to be unital; homomorphisms between modules are (usually) written on
the opposite side of the scalars. “Semisimple rings” are in the sense of
Wedderburn, Noether and Artin: these are rings R that are semisimple as
(left or right) modules over themselves. Rings with Jacobson radical zero
are called Jacobson semisimple (or semiprimitive) rings.

Throughout the text, we use the standard notations of modern math-
ematics. For the reader’s convenience, a partial list of the ring-theoretic
notations used in this book is given on the following pages.
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Chapter 1

Free Modules, Projective, and
Injective Modules

§1. Free Modules

Free modules are basic because they have bases. A right free module F' over
a ring R comes with a basis {e; : ¢ € I} (for some indexing set I) so that
every element in F can be uniquely written in the form ), ; e;r;, where all
but a finite number of the elements r; € R are zero. Free modules can also
be described by a universal property, but the definition given above is more
convenient for working inside the free module in question. We can also work
with F by identifying it with R), the direct sum of I copies of R (or more
precisely Rg). The direct sum R is contained (as a submodule) in the
direct product R!, which is usually “much bigger”: we have the equality
R = RTiff I is finite or R is the zero ring.

If F = RU, the cardinality |I| of I may be (and usually is) called
“the rank” of F, with the understanding that it may not be uniquely
defined by F as a free module. If I is infinite (and R # 0), then the
rank of the free module F' happens to be uniquely determined. However,
f.g. (finitely generated) free modules need not have a unique rank. This
leads to a definition: R is said to have (right) IBN (invariant basis number)
if, for any natural numbers n, m, R" = R™ (as right modules) implies that
n = m. These are the rings for which any free right module has a unique
rank. For instance, local rings and nonzero commutative rings have this
property.

A ring R is Dedekind-finite if xy = 1 implies yxr = 1 inR, and R is
stably finite if any matrix ring M,,(R) (n < o0) is Dedekind-finite. The
latter notion is related to IBN, in that any nonzero stably finite ring has
IBN.
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Two more conditions arise naturally in connection with the study of
free modules. We say that R satisfies the rank condition if the existence
of an epimorphism R* — R™ implies that k¥ > n; and we say that R
satisfies the strong rank condition if the existence of a monomorphism
R™ — R™ implies that m < n. (Here, k, m, n are natural numbers.) This
terminology is justified by the fact that the strong rank condition implies
the rank condition (though not conversely). For any nonzero ring R, we
have

Stable finiteness = rank condition = IBN,

and all three are left-right symmetric conditions. The “strong rank condi-
tion” defined above, however, is not left-right symmetric, and should more
properly be called the right strong rank condition.

Much more about the relationships between the various notions above
is given in LMR-§1. Some of it is highly nontrivial, e.g., the fact that any
nonzero commutative ring satisfies the strong rank condition. There is also
an interesting relationship between the rank condition and stable finiteness:
a ring R satisfies the rank condition iff it admits a homomorphism into a
nonzero stably finite ring. This is a result of P. Malcolmson (see LMR-
(1.26)).

The exercises in this section cover additional material on the vari-
ous conditions above, as well as the hopfian and cohopfian conditions on
modules. For instance, the behavior of many of these conditions under
the formation of matrix rings, polynomial rings and power series rings
is studied. Some of these exercises require rather serious work, e.g. the
construction of a Dedekind-finite ring R for which My (R) is not Dedekind-
finite (Exercise 18). The example of a “free group ring” gives a very good
illustration of the possible failure of the strong rank condition (Exercise
29).

Exercises for §1

Ex. 1.1. Give a matrix-theoretic proof for “stable finiteness = rank con-
dition” (for nonzero rings).

Solution. Assume that the rank condition fails for a ring R # 0. Then,
for some integers n > k > 1, there exist an n X k matrix A and an k x n
matrix B over R such that AB = I,,. (See LMR-(1.24). The matrices A, B
are obtained from an epimorphism Rﬁ-t — R} and a splitting thereof, with

n>k>1)Let A= (4, 0) and B’ = (g) be n x n completions of the
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rectangular matrices A, B. Then

A'B' = (4, 0) g —AB =1, but

BA = (ﬁ) (4, 0) = (BOA 8) 41,

so R is not stably finite.

Comment. Instead of using the completions A’ and B’ above, we can also
(CC"> ,B = (D, D') where C,D € My(R). From AB = I, we
get CD =1, C'D =0, CD’ = 0 and C'D’ = I,,_j. From these, we see
easily that DC # I, so R is not stably finite.

Ex. 1.2. A student gave the following argument to show that any algebra
A over a field k has IBN. “Suppose A is generated over k by {z; : i € I}
with certain relations. Let be the quotient of A obtained by introducing the
further relations z; x; — ;z; = 0(Vi, j). Then A has a natural surjection
onto A. Since the commutative ring A has IBN, it follows from LMR-(1.5)
that A has IBN.” Is this argument valid?

Solution. 1\_10! The flaw of this argument lies in the fact that the commu-
tative ring A may be the zero ring. In that case, A does not satisfy IBN,
so we cannot apply LMR-(1.5).

write A =

Ex. 1.3. Let V be a free right module of infinite rank over a nonzero
ring k, and let R = End (Vj). Show that, for any positive integers
n, m, M,(R) and M,,(R) are isomorphic as rings.

Solution. The endomorphism ring R was introduced and studied in LMR-
(1.4). It is shown there that R} = RY for any n, m > 1. Taking en-
domorphism rings of these free right R-modules, we then obtain a ring
isomorphism M, (R) & M,,(R). (This means, of course, that R itself is
isomorphic to all the matrix rings M, (R)!)

Ex. 1.4. Does every simple ring have IBN?

Solution. The answer is “no.” Take any nonzero ring R which does not
have IBN. Let I be a maximal ideal of R. Then S = R/I is a simple ring,
and we have a surjection R — S. Since R does not have IBN, it follows
from LMR-(1.5) that S also does not have IBN.

Comment. A much harder question is: Does every domain have IBN? The
answer also turns out to be “no”: see the discussion in the paragraphs
following LMR-(9.16).

Ex. 1.5. Suppose the ring R admits an additive group homomorphism T'
into an abelian group (A4, +) such that T'(cd) = T'(dc) for all ¢, d € R.
(Such a T is called a trace map.) If T(1) has infinite additive order in A4,
show that R must have IBN.
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Solution. Suppose RE = R}%. Then there exist an m X n matrix A and
an n X m matrix B over R such that AB = I, and BA = I,. Taking
(ordinary) traces, we have

m = tr(AB) = ZZ Zk A;pBr;, and
n = tI‘(BA) = Zk Zi By Aix.

Applying T', we get

mT(1) =3 Y T(AaBw)=) > T(Budw)=nT(1).

Since T'(1) € A has infinite additive order, we must have m = n, as desired.

Ex. 1.6. A module My, is said to be cohopfian if every R-monomorphism
¢ : M — M is an isomorphism. Show that, if Mg is an artinian module,
then M is cohopfian.

Solution. Assume, for the moment, that (M) C M. Since ¢ is an injec-
tion, *(M) ¢ ¢(M). Repeating this argument, we see that ¢"+1(M) C
©"(M) for all n. Therefore, we have a strictly descending chain

M2pM)2¢*(M)2 -,
contradicting the fact that M is an artinian module.

Comment. A module Mg is said to be hopfian if every R-epimorphism
@: M — M is an isomorphism. The “dual” version of this exercise is also
true: if Mg is a noetherian module, then M is hopfian. This is proved in
LMR-(1.14) by a dual argument.

Ex. 1.7. A ring that is Dedekind-finite is also known as von Neumann
finite. Is every von Neumann regular ring von Neumann finite?

Solution. The answer is “no.” Let V = e1k ® ek @ --- where k is any
division ring. Since Vi is a semisimple module, R : = End(V}) is a von
Neumann regular ring by FC-(4.27). Let z, y € R be defined by

y(el) = €i41 and $(€1) =€;—1 (’L Z 1),

where eq is taken to be 0. Then zy = 1 € R, but yz # 1 (since yz(e;) = 0).
Therefore, R is not von Neumann finite.

Comment. Although a general von Neumann regular ring need not be von
Neumann finite, various classes of von Neumann regular rings are known
to be von Neumann finite. For instance, let R be a unit-regular ring, in the
sense that any a € R can be written in the form aua for some unit u € R.
Then, whenever ab = 1, we have 1 = ab = (aua)b = au. This shows that
a=u"! € U(R), so R is von Neumann finite.
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Ex. 1.8. A module My, is said to be Dedekind-finite if M =% M & N (for
some R-module N) implies that N = 0. Consider the following statements:

(A) M is Dedekind-finite.
(B) The ring E : = End(MRg) is Dedekind-finite.
(C) M is hopfian (any surjective a € E is bijective).

Show that (C) = (A) < (B), and that (C) & (A) if every R-epimorphism
M — M splits (e.g., if M is a projective module). Give an example to show
that, in general, (4) # (C).

Solution. (A)= (B). Let a, b € E be such that ab=1. Then b: M — bM
is an isomorphism (since bm = 0 = 0 = a(bm) = m). Also, we check easily
that M = bM @dker(a), so (A) forces ker(a) = 0. Since a is clearly surjective,
we have a € U(F), and hence ba =1 € E.

(B)= (A). Suppose Mg is not Dedekind-finite. Then we have a decom-
position M = My @ N where N # 0 and there exists an isomorphism
m: M — My. Let b € E be the composition of 7 with the inclusion map
My C M, and let a € E be defined by a|N = 0 and a|My = 7~1. Then
clearly ab = 1 € E; but ba # 1 € E since ba(N) = 0. Thus, E is not
Dedekind-finite.

(C)= (A). Suppose again that M is not Dedekind-finite. Using the nota-
tions in the last paragraph, we have a surjection ¢ : M — M that is not
bijective (since a(N) = 0).

Next, assume that every R-epimorphism M — M splits. To prove (A) =
(C), suppose M is Dedekind-finite, and consider every surjection f: M —
M. Let g be any splitting for f. Then M = ker(f) ®im(g) and im(g) = M,
so (A) implies that ker(f) = 0, as desired.

In general, (A) does not imply (C). For instance, over Z, let M be
the Priifer p-group |J,.; Cp» where Cpn denotes a cyclic group of order
p™(p = prime). It is well-known that M is an indecomposable group, so Mz
is Dedekind-finite. However, M/C, = M yields an epimorphism M — M
with kernel C,,, so M is not hopfian. (The endomorphism ring E here is the
ring of p-adic integers; this is a commutative domain, which is, of course,
Dedekind-finite.)

Comment. The following consequences of the exercise are noteworthy. In
the case where M = Rpg, we have E = End(Rgr) = R. Therefore, the
exercise implies that Rp is Dedekind-finite (as a module) iff R is Dedekind-
finite (as a ring). Applying the exercise to R}, (for all n < 00), we see also
that R is stably finite iff all free modules R, are Dedekind-finite, iff all R,
are hopfian. This was stated without proof in LMR-(1.7).

Ex. 1.8*. (1) If Mg is not Dedekind-finite, show that M contains a copy
of N@® N @ --- for some nonzero module N. Is the converse true? (2) Is a
submodule of a Dedekind-finite module also Dedekind-finite?
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Solution. Say M = M; & N, where M; & M, and N # 0. Then M; =
My & N, where My = M. Continuing this construction, we arrive at a
submodule of M that is isomorphicto N & N @ ---.

The converse of the first part of (1) is not true. For instance, let R

be the Z-algebra generated by z, y, with the relations y?> = yz = 0. By
FC-(1.26),

(%) R =Z[z] ® Z[zly = Z]z] & @:0 Z- 'y

is a left noetherian ring, and hence Dedekind-finite (say by the first part
of (1)). This in turn implies that M = Rp is Dedekind-finite. However,
(x) shows that M contains a copy of N @ N & --- where N is the right
R-module given by Z with z and y acting trivially. (Each Z - 2y is a right
ideal isomorphic to Ng.)

The construction above also gives a negative answer to (2), since Mg
is Dedekind-finite, while N @ N & - - - is not.

Comment. For the question in (1), we have used a noncommutative exam-
ple. We can equally well give a commutative one. Take an (additive) abelian
group N # 0, and let I = N;®Ny@- - - where N; & N. Now make R = I $Z
into a (commutative) ring by introducing the (unique) multiplication with
respect to which I? = 0. The module M = Rp is Dedekind-finite (since R
is commutative). But, for each 7, N; C R is an ideal isomorphic to Ng with
I acting trivially. Thus, M contains a copy of Np @ Np © - --.

Ex. 1.9. Show that a ring R is not Dedekind-finite iff there exists an
idempotent e # 1 in R such that eR = R as right R-modules.

Solution. By the Comment following Exercise 8, R is not Dedekind-finite
iff there exists an R-isomorphism Rr & Rr® X for some R-module X # 0.
This means that R = eR @ (1 — e) R for some idempotent e # 1 such that
(eR)R =~ Rpg.

Ex. 1.10. Let M, N be modules over a ring R with a surjection f: N —
M and an injection g : N — M. Show that f is an isomorphism under
either one of the following assumptions:

(1) N is a noetherian module, or
(2) R is commutative and M is finitely generated.

Solution. (1) We shall think of ¢ as an inclusion map, so that N “be-
comes” a submodule of M. Consider the following submodules of N:

X,={zeN: f(z)eN, ..., f*}(z) €N, and f"(z) =0},

which form an ascending chain. Thus, under (1), we have X,,_; = X,, for
some n. Let x; € ker(f). Since f is surjective, there exist zs,...,2, € N
such that

ry = f(xg), Tg = f(:l,’3), S and Tp-1 = f(xn)
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Letting = = ,, we have then f(z) = zp_1,..., f*}(z) = z1, and
f*(z) = f(z1) = 0. Thus, z € X,. But then z € X,_1, which yields
0 = f*~!(x) = x;. This proves that ker(f) =0, so f is an isomorphism.

(2) Under the hypotheses in (2), assume instead that there exists n €
ker(f)\ {0}. Let my,...,mi generate M, and pick n; € N such that
f(ni) =mi. Say ny =3, rijmj, and n =3, rym;, where i, 7; € R. Let
Ry be the subring of R generated (over Z-1) by the finite set {r;;, r;}. By
the Hilbert Basis Theorem, this is a (commutative) noetherian ring. Now let
My (resp. No) be the Rp-submodule generated by {m;} (resp. {n;, n}).
Then Ny C NN My, and f restricts to a surjection fo: No — My, with
n € ker(fo) \ {0}. But Ny is f.g. over Ry, so it is a noetherian Rp-module.
This contradicts what we have proved in (1).

Comment. This very interesting exercise is taken from p. 61 of the book of
Balcerzyk and Jésefiak, “Commutative Noetherian Rings and Krull Rings”,
Halsted Press/Polish Sci. Publishers, 1989. Several special cases of this
exercise are noteworthy.

Let M be a noetherian module over any ring R. Case (1) above implies
that M is hopfian: this case was done in LMR-(1.14). It also implies that
M @ X cannot be embedded into M unless X = 0: this case was done in
LMR-(1.36). The present conclusion is thus much stronger. Next, assume R
is commutative and M is f.g. The conclusion in Case (2) generalizes a well
known result of Vasconcelos and Strooker, which says that M is hopfian.
(For more details and relevant citations on this case, see ECRT-(20.9).)
The conclusion in the present exercise, covering the case N C M, is again
stronger. For instance, if N = R¥, the exercise yields the following:

If M is generated by my,...,my, and contains linearly in-
dependent elements ni,...,ng, then ma,...,my form a free
R-basis for M.

This case is covered (with a matrix-theoretical proof) in Thm. 5.10 in
W.C. Brown’s book, “Matrices over Commutative Rings”, M. Dekker, New
York, 1993.

Ex. 1.11. (Jacobson, Klein) Let R be a ring for which there exists a
positive integer n such that ¢* = 0 for any nilpotent element ¢ € R. Show
that R is Dedekind-finite.

Solution. Let ab = 1 € R. Following a construction of Jacobson, let
ei; = b (1 —ba)a’ (i,j > 0). In FC-(21.26), it is shown that these elements
in R satisfy the matrix unit relations e;jers = d;re;e Where §;; are the
Kronecker deltas. Imitating the construction of a nilpotent Jordan matrix,
let ¢ = eg1 + €12 + -+ + €n_1.n, Where n is as given in the exercise. By a
direct calculation using the above matrix unit relations, we see that

2
¢ =epptes+ - --+ten_2n,

3
c €3t eyt -+ en_3n,
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etc. In particular, c®*! = 0. By the given hypothesis, we have 0 = ¢* =
eon = (1 — ba)a™. Now right multiplication by b™ gives ba = 1.

A somewhat different approach to the problem, due to A. A. Klein, is
as follows. Given ab = 1, note that

(1) (1-ba")(1—-Val) =1-ba for i>j and
(2) a(l —b'a') = (1 -6t Na for i>1.
Using these, we can check that, for d = (1 — b™a™)a, we have
(I-0"a")a(l —b"a)a

( _ bnan)( _ bn—lan—l)a2

(1 _ bn—lan—l)a2,

d?

and inductively,
di=(1-b"""g" "t g' for i<n41.

In particular, d®*! = 0. By the given hypothesis, we have 0 = d* =
(1 - ba)a™, and so ba = 1 as before.

Comment. In the two solutions given above, the elements ¢ and d in R look
different. However, they have the same n-th power, (1 —ba)a™, so one may
wonder if they are the same to begin with. Indeed, it can be shown that
¢ = d (so the two solutions offered for the exercise are mathematically
equivalent!). To see this, we induct on n, the case n = 1 being clear.
Assuming the conclusion is true for n — 1, we have

(eo1 + -+ €n— 2,n— 1)+€n—1,n

(1 pn— 1 a®” 1)a+bn 1( _ba)an
[(1 pr— 1 an~ 1)+bn 1( —ba)a"‘l]a
(1—-b"a")a

d.

Jacobson’s construction of the e;;’s appeared in his classical paper “Some
remarks on one-sided inverses,” Proc. Amer. Math. Soc. 1(1950), 352-355.
A predecessor of Jacobson’s paper is that of R. Baer, “Inverses and zero-
divisors,” Bull. Amer. Math. Soc. 48(1942), 630-638. Klein’s construction
of the element d comes from his paper “Necessary conditions for embedding
rings into fields,” Trans. Amer. Math. Soc. 137(1969), 141-151. A ring S
is said to satisfy Klein’s Nilpotency Condition if, for any n, any nilpotent
matrix N € M, (S) satisfies N™ = 0. The results presented in this Ex-
ercise (applied to matrix rings) imply that any ring S satisfying Klein’s
Nilpotency Condition is always stably finite.

Klein has also shown, however, that Dedekind-finite rings need not have
the bounded nilpotency property in the statement of this exercise.
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Ex. 1.12. For any ring R, we can embed R into S = M, (R) by sending
r € Rtodiag (r,...,r). Therefore, S may be viewed as an (R, R)-bimodule.
Show that Sg = R’}; and S = (RR)"z, with the matrix units {E;; : 1 <
i, 7 < n} as basis.

Solution. With respect to the given right R-action on S, the scalar mul-
tiplication E;; - r (r € R) is easily seen to be a matrix with (4, j)-th entry
r and other entries zero. Therefore, any matrix s = (a;;) € S can be
expressed in the form s = ) E;; a;;. Clearly, this implies that Sg is free on
the basis {E;; : 1 <4, j <n}soSg= R’f;. The same result for gS follows
similarly.

Ex. 1.13. (Montgomery) Let I be an ideal of a ring R contained in rad R
(the Jacobson radical of R). Show that R is stably finite iff R/ is.

Solution. We shall use the following crucial fact about the Jacobson rad-
ical of a ring S (see F'C-(4.8)):

(1) If J is an ideal in rad S and S = S/J, then an element a € S has an
inverse (resp. left inverse) iff a € S does.

Using this, we see immediately that
(2) S is Dedekind-finite iff S is.

For the given ring R in the problem and any n > 1, let S = M,(R).
Then, by FC-p.61,

J: = M,(I) CM,(rad R) =rad S, and

By (2), S = M, (R) is Dedekind-finite iff S/J = M, (R/I) is. Since this
holds for all n, it follows that R is stably finite iff R/I is.

Comment. The result in this exercise is an observation in M.S. Mont-
gomery’s paper “von Neumann finiteness of tensor products of algebras,”
Comm. Algebra 11(1983), 595-610.

For the following exercises ((14) to (17)), let “P” denote any one of the
properties: IBN, the rank condition, or stable finiteness.

Ex. 1.14. Let S = M,(R), where n > 1. Show that R satisfies the property
“P” iff S does.

Solution. (1) Suppose S has IBN. Since we have a ring homomorphism
€: R — S sending r € R to diag (r,...,r), LMR-(1.5) implies that R
also has IBN. Now suppose S does not have IBN. Then there exist positive
integers p # ¢ and matrices A, B of sizes p X ¢ and ¢ X p over S such that
AB = I, and BA = I,. Viewing A, B as matrices over R, of sizes np X nq
and ng x np (where np # nq), we see that R does not have IBN. (We could
also have used Exercise 12 for this conclusion.)
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(2) Suppose S satisfies the rank condition. By LMR-(1.23), the existence
of the ring homomorphism € : R — S above implies that R also satisfies
the rank condition. Now suppose S does not satisfy the rank condition. By
LMR-(1.24), there exist integers p > ¢ > 1 and matrices A, B of sizes p x ¢
and ¢ x p over S such that AB = I,,. Viewing A, B as matrices over R, of
sizes np x ng and ng x np (where np > ng > 1), we see that R does not
satisfy the rank condition. (Alternatively, use Exercise 12.)

(3) Suppose S is stably finite. Since € : R — S is an embedding of
rings, LMR-(1.9) implies that R is stably finite. Now suppose S is not
stably finite. Then for some p, there exist matrices A,B € M,(S) such
that AB = I, # BA. Since M,(S) = M,,(R), it follows that R is not
stably finite.

Ex. 1.15. (Small) Let S = R[[z]] (power series ring in one variable = over
R). Show that R satisfies the property “P” iff S does.

Solution. (1) Note that there is a homomorphism from R to S (the
inclusion map) and also a homomorphism from S to R (sending > ;e a;z*
to ap). From LMR-(1.5) and LMR-(1.23), it follows that, for “P”= IBN or
the rank condition, R satisfies “P” iff S does.

(2) We are now left with the case “P”= stable finiteness. Suppose S is stably
finite. Clearly, the subring R C S is also stably finite. Finally, suppose R
is stably finite. Consider the ideal (z) C S generated by z. Since 1 + (z)
consists of units of S, (z) C rad S. We have S/(z) = R, so by Exercise 13,
the fact that R is stably finite implies that S is stably finite.

Ex. 1.16. (Small) Let S = R[z]. Show that R satisfies the property “P”
iff S does.

Solution. If “P” = IBN or the rank condition, the same proof given in (1)
of the last exercise works here. Thus, we need only handle the case where
“P” is stable finiteness. If R[z] is stably finite, certainly so is the subring
R. Finally, assume R is stably finite. By the last exercise, R[[z]] is stably
finite. Therefore, the subring R[x] C R|[[z]] is also stably finite.

Ex. 1.17. (Cohn) Let R = lim R; (direct limit of a directed system of rings
{R; : i € I}). Show that, if each R; satisfies the property “P,” so does R.

Solution. (1) Suppose R fails to have IBN. Then there exist natural
numbers n # m and matrices A, B over R of sizes m x n and n x m
respectively, such that AB = I,,, and BA = I,. For a suitably chosen index
1 € I, there exist matrices A1, By over R; of sizes m X n and n X m which
map to the matrices A, B under the natural map R; — R. The fact that
AB = I, and BA = I, implies that, for some index j > i, both of the
matrices A1 By — I, and B1 A1 — I,, over R; map to the zero matrix over
R;. This implies that R; does not have IBN.
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(2) If R fails to satisfy the rank condition, then (by LMR-(1.24)) there
exist integers m > n > 1 and matrices A, B over R of sizes m x n and
n x m such that AB = I,,,. The same argument used in (1) shows that such
matrices can already be found over some R;, so R; fails to satisfy the rank
condition.

(3) Suppose AB = I,, where A, B € M,(R). For a suitable index j, we
can find A, B' € M,,(R;) with A'B’ = I,, such that A’, B’ map to A, B
respectively under the map M, (R;) — M, (R). If R; is stably finite, then
B'A" = I, over Rj, and so B’A’ = I, over R. This shows that R is also
stably finite.

Ex. 1.18. Construct a ring R such that R is Dedekind-finite but My (R)
is not Dedekind-finite. (In particular, R is not stably finite.)

Solution. (Sketch) Following a construction of Shepherdson (in the 2 x 2
case), let R be the k-algebra generated over a field k by {s,t,u,v;w, z,y, 2}
s u

with relations dictated by the matrix equation AB = I, where A = .

and B = (z 3}) Thus there are four relations:

(x) sx+tuz=1, sy+uw=0, tx+vz=0, and ty+ovw=1

Our goal is to show that R is a domain (in particular R is Dedekind-finite),
but that My(R) is not Dedekind-finite.

The idea here is that we can bring the elements of R to a “normal form”
by using the relations (x). Notice that these relations enable us to make
the following “replacements”:

(%x) st =1—wuz, sy=—uw, tx=—-vz, ty=1—rovw.

Let us say that a monomial M in {s,t,u,v;w,z,y, 2} is in normal form if
there is no occurrence of the strings sz, sy, tz, ty in M. More generally,
we say that a sum of monomials ), M; is in normal form if each M; is in
normal form. Upon making the replacements (*+) repeatedly, we can write
each element in normal form. Note that the symbols s, t, z,y do not appear
on the RHS’s of the equations in (xx), so each replacement does get rid
of one “bad” string (sz, sy,tx or ty) without creating another one. This
guarantees the “convergence” of our algorithm for reducing elements of R
to normal form.

The same observation, basically, also guarantees the unigueness of a
normal form of an element of R. (The point is that there is no “interference”
among the four relations written out in the form (xx), so that our algorithm
can proceed essentially uniquely.)

We can now define a degree function 6 : R\ {0} — {0,1,2,...} by
taking the degree of the nonzero elements of R, expressed in their unique
normal forms. The fact that R is a domain will follow if we can show
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that for nonzero o, 3 € R (in normal form), o8 also has a degree, namely
(c) + 0(B). For this, we may assume that a,3 are homogeneous, say of
degree m and n. Consider a typical monomial ag (resp. By) appearing in o
(resp. B). The product agf3p is already in normal form unless, say aqg ends
in s and By begins with 2. In this case we would replace the string sz in
a@ofo by 1 — uz. The term 1 will only contribute to terms of lower degree
(than m + n), so if ag = os and By = x7, we have

aofo = o(sz)T = o(1 — uz)T = —cuzr

modulo terms of lower degree. Here, ouzT is in normal form, and can be
“cancelled out” only if there is another monomial a; = ou in @, and another
monomial #; = z7 in §. But then af contains o8y = cuzr which is in
normal form and cannot be cancelled out in the full expansion of a3. This
shows that a8 # 0 and in fact 6(a8) = §(a) + 6(8).

It is now easy to see that My (R) is not Dedekind-finite. Indeed, the
matrices A, 3 € My(R) satisfy, by definition, AB = I,; but BA # I since
its (1, 2)-entry has the nonzero normal form zu + yv.

Comment. J.C. Shepherdson’s construction appeared in his paper “In-
verses and zero-divisors in matrix rings,” Proc. London Math, Soc. 1(1951),
71-85. Using similar methods, P.M. Cohn has constructed (for any n > 1)
a ring R for which M, (R) is Dedekind-finite for all r < n, but M, 11 (R)
is not Dedekind-finite; see his paper “Some remarks on invariant basis
property,” Topology 5(1966), 215-228. Noting that M, (R) & R ®; M, (k),
one can consider more generally finiteness questions for tensor products of
k-algebras; see M.S. Montgomery, “von Neumann finiteness of tensor prod-
ucts of algebras,” Comm. Alg. 11(1983), 595-610. Among other results,
Montgomery showed that the tensor product of a stably finite algebra with
a PI algebra remains stably finite, and that, if K/k is an algebraic field
extension of degree > 1, there always exists a k-domain A such that AQy K
is not Dedekind-finite.

There is a result due to P.M. Cohn which asserts that any domain
can be embedded into a simple domain. Let R denote again Shepherdson’s
domain constructed in the solution to this exercise, and let S be any simple
domain containing R. Then S is Dedekind-finite, but M;(S) is not since
AB = I # BA in Ma(R) C My(S). This enables us to produce a “simple”
example for the present exercise. (I thank P.M. Cohn and K. Goodearl for
relaying to me this interesting remark.)

Ex. 1.18. True or False: if an upper triangular matrix (g Z) over a

ring k is invertible in My (k), then z, y are units in k?

Solution. Taking an inverse (Z Z) for (5 Z) in My (k), we have the

equations ax = 1 = yd. Thus, «z is left-invertible, and y is right-invertible.
If k is Dedekind-finite, we can conclude that z,y € U(k). But if k is not
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Dedekind-finite, this conclusion need not hold, as the following construction
shows!

Let z,y € k be such that yz = 1 # xy. Then xy is an idempotent, and
z:=1—zyis its “complementary” idempotent. Consider the triangular

matrices
A:(w Z), and B:(y 0>
0 vy z

in R = My(k). Since zz = z — zyz = 0 and yz = y — yzy = 0, we have

2
AB=(TVTF ) _ [ and BA=(Y* ¥ \_p,
Yz Yyr 2r 2+ xy
Thus, A, B are invertible in R, but z,y ¢ U(k).
In a similar spirit, we can also take

C= <:c 1> , and D= <y _1> ,
0 y z
with CD = DC = I,.

Comment. To complete the discussion, we might add the comment that,
if an upper triangular matrix is invertible in the ring of upper triangular
matrices, then its diagonal entries are indeed units in the coefficient ring,
and conversely. The first counterexample offered in the solution above is
from the author’s paper: “Corner ring theory: a generalization of Peirce
decompositions”, in Algebra, Rings, and Their Representations, Proc. Int’]
Conf. in Algebras, Modules, and Rings (Lisbon, 2003), pp. 153-182, World
Scientific, Singapore, 2006.

Ex. 1.19. Show that a ring R # 0 satisfies the strong rank condition iff,
for any right R-module M generated by n elements, any n + 1 elements in
M are linearly dependent.

Solution. Suppose first that, in any right R-module M generated by n
elements, any n + 1 elements in M are linearly dependent. Then, for any
n, R}, cannot contain a copy of Rﬁ“. This implies that R satisfies the
strong rank condition. Conversely, assume that R satisfies the strong rank
condition. Let M be any right R-module generated by z1,...,z,, and let
Yly-- s Ynt1 € M. Let 7 : R™ — M by the R-epimorphism defined by
w(e;) = x; (where {e;} is the standard basis in R"), and let f; € R"(1 <
i < n+ 1) be such that 7(f;) = y;. By hypothesis, fi,..., fny1 must
be linearly dependent. Applying m, we see that yi,...,yn41 are likewise
linearly dependent.

Ex. 1.20. Let f: R — S be a ring homomorphism such that S becomes
a flat left R-module under f (i.e., the functor — ®g S is exact on Mpg).
Show that if S satisfies the right strong rank condition, so does R. Using
this, show that if S satisfies the strong rank condition, then so does the
direct product S x T for any ring T'.
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Solution. Consider any R-monomorphism RY — R?%. Tensoring this with
the flat left R-module S, we get an S-monomorphism S% — S%. If S
satisfies the strong rank condition, then this implies that m < n, so we
have shown that R satisfies the strong rank condition.

Now suppose S satisfies the strong rank condition, and let R =S x T,
where T is any ring. Here we have the projection map f : R — S. The
module rS (defined via f) is a direct summand of gR. Thus, gS is a
projective, and hence flat, module. By the first part of this exercise, we
conclude that R = S x T also satisfies the strong rank condition.

Ex. 1.21. If a product ring R = S x T satisfies the strong rank condition,
show that either S or T' must satisfy the strong rank condition.

Solution. Suppose neither S nor T satisfies the strong rank condition.
Then there exist an embedding Sg"“ — S§ for some m, and an embedding
T}’H — T for some n. We may assume that m = n. (If, say m > n, add
T7*™™ to both sides of T. }L‘H — T7.) By taking products, we obtain easily
an embedding R%’H — R, which contradicts the assumption that R
satisfies the strong rank condition.

Ex. 1.22. Let “P” be the strong rank condition. Redo Exercises (14), (16),
and prove the “if” part of Exercise 15 for this “P.”

Solution. (1) Suppose S = M,,(R) satisfies “P.” Consider the usual em-
bedding € : R — S, defined by &(r) = diag (r,..., r). Viewing S as a
left R-module via &, we have gS§ = RR"2 by Exercise 12. In particular,
rS is a flat module. Applying Exercise 20, we see that R satisfies “P”.
Now suppose S does not satisfy “P”. Then, for some m, there exists an
m+l S Since we also have Sp = ’];, this leads to an

embedding Sg
2
n(m+) _, Rr'm Hence R does not satisfy “P”.

embedding Ry

(2) Suppose A = R|[z]] satisfies “P”. Viewing A as a left R-module via the
embedding R — A, we have gRA = R X R X --- , which is a flat module.
Therefore, it follows from Exercise 20 again that R satisfies “P”.

(3) If T = R|z] satisfies “P”, then so does R since here gT * R &R @ -,
which is free and hence flat. Finally, suppose R satisfies “P”. Consider a
homogeneous system of linear equations

m
(%) ijl aij(z)y; =0 (1<i<n)
over T, with m > n. Write
d d
aij (.’E) = Zaijk:ck and y]‘ = Z’y@sz.
k=0 £=0

The system of equations amounts to

0= Za‘ (Zk aijkwk) (Zz y@mé) - Zk,e (Zg aijkyéj>xk+l
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for all 5. Since 7 ranges here from 1 to n, and k+£ ranges from 0 to d+d’, this
leads to a homogeneous linear system over R with n(d + d’ + 1) equations,
in the m(d’ + 1) unknowns {y;}. Since R satisfies “P”, we can solve this
system nontrivially over R if d’ is chosen so large that

d'(m—mn)>n(d+1)-m.

Therefore, the given system of equations (x) has a nontrivial solution over
T'. This shows that T has the property “P”.

Ex. 1.23. If R satisfies the (right) strong rank condition, does the same
hold for S = R[[z]]?

Solution. The answer, in general, is “no”. However, it is not easy to find
a counterexample. To present as short a solution as possible, let us appeal
to a later exercise in §10 and also make full use of the results in LMR. Let
R be a domain. According to Exercise (10.21), R satisfies the strong rank
condition iff R is a right Ore domain; that is, iff aRNbR # 0 for any a,b # 0
in R. Now, by LMR-(10.31A), there exist (right and left) Ore domains R
for which S = R[[z]] is not right Ore. By Exercise (10.21), such domains
R satisfy the strong rank condition, but the power series rings R[[z]] over
them do not.

1 do not know if it is any easier to find a counterexample where R is
allowed to have 0-divisors.

Ex. 1.24. Let R be a ring that satisfies the strong rank condition, and let
g: RU — RY) be a monomorphism from the free (right) module RMD
to the free module R(), where I, J are (possibly infinite) sets. Show that
|| < |J|.

Solution. We may clearly assume that |I|,|J| are both infinite cardinals.
Let {e; : i € I} and {e} : j € J} be bases for RI | RWY) respectively.
For each i € I, fix a finite set S; C J such that §(e;) is in the span of
{e} : j € Si}. Since |J| is infinite, the collection of sets {S; : i € I} is a set
of cardinality < |J|. If }I| > |J|, there would exist infinitely many indices,
say 11,%2,... € I such that S;; = S;, = --- = S (say). But then § would
induce an injection from e;, R ® e;, R ® - - - to R(S), which contradicts the
strong rank condition.

Ex. 1.25. Let R # 0 be a commutative ring such that any ideal in R is
free as an R-module. Show that R is a PID.

Solution. We first check that R has no 0O-divisors. Let @ # 0 in R. If
ar = 0(r € R), then (aR)-r = 0. Since aR is a nonzero free right R-
module, we must have r = 0. Therefore, R is a (commutative) domain. Let
A be any nonzero ideal in R. By the given hypothesis, A has a free R-basis
{e; : i € I}. If I contains two elements i # j, the equation e;e;—eje; =0 € I
would give a contradiction. Therefore, we must have [I| = 1, and so A is a
principal ideal, as desired.
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Comment. For a noncommutative version of this exercise, see Exercise
10.26.

Ex. 1.26. Let R be any ring such that any right ideal in R is free as an
R-module. Show that any submodule of a free right R-module is free.

Solution. Since free modules are projective, the hypothesis implies that
R is a right hereditary ring. A quick way to solve this problem is to use a
basic result on right hereditary rings due to I. Kaplansky. According to
Kaplansky’s Theorem (LMR-(2.24)), any submodule M of a free right
R-module is isomorphic to a direct sum @), I; where the I;’s are suitable
right ideals in R. Since each I; is free (by assumption), it follows that M
itself is free.

Ex. 1.27. Let R be a ring and 8 C R be an ideal that is free as a left
R-module with a basis {b; : j € J}. For any free left R-module A with
a basis {a; : i € I}, show that BA is a free left R-module with a basis
{b]-ai jed i EI}

Solution. Since A =), Ra; and B is a right ideal,

BA=(D BR ai=P, Ba.

Writing B = @, Rb;, we have

BA=@, (B, By)ai =P, R-bia.

If r(bja;) = 0 where r € R, then rb; = 0 (since Ra; is free on a;) and hence
r = 0 (since Rb; is free on b;). Therefore, R - b; - a; is free on b;a;, and
hence BA is free on {bja; : j€ J, i€ I}.

Ex. 1.28. Let R and 8 be as in Exercise 27, and let 2 D B be a left
ideal in R that is free as a left R-module. Show that (1) for each i > 0,
BIA/BH1IY and B /B! are both free left R/B-modules; (2) there is a
long exact sequence of left R/%B-modules:

B2 BA B 2A R R
(*) S = D e o — — —— — — — — — (),

B3 B2 B2 O BA B A
where all modules except R/ are free over R/%B. (Such a sequence is called
a free resolution for the R/B-module R/.)

Solution. Applying the last exercise to A = 2, we see that B is R-
free. By induction on i, it follows that each B2 is R-free, and therefore
BA/B 1A is R/B-free. In the special case when A = R, this implies that
B'/B*1 is also R/B-free. Since B C A (and B is an ideal), we have a
filtration of left ideals:

ROADBOBADB OB AV D -+,

From this, we get the long exact sequence (*), where, as we have just
observed, all modules except R/2 are free over R/B.
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Ex. 1.29. Let G be a free group on a set of generators {x; : 7 € I} and let
R be the group ring kG, where k is a commutative ring. Show that, as a left
R-module, the augmentation ideal 2 (the kernel of the augmentation map
e: R — kdefined by £ (3,5 a.2) =Y., a;) is R-free with basis {z; -1 :
i€ I}

Solution. Our strategy will be to show that, for any left kG-module M
and any given set of elements {m; : i € I} C M, there exists a unique
R-homorphism f : 2 — M such that f(z; — 1) =m; for all i € I. It is
easy to see that A =3, R- (x; — 1), so the uniqueness of f is clear. In the
following, we must show the existence of f.

To construct f, we use the notion of a cross-homomorphism from group
cohomology. A map ¢ : G — ggM is called a cross-homomorphism if it
satisfies

c(yz) = ye(2) +cly) (Vy,z €G).

In the case of a free group G as above, for any set of elements {m; : 1 € I} C
M, there exists a cross-homomorphism ¢ : G — M such that ¢(z;) = m; for
all 5 € I. To define ¢ on G, note that if ¢ does exist, we must have ¢(1) =0

and therefore ¢(z; ) = —2; '¢(z;) = —2; 'm,. Using this information as a
guide, we can define c on a reduced word w € G by induction on the length
of w, as follows. We start with ¢(1) = 0, ¢(z;) = my, and ¢(z] ') = —z;'my

for words of length <1. For a reduced word w = ywp where y has length 1,
we take

 Jmic(wo) + my if y=ux;,
c(w) : = {w;lc(wo) —z'my if y=a7"

With these definitions, it is straightforward to verify (again by induction
on word length) that ¢: G — M is a cross-homomorphism. With this map
¢ in place, we can then define f: 2 — M by

f (ZZEG azz) = ZZGG ac(2) (az €k, Zz a, = 0) .
(Of course, all sums involved are finite sums.) Clearly,
Flzi—1) = c(m) —c(1) = c(az;) =m; (Vi€

so we need only verify that f is a kG-homomorphism. Since f is clearly
k-linear, we are done by carrying out the following computation, where
yeGand ) a,z€N:

f (y Y wz) = ascly2)
=Y au(yelz) + )
=y) acl@) + (3, a:) elw)
=y 1 (3 az).
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Comment. Certainly, the cross-homomorphism ¢ : G — M can be con-
structed in a more conceptual way. Using the action of G on M, we can
construct a semidirect product A = M x G which contains M as a normal
subgroup with G as a complement. Given the elements {m, : i € I} C M,
we can define a splitting ¢ of the surjection A — G by taking

o(z;) = (my, x;) € A.

For any z € G, ¢(z) has then the form (c(z), z) € A, and z — ¢(z) is the
desired cross-homomorphism.

The fact that {x; —1: ¢ € I} forms a free kG-basis for 2 means that,
for any element o € 2, there exist unique elements 8, € kG such that

(+) a=)  _ (8:0)(wi-1)

We can extend each 0; to a k-linear map kG — kG by specifying that
0;(k) = 0. The maps 0; (i € I) are called the “Fox derivations with respect
to x;”; they are k-linear endomorphisms of kG characterized by the
derivation properties

Oi(a+ B) = 0i(a) + 6:(8), Bi(af) = adi(B) + di()e(B) (o, B € kG),

and the property that 0;(z;) = d;; (the Kronecker deltas). More generally,
it can be shown that each ideal power 2™ (n > 1) is kG-free with basis

{(eo —1) - (2, =D},

and there is a formula for a € U™ analogous to (*) using higher Fox
derivations.

It follows from this exercise that, if |I| > 2 and k # 0, then R =
kG does not satisfy the left (or right) strong rank condition, although R
does satisfy the rank condition since k£ does and we have the augmentation
homomorphism € from R to k. In the case where k = 7Z, the freeness of 2
as a (left) kG-module implies that the n-th homology (and cohomology) of
G in any ZG-module M is trivial for n > 1.

Ex. 1.30. Let G and k be as in the preceding exercise, and let H be a
subgroup of G. It is known that H is also a free group, say, on a set of
generators {y; : j € J}. Let G/H be the coset space {gH : g € G} viewed
as a left G-set, and let k[G/H] be the permutation kG-module with k-basis
G/H. Let o : kG — k[G/H] be the kG-module homomorphism induced
by the natural G-map G — G/H. Show that, as a left kG-module, ker(«)
is free with basis {y; —1: j € J}. (This generalizes the last exercise, which
corresponds to the case H = G.)

Solution. Let R = kG, B = ker(a), and

%O:Z]_ R-(y; —1) CB.
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It is easy to see that all y € H map to 1 in the quotient module R/%By.
From this, we see that B¢ = B. Thus, g8 is generated by {y;—1 : j € J},
so it only remains to prove that the elements y; —1 (j € J) are left linearly
independent over R. Suppose > y r;(y; — 1) = 0, where r; € R. Fix a coset
decomposition G = | J, g¢H with respect to H. Then R = kG = @, g¢-kH,
so we can write r; = ), g¢ Sj¢ where s;j; € kH. From

0 = erj(yj—l) = ijzgesjé(yj—l) = Zﬂfzj sje(y; — 1),

we see that ) sje(y; —1) = 0 € kH for each £. Since the augmentation
ideal of kH is freeon {y;—1 : j € J} as aleft kH-module (by Exercise 29),
it follows that s;, = 0 for each j and each £. Therefore, r; = >, gesje = 0
for each j, as desired.

Ex. 1.31. Let k be any commutative ring, and E be any (multiplicative)
group. Fix a presentation of E by generators and relations, say,

1-H—->G—FE—1,

where G (and hence H) is free. (Here H is the normal subgroup of G
generated by the “relations.”) Let 2 = ker(e) and B = ker(a) be as in the
last two exercises. Show that &, viewed as a left kE-module with the trivial
E-action, has the following free resolution.

B2 BA B A R
(*) —_—— s ——— = —— — ——— —

B3 B2 B2 BA B
in the category of left kE-modules.

Solution. As shown in the last two exercises, 2, B C kG are both free as
left kG-modules, and we have clearly 8 C . Since H is normal in G with
G/H = E, we can identify k [G/H] with the group ring kE. The map « in
Exercise 30 is just the k-algebra homomorphism induced by the projection
G — E. Thus B = ker(«) is an ideal in R = kG, with R/B = kE. The
quotient R/ = k is a left module over kG (and kE) with the trivial group
action. Therefore, Exercise 28 yields the desired resolution (%) of k by free
left modules over R/B = kE.

Comment. For k = Z, (*) is known as Gruenberg resolution of the trivial
ZE-module Z. This free resolution is of basic importance in the cohomology
theory of groups, and is especially useful in computing the low dimensional
homology and cohomology groups of the group E.

Ex. 1.32. Show that any nonzero submodule M of a free module Fgr
contains a copy of a nonzero principal right ideal aR.

Solution. We may assume M is a cyclic module zR. In this case, we may
further assume that F' is a free module of finite rank, say F' = R". We
write £ = (21,...,%,) (z; € R), and induct on the number m of nonzero
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coordinates z;. If m = 1, say
T F#F0=20 =" =1x,,

then zR = z1 R and we are done. If m > 2, assume, for convenience, that
x1,...,Tm are the nonzero coordinates, and consider ann,.(z;) (1 < i < m).
In case these annihilators are all equal, we will have xR = z;R again
(by the isomorphism z1y — zy, y € R). Therefore, we may assume, say
ann,(x1) € ann,(z3). Fix an element y € R such that z;y = 0 but z2y # 0,
and let

¥ =zy=(0,72y,...,Tmy,0,...,0) #0,

which has fewer than m nonzero coordinates. Since z’R = zyR C zR, we
are done by applying the inductive hypothesis to z’'R.

Comment. The result and its proof in this exercise come from the paper
of H. Bass, “Finitistic dimension and a homological generalization of semi-
primary rings,” Trans. Amer. Math. Soc. 95(1960), 466-488.

Of course, the exercise remains true if the free module Fg is replaced
by a projective module Pg, since P can be embedded into some free Fg.

Ex. 1.33. Let Fr be a free R-module on the basis {e;,..., ex}, @ =
e1a1 + -+ enan € F (a; € F), and A=}, Ra,. Let f be an idempotent
in R. Show that the following are equivalent: (1) A = Rf; (2) a- R is a
direct summand of F' isomorphic to fR with a < f.

Solution. (1) = (2). Write f = Y .7;a; where r; € R. Since a; € Rf,
we have a;f = a;. Let ¢ € Hompg(F, fR) be defined by ¢(e;) = fr;, and
Y € Hompg(fR,F) be defined by ¥(fr) = ar(¥r € R). Note that ¢ is
well-defined, for, if fr = 0, then a;r = a; fr = 0 for all 4, so ar = 0. Since

pU(fr) = plar) =) friar = fr=fr

for all r € R, ¢ is a surjection split by 1. In particular, ¢(a) = f defines
an isomorphism aR 2 fR, and F = aR & ker(yp).

(2) = (1). Write F =a-R® K and let ¢ : aR — fR be an isomorphism
with p(a) = f. We may think of ¢ as in Hompg(F, fR) with p(K) = 0.
Let ¢(e;) = fr; where r; € R. Since
f=¢(a) = Zz w(e;)a; € Zi Ra; = A,
we have Rf C A. On the other hand,
plaf) =pla)f == f = ¢(a)

implies that of = «. Therefore a; = a;f € Rf for all i. This shows that
Rf = A, as desired.

Comment. The result in this exercise comes from the same paper of H. Bass
referenced in the Comment on the last exercise.



§2. Projective Modules 21

Ex. 1.34. (“Unimodular Column Lemma”) Let F = @, ;R and o =
>~; €ia; € F be as in Exercise 33.

(1) Show that 3" | Ra; = R iff o - R is a direct summand of F free on
{a}.
(2) In case Y-, Ra; = R, show that a direct complement of & - R in F is
free of rank n — 1 iff there exists a matrix (a;;) € GL,(R) with a;; = a; for
all ¢.

Solution. (1) follows by applying Exercise 33 to A = ) . Ra; with the
idempotent f =1 € R. For (2), assume that >, Ra; = R. Note that the
isomorphism type of a direct complement of « - R is uniquely determined
(being isomorphic to F//a-R). If such a complement is 2 R"~!, there exists
a basis {a1,..., a,} on F with a5 = . Then the matrix expressing the
{a;} in terms of the {e;} is in GL,(R) with first column (ay,...,a,)".
Conversely, if there exists (a;;) € GL,(R) with a;; = a; for all i, we can
define o; = )", e;a;5 € F(1 < j < n). These form a basis for F with
a1 =Y., €a; =, 50 & R has a direct complement @, o;R = R"1.

Ex. 1.35. Let R be a ring with IBN such that any direct summand of
% is free (for a fixed n). Show that Y ., Ra; = R iff the column vector
(ai,.-.,an)" can be completed to a matrix in GL,(R).

Solution. The “if” part is clear by considering an inverse of a matrix in
GL,(R) completing the column vector (ay, ... ,a,)t. Conversely, assume
that >, Ra; = R. Then, for a = Y e;a; in R" = @)_, e;R, we have
R™ = aR @ K for some K. By assumption, K must be free (and f.g.),
and IBN implies that K = R"!. By the last exercise, it follows that

(a1, ...,a,)t can be completed to a matrix in GL,,(R).

Comment. The best known case in which the conclusion of the exercise
applies is when R is a commutative PID. In the case R = Z, the exercise
goes all the way back to Charles Hermite. In general, a unimodular column
(a1,...,a,)t need not be completable to an invertible matrix. The standard
counterexample is over the coordinate ring of the 2-sphere, R = Rz, y, 7],
with the relation 2% +y%+ 22 = 1. Here, the column (z, ¥, z)! is unimodular,
but the existence of a matrix in GL3(R) with first column (z,y, z)* would
contradict the “Hairy Ball Theorem” in topology; see p. 34 of my book
Serre’s Problem on Projective Modules, Springer-Verlag, 2006. A direct
complement to the free module generated by o = xe; + yes + ze3 in R is
stably free, but not free, over R; this module corresponds to the tangent
bundle of the 2-sphere.

§2. Projective Modules

Projective modules are important because they arise as direct summands of
free modules. In general, they need not be free. A good example of a (f.g.)
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nonfree projective module is given by a nonprincipal ideal in the ring of
algebraic integers in a given number field. For a noncommutative example,

take R to be the triangular ring (lg Z) over a field k; both P = (lg l(;)

and Q = are projective right R-modules, and they are not free

0 %k
since any f.g. free R-module must have k-dimension divisible by 3.

It is convenient to think of projective modules as direct summands of
free modules, but the “textbook definition” for Pr to be projective is that
the functor Homp (P, —) be ezact (instead of just left exact). The required
right exactness for Hompg(P, —) amounts to the usual “lifting property”
for homomorphisms from P (to an epimorphic image of any module). A
very important characterization for a projective module is the Dual Basis
Lemma in LMR-(2.9). This lemma implies that any projective module P
injects into its double dual by the canonical map € : P — P**. In case P
is f.g. (and projective), P* is also f.g. projective, and ¢ is an isomorphism
(Exercise 7). In general, however, neither statement is true (Exercise 8).

In the case of a commutative ring R, the (f.g.) “rank 1 projectives”
over R present an important class of modules for study. They can be put
together into an abelian group, with binary operation given by the tensor
product. Of course, the elements of this group are not quite the projective
modules themselves, but rather isomorphism classes of them, denoted by
[P]. The abelian group formed this way is Pic(R), called the Picard group
of R; its identity element is [R] since

[R]- [P] = [R®R P] = [P].

Various examples of Picard groups are given in LMR-§2.

The “rank” of a projective module P over a (nonzero) commutative
ring R is defined via localizations. In general, the “rank” of a f.g. locally
free module P over R is only a function

rk P: Spec R — Z,

where Spec R is the Zariski spectrum of R. If this happens to be a constant
function n, then we say P has rank n. Exercise 21 summarizes a number of
standard facts about the rank from Bourbaki. In particular, we learn from
this exercise that, among the f.g. modules, the projective ones are precisely
those P for which rk P is a continuous (or equivalently, locally constant)
function. Much more information about f.g. projectives in the commutative
case is given in Exercises 22-31.

Two important classes of rings defined via the notion of projective
modules are the right hereditary (resp. semihereditary) rings. A ring R
is right hereditary (resp. semihereditary) if every right ideal (resp. f.g. right
ideal) in R is projective (as a right R-module). Over a right hereditary ring
R, any projective right module is isomorphic to a direct sum of right ideals
(Theorem of Kaplansky), and over a right semihereditary ring R, any f.g.
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projective right R-module is isomorphic to a direct sum of f.g. right ideals
(Theorem of Albrecht).

In studying the notions of hereditary and semihereditary rings, the
following examples should be kept in mind: von Neumann regular rings are
always semihereditary and, among the commutative domains, the heredi-
tary ones are the Dedekind domains, and the semihereditary ones are the
Priifer domains. Dedekind domains are just the noetherian Priifer domains.
In the noncommutative case, we have to be more careful as usual, since
right (semi)-hereditary rings need not be left (semi)-hereditary, as shown
by examples in LMR-(2.33) and LMR-(2.34).

One of the nicest hereditary rings is the ring of n x n upper triangular
matrices over a division ring k. Some interesting characterizations of right
artinian right hereditary rings are given in LMR-(2.35).

The last section of LMR-§2 introduces the notion of the trace ideal of
a right R-module Pg: this is defined to be > im(f) where f ranges over
the dual P* = Hompg(P, R). Denoted by tr(P), this is always an ideal
of R, and in fact an idempotent ideal if Pg happens to be projective. An
important result in this connection is that a f.g. projective module P over
a commutative ring R is faithful iff tr(P) = R (or, iff P is a generator, in
the terminology to be introduced in a later section). Over any ring R, the
f.g. projective generators are important since they can be used to produce
other rings that are “Morita equivalent” to R.

The most challenging exercise in the following may be (8'), which is
assigned as an “Extra Credit” problem! Though not essential to the main
development in the text, this exercise provides a good test for the reader’s
problem-solving skill.

Exercises for §2

Ex. 2.1. Let S, R be rings and let sPr be an (S, R)-bimodule such
that Pg is a projective right R-module. Show that, for any projective S-
module Mg, the tensor product M ®g P is a projective right R-module.
In particular, if there is a given ring homomorphism S — R, whereby
we can view R as an (S, R)-bimodule, then for any projective S-module
Mg, M ®g R is a projective right R-module . Deduce that, for any ideal
A C S, if Mg is any projective S-module, then M/M% is a projective right
S/Y-module.

Solution. Fix an S-module Ng such that M @ N = S (free right S-
module with a basis indexed by I). Then

(M®sP)®(N®sP)= (M®N)®s P=SD ggP.

The RHS is just a direct sum of |I| copies of P, so it is a projective right
R-module. It follows that M ®g P is also a projective right R-module.
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The statement concerning the ring homomorphism S — R follows
by taking P = gRpg. For the last statement in the exercise, consider
the projection map S — S/%. For any projective right S-module Mg, it
follows from the above that M ®g (S/2) = M/M% is a projective right
S/U-module.

Ex. 2.2. Show that a principal right ideal ¢R in a ring R is projective as
a right R-module iff ann,(a) (the right annihilator of @) is of the form eR
where e is an idempotent of R.

Solution. Consider the exact sequence of right R-modules

0 — ann,(a) — R-L aR— 0,

where f is defined by left multiplication by a. If aR is projective, this
sequence splits. Then ann,.(a) is a direct summand of Rg, so ann,(a) = eR
for some e = ¢ € R. Conversely, if ann,(a) = eR where e = €2 € R, then
the direct sum decomposition R = eR @ (1 — e)R implies that

aR= R/eR= (1—e¢)R,
which is a projective right R-module.

Comment. The following important special cases of this exercise should be
kept in mind.

(1) If ann,(a) = 0, then aR is a free R-module of rank 1, with a singleton
basis {a}.
(2) If a is itself an idempotent, then indeed aR is projective. In this case,

ann,(a) = eR for the complementary idempotent e : =1 — a.

Rings R for which all principal right ideals are projective (“principal
= projective”) are called right PP-rings, or right Rickart rings. For more
information on these rings and examples of them, see LMR-§7D.

Ex. 2.3. (Ojanguren-Sridharan) Let a, b be two noncommuting elements
in a division ring D, and let R = D[z, y]. Define a right R-homomorphism
¢: R2— Rby ¢(1,0) = z+a, (0, 1) =y +b, and let P = ker(y).
Show that (1) P is a f.g. projective R-module with P & R = R?, and (2)
P is isomorphic to a right ideal of R.

Solution. The image of ¢ contains
(x+a)(y+b) — (y+b)(x+a)=ab—abe UD)=U(R).
Therefore, ¢ is onto. Since Ry is projective, ¢ splits. It follows that
R? > ker (p) @ im (p) = P@® R,

so P is a f.g. projective (in fact stably free) R-module .
It is quite easy to see that P is isomorphic to a right ideal of R. In fact,
for the right ideal A,= (z+a)R N (y+ b)R, we have an R-monomorphism
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¥ : A — P defined by ¢(f) = (g, —h) if
f=(z+a)g=(y+bhe A
This map is also surjective since, for any (g, —h) € P,
0=9¢(g,—h) = (z+a)g— (y+b)h

implies that (g, —h) = ¥(f) for f = (x+a)g = (y+ b)h € A. Thus,
Px~A

Comment. This example is drawn from the paper of M. Ojanguren and
R. Sridharan, “Cancellation of Azumaya algebras,” J. Algebra 18(1971),
501-505. In this paper, it is also shown that the stably free R-module P
constructed above is not free, but 3- P(= P @ P & P) is free.

The general study of f.g. projective right modules over R, =
Dlzi,...,x,] was started by A. Suslin (see Trudy Mat. Inst. Steklov.
148(1978), 233-252), who proved that if D is finite-dimensional over its
center Z(D), then any f.g. projective module P of rank® > 1 over R, is
free. Later, in “Projective modules over polynomial extensions of polyno-
mial rings,” Invent. Math. 59(1980), 105-117, J. T. Stafford proved that,
as long as Z(D) is infinite, any f.g. projective right R,-module is either free
or else isomorphic to a right ideal of Ry. It follows that (assuming Z(D)
is infinite), for any projective right ideal P C R, r - P is in fact free for
any r > 2.

(Note. The finite direct sum 7 - P of r copies of P is often written also
as PT.)

Ex. 2.4. Let P be a projective right R-module that has R as a direct
summand. If P ® R™ = R" where n > m, show that P™! is free.

Solution. Say P = R @ @, where @ is a suitable right R-module. Then
(1) Pl P R™" Q™= R" 9 Q™.

On the other hand,

(2) R o Q=R"®(ROPQ)=R"®P=R"

is free. Adding copies of @ to the two sides, and using the fact that n >
m+ 1, we see that R™™! & Q™ is also free. Going back to (1), we conclude
that P™+1 is free.

Comment. This exercise is taken from the author’s paper, “Series summa-
tion of stably free modules,” Quart. J. Math. 27(1976), 37-46.

Ex. 2.5. Suppose R has IBN and f.g. projective right R-modules are free.
Show that R is stably finite, and hence R satisfies the rank condition.

(*) Here, the rank of P may be defined as dimp P/P(z1,..., Tn)-
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Solution. To check that R is stably finite, suppose R" = R™ @ L, where
L is some R-module. By assumption, L = R® for some s, so IBN yields
n =n+s. Thus, L = 0, and we have checked that R™ is Dedekind-finite
for any n; that is, R is stably finite. The fact that R satisfies the rank
condition now follows from LMR-(1.22).

Ex. 2.6. Use a cardinality argument to show that the Z-module M =
Z x Z x --- is not a projective Z-module. (Do not assume that subgroups
of free abelian groups are free.)

Solution. We modify the proof given in LMR-(2.8) as follows. Assume
that M is projective. Then M C F for a suitable free abelian group F
with basis {e; : ¢ € I}. Since P : = Z&®Z @ --- C M is countable, we
can decompose I into a disjoint union I; U Iy such that I; is countable
and P is contained in the span F; of {¢; : ¢ € I;}. Let F; be the span
of {e; : i € I}. The group M/M N F; has an embedding into the free
abelian group F/F; & F,. We will get a contradiction if we can show that
M/M N F; contains a nonzero element « that is divisible by 2" for any
n > 1. Consider the set

S ={(2e1,4¢2,8¢3,...): g, =x1} C M.
Since F} is countable but S is not, S contains an element
a = (2eq,4¢9,8¢3,...) ¢ Fi.
Then a:= a+ MNF, € M/(MnN F)\{0} is divisible by 2" for any

n since

a=(21,...,2",1,0,0,..) +(0,...,0,2%,,2" ep 1, .. )+ M N By
=2™(0,...,0,en,26041,...) + M N F.

Comment. The result in this Exercise is due to Reinhold Baer. In connec-

tion to this classical result, one can ask a number of questions, the answers
to which may or may not be easy. For instance, are the following subgroups

of M free?
(1) Q1 ={(a1,a2,...): a, € 2Z for sufficiently large n}.
(2) Q2 = {(2b1,4b2,8b3, .. ) i b € Z}
(3) Qs = {(a1,az,...): the a;’s are eventually constant}.
(4) Q4 = {(a1,a2,...): the a;’s are bounded}.

For @ and ()7, the answers are “no”. In fact, 1 2 2M and 2M = M is
not free, so @} cannot be free. The map

(bl,bg,...) — (2b1,4b2,...)

defines an isomorphism from M to @2, so Q- is also not free. However, Q3
and @4 turn out to be free. In fact, by a general theorem of Specker and
Nobeling, if X is any set, then any additive group of bounded functions
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from X to Z (where functions are added pointwise) is free. For the relevant
literature, see E. Specker: “Additive Gruppen von Folgen ganzen Zahlen,”
Portugaliae Math. 9(1950), 131-140, and G. Nobeling: “Verallgemeinerung
eines Satzes von Herrn E. Specker,” Invent. Math. 6(1968), 41-55. For a
ring-theoretic treatment of the Specker-Nobeling Theorem and its gener-
alizations, see G. Bergman: “Boolean rings of projection maps,” J. London
Math. Soc. 4(1972), 593-598.

There is, of course, also the question of generalizing the results from
Z-modules to modules over other rings. Again, the situation is far from
easy. I. Emmanouil has pointed out to me that the techniques used here
can be generalized to show that, over any commutative noetherian domain
R which is not a field, the R-module R X R X - - - is not free. Much earlier,
S. Chase has shown that for any domain R with a nonzero element p such
that (Jp"R = 0, the left R-module R x R X --- is not projective: see his
paper “On direct sums and products of modules,” Pac. J. Math. 12(1962),
847-854.

In general, one can consider arbitrary direct products, instead of just
countable ones. (This was done in Chase’s article, where a lot of useful
information can be found.) For any infinite set I, the direct product Z!
is clearly still nonfree, since it contains a copy of ZN. However, another
theorem of Specker guarantees that any countable subgroup of Z! is free.
(For a proof, see p. 115 of D. J. S. Robinson’s book “A Course in the
Theory of Groups”, Springer-Verlag, 1982.) For general products R’ over
arbitrary rings, the freeness questions become more murky as it involves
subtle consideration of cardinal numbers.

Ex. 2.7. Let P be a f.g. projective right R-module, with a pair of dual
bases {a;, f; : 1 <i<n}.Fora€ P, let ad € P** be defined by f & = f(a),
for every f € P*. (Note that, since P* is a left R-module, we write linear
functionals on P* on the right.) Show that

(1) {fi,a;} is a pair of dual bases for P*;

(2) P* is a f.g. projective left R-module; and

(3) the natural map £ : P — P** defined by €(a) = a (for every a € P) is
an isomorphism of right R-modules.

Solution. (1) We must verify that f = Y (f ;) f; for every f € P*.
Indeed, computing the RHS on any a € P, we have

(X (Fa0s) @ =3 flansite) = £ (3 aifi(a)) = £(a).
(2) By the Dual Basis Lemma, (1) implies (2).

(3) In LMR-(2.10), it is already shown that € is injective. By the equation
f =>(f &) fi, we know that {f;} is a generating set for P*. Applying
this conclusion to the pair of dual bases {f;, a;} for P*, we see that {a;}
is a generating set for P**. Since a; = €(a;), it follows that € : P — P** is
surjective, so € is an isomorphism.
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Comment. The fact that e : P — P** is an isomorphism (in case P is f.g.
projective) can also be proved by making a reduction to the case where
P is f.g. free. In the case P = Rg, we have P* = grR, and P** = Rp,
(using suitable identifications). The map ¢ is now the identity map from R
to R. Taking finite direct sums, we see that ¢ is also an isomorphism for
P = R"™. For a general f.g. projective module P, fix a module @ such that
P& Q= R". Since epgg = cp @ €¢ is an isomorphism, it follows that p
is also an isomorphism.

What about the f.g. assumption? Ostensibly, the formal calculation in
(1) above works for any pair of dual bases {a;, f;}. However, this is not
so. If the set {a;, f;} is infinite, we have no way of knowing that, for any
f € P* f a; = f(a;) is zero for all but finitely many i. Without this, the
sum . (f @;)f; becomes meaningless. More information on the relation be-
tween P and P** in the non-f.g. case can be found in the next two exercises.

Ex. 2.8. Give examples of (necessarily non-f.g.) projective right R-modules
P, Py such that (1) the first dual P* of P is not a projective left R-module,
and (2) the natural embedding of P; into P;* is not an isomorphism.

Solution. (1) Let R = Z, and let P be the non-f.g. free R-module
ZHZD: . Then

P*=Homz (ZOLS -, L)=ZL XL X .
By LMR-(2.8), this is not a projective Z-module.

(2)Let R=Q,and P, =Q® Q& - -, a (free) Q-vector space of countable
dimension. As in (1), we have P 2 Q x Q x - - -, which is a Q-vector space
of uncountable dimension. Clearly, its dual P is also a Q-vector space of
uncountable dimension. Therefore, the natural embedding ¢ : P, — P
cannot be an isomorphism.

Comment. In the solution to (2), we worked with the field Q since the fact
that Q is countable makes it easy to see that Q x Q x - - - is of uncountable
Q-dimension. In general, it is true that & x k& x --- is of uncountable k-
dimension over any field k, so we could have chosen P, =k & k@ - - - over
any field & in the solution of (2).

Ex. 2.8. (Extra Credit) Let M be the Z-module Z x Z X --- and let
e1,es, - € M be the standard unit vectors.

(1) For any f € Homgz(M,Z), show that f(e;) = 0 for almost all i.

(2) Using (1), show that, for the free Z-module P = Z®Z@- - -, the natural
map € : P — P** is an isomorphism.

Solution. We first prove (2), assuming (1). Since P is Z-free, € is an
injection by LMR-(2.10). To show that ¢ is a surjection, consider any
f € Homg(P*,Z). As in Exercise 8, we may identify P* with M. By (1),
there exists n such that f(e;) =0fori > n. Let N =Zep11 X Zeppa X -+,
and let g = f|N. Since g is zero on Ze,+1DZen+2. .., LMR-(2.8)" implies
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that g = 0. Therefore, for a; = f(e;)(i > 1) and a = (a;,a9,...) € P, we
have

f(xlax%"-) = f(xla"'axnvoa"‘)+f(o)'°'707xn+laxn+27-~-)
wifler) +---+znf(en)

[}
= Zi:l Tili
= e(a)(z1,22,...).

Thus, f = (a), as desired.

To prove (1), let us assume, instead, that f(e;) # 0 for infinitely many
i’s. By keeping only these i’s, we may assume that f(e;) # 0 for all
i > 1. Also, replacing e; by —e; if necessary, we may assume that each
a; : = f(e;) > 0. Fix any prime p { a1, and define two sequences {yn, Ty :
n > 1} C N inductively on n as follows: y; = x; =1, and forn > 1, y, =
2101 + -+ 4+ Tp—1An-1, Tn = PYpn. Note that

I

Yn = Yn—-1 T Tn-1an_1 = yn—l(l +pan—1) (Vn > 2)»
S0 X, = pY, is divisible by y; for all i < n. Now, for any n:
flz1,22,...) = f(z1,...,2,-1,0,0,...) + f(0,...,0,Zpn, Tpy1,...)
=yn+ f(0,...,0,2, Tpt1,...)

is divisible by yy, (since each of z,,2,41,... is). As the sequence y,, — oo,
this implies that f(z1,z2,...) = 0. From

flz1,22,...) = £(1,0,0,...) + f(0, py2, py3, . ..)
a1 +pf(0,y2,42,--.),

We have therefore pla;, a contradiction!

Comment. The analysis of the homomorphisms from M = Z x Z x ---
to Z comes from E. Specker’s study of “growth types”; see his paper
referenced in the Comment on Exercise 6. In particular, Specker showed
that the Z-dual of M is P=7Z & Z & ---. The generalization of this to
an arbitrary direct product M = Z! was taken up by E. C. Zeeman, in
what appears to be his maiden paper, “On direct sums of free cycles,” J.
London Math. Soc. 30(1955), 195-212. Zeeman showed that the Z-dual of
the direct product Z! is the direct sum Z(!), assuming, however, the “axiom
of accessibility of ordinals.” Zeeman’s work was motivated by algebraic
topology. He remarked that Z() and Z! are the groups of finite integral
chains and infinite integral cochains, so the statement that

Homg(Z!,Z) = 2 (along with Homgz(ZD, Z) = 71)

expresses a duality between them. Our ad hoc treatment in the case I = N
follows the paper of G. A. Reid, “Almost free abelian groups,” Tulane
University Lecture Notes, 1966/67. I thank Rad Dimitri¢ for pointing out
the references above, as well as for providing the remarks below.
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In general, over any ring R, a right R-module F is said to be slender
if, for any R-homomorphism

f: RXxRx .-+ — E,

we have f(e;) = 0 for almost all i (where, as before, ey, eq,... are the
standard unit vectors in Rx R x - - -). Part (1) of the Exercise says precisely
that the Z-module Z is slender. Let us say that a ring R is (right) slender
if the right regular module Rpg is slender; it is known that this is the case
iff the free right R-module P = R® R --- is “reflexive”, i.e. isomorphic
to its double dual by the map e. (This, however, need not imply that
any free right R-module is reflexive.) There do exist rings which are not
slender. For instance, any field k is certainly non-slender; see the Comment
on Exercise 8. It might appear to a casual reader that the proof for Z
being slender in this exercise would generalize to show that a PID with
a nonzero prime element p is slender. This is not the case since the ring
R= Zp of p-adic integers turns out to be not slender. An R-homomorphism
f: RxRx---— Rwith f(e;) # 0 for all 7 is given by

00
f(a17 a2, ) = Zn:l Qp, pna

noting that the series Y -2 | a, p™ is convergent in Zp since the n-th term
a, p® — 0 in the ultrametric topology. More generally, any module that
is complete in a nondiscrete metrizable linear topology is not slender.
For this and much more information on slender modules/rings and their
applications, see Dimitric’s forthcoming book “Products, Sums and Chains
of Modules,” Cambridge University Press.

Ex. 2.9. Let R = Z[f] (6> = —5) be the full ring of algebraic integers
in the number field Q(6).

(A) Show that the ideal B = (3, 1 + 6) is invertible, and compute B~1
explicitly.

(B) Show that 9B and the ideal 2 = (2, 1+6) (considered in LMR-(2.19D))
represent the same element in Pic(R).

(C) Show that A A is free of rank 2, and construct a basis for it explicitly.

Solution. We first compute B~ = {z € Q(f) : =B C R}. Since 3 € ‘B,
any element in 87! has the form x = (a + b6)/3 where a, b € Z. The
condition for z € B! is that (a + bf) (1+60) € 3R. Now
(a+b0)(1+6) = (a—5b)+ (a +b)8,

so the condition is 3|(a + b). Writing a = 3n — b (where n € Z), we have
(Bn-b)+bd __, 1-6

3 3
Therefore, B~ =Z -1+ Z- o where 0 = (1 —6)/3. Since BB~ contains

3-1-(146)-0=3-(1-6%)/3=3-2=1,
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we see that BB~! = R, so B is an invertible ideal. (Of course, R is a
Dedekind ring, so we expect every nonzero ideal to be invertible.) Moreover,

(1) c-B=03,1+0)=(1-6,2)=(2,1+6) =4,
so multiplication by o gives an R-isomorphism from B to 2. In particular,
[B] = [¥] € Pic(R).

Clearly, 4, ‘B are comaximal ideals, so 2B = AN B. We have therefore
an exact sequence:

2) 0—AB - AeB 5 R—0,

where h(c) = [¢, —c| for c € AB, and kfa, b =a+ b for a € A and b € B.
(Here, we use square brackets to express the elements of the external direct
sum.) Now

AB = (6, 2(1 +6), 3(1+6), 20 —2)) = (6, 1+86, 2(0 —2))

is just (1 + @)R, since 2(6 —2) = 2(1 +6) —6 and 6 = (1 +6) (1 —9).
Therefore, from the (split) exact sequence (2), we have

(3) ADB=2ROAB=RDR.
A free R-basis for 2 @ B is thus given by
4) e1=[-2,3] and ey=h(1+68)=[1+6, —(1+0)].

In view of (1), a free R-basis for A @ 2 is given by
(5) fi=1-2,30)=[-2,1-6] and fy=[1+6, —o(14+6)] = [1+6, —-2].

For a little computational fun, we might also check directly that f1, fo are
linearly independent in 2 @ 2 and that they do span this R-module.
The former follows quickly from the fact that

-2 1+6
da(l_a _2>:4—a—0%=—2¢m

and the latter follows from the equations

(6) 2fi+(1-0)f2 = [2, 0],
(7) (1+8)fi+3f2=[14+6, 0],
(8) (1+0)fi+2f2 =10, 2],
9) (—24+0)fi+(1+0)f2=1[0, 1+6],

and the fact that the four elements on the right generate 2 & 2.

~

Comment. It is well-known that Q(6) has class number 2, so Pic(R) =
Z/27. Since 2 is not a principal ideal (See LMR-(2.19D)), we have in fact
Pic(R) = {1, [¥]} = {1, [®B]}. In general, it follows from the Steinitz
Isomorphism

A®B>2R®AB~R&® (AQ® B)
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(for nonzero ideals A, B in a Dedekind ring R) that, if [A] € Pic(R) has
order m < oo, then A® --- @ A (n copies) is R-free iff m|n.

Ex. 2.10. (1) Show that a Dedekind ring R has trivial Picard group iff R
is a PID, iff R is a unique factorization domain. (2) Deduce from (1) that
a semilocal Dedekind ring is a PID.

Solution. (1) If R is a PID, it is well-known that R is a UFD. If R is a
UFD, then LMR-(2.22) (F) gives Pic(R) = {1}. Finally, if Pic(R) = {1},
then every invertible ideal in R is principal. Since R is a Dedekind ring,

every nonzero ideal is invertible, and hence principal. This shows that R is
a PID.

(2) If R is (commutative) semilocal, we know from LMR-(2.22)(D) that
Pic(R) = {1}. If R is also Dedekind, then (1) shows that R is a PID.

Comment. For amore powerful statement than (2), see Ex. 2.11B(2) below.

Ex. 2.11A. (Quartararo-Butts) (1) Let I be a f.g. ideal in a commutative
ring R such that anng(l) = 0. If A;,..., A, are proper ideals of R, show
that (J;_; (A; I) C I. (2) Show that, if an invertible ideal of R is contained
in the union of a finite number of ideals in R, then it is contained in one
of them.

Solution. (1) We induct on n. To start the induction, we must show first
AT ¢ I.If Ay I =1, then, since [ is f.g., a familiar determinant argument
shows that (a—1)I = 0 for some a € A;. But anng(I) =0, so a = 1, which
contradicts A; # R. For n > 2, we may assume that the desired conclusion
is true for n — 1 ideals.

Case 1. A1+ Ay # R. By the inductive hypothesis, there exists « € I such
that = ¢ (A1 + A2) I and = ¢ {J]_5 (A; I). Clearly, ¢ A; I for all j.

Case 2. In view of Case 1, we may assume here that the ideals A;,..., A,
are pairwise comaximal. Then each A; is also comaximal to B; = [] ot A;.
If B;I C A;I for some i, then

I:(Ai‘f‘Bi)I:AiI"l'BiI:AiI,

which is impossible by the case n = 1. Thus, for each 4, there exists
z; € BJJ\A;I. Forz =21 + -+, € I, we have then z ¢ |J._, (4; I), as
desired.

(2) Suppose an invertible ideal I is not contained in any one of the ideals
Ci,..., Cp. Then C} : = C;NI C I. Let I~ denote the usual “inverse” of
I in the total ring of quotients of R. Then each C/I~! is a proper ideal of
R (for C/I=! = R would imply C} = I by multiplication by I). Since I is
f.g. (by LMR-(2.17)), and

anng (I) C anng (I17') = anng (R) =0,
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we can apply (1) to get

12 (cirhyn=U_ ¢,
which clearly implies I ¢ |-, C;.

Comment. The above results appeared in the paper of P. Quartararo and
H.S. Butts: “Finite unions of ideals and modules”, Proc. Amer. Math. Soc.
52(1975), 91-96. The special case of (1) for invertible ideals I has appeared
earlier in the paper of R. Gilmer and W. Heinzer: “On the number of
generators of an invertible ideal”, J. Algebra 14(1970), 139-151.

Quartararo and Butts defined an R-module M to be a u-module if
M = M, +---+ M, for submodules {Mj,..., M,} implies that M = M;
for some i. Part (2) of this exercise is tantamount to the assertion that
any invertible ideal in R is a u-module over R. A (commutative) ring R
is called a u-ring if every ideal in R is a u-module, and a wm-ring if (more
strongly) every R-module is a u-module. Such rings are characterized in
the paper of Quartararo and Butts cited above.

Ex. 2.11B. (Gilmer-Heinzer) Let I be an invertible ideal in a commutative
ring R. If an element a € I is contained in only finitely many maximal ideals
my,..., m, of R, show that I = Ra + Rb for some b € I.

Solution. By Ex. 2.11A(1) (applied to our invertible ideal I), there exists
an element b € I\ |J_, (m;). Let B be the ideal I7'b. Then IB = Rb, and
b ¢ m,I implies that B ¢ m; for each 4. It follows that Ra + B is contained
in no maximal ideals of R, and so Ra + B = R. Multiplying this equation
by I, we get al + Rb = I, and a fortiori, I = Ra + Rb.

Comment. This exercise may be thought of as a generalization of the fact
that, in a (commutative) semilocal ring, any invertible ideal is principal. In
fact, this statement corresponds precisely to the case a = 0.

The result in this exercise appeared in the paper of Gilmer and Heinzer
cited in the Comment on Ex. 2.11A. The proof above shows that the result
can be improved a bit. The conclusion of the exercise would have held if we
had imposed a weaker hypothesis, namely, that the ideal I~'a is contained
in only a finite number of maximal ideals my, ..., m,. Under this hypothesis
(and by the same work), we would have I"'a + B = R, and multiplication
by I would have given Ra + Rb = I for a tighter argument.

An interesting corollary of the Gilmer-Heinzer result is the following: if
every non 0-divisor in a commutative ring R is contained in only finitely
many maximal ideals, then every invertible ideal of R is generated by two
elements a, b, where a can be any prescribed non 0-divisor in I (which
always exists by LMR-(2.17)). For a comparable result, see Ex. 2.11D
below.

Ex. 2.11C. For any Dedekind domain R, deduce the following conclusions
from the last exercise:
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(1) For any ideal I C R and any nonzero element a € R, there exists b € I
such that I = Ra + Rb.
(2) R is either J-semisimple or a PID.

Solution. (1) follows from the last paragraph of the Comment on
Ex. 2.11B, since any nonzero ideal of a Dedekind ring R is invertible, and
any nonzero element in R is divisible by only finitely many prime ideals of
R.

(2) Say J : = rad(R) # 0. For any nonzero ideal I, we have J - I # 0, so
there exists a nonzero element a € J-I C I. By (1), we have I = Ra + Rb
for some b € I. This yields I = J - I + Rb, so Nakayama’s Lemma implies
that I = Rb.

Comment. (1) above is a well-known classical result, but (2) seems to have
been observed in few textbooks. The latter is a rather striking statement:
for instance, it “subsumes” the fact (Ex. 2.10(2)) that a semilocal Dedekind
ring is a PID. (If a Dedekind ring R has only finitely many maximal ideals
my,..., my, then

0#my;---m, C ﬂé_lmi =rad (R),
and this implies that R is a PID by (2).)

Ex. 2.11D. (Gilmer, Matlis) If an invertible ideal I in a commutative ring
R is contained in only finitely many maximal ideals my, ..., m, of R, show
that I = Ra + Rb for some a, b € I.

Solution. As in the solution to Ex. 2.11B, there exists an element b €
I\UJ;_,; m;I. The ideal I~1b cannot be contained in any m; (since I='b C m;
would imply that b € m;I, by the invertibility of I). Therefore, I + I~1b is
contained in no maximal ideals of R, and so I +1~'b = R. Multiplying this
equation by I, we get I? + Rb = I. Now the ideal I/Rb in the ring R/Rb
is f.g. and idempotent. By LMR-(2.43), this implies that I/Rb is generated
by a suitable (idempotent) element a + Rb in R/Rb. From this, we have
clearly I = Ra + Rb.

Comment. The result in this exercise appeared in E. Matlis’s paper:
“Decomposable modules”, Trans. Amer. Math. Soc. 125(1966), 147-179,
and somewhat later in the Gilmer-Heinzer paper cited in the Comment on
Ex. 2.11A. In a footnote to the latter paper commenting on this result,
Gilmer and Heinzer stated that “We may have been aware of its validity
before Matlis was”, citing another related result given without proof in
Gilmer’s paper “Overrings of Priifer rings” in J. Algebra 4(1966), 331-340.

Since Prifer domains are natural generalizations of Dedekind domains,
the results in Ex. 2.11B-D put into focus the question whether any f.g.
ideal in a Priifer domain is 2-generated (i.e. generated by two elements).
This was proved to be the case for Priifer domains of (Krull) dimension 1 by
J. Sally and W. Vasconcelos in “Stable rings”, J. Pure & Applied Algebra
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4(1974), 319-336. But for dimension 2, the question was later answered in
the negative by H.-W. Schiilting in his paper: “Uber die Erzeugendenanzahl
invertierbarer Ideale in Priiferringen”, Comm. Algebra 7(1979), 1331-1349.
Schiilting considered the “real holomorphy ring” of the rational function
field R (z, y). This is a Priifer domain of dimension 2, and Schiilting showed
that the fractional ideal generated by {1, z, y} is not 2-generated. Prior to
Schiilting’s result, R.C. Heitmann has shown that, in any (commutative)
domain of dimension n, any invertible ideal is (n + 1)-generated; see his
paper: “Generating ideals in Priifer domains”, Pac. J. Math. 62(1976),
117-126. Later, for any n, R. Swan constructed an n-dimensional Priifer
domain with a f.g. ideal that is (necessarily) (n + 1)-generated, but not
n-generated; see his paper “n-generator ideals in Priifer domains”, Pac. J.
Math. 111(1984), 433-446.

Ex. 2.12. Let R be a commutative local ring. Since Pic(R) = {1} by
LMR-(2.22)(C), we know that any invertible ideal I of R is principal. Give
a direct proof for this fact without using the notion of projective modules.

Solution. Since I is invertible, there exists an equation Y, b;a; = 1, where
a; € I and b; € I™! C Q (the total ring of quotients of R). Since R is a local
ring, we may assume that u : = bja; € |J(R) (see FC-(19.1)(5")). Then,
for any a € I, we have a = a1(bia)u™! € a1 R, so I = a1 R, as desired.

Ex. 2.13. In LMR-§2D, it is stated that “Pic” is a covariant functor from
the category of commutative rings to the category of abelian groups. Supply
the details for a full verification of this fact.

Solution. Let P be any f.g. projective (right) R-module of rank 1, and let
f: R — S be any homomorphism from R to a commutative ring S. We
know already that P ®g S is a f.g. projective S-module. Let us now verify
that it has rank 1. For any prime ideal  of S, p = f~1(B) is a prime ideal
in R, and we have a commutative diagram

R f s

| |

!
Ry I, 5y
where f’ is a “localization” of f. Since the localization P, has rank 1, we
have

(P ®Rr S) Ks Ss,p = (P QR Rp) ®Rp Sgp = Rp ®Rp Sq_; = Ss;p.

This checks that P ®g S is a rank 1 (f.g. projective) S-module. Therefore
[P] — [P ®g S] defines a map

f+: Pic(R) — Pic(9).
For [P], [Q] € Pic(R), we have a map
¢: (PRrS)®s(Q®rS) — (PO®rQ)®r S
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defined by ¢((p® 3) ® (¢® §')) = (p ® q) ® ss’ with an inverse defined by
(p®q)®s— (p®s)®(g®1). It is easy to check that ¢ is an S-module
homomorphism, so it is an isomorphism. We have therefore

f[P]- Q] = [P®RrS]-[Q®R S]
= [(P®rS) ®s (Q®rS)]
= [(P®rQ) ®r 5]
= f« [P ®r ()]
= £ ([P]-[Q)),

which shows that f, is a group homomorphism. If f: R — S and g :
S — T are homomorphisms of commutative rings, it is routine to verify
that (g o f)« = g« o fx as group homomorphisms from Pic(R) to Pic(T).
Therefore, “Pic” is a covariant functor from the category of commutative
rings to the category of abelian groups.

Ex. 2.14. Let R be the (commutative) ring of real-valued continuous

functions on [0, 1], with pointwise addition and multiplication for functions.
Let

P = {f €R: f vanisheson [0,¢] for some ¢ =¢(f) € (0,1)}.

Show that P is the union of a strictly ascending chain of principal ideals
A1 C A3 € -+ in R (In particular, R does not satisfy ACC on principal
ideals.)

Solution. Forn > 2,let a,, € P be the piecewise linear function [0, 1] — R
which is zero on [0, 1/n] and whose graph on [1/n, 1] is the line segment
joining the two points (1/n, 0) and (1, 1). Note that anp+1 ¢ a,R since
any function in a, R must vanish on [1/(n + 1),1/n] but a,4; doesn’t. On
the other hand, a, € a,+1R. To see this, define a function g, on [0, 1] by
gn(z) =0if z €0, 1/n], and g,(z) = an(z)/ant1(z) if z € (1/n, 1]. This
gn is continuous on (1/(n + 1), 1) and is zero on [0, 1/n], so g, € R. It
follows that a, = @ny1 - gn € any1 R, and we have an ascending chain of
principal ideals

aaRCasRC -+ CapRC -+

in P. For any f € P, take n € N such that f vanishes on [0, 1/n]. Using the
above argument for f (instead of a,), we see that f € an41R. Therefore,
P =J,>; @R, as desired.

Comment. The reason the ideal P is of interest is that it is a countably
(but not finitely) generated projective R-module. This is shown in LMR-
(2.12D).

Ex. 2.15. (1) Let R be a commutative ring, with [P][Q] = 1 in Pic(R). If
P can be generated by two elements, show that P ® Q = R?. (2) For the
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Schanuel modules
Pr:(l—’—rgng)a P, = (1_T9792) (TGR)
introduced in LMR-(2.15), construct an explicit isomorphism P, & P_, &
R%
Solution. (1) Since P can be generated by two elements, there exists a
surjection a : R? — P. Therefore, P ® P’ = R? where P’ = ker(a).
Forming the exterior algebras of the two sides, we get
A(R*) 2 A(PaP)

~ A(P) @ A(P))

~ (R P) @ (Ra P

~ Ro(PoP) @ (PRP).

Therefore, we must have
PP = A*(R®)=R, and P@®P =A'(R?* =R
The former shows that P’ 2 P* 2 (), so the latter yields P @ Q = R2.

(2) Let us first recall the construction of Schanuel modules. Let S be a
commutative ring containing R, and let ¢ € S be an element such
that g%, g3 € R (and therefore g" € R for all n > 2). For any r € R, the
R-submodule P, = (1+rg, g?) C S generated by 1+rg and g2 is projective
of rank 1, called a Schanuel module. A direct calculation (see LMR-(2.15))
shows that the inverse of [P,] € Pic(R) is given by the Schanuel module
P_,.. Thus, by the general fact proved in (1), we should have P, P_, = R2.
The point of (2) is to construct an ezplicit isomorphism.

The procedure for finding such an isomorphism is to set up first the
surjection o : R? — P, defined by

aler) = 1+ rg, afe) = g%,

where {e1, es} is the standard basis for R?. The rest of the calculation
consists of showing that ker(«) = P_,.. In order to shorten the calculation,
we shall only present the net results below.

Along with oo : R?> — P, constructed above, let us set up another
homomorphism 3 : R? — P_, = (1 —rg, ¢%), defined by

Bler) = —r'g®, Blex) = (L+7%¢%) (1 —rg).

We shall verify that the map (o, 8) : R* — P, @ P_, is onto. Since both
R? and P, @ P_, are projective of rank 2, the map (o, 3) must then be an
isomorphism. Consider the following elements in R?:

fi=(1-r'") er + r'g® (1 +rg) e,

fo= g (1+7%¢%) (1—rg)er + r'g'es,
f3=—g'er + ¢> (1 +rg)es,

fa = —g2 (1+T292) (1—rg)er + (1 —r4g4) es.

Il

i
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By direct computations:

a(fi) = El g (1 +rg) + rig? (1+7rg)g®> = 1 +ryg,
B(f1) = (L—rig?) (-rg?) + r'g® (1+rg) (1 -rg) (1+7r2¢%) =0,

{a (f2) = > (1+r%¢*) (1 —rg) 1 +rg) + 7‘49492 =¢%,
B(f2) = g* (1+r%g%) (1 —rg) (=r*g?) + rig* (1+72¢%) (1 —rg) =0.

This shows that the image of (o, 8) : R? — P, ® P_, contains P,. We
finish by showing that the image of («, 3) also contains P_,.. For this, we
compute

{ (f3)= 9(1 rg)+ 9% (1+rg)g® =0,
B(f —g* (-r'g?) + ¢* 1+Tg)(1—7"g)(1+7“292)=g2,

g% (1+r?g )1—rg)(1+rg)+(1—r4g4)g2:O,
—g*(1+1%¢%) (1-rg) (—r'g?) + (1-rg*) (1 + 72¢%) (1 = rg)
(1+rg)(1—rg).

This shows that the image of o @ B contains 0 @ @@ where @ is the
R—submodule (9%, (1 + r%g?)(1 — rg)) C P_,. Noting that g?>(1 — rg) =
g% —rg® € R, we see that Q also contains

rig? (1—rg)-g*+ (1—r2¢?) - (1+72*) (1 —rg) = 1 —rg.

Therefore, Q = P_., and we have shown that im (@, 3) D P_,, as
desired.

We stress again that the idea of the above calculation is that we de-
compose R? into (Rf; + Rfs) @ ker(a) with a : Rf; + Rfs = P,, and then
construct an explicit isomorphism 3 : ker a & P_, by realizing ker(a) as
Rfs + Rf4. The upshot of the whole calculation is that the following two
elements

a (fa)
ﬂ(f4)

[a(e1), B(e1)] = [1 + g, —r4gz] ,
[a(e2), B(e2)] = [¢% (1 +r?g%) (1-rg)]

form a free basis for the direct sum P, @ P_,!

Ex. 2.16. (Modified Projectivity Test) Let B be a class of objects in Mg
such that any module in 9y can be embedded in some module in 8. Show
that, in testing whether a right module P is projective, it is sufficient to
check that, for any R-epimorphism ¢g: B — C where B € B and C € Mg,
any R-homomorphism h : P — C can be “lifted” to a homomorphism
f: P — B (such that h=go f).

Solution. Suppose the lifting property above holds for P. To check that
P is projective, consider any R-epimorphism ¢’ : A — D, and any R-
homomorphism b’ : P — D, where A and D are arbitrary right R-modules.
We would like to “lift” A’ to an R-homomorphism f': P — A.
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Fix an R-module B € B for which we have an embedding A C B.
Construct the module

C=(Ba&D)/{(a, - g'(a)): a € A},

for which we have the “pushout” diagram

A 9 D
| |
B 9 C

where g(b) = (b, 0) and i(d) = (0, d). It is easy to check that ¢ is injective
and g is surjective. Let

h=ioh : P—>C.

Since B € B, the given hypothesis implies that there is a homomorphism
f: P — B such that h = go f. Now, for any p € P, we have

h(p) = (0, K'(p)) and (g o f)(p) = (f(p), 0).

Therefore, (f(p),0) — (0, ' (p)) € {(a,—¢'(a) : a € A}, which implies that
f(p) € A. This means that f(P) C A. Letting f': P — A be the map
defined by f (with its codomain B replaced by A), we have then b’ = ¢g'o f
(in view of the injectivity of 7).

Comment. Assuming the material in LMR-§3, we’ll see that B may be
taken, for instance, to be the class of all injective right R-modules. Thus, we
get a criterion for projective modules formulated in terms of the liftability
of homomorphisms to injective modules.

Ex. 2.17. Let P be a projective right module over a von Neumann regular
ring R. Show that any f.g. submodule M C P is a direct summand of P
(and hence also a projective module).

Solution. Since P can be embedded in a free module, we may as well
assume that P is free. Since M is f.g., we may also assume that P & R™ for
some n < 0co. Suppose M can be generated by m elements. By adding copies
of R to P, we may assume that n > m. Then there exists f € Endg(P)
with f(P) = M. Now

Endg(P) = Endg(R") 2 M,(R)

is a von Neumann regular ring (see ECRT-(21.10B)). Therefore, there
exists ¢ € Endg(P) such that f = fgf. Then e : = fg is an idempotent
endomorphism of P. We have

f(P) = fgf (P) Ce(P) C f(P),

so M = f(P) = e(P) is a direct summand of P, with direct complement
(1—e)(P).
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Comment. In the case P = Rpg, this exercise says that any f.g. right
ideal of R is a direct summand. This is a well-known property of a von
Neumann regular ring: see FC-(4.23). It gives a good motivation for the
present exercise. Note that the solution above actually provides another
proof of this property, independently of FC-(4.23), but using the fact that
any finite matrix ring over a von Neumann regular ring is von Neumann
regular.

The fact that a f.g. submodule of a projective module Pg is projective
actually holds over any right semihereditary ring R, according to LMR-
(2.29).

Ex. 2.18. Show that any f.g. projective right R-module P can be repre-
sented as e(R"), where e : R™ — R™ is left multiplication by some idempo-
tent matrix (a;;) € M,,(R). With respect to this representation, show that
tr(P) = " Rai; R, and deduce that M, (tr(P)) = M, (R) e M,(R).

Solution. Choose a suitable module @) such that P& @ = R™, and let
e = (ai;) € Endr(R") = M,(R)

be the projection onto P with respect to this decomposition. Then clearly
e’ = e, and eR" = P. Let a; be the jth column of e (so a; € P), and let f;
be the linear functional on P mapping any vector in P to its jth coordinate.
We claim that {a;, f; : 1 < j < n} are a pair of dual bases for P (as in

the Dual Basis Lemma). In fact, for any vector x = (x1,..., z,)t € P, we
have
biixzy + bigra +--- by
r=exr = : :Zj . :Zjajfj(:v).
bn1x1 + bpoxo + - bnj

(This calculation is hardly surprising, since the {a;, f;} on P are con-
structed exactly as in the general proof of the Dual Basis Lemma.)

Now we can calculate the trace ideal tr(P) of P. According to LMR-
(2.41), tr(P) is generated as an ideal by the elements { f;(a;)} (with respect
to any pair of dual bases). Since fi(a;) is just a;j, we have tr(P) =
Z Raij R.

To calculate the ideal M, (R) e M, (R) in M, (R), we consider the matrix
product (rE;;)e(Ewr'), where r, 7 € R, and E;;, Ej; are matrix units.
By explicit matrix calculation, we see that

rE;j eEyr’ = rajpr’ Ey.

Forming sums of matrices of this type, we see that M, (R) e M, (R) is just
M, (tr(P)).

Ex. 2.19. If, for any n, any idempotent in M, (R) is conjugate to some
diag (1,..., 1, 0,..., 0), show that any f.g. projective right R-module is
free. Show that the converse is also true if R has IBN.
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Solution. In general, if e, € are conjugate idempotents in M, (R), say
g le’g = e where g € GL,(R), then g restricts to an R-module isomor-
phism eR™ — ¢’ R™. Now consider any f.g. projective right R-module P. By
Exercise 18, we can represent P in the form eR™ where e = e € M,,(R) (for
some n). By assumption, e is conjugate to some e’ = diag(1,..., 1,0,..., 0)
with, say, m ones (m < n). Then eR™ = ¢'R™ = R™ is free. Conversely,
assume R has IBN, and that any f.g. projective right R-module is free.
Consider any e = €2 € M,(R). Then R" = eR" & (ker e), so by the given
assumption, there exist R-isomorphisms

¢: eR" > R™, 1: ker(e) — R

for suitable integers m, t. By IBN, we must have n = m + t. Now let
g = ¢ ® 1, which is an isomorphism from R" to R™ & R' = R", so
g € GL,(R). Let € be the projection from R™ to R™, so in matrix form
e = diag(1,...,1,0,..., 0) with m ones. By the above construction, we
have clearly ge = €/g so e is conjugate to €', as desired.

Comment. An ezplicit example of an idempotent matrix not conjugate to
any diag(1, ..., 1, 0,..., 0) should help. We know exactly how to construct
one: using a non-free f.g. projective module. For the Dedekind domain Z[6]
with 82 = —5, take the familiar rank 1 projective ideal 2 = (2, 1+ 6) in
Exercise 9. In that exercise, we worked out a basis

flz[_2) 1_9]7 f2=[1+07 _2]

on ADA. Let 7 € Endg (ADA) be the projection map onto the first
coordinate. Using the basis {f1, f2} on A&, and referring to the equations
(6), (7) in the solution to Exercise 9, we have

7 (fi) = [-2,0] = =2f1 + (0 —1)fo,
m(f2) = 1+6,0] = (0+1)f1 + 3fo

-1 3
whose kernel and image are both isomorphic to 2. Since 2 is not free by

LMR-(2.19) (D), e is not conjugate to <(1) 8) (

directly by a matrix computation, using the fact that U(R) = {£1}.) Of
course, e cannot be conjugate to 0 or I either.

) . -2 0
Therefore 7 “corresponds” to the idempotent matrix e = ( 9 M 1)7

This fact can be verified

Ex. 2.20. For right modules A, B over a ring R, define
oc=04p: BOrA* — Hompg(A, B)

by o(b® f)(a) = bf(a), where b € B, a € A, and f € A* = Hompg (4, R).
(Recall that A* € g9N.) Show that, for any given A € Mg, the following
are equivalent:
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(1) A is a f.g. projective module.

(2) 04, B: B®r A* — Hompg(A, B) is an isomorphism for all B € Mp.
(3) 0B, 4: A®g B* — Hompg(B, A) is an isomorphism for all B € Mp.
(4) 04, 4: A®g A* — Endg(A) is an epimorphism (resp. isomorphism).

Solution. We shall show (1) = (2) = (4) = (1), and (1) = (3) = (4).

(1) = (2) and (3). We fix a pair of dual bases {a;, f; : | <i < n} for A.
Construct

7:Hompg (A, B) — BQgA* by 7(h) :Zhai ® fi,

p:Hompg (B, A) — A®g B* by p(g) = Zal (f:9),

where h € Hompg(A4, B) and g € Hompg(B, A). We claim that 7, p are
respectively the inverses for o4, p and op, 4. Indeed

(04, 57(R) (@) = Y (@) fila) = b (Y aifila) = h(a)
for any a € A, so o4 p7 = Id. Also,
Toas(b®f) =Y oan(d®f) (a)®f;
=) bf(a)®fi
=08 fla)fs
=bQf

in view of Exercise 2.7(1). Therefore, 704, g = Id. The proof for p being the
inverse for o, 4 is similar (and easier since it doesn’t use Exercise 2.7(1)).

(3) = (4) and (2) = (4) are trivial.

(4) = (1). Let Y a; ® fi € AQgr A* be a preimage of Id4 € Endg(A)
under the surjection o4, 4. Then for any a € A:

a=044 (Zai ® fi) (@)= aifila).
By the Dual Basis Lemma LMR-(2.9), A is a f.g. projective R-module.

In Exercises 21-31 below, R denotes a commutative ring.

Ex. 2.21. (Bourbaki) Let Pg be a f.g. R-module. We say that P is locally
free if the localization P, of P at any maximal (or prime) ideal p is free
over the local ring R,. (It turns out that these P’s are exactly the f.g.
flat modules; see Exercise 4.15.) For such a locally free (f.g.) module P,
define rk P : Spec R — Z by (rk P)(p) = the (uniquely defined) rank of
the free module P, over R,. Here, Z is given the discrete topology, and
the prime spectrum Spec R is given the Zariski topology. (The Zariski
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closed sets are of the form V() = {p: p D AU}, where A ranges over the
ideals of R.) Show that the following are equivalent:

(1) P is a projective R-module.

(2) P is finitely presented; that is, there exists an exact sequence R™ —
R™ — P — 0 for some integers m, n.

(3) rk P is a continuous function from Spec R to Z.

(4) tk P is a “locally constant” function; i.e., for any p € Spec R,rk P is
constant on a suitable neighborhood of p.

Solution. Since Z here is given the discrete topology, the continuity of
rk P : Spec R — Z amounts to the fact that the preimage of any singleton
set is open. This in turn amounts to the fact that the function rk P is
locally constant. Thus, we have (3) < (4). Since clearly (1) = (2), it will
suffice to show that (4) = (2) and (2) = (1) + (4).

(2) = (1)+(4). Assume P is finitely presented. Then, for any R-module
N and any multiplicative set S C R, the natural map

(%) 6: S (Homg(P,N)) — Homg-1g (S7'P, ST'N)

is an somorphism. This is easily proved by first checking the case where
P = R* (for any finite k), and then going to the case of a finitely presented
P by using

R —R'—P—0

and the left-exactness of “Hom” (cf. Exercise 4.12). Suppose (rk P)(p) = k
at a given prime p. Then there is an isomorphism R’; = P,. Using the
isomorphism () for S = R\ p, it is easy to construct an element f € S for
which there is an isomorphism R’}’ & P;. (Here and in the following, the

subscript f means localization at {f*: i > 0}.) Therefore, rk P takes the
constant value k on the open neighborhood

D(f):={peSpecR: f ¢p}

of p. This checks (4). To check (1), we must show that, for any surjection
A — B of R-modules, the induced map

p: Hompg(P, A) — Hompg(P, B)

is also a surjection. It suffices to check that pj, is surjective for any prime
p. Using (%), we can “identify” p, with the map

Hompg, (Pp,Ap) — Hompg, (Py, Byp),
which is certainly surjective since P, is free.
(4) = (2). (Sketch) Assuming (4), we first prove the following:

&) For any prime p, there exists f ¢ p such that Py is Ry-free.
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To see this, let & = (rk P){(p). Since P is f.g., we can find an R-
homomorphism 7 : R¥ — P which localizes to an R,-isomorphism 7, :
R’; — P,. Then, for a suitable g ¢ p, 7 localizes to an Rg-epimorphism
Rt — P,. Now, by our assumption (4), there exists an h ¢ p such that Py
is free of rank k over Ry for any p’ € D(h). By rank consideration, we see
that 7y : R’g, — P, is an isomorphism for every p’ € D(f), where f : = gh.
This means that 7¢ : R’; — Py localizes to an isomorphism at every prime
of Ry, so 7y is itself an isomorphism. This proves (f). From this, it follows
that the set of f € R for which Py is Ry-free generates the unit ideal in
R. Therefore, there exists a finite set {f1,...,fr} € R with ) Rf; =R
such that Py, is Ry,-free for all . Now let T = [[;_, Ry,, and consider the
natural (injective) map R — T. Since ) Rf; = R, the functor — ® g T from
R-modules to T-modules is exact. Fix any exact sequence of R-modules

0—-X —-—R*"—P-—0.

If we can show that X is f.g., then P is finitely presented. Tensoring the
above sequence with T, we get

0 - X®rT —-T" - P®rT — 0.

Since each P ®pg Ry, = Py, is Ry,-free, the T-module P ®g T is projective.
Thus the last sequence splits, so X ®gT is f.g. as a T-module. Pick elements
{z;®¢, + 1 <i < N} which generate X ®g T, and let Y =) Rz; C X.
Then X g T =Y ®g T leads to (X/Y) ®g T = 0, which in turn leads
to X/Y = 0. Therefore X =Y = > Ru; is f.g., as desired!

Comment. The proof of the last implication (4) = (2) above is a bit
sketchy. We did not include all the details in order to keep the length
of the proof within reasonable bounds. Readers who desire to see more
details should consult Bourbaki’s “Commutative Algebra,” pp. 109-111,
Hermann/Addison-Wesley, 1972, or the author’s “Serre’s Problem on Pro-
jective Modules”, Chapter I, Monographs in Math., Springer-Verlag, 2006.

The argument used in the last part of the proof of (4) = (2) is known
as the method of “faithfully flat descent.” We have couched the argument
in such a way that we can reach the desired conclusions without another
axiomatic detour. A more detailed treatment of faithfully flat descent can
be found in LMR-§4H.

In general, a f.g. locally free (= f.g. flat) module P over a commutative
ring R need not be projective. For instance, Let R be any non-noetherian
commutative von Neumann regular ring, and let I be a non-principal ideal.
Let P be the cyclic R-module R/I. Then P is locally free since every
localization Ry(p € Spec R) is a field by LMR-(3.71). However, P is not
projective, for otherwise 0 — I — R — P — 0 would split, and I would
be a principal ideal. For certain classes of rings (e.g. noetherian rings), f.g.
flat modules will be projective. For results of this nature, see LMR-(4.38)
and Exercises (4.16), (4.21).
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Ex. 2.22. Keeping the notations in Exercise 21, show that a subset S C
Spec R is clopen (closed and open) iff S = V(eR) for some idempotent
e € R. Using this, show that the following statements are equivalent for
any nonzero ring R:

(a) R has no idempotents other than 0, 1.
(b) Spec R is connected.
(c) Every f.g. projective R-module has constant rank.

Solution. We first prove the equivalence of (a), (b) and (c), assuming the
first part of the exercise.

(a) = (b). Suppose Spec R = SUT, where S, T are disjoint open (and
therefore clopen) sets. By the first part of the exercise, S = V(eR) for some
idempotent e € R. By (a), we have either e = 0 or e = 1, so S is either
Spec R or @.

(b) = (¢). kP : Spec R — Z is a continuous function according to Exercise
21. Since Z here has the discrete topology and Spec R is connected, the
image of the map rk P must be a singleton.

(¢) = (a). Suppose R has an idempotent e # 0, 1. Then the cyclic
projective R-module P = eR has rank 1 at any prime containing 1 — e, and
rank 0 at any prime containing e. (In other words, rk P is the characteristic
function for the nonempty subset V(R(1 — €)) € Spec R.)

To prove the first statement in the exercise, consider any clopen set
S C Spec R. The complement T of S is also clopen, so we have S = V (1),
T = V(B) for suitable ideals >, B C R. Since no prime ideal can contain
both 2 and B, A + B = R. On the other hand, any prime contains 2{ N B
(since it contains either 2 or B). Therefore

ANB C ﬂpespec . P =Nil(R)

Fix an equation 1 = a + b where a € % and b € B. Then (ab)™ = 0 for
some n > 1. Let A’ = a™R and B’ = b"R. Since

V() C V), V(B)CV(B), and V) NV(B) =0,

we must have V() = V(') and V(B) = V(B’). As before, A + B’ = R,
so there is an equation 1 = a™s + b™t for suitable s, t € R. Letting e = a™s
and f = b™t, we have ef = a"b"st = 0 and e + f = 1. Multiplying the
latter equation by e shows that e? = e, and the relations

V(') CV(eR), V(B') CV(fR), V(eR)NV(fR) =10
show that V(eR) = V(') =V () = S.

Comment. For a follow-up to this exercise, see Exercise 7.31 in Chapter 3.
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Ex. 2.23. The support of an R-module P is defined to be
suppP = {p € Spec R: P, #0}.

For any f.g. P € Mg, show that supp P = V' (ann P). Deduce that P, # 0
for all primes p iff ann P C Nil(R).

Solution. In general (without any assumption on P), we have supp P C
V(ann P). For, if a prime p ¢ V(ann P), then there exists r € (ann P)\p.
Since Pr = 0 and r localizes to a unit in Ry, we have P, = 0, so p ¢
supp P.

Conversely, consider any prime p ¢ supp P, so that P, = 0. If Pis f.g.,
we will have Pr = 0 for some r ¢ p. Now 7 € (ann P)\p, so p ¢ V(ann P).
This proves the equality supp P = V(ann P).

For the second conclusion in the exercise, note that P, # 0 for all primes
iff Spec R =supp P = V(ann P), iff ann P C () {all primes} = Nil (R).

Ex. 2.24. For any f.g. projective R-module P, show that P is faithful iff
the function rk P : Spec R — Z is everywhere positive. (In particular, a
f.g. projective module Pg of rank n > 0 is always faithful.)

Solution. By LMR-(2.44), ann P always has the form fR for some idem-
potent f € R. By the exercise above, rk P is everywhere positive iff fR =
ann P C Nil(R), iff ann P = 0, iff P is faithful.

Comment. In LMR-(2.44), it is also shown that P is faithful iff the “trace
ideal”

tr(P) = " {im(¢) : ¢ € P}
of P is the whole ring R.

Ex. 2.25. Suppose P, Q € Mg are such that P Qr Q = R™ where n > 0.
Show that P and @ must be faithful f.g. projective R-modules.

Solution. Fix a generating set {p; ® ¢; : 1 < ¢ < m} for the R-module
P ®r Q, and consider the R-homomorphism f : R™ — P defined by
sending the standard basis vectors of R™ to the p;’s. Then

f®rQ: R"®rQ — PRRQ=R"
is a split epimorphism. Now tensor the above with P to get a split epimor-
phism:
f®r(Q®P): R™"®r(Q®rP) — PORr(Q®rP).

Identifying Q ®g P with R™, we see that f ®g (Q ® P) is essentially “n
copies” of f. An easy argument shows that f itself must already be a split
epimorphism. Therefore, P is a f.g. projective R-module.

Localizing the isomorphism P ® g Q = R™ at a prime p, we get

Ry =2 (P®rQ)p = Py ®r, Q-
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Since Ry # 0, we have P, # 0. Therefore, by Exercise 24, P is a faithful
R-module.

Comment. The last conclusion can also be deduced by noting that ann (P) C
ann (P ®g Q) = ann(R") = 0.

Ex. 2.26. Deduce from Exercise 25 that P € My is f.g. projective of rank
1 iff there exists @ € Mg such that P ®g Q = R. In this case, show that
necessarily Q = P*.

Solution. If P is f.g. projective of rank 1, it is already shown in LMR-§2D
that P ® g P* = R. Conversely, let P € Mg be such that Pr Q = R
for some Q) € Mg. By Exercise 25, P, Q are both f.g. projective. For any
prime p, we have

R, 2 (P®rQ)p = P, ®r, Qp

Since P,, @, are f.g. free modules over Ry, we must have P, 2 R, (for any
p), so rk P = 1. Finally, tensoring R = P ®g Q with P*, we get

P">2P*®rPO®rQ 2 RQrQ =Q,
as desired

Ex. 2.26'. (1) Show that a f.g. projective module Pg of rank 1 is a direct
sum of cyclic modules iff P = R. (2) Deduce from (1) that the Picard group
of a (commutative) von Neumann regular ring is trivial.

Solution. (1) (“Only if” part) Say P = Rz, @ -+ & Rx,,, where z; € P.
Letz =21+ -+ + 2y, and Q = Rx C P. Consider any prime ideal p C R.
Since P, = R, and R, is indecomposable, we must have (Rz;), = 0 for all
but one i, and hence P, = Q. Since this holds for all primes p, we have
P = (. Therefore, the map R — P sending 1 to x is a split surjection,
which must then be an isomorphism since rk P = 1.

(2) Let R be von Neumann regular, and Pr be f.g. projective of rank
1. Since R is a semihereditary ring. Albrecht’s Theorem (LMR-(2.29))
implies that P = P, & --- & P,, where each P; is isomorphic to a f.g.
ideal of R. But then P; = e;R for suitable idempotents e¢; € R, so P is a
direct sum of cyclic modules. By (1), it follows that P & R, so we have
Pic(R) = {1}.

Comment. Results such as (1), (2) are typical folklore in commutative
algebra. For an explicit reference (where these results are used to prove a
nice fact on invertible ideals in commutative domains of Krull dimension
1), see the paper of R. C. Heitmann and L. S. Levy: “1% and 2 generator
ideals in Priifer rings,” Rocky Mountain J. Math. 5(1975), 361-373.

Ex. 2.27. Show that a f.g. projective module Pg has rank 1 iff the natural
map A : R — Endg(P) (defined by A\(r)(p) = pr) is an isomorphism of
rings.
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Solution. By familiar localization facts, A is an isomorphism iff, for any
prime p C R, the localization

Ao ¢ Ry — (Endgr(P)), = Endg, (F)

is an isomorphism. (For the isomorphism 7 used above, see Exercise 4.12.)
Since P, is free, Ap is an isomorphism iff B, = R,. Therefore, A is an
isomorphism iff rk P = 1.

Ex. 2.28. Let P be af.g. projective R-module. Show that there is a natural
way to define the trace of an R-endomorphism of P so that we get an R-
module homomorphism tr : Endg(P) — R. The definition should be such
that, in case P = R™, we get back the usual trace map on n X n matrices,
upon identifying Endr(R"™) with M, (R).

Solution. We shall use the isomorphism ¢ = opp from P ®gr P* to
Endg(P) defined in Exercise 20. We also have a map o : P ®g P* — R
which is well-defined by the equation a(b® f) = f(b) (for b € P and f €
P*). Tt is easy to check that both o and o are R-module homomorphisms.
We can therefore define tr : Endg(P) — R by the equation tr = c.o o1,

so that we have a commutative diagram

P®RP EndR )

N

Clearly, “tr” is also an R-module homomorphism.

In the case where P = R", we identify Endg(P) with M, (R) by using
the standard basis {e; : 1 < i < n} on R" for writing matrices. Let
{e;: 1 <j < n} be the dual basis for P*. Then o(e; ® €) is the matrix
unit E;; in M, (R). Therefore, the trace map defined above will assign to
E;; the value

a(e; ®€f) =€j(e;) = bi; (the Kronecker deltas).

This happens to be the usual trace of the matrix E;;. Thus, our trace
map on M, (R) agrees with the usual trace map on the matrix units. Since
M, (R) is generated over R by the matrix units, it follows that our trace
map agrees with the usual trace on all matrices in M, (R).

Comment. The reader should try to work out a few properties of the trace
function defined above on Endg(P). For instance, if ¢ € Endg(P) and ¢ €
Endg(Q) (where Q is also f.g. projective), we can define an endomorphism
@@ on P® Q. It can be shown that tr(p @ ) is exactly tr(P) + tr(Q)
in R. etc.
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In the noncommutative case, the “tr” construction above does not work
since there is no natural map from P ® g P* to R. (The rule b® f — f(b)
no longer gives a well-defined group homomorphism.)

Ex. 2.29. Let P be a f.g. projective R-module, and let {a;, fi} (1 <i < n)
be a pair of dual bases as in LMR-(2.9) (so that a; € P, f; € P*, and
a =Y ,a;fi(a) for every a € P). Show that 7(P) : = ), fi(a;) € R is
an invariant of P (not depending on the choice of {a;, fi}). Is the same
conclusion true if R is not commutative?

Solution. Again we shall use the isomorphism ¢ : P ® g P* — Endg(P).
We have, for any a € P:

o (Y, a8h)@=3 afild=a

so (>, a; ® fi) = Idp. Therefore, by definition,

tr(Idp) = o (22 a; ® fi) = Zi filai),

where « is the map from P ® g P* to R introduced in the last exercise.
This shows that 7(P) = tr(Idp) is determined by P independently of the
choice of {a;, fi}.

In the noncommutative case, the element >, a; @ f* € PQpg P* is still
uniquely determined by P (since it corresponds to Idp under the isomor-
phism o. However, the element >, fi(a;) is no longer uniquely determined
by P. For instance, consider the case P = eR where e € R is an idempotent.
A pair of dual bases is given by {a;, fi1} where a; = e and f; € P* is the
inclusion map e; R — R. We have here f;(a;1) = a1 = e. However, we may
have another idempotent ¢’ € R with P = eR = ¢’R, so the element e € R
is not determined by the isomorphism type of P.

Ex. 2.30. Recall that any idempotent (square) matrix defines a f.g. pro-
jective module (as in Exercise 18). Show that if e, ¢’ € M, (R) are idempo-
tent matrices that define isomorphic projective modules, then trace (e) =
trace(e’). Is the same conclusion true if R is not commutative?

Solution. Let P = eR™ = ) a;R where a; denotes the jth column of
the (idempotent) matrix e = (a;;). Let f; be the linear functional on P
mapping any vector in P to its jth coordinate. We have seen in the solution
to Exercise 18 that {a;, f; : 1 < j < n} are a pair of dual bases for P.
Thus, the invariant 7(P) defined in the last exercise can be calculated as
follows:

7(P) = Zj fila;) = Zj aj; = trace(e).

Thus, if ¢’ is another idempotent of M, (R) defining a projective module
P’ =~ P, we'll have

trace(e') = 7(P') = 7(P) = trace(e).
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In the noncommutative case, the conclusion fails again, as we can show by
exactly the same example used in the last exercise. The 1 X 1 idempotent
matrix e € R defines the projective right R-module eR. We may have
eR = ¢’ R for another idempotent ¢’ € R without having e = ¢’.

Ex. 2.31. Let Pr be a f.g. projective R-module of rank 1.

(a) For a,b € P and f € P*, show that af (b) = bf(a) € P.
(b) Show that the following diagram is commutative:

P& P* i Endg(P)

N4

R

Here, 0 = opp, A, and o are defined, respectively, in Exercises 20,
27-28.

(c) Show that the trace map tr : Endg(P) — R defined in Exercise 28 is
the same as A\71.

(d) Show that 7(P) = 1 (in the notation of Exercise 29).

Solution. (a) It suffices to check the desired equation in every localization
P, (p € Spec R). Let f, : P, — Ry be the localization of the functional f,
and fix a basis vector e for P, = R,. Then a = ex and b = ey in P, for
suitable z, y € R,. Now

af(b) = ex- fyley) = e afyle)y, and
bf(a) = ey folex) =e-yfole)z
in Py, so a f(b) =bf(a) € P,, as desired.

(b) Take any generator b® f € PQp P*, where b € P and f € P*. For any
a € P, we have

(0 (b® f)) (a) = bf(a).
On the other hand,
(Aa(b® f))(a) = Mf(b))(a) = f(b)a.

Since bf(a) = f(b) a by (a), we see that o(b® f) and Aa(b® f) are equal
as endomorphisms of P. Hence, o = Aa.

(c) Note that all maps in the commutative diagram are isomorphisms. By
definition, tr: Endg(P) — R is the map ao~!, which is just a(Aa)™?
aa” A=\

(d) By Exercise 29 and (c) above,
7(P) = tr(Idp) = A }(Idp) =1 € R.
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Comment. Here is an explicit example. Over the ring R = Z[f] (8% = —5),
we have the familiar rank 1 projective R-module % = (2,14+6) C R from Ex-
ercise 9. As we saw in the Comment on Exercise 19, 2 is isomorphic to the

-2 1446
'3
By the solution to Exercise 30, we have, indeed, 7(P) = trace(2) =
-24+3=1.

Ex. 2.32. Let Pg be a projective module that is not f.g. Show that there is
a split monomorphism f : P — €D, ; P for a suitable infinite indexing set
I such that f(P) is not contained in €, ; P for any finite subset J C I.

image P of the idempotent operator on R? given by e = <

Solution. By the Dual Basis Lemma (LMR-(2.9)), we have elements p; €
P, f; € P* for i ranging over a suitable (necessarily infinite) indexing set
I such that, for any p € P, fi(p) = 0 for almost all 4, and p = >, p; fi(p).
The map f : P — @,¢; P defined by f(p) = (pifi(p))ier is then an R-
module homomorphism, split by the homomorphism g : @ie ; P — P given
by g((ai)ier) = Y_; ;. Assume, for the moment, that f(P) C @, P for
some finite subset J C I. Then for any p € P, p;fi(p) = 0 for any i ¢ J.
But then

p=)Y pifi(p) =Y pifi(p)
il icJ
implies that P is generated by the finite set {p; : ¢ € J}, a contradiction.

Ex. 2.33. In a ring theory monograph, the following statement appeared:
“If G is a finite group, every projective module over (the integral group
ring) ZG is free.” Give a counterexample.

Solution. For G = <g>, a cyclic group of prime order p, let R = ZG,
S =F,, Ry =Z, and Ry = Z [¢] where ( is a primitive pth root of unity.
We have a pullback diagram

R h R

& l | l]&

R, J2 S

where i, is the augmentation map, j; is the natural projection, and iz, jo
are ring homomorphisms defined by i2(g) = ¢ and j2(¢) = 1. (To say that
the above diagram is a “pullback” means that, for r, € Ry and r, € R,
such that j;(r1) = ja(r2), there exists a unique r € R such that i;(r) =y
and i2(r) = ry.)

We shall construct (for suitable primes p) a f.g. projective R-module
that is not free. To simplify the construction, we shall use a standard result
in Milnor’s “Introduction to Algebraic K-theory,” Princeton University
Press, 1971. By §2 of this reference, we have the following existence theorem
on f.g. projective R-modules for a ring R in a pullback diagram as in (1)
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with at least one of ji,ja surjective. (In our situation, of course, both
J1,Jj2 are surjective.) For f.g. projective modules P; over R; and any S-
isomorphism « : j3 P, — j5Ps, let

P P
l l ajt
P2 ‘7; ]; P2

be a pullback diagram, that is

2) P={(p1,p2) € PL® P, : aji(p) =75(p2)},
with the R-action

(3) r- (Pl,m) = (il(r)plv iQ(T)pZ)a (pl’p2) € P.

(In the above, jXP, denotes the S-module S ®g_ P,.) Then P is a f.g.
projective R-module such that i P = P, for a = 1,2.

For our specific pullback diagram, it is then easy to produce an example
of a nonfree f.g. projective module over R = ZG. Let p be any prime
such that Ry = Z[(] is not a PID; say P, C R, is a nonprincipal ideal.
Since Rj is a Dedekind ring, P, is f.g. projective (but not free) over Rj.
For the prime ideal p = (¢ — 1)Ry, the unique factorization theorem for
ideals in Ry implies that there is no ideal strictly between pP; and Ps.
Thus, Py/pP, = Ry/p = Fp. Let P, = Z and fix an isomorphism «a from
JiPr =F, to j3P, & P, /pP,. Then the f.g. projective R-module P defined
in (2) is not free since the Rp-module i5P 2 P, is not free.

We finish by giving an alternative description of the projective R-module
P. Fix an element zg € P>\pP», and make the abelian group Q = Z @ P,
into an R-module by defining

(4) g-(n,z)=(n,{x+nzy) for n€Z and z€P,.
This gives a well-defined action, since under this definition:
g9+ (n, @) = (n, Fa+ (" 4+ (+ nao) = (n, x).
If the isomorphism « : j{ P; — j; P» is chosen in such a way that
a(l) =29 € Po/pPy = j3 Py,

then the R-module P defined in (2) is isomorphic to Q. Indeed, if we define
0:Q— PL®dP, by

(5) f(n, z) =(n, ((—1)x+nzg) for n€Z and ze€ P,
then 6(Q) C P since

(( =Dz +nxo =7 Ty =7 al) = afn).
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In fact, we have §(Q) = P. For, if (n, y) € P, then §j = (i) = 7T, implies
that y — nzg = (( — 1)z for some z € P,, and hence (n, y) = 6(n,z) from
(5). Clearly,  is injective, so it defines a group isomorphism ¢ — P. The
following verifies that this is an R-isomorphism:

8(g - (n, z)) = 0(n, (z+nmzo)

= (n, (¢ —1)(¢z + nxzo) + nxo)
= (n, ¢[(¢ 1)z + nzo])

=g (n, (¢ — 1)z + nxo)
g-0(n, z).

Comment. Note that the R-module @ above contains the Ro-module P, @
(0) (viewed as an R-module via i), and it is a (nonsplit) extension of
this submodule by the trivial ZG-module Z. A direct proof for the fact
that @Q is a nonfree projective over ZG (not using Milnor’s results on
pullback diagrams (1)) can be found in W.H. Gustafson’s paper, “The
representation ring of a group of prime order”, Comm. Algebra 25(1997),
2681-2686. In fact, Gustafson showed that, if Q' is constructed from an-
other ideal Py C Ry such that P, + Pj = Ry and PP, is principal,
then Q & Q' = R ® R. This shows explicitly that @Q, Q" are projective
over R.

The question whether there exist f.g. nonfree projective modules over
integral group rings of finite groups was first raised in Cartan-Eilenberg’s
“Homological Algebra” (p. 241). The first such example, @) above over
Z({g), appeared in D. S. Rim’s paper, “Modules over finite groups,” Annals
of Math. 69(1959), 700-712. Rim also showed that the Grothendieck group
of f.g. projectives over Z({g) is isomorphic to Z @ Pic(Z[(]) in the notation
above.

A class of very easily constructed examples of f.g. projective modules
over group rings appeared later in R. G. Swan’s paper, “Periodic resolutions
for finite groups,” Annals of Math. 72(1960), 267-291. For any finite group
G and any integer r prime to |G|, let P, be the left ideal of R = ZG
generated by 7 and > geG 9- Swan showed that if s is the inverse of r
modulo |G|, then P, ® Ps; & R2. Thus, P, is always a projective R-module.
While P, is always free for G cyclic, Swan showed, for instance, that P; is
not free for the quaternion group of order 8.

Later, for the generalized quaternion group G of order 32, Swan con-
structed a nonfree ZG-module P such that P®ZG = ZG & ZG. Therefore,
even stably free ZG-modules need not be free, and f.g. projective modules
over ZG fail to satisfy the cancellation law. For the details, see Swan’s
paper, “Projective modules over group rings and maximal orders,” Annals
of Math. 76(1962), 55-61. On the other hand, if G is the quaternion group
of order 8, then f.g. projective ZG-modules satisfy the cancellation law;
in particular, f.g. stably free ZG-modules are free. This is a result of
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J. Martinet, in “Modules sur 'algébre du groupe quaternionien,” Ann. Sci.
Ecole Norm. Sup. 4(1971), 399-408.

For non-f.g. modules, the situation is different. For any finite abelian
group G, for instance, it follows from the results of H. Bass that any non-f.g.
projective module over ZG is free; see his paper “Big projective modules
are free,” Ill. J. Math. 7(1963), 24-31.

The next two problems are suggested by R. Swan. Recall that, for
any commutative ring R, Q(R) denotes its total ring of quotients, i.e. the
localization of R at the multiplicative set of its non 0-divisors.

Ex. 2.34. For any commutative ring S, show that there exists another
commutative ring R 2 S with the following properties:

(1) Q(R) = R;
(2) S is a “retract” of R (i.e. the inclusion map S — R is split by a ring
homomorphism R — S);
(3) Nil(S) = Nil(R); and
(4) U(S) = U(R).
Solution. Let {m;} be the family of maximal ideals of S. Construct the
commutative ring S; = S[{x;}] with the relations z;m; = 0 for all s.
We note the following properties of 7.

(a) S is a retract of Sy. This is clear in view of the map S; — S defined
by z; — 0 for all 4.

(b) If i # j, then z;x; = 0 € Sy, since z;z; is annihilated by m;, m;, and
therefore by m; + m; = R.

(c) By (a) any element f € Sy has the form s+, 3", -, aix ¥ where s € S,
a;x, € S. Furthermore, s € S and a;;, € S/m; are uniquely determined by f.
This uniqueness is seen by using the homomorphism 6; : S1 — (S/m;)[z;]
defined by the natural map S [z;] — (S/m;) [x;] and by sending all z; to 0
for j # .

(d) From (c), we see, in particular, that each z; # 0 in S;. Thus, any
nonunit of S becomes a 0-divisor in Si. In fact, if t € S is a nonunit, then
t € m; for some %, so z;t = 0.

(e) Nil(S) = Nil(S;). In fact, let
f=s+ ZZ ZkZI ag ¥ € Nil (S)).
Applying the homomorphism 6; above, we have
0;(f) =5+ Zk21 aix x; € Nil ((S/m;)[z:]) = 0.
Therefore, a;; € m; for all ¢, k, and so

f=s€SNNil(S;) = Nil(S).
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(f) U(S) = U(Sy). To see this, suppose fg =1 in S;, where f is expressed
as in (c). For each 4, 6;(f)0;(g9) = 1 in (S/m;)[z;] shows again that a;x € m;
for all k. Thus, f = s € S, and similarly g =t € S. Now 1 = fg = st implies
that f € U(S).

Repeating the above construction, we get a chain of rings S C S; C
Sy C -+ . Now let R =|J;5;5; 2 S. Clearly, S is still a retract of R. Any
element r € Nil(R) belongs to Nil(.S;) for some 7, and therefore belongs to
Nil(S) by (e). Similarly, any r € U(R) belongs to U(S) by (f). Finally, let
r be a non O-divisor of R. Then r is a non 0-divisor in some S;. By (d)
(applied to S;), we see that » € U(S;) C U(R). Therefore, Q(R) = R, as
desired.

Ex. 2.35. In LMR-(2.22)(A), an example of a commutative ring R is given
such that Q(R) = R and Pic(R) # {1}. However, this ring R has nonzero
nilpotent elements. Now, use Exercise 2.34 to construct a reduced ring R
with the same properties.

Solution. Start with any commutative reduced ring S with Pic(S) # {1}.
With respect to this S, let R O S be the commutative ring constructed
in Exercise 34. By the functorial property of “Pic”, the fact that S is a
retract of R implies that Pic(S) is (isomorphic to) a direct summand of
Pic(R). In particular, Pic(R) # {1}. By construction, Q(R) = R, and
Nil(R) = Nil(S) = {0} so R is reduced.

Comment. A (commutative) ring R with the property Q(R) = R is called
a classical ring (or a ring of quotients) in LMR-(11.4). It may be somewhat
surprising that, even when a commutative ring is reduced and classical, it
may not have a trivial Picard group.

Ex. 2.35’. (Ishikawa) Show that a commutative semihereditary ring R is
integrally closed in its total ring of quotients K = Q(R) (that is, every
element x € K integral over R is in R).

Solution. Fix an integrality equation 2"+ 4 a,z™ + --- + ag = 0, where
a; € R, and pick a non O-divisor r € R such that rz* € Rfor 1 < i < n.
Consider the f.g. ideal I = Z?:I Rrzxi in R. By hypothesis, r! is projective,
so by the Dual Basis Lemma (LMR-(2.9)), there exist linear functionals
fi + I — R such that b = Y7 | fi(b)rz® for all b € I. Now from the
integrality equation, we have rz"t! € I, so we can write

TT = Z:;l filrz)ra* = Z:Zl Fi(r2zith) = TZ?:I fi(rzith).

Cancelling r, we conclude that z =Y, fi(rz**!) € R.

Comment. This exercise comes from Lemma 1 of T. Ishikawa’s paper “A
theorem on flat couples,” Proc. Japan Academy 36(1960), 389-391. The
same property of semihereditary rings was also proved in Corollary 2 of S.
Endo’s paper “On semihereditary rings,” J. Math. Soc. Japan 13(1961),
109-119.
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The next two problems are from a paper of H. Bass.

Ex. 2.36. For any right R-module P and = € P, let op(z) = {f(z): f €
P*} where, as usual, P* denotes the left R-module Homg(P, R).

(1) If P’ is any R-module and F = P & P’, show that op(z) = op(z) for
anyz € PCF.

(2) If P is a projective right R-module and = € P, show that op(z) is a
f.g. left ideal of R, with op(x) # 0 if £ # 0. Deduce that the natural map
P — P** is a monomorphism.

Solution. (1) Any functional h : F — R can be represented as a pair (f, g)
where f € P* and g € P"™*. With respect to this representation, we have,
for any x € P:

h(z, 0) = f(z) + 9(0) = f(=).
From this, it is clear that op(z) = op(z).

(2) Clearly, op(z) is a left ideal in R, without any assumption on P. Now
assume Pg is a projective module. Pick a module Pj, such that F = P& P’
is free, say with a basis {e; : ¢ € I'}. The given element z € P then lies in
a f.g. free direct summand F; of F. Applying (1) twice, we have op(x) =
or(z) = op, (z). Replacing P by F1, we may, therefore, assume that P is a
free module with a finite basis, say, ej,...,e,. Write x = eja; +- - - + epay.
A typical functional f € P* is determined by the scalars b; := f(e;), and
we have

f(x) = f(el)a'l + - +f(en)an = blal ++bnan

Therefore, o,(z) = Y _;_, Rai, as desired. If z # 0, then the a;’s are not
all zero, so op(z) # 0. This means that, for any projective Pg and z # 0
in P, there exists f € P* such that f(z) # 0. Therefore, P — P** is a
monomorphism.

Comment. In LMR-(4.65)(a), the (right) R-modules P with the property
that P — P** is injective are seen to be the torsionless modules, i.e.
those modules that can be embedded into some direct product (R)g. In
particular, any submodule P of a free module (e.g. any projective module)
has the property that P — P** is injective.

Ex. 2.37. For any right R-module P and ¢ € P, let
op(z) ={y e P: Yfe P, f(z)=0= f(y) =0}.

(1) If P’ is any projective right R-module and F = P @ P’, show that
0p(z) = 0 (z) for any x € P C F.

(2) If P is a projective right R-module and z € P, show that op(z) =
op(z)*, where op(z) is the left ideal associated with z € P in Exercise 36.
(3) Under the same hypothesis as in (2), show that op(z) is a direct
summand of P iff op(z) is a projective left R-module.
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Solution. (1) Clearly, op(z) C 0(z), since any functional on F' restricts
to a functional on P. Conversely, let y1 = (y,y’) € P & P’ be in op(z). If
y' # 0, there exists a functional f': P’ — R with f'(y) # 0, according to
(2) of the last exercise. Let f1 : F — R be the 0-extension of f’ to F' (with
fi(P) = 0). Then fi(z) = 0, but fi(y1) = f'(v') # 0, a contradiction.
Therefore, we must have ' = 0. Now y; = y € P and it is clear that y
must belong to op(z).

(2) For the rest, we assume Pg is projective. Exploiting (1) and arguing as
in (2) of the last exercise, we may assume that P is a f.g. free R-module. In
particular, the natural map P — P** is an isomorphism. We shall identify
P** with P in the following. For M = P/zR, let 7 : P — M be the
projection map, and let o : R — P be defined by a(r) = zr. Note that
the kernel of P = P** — M** is exactly os(z). Applying the left exact
functor Homg(—, R) to R 5 P 55 M — 0, we get an exact sequence
0— M*% P* % R, Upon identifying R* with gR in the usual way, we
see that im (a*) is exactly op(z). Therefore, we have an exact sequence

(A) 0— M* 5P s op(z) — 0.
Applying Hompg(—, R) again, we get an exact sequence
(B) 0— OP(x)*h—*>P**ﬂ—*:>M**.

By our earlier observation, o/p(z) & ker(n**) = op(z)*.
P

(3) We go back to P @& P’ = F where P’ is a projective R-module and
F is a free module. As in (2), we have Q : = 0p(z) = 0 (z). Clearly, Q
is a direct summand of P iff ) is a direct summand of F. Applying this
observation twice, we are again reduced to the case where P is a f.g. free
module in verifying (3). We shall use the notations in (2). First assume
op(x) is projective. Then the surjection h in (A) splits, and so does the
injection A* in (B). This means that @ = op(x) = im(h*) splits in P** = P.
Conversely, assume that @ splits in P = P**. Then h* in (B) is a split
injection, so A** in the diagram below is a split surjection:

h**

© ; [ [j
P* h op(x)

Since P* is f.g. projective, i is an isomorphism, and hence j is onto. But j
is also one-one, since the inclusion map op(z) < R is a functional on op(x)
that takes any nonzero element of op(z) to a nonzero element of R. Thus,
j is an isomorphism, and it follows from (C) that h is a split surjection.
Since P* is a projective left R-module, so is op(z), as desired.
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Comment. The last two exercises are taken from Bass’s paper: “Projective
modules over free groups are free,” J. Algebra 1(1964), 367-373. In the
case where R is a left semihereditary ring, it follows from (2) above that
any element x in a projective right R-module P is contained in a f.g.
(projective) direct summand of P, namely, ox(z) = op(z)*. Coupled with
some arguments due to I. Kaplansky, this fact can be used to show that P
is a direct sum of f.g. right R-modules, each isomorphic to the dual of a
f.g. left ideal. (In particular, if each f.g. left ideal of R is free, then so is
each projective right R-module.)

In the case of a commutative semihereditary ring R, the above result
on the structure of a projective module Pg was first proved by Kaplansky;
see his paper: “Projective modules,” Annals of Math. 68(1958), 372-377.
It was generalized to the case of a right semihereditary ring R in F.
Albrecht’s paper: “On projective modules over semihereditary rings,” Proc.
Amer. Math. Soc. 12(1961), 638-639. Bass’s result, on the other hand,
covers the case where R is a left semihereditary ring. Later, G. Bergman
obtained a similar result for what he called weakly semihereditary rings,
which include all 1-sided semihereditary rings; see his paper: “Hereditarily
and cohereditarily projective modules,” Proc. Conf. on Ring Theory at
Park City, Utah, 1971 (R. Gordon, ed.), 29-62, Academic Press, N. Y.,
1972.

Ex. 2.38. Let P C M be right R-modules where P is f.g. projective. Show
that P is a direct summand of M iff the induced map M* — P* is onto
(that is, iff every linear functional on P extends to one on M).

Solution. The “only if” part is clear. Conversely, let € : P — M be
the inclusion map and assume €* : M* — P* is onto. Since P* is also
projective, * splits, and thus it induces a split injection €** : P** — M™**.
Consider the following commutative diagram

P € M
“| k
P** 5** M**

where «, (3 are the natural maps from P and M to their double duals.
Pick any v : M** — P** such that ve** = 1ps». Noting that « is an
isomorphism (Ex. 7), we can define § = a~!y38: M — P. Then

be=alyfe=alye*a=atlpwa =1p,
so § provides a splitting for the injection ¢, as desired.

Ex. 2.39. (Hinohara) Let p € P, where P is a projective right module
over aring R. If p ¢ Pm for every maximal left ideal m of R, show that pR
is a free direct summand of P with basis {p}.
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Solution. Say P ® Q = F, where F is free with basis {e; : i € I},
and write p = eja; + -+ + enan (a; € R). (For convenience, we assume
{1, 2,...,n} C I.) Decompose e; into p; + g;, where p; € P and ¢; € Q.
Then p = p1a; + -+ + pra, implies that 2;1 Ra; cannot be contained
in a maximal left ideal m (for otherwise p € Pm). Thus, > .;_, Ra; = R,
so by the Unimodular Column Lemma (Ex. 1.34), pR is free on p, and
pR @ X = F for a suitable submodule X C F. But then pR & (XNP) = P,
as desired.

Comment. The result in this exercise appeared in Y. Hinohara’s paper:
“Projective modules over semilocal rings”, Tohuku Math. J. 14(1962), 205—
211. Of course, the converse of the exercise is also true.

Ex. 2.40. (Hinohara) Let R be a commutative semilocal ring, and P be a
f.g. projective R-module.

(1) If P has constant rank n, show that P = R".
(2) In general, show that P is isomorphic to €, Re; for suitable idempo-
tents e; € R.

Solution. Let mq,..., mg be the maximal ideals of R.

(1) Each localization Py, is free of rank n. Pick z;1,...,2in € P such
that their images in Py, form a free basis for Py,. By the Chinese Remain-
der Theorem, we can find z; (for 1 < j < n) in P such that

t; = z;; (mod m;P)

for all 7. It is then easy to check that z4,...,z, form a free basis for each
P,,, upon localization. If we define f : R® — P by f(e;) = z; for all unit
vectors e, then fy, is an isomorphism for each 4. From this, it follows that
f is an isomorphism itself.

(2) Since R/rad R & Hle R/m;, R cannot be the direct product of
more than k nonzero rings. Therefore, we can write R = R; x --+ X Ry,
where each R; is an indecomposable ring (that is, a ring with only trivial
idempotents). Clearly, R; is still a semilocal ring. We have P = P, ®---® P,
where each P; is a f.g. projective R;-module on which all other components
R; (i # j) act trivially. By (1), P; = R}, and so P = R{* @ --- ® R}'".
Here, each summand R; is isomorphic to Re for some idempotent e, as
desired.

Comment. The result in this exercise first appeared in Y. Hinohara’s pa-
per “Note on finitely generated projective modules”, Proc. Japan Acad.
37(1961), 478-481 (and was independently proved by S. Endo). If R is a
commutative semilocal ring with only trivial idempotents, Hinohara has
also proved that any projective R-module P is free, and if R is allowed to
have idempotents, then P is still a direct sum ), Re;, where the e;’s are
idempotents of R. See his paper cited in the Comment on the last exercise.
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For any module P over a commutative semilocal ring R, it is true that
P being f.g. projective is a local condition, that is, P is f.g. projective iff Py
is f.g. projective over Ry, for each maximal ideal m C R. This was another
result proved in Hinohara’s first paper cited above. Using the techniques
of flat modules, this result can be deduced easily, for instance, from the
Comment on Ex. 4.46B.

§3. Injective Modules

A module Ig is called injective if the (contravariant) functor Homg(—, Ig)
is exact. Comparing this to the definition of a projective module, we see
that “injectivity” and “projectivity” are in some sense dual notions. Some
explicit analogies may be made between projective and injective modules
by “turning arrows around”. However, we should not assume that any
true statement about projective modules always has a true analogue for
injective ones, or vice versa. Over any ring R, Rp is free and hence always
projective, but Rg is seldom injective. Rings for which Rp happens to be
injective are called right self-injective rings. An important source of such
rings is the class of Frobenius algebras over a field k, treated in §3B. These
are finite-dimensional k-algebras R for which R and R = Homg(R, k) are
isomorphic as right (or equivalently, left) R-modules. (In general, Ris an
(R, R)-bimodule, since R itself has a natural (R, R)-bimodule structure.)
A classical family of Frobenius algebras is given by the group algebras kG
for finite groups G. These are, in fact, symmetric algebras in the later
terminology of §16. Exercises 12-17 are devoted to the theme of self-
injectivity and Frobenius algebras.

An injective module Iy is characterized by the property that it is a
direct summand of any “containing” module M D I. (Admittedly, this
characterization sounds better in German.) A very powerful way to check
the injectivity of Ir is to apply “Baer’s Test”, i.e. to check that any
homomorphism f from a right ideal 2 to I can be extended to f': R — I.
This test is special to injective modules, and has apparently no analogue
for projective modules.

Another fact distinguishing injective modules from projective ones is
the existence of an injective hull for any module Mpg. In general, M gives
rise to a module E(M) (its injective hull), which is “minimal injective”
over M, or equivalently, “maximal essential” over M. Here we utilize the
notion of an essential extension that is fundamental to module theory: a
module N D M is said to be essential over M (written M C. N) if every
nonzero submodule of N intersects M nontrivially; or equivalently, for any
nonzero x € N, zr € M\{0} for a suitable € R. Some of the properties of
essential extensions are collected in Exercises 6-8 below; they will be used
freely later. Many examples of injective hulls are presented in LMR-(3.43).



§3. Injective Modules 61

In general, direct products of injectives are injective, but direct sums
of injectives need not be injective. The Bass-Papp Theorem (LMR-(3.46))
states that direct sums of injective right R-modules are injective iff R is
a right noetherian ring, and a theorem of Matlis adds a third equivalent
condition: iff any injective right R-module is a direct sum of indecom-
posable submodules ((1) < (2) in LMR-(3.48)). Some basic material on
indecomposable injective modules is presented in §3F: these are the modules
that are injective hulls of uniform modules (nonzero modules in which the
intersection of any two nonzero submodules is nonzero).

The notion of divisibility is closely related to that of injectivity. The
reader should note, however, that the definition of a divisible module in
LMR-8§3C is a little different from that in some other texts. In fact, the
definition of Ir being divisible in LMR-(3.16) amounts to the module
being principally injective in the sense of Nicholson and Yousif; that is, one
requires that, for any a € R, any R-homomorphism f : aR — I extends to
some f': R — I. Exercises 45-47 are related to this theme.

Returning to indecomposable injectives, the case of commutative noethe-
rian rings R is particularly worth our study. Here, the set of indecomposable
injectives is given by { E(R/p) : p € Spec R}. Matlis’ Theory in this case de-
scribes the injective hulls E(R/p), and computes their endomorphism rings.
The analysis is carried out by first passing to the localization R,; under
this localization, E(R/p) is basically unchanged. It thus suffices to consider
the case of a commutative noetherian local ring (R, m), and to compute
the so-called “standard module” E(R/m). This module is described via a
certain filtration (see LMR-(3.82)), and its endomorphism ring turns out
to be the m-adic completion of (R, m) (see LMR-(3.84)). Some relevant
exercises are Exercises 38-42.

An easy corollary of the Matlis Theory is that, over a commutative
artinian ring, E(M) is f.g. for any f.g. module M. (This was also proved
without Matlis’ Theory in LMR-(3.64).) However, over a noncommutative
artinian ring, this need not be the case even for a cyclic module M. Exercise
34 offers the relevant counterexample.

In the special case where R = k[z1,..., ] is a polynomial ring over
a field k and p = (=1,..., z,), there is a special construction for the
injective hull of R/p = k (with trivial z;-actions). In fact, in LMR-§3J,
it is shown that Eg(k) is given by the “module of inverted polynomials”
T = klz7*,..., z7] (on which R has a natural action). The last two
exercises ((51) and (52)) give a bit more information on this theme.

Exercises for §3

Ex. 3.1. Let R be a domain that is not a division ring. If a module Mp, is
both projective and injective, show that M = 0.
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Solution. We may assume M is a submodule of a free R-module F, say
with basis {e; : i € I}. Suppose M has a nonzero element m = Y, e;r;,
with r;, # 0. We claim that any nonzero element r € R has a left inverse
(so that R is a division ring). Indeed, since Mg, is divisible by LMR-(3.17)/,
rr;, # 0 implies that m € Mrr;, C F rr;,. Comparing the coefficients of
€iy, We get r;, = srry, for some s € R. Therefore, sr = 1, as desired.

Comment. In LMR, this exercise was stated for commutative domains. The
present improvement was suggested to me by Dennis Keeler. Note that the
hypothesis cannot be further weakened to R being a prime ring. In fact,
for the (simple) prime ring R = M, (k) where k is a division ring, every
module is both projective and injective.

Ex. 3.2. Let R be a right self-injective ring.

(1) Show that an element of R has a left inverse iff it is not a left 0-divisor
in R.

(2) If R has no nontrivial idempotents, show that R is a local ring, and that
the unique maximal (left, right) ideal m of R consists of all left 0-divisiors
of R.

(3) If R is a domain, show that it must be a division ring.

Solution. (1) The “only if” part is true without any assumption on R : If
r € R has a left inverse, say zr = 1 in R, then

ry=0 = zry=0 = y =0,

so r is not a left 0-divisor. The converse is a consequence of the fact that the
injective module Rp is a divisible module. We repeat the argument from
LMR-(3.18) here. Suppose r € R is not a left O-divisor. Then f : 7R — Rpg
given by f(ry) = y is a well-defined right R-module homomorphism. Since
Rp is injective, f is induced by left multiplication by some z € R. In
particular, for y = 1, we get zr = f(r) = 1.

(2) The assumption on R in (2) means that Rg is an indecomposable
injective module. By LRM-(3.52), R = End(Rg) is a local ring. Let m
be the unique maximal (left, right) ideal of R. Consider any r € m. If r is
not a left O-divisor in R, then, by (1), zr = 1 for some x € R. This gives
1 € m, a contradiction. Therefore, each r € m is a left 0-divisor, and of
course each left 0-divisor must lie in m.

(3) This follows immediately from (2).

Comment. Let R be a right self-injective ring. If r € R is neither a left nor
a right 0-divisor, then in fact r € U(R). (A ring R satisfying this property
is known as a classical ring.) See Exercise 11.8.

For (1) in this exercise, the hypothesis that R be right self-injective can
be somewhat weakened: see Exercise 13.18.
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Ex. 3.3. In a ring theory text, the following exercise appeared: “Every
simple projective module is injective.” Find a counterexample.

Solution. A counterexample can be found in LMR-(3.74B); namely, if
xV is an infinite-dimensional vector space over a division ring k and E =
End(yV) (defined as a ring of right operators on (V'), then Vg is a sim-
ple, projective module that is not injective. This is a counterexample in
which the ring is von Neumann regular. In the following, we offer another
counterexample in which the ring is artinian.

k k

Let E = <0 K
0 0 0

(O 1) €EE, P: =¢eF = 0k

dimgP = 1, P is clearly simple. We finish by showing that Pg is not

divisible (which implies that it is not injective). Consider the ring element

_ {0 0 _{z oy
a= <O 1>. For any r = (0 z> € F, note that

_ 0 1\ [z y\ _ _ {0 0 _
ar=0 = (0 0)<0 Z>—O=>Z—0:>er—(0 Z>—0.

0 0\ /0 1
0 k/\0 O
that Pg is not a divisible module.

where k is a division ring. For the idempotent e =

is a projective right E-module. Since

However, Pa = =0, so in particular, e ¢ Pa. This shows

Ex. 3.4. True or False: If I is injective and f : S — R is a ring homo-
morphism, then I ® gR is injective as a right R-module? (Note. It goes
without saying that R is viewed here as an (S, R)-bimodule, with the left
S-structure coming from f.)

Solution. The statement is easily seen to be false. For instance, if S is
a right self-injective ring, we can take the injective module I = Sg. Then
I® sR = Rg, so if R is not right self-injective, we have a counterexample.

To be more explicit, take S to be a field, R = S[t] (polynomial ring in
t), and f to be the inclusion map of S into R. Then Sg is injective, but Rp
is not injective by Exercise 1.

Comment. The reason for asking the question in this Exercise is that, if
Ps is a projective S-module, then P ® gR is a projective R-module. The
proper “dual statement” of this for injective modules is the following: If T
is an injective right S-module, then Homg(Rg, Is) is an injective right R-
module. Here R is viewed as an (R, S)-biomodule, with the right S-structure
coming from f, and the right R-module structure on Homg(Rg, Is) comes
from the left R-module structure on R. The statement in italics above on
injective modules is a special case of the “Injective Producing Lemma”
proved in LMR-(3.5).

Ex. 3.5. Let a, b be elements in a ring R such that ab =1 and bR C. Rp.
Show that ba = 1.
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Solution. First note that bR Nann,(a) = 0. In fact, if bz € ann,(a), then
0 = a(bx) = z, so bz = 0. Since bR C, Rpg, it follows that ann,(a) = 0.
Therefore, a(ba — 1) = (ab)a — a = 0 implies that ba = 1.

Ex. 3.6. (A) If M; C, E for 1 < i < n, show that ()_, M; C. E. Does
the same statement hold for an infinite family of essential submodules?
(B)If M; C. E; for i = 1,2,..., does it follow that [], M; C. ], E:?

Solution. (A) Consider any e € E\{0}. Since M; C. E, there exists
r1 € R such that er; € M;\{0}. Since M; C. E, there exists ro € R such
that eryro € M>\{0}. Repeating this argument a finite number of times, we
get eryra - -1y € M, \{0} for suitable r; € R. Clearly er; - -y, € (i M;,
so we have shown (\;_; M; C. E. For an infinite family {M;, Ma,...},
the conclusion no longer holds in general. For instance, in the free module
E = Z over R = Z, the submodules M; = iZ (i = 1,2,...) are each
essential in F, but ()2, M; = 0 is not.

(B) In general, the conclusion [[, M; C. [], E; does not follow. For an
example, take F; = Z and M; = iZ C. E; (i = 1,2,...) over the ring of
integers again. For the element e = (1,1,...) € [], E;, there clearly exists
no nonzero r € Z such that er = (r,r,...) € [[, M;.

Comment. The reason for asking the question in (B) is, of course, that for
any family M; C. E; (finite or infinite), one does have @, M; C. @, Ei,
as was shown in LMR-(3.38).

Ex. 3.7. Let f : E' — E be a homomorphism of right R-modules. If
M C. E, show that f~1(M) C. E’. (In particular, if E' C E, then M C. E
implies that M N E’ C., E’.) Use this to give a proof for the first part of
Exercise 6.

Solution. Consider any ¢’ € E’\f~*(M). Then f(e’) # 0, so there exists
r € R such that f(e')r € M\{0}. Then clearly e'r € f~1(M)\{0}. This
shows that f~1(M) C. E'.

The fact above applies well to the first part of Exercise 6. By induction,
it suffices to show M; C., FE for i = 1,2 implies that M7 N M, C. E.
By the above, M; C. E implies My N My C. Ms. Since My C. FE, the
transitivity property of essential extensions (LMR-(3.27)(2)) implies that
MiNM;, C. E.

Comment. Given M C. E and any element y € E, let f : Rp — F be
defined by f(r) = yr. Then the Exercise implies that

Y M) =y *M:= {reR: yre M} C. Rp.

This is a very useful conclusion, even in the special case where M is an
essential right ideal in R.

Ex. 3.8. Let U be an R-module that contains a direct sum @,; Vi, and
let V; C. E; C U for every i € I. Show that the sum ), E; must also be a
direct sum.
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Solution. It is sufficient to prove the desired conclusion in the case |I| <
00. For n = |I| < 0o, an easy induction on n reduces the proof to the case
n = 2. So, let us assume that I = {1,2}. Since (V1 N E3) NV, = 0, we must
have V; N Ey = 0 since Vo C, Eo. Now (E2 N E1)NV) = 0, so we must have
EyNE; =0 since Vi C, Ej.

Ex. 3.9. Show that a module My is semisimple iff no submodule N # M
is essential in M.

Solution. First suppose M is semisimple. Then, for any submodule N #
M, there exists a submodule T' # 0 such that M = N @ T Since NNT =0,
N cannot be essential in M. Conversely, suppose no submodule N # M is
essential in M. We will show that M is semisimple by checking that any
submodule S C M is a direct summand. By Zorn’s Lemma, there exists a
submodule C maximal with respect to the property CNS = 0. Then S& C
is essential in M (for otherwise there exists a nonzero submodule T' such
that TN (S® C) =0, and (C®T)NS =0 contradicts the maximality of
C). By the given hypothesis on M, S@® C = M so § is a direct summand
of M, as desired.

Ex. 3.10. (Matlis) Show that a ring R is right hereditary iff the sum of
two injective submodules of any right R-module is injective.

Solution. The key fact used for this exercise is that R is right hereditary
iff quotients of right injective R-modules are injective: see LMR-(3.22).

First assume R is right hereditary, and let I, I5 be injective submodules
of a right R-module M. Then I; ® I, is still injective and I +15 is a quotient
thereof. By LMR-(3.22) quoted above, I; + I3 is also injective.

For the converse, assume the property on sums of injective submodules
in the exercise, and consider a quotient M /N of an injective module Mg. By
LMR-(3.22) again, we are done if we can show that M /N is injective. Let
7: M — M/N be the projection map and consider the R-monomorphism
g: M — M® (M/N) given by g(m) = (m, m(m)) for m € M. Clearly,
M & (M/N) is the sum of the two submodules M @ (0) and g(M), both
of which are injective. By assumption, M & (M/N) is injective, so M/N is
also injective, as desired.

Comment. The result of this Exercise comes from E. Matlis’ classical paper
“Injective modules over noetherian rings,” Pacific J. Math. 8(1958), 511~
528. In connection with this Exercise, it is of interest to point out that, if
Mpg, is any nonsingular module over any ring R (i.e. no nonzero element
of M is killed by an essential right ideal), then the sum of two injective
submodules of M is always injective: see Exercise 7.15 below.

Ex. 3.11. (Osofsky) Show that a ring R is semisimple iff the intersection
of two injective submodules of any right R-module is injective.

Solution. The “only if” part is clear since every right module is injec-
tive over a semisimple ring. For the “if” part, make use of the following
observation over any ring R:
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(%) For any right R-module N, there ezists a right R-module containing
two isomorphic injective submodules A, B such that N = AN B.

If R is such that the intersection of two injective submodules of any right
R-module is injective, then (x) implies that any Np is injective, and hence
R is semisimple by FC-(2.9).

To prove (%), let M = E(N) and M’ = M; ® M, where M; = My = M.
Let N ={(n,n): n€ N} C M’ and let 7 be the projection map from M’
onto M’'/N'. Clearly, m(M;) 2 M; = M, so n(M;), m(Mz) are isomorphic
injective submodules of M’'/N’. Now, the map

n— w(n, 0) = (0, —n)
defines an isomorphism from N to m(M;) N (M), as desired.

Ex. 3.12. If R, S are (finite-dimensional) Frobenius k-algebras (over a
field k), show that R x S and R® .S are also Frobenius k-algebras. Using
this and the Wedderburn—Artin Theorem, show that any finite-dimensional
semisimple k-algebra is a Frobenius algebra.

Solution. Let B: Rx R — k and C : S xS — k be the nonsingular
k-bilinear maps with the associativity property imposed in the definition
of Frobenius k-algebras. We first deal with the direct product 7= R x S,
which is viewed as a k-algebra by the diagonal action of k. We can define
apairing D: T xT — k by

D((r, s), (r',s))=B(r,v)+C(s,s") (r,7 €R; 5,5 €8).
This is easily checked to be k-bilinear, and we have

= B(r, r’r”) (s, s's”)
= B(rr', r") + C(ss', ")
= D((r, )(T S) (TH’ 5”))

To check the nonsingularity of D, suppose D((r, s), (7', s')) = 0 for all v/, &',
where r € R, s € S are fixed. Choosing s’ = 0, we see that B(r,r’) = 0 for
all 7’ € R, so r = 0. Similarly, we can check that s = 0. This shows that T
is a Frobenius k-algebra.

Next we deal with the tensor product W = R ®; S, which is viewed
as a k-algebra in the usual way. This time, we define a k-bilinear pairing
E: WxW —kby

E (ZZ T ® Sq, Zj i ® sé) = Z g B (ri,75) C(si,s}).

Note that the matrix of E is the Kronecker product of those of B and C
with respect to suitable bases. From this observation, it follows easily that
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the nonsingularity of the pairings B and C implies that of E. A calculation
similar to the one given in the case B x C' shows that E has the associativity
property (if B and C do). This checks that W = B ®, C is a Frobenius
k-algebra.

For the last part of the problem, let A be a finite-dimensional semisimple
k-algebra. By the Wedderburn-Artin Theorem, A = A; x --- x A, where
the A; = M, (D;) for suitable (finite-dimensional) k-division algebras D;.
Using the direct product reduction, we need only show that each M, (D;)
is a Frobenius k-algebra. Now M, (D;) = D; @ M,, (k). By LMR-(3.15C),
D; is a Frobenius k-algebra, so it suffices to show that each matrix algebra
R = M,(k) is Frobenius. To this end, we define a k-bilinear pairing B :
R x R — k by B(a,3) = tr(af) where “tr” denotes the trace function
on n x n matrices. Clearly, B has the associativity property, so we need
only check that B is nonsingular. Say o € R is such that tr(af) = 0 for all
B € R. For the matrix units Ep, we have

0=tr(aEy) =tr (Z” aijEijqu> =tr (ZZ a;pE; ) = Qgp,
so @ = (a;;) = 0 in M, (k), as desired.

Ex. 3.13. In LMR-(3.12), it is shown that, if S is a principal right ideal
domain, then for any nonzero element b € S such that bS = Sb, the factor
ring S/bS is a right self-injective ring. In the commutative case, generalize
this by showing that, for any Dedekind domain S and any nonzero ideal
B C S, the factor ring R = S/ is a self-injective ring.

Solution. Let pi,...,p, be the prime ideals containing B, and let T =
S\(p1 U---Upy,). Consider St, the localization of S at the multiplicative
set T. This is a semilocal Dedekind domain (whose maximal ideals are
(p1)7,---, (pn)T), S0 by Ex. 2.11, it is a principal ideal domain. We claim
that the natural ring homomorphism

€: S/% — ST/%T

is an isomorphism. Once this is proved, then S/B = Sp/Br is a self-
injective ring by the result LMR-(3.12) quoted above.

To prove that ¢ is one-one, consider any 5 € ker(¢). Then s = bt~1 for
some b € B and t € T. Since no prime ideal contains ¢t and B, we have an
equation at + b = 1 where a € S and b’ € 8. Then

s=s(at+b')=a(st)+ sb=ab+ st € B,

so 5 = 0 € S/B. To show that ¢ is onto, consider any element st~! + Br
in Sp/Br, where s € S and t € T. As above, there exists an equation
at+b =1 wherea € S and b’ € B. Then

st™! —sa=st7 (1 —ta) = (V's)t™! € Br,

and so st™! + Br = sa + B = e(sa + B), as desired.
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Comment. Another way to show that S/9B is self-injective is to apply
Baer’s Criterion (LMR-(3.7)). For any ideal %/ in R = S/B, we need
to show that the map

Hompg(R, R) — Hompg(2/B, R)

is onto. Again, this is something which can be checked “locally”. Yet
another way of proving the self-injectivity of S/B is mentioned below in
the Comment on Exercise 15.

Ex. 3.14. For any finite-dimensional commutative local algebra R over a
field k, show that the following are equivalent:

(1) R is a Frobenius k-algebra,
(2) R is self-injective;
(3) R has a unique minimal ideal.

Solution. (1) = (2) is just LMR-(3.14).

(2) = (3). Let A, B be minimal ideals of R. Then there exists an R-
isomorphism f : % — B (since A, B are both isomorphic to R/m where
m is the maximal ideal of R). Since Rp is injective, the isomorphism f is
induced by multiplication by a suitable element r € R. In particular, we
have r 2 = B. Since r A C A and U is minimal, we must have A = r A = B.

(3) = (1). Let 2 be the unique minimal ideal of R. Fix a nonzero element
a € %A and take a hyperplane H in R that does not contain a. Clearly, H
does not contain any nonzero ideal, since any such contains 2. Therefore,
by LMR-(3.15), R is a Frobenius k-algebra.

Comment. There is certainly room for improvement in this result: note
that R being local is not needed in the argument for (3) = (1), and the
argument for (2) = (3) shows more generally that any two isomorphic
minimal ideals in the socle of a commutative self-injective ring must be
equal. The local algebras in this exercise are known to commutative al-
gebraists and algebraic geometers as zero-dimensional local Gorenstein
algebras. Examples of such algebras can be found in LMR-(3.15B) and
LMR-(3.15C).

For a generalization of this exercise to artinian rings, see LMR-(15.27);
and for a noncommutative version of the same, see Exer. (16.1).

Ex. 3.15. Let k be a field, and R be a finite-dimensional k-algebra that is
a proper factor ring of a Dedekind k-domain S. Show that R is a Frobenius
k-algebra.

Solution. Say R = S/ where B C S is a nonzero ideal. Let B =
pT*---pPr be the unique factorization of B into prime ideals. By the
Chinese Remainder Theorem (applicable here since the ideals {p;'‘} are
pairwise comaximal), we have R = [[. R/p;"*. According to Exercise 12,
it suffices to show that each R/p}* is a Frobenius k-algebra. Now R/p}"
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is a finite-dimensional local k-algebra (with unique maximal ideal p;/p;*),
and it has a unique minimal ideal p~!/p7. Therefore, the last exercise
applies to show that R/p}" is a Frobenius algebra for every 1.

Comment. In the case where no field k is present, the same method can
be used to give another solution to Exercise 13.

Ex. 3.16. Let K/k be a field extension, and let R be a finite-dimensional
k-algebra. Show that R is a Frobenius algebra over k iff R = R®y K is
a Frobenius algebra over K.

Solution. The “only if” part is easy. For, if R is a Frobenius algebra, then
by definition, there exists a nonsingular bilinear pairing B : RxR — k with
the “associativity” property B(zy, z) = B(z, yz) for all z, y, z € R. For
any field extension K/k, we can extend B to BYX . RX x RK — K in the
usual way, and it is easy to check that BX is nonsingular, and inherits the
associativity property of B. Therefore, R is also a Frobenius K-algebra.

Conversely, assume that, for some field extension K/k, RX is a Frobe-
nius K-algebra. We try to compare the following two right R-modules:
M = Rp, and N = Homg, (gR, k). Upon scalar extension to K, we have
MK = Rrp®y K = (RK)RK, and

N¥ = Homy, (RE, k) ®, K = Homg (RK(RK), K)

(see FC-(7.4)). Since RX is a Frobenius algebra, we have MX = NX
as right R¥-modules. By the Noether-Deuring Theorem (FC-(19.25)), we
have M = N as right R-modules, so R is a Frobenius k-algebra.

Ex. 3.17. Let R be a finite-dimensional algebra over a field k. For any f.g.
left R-module M, let M = Homy(M, k), which has a natural structure
of a right R-module. It is known that the isomorphism type of this right
R-module is independent of the choice of k: see LMR-(19.32). Prove the
following special case of this fact: Let K be a field extension of k£ within
the center of R (so R is also a finite-dimensional K-algebra). Then for any
f.g. left R-module M, Homg(M,k) and Homg (M, K) are isomorphic as
right R-modules.

Solution. Fix a nonzero k-linear functional t : K — k. We define a k-
linear map

f : Homg (M, K) — Homg (M, k)

by f()\) = to for any A € Homg (M, K). This is a right R-homomorphism
between the two dual spaces. In fact, for A as above, and r € R, m € M,
we have

fQr)(m) = (to Ar)(m) = t((Ar)(m))
= t(A(rm)) = (t o A)(rm)
= fA)(rm) = (FA)r)(m),
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so f(Ar) = f(A\)r. It is easy to check that f is an injection. For, suppose
A # 0. Then A(M) = K and so

shows that f(A) # 0. Computing k-dimensions, we have

dimy Homg (M, K) = [K : k] dimg Homg (M, K)
= [K : k] dimg M
= dimg M
= dimy Homg (M, k).

Therefore, the k-linear injection f must be an isomorphism (of right
R-modules).

Comment. The work above comes close to, but is not sufficient for proving
the independence of the right module Homy(M, k) on k. The difficulty
stems from the fact that if k;, k are fields in Z(R) (the center of R) over
both of which R is a finite-dimensional algebra, then R may not be finite-
dimensional over k1 N kg; on the other hand, while R is a f.g. module over
k1 -k, the latter may not be a field. Therefore, the present exercise may not
yield a direct comparison between the k;-dual and the ko-dual. Of course,
in the case where Z(R) is a field, or where Z(R) contains a smallest field
over which R is finite-dimensional, this exercise will give the independence
of Homy(M, k) over k (independently of (19.32)).

Ex. 3.18. Use the fact that Z/nZ is self-injective (LMR-(3.13)(1)) to prove
Priifer’s Theorem, which states that any abelian group G of finite exponent
n is isomorphic to a direct sum of cyclic groups, necessarily of exponents
dividing n. (Your proof should show, in particular, that any element of
order n generates a direct summand in G.)

Solution. Since G is the direct sum of its primary components, we are
immediately reduced to the case when n = p” where p is a prime. Let
R be the ring Z/p"Z and view G as a (left) R-module. Then G contains
at least one copy of rR. Consider the family § of direct sums @, A; of
submodules A; C M where each A; = R, and define @, A; < Gaij
in § to mean that each A; is equal to some B;. It is easy to show that
any linearly ordered family in § has an upper bound. Therefore, by Zorn’s
Lemma, § has a maximal member, say H = @, Ci. Since R is a noetherian
self-injective ring, rH = @, (rR) is injective by LMR-(3.46). Therefore,
G = H@ H' for a suitable R-module H’'. Since €@, Cy is maximal in
S, H' cannot contain a copy of R. Therefore, we must have p" 1H’ = 0.
Invoking an inductive hypothesis at this point, we may assume that H' =
€, D¢ where the D,’s are cyclic groups of exponent dividing p"~!. Now
G =@, Ck® @, D, gives what we want.
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Comment. The induction above can be started at r = 0, for which the
desired result is trivial. The inductive step from r = 0 to r = 1 is essentially
the argument for the existence of a basis for a vector space over the field [F,,.
The self-injectivity of the ring Z/nZ enables us to extend this argument
from vector spaces to abelian groups.

Priifer’s Theorem should more appropriately be called the Prifer-Baer
Theorem. It was proved by H. Priifer for countable abelian groups in 1923,
and by R. Baer for arbitrary abelian groups (of finite exponent) in 1934.

Ex. 3.19. For any field k£ and any nonzero polynomial f(t) in k[t], it is
proved in LMR-(3.13)(2) that k[t]/(f(t)) is a self-injective ring. Explain
how this would impact upon the proof of the Jordan Canonical Form
Theorem.

Solution. Let T be a linear operator on a finite-dimensional k-vector space
V such that the minimal polynomial f(t) of T splits completely over k. By
passing to the generalized eigenspaces of V' (“primary decomposition”), we
may assume that f(t) has the form (¢ — A\)™. By replacing T by T'— A\, we
may further assume that A = 0. Then V is a left module over the k-algebra
R = k[t]/(t™) where t acts on V via T. We shall make use of the fact that
R is a self-injective ring. The idea is the same as that used in the solution
of Exercise 18, except that things are easier here due to dim; V < oo .

Since 7™~! # 0 on V, there exists an R-submodule of V isomorphic to
rR. Let U be a free R-module of the largest k-dimension in V. Since gU
is an injective module, V' = U @& W for a suitable R-module W. Clearly
W cannot contain a copy of rR, so T™ ! acts as zero on W and we can
handle T'|W by induction. For each copy of rR, say R-u in U, we can use
the k-basis {u, Tu,...,T™ 1u}, with respect to which the action of T is
expressed in the form of a nilpotent m x m Jordan block. This leads to the
Jordan Canonical Form of T on V.

Ex. 3.20. Let S be a submodule of a right module M over a ring R. Show
that there exists a submodule C C M such that E(M) = E(S) & E(C).

Solution. By Zorn’s Lemma, there exists a submodule C C M maximal
with respect to the property S N C = 0. (Any such submodule C is called
a complement to S in M.) As we have seen in the solution to Exercise 9,
S&C C. M. By LMR-(3.33)(2) and (3.39), it follows that

EM)=E(SeC)=E(S)® E(0),
as desired.

Ex. 3.21. For any noetherian right module M over any ring R, show that
E(M) is a finite direct sum of indecomposable injective R-modules.

Solution. We may assume that M # 0. We claim that each submodule
M' C M can be expressed as My N---N M, in such a way that each M/M;
is uniform. For, if otherwise, there would exist a maximal M’ which cannot
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be so expressed (since Mp is noetherian). In particular M /M’ # 0 cannot
be uniform, so there exist submodules X, Y 2 M’ such that X NY = M".
But then X = X;N---NX, and Y =Y N---NY;, where M/X; and M/Y;
are all uniform. Since

M=XnY=X;n---NnX,NnY1N---NYs,

we have arrived at a contradiction.

Applying our claim above to M’ = 0, we have an equation 0 = M; N
-+ -N M, where each M/M; is uniform. We may assume that this expression
of the zero submodule is irredundant, in the sense that no M; can contain
the intersection of the other Af;’s. Then, for the embedding map

f:M—N=@ M/M,

we have N; : = f(M) N (M/M;) # 0 for each 4. Since M/M; is uniform,
N; €. M/M; and hence @, N; C. N by LMR-(3.38). From @, N; C
f(M), we have then f(M) C. N and it follows from LMR-(3.39) that

BN =E(f(M) =E (@, M) =@ BM/M).

i=1
By LMR-(3.52), each E(M/M;) is indecomposable, as desired.

Comment. The method of proving the existence of the expression M’ =
M;nN---N M, in the first part of the Exercise is called “noetherian induc-
tion”; it goes back essentially to Emmy Noether. In fact, the whole analysis
above is very close to Noether’s proof of the Primary Decomposition The-
orem for ideals in a (commutative) noetherian ring.

With the later material on uniform dimensions, this Exercise can be
further improved. In LMR-(6.12), it is shown that, for any module Mg,
E(M) is a finite direct sum of indecomposable injective R-modules iff M
has finite uniform dimension (that is, iff M contains no infinite direct sum
of nonzero submodules). The present, exercise is a special case of this, since
any noetherian module has finite uniform dimension. For more information
on the indecomposable summands of E(M) and the “associated primes” of
M (in the case of finite uniform dimension), see Exercise 6.4.

Ex. 3.22. Show that any injective module Ig is the injective hull of a
direct sum of cyclic modules.

Solution. We may assume that I # 0. Consider the family of subsets X of
nonzero elements in I with the property that the sum ), =R is direct.
By applying Zorn’s Lemma to this family, we come out with a mazimal X
in this family (with respect to inclusion). Since I is injective, we can write
I =E (@,cx vR) ® M for some submodule M C I. If M # 0, we can
pick y € M\{0} and get a direct sum @,y R ® yR, in contradiction to
the maximality of X. Therefore M = 0, and we have ] = F (69356 x IL‘R)
as desired.
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Ex. 3.23. Let H = End (Ig) where [ is an injective right R-module. For
f, h € H, show that f € H-h iff ker(h) C ker(f).

Solution. If f = gh for some g € H, clearly h(z) = 0 implies f(z) =
g(h(z)) =0 for z € I, so we have ker(h) C ker(f) without any condition
on I. Conversely, assume I is injective and ker(h) C ker(f). For N = h(I),
we can define gg € Hompg(N, I) by go(h(z)) = f(x) (for € I). Note that
go is well-defined since

h(z) = h(z') = z— 2’ € ker(h) Cker(f) = f(z) = f(2').

Since I is injective, g extends to some g € Hompg(I, I) = H, which then
satisfies f = gh.

Comment. The property needed on I for the above proof to work is pre-
cisely that, for any submodule N C I, any R-homomorphism go : N — I
extends to an endomorphism g € End(Ig). This property defines the notion
of I being a quasi-injective (or weakly injective) R-module. Most properties
provable for End(Ig) for injective modules I are provable by the same token
for End(Ig) for quasi-injective modules. For a select list of such properties,
see LMR-(13.1) and (13.2).

The special case of the Exercise for the right regular module Rp is
as follows: If R is a right self-injective ring, then f € Rh iff ann,(h) C
ann,(f). (It is true that assuming Rpr quasi-injective would be sufficient.
However, by Baer’s Criterion, this is already equivalent to the right self-
injectivity of R.)

Ex. 3.24. Let Iz be an injective module. If every surjective endomorphism
of I is an automorphism, show that every injective endomorphism of [ is
an automorphism. How about the converse?

Solution. Let f : I — I be injective, with J = f(I). Since J = [ is
injective, I = J&® K for a suitable submodule K. Now let g : J — I be the
inverse of f: I — J, and consider g ®0: J @& K — I. This is a surjective
endomorphism of I, so by assumption K = ker(g @ 0) = 0, which shows
that f is onto.

The converse statement is not true in general. For instance, let I be the
Priifer p-group over Z where p is any prime. Then I = |Jo., Cpn where
Cpn is cyclic of order p™. We claim that any injective h : I — I is onto.
Indeed, h (Cpn) = Cpn implies that h(Cyn) = Cpn (since Cpr is the only
subgroup of order p™ in I), so h is clearly onto. However, I/C, = I, so we
have a surjective I — I with kernel C}, # 0.

Comment. The result in this exercise appeared in G. Birkenmeier’s paper
“On the cancellation of quasi-injective modules,” Comm. Algebra 4(1976),
101-109.

Ex. 3.25. Let My be any module, and let f € Endg(E(M)). If f|a is an
automorphism of M, show that f is an automorphism of E(M).
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Solution. Since f|js is injective, we have M N ker(f) = 0. Therefore,
M C. E(M) implies that ker(f) = 0, so f is a monomorphism. Now
consider f(E(M)) 2 f(M) = M. Since f(E(M)) = E(M) is injective,
f(E(M)) must be equal to the injective hull E(M) of M. Therefore, f is
also an epimorphism.

Comment. In general, the converse of this exercise is not true. However,
if M is a quasi-injective module in the sense of LMR-§6 G (any homo-
morphism from a submodule of M to M extends to an endomorphism of
M), the converse becomes true, since in this case M is a fully invariant
submodule of E(M) (by LMR-(6.74)).

Ex. 3.26. Show that Baer’s Criterion for Injectivity LMR-(3.7) can be
further modified as follows: To check that a module I is injective, it is
sufficient to show that, for any right ideal A C. Rpg, any f € Hompg(%, I)
can be extended to R.

Solution. Suppose the given condition on I is satisfied, and let
g € Hompg (B, I), where B C R is any right ideal. Consider the family § of
pairs (%B’, ¢') where ¢’ € Hompg(®8’, I), B’ O B and ¢'|B = g. We partially
order § by defining (B, ¢') < (B”, ¢") if B’ C B” and ¢" |V’ = ¢'.
Then a routine application of Zorn’s Lemma shows the existence of a
maximal member (2, f) in §. We must have A C. Rp, for otherwise
AN A = 0 for some nonzero right ideal 2’, and we could have extended f
to fH0: APA — I. Now by the given hypothesis f can be extended
to R — I. Therefore, by Baer’s Criterion LMR-(3.7), Ir is an injective

module.

Ex. 3.27. (P. Freyd) Give a direct proof for the validity of the modified
Baer’s Criterion in the last exercise by using the fact that a module Ip is
injective iff it has no proper essential extensions.

Solution. Suppose any R-homomorphism from an essential right ideal
of R to Ir can be extended to Rg. Our job is to check that I has no
proper essential extensions. Consider any essential extension I C. E and
any element y € F. By the Comment following Exercise 7,

A:={a€R: yael}C. Rpg.

Consider f € Hompg (2, I) defined by f(a) = ya for all a € . By assump-
tion, f can be extended to some g € Hompg(R, I). For z : = g(1) € I, we
have therefore f(a) = ya = za for all a € A. We claim that IN(y—z) R = 0.
In fact, if z = (y — x)r € I where r € R, then yr = 2z + zr € I implies
that » € %A, and hence z = yr — xr = 0. Since I C. FE, it follows that
(y —x)R = 0; that is, y = x € I. Hence I = E, as desired.

Ex. 3.28. (1) For an R-module Mg and an ideal J C R, let P =
{m € M : mJ = 0}. If M is an injective R-module, show that P is
an injective R/J-module.
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(2) Use the above to give a proof for the fact that any proper factor ring
of a commutative PID is a self-injective ring.

Solution. (1) View P as an R/J-module, and let E = E(Pg/;). Then
P C. E as R/J-modules, and hence as R-modules. Since Mg is injective,
we may assume that F is embedded in IV, that is, P C E C N. But then
EJ =0 implies that E C P, so P = E is injective as an R/J-module.

(2) Counsider R/J, where R is a communtative PID, and J is a nonzero ideal
in R. Let K be the quotient field of R. Then K and hence M : = K/J
are divisible R-modules. In particular, Mg is injective (by LMR-(3.17)").
Using the fact that J is principal, it is easy to check that

P:={meM: mJ=0}=R/J.
Therefore, by (1) above, P = R/J is an injective R/J-module, as desired.

Ex. 3.29. Let Mg be an R-module, and J C R be an ideal such that
MJ = 0. By Exercise 28, if My, is injective, then Mg, ; is injective. Is the
converse also true?

Solution. The converse is clearly false. For R = Z and J = 2Z, consider
the R-module M = Z/2Z, which satisfies MJ = 0. Here M is an injective
R/J-module (since R/J is a field), but M is clearly not an injective R-
module.

Comment. Curiously enough, the converse mentioned in the Exercise is
“sometimes” true. For instance, let R = S x J where S, J are two rings.
Let Mg be an S-module, viewed as an R-module via the projection R — S.
Then R/J = S, MJ = 0, and it is proved in LMR-(3.11A) that Mg is
injective iff M4 = Mg, ; is injective. For some generalizations of this, see
Ex. 4.29’. For the “quasi-injective” analogues of this and the last exercise,
see Ex. 6.27A (and the ensuing Comment).

Ex. 3.30. Let S = R[X], where X is any commuting set of indeterminates
over R. For any essential right ideal 2 C. Rg, show that 2A[X] C. Sgs.
What if S = R(Y) where Y is a noncommuting set of indeterminates?

Solution. For f(X) # 0 in S, it suffices to show that f(X)r € A[X]\{0}
for some r € R. Let f(X) = b161 + -+ + by, where b; € R\{0} and the
Bi’s are distinct monomials in the variables in X. Pick r; € R such that
biry € A\{0} Then f(X)ry = bir1 81 + g(X) where

g(X) = bar18a + -+ + b1 Bn

If g(X) = 0, then we already have f(X)ry = byr18; € A[X]\ {0}. Other-
wise, we may assume, by invoking an inductive hypothesis, that there exists
r’ € R such that g(X)r" € A[X]\ {0}. For r = r17’ € R, we have now

f(X)r = (bir1By + g(X))r' = bir1r' 81 + g(X) ' € AX]\ {0},

as desired.
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The argument above clearly did not depend on the fact that the vari-
ables in X commute with one another. Therefore, in the case S = R (Y),
the same argument yields 2 (Y) C. Ss.

Ex. 3.31. (“Schroder-Bernstein for Injectives”) Let A, B be injective R-
modules that can be embedded in each other. Show that A = B.

Solution. Since B is injective, we may assume that A = B & X and that
there exists a monomorphism f : A — B. Note first that if

zo+ f(z1) + -+ fH(zn) =0

where z; € X, then all z; = 0. In fact, g € im(f) C B implies z¢g = 0, and
S0

oL+ fl@a) + o+ 7 @n) =0

(since f is a monomorphism). By induction, we see that all z; = 0. There-
fore, we have

C:=XofX)off(X)e - CA
Let E = E(f(C)) C B, and write B=E @Y. Since C = X @ f(C),
E(C) = EXo f(C)2EX)®E(f(C))=XaE.

On the other hand, E(C) 2 E(f(C)) = E, so X & E = E. From this, we
deduce that

A=X®B=X0E®Y=EQY =D8.

Comment. This exercise was proposed as a problem in Carl Faith’s ring
theory seminar at Rutgers University around 1964. R. Bumby’s solution
to the problem, using ideas similar to those in one of the proofs of the
set-theoretic Schroder-Bernstein Theorem, appeared in Archiv der Math.
16(1965), 184-185. This paper also contained the refinement in the follow-
ing exercise.

Ex. 3.32. Suppose A, B are R-modules that can be embedded in each
other. Show that E(A) & E(B), but that we may have A 2 B.

Solution. Fix an embedding f : A — B. Then f(4) C B C E(B),
so E(B) contains a copy of E(f(A4)) = E(A). By symmetry, E(A) also
contains a copy of E(B). Since E(A), E(B) are injective, it follows from
Exercise 31 that E(A) & E(B).

In general, we may not have A & B. For instance, let B = Z, ® Z4 &
--+-and A = Zs ® B over the ring Z. Then B is a submodule of A, and A
can be embedded into B by

a+ (bl,bg,...) — (i(a),bl,bg,...) (a € Zg, b; € Z4),

where 1 is the embedding of Zy into Z4. Every element of order 2 in B is
divisible by 2, but the same is not true in A. Therefore, we have A % B.
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In this example, neither A nor B is injective (as a Z-module). It is just as
easy to produce an example where one of A, B is injective. Just take

B=Q/Z22Q/Z&--- and A=1Zy& B,

and the same argument will work (since Zg embeds into Q/Z). Here B is
injective and A is not, so in particular, A 2 B. (In both counterexamples, it
is easy to see directly that E(A) = E(B).) Finitely generated examples are
also easy to find : for instance, over the commutative domain R = Q[z, y],
we can take A = R and B = xR+ yR C A. Clearly, A can be embedded in
B, but A # B as R-modules.

Ex. 3.33. Let J = rad R, where R is a semilocal ring (i.e. R/J is semi-
simple). Let Vg be a semisimple module, and E = E(V'). Show that there
is an R-isomorphism E/V = Homg(J, E). (Here, the right R-action on
Homp(J, E) comes from the left R-action on J.) If, moreover, J? = 0,
show that E/V = Hompg(J, V).

Solution. Consider the map ¢ : E — Hompg(J, E) defined by ¢(e)(j) =
ej for e € E and j € J. It is straightforward to check that ¢ is a right R-
module homomorphism (with the right R-module structure on Homg(J, F)
as described above). Since Epg is an injective R-module, the map ¢ is onto.
We claim that ker(p) = V. In fact, since V is semisimple, V.J = 0 so
©(V) = 0. On the other hand, if e € ker(y), then 0 = eJ = (eR)J, so eR
may be viewed as an R/J-module. Since R/J is a semisimple ring, eR is a
semisimple R-module, whence eR C V (as V C. E). This shows that e € V,
so we have shown that ker(y) = V. Therefore, ¢ induces an isomorphism
E/V 2 Homg(J, E).

Now assume also J2? = 0. Then, as above, we see that Jp is a semisimple
module. For any f € Hompg(J, E), f(J) is also semisimple, and so f(J) C
V(as V C. E). This shows that

Hompg(J, V) = Homg(J, E) = E/V.

Ex. 3.34. (Big Injective Hulls over Artinian Rings) Let A C B be division
rings such that dim(4B) < oo but dim(B4) = oo. (Such pairs of division
rings were first constructed by P.M. Cohn, in answer to a question of E.

Artin.) Let R = (A B). By FC-(1.22), R is an artinian ring. Since

0 B
0 BY . . .
J=radR = 0 0 with R/J = A x B, the two simple right R-modules
V', V may be thought of as A and B respectively, with R acting via the
projection R — A X B.

(1) Show that V' is injective.
(2) Determine the quotient module E(V)/V and show that E(V)g is not
finitely generated.
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Solution. Since J? = 0, the last conclusion of Exercise 32 applies.

(1) Since E(V')/V' = Hompg(J,V'), it suffices to show that any f €
Hompg(J, V') is zero. This follows since, for any z € B:

89 L D)er 6 )=

(2) Since E(V)/V = Hompg(J, V), it suffices to compute the latter. Define
amap 0: B — Homg(J, V) by 6(b) = g where

0 z
g<0 0>—bx€B—V.

Clearly, g = 0 only if b = 0, so 0 is injective. For any f € Hompg(J, V), let
01
b.-f(0 O>.Then

f<8 §)=f<<8 (1,> <8 2>>=bx (Vo € B),

so f = 6(b). This shows that 6 is a group isomorphism. For any r =

Z) € R, note that

(o 5)=1(6 26 5) =1 T) =

Thus, 6 is an R-isomorphism Hompg(J, V') & B4, where B, is viewed as an
R-module via the projection R — A. Since dim(B4) = oo, E(V)/V is not
finitely generated as an R-module, and so E(V) is not finitely generated as
an R-module.

a
0

Comment. The result of this Exercise and the approach used herein come
from the paper of A. Rosenberg and D. Zelinsky, “On the finiteness of
injective hulls,” Math. Zeit. 70(1959), 372-380. Right artinian rings R with
the property that E(V) is f.g. for every simple right R-module V have a
special significance. In fact, in LMR-(19.74), it is shown that these are
precisely the right artinian rings which admit a Morita duality (with some
other ring S).

Ex. 3.35. Over a right noetherian, right self-injective ring R, show that
any projective module Ppg is injective.

Solution. Take a suitable module Qg such that F : = P & Q is free.
Since R is right noetherian and Rpg is injective, F' (being a direct sum of
copies of Rp) is also injective, by LMR-(3.46), and hence P is injective.

Comment. A ring R satisfying the hypotheses of this exercise is called a
quasi-Frobenius (QF) ring. Much more information about such a ring and
its modules can be found in LMR-§§15-16. For instance, injective right
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modules over R are also projective, and R turns out to be an artinian
self-injective ring.

Ex. 3.36. True or False: Let R C S be rings such that R C. Sg, and Sg
is injective. Then S = E(RRg).

Solution. The conclusion S = E(Rpg) is not true in general since Sg may
not be an injective R-module. To construct a counterexample, let k& be a
field, and S = k[t] with the relation t* = 0. Since S is a factor ring of the
principal ideal domain k[z], Sg is injective by LMR-(3.12). Let R be the
subring k @ kt? @ kt3. Then R C, Sg. To see this, consider any

f=a+bt+ct? +dt3 € S\R,

where a, b, ¢, d € k. Then b # 0, and so ft* = at® + bt> € R\{0}. We
finish by checking that Sg is not injective. Consider the ideal 2% = kt3 and
the map ¢ : %A — S given by ¢(dt®) = dt? for every d € k. This is clearly
an R-module homomorphism. If Sip was injective, there would exist g € R
such that (t3) = gt3. But gt® € kt* (since kt* is an ideal in S), so now
t2 € kt3, a contradiction.

Comment. The k-algebra R here is actually isomorphic to A = k[u, v] with
the relations u? = v? = uv = 0. (An explicit isomorphism ¢ from A to R
is given by

ola+ cu+dv) = a + ct? + dt3,

for any a, ¢, d € k.) Now the injective hull of A4 was computed in
LMR-(3.69). Using this computation, and identifying R with A, we see
that dimg E(Rg) = 6. Thus, although the ring S is self-injective, it is “too
small” to be the injective hull of Rg.

For the genesis of the example R C S used above, see the Comment
following the solution to Ex. 13.24.

In some sense, the statement given in this exercise is “not too far”
from being true. Most notably, when the ring R is assumed to be “right
nonsingular,” then this statement becomes true, as a consequence of a
theorem of R. E. Johnson: see LMR-(13.39).

Ex. 3.37. (Douglas—Farahat) Let M be an additive abelian group, and let
R = Endz(M) (operating on the left of M). Show that gM is a projective
module in case (1) M is a f.g. abelian group, or (2) nM = 0 for some
positive integer n.

Solution. Case (1) is already handled in part in LMR-(2.12B). In order
not to repeat the explanations there, let us try to give a somewhat different
formulation here.

First note that, for any abelian group X, Homz(X, M) is a left R-
module since M = gM. Of course, for X = M, this gives back the left
regular module gR. Let us make the following observation.
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Lemma. Suppose M = X @Y where X, Y are subgroups of M. Then the
left R-module Homyz (X, M) is isomorphic to a direct summand of rR.

Proof. Let i : X — M and j: Y — M be the inclusion maps. The
natural group isomorphism

¢ : Homz(M, M) — Homgz(X, M) ® Homgz(Y, M)

is given by ¢(f) = (fi, 7). The map ¢ is a left R-module homomorphism
since, for any g € R,

e(gt) = ((9£)i, (9f)d) = (g(f1), a(f37))
= g(fi, fj) = go(f).

Therefore, Homy (X, M) is isomorphic, as a left R-module, to a direct
summand of Homz(M, M) = gR. O

To solve the exercise (independently of LMR-(2.12B)), we go into the
following two cases.

Case 1. M is a f.g. abelian group. We work first in the case where M has
rank > 1. Here we can write M = Z &Y. By the Lemma, g M = Homy(Z, M)
is isomorphic to a direct summand of grR, so g M is a projective R-module.
If rank M = 0, then M is a finite torsion group. This case is clearly
subsumed in the case below.

Case 2. nM = 0. We may assume that n is chosen least. Let n = pi*--- p}*
be the prime factorization of n, and let M; be the p;-primary component
of M. Then M; has exponent p;* so by Exercise 18, M; = X; @& Y; where
X; 2 Z/p;'Z, and Y; is a suitable subgroup of M;. Then

M=M& - ®M,=X®Y,

where Y =Y, & @Y, and X = X1 @ & Xg = Z/nZ. We claim again
that Homgz (X, M) = M as left R-modules. To see this, let = be a generator
of the cyclic group X, and define ¢ : Homz{X, M) — M by ¥(g) = g(z) for
any g € Homz (X, M). Tt is easy to verify that ¢ is an R-homomorphism.
If ¥(g) = 0, then g(z) = 0 and so g = 0. This shows that ¢ is one-one.
For any z € M, we have nz = 0, so there is a homomorphism g : X — M
defined by g(z) = 2. Then 9(g) = g(z) = z shows that v is onto. This
proves the claim, and the Lemma shows that g M is isomorphic to a direct
summand of pR. Hence g M is again a projective R-module.

Comment. This exercise is a result of A. J. Douglas and H. K. Farahat from
their paper “The homological dimension of an abelian group as a module
over its ring of endomorphisms,” Monatshefte Math. 69(1965), 294-305.
The case where M is a p-primary abelian group was independently noted
in F. Richman and E. A. Walker, “Primary abelian groups as modules over
their endomorphism rings,” Math. Zeit. 89(1965), 77-81. This paper also
offered several criteria for a p-primary abelian group M to be projective as
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a left module over R = Endz(M). This is certainly not always the case. For
instance, if M is the Priifer p-group llr_)n Z/p™Z, then R = l(gl Z/p"Z is
the ring of p-adic integers. This is a discrete valuation ring, so pdp(M) <1
by LMR-(5.14), where “pd” denotes “projective dimension”. Here pM is
not R-projective since it cannot be embedded in a free R-module (the latter
being torsion-free). Therefore, we have pdz(M) = 1.

In their 1965 paper referred to above, Douglas and Farahat asked for
the possible values of pdg(M) where M is any abelian group. They showed
that for any torsion group M, pdp(M) < 1. In a later paper (Monatshefte
Math. 76(1972), 109-111), they showed that, for any divisible M, one also
has pdz(M) < 1, with strict inequality iff M is torsion-free. In the review
of this paper in Math. Reviews, E. A. Walker observed that the direct sum
M of the Priifer p-group with the additive group of the p-adic integers
satisfies pdz M = 2. In another sequel to their paper (Monatshefte Math.
80(1975), 37-44), Douglas and Farahat constructed abelian groups M with
pdpM = 0.

Ex. 3.38. Use the fact that injective modules are divisible to prove the
following: Let E = E(R/%) where 2 C R is a left ideal, and let s € R. If
sE = 0, then ts = 0 for some ¢t € R\. Deduce that, if R\ consists of
non 0-divisors. (e.g. R is a domain, or R is a local ring with maximal ideal
2A), then F is a faithful R-module.

Solution. Assume, on the contrary, that ann;(s) C . Consider the nonzero
element a =1+ 2 € R/A C E. For any x € R, we have

zs=0 = z€A = za=z-(1+2A) =0.

Since E is injective and hence divisible, the above implies that a = se for
some e € E. But then a € sE = 0, a contradiction.

The last conclusion of the exercise is now clear. Note that this conclusion
generalizes the faithfulness of the “standard module” (injective hull of the
residue class field) of a local ring.

Ex. 3.39. Let (R,m) be a commutative noetherian local ring. Use the
faithfulness of E(R/m) to show that ()o—, m" = 0.

Solution. Let £ = E(R/m) and E, = annf(m"). By LMR-(3.76), we
have ann?(E,) = m", and by LMR-(3.78), s~ En = E. Therefore,

| |n=0m = | |n:0 ann’*(E,) = ann""(E) =0
by the faithfulness of F.

Comment. The fact that (),—,m™ = 0 in a commutative noetherian local

ring (R, m) is a special case of Krull’s Intersection Theorem: see Theorem 74
in Kaplansky’s “Commutative Rings,” University of Chicago Press, 1974.
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The following exercises, 40A through 40G, collect a few basic facts about
associated primes and primary decompositions, mostly in a commutative
setting. Some of these facts will prove to be useful in future chapters when
we consider the case of commutative rings.

Ex. 3.40A. Let R be a commutative noetherian ring, and let q be a meet-
irreducible ideal in R. By a classical theorem of Emmy Noether, g must be
a primary ideal,(*) say with radical p. Show that E(R/q) = E(R/p). Does
this isomorphism still hold if q is only assumed to be a primary ideal?

Solution. Since p is a finitely generated ideal, p* C q for some n, which
we may choose to be smallest. If n = 1, we have p = q, and there is no
problem. So assume n > 1. Take b € p"~!\q. Viewing b as a (nonzero)
element in R/q C E(R/q), we have p-b = 0 (since p” C q). Conversely,
if r-b=0¢ R/q, then b € q, and so b ¢ q forces r € p. This shows
that ann®(b) = p. In particular, R-b = R/p as R-modules. Since q is
meet-irreducible, F(R/q) is indecomposable by LMR-(3.52). From this, it
follows that E(R/q) = E(R-b) = E(R/p).

If q is only given to be a primary ideal of R, with radical p, the
isomorphism FE(R/q) & E(R/p) need not follow. In fact, if we let R =
Q[u, v] with relations u? = v?> = uv = 0 and take the standard example
g = (0) which is primary but not meet-irreducible, then p := rad(q) = (u,v)
and E(R/p) is indecomposable, but E(R/q) = E(R) is decomposable since
Rp, is not uniform. Thus, E(R/q) 2 E(R/p). In fact, we have here

E(R/q) = E(R/p) ® E(R/p),
by the computations in LMR-(3.69).

Ex. 3.40B. Let I be an ideal in a commutative noetherian ring R. Show
that:

(1) I is primary iff |Ass(R/I)| = 1.

(2) By the Lasker-Noether Theorem (which we assume), there exists an
(irredundant) primary decomposition I = q; N --- N gy, where the q;’s are
primary ideals with distinct radicals p;. (“Irredundant” here means I is not
the intersection of a smaller subset of the g;’s.) Show that

Ass(R/I) ={p1,..-, Pn}

(3) Show that any prime minimal over I lies in Ass(R/I). Conclude from
this that the minimal members in Ass(R/I) (with respect to inclusion) are
exactly the primes in R that are minimal over I.

(4) Show that I is a radical ideal (i.e., I = v/T) iff q; = p; for all 3. In this
case, show that each p; is a minimal prime over [.

(*) An ideal g C R is said to be primary if, whenever zy € q, we have either z € q or
else y" € q for some n. The radical of a primary ideal is always prime. Noether’s
Theorem referred to here is usually proved by the ascending chain argument in the
proof of LMR-(3.78).
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(5) Part (2) above shows that the primes p; arising as radicals of the g;’s in
a primary decomposition depend only on I, and not on the decomposition
chosen. Give an example to show, however, that the g; themselves may not
be uniquely determined.

Solution. We first prove the “only if” part in (1). Let I be primary, say
with radical p. Then, for any nonzero element @ € R/I, we have ann (a) C p.
In fact, any r € ann(a) satisfies ra € I, and a ¢ I implies that 7 € p. Now
consider any P € Ass(R/I), say P = ann(a) for some @ as above (see LMR-
(3.56)). Then P C p, and conversely, for b € p, we have b" € I C P (for
some n), which implies that b € P. Therefore P = p. Since Ass(R/I) # @
(by LMR-(3.58)), we have Ass(R/I) = {p}.

The “if” part of (1) will clearly follow from (2), so it suffices to prove (2).
Using the given primary decomposition for I, we have an inclusion R/I —
@®;_, R/4;. Therefore, by LMR-(3.57)(4) (and what we have proved above):

Ass(R/I) C Ass (@::1 R/qi)

= Ass(R/a)
= {p17"'a pn}

We finish by proving, say, p; € Ass(R/I). Let J =q2N --- Nqp 2 I. Since
R is noetherian, p¥ C q; for some k, so

pfJCqn- - Nga=1

We may assume k is chosen smallest for such an inclusion to hold, so
that there exists an element a € p¥~'J \ I. Since a € J, we must have
a ¢ q1. Now for the nonzero element @ € R/I, we can argue as before
that ann(a) C p;. (If ra € I, then ra € g1, and a ¢ q; implies r € p;.)
On the other hand, pja C p5¥J C I implies that p; C ann(a). Therefore,
p1 = ann(a) € Ass(R/I), as desired.

To prove (3), let p be a prime that is minimal over I. Since
g1 4 Cq1 NN =1Cp,

we have q; C p for some i. But then p also contains the radical p; of g;.
Since p is minimal over I, we must have p = p; € Ass(R/I). Clearly, p must
be a minimal member in Ass(R/I). Conversely, if p’ is any minimal member
in Ass (R/I), then p’ contains a prime p minimal over I. (This holds for
any prime p’ containing I, by a standard Zorn’s Lemma argument.) By the
first part of (3), p € Ass(R/I), so our assumption on p’ implies that p’ = p.

To prove (4), first assume q; = p; for all i. Then I =) ¢; = () p;. Since
each p; is a radical ideal, so is I. Conversely, assume that I is a radical
ideal. Let p1,..., ps (t < n) be the minimal primes over I. It is well-known
that pyN---Np; = I (see ECRT, Ex. 10.14). Since I C g; C p;, this implies
that g N---Nqs = I. The irredundancy of the primary decomposition
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I'=4q1N---Ng, now implies that ¢ = n. Finally, to prove that q; = p;, let
a € p;. Since p; is minimal over I, we have ﬂj £i P ¢ p;, so there exists an

element b € (ﬂ#i pj) \ pi. Then
abepiN---Np,=1Cq;,
so b ¢ p; implies that a € q;. This shows that g; = p;, as desired.

Finally, for (5), let I = (y?, zy) in the polynomial ring R = k|z, y] over
a field k. Fix any a € k, and let

a=~), 9= z+aw).

We claim that I = q; N g3. The inclusion “C” is clear. For “2”, note that
if

g=hv’+ flz+ay) €qng (fi,f2 €R),

then for € q1 = f2 = yf; for some f3 € R, and hence g € I. Here, q;
is prime with radical p; = q; = (y), and it is easy to show that g has
radical po = (z,y). Since this latter radical is a maximal ideal, it is well-
known that g is primary.(*) Therefore, for different choices of a, we have
different (irredundant) primary decompositions I = q; N qo. This example
was noted in Footnote 12 of Emmy Noether’s famous paper “Idealtheorie
in Ringbereichen,” Math. Ann. 83 (1921), 24-66.

Comment. Note that, in (5), p1 = (y) and ps = (2, y) are associated primes
of M = R/I also on account of p; = ann(z) and p; = ann(y) for 7,
g € M. In the language of commutative algebra, p; is an “isolated prime”
of I (a prime minimal over I), while py (2 p;) is an “embedded prime”
of I. In the general primary decomposition theory of ideals, it is known
that the primary component q; corresponding to the isolated prime p; is
uniquely determined by I, but “the” primary component g5 corresponding
to the embedded prime ps is not. See, e.g. Zariski-Samuel’s “Commutative
Algebra,” vol. 1. For more information about the ring R/I, see LMR-
(12.23)(a).

Ex. 3.40C. Let M be a module over a commutative noetherian ring R
with Ass(M) = {p} for some prime p. Show that any ¢ € M is killed by
some power of p.

Solution. We may assume that ¢ # 0. Let ] = ann(c). Then R/I =
R-c C M implies that Ass (R/I) = {p}. By the last exercise, we see that
I'is primary with radical p. Taking a large n, we have p” C I (R being
noetherian), so pc = 0.

Comment. The result in this exercise was proved for a uniform R-module
M in LMR-(3.78). The present exercise is an improvement of this.

() In fact, q2 is even meet-irreducible, as noted by Emmy Noether.
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Ex. 3.40D. Let Mg be a f.g. module over a commutative noetherian ring
R, and let I = ann(M). In a commutative algebra monograph, it was
claimed that Ass(M) is the same as Ass(R/I). Find a counterexample to
this statement; then state (and prove) a corrected version thereof.

Solution. The statement is definitely false. For instance, if R is such that
there exist prime ideals p; C p in R, then M = (R/p1) & (R/p2) has
annihilator I = p; so Ass(R/I) = {p1}. But by LMR-(3.57) (4), Ass(M) =
{p1, p2}.

We claim, however, that Ass(R/I) C Ass(M) in general (as in the
example above). Take p € Ass(R/I). Then for some a € R\I, we have

p={:a)={reR: arel}.

Then N : = Ma # 0 is a submodule with ann(N) = p since, for r € R, we
have

Nr=0 <= Mar=0 < arcl<rep.

n
Now M is a noetherian module, so N = Y z;R for suitable z1,. .., z, € N.
=1

Let 2; = ann(z;) 2 p. Then
A A, €A N---NA, =ann(N) =p
implies that 2; C p for some ¢, and so
p =2, = ann(z;) € Ass(M),

as desired.

We also note that, although Ass(M) may not be equal to Ass(R/I),
the minimal members in these two sets (with respect to inclusion) are the
same. First, any minimal member in Ass(R/I) is a prime minimal over I
by Exercise 3.40B(3). Since this prime belongs to Ass(M), it is clearly a
minimal member in Ass(M). Conversely, consider any minimal member p
in Ass(M). Since p O I, p must contain a prime p’ minimal over I. But
then p’ € Ass(M) by the above, so p = p’, as desired.

Ex. 3.40E. Let M be a module over a commutative ring R.

(1) Show that any maximal member of the family {ann(m): 0 # m € M}
is in Ass(M).

(2) If R is noetherian, show that | J{p : p € Ass(M)} is precisely the set of
elements of R that act as 0-divisors on M.

(3) Does (2) still hold if R is not noetherian?

Solution. (1) Let p = ann(m) be a maximal member of the family given
in (1), where 0 # m € M. Clearly, p # R. Let a, b € R be such that ab € p
but b # p. Then m’ : = bm # 0 in M, and ann(m') 2 ann(m) implies that
ann(m’) = ann(m) = p. Thus, am’ = abm = 0 yields a € p. This checks
that p is a prime ideal in R.
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(2) Let zd (M) C R be the set (including 0) of 0-divisors on M. Since every
p € Ass(M) is of the form ann(m) for some m # 0 in M (LMR-(3.56)),
we have p C zd (M). Conversely, if r is an element in zd (M)\{0},then
r € ann(myp) for some my € M\{0}. Since R is noetherian, the family
of ann(m) D ann(mg) (where 0 # m € M) has a maximal member. By
(1), this maximal member must be some p € Ass(M), so we have r €
ann(mg) C p, as desired.

(3) The following example shows that the noetherian assumption on R in
(2) is essential. Let R be the commutative local ring Q[z1, z2, . ..] with the
relations 7 = 22 = ... = 0. Then Ass(R) = @ (by LMR-(3.57) (5)), so
U{p: p € Ass(R)} = @. But zd (R) is the ideal generated by the z;’s.

Comment. It is worth pointing out that the maximal members of {ann(m) :
0 # m € M} are also the same as the maximal members of {ann(N) : 0 #
Ngr C M}, provided that R is commutative.

In the case where R is a commutative noetherian ring and Mg is a
f.g. R-module, the next exercise implies that |[Ass(M)| < oo. Therefore,
zd (M) is a finite union of primes: this is one of the most basic results in
the module theory over commutative noetherian rings.

Ex. 3.40F. Let Mg be a noetherian module over an arbitrary ring R.

(1) Show that [Ass(M)| < oo.

(2) If R has ACC on ideals and M # (0), show that there exists a filtration
(0) =My € -+ € M, = M such that each filtration factor M;/M;_; is a
prime module.

(3) If R is commutative and noetherian, show that the filtration for M
above may be chosen such that each M;/M;_; = R/p; for a suitable prime
ideal p; C R.

Solution. (1) Let F be the family of submodules N C M for
which |Ass(N)| < oo. This family is nonempty since {0} € F (with
|Ass({0})] = 0). Therefore, there is a maximal member Ny € F (with
respect to inclusion), and LMR-(3.57)(3) gives

(%) Ass(M) C Ass(Np) U Ass(M/Ny).

If Ass(M/Ny) = O we are done, so we may assume that there exists a prime
p € Ass(M/Ny), say p = ann(Ny/Ny), where N1 /Ny is a suitable prime
submodule of M/Ny. Now Ass(N1/Ng) = {p}, and another application of
LMR-(3.57)(3) shows that

Ass(Ny) C Ass(Ng) U Ass(N1/No)
= Ass(Np) U {p}.

Therefore, |Ass(Ny)| < oo, and we have N; € F. This contradicts the
maximality of Ny, as Ny € N;.
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(2) Here, let S be the family of nonzero submodules of M that have
filtrations of the kind described in (2). Again, S is nonempty. For, if ann(N’)
is a maximal member among all

{ann(N): 0 # N C M},

then N’ is clearly a prime module and N’ € S. (The existence of the
maximal annihilator ann(N’) follows from the ACC on ideals in R.) As
in (1), let Ny be a maximal member of S. If Ny # M, we can repeat
the argument with M/Ny to get a prime submodule N;/Ny € M/Np.
Then N; € S and we would have a contradiction. Thus, we must have
M = Ny € S, as desired.

(3) This follows by repeating the argument in (2) for the family S’ consist-
ing of nonzero submodules (of M) that have filtrations of the kind described
in (3). (That &’ is nonempty follows from the fact that any associated prime
p € Ass(M) has the form ann(m) for some m e M, for then mR = R/p
implies mR € §'.)

Ex. 3.40G. Let R be the Boolean ring [],; Z>.

(1) Show that Ass(R) consists of all prime ideals of the form py = [];c; Zo,
where J is any subset of I such that [I\J| = 1.

(2) If I is infinite, show that there exist primes of R that are not in Ass(R).

Solution. (1) A typical p € Ass(R) is a prime ideal of the form ann(r),
where 7 = (r;);.,, ri € {0, 1}. Let J = {i € I : r; = 0}. Then clearly
ann(r) = [[;c; Zz. Since R/ann(r) = [];cp s Z2, ann(r) is a prime ideal
iff [I\J| = 1. Therefore, the associated primes of R are precisely the p;’s
listed in the statement of the exercise.

(2) Assume now [ is infinite. Consider the ideal A = @,.; Z» in R. Since
A # R, there exists a maximal ideal m DO A. Clearly, m is not one of
the associated primes p; of R listed in (1). (The existence of m, however,
depends on Zorn’s Lemma.)

Comment. In general, the prime (= maximal) ideals in the Boolean ring R
are “classified” by the ultrafilters on the indexing set I. For any ultrafilter
F on I, the corresponding prime ideal in R is

p={a=(ai)er: supp(a) ¢ F}.

If we take a principal ultrafilter, say all subsets of I containing a fized index
19, the corresponding prime in R is

p={a=(ai)ier: ai, =0} = Hiej Za,

where J = I\{io}. Therefore, the associated primes of R are precisely those
arising from the principal ultrafilters on I, and the others arise from the
nonprincipal ultrafilters.



88 Chapter 1. Free Modules, Projective, and Injective Modules

If I is infinite, (1) shows that there are infinitely many associated
primes. But these do not exhaust the prime ideals since in this case there
always exist monprincipal ultrafilters. For instance, consider the Fréchet
filter Fo = {S C I: |I\S| < oo}. Clearly, any ultrafilter F refining Fo
is not a principal ultrafilter. Thus, the prime ideal p corresponding to F
is not one of the primes in (1). Such p will, indeed, be a maximal ideal
of R containing A = @),c; Zz. However, the existence of the ultrafilter F
depends again on Zorn’s Lemma.

For an application of this Comment, see the solution to Exercise 8.18.

Ex. 3.41. Let R be a commutative noetherian ring, and E = E(R/p)
where p is a prime ideal of R. For any ideal J C p, let R = R/J, p = p/J,
and let E' = ann®(J) C E. Show that E’ is isomorphic to the injective
hull of the R-module R/p.

Solution. The key step here is to apply Exercise 3.28. Since F is injective
over R, this exercise implies that E’ is injective over R = R/.J. Now the
copy of R/p in E is certainly killed by J C p, so we may view R/p = R/p
as contained in E’. The fact that R/p C. E implies that R/p C. E’, so it
follows that E' = Eg(R/p).

Ex. 3.42. (Vamos, Faith-Walker) Show that a ring R is right artinian iff
every injective right R-module is a direct sum of injective hulls of simple
R-modules.

Solution. First assume R is right artinian. Then by the Hopkins-Levitzki
Theorem FC-(4.15) R is also right noetherian. By LMR-(3.48), any in-
jective Mg can be expressed as €D, M; where each M; is injective and
indecomposable. Finally, by LMR-(3.63), each M; is the injective hull of
some simple R-module.

Conversely, assume that every injective right R-module is a direct sum
of injective hulls of simple right R-modules. If R is not right artinian,
consider a descending 1 2 2y 2 --- of right ideals 2; and let A =
N%2;. By assumption E(R/2) = @, E(V;) where each V; is a simple
R-module. (Note that the direct sum here is necessarily finite since R/ is
a cyclic module.) Let V=V, @ --- @ V,,. This is a module of finite length,
so the descending chain

VN /) 2V (A/A) D -

must stabilize, say V N (U /W) =V N (Agy1/AU) = - - - for some k. Now, by
LMR-(3.38), V C. E(R/?), so V N (Ar/A) # 0. The last equation then
o

shows [ (U;/2) # 0, a contradiction.
i=1

Comment. The second part of the solution above actually proved more: A
ring R is right artinian if (and only if) the injective hull of every cyclic
module Mg is a direct sum of injective hulls of artinian modules.

It is of interest to compare the characterization of a right artinian ring
in this exercise with the following characterization of a right noetherian
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ring, proved in LMR-(3.48): R is right noetherian iff every injective right
module is a direct sum of indecomposables. From these characterization
statements, we can retrieve the well-known fact that a right antinian ring
is always right noetherian.

The result in this exercise appeared as Theorem 1 in P. Vamos’ paper,
“The dual of the notion of ‘finitely generated’”, J. London Math. Soc.
43(1968), 643-646. Vamos’ proof is an application of his new notion of
a “finitely cogenerated” module. He showed that a module M is artinian
iff all quotients of M are finitely cogenerated. The result in this exercise
follows by applying this characterization to the module Rg. The same result
was obtained independently by C. Faith and E. A. Walker in “Direct sum
representations of injective modules,” J. Algebra 5(1967), 203-221.

Ex. 3.43. Define a module I to be fully divisible if the following condition
is satisfied: For any families {u,} C I and {as} C R such that

(%) Zaaxa =0 (finite sum, z, € R) = Zuaxa =0,

there exists v € I such that u, = va, for all a. Show that Ig is fully
divisible iff it is injective.

Solution. First suppose Iy is injective, and let {uy}, {as} be families in
I and in R satisfying (). Then, for the right ideal 2 = ) aq R, the rule
FOC aaa) = > uaxa gives a well-defined R-homomorphism f : 2% — I.
Since I is injective, there exists v € I such that f(a) = va for all a € 2.
In particular, for each a, uq = f(an) = va4, so we have shown that Ir is
fully divisible.

Conversely, assume that I is fully divisible. We check the injectivity of
I by applying Baer’s Test LMR-(3.7). Let f € Hompg (2, I) where 2 is any
right ideal. Fix a family {a,} such that A =3 a.R, and let uo = f(aa) €
I. Whenever Y anz, = 0 holds with {z,} C R, we have

0=7f (Zaama) = Zf(aa)xa = Zuaxa el,

so (*) holds. Since I, is fully divisible, there exists v € I such that u, = vaq
for all a. Now f extends to a homomorphism g : Rg — I defined by
g(r) = vr (for all r € R), as desired.

Ex. 3.44. A ring R is defined to be right principally injective if Rp is a
principally injective (or equivalently, divisible) module.*) For instance, a
right self-injective ring is right principal injective.

(1) Show that a von Neumann regular ring is right (and left) principally
injective.

(2) Give an example of a right principally injective ring R that is neither
von Neumann regular nor right self-injective.

() A good alternative name for such R would be a right divisible ring.
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Solution. (1) If R is von Neumann regular, we know that any module Mg
is principally injective (see LMR-(3.18)). This applies, in particular, to Rg.

(2) According to LMR-(3.17), R is right principally injective iff ann;
(ann,(a)) = Ra for every a € R. Using this criterion, it is easy to check that
a direct product R = [],.; A; is right principally injective iff each factor
A; is. Now take A to be a von Neumann regular ring that is not right
self-injective, and take B to be a right self-injective ring that is not von
Neumann regular (e.g. Q[z]/(x?)). Then R : = A x B is right principally
injective since A, B are. But R is not von Neumann regular since B is not,
and R is not right self-injective since A is not (by LMR-(3.11B)).

Comment. The trick used to construct the counterexample in (2) was char-
acterized as “dirty” by one of my students. Those who agreed are encour-
aged to come up with a counterexample that is indecomposable as a ring.

Ex. 3.45. Prove the following for any right principally injective ring R:

(1) a € R has a left inverse iff a is not a left 0-divisor.
(2) R is Dedekind-finite iff any non left 0-divisor in R is a unit.

Solution. (1) is a generalization of Exercise 2. In fact, the solution given
for that exercise (for the “if” part) carries over verbatim, since in that
solution, we need only extend a certain R-homomorphism aR — R to an
endomorphism of Rg.

(2) The “if” part is true for any R. In fact, if ba = 1, then az = 0 = z =
zba = 0. Hence a is not a left 0-divisor and by assumption a € U(R). For
the “only if” part, assume R is Dedekind-finite and consider ¢ € R that
is not a left 0-divisor. By (1), a has a left inverse, so Dedekind-finitenes
implies that a € U(R).

Comment. For any ring R, R being Dedekind-finite means that Rp is
“hopfian” (any surjective endomorphism is an isomorphism), and “any
non left 0-divisor is a unit” means that Rg is “cohopfian” (any injective
endomorphism is an isomorphism). (See ECRT-(1.12), ECRT-(4.16).) In
general, R cohopfian = Rpg hopfian. This exercise means essentially that
the converse is true for any right principally injective ring R.

This and the following two exercises are taken from W. K. Nicholson and
M. F. Yousif, “Principally injective rings,” J. Algebra 174(1995), 77-93.

Ex. 3.46. Let R be a right principally injective ring, and f = f2 € R. If
I C R is a right ideal isomorphic to the right ideal fR, show that I = eR
for some e = €2 € R.

Solution. Since I = fR, I is a principal right ideal of R. Fix an isomor-
phism ¢ : I — fR C R, and say p(a) = f, where a € I. As Rg is
a principally injective module, ¢ extends to an endomorphism of Rg, so
we have f = ra for some r € R. From ¢(af) = ff = f, we see that
a = af = ara. Therefore, e : = ar € I is an idempotent, and a = ea € eR
implies that I = eR, as desired.
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Comment. The conclusion in this exercise (that any right ideal isomorphic
to fR is itself generated by an idempotent) is sometimes called (Cs): it is
a property that holds only for certain rings (including the right principally
injective rings). For more information on this, see Exercises 35-38 in §6.

Ex. 3.47. For any right principally injective ring R, prove the following:

(1) If we have a direct sum of principal left ideals @, Ra; in R, then any
R-homomorphism g : Y, a;R — R extends to an endomorphism of Rg.
(2) If @;_, A; is a direct sum of ideals in R, then for any left ideal B,

BN (@, A:) =@D;(BNA).

Solution. (1) By assumption, g|a;R is left multiplication by some b;, and
gl(a1 + -+ + an)R is left multiplication by some b. Therefore,

b(a1+ ) = glay + --- _|_an)
= g(a1) + -+ +g(an)
=bhar+ - +bnpan.

Since the sum Y Ra; is supposed to be direct, we have b;a; = ba; for every
i. It follows that g on ), a; R is just left multiplication by b € R, as desired.

(2) We need only prove the inclusion “C”. Let b € BN (@D, 4;), and write
b=a;+ -+ +a, where a; € A;. Clearly, the sums ), Ra; and ), a;R
are both direct (since the A;’s are ideals). Let

i @iaiR*—»ajRgR

be the j*P projection map (followed by the inclusion). By (1), m; is left
multiplication by some r; € R. Therefore, a; = m;(b) = r;b € BN A; (since
B is a left ideal), so now b € ;(B N A;), as desired.

Ex. 3.48. Let R be a commutative noetherian complete local ring, and
E be its standard module. For any R-submodules A, B C E, show that
any R-homomorphism ¢ from A to B is given by a multiplication by an
element of R.

Solution. Viewing ¢ as a homomorphism from A into E, we can extend ¢
to some ¢ € Endg(E). Now by Matlis’ Theorem LMR-(3.84), Endg(F) =
R (since R is complete). Therefore, ¢ is given by a multiplication by some
element of R on F.

Ex. 3.49. Let (R, m) be a commutative noetherian local ring with m-adic
completion R and standard module E = E(R/m). (You may assume that
R is also a noetherian local ring.) Upon identifying Endg(E) with R by
Matlis’ Theorem LMR-(3.84), show that

(1) the R-module E can be identified with the standard module E of R;
(2) the R-submodules of E are the same as its R-submodules.
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Solution. Let ¢ : R — lim R/m"™ = R be the natural map from R to

R. Since MNoeom™ =0 by Exermse 39, € is an 1nJect10n Identifying R with
¢(R), we may then view R as a subring of R. Let E be the standard module
of R. The crucial step is to show that every R-submodule X C E is an R-
submodule. To see this, let i be the maximal ideal of R, and consider any
x € X and any a € R. We may represent « in the form (ag,a1,az, ...)
where the a; € R are such that

Ait1 = Q4 (mod miH)

for every i. Then a = a; (mod m'*!) for every i. Now by LMR-(3.78),
m" 1z = 0 for some n. Therefore, (& — a,)r = 0 and so ax = a,z € X
since X is an R-module.

Let us identify R/f with R/m. Since R/m C, E as R-modules, we
also have R/m C, E as R-modules. Therefore, we may assume that E
is embedded in the standard module E of R. By the injectivity of E as
an R-module, £ = E & X for some R-submodule X of E. But then the
last paragraph implies that X is an R-submodule of E. Since E is an
indecomposable R-module, we must have X = 0 and so E = E. This
proves (1), and (2) follows from what we have proved about E.

Comment. It is interesting to note that the above method shows that F =
E without going through an argument for the injectivity of E as an R-
module. The conclusion in (2) is also quite useful. In a later result in LMR-
(19.56), it is shown that F is an artinian R-module. Therefore, it follows
that, even without a completeness assumption on R, E is an artinian R-

module. A more general fact holding over any commutative noetherian ring
R can be found in Ex. 19.8.

Ex. 3.50. In the notation of the last exercise, let T' be an R-submodule of
E (so that it is also an R-submodule). Show that 7' = E iff T is a faithful
R-module. (You may assume that rF is artinian.)

Solution. The “only if” part follows from the fact that R = Endg(E),
which is moved in LMR-(3.84). For the converse, assume that 7" C E.
Since pFE is artinian, so is g(F/T). In particular, E/T contains a simple
submodule P/T. Fix an isomorphism P/T — R/m C E and extend it to
an R-homomorphism ¢ : E/T — E. The composition E — E/T % E is
then a nonzero element o € E with o(T') = 0. This shows that T is not a
faithful R-module, as desired.

Comment. The above exercise was suggested to me by Craig Huneke, who
also pointed out that T' = E will not follow in general if T is only assumed
to be a faithful R-module.

Ex. 3.51. Let A = k[z1,..., z,| where k is a field. In LMR-§3J, it is shown
that the A-module k (with trivial z;-action for all 7) has injective hull 7' =
klz7!,..., 271, where the A-action on T is defined by usual multiplication,
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with the convention that after multiplication, any term z{* ... 2% (a; € Z)
not lying in T is discarded. Show that T is isomorphic to a quotient of
the A-module of Laurent polynomials k[xlﬂ, ..., z¥1]. In the case r = 1
(where we write A = k[z]), show that T is isomorphlc to the x-primary
component of the torsion A-module k(z)/k[z].

Solution. Let L be the set of all Laurent monomials o = ' ---zdr
(a; € Z), and

D={a€cL:alla>0}, D'={acL: al q; <0},
C ={a€L: some a; > 0}.

We denote the k-spans of these sets by kL, kD, kD~ and kC. Thus,
kD=A, kD™'=T, and kL=k[zE',..., =]

Since D - C C C, kC is an A-submodule of kL. From L = DU C
(disjoint union), we have the k-span decomposition kL = T @ kC. The
definition of T' as an A-module given in the statement of the exercise shows
that 4T = kL/kC.

In the case r = 1, write x = z;. Here kL = k{z, 7] and kC = z k[z].
Hence 4T 2 k[x, 27!]/xk[z]. Multiplying numerator and denominator by

™!, we see that

AT = klz, 7] /kz].

Since klz, 7' = U,>q2 "k[z], the RHS above is just the z-primary
component of the A-torsion module k(x)/k[z]. (This primary component,
is, of course, well-known to be the injective hull E(A/zA) = E(k) to begin
with: see LMR-(3.63).)

Ex. 3.52. Let A=k[ry,..., z,], P =k[[z1,..., 2], and T = k[z]?,...,
z, 1], where k is a field. As in LMR-§3J, there is a natural P-module struc—
ture on T extending the A-module structure described in the last exercise.
Show that T is a faithful P-module, and use Exercises (49) and (50) above
to give an alternative proof for the fact that 7' = F4(k) = Ep(k), where k
denotes the A-module (resp. P-module) with trivial x;-action for all 4.

Solution. To show the faithfulness of pT, let 0 # f € P. Of all the
monomials appearing in f, let @ = 27" -+ 2% be such that (a4,..., a,) is
smallest in the lexicographical ordering on Z X - - - x Z. We are done if we
can show that, for the inverted monomial a LeT fxat#0eT. To
see this, note that, for any monomial g = xl .- 2l # « appearing in f,
we have, say by = a1, ..., b; = a;, and b;11 > a;41 for some i < r, and
therefore, under the P-action on T, Bxa~! = 0 (since z;,1 appears with a
positive exponent b; ;1 —a;;1 in Ba~!). It follows that fxa™! = ca*a™! = ¢
for some ¢ € k* (the coefficient of « in f).

To prove the other statements in the exercise, let R be the localization
of A at (z1, ..., ). We have the natural inclusions A C R C P, and



94 Chapter 1. Free Modules, Projective, and Injective Modules

P is the completion of R. It is easy to see that k C, T as A-modules.
Therefore, we may assume k C T C E where E := E4(k). Then E is an
R-module by LMR-(3.77), with endomorphism ring P by Matlis’ Theorem
LMR-(3.84). Since T is a faithful P-module, it follows from Exercise 50
that T = E = E4(k). By Exercise 49, E is also the standard module for
P,so T = E = Ep(k), as desired.

Comment. The above argument was shown to me by Craig Huneke. It
provides a way to prove the injectivity of T as an A-module (resp. P-
module) without using the Artin-Rees Lemma as in LMR-§3J.

Ex. 3.53. For any r-tuple a = (as,..., a,) over a field k, let m, be
the maximal ideal (z; — ai,..., x» — a,) in the polynomial ring A =
klz1,..., z,). Let k, = A/m,, so that k, is the A-module k£ on which
each z; acts as multiplication by a;. Construct the injective hull E4(k,).

Solution. Let us first review what happens when a = 0. Here, mg is the
ideal (z1,..., z,) C A, and we have a decomposition A = Ag D A; & - - -
where A,, is the space of homogeneous polynomials (in z1, ..., z,) of degree
n. Let M = A = Homy (A, k) be the k-dual of A, which can be identified
with [0, A,,, where A,, means

{feA: f(A4)=0 forevery i#n}.

Then Ag & kg (the A-module k with trivial z;-actions), and by the analysis
in LMR-§ 3J,

Ealkg) = N:={feA: f(4;) =0 for large i}
= AO@Al@AQ@"'.
To treat the case a = (ay,..., a,), let y; = z; — a; and note that

me = (Yir--y Yr) CA=FK[y1,..., Ur]

The k-dual 4 = Homg (A, k) is “unchanged”, but with respect to the new
variables y;, we have a similar decomposition A = By & B, @ By @ - - - into
spaces of homogeneous polynomials in the y;’s. The A-module k&, is now
found as Bg, which is not the same as A inside A. Nevertheless, by what
we said above (applied to A = k[y1, ..., yr]), we have

Ea(ky) = N,:={fecA: f(B;)=0 forlarge i}
=By®B1®B @

This describes the A-module F4(k,) explicitly. Note that for different a €
k™, the E4(k,)’s are mutually nonisomorphic injective A-submodules of
the injective A-module A.

Of course, by the theory developed in LMR-§3J, Es(k,) can also be
described as k[y;?,..., y7'] on which A = k[yi,..., ¥, acts in a nat-
ural way. Note, however, that although k[y; o, y 1] is isomorphic to
klz7l,..., 71 as k-algebras, the obvious k-algebra isomorphism given by
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y;l — aci_l is not an A-module isomorphism. In fact, as we have remarked

above, with varying a € k", k[y7',...,y ] will give mutually different
(injective) A-modules.

Ex. 3.54. Let (A, my4) be a commutative noetherian local ring, with (right)
standard module w4. Let (B, mp) be a right artinian local ring that is a
module-finite algebra over A such that 15-m4 C mp. Show that the right
standard module wp = Ep((B/mp)g) of B is given by Homa(B, wa).
[Here, B is viewed as a (B, A)-bimodule, and the right B-module structure
on Homy4(B,w4) comes from the left B-structure on B.]

Solution. Since wy is an injective right A-module, the Injective Producing
Lemma (LMR-(3.6B) ) implies that H : = Hom4(B, wy4) is an injective
right B-module. We are done if we can show that H is an essential extension
of a copy of (B/mpg)p. Let us consider the following B-submodule of H,

(1) S:={yYeH: Y(mp)=0}
and write k4 = A/ma, kg = B/mp. Then
(2) S = Homy(kp, wa) = Homy(kpg, ka),

since the annihilator of m4 in w4 is the copy of k4 sitting in w 4. Now the
assumptions on B imply that kg is a finite-dimensional vector space over
k4. Therefore, (2) above shows that S = kg as B-modules. We finish by
checking that S C. H. Let 0 # ¢ € H. Since B is right artinian, mp is
nilpotent, so there exists a minimal r > 1 with p(m7) = 0. Then ¢(b) # 0
for some b € ml; *. Therefore, (¢ - b)(1) = @(b) # 0 implies that ¢ - b 3 0.
On the other hand,

(¢-b)(mp) = ¢(b mp) C p(mp) =0
yields ¢ -b € S, s0 S C. H, as desired.

Ex. 3.55. Let R be a right noetherian ring, and p be a prime ideal of R.
If R/p is a domain, show that p is right meet-irreducible (that is, if 4, B
are right ideals such that AN B =yp, then A=p or B =1p).

Solution. By passing to R/p (which remains right noetherian), we may
assume that p = 0, i.e. R is a domain. Assume for the time, that there exist
nonzero right ideals A, B C R with AN B = 0. Take nonzero elements
a € A and b € B. We derive a contradiction (to R being right noetherian)
by showing that the following infinite sum

aR + baR + b*aR + b%aR + - - -

is direct. Indeed, suppose arg + bar; + b%ary + --- + b"ar, = 0. Then
—arg = b(ary + barg + ---) shows that rog = 0 and ary + bary + --- = 0.
Repeating this argument, we see that all r; = 0, as desired.

Comment. The converse of the exercise is true too, but is much deeper: its
proof requires Goldie’s Theorem in LMR-§11 (see LMR-(11.25)).
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Flat Modules and Homological
Dimensions

84. Flat Modules

A right R-module Ppg is called flot if P ® g — is an exact functor on g9,
the category of left R-modules. Specifically, this requires that, if A — B
is injective in g9, then P ® g A — P Qg B is injective also. Projective
modules are flat, but flat modules enjoy an important property not shared
by projective modules: they are closed w.r.t. direct limits. In particular, a
module is flat if all f.g. submodules are flat. Over Z, the flat modules are
just the torsion-free abelian groups.

While flat modules are generalizations of projective modules, they
are also related to injective modules. If, for P € My, we define P’ =
Homgz(P,Q/Z) g (called the character module of P), then Lambek’s
Theorem (LMR-(4.9)) says that P is flat in Mg iff P’ is injective in gIN.
It may happen that all modules in Mg are flat; in fact, this is the case
iff R is a von Neumann regular ring. In particular, over such a ring, any
character module P’ above is injective.

There are various tests for flatness, some of which are presented in
LMR-84. We shall recall a couple of them here. Let

0—K-—>F—>P—0

be a fixed exact sequence in Mg, where F is flat. Then P is flat iff K N
FA = KU for every left ideal 4 C R (LMR-(4.14)). If F is assumed to be
free, then P is flat iff, for any ¢ € K, there exists § € Hompg (F, K) such
that 6 (c) = ¢ (LMR-(4.23)). There are also two important “Equational
Criteria” for flatness. Since their statements are more technical, we refer
the reader to LMR-(4.24) here.
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A module Py is called finitely related (f.r.) if there is an exact sequence
0—K-—F-—P—0

in Mp where F is free (of any rank) and K is f.g. If, in addition, the free
module F is also f.g., then we say P is finitely presented (f.p.). In general,
a module P is f.p. iff it is both f.g. and f.r.

The equational criteria for flatness can be reformulated in terms of f.p.
modules: Pg is flat iff, for any f.p. module Mg, any R-homomorphism
A: M — P can be factored through a f.g. free module (LMR-(4.32)). This
result can be used to prove the important theorem of Lazard and Govorov
(LMR-(4.34)), which states that a module Pg is flat iff it is a direct limit
of f.g. free modules.

Over certain rings, f.g. flat right modules turn out to be projective. Ex-
amples include: right noetherian rings, local rings, and domains satisfying
the strong rank condition in §1. Exercise 21 adds semiperfect rings to this
list.

In studying the flatness property of a direct product of flat modules,
the coherent property of a ring comes to the fore. A ring R is said to be left
coherent if every f.g. left ideal of R is f.p. (as a left R-module). The theorem
of Chase (LMR-(4.47)) states that, over a ring R, any direct product of flat
right R-modules is flat iff R is left coherent. Coherent left R-modules can
be defined as well: these are f.g. modules in which every f.g. submodule
is f.p. A ring R is left coherent iff every f.p. left R-module is coherent
(LMR-(4.52)).

The notion of a torsionless module, due to Bass, is related to flatness.
By definition, a module Bp is torsionless if, for any b # 0 in B, there
exists a functional f : B — Rpg such that f(b) # 0. An equivalent
statement is that B can be embedded into some direct product (R)g.
We have the following theorem of Chase (LMR-(4.67)) characterizing the
left semihereditary rings: R is left semihereditary iff all torsionless right
R-modules are flat, iff R is left coherent and all left (resp. right) ideals
are flat. This theorem leads to many different characterizations of Priifer
domains (LMR-(4.69)).

Faithfully flat modules are useful in ring theory and algebraic geometry
for making certain “descent” arguments. By definition, Pg is faithfully flat
if P is flat and, for any left R-module M, P® g M = 0 implies that M = 0.
Given the flatness of P, the second condition may also be replaced by:
Pm # P or any maximal left ideal m of R. A faithfully flat module is both
faithful and flat, though not conversely.

A ring homomorphism ¢: R — S is called right faithfully flat if the
module Sg is faithfully flat. In this case, ¢ must be injective, and we
may refer to S as a (right) faithfully flat extension of R. For instance,
if R, S are commutative rings, this amounts to Sr being flat and ¢* :
Spec S — Spec R being onto. Some typical ways in which faithfully flat
extensions can be used are given at the end of LMR-§4H.
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The last major topic in §4 is pure exact sequences. A short exact
sequence

£E:0—A5SB—C—0

in Mg is called pure if £ @r M is exact for every left module M. (In this
case, we also say that ¢(A) is a pure submodule of B.) It turns out that
£ is pure iff it is the direct limit of a direct system of split short exact
sequences

0—A— B, —C;, —0

(LMR-(4.89)). The notion of pure exact sequences is related to flatness as
follows: a module Cg is flat iff every short exact sequence 0 - A — B —
C — 0 is pure (LMR-(4.85)).

A pure submodule A C B has the property that A N B2 = A for
any left ideal 2 C R, but the converse is not true in general. Over a
commutative PID, however, the purity of A C B does amount to its usual
definition: AN Br = Ar for any r € R (LMR-(4.93)). Finally, for any f.g.
module Bg over a right noetherian ring, the pure submodules of B are
simply its direct summands (LMR-(4.91)).

The exercises in this section cover many aspects of flatness, faithful
flatness, purity, as well as facts about finitely presented modules. There
are also various exercises on the notion of flatness in the commutative case
(e.g. Exercises 13-18 and Exercises 34-37). We also introduce the notions
of locally split monomorphism and epimorphisms in Ex. 38 and Ex. 39,
and study these notions in some detail in the subsequent exercises due to
Azumaya, Fieldhouse, Zimmermann-Huisgen and others.

Exercises for §4

Ex. 4.1. For any ring R, show that (a) every f.g. projective right R-module
is f.p., and that (b) every f.p. right R-module is projective iff R is von
Neumann regular.

Solution. (a) Let Pg be f.g. projective, say P @ @ = R™ where n < co.
Let 7 be the projection from R™ onto @ C R™ with respect to this direct
sum decomposition. Then the presentation R" % R™ — P — 0 shows that
P is fp.

(b) First assume R is von Neumann regular, and consider any right
R-module P. Then P is flat by LMR-(4.21). If moreover P is f.p., then
by LMR-(4.30), P is projective. Conversely, assume that every f.p. right
R-module is projective. Consider any principal right ideal aR C R. Then
R/aR is f.p., and therefore projective. This implies that the exact sequence

00— aR— R— R/aR — 0
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splits, so aR is a direct summand of Rg. Therefore, R is von Neumann
regular.

Ex. 4.2. Prove the following slight generalization of LMR-(4.5): If every
f.g. submodule Py of a module Pg is contained in a flat submodule P, of
P, then P itself is flat.

Solution. By the Modified Flatness Test LMR-(4.12), it suffices to show
that, for any left ideal A C R, any z € ker(P ®g U — P) is zero. Now z €
P®grA is the image of some 2y € Py®@g2A for a suitable f.g. submodule Py C
P. By assumption, Py C P; for some flat submodule P; C P. Therefore xg
maps to an element in ker(P; @ g A — P;) = 0. It follows that xo maps to
zero in P ®@p ; that is, x = 0.

Ex. 4.3. In a ring theory text, the following statement appeared: “A
module is flat iff every f.g. submodule is flat.” Give a counterexample to
the “only if” part of this statement. (The “if” part is true by LMR-(4.4).)

Solution. Consider the case where R is a commutative ring. The module
Rpg is free and therefore flat. If the quoted statement was true, every f.g.
ideal I C R would be flat as an R-module. Take R = k[z,y|, where k is a
field. We know from LMR-(4.19) that the ideal I = 2R + yR is not flat.

Ex. 4.4. In a ring theory text, the following statement appeared: “If 0 —
C - Q — P — 0is exact with C' and @ f.g., then P is f.p.” Give a
counter-example.

Solution. Let P be a module (over a suitable ring) that is f.g. but not f.p.
Then 0 —» C' — QLP — 0 is exact with C =0 and @ = P both f.g. (and
f =1dp), but P is not f.p. by choice.

Ex. 4.5. In a ring theory text, the following statement appeared: “For
right R-modules N C M, if N N Mr = Nr for every r € R, then
N N M2 = N2 for every left ideal A C R.” Give a counterexample.

Solution. The following commutative counterexample is due to G.
Bergman. Let R = k[z, y], where k is a field. Let M = R? and N =
(z,y) - R C M. Then NN Mr = Nr for all r € R. For, if (f,9)r = (z,y)s
where s € R, then, assuming (as we may) r # 0, we can show by unique
factorization that f = x fo, g = ygo for suitable fy, go € R. Now for = s =
gor implies that fy = go, so

(f,9) = (z,y)(for) € Nr.
On the other hand, for the ideal 2 = Rx + Ry, we have
MA=(RdR)A=AdAD N,
so NN M =N # N2, as desired.



§4. Flat Modules 101

Ex. 4.6. (a) Let M, N be submodules of a module E such that M + N
is flat. Show that M N N is flat iff M and N are both flat. (b) Give an
example of a flat module with two submodules M, N such that M, N, and
M N N are all flat, but M + N is not flat.

Solution. (a) The key fact to be used for the proof is the following result
from LMR-(4.86): If 0 - A — B — C — 0 is exact and C is flat, then B
is flat iff A is flat. For the given modules M, N C E, consider the exact
sequence

0—MNN-MaN- M+N—0,

where ¢(z) = (x, —z) and ¥(z,y) = z + y. Since M + N is flat, it follows
from the aforementioned result that M N N is flat iff M @ N is flat, iff M
and N are both flat.

(b) We use again the example R = k[z,y], where k is a field. Let M = 2R
and N = yR. Both of these R-modules are flat, as is M N N = zyR.
However, it is shown in LMR-(4.19) that M + N = zR + yR is not flat.

Ex. 4.7. Show that Q is isomorphic to a direct summand of G = Q/Z x

Solution. If suffices to get an embedding of Q into G, for then the
injectivity of Q (as a Z-module) implies that Q is isomorphic to a direct
summand of G.

For any a € Q\{0}, LMR-(4.7) guarantees that there exists a homomor-
phism ¢, : Q — Q/Z such that p,(a) # 0. Now define a homomorphism

d: Q— Hae@\m} Q/Z

by ®(¢) = (¢a(q))acq\{0}- Since w4(a) # 0 for every nonzero a, it follows
that ® is an embedding. This gives what we want, since the countability
of Q implies that Hae(@\{o} Q/Z is isomorphic to Q/Z x Q/Z x --- = G.

The point of the solution above was to illustrate the use of LMR-(4.7).
Without using this result, an embedding ¥ of Q into G can be defined
directly by taking

U(g) = (¥(q/2), ¥ (q/4), ¥(g/8),...),

where 1) is the natural projection from Q to Q/Z. The injectivity of the
homomorphism ¥ is seen from the fact that, for any ¢ € Q, g € ,,>; 2"Z
implies that ¢ = 0. B

Ex. 4.8. For any exact sequence 0 — M’ — M — M"” — 0 in g0, prove
the following statements (in LMR-(4.54)):

(1) If M is f.p. and M’ is f.g., then M" is f.p.

(2) If M’ and M" are f.p., then M" is f.p.

(3) A direct sum My @ --- & M, is f.p. iff each M; is f.p.
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Solution. (1) Express M in the form R"/X, where n < oo and X is f.g.
Then we can express M’ (up to isomorphism) in the form Y/X for some
submodule Y C R"™. Since M"” = M/M' = R™/Y, we have a presentation
0—-Y — R™ - M"” — 0. Now the finite generation of X and Y/X = M’
implies that of Y. Therefore, M" is f.p.

(2) Clearly, M is f.g. Express M as before in the form R"/X. Here, we have
to prove that X is f.g. Using the same notations as in the above proof, the
fact that M" is f.p. implies that Y is f.g. Since 0 - X - Y — M’ — 0 is
exact, the fact that M’ is f.p. now implies that X is f.g., by LMR-(4.26)(b).

(3) By induction, we may assume n = 2. In this case, the “if” part follows
from (2), and the “only if” part follows from (1).

Ex. 4.9. Let 0 = M’ — M — M"” — 0 be exact in g as above. If M,
M’ are f.p. and M’ is f.g., is M’ necessarily f.p.?

Solution. The answer is “no”. For a counterexample, take a ring R that
is not left coherent. Let M’ C R be a left ideal that is f.g. but not f.p., and
take M = gR, M" = R/M'. Then M, M" are clearly f.p. However, M’ is
only f.g., and is not f.p. by choice.

For an explicit commutative example of R and M’, we can take R =
Qly, z1, x2,...] with the relations yx; = 0 for all ¢ (see LMR-(4.46)(d)).
The principal ideal M’ = (y) is not f.p. in view of the exact sequence

0 — (21, 3, ...) — R (y) — 0,
where ¢ is defined by multiplication by .

Comment. The solution to this exercise essentially implies that, over a ring
R that is not left coherent, the category of f.p. left R-modules do not form
an abelian category.

Ex. 4.10. Let F, F5 be left exact contravariant additive functors from
rIM to abelian groups, and let 6 : F; — F5 be a natural transformation. If
6(R) : Fi(R) — F»(R) is a monomorphism (resp. isomorphism), show that
(M) : Fi(M) — Fy(M) is also a monomorphism (resp. isomorphism) for
every f.g. (resp. f.p.) module g M. State and prove the analogue of this for
right exact covariant additive functors.

Solution. First assume M is f.p. Apply Fi e, F3 to a finite presentation
R™ — R™ - M — 0. We get a commutative diagram with exact rows:

0 — F(M) — Fy(R)"— F(R)™
(M) 6(R)" o(R)™
0 — F(M) — F(R)"— Fy(R)™.

Here, §(R)" and 6(R)™ are isomorphisms. An easy diagram chase
(“4-Lemma”) shows that §(M) is also an isomorphism. If M is only f.g.
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instead of f.p., we take R™ — M — 0 and argue just with the first square
above.

For the last part of the exercise, let Fj, Fy be right exact covariant
additive functors, and let § : F; — F; be a natural transformation. If
O(R) : Fi(R) — F»(R) is an epimorphism (resp. isomorphism), then §(M) :
Fy(M) — Fy(M) is also an epimorphism (resp. isomorphism) for every f.g.
(resp. f.p.) module M. The proof is analogous to the one we have given:
just change the directions of all the horizontal arrows in the commutative
diagram above.

Ex. 4.11. Recall that, for arbitrary right R-modules P and M, there exists
a natural map

OM, P PRrM* — HomR(M,P),

where M* : = Homg(M, R) is viewed, as usual, as a left module (see
Exercise 2.20).

(1) Assume that P is flat and M is f.p. Show that oz, p is an isomorphism.
Using this, show that, for any R-homomorphism A : M — P there exist
R-homomorphisms M 2% R™ £ P (for some n < 00) such that A = powv.
(2) Show that oz, p is also an isomorphism if we assume, instead, that M
is projective and P is f.p.

Solution. (1) Fixing the flat module P, let us define
Fi(M)=P®grM*, F,(M)=Homgr(M,P)

for any right R-module M. Defining F} and F, on morphisms in the obvious
way, we have here two contravariant additive functors, and o defines a
natural transformation from F; to F,. Both functors Fi, F» are left exact
since the “Hom” functor is left exact, and the tensor functor P ®pg — is
exact (by the flatness of P). By Exercise 10, the first part of (1) will follow
if we can show that

or p: P®r R* — Hompg(R, P)

is an isomorphism. After making the usual identifications R* = RgrR,
P®r R* = P®Qr R = P and Hompg(R,P) = P, we check easily that
oR,p is just the identity map Idp, so we are done.

For the second part of (1), write A € Hompg(M,P) in the form
omp(X i pi ® fi), where p; € P and f; € M*. Defining v: M — R™ by
v(m) = (fi(m),..., fa(m))and p: R™ — P by p(r1,...,rp) = > i1 PiTi,
we have

po(m) = p(fr(m), ..., fa(m)) =D _ pifi(m) = A(m)

for any m € M, as desired.



104 Chapter 2. Flat Modules and Homological Dimensions

(2) This time, we fix a projective module M and define
F](P):P®RM*, FQ(P):HOH]R(M,P)

for any right R-module P. Here, we have two covariant additive functors
Fy, F5, and o defines a natural transformation from F} to F5. Both functors
are right exact since the tensor functor - gk M* is right exact, and Hompg
(M, —) is exact (by the projectivity of M). By Exercise 10 again, (2) will
follow if we can show that

OM,R": R®r M* —>HomR(M,R)

is an isomorphism. After identifying R ® g M* with M*, we check easily
that o g is just the identity map Idps-, so we are done as before.

Comment. In LMR-(4.32), it is shown that Pgr is flat iff any R-
homomorphism from a f.p. module Mg into P factors through a homomor-
phism M — R™ (for some n). The second part of (1) above corresponds
to the “only if” part of this statement. The proof we gave for this second
part of (1) is quite different from that of LMR-(4.32).

Ex. 4.12. Let ¢ : R — R’ be a ring homomorphism. Assume that R is
commutative, ¢(R) is in the center of R’ and that R’ is a flat R-module
via ¢. Let M be a f.g. (resp. f.p.) left R-module. Show that, for any left
R-module N, the natural map

HM’ N: R ®gr HOIIlR(M, N) — HOIIIR/(R/ ®rM, R ®nr N)
is a monomorphism (resp. isomorphism).

Solution. Viewing N as fixed, let F1(M) and Fp(M) be the two abelian
groups above. As in the last exercise, we get two functors Fi, F5, and the
maps above lead to a natural transformation from F; to F3. Both functors
are left exact since the “Hom” functor is left exact, and R’ ® g — is exact
(by the flatness of R';). Therefore, by Exercise 10, the conclusions will
follow if they hold for

Or, N : R ®r Homg(R,N) — Hompg (R' ®g R, R’ ®g N).

After identifying R'®g Hompg(R, N) with R’ ® g N and Hompg/ (R'®g R,
R' ®@gr N) with Hompg/ (R, R' ®r N) = R' ®g N, we can check that 6p n
becomes the identity map on R’ ® g N, so we are done.

Comment. The most concrete case of this exercise is where R is a com-
mutative ring and R’ is the localization S™'R of R at a multiplicative
set S C R. The exactness of localization implies that S~'R is flat as an
R-module. In this case the #-map above has the form

S~Y(Homg(M, N)) — Homg-15(S™'M, STIN).
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If, moreover, S = R\ p where p is a prime ideal of R, then the §-map has
the form

(Homg (M, N)), — Hompg,(M,, Ny)

in the usual notation for localizations at prime ideals. The fact that the
map above is an isomorphism when M is a f.p. R-module has been used
before in some exercises in §2.

Ex. 4.13. Let £: 0 = A — B — C — 0 be an exact sequence in Mpg.
Assume that R is commutative and C is f.p. Show that £ is split iff the
localization of £ at every maximal ideal is split. Does this remain true if C
is not f.p.?

Solution. We need only prove the “if” part, so assume £ splits upon
localization at every maximal ideal. We claim that the map

f+: Hompg(C, B) — Hompg(C, C)

induced by f: B — C is surjective. If so, then a preimage of Id¢ under f,
will be an R-homomorphism from C to B splitting f. To check that f. is
onto, it suffices to check that, for every maximal ideal p C R,

(f+)p : (Homg(C, B))y — (Homg(C, C)),

is onto. Since C is f.p., the Comment following the last exercise enables us
to “identify” (f)p with the map

Home (va BP) - HOme (CFH Cﬁ)

This map is certainly surjective, since by assumption the localized exact
sequence &, splits.

The “if” part of this exercise may not hold if C is not assumed to
be f.p. This can be shown by the same example used in the Comment
on Exercise 2.21. Let R be a commutative non-noetherian von Neumann
regular ring, and let C = R/I where I is a non-f.g. ideal in R. The exact
sequence

E:0—]—R—C—0

is split at every localization R, since R, is in fact a field by LMR-(3.71).
However, & itself is not split since I is not f.g. According to this Exercise,
C must be not f.p.—a fact that is also clear from the presentation of C
given by the exact sequence €.

Ex. 4.14. Over a commutative ring R, show that a module P is flat iff,
for every maximal ideal m C R, the localization Py, is flat over Rq,.

Solution. The “only if” part follows from the functoriality of flatness: see
LMR-(4.1). For the converse, assume that Py is flat over Ry for every
maximal ideal m. Consider any exact sequence of R-modules:

E:0— A — Ay — A3 — 0.
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Since &, remains exact, the flatness of P, over Ry, implies that Pn® g, Em
is exact. Using the isomorphism

Pm ®Rm (Az)m = (P ®R Ai)my

we see that (P ®g &)n is exact. Since this holds for every maximal ideal
m, it follows that P ®g £ is exact, so we have proved that P is flat.

Ex. 4.15. Show that the following are equivalent for any f.g. module P
over a commutative ring R:

(1) P is flat;
(2) For any maximal ideal m C R, Py, is free over Ry.

If P is f.p., show that (1), (2) are further equivalent to P being projective.

Solution. First, (2) = (1) follows from the last exercise (even without
the f.g. assumption on P). Conversely, if P is f.g. flat over R, then for
any maximal ideal m C R, P, is f.g. flat over Ry,. By LMR-(4.38)(2),
this implies that P, is f.g. free over the local ring R.,. If P is in fact f.p.,
Exercise 2.21 (or LMR-(4.30)) further implies that P is projective over R.

Ex. 4.15A. Let R be a commutative ring whose total ring of quotients
K : = Q(R) is von Neumann regular. Show that, for any multiplicative set
S C R, the total ring of quotients (see Exer. 2.34) of the localization Rg is
given by Kg; that is, Q(Rs) = Q(R)s.

Solution. Every element = € Kg has the form x = k/s where k € K and
s € S. Pick a non O-divisor 7 in R such that rk € R. Then rz = rk/s € Rg.
Since 7/1 is (easily seen to be) a non 0-divisor in Rg, the above work shows
that Kg C Q(Rg). Next, we claim that Kg is a von Neumann regular ring.
Once this claim is proved, we can conclude that Q(Rg) = Q(Ks) = Ks. To
see that Kg is von Neumann regular, consider again an arbitrary element
x = k/s as above. Since K is von Neumann regular, ¥ = kk’k for some
k' € K. But then

k  kkKk Kk k
et k — . k‘IS . — = a)(k'/S)CL‘,
S

= — —
s s s
as desired.

Comment. Without some assumptions on K or on R, the ring of quotients
Q(Rs) need not be given by Q(R)s, even in the case where K = R. For
an explicit example, let R be the local ring Q|[z, y, 2]]/(z2, 2y, zz). Since Z
kills the maximal ideal of R, we have K = @Q(R) = R. But if we localize
R at the multiplicative set S generated by ¥, the element Z goes to 0, and
the element Z goes to a non 0-divisor of Rg that is not invertible. Hence
Q(R)s = Rg is not its own total ring of quotients.

Ex. 4.15B. (S. Endo) For R C K as in the last exercise, show that a f.g.
ideal P C R is projective iff it is flat.
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Solution. The “only if” part is true for any R-module. For the “if” part,
assume P is flat and let A = ann®(P). Our first major step is to prove the
following:

Claim. PP '+A=R (where P"'={ze€ K: 2P C R})

Assume this is not the case. Then there exists a maximal ideal m O PP~ +
A. By Ex. 15, P, & R" for some n. If n = 0, there would exist r € R\m
such that P = 0, which contradicts A C m. Thus, we must have n = 1.
(A quick way to rule out n > 2 is to recall that any nonzero commutative
ring, R, in this case, satisfies the “Strong Rank Condition” in LMR-§1D.)
Therefore, there exists b € R which is a non 0-divisor in Ry such that
Py = bRy. Let S = R\m and write P = p;R+ -+ + pxR. Then

p; =bci/s € Ry and b= (p,q, + - +pPkq.)/s1 € Rn

for some ¢;, ¢; € R and s, sy € S. By the last exercise, we can take
Q(Rm) to be Ky = S1K. Thus, there exist d € K and s € S such that
b~ € Q(Ry) can be written as d/sy € S™'K. For a suitable s3 € S, we
have thus

s3(spi — be;)=s3(s1b — p1g1 — --- — prqr)=0 € R, and
s3(s2 — db)=0€ K.

From these, ds3sp; = dssbc; = s3sz¢; € R for all 4, and hence dsss € p1.
But then

5515983 = 85153bd = Z ds3s(piq;) € PP™1
1

contradicts PP~ C m (since ss15253 € S = R\m).

We have thus proved the Claim, from which we see that PP~'NA = 0.
(For,if z € PP~'NA, then zR C z(PP~1+A) C A-PP~! = 0.) Therefore,
the Claim actually gives R = PP~ @ A, and we can write PP~! = eR for
some indempotent e € R. Let B = P®(1—e)R C R. Clearly, P~'e C B71,
SO

BB'D>B+PP'¢eD(1-e)R+eR=R.

Thus, B is an invertible ideal of R. It follows that B is a projective R-
module, and so is its direct summand P, as desired.

Comment. For an application of this exercise to the characterization of
commutative semihereditary rings, see the Comment on Ex. 7.37 below. A
general criterion for a f.g. flat ideal in a commutative ring to be projective
is given in (6) of the next exercise, although it does not seem to be of much
help here.

Ex. 4.16. (Vasconcelos) Let P be a f.g. flat module over a commutative
ring R. Define the n** invariant factor of P to be I,(P) = ann(A™(P))
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where A"(P) denotes the n'" exterior power of P. Let tk P : Spec R — Z
be the rank function of P, as defined in Exercise 2.21. Show that:

(1) For any p € SpecR, (tk P)(p) > n iff I,(P) C p.

(2) {p € SpecR : (rtkP)(p) = n} = V(I(P)\V(In+1(P)), where V()
denotes the Zariski closed set {p: p 2 2} in Spec R.

(3) For any n and any prime p, I,(P), is either (0) or R,. Using this, show
that I,,(P)? = I,(P).

(4) Show that P is projective iff I,,(P) is f.g. for all n.

(5) Show that, if R has no nontrivial idempotent ideals, any f.g. flat module
Py, is projective.

(6) Deduce from (4) that a f.g. ideal P C R is projective iff P is flat and
ann(P) is f.g.

Solution. (1) Consider any prime ideal p such that (rk P) (p) > n Then P,
is free of rank > n, so A"(P;) is Rp-free of positive rank. For any a € I,,(P),
we have aA™(P) = 0 and so aA™(P,) = 0. Therefore, a/1 =0 € R, which
is possible only if a € p. This shows that I,,(P) C p. For the converse,
assume that p is such that (rk P)(p) < n. Then 0 = A™(P,) = (A™(P)),.
Since A™(P) is f.g., there exists a € R\p such that aA™(P) = 0. This shows
that I,(P) € p.

(2) Follows by applying (1) to n and to n + 1.

(3) Tt is routine to check that I"(P), = I"(FP,) for any prime ideal p.
Therefore, it suffices to verify that I™(P,) is either (0) or R,. This is clear
since P, is a free Ry-module of finite rank and hence so is A"(P,). Now
let I = I,(P) (for a fixed n). Since I, is either (0) or Ry, we have I, = I7.
Thus, the inclusion I? C I localizes to an equality at every p, so we must
have I? = I.

(4) First assume that P is (f.g.) projective. Then so is A™(P); hence, its
annihilator I,(P) is generated by an idempotent, by LMR-(2.44). Con-
versely, assume that I,(P) is f.g. for all n. Since I,,(P) is an idempotent
ideal, LMR-(2.43) implies that I,,(P) = e, R for some idempotent e, € R.
Writing S¢ for the complement of a set S in Spec R, we have by (2):

(tk P)7}(n) = V(en) \ V(ens1)
=V({l-e,)NV(iens1)°
= (V(1 - en) UV (ens1))"

for any n. Since this is an open set in Spec R, rk P is locally constant. It
follows then from Exercise 2.21 that the f.g. R-module P is projective.

(5) For any n, I,(P) is an idempotent ideal by (3), so by assumption,
I,(P) = (0) or R. In particular, I,(R) is f.g. By (4), P is projective.

(6) First assume the f.g. ideal P C R is projective. Then of course P is flat,
and ann(P) = I;(P) is f.g. by (4) (or by LMR-(2.44)). Conversely, assume
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that the f.g. ideal P is flat with ann(P) f.g. Then ;(P) = ann(P) is f.g.,
and for n > 2, A"(P) = 0 shows that I,,(P) = R is also f.g. It follows from
(4) that P is a projective ideal.

Comment. The result in this exercise comes from the paper of
W. Vasconcelos, “On finitely generated flat modules,” Trans. Amer. Math.
Soc. 138(1969), 505-512.

Ex. 4.17. (Vasconcelos) Construct a principal ideal P = aR in a com-
mutative ring R such that P is flat but not projective, as follows. Let
Ry = (Z/2Z)® (Z/2Z) & - - -, viewed as a (commutative) ring without 1,
with addition and multiplication defined componentwise. Let R = Z & Ry
be the ring obtained by adjoining an identity 1 € Z to Ry. For a = (2,0) €
Z.® Rg = R, show that:

(1) the principal ideal P = aR is not £.p. (so R is not coherent), and
(2) P is flat but not projective.

Solution. (1) Consider the exact sequence
0 — ann(a) — R % aR — 0,

where ¢ is multiplication by a. Since ann(a) is not a f.g. ideal of R, it
follows from LMR-(4.26)(b) that P = aR is not f.p.

(2) Since P = aR is not f.p., it cannot be projective. It remains to show
that P is flat. We do this by checking that each localization P, is free over
Ry, (p€SpecR).If Ry € p, say b is an element in Ry \ p, then

ab=0= bP =0= P, =(0).

Now assume Ry C p. Then for any e € Ry, (1 —e)e =0= e=0 € R,.
This implies that a is not a 0-divisor in R,. Therefore, P, = aR, is also
free, as desired.

Ex. 4.18. Show that, over a commutative ring R, the tensor product of
any two flat (resp. faithfully flat) modules is flat (resp. faithfully flat).

Solution. Say A, B are flat (right) R-modules. For any short exact se-
quence € (in Mg), B ®r € is short exact (since B is flat), and
A®gr (B®gE) is short exact (since A is flat). Identifying A ®g (B Qg £)
with (A ®g B) ®g £, we see that A Qg B is flat.

Now assume A, B are faithfully flat. For any R-module M:
0=(AQrB)Qr M 2 ARr (BQrM)=BrM=0=M =0.
Since A ® g B is flat, this implies that A ® g B is in fact faithfully flat.

Ex. 4.19. Let Pgr be a flat right module and g M be a left module with
submodules M7, Ms. Show that

PQr(MiNM;)=(P®rM)N(PQ®r M) in PR M.
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Solution. We may assume, without loss of generality, that M = M; +
Ms. Let N = MiNM; and X = (P Qg M1) N (P ®gr M3), noting that
P®pr M; and P®p M> may be thought of as subgroups of P ® g M. Since

P ®RM=(P ®RM1)—|-(P ®RM2),

the map ¢ below is an isomorphism (where all tensor products are over R):

P®M1 jact Ml
PN - Por
wl =
PoM o P®M2P®M
X T P M, M,

It follows that the map % is also an isomorphism. Therefore, we must
have X = P®gr N.

Ex. 4.20. Let Pr be a projective module, and K be a submodule of
rad P (the intersection of maximal submodules of P: see FC-(24.3)). If
P/K is flat, show that K = 0.

Solution. Pick a module @ such that F = P & Q is free. It is easy to see
that rad ' 2 rad P 2 K. Also, if P/K is flat, so is F/K = (P/K) & Q.
Therefore, after replacing P by F, we may assume that P is free, say with
a basis {e; : i € I'}. For x = )_e;a; € K, consider % = Y Ra;, a f.g. left
ideal in R. Since P/K is flat, LMR-(4.14) implies that K N P = K% so
we have x = ) z;q; for suitable z; € K. Let J =rad R. By FC-(24.6)(2),
rad P =Y e;J. From z; € K C rad P, we see that

xr = inai € Zl e;J .

Comparison with = >_ e;a; shows that 2 = J 2, so Nakayama’s Lemma
(applied to the f.g. left R-module 2) yields % = 0. Hence z = 0 and K = 0.

Ex. 4.21. (This problem, due to H. Bass, assumes familiarity with the
class of semiperfect rings introduced in FC-§23.) Let R be a semiperfect
ring. Show that any f.g. flat module Mg is projective.

Solution. Since R is semiperfect, the f.g. module M has a projective cover
by FC-(24.12). This means that there exists a projective module P and an
epimorphism 7 : P — M such that K : = ker(n) is a small submodule of
P (in the sense that K + L = P = L = P for any submodule L C P). By
FC-(24.4)(1), the small submodule K must lie in rad P. Since P/K = M
is flat, Exercise 20 implies that K = 0. Therefore, M = P is projective.

Comment. It is of interest to recall the result (FC-(24.25)) that a ring R
is right perfect iff every flat right R-module is projective. If R is only
semiperfect, this exercise shows that every f.g. flat right R-module is
projective. The converse is not true. For instance, every f.g. flat Z-module
is certainly projective (even free); however, Z is not semiperfect.
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Ex. 4.22. (This problem, due to S. Chase, assumes familiarity with the
class of right perfect rings introduced in FC-§23.) Let R be a commutative
ring. Show that R is coherent and perfect iff R is artinian.

Solution. If R is artinian, then by the Hopkins-Levitzki Theorem FC-
(4.15), R is also noetherian, and therefore coherent. On the other hand, an
artinian ring is semiprimary, and hence perfect. Conversely, assume that
R is coherent and perfect. By FC-(23.11), R = R; x --- X R, where the
R;’s are (commutative) local rings. Each R; is also coherent and perfect.
Therefore, we may as well assume that R itself is local, say with maximal
ideal m. By F(C-(23.20), R satisfies DCC on principal ideals. In particular,
R has a minimal ideal 2. Since R is coherent, R/m = 2 is f.p. From the
exact sequence

0—-m—R—R/m—0,

it follows (see LMR-(4.26)(b)) that m is f.g. Since m is nil (R being perfect),
it must be nilpotent. Now each m?/m¢*! is f.g. and semisimple, and hence
has finite length. It follows that Rg also has finite length, so R is an artinian
ring.

Ex. 4.23. Let J be a f.g. left ideal in a left coherent ring R. For any finite
set A C R, show that K ={r € R: rA C J} is a f.g. left ideal. From this,
conclude that, for any two f.g. ideals I, J in a commutative coherent ring,

(J: I)={reR: rICJ}
is also a f.g. ideal.

Solution. For any a € A, Ja=! = {r € R:ra € J} is a f.g. left ideal in
R, by LMR-(4.60). By the same result, the intersection of any two f.g. left
ideals in R is f.g. By induction, it follows that

K={reR: rAQJ}:(IleAJa_1
is also f.g. Now assume that R is commutative (and coherent), and let I,
J C R be f.g. ideals. Let A be a finite set of generators for I. Then
(J:I)={reR:rACJ},
which is f.g. by the first part of this exercise.

Ex. 4.24. In an algebra text, the following statement appeared: “A direct
sum @, ; M; of R-modules is faithfully flat iff each M; is flat and at least
one of the M;’s is faithfully flat.” Give a counterexample to the “only if”
part of this statement.

Solution. Let R be a commutative ring, and consider the direct sum
S = EBP R,, where p ranges over Spec R. Each R, is R-flat, and by LMR-
(4.72) (1), S is faithfully flat. However, none of the R,’s may be faithfully
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flat. For instance, for R = Z, if p = (p) where p is a prime, then for any
prime £ # p, the nonzero Z-module Z /¢ Z localizes to zero with respect to
p. If p = (0), any torsion Z-module localizes to zero with respect to p. This
shows that no Z, is faithfully flat over Z.

Ex. 4.25. For any ring extension R C S, show that the following are
equivalent:

(1) R C S is a (right) faithfully flat extension;

(2) S is a pure, flat extension of R in Mg;

(3) For any system of linear equations Y .-, zib;; = a; (aj, bij€ R,
1 < j < n), any solution (s1,...,8y,) € S™ can be expressed in the form
8; = T3 + D tkChi, Where (71,...,7m) is a solution of the system in R™,
and for each k, tx € S and (ck1,...,Ckm) is & solution of the associated
homogeneous system Y -, z;b;; = 0 in R™.

Solution. (1) = (2). Certainly Sg is flat since it is faithfully flat. The
faithful flatness of Sg also implies that (S/R)g is flat, by LMR-(4.74) (4).
This, in turn, implies that 0 — R — S — (S/R)g — 0 is pure, by LMR-
(4.85).

(2) = (1). Assume (2). Then, from the pure sequence
0— R— S — (S/R)g — 0,

the flatness of Sg implies that of (S/R)g, by LMR-(4.86) (1). This, coupled
with the flatness of Sg, implies that R C S is a (right) faithfully flat
extension, again by LMR-(4.85).

(2) = (3). Consider any solution (s1,...,8,) € S™ for the given linear
system. Since R C Sg is pure, LMR-(4.89) implies that there is also a
solution (r1,...,7y,) € R™. Thus, (s; —71,...,8m — "'m) is a solution in

S™ for the homogeneous system 2111 x;bi; = 0. Since Sg is flat, LMR-
(4.24) implies that s; — r; = Y_, tpck; where, for each k, ¢ € S and
(Ck1,---,Ckm) 18 a solution of the same homogeneous system in R™. By
transposition, we obtain the desired expression s; = r; + ), txck; for the
solution (s1,...,8mn) € S™.

(3) = (2). Note that the two results used above, namely LMR-(4.89) and
LMR-(4.24), are both of an “iff” nature, characterizing, respectively, purity
and flatness. Therefore, by reversing the argument given for (2) = (3), we
obtain (3) = (2).

Ex. 4.26. Let £: 0 5 A— B — C — 0 be exact in Mg, where A, C are
flat and one of them is faithfully flat. Show that B must be faithfully flat.

Solution. First, by LMR-(4.13), B is flat. Second, by LMR-(4.85), C being
flat implies that £ is a pure exact sequence. Therefore, for any left R-module
M, £ Qr M remains short-exact. Suppose B&gr M = 0. Then the exactness
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of £ ® g M implies that
ARr M =0=CQ®gr M.

Assuming that one of A, C is faithfully flat, we see that M = 0. Therefore,
we have shown that B is faithfully flat.

Ex. 4.27. Let R C S be a (right) faithfully flat extension. If S is a
left noetherian (resp. artinian), show that R is also left noetherian (resp.
artinian).

Solution. It is known (LMR-(4.74)(2)) that any left ideal 2 C R has
the property that 2 = RN SA. Assume that S is left noetherian (resp. ar-
tinian). For any ascending (resp. descending) sequence of left ideals 21; (i =
1,2, ...) in R, we must have S, = SA,,+1 = --- for some n. Contracting
to R then yields A, = A,41 = -+, so we have proved that R is left
noetherian (resp. artinian).

Ex. 4.28. In LMR-(4.33), it is proved that a module Pg is flat iff, for any
R-epimorphism ¢ : @ — P and any f.p. R-module M, any homomorphism
A: M — P can be “lifted” to some vy : M — Q. Give another proof for
this result by using properties of pure exact sequences.

Solution. First assume P is flat and consider any epimorphism ¢ : Q —
P. Then

E:0—ker(p) —Q— P —0

is pure by LMR-(4.85). For any f.p. module M, LMR-(4.89) (5) guarantees
that Hompg(M, &) remains exact. This means precisely that any A\ : M —
P can be “lifted” to some ¥ : M — Q.

Conversely, let P be a right R-module with the stated lifting property.
Fix an exact sequence

E'0—K-—Q—P—0

with @ free. The given lifting property means that Hompg (M, &) is exact
for all f.p. modules Mg. Therefore, by LMR-(4.89) again, £ is pure. Since
Qr is free and therefore flat, LMR-(4.86) guarantees that Ppg is also flat.

Ex. 4.29. Show that a ring R is von Neumann regular iff all short exact
sequences in Mg are pure, iff all right ideals are pure in Rp.

Solution. First suppose R is von Neumann regular. By LMR-(4.21), every
left module g N is flat. Therefore, for any exact sequence £ in Mg, EQr N
remains exact. Since this holds for all gV, £ is pure.

Conversely, assume that every right ideal % is pure in Rg. For any cyclic
module Mg, there exists an exact sequence

0—A—R—M—0.
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Since this sequence is pure and Rp is flat, LMR-(4.86) implies that Mg
is flat. Now that we know every cylic right R-module is flat, LMR-(4.21)
implies that R is von Neumann regular.

Ex. 4.29". Let J be an ideal in a ring R, and R = R/J.

(1) If R is flat as a left R-module, show that any injective right R-module
is injective over R.

(2) If R is a von Neumann regular ring, show that any injective right
R-module is injective over R.

Solution. Clearly (2) follows from (1), since any left module over a von
Neumann regular ring is flat, by LMR-(4.21).

To prove (1), assume pR is flat and let M be any injective right
R-module. We’ll show that Mp remains injective by checking that any
monomorphism ¢: M — A in My splits. Since rR is flat, we have an
induced monomorphism

¢ M®; R — AQgR.

We can identify A g R with A/AJ, and M ®p R with M/MJ = M,
and view ¢’ as a monomorphism ¢” : M — A/AJ in Mg. Since My is
injective, ¢ splits. From this, it is clear that ¢ splits.

Comment. Besides (2), a good special case of (1) is where R has the form
S x J. It is easy to verify that R/J = S is flat as a left module over R, so
any right injective S-module remains injective over R. This property was
already pointed out in LMR-(3.11A).

For related exercises, see Exs. (3.27), (3.28), and (6.27A).

Ex. 4.30. Let K C A C B be right R-modules. Show that

(1) if A is pure in B, then A/K is pure in B/K, and
(2) if we assume K is pure in B, the converse of (1) also holds.

Solution. (1) Let gN be any left R-module. The purity of A C B implies
that AQr N C B®g N. Quotienting out the submodule im(K ®g N) C
A ®pg N, we have an injection

(D (A®r N)/im(K ®r N) — (B®g N)/im(K ®r N).

Using the right exactness of the tensor-functor, we can identify the above
map with

(1) (A/K)®r N — (B/K) ®g N.

Therefore, this map is an injection for all g N, which implies that A/K C
B/K is pure.

(2) Again, let N be any left R-module. Here, K ® g N embeds into both
B®gr N and A ®g N (since K C B is pure). If A/K C B/K is pure,



§4. Flat Modules 115

then (II) is an injection, and so is (I). From the latter, it follows that
A®r N — B®g N is an injection, and hence A is pure in B.

Ex. 4.31. Let A, A’ be submodules of a module Bp.

(1) If A+ A’ and AN A’ are pure in B, show that A and A’ are pure in B.
(2) If A, A’ are pure in B and A+ A’ is flat, show that AN A’ is pure in B.
(3) Construct an example of A, A’ C B such that A, A, A+ A’ are all
pure in B, but AN A’ is not.

(4) Construct an example of A, A’ C B such that A, A’, AN A’ are all pure
in B, but A+ A’ is not.

Solution. Consider the exact commutative diagram

0 v ANA —C e A A —Be Apa— g

g | |,
0 - B B&eB - B 0,
where a(a) = (a, —a), B(a,a’) = a + o/, y(b) = (b, = V'), and 0(b, ') =

b + b'. Tensoring this with any left R-module X, we get the following exact
commutative diagram

(ANAYeX — (ApA)®X (A+A)®eX— 0
(11) lf lg lh
0—B®X —+(B®B)®X ~B®X— 0.

(1) Here f is injective since AN A’ C B is pure, and h is injective since
A+ A’ C B is pure. By a simple diagram chase, we see that g is also
injective. This implies that A X — B® X and A’® X — B® X are both
injective, so A C B and A C B are both pure.

(2) Since A + A’ is flat, the top sequence in (I) is pure by LMR-(4.85).
Therefore, the top sequence in (II) remains exact if we add a O-term to
the left. Next, the purity of A, A’ in B implies that the map ¢ in (II) is
injective. It follows easily that f is also injective, and so AN A’ C B is
pure.

For (3) and (4), we shall produce examples over R = Z,

(3) Let B = Z®Z4. Here, A= (1, 1)-Z and A’ = (1, 2)-Z are both direct
summands in B= A+ A”. But AN A’ = (4, 0) - Z is not pure in B, since
it is not even pure in Z & (0).

(4) Here, let B = Z & Z instead, and let A = (1,0)-Z, A" = (1,2)-Z. Again,
A, A’ are direct summands in B, with AN A"=(0). But A+ A'=Z®2Z
is not pure in B = Z ® Z since 2Z is not pure in Z.

Ex. 4.32. Let A be a submodule of a f.p. module Bg. Show that A is a
direct summand of B iff A is f.g. and pure in B.
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Solution. The “only if” part is clear, since a direct summand of any f.g.
module is always f.g. For the “if” part, assume that A is f.g. and is a pure
submodule of the f.p. module B. By Exercise 8 applied to the short exact
sequence

0—A—B-—B/A—0,

B/A is f.p. Now by LMR-(4.91), this fact together with the purity of the
short exact sequence implies that the sequence splits, so A must be a direct
summand of B.

Ex. 4.33. Show that, over any domain R, a right ideal 9B is pure in Rp iff
B is (0) or R.

Solution. (“Only if”) Assume B is pure in Rgr. Then
0—B—R— R/B—0

is pure exact. Since Rp, is flat, the purity of this sequence implies that R/%B
is flat, by LMR-(4.86) (1). Now over a domain, the flat module R/B must
be torsion-free, by LMR-(4.18). Since the element 1 is killed by anything
in B, this is possible only when B = (0) or R.

Ex. 4.34. Over a commutative ring R, show that A C B is pure (in Mg)
iff Ay C By, is pure (in Mg,,) for every maximal ideal m C R.

Solution. First assume 4 C B is pure. For any R-module N, AQr N —
B ® g N remains injective. Localizing this at a maximal ideal m, we see
that (A ®g N)m — (B ®gr N)n is injective, or equivalently,

Am ®Ry Nm — Bn ®Rr,, Nm

is injective. Since any Rp,-module is isomorphic to some Ny, it follows from
the above that Ay C By, is pure for every maximal ideal m. The converse
is proved by reversing this argument.

Ex. 4.35. (Priifer) Show that a subgroup A of an abelian group B is pure
iff any coset 3 with respect to the subgroup A contains an element b whose
order (< 00) equals the order of 3 in B/A.

Solution. Recall from LMR-(4.93) that A is pure in B iff ANnB = nA
for any natural number n. First assume A is pure in B and consider any
coset 3 = by + A. If 3 € B/A has infinite order, clearly by € B also has
infinite order, so we are done. If 3 has finite order n in B/A, then nby € A,
so nby = na for some a € A. Therefore, for b : = by — a, we have nb = 0
and 3 = by + A = b+ A. Since 3 has order n in B/A, the order of b must
be n also. For the converse, assume that the condition on cosets in the
statement of the exercise holds. Let a € AN nB where n is any natural
number; say a = nby where by € B. Then 3 : = by + A has order m|n in
B/A. By assumption, there exists b € B of order m such that 3 = b+ A.
Then ag : = by — b € A, and we have nag = nbg — nb = nby = a, so a € nA,
as desired.
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Ex. 4.36. For a module Bg over a commutative domain R, let B; denote
its torsion submodule

{beB: br=0 forsome r e R\ {0}}.

(1) If R is a Priifer domain, show that (a) B; is a pure submodule of B,
and that (b) By is a direct summand of B in case By is f.g.
(2) Show that in general B; need not be pure in B.

Solution. First assume R is a Priifer domain. The quotient module B/B;
is torsionfree, and therefore flat by LMR-(4.69). It follows from LMR-(4.85)
that By is pure in B. If B is f.g., then so is B/B;, and hence by LMR-
(4.40), the flat module B/B; is projective. This implies that B, is a direct
summand of B, as desired.

For an example of a nonpure torsion submodule of a f.g. module, take
R = k[z,y] where k is a field, and take B = R?/(zy,y?)- R. Suppose
(f, g) € B;. Then (f,g)r = (zy,y?)s for some 7, s € R with r # 0. As
in the solution to Exercise 5, we can use unique factorization to show that
f = zfo, g = ygo for suitable fo, go € R, which must then be equal.
Therefore, (f,g) = (z,y)fo- This shows that By = (z, y)- R. We claim that
B;: C B is not pure. Indeed, let A be the ideal xR + yR C R. If B; is pure
in B, we would have (by LMR-(4.92)) B N B = B, 2. Since

(.77, y):(la 0)$+(0, 1)y€BQla
it would follow that

(.’17, y) = (Q?, y) : (xfl + ygl)
for some f1, g1 € R. But then

(z,y) - (@fh+yg—1) = (zy, ¥*) -h=(z, y) - yh

for some h € R, and hence zf; + yg1 — 1 = yh € R, which is clearly
impossible. Therefore, B; is not pure in B.

Comment. (1) and (2) above are parts of the following more general result.
For any commutative domain R, the following properties are equivalent:

(A) For any R-module B, B, is pure in B.

(B) For any f.g. R-module B, By is pure in B.

(C) For any f.g. R-module B, By is a direct summand of B.
(D) R is a Priifer domain.

Here, the equivalence of (C) and (D) is due to I. Kaplansky; see his
paper “A characterization of Priifer rings,” J. Indian Math. Soc. 24(1960),
279-281. Part (1a) of the exercise (also due to Kaplansky) gives (D) = (A),
and (A) = (B) is a tautology. The implication (B) = (D) was proved in
an unpublished manuscript of S. H. Man and P. F. Smith (ca. 1999).

Ex. 4.37. Let B be an additive abelian group, viewed as a Z-module. True
or False: the (pure) torsion subgroup By is always a direct summand of B?
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Solution. The statement is false! We shall provide two (counter) examples,
both of which are standard.

For the first counterexample, let P = {2, 3, 5,....} be the set of all
primes, and let B = [ p Z,. It is easy to see that B; = @D,cp Zp (using
the fact that every nonzero element of Z, has order p). We claim that the
nonzero element

a:(l, 1, 1, )+BtEB/Bt

is divisible by every prime. If so, then B, cannot be a direct summand, for
otherwise B = B, @ (B/B;) but B itself clearly does not have a nonzero
element divisible by every prime. To check the claim, let ¢ be any prime.
Note that

a=(1,1,...,1,0,1, 1, ...) + B,

where the 0 occurs in the ¢ coordinate. Now every coordinate of the new
coset representative for a above is divisible by g, so « itself is divisible by
g in B/B;.

The second counterexample is based on similar ideas, and is in some
sense a “local version” of the above. Fix a prime p and let B = Z,, x Ly X
Zys X ---. Here By consists of sequences (a1, asz,....) where the a;’s have
a bounded exponent. (Notice that now B; is bigger than the direct sum
Zp® Zyz @ ---.) Clearly, B has no nonzero element that is divisible by p™
for all n > 1. Thus, we are done as before by showing that B /B¢ has a
nonzero element that is divisible by p™ for any n > 1. Now the element

Q= (07p70’p2>07p3, )+Bt (S B/Bt

is clearly nonzero, since the 2n*® coordinate p" € Zp2n has order p™ (so
the orders of the coordinates are unbounded). On the other hand, for any
n>1,

a = (0’p,”"Ovpn~1’0’pn’07pn+l,07”. ) + B
= (07"'>Oapn507pn+1)07"')+Bt
= p"(0,...,0,1,0,p,0,... )+ B;,

so o € B/B is indeed divisible by p” for any n > 1.

Comment. In spite of the examples of the above nature, in the theory
of abelian groups there are theorems which guarantee that, under suit-
able hypotheses, B; is a direct summand of B. For instance, this is the
case if either (1) B/B; is f.g., or (2) B is divisible. In fact, in case (1),
B/B; is free and hence projective as a Z-module; in case (2), B; is in-
jective as a Z-module. Therefore, in either case, the short exact sequence
0 - By - B — B/B; — 0 splits. A result of Priifer guarantees that
if B; (or for that matter any pure subgroup of B) has a finite exponent,
then it is a direct summand of B: see §8 of Kaplansky’s book “Infinite
Abelian Groups,” (revised edition), Univ. of Michigan Press, 1968. Both of
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our examples offered above are taken from this source. These examples B
are good choices since in either case B; is not divisible and does not have
finite exponent. Once we showed that By is not a direct summand of B,
it also follows that the torsion-free abelian group B/B; is not f.g. and not
free.

Ex. 4.38. A monomorphism ¢ : A — B in Mg is said to be locally split
if, for any a € A, there exists 0 € Homg(B, A) such that o(p{a)) = a. In
this case, the argument used in the last part of the proof of LMR-(4.23)
shows that, for any a,...,a, € A, there exists ¢ € Homg(B, A) such
that o(p(a;)) = a; for all i. Using this, show that if ¢ is locally split, then
0— A% B— B/A— 0is pure.

Solution. To check the purity of the sequence, we shall apply the criterion
(3) in LMR-(4.89). Let aj € A (1 < j<mn), b€ B (1 <i<m)and
si5 € R(1<i<m, 1< j < n) be given such that a; = ), b; s for all
j. Fix 0 € Hompg(B, A) such that o(a;) = a; for all j. (Here, we think of
¢ as an inclusion map, and suppress it in order to simplify the notations.)
Applying o to the equations for a;, we get

a; = o(a;) = Zi o (bi)si;

where o(b;) € A for 1 < ¢ < m. This verifies the criterion (3) in LMR-
(4.89), so A is pure in B.

Comment. It is equally easy to apply the alternate criterion (4) in LMR-
(4.89) for checking purity. This requires that, for any commutative diagram

fr— R™
¥ I
A L4 B

there exists § € Hompg(R™, A) such that §7 = a (i.e. making the upper
triangle commutative). All we need to do is to take basis elements {e; :
1 <4 < n}in R", and choose 0 € Hompg(B, A) such that op (ale;)) =
a(e;) (for all ¢). Upon defining é : = 03, we’ll have

6(e;) = o B7(e;) = o pale;) = ale)
for all 4, and therefore 0y = «, as desired.

It follows immediately from this exercise that if the R-module A is f.g.,
then any locally split monomorphism ¢ : A — B is in fact split.

Finally, a note on terminology is in order. For people working in com-
mutative algebra, the phrase “¢ : A < B being locally split” might
suggest the condition that the localization of ¢ is split at every prime ideal
of the (commutative) ground ring R. The notion studied in this exercise
is certainly not in this spirit; after all, the ground ring R need not be
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commutative. In dealing with the “locally split” notions in this and the
next few exercises, we simply have to ignore localizations for the time being.

Ex. 4.39. (Azumaya) An epimorphism ¢ : B — C in Mg is said to be
locally split if, for any ¢ € C, there exists 7 € Hompg(C, B) such that
¥ 7 (¢) = c. In this case, prove the following statements.

(1) For any ¢1,...,¢, € C, there exists 7, € Hompg(C, B) such that
Y1) = ¢ for 1 <i<m.

(2) For any countably generated submodule D C C, the epimorphism
¥~YD) — D induced by 4 is split. (In particular, if C itself is countably
generated, then 1 is already split.)

(3) The short exact sequence £ : 0 — ker ¢y — B — C — 0 is pure.

Solution. (1) We construct 7, by induction on n, the case n = 1 being
covered by the hypothesis. Suppose we have already constructed 7,—1. To
construct 7,, consider the element ¢, — ¥7,-1(¢c,) € C. By the hypothesis
again, there exists & € Hompg(C, B) such that

(*) ¢Oé(0n - '(an—l(Cn)) =Cp — ¢Tn—1(0n)-
Now take 7, : = 7,1 + @ — ap7,—1 € Hompg(C, B). For i < n— 1, we have

(T) Tn(Ci) = Tn—l(ci) + Q(Ci) - aan_l(Ci)
= Ta-1(c:) + ale;) — ale) = Ta-1(ci),

and therefore ¥ 7, (¢;) = ¥ Tn—1(¢;) = ¢;. For the last element ¢, we have

Y alcn) = Y[mn-1(cn) + alen) — @t Tn_1(cn)]
= ¢Tn—1(cn) + ¢a(cn - w’rn—l(cn))

= CTL
by (). Thus, 7, is the homomorphism we want.

(2) Express D in the form Y -, c,R C C. Applying the inductive con-
struction in (1) to the elements c1, ¢z, . .., we obtain 7, € Homg(C, B) for
n=1,2,..., with the property that, for each n,¥7,(¢;) = ¢; for 1 < i < n.
Note further from (f) that, on the module 2?2—11 ¢; R, the homomorphism
T, is no different from 7,,_;. Therefore, by taking direct limit, we obtain a
homomorphism 7 € Homg(D, B) whose restriction to Y ., ¢;R is given
by 7, for any n. Since ¢¥7,(c;) = ¢; for 1 < i < n, it follows that ¥7(c;) = ¢;
for all i > 1. Thus ¢ 7 = Idp, so the surjection ¢»~1(D) — D is split by 7,
as desired.

(3) To show that the sequence £ is pure, it suffices to check that, for
any f.p. module M, any homomorphism v : M — C can be “lifted”
to a homomorphism A : M — B. (see LMR-(4.89)(5)). In fact, we can
verify this lifting property for any countably generated module M. Let
D = v(M) C C, which is also countably generated. By (2), there exists
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7 € Homg(D, B) such that 7 = Idp. Taking X : = 7y € Homg(M, B),
we have YA = 7y =+, as desired.

Comment. The result in this exercise comes from the paper of G. Azu-
maya: “Locally pure-projective modules,” Contemporary Math. 124(1992),
17-22. See also his earlier paper, “Finite splitness and finite projectivity,”
J. Algebra 106(1987), 114-134. The property (2) is implicit in Azumaya’s
1992 paper, and is independently observed by G. Bergman. It seems to be
a rather remarkable fact that if a surjection ¢ : B — C' is locally split and
if C' is countably generated, then 1 must be split. For this special case of
(2), see Cor. 2.2.2 in the paper of L. Gruson and M. Raynaud, “Criteres de
platitude et de projectivité,” Invent. Math. 13(1971), 1-89, as well as Prop.
4.1 in the paper of K. M. Rangaswamy: “The theory of separable mixed
abelian groups,” Comm. Algebra 12(1984), 1813-1834. On the other hand,
if an injection ¢ : A — B is locally split and A is countably generated, ¢
need not be split: see the first example constructed in the solution to the
next exercise!

Ex. 4.40. Let £ : O—>Ai>B£>C'—>0beexactin9ﬁR.

(1) If ¢ is locally split, does it follow that v is locally split?
(2) If € is pure, does it follow that one of ¢, ¥ is locally split?

Solution. Both answers are “no”! For (1), work over the ring R = Z
and take

A=7Z07Z & -, B=ZXZx--,

with ¢ given by the inclusion map A — B. Any element a € A lies in a
finite direct sum A9 =Z @ --- @ Z (say n copies). If we define 0 : B — Ay
by projection onto the first n coordinates, we have clearly po(a) = a.
Therefore, ¢ is locally split. We claim that the surjection ¢ : B — C' =
B/A is not locally split. In fact, as in LMR-(4.88), for the element

c=1(2,2% 2% ... )+AcC,

we have ¢ € 2"d,, + A for suitable d,, € B (Vn > 1). Therefore, c is divisible
by 2™ in C for every n, and hence 7(c) = 0 for any 7 € Homz(C, B). In
particular, ¥7(c) # ¢ no matter how we choose 7. [Note that the exact
sequence in question is indeed pure (as is predicted by Exercise 38), since,
upon tensoring ¢ with any Z-module M, the resulting map is essentially
the inclusion

MeMe- - - CMxMx---.

Of course, it is also easy to see that ANrB =rA for any r € Z.]

A somewhat easier solution to (1), due to K. M. Rangaswamy, is as
follows. Againlet the ground ring be Z, B=Z®Z & ---, and C = Q.
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Take any surjection 1 : B — C and let A = ker(¢). Since Q is Z-flat,
the inclusion map ¢ : A — B is locally split by LMR-(4.23). However,
Homgy(C, B) =0, so clearly ¥ cannot be locally split.

To construct a counterexample to (2), recall first that all exact sequences
over a von Neumann regular ring R are pure (Exercise 29). If we produce
a nonsplit short exact sequence

E:0—ASBY 00

over such a ring R with A and C f.g., then £ will be a counterexample
to (2) since £ is automatically pure, and the finite generation of A and C
implies that neither ¢ nor 9 is locally split. For an explicit construction,
take T =k x k x --- where k is any field, and let R be the subring of T
consisting of all sequences that are eventually constant. It is easy to verify
that R is a (commutative) von Neumann regular ring. Also, note that R is
essential in Tg (since any (a1, ag,...) € T with a,, # 0 can be multiplied
by the nt" unit vector e, € R to get a nonzero element (0,...,a,,0,...)
of R). Therefore, if we take any ¢ € T \ R, then

E:0-R—-R+tR— (R+tR)/R—0

is nonsplit since R is essential in (but not equal to) (R + tR)gr. Here, A= R
and C = (R + tR)/R are both cyclic R-modules.

Comment. In parallel to (1), it is of course also natural to ask, for any short
exact sequence £, whether ¢ being locally split would imply ¢ being locally
split. According to part (2) of Ex. 39, the answer to this question was “yes”
if the module C is countably generated. It will be shown in part (2) of Ex. 42
below that the answer is again “yes” if the module B is projective. However,
the answer is “no” in general, according to G. Azumaya; see p. 133 of the
second paper of his listed in the Comment on Ex. 4.39.

Ex. 4.41. (Villamayor, Fieldhouse) For any submodule A of a flat module
Bpg, show that the following are equivalent:

(1) AN B2A = A2 for any left ideal A C R;
(2) B/A is flat;
(3) A is pure in B.

If B is in fact a projective module, show that these statements are also
equivalent to:

(4) The inclusion map A < B is locally split.

Solution. The equivalence of (1), (2) and (3) is all in LMR-§4. Indeed,
(1) & (2) is LMR-(4.14), (3) = (1) is LMR-(4.92), and (2) = (3) follows
from LMR-(4.85). Also, Exercise 38 above gives (4) = (3). Note that the
last three implications do not require the flatness of B.
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Finally, assume that B is projective. We shall finish by proving (1) = (4).
This was done in LMR-(4.23) with the assumption that B is free. The case
where B is projective is a routine extension, which we supply below for the
sake of completeness. Take an R-module B’ such that F : = B& B’ is free
with a basis {e;}, and let 7 : F — B be the projection on B with respect
to this decomposition. To check that the inclusion map A C B is locally
split, take any a € A. Writing a = e;,;r1 + - -+ + €;, 7, (With distinct 4;’s),
we have a = 7(a) = ), m(e;;)r;. Therefore, by (1) (applied to 2 =
>_; Brj), we can write a = >_; ai;r; for suitable a;; € A. Now take any
o € Homp (F, A) such that o(e;;) = a;; for all j. Such o exists since F is
free and the i;’s are distinct. Then, clearly,

o(a) = Zj ola,)r; = Zj a;,r; = a,

which proves (4).

Comment. We pointed out above that (2) = (3) = (1) holds without any
assumptions on B. In general, the converses of these implications do not
hold. For a counterexample to (3) = (2), take B = A @ C with C any
nonflat module. A counterexample to (1) = (3), due to I. Emmanouil, was
given at the end of LMR-§4.

If B is only assumed to be flat (instead of projective), then the equiva-
lent conditions (1), (2), (3) need not imply (4). To show this, consider any
von Neumann regular ring R that is not right self-injective. Then A = Rp
is nonsplit in B = E(A) (the injective hull of A). Since A is cyclic, this
means that A — B is not locally split. But A is pure in B by Exercise 29.
(Here, Bp is flat, as is every module over R, but B is not projective.)

The key reference for this exercise is D. J. Fieldhouse’s paper, “Pure
theories,” Math. Ann. 184 (1969), 1-18, where a lot of related information
can be found.

Ex. 442. Let £: 0> A5 B 9, C — 0 be a short exact sequence in
Mp where B is projective.

(1) If A is f.g. and pure in B, show that A is a direct summand of B (and
hence also a projective R-module).
(2) If 4 is locally split, show that ¢ is also locally split.

Solution. (1) By the implication (3) = (4) in Exercise 41, A being pure
in B implies that ¢ is locally split. Since A is also f.g., the last paragraph
in the Comment on Exercise 38 shows that the exact sequence £ splits.

(2) Assume that ¢ is locally split. By Exercise 39, £ is pure. Again by
(3) = (4) in Exercise 41, ¢ is locally split.

Comment. Let us recall Exercise 2.17, which states that, over a von
Neumann regular ring R, any f.g. submodule A of a projective module Br
is a direct summand. This now follows from (1) since over a von Neumann
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regular ring R, any submodule of a module is pure, by Exercise 29. Thus, it
is useful for us to think of (1) above as a generalization of the well-known
fact about von Neumann regular rings from Exercise 2.17.

It is also worth pointing out that part (2) above remains true as long
as B is a direct sum of countably generated modules. This is a result ob-
tained independently by K. M. Rangaswamy and B. Zimmermann-Huisgen:
see Prop. 12 in Zimmermann-Huisgen’s paper, “On the abundance of N;-
separable modules,” in Abelian Groups and Noncommutative Rings, Con-
temp. Math. 130 (1992), 167-180. Note that this result of Rangaswamy and
Zimmermann-Huisgen is more general than part (2) of this Exercise since,
by a well-known theorem of Kaplansky (Ann. Math. 68 (1958), 372-377),
every projective module (over any ring) is a direct sum of countably gen-
erated (projective) modules.

Ex. 4.43. (Zimmermann-Huisgen) Let R be a left noetherian ring, and C
be an arbitrary direct product R!, viewed as a right R-module. For any
f.g. submodule D C C, show that there exists p € Aut(Cg) such that
p(D) C R for some finite subset J C I, where, by R’, we mean the direct
summand of R’ consisting of (z;);e; with z; = 0 for all i ¢ J.

Solution. We first deal with the case where D is a cyclic module, with a
generator ¢ = (¢;);er- Since R is left noetherian, there exists a finite subset
J C I such that {c; : j € J} generates ), ; Rc; as a left ideal. Writing
K = I\J, we have equations ¢y = ) ,c;Tkjc; for k € K and ry; € R.
Decompose C' = R! into the direct sum R’ @ R¥ and define p € End(CRr)
as follows: p| RX =1d, and for the standard basis {e; : j € J} on R’,

plej) = e — (Tkj)kex  (J € J).

Here (ryj)kex means the I-tuple whose k*® coordinate is ry; for k € K,
and whose J-coordinates are all zero. Note that p € Aut(CR) since p is the
identity on both RK and R!/R¥X. Now

p©) =2 (3, ei0) + o (e0duex)
= Zje.] (ej - (Tkj)keK) Cj + (ck)keK

X () e
= (Cj)jej € RJ;

as desired.

For the general case of a f.g. D C C, we can induct on the number
of generators for D. Having taken care of the cyclic case, we may assume
that D = D’ + cR where the result is true for D’. After applying an
automorphism to R!, we may therefore assume that D’ C R’ " for some
finite J' C I. Let K’ = I\J' and write ¢ = ¢’ + ¢; where ¢’ € R’ and
¢; € RX'. By the cyclic case, we know that there exists p; € Aut(RX")
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such that py(c;) € RY where L is a finite subset of K. For
p:=1dap; € Aut(R” ® RX') = Aut(Cr),

we have p(c) = ¢ + p1(c1) € R7' @ RF = R’ for the finite set J = J' U L.
Since p is the identity on D’ C R’ we have now p(D) C D'+ p(c)R C R/,
as desired.

Comment. The result in this exercise is taken from the paper of
B. Zimmermann-Huisgen: “Pure submodules of direct products of free
modules,” Math. Ann. 224 (1976), 233-245. Our formulation here follows
the suggestions of G. Bergman.

Ex. 4.44. (Zimmermann-Huisgen) Let £: 0 » A % B Y C > 0bea
short exact sequence of right R-modules over a left noetherian ring R. If C
is a direct product (R!)r where I is any set, show that 1 is locally split.

Solution. Assume that C = R’, and consider any ¢ = (¢;)ie; in C. By
Exercise 43, there exists p € Aut(Cg) such that p(c) = d = (d;);c1, where
d; = 0 outside of a finite set J C I. Therefore, p(c) € R’ where R/ C R!
has the same meaning as in the last exercise. Since R’ is free (and hence
projective), (p o 9)~! (R’) - R’ is split by a suitable R-homomorphism
f9. We can extend 6y to

0: RT — (poz/))‘l(RJ) CB

by making § = 0 on R'\. Now let 7 : = 6 o p € Homg(C, B). Since
(p o ¥)(6p(d)) = d, we have

¥7(e) = (¥ 0)(p(c) = ¢ bo(d) = p'(d) = ¢,
so we have checked that 1 is locally split.

Comment. The result in this exercise is taken from the paper of
B. Zimmermann-Huisgen referenced in the Comment on Exercise 43.
Zimmermann-Huisgen defined a right R-module C to be locally projective
if every surjection ¢ : B — C is locally split. In the paper cited above,
Zimmermann-Huisgen proved more generally that, over a left noetherian
ring R, any pure submodule of a direct product (R!)g is locally projective.
On the other hand, she proved that, over any ring R, any locally projective
right module is a pure submodule of some direct product (R)g.

Ex. 4.45. Use Exercises (42) and (44) to construct a short exact sequence
£:0-A4%BY% C—0over some ring R in which ¢ and i are both
locally split, but £ itself is not split.

Solution. (Bergman) Consider any left noetherian ring R for which some
direct product C = (R)R is not projective. (For instance, take R = Z and
I to be any infinite set. It follows from Exercise 2.6 that C = Z! is not
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Z-projective.) Now take a sufficiently large free module Bg that admits a
surjection ¥ onto C, and let £ be the associated short exact sequence

0—A25B Y 0—o.

By Exercise 44, v is locally split. Since B is projective, Exercise 42 implies
that ¢ is also locally split. However, £ itself is not split, since otherwise C
would be isomorphic to a direct summand of B and hence projective as an
R-module, a contradiction.

Ex. 4.46. (Jgndrup) Let R C S be rings, and Pg be a f.g. flat R-module.
Show that P is a projective R-module iff P®g S is a projective S-module.

Solution. It suffices to prove the “if” part, so assume P®gS is a projective
S-module. Fix an exact sequence 0 —» K < F — P — 0 where F' = R™
for some integer m. By LMR-(4.85), this exact sequence is pure, so the
induced sequence

0—K®prS—F®rS— PQrS-—0

is also exact. Since P® gr.S is projective, this sequence splits, and so K ® gS
is f.g. over S. Noting that k® s = (k® 1)s (for k € K and s € S), we can
fix a finite generating set of the form {k; ® 1,...,k, ® 1} for (K ®g S)s.
Now by LMR-(4.23), there exists § € Hompg(F, K) such that 6(k;) = k; for
every i. We finish by showing that 6(k) = k for every k € K, for this will
imply that 0 — K — F' — P — 0 splits, which will in turn imply that Pgr
is projective.

Given k € K, write k ® 1 = 3" .(k; ® 1) s; where s; € S. Calculating in
K ®gr S, we get

k)1 =01)(ka1)= Z,» (0@ 1)(k; ® s;)

= Zie(ki)(gsi:}:iki@si:k@l'

Now by LMR-(4.86)(2), Kg is also flat, so the injection of left R-modules
R — S induces an injection

K=K®rR—KQ®grS

of abelian groups. Thus, from 8(k)®1=k®1 € K ®g S, we may conclude
that (k) = k, as desired.

Comment. The result in this exercise comes from S. Jgndrup’s paper:
“On finitely generated flat modules I1”, Math. Scand. 27 (1970), 105-112.
Applying this result to a commutative domain R and its quotient field S,
we obtain, for instance, Cartier’s theorem that any f.g. flat module over R
is projective. For even more powerful applications of Jendrup’s result, see
the next exercise. )

Instead of making the change of rings R < S, one can also consider
the change of rings R — R/J, where J is an ideal of R. Of course,
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one cannot expect the same result to hold. But what about the special
case where J = rad R (the Jacobson radical of R)? This question was raised
by Jgndrup in his later paper: “Flat and projective modules,” Math. Scand.
43 (1978), 336-342. Jgndrup reduced the consideration of this question to
the case where R/rad R & A x A, where A is either Z or a finite field.
However, the answer seemed to have remained unknown in these two crucial
cases.

Ex. 4.46A. Let R be a ring that is embeddable in a right noetherian ring,
or a local ring, or a semiperfect ring. Show that any f.g. flat right R-module
is projective.

Solution. Say R C S, where S is either right noetherian, or local, or
semiperfect. By LMR-(4.38) and Ex. 21 above, any f.g. flat right S-module
is projective. For any f.g. flat right R-module M, M ® rS remains f.g. and
flat as a right S-module (by LMR-(4.1)), and hence it is projective by the
above remark. It then follows from Ex. 4.46 that Mp is already projective.

Comment. Of course, what underlies this exercise is the fact that the class
C of rings whose f.g. flat right modules are projective is “closed” with
respect to taking subrings. For instance, if R is a semiprime right Goldie
ring, then by Goldie’s Theorem, the classical ring of right quotients S of
R is a semisimple ring (see LMR-§11). Since S € C, it follows immediately
that R € C. For another example, consider any commutative semilocal ring
R, with maximal ideals m;,...,m,. Then R embeds in the ring

S:=Rp X -+ X Ru,.

Each Ry, € C, and so S € C. From this, we deduce that R € C. More
generally, if Ry is a commutative ring whose set of 0-divisors is a finite union
of prime ideals, then its classical ring of quotients R is a (commutative)
semilocal ring (see Ex. 12.10). From the above, R € C, and hence Ry €
C also! It follows, for instance, that any commutative ring with ACC on
annihilator ideals belongs to C. (That such a ring has the property of Ry is
proved in LMR-(8.31)(2).)

S. Jgndrup has obtained many other interesting properties of the class
C. For instance, for any ring R, R € C iff R[[z]] € C, and if R is commutative,
then R € C iff R[z] € C. See his paper: “On finitely generated flat modules”,
Math. Scand. 26 (1970), 233-240.

Ex. 4.47. Let C be a right R-module and M, N be left R-modules. Let
F: 0—C"— M — N — 0 be an exact sequence in g, where C' =
Homgz, (C,Q/Z) is the character module of C. Show that if F is pure, then
it splits.

Solution. Consider any right R-module X. Since F is pure, X ®r F
remains exact, so by LMR-(4.8), (X ®r F)' is also exact. Now, by the
Hom-® adjointness, (X ®g F)' is just Hompg(F, X'), so the latter is exact.
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Applying this to X = C, we see that
Hompg(M,C") — Hompg(C’,C")
is surjective. This means precisely that the injection C’ — M splits.

Ex. 4.48. For any exact sequence £: 0 - A — B — C — 0 in Mg, show
that the following are equivalent:

(1) &€ is pure;
(2) & is pure;
(3) & is split.

Solution. Since £ has the form 0 — ¢ — B’ — A’ — 0, the last
exercise gives the equivalence of (2) and (3). In the following, we shall
prove (1) < (3).

(1) = (3) Assume that & is pure. Consider any left R-module Y. Then

E®RY is exact, and so is (£ ®r Y)' = Hompg(Y, &£'). For Y = A’, the
surjection

Hompg(A', B') — Hompg(4', A')
implies that £’ splits.

(3) = (1) Assume that & is split. To show that £ is pure, we must show
that £ ®p Y is exact, where Y is any left R-module. Now

(E®rY) =2 Hompg(Y, &)

is exact, since £’ is split. It follows from LMR-(4.8) that £ Qg Y is exact,
as desired.

Ex. 4.49. Show that any right R-module A is naturally embedded in A”
as a pure submodule.

Solution. The map e: A — A" is defined in the usual way: for a € A,
g(a): A" — Q/Zis defined by (a)(f) = f(a) for f € A’. It is easy to check
that € is a homomorphism of right R-modules. If e(a) = 0, then f(a) =0
for every f € A’ = Homy(A, Q/Z). By LMR-(4.7), this implies that a = 0.
Therefore, ¢ embeds A into A”. Consider the exact sequence:

£:0—A-S A" — AJA—0.

To show that & is pure, it suffices to verify that

5’:0—-—>(AH/A)/—->A”/—6-/—>A,—>O
is split, according to Exercise 48. Here ¢’ is the left R-module homomor-
phism induced by the right R-module homomorphism . Now, for the left

R-module A’, we have also an embedding § : A’ — A"’. Thus, we are done
if we can check that ¢’6 = Id 4+, for then § splits the surjection &’. Now, for
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any f € A’ and any a € A:

(€'0(f)) (@) = (8(f)ce)(a) =6 (f)(e(a))
=e(a) (f) =1 ()
Therefore, ¢'d (f) = f for all f € A’, as desired.
Comment. A similar idea is also used in LMR-(19.34).

Ex. 4.50. Let R be a (commutative) UFD, and let =, y be two nonzero
elements of R with ged(z,y) = 1. If the ideal 2 = zR + yR is flat, show
that A = R.

Solution. Let F be the free module zR @ yR (external direct sum), and
let K be the free submodule cR C F generated by ¢ : = (zy, zy) € F.
Then the sequence

(x) 0— K -—F-29%—0 definedby ¢ (zr, ys) = ar —ys

is exact. To see this, first note that p(c) = 0so K C ker(p). If p(zr, ys) = 0,
then since R is a UFD and ged(z, y) = 1, we can write s = zso for some
sg € R. Then zr = ys = yxso implies that r = ysp, so

(zr, ys) = (zyso, TYso) = cso € K.

Now use the assumption that 2 is flat. Since F' is free, the exactness of
() implies that K% = K N FA by LMR-(4.14). However, F2 = z2 & y2
contains ¢, so K N F2 is just K. Thus, we have K = K. Since K is a
nonzero free module, this implies that % = R.

Ex. 4.51. Let R be a (commutative) UFD. Show that R is a PID iff all
ideals of R are flat, iff all torsion-free R-modules are flat.

Solution. If R is a PID, then by LMR-(4.20), all torsion-free R-modules
(and hence all ideals) are flat. Conversely, assume that all ideals of R
are flat. By Exercise 50, if z, y # 0 in R have gecd(z, y) = 1, then
tR + yR = R. Clearly, this implies that, if , ¥y # 0 in R have
ged(z, y) = z, then tR+yR = zR. It follows that any f.g. ideal is principal,
i.e. R is a Bézout domain. We finish now by proving the following result,
which is independent of the notion of flatness.

Lemma. A Bézout domain R is a PID iff it is a UFD.

Proof. It is well-known that any PID is a UFD. Conversely, assume that
R is a UFD. Then principal ideals in R satisfy ACC. Since R is Bézout,
this implies that f.g. ideals satisfy ACC. It follows that R is noetherian,
and hence R is a PID.

Comment. Another solution to the Exercise, using more results from LMR-
§4, can be given as follows. Assume R is a UFD and all ideals in R are flat.
By LMR-(4.69), R is a Priifer domain; that is, any nonzero f.g. ideal 2 is
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invertible. Since R is a UFD, LMR-(2.22F) implies that 2 is principal, so
R is a Bézout domain. Now apply the Lemma.

Let us call a commutative ring R a “flat ideal ring” if all ideals of R
are flat (see LMR-(4.66)). The next exercise offers a local characterization
of this property.

Ex. 4.52. For any commutative ring R, show that the following are equiv-
alent:

(1) R is a flat ideal ring.
(2) Ry is a valuation domain for every prime ideal p C R.
(3) R is a valuation domain for every maximal ideal m C R.

Solution. (2) = (3) is a tautology.

(3) = (1). By LMR-(4.4), it suffices to show that any f.g. ideal I C R is
flat. Now, for any maximal ideal m C R, the localization IRy, is a principal
ideal (since Ry, is a valuation domain). From Ex. 4.14, it follows that I is
flat.

(1) = (2). Assume R is a flat ideal ring, and consider any prime ideal
p C R. Since any ideal of R, “comes from” an ideal of R (by localization),
Ex. 4.14 referred to above implies that R, is also a flat ideal ring. After
changing notations, we may thus assume that R is local with maximal ideal
p. Any f.g. ideal of R is then flat (by assumption), and hence free (by LMR-
(4.38)(2) and FC-(19.29)). To see that R is a domain, let 0 # a € R. Since
aR is free (and nonzero), we have clearly

ra=0 = r(aR)=0 = r =0,

as desired. To complete the proof, it suffices to show that, for any nonzero
z,y € R, we have either yR C zR or xR C yR. Now zR + yR is free, so
it must be free of rank 1 (since R is a domain). Say R + yR = aR. Then
R = £R+ YR implies that either z/a € U(R) or y/a € U(R), and we have
yR C zR or zR C yR accordingly.

Comment. This exercise comes from Proposition 11 in S. Endo’s paper “On
semihereditary rings,” J. Math. Soc. Japan 13 (1961), 109-119. It is to be
compared with Kaplansky’s result (LMR-(3.71)) that a commutative ring
R is von Neumann regular iff R, is a field for any maximal ideal m C R.

For Endo’s characterizations of (commutative) semihereditary rings, see
Ex. 7.37 below.

Ex. 4.53. Let R be any commutative ring with total ring of quotients
K = Q(R). For any K-module M, show that M is flat as a K-module iff
it is flat as an R-module.

Solution. First suppose My, is flat. Consider any injection of R-modules
A — B. This induces an injection K ®p A — K ®pg B, which in turn
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induces an injection
M ek (K®rA) — M ®k (K ®g B)

by the flatness of M. Now for any R-module C, M ®k (K ®g C) may be
identified with M ®g C (where M is viewed as an R-module). Thus, the
work above shows that M ® g A — M ®pg B is injective. This checks the
flatness of Mg.

Conversely, assume Mpg is flat, and consider any K-module monomor-
phism ¢ : P — Q. Since P may be viewed as K ®g P, we have

Mg P2M@k (K®QrP)=M®gP.

Therefore, M ®x ¢ may be identified with M ®g P — M ®g Q. This is
injective since My is flat. Hence we have checked that My is flat.

Comment. The result in this exercise works well in the setting of Ore
localizations too, although we will not repeat it in the noncommutative
setting in §10 below. One reason we put the above exercise in this section
rather than in §10 is that it will be useful for some exercises in §7 on total
rings of quotients of commutative rings; see, specifically, the solution to Ex.
7.37 and the ensuing Comment.

The analogue of this exercise holds for injective modules as well; see
Ex. 10.29.

§5. Homological Dimensions

In this section, we present the theory of homological dimensions of rings
following Kaplansky’s idea of using suitable “shift operators”.

The starting point is Schanuel’s Lemma LMR-(5.1), which says that if
MR is a right R-module and

0—-K—P—>M-—Q0, 0-L—->Q—-M-—0

are exact sequences in Mg with P and @ projective, then K ®Q = L@ P.
This leads us to define that two R-modules A, B are projectively equivalent
if A® Q = B ® P for suitable projective R-modules P, Q. The projective
equivalence classes of R-modules {[A] : A € Mg} form a commutative
semigroup with identity [0], where addition is defined by the direct sum.
The projective shift P on this semigroup is defined by P[M] = (K] where M
and K are as above. Using this shift operator, one can define the projective
dimension of M to be

pd(M) = pdg(M) = min {n: P"[M]=0}.

If no such n exists, we define pd(M) = oo. In some sense, pd(M) is a
measure of how far M is from being a projective module.
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The definition of pd(M) leads us to a global homological invariant of
the base ring R: we define the right global dimension of R to be

r.gl.dim R =sup {pdp(M): M € Mg} < oo,

and define l.gl. dim R similarly. Rings with r.gl.dim R = 0 are the semi-
simple rings, and those with r.gl. dim R < 1 are the right hereditary rings.
The fact that there exist right hereditary rings which are not left hereditary
shows that in general, r.gl. dim R # lL.gl.dim R.

There is also an injective version of Schanuel’s Lemma, which is ob-
tained by replacing the projective modules by injective ones, and reversing
arrows. This enables us to define an injective shift 7 on a semigroup of
injective equivalence classes of right R-modules, and to define as before
the notion of an injective dimension of M, denoted by id(M). This leads
to another global invariant, r.inj.gl. dim R (by taken supremum of id(M)
for M € Mg). Fortuitously, it turns out that this is just r.gl.dim R, by
LMR-(5.45).

For modules, there is also a flat dimension too. Since there is no “flat
version” of Schanuel’s Lemma, the flat equivalence classes have to be de-
fined via the character modules: Ki, K3 in Mz are said to be flat equiva-
lent if there exist flat modules F;, Fy such that

(K@ 1)’ = (K, 8 F)°.

Here, for any right module Mg, M° denotes the left R-module Homyg,
(M,Q/Z) (called the character module of M). Flat equivalence enables
us to talk about flat equivalence classes of modules, define a flat shift
F, and hence define fd(M), the flat dimension of any Mpg. The right
weak dimension, r.wd(R), is taken to be sup {fd(M)}, but this time, we
get the surprising equation r.wd(R) = l.wd(R) for any ring R (by LMR-
(5.63)).
For any right noetherian ring R, we have

rgl.dimR =r.wd(R) <lgl.dimR

by LMR-(5.59). In particular, r.gl.dimR = l.gl.dimR for any noetherian
ring R, by LMR-(5.60). The same equation also holds for any semiprimary
ring, by LMR-(5.71).

The above approach to homological dimensions enables us to prove most
facts about projective, injective and flat dimensions without defining the
Ext and Tor functors in homological algebra. Basically, in our simplified
approach, we just need to work with the conditions Ext(A4,B) = 0 and
Tor(C, D) = 0 without having to define the full abelian groups Ext(A4, B)
and Tor(C, D).

After a short excursion on the homological properties of semiprimary
rings, LMR-§5 closes with some material on commutative rings. For any
commutative noetherian local ring (R, m) with residue field k = R/m, it is
shown that gl.dim R = id(k) = pd(k).This leads to the famous result of
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Serre (LMR-(5.84)), which states that, for (R, m) above, gl. dim R < oo iff
R is a regular local ring (and that, in this case, gl. dim R equals the Krull
dimension of R). This result, in particular, implies that the localizations
of R at prime ideals are also regular local rings (LMR-(5.88)), which is a
conjecture of Krull dating from the 1930s.

For a general commutative noetherian ring R, gl.dim (R) can be com-
puted as sup {pd(S)}, where S ranges over a complete set of simple R-
modules. One can define R to be a regular ring (not to be confused with
a von Neumann regular ring) if all localizations of R at prime ideals are
regular local rings. There are a few equivalent conditions for this, one of
which, for instance, is that pdzr(M) < oo for any f.g. R-module M. For
such regular rings R, we have gl. dim R = dim R, although this common
dimension is not necessarily finite in general, by an example of Nagata
given in LMR-(5.96).

The exercises in this section cover various properties of projective,
injective and flat dimensions of modules, and offer examples on change of
modules and rings. There are also a few exercises on finite free resolutions,
which is a topic of increasing importance. Some of the exercises assume a
knowledge of UFD’s (unique factorization domains), and the Auslander-
Buchsbaum Theorem which states that (commutative) regular local rings
are UFD’s. Although this theorem is not proved in LMR-85, such exer-
cises are deemed interesting and instructive from the viewpoint of this
section.

Exercises for §5

Ex. 5.0. Let 0 - A — B — C — 0 be an exact sequence in 9Mpg. The
basic results relating the projective dimensions pd(A4), pd(B) and pd(C)
are stated in LMR-(5.20) and LMR-(5.23), respectively, as follows:

(a) (1) If pd(A) < pd(B) then pd(C) = pd(B).
(2) If pd(A) > pd(B), then pd(C) = pd(A) +1
(3) If pd(A) = pd(B), then pd(C) < pd(A4) +1
(b) pd(B) < max{pd( ), pd(C)}, with equality unless pd(C) = pd(A)+1

Show that these two formulations are equivalent.

Solution. In LMR-(5.23), it is already shown that the statement (a) im-
plies the statement (b). Let us now assume statement (b), and try to prove
statement (a).

(1) Assume that pd(A) < pd(B). In the inequality in (b), the RHS must
be pd(C), and equality is supposed to hold (i.e. pd(B) = pd(C)) except
possibly when pd(C) = pd(A) + 1. But in this case, pd(C) < pd(B), so
we’ll again have pd(C) = pd(B).
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(2) Assume that pd(A) > pd(B). If the desired conclusion pd(C) = pd(A4)+
1 did not hold, we would have, by (b),

pd(B) = max {pd(4), pd(C)} > pd(4),
a contradiction. Thus, we must have pd(C) = pd(A) + 1.

(3) Assume, finally, that pd(A) = pd(B). If the desired conclusion pd(C) <
pd(A)+1 fails, then pd(C) > pd(A)+1. According to (b), we are supposed
to have

pd(B) = max {pd(4), pd(C)}.

But the RHS is pd(C'), which is bigger than pd(A) = pd(B), a contradic-
tion. Thus, we must have pd(C) < pd(4) + 1.

Ex. 5.1. Let R be a ring with r.gl.dim R = n > 1, and let B be a right
R-module with pd(B) = n—1. Show that pd(A) < n—1 for any submodule
ACB.

Solution. If pd(A) < n —1 was not true, then pd(A) > n > pd(B), so by
(a)(2) in the above exercise, we would have

pd(B/A) =pd(A)+1>n+1,

which would contradict r.gl.dimR = n. Therefore, we must have
pd(4) <n-1.

Ex. 5.2. Show that r.gl. dim R = oo iff there exists a right R-module M
such that pd(M) = oo

Solution. The “if” part follows from the definition of r.gl. dim R. For the
“only if” part, assume that r.gl. dim R = oo. Then there exists a sequence
of modules My, Ms, ... in Mk such that pd(M,) — o as n — oo.
Here, some pd(M,,) may already be oo, in which case we are done. In any
case, for the module M = @.., M,,, LMR-(5.25) implies that pd(M) =
sup {pd(M,)} = co.

Comment. There is a good reason for us to point out that, in the above
situation, some (or all) of the M,, may have infinite projective dimension.
In fact, r.gl. dim R = oo may not imply the existence of M7, My, .... with
pd(M,) < oo for all n and with pd(M,,) — oco. A rather extreme case is
provided by the ring R = Z/4Z, which has global dimension oo, but any
R-module M is either free or has pd(M) = oo. (This can be deduced from
LMR-(5.18)(4) and Priifer’s Theorem on abelian groups of finite exponent.)
In general, Bass defined the right finitistic dimension of a ring R to be
sup {pd(M)}, where M ranges over all right R-modules with pd(M) < oo.
There do exist rings R with r.gl. dim R = oo and with arbitrarily prescribed
right finitistic dimension.

Ex. 5.3. Let 0 > K; - F;, - M — 0 (i = 1,2) be exact in Mg, where
Fy, Fy are flat. Show that K; @ F5 may not be isomorphic to Ks & F}.
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Solution. Over R = Z, let M = Q/Z, F; = Q and K; = Z (with the
obvious maps), and let 0 — Ky — F» — M — 0 be any projective
resolution of M. Indeed, F; and F; are flat. Here K; @ F; is projective,
and it cannot be isomorphic to K, & Fy since otherwise F; = Q would also
be projective (over Z), which it is not.

Ex. 5.4. Recall that for any right R-module, A’ denotes the character
module Homg, (A, Q/Z), which is a left R-module. Show that A’ = B’ need
not imply A & B.

Solution. Let R = Z and consider the two exact sequences constructed in
Exercise 3. Taking character modules, we have new exact sequences

0—M —F —K,—0 and 0— M — F, — K; —0.

By the Injective Schanuel’s Lemma, K| @ F;, = Kj @ Fy. Therefore, for
A=K ®F, and B= K, ® Fy, we have A’ = B’. However, A 2% B by
what we said in the last exercise.

Ex. 5.5. Let z, y, z be central elements in a ring R such that t RNy R =
2R and , y are not O-divisors. For I = xR + yR, show that there exists a
free resolution 0 —» R — R%? — Ig — 0. (In particular, pdg(I) < 1.)

Solution. We shall use the fact that x, y, z are central only in the last
step, so work without this assumption for now. Write z = zu = yv where
u, v € R, and define a sequence of right R-modules

RRrR 10

by (1) = (u, —v) € R? and B(a,b) = za + yb € I for a, b € R. We claim
that the sequence is exact. First

Ba(l) = p(u,—v) =zu—yv =0,
so we need only show that ker(3) C im(«). Say 8(a,b) = 0. Then
za=—-ybezRNyR = 2R

implies that, for some r € R, za = zr = zur and —yb = 2r = your. Since
z, y are non (left) 0-divisors, we have a = ur and b = —vr. Therefore,
(a,b) = (u,—v) r € im(a).

Assuming now z, y, z are central, we claim that « is injective. Say
0 = a(s) = (u, —v)s. Then us = 0. Since

zy =yr € zRNyR = 2R = Rz,
xy = tz for some ¢t € R. Then
zys =tzs =tzus =0

implies that s = 0, since z, y are not 0-divisors.
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Comment. The free resolution obtained in this exercise is not to be con-
fused with the Koszul resolution for I over a commutative ring R. Although
the two resolutions look alike (with the same (), they are derived from
different assumptions on z and y, and do not seem to be directly related
to each other.

Ex. 5.6. Prove the exactness of the Koszul resolution in LMR-§5B for
n = 3. (over a commutative ring).

Solution. Let z, y, 2z be a regular sequence in a commutative ring R
generating an ideal I. The Koszul resolution in LMR-(5.35) looks like
() 00— A}R®) % A2(R%) LAY RY 2 R — R/T — 0,
with the appropriate maps «, 8 and . As in LMR-(5.35), we make the
identifications

AR =R, A*(R®) = RS, AYR®)=R?
using the basis e; A ey A eg on A3 (R3), the basis

fi=ealhes, fa=—erNes, fi=e Ney

on A*(R?), and the natural basis e, e, e3 on A1(R3) = R3. As observed
in the text after LMR-(5.35), a, § and + are given respectively by the
matrices

z 0 z -y
vy, -z 0 =z and (z, y, 2).
z y -z 0
By matrix multiplications, we see readily that Sa = 0 and v6 = 0.
r
To prove that ker(y) C im (8), suppose (z,y, z) | s| = 0. Then
t
zr +ys = —zt implies that ¢ = —zv + yu for some u, v € R (since z

is not a O-divisor modulo zR + yR). Gathering terms, we have
z(r —2v) +y(s+ zu) =0,

Therefore, s + zu = wz for some w € R (since y is not a 0-divisor modulo
zR). Cancelling the non 0-divisor z, we get r — zv + yw = 0. Therefore

T 0 z -y U U
sl=|-2 0 =z v =0|v],
t y -z O w w
as desired.
u
To prove that ker(3) C im(«), suppose 3 | v | =0, so that
w

2w—yw=0, -~zut+zw=0 and yu—zv=0.
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Here, yu = zv implies that v = zd for some d € R. Plugging this into
yu = zv and cancelling x, we get v = yd. Now zw = zu = z2zd yields

u T
w=zd,s0 | v| ={vy]| d=a(d). This completes the (elementary) proof
w z

of the exactness of the Koszul resolution (x).

Ex. 5.7. Show that, if I =Y z;R, where z1,..., 2, is a regular sequence
in R (in the sense of LMR-(5.31)), then I/I? is a free right R/I-module
with basis z1 + I2,..., 2z, + 1™

Solution. We proceed by induction on n > 0, the case n = 0 being trivial.
Our job is to show that Z?zl z;a; € I? implies that all a; € I. Since I 2 =
Szl we can write Y ;| Tia; = S ziy; for suitable y; € I. From

(%) Zx — i) + Tn(@n —ya) = 0

and the fact that 2, is not a O-divisor in R/ Y, ' z;R, we have

n—1
—Yn = § . Tiz;
i=1

for suitable z; € R. Since z,, is central, () can be rewritten as

n—1
S s i~ ) =0
=1

By the inductive hypothesis (applied to the regular sequence 1, . .. y Tn—1),
we have

n—1 .
@i —Yi — TnZi € Zj~1 z;R for i<n-1,

SO ai,...,0n—1 € I. Finally, ap, = yn + Z?:_ll z;2; € I, as desired.

Ex. 5.8. Let (R, m) be a commutative noetherian local ring. Using Exercise
7, show that R is regular iff m can be generated (as an ideal) by a regular
sequence in R.

Solution. Let d = dim R (Krull dimension of R) and ¢ = dimjm/m?
where k = R/m. In general, ¢ is the smallest number of ideal generators of
m and t > d. By definition, R is a regular local ring if t = d.

If R is a regular local ring (of dimension d), then m = Zle x; R for
suitable z1,..., 4 € m. In the paragraphs following LMR-(5.84), we have
already explained that z1,...,z4 form a regular sequence in R. Conversely,
suppose there exists a regular sequence, say T1, - .., ZLn, generating the ideal
m. By the last exercise, 1 +m,...,zp + m form a k-basis of m/m
we must have n = t. Let us induct on this integer, the case n = t =
0 being trivial. Consider the noetherian local ring (R, ), where “bar”
means quotienting out x; R. Since m is generated by the regular sequence
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Z2,...,Zt, the inductive hypothesis implies that R is a regular local ring of
dimension ¢ — 1. Thus, there exists a prime chain

PLEpe S Cpe(=m)

in R with ;R C p;. Now p; cannot be a minimal prime of R, since a
minimal prime must consist of 0-divisors (see Kaplansky’s “Commutative
Algebra”, Thm. 84), but z; is not a O-divisor. Therefore, there exists a
prime ideal po C p1, so we have a prime chain

PoGpPi G- Cpe
of length ¢ in R. This shows that d > ¢, so equality must hold, and R is a

regular local ring.

Comment. Recalling the fact that a regular local ring must be an integral
domain, we see that, in the above notation, we must have p1 = z1R, and
po = (0). However, we did not have to know these facts in the course of the
proof above.

Ex. 5.9. Let (R,m) be a right noetherian local ring with ann,(m) # 0.
Show that any f.g. right R-module P with pd(P) < oo is free. Deduce that
r.gl.dim R = oo or else R is a division ring.

Solution. Suppose P is not free. Then P is also not projective, so

n : = pd(P) > 0. Fix a f.g. representative P’ for the projective shift
P"~Y(P), so we have pd(P') = 1. Choose a,...,a, € P’ such that
a1, ..., 0, form a basis of P'/P'm as a right vector space over the division

ring R/m. Then P’ = P'm+ " a;R, and Nakayama’s Lemma (FC-(4.22))
implies that P’ = Y a;R. Let F be a free right R-module with basis
€1,...,en and let ¢ : F — R be the epimorphism defined by wle;) = aj.
If > e;r; € K : = ker(p), then 3" a;r; = 0 € P//P'm and hence all 7; € m.
This shows that K C Fm. Fix a nonzero element a € ann,(m). Then
Ka C Fma = 0. On the other hand, the exact sequence 0 — K — F —
P’ — 0 shows that

[K]=P[P'|=P"'[P] = 0;

hence K is projective. Since Ky is also fg., it is free, so Ka = 0 implies
that K = 0. But then P’ 2 F is free, contradicting pd(P') =1.

Assume now r.gl. dim(R) < oo. Then pd(mg) < oo. Since mp is also
f.g., the first part of the exercise implies that mp is free. But ma = 0 for
some a # 0, so we must have m = 0, which means that R is division ring.

The next three exercises are based on Kaplansky’s book, “Fields and
Rings,” pp. 176-181, University of Chicago Press, 1972.

Ex. 5.10. Let R = R/Rz, where  is a central element in the ring R. Let
M be a right R-module, and let M = M/Mz. If x is not a O-divisor on Rp
and on Mg, show that pdz(M) < pdg(M).
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Solution. If pdg(M) = oo, there is nothing to prove. Thus, we may
assume that n : = pdg(M) < co. We proceed by induction on n. If n =0,
M is a projective R-module, so M @ N & F for some free R-module F.
Reducing modulo (z), we have M @ N = F, so M is R-projective, and

pdz(M) =0 as well. If n > 0, fix an exact sequence
0—K-5F Y% M-—0

in Mg with F' free. We claim that the induced sequence 0 — K—F—
M — 0 remains exact in IMz. If this is the case, then by the inductive
hypothesis, we have

pdg(M) =1+ pdg(K) > 1 + pdz(K) = pdg(M),

as desired. (Note that the inductive hypothesis applies to K since x is a
non O-divisor on F' and hence also on K.)

To prove the exactness of the sequence in M, let k € K be such that
o(k) € Fz, say ¢(k) = fz where f € F. Then 0 = ¥p(k) = (f)z implies
that ¥(f) = 0, since z is a non 0-divisor on M. Thus f = ¢(k’) for some
k' € K, and p(k) = fx = o(k'z) gives k = k'z € Kz. Finally, let f € F be
such that ¥(f) € Mz, so ¢¥(f) = mx for some m € M. Writing m = ¥ (f’)
for some f' € F), we have ¥(f) = ¥(f')z = ¢¥(f'z) so f — f'z = (k)
for some k € K. Therefore, f € Fz + im(p), as desired. (Of course, the
last part of this argument could have been omitted if we assume the right
exactness of the functor — ® g R/Rz.)

Ex. 5.11. Keep the hypotheses in Exercise 10, and assume, in addition,
that R is right noetherian, z € radR, and M is fg. Show that
pdg(M) = pdg(M).

Solution. This time, let n : = pdE(M), which we may assume to be finite,
by the last exercise. We shall prove that pdz(M) = n, by induction on n.
To start the induction, assume n = 0, i.e. M is projective over R. We must
prove that M is projective over R. Suppose this is true when “projective”
is replaced by “free”. Fix an exact sequence

0—K-—>F—M-—0

in Mg with F f.g. free, and let A = K @ M. As in the solution to the last
exercise, 0 —» K — F — M — 0 remains exact in My If M is R-projective,
this sequence splits, and so A 2 K @ M = F is R-free. Supposedly, this
implies that A is R-free, and so M is R-projective.

To handle the free case, assume now M is R-free, and let my,..., my €
M be such that 7y, . .., 7 form an R-basis for M. Then S m;R+ Mz =
M, and Nakayama’s Lemma implies that ) m;R = M. We claim that
the m;’s are right linearly independent. Indeed, if Y m;r; = 0, reducing
modulo (z) shows that r; = s;x for suitable s; € R. Then

Zmisix =0= Emisi =0
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and we have s; = t;z, etc. If r; # 0, the fact that z € rad R would imply
that r,R C ;R C t;R C --- is a strictly ascending chain of right ideals,
contradicting the assumption that R is right noetherian. Thus, all r; = 0,
so M is R-free on {mq,...,my}.

For the inductive step, assume now n = pdz(M) > 0, and fix the
sequence 0 - K — F — M — 0 as before. Then M is not R-projective
implies that M is not R-projective, so we’ll have

(%) pdgM =pdgK +1 and pdg(M)=pdgK + 1.

Now K remains f.g. since R is right noetherian, and z is a non 0-divisor on
F and hence also on K. Applying the inductive hypothesis to K, we have
pdrK = pdzK, and hence the equations (x) imply that pdp M = pdzM.

Ex. 5.12. Keep the hypotheses in Exercise 11 and assume that R # 0
and n =r.gl.dim R < co. Show that r.gl. dimR =n + 1.
Solution. For any f.g. Mg, fix a short exact sequence

0 K —F — M —0

in Mg with F f.g. free. Then K is also f.g. with = acting as a non 0-divisor.
Applying Exercise 11 to K, we have pdz(K) = pdz(K) < n. From the
first exact sequence, it follows that pdz(M) < n + 1. Since this holds for
all fg. M in Mg, LMR-(5.51) implies that r.gl.dim R < n + 1. On the

other hand, even without assuming = € rad R, LMR-(5.30) gives
rgl.dimR > rgl.dmR+1=n+1.
Therefore, equality holds.

Ex. 5.13. (Auslander-Buchsbaum, Small, Strooker) For any right
noetherian ring A # (0), show that

r.gl. dim A[[z]] = 1 +r.gl. dim 4,
where A[[z]] denotes the power series ring in one variable over A.

Solution. Let R = A[[z]]. Since any power series in 1 + zR is invertible,
we have z € rad R, and of course z is not a 0-divisor in R. By the “power
series version” of the Hilbert Basis Theorem, A being right noetherian
implies that R is right noetherian. Also, note that R : = R/zR = A.

First assume that r.gl. dim A < co. By the last exercise, we have

rgl.dimR =1+r.gl.dimR = 1+r.gl dim A.

Finally, assume that r.gl. dim A = co. By Exercises 3, there exists a module
Ny such that pd4(N) = co. Let M be the right R-module N ® 4 R. Then

M: =M/Mz > N as A-modules, and Exercise 10 gives
pdp(M) > pd(M) = pd4(N) = 0.
This implies that r.gl. dim R = oo as well.
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Ex. 5.14. A right R-module P is said to be stably free if, for some integer
n > 0, POR™ is free. If R is commutative, and P is f.g. stably free R-module
of rank 1, show that P = R.

Solution. Let p be any prime ideal of R. Then P, = R, as R,-modules,
so for any k > 2, (A*¥(P)), = A¥(P,) = 0. This implies that A¥(P) = 0.
Take an n such that P @ R" is free. Then P ® R™ = R™*!. Forming the
(n + 1)-st exterior power, we get

R An+1(Rn+1) o @ Ai(P) QR Aj(Rn)
i+j=n+1
=~ A (P)@r A"(R") 2 P®Rr R P,

as desired.

Comment. A more elementary solution, not using the exterior algebra, can
be given as follows. Using an isomorphism P @ R™ = R"*!, we can think
of P as the “solution space” of a right-invertible (n + 1) x n matrix A over
the commutative ring R. It is easy to see that this solution space is = R
iff A can be completed into a matrix in GL,41(R). Thus, it suffices to
show that the maximal minors ay,...,an41 of A satisfy Y a;R = R (for,
if > a;b; =1, we can “complete” A by adding a last row by, ..., bpt1 with
appropriate signs). Assume instead, Y a;R # R. Then ) a;R C m for some
maximal ideal m C R. Working over R = R/m, we do have P = R, so A can
be completed to a matrix X € GLy,1(R). However, det(X) € Y. @R = 0,
a contradiction.

The following standard example shows that this exercise is, indeed,
special to rank 1. Let R be the coordinate ring of the real 2-sphere; that
is, R = R[r,y, z] with the relation 22 + y% + 22 = 1. Let ¢ : R®> — R be
the R-homomorphism given by mapping the unit vectors e, es e3 € R to
z,vy, 2 € R, and let P = ker(p). As is observed in LMR-(17.36), P & R =
R3 so P is stably free of rank 2, but P itself is not free (in fact not even
decomposable). A proof for P 2 R? is usually based on the fact that the
matrix A = (z, y, z) of ¢ cannot be completed into a matrix in GL3(R),
which can be checked easily by the nonezistence of a continuous vector field
of nowhere vanishing tangent vectors on the sphere S2.

Remarkably enough, the assumption of commutativity on R is also
essential for the present exercise. Many examples of noncommutative rings
R are known that have nonfree left ideals P with the property that P & R =
R?. An explicit example of such a ring is the polynomial ring R = K|z, ],
where K is any noncommutative division ring. For an exposition of this re-
sult of Ojanguren and Sridharan, see Chapter II of the author’s monograph
“Serre’s Problem on Projective Modules,” Springer-Verlag, 2006.

Ex. 5.15. A right R-module M is said to have a finite free resolution
(FFR) if, for some integer n > 0, there exists a long exact sequence

(%) 0—F, — -« —m F|—Fy— M-—0 in Mg,
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where the F;’s are f.g. free right R-modules. If such a module M is projec-
tive, show by induction on n that M is stably free.

Solution. We induct on n, the case n = 0 being trivial. For n > 1,
let X = im(yp) where ¢ is the homomorphism from F; to Fy. The short
exact sequence 0 — X — Fy — M — 0 is split since M is assumed to
be projective. Therefore, we have M @& X = F,y. Applying the inductive
hypothesis to the FFR:

0—F,— -+ —F—F—>X—0,
we see that X is stably free, say X & R® = R!. But then
MR =2MeXOR =F,® R,
so M itself is stably free.
Comment. Of course, the inductive argument above shows directly that
MoFoFe - - 2FReoRoF e -,

soM@®Risfreefor RR=FL @ F;&---.

Let R = k[z1,...,z,], where k is a field. A classical result of Hilbert,
known as his Syzygy Theorem, states that any f.g. R-module has a FFR. In
view of this, the present exercise implies that any f.g. projective R-module
M is stably free. Many years after Hilbert’s work, Quillen and Suslin proved
in 1976 that M is, in fact, free, solving a famous problem raised by Serre
in his paper “Faisceaux algébriques cohérents” (FAC, ca. 1955). For an
exposition on Serre’s Problem, see the author’s monograph referenced in
the Comment on the previous exercise.

Ex. 5.16. Let P be a f.g. projective module of rank 1 over a commuta-
tive ring R. If P has a FFR, use Exercises (14) and (15) to show that
P=R.

Solution. Since P is f.g. projective, Exercise 15 implies that P is stably
free. The fact that P has rank 1 now implies that P & R, according to
Exercise 14.

Ex. 5.17. Let R be a right coherent ring over which every f.g. projec-
tive right module is stably free. Show that every f.g. module Mg with
d =pd(M) < oo has a FFR as in Exercise 15 with n = 1+ d.

Solution. We induct on d. First assume d = 0. In this case M is f.g. projec-
tive, so by assumption M is stably free. From an isomorphism
M & R® =~ RY, we get a FFR: 0 — R® — R' — M — 0. Now assume
d > 0. Since R is right coherent, M is f.p. (finitely presented) by LMR-
(4.52). Fix a short exact sequence 0 — M’ — Fy — M — 0 where Fy is
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f.g. free and M’ is f.g. Then pd(M') = d — 1 by LMR-(5.12), so by the
inductive hypothesis there exists a FFR:

0— Fyp1— - — Fp—>F — M —0.

Splicing this long exact sequence with 0 — M’ — Fy — M — 0 then yields
the desired FFR for M.

The following three exercises assume some familiarity with UFD’s
(Unique Factorization Domains) and the Auslander-Buchsbaum Theorem
(that commutative regular local rings are UFD’s).

Ex. 5.18. Let R be a commutative regular domain. Show that R is a UFD
iff Pic(R) = {1} (i.e. invertible ideals of R are principal).

Solution. The “only if” part is true for any domain R (without the as-
sumption of regularity), by LMR-(2.22F). For the “if” part, assume that
Pic(R) = {1}. To show that R is a UFD, it suffices to check that any
height one prime ideal M C R is principal. Consider any prime ideal
p C R Ifp 2 M, then My = R,. If p 2 M, then M, is a height 1
prime in Ry. In the latter case, R, is a regular local ring by LMR-(5.94),
so by the Auslander-Buchsbaum Theorem, R, is a UFD, and so the height
1 prime M, C R, is principal. Thus, in all cases, M, = R,. Since R is
noetherian, M is a finitely presented R-module, so M, = R,, for all primes
p implies that M is projective as an R-module (see Exercise (2.21)). By
LMR-(2.17), M is an invertible ideal, which must then be principal since
Pic(R) = {1}.

Comment. The result in this Exercise may be thought of as a “globaliza-
tion” of the Auslander-Buchsbaum Theorem.

Ex. 5.19. Let R be a commutative noetherian domain over which any f.g.
module has a FFR. Show that R is a UFD.

Solution. The hypothesis implies that pdgp(M) < oo for any f.g. R-
module M. By LMR-(5.94), this guarantees that R is a regular domain.
Now consider any invertible ideal I C R. By assumption, I has a FFR,
so Exercise 16 implies that I = R. This means that I is principal, so
we have shown that Pic(R) = {1}. By the last exercise, R must be a
UFD.

Ex. 5.20. Let R be a commutative regular domain over which all f.g.
projectives are stably free. Show that R is a UFD.

Solution. Since R is assumed to be noetherian, it is also coherent. Let
M be any f.g. R-module. By LMR-(5.94), pd(M) < oco. Thus, by Exer-
cise 17, M has a FFR. This checks the hypothesis of Exercise 19, so by the
conclusion of that exercise, R must be a UFD.
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Ex. 5.21A. Let R be a ring with IBN, and let M be a right R-module
with a FFR as in Exercise 15.

(1) Using RM-(5.5), show that the integer

x(M): = Z;O (=1)" rank (F;)

depends only on M; i.e. it is independent of the particular FFR chosen.
(x(M) is called the Euler characteristic of M.)

(2) If R is commutative and S C R is any multiplicative set, show that
X(M) = x(Ms), where Mg denotes the RS~'-module obtained by localiz-
ing M at S.

(3) If R is a commutative domain with quotient field K, show that x(M) =
dim g (M Qr K) .

Solution. (1) Suppose 0 — G, — --- — G; — Gg — 0 is another FFR.
(It is harmless to use the same n since we can always “add” zero modules

to either sequence.) By the generalized version of Schanuel’s Lemma LMR-
(5.5), we have

FoGioFRe - 2GioRheG,®- .
Taking ranks, we set
tk Fo+rk Gi+rk Fo+ - =tk Go+1k F} + 1tk Go + - - - ,
and transposition yields
tk Fo —rtkGy+rtk Fo— - =1k Gy —tk F; +1k Gy — - - - .
This shows that x (M) € Z is well-defined.

(2) Follows easily from the fact that localization is exact.

(3) By (2), xr(M) = xx (M ®g K). As K is a field, M ®g K is K-free, so
the RHS is just dimg (M ®g K).

Ex. 5.21B. Let M be an R-module with a FFR of length n as in (%) in
Ex. 5.15. If M can be generated by m elements, show that there exists a
FFR

0—G — -G —Gy— M0
with Go = R™ and s = max {2, n}.

Solution. Given () as in Ex. 5.15, let X; = im(e;), Fix an exact sequence
0—Y; — Gy — M — 0 where Go = R™. By Schanuel’s Lemma, Y1 @ Fy =
X1 @ Gy, so Y7 is f.g. Now take an exact sequence

0—Y—G —Y —90
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where G is f.g. free. Applying the generalized version of Schanuel’s Lemma
(LMR-(5.5)) to the sequences

00— Xy — F — Fy— M —0,

0—Y, —G —Gy— M —0,

weget Yo @ F1 & Go = Xy & G1 @ Fp, so Yy is f.g. Continuing this
construction, we arrive at

0—Y, —Gho1 — Y1 —0
with all G; f.g. free and
Yn@Fn—l@Gn—Z@"'an@Gn*l@Fn—2@"'a

Since X,, & F, is f.g. free, we have Y, ® R* = R* for some k, ¢ > 0. If
n > 2, we can “add” R to Y, and G,,_; in the sequence

0—Y, —Gpo1—Gp9— -+ — G — M—0

to get a FFR for M (of the same length n) with Go = R™. If n = 1 instead,
we can add a zero term Fy = 0 to the original resolution in the construction
above, ending with a FFR

0—Gy—G —R™ — M —0.

Comment. For a nice application of this exercise to u(M), the least number
of generators for the module Mg, see Ex. 5.22F and Ex. 12.12.

Ex. 5.21C. Let R be a ring, and let 0 — LL M N - 0 be exact in
Mp. If each of L, N has a FFR, show that M also has a FFR. Assuming
that R has IBN, show that x(M) = x(L) + x(N) in Z.

Solution. Let 0 — F, %3 — Fy %L — 0 be a FFR for L, and 0 —
Hyn 5. — HyB N — 0 be a FFR for N. Since Hy is free, there exists
7 : Hy — M such that g o7 = . Letting Gy = Fy & Hy, we can define
Bo : Gog — M by Bo(z,y) = fao(z) + 7(y) for x € Fy and y € Hp. It is
routine to check that the following diagram is commutative:

fo 9o

0 — FO————>G0——>H0“——>@

ao Bo Y
S AP S

Here the top row is the natural exact sequence associated with the direct
sum Gg = Fy® Hy. Now let Ly, My, and Ny be the kernels of o, 5o, and o
respectively. The Snake Lemma yields an exact sequence 0 — Lo — My —
Ny — 0, so we can now repeat the construction (since F; maps onto Lo by
a1, and H; maps onto Ny by 71). In a finite number of steps, we will arrive
at a FFR for M.
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Now assume that R has IBN. The above construction yields a FFR for
M with the free modules G; = F; & H;. Therefore, we have

x(M) = Z(—l)i rank(G;)
=) " (~1)[rank(Fp) + rank(H,)]
= x(L) + x(N).

Comment. It can be shown, more generally, that if any two of L, M, N
have FFRs then so does the third. For the remaining two cases not covered
by this Exercise, we refer the reader to Lang’s “Algebra”, pp. 843-844.

Ex. 5.22A. Let (R,m) be a commutative local ring with the following
property:

(%) ann (I) #0 for any f.g. ideal I Cm.

Show that any R-module M with FFR is free (and therefore y(M) =
rk (M).

Solution. With an obvious induction on the length of a FFR, we may
work in the case of a short exact sequence

0 — R* — Rt — M —0.

Fix an epimorphism ¢ : R™ — M where r is the minimal number of
generators for M, and let K = ker(y). Then C (R")m. By Schanuel’s
Lemma (LMR-(5.1)), we have K & R' = R" & R°. Hence K is f.g.
projective, and therefore free. Expressing a (finite) basis of K by the
canonical basis of R" involves a finite number of coefficients from m, which,
by (x), can be killed by a nonzero element b € R. But then Kb = 0,
which implies that K = 0 since K is free. Therefore, M & R" is free, as
claimed.

Ex. 5.22B. For any nonzero element a in a commutative ring R, let p be
a minimal prime over the ideal J = ann(a). Show that the local ring R,
has the property () in Ex. 5.22A. Deduce from this that x(M) > 0 for
any module M with FFR over a nonzero commutative ring R.

Solution. Since a cannot be killed by any element in R\ p, we have a /1 #
0 € Ry. To check the alleged property (x) for R, consider any f.g. ideal
I C pRy,. As pR, is a minimal prime over Jp, I C J, for some n. Thus,
al™ = 0 in Ry. Rechoosing n to be minimal for aI™ = 0, we have then
n >1and 0# al™! C ann(I), as desired.

For the second part of the exercise, apply the above to a = 1. Here,
p is any minimal prime for R, and R, has the property (x). For any R-
module M with FFR, M, is free by Ex. 5.22A. Thus, x(M) = x(Mp) =
rk (M) > 0.
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Comment. In LMR-(1.38), two proofs were given for the fact that any
nonzero commutative ring R satisfies the “Strong Rank Condition”; that
is, if F; C Fp are free R-modules of finite rank, then rk (F) <rk (Fp). It is
worth noting that the last part of this exercise provides yet another proof
of this, since the short free resolution 0 — F; — Fy — Fy/F; — 0 leads to
rk (Fy) —rk (Fy) = x(F1/Fp) > 0. For more information on the case where
rk (Fy) = rk (F1), see Ex. 5.23B.

The result that x(M) > 0 can also be proved for modules Mg with
FFR over a right noetherian ring R. The proof for this, however, requires
some new noncommutative techniques: see the solution to Ex. 12.11 below.

For the next exercise, it is convenient to use a concept and a notation
introduced in LMR-§8. For an ideal A in a commutative ring R, we say that
Ais densein R (written A C4 R) if ann(A) = 0. The following exercise gives
a nice criterion for x(M) to be positive over a nonzero commutative ring.

Ex. 5.22C. (Vasconcelos) Let M be any module with FFR over a com-
mutative ring R # 0. Use the two previous exercises to show that:

(1) x(M) >0 = ann(M) =0.
(2) x(M)=0 = ann(M) C4 R.

In particular, x(M) > 0 iff M is faithful as an R-module.

Solution. It suffices to prove (1) and (2), since the zero ideal cannot be
dense in R # 0.

(1) Assume x(M) > 0 but there is a nonzero a € ann(M). Let p be a
minimal prime over anng(a) (so that a/1 # 0 in R, as we’ve noted earlier).
By Exercises 5.22A and 5.22B, M), = Ry for some n. But thenn = x(Mp) =
x(M) >0, and M, a = 0 provides a contradiction.

(2) Assume x(M) = 0, but there exists a € R\ {0} annihilating ann().
Let p be as above and argue as in (1). Here, x(M) = 0 yields M, = 0. Since
M is f.g. as an R-module, ann(M), = ann(M,) = R,. (For a detailed proof
of the first inequality, see the solution to Ex. 8.5A.) But this is killed by
a/1 € Ry\{0}, a contradiction.

Comment. The results in this exercise appeared in W. V. Vasconcelos’s pa-
per “Annihilators of modules with a finite free resolution”, Proc. A.M.S. 29
(1971), 440-442. In this paper, as well as in other expositions on the subject
of FFR (e.g. Northcott’s book “Finite Free Resolutions”, Cambridge Univ.
Press, 1976), the proofs of the results in this exercise were couched in the
language of the Fitting invariant §(M) of the module M. Our formulation
of the solution above shows that the use of F(M) is not necessary. In fact,
since the Fitting invariant §(M) is an ideal between ann(M) and ann(M)™
(where n is the number of generators of M), and in general ann(M) C4 R
iff ann(M)™ C4 R, it follows from (2) above that x(M) = 0= F(M) C4 R,
however F(M) is defined!
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Ex. 5.22D. Let M, R be as in Ex. 5.22C, and assume that R satisfies
the ACC on annihilator ideals (e.g. R is a nonzero commutative noetherian
ring). Show that x(M) = 0 iff ann(M) contains a non 0-divisor of R.

Solution. This follows from Ex. 5.22C, assuming Lance Small’s result
that, under the current assumptions on R, an ideal of R is dense iff it
contains a non O-divisor. Since this result is proved in full in LMR-(8.31)(2),
we will not repeat the work here.

Comment. If no chain condition is imposed on the commutative ring R, it
may happen that x(M) = 0 without ann(M) containing any non 0-divisor
of R. In Vasconcelos’s paper referred to in the Comment on Ex. 5.22C, a
commutative (non-noetherian) local ring (R, m) is constructed for which
M : = R/m has a free resolution

(%) 0—R—R>—>R5M-—0

(so x(M) = 0), but ann(M) = m is composed of 0-divisors.

In this example, the module M has a free resolution (*) of length 2.
It turns out that this is the shortest length of an FFR for which such a
counterexample is possible, as Ex. 5.23B below shows.

Ex. 5.22E. If a nonzero ideal I of a commutative ring R has a FFR (as
an R-module), show that I C4; R and x(I) = 1.

Solution. Let 0 — F,, — -+ — Fy < I — 0 be a FFR. Then
0—F, — - — FgR—R/I —0
is a FFR for R/I, so
X(R/I)=1—-1k Fy+rtk Fy —---=1—x(I).
Since ann(R/I) = I # 0, Ex. 5.22C gives x(R/I) = 0, and so x(I) = 1.
Also by Ex. 5.22C, x(R/I) = 0 implies that I = ann(R/I) C4 R.

Comment. The conclusion I C; R here cannot be strengthened into “I
contains a non 0-divisor”. In fact, in Vasconcelos’s example mentioned in
the Comment on the last exercise, the maximal ideal m C R has x(m) =1,
but m (is dense and) consists of 0-divisors.

A nice illustration for this exercise is given by the case where I is
generated by a regular sequence of length n > 1. Here, an FFR for I is
given by the Koszul resolution

0 — A"(R") — --- — A*(R") — AY(R") - T — 0.
(See LMR-(5.33).) From this explicit FFR, we get

- (- ()= () -

In this example, we have, of course, I Cy4 R, since the first element of the
regular sequence is a non 0O-divisor in R.
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Ex. 5.22F. Let M be a module with FFR over a nonzero commutative
ring R. Show that x(M) < u(M) (the least number of generators for M),
with equality iff M is free.

Solution. Let m = u(M). By Ex. 5.21B, there exists a FFR
0—Gs— - — G —5Gyg— M —0

with Go = R™. Let K = im(a) C Go. Then
x(M)=1kGop—1k G +---=m—x(K)<m

by Ex. 5.22B. If M is free, of course x(M) = rk (M) = m. Conversely,
if x(M) = m, the above work show that x(K) = 0. Consider any vector
Y e;r; € K where {e1, ..., e} is a basis for Go = R™. For any r € ann(K),
we have Y e;r;r = 0. Thus, ;7 = 0 for all ¢; that is, r; € anng(ann(K)).
Since ann(K) Cg4 R by Exer. 5.22C(2), each r; = 0. This shows that K =0,
and hence M = R™ is free.

Ex. 5.23A. For an n x m matrix A = (a;;) over a commutative ring, the
ith determinantal ideal D;(A) is defined to be the ideal in R generated by
all 4 x i minors of A (if any). (For convenience, we define Dg(A) to be R.)
When R # 0, the (McCoy) rank of A is, by definition,

rank(A) = max {7 : D;(A) Cq R}
= max {i : ann(D;(A4)) = 0}.

(1) Show that Do(A) 2 D1(A) 2 ---, and that rank(A4) < min{m,n}.

(2) Show that, in the case where R is a commutative domain, rank(A)
coincides with the usual rank of A as a matrix over the quotient field of R.

(3) (McCoy) show that the linear system A(z1,...,2zn}? = 0 has a non-
trivial solution (over R) iff rank(A4) < m.

Solution. (1) D;(A) D D;1(A) follows by computing (i + 1) x (i + 1)
minors via a row expansion. If R # 0 and ¢ > min {m,n}, then D;(A) =0
cannot be dense, so rank(A) cannot exceed min {m,n}.

(2) is clear since a field F has only two ideals, namely, F' (which is dense),
and (0) (which is not dense). In view of this, D;(A) being dense over a field
simply means that some i X ¢ minor of A is nonzero.

(3) For the “only if” part, let (z1,...,2m,)T # 0 be a solution of the linear
system. If B is any m x m submatrix of A, then B - (z,.. Lzm)T = 0.
Multiplying this from the left by adj(B), we get (det B) (z1,...,Zm)T = 0.
This shows that D,,(A) is killed by > z;R # 0, so rank(A) < m.

Conversely, assume that 7 := rank(A) < m. By adding zero rows to A
if necessary, we may assume that r < n as well. Fix a nonzero a € R that
kills D,41(A). If 7 = 0, then a kills all a;;, so (a,...,a)T # 0 solves our
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linear system. We may thus assume r > 0. There exists an r X r submatrix
B of A with a-det(B) # 0. For convenience, let us assume that B is in the
upper left corner of A. Let C be the (r + 1) x (r + 1) matrix in the upper

left corner of A, and left dy,...,d,11 be the cofactors of C associated with
the entries on the last row of C. We finish by checking that the vector
(*) (adla"'aadr+l7 0)"'70)T€Rm

is a solution to our linear system (and noting that, by choice, ad,;; =
a - det(B) # 0). Indeed, taking the “dot product” of () with the ith row
of A, we get a Z;Z} a;jd;. If i <, this is zero, since the summation is the
determinant of the matrix C with its last row replaced by (a;1, ..., @i r+1).
On the other hand, if i > r 4 1, the summation is an (r + 1) x (r + 1)
minor of A, which is killed by a. This completes the proof that (x) is a
(nontrivial) solution of the linear system in question.

Comment. It is perhaps not surprising to note that (3) above also implies
the Strong Rank Condition for a nonzero commutative ring R. Indeed, if
n < m, then

rank(A) < min{m,n} =n <m,

So the n equations } 71, a;;z; = 0 have a nontrivial solution by (3).

The determinntal ideals D;(A) are important invariants of the n x m
matrix A over the commutative ring R. If M is the cokernel of the R-
homomorphism R™ — R™ define by the matrix A, the D;(A)’s are the
Fitting invariants of the finitely presented R-module M. Of special interest
is the initial Fitting invariant F(M) : = D,(A), which bears the following
relationship to the annihilator ideal of M:

ann(M)" C F(M) C ann(M).

From this, it is easy to see that ann(M) C4 R iff F(M) C4 R, as was
already pointed out in the Comment on Ex. 5.22C.

The McCoy rank of a rectangular matrix over a commutative ring was
defined by Neal McCoy in his paper, “Remarks on divisors of zero,” MAA
Monthly 49 (1942), 286-295. The result (3) in the present exercise is
taken from this paper. For an excellent exposition on the McCoy rank,
see McCoy’s Carus Monograph “Rings and Ideals,” Math. Assoc. America,
1948. For some applications of part (3) above, see the next exercise, as well
as Ex. 11.9 in Chapter 4.

Ex. 5.23B. Let R be a nonzero commutative ring.

(1) Deduce from (3) of Ex. 5.23A that the columns of a matrix A € M, (R)
are linearly independent iff ¢ := det(A) is a non 0-divisor of R.

(2) Use (1) to show that, if an R-module M has a FFR of length 1 and
x(M) = 0, then ann(M) contains a non 0-divisor of R.
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Solution. (1) The linear independence of the columns amounts to
A (x1,...,2,)T = 0 having only the trivial solution. By Ex. 5.23A, this
amounts to r = n, where r = rank(A). Since D, (A) = dR, r = n simply
means that ¢ is a non 0-divisor.

(2) Given a free resolution 0 — F; — Fy — M — 0 where x(M) = 0,
we may assume that Fp = R™ and that Fj is freely generated by the
linearly independent columns ci,...,c, of some matrix A € M, (R). For
d = det(A), we have an equation

dia‘g(617 s a‘sn) =A- a’dJ(A) = (Cl7 o )Cn)(bij)

where (b;;) = adj(A). Comparing the ith columns shows that e;§ € span

{e1,...,cn} = Fi (where e;’s are the unit vectors in R"). Thus, § €
ann(R"/F)) = ann(M), and we know that ¢ is a non O-divisor
from (1).

Comment. As was pointed out by McCoy, the two conditions in (1) above
are also equivalent to each of the following:

(a) A is not a left 0-divisor in M, (R);
(b) A is not a right 0-divisor in M, (R).

The equivalence again follows easily from part (3) of Ex. 5.23A.

Ex. 5.24. Let R = , where z, y, u, v, w are arbitrary

O OoOR

U
x
0

@ g

elements in a division ring k. Show that the artinian ring R has
exactly two simple right modules M;, Ms, each 1-dimensional over k, with
pdgp(M;) = oo and pd(Ms) = 0. What are the projective shifts of M; and
the Jacobson radical of R?

Solution. First, the Jacobson radical of R is given by J =

o OO
o o8

v
w )
0
since J is nilpotent, and R/J = k x k.

This enables us to construct the two simple (right) modules of R. They
are just the two simple (right) modules My, M; of k x k, with right R-action

xT u v
given via the projection R — k x k sending { 0 « w | to (z, y). Thus,
0 0 y
T u v
we can take My, My to be each a copy of k, where |0 z w ] acts on
0 0 y

M, (resp. My) by right multiplication by z (resp. y).
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1 00 0 00
Lete; =10 1 0| ande;= |0 0 O]. These are idempotents in
000 0 01
R with sum 1, giving rise to the projective right ideals:
T U v 0 00
P=eR= 0 =z w and P, =eyR = 0 00
0 0 0 0 0 y

Clearly P, = Py/PyJ = M, and we see easily that PyJ = J and P, /Py J &
M; . The latter shows that P; is indecomposable, so { Py, P;} is the full set of
the principal indecomposables. Let P denote the projective shift operator.
Of course, pd(Mz) = 0 and P"[Ms] = 0. It remains to determine P™(J)
and P"[M].

The first projective shift P[M;] is easy: the exact sequence 0 — J —
P, — M; — 0 shows that P[M;] = [J], where, of course, J is viewed as
a right R-module. Now look at the two elements

010 010
a=1\]10 0 0 and b=1]0 0 0
0 0 0 0 01
An easy computation shows that
0 u v 0 uw v
anmn,a=<¢ [0 0 0] »=>bR and ann.(b)=<{0 0 0 =aR.
0 0 y 0 0 0

Thus, we are in the situation of LMR-(5.16). In particular, we have the
exact sequences

0—aR—>R-bR—0 and 0— bR < R-25aR — 0,

with ¢(s) = bs and 9(s) = as. Notice that bR is not projective, for
otherwise the first sequence would split and aR would contain a nonzero
idempotent. This is impossible since (aR)? = 0. Thus, as in LMR-(5.16),
PlaR] = [bR], P[bR] = [aR], and pd(aR) = pd(bR) = cc. Finally, observe
that there is an R-isomorphism o : Jg — bR given by

0 v w 0 u v
cl0 0 w]={0 0 0],
0 0 O 0 0 w

and a similar construction shows that J = aR & M. Thus, aR, bR, and J
are all projectively equivalent. Since P(M;) = [J], we have

P*(My) =P"(J) = [J] = [aR] = [bR]

for all n > 0. The module Jr acts somewhat like a “black hole” for the
projective shift. In particular, pd(J) = pd(M;) = oc.



§5. Homological Dimensions 153

Ex. 5.25. Let ¢ : R — S be a ring homomorphism, and let n = pd(Sg)
where S is viewed as a right R-module via ¢. Show that, for any right
S-module M, pd(Mg) < n+ pd(Ms).

Solution. We may assume that n < oo and m : = pd(Mg) < oo. The proof
proceeds by induction on m. First assume m = 0. Then Mg is projective,
so M @ X = F for some S-modules X, F, where F is S-free. Then by
LMR-(5.25),

pd(Mg) < pd(Fr) = pd(Sr) = n,

so the desired conclusion holds in this case. Now assume m > 0. Fix an
exact sequence 0 — K — F — M — 0 in Mg where F is S-free. Then
pd(Kg) = m — 1, so by the inductive hypothesis, pd(Kg) < n+ (m — 1).
Now by (a) of Exercise 1 (applied to Kr C Fg),

pd(Mg) < max {pd(Kr), pd(Fg)} +1
<max{n+m-—-1,n}+1
=Mn+m-1)+1=n+m,

as desired.

Ex. 5.26. (Bass) Let R be a right noetherian ring and let {M; : ¢ € I}
be a direct system of right R-modules, with direct limit M. If id(M;) < n
for all 7 € I, show that id(M) < n.

Solution. (Sketch) The idea here is to construct a “canonical injective
resolution” of any module Ng. Let U be the injective hull of @ R/%,
where 2 ranges over all right ideals of R. For any Ng, let N = Hompg
(N,U) and let F(N) be the direct product [[ 5 U, which is an injective R-
module. We have a natural R-homomorphism ey : N — F(N) defined by
en(a) = {f(a)} ey forany a € N. It is easy to check that F'is a (covariant)
functor, and e defines a natural transformation from the identity functor
to the functor F. Now, for any 0 # a € N, aR = R/ for some right ideal
2. Since U contains a copy of R/2 and is injective, there exists f € N
such that f(a) # 0, and so ex(a) # 0 € F(N). This shows that ey is an
embedding. We can now form F(N)/en(N) and repeat the construction.
In this way, we get a canonical (“functorial”) injective resolution for N.
Suppose now id(M;) < n for all i € I as in the exercise. The above
constructions lead to a direct system of injective resolutions of length n
for the system {M;}, ;. Taking the direct limit of these resolutions (see
Comment), we get an injective resolution of length n for lim M; = M,
since, over a right noetherian ring, the direct limit of injective right modules
remains injective (see LMR-(3.46)). This proves that id(M) < n, as desired.

Comment. In the above proof, we have used the exactness of the direct
limit over direct systems of R-modules. For a proof of this, see p. 271 of
Matsumura’s book, “Commutative Ring Theory,” Cambridge University
Press, 1986.
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For any R-module N, let E(N) denote its injective hull. It is well-known
that this leads to a “minimal injective resolution” of N: we form E(N)/N
and embed it into its injective hull E(E(N)/N), etc. Unfortunately, “E” is
not a functor, since a map N — N’ does not induce a natural map from
E(N) to E(N'). Therefore, we could not have used the minimal injective
resolution in the argument above. The idea is to replace this minimal
resolution with the one we used in the solution. In the terminology of
LMR-§19, the module U is an “injective cogenerator” for the category of
right R-modules. The construction of this “canonical” injective resolution
was attributed by H. Bass to C. Watts in Bass’ paper, “Injective dimensions
in noetherian rings,” Trans. Amer. Math. Soc. 102 (1962), 18-29.

Ex. 5.27. (Osofsky) For any right noetherian ring R, prove that
r.gl.dim R = sup {id(C)}, where C ranges over all cyclic right R-modules.
[This is the injective dimension analogue of the formula r.gl.dim R =
sup {pd(C)} (due to M. Auslander) proved in LMR-(5.51).]

Solution. We need only prove that r.gl. dim R < sup{id(C)}. For this, we
may assume that n = sup {id(C)} < co. We shall prove that, for any f.g.
right R-module N, id(N) < n. Since any right R-module M is a direct limit
of f.g. modules, the last exercise will imply that id(M) < n, and therefore
r.gl.dim R < n by LMR-(5.45).

To prove the inequality id(N) < n, we induct on the number of gen-
erators needed to generate N as an R-module. If N can be generated by
one element, then N is cyclic and id(N) < n by the definition of n. If
N is generated by m > 2 elements, then there exists a cyclic submodule
C C N such that N/C can be generated by m — 1 elements. Assuming the
injective dimension analogue of LMR-(5.23) (which can be proved in the
same manner as the latter), we have

id(N) < max {id(C), id(N/C)}.

Since id(N/C) < n by the inductive hypothesis and id(C) < n by the
definition of n, we have id(N) < n, as desired.

Comment. The result in this exercise appeared in Osofsky’s paper
“Global dimensions of valuation rings,” Trans. Amer. Math. Soc. 126
(1967), 136-149. For a right noetherian ring R, Osofsky also proved that
r.gl. dim R = sup {id(A)}, where A ranges over all the right ideals of R.



Chapter 3
More Theory of Modules

§6. Uniform Dimensions, Complements, and
CS Modules

A module Mg is said to have uniform dimension n (written u.dim M = n)
if there is an essential submodule V' C. M that is a direct sum of
n uniform submodules. Here, n is a nonnegative integer. (The fact that
u.dim M is well-defined is a consequence of the Steinitz Replacement The-
orem LMR-(6.1).) If no such integer n exists, we define u.dim M to be the
symbol oo.

We have u.dim M = 0 iff M = (0), and u.dim M =1 iff M is uniform.
Modules with u.dim M = oo also have an interesting characterization; that
is, that M contains an infinite direct sum of nonzero submodules. This
requires a proof, which is given in LMR-(6.4). Given this information, one
can further check that, for any module M, u.dim M can be computed as
the supremum of

{k: M contains a direct sum of k nonzero submodules}.

In some books, this is taken as the definition of u.dim M. Another impor-
tant interpretation of finite uniform dimension is the following:
w.dim M = n iff the injective hull E(M) is a direct sum of n indecomposable
injective modules.

In general, the uniform dimension is additive over finite direct sums,
but not over short exact sequences! Also, the usual dimension formula
relating the dimensions of sums and intersections of vector subspaces does
not work for the uniform dimension. For instance, it is possible for M to
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contain two submodules A, B such that u.dim A and u.dim B are finite, but
u.dim (A + B) = co: see Exercises 7-8.

The notion of complements is quite useful in module theory. Given a
submodule S C Mg, a submodule C C M is a complement to S'in M if C' is
maximal with respect to the property that CNS = 0. A submodule C C M
is said to be a complement (written C C, M) if it is a complement to some
submodule S. An important fact here is that C C. M iff C is closed in
M (in the sense that M contains no submodule that is a proper essential
extension of C'). The many useful facts proved for closed submodules in
LMR-§6B,C are worth reviewing before proceeding to the exercises in this
section.

Two other topics covered in LMR-§6D,G are CS modules and QI mod-
ules. A module My, is called CS if every C C. M is a direct summand. The
class of CS modules includes all uniform modules, semisimple modules,
and injective modules. A noteworthy property of a CS module M is that
u.dim M < oo iff M is a finite direct sum of uniform modules. An important
recent theorem of Osofsky and Smith (LMR-(6.44)) offers a way to check
that certain modules are finite direct sums of uniform modules. A classical
result of Utumi (LMR-(6.48)) asserts that if a ring R is such that xR and
Rp are CS, then R must be Dedekind-finite. Both of these are fairly deep
results.

For exercises, we confine ourselves to a classification of f.g. abelian
groups which are CS over Z: see Exercise 19 (in four parts). Exercise 36
explores two useful subclasses of CS modules, called continuous and quasi-
continuous modules. In the context of von Neumann regular rings R, the
condition that Rp be CS (or continuous, or quasi-continuous), turns out
to be equivalent to a certain continuity axiom studied already many years
ago by J. von Neumann: see Exercise 38.

A module Mg is called QI (quasi-injective) if, for any submodule
L C M, any f € Homg(L, M) can be extended to an endomorphism of
M. These are the modules M that are “fully invariant” in E(M), by LMR-
(6.74). In general, we have

injective — QI = CS,

and any semisimple module is QI. However, the direct sum of two QI
modules need not be QL. Exercises 27-39 offer many useful results on QI
modules.

Sections §6E and §6F in LMR contain a survey of the many finiteness
conditions that can be imposed on a ring R. This includes the ACC and
DCC on right ideals, principal right ideals, right complements in R, right
annihilators in R, and right direct summands in R (and their left ana-
logues). There are various relations among these conditions, for instance,
right artinian implies right noetherian, ACC on right annihilators is equiv-
alent to DCC on left annihilators, and ACC on right summands in R



86. Uniform Dimensions, Complements, and CS Modules 157

is equivalent to DCC on left summands, etc. The study of the behavior
of the various finiteness conditions under the change of rings (subrings,
polynomial rings and matrix rings) provides further interesting results
in LMR-§6F. An easy, but nevertheless surprising, result is that ACC
(or DCC) on right annihilators in any ring is inherited by any of its
subrings, according to LMR-(6.61). A deeper result is that, if S = R]z],
then u.dim Sg = u. dim Rpg; this is a theorem of R. Shock(LMR-(6.65)). In
particular, if ACC holds for right summands in R, then ACC also holds
for right summands in S. In Exercise 26, these facts are generalized to a
polynomial ring over R in any number of commuting variables.

Some of the exercises in this section make use of the set Ass(M) of
associated primes of a module Mg, so LMR-§3F should be quickly re-
viewed before the reader proceeds to these exercises. In the case where R
is commutative, a prime ideal p is an associated prime of M iff p has the
form ann(m) for some element m € M, or equivalently, iff M contains a
copy of the cyclic R-module R/p.

Exercises for §6

Ex. 6.1A. Recall that a module Mp, is called Dedekind-finite (cf. Exercise
1.8) if M & N = M (for some module N) implies that N = 0. Show that
any module M with u.dim M < oo is Dedekind-finite.

Solution. Suppose M & N &2 M. Then
u.dimM =u.dim(M & N) =u.dim M + u.dim N.

Cancelling the finite number u.dim M, we get u.dim N = 0, and hence
N =0.

Comment. D. Khurana pointed out the following strengthening of this
exercise (which is also easily proved): If u.dim M < oo, then M is weakly
cohopfian, in the sense that any injective endomorphism on M has an es-
sential image. For an investigation on weakly cohopfian modules in general,
see the paper by A. Haghany and M. R. Vedadi in J. Algebra 243 (2001),
765-779.

For readers familiar with the notion of co-uniform dimensions, we might
mention the following dual version of Khurana’s observation: if M has finite
co-uniform dimension, then M is weakly hopfian, in the sense that any
surjective endomorphism of M has a small kernel K (K+B =M = B=M
for any submodule M).

In LMR-(6.11), the example of Q — Q/Z was given to show that a
module of finite uniform dimension may have a factor module that has an
infinite uniform dimension. In this direction, Khurana has also suggested
the following strengthening.
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Ex. 6.1B. Give an example of a module Mg with finite uniform dimension
such that some factor module of M is not directly finite.

Solution. The following example was constructed by G. Bergman. Let
U,V be right vector spaces over a field k such that U has infinite di-
mension and V has finite dimension > 0. Let H = Hom (U, V) and let

R be the triangular ring ko H with formal matrix multiplication)®).
0 k

Then M : = U @V is a right module over R with the formal action

(1, v) (g Z) — (ua, h (u)+ ob).

The R-submodule V is essential in My since, for any nonzero u € U, there
exists h € H with h (u) # 0 and hence (u,v) <8 8) is a nonzero element
in V. Therefore, we have

w.dimM =u.dimV =dim; V < cc.

But the factor module M/V = U has infinite dimension over k and is
consequently not Dedekind-finite as a module over R.

Ex. 6.2. Show that |Ass(M)| < u.dim M for any module M.

Solution. Here, we are working under the convention that |Ass(M)|,
u.dim M are either finite integers or the symbol co. We may thus assume
that u.dim M = n < co. By LMR-(6.12),

E(M)=N;®--- & Np,

where the N;’s are indecomposable injective modules. By LMR-(3.52), each
N; is uniform, so by LMR-(3.59), |Ass(N;)| < 1. Using LMR-(3.57) (2) and
LMR-(3.57) (4), we see that

[Ass(M)| = |Ass(E(M))| < n.

Ex. 6.3. Give an example of a f.g. module M (over any given ring R # 0)
such that |Ass(M)| =1 and u.dim M = n (a prescribed integer).

Solution. Let S be any simple (right) R-module. Then S is a prime
module, and p = ann(S) is the unique prime ideal associated to S. For
M=8®---®S (n copies), we have clearly u.dim M = n, and by LMR-
(3.57)(3), Ass(M) = {p}.

Ex. 6.4. Let Mg be any module with u.dim M = n < co. Show that there
exist closed submodules M; C. M (1 < i < n) with the following properties:
(1) Each M/M; is uniform.

(2 Min---NM,=0.

(+) Here, H
(ahb)(u) =

= Homg(U,V) is viewed as a (k,k)-bimodule in the natural way:
h(u)ab for h € H, a,b € k,and u € U.
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(3) E(M) = @i, E(M/M,).
(4) Ass(M) = Ui, Ass (M/M;).

Solution. Suppose we have found M; C. M (1 < i < n) satisfying (1) and
(2). Then we have an embedding f : M — @;_; M/M;. Since both sides
have uniform dimension n, f (M) C. @;_, M/M,. From this, it follows
that

E(M) = E(f(M)) (@ M/M)g@:zlE(M/Mi).

Also, from LMR-(3.57)(2) and LMR-(3.57)(4), we have

Ass(M) = Ass(f(M)) = Ass (@;1 M/Mi) =J._, Ass(m/n5).

(Note that this implies |Ass(M)| < n, since each |Ass(M/M;)| < 1 by
LMR-(3.59). This gives a somewhat more sophisticated view of the result
in Exercise 2.)

It remains for us to prove the existence of the M;’s satisfying (1),
(2). We do this by induction on n, the case n = 1 being clear (upon
choosing M; = 0). For n > 2, fix a uniform submodule U C M. After
replacing U by an essential closure, we may assume that U C. M. By
LMR-(6.35), u.dim M/U = n — 1. Invoking the inductive hypothesis, we
can find My, -+, M,_1 D U such that M;/U C. M/U and u.dim M/M; =1
for i < n—1, and with MyN---NM,_; =U. SinceU C. M, M;/U C. M/U
implies that M; C. M by LMR-(6.28). It only remains to construct M.
Let M,, be a complement to U in M. Then the image of U is essential in
M/M, so u.dim M /M, = 1. Finally, we have

MnN---NM,_.1N"M,=UNM, =0,
as desired.

Ex. 6.5. Let R be the factor ring k[z,y]/(x,y)", where k is a field. Show
that u.dim R = n.

Solution. Note that R is a commutative local ring with unique maximal
ideal m = (7, ) having index of nilpotency equal to n. By expressing the
elements of R in the form Bg + 81 + - -+ + Bn—1 where §4 = homogeneous
polynomial in Z, 7 of degree d, it is easy to show that

o=l _ (M in—1
ann(m) =m"" " = (). , Ty k.
1=
Here each g™ 1=tk = z'g" !*R is a uniform ideal (since it has

k-dimension 1). On the other hand, we see easily that ann(m) C. R. It
follows immediately that u.dim Rg = n.
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Ex. 6.6. Give an example of a module of finite uniform dimension that is
neither noetherian nor artinian.

Solution. The Z-module Q is uniform, so u.dimz Q = 1. However, Q has

an infinite ascending chain Z C %Z - %Z C ---- and an infinite descending
chain Z 2 2Z 2 4Z 2 ----, so as a Z-module Q is neither noetherian nor
artinian.

Ex. 6.7. For any submodules A, B of a module M, show that

(%) u.dimA+u.dimB <u.dim(ANB) +u.dim(4+ B).

Solution. Without loss of generality, we may assume that M = A + B.

For C = AN B, we have an exact sequence
0—c-LaeB-L M0,

where f(c) = (¢,—c) for ¢ € C, and ¢((a,b)) = a +b. By LMR-(6.35), we

have
u.dimA+u.dimB = u.dim (A ® B) < u.dimC + u.dim M
= u.dim(ANB)+u.dim(A+ B).
Comment. In an exercise in a ring theory textbook, it was asserted that the
uniform dimension inequality (%) above is an equality. The fact that this

is not true in general was pointed out by Camillo and Zelmanowitz. The
next exercise shows in a general way how equality may break down in ().

Ex. 6.8. Let C C D be modules such that u.dimD < oo and
u.dim D/C = oo, and let

C'={(¢,~¢c): ceC}yCD&D, M=(DeD)/C"
(a) Show that u.dim M = oo.

(b) Let A=D®d0C Mand B=04D C M. Show that A =B =D
and A+ B = M (so it is possible for u.dim A, u.dim B to be finite and
u.dim(A4 + B) = oo in Exercise 7).

Solution. (a) The homomorphism ¢ : D — M defined by
p(d)=(d,—d) e M

has obviously kernel C. Therefore, M contains a submodule ¢ (D) = D/C,

so u.dim M = oco.

(b) The projection map D @ D — M is injective on D ¢ 0 and on 0& D,

soA=De0=2Dand B=0®D=2D.Clearly A+ B=D&D =M.

Comment. This exercise is adapted from the paper of V. Camillo and J.
Zelmanowitz, “On the dimension of a sum of modules”, Comm. Algebra 6
(1978), 345-352. In this paper, the authors studied conditions under which
the inequality (*) in Exercise 7 becomes an equality.
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Ex. 6.9. Show that an abelian group M # 0 is a uniform Z-module iff
MCQ,or M 2Z/p"Z,or M = limZ/p"Z, where p is a prime. Generalize

this to a (commutative) PID.

Solution. First assume M C Q. Any two nonzero cyclic subgroups Z-a/b,
Z-ad' /b C M contain a common nonzero element aa’, so M is uniform.
If M C imZ/p™Z, then the subgroups of M form a chain, so M is also

uniform. Conversely, let M be any uniform Z-module. Then the injective
hull E(M) is an indecomposable injective Z-module, so it is either Q, or the
Priifer group Cpee = @Z/ p"Z for some prime p. If E(M) = Q, then M
embeds in Q. If E (M) = Cpe, then M embeds in Cpe, so C' is (isomorphic
to) either Cpeo, or Z/p"Z (for some n), since these are the only nonzero
subgroups of Cpe.

If we work over a commutative PID, say R, the argument is exactly the
same, upon replacing Q by the quotient field K of R, and replacing the
Priifer group Cp~ by hi)nR/ p" R, where p ranges over a complete set (up

to associates) of nonzero prime elements of R.

Ex. 6.10. Let R be a commutative domain with quotient field K. For any
R-module M with torsion submodule ¢(M), show that dimg (M ®g K) =
u. dim M /¢(M); this number is called the “torsion-free rank” of M. If u.dim
t(M) < oo, show that the torsion-free rank of M is given by u.dim M —
u. dim¢(M).

Solution. Write N for the torsion-free module M/t(M). Then t(M) Qg
K = 0 implies that M @ g K & N®g K. By LMR-(6.14), we have therefore

For the last part of the exercise, note that (M) is essentially closed in M.
For, if ¢(M) C. A C M, then for any 0 # a € A, there exists r € R such
that ar € t (M) \ {0}, so (ar)r’ = 0 for some nonzero v’ € R, which shows
that a € ¢t (M). Therefore, by LMR-(6.35),

u.dimg M = u.dimg (M) + u.dimg N.

If udimpgt (M) < 00, it is meaningful to write this equation as
u.dimg N = u.dimg M — u.dimg t(M).

By the first part of the exercise, the LHS is the torsion-free rank of M.

Ex. 6.11. Show that a module Mg is noetherian iff every essential sub-
module of M is f.g.

Solution. If Mg is noetherian, then every submodule of M is f.g. Con-
versely, assume every essential submodule of M is f.g. Consider any sub-
module S € M. Let C be a complement to S (that is, C C M is a
submodule maximal with respect to C NS = 0). Clearly C ¢ S C. M.
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Hence C @ S is f.g., and so is S. Now every submodule of M is f.g., so M
is noetherian.

Ex. 6.12. For any module Mg, let soc(M) (the socle of M) be the sum
of all simple submodules of M (with soc(M) = 0 if there are no simple
submodules). Show that

) M - soc(Rg) C soc(M);

)soc(M)={N: NC. M}

) For any submodule N C M, soc(N) = N Nsoc(M);

yIf N C. M, then soc(N) = soc(M)

) A maxnnal submodule N C M is essential in M iff N D soc(M);
) soc (@, Mi) = @; soc(M,);

) For any idempotent f € R, soc(fR) = f - soc(RR).

Solution. (1) For any m € M, m - soc(Rpg) is an epimorphic image of
soc(Rgr), and hence a semisimple submodule of M. Therefore,
m -soc{Rg) C soc(M).

(2)Let E=N{N: N C. M}. Any simple submodule of M is contained in
every N C, M, so soc(M) C E. To see the equality, it suffices to show that
E itself is a semisimple module. Consider any submodule S C E. For any
complement C to S in M, we have, as in the previous exercise, C®S C, M.
Hence E C C & S, and it follows that E = S & (C N E). This checks the
semisimplicity of E.

(1
(2
(3
(4
(5
(6
(7

(3) Since soc(NN) is semisimple, it is contained in N Nsoc(M). Conversely,
the semisimplicity of N Nsoc(M) implies that it is contained in soc(N).

(4) As in (3), we have soc(N) C soc(M). If N C. M, (2) implies that
soc(M) C N, so we also have soc(M) C soc(N).

(5) The “only if” part follows from (4) even without N being maximal.
Now assume N is maximal, and that N D soc(M). If N is not essential in
M, we would have NN X = 0 for some nonzero submodule X C M. Clearly
N@® X =M,so X = M/N is a simple module. Hence X C soc(M) C N,
a contradiction. This shows that N C, M.

(6) Since @@, soc(M;) is semisimple, it lies in soc (P, M;). To prove the
equality of the two, it suffices to show that any simple submodule
S C @, M; is contained in @, soc(M;). Consider any nonzero element
s € 8,say s=8; +---+s5;, wheres;; € M;,. Then S = sR and sr — s;,7
gives a well-defined homomorphism ¢; from S to M;.. The image S; =
©;(9) is either (0) or a simple R-module, so S; C soc (M;, ). Therefore,

S C @j S; C 692 soc(M,

(7) Let S = soc(Rg). Then (fS)g is an epimorphic image of Sg, so it
is a semisimple submodule of fR. Therefore, fS C soc(fR). Conversely,
soc(fR) C soc(Rg) = S gives soc(fR) C f- soc(fR) C fS.



86. Uniform Dimensions, Complements, and CS Modules 163

Comment. The description of soc(M) in (2) above is due to Kasch and
Sandomierski. It may be thought of as “dual” to the description of the
radical of M as the sum of all superfluous (or small) submodules of
M: see FC-(24.4). (The definition of a small submodule is dual to that of
an essential submodule: a submodule S C M is small if, for any submodule
NCM,N+S=M=N=M)

Ex. 6.13. If R is a semisimple ring with Wedderburn decomposition
My, (D1) x -+ x M, (D,) where Dy, ..., D, are division rings, show that
udimRg =nq +--- +n,.

Solution. If S; denotes the unique simple module of M, (D;), with zero
action by My, (D;) for j # i, we have

Rr=2niS19 - dn, S,

Since this is a semisimple module, u.dim (Rpg) is just the number of com-
position factors of Rg, which is ny + -+ + n,.

Ex. 6.14. Let S C R be fields such that dimg R = oo. Let T be the

triangular ring (]g ?) By FC-(1.22), T is left artinian but not right

noetherian. Show that u.dim (77") = 2 and u.dim (7r) = occ.

Solution. Let €5, V; be an infinite direct sum of nonzero S-subspaces

of Rg. Then T contains ;- , (8 ‘3) where each (8 ‘3) is a (nonzero)

right ideal. This shows that u.dim (T7) = co. To compute u.dim (77'), note

that rad T (the Jacobson radical of T') is <g I()% , with T/radT = R x S.

Therefore, T has exactly two simple right modules, Ry and St, where T
acts on the right of R (resp. S) via the projection map T' — R x S followed
by the projection onto R (resp. S). The projection Tr — St given by
/
6 — s is a T-epimorphism with kernel

m = R R\ (R O ® 0 R
“\0 0/ \0 O 0 0)’
where the summands on the right are easily checked to be left ideals of T

both isomorphic to Ry. Therefore, if we can show that m C, 7T, it will

/
follow that u.dim (77") = 2. Now for any (8 7:9) with s # 0, we have

b o) 2= 5 emm

So indeed m C. 7T, as desired.
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Ex. 6.15. Let R be a commutative PID, and C C M be right R-modules.
Show that C' C. M iff, for every nonzero prime element p € R, C N\ Mp =
Cp. Using this, show that any pure submodule of M is a complement.

Solution. For the “only if” part, assume C is a complement to some S in
M, and let m € M be such that mp € C. We want to show that mp € Cp.
Note that (C ® S)/C C. M/C. Since (C + mR)/C C M/C is either zero
or isomorphic to the simple R-module R/pR, we have

(C+mR)/CC(C®S)/C.
Therefore, m = ¢ + s for some ¢ € C and s € S. Now
sp=mp—cpeCNS =0,

so mp = cp € Cp.

For the “if” part, suppose C is not a complement in M. Then C is
not closed by LMR-(6.32), so C C, C' C M for some C' # C. Fix an
element m € C'\C. Then mp € C\ {0} for some p € R. After replacing
m by a suitable R-multiple, we may assume that p is a (nonzero) prime
element of R. If mp = cp for some ¢ € C, then (m —¢c)- R = R/pR is a
simple submodule of C’ not contained in C, in contradiction to C' C, C".
Therefore, we have C' N Mp # Cp, as desired.

Finally, let C C M be a pure submodule. By LMR-(4.93), we have
CNMr = Cr for any r € R. In particular, by the “if” part above, C is a
complement in M.

Ex. 6.16. (1) Give an example of a complement C C, M (over a commu-
tative PID if possible) such that C is not a pure submodule of M.

(2) Give an example of a pure submodule C C M (over some ring) such
that C is not a complement in M.

Solution. (1) An example can already be found over the ring R = Z.
Indeed, consider the abelian group M = (a) & (s) where a has order 8 and
s has order 2. The subgroup C = (2a + s) = Z, is a complement in M, as
is shown in LMR-(6.17) (5). (Or more directly, note that

CN2M=CnN (2a) = (4a) = 2C

and apply the last exercise.) However, C N 4M = C N (4a) = (4a) is not
equal to 4C =0, so C is not a pure submodule of M.

Alternatively, consider a commutative domain R and a module Mg. The
torsion submodule C of M is always a complement in M by LMR-(6.34),
but C' may not be pure in M by Exercise 4.35.

(2) Let R be any von Neumann regular ring that is not semisimple. By FC-
(2.9), there must exist a non-injective right R-module C. Let
M = E(C). Since all short exact sequences of right R-modules are pure (by
Exercise (4.29)), C is a pure submodule of M. However, C is not closed
in M, since M O C is a proper essential extension of C. Therefore, by
LMR-(6.32), C is not a complement in M.
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Ex. 6.17. Decide which of the following statements is true:

(1) If T is a direct summand of a module Mg, then any submodule N C M
with N NT = 0 can be enlarged to a direct complement of T in M.

(2) Let f € Homg(M, M’). Then L C. M implies that f(L) C. f(M).
Solution. (1) is a false statement in general, even over R = Z. Let
M = 7y ® Z4 and T be the direct summand Zz @ (0). Then the subgroup
N generated by (1, 2) satisfies NNT =0.f N CT' with T T = M,
then T" & Z4, and so N = 21" C 2M, which is not the case.

(2) is also false: the conclusion f(L) C. f(M) need not follow even if L is a
direct summand of M. For a counterexample, again take M = Zy & Z4 and
N =Z-(1,2) as above. Let f be the quotient map from M to M’ = M/N.
Here, L = Z5 is a direct summand of M that maps onto the subgroup of
order 2 in M’, which is not closed in M’.

Comment. Note that (2) becomes a true statement if we assume that
L D ker(f): this follows from LMR-(6.28)(1).

Ex. 6.18. Show that a subgroup C of a divisible abelian group M is a
direct summand iff C N Mp = Cp for every prime p.

Solution. The “only if” part is trivial. For the “if” part, assume that
C N Mp = Cp for every prime p. We are done if we can show that C
itself is a divisible group, for then C is an injective Z-module, and hence a
direct summand of M. To show the divisibility of C, it suffices to prove the
divisibility of every element ¢ € C by every prime p. Since M is divisible,
¢ = mp for some m € M. From this, it follows that ¢ € C N Mp = Cp, so
¢ = ¢op for some ¢y € C.

Alternatively, we can also deduce the “if” part above from Exercise 15.
If C N Mp = Cp for every prime p, that exercise implies that C is an
(essentially) closed submodule. Since M is an injective Z-module, it follows
from LMR-(6.32) that C is a direct summand of M.

The following four exercises are intended to give a complete deter-
mination of all f.g. abelian groups that are CS modules over the ring of
integers Z.

Ex. 6.19A. Show that a free abelian group F is CS as a Z-module iff F’
has finite rank.

Solution. If rank F < oo, we already know from LMR-(6.42)(4) that M is
CS. Now assume rank F is infinite, and let {ej, ez,...} U B be a basis of F.
Define a homomorphism f: F — Q by taking f(B) =0 and f(e,) =1/n
for n > 1. Then K : = ker(f) C. F. For, if K C, L C F, then for any
¢ € L, we have mf € K for some m > 1 and so 0 = f(mf) = mf(¢) implies
that f(¢) = 0. This shows that L = K. The closed submodule K cannot
be a direct summand of F, for otherwise

F2Ko (F/IK)2Ka Q,

which is impossible. Therefore, F' is not a CS module.
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Ex. 6.19B. Let M be a f.g. abelian group of rank n > 1. Show that M is
a CS module over Z iff M = Z".

Solution. We need only prove the “only if” part. Write M = T & Z"
where |T'| < oo, and suppose M is CS. We want to show that T = 0.
Since the direct summand T @ Z is CS, we may as well assume that n = 1.
Assume for now T' # 0. Then pT" # T for some prime p. Say tg € T\pT. For
C:=17-(to,p), we have T NC = 0. We claim that C is a complement to
T. Indeed, if there exists a subgroup D 2 C with T'N D = 0, then, writing
“bars” for images modulo T', we have D D C. Since [_M : ﬂ = p, we must
have D = M = Z. Therefore,

[D: Cl=[D: C]=[M: C]=p.

It follows that C = pD C pM = pT @ pZ, and so ty € pT', a contradiction.
This shows that C C, M. Since M is CS, we have M = C @ X for some
subgroup X C M. From the fact that rank M = 1, we see that X must
be torsion. But then X C T, and so we have M = C @ T, contradicting

[M: C] =p.
Ex. 6.19C. Let p be any prime number, and r > 1.

(1) Show that Zyr @ Zyr+s (for i > 2) is not CS as a Z-module.
(2) Show that (Z,~)* @ (Zprﬂ)z is CS as a Z-module.

Solution. (1) Let M = Zyr @Z,r+: wherei > 2, and let A =Z-(1,p*"1)

Zyr+1. We claim that A C. M. Indeed, if otherwise, we have A C. B for
some subgroup B, which we may assume to have cardinality pr+2 If B
is decomposable, A would be a direct summand of B, which contradicts
A C. B. If B is indecomposable, then B = Z,-+> and hence

A :pB gpM :prr @prr+i,

a contradiction. This proves our claim that A C. M. But clearly A is not
a direct summand of M, so M is not CS.

(2) Let N = K @ L, where K = (Z,)* and L = (ZPTH)Z. If either k =
0 or £ = 0, then N is a quasi-injective module by LMR-(6.72)(3) and
LMR-(6.77), so N is a CS module by LMR-(6.80). It is not strictly necessary
to use these facts, but they do help to somewhat simplify the arguments,
so we shall use them. Let us first prove the following special case of our
desired conclusion.

Lemma. Any indecomposable closed submodule C C. N is a direct sum-
mand.

Proof. Let |C] = p®. If s = r+1, then C is a direct summand of NV since N
has exponent p™*! (cf. the solution to Exercise (3.18)). Now assume s < r.
Then

CCeNg:={z€eN: p’a;zO}:KGBpLE’(Zpr)kH.
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Since (Z,r)*** is a CS module (as observed above), C is a direct summand
of Ny. Therefore, C = Z,r. Let

c=(c1,y.-,Chy Pdgt1,---,0pdxre) E KDL

be a generator of C. Then some ¢; ¢ p - Zy,r, for otherwise ¢ = pd for
some d € N, and C C. (d) contradicts C C. N. Say ¢; ¢ p- Z,-. Let
€1y.+-3€ky €kt1, - - - Eptre De fixed generators for the k + £ direct summands
in the glven decomposition of N. Since Z - ¢; = Z - ey, it follows that
N=Co @ ‘ 7 - e;, which proves the Lemma.

Now consider any nonzero D C. N. Take any indecomposable direct
summand C of D. Then C C. D C,. N implies that C C. N (see LMR-
(6.24)(1)), so by the Lemma, C is a direct summand of N. Writing “bars”
for taking images modulo C, we have D C. N (by LMR-(6.28)), where
N is a group of the same type as N (namely, a direct sum of Zy’s and
Zyr+1's). Invoking an induction hypothesis at this point, we may assume
that D is a direct summand of N. Thus, there exists a subgroup X C N
with X N D = C such that N = D @ X. Since C is a direct summand
of N, it is also a direct summand of X and of D, say X = C @Y. Thus,
N=D+X=D®Y, as desired.

Ex. 6.19D. Show that a f.g. abelian group M is a CS module over Z iff
either M = Z" for some n, or M is finite and for any prime p, the p-primary

part M, of M is of the form (Z,-)* & (Zpr+1)e for some 7,k and ¢
(depending on p).

n
Solution. First, Z" is CS. Next, consider M = @ M, where each M,
i=1
is as described. By the last exercise, M, is CS. If C' C. M, we can
decompose C' into @ Cp, where clearly C, C. M, . Then each Cp_ is a

direct summand of M ,s0 C is also a dlrect summand of M. This checks
that M is a CS module

Conversely, let M be any f.g. CS module over Z. If rank M =n > 1,
Exercise (6.19B) implies that M = Z". Therefore, let us assume rank
M =0, ie. |[M| < oo. Since direct summands of M are also CS, we may
assume that M is a (nontrivial) p-group (for some prime p). Consider the

m .
Krull-Schmidt decomposition M = P (Zpi)k', with k. > 0. If any of k.42,

kry3,... is nonzero, M would contain a direct summand Z,- @ Z,+: with
i > 2, which is not CS according to Exercise (6.19C). This contradicts the
fact that M (and hence any direct summand thereof) is CS. It follows that

M = ()" @ (Zyrer)" with k = ky and € = K,y

Comments. Similar ideas (and more) can be used to determine all abelian
groups that are CS as Z-modules. For more complete information on CS

modules over commutative domains and noetherian rings, see the papers
of M. A. Kamal and B. J. Miiller in Osaka J. Math. 25 (1988), 531-538.
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Ex. 6.20. Show that, if R is a von Neumann regular ring, then the 20
finiteness conditions formulated in LMR-§6D are each equivalent to R being
semisimple.

Solution. If R is semisimple, then of course R satisfies all the ACC and
DCC conditions formulated in LMR-§6D. Conversely, suppose R satisfies
the weakest of these conditions, namely, R has no infinite family of or-
thogonal nonzero idempotents, or equivalently, ACC holds for the family
of right (resp. left) direct summands of R. If R is not semisimple, it cannot
be right noetherian by FC-(4.25). Therefore, there exists a chain of f.g.
right ideals 2y C %2 C ---. Since R is von Neumann regular, each ; is
a direct summand in Rg, so ACC fails to hold for right direct summands
of R.

Comment. In contrast, a Dedekind-finite (or even stably finite) von
Neumann regular ring is pretty far from being semisimple.

Ex. 6.21. Show that R satisfies DCC on right annihilators iff, for any set
S C R, there exists a finite subset Sy C S such that ann,(S) = ann,.(Sp).

Solution. For the “only if” part, consider any right annihilator ann,(S5).
Pick a minimal member 2 from the family {ann,(T")}, where T ranges over
all finite subsets of S, say

A =ann,(Sp) (So C S, || < o0).

For any s € S, ann.(Sp U {s}) C ann,(Sp) = %A implies that
ann,(Sp U {s}) = 2. From this, it follows that ann,(S) = 2.
Conversely, consider any descending chain of right annihilators

(%) ann,(S1) 2 ann,.(S2) 2 ---,

where we may assume the sets S; are such that S; C Sy C ---. (Simply
replace S; by anng (ann, S;).) Let S = |J; S; and pick a finite subset
So € S such that ann,(S) = ann,(Sp). Then ann,(S;) = ann,(Sy) when-
ever S; 2 Sy. Since S; D Sy for sufficiently large i, the descending chain
(%) stabilizes, as desired.

Ex. 6.22. Show that R does not satisfy ACC on right (resp. left) annihi-
lators iff there exist elements s;, t; € R (i =1,2,...) such that s;t; # 0
for all i and s;t; = 0 for all ¢ > j (resp. for all i < j7).

Solution. By left-right symmetry, it suffices to give the proof in the case of
right annihilators. Suppose the elements s;,¢; exist as above. For
Si : = {si, Sit1,.-.}, we have

(1) t; € annT(S,-.H) \ annr(Si),
so we get a strictly ascending chain

(2) ann,.(S1) C ann,(S2) € - -.
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Conversely, if we have a chain (2) for some subsets S; C R, we may assume
(as in the last exercise) that S; 2 S D ---. Pick ¢; as in (1) and s; € S;
such that s;t; # 0, for ¢ = 1,2,.... Then clearly s;t; = 0 for ¢ > j, as
desired.

Ex. 6.23. Show that “ACC on right annihilators” and “DCC on right
annihilators” are independent conditions (for noncommutative rings).

Solution. We have to work with noncommutative rings since, for commu-
tative rings, “ACC on annihilators” is equivalent to “DCC on annihilators”
by LMR-(6.57).

Suppose we have constructed a ring R that satisfies ACC on right
annihilators but not DCC on right annihilators. Then by LMR-(6.57),
R satisfies DCC on left annihilators but not ACC on left annihilators.
Therefore, the opposite ring R°P of R satisfies DCC on right annihilators
but not ACC on right annihilators.

To produce the ring R in the paragraph above, we use the construction
in Exercises (12.7) and (12.8). The ring R discussed in Exercise (12.7) fails
to satisfy DCC on right annihilators. By Exercise 12.8, we can construct
such a ring that is in fact right noetherian. In particular, R satisfies ACC
on right annihilators.

Ex. 6.24. (Extra Credit) Let ,,DCC and DCCp, denote the descending
chain conditions for left and right principal ideals respectively, and define
prACC and ACC,, similarly. Jonah has proved the following criss-cross
implications:

»:DCC DCC,,

X

wACC  ACC,

Show that there are no more implications possible among the four chain
conditions above.

Solution. First, the reverse implications to those shown in the above chart
are certainly not valid, as is shown by the ring of the integers. Thus, it
suffices to check that there are no horizontal or vertical implications in the
chart. To this end, we use an example of G. Bergman that is a modified
version of an earlier example of H. Bass. Bergman’s ring R has the following
truth values with respect to the above chain conditions:

True False

False True

From this, it is clear that there can be no horizontal or vertical implications
in the first chart.

Bergman’s ring R is defined, as an algebra over a given field K, by
generators {e;; : 1 <1< j < oo} (note that we do allow j to be co) with
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the relations e;jexe = djkes (for all legitimate (¢, 7) and (k,£)), where d;5
are the Kronecker deltas. We can think of the generators as “formal strictly
upper triangular matrix units” (with the understanding that the e;o.’s are
“extra” ones). From the multiplication rules, it is clear that R is spanned
by 1 and {e;; : 1 <4< j < oo}, and a short calculation shows that these
are linearly independent over K.

Let J be the K-span of the e;;’s. Clearly J is an ideal of R, and we
see easily that J is nil.**) Since R/J = K, R is a local K-algebra with
rad(R) = J. We define two functions

A: J\{0} = N and X : J\{0} - NU{oo}

as follows. For r € J\{0}, let A\(r) = i if ¢ is the largest integer for which
some e;; appears in r. Similarly, let X'(r) = £ if £ is the smallest “number”
(possibly 0o) for which some e, appears in 7.

Lemma 1. For r, s € J\{0}, we have

(A) Rr D Rs = A(r) > X(s), and
(B) rR2sR = N(r) < N(s).

Proof. (A) Write s = tr (t € R). Then t € J (for otherwise ¢ € U(R)
and Rr = Rs). Any “matrix unit” appearing in s is obtained as a product
exir€i 0 = ek, where eg; appears in ¢ and ey appears in r. Thus,
k' < i < Xr), so we get A(s) < A(r).

The proof of (B) is similar, the only “difference” being that A" may take
the value oo. O

We can now draw the following conclusions:

(1) R satisfies ,, DCC. In fact, if Rr; 2 Rry D --- where each r; € J\{0},
then (A) gives A(r1) > A(rg) > - -, so the chain must be finite.

(2) R satisfies ACCp,. This follows similarly, by using (B). (Of course,
ACC,,; would have followed from ,, DCC in view of Jonah’s Theorem quoted
earlier.)

(3) R does not satisfy py ACC. This is clear since we have an infinite chain
Reioo € Regoo S -+, due to the equation

€noo = €n, n+1€n+1,00;
and the obvious fact that e, 41,00 ¢ Rén,c0-
(4) R does not satisfy DCCyy, since €1,n4+1 = €1n€n n+1 leads to an infinite

chain e;oR D e;3R 2 - - - . (Again, (4) would have followed from (3) in view
of Jonah’s Theorem.)

Comment. Note that the ring R above is neither left nor right noetherian
(resp. artinian) since otherwise Levitzki’s Theorem would have implied that
J is nilpotent, which is not the case since ejgegs - - ep—1,n, = €1, for any n.

(*) If this step does not seem easy, just read on. Some of the arguments used later will
certainly clarify this.
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It is useful to view the example above in the context of Bass’ perfect
rings (cf. FC-§22). By (1) above, R is right perfect (note the switch of side)
in view of FC-(23.20). Similarly, by (4), R is not left perfect. Now the first
example of a right perfect ring that is not left perfect was constructed by
Bass: see FC-(23.22). In fact, Bass’ example is precisely the K-subalgebra
Ry C R generated by {e;; : i < j < oo}, which is a genuine ring of N x N
matrices K - I+ M, where M consists of matrices with only a finite number
of nonzero entries, all occurring above the diagonal. Bass’s proof that Ry
is right but not left perfect was based on the same considerations as in
(1) and (4). The novelty of Bergman example R lies in the fact (3) that
it fails to satisfy p,ACC (and a fortiori DCCp;), for this shows that there
are no vertical (or lower horizontal) implications in the first chart. This
could not have been accomplished by Bass’s ring Ry, since it turns out to
have the following (asymmetric) truth values with respect to the four chain
conditions (for principal 1-sided ideals):

True False

True True

The arguments we gave earlier are sufficient to cover all cases except the
southwest corner (for ,, ACC). We can prove this chain condition for Ry as
follows (where we no longer allow the e;’s).

Let Jy be the span of the {e;; : ¢ < j < 0o}. As before, Ry is local with
rad(Ro) = Jo. We make the following crucial claim:

Lemma 2. For r € Jo\{0} with X' (r) =n, r ¢ J§.
Assuming this lemma, we can define a new function

pe Jo\{0} — {1,2,...}

in the spirit of a p-adic valuation : u(r) = k if k is the largest integer such
that r € J¥. If

0# Rory G Ror2 ©& -+,

then r; € Joriy1 implies that p(r;) > p(rit1), so we have p(ry) > u(ry) >
-+, which then forces the chain to be finite. (This is, of course, just the idea

behind the noetherian-ness of a discrete valuation ring.) Note that the same

argument would have worked just as well for a chain r1 Ry C roRg C «--.

Proof of Lemma 2. Assume, instead, that r € J. Then r = > 51+ sy
where each s; € Jy. A matrix unit appearing in 7 must be of the form
€irjr """ Cinjn With j1 =2, j2 =3, ..., jn—1 = iy, so that it is e;,;, . But
then

I1<ii<pn=i2<jo=103< < Jn-1=1n <Jn

implies that j, > n, and so by the definition of ', A(r) > n, a contradic-
tion. d
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Note that this argument does not apply to R, since the function
cannot be defined on J\{0}. In fact, the equation

€ico = € i+1€i+1,i+2 - - - €t (n—1),i4+nCitn,c0 € R

shows that e, € [,y J™ for all 5. These “infinitely deep” elements are

precisely the ones needed to create the ascending chain Rejo, G Regoo C - -
in (3) to defeat ,, ACC!

Ex. 6.25. Show that for any ring R, the set A of right annihilator ideals
in R form a complete lattice with respect to the partial ordering given by
inclusion. Show that A is anti-isomorphic to the lattice A’ of left annihilator
ideals in R. (A complete lattice is a partially ordered set in which any subset

has a greatest lower bound, or equivalently, any subset has a least upper
bound.)

Solution. First, A is a lattice with
AAA =2ANYA', AV A = ann,(anny (A +A"))

for right annihilator ideals 2, 2A’. Now A is closed under intersections, since

ﬂi ann, (X;) = ann, (U XZ->

for arbitrary subsets X; C R. Therefore, A is a complete lattice with arbi-
trary meet given by intersections. It is also easy to see directly the existence
of arbitrary joins in A. For any family {2;} in A, a right annihilator 2
contains all of 2; iff it contains ann, (anng (3°; %;)). Therefore, the join of
the family {2;} is simply

ann, (anng (ZZ le>> = ann, (ﬂ1 anny (le)) .

The map U — anng(A) clearly gives an anti-isomorphism from the lat-
tice A to the lattice A’ (with inverse lattice anti-isomorphism given by

B — ann, (B)).

Comment. The following comment on our definition of a complete lattice
is in order. Let S be a partially ordered set such that any subset A C S
has a greatest lower bound, inf(A). In particular, for A = @, there exists
inf(@), which is then the largest element of S. On the other hand, inf(5)
is clearly the smallest element of S. It follows that any subset B C S has
a least upper bound, sup{B), namely, the infimum of the set of all upper
bounds of B. A similar argument shows that if sup(B) exists for all B C S,
then inf(A) exists for all A C S.

In the above discussion, it is essential that we allow the subsets A and
B to be empty. For instance, let U be an infinite set and let S be the set
of finite subsets of U, partially ordered by inclusion. For any nonempty
A C S, inf(A) is given by the intersection of all subsets that are members
of A. However, the empty set @ C S has no infimum, since S has no largest
element. In particular, S is not a complete lattice.
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Ex. 6.26. (Shock) Let S = R[X], where X is any (possibly infinite) set of
commuting indeterminates. Show that u.dim Sg = u.dim Rpg.

Solution. The one-variable case of this result has been proved in LMR-
(6.65). Here, we try to generalize this result to the case of an arbitrary
number of variables. As in the earlier proof, the following two crucial
statements will give the desired conclusion:

(1) For any right ideal A C. Rp, A[X] C. Ss.
(2) For any uniform right ideal A C R, U[X] is uniform in Ss.

The first statement has been proved in Exercise 3.30 for any set of
variables X. The second was proved in LMR-(6.68) for the case of one
variable. By induction, it also holds in the case of a finite number of
variables. In the general case, we proceed as follows. Suppose 2%[X] is not
uniform. Then fSNgS = 0 for some nonzero f, g € A[X]. Fix a sufficiently
large set of variables {z1,..., z,} C X such that f,g € Alzy,..., z,).
Clearly fTNgT =0 for T = R[z1,..., z,). This contradicts the fact that
Alz1, ..., T,) is uniform in Tr, so we have proved (2).

The remaining exercises in this section are devoted to the study of the
properties of QI modules (and their generalizations). Exercise 27A is to be
compared with Exercises (3.28) and (3.29) in §3.

Ex. 6.27A. For an R-module My and an ideal J C R,let P={m € M :
mJ =0}

(1) If M is a QI R-module, show that P is a QI R/J-module
(2) If MJ = 0, show that M is a QI R-module iff it is a QI R/J-module.

Solution. (1) Let¢ L C P be an R/J-submodule of P, and let
f € Hompg,;(L, P). Viewing f as an R-homomorphism from L to M, we
can find g € Endr(M) extending f. Since PJ = 0, we have also g(P)J = 0,
so g(P) C P. Thus, g| P is an endomorphism of P extending f. This checks
that P is a QI R/J-module.

(2) The “only if” part follows from (1) (since here P = M). Conversely, if
M is QI as an R/J-module, it is clearly QI as an R-module, since any
R-submodule L C M is also an R/J-submodule, and Homg(L, M) =
HOIHR/J(L, M)

Comment. The “if” part in (2) does not work with “injective” replacing
“quasi-injective” throughout, since checking Mg to be injective involves
the use of R-modules that may not be R/J-modules. Nevertheless, the
statement in the case of QI implies that, if MJ = 0 and M is an injective
R/J-module, then M is at least a quasi-injective R/J-module, if not an
injective one.

Ex. 6.27B. For an ideal J in a ring R, show that the cyclic right R-module
R/J is QLiff R/J is a right self-injective ring.
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Solution. Let S be the quotient ring R/J. When S is viewed as a right
R-module, we have S - J = 0. By (2) of Exercise 27A, it follows that Sr
is QI iff Sg is QI, and by Baer’s Criterion, the latter is the case iff S is a
right self-injective ring.

Before stating and solving the next exercise, we must first correct a
wrong statement about direct sums of QI modules made in the proof of
LMR-(6.73)(2). On p. 238 of (the first edition of) LMR, line 7 to line 9 on
the direct sum of two cyclic Z-modules should be corrected as follows :

If N=M®M' where M, M’ are the QI modules Zyr and Zps,
with p prime and r > s, then N is not QL

(The proof of this is easy. If M; denotes the proper subgroup of M that
is isomorphic to M’, then an isomorphism M; — M’ C N cannot be
extended to an endomorphism of N.) A similar correction is also needed in
the formulation of the example in LMR-(6.82).

Ex. 6.28. Show that a f.g. abelian group M is QI as a Z-module iff M
is finite and for any prime p, the p-primary part M, of M is of the form
(Zr)* for some r, k (depending on p).

Solution. First assume M is QI. If M has rank ¢, then it has a di-
rect summand isomorphic to Z¢. By LMR-(6.73)(1), Z¢ must then be QI,
which is possible only if £ = 0. Thus, M is finite. Another application of
LMR-(6.73)(1) also shows that each M, is QI In general, M, has the
form Zpry & -+ ® Zpre where r; > ... > 7. If the r;’s are not all equal,
M, will have a direct summand Z,» @ Z,» with r > s, which is not QI
according to the paragraph preceding this exercise. Therefore, we must
have ry = --- = ry, as desired.

Conversely, assume that each M, has the form (Zpr)k for some r,k
(depending on p). To show that M is QI, it suffices (according to LMR-
(6.74)) to check that (M) C M for any endomorphism ¢ of the injective
hull E(M). Now, for each prime p, ¢ induces an endomorphism ¢, of

E(M)p = E<Mp) = E((Zp")k) = (ZP"")ka

where Z,~ denotes the Priifer p-group. In (me)k, M, is the subgroup of
elements annihilated by p”. This implies, of course, that ¢,(M,) C M, (for
each p), and hence ¢ (M) C M, as desired.

Comment. The argument above generalizes easily to the case of f.g. QI
modules over a commutative PID.

The reader should compare this exercise with Exercise 19D, in which
we determined the (larger) class of all f.g. abelian groups that are CS as
Z-modules. A direct comparison shows that the QI class is considerably
more restrictive than the CS class.

Ex. 6.29. Let Mg be a QI module, and let A be an R-submodule of E(M)
isomorphic to a subquotient (quotient of a submodule) of M. Show that
ACM.
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Solution. Suppose A is isomorphic to a quotient of a submodule L C M.
An epimorphism f: L — A extends to some endomorphism g of E(M)
(since E(M) is an injective module). By LMR-(6.74), M is fully invariant
in E(M), so we have A = f(L) C f(M) C M, as desired.

Ex. 6.30. Let M, N be QI modules with E(M) = F(N). Show that M& N
is QI iff M = N.

Solution. If M = N, then M @ N == M & M is QI by LMR-(6.77).
Conversely, assume that M @ N is QI. Let E be a module isomorphic
to E(M) = E(N). For convenience, we may assume that M and N are
embedded (as submodules) in E. Since M@ N (external direct sum) is QI, it
is fully invariant in E(M@®N) = EQE. In particular, for the endomorphism
f € End(E & E) defined by f(z,y) = (y,z), we have f(M & N) C M @ N.
Clearly, this implies that M C N C M, so in fact M = N.

Comment. The result in this exercise appeared in J. Ravel’s paper “Sur
les modules M-injectifs,” Publ. Dép. Math. (Lyon) 5(1968), fasc. 1, 63-71.
Ravel’s result was later extended by Goel and Jain to the somewhat more
general class of 7-injective modules (defined below in the Comment on
Exercise 37) :

If M,N are modules such that E(M) = E(N) and M & N is
m-injective, then M = N.

On the other hand, if M is w-injective, M & M need not be w-injective : to
be more precise, M & M is m-injective iff M is already QI. These results

appeared in the paper “m-injective modules and rings whose cyclics are
m-injective,” Comm. Alg. 6(1978), 59-73.

Ex. 6.31. For any module Mg, consider the following conditions:

(1) M is Dedekind-finite;

(2) E(M) is Dedekind-finite;

(3) For any module X #0, X ® X @--- cannot be embedded into E(M);
(4) For any module X #0, X & X & -- - cannot be embedded into M.

Show that (2) < (3) = (4) = (1), and that all four conditions are
equivalent in case M is QL. In general, show that (1) does not imply (2},

(3) or (4).

Solution. (2) = (3). Assume, instead, that there exists K C E(M) with
K2X®X®---, where X # 0. Noting that K & X & K, we have

E(K)= E(K & X) = E(K) ® E(X),

so E(K) is not Dedekind-finite Since F(K) may be taken as a direct
summand of E(M), it follows that E(M) is not Dedekind-finite.

(3) = (4) is a tautology.

(4) = (1) (for any M). Assume M is not Dedekind-finite. Then
M = M; & X; for some X; # 0 and M; = M. Using the latter, we
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have M = (My & X5) ® X; where My = M; and X, & X;. Continuing
in this manner, we arrive at mutually isomorphic submodules X; # 0 with
X;® X2 @ --- C M. Therefore, (4) fails to hold.

(1) = (2) (for quasi-injective M). Assume M is Dedekind-finite. To show
that E(M) is Dedekind-finite amounts to showing that the ring
S = Endg(E(M)) is Dedekind-finite (by Exercise (1.8)). Say fg =1 ¢€ S.
Since M is QI, M is fully invariant in E(M) by LMR-(6.74), so f, g restrict
to endomorphisms f’, ¢’ of M, with f'¢’ =1 € Endr(M). Now Endg(M)
is Dedekind-finite (since M is), so f’, g’ are automorphisms of M. It follows
from Exercise (3.25) that f, g are automorphisms of F(M), so we are done.

In particular, the above shows that (1), (2), (3), (4) are equivalent if
M is QI. Using this for the injective module E(M), it also follows that
(2) & (3) for any M.

To construct counterexamples for (1) = (n) for n = 2,3, 4, we follow a
suggestion of S. Lépez-Permouth. Let R = Z and consider the R-module

MZCP@CI,zEB-"@CanB---,

where p is a prime, and C,, = Z/mZ. Let C = Cpe be the Priifer
p-group. Then M C, CHC H---, and C @ C & --- is divisible, so it
is injective. It follows that E(M) =C & C & ---, so both (2) and (3) fail
for E(M). (4) also fails since M contains X & X @ --- for X = C,. Never-
theless, M turns out to be Dedekind-finite. We shall show this by checking
that the ring H = Endz(M) is Dedekind-finite, using a nice argument of
K. Goodearl.

Let J={h € H: h(M) C pM}, which is easily checked to be an ideal
of H. Note that

(A)heJ=ker(1—h)C,—,p"M =0.
This reduces our job to showing that
(B) The ring H/J is Dedekind-finite.

For, if fg =1 € H, then (B) implies that gf = 1 — h for some h € J,
and (A) yields ker(gf) = 0. From gf(gf — 1) = 0, it follows therefore that
gf =1 € H. To prove (B), it suffices to show that

(C) H/J can be embedded into the ring []o-, M, (Fp) (which is clearly
Dedekind-finite since each M, (F,) is).

First, we note that there is a natural embedding ¢ : H/J — Endg
(M/pM). We think of M/pM as an F,-vector space with basis ey, ez, ...,
where e; denotes the image of a generator of Cp:. For each f € H, we have
for every n:

F(Co,@Cra @ ®Cpn) C (Cp® Cp2 @+ @ Cpn ) + pM,
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so € (f) stabilizes the subspace Fpe; & --- @ Fpe,, for all n, inducing an
endomorphism, say f,, on this subspace. The sequence (f1, f2, ..., fn,---)
determines ¢ (f) uniquely; therefore, f — (f1, f2,...) induces the desired
embedding of H/J into the direct product ring [] 2, M, (F,).

Comment. For the ideal J of H defined above, one might suspect that
J C rad H (the Jacobson radical of H). However, this turns out to be
not the case, as was pointed out by G. Marks. In fact, let f € H be
the endomorphism of M = C, ® (2 @ - - - obtained by using the natural
inclusions

Cp—Cp2 = Cps — ---.

Clearly f(M) C pM so we have f € J. However, 1 — f is not surjective
(and hence f ¢ rad H). Indeed, if C, = (a), then (a,0,0,...) cannot be of
the form

(1~ f)(z1,22,3,...) = (z1,22,23,... ) — (0,21, 22,...)
= (x1, T2 — o1, T3 — T2,... )

for (z1,22,...) € M, for otherwise we have £; = zo = 23 = - -- and hence
a = x1 = 0 since almost all z;’s are zero.

The example of the Z-module M above showed that the implication
(4) = (1) cannot be reversed in general. It can be shown that the impli-
cation (3) = (4) is irreversible as well (if M is not assumed to be QI).
In fact, K. Goodear! has pointed out to us that, for any field £ and the
simple von Neumann regular ring @Mzn(k) (where the direct limit is

formed under block diagonal embeddings), the module M = Rpr contains
no nonzero X ® X & - - -, but E = E(M) contains a submodule isomorphic
toEGED---!

Ex. 6.32. For any QI module Mg, show that the following are equivalent:

) M is uniform;
2) M is indecomposable;
3) End (Mg) is a local ring;
4) E(M) is uniform;
5) E(M) is indecomposable;
(6) End (E(M)r) is a local ring.

(1
(
(
(
(

Under these assumptions, show that the unique maximal (left, right)
ideal of End(M) is {f € End(M) : ker(f) # 0}. Is this the same set as
{f € End(M) : f(M) # M}?

Solution. From LMR-(3.52), we know already that (4), (5), (6) are equiv-
alent, and, of course, we also have (1) < (4). (So far, we do not need the
assumption that M be QI.)

(6) = (3). By LMR-(6.76), we have a natural surjection of rings
a: End (E(M)) — End(M).
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Since End(FE(M)) is a local ring, so is End(M).

(3) = (2). If End(M) is local, it has no nontrivial idempotents, so clearly
M is indecomposable.

(2) = (1). Assume M is not uniform, say AN B = 0 where A # 0 # B
in M. Upon taking E(A) and E(B) inside E(M), we have E(A) N E(B) =
0. Since E(A) + E(B) = E(A) ® E(B) is injective, we may write

EM)=FEA)9EB)® X
for some X C E(M). By LMR-(6.79),
M=MNEA)®(MaEB)®(MnX).

Since M N E(A) # 0 # M N E(B), this equation shows that M is decom-
posable.

This completes the proof for the equivalence of the six conditions.
Assuming that these conditions hold, let us now compute rad H for the
local ring H = End(M). Let f € H be such that ker(f) # 0. Then f is
not an automorphism of M, so f ¢ U(H), which means that f € rad H.
Conversely, let g € rad H. If ker(g) = 0, then g : M — g(M) is an
isomorphism, and its inverse is the restriction of some h € H (since M is
QI). Now hg = 1 € H, and this implies that 1 € rad H, a contradiction.
Therefore, ker(g) = 0, as desired.

In general, theset A= {f € H: f(M) # M} lies in rad H, but equality
need not hold in general. For instance, over the ring R = Z, let M be the
Priifer p-group Cpe for a fixed prime p. Here H = End(M) is the ring of
p-adic integers, with rad H = pH. The endomorphism p = p - Idys belongs
to (and generates) rad H, but it is onto, and so does not lie in A. (Of course,
it is not one-one!)

Comment. (2) = (5) certainly need not hold if M is not a QI module. For
instance, for R = k[z,y] with the relations z? = zy = yz = y? (where
k is any field), the module M = Rp is indecomposable, but it is not
uniform, and E(M) is a direct sum of two copies of R = Homg(R, k):
see LMR-(3.69).

For a general (not necessarily indecomposable) QI module M, a detailed
analysis of the structure of End(M) is given in LMR-(13.1). The basic case
where M is indecomposable serves as a good model for this more general
analysis.

Ex. 6.33. Over a right artinian ring R, show that any faithful QI module
Mp, is injective.

Solution. For any finite set A C M, ann(A4) = {r € R: Ar =0} is a right
ideal in R. Let B C M be a finite set such that ann(B) is minimal among
{ann(A) : |A| < oo}. For any a € M, ann(B U {a}) C ann(B) implies that
ann(B U {a}) = ann(B). Therefore, for any r € R, Br = 0 = ar = 0.
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Since M is faithful, we must have ann(B) = 0. If B = {by,...,b,}, the
map 1+ (by,...,by) then defines an embedding R — M™. Since M is QI,
so is M™ by LMR-(6.77). The fact that R < M"™ now shows that M" is
injective by LMR-(6.71) (2). Hence M itself must be injective.

Comment. The assumption that R is right artinian is somewhat under-
utilized in this exercise. The property we are really using is that the module
Rp is “finitely cogenerated” in the sense of LMR-§19. The idea in the proof
above actually shows that:

If Ry is finitely cogenerated, then for any faithful module Mg,
R embeds into M™ for some n < 0o.

The converse of this statement is true also: all of this will be given more
formally later as Exercise (19.9).

Ex. 6.34. (L. Fuchs) For any module Mg, show that the following are
equivalent:

(1) M is QI

(2) For any submodule L C M contained in a cyclic submodule of M, any
f € Hompg(L, M) extends to an endomorphism of M;

(3) For any Bg such that V b € B, 3 m € M with ann(m) C ann(b), any
R-homomorphism from a submodule of B to M extends to B;

(4) (“Quasi Baer’s Test”) For any right ideal J C R, any R-homomorphism
g: J — M whose kernel contains ann(m) for some m € M extends to Rpg.

Solution. (3) = (1) = (2) are tantologies, in view of the definition of QI.
(2) = (4). Suppose ker(g) 2 ann(m) as in (4). Define f : m-J — M by
f(mg) = g(j) for every j € J. Since

mj =0= j € ann(m) =0 = g(j) =0,

f is a well-defined R-homomorphism. Since m - J C m - R, (2) implies that
f is the restriction of some h € Endg(M). Let mg : = h(m) € M. Then,
for any j € J:

9(j) = f(mj) = h(mj) = h(m)j = moj.
This means that g : J — M can be extended to Rp.

(4) = (3). For Bg as in (3) and any Ar C B, let f € Homg(A, M) be
given. A usual application of Zorn’s Lemma enables us to assume that f
cannot be extended to a submodule properly containing A. We finish by
showing that A = B. Indeed, suppose there exists b € B\ A. Then

J:={j€eR: bje A}

is a right ideal of R. We define g € Hompg(J, M) by g(j) = f(bj) (for every
j € J). By assumption, there exists m € M such that ann(m) C ann(b).
For this m, we have clearly ann(m) C ker(g). Therefore, (4) applies, so that
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there exists mg € M such that g(j) = mygj for every j € J. Now define
h: A+bR— M by

h(a +br) = f(a) + mor (Va € A and r € R).

To see that h is well-defined, suppose a+br = 0. Then br = —a € A implies
that r € J, so

f(a) = f(b(=r)) = g(=r) = mo(=7);

that is, f(a) +mor = 0. It is easy to check that h is an R-homomorphism.
Since h obviously extends f, the required contradiction is at hand.

Comment. The Condition (3) brings the notion of quasi-injectivity closely
in line with the usual notion of injectivity, in that it is an extension property
for homomorphisms from other modules to M. Condition (4) in turn gives
the “quasi” analogue of the classical Baer’s Test. The result in this exer-

cise comes the Fuchs’ paper, “On quasi-injective modules,” Annali Scuola
Norm. Sup. Pisa 23 (1969), 541-546.

Ex. 6.35. An exercise in a ring theory monograph asked the reader to
prove the equivalence of the following two conditions on a right ideal I C R :

(a) I = eR for some idempotent e € R ;
(b) I is isomorphic to a direct summand of R.

Provide some counterexamples to this alleged equivalence.

Solution. Note that {eR te=e?¢ R} gives all the direct summands of
Rp, so clearly, (a) = (b). The converse (b) = (a), however, is false in
general. For instance, for any domain R that is not a division ring, if a # 0
is a nonunit, then aR is isomorphic to the direct summand Rg, but aR is
not of the form eR (for e = €?) since the only idempotents in R are 0 and

1. For a more interesting example, let R = (lg Z) for any division ring k.
The two right ideals

_ (0 &k , (0 0
(0 B war= (0 )
. . 0 a 00 ). .
are isomorphic (by the map 00/~ \o a ), and I’ is a direct sum-
mand of R (with direct complement <lg g)) However, I? = 0, so the

only idempotent in [ is zero.

Comment. The equivalence (a) < (b) would be the condition (Cz) for
the module Rg in the following exercise. Rings satisfying this condition
include the right principally injective rings (by Exercise (3.46)), which in
turn include all von Neumann regular rings.
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Ex. 6.36. For any module Mg, consider the following conditions, where
the word “summand” means throughout “direct summand”:

(C1) M is CS (any N C. M is a summand);

(C2) If K C M is isomorphic to a summand A of M, then K itself is a
summand of M;

(C3) If A, B are summands of M and ANB = 0, then A+ B is a summand
of M.

Show that (C3) = (Cj3), and that any QI module M satisfies (Cy), (C2),
and (Cs). In the literature, M is called continuous if it satisfies (C,), (Ca),
and quasi-continuous if it satisfies (Cy), (C3). With this terminology, we
have the following basic implications:

(%) Injective = QI = continuous = quasi-continuous = CS.

Solution. Assume (Cs), and let A, B be summands of M with ANB = 0.
Pick C such that M = A @ C and let 7 be the projection M — C (with
ker(r) = A). Clearly, B = m(B) is an isomorphism. Thus, to show that
A® B is a summand, it suffices to show that A@ 7B is a summand (thanks
to (C2)). But (C3) also implies that 7B is a summand of M, and hence of
C. We may then write C = 7B @ X (for some X), and get

M=A6C=(A®&rB)&X.

This checks (Cs).

Now consider any QI module M. By LMR-(6.80), M satisfies (C1), so
in view of the above, it suffices to check that M also satisfies (Cz). Let
K,A be as in (Cy) and let f : A — K be an isomorphism, with inverse
g. Since M is QI, there exists h € Endg(M) extending g. Let 7 be a fixed
projection of M onto A (which exists since A is a summand of M). For any
a € A, we have

((moh)f)(a) =7 (9f(a)) =7 (a) =a.

This means that the injection A >£>M is split by mo h, so f(A) = K isa
summand of M, as desired.

Comment. This is not the place to compile a list of detailed examples
(to show, for instance, that none of the implications in (x) is reversible).
However, it behooves us to mention at least one concrete case in which the
property (Cjs) fails to hold. In R = M (Z), consider the right ideals

(7 Z {0 O _ T oy,
A—(O 0), C—(Z Z)’ and B_{<2x 2y>.x,y€Z}.

Here R = A ® C = B @& C, so A, B are summands of Rg. Clearly,

Z Z
ANB=0,but A®B = 97 97
summand. (Of course, A® B is not even an abelian group summand of R.)

is essential in Rg, and is thus not a
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Therefore, Rp does not satisfy (Cs), and (Cs) fails also since 24 = A but
2A is not a summand of Rg.

We have included this exercise because of the increasing popularity
of the notions mentioned at the end of the exercise. There have been at
least two recent books devoted to the study of modules satisfying some
of the conditions (C;). These are: “Continuous and Discrete Modules” by
S. H. Mohamed and B. Miiller, Cambridge Univ. Press, 1990, and “Extend-
ing Modules” by N. V. Dung, D. V. Huynh, P. F. Smith and R. Wisbauer,
Longman Scientific & Technical, U. K., 1994. For the extensive theory of
CS modules and continuous modules (and the associated rings with the
same names), we refer the reader to these two monographs.

Ex. 6.37. (Goel-Jain) For any Mg, show that the following are equivalent:

(1) M is quasi-continuous (i.e. M satisfies (C;) and (C3));

(2) Any idempotent endomorphism of a submodule of M extends to an
idempotent endomorphism of M;

(3) Any idempotent endomorphism of a submodule of M extends to an
endomorphism of M

(4) M is invariant under any idempotent endomorphism of E (M);

(5) If E(M) = @,¢; Xi, then M = @, (M N X;);

) EEM)=X®Y, then M =(MNX)®(MNY).

Solution. (1) = (2). Let f be an idempotent endomorphism of N C M.
Then N = A@® B where A = ker(f) and B = im(f). Let A’ O A be
a complement of B in M. Then A’ C. M. Similarly, if B’ O B is a
complement of A’ in M, then B’ C. M. Since M is a CS module, A’, B’ are
summands of M. Therefore, by (C3), M = A'® B’ ® X for some submodule
X. Now the projection of M onto B’ with respect to this decomposition is
an idempotent endomorphism of M extending f.

(2) = (3) is a tautology.

(3) = (4). Let e = €* € Endgr(E(M)). For M; = M N ker(e) and
My = M Nim(e), we have My N My = 0. By (3), there exists f € Endg(M)
such that f|M; =0 and f| My = Idp,. We claim that (e— f)M = 0.
Indeed, if otherwise, (e — f) M N M # 0, so there exist m,m’ € M with
0# m' = (e— f)m. Then

em = fm+m' € My and (l—eym=m—em€ M.

Therefore, m = (1 — e) m+em € M; @ M,. Applying f, we get fm = em,
which contradicts m’ # 0. Thus, we must have (e — f) M = 0, and hence
eM=fMCM.

(4) = (5). Let 7; be the projection from E(M) = @, X; to X;. Form € M,
let m =), z; (finite sum), where each z; € X;. Then

z, =m(x)em(M)CM
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by (4), so m € @, (M N X;). This shows that M = @, (M N X,).
(5) & (6) is straightforward.

(5) = (1). The argument for proving (C1) (that M is a CS module) is the
same as that for LMR-(6.79). (The argument there uses only the “Cutting
Property” (5).)

Comment. The property (3) above is often referred to as “m-injectivity”
(“m” here stands for “projection”). The equivalence of most of the proper-
ties in this exercise appeared in the paper of V. K. Goel and S. K. Jain, “7-
injective modules and rings whose cyclics are m-injective,” Comm. Algebra
6 (1978), 59-73. In this paper, it is also pointed out that any module
M has a “m-injective hull”, given by the smallest R-submodule of E (M)
containing M that is stabilized by all idempotent endomorphisms of E (M).

In the work of later authors, “m-injectivity” was shown to be equivalent
to “quasi-continuity” ((Cp) plus (Cs)). The use of the term “continuity”
will be explained in the next exercise and the ensuing Comment.

Ex. 6.38. For any von Neumann regular ring R, show that the following
are equivalent:

(a) Rpg is continuous,
(b) Rg is quasi-continuous, and
(C) RR is CS.

(A von Neumann regular ring R is said to be right continuous if it satis-
fies these equivalent conditions. For instance, any right self-injective von
Neumann regular ring is right continuous.)

Solution. Since we have (a) = (b) = (c) by Exercise 36, it suffices to
prove (¢) = (a). Now (a) means (c) plus the condition (C3) for Rg (in the
notation of Exercise 36). For a von Neumann regular ring R, summands
of Ry are precisely the principal right ideals, so clearly Ry satisfies (Cs).
(For a more general statement, see the Comment following Exercise 35.)
This remark yields immediately (c) = (a).

Comment. In von Neumann’s original work, a von Neumann regular ring R
is called right continuous if the lattice of principal right ideals is complete
and satisfies an upper continuity axiom, and R is called continuous if the
same lattice is complete and satisfies both the upper and lower continuity
axioms. The right continuous property on the von Neumann regular ring R
turns out to be equivalent to Rg being a CS module, so our definition given
in this exercise is consistent with von Neumann’s. For a detailed study of
the theory of right continuous von Neumann regular rings, see Chapter 13 of
Goodearl’s book “von Neumann Regular Rings,” Krieger Publ. Co., 1991.
The idea of investigating the notion of continuity of modules independently
of von Neumann regular rings is due to Y. Utumi.
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Ex.6.39. Show that each of the four implications in () listed at the end
of Exercise 36 is irreversible.

Solution. We first work over the ring R = Z. For a prime p, M = Z,®Z,2
is a CS module by Exercise (6.19C), but does not satisfy (Cs). In fact,
A=17Z-(1,0) and B = Z-(I,p) are both summands (with a common direct
complement 7 - (O,T)). We have ANB =0, but A® B=7Z,®Z,is not a
summand of M. Thus, M is not quasi-continuous.

Next, note that any uniform module is clearly quasi-continuous, but
may not satisfy (Cs). For instance, the uniform module Z is quasi-
continuous, but 2Z = Z, and 2Z is not a summand in Z. Thus, Z is not
continuous. And, of course, Z,, is QI, but not injective. Thus, it only remains
to construct a module that is continuous, but not QL.

For this, consider two fields £k C K. Let S = K x K x ---, and let R
be the subring of S consisting of (aj, az, . ..) with all but finitely many a;’s
in k. It is easy to see that R and S are commutative von Neumann regular
rings. Clearly, Rr C. Sgr, so Rp is not injective, which implies that Rpg is
not QI (by LMR-(6.71)(2B)). We finish by checking that any ideal A C R is
essential in fR for some f = f2 € R (so that Rp is continuous, by Exercise
38). Indeed, let

I'={i: 3 (ay,aq,...) € Awith a; #0}.

For the idempotent f = (f1, f2,...) with f; = 1 for i € I and f; = 0
otherwise, we have A C fR. For any

O#r:(TIaTQ,"')EfR7

fix an index ¢ € I with r; # 0. A suitable R-multiple of r has the form
(0,...,1,0,... ) with the “1” in the *® coordinate, and this unit vector
belongs to A. Therefore, we have checked that A C. fR, as desired.

Ex. 6.40. For any QI module Mg, let S = End (Mg) and m € M. If m-R
is a simple R-module, show that S-m is a simple S-module. From this fact,
deduce that soc (Mg) C soc (sM).

Solution. It suffices to show that, for any s € S such that sm # 0, S-sm
contains m. Consider the R-epimorphism ¢ : mR — smR given by left
multiplication by s. Since mR is simple, ¢ is an isomorphism. Let ¢ =
¢~ ! and extend 9 to an endomorphism ¢ € S (using the quasi-injectivity
of Mg). Now

tsm = (sm) = ¢~ (sm) = m,

som € S - sm, as desired.

For the last part of the exercise, note that if z € soc(Mg), then
xR is a semisimple module, so if z # 0 we can write it in the form
my + - -+ + m, where m;R is simple for each i. The above implies that
each m; € soc (sM), so z =my +---+m, €soc(sM).
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Comment. In ECRT-Ex. 3.6A, we have solved the first part of this exercise
for a semisimple module Mpr. Here we simply repeat that solution, as it
works already for a QI module.

§7. Singular Submodules and Nonsingular
Rings

For any module Mg, the singular submodule Z(M) consists of elements
m € M for which ann(m) C. Rg. The module is called nonsingular if
Z(M) =0, and singular if Z(M) = M. Note that “nonsingular” is not the
same as “not singular”. Any submodule of a nonsingular (resp. singular)
module is nonsingular (resp. singular), and in general, there is no nonzero
homomorphism from a singular module to a nonsingular module.

In any ring R, Z(Rpg) is always an ideal, called the right singular
ideal, and R is said to be a right nonsingular ring if Z(Rg) = 0. (Left
nonsingular rings are defined similarly.) Right nonsingular rings include
all reduced rings, all group rings kG over formally real fields k, and all
right semihereditary rings (in particular all von Neumann regular rings).
Among commutative rings R, the nonsingular rings are just the reduced
rings; however, Z(R) may not be the same as Nil(R). For a more precise
statement, see Exercise 9.

Under a suitable finiteness condition on R, one might hope for a “nil”
or “nilpotent” conclusion on Z (Rg). For instance, if R satisfies ACC on
right annihilators of elements, then Z (Rg) is nil, and if R satisfies ACC
on right annihilators, then Z (Rg) is in fact nilpotent: see LMR-(7.15).

Section 7 also deals with the notions of Baer rings and Rickart rings,
which are motivated by the study of operator algebras. A ring R is called
a right Baer ring if every right annihilator in R has the form eR for
some idempotent e € R, and R is called a right Rickart ring if the right
annihilator of any element in R has the form eR for some idempotent
e € R. Right Rickart rings R are characterized by the “right PP” property:
every principal right ideal in R is projective (LMR-(7.48)). In general, right
Rickart rings need not be left Rickart. However, right Baer rings turn out
to be the same as left Baer rings (LMR-(7.46)).

In general, we have the implications:

Baer

I~

von Neumann right right right
regular = semihereditary = Rickart = nonsingular

and, for right self-injective rings, the five properties are all equivalent: see
LMR-(7.50) and LMR-(7.52). The Exercises 21-29 cover various additional
aspects of Baer rings and right Rickart rings. Other exercises in this section
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provide connections between nonsingular modules and CS modules, QI
modules, uniform modules, etc. The last exercise, due to R. Shock, com-
putes the right singular ideal of a polynomial ring, showing, in particular,
that if R is right nonsingular, then so is any polynomial ring (in commuting
variables) over R.

Exercises for §7

Ex. 7.1. Compute the right singular ideal Z(Rpg) for the Z-algebra gen-
erated by z,y with the relations yz = y? = 0.

Solution. We compute with the ring R by using the fact that any ele-
ment in R is uniquely expressible in the form f(z) + g(z)y where f(x),
g(z) € Z[z]. It is easy to show that zR+yR C. Rp (see LMR-(7.6)(4)), so
from ann,(y) 2 xR+ yR, we see that y € Z(Rpg). Since Z(Rp) is an ideal,
it contains

I=RyR=Ry={f(z)y: f(z) € Z[z]}.

For any zp € R\I, we claim that ann,(zp) = 0. This will show that zo ¢
Z(Rpg) and therefore Z (Rg) = I. Write zo = fo(z)+go(z)y, where fo(z) #
0. If 2oz = 0 where z = f(z) + g(z) y, then

0 = (fo () +90(x)y) (f (z) + g (2)v)
= fo(z) f(z) + (90 (2) f (2) + fo () g (2))y

implies that f(z) = 0 and g(z) = 0 since fp(z) is not a 0-divisor in Z [z].
Hence z = 0 € R, as claimed.

Comment. Note that the ideal I above has square zero. Thus, from what we
showed above, we conclude that I is also the lower and the upper nil radical
of R. Since R/I = Z[z], I is the Jacobson radical of R as well. However,
Z(rR) = 0, as is shown in LMR-(7.6)(4). Thus, R is an example of a
(necessarily noncommutative) ring that has a nilpotent ideal not contained
in Z(rR). Finally, note that R is left noetherian but not right noetherian:
see FC-(1.26).

Ex. 7.2. (a) Show that an R-module S is singular iff there exist two
R-modules N C, M such that S =2 M/N. (b) Let N C M be two
R-modules, where M is R-free. Show that M/N is singular iff N C, M.

Solution. The “if” part in (a) is proved in LMR-(7.6)(3). Therefore, it
suffices to prove the “only if” parts in (a) and (b).

Working first with (b), we assume that M /N is singular, where M has
a free R-basis {x;}. For each i, there exists a right ideal I; C. Rg such that
z;I; C N. Clearly, we also have z;I; C. z; R, so by LMR-(3.38),

@i zil; Ce @i z;R= M.

Since @, x;I; C N, it follows that N C. M.



§7. Singular Submodules and Nonsingular Rings 187

Returning now to (a), consider any singular R-module S. Let M be a
free R-module with an epimorphism ¢ : M — S. By part (b), N : = ker(p)
is essential in M, and we have S =~ M/N.

Ex. 7.3. For any submodule N in a nonsingular module M, show that
M/N is singular iff N C, M.

Solution. Again, the “if” part follows from LMR-(7.6)(3) (without any
hypothesis on M). For the converse, assume that M is nonsingular and
that M/N is singular. Consider any nonzero element m € M. Since M/N
is singular, there exists a right ideal I C, Rg such that mI C N. We must
have mI # 0 for otherwise m € Z(M). Say mr # 0, where r € I. Then
0 # mr € N, and we have shown that N C, M.

Comment. If M is not assumed to be nonsingular, the “only if” part of the
Exercise need not hold. For instance, if M = N & S where S is a nonzero
singular module, then M/N & S is singular but N is not essential in M.
Of course M is not nonsingular in this example, since Z(M) 2 Z(S) =
S #0.

Ex. 7.4. Show that an R-module M is nonsingular iff, for any singular
module S, Hompg(S, M) = 0.

Solution. First assume M is nonsingular. Consider any R-homomorphism
f: S — M, where S is a singular R-module. By LMR-(7.2)(3),

F(8) = f(2(5)) € 2(M) =0,

so f is the zero homomorphism. Conversely, if M is not nonsingular, then
S : = Z(M) is a nonzero singular module, and the inclusion map S — M
is a nonzero element in Homg(S, M).

Ex. 7.5. Let N C M be R-modules. (a) If N and M/N are both non-
singular, show that M is also nonsingular. (b) Does this statement remain
true if we replace the word “nonsingular” throughout by “singular”?

Solution. (a) By LMR-(7.2)(4), Z(M) N N = Z(N) = 0. Therefore,
the projection map from M to M/N induces an injective homomorphism
m: Z(M) — M/N. Since Z(M) is singular and M/N is nonsingular, we
must have m = 0 by the previous exercise. This implies that Z(M) = 0,
as desired.

(b) The statement is no longer true if “nonsingular” is replaced by “sin-
gular”. For instance, let R = Z/4Z. The module M = Rp has singular
submodule N = Z(M) = 2Z/4Z, and M/N = N is also singular. However,
since Z(M) # M, M itself is not singular.

Comment. In (b), the anomaly is primarily due to the fact that the ring
Z/AZ is not nonsingular. If R is a right nonsingular ring, it can be shown
that the statement (a) remains true for singular R-modules. For details, see
Proposition (1.23) in Goodearl’s book “Ring Theory: Nonsingular Rings
and Modules,” Marcel-Dekker, Inc., 1976.
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Ex. 7.6. Let I C R be any left ideal.

(a) For any n > 1, show that anny(I) C. Rp iff anny(I") C. Rg.
(b) If I is nilpotent, show that anny(I) C. Rp.

Solution. We note first that ann,(I™) is an ideal in R for any n.

(a) The “only if” part is clear, since anny(I) C ann,(I™). For the “if” part,
it suffices to show that

anny(I?) C. Rp = anny(I) C. Rp.

Consider any nonzero element r € R. Assuming that ann,(I%) C, Rg, we
have 0 # rs € ann, (I?) for some s € R. If rsI =0, then 0 # rs € ann,(I)
so we are done. Thus, we may assume that rst # 0 for some ¢t € I. Now
rstI C rsI? =0, so r(st) is a nonzero element in ann,(I). This checks that
anng(I) C. Rpg.

(b) Fix an integer n > 1 such that I™ = 0. Then ann, (I") = R C. Rp
implies that ann,(I) C. Rg, by (a).

Ex. 7.7. Let R be a ring for which every ideal right essential in R contains
a non left-0-divisor. Show that R must be semiprime.

Solution. It suffices to show that, for any ideal I C R, I? = 0 implies that
I = 0. By Exercise 6(b), I? = 0 yields ann,(I) C. Rpg, so there exists a
non left-0-divisor r € anng(l). Now r- I = 0 implies that I = 0, as desired.

Comment. This exercise shows, in particular, that if every essential right
ideal in R contains a regular element, then R is a semiprime ring. On the
other hand, if R is a semiprime right Goldie ring, Goldie’s Theorem implies
that any essential right ideal I C R contains a regular element. In fact, in
this case, every coset ¢ + I (¢ € R) contains a regular element, and I is
generated as a right ideal by the set of regular elements in I: see Exercises
(11.26) and (11.27) below.

Ex. 7.8. (a) For any central element z € R and any n > 1, show that
anng(z) C. Rp iff ann,(z™) C. Rp.

(b) Use (a) to show that the center of a right nonsingular ring is reduced.
(c) Use (a) to show also that, for any commutative ring R, R/Z(R) is a
nonsingular ring.

Solution. (a) Let I be the principal ideal zR C R. Since I™ = z™R, we
have

anng(I™) = anng (z"R) = ann,(z").
Therefore, the desired conclusion follows from Exercise 6(a).

(b) Suppose R is right nonsingular. It suffices to show that, for any central
element = in R such that 22 = 0, we have z = 0. From z2 = 0, we have



§7. Singular Submodules and Nonsingular Rings 189

certainly anng(z2) = R C. Rg, and therefore ann,(z) C. Rg by (a) above.
Since z - anny(z) = 0, it follows that x € Z(Rg) = 0.

(c) Since R/Z (R) is a commutative ring, the desired conclusion is tanta-
mount to R/Z (R) being reduced, by LMR-(7.12). Therefore, it suffices to
show that for z € R, 2™ € Z(R) = z € Z (R). Since z is central in R,
this follows from (a).

Ex. 7.9. Show that, for any commutative ring R, Nil(R) C. Z(R).
Give an example of a commutative ring R for which this inclusion is not
an equality.

Solution. Recall from LMR-(7.11) that Nil(R) C Z(R). To show that this
is an essential extension, consider any nonzero a € Z(R), so ann(a) C. R.
Since a # 0, there exists 7 € R such that 0 # ar € ann(a). Thus, a®>r = 0. In
particular, (ar)? = 0, so 0 # ar € Nil(R). This shows that Nil(R) C. Z(R).
As an example for the possible failure of equality, consider the commutative
ring R = Q |z, 21, 22, . . .] with the relations z**1z; = 0 for all s > 1. In this
ring, ann(z) contains Y .o, z°z; R, which can be shown to be essential in
R. Therefore z € Z(R). On the other hand, z ¢ Nil R. (In this example,
Z(R) =zR,and Nil(R) = Y72 z z;R.)

Comment. If a commutative ring R satisfies ACC for annihilators of ele-
ments, it is shown in LMR-(7.15)(1) that Z(R) is a nil ideal. In this case, we
will have the equality Nil(R) = Z(R). In the example R = Q|z, 21, 22, .. ]
above, ACC fails for annihilators of elements, since ann (x”‘“) =y, %R
and we have a strictly ascending chain

Zle_ 21R+22Rg e
Indeed, the ring R was constructed precisely with this property in mind.

Ex. 7.10. Show that a commutative semihereditary ring R must be re-
duced.

Solution. By LMR-(7.7), R is nonsingular. Since R is commutative, this
means that R is reduced, by LMR-(7.12).

Ex. 7.11. Show that, for R-modules M; (i € I), Z(P, M;) = D, Z(M;).

Solution. Let M = @, M;. Then Z(M;) C Z(M) for each i, so we have
@D, Z(M;) C Z(M). For the reverse inclusion, consider any (m;)icr €
Z(M), where almost all m; = 0. For any ¢ € I, consider the natural pro-
jection m; : M — M;. By LMR-(7.2)(3), mi(Z(M)) C Z(M;). Therefore,
we have m; € Z(M;) for all 4, and so (m;);cr € B, Z(M;).

Ex. 7.12A. Let Mg be a simple R-module, and S = soc(Rg). Show that
(a) M is either singular or projective, but not both; and

(b) M is singular iff M - S =0.

(c) Deduce from (a) above that a semisimple module is nonsingular iff it is
projective.
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Solution. We may assume that M = R/m, where m is a maximal right
ideal of R. By LMR-(7.2)(2), Z(M)-S = 0. Thus, if M is singular, we
have M - S = 0. In this case, M cannot be projective. For, if it is, then
Rp = m @« for a minimal right ideal 2. But M - S = 0 means that S C m,
contradicting the fact that A C S. Now assume M is not singular. Then,
by Exercise 2, m cannot be essential in Rr. Thus, mN2A = 0 for some right
ideal & # 0. We have then R = m @ U, so M = Ag is projective. Also,
S 2 A implies that S ¢ m, so M - S # 0. This completes the proofs of (a)
and (b).

For (c), consider a semisimple module P = €, P;, where the P;’s are
simple modules. If P is nonsingular, so is each P;. Then P; is not singular,
and therefore projective by (a). This shows that P is projective. Conversely,
if P is projective, so is each P;. By (a), Z(P;) C P; and hence Z(P;) = 0.
By Exercise 11, Z(P) = 0 too, and so P is nonsingular.

Ex. 7.12B. Let Mg be an R-module all of whose nonzero quotients have
minimal submodules.*) Show that M is nonsingular iff P : = soc(M) is
nonsingular, iff P is projective.

Solution. We need only prove the first “iff” statement, as the second one
follows from (c) of the last exercise. It suffices to show the “if” part, so let
us assume that P is nonsingular. Then PNZ(M) = 0, so P can be enlarged
to a complement @ of Z(M). Assume, for the moment, that Z(M) # 0.
Then, by the given assumption on M, there exists T O @ such that T/Q
is simple. Then TN Z(M) # 0, and we must have TN Z(M) 2 T/Q. Since
this is a simple module, TN Z(M) C soc(M) = P. This is a contradiction,
since PN Z(M) = 0. Thus, we must have Z(M) = 0, as desired.

Ex. 7.12C. Let R be a right self-injective ring, and Mg be a nonsingular
module with u.dim(M) < oo. Show that M is f.g. semisimple, and is both
projective and injective.

Solution. We induct on n = u.dim{M), the case n = 0 being clear. If
n > 0, there exists a uniform submodule U C M. Consider any z € U\{0}.
Since M is nonsingular, ann(z) is not essential in the (injective) module
Rg, so we have E : = E(ann(z)) C Rg. Write R = E @ I where I
is a suitable nonzero right ideal in R. Then Ig is both projective and
injective, and

U2z -R=R/ann(z) = E/ann(z) & I

implies that U = z- R 2 I (since U is uniform). This shows that U is gener-
ated by any of its nonzero elements, so U is simple. Writing
M =U®YV, we have u.dim(V) < n and V is nonsingular, so the induction
proceeds.

() Such a module M is said to be “semi-artinian” in the literature. For instance, an
artinian module is always semi-artinian.
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Comment. Of course, once we know that M is semisimple, then M is (f.g.
and) projective by Exercise 12A above, and so M & M’ = R? for some
t < 0o shows that M is injective. The main point of the present exercise
is, however, to show that M must be semisimple.

Ex. 7.13. Let Mg be any CS module over a ring R.

(1) Show that any surjection from M to a nonsingular module splits.
(2) Show that the Goldie closure 0** (defined in LMR-(7.31)) splits in M.

Solution. (1) Let f: M — M’ be a surjection, where M’ is nonsingular.
Let K =ker(f). If K C. L C M, then L/K is singular (by LMR-(7.6)(3))
and it injects into the nonsingular module M’. Therefore, L/K = 0. This
implies that K C. M, and since M is CS, the closed submodule K must
be a direct summand of M by LMR-(6.80).

(2) First let us recall the definition of the Goldie closure 0** of the zero
module. By 0%, we mean the singular submodule of M, and 0** is defined to
be the submodule containing 0* such that 0** /0* is the singular submodule
of M/0*. Now by Goldie’s Theorem LMR-(7.28), M/0** is a nonsingular
module. Applying (1), we see that 0** splits in M.

Ex. 7.14. (Sandomierski) Let R be a right nonsingular ring, and let N be
a quotient of a CS module. Show that

(1) Z(N) splits in N, and deduce that
(2) if N is indecomposable, then it is either singular or nonsingular.

Solution. Represent N as M/X where M is some CS module. Let S D X
be such that S/X = Z(M/X). Since R is a right nonsingular ring, we know
that N/Z(N) is nonsingular by LMR-(7.21). This means that
M/X
M/S>®—" =N/Z(N
/S = S = NIZ(V)
is nonsingular. By (1) of the last exercise, S splits in M; in particular,
Z(N)=5/X splitsin N = M/X.
This proves (1). For (2), assume, in addition that N is indecomposable.
In view of (1), we must have either Z(N) = N or Z(N) = 0. In the former
case N is singular, and in the latter case, N is nonsingular.

Comment. This exercise comes from Sandomierski’s paper “Semisimple
maximal quotient rings,” Trans. Amer. Math. Soc. 128 (1967), 112-120.
Sandomierski proved this result for N being any quotient of an injective
module M, but for his argument to work, the hypothesis that M be CS
suffices. (The hypothesis that u.dim R < oo included for this result in
Sandomierski’s paper is not necessary.)

Ex. 7.15. Let N1, Ny be injective submodules of a nonsingular module
Mp. Show that Ny + N, is also injective. Give an example to show that
this may not be true if M is an arbitrary module over R.
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Solution. Consider the natural surjection f: N; @& Ny — Nj + Ns. Since
N; © N is injective and N; + Ny C M is nonsingular, f splits by the
previous exercise. Therefore, N7 + Ny is isomorphic to a direct summand
of N1 & N, so it is injective.

For a counterexample in case M is not a nonsingular module, consider
the ring R = Z/4Z, which is self-injective by LMR-(3.13). Let
M = Rr ® N where N is the principal ideal 2R, and let N; = (1,0) - R,
Ny = (1,2) - R. Then N; & N, & Rpg are injective R-modules. However,
N1+ Ny = M is not injective, since its direct summand N is not. Here, of
course, M is not a nonsingular R-module. In fact, by Exercise 10,

Z(M) = Z(Rg) ® Z(Ng) = N & N.

Comment. Recall from Exercise 3.10 that the sum of two injective submod-
ules of any module Mp is injective iff the ring R is right semihereditary.
Therefore, an example for the second part of the Exercise can actually be
found over any non right semihereditary ring.

Ex. 7.16. Let S C R be rings such that Ss C. Rg, and let M, N be right
R-modules. If My is nonsingular, show that Homg(N, M) = Homg(N, M).

Solution. It suffices to show that any f € Homg(N, M) is an R-homomor-
phism. Let n € N and r € R. The right ideal

J:={seS:rseS}

in S is right essential, by Ex. (3.7). For any s € J, we have f(nrs) = f(n)rs,
since rs € S. On the other hand, f(nrs) = f(nr)s, since s € S. Therefore,
(f(nr) — f(n)r)s =0 for all s € J. Since J C. Ss and My is nonsingular,
we must have f(nr) = f(n)r, so f € Homg(N, M).

Ex. 7.17. Show that “right semihereditary” and “Baer” are independent
notions.

Solution. Recall that any domain D is a Baer ring. Certainly, D need not
be semihereditary. Conversely, let A = F x F x --- where F is any field,
and let R be the subring of A consisting of sequences (a3, az,...) € A that
are eventually constant. It is easy to see that R is a von Neumann regular
ring, so R is in particular semihereditary. However, it is shown in LMR-
(7.54) that R is not Baer. In fact, if e; € R denotes the i*" “unit vector”
(0,...,1,0,...) and S = {ey, e3,€5,...} C R, the annihilator ann(S) in R
is not a finitely generated ideal.

Ex. 7.18. Let R be any right semihereditary ring and S C R be a finite
set. Show that ann,(S) = eR for some idempotent e € R.

Solution. Let S ={s1,...,s,}, and consider the homomorphism of right
R-modules

f:R—R'=R®---®R
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defined by f(z) = (s1z,...,snz). The image of f is a cyclic submodule of
R™, so it is projective by LMR-(2.29). Therefore, ker(f) = ann,(S) is a
direct summand of Rg, so ann,.(S) = eR for some e = ¢% € R.

Ex. 7.19A. For any a € R, show that the following are equivalent:

(1) a = ava for some v € U(R). (Such a € R is called a unit-regular element
of R.)

(2) a = uf for some u € U(R) and some f = f2 € R.

(3) a = eu for some u € U(R) and some e = €2 € R.

(4) a = asa for some s € R, and R/aR = ann,(a) as right R-modules,

(5) aR is a direct summand of Rgr, and R/aR = ann.(a) as right
R-modules.

Solution. According to von Neumann, the first condition in (4) is equiva-
lent to the first condition in (5). (The proof is easy.) Therefore,
(4) & (5).

(1) = (2) Say a = ava as in (1). Clearly f = va is an idempotent. Then
a=uf foru=v"1 € U(R).
(2) = (3). Let a = uf be as in (2). Then e = ufu~! is an idempotent, and
we have a = (ufu~!)u = eu.
(3) = (5). Let a = eu as in (3). Then aR = euR = eR is a direct summand
of Rr. Moreover,
ann,(a) = {z € R: 0 =az = euzx}

={zeR: ure(l-e)R}

=ut(1-¢€)R.
Therefore, ann,(a) = (1 —e)R =2 R/eR = R/aR as right R-modules.
(5) = (1). Assume the two conditions in (4). Let @ be a right ideal such
that aR ® @@ = R. Since aR is projective, the exact sequence

0 — ann,(a) — R-5aR — 0 (p(z) = ax)

splits, say by a monomorphism % : aR — R. Then R = t(aR) & ann,(a).
By assumption, ann,.(a) & R/aR = @, so there exists an R-isomorphism
Y : @ — ann.(a). Now (¥,v') is an isomorphism from R = aR & Q
to R = 1(aR) @ ann,(a), so it is given by left multiplication by some
v € U (R). Therefore,

a = pp(a) = p(va) = ava,
as desired.

Comment. This exercise is basically the same as FCRT-Exer. 4.14B and
4.14C, except that it is stated here for a fized element o in any ring R.
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More connections to von Neumann regular rings will be given in the next
exercise and the ensuing Comment.

Ex. 7.19B. Refer to condition (5) in the list of equivalent conditions in
the last exercise. Show that:

(A) If R is von Neumann regular, we can drop the first condition in (5).
(B) If R is commutative, we can drop the second condition in (5).

(C) If R is commutative and von Neumann regular, every a € R is unit-
regular.

(D) In general, the two conditions in (5) are independent.

Solution. (A) is obvious in view of what we said at the beginning of the
solution to the last exercise.

(B) Assume R is commutative, and that aR is a direct summand of Rpg.
Then we can write aR = eR where e = e2. By commutativity, we have
ann,(a) = ann,(e), so

R/aR = R/eR = (1 —e€) R = ann,(e) = ann,(a).
(C) follows immediately from (A) and (B).

(D) First, consider any ring R that is not Dedekind-finite, so that there exist
a,b € R with ab =1 # ba. Then aR = R is certainly a direct summand of
Rpg. However,

a(l —ba) =a— (ab)a=0 = ann,(a) #0.

Thus, ann,{a) Z R/aR = 0. Next, consider the ring R = Z/47Z and take
a = 2. We have R/aR & 7,/27 = ann,(a), but aR is certainly not a direct
summand of Rg. (In the same spirit, we could have also taken ¢ = Z in the

ring R = Q|[z] / (?).)

Comment. If every element in a ring R is unit-regular, R is said to be a
unit-reqular ring. These rings form a particularly important class of von
Neumann regular rings.

If R is a commutative ring, clearly the set of all unit-regular elements
in R is closed under multiplication. Remarkably, the same result is true for
any von Neumann regular ring, according to a result of J. Hannah and K.
O’Meara, “Products of idempotents in regular rings 117, J. Algebra 123
(1989), 223-239.

Consider a product of two unit-regular elements, say = = (eju1) (eauz)
where the u;’s are units and the e;’s are idempotents. As in the proof
of (2) = (3) in the last exercise, z = ejehuiuy where e, = ulegul_l is an
idempotent. Therefore, to say that the unit-regular elements in R are closed
under multiplication is equivalent to saying that the product of any two
idempotents in R is unit-regular. This is, of course, not true in general. For

instance, for the algebra R = <l(§ :) over a field k, the two idempotents
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11 0 0 01 .
e = (0 0) and f = (0 1) have product a : = ef = (0 0). This

element is not unit-regular in R since aRa = 0 does not contain a. In fact,

we have a “double jeopardy” for condition (5) in Ex. 7.19A: aR = <8 g)
is not a direct summand of Rg, and R/aR (= k X k) is also not isomorphic

to the indecomposable module ann,(a) = (g g)

Ex. 7.20. Let R be a ring in which all idempotents are central, and let
a € R. Show that aR is projective iff a = be where e = €? and ann,.(b) = 0.

Solution. For sufficiency, assume a = be where e = e? and ann,(b) = 0.
Then aR = beR = eR is projective. Conversely, assume a € R is such that
aR is projective. Then the short exact sequence

0 — ann,(a) — R *+aR — 0

splits, so ann,.(a) = fR for some f = f2€ R. Lete=1—fandb=a+ f.
Then a (1 — e) = 0 yields a = ae = be. Finally, for = € ann,(b),

ax = bex = bxe =0
(since e is central), so z € fR, whence
z=fr=(b—-azr=—ar=0.
Thus, ann,.(b) = 0, as desired.

Comment. In the ring theory literature, rings whose idempotents are all
central are called abelian rings. It will be convenient for us to use this
terminology in the following (especially in the next two exercises).

Ex. 7.21. (Endo) Show than an abelian ring R is right Rickart iff it is left
Rickart.

Solution. We need only prove the “only if” part, so assume R is right
Rickart. For any a € R, we want to show that Ra is projective. We do
know that aR is projective, so by Exercise 20, we can write a = be where
e = 2 and ann,(b) = 0. Since be = eb, it suffices (by the left analogue of
Exercise 20) to show that anng(b) = 0. Say a’b = 0, and write o’ = b'e’
where €’ = €’? and ann,.(b') = 0. Then b'e’b = 0 implies that 0 = e’b = be'.
Hence ¢’ = 0 and @’ = b'e’ = 0, as desired. In summary, note that, in the
above setting, we have

ann,(a) = fR= Rf = anny(a) (Va € R).

Comment. As is pointed out in the text of LMR, the exercise above is
a “non x” version of the fact that the notion of Rickart *-rings is left-
right symmetric. This result of S. Endo appeared in his paper “Note on
p.p. rings. (A supplement to Hattori’s paper),” Nagoya Math. J. 17 (1960),
167-170. For much more information on Rickart *-rings and Baer *-rings,
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see S. Berberian’s monograph “Baer *-Rings,” Grundlehren der Math.
Wiss., Vol. 195, Springer-Verlag, 1972.

Ex. 7.22. (a) Show that a reduced ring is right Rickart iff it is left Rickart.
(b) Name a Rickart ring that is not reduced.

Solution. (a) According to FC-Exercise (12.7), any reduced ring, R is
abelian. Therefore, the conclusion of the previous exercise applies to R.

(b) Let R = Endg (V) where Vj is an infinite-dimensional vector space over
a division ring k. Then R is von Neumann regular, and hence Rickart.
However, R is clearly not reduced. The ring R here is not Dedekind-finite.
For a Dedekind-finite example, take B = M, (Z) for any n. Since Z is
a hereditary ring, LMR-(7.63) implies that R is Rickart. Again, R is not
reduced, if n > 2.

Ex. 7.23. Let R be a ring with exactly two idempotents 0 and 1. Show
that R is right Rickart iff R is Baer, iff R is a domain.

Solution. If R is a domain, then R is Baer and hence (left and right)
Rickart. Conversely, assume R is right Rickart. Let @ # 0 in R. Then
ann,(a) = eR for some e = e € R. Since e # 1, we must have e = 0 so
ann,(a) = 0. This implies that R is a domain.

Comment. The first “iff” statement above is only a special case of a much
more general result due to L. Small. According to this result, if R is a ring
that has no infinite orthogonal set of nonzero idempotents, then R is right
Rickart iff R is Baer: see LMR-(7.55).

Ex. 7.24. (a) Show that a commutative Rickart ring R is always reduced.
(b) Name a commutative reduced ring that is not Rickart.

Solution. (a) Suppose a™ = 0. Since aR is a projective R-module, Exer-
cise 20 above implies that we can write a = be where e = 2 and ann(b) = 0.
From 0 = a™ = b"e™ = b"e, we get e = 0 and hence a = 0, as desired.

(b) Take a commutative reduced ring R which has exactly two idempotents
0 and 1, but which is not an integral domain. By the previous exercise, R
is not Rickart. More explicitly, take R = Q [a, a’] with the relation aa’ = 0.
Using unique factorization in the polynomial ring Q [z, 2], we verify easily
that R is reduced, with 0 and 1 as its only idempotents. Since aa’ = 0 and
a, @’ # 0, R is not an integral domain. By what we said above, R is not
Rickart. Here, the principal ideal aR is not projective, and ann{a) = a'R
is not generated by an idempotent.

Ex. 7.25. For any domain k, and a fixed integer n > 1, let T' be the ring
of upper triangular n X n matrices over k. Show that T is a Baer ring iff T
is a right Rickart ring, iff k£ is a division ring.

Solution. Assume first that k is a division ring. By LMR-(2.36), T is a
hereditary ring. In particular, T is a right Rickart ring. Viewing T as a
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right k-vector space, we have dimy T = n(n + 1)/2 < co. From this, it is
easy to see that T has no infinite orthogonal set of nonzero idempotents.
By LMR-(7.55), any right Rickart ring 7' with such a property is a Baer
ring.

Conversely, assume that T is a right Rickart ring. To prove that k is a
division ring, it suffices to show that every nonzero a € k has a right inverse.
For ease of notation, let us write out the proof for n = 3. By assumption,

a 0 1
the right annihilator 2 of s = {0 0 0| in T has the form eI where
0 00
e = €2 € T. By direct computation, we see that
00 =z
A = ann,(s) = 0y 2z |:=zyzek
0 0 —azx
0 0 o
In particular, e hastheform | 0 yo 20 |.Comparing the (1, 3)-entries
0 0 —axg
of e = €%, we get an equation zy = —az3. We must have zo # 0, for
otherwise all matrices in €T have first row zero and eT' cannot be equal to
2. By cancellation in k, 2o = —ax3 leads to a (—zo) = 1, as desired.

Ex. 7.26. Let R be a Baer ring. Show that the annihilator of a central
subset S C R is generated by a central idempotent. State and prove the
analogue of this for a Rickart ring.

Solution. Let e, f € R be idempotents such that ann(S) = eR = Rf.
Then f = ea and e = a' f for some a,a’ € R. We have

ef =e(ea)=ea=f and ef = (df)f=df=e,

so e = f. Now for any b € R, eb € ann(S) = Rf = Re; hence eb = ebe.
Similarly, we can argue that be = ebe. Therefore, eb = be (Vb € R), so e is
a central idempotent, as desired.

If R is a Rickart ring (instead of a Baer ring), the above argument works
verbatim for a singleton set S = {s} in the center of R. Therefore, the
annihilator of any central element s is generated by a central idempotent
in R.

Ex. 7.27. Show that the center of a Baer (resp. Rickart) ring is also a
Baer (resp. Rickart) ring.

Solution. Let C be the center of a Baer ring R. For any subset S C C,
the last exercise guarantees the existence of an idempotent e € C such
that ann®(S) = eR. We are done if we can show that ann®(S) = eC. The
inclusion “D” is clear. For “C”, let a € ann®(S). Then a = eb for some
b€ R, and so a = e(eb) = ea € eC, as desired.



198 Chapter 3. More Theory of Modules

The same proof works for a Rickart ring R if in the above we argue only
with singleton subsets S C C.

Ex. 7.28. For any Baer ring R, let L be the poset (with respect to inclu-
sion) of principal right ideals of the form eR where e = e2. Show that L
is a complete lattice (see Exercise 6.25), anti-isomorphic to the complete

lattice L’ of principal left ideals of the form Re’ where ¢/ = ¢’2.

Solution. Note that, for any idempotent e € R, eR = ann, (R (1 —e)),
and by definition of a Baer ring, any right annihilator ideal in R has
the form eR for some idempotent e. Therefore, the poset L in question
is just the poset of right annililator ideals (under inclusion). This poset
was already shown to be a complete lattice in Exercise 6.25. In that ex-
ercise, it was also shown that L is anti-isomorphic to the lattice of left
annihilator ideals, which is just the lattice L’ in this exercise. The lattice
anti-isomorphism L — L’ is given explicitly by eR — R (1 —e) for any
idempotent e € R.

Ex. 7.29. Let (R, *) be a Rickart *-ring.

(1) For any z € R, show that ann,(z) Nz*R = 0.
(2) Deduce from (1) that, for any z € R, zz* =0= 2z =0.

Solution. (1) By the definition of a Rickart *-ring, ann,(z) = eR for some
e € R such that e = e = e*. Let y € ann,(z) N z*R. Then y = z*s for
some s € R. We have xe = 0, so

y=ey=ex’s = (ze)’'s=0.
(2) If zz* = 0, then z* € ann,.(z) Nz*R = 0 by (1).

The next two exercises are intended for readers who are familiar with
the notion of Boolean algebras. Briefly, a Boolean algebra is a distributive
lattice with 0 and 1 in which every element has a complement.

Ex. 7.30. For any ring R, the set B(R) of central idempotents is known
to form a lattice under the following (binary) meet and join operations:

enf=ef, eVfi=e+f—ef (e, f € B(R)).

In fact, B(R) is isomorphic to the lattice B’(R) of ideal direct summands
of R (by the map e — eR), where meet is given by intersection and join is
given by sum. (B(R) and B’(R) are both Boolean algebras.) For any Baer
ring R, show that the lattices B(R) and B'(R) are complete.

Solution. Let C be the center of R. By Exercise 27, C is also a Baer ring.
Since B(R) = B(C), we may assume now that R is commutative. In this
case, B’(R) is just the lattice L in Exercise 28, and in that exercise, we
have already shown that L is complete.

It is also possible to give a proof in a less devious way. To show the
completeness of B’(R) (for any Baer ring R), it suffices to show that the
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ideals in B’(R) are closed under intersection. (If so, arbitrary meets exist
in B'(R), and this implies the existence of arbitrary joins.) Consider any
family {e;R} in B'(R). Since ;R = ann(1 — ¢;) for all ¢, we have

ﬂi eR= nl ann(1l — e;) = ann(.9),

where S = {1 —e;} C C. By Exercise 26, ann(S) = eR for some central
idempotent e, as desired.

Comment. To form the join of the family {e;R} in B’(R), we have to take

ann (ann (231 eiR>) = ann (ml ann(eiR)> = ann(ﬂi (1- ei)R> .

Thus, if f € B(R) is such that (), (1 — e;) R = fR, then the join of {e;R}
is eR where e : = 1 — f. All this is saying is that, in the Boolean algebra
B(R), we get the join of {e;} by applying De Morgan’s Law:

Viei=1-A\;(1-e).

The thing to note, however, is that }_ e;R itself may not be in B'(R).
For instance, if R = k X k X --- where k is any field, then B is a com-
mutative Baer ring. If e; denotes the “*® unit vector” in R (i > 1), then
Y e;R=k®k®- -, which has a zero annihilator. Thus, the join of {e; R}

in B'(R) is ann (ann(}_ e;R)) = R. In other words, \/; e; = 1 in B(R).

Ex. 7.31. For any commutative ring R and any ideal 2 C R, recall that
V(2) denotes the Zariski closed set

{p € SpecR: p D A} C Spec R.

Let B (Spec R) be the Boolean algebra of clopen (closed and open) sets in
Spec R. Show that ¢ : B(R) — B (Spec R) defined by ¢(e) = V(eR) is an
anti-isomorphism of Boolean algebras, and @ : B(R) — B (Spec R) defined
by @{e) = V((1 — e)R) is an isomorphism of Boolean algebras.

Solution. By Exercise 2.22, every clopen set in Spec R has the form V (eR)
for some e = €% € R, so ¢ is onto. To show that ¢ is one-one, let e, e’ be
idempotents in R such that V (eR) = V (¢/R). Forming the intersection of
all the prime ideals in this clopen set, we see that eR and €'R have the
same radical ideal. Thus, e™ € ¢'R and €'™ € eR, for some m,n € N. This
means that e € ¢'R and ¢’ € eR. Hence, ¢’'e = ¢’ and ee’ = ¢, s0 e = ¢'.

It remains to show that ¢ is a lattice anti-isomorphism. For e, f € B(R),
we have

eV f) =V ((e+f-ef)R)
=V (eR+ fR)
= V(eR)NV(fR)
= p(e) Ap(f),
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pleN f) = V(efR)
= V(eR)UV(fR)
= p(e) vV e(f),

as desired. Composing ¢ with the complement map on B (Spec R) (which
is also an anti-automorphism of B(Spec R), by De Morgan’s Laws), we see
that ¢ : B(R) — B(Spec R) defined by

¢(e) = (Spec R) \ V(eR) = V ((1 - ¢)R)
is a Boolean algebra isomorphism.
Ex. 7.32. (Johnson-Wong) For any nonsingular module Mg, show that

(1) there is a canonical embedding ¢ of the ring Endg(M) into the ring
Endgr(E(M)); and
(2) M is QI (quasi-injective) iff ¢ is an isomorphism.

Solution. (1) Let f € Endg(M). Since E(M) is an injective module, there
exists an endomorphism g € Endg(E(M)) which restricts to f. We claim
that such an endomorphism g is unique. In fact, suppose ¢’ € Endr(E(M))
also restricts to f. Then (g — ¢') (M) = 0, so g—¢’ induces a homomorphism
from E(M)/M to E(M). Since M is nonsingular, E(M) is also nonsingular
(by LMR-(7.6)(2)). On the other hand, M C. E(M) implies that F(M)/M
is singular (by LMR-(7.6)(3)). Therefore, im(g — ¢’) = 0, which means
that ¢ = ¢’. The map f — g clearly gives the desired ring embedding
¢: Endr(M) — Endgr(E(M)).

(2) Assume that ¢ is onto. Then every g € Endg(E(M)) has the form e (f)
for some f € Endgr(M), and so g (M) = f (M) C M. This means that M
is fully invariant in E(M). Therefore, by LMR-(6.74), M is QL. Conversely,
if M is QI, then it is fully invariant in E(M). For any g € Endg(E(M)),
we have clearly g = ¢ (g]n), so € is onto.

Comment. If M is not assumed to be nonsingular, we may not be able
to embed Endg(M) into Endg(E(M)) by any ring homomorphism. (The
trouble is that f € Endgr(M) may be the restriction of two different
endomorphisms of E(M).) For instance, for a prime p over R = Z, the
(singular) module M = Z, has injective hull E(M) given by the Priifer p-
group Cpe. Here, f = 0 extends to both g = 0 and g’ = multiplication by p,
so ¢ cannot be defined. In fact, Endg(M) is the ring Z,, and Endg(E(M))
is the ring of p-adic integers; clearly, no embedding is possible from the
former to the latter.

The exercise above is taken from the paper of R. E. Johnson and E. T.
Wong, “Quasi-injective modules and irreducible rings,” J. London Math.
Soc. 36 (1961), 260-268. The next exercise is from the same source.
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Ex. 7.33. (Johnson-Wong) Let Mg be a nonsingular uniform module, with
E = Endg(M). (1) Show that any nonzero f € E is injective, and deduce
that F is a domain. (2) If M is also QI, show that E is a division ring.

Solution. (1) Assume, instead, that K : = ker(f) # 0. Then K C, M.
For any y € M, y~ 'K C. Rg by Exercise (3.7). Now

fly) vy 'KCf(y-y 'K)Cf(K)=0,

so f(y) € Z(M) =0, that is, f =0 € E. In particular, if f # 0 # g, then
f, g are injective, and so is fg, which implies that fg # 0.

(2) Let f # 0 in E. Since f is injective, f(m) — m defines an
R-homomorphism from f(M) to M. If M is assumed to be QI, this homo-
morphism is the restriction of some h € E. Now h(f (m)) =m (Ym € M)
implies that Af = 1 € E. From this, we conclude that F is a division ring.

Ex. 7.34. Let R be a subring of a ring T such that Rgr C, Tr. Show that
Z (Rg) C Z(Tr). In particular, if T' is right nonsingular, so is R.

Solution. Let 2 € Z (Rg), so that ann®(z) C. Rg. If 2 is any nonzero
right ideal of T, then 2N R is a nonzero right ideal of R since Rr C Tk.
Therefore 2 N R N annf(z) # 0. In particular, A N ann? (z) # 0, so
z € Z(Tr), as desired.

Comment. For more conclusions concerning rings B C T such that
Ry C. Tg, see Exercise 8.10.

Ex. 7.35. (R. Shock) Let § = R[X] where X is a set of commuting inde-
terminates over the ring R. Show that Z(Ss) = Z (Rg) [X]. (In particular,
R is right nonsingular iff S is.)

Solution. Let I = Z(Rg). For a € I, let A = annf(a) C. Rg. Then
A[X] C. Ss by Exercise 3.30. Since 2[X] C ann?(a), it follows that
ann? (a) C. Ss, and hence I [X] C Z (Ss). Assuming that this is not an
equality, we will seek a contradiction. Let X = {z;: j € J}, and let us
fix a total ordering on J. With respect to this ordering, we can define a
lexicographic ordering “>” on the set of (finite) monomials in the variables

{z; : j € J}. Choose a polynomial
F(X)=b1B1+ - +bnfn € Z(Ss) \I [X],

where b; € R\I, and the (3;’s are monomials such that 8; > --- > (,. Since
by ¢ Z(Rg), annf? (b;) NdR = 0 for some d # 0 in R. We claim that

(%) ann; (f) NdS = 0.

Once this is established, we’ll get f ¢ Z(Sg), a contradiction. To prove
(%), assume instead that there exists a nonzero

d(cyy1 + -+ + CmYm) € ann® (f) (ci € R, 7y; = monomials) .
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We may assume without loss of generality that v, > --- > 7, and that
dey # 0. Then

0=fd(caim+ - +cm¥m) =bideifin + - - -,

where the suppressed terms on RHS involve only monomials < 3y;. There-
fore, we have b;de; = 0, which is impossible since annf? (b;) NdR = 0 This
proves (*), and so we have Z (Sg) = I [X].

Comment. The result in this Exercise is from R. C. Shock’s paper,
“Polynomial rings over finite dimensional rings,” Pacific J. Math. 42 (1972),
251-257.

Ex. 7.36. (Endo) Let R be a commutative ring with total ring of quotients
K = Q(R). Show that the following are equivalent:

(1) R is Rickart;

(2) K is von Neumann regular and Ry, is a domain for any maximal ideal
mC R;

(3) K is von Neumann regular and every idempotent of K belongs to R.

Solution. (3) = (1). Assuming (3), take any a € R. By part (C) of
Ex. 7.19B (applied to K), we can write a = ue where v € U(K) and
e = €2 € K. By assumption, we have e € R. Since multiplication by u
defines an R-isomorphism eR = aR, it follows that (aR)y is projective.

(1) = (2). Assume R is Rickart. We see easily that the localization of R
at any multiplicative set is also Rickart. In particular, for any prime ideal
p C R, Ry is Rickart, so by Ex. 23, Ry, is a domain. Next, K is also Rickart.
If K is not von Neumann regular, then by LMR-(3.71), Ky is not a field
for some maximal ideal M C K. But by the above, Kjs is a domain. Let P
be the kernel of the localization map ¢ : K — Kjs. Then, clearly, P ¢ M.
Fix an element o € M\P. Since K is Rickart, ann®(a) = eK for some
e = e? ¢ K. From p(ae) = 0 # p(a), we see that p(e) =0, so e € P. Let
f = 1— e and identify K with the direct product ring eK x fK. Since
a=a—ae=af € fK and ann¥ (a) N fK =0, a is a non O-divisor of the
ring f K, from which it follows that e+a is a non 0-divisor of eK x fK = K.
Therefore, e + a € U(K), and in particular, a € U(fK). But then ac = f
for some c € fK. Now we have f € aK C M and e € P C M, which gives
the contradiction 1 =e+ f € M.

(2) = (3). This implication turns out to have nothing to do with K being
von Neumann regular. Assuming only Ry, is a domain for every maximal
ideal m C R, we shall prove that any e = e € K belongs to R. Indeed,
assume e ¢ R. Then

I:={reR: rec R} #R,

so I € m for some maximal ideal m C R. Let p = ker (R — Ry,). Since
R, is a domain, p is a prime ideal of R. On the other hand, p consists of
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0-divisors of R, so pK is a prime ideal of K. Thus, we have either e € pK
orl—e €pK.If e € pK, there exists s € R\m such that se = 0. Then
s € I Cm, a contradiction. If 1 —e € pK, there exists s’ € R\m such that
§'(1 —€) =0. But then s'e = s’ € R, so s’ € I C m, again a contradiction.

Comment. The result in this exercise comes from Proposition 1 of S. Endo’s
paper: “Note on p.p. rings”, Nagoya Math. J. 17 (1960), 167-170. The same
result is re-proved in sheaf-theoretic terms by G. Bergman in Lemma 3.1 of
his paper: “Hereditary commutative rings and centers of hereditary rings”,
Proc. London Math. Soc. 23 (1971), 214-236.

The second halves of the conditions (2) and (3) above certainly cannot
be omitted. A nice example is provided by the ring

R={(a,b)€Z’: a=b (mod?2)},

for which K = Q(R) = Q x Q is von Neumann regular. Here, the idempo-
tents (1,0) and (0,1) do not belong to R, and the localization of R at the
maximal ideal 2Z @ 2Z is not a domain. The ring R is not Rickart, since
R is not a domain but has no nontrivial idempotents. On the other hand,
the result in this exercise implies that any ring between Z x Z and Q x Q
is Rickart.

Ex. 7.37. (Endo) With the same notations as in the last exercise, show
that the following statements are equivalent:

(1) R is semihereditary;
(2) R is a flat ideal ring and K is von Neumann regular;
(3) Every torsionfree R-module is flat.

Solution. (3) = (1). Recall that an R-module N is called torsionfree
if every non 0-divisor of R acts injectively on N. Since every torsionless
R-module is torsionfree (an easy fact), (3) = (1) follows immediately from

Chase’s Theorem LMR-(4.67).

(1) = (2). Let R be semihereditary. Then R is a flat ideal ring by LMR-
(4.67), and a Rickart ring by LMR-(7.50). By the last exercise, K is von
Neumann regular.

(2) = (3). Assume (2) and let N be any torsionfree R-module. We have
an injection N — K ®gr N, which we may view as an inclusion. Since K is
von Neumann regular, K ®g N is flat as a K-module by LMR-(4.21), and
hence also flat as an R-module by Ex. 4.53. Using now the fact that every
ideal of R is flat, it follows from LMR-(4.66) that the R-submodule N of
K ®g N is also flat.

Comment. It is also possible to prove the equivalence of (1), (2), and (3)
without appealing to Chase’s Theorem, as follows. First prove (1) = (2)
and (2) = (3) as above. Then we can deduce (2) = (1) from Ex. 4.15B.
Finally, to prove (3) = (2), assume that every torsionfree R-module is
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flat. Then all ideals are flat and we have the first half of (2). To prove
the second half, consider any K-module M. Clearly, as an R-module, M
is torsionfree, and hence Mg is flat. But then Ex. 4.53 implies that Mg
is flat. Since every K-module is flat, it follows from LMR-(4.21) that K is
von Neumann regular, as desired.

The approach to the equivalence of (1), (2) and (3) given in the last
paragraph is much closer to the original one used by S. Endo in his paper,
“On semihereditary rings,” J. Math. Soc. Japan 13 (1961), 109-119. In fact,
Endo’s results were obtained independently of those of Chase (in LMR-
(4.67)).

Of course, in the case where R is a domain, the results in this exercise
are just a part of the characterization theorem for Priifer domains given in
LMR-(4.69). The case of a general commutative ring is considerably harder,
as we saw above.

Ex. 7.38. Show that a right self-injective ring R is right nonsingular iff it
is von Neumann regular.

Solution. The “if” part is proved in LMR-(7.7) (for any ring R). For the
“only if” part, assume R is both right self-injective and right nonsingular.
For any given element a € R, let K = ann,(a), and let M be a comple-
ment to K in Rp, so that M & K C, Rg. Since M N ann,(a) = 0, left
multiplication by a gives a right R-module isomorphism 6 : M — aM. The
composition

aM 5M < R

must be induced by the left multiplication of some element b € R, since
Rp is an injective module. Consider now the left multiplication by a — aba.
This is zero on K, and also on M. Thus,

ann,(a —aba) D M & K.

Since Rp is a nonsingular module, this implies that a — aba = 0, which
clinches the claim.

Comment. The solution (for the “only if” part) above is a more-or-less
direct generalization of the argument proving that the endomorphism ring
of a semisimple module N (over any ring R) is von Neumann regular; see
F(C-(4.27). Here, the module is Rg, and the semisimplicity assumption is
replaced by the (quasi-)injectivity and the nonsingularity of Rpg.

It would be difficult to give an accurate attribution for the result in
this exercise, as many authors have proved various stronger forms of it.
For instance, a rather similar argument is used to prove LMR-(13.1)(2).
After studying the theory of maximal rings of quotients (LMR-Ch.5), the
reader will see that, for any right nonsingular ring R, the maximal right
ring of quotients () is a von Neumann regular ring (LMR-(13.36)). In the



§8. Dense Submodules and Rational Hulls 205

case where R is also right self-injective, we have @ = R, so we retrieve (the
“only if” part of) the present exercise.

§8. Dense Submodules and Rational Hulls

The notion of a dense submodule is a refinement of that of an essential
submodule. We say that a submodule N of a module M is dense (written
N Cy M) if, for any z,y € M with = # 0, there exists r € M such that
zr # 0 and yr € N. It is often convenient to express this condition
in the form z - y7'N # 0, where, by y~!N, we mean the right ideal
{reR: yreN}. If N Cy M, we shall also say that M is a rational
extension of N. Of course, N Cy M = N C. M, the converse is not true
in general. A useful characterization for N C4 M is that

Hompg (M/N, E(M)) =0

where E(M) denotes the injective hull of M; see LMR-(8.6).

In the case where M is a nonsingular module, N C4 M is synonymous
with N C, M (LMR-(8.7)(3)). It follows easily that a ring R is right
nonsingular iff every essential right ideal is dense in Rg (LMR-(8.9)).

In analogy with the existence of the injective hull, one proves that any
module M has a unique mazimal rational extension, denoted by E (M).
This is called the rational hull of M, and is constructed by first forming
I = E(M), H=End(Ig), and taking

E(M)={ieI: VYhe H h(M)=0= h(i)=0}.

This is the largest rational extension of M inside I, as is shown in LMR-
(8.11). In fact, any rational extension of M can be embedded into £ (M)
over M, according to LMR-(8.13). In case M is a nonsingular module, one
has always E(M) = E(M), by LMR-(8.18)(5).

A module My is called rationally complete if E(M ) = M, that is,
if M has no proper rational extension. A characterization for rational
completeness of Mg is that, for any right R-modules A C B such that
Hompg (B/A, E (M)) =0, any R-homomorphism A — M can be extended
to B: see LMR-(8.24). The first half of the exercises in this section deal with
various properties of dense submodules, rationally complete modules, etc.

A byproduct of the treatment in LMR-8§8 is the notion of a right Kasch
ring: this is a ring R such that Ry contains an isomorphic copy of every
simple right R-module. An equivalent condition is that the only dense right
ideal in R is R itself, by LMR-(8.28). The right Kasch property is also
related to the so-called “double annihilator condition”. To be precise,

R is right Kasch iff m = ann,(anngm) for every mazximal
right ideal m in R.

Later, we shall see that any QF (quasi-Frobenius) ring R satisfies this
double annihilator condition for any right ideal m. In particular, QF rings
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are right (and also left) Kasch rings. In general, however, “right Kasch”
and “left Kasch” are independent conditions, as is shown in LMR-(8.29)(6).
Exercise 13 below offers an example of a local ring that is right Kasch
but not left Kasch. The remaining exercises give further information and
examples for 1-sided Kasch rings. For instance, if a 1-sided Kasch ring is
semiprime, then it is in fact semisimple, according to Exercise 15.

Exercises for §8.

Ex. 8.1. Let M’ be a submodule of Mg and N C4 M. For any f €
Hompg (M’, M), show that f~1(N) C4 M'.

Solution. Let N’ = f~1(N). To prove that N’ Cq M’, it suffices to
show that, for any R-module P’ between N’ and M’, any homomorphism
g: P'/N' — M’ is zero (see LMR-(8.6)). Consider the surjection P’ —
(f (P")+ N) /N induced by f. The kernel of this map is N'. Now consider

(f(PY+N)/N=P /N LM CM.

The composition must be zero, since N Cy; M. But then g itself must be
zero, as desired.

Comment. The assumption that M’ C M is essential for the proof given
above. In fact, the conclusion in the exercise may not hold if M’ is not
assumed to be in M. To construct an example, let M = Z and N = 2Z
over the ring R = Z. Of course we have N Cy M. Now let M' = Z ® C,
where C is cyclic of order 2, generated by an element z. Consider the
homomorphism f : M’ — M that is the identity on Z, and zero on C.
Then N’ = f~}(N) = 2Z&C.Lety=1€ Z C M'. For any r € R, we have

yr€ N\ = r iseven = ar=0¢ M'.

Therefore, N’ is not dense in M’. (Of course, we do have N’ C, M', by
Exercise 3.7.)

Ex. 8.2. Let M be an R-module containing the right regular module Rp.
Show that Rr Cg M iff Rg C. M and for every y € M, y" 'R C4 Rp.

Solution. First assume Rz Cy M. Then of course Rz C. M. For any
y € M, consider the R-homomorphism f : R — M given by f(r) = yr.
Applying Exercise 1 to Rg Cq M, we get

f'(R)=y 'R CqRpg.

Conversely, assume that Rg C. M and that for every y € M,y 'R C4 Rrg.
To show that Rg Cq M, consider any two elements z, y € M, with x # 0.
Since Rgr C. M, zr € R\{0} for some r € R. Using y~'R C4 Rg, we can
therefore find s € R such that rs € y~'R and (zr)s # 0. We have now
y(rs) € R and z(rs) # 0, which shows that Rg Cq M.
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Ex. 8.3. Let C C N C M be R-modules.

(a) Does N C, M imply N/C C. M/C?
(b) Does N C4 M imply N/C Cq M/C?

Solution. The answers to both questions are “no”. Counterexamples can
be found already over the ring R = Z. Take

M=Z&2Z, N=Z&2Z and C=2Z®2ZC N.

It is easy to see that N C4 M, but N/C = (Z/2Z) & 0 is a proper direct
summand in M/C = (Z/2Z) ® (Z/2Z), so N/C is not essential (and hence
also not dense) in M/C.

Counterexamples can be found just within the subcategory of torsion
abelian groups also. For instance, for part (a), take A = Z/4Z, B = Z/2Z,
and let

M=A®B, N=246¢B ad C=24CN.

For any z € M\N, we have 2z € N\{0}, so N C. M. Again, N/C is a
proper direct summand of M/C, so N/C is not essential in M/C.

Ex. 8.4. Let Mg be a nonsingular uniform R-module. Show that any
nonzero submodule NV C M is dense in M.

Solution. Since M is uniform and N # 0, N is essential in M. By LMR-
(8.7)(3), any essential submodule of a nonsingular module is dense, so we
have N C4 M.

Ex. 8.5. Let 2 # R be an ideal in a commutative ring R, and let
Mpgr = R/. Show that every nonzero submodule N C M is dense in
M iff U is a prime ideal.

Solution. First assume 2 is prime. Any nonzero submodule N C M has
the form N = B/, where B is an ideal properly containing 2. Let us fix
an element b € B\2. Consider any two elements x, y € R, with z ¢ 2.
Then b ¢ A and yb € B, s0Z-b#0in M and §-b € B/A = N. This
shows that N C; M.

Conversely, assume 2 is not prime. Then there are elements z,z’ ¢
with z 2’ € 2. Form the ideal

B={recR: zred},

which contains 2 properly (since 2’ € B). Then N : = B/2 is a nonzero
submodule of M. Consider the two elements 1 € M and z € M\{0}. If
r € Rissuch that 1-7 € N, then r € B, and so zr = ZF = 0 € M. This
shows that IV is not dense in M, as desired.

Ex. 8.5A. Let M be a left module over a commutative ring R, and let
S C R be a multiplicative set.
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(1) Show that (ann(M))s C ann(Mg), with equality if M is f.g.

(2) If M, is faithful (as an Ry-module) for every prime ideal p C R, show
that M is faithful (as an R-module). If M is f.g., show that the converse
also holds.

(3) For any ideal I C R, show that I C4 R if I, Cy4 R, for every prime
ideal p C R, and conversely if I is f.g.

(4) Show that the “finitely generated” hypothesis in the conclusions (1),
(2), (3) above cannot be eliminated.

Solution. (1) The inclusion in (1) is trivial (without any assumption on
M). If M = 3" | Rm;, consider any r/s € ann(Ms), where r € R and
s € S. Then rm; = 0 € Mg for all 4, so s'(rm;) = 0 € M for all i, where
s’ is a suitable element in S. But then s'r € ann(M), which implies that
r/s =s'r/s's € (ann(M))g, as desired.

(2) If each ann(M,) = 0, then (ann(M)), C ann(M,) = 0 for all prime
ideals p, so ann(M) = 0. Now assume M is f.g. and faithful. Then for each
prime ideal p, (1) implies ann(M,) = (ann(M)), = 0, so M, is faithful, as
desired.

(3) Follows from (2), since an ideal is dense in a (commutative) ring iff it
is faithful as a module over that ring (by LMR-(8.3)(4)).

(4) Let R be the Boolean ring Zs x Zy X --- (or just k x k x --- for any
field k). Then the ideal

A=7Z587Z9% --CR

is dense (by LMR-(8.29)(4)), but not f.g. Take any maximal ideal m C R
that contains A. Since R is a von Neumann regular ring, the localization
R, is a field. Thus, m localizes to zero, and hence A, = 0 too, which is
not dense in Ry, and is not a faithful Ry-module. (On the other hand,
for any prime p not containing A, A, = R, is both dense and faithful!)
This example shows that the use of the f.g. assumption in (1), (2), (3) was
essential.

Comment. The first part of (3) above can be generalized to a statement
on the density of submodules also; see part (2) of the next exercise.

Ex. 8.5B. Let N C M be left R-modules where R is a commutative ring.
(1) If N, C. M, for all prime ideals p C R, show that N C, M.
(2) If Ny Cq M, for all prime ideals p C R, show that N Cyq M.

Solution. (2) Let x,y € M, where z # 0. Take a prime ideal p C R such
that z/1 # 0 in M,. Since N, C4 M,, there exists 7 € R and s € R\ p such
that (r/s)z # 0 € M, and (r/s)y = z/s’ for some z € N and s’ € R\ p.
Then s'ry = sz € My, so (ts'r)y = tsz € N for some t € R\ p. We must
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have (ts'r)z # 0 € M, for otherwise 7z = 0 € M), which is not the case.
This proves that N Cg M.

(1) follows from the same argument, by setting = y.

Ex. 8.6. Let k be a field and R = k ({z; : 7 > 1}), with relations z;z; =0
for all unequal 4, j. Let p; (z;) € k[z;] \{0}. Show that the ideal A generated
by {pi (z;): i > 1} is dense in R.

Solution. Clearly R is commutative, and it is not difficult to show that R
can be represented as a direct sum

(%) R =k ® z1k[z1) ® zoki[z2] B - - -.

From this, we see that R is a reduced ring, so R is nonsingular. Therefore,
it is sufficient to show that A C. R. (By LMR-(8.7)(3), A C. R implies
that A C4 R.) Let 0 # r € R, say

r=a+z1fi(x1)+ -+ xofn(zn), ack.
After a reindexing, we may assume that a + z1 f1 (1) # 0 in & [z1]. Now
reipr (1) = (a+ z1f1 (z1)) zapr (1) #0  in k[xq],
and this element lies in p; (1) R C 2. This shows that 2 C. R.

Comment. It is easy to bypass the use of LMR-(8.7)(3). By LMR-(8.3)(4),
to say that 2 is dense amounts to ann () = 0. If r = a+ Y. z;f; (z;) €
ann (2A), multiplying r with p; (z;) shows that a = 0 and f; (z;) = 0 (for
any i > 1), so r = 0, as desired.

Ex. 8.7. Show that a ring R is semisimple iff R is right nonsingular and
every right ideal (resp. right R-module) is rationally complete.

Solution. First assume R is semisimple. If M, N are right R-modules
such that N C4 M, then N = M (since N is a direct summand of M).
Therefore, every Np is rationally complete. For any a € Z (Rg), ann,.(a) is,
by definition, right essential in Rg. Since ann,(a) is also a direct summand
in Rp, it must be the whole ring R, and so a = 0. This shows that R is
right nonsingular.

Conversely, assume that R is right nonsingular, and every right ideal is
rationally complete. We finish by showing that any right ideal 2 is a direct
summand of Rg. Let 8 C Ry be a complement to 2. Then A& B C, Riy.
Since Rp is nonsingular, this implies that A®B C; Rg (see LMR-(8.7)(3)).
By hypothesis, (2 @ 9B)y is rationally complete. Hence A ¢ B = R, as
desired.

Ex. 8.8. Let f: S — R be a surjective ring homomorphism, where S is a
commutative ring. If Ng is rationally complete as an R-module, show that
Ng is a rationally complete S-module.
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Solution. Let N’ be any S-module such that N C; Ng. Consider any
element a € ker (f). Multiplication by a is an S-homomorphism N’ — N’
that is zero on N. This induces an S-homomorphism N’'/N — N’ which
must be zero since N Cq Ng. Therefore, N'a = 0, so N’ is in fact an
R-module. From N C4 Ng, we see easily that N Cy Nj. Since Ng is
rationally complete, we must have N = N’, as desired.

Ex. 8.9. Let N Cy M, where M, N are right R-modules. For any y1,...,
yn € M and 0 # x € M, show that there exists r € R such that y7,...,
Yo € N and xr # 0.

Solution. We proceed by induction on n, the case n = 1 being covered
by the definition of denseness. Assume, by an inductive hypothesis, that
there exists s € R such that y;s,...,yp—18€ N and zs #0. By N Cy M,
there also exists s’ € R such that (y,s) s’ € N and (zs)s’ # 0. The element
r:=ss’ € R is what we want.

Ex. 8.10. Let S C R be rings such that Sg C. Rg, and let N C M be
right R-modules.

(1) Assume Ng is nonsingular. Show that (a) Ng C, Mg iff Ng C. Mg,
and (b) Ng is injective = Ng is injective.

(2) Assume Mg is nonsingular. Show that Ng C; My iff Ns C4 M.

(3) If Ng is nonsingular and rationally complete, show that Ng is also
rationally complete.

Solution. (2) The “if” part is trivial (and is true without any assumptions
on M oron S C R). For the “only if” part, assume that Ng C4 Mg, and let
z,y € M with x # 0, There exists r € R such that xr # 0 and yr € N. Since
Ss Ce Rg, rJ C S for some right ideal J C. Sg. Now zr ¢ Z (Mg) = 0, so
(zr)j # 0 for some j € J. For s =rj € S, we have

zs#0 and ys= (yr)j € NJCN.
This shows that Ng C4 Mg.

(1) For the “only if” part in (a), repeat the argument above with y = = # 0.
Here 0 # zr = yr € N, so the assumption Z (Ng) = 0 would have sufficed
for the argument. Now assume Ny is injective. If Ng C My is any essential
extension, then by (a), Ng C. Mg, and hence N = M. This shows that
Ng is also injective.

(3) Suppose Ng C4q Mg. Then Ny C. Mg. Since by assumption Z (Ng) =
0, (1a) implies that Ng C. Mg. By LMR-(7.6)(2), we have Z (Mg) = 0.
Therefore, by (2), Ns C4 Mg, and hence N = M, as desired.

Comment. This exercise is essentially taken from the paper of Jain-Lam-
Leroy: “On uniform dimensions of ideals in right nonsingular rings,”
J. Pure and Applied Algebra 133 (1998), 117-139.
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Ex. 8.11. Let M =],.; M; where the M;’s are (right) R-modules. If each
(M;) g is rationally complete, show that so is M.

Solution. This result is stated without proof in LMR-(8.25). To prove it,
we use the fact that M is rationally complete iff, for any R-modules. A C B
such that Homg(B/A, E(M)) = 0, any R-homomorphism f: A — M can
be extended to B. (See LMR-(8.24).) Let A C B be R-modules such that
Hompg(B/A,E(M)) = 0, and let f : A — M be any R-homomorphism.
Fix any 7 € I, and let f; = m;f where ; is the projection from M to M;.
We have M = M; & M; where M; =[], M;. Therefore

E(M)=E(M;)® E (M),

so Homg(B/A, E(M)) = 0 implies that Hompg (B/A, E (M;)) = 0. Since
M; is rationally complete, f; : A — M, extends to a homomorphism
gi: B — M;. Now g = (gs);c; : B — M clearly extends the given f, so
we have shown that M is rationally complete.

Ex. 8.12. Let R be a local ring with a nilpotent maximal ideal m. Show
that every module My is rationally complete.

Solution. We may assume M # 0. Since m is nilpotent, there exists a
smallest integer r > 1 such that Mm” = 0. Then Mm"~! is a nonzero right
vector space over the division ring R/m. In particular, Mm"~! contains a
1-dimensional vector subspace N, which is therefore a simple R-submodule
of M. The fact that M contains such a submodule implies that M is
rationally complete, by LMR-(8.18)(2).

Ex. 8.13. Find an example of a local ring R that is right Kasch but not
left Kasch.

Solution. Let k be any field, and S be the ring of power series in two
(noncommuting) variables z,y. We take R to be S/ (y?,yz), which is a
local ring with unique maximal left (resp. right) ideal m = (z,y) / (v, yz).
In working with R, it is convenient to use the representation

R=k[z]]® k(2] ¥

From this representation, we see easily that ann,(Z) = 0 and hence
ann,(m) = 0. This implies that the (unique) simple left R-module g (R/m)
does not embed into grR (see LMR-(8.27)). However, 0 # § € anng (m)
implies that the unique simple right R-module (R/m), embeds into Rg
(via left multiplication by y) as a minimal right ideal yR. In particular, R
is right Kasch but not left Kasch.

Ex. 8.14. Show that a ring R is right Kasch iff, for any nonzero f.g. module
MR, HomR(M, R) 74 0.

Solution. Suppose the latter condition holds. Then, for any simple right
R-module M in particular, there exists a nonzero R-homomorphism f :
M — R. Since M is simple, f must be embedding, so R is right Kasch.
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Conversely, assume that R is right Kasch, and consider any f.g. module
Mg # 0. A simple application of Zorn’s Lemma shows that M has a
maximal submodule N. By the hypothesis on R, the simple right R-module
M/N embeds into Rg. Composing the projection map M — M/N with
such an embedding, we get a nonzero homomorphism from M to Rg. (Note
that it is not necessary to exclude the zero ring in this exercise, since
everything said above is vacuously true for the zero ring.)

Ex. 8.15. For any ring R, show that the following are equivalent.

(1) R is semisimple;

(2) R is von Neumann regular and right Kasch;

(3) R is Jacobson semisimple (i.e. rad(R) = 0) and right Kasch;

(4) R is semiprime and right Kasch.

Solution. We have clearly (1) = (2) = (3) = (4) since any semisimple
ring is Kasch (LMR-(8.29)(1)), and

semisimple = von Neumann regular = J-semisimple = semiprime.

To complete the proof, assume (4). To show (1), it suffices to check that
S : = soc(Rpg) is the whole ring R. Assume S # R. Then there exists a
maximal right ideal m O S. Since R is right Kasch, R/m = 2 for some
minimal right ideal 2, which is necessarily in S. Now S is an ideal of R
(since, for every minimal right ideal B and any r € R, rB is either a
minimal right ideal or (0)). Therefore, m 2 S yields (R/m)-S = 0. But
then 0 = A - S D A2, which contradicts the fact that R is semiprime.

Ex. 8.16. For A = Z/4Z, let R be Osofsky’s ring (A 24

0 A> (defined in
LMR-(3.45)).

(1) Show that R is a Kasch ring by finding explicit embeddings of the
simple (right, left) R-modules into R.

(2) Show that the modules Rp and grR are not divisible (and hence not
injective).

Solution. (1) Let J = 264 gj . Since J?2 = 0 and R/J = Fy x Fy
is semisimple, we have J = rad(R). Let S = A/2A = F,, which is the
unique simple A-module. The two simple right R-modules S, 53 are given

aj
0
find copies of 53,52 in Rp by considering

24 0 0 0
11:(0 0) and IQ—(O 2A)

by S, where < ab> acts on S; by right multiplication by a;. We can
2
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The equations

2¢ 0\ (a1 b\ (2aa; O and 0 0 aa bY (0 0
0 0 0 a/ L O O 0 2a 0 as/ \O0 2aay
show that Iy, I are right ideals in R, with (I;), = S;. Similar calculations

i)
show that the I;’s are also left ideals, with g (I;) giving the two simple left
R-modules. Therefore, R is a Kasch ring.

(2) Tt suffices to prove that Rp is not divisible, since the same argument will
_ {0 2 _ {0 0). (T oy
work for gR. Let a = (0 0) and b = <0 2) in R. For c = (0 z) € R,

we have

ac=0 = 22=0 = bc= 00 =0.
0 2z

However, aR = 0 2A>, so we have b ¢ aR. This shows that Rp is not

0 0
divisible (and hence not injective).

Comment. Of course, Osofsky’s result (LMR-(3.45)) that E (Rg) admits
no ring structure compatible with its right R-module structure already
implies that Rp is not injective. The above gives a little extra information.
In the terminology of Nicholson and Yousif (see Exercise (3.44)), R is
neither a right nor a left principally injective ring.

Ex. 8.17. Let A be the direct product k X k x --- where k is a field. Let
e; (i > 1) the i*® “unit vector” and S be the k-subalgebra of A generated
by the e;’s (that is, S =k ® ke; D kea ® - - -).

(1) Show that the simple S-modules are V; (i > 0) with V; = ke; C S for
i>1,and Vp = S/ @, ke; with all e;’s acting as zero.

(2) Show that Vj is the only simple S-module not embeddable into S (so
S is not a Kasch ring).

Solution. (1) Let mg = (P, ke; and for ¢ > 1, let

m; = k(eq - ].) @@j;éikej'

Each of these is an ideal of codimension 1, so they are maximal ideals in
S. Let V; : = S/m; (i >0), which are simple S-modules. On Vj, each
e; acts as zero, and on V; (1 > 1), e; acts as d;;, so clearly V; = ke; for
i > 1. We finish by proving that each prime ideal p C S is one of the m;’s
(i > 0). Indeed, if p contains all e;, then p = my. Suppose p does not contain
e;- Then e;e; =0 =>¢; €pforall j#i,andej(e;—1)=0=e; —1€p.
Therefore, p = m;, as desired.
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(2) Suppose a minimal ideal % C S is isomorphic to V;. Then 2 = k- o for
some

a=ag+aer+---+are., a; €k, ar#0.

Since ae,r; = 0, we see that ap = 0. Now ae, = 0 = a, = 0, a
contradiction. Therefore, Vy does not embed into S, as desired.

Comment. Since S C A, S is a reduced ring. We have shown above that S
has Krull dimension 0, so S is a (commutative) von Neumann regular ring.
(Of course, this is also easy to check directly from the definition of S.) By
the last exercise, this actually implies that V does not embed into S, for
otherwise S would be Kasch and therefore semisimple, which it is not.

There is, of course, a “finite version” of this example. We could have
started with the finite direct product A = k x --- X k (say n + 1 copies).
Defining

e1 = (0,1,0,...,0), e2 = (0,0,1, ...,0), ..., e, =(0,...,0,1),

the formation S = k-1 ® ke & --- ® ke, in A will give back A itself.
Here, we can define ey to be (1, 0,...,0) to get eo + e + -+ e, = L.
The simple modules are Vg, V1,...,V, as defined before, except that here,
Vo = keg C S also. The ring S = A here is a semisimple (Kasch) ring.

In the “infinite” case, the idempotent ey is curiously “missing”, since
we cannot talk about 1 —e; —eg — - - - . Nevertheless, the 0*® simple module
Vo = S/my is there.

The next four Exercises arise from a correspondence between the author
and Carl Faith in June, 1998.

Ex. 8.18. Show that a commutative Kasch ring R with |Ass(R)| < oo (e.g.
in case u.dim (Rg) < oo) must be semilocal. Then construct a commutative
Kasch ring that is not semilocal.

Solution. Let m be any maximal ideal of R. Since R is Kasch, m = ann(z)
for some z € R, by LMR-(8.27). Therefore, m € Ass(R) by LMR-(3.56).
By the given hypothesis, there are only finitely many such m’s.

In case u.dim (Rg) < oo, we have |Ass(R)| < oo by Exer. 6.2, so the
desired conclusion also applies.

To produce a commutative Kasch ring that is not semilocal, we can use
the construction introduced in LMR-(8.30). Let S be any commutative ring
with an infinite set of mutually nonisomorphic simple modules {V;} (e.g.,
S =7, and V; = Z/p;Z where p; is the i*® prime). We view M = @, V; as
an (S, S)-bimodule in the natural way (with identical left, right S-actions),
and form the “trivial extension” of M by S to get a (commutative) ring
R=Ma S (with M2 = 0). As in LMR-(8.30), R is Kasch, and R has
simple modules V; (on which M acts trivially). Since R has infinitely many
simple modules, R cannot be a semilocal ring, as desired.
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Ex. 8.19. For a prime ideal p in a commutative ring R, show that p €
Ass(R) implies that the localization Ry, is a Kasch ring, and conversely if
p is a f.g. ideal (e.g. if R is noetherian). Give an example to show that the
converse need not hold if p is not a f.g. prime ideal.

Solution. First assume p € Ass(R), so p = annf(r) for some r € R. We
must have r/1 # 0 in T : = Ry, for otherwise there exists s € R\p such
that sr = 0 € R, in contradiction to p = ann®(r). Since (r/1) - pT = 0,
LMR-(8.28) implies that the local ring (T, pT) is Kasch.

Conversely, assume 7' = R, is Kasch, so that pT = ann”(r/s) for some
s € R\p (see LMR-(8.27)), which we may assume to be 1. If p is f.g., say by
elements y1,...,Yn, then ry; = 0 € T for all + < n, so there exists t € R\p
such that try; = 0 € R for all 4. This gives p C ann®(¢r). It suffices to show
that this is an equality, for then we’ll have p € Ass(R). Let = € ann®(tr).
Then zt-r/1 =0in Ry. If ¢ p,  as well as t would be units in R, and we
would have r/1 = 0 € T, in contradiction to ann®(r/1) = pT # T. Thus,
x € p, as desired.

To show that in general R, being Kasch need not imply p € Ass(R), we
exploit the same idea used in the solution to Ex. 8.5A. Let R and A be as
in part (4) of that solution. For any maximal ideal m of R containing A,
Ry, is certainly Kasch (as it is a field), but we knew that m ¢ Ass(R), by
Ex. 3.40G. Here, of course, m is not f.g.

Ex. 8.20. Construct a commutative noetherian Kasch ring R with a prime
ideal p such that the localization R, is not a Kasch ring.

Solution. In view of Exercise 19, it suffices to construct a commutative
noetherian Kasch ring R with a prime p ¢ Ass(R). We start with a com-
mutative noetherian local domain (S, m) with Krull dimension > 2. Let P
be a prime ideal such that 0 # P # m, and let V = S/m, viewed as an
(S, S)-bimodule with identical left and right S-actions. Let R =V @ S be
the trivial extension of V by S (with V2 = 0). Since R is a (commutative)
S-algebra that is f.g. as an S-module, R is a noetherian ring. By LMR-
(8.30), R is a Kasch ring. Consider the ideal p : = V @ P of R. Since
R/p = S/P is a domain, p is a prime ideal. We finish by showing that
p is not an associated prime of R. Indeed, if p € Ass(R), we would have
p = ann® ((v, s)) for some nonzero (v,s) € R. Taking p € P\{0}, we have

0= (v,s)(0,p) = (vp,sp) = s=0.
But then the annihilator of (v, s) = (v,0) contains 0 & m, since
(v,0) (0, m) = (v-m, 0) = (0,0).
This contradicts ann?((v,s)) =p=V & P.

Ex. 8.21. Let R be a commutative noetherian ring. If R, is Kasch for
every maximal ideal m, show that R is Kasch. What if R is not assumed
to be noetherian?
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Solution. Let m be any maximal ideal of R. Since R, is Kasch and m is
f.g., Exercise 19 shows that m € Ass(R). Therefore, m = ann(z) for some
nonzero z € R. Now multiplication by x embeds R/m into R, so R is a
Kasch ring (and necessarily semilocal by Exercise 18).

If we do not impose the noetherian assumption, the ring R = ZyX
Zy X --- provides a counterexample. This ring is not Kasch, but since R is
von Neumann regular, the localizations Ry, at all prime (= maximal) ideals
p are fields, and hence Kasch rings.

Ex. 8.22. Let k be a division ring, and R be the ring of matrices

a 0 b c
10 a 0 d
TZ1lo 0 a 0

0 0 0 e

over k, as in LMR-(8.29)(6). Compute the left and right singular ideals
of R.

Solution. The left and right socles of R have been computed in
LMR-(8.29)(6); namely,

()soc(Rgr) ={y€ R: a=0}, and soc(rRR)={y€R: a=e=0}.
Since R is artinian, LMR-(7.13) implies that
(2)  Z(Rg) = anny (soc(Rg)), and Z (rR) = ann, (soc (rR)) .

Computing the appropriate annihilators of the ideals in (1), we see that

00k O 00 k k
0000 00 k
Z(ER)=1g o o o @ Z2&R)=145 ¢ ¢ ¢
0000 0000

In particular, R is neither left nor right nonsingular.

Comment. In any noetherian ring R, Z (Rg) and Z (grR) are known to
be in rad(R) (the Jacobson radical of R): see LMR-(7.15). In the above
example, we have Z (Rg) C Z (grR) = rad(R).



Chapter 4
Rings of Quotients

§9. Noncommutative localization

In commutative algebra, localization of commutative rings R with respect
to multiplicative sets S C R provides a powerful tool for proving theorems.
For noncommutative rings, however, localization is a much more difficult
proposition.

For any multiplicative set S in a ring R, there does exist an “S-inverting
homomorphism” ¢ from R to a ring Rg with an obvious universal property
(LMR-(9.2)). However, this universal ring Rg is rather unwieldy, and its
elements are difficult to express. Also, Rg may turn out to be the zero
ring. Therefore, it does not seem fruitful to work with this localization
Rs.

Classically, the consideration of noncommutative localization started
with the problem of embedding a domain into a division ring. Mal’cev
showed that a cancellative semigroup (with identity) may not be embed-
dable in a group, and, using the construction of semigroup algebras, he also
showed that a domain may not be embeddable into a division ring (LMR-
(9.11)). Various necessary conditions for a domain to be embeddable in a
division ring are given in LMR-(9.13) through LMR-(9.16).

For a field C, the free algebra F' = C(u, v) can be embedded in a division
ring D. In D, we can therefore form the smallest division ring containing
F; this is called a division hull of F. It turns out, however, that up to
isomorphisms over F', F' has infinitely many division hulls. This shows that
it is not possible to associate a unique division ring with F' in a natural
way.
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The exercise set in this section is very modest. Cohn’s observation
in Exercise 3 shows the difference between relations in a semigroup and
relations in a ring, and Exercise 5 offers an explicit example of a domain
B for which some localization Bg is actually a zero ring.

In order to get a more manageable localization of a ring R at a multi-
plicative set S, some fairly strong assumptions will have to be made on S.
This leads to the Ore localization theory in the next section.

Exercises for §9.

Ex. 9.1. Show that, for any multiplicative set S C R, the universally S-
inverting homomorphism ¢ : R — Rg is injective iff R can be embedded
into a ring in which all elements of S have inverses.

Solution. If ¢ is injective, then Rg is the ring required. Conversely, assume
that i : R — R’ is a ring embedding such that :(S) C U(R’). Then, by
the universal property of Rg, there exists a (unique) ring homomorphism
¢ : Rg — R’ such that p oe = i. Since i is injective, so is €.

Ex. 9.2. Let S, S’ be, respectively, multiplicative sets in the rings R, R/,
which give rise to the ring homomorphisms € : R — Rg and ¢ : R’ — RY,.
For any ring homomorphism f : R — R’ such that f(S) C S’, show that
there is a unique ring homomorphism f. : R’ — RY, such that f.e =¢'f.

Solution. Let g =¢'f: R — RY,. Since
g(8)=¢'f(8)Ce(8) CU(Rs),

there exists a unique ring homomorphism f, : Rg — R such that f.e =
!
g:=¢€'f.

Ex. 9.3. (Cohn) Let M = (Z Z) and N = < v ) be matrices over
a ring T in which b and z are units. If L : = MN = 8

L = 0. Does the conclusion hold if one of b, z fails to be a unit in 77

2) , show that

Solution. Since b € U, we can perform an elementary row transformation

b> . More precisely RM = <z b) for

o . [a
on M to bring it to a matrix <* 0 0

R= <_ d%fl (1J> Similarly, we can perform an elementary column trans-

formation on N to bring it to a matrix (_:Ey 2) , say NC = <_icy 2) ,
=1

where C = <(1) xl u> Now, if L := MN has the form 8 S ,

neither of the elementary transformations above will change L. Therefore,
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we will have

L = RLC = (RM) (NC) = (‘j g) (j”y 2) = (I 3)

so necessarily L = 0.
The conclusion L = 0 need not hold if one of b, x fails to be a unit in
T. Indeed, if z is a unit but b is not, the product

=3 ()= 3) wro

gives a counterexample. If, on the other hand, b is a unit but = is not, the

product
= (3 6 %)~ %) e

gives a counterexample.

Ex. 9.4. True or False: The kernel of the universal S-inverting homomor-
phism £ : R — Rg is generated as an ideal by the set

A={reR: s'rs=0 forsomes,s €S}

Solution. Let H be Mal’cev’s semigroup constructed in LMR-(9.8). Then
H is generated by a set of elements a,b, ¢, d, z,y, u, v, and we have

ar=by, cr=dy, au=bv but cu#dv.

Let k be any domain. In LMR-(9.11), it is shown that the semigroup
ring R = kH is also a domain. Now let S C R be any multiplicative
set containing b,d,z and u, and let ¢ : R — Rg be the universal S-
inverting homomorphism. Then the images of b,d,z and w are units in
Rg, so, repeating the proof in LMR-(9.5), we see that

e(c)e(u) =¢e(d)e (v) € Rg.

Thus cu — dv is a nonzero element in ker(e). This shows that ker(¢) is not
generated as an ideal by A, since the fact that R is a domain implies that
A = {0} here.

Comment. The above construction would have worked if we were to as-
sume only that the multiplicative set S C R contains b and z. For then
e(b) and e(x) would have been units in Rg, and Exercise 3 above (applied
to the ring T = Rg) would have implied that € (¢) e (u) = e (d)e (v) € T.

Ex. 9.5. Construct a domain B with a multiplicative set S such that
Bgs =0.

Solution. Let H and R = kH be as in the solution to the last exercise.
Let 2A be the ideal of R generated by cu — dv + 1, and let B = R/2. Now
consider any multiplicative set S C B containing b and Z. As we saw in the
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Comment on the last exercise, ¢ = dv € Bg. Therefore 1 = 0 € Bg, so
we have Bg = 0. By modifying the proof for LMR-(9.11), we can show that
B has no zero-divisors (other than 0). To see that B is a domain, it only
remains to show that B # 0. This is easy, and can be seen, for instance, by
specializing a, b, ¢, z,y, u to 0, and specializing d and v to 1.

Ex. 9.6. (Chehata, Vinogradov) Let H be Mal’cev’s semigroup (construc-
ted in LMR-§9) generated by the elements {a,b,c,d,u,v,z,y} with the
relations

ar =by, cr=dy, and au=bv.

Show that H becomes an ordered semigroup by the following procedure.
First order the eight given generators by

(%) r<u<d<c<y<b<a<nw.

Then extend this to an ordering relation “<” on H first according to length,
and then “lexicographically” on reduced words. (As on p. 291 of LMR-§9,
a reduced word is one that does not contain a subword az, cx, or au. Note
that, by using the three given relations, any word can be transformed into
a unique reduced word.)

Solution. Let us label the eight generators in () (from left to right) by
e1,...,es, o we have e; < --- < eg. Then a reduced word is one that has
no subwords of the form e7e;, ese;, or erey (these having been replaced,
respectively eges, eses, or egeg). Our job is to prove that

(x%) a<fBinH = ay<pBy and ya<y8 (Vy€ H).

The crucial case will be that in which «, 3,7 are all of length 1. We first
handle this case by proving the following:

Lemma. e; <e; = e;eg < ejei and epe; < epe;.
Proof. Note that e; < e; simply means ¢ < j.
Case 1. ejey, is not reduced. There are three possibilities.

(A) (j, k) = (7,1). Here, e;e, has the reduced form eges, and i < j = 7.
If ¢ = 4, e;e, = eqeq has the reduced form eszes, and both conclusions in
the Lemma are seen to be true. Otherwise, ¢ € {1,2,3,5,6}, in which case
eier and ege; are reduced, and both desired conclusions are again true. (For
instance, e;er < ejer amounts to eje; < eges, which is indeed true since
i <6.)

(B) (4,k) = (7, 2). Here, ejex is reduced to eges, and e;er is already
reduced (since ¢ < j = 7 and k = 2), as are exe; and exe;. Again, both
desired conclusions are easily seen to be true.

(C) (4,k) = (4,1). Here, ejey is reduced to ezes, and we have i = 1, 2,
or 3. Since ere; and exe; are both reduced, exe; < ere; is clearly true. And
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e;er < ejex is also true since it amounts to e;e; < ezes, which is true since
i < 3.

Case 2. ere; is not reduced. Since 1 = 7 < j, the only possibility here is
j =2, k=17, and i = 1. The desired conclusions are trivially checked in
this case.

Case 3. ejey, and ere; are both reduced. Let us check, for instance, e;ep <
e;jer. This is clear if e;ey is reduced. Otherwise, e;e; will be reduced to a
form e;rer with i’ < i < j, so e;er, < ejey again follows. O

To check (*%), it suffices to handle the case where a and § are reduced
words of the same length, say

a=a1--an, B=bibn,

where a;, b; € {e1,---,es}. Also, we are free to assume that that v = c €
{e1, - ,esg}. We shall only check ay < v (as the proof for ya < 74 is
rather similar). Say a1 = by,...,ar = by, but ay41 = €;, b1 = €5, with
1< j.Ift <n—1, then ay < By is clear since, in bringing oy and vy to
reduced forms, we will not be changing the “front portions” a; - - aias41
and by - - - bybyyq of these words. Finally, assume ¢ = n — 1. Then

ay=ay- - an-1(anc), and By=a1---an_1(ejc).

By the Lemma, we know that e;c < e;jc. Now replace e;c and e;c by their
reduced forms in the expressions of ay and B+ above. Then we obtain the
reduced forms of oy and B7. Since e;c < ejc, these reduced forms clearly
show that ay < 37, as desired.

Comment. The argument above is a somewhat expanded form of that in
C. G. Chehata’s paper: “On an ordered semigroup”, J. London Math. Soc.
28(1953), 353-356. The same result was obtained independently by A. A.
Vinogradov in his paper (in Russian): “On the theory of ordered semi-
groups”, Ivanov Gos. Ped. Inst. Ucen. Zap. Fiz.-Mat. Nauki 4(1953), 19-21.
For another construction of an ordered semigroup (with 6 generators) that
cannot be embedded into a group, see R. E. Johnson’s paper: “Extended
Malcev domains”, Proc. Amer. Math. Soc. 21(1969), 211-213.

The main point about the semigroup H (as explained in LMR-§9) was
that it is a cancellative semigroup that cannot be embedded into a group.
The virtue of knowing that (H, <) is an ordered semigroup is three-fold.
First, this implies that H is cancellative. Second, it implies that QH is
a domain (that cannot be embedded in a division ring). Third, this will
show that even an ordered semigroup may not be embeddable into a group
(let alone into an ordered group with a compatible ordering). On the other
hand, it is not difficult to show that a commutative ordered semigroup can
be compatibly embedded into a commutative ordered group.



222 Chapter 4. Rings of Quotients

§10. Classical Ring of Quotients

In this section, instead of working with an arbitrary multiplicative set S in
a ring R, we impose suitable conditions on S in order that the universal
S-inverting ring Rg becomes more manageable. The conditions we require
are the following:

(1) S is right permutable; i.e. aS N sR # 0 for every a € R and s € R;
(2) S is right reversible; i.e. if a =0 for a € R and s’ € S, then as =0
for some s € S.

If S satisfies both of these conditions, we say that S is a right denominator
set.

Under the assumption that S is a right denominator set, we can con-
struct a ring RS~! whose elements are “right fractions” of the form as~!
where @ € R and s € S. Here, of course, appropriate pairs of fractions
are identified. The work involved in checking that RS~! is a ring is quite
tedious, but mostly routine. The ring RS™! obtained in this way is called
the right ring of fractions of R w.r.t. S. It comes with a canonical map
¢ : R — RS™! defined by ¢(a) = a-171 (for a € R), and the kernel of ¢
turns out to be the set

{reR: rs=0 forsome se&S}.

Furthermore, it may be checked that ¢ is just the universal S-inverting
map investigated in LMR-§9. So the point is that, under the assumption
that S is a right denominator set, all the elements of Rg = RS~! have
the “right fraction” form as™! and the kernel of R — Rg can be easily
described as above.

The left analogues of the notions introduced above can be similarly
defined, and we can form S™!R, the left ring of fractions of R w.r.t. S, in
case S is a left denominator set. In general, S™'R may not exist even if
RS~! does. However, if S in both a right and a left denominator set, then
RS~! = S~1R over R, according to LMR-(10.4).

A canonical choice for S is the set of all regular elements in R; i.e. those
elements that are neither a right 0-divisor nor a left 0-divisor in R. This set
S is, of course, both right and left reversible. We say that R is a right (left)
Ore ring if S is also right (left) permutable. In this case, we speak of RS™!
(resp. ST1R) as the (total) classical right (vesp. left) ring of fractions of R,
and denote it by Q7,(R) (resp. Q% (R)). If R is an Ore ring (that is, both
right and left Ore), then Q7,(R) & Q% (R), and we may denote this ring
by Qc¢(R). If, for instance, R is a commutative ring, then it is clearly Ore,
and Q. (R) is the usual total ring of quotients of R.

In the case where R is a domain, the right Ore condition takes the
form aR N bR # 0 for a, b € R\{0}. This condition amounts to u.dim
Rp = 1, and defines a right Ore domain. For such a domain, Q7,(R) is
a division ring, and, up to a unique R-isomorphism, it is the only divi-
sion hull of R (see LMR-(10.21)). Examples of right Ore domains include:
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all commutative domains, all right noetherian domains, all right Bézout
domains, and all domains that are Pl-algebras over a field.

The behavior of the “right Ore domain” condition under polynomial and
power series extensions is studied in §10C. It turns out that the condition
in question “goes up” to a polynomial extension, that does not go up to
a power series extension: see LMR-(10.28) and LMR-(10.31A). If R is not
assumed to be a domain, then the situation is even worse, since R being
right (or even-2-sided) Ore will not imply that R|z] is right Ore, according
to a recent example of Cédo and Herbera (LMR-(10.31B)).

The terminology of “right order” introduced in LMR-§10 will also be
useful later. For rings R C @), we say that R is a right order in Q) if

(1) every regular element of R is a unit in @, and
(2) every element of @ has the form as~! where a € R and s is a regular
element of R.

It is easy to see that a ring R is right Ore iff it is a right order in some
ring @, and in this case, @ = Q7,(R).

The exercises in this section study in detail the notions introduced
above, and relate them to the earlier notions of injectivity, flatness, strong
rank condition, etc. The behavior of injective modules under localization
in studied in some detail in Exercises 29-31.

Exercises for §10

Ex. 10.0. Let S C R be a right permutable multiplicative set. Show that
A= {a€ R: as =0 for some s € S} is an ideal in R.

Solution. Clearly, 2 is closed under left multiplication by R. We claim
that 2 is also closed under right multiplication by R. Indeed, let r € R
and a € U, say as = 0 where s € S. Since S is right permutable, we have
rs’ = sr’ for some s’ € S and v’ € R. Left multiplying this equation by a,
we get (ar)s’ = (as)r’ =0, so ar € U, as claimed. If @’ is another element
in 2, then (a+a’) s = +a’s € A by the claim above, so for a suitable t € .S,
we will have 0 = +a'st = (a + a')st. This implies that a £ a’ € 2, so A is
indeed an ideal in R.

Comment. It is useful to recall that, in the case where § is a right denom-
inator set in R, we have a ring homomorphism ¢ : R — RS~! (defined by
¢(r) = r/1) whose kernel is precisely the ideal 2 above: see LMR-(10.9).

Ex. 10.1. Let S C R be a right denominator set, and 2 be as in the above
exercise. Let R = R/ and write “bar” for the natural surjection from R
to R. Show that S is a right denominator set in R consisting of regular

elements, and that RS™' =~ RS ! over R.

Solution. We show first that S consists of regular elements of R. If 25 = 0
(z € R, s € 8), then zs € A, so zss’ = 0 for some s’ € S. This shows that
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z € A, so T =0. Next, suppose 59 =0 (y € R, s € S). Then sy € 2,
so sys;= 0 for some s; € S. Since S is right reversible, this implies that
(ysy)s, = 0 for some s € S. Thus, y € 2, so § = 0. The fact that S is right
permutable clearly implies that S is right permutable. Since S consists of
regular elements of R, it follows that S is a right denominator set in R.

Let f be the composition of R — R — RS . Since f(s) C URS™)
and the natural map ¢: R — RS™! is a universal S-inverting homo-
morphism (LMR-(10.11)), there exists a (unique) ring homomorphism g:
RS™1 — RS™! such that go ¢ = f. Of course, g(rshl) = 757! for
r € R and s € S. In particular, g is onto. To see that g is one-one,
take any rs~! € ker(g). Then 75~ = 0. This implies that 7 € 2, and
so s~ = p(r)p(s)~! = 0 in RS™!. Therefore, g is an isomorphism, and it
is clear that this is an isomorphism over R.

Ex. 10.2. Let S C R be a multiplicative set. (a) If s € S has a right
inverse, show that aS N sR # 0 holds for every a € R. (b) If R is a reduced
ring, show that S is right and left reversible.

Solution. (a) Say st = 1, where ¢t € R. The a-1=s - ta shows that
aSNsR # (. (b) Assume that R is a reduced ring. Then, for any a € R
and s € S, we have

2

sa=0 = (as)* =a(sa)s=0 = as=0,

so the multiplicative set S is automatically right (and, similarly, also left)
reversible.

Ex. 10.3. Let S C R be any commutative multiplicative set, and let
A={ac€R: aSNsR+#{ foreverysec S}.
Show that A is a subring of R containing the centralizer of S in R.

Solution. If ¢ € R belongs to the centralizer of S, then for any s € 9,
aSNsR contains the element as = sa, so a € A. In particular, 1 € A. Next,
we check that A is closed under multiplication. Let a,a, € A, and s € S.
Then there exist s; € S and r; € R such that a1s; = sry, and there exist
s’ € S and r € R such that ays’ = s;r. Therefore

(a1a2)s’ = a1(s1r) = (sr1)r = s(ri7).

This shows that ajas € A. So far, we have not used the commutativity
of the multiplicative set. Using this, we shall show now a;,ay € A =
a1 = ap € A (which then implies that A is a subring of R). For any s € S,
fix equations a;s; = sr;, where s; € S and r; € R (i = 1,2). Then

(al + a2)8182 = ((1181)82 + (a282)81 = 8(7”152 + T281),

which shows that a; & a9 € A.
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Comment. It is worth noting that, in the above exercise, an hypothesis
somewhat weaker than the commutativity of S would have worked. Indeed,
if we assume that the set A above contains 5, then A is a subring of R
(containing both S and its centralizer in R). The first part of the proof
remains unchanged. To check that a1, as € A = a; *ay € A, take any s €
S, and fix an equation a;s; = sr; as before. Now as € Aand s; € SC A
imply that azs; € A, so there exists an equation (ays1)so = sro where
sg € S and rg € R. Then

(a; £ az)s180 = (a151)s0 £ (a251)s0 = s(r1so £ 7o),
which shows that a; £ as € A.

Ex. 10.4. Let z,y € R be such that zy = 1 # yx, and let S be the
multiplicative set {" : n > 0}. Show that

(1) S is left reversible but not right reversible;

(2) S is right permutable; and

(3) If R is generated over a central subring k by « and y, then S is also left
permutable.

Solution. (1) If az™ = 0 for some n > 0, then 0 = azx™y"™ = a, so S is
left reversible. On the other hand, for the element z = yx — 1 # 0, we have
xz = zyx — x = 0, but as we saw above, zz™ # 0 for all n > 0. Therefore,
S is not right reversible.

(2) Each element z™ € S has a right inverse y™, so by (a) of Exercise 2, S
is right permutable.

(3) Assume that R is generated over a central subring k¥ by = and y. By
the analogue of Exercise 3 for the other side, the set

A'={a€R: SanRs# 0 forevery se€ S}

is a subring of R containing k£ and x. For any s € S, the equation (sz)y =
s(zy) = 1-s shows that A’ also contains y (since sz € S). Therefore,
A’ = R, and so S is left permutable, as desired.

Comment. Without some conditions on R, the multiplicative set S is in
general not left permutable. For instance, if R = Z(z,y, z) with a single
defining relation zy = 1, then one can show that SzN Rz =0, i.e. z ¢ A’
in the notation above. The next exercise, however, gives another example
where S happens to be left permutable.

Ex. 10.5. Let V be a right vector space over a field k, with basis
{e1,e2,...}. Let R = End(Vj), and let z,y € R be defined by y(e;) =
eir1 (1 > 1), and z(e;) =0, =z(e;) = e;—1 (i > 2). Show that S = {2 :
n > 0} C R is a left denominator set, but not a right denominator set.

Solution. Here we have a typical situation of a ring R with two elements
x,y such that zy = 1 # yz. By (1) of Exercise 4, S is left reversible but
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not right reversible. In particular, S is not a right denominator set. To
prove that S is a left denominator set, it remains to show that S C R
is left permutable (Note that (3) of Exercise 4 does not apply here since
R # k(z,y).)

For 2" € S (n > 0) and any ¢ € R, we would like to show that
San Rz™ # (. By a straightforward calculation, we see that (1 — y"z™)
(ei) is e; if 1 <4 <, and 0 if i > n. Therefore, (1 — y"z")V = 31 ek,
and so

a(l—y"z™)V C Znil ek

for some integer m. Applying ™ to this inclusion relation, we see that
z™a(l — y"z") = 0, and so 2™a = (z™ay™)z", as desired.

Ex. 10.6. Let R be any ring satisfying ACC on right annihilators of
elements. If a multiplicative set S C R is right permutable, show that
it is necessarily right reversible. Conclude from Exercise 4 that the ring R
must be Dedekind-finite.

Solution. Suppose sa = 0, where s € S and a € R. We would like to show
that as’ = 0 for some s’ € S. Pick an integer n such that

ann,(s") = ann,(s*) for all k > n.

Since S is right permutable, we have as’ = s"b for some s’ € S and some
b € R. Then s"*'b = (sa)s’ = 0, so b € ann,(s"*1). But then b € ann,(s"),
so as’ = s™b = 0, as desired. It follows that there cannot exist z,y € R with
zy = 1 # yz, for otherwise Exercise 4 would imply that S : = {z" : n > 0}
is right permutable but not right reversible.

Comment. The last conclusion of the exercise is usually obtained from
Jacobson’s construction of an infinite set of nonzero orthogonal idempotents
in a non Dedekind-finite ring: see LMR-(6.60).

Ex. 10.7. Let R be aright Ore domain, with division ring of right fractions
K. Show that, up to a unique R-isomorphism, K is the only division hull
of R. (This exercise is part of LMR-(10.21).)

Solution. Recall (from LMR-§9) that a division hull of a diomain R is
a division ring D with an inclusion map ¢ : R — D, such that D is
generated as a division ring by i(R) (i.e., there is no division ring Dy such
that i(R) C Dy C D). For the given R C K in this exercise, certainly
K is a division hull of R since every element of K has the form rs~!
where r € R and s € R\{0}. Now consider any division hull i : R — D
(as above). Since the inclusion R C K is a universal (R\{0})-inverting
homomorphism, i extends to a unique ring homomorphism f: K — D,
given by f(rs™1) = i(r)i(s)~!. This homomorphism is necessarily injective,
since K is a division ring. Its image is a division ring between (R) and D,
so it must be D. Thus, f is an R-isomorphism from K to D.
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Ex. 10.8. Let G be the free group generated by a set X with |X| > 2.
Show that the domain R = ZG is not right (or left) Ore.

Solution. We use the same idea for proving that the free algebra Z(X) is
not right (or left) Ore. If X contains two distinct elements z and y, then
for the domain R = ZG in question, we have

zRNyR =0= RxN Ry,
so R is neither right nor left Ore.

Ex. 10.9. Let R be the ring Z(z,y) defined by the relations y? = yz = 0.
Show that R is left Ore but not right Ore.

Solution. Asin FC-(1.26), we express R in the form Z[z] ®Z[z]y. A direct
calculation shows that the set of regular elements in R is given by

S={f(x)+gx)y: fgelZlz], f(0)+#0}.

Our job is to show that this multiplicative set S is left permutable, but not
right permutable. For the latter, it suffices to show that ySN(1+z)R=0
(noting that 14 z € S). To see this, assume instead that

y(f(z) + 9(x)y) = (1 + z)(h(z) + k(z)y),

where f, g, h, k € Z[z], with f(0) # 0. Comparing the y-parts of the two
sides, we get f(0) = (14 z)k(z), a contradiction.

To prove that S is left permutable, we take any s = f(z) + g(z)y € S
and any a = h(z) + k(z)y € R, and proceed to show that San Rs # (0. Let
q = fk — gh € Z[z]. Then

(f(0)h +qy) s = f(O)Af + [f(0)hg + F(0)q]y
= (O)hf+f( )fky
= f(0)f(h + ky) € SaN Rs,

since f(0)f (with constant term f(0)2 # 0) belongs to S. This checks that
R is a left Ore (but not right Ore) ring.

Comment. In FC-(1.26), it is shown that R is left noetherian but not
right noetherian. The fact that R is left noetherian alone, however, does
not guarantee that R is left Ore (unless R is a domain): see LMR-(12.27).
The choice of Z as coefficient ring in this problem is purely for conve-
nience. If we define R to be k(z,y) defined by the relations y? = yz = 0
over a nonzero commutative ring k, the same arguments (with slight mod-
ifications) can be used to show that R is left Ore but not right Ore.

Ex. 10.10. Let R = k[z;0] where o is an automorphism of the ring k.
Show that S = {z™ : n > 0} is a right and left denominator set of R,
and that RS~! and S™!R are both isomorphic (over R) to the ring of skew
Laurent polynomials k[z, 7 !; 0] (as defined in FC-(1.81)).
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Solution. Here, S consists of regular elements of R. To show that S is
a right denominator set with RS~! isomorphic to T : = k[z, 71; o], it
is sufficient to check the following (see the discussion at the beginning of
LMR-§10):

(1) The inclusion map R — T is S-inverting;
(2) Any element in T is of the form as™! where a € R and s € S.

The first statement is clear, since z=™ € T for any n > 0. For the second,
take any f = E?:_n a;x" € T. Factoring out xf” on the right, we get
f=astwiths=2"€Sanda=Y , az"t€R.

To see that S is a left denominator set with S~'R = T, we need only
prove additionally:

(3) Any element in T is of the form s~'a where a € R and s € S.

This follows as before, by writing any f € T in the form ) . z'b;,
and factoring out =" on the left.

Comment. Of course, it is also easy to check directly that S is right (resp.
left) permutable. In fact, if a =}, a;xz' € Rand s = 2™ € S, then

z" Za'"(ai)xi = Z a;x" Tt = az™ € aSN sR.
Left permutability can be checked similarly.

Ex. 10.11. Let k in Exercise 10 be the polynomial ring Q[{t; : i € Z}],
with o defined by o(t;) = t;41 for all i € Z, and let R, S be as above. Show
that A = t; R+taR+- - - is an ideal in R, but the extension ¢ : = A- RS~!
is not an ideal in RS~ = k[z,z71; ).

n
Solution. For any > a;,x' € R and j > 1, we have
=0

n n n
<Z aia?i) t; = Zaidi(t]’)l‘i = Zaitiﬂ' zt e A,
=0 =0 =0

so 2 is an ideal in R. The extension A°=2 - RS™! is a right ideal in RS~ !,
given by {as™': a €2, s € S} (see LMR-(10.32)(2)). Now t; € % C e,
but

T =0T () =tox & A,
so A€ is not an ideal in RS™1.

Ex. 10.12. Let R be the first Weyl algebra A; (k) over the field k (see FC-
(1.3)(c)), identified with k[y][z; 6] where § denotes formal differentiation on
k(y). Show that S = k[y]\{0} is a right and left denominator set of R, and
that RS~! and S™!R are both isomorphic (over R) to T : = k(y)[x; d].
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Solution. Recall that elements of R are of the form Y- a;(y)z* (where
a;(y) € k[y]), with the commutation rule

ry =yzr+6(y) =yz+1.

Here, S consists of regular elements of R (in fact, R is a domain). As in
the solution to Exercise 10, all conclusions will be proved once we show the
following;:

(1) The inclusion map R — T 1is S-inverting;

(2) Any element in T is of the form s~'a (a € R, s € 9);
(3) Any element in T is of the form as™* (a € R, s € S).
(

(

)
)

1) is clear, since k(y) C 7.
)

2) Take any f =3I, fi(y)z' € T, where fi(y) € k(y). Writing fi(y) =
ai(y)/s with a common denominator 0 # s € k[y], we have f = s~1a where

a=7y .a;(y)r € R.

3) is proved similarly, since any f € T can also be written in the form
y

Z;O 2'9:(y) (9 (y) € k(y))-

Ex. 10.13. Let R be aright Ore domain with division ring of right fractions
K. Show that the center of K is given by

{as™! : a € R, s € R\{0}, ars=sra for all r € R}.

Solution. Suppose as™! is in the center of K, where a € R, s € R\{0}.
Then, for any r € R, we have as~!(sr) = (sr)as™!, which simplifies to
ars = sra. Conversely, suppose o = as~! where a and s are such that
ars = sra for all » € R. Letting r = 1, we have as = sa. To see that « is
central in K, it suffices to show that o commutes with any r € R\{0} (for
then o also commutes with r~!, and therefore with any rt=1 € K). As we
saw above, the condition imposed on a and s amounts to (sr)a = a(sr) for
any 7 € R. Since o = as™! commutes with s, this reduces to sra = sar.
Cancellation of s now gives ra = ar, as desired.

Comment. The domain assumption in this exercise is not really essential.
In general, if S is a right denominator set in a ring R, a similar argument
can be used to show that the center of RS™! consists of as™! (a € R, s € S)
such that for any r € R, there exists t € S such that arst = srat.

For an intriguing generalization of this exercise to prime rings due to
W. S. Martindale, see Ex. 14.7.

Ex. 10.14. For R, K as in Exercise 13, show that any ring T between R
and K is a right Ore domain.

Solution. Since K is a division ring, certainly any nonzero element in T
is a unit in K. Also, any element in K has the form rs~! wherer e RC T
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and 0 # s € R C T. Therefore, T is a right order in K, and it follows from
LMR-(10.21) that T is a right Ore domain.

Ex. 10.15. Let S be aright denominator set inaring Randletp : R — @
be the natural map, where Q = RS~

1. If Qg is a noetherian R-module, show that ¢(R) = Q.
2. If gQ is a f.g. R-module, show that p(R) = Q.

Solution. (1) Let s € S and consider the ascending chain of R-submodules
s71p(R) C 572p(R) C --- in Qg. Since Qg is noetherian, there exists an
integer n such that s "@(R) = s~ ("*Dp(R). Left multiplying by s"*1,
we get s- @(R) = ¢(R). In particular, s- ¢(r) = 1 € @ for some r € R.
Therefore, s~! € ¢(R), from which it follows that Q = RS~ = p(R).

(2) By taking a common denominator for a finite set of generators for
rQ, we can write @ = Y1 ¢(R) -a;t™!, where a; € Rand t € S. Then
t72 =37 o(ria;)t™! for suitable r; € R. Right multiplying by ¢, we get
t=1=35""  o(ria;) € p(R), and so again Q = ¢(R).

Ex. 10.16. Let f: R — R’ be a homomorphism between right Ore rings.
Does f induce a ring homomorphism Q7,(R) — Q~,(R')?

Solution. Let S (resp. S’ ) be the multiplicative set of regular elements in
R (resp. R" ). If we are given that, under the homomorphism f, f(9) C ',
then indeed there is an induced ring homomorphism f, from Q7,(R) =

RS~ 1to Q7,(R')= RS ~1(cf. solution to Exercise 1), defined by
felrs™) = f(r)f(s)™" (r€R, s€S8).

However, f(S) need not be in S’. Therefore, in general, there is no natural
way to define an induced homomorphism from Q7,(R) to Q,(R’).

For an explicit example, take R = Z, R’ = Z/nZ (where n > 0), and
let f be the projection map from R to R'. Here, n € S, but f(n) =0¢ §’.
In this example, there is simply no homomorphism from Q7,(R) = Q to

w(R) =Z/nL.

Ex. 10.17. Let S be a right denominator set in a ring R. Show that the
right ring of fractions Q = RS™! is flat as a left R-module.

Solution. Our solution is based on the use of the Equational Criterion for
Flatness in LMR-84. By (the left analogue of) LMR-(4.24)(2), the flatness
of pQ will follow if we can show that any R-linear relation > ., rx; =
0 (r; € R, z; € Q) is a “consequence of linear relations in R.” To be more
precise, this means showing that there is a formal factorization.

z1 hn
(%) ] =(by)

Tn Ym
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such that (rq,...,7,)(bij) = 0 over R, where y; € Q and (b;;) isann xm
matrix over R. To show this, take a “common denominator” s € S to
express r; as a;5~ ! (a; € R). Then

0= Zrimi = (Z riai) steqQ

implies that Y r;a;t = 0 for some t € S. Setting y = (st)~! € Q, we have
z; = a;s7 1 = (a;t)y € Q. The factorization
T1 ait 0 -+ 0 y

Tn a,t 0 -+ 0 y
clearly gives what we want, since the n x n matrix above is left annihilated
by (r1,...,7Ts) over R.

Comment. This exercise places at our disposal the most powerful property
of “localization”; namely, — ®g @ is an exact functor from Mg (the
category of right R-modules) to Mg (the category of right Q-modules).
Another proof for this exactness property, using a somewhat different view
of localization, is given in the next exercise.

In the special case where the right denominator set S consists of non
0-divisors of R, it is also possible to get the flatness of rQ by expressing
rQ explicitly as a direct limit of free (and hence flat) R-modules. For s,
w € S, define s < w by the relation w € sR. If w = sr where r € R, then
s7! = rw™! € Q implies that Rs™! C Rw™! (in Q). It is easy to see that
(S, <) is a directed set. Indeed, let s, t € S. Since S is right permutable,
there exists an element w € sRNtS. Clearly, w € S, with s,t < w. The
fact that S consists of non 0-divisors implies that R = Rs™'(C Q) as left
R-modules. Thus,

_ -1 _ -1
rQ = Uses Rs™ = h—Iﬂn hs
is flat by LMR-(4.4).
Ex. 10.18. Let S C R and @ be as in Exercise 17 and let M be a right
R-module.

(1) Generalizing the procedure for forming RS™! = @, show that there
exists a “localization” M S~ that is a right Q-module with elements of the
form m/s=ms™! (me M, s€S).

(2) Show that the kernel of the natural map M — MS~! is given by the
set of “S-torsion elements”, defined by

My:={meM: ms=0 forsome se€ S}.

(3) Show that “localization” is an exact functor from Mg to M.
(4) Show that MS™! = M ®g Q in Mg. Using this and (3), give another
proof for the fact that rQ is flat.
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(5) If My =0 in (2), show that
u.dim Mg = u.dim (M,S’_I)R = u.dim (MS_l)Q .

Solution. (1) We first define an equivalence relation “~” on M x §, by
taking (m, s) ~ (m’, ') iff there exist b, ¥’ € R such that sb = s'b’ € S
and mb = m'd’ € M. (Note that although sb = s't/ € S, b and b’ need not
belong to S.) The idea here is, again, that after “blowing up” s and s’ to the
“common denominator” sb = s'b’ € S, we want the numerators mb and m’v’
to be the same in M. After verifying that “~” is an equivalence relation,
we introduce the shorthand notation m/s = ms™! for the equivalence class
of (m, s). Using the right denominator property on S, we can then define
addition and (right) scalar multiplication by @ on

MSt={mst: meM, seS}

in much the same way as we defined addition and multiplication on Q =
RS~' in LMR-§10. The verification that MS~! is a well-defined right Q-
module is long and tedious, but basically routine. In order to save space,
we omit it altogether.

(2) If ms = 0 € M where s € S, then certainly m/1 = 0 € MS~! since
s is a unit in Q. Conversely, suppose m/1 = 0/1. Then by definition there
exist b,b’ € R such that mb =00 =0€ M and b=V € S, so m € M,.
This shows that ker (M — MS_l) = Mp.

(3) Any R-morphism ¢ : M — N clearly induces a @Q-morphism i, :
MS~1 — NS~ so we have a covariant functor MM — Mg by “localiza-
tion”. Consider any exact sequence

0-MLNL PO in My,
and the induced zero sequence
0— MS™' 25 NS~ I PS50 in M.

Clearly, j, is surjective. To show that ker (j.) C im (i.), take any ns™! €
NS~ such that 0 = j, (ns™') = j(n)s™. Then j(n)t = 0 € P for some
t € S. Thus nt = i(m) for some m € M and so

ns™t = (nt) (st) " = i(m) (st) " €im(iy).

Finally, changing notations, take ms™! € ker (i,). Then i(m)t = 0 € N
for some ¢t € S. This yields mt = 0 € M, and so

ms~! = (mt)(st) ' =0 MS.
This completes the proof for the exactness of the functor Mz — M.

(4) We can define ¢ : MS™' — M @ Q by ¢ (ms™) = m® s™!, and
Y : M®rQ — MS™! by ¥ (m®rs_1) = (mr) s~ It is easy to verify
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that these are mutually inverse right (-module homomorphisms, so we
have a natural isomorphism MS~! = M ®z Q in Mp. From now on, it
will be convenient to “identify” these two Q-modules. It follows from (3)
that 00 Qg @ is an exact functor, so now we have a second proof for the
fact that @ is a flat left R-module.

(5) Assume now that My = 0. This enables us to view M as an
R-submodule of MS~!. If we have a direct sum of nonzero @-submodules
(or even R-submodules), T3 ®- - -®T,, € MS~! then M; = T;NM # 0, and
we have a direct sum of R-submodules M; & --- & M,, C M. Conversely,
suppose My @ ---® M, is a direct sum of nonzero R-submodules in M. We
claim that the sum

MS P4+ 4+ M,STtCMSTT

is also direct. In fact, suppose z1 + - - -+, = 0, where x; € M;S~!. Taking
a common denominator, we can write ; = m;s~! for some s € 9, and
m; € M;. Then

(my+--4+my)st=0e MS™!

implies that my +--- +m, =0 € M, so all m; = 0 and hence all z; = 0.
Since the uniform dimension of a module is the supremum of integers n
for which the module contains a direct sum of n nonzero submodules. (see
LMR-(6.6)), the conclusions in (5) follow.

Ex. 10.19. For any right R-module M, let

t(M)={meM: ms=0 for some regular element s €& R}.

Show that R is right Ore iff, for any right R-module M, ¢(M) is an
R-submodule of M. In this case, t(M) is called the torsion submodule of
M; M is called torsion if t(M) = M, and torsionfree if (M) = 0. Show
that, in case R is right Ore, M/t(M) is always torsionfree.

Solution. In the following, let S be the multiplicative set of regular ele-
ments in R. First assume R is right Ore. Then, for any Mg, t(M) is just
My in the last exercise. Since My is the kernel of the R-homomorphism
M — MS™1, it is an R-submodule of M. (We invite the reader to give a
direct proof of this from the definition of My, using the fact that S is right
permutable.) To see that M/t(M) is torsionfree, let m; € M be such that
mys; € t(M), where s; € S. Then (mys1) sy = 0 for some sp € S. This
implies that m; € t (M), and so iy =0 € M/t (M).

Now assume that (M) is a submodule in every right R-module M.
We would like to prove that, for any a € R and s € S, aSNsR # 0.
Consider the right R-module M = R/sR. From 1-s =35 =0 € M, we see
that 1 € ¢ (M). Since t(M) is an R-module, we must have t{(M) = M. In
particular, there exists ¢t € S such that 0 = at = af, so at € sR, as desired.
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Ex. 10.19A. Let x, y be non 0-divisors in a ring R such that Rz N Ry = 0,
and let S O R be an overring which contains elements s, ¢ such that
st =ty # 0. For the right R-submodule M = sR + tR of S, show that
Hompg (M, R) = 0.

Solution. For any f € Hompg (M,R), let a = f(s) and b = f(t) in R.
Then

ax=f(s)z=f(sz)=f(ty)=f@)y=1by

implies that az = by = 0 (as Rz N Ry = 0), and therefore a = b = 0. Since
Mp is generated by s and ¢, it follows that f = 0.

Ex. 10.19B. Let R be a right Ore domain. Show that R is left Ore iff
every f.g. torsionfree right R-module is embeddable in a free R-module.

Solution. Let K be the division ring of right fractions of R. First suppose
R is left Ore. It is easy to see that K is also the division ring of left fractions
of R. Let Mg be any f.g. torsionfree R-module, say M = >, m;R. By
Ex. 18 above, we have an embedding M — M ®p K, which we may view
as an inclusion map. Since M ®p K is K-spanned by

{m;=m;®1: 1<i<n},

it has a finite K-basis, say vi,...,vp. Write m; = Zj vjk;j, where k;; € K.
As R is left Ore, we can express k;; as a_lrij with a “common denominator”
a € R\{0}, and with suitable r;; € R. Then

mi = Zj (vja™)i; € Zj (vja™') R (for all 7).

Now the elements u; : = v, a~! are right linearly independent over R, so M

embeds into the free R-module @?:1 u;R.
Conversely, if R is not left Ore, take nonzero elements z,y € R such
that Rx N Ry = 0. Consider the torsionfree R-submodule

Mrp=z"'R+y 'RCK.

Applying Ex. 19A with s = 7' and t = y~! in K, we see that Hompg (M, R)
= (. In particular, Mg cannot be embedded in any free R-module.

Comment. This exercise is Proposition 4.1 in E. Gentile’s paper, “On rings
with one-sided field of quotients,” Proc. A.M.S. 11(1960), 380-384. Our
solution follows closely the proof given by Gentile, except that we have
generalized part of Gentile’s argument into Ex. 19A.

Ex. 10.20. Let R be a subring of a division ring D. Show that rD is a
flat left R-module iff R is a right Ore domain.

Solution. First suppose R is right Ore. Then we have R C K C D, where
K is the division ring of right fractions of R. Then rK is flat by Exercise 17,
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and gD is flat since D is a K-vector space. From this, it follows that gD
is also flat.

Now suppose the domain R is not right Ore. Then there exist nonzero
elements a, b € R with aRNbR = 0. Since aR & bR = (Rz)R, we can
construct an R-monomorphism ¢ : (RQ) R Rg. The functor O ®r D
cannot be exact, for otherwise ¢ would induce a D-monomorphism i, :
(DZ) p Dp, which is impossible over a division ring. Therefore, the
module gD is not flat.

Ex. 10.21. Show that a domain R satisfies the (right) strong rank condi-
tion (“for any n, any set of n+ 1 elements in (R™) is linearly dependent”:
see LMR-(1.20)(2)) iff R is right Ore.

Solution. First assume that R is not right Ore. As in the last exercise,
there exists aR ® bR C R, where a, b # 0. Then a, b are linearly independent
in Rg, so R does not satisfy the strong rank condition.

Now assume R is right Ore, and let K be its division ring of right
fractions. If some (R™), contains n + 1 linearly independent elements,
we would have an R-monomorphism (R**') . — (R™). Localizing to K
would yield a K-monomorphism (K"™!) x — (K™)g , which is impossible.
Therefore, R must satisfy the strong rank condition.

Comment. More generally, it is shown in LMR-(1.37) that any nonzero
ring R with u.dim Rg < oo satisfies the strong rank condition. (For any
right Ore domain R, we have u.dim Rr = 1.)

The “if” part of this exercise is an interesting conclusion since it means
that, to guarantee that we can solve nontrivially any m homogeneous linear
equations in n > m unknowns over the domain R, it suffices to guarantee
that we can always solve one such equation in two unknowns!

Ex. 10.22. Use Exercise 21 to give another proof for the fact that, if R is
a right Ore domain, so is R[z].

Solution. Assume that R is a right Ore domain, and let T = R[z]. By
Exercise 21, R satisfies the strong rank condition. By Exercise 1.22, T also
satisfies the strong rank condition. Since T is a domain, another application
of Exercise 21 shows that T is a right Ore domain.

Ex. 10.23. Show that, over a right Ore domain R, any f.g. flat right R-
module M is projective.

Solution. By Exercise 21, R satisfies the strong rank condition. Now by
LMR-(4.38), over any domain with such a property, any f.g. flat right
module is projective.

Ex. 10.23A. For any right Ore domain R, show that a torsionfree right
R-module M is divisible iff it is injective.
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Solution. We know already (from LMR-(3.17)’) that the “if” part is true
for Mg over any ring R. Now assume R is a right Ore domain, and let Mg
be torsionfree and divisible. To check that M is injective, we apply Baer’s
Criterion. Let 2 be any nonzero right ideal, and let f € Hompg (A, M).
For any nonzero a € 2, there exists a unique element m, € M such that
f(a) = mqaa. We claim that all elements m, (a € A\ {0}) are equal. Indeed,
if a, b € A\ {0}, we have ar = bs for some nonzero r,s € R. Then

flar)=f(bs) = f(a)r=f(b)s
= mgar = mpbs
= Mg = My,

since Mp is torsionfree. If we now write m for m, (for all nonzero a € 2),
then f(a) = ma for all @ € 2, so f extends to the R-homomorphism
R — M given by 1+ m.

Comment. This exercise is Proposition 1.1 in E. Gentile’s paper referenced
in the Comment on Ex. 19B above. Note that, in the case where R is a
commutative domain, this result has been proved in LMR-(3.25).

Ex. 10.23B. Show that a domain R is right Ore iff there exists a nonzero
torsionfree injective right R-module.

Solution. First assume R is right Ore. Then the division ring K of right
fractions of R is torsionfree and divisible as a right R-module. By the last
exercise, Kp is then injective.

Conversely, suppose M # 0 is a torsionfree injective right R-module. We
fix a nonzero element m € M. If R is not right Ore, we have aR N bR =0
for some nonzero a,b € R. The R-homomorphism f : aR ® bR — M
sending a,b to m can be extended to g : Rg — Mg (by the injectivity of
M). For m’ = g(1) € M, we have

m=g(a)=g(l-a)=g(1)a=ma,

and similarlgy, m = m'b. These equations imply that m’ # 0 and
m/(a—b) = 0, so the torsionfreeness of M forces a = b, which is not
the case. Thus, R must be right Ore.

Ex. 10.23C. Let R be a right Ore domain with division ring of right
fractions K. For any nonzero right ideal 4 C R, Hompg (%, Kg) is a left
K-vector space via the left K-action on K. As in LMR-(2.15), we have a
K-morphism

A: K — Hompg (U, K) defined by A (k) (a) = ka
for k € K and a € 9. Show that A is an isomorphism.

Solution. Clearly A is one-one, so it suffices to show that it is onto. As
in the last exercise, we know that Kp is injective. Therefore, given any
f € Hompg (A, K), there exists ¢ € Hompg (R, K) extending f. Let k =
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g(1) € K. Then, for any a € %,
fla)=g(l-a)=g(1)a=ka=A(k)(a).
Therefore, f = A(k), as desired.

Comment. The main idea of the proof here is basically the same as that
in the proof of LMR-(2.15) in the case where R is a commutative domain.
It is interesting to see how, in our new arguments, the commutativity of R
is replaced by the right Ore property.

Ex. 10.24. Let R C L be domains. Show that L is injective as a right R-
module iff R is right Ore and L contains the division ring of right fractions
K of R.

Solution. First suppose R is right Ore, with R C K C L. It is easy to
check that Lg is torsionfree and divisible, so by Exer. 23A, it is injective.
Conversely, suppose Lg is injective. Since Lg is torsionfree, Exer. 23B
implies that R is right Ore. If we can show that every nonzero a € R has an
inverse in L, then we’ll have R C K C L, as desired. The R-homomorphism
f: aR — L defined by f(a) = 1 extends to some g : R — L, by the
injectivity of Lr. Now 1 = f(a) = g(1)a shows that a=! exists in L.

Ex. 10.25. Show that a domain R is right Ore iff it has a nonzero right
ideal of finite uniform dimension.

Solution. The “only if” part is clear since a right Ore domain has right
uniform dimension 1. Conversely, assume that R has a nonzero right ideal C'
with u.dim (Cg) < oco. Then C contains a right ideal D with u.dim (Dg) =
1. Fix a nonzero element d € D. Then for any a,b € R\{0}, the two right
ideals daR and dbR in D must intersect nontrivially, i.e. dar = dbs # 0 for
suitable r, s € R. Cancelling d, we get ar = bs # 0 so aRN bR # 0. This
proves that R is right Ore.

Comment. A somewhat different way to formulate the proof of the “if”
part is the following. Fix 0 # d € C. Then

Rr =2 dRRr CCr = u.dim(Rg) < u.dim(Cg) < o0,

so by LMR-(10.22), R is a right Ore domain. In comparison, the proof given
in the solution above is a bit more straightforward.

Ex. 10.26. Let R be a domain. Show that R is a PRID iff R is right Ore
and all right ideals are free, iff R is right noetherian and all right ideals are
free.

Solution. If R is a PRID, then all nonzero right ideals are isomorphic to
Rp (and therefore free), and certainly R is right noetherian.

Recall from LMR-(10.23) that any right noetherian domain is right Ore.
Therefore, to complete the proof, it suffices to show that, if R is right Ore
and all right ideals of R are free, then R is a PRID. Let 2 be any nonzero
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right ideal. By assumption, there exists a free R-basis {a; : i € I}, so that
A =P;c; @R If |[I| > 2, then for i # j in I, we have a,RNa;R = 0, in
contradiction to the fact that R is a right Ore domain. Therefore, we must
have |I| = 1, which means that 2 is principal.

Ex. 10.27. Let 2 # 0 be a right ideal in a domain R, and b € R\ {0}. If
ANbR = 0, show that A + bR is a nonprincipal right ideal. Deduce from
this that any right Bézout domain is a right Ore domain.

Solution. Assume that 2 + bR = cR for some ¢ € R. Then b = cd for
some d € R\ {0}. We have right R-module isomorphisms

A= (AP bOR)/bR = cR/cdR > R/dR.

Here, 2 is a torsionfree module, but R/dR has a nonzero element 1 killed
by d, a contradiction.

A right Bézout domain is a domain in which every finitely generated
right ideal is principal. If a, b are nonzero elements in such a domain R, the
above implies that aR N bR # 0 (for otherwise aR + bR is nonprincipal).
Hence R is a right Ore domain.

Comment. A somewhat different proof for the fact that any right Bézout
domain is right Ore is given in LMR-(10.24).

Ex. 10.28. Let S C R be a right denominator set consisting of regular
elements, and let Q = RS™!.

(1) True or False: R is simple iff Q is.
(2) True or False: R is reduced iff @Q is.

Solution. (1) The “if” part is false (in general). For instance, R = Z is
not simple, but for § = Z\{0}, Q = RS~! = Q is simple. The “only if”
part happens to be true. Indeed, assume R is simple. Let I be a nonzero
ideal in Q, say 0 # as™! € I, where a € R and s € S. Then I contains
(as"l) s=a#0,s0 Iy : = INR is a nonzero ideal in R. Since R is simple,
1 € Iy, and hence I = ). This shows that @ is also simple.

(2) The “if” part is clearly true, since R C Q. The “only if” part turns out
to be true also. Indeed, assume R is reduced. To show that Q is reduced,
it suffices to check that, for any 2 € Q, 22 =0 = z = 0. Write z = as™ !,
where ¢ € R and s € S. Since S is right permutable, there exists an
equation at = sr where r € R and t € S. From

1 1 -1

0=astas™t = art™1s7!,

we get ar = 0. Thus, (ra)? = 0 and so ra = 0. It follows that (asr)? =0,
which in turn implies that 0 = asr = aat. Since t € S is regular, we have
now a? =0, and hence a =0, z =as~ ! =0.

Comment. The affirmative answer to (2) is certainly folklore in the subject
of rings of quotients. For an explicit reference, see G. Mason’s paper “Prime



§10. Classical Ring of Quotients 239

ideals and quotient rings of reduced rings,” Math. Japonica 34(1989),
941-956.

Ex. 10.29. Let Q = RS™!, where S is a right denominator set in R. For
any right @Q-module N, show that Ng is injective iff N is injective.

Solution. First assume Npg is injective. We show that N is injective by
proving that any inclusion Ng C X splits. Fix an R-submodule Y C X
such that N @Y = X. We claim that Y must be a @-submodule of X
(which will then do the job). Let y € Y and rs~1 € @, where r € R and
s€S. Then yrs™! = n + y’ where n € N and y' € Y. But then

yr=ns+yseNdY

implies that yr = y's, so yrs™! =y’ € Y as claimed.

Conversely, assume that N is injective. To check that Ng is injective,
consider an inclusion of R-modules A C B and f € Hompg (A4, N). We
can “extend” f easily to an f' € Hompg-1(AS™!,N). Since A C B
induces an inclusion AS~! C BS™!, we can further extend f’' to a ¢’ €
Hompg-1(BS™*, N). Composing ¢’ with the natural map B — BS~!, we
obtain a g € Hompg (B, N) extending the original f.

Comment. A more abstract way to formulate the second part of the solu-
tion is as follows. The fact that A C B = AS~! C BS~! (used in a crucial
way above) amounts to the flatness of @ as a left R-module (cf. Exer-
cise 17). That said, the desired conclusion that Ng injective = N injective
follows more generally from LMR-(3.6A).

Some concrete cases of this exercise have already appeared in LMR-§3.
For instance, if p is a prime ideal in a commutative ring R, the injective hull
E(R/p) has a natural structure as an Rp-module, and as such, it remains
injective (LMR-(3.77)). For the other direction, it was shown in LMR-(3.9)
that, if R is a commutative domain with quotient field K, then any K-
module is injective over R.

Ex. 10.30. In two different graduate algebra texts, the following exercise
appeared: “Let S be a multiplicative subset of the commutative ring R. If
M is an injective (right) R-module, show that M S~ is an injective (right)
RS~ 1-module.” Find a counterexample.

Solution. Since this wrong exercise appeared in two algebra texts, we offer
two counterexamples below!

(1) We shall construct a commutative self-injective ring R for which some
localization RS~ is not self-injective. Over such a ring R, the free module
of rank 1, M = Rpg, will provide the counterexample we need. Start with
any commutative noetherian complete local domain (A, m) of dimension > 1
(e.g. Q[[z1,...,2n)] with n > 1), and let E = E(A/m) (the injective hull
of A/m). Then E is a faithful injective A-module (by LMR-(3.76)), and
by Matlis’ Theorem LMR-(3.84), the natural map A — Endj4 (E) is an
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isomorphism. These properties of the module F 4 guarantee that the “trivial
extension” R = A @ E (constructed with E =4E4 and E2 =0 in R) is a
commutative self-injective ring: see LMR-(19.22). Nowlet S=(s) CACR
where s is any nonzero element in m. By LMR-(3.78), any element in F is
killed by some power of m, in particular by s™ for some n. From this, we
see easily that

RS™1=AS71=4 H C K (quotient field of A),
since dim (A) > 1. By Exercise (3.2), the integral domain A [1] is not
self-injective, as desired.

Note that the self-injective ring R constructed above is actually a local
ring. This follows from the fact that A itself is local, and that F is an ideal
of square zero in R.

The second example to be presented below is due to G. Bergman. We
thank him for permitting us to include his example here.

(2) In this example, let k be any infinite field. View k[z,y] as a subring
of M : = k*¥** by identifying any polynomial in k[z,y] with the function
k x k — k that it defines. Let

R=k[z,y) @I C M = k¥

where I = {g € k**k . |supp (g)| < oo}. It is easy to see that R is a subring
of M. Let us first show that Mg is injective. Since M = ]_[M(a’b) where

Moy = {9 € M : supp(g) C {(a,b)}},

it suffices to show that each M, p) is injective over R. Let e = e, ) € I be
the characteristic function on {(a,b)}. Then e? = e and R = eR®(1 —¢) R.
Upon localization at the multiplicative set () = {1, e}, (1 — )R becomes
zero, so Ry = k, and M(,4) is just the Riy-module k viewed as an R-
module. Since k is an injective R(y-module, Exercise 29 guarantees that it
is an injective R-module, as desired.

Let S = k[z]\ {0} € R. We finish by showing that M S~ is not an
injective RS™'-module. First, every function in I is killed by some s € S,
so I localizes to zero. This shows that RS~ = k[y] S~!. Next, we claim
that
(%) MS~1 = M/ My, where My = {g € M : supp(g)

C Ly, U---UL,, for suitable a;} .

Here, L, denotes the “vertical line” x = a in k x k. To prove (%), note that
each ¢ above is killed by (z —ay)---(x — a,) € S. It is also easy to check
that each z — a acts as a bijection on M/Mj, so (x) follows. [Note. Each
element in S has the form

(x—a)(x—=b)--(z—c)h(x),

where h(x) has no zeros and hence is a unit in R.]
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The final step is to show that MS~! = M/ M, is not injective over
RS~ = k[y] S~1. We do this by checking that M /M is not even a divisible
module over k[y] S~1. Since k[y] S! is a domain, it suffices to check that
y-(M/ My) C M/ My. This is clear, since the constant function 1 (on &k x k)
does not belong to yM + My. (Any function in yM + My is zero on all but
a finite number of points on the z-axis.) Note that the infinitude of k is
used only in this very last step!

Comment. The first counterexamples recorded in the literature seem to be
those of E. C. Dade, in his paper “Localization of injective modules,” J.
Algebra 69(1981), 416-425. For an injective R-module M, Dade found a
criterion for M.S~! to be an injective RS~!-module in terms of the “Ext”
functor over R. Dade also developed necessary and suflicient conditions for
all injective R-modules to localize to injective RS~ !-modules (for a given
S). His counterexamples for the present exercise are based on these criteria.
The counterexamples presented in (1) and (2) of our solution are different,
and seem to be a bit simpler than Dade’s. For more information on the
injectivity of M.S~! (or the lack thereof), see the next exercise.

Ex. 10.31. Show that the statement in quotes in the last exercise is true
under either one of the following assumptions:

(1) R is noetherian (or more generally, R is right noetherian and S is a
central multiplicative set in R);

(2) M is S-torsionfree (i.e. for s € S and m € M, ms = 0= m = 0). Your
proof in this case should work under the more general assumption that S
is a right denominator set in a possibly noncommutative ring R.

Solution. (1) It will be sufficient to assume that R is right noetherian and
that the multiplicative set S is central in R. We shall check that MS~! is
an injective RS~!-module by applying Baer’s Criterion LMR-(3.7). Take
any right ideal in RS~!, which we may assume to be of the form 2AS~! for
some right ideal A C R. We need to show that the natural map

Hompg-1 (RS™Y, MS™) % Hompg-1 (AS~!, MS™Y)

defined by restriction is onto. By a standard localization fact (see, e.g. the
author’s “Serre’s Problem on Projective Modules,” Prop. 1.2.13, Springer
Monographs in Math., 2006), for any finitely presented right R-module N,
the natural map

o: (Hompg (N,M))S™! — Hompggs-1 (NS™!, MS™1)

is an isomorphism. Using o for N = R and N = % respectively (R and 2
both being finitely presented since R is right noetherian), we may “identify”
¢ with the map

(Homp (R, M)) S™! — (Hompg (A, M)) S~ .
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Since Hompg (R, M) — Hompg (2, M) is onto by the injectivity of Mg, it
follows that f* is also onto, as desired.

(2) We assume here that S is a right denominator set, and that M is
S-torsionfree. For s € S, r € R and m € M, we claim that

(%) sr=0€R — mr=0¢€ M.

In fact, from sr = 0, the “right reversible” condition on S implies that
rs’ = 0 for some s’ € S (see LMR-(10.4)). Therefore, mrs’ = 0 € M,
whence mr = 0 since M is S-torsionfree. Now the injective R-module M
is divisible, so (%) implies that m € Ms. It follows that each s € S acts
as a bijection on M, so the R-module structure on M can be extended
to an RS~ !-module structure. (In particular, MS~! = M.) Since M is
an injective module over R, it follows from Exercise 29 that M is also an
injective module over RS™1.

Comment. Part (1) of this exercise is due to H. Bass; see his paper “Injec-
tive dimension in noetherian rings,” Trans. A.M.S. 102(1962), 18-29. Part
(2) is more or less folklore.

If R (possible noncommutative) is noetherian and “right fully bounded”,
and S is a right and left denominator set, the injectivity of MS™! has
also been proved by K. A. Brown (partly using (2) above). For this and
other positive results in the noncommutative case, see the article of K. R.
Goodear]l and D. A. Jordan: “Localizations of injective modules,” Proc.
Edinburgh Math. Soc. 28(1985), 289-299. Other examples on the failure
of injectivity on MS~! in the noncommutative case (using differential
polynomial ring constructions) can also be found in this paper.

§11. Right Goldie Rings and Goldie’s
Theorem

In the context of the theory of rings of quotients, “regular elements” of
a ring usually mean elements that are neither left nor right zero divisors.
These are not to be confused with the von Neumann regular elements. In
this section, we write Cg for the multiplicative set of regular elements in a
ring R. Recall that, for rings R C @, we say that R is a right order in @ if
Cr CU(Q), and every element in @ has the form as~! where a € R and
s € Cr. There are two main points here:

(1) a ring R is a right order in some ring Q iff R is right Ore, and @ =
7o (R) over R;
(2) a ring @ has a right order in it iff Cg = U (Q).
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Note that the latter condition is left-right symmetric; if it holds, @ is said
to be a classical ring. For instance, any von Neumann regular ring is a
classical ring, and so is any right self-injective ring, by Exercise 8.

Right orders in division rings are exactly the right Ore domains. Goldie’s
Theorem purports to answer the more general question: what kinds of rings
are right orders in semisimple rings?

We say that a ring R is right Goldie if u.dim Rr < oo and R has ACC
on right annihilator ideals. (Left Goldie rings are defined similarly.) Goldie’s
famous theorem (LMR-(11.13)), in its most basic form, tells us that a ring
R is a right order in o semisimple ring @ iff R is semiprime and right
Goldie, in which case Q = Q, (R). Two more significant characterizations
for such rings R are the following:

(A) R is semiprime, right nonsingular, and u.dim R < co.
(B) For any right ideal % in R, A C. R iff ANCg # 0.

These characterizations of right orders in semisimple rings constitute
what is sometimes called “Goldie’s Second Theorem.” Goldie’s First Theo-
rem, also obtained by Lesieur and Croisot, is best viewed as a special case
of the Second Theorem: it states that R is an order in a simple artinian
ring iff it is a prime right Goldie ring.

The point about Goldie’s Theorem is that it provides us a way to check
“internally” within R when it has a classical right ring of fractions that is
semisimple. Since the two conditions defining a right Goldie ring are both
weaker than ACC on right ideals, it follows that any right noetherian ring
is right Goldie. Thus, Goldie’s theorem implies that:

Any semiprime right noetherian ring R has a semisimple clas-
sical right ring of fractions.

Another easy example of a semiprime Goldie ring is any ring R between
ZG and QG for a finite group G. Here, R is a (left, right) order in the
semisimple ring QG| in fact we can get QG already by inverting the regular
central elements {1, 2, 3, ... }.

Using Goldie’s Theorem, it is often possible to prove results about right
noetherian rings that may not be easy to prove otherwise. Some illustrations
of these are given in LMR-§11C.

In formulating Goldie’s Theorem, we can also start with a semiprime
ring R with only finitely many minimal prime pq,...,p;. In this case,
the p;’s are precisely the “maximal annihilators” in R, and t equals the
“2-sided uniform dimension” of R (LMR-(11.41), LMR-(11.43)), and R is
right Goldie iff each R/p; is (LMR-(11.44)).

In the commutative case, a semisimple ring means simply a finite direct
product of fields, so the purpose of Goldie’s Theorem in this case would
be to characterize (commutative) rings that are orders in a finite direct
product of fields. This characterization is easy to achieve by using the
standard results of commutative algebra:
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A commutative ring R is an order in a finite direct product
of fields iff R is semiprime (i.e. reduced) and has only a fi-
nite number of minimal primes, iff R is semiprime and every
essential ideal contains a regular element of R.

(See LMR~(11.46).) Note that the latter condition is a simplification of the
condition (B) given before.

Most exercises for this section are on the theme of Goldie’s Theorem and
its variations. As a whole, they give a lot of additional information about
regular elements, ideals, right annihilators, and minimal primes. There are
also a couple of exercises ((12) and (13)) concerning the 1-sided artinian
radicals in a ring R. By definition, the right artinian radical A" (R) is
the sum of all right ideals of R that are artinian as right R-modules. The
left artinian radical A? (R) is defined similarly. These artinian radicals are
ideals in R, and in the case when R is noetherian, we have A® (R) = A"(R),
according to LMR-(11.35).

Exercises for §11

Ex. 11.0. Let R; C Q; (i € I) be rings. Show that [], R; is a right order
in [ ], Q; iff each R; is a right order in Q;.

Solution. Let R =[], R; and @ =[], @;. First assume each R; is a right
order in Q;. If r = (r3),c; € Cg, then r; € Cg, C U(Q;) for each i € I,
sor € U(Q). For any ¢ = (¢:);¢; € @, we can write ¢; = sir; !t where
s; € R; and r; € Cp, for each i. Therefore, ¢ = sr~! for s = (84);¢; and
7 = (ri);e; € Cr, so we have checked that R is a right order in Q. The
converse is proved similarly.

Ex. 11.1. Let a € R be right regular (i.e. ann, (a) = 0), and let I C R be
a right ideal such that aRN I = 0.

(a) Show that the sum Y, a’I is direct.
(b) From (a), deduce that if u.dim Rg < 0o, we must have aR C. Rp.
(c) Give an example to show that aR C. Rp need not hold if u. dim Rg = .

Solution. (a) Suppose by + aby + - + a"b, = 0, where b; € I. Then
by € aRNI =0, and so a (b1 +aby + -+ a”_lbn) = (. Since ann,. (a) =0,
we have b; +aby+ - - - +a™"1b, = 0. Repeating this argument, we get b; = 0
for all 1.

(b) Assume that u.dim Rg < oo. For any right ideal I # 0, we must
have aRN I # 0, for otherwise, by (a), R would contain an infinite direct
sum @),~, a’l (where each a'I # 0), in contradiction to u.dim Rg < oo.
Therefore, aR C. Rg.

(c) A typical example here is R = Q{a,b). Since R is a domain, every
nonzero element is regular. A principal right ideal such as aR is clearly not
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essential in Rp. For instance, aRNI =0 for I = bR (and R contains the
infinite direct sum P, a'l = Do a’bR).

Comment. It is instructive to recall another (shorter) proof of (b) given in
LMR-(11.14). If aR was not essential in Rg, we would have u.dimaR <
u.dim Rg < oo. However, ann, (a) = 0 implies that aR = Rp, and so
u.dimaR = u.dim Rg. If a is assumed regular (instead of just right regu-
lar), other conditions may also guarantee aR C. Rp; see, for instance, (a)
in the exercise below.

Ex. 11.2. Let R be a right Ore ring.

(a) Show that any right ideal 2 containing a regular element is essential
(iIl RR)

(b) Show that R is semiprime right Goldie iff any essential right ideal of R
contains a regular element.

(c) Give an example of a commutative (hence Ore) ring with an essential
ideal 20 C R not containing any regular elements.

Solution. (a) Suppose 2 contains a regular element a. For any b # 0 in
R, there exists an equation ar = bs where s € R is regular. Therefore, bs
is a nonzero element in aR C 2, and we have shown that A C. Rpg.

(b) follows from (a) and the characterization (see LMR-(11.13)) of semi-
prime right Goldie rings as rings in which a right ideal is essential iff it
contains a regular element.

(c) Let A be the ideal ZHZ P - - - in the commutative ring R=Z xZ x - --.
Then 2 C. R. In fact, for any b = (b1, ba, ...) with b, # 0, the principal
ideal bR contains the nonzero element (0, ...,b,,0,...) € 2 (with b, in the
nth coordinate). However, every element

(rl,...,rm,O,...)te

is killed by any (s1, s2,...) with 81 = --- = s, = 0, so 2 does not contain
any regular elements of R.

In this example, u. dim Rr = oo. It is just as easy to give an example for
which u. dim Rr < oo. For instance, the 2-dimensional Q-algebra R = Q[u]
with the relation u? = 0 has an essential ideal 2 = Ru = Qu containing
no regular elements. Here, u.dim Rg = 1, but R is not semiprime since
A% = 0.

Ex. 11.3. (Goldie) For any element a in a right Goldie ring R, show that
there exists an integer n > 1 such that 2 : = a™R + ann, (a") is a direct
sum and A C. Rg.

Solution. Since right annihilators in R satisfy ACC, there exists n > 1
such that ann,(a") = ann,.(a®*!) = -... If a"b € ann, (a™), then

b € ann, (azn) = ann,(a")},
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so a™b = 0. This shows that 2 = a"R + ann,(a") is a direct sum. To show
that A C. Rg, we use a method similar to that used in the solution to
Exercise 1(a). Let I be a right ideal such that I NA = 0. We claim that
the sum ) ., a'™I is direct. Indeed, suppose by + a™by + - - - + a™"b,, = 0
with b; € I. Then by € INa™R = 0, and so

a” (b1 +a”by +--- + a(m_l)"bm) =0,
which implies that
by € IN(a"R+ann, (™)) =1NA=0.

Since ann, (a™) = ann, (a®*) = ---, we can repeat this argument to show
that all b;=0, thus proving our claim. Invoking now the assumption that
u.dim Rg < oo, we see that a'"I = 0 for large i and so a”I = 0. Therefore,
I C ann, (a™) C A, whence I = 0. We have thus proved that A C. Rpg.

Comment. The result above was used by Goldie in his original proof of
Goldie’s Theorem (LMR-(11.13)) characterizing right orders in semisimple
rings. In LMR, a different proof was given that was independent of the
present exercise. The result in this exercise bears a remarkable resemblance
to some results on strongly 7-regular rings, that is, rings in which every de-
scending chain aR D a®?R D --- (a € R) stabilizes. According to a theorem
of Armendariz, Fisher and Snider:

A ring R is strongly w-regular iff, for any a € R, there exists
an integer n > 1 such that R = a™R @ ann,. (a™).

This equality relation is, of course, much stronger than the essentiality
relation a™R @ ann,. (a™) C. Rg.

Ex. 11.4. Let R be a right Ore domain that is not left Ore, say, RaNRb =
0, where a,b € R\ {0}. The ring A = M, (R) is prime right Goldie by
LMR-(11.18), so right regular elements of A are automatically regular by

LMR-(11.14)(a). Show, however, that o = <Z Z) € A is left regular but

not regular.
Solution. Suppose z,y, z,w € R are such that (j 3}) o = 0. Then

xa +yb=za+wb=0.

Since RaN Rb = 0, we have x = y = z = w = 0, so o is left regular.

However, o (_1 1

1 _1) =0, so ¢ is not regular.

Ex. 11.5. Let R be a semiprime right Goldie ring with
Q= Q¢ (R) = Mp, (Dy) X -+ X Mp, (D)
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where the D,’s are division rings. Show that u.dimRr = n; + -+ + ny,
and that a right ideal 2 C R is uniform iff 2° is a minimal right ideal in
Q. If, in addition, R is prime, show that u.dim Rp is the largest index of
nilpotency of nilpotent elements in R.

Solution. First, by LMR-(10.35), u.dimRp = u.dimQq. For Q; =
M, (D;) , we have u.dim (Q;)g, = n, so it follows that

udlmRR:ZUdlm(Qz)Qz :n1+...+nt.

For a right ideal 2 C R, LMR-(10.35) also gives u. dim 2 = u.dim (%), .
Therefore, g is uniform iff (Qle)Q is uniform. Since @ is semisimple, the
latter simply means that 2 is a minimal right ideal in Q.

Now assume R is prime. Then ¢t = 1 in the above, and we have R C
ot (R) = My, (Dy).

Ex. 11.6. Let z,y € R where R is a semiprime right Goldie ring. If zy € Cg
(the set of regular elements in R), show that z,y € Cg.

Solution. Since ann, (y) C ann, (zy) = 0, y is right regular. Since R is
semiprime right Goldie, y € Cg. To show that z is also (right) regular,
choose b € Q7, (R) such that b(xy) = 1. Then, for a € R :

ta=0 = 0=b(za)=y 'a in QL (R),
so a = 0. Thus, ann,(z) = 0, as desired.
Ex. 11.7. Let Q be an algebraic algebra over a field k. Show that any
q € Cg is a unit by considering the minimal polynomial of g over k. (Thus,

Q is a classical ring.)

Solution. Let ¢"+an_1q4"" ' + -+ +a1q+ao =0 (a; € k) with n chosen
smallest. If ag = 0, then, since q € Cg, we'll have

"'t an1g"+ -+ a =0,
a contradiction. Therefore, ag # 0, and we see that
—a5 ("M ano1g" 2+ )
is an inverse for q.
Comment. In LMR-(11.6)(2), it is shown that any strongly m-regular ring

is classical. The above result is a special case of this since, in fact, any
algebraic k-algebra is strongly m-regular: see ECRT-(23.6).
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Ex. 11.8. Show that any right self-injective ring Q is a classical ring.

Solution. Let ¢ € Cg. Then ¢Q = Qg is injective, so ¢Q is a direct
summand of Qq. Write ¢Q = eQ, where e = €? € ). Then

(I1-e)ge(l-e)eQ =0,

so e = 1. This gives ¢Q = @, so g¢’ =1 for some ¢’. Now q(¢'g—1) =0
leads to ¢’q = 1, showing that ¢ € U(Q).

Comment. The above argument made use of the fact that ¢ is neither a
left nor a right O-divisor. Note, however, that if ¢ is only assumed to be
not a left 0-divisor, one can still show that ¢ has a left inverse in Q: see
Exercise 3.2.

An important example to keep in mind for the result in this Exercise
is Q = End(V}), where V is a right vector space over a division ring k. By
(the right analogue of) LMR-(3.74b), @ is a right (although not necessarily
left) self-injective ring. An element g € Q is not a left (resp. right) O-divisor
iff the linear map ¢ : V' — V is injective (resp. surjective). Thus, if ¢ € Co,
q: V — V will be bijective, and hence indeed q € U(Q). Note that the
ring @ here is not Dedekind-finite, unless dim;V < oo.

Ex. 11.9. Using Ex. 5.23A, show that a f.g. projective right module M
over a commutative classical ring @) is “cohopfian”, in the sense that any
injective (Q-endomorphism ¢: M— M is an automorphism. Is this still true
if @ is not commutative?

Solution. After adding a suitable f.g. module N to M and replacing ¢
by ¢ & 1y, we may assume that M is a free module Q™. Represent the
elements of Q™ as column vectors and let A = (a;;) € M,,(Q) be such that
¢ (z) = Az for any ‘

€= (z1,...,20)" € Q™

The injectivity of ¢ means that the homogeneous system of linear equations
Az = 0 has only the trivial solution. By part (3) of Ex. 5.23A, this implies
that the McCoy rank of A is n; that is, det(A) (the unique n xn minor of A)
is a non O-divisor in Q. Since @ is a classical ring, we have det(4) € U(Q).
Thus, A € GL,,(Q), so ¢ is an automorphism.

If Q is a noncommutative classical ring, the conclusion in the Exercise
fails in general, even for M = Q. In fact, if Q is not Dedekind-finite (e.g.
Q = End (V4) for an infinite dimensional vector space V over a division ring
k), say with ab =1 # ba in A, then ¢ : Qg — Qg defined by ¢ (z) = bz
is an injective Q-endomorphism that is not an automorphism.

Ex. 11.10. Let R = R/ where 2 is an ideal of R. (a) If u.dim Ry < oo,
is u.dim Rz < oo? (b) Exhibit a right Goldie ring R with a factor ring R
that is not right Goldie.

Solution. The ring R = Z [z, 2, ...] is a commutative domain, so R is a
Goldie ring with u.dim Rg = 1. Now consider the subring S CZ X Z x - - -
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consisting of sequences (a1, as, . ..) that are eventually constant. Clearly, S
is the subring of Z x Z x - - - generated by the unit vectors e, e, ..., so the
ring homomorphism ¢ : R — S defined by ¢ (z;) = e; (Vi) is a surjection.
For 2 = ker(y), we have S = R/%, and u.dim Ss = oo since S contains
Z®Z®- - -, which is an infinite direct sum of ideals @);-, Se;. In particular,
R/A = S is not a Goldie ring.

Ex. 11.11. True or False: Every right Goldie ring is stably finite?

Solution. The statement is, in fact, true for any ring R with
u.dimRr < oo. For, by LMR-(6.62), this implies that u.dimSs < oo
for S = M, (R), and by LMR-(6.60), u.dim Sg < oo implies that S is
Dedekind-finite. Since this holds for all (finite) n, R is stably finite.

Ex.11.12. Thering R = <% g) is right noetherian but not left noether-

ian, by FC-(1.22). Show that the right artinian radical A" (R) = (g g) )
but the left artinian radical A*(R) = 0.

Solution. The right (resp. left) artinian radical of R is, by definition, the
sum of all artinian right ideals in R. To compute A"(R), we recall from
FC-(1.17)(2) that any right ideal 2 C R has the form J; & Jy where J;
is a right ideal of Z, and J; is a right Q-submodule of Q ® Q containing
J1Q & 0. Assume now g is artinian. Since the ideal <8 Q
on (A/ J2) g, we see that (J1), must be artinian, and so J; = 0. Therefore,
2 is just any right Q-submodule of Q & Q, and of course, any such Q-
submodule is artinian over Q, and hence artinian over R. This shows that

A"(R) is just (8 g) :

To compute A*(R), recall from FC-(1.17)(1) that any left ideal B8 C R
has the form I; & I, where I is a left ideal in Q, and I is a left Z-sub-
0 Q
(o ¢
on g(Iy), so if gB is artinian, z (I;) must be artinian. We finish by showing
that the only artinian subgroup of Z®Q is zero, for then, we have I; = 0 and
hence A*(R) = 0. Let G be any nonzero subgroup of Z® Q. For 0 # ¢ € G,
we have Z - g = Z since Z & Q is torsionfree. Since z (Z) is not artinian, it
follows that zG is also not artinian.

) acts as zero

module of Z & Q containing 0 & Q1. Here, the ideal acts as zero

Ex. 11.13. Find A"(R) and A*(R) for R = (Q Q(t)> .

0 Q)
Solution. Since Q and Q (¢) are artinian rings and Q (¢)g, is an artinian
module, FC-(1.22) implies that the triangular ring R here is right art-
inian. In particular, A"(R) = R. To compute A‘(R), consider any left
artinian ideal 8 C R. By FC-(1.17)(1) again, we have B = I @ I, where
I is a left ideal in Q (¢), and 1 is a left Q-submodule of QB Q (¢) containing
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0@ Q (t) I. There are two possibilities: I = Q (t), or I = 0. If I, = Q (¢),
then I; 2 0pQ (¢). But then g(I1) is not artinian since (8 88) acts as
zero on p(I7) so the left R-structure on I; is essentially its left Q-structure,
and dimg [; > dimg Q (t) = co. Thus, we must have I;=0, in which case I
can be any finite-dimensional left Q-subspace of Q@ Q (¢). Summing these,

we get AYR) = <‘§) @(()“).

Ex. 11.14. Use LMR-(11.43) to show that, if R has ACC on ideals, then
R has only finitely many minimal primes.

Solution. According to LMR-(11.43), if a semiprime ring S has ACC on
annihilator ideals, then S has only finitely many minimal primes. We apply
this result to the semiprime ring S : = R/Nil, R, where Nil, R is the lower
nil radical (i.e. intersection of all prime ideals) of R. If R has ACC on ideals,
then so does S, so by the result quoted above, S has only finitely many
minimal primes. Since all prime ideals of R contain Nil, R, this implies that
R also has only finitely many minimal primes.

Comment. This exercise already appeared in ECRT-(10.15), but the solu-
tion there is different. In that solution, one uses “noetherian induction” to
show that any ideal & C R contains a finite product of prime ideals. The
case U = 0 leads easily to the desired conclusion.

Ex. 11.15. Let R be a semiprime (i.e. reduced) commutative ring with
finitely many minimal primes pi,...,p;. Show by a localization argument
that the set Cg of regular elements in R is given by R\ (py U---Ups).

Solution. Let a € Cg. If a € p; for some 7, then a localizes to a nilpotent
element in Ry, (since Ry, has only one prime ideal, p;Ry,). Therefore,
ra™ = 0 for some n > 1 and some r € R\p;. This contradicts a € Cg. Thus,
Cr C R\ (p1U---Up:). Conversely, for any a ¢ py U---Upq,

ab=0 => bep;N---Np; = Nil(R) =0,
so a € Cg.

Comment. The equation Cgr = R\ (p; U---Up;) (for a semiprime commu-
tative ring R) appeared in LMR-(11.47). There , it is deduced from LMR-
(11.42), which is a more general result characterizing the regular elements in
any (possibly noncommutative) semiprime ring with finitely many minimal
prime ideals. The present exercise is the commutative version. Note that
there is no noetherian assumption on the ring R in this exercise!

Ex. 11.16. Let R be a semiprime ring.

(a) Show that an ideal B C R is an annihilator (in the sense of LMR-
(11.37)) iff B is a right annihilator.
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(b) If R is also right Goldie and Q = @7, (R) has t Wedderburn components,
show that the annihilator ideals in R are exactly the contractions to R of
the 2¢ ideals in Q.

Solution. (a) The “only if” part is clear. For the converse, suppose the
ideal B is a right annihilator. Then B = ann, (ann, (B)). Since B is
an ideal, 2 : = ann, (B) is also an ideal (by LMR-(11.36)). Thus, B =
ann, (2A) is an annihilator ideal in the sense of LMR-(11.37).

(b) Let @ = @1 X - - - X Q¢ where the Q;’s are the Wedderburn components,
and let

=) ,Qn pi=anNR (1<ist).

By LMR-(11.22), py, ... , p; are all the minimal primes of R. Now, by LMR-
(11.40) and (11.41), the annihilator ideals in R are precisely intersections
of subsets of {p1,---,p:}. An intersection p;; N--- N p;, is the contraction
of q;, N---Ng;, to R, and q;, N---Ng;, is an arbitrary ideal of Q. Thus, the
annihilator ideals of R are precisely the contractions to R of the 2! ideals

in Q.

Ex. 11.17. Let R be a semiprime ring with finitely many minimal prime
ideals p1,...,ps. Let B; = [[,; pj, and let

B, = (Bi+p)/p; in R =R/pi.

After identifying R with a subring of S : = [], R;, show that B : = [[, B;
is an ideal of S lying in R, and that ann? (%8) = 0.

Solution. The natural map ¢ : R — S given by ¢(b) = (b,...,b) € S
is an injection, since [, p; is the prime radical of R, which is (0) in the
semiprime ring R. We shall henceforth identify R with ¢(R) C S. Since
B, is an ideal in R; for each i, B = L B, is an ideal in S. To show that
% C R, consider any element 8 = (by, -,b) € B, where b; € B;. For
b="b; +---+b € R, we have

B=(bi,...,b:) = (b,---,b) €R,

as desired. For the last part of the exercise, note that p; 2 [] iz Pj (for
otherwise p; contains p; for some j # 4). This implies that B; is a nonzero
ideal in R;. Since R; is a prime ring, B; has zero left annihilator in R;, for
each i. From this, it follows immediately that annj (B) = 0.

Ex. 11.18. Keep the notations in Exercise 17, and assume that each R; =
R/p; is right Goldie, with Q; : = Q, (R;) . Independently of LMR-(11.44),
show that R is also right Goldie, with Q7, (R) = Q : =[], Qi-

Solution. By Goldies’s First Theorem LMR-(11.16), each @); is a simple
artinian ring, so Q = [[, Qi is a semisimple ring. To get the desired
conclusion, it thus suffices to show that R is a right order in Q. For any
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q=(q,-..,q) € Q, let ¢;b; € R; where b; is regular in R;. Since R; is
prime and B; C R; is a nonzero ideal, LMR-(8.4)(3) implies that B; is
essential as a right ideal in R;. By LMR-(11.13), B; contains a regular
element ¢; of R;. Then b;c; and ¢:bic; are both in B,. By Exercise 17

above,
S:i= (blcl, e ,tht) €ERN U(Q),

and also gs € R. Since @ is semisimple, this is sufficient ground for us to
conclude that R is a right order in @, by LMR-(11.7)(3).

Comment. This result was already proved in LMR-(11.44), by using right
uniform dimensions. The above solution offers an interesting alternative
approach.

Ex. 11.19. (See Ex. 8.6.) Let R be the (commutative) ring Q ({z; : i > 1})
with relations z;x; = 0 for all unequal ¢, j.

(a) Show that R is semiprime (i.e. reduced).

(b) R does not satisfy ACC on annihilators.

(c) u.dim Rg = oo.

(d) Let pi(z;) (¢ > 1) be nonzero polynomials without constant terms.
Then the ideal A generated by {p; (z;) : 7 > 1} is dense, but contains no
regular elements of R.

(e) Show that the minimal primes of R are given precisely by p; = 3 i Bzj
(i >1).

Solution. (a) is already observed in the solution to Exercise 8.6, as is the
denseness of 2. Since, for any n, z,41 kills each of py (21),...,pn (zy), the
ideal 2l consists of 0-divisors, so we have (d). Next, the direct sum

EBim Rz; = 21Q[z1] ® 22Q [xo] @ - -

shows (c), and (b) follows from Exercise 6.22 by choosing s; = t; = ;.
To prove (e), note first that R/p; = Q[xz;], so each p; is a prime ideal.
Clearly, there is no inclusion relation among the p;’s. Therefore, (e) will
follow if we can show that any prime ideal p C R contains some p;. This
is clear if z; € p for all 4, so assume that x; ¢ p for some 4. Then, for any
J # 1, z;x; = 0 € p implies that z; € p, so p D p;, as desired.

Comment. The ring R in this exercise is a typical commutative semiprime
ring that fails to be Goldie. By LMR-(11.46), for a commutative semiprime
ring R, any of the properties (b), (c), (d), (e) above is tantamount to the
fact that R is not Goldie. The point of this exercise is to provide an example
of a commutative semiprime ring in which each of (b), (c), (d), (e) can be
easily checked to hold.

Ex. 11.20. Show that R is a reduced right Goldie ring iff R is a right order
in a finite direct product of division rings.
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Solution. Suppose R is a right order in a ring @ = @1 X - -- X @y, where
the @Q;’s are division rings. Since @ is semisimple, Goldie’s Theorem LMR-
(11.13) implies that R is a semiprime right Goldie ring. The fact that @ is
reduced implies that R is also a reduced ring. Conversely, assume that R
is a reduced (hence semiprime) right Goldie ring. By LMR-(11.22), R has
only finitely many minimal prime ideals, say p1,...,ps, and each R/p; is a
prime right Goldie ring. Also,

et (R) =2 QX - X Qyy

where Q; = Q7,(R;). Since R is a reduced ring, FC-(12.6) implies that
each R/p; is a domain, and therefore a right Ore domain, by LMR-(11.20).
Thus, each Q; is a division ring, and R is a right order in the finite direct
product of division rings (1 X - -+ X Q4.

The following four exercises are taken from a paper of C. Procesi and L.
Small (J. Algebra 2(1965), 80-84), where they used these results to give an
alternative proof for the main equivalence (1) < (2) in Goldie’s Theorem
in LMR-(11.13). We assume, in these four exercises, that R is a semiprime
ring satisfying ACC on right annihilators.

Ex.11.21. Let B C A be right ideals in R such that anng (A)
Show that there exists © € A such that zA # 0 and zA N
particular, B cannot be essential in A.

anny(B).

-
B =0 1In

Solution. Since R satisfies ACC on right annihilators, it satisfies DCC on
left annihilators (by LM R-(6.57)). Therefore, there exists a left annihilator
U minimal with respect to anng(A) C U C anny(B). Then UA # 0, and
so UA UA # 0 since R is semiprime. Pick elements a € A and v € U such
that UauA # 0. It suffices to show that

(*) auANB =0,

for then the desired element z € A in the exercise can be chosen to be au.
To prove (*), assume, instead, that 0 # aua’ € B for some a’ € A. Then
U’ : = anng (a')NU is a left annihilator with ann, (4) C U’ C U C anny(B).
But

Uaua' CUB=0 = Uau CU’, and
UauA #0 => Uau ¢ anng(A),

so anng (A) # U’. The minimality of U then implies that U’ = U, that
is, U C anny (a’). But then Ua’ = 0, which contradicts aua’ # 0 (since
au € U).

Ex.11.22. Deduce from Exercise 21 that any chain of right annihilators in
R has length < u.dim Rp.
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Solution. Suppose Ag 2 A; 2 -+ 2 A, is a chain of right annihilators of
length n. Since ann, (anngA;) = A;, we have

anng (Ag) C anng (A1) C -+ C anng (A4,) .

Applying Exercise 21, we see that each A;_; contains a nonzero right ideal
T; such that T; N A; =0 (1 < i < n). We have then T} @ --- & T,, C Ay,
which implies that n < u.dim Rg.

Comment. The conclusion in this exercise could have been deduced easily
from the existing results in LMR. We may assume that u.dim Rg < o0, so
R is a semiprime right Goldie ring. By LMR-(11.13), R is right nonsingular,
so the desired result is contained in LMR-(7.51)".

Ex. 11.23. Let z,y € R. If ztR C. R and yR C. R, show that
zyR C¢ R.

Solution. For any right ideal C' # 0, we would like to show that C NzyR #
0. Consider right ideals A, B defined by

A:={s€eR: zs€(C} DB :=ann, ().

Then zB = 0, but zA # 0 (since C N zR # 0). Therefore, we are in
the situation anng(A) C anng(B) as in Exercise 21. By that exercise, there
exists a nonzero right ideal T' C A such that TNB = 0. This T' must contain
an element yz # 0 (2 € R) since yR C. R. Now yz ¢ B = z(yz) # 0,
and yz € A = z (yz) € C. Therefore, CNzyR contains the nonzero element
xyz, as desired.

Ex.11.24. Let a € R. If aR C. R, show that a is regular in R.

Solution. Since aR C. R, the last part of Exercise 21 implies that
anng(aR) = anng(R) = 0. Therefore, anny(a) = 0. To show that ann,(a) is
also zero, pick an integer n such that ann, (a™) = ann, (a™*!) . Then

(%) a”RNann,(a) = 0.

In fact, for b € a®R N ann,(a), we have b = a"s for some s € R. Then 0 =
ab = a™*1s implies that b = a™s = 0. On the other hand, by Exercise 23,
aR C. R= a"R C, R, so (*) gives ann,(a) = 0, as desired.

Ex. 11.25. Let R be a prime right Goldie ring, and I be an essential right
ideal in R. Show that any coset ¢ + I (¢ € R) contains a regular element
of R.

Solution. Since the right annihilators in R satisfy the DCC (by LMR-
(7.51)"), there exists an element a € ¢+ I with ann,(a) minimal. We claim
that a is reqular. Indeed, assume it is not. By the last exercise, aR cannot
be essential in Rp, so there exists a nonzero right ideal B with BNaR = 0.
For any b € BN I, we have aRNbR = 0, which implies that ann, (a + b) C
ann,(a). Since

at+bec+I+b=c+1,
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the minimal choice of ann,(a) implies that ann, (¢ +b) = ann,(a). For
any z € ann,(a), we have then 0 = (a + b)z = bz, which shows that
(BN1I)-ann,(a) = 0. Now, BN I # 0 (since I C. Rg), and ann,(a) # 0
(since a not regular implies that a is not right regular, by LMR-(11.14)(a)).
This contradicts the fact that R is a prime ring.

Ex. 11.26. Prove the result in Exercise 25 for any semiprime right Goldie
ring (by using a reduction to the prime case).

Solution. Let py,...,p; be the minimal primes of R. Since R is semiprime,
p1N---Np; =0, and by LMR-(11.41), the p,’s are annihilator ideals (in
the sense of LMR-(11.37)). Let A; : = ann (p;) ,which is given by [, p;
according to LMR-(11.40). Consider the given right ideal I C. Rg, and let
B; = IN A;. Writing “bar” for the quotient map R — R/p;, we claim that
B; C. R. Indeed, let X D p; be a right ideal such that X N B; = 0, that is,
X N (B; +pi) = 0. Since

Binp; Cp1N---Npe =0,

this means that X N B; = 0. Thus, (XN A;)NI =0, and so X N A4; =0.
It follows that X - A; € X N A; = 0. Therefore,

X C ann(4;) = ann (ann (p;)) = ps,

since p; is an annihilator ideal. This checks that B,C. R Let ce Rbea
given element. Applying Exercise 25 to R (which is a prime right Goldie
ring by LMR-(11.22)), we find an element b; € B; such that ¢+ b; maps to
a regular element of R/p;. Now consider the element

a:=c+b+---+bect+l.

For any j # i, we have b; € A; C p;, so the image of a in R/p; is the
same as the image of ¢+ b;, which is regular in R/p;. By LMR-(11.42), this
implies that a € ¢+ I is regular in R, as desired.

Comment. The result in this exercise actually holds under somewhat
weaker hypotheses on the ring R. As long as R is a semiprime ring with
ACC and DCC on right annihilators (or equivalently with ACC on both
left and right annihilators), it can be shown that the conclusion of this
exercise holds. The proof for this more general case requires a couple of
extra steps, which the reader can find on pp. 14-15 of the book “Rings
with Chain Conditions” by A.W. Chatters and C.R. Hajarnavis, Pitman,
London, 1980.

Ex. 11.27. (Robson) Let R be any semiprime right Goldie ring, and J be
an essential right ideal in R. Show that J is generated as a right ideal by
the regular elements in J.

Solution. Since J C. Rg, J does contain a regular element. Let I be the
right ideal generated by the regular elements in J. Then I C, Rr by LMR-
(11.13). Consider any ¢ € J. By the last exercise, there exists a regular
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element a € c+ 1 C J. Then a € I, and we have ¢ € a+ I = I. This shows
that J = I, as desired.

Ex. 11.28. (Small) If a ring R is right perfect and right Rickart, show that
it is semiprimary.

Solution. The desired result is a combination of a number of theorems.
First, by Bass’ Theorem (FC-(24.25)), the right perfect ring R satisfies
DCC on principal left ideals, so by LMR-(6.59), R has no infinite set
of nonzero orthogonal idempotents. Since R is also right Rickart, LMR-
(7.55) implies that R satisfies ACC on left as well as on right annihilators.
Finally, note that the Jacobson radical rad R is nil (since R is right perfect).
Therefore, we can apply LMR-(11.49) to deduce that rad R is nilpotent.
Since R/rad R is semisimple by assumption (that R is right perfect), it
follows that R is semiprimary.

Comment. The above result of L. Small comes from his paper “Semihered-
itary rings” in Bull. Amer. Math. Soc. 73(1967), 656—-658.

Ex. 11.29. For any idempotent e in a semiprime ring R, show that the
following are equivalent:

(a) e is central in R;
(b) (1 —e) Re =0;
(c) eR is an ideal in R.

Solution. (a) = (c) is clear. If (c) holds, then Re C eR, so
(1-e)ReC (1—e)eR=0.

This shows that (¢) = (b). Finally, assume (b). Let A = (1 —e) R and
B = eR. Then AB = (1 —¢e) ReR = 0, so (BA)? = B(AB)A = 0. Since
R is semiprime, BA = 0. From (1 — e¢) Re = 0, we have re = ere for any
r € R; and from eR(1 —e) = 0, we have er = ere for any r € R. This
yields (a).

Comment. If R is not semiprime, neither (b) nor (c) is sufficient to give

kE k . .
0 k where k is any nonzero ring,

(a). For instance, in the ring R =

the idempotent e = <(1) 8) is easily seen to satisfy (b), (¢), but e is not

central in R since it does not commute with (8 (1)>

Ex. 11.30. Let R be a semiprime ring with u.dim Rr < oo.

(1) Show that soc(Rg) = eR for a central idempotent e € R.

(2) There exists a direct product decomposition R = S x T where S is a
semisimple ring, and T is a semiprime ring with soc(Tr) = 0.

(3) If soc (RR) Ce Rg, show that R is a semisimple ring.
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Deduce from the above that a prime ring R is simple artinian iff
u.dim Rg < oo and R has a minimal right ideal.

Solution. (1) Let S = soc(Rg). We have u.dim Sg < u.dim Rg < o0, so
the semisimple module Sk must be f.g. By ECRT-(10.9), S = eR for a
suitable idempotent e € R. Now S = soc(Rg) is an ideal of R, so by the
last exercise, e is central in R.

For the reader’s convenience, we recall briefly the proof for the existence
of e. If S # 0, it contains a minimal right ideal A; which, by Brauer’s
Lemma (FC-(10.22)), has the form e; R for an idempotent e;. Then S =
A; ® By where By = SN (1 —e1) R. If By # 0, then, again, B; contains a
minimal right ideal A2 = eoR where €2 = e;. Then A; @ Ag = €, R for the
idempotent e, : = e; + €3 (1 —ey), and

By:=S5N(1-¢€y)RC By.
Continuing like this (and using u. dim Sg < 00), we get eventually
S=A1®--dA,=€,R
for some n, where e/, = €/2 € R.

(2) Since S = eR with e = €? central, we have R = S x T where T' =
(1—e€) R. Then soc(Rg) = soc(Sg) x soc(Tr) implies that soc(Sg) = S
and soc(Tr) = 0. The former implies that Sg is a semisimple module, so S
is a semisimple ring; and clearly T is a semiprime ring.

(3) Since Sk is a direct summand of Rg, S C. Rr = S = R, so R itself is
a semisimple ring.

For the last statement in the Exercise, the “only if” part is, of course,
clear. Conversely, let R be a prime ring with a minimal right ideal, and
such that u.dim Rg < co. Note that S : = soc (Rg) is an ideal. If A is any
right ideal such that SN A =0, then A-S C AN S = 0. Since R is prime
and S # 0, we must have A = 0. This shows that S C. Rpg, and so (3)
above implies that R is semisimple. Since R is prime, it must be a simple
artinian ring.

Comment. For a nice application of part (3), see Exercise (19.9"), where it
is shown that a semiprime ring R with Rg “finitely cogenerated” must be
semisimple.

Concerning part (1), it is worth pointing out that, for any semiprime
ring R, soc(Rg) = soc(grR). (This follows easily from FC-(11.9).) The
hypothesis that u.dim Rp < oo is crucial for the validity of (1) in this
Exercise. Here is an example. Let Vi be an infinite-dimensional right vector
space over a division ring k, and let R = End (V}). This is a prime ring,
so the only central idempotents in R are 0 and 1. It is easy to see that
soc(Rgr) # R (since R is not semisimple) and soc(Rg) # 0 (fR is a
minimal right ideal for any f : V — V of rank 1). Therefore, the conclusion
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(1) does not hold for R. In fact, by ECRT-(11.18),
S :=soc(Rg)=soc(rR)={g9€R: dimgg (V) < o0},

and an easy application of linear algebra shows that S is both right and
left essential in R. Thus, R yields a nice example of a prime (non-Goldie)
ring in which a right and left essential ideal contains no regular elements.

Ex. 11.31. (Attarchi) Let R be a ring such that dR C. Rr whenever
ann,(d) = 0, and Rd C. grR whenever anny(d) = 0. Let S be the ring of

2 x 2 upper triangular matrices over R. Show that o = (g 2) is regular

in S iff @ and ¢ are both regular in R.

Solution. First, assume that a, c are regular in R, and say aad’ =0 € S,
! / .
ﬁ,). Then we have aa’ = ¢¢ = 0 and ab’ + bc’ = 0. It

a
0
follows that ¢’ = ¢’ =0, and 0 = ab’ + bc’ = ab’ implies that b = 0. Thus
o/ = 0. A similar argument shows that o/a = 0= o = 0.
Conversely, assume that « is regular in S. We would like to show that
a and c are both regular in R. If aa’ = 0, then

!/ !
(8 i’)(‘g 8):0:><% 8):0=>a’=0,
so ann,(a) = 0. In a similar vein, if ¢'c = 0, then

0 0)/a b\ _ 0 0) _ L
(0 )(0 C)_o=> (0 C,>_0=>c_0.

Thus, we have anng(c) = 0, and so by hypothesis Re C. gR.
By Exercise 3.7, we then have

where o/ =

(%) (Re)b™':={t€ R: tb€ Rc} C. rR.
We claim that anng (a) N (Rc) b~! = 0. In fact, for any
x € anng (a) N (Re) b7,

we have zb = yc for some y € R, and so
z —-y\fa by (za zb—yc) _ 0
0 0 0 ¢/ \O 0 e

Since o = 8 lc) is regular in S, we have (3 _0y> =0 and so x =0, as

claimed. From (), anng (a) N (Re) b~! = 0 implies anng (a) = 0,s0 a € R is
regular. A similar argument (using the hypothesis that Rd C, Rp whenever
anng(d) = 0) implies that ann, (¢) = 0, so ¢ € R is also regular.
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Comment. Recall from Exercise 1(b) that, under the assumption that
u.dim (Rg) < oo, we will have ann, (d) = 0 = dR C. Rpg; and a sim-
ilar remark holds for left ideals. Therefore, if R is a ring with u.dim
(RRr) < oo and u.dim (gR) < oo, the conclusion of the present exercise
applies.

H. Attarchi’s result in this exercise appeared in the paper of A. W.
Chatters, “Three examples concerning the Ore condition in noetherian
rings,” Proc. Edinburgh Math. Soc. 23(1980), 187-192.

Ex. 11.32. Let R and S be as in the last exercise. If R is right Ore, with
Q = Q~, (R), show that S is also right Ore, with Q7, (S) given by the ring
T of 2 x 2 upper triangular matrices over Q.

Solution. It suffices to check that (1) every regular element of S is a unit
in T, and (2) every element of T has the form Sa~! where 8 € S, and « is
a regular element of S.

To check (1), let a = <8
c are both regular in R, so ™!, ¢! exist in Q. A direct calculation now

-1 _,—1p.—1
shows that (a 4 _I;C
0 c

g) be regular in S. By the last exercise, a,

) € T is an inverse of a.

To check (2), consider any v = (qol ZQ> € T, where all g; € Q. Since
3

R is right Ore and @ = Q7, (R), we can express the ¢;’s with a “common
denominator,” say ¢; = a;r~! where a; € R (i=1, 2, 3), and r is a regular
element in R. Then

_farr™t aer™\ (a1 ag) (r O -t
7= 0 asr™t) T\ 0 a3/ \0 r ’

so we have checked (2) with 8 = (%1 22> € Sand o = (6 g) is a
3

regular element of S.

Comment. This exercise is taken from the paper of A. W. Chatters ref-
erenced in the Comment on the last exercise. Chatters also pointed out
that the hypotheses imposed on R at the beginning of Exercise 31 cannot
be removed from the present exercise. In fact, Chatters constructed a
right noetherian ring R that is right Ore, but the ring S of 2 x 2 upper
triangular matrices over R is not right Ore. For such a ring R, we have
u.dim (Rg) < oo, so dR C. Rpr whenever ann, (d) = 0. This shows that
the other hypothesis (Rd C. gR whenever anng(d) = 0) cannot be removed
from Exercise 31. For the ring R constructed by Chatters, ii is also true
that the full matrix ring My (R) is not right Ore.
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§12. Artinian Rings of Quotients

Having characterized the class of rings that are right orders in semisimple
rings, we proceed to characterize more generally those rings that are right
orders in right artinian rings.

The key object to work with here is C (N), which denotes the multi-
plicative set of elements r € R such that 7 = r + N is a regular element
in R/N. For this notation to be meaningful, N can be any ideal in R. Of
course, C (0) is just the multiplicative set of regular elements of R, which
was also denoted earlier by Cg.

Suppose a ring R is such that its prime radical N : = Nil, R is nilpotent,
and S : = R/N is semiprime right Goldie. Then it is possible to define a
Goldie p-rank for any right R-module M by taking any filtration

OZMnggMOZMWIthMiNgM,+1 (VZ),

and setting pg (M) = Y rankg (M;/M;+1). Here, ranks A denotes Goldie’s
reduced rank of an S-module Ag defined in LMR-§7C. The Goldie p-rank
has the advantage of being additive over short exact sequences of right
R-modules, and we have

pr (M) = 0 iff, for every m € M, there exists r € C(N) such
that mr = 0 (LMR-(12.9)).

We note in particular, that pgr (M) is defined over any right noetherian
ring R, with 0 < pg (M) < oo whenever M is f.g. (LMR-(12.8)).

The criterion for a ring R to be a right order in a right artinian ring is
stated in terms of C(0) and C(N), where N : = Nil,R. The necessary and
sufficient condition is given by the following (by LMR-(12.10)):

(A) N is nilpotent.

(B) S = R/N is (semiprime) right Goldie.
(C) pr(R) < 0.

(D) C(N) < C(0).

If these statements all hold, then in fact C(N) = C(0). In case R is
right noetherian, (A), (B), (C) are all automatic, so the criterion for R to
be a right order in a right artinian ring boils down to the single condition
C(N) CC(0) for N = Nil, R. If, moreover, R is commutative, the condition
means that all the associated primes of Rp are minimal primes (LMR-
(12.21)).

In the commutative case, the above theory is strong enough to imply
that any commutative noetherian ring can be embedded in a commutative
artinian ring (LMR-(12.25)). However, Exercise 8 below shows that not
every right noetherian ring can be embedded in a 1-sided artinian ring or
even just a left noetherian ring.

If a right noetherian ring R satisfies the condition C (N) C C(0), then
Q7. (R) exists and is right artinian, according to the above theory. In
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particular, R is a right Ore ring. However, without the C(N) C C(0)
condition, a right noetherian ring R need not be right Ore. An example
due to L. Small is given in LMR-(12.27). But of course, a right noetherian
domain is always a right Ore domain, by LMR-(10.23).

The exercises in this section focus on the relations between C (0), C (N),
and on the interplay between right noetherian and right artinian rings. The
last exercise (Ex. 12.11) offers a nice application of Goldie’s p-rank to the
theory of Euler characteristics for modules with finite free resolutions.

Exercises for §12

In the following Exercises, N = Nil, R denotes the lower nilradical of R.

Ex. 12.1. Name aring R that is not right noetherian, but has the following
properties:

(A) N is nilpotent;

(B) R/N is (semiprime) right Goldie;
(C) pr (RR) < o0; and

(D) C(N) € C(0).

Solution. Let R be any commutative non noetherian domain. Then N =
0, so (A), (B), (D) are trivially satisfied. For Q@ = Q7, (R) (quotient field of
R), the p-rank of Rp is just

rankg(R) = lengthg (R ®r Q) = lengthy(Q) =1,
so we have (C).

Ex. 12.2. Show that a ring R is right artinian iff it is right noetherian and
C(N) CU(R).

Solution. First assume R is right artinian. Then R is also right neotherian
by the Hopkins-Levitzki Theorem (FC-(4.15)). Since N is nil, LMR-(12.1)
implies that C (N) = C(0), and by LMR-(11.6)(2), C (0) = U(R).

Conversely, assume that R is right noetherian with C(N) C U(R).
Then, of course, C (N) C C(0), so Small’'s Theorem LMR-(12.15) implies
that Q = Q7, (R) exists, is right artinian, and R is a right order in Q. By
LMR-(12.15), we also have C (0) C C (N), so now C (0) C U (R). Therefore,
R = (@ is right artinian.

Ex. 12.3. Let Z,, = Z/nZ, where n > 2. Compute C (0) and C (N) for the

ring R = <ZZ ZO ), and show that R is a 2-sided order in a noetherian,
n n

nonartinian ring.
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0 0 .
z, Nil(Zn)> C R. A direct compu-

tation shows that I is a nilpotent ideal. The quotient ring

R/I 2 Z x (Zn/Nil(Z,))

Solution. Consider the ideal I =

is semiprime, so we must have I = N. From the above computation of
R/I = R/N, we see that

cw)={(5 9)s emrezs a0 mts v},

where n = pi* ... p* is the complete factorization of n. We claim that

(%) C(O)={(§ g) . pitz (Vi), and p;fz (Vi)}.

Indeed, if, say p;|z, then

0 0O\(z O
(m 0) (37 2)-0 for m =n/p;.

And, if p;| z, then
z 0 0 O
<?7 Z) (m ) =0 for m=n/p;.

This proves the inclusion “C” in (x). Conversely, if neither z nor z is

divisible by any p;, then (:; 2) is left regular. In fact, if

_fu 0\ (z 0} uzx 0
“\v w/\yg z) \vz+wy wz)’

then we must have u = 0, w = 0, and 0 = T + Wy implies ¥ = 0. Similarly,

o

we can show that (; g) is right regular, so we have established (x). In

particular, we have C (0) C C (N).

Let S be the multiplicative set Z\ Ule p:Z, and write Zg for the lo-
calization of Z at S. Since any m € S acts invertibly on Z,, Z, is an
Zg-module, so that we can form the triangular ring

_(Zs 0
0= (2 2)an

It is easy to show that C (0) C U (Q), and that any element of @) has the
form r¢~! where r € R and

teT::{(S ?) seS}g_C(O).

»
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Since T is a central multiplicative set in R, we see that R is a 2-sided order
in Q. By FC-(1.22), Q is a noetherian ring, but is neither a left nor a right
artinian ring.

Comment. C (0) C C(N) is an expected property of the (right) noetherian
ring R: see LMR-(12.15). By the same result, the failure of C (0) C C (N)
to be an equality implies that R cannot be a right order in a right artinian
ring. This exercise is a generalization of LMR-(12.19)(2), which is the case
where n is a prime.

Ex. 12.4. Let k be a field.
: k klz]

(1) Compute C(0) and C(N) for the ring R = 0 klz))
(2) Show that R is right noetherian and is a right order in the right artinian
ring Q = b k(z)

85 =\0 k(z))
(3) Show that every right regular element of R is (right) regular in @, but
a left regular element of R need not be left regular in Q.

0
R/Ny & k x k[z] is semiprime, it follows that Ny is precisely the lower
nilradical N. From the structure of R/N, it is clear that

C(N)z{(g ch) : ag;éO}.

On the other hand, an easy computation shows that C(0) is also given by
the RHS of the above equation. Therefore, C(0) = C(N).

(2) By FC-(1.22), R is right noetherian, since k and k[z] are noetherian,
and k[z]k[;) is a noetherian module. In view of C(0) = C(N) (proved above),
Small’s Criterion LMR-(12.15) applies to show that R is a right order in
a right artinian ring. In fact, in LMR-(10.27)(f), it is already shown that

R is a right order in @ : = (]8 Zg;) And, by FC-(1.22) again, Q is a

Solution. (1) Let Ny be the ideal <8 k[m]) in R. Since N2 = 0 and

right artinian ring.
(3) Let C'(0) be the set of right regular elements. We claim that the
inclusion C (0) C C’(0) is an equality. Indeed, let o = <8 g) € R\C(0).

Then we have either a = 0or g = 0. If a = 0, then af =0 for = (1 0>;

0 0
-1
if g =0 but a # 0, then a8’ =0 for ' = 8 a_lf

have o ¢ C'(0). Therefore, C'(0) = C(0) C U(Q). Now consider the element
v = <0 1) € R. We claim that v € 'C (0) (the set of left regular elements

. In any case, we’ll

0 z
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() )-11)

clearly a = 0 € k and f = g = 0 € k[z]. However, v is not left regular in

Q, since
-1 271\ /0 1
<0 0)(0 x)ZOEQ'

Comment. (a) In (1) and (3), the equation C (0) = C’ (0) = C (N) is to be
expected of any right noetherian ring: see LMR-(12.15).

(b) In LMR-(10.27)(f), it was shown that the ring R is not left Ore.
Therefore, R is not a left order in any ring.

in R). Indeed, if

Ex 12.5. Prove or disprove: every left regular element in a right artinian
ring R is a unit.

Solution. If a € R is right regular, consideration of left multiplication by
a on Rg shows quickly that a € U(R). If a € R is left regular instead, it
is still true that a € U(R), but the proof is a bit more complicated. For
the details, see ECRT-(21.23). For another proof based on mathematical
induction on length (Rg), see Lemma 25.6 in Passman’s book “A course
in Ring Theory,” Wadsworth & Brooks/Cole, 1991 (reprinted by Chelsea-
AMS, 2004).

Comment. The right noetherian ring R and the right artinian ring Q
in Exercise 4 provide good illustrative examples. In R, the element v =

0
that ~ is not right regular guarantees that - is also not left regular.

(0 i) is not right regular but is left regular. In contrast, in @, the fact

Ex. 12.6. Name a ring R for which N is nilpotent, R/N is noetherian, Rg
has finite p-rank, but rR has infinite p-rank.

Solution. For the reader’s convenience, we recall (from LMR-(12.10)) the
necessary and sufficient conditions for a ring R to be a right order in a
right artinian ring. These are the following (collectively):

(A) N is nilpotent.

(B) R/N is (semiprime) right Goldie.
(C) pr(RR) < 0.

(D) C(N) = C(0).

Now consider the ring R constructed in Exercise 4. In that exercise, we

have already checked the truth of (A), (B) and (D), and have also checked

directly that R is a right order in the right artinian ring ) = (g Zé;g)

Therefore, the condition (C) must hold. On the other hand, the conditions
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(A), (B) and (D) being left-right symmetric, if pr(rR) was finite, R would
have been also a left order in some left artinian ring. Now, in the Comment
following Exercise 4, we have already pointed out that R is not a right
order in any ring. Therefore, we must have pg (rR) = 00.

Comment. Of course, it will be more pleasing to be able to compute
pr(RR) and pr(grR) directly. We start with the former. Since R is a right
order in the right artinian ring Q, LMR-(12.10) implies that pr(Rgr) =
length(Qg). Now the Jacobson (or prime) radical for @ is given by J =
(8 k E):E)>’ and we have Q/J = k x k (z). Therefore, () has exactly two
simple right modules V; and Va, given respectively by k and k(x), with Q
acting via the projections of @ (modulo J) to these two fields. In particular,
length (Q/J)g = 2. Observing that

LG -0 %) erarerenecn

we see further that Jg 2 Va. Therefore, length (Jg) = 1, and
length (Qq) = length (Jg) + length (Q/J)g =142 =3,

so we have pr(Rr) = 3. To compute pr(rR), we can use the Loewy series
0 C N C Rin gR. The left R/N-action on N is given by

<g ;) <g g)=<8 a0h> (Vf,g.heklz]; ack).

This is just the k-action on k[z], pulled back along the maps

R — R/N =k x k[z] ™5 k.
Since dimy, k[x] = oo, we have pr (rN) = 0o, and so

pr(rR) = pr(r (R/N)) + pr (rN) = 0
as well.
Ex. 12.7. Let R # (0) be a ring with a faithful, singular right module
M, and let A be the triangular ring (% A;), where R is viewed as a
(Z, R)-bimodule.
. (0 N 0 0
(1) Show that, for any finite set N C M, ann; 0 0 2 0 oA for
some essential right ideal A C R.
4(0 M 4(0 N .

(2) Show that ann; 0 0 # ann;, 0 0 for any finite subset N C

M. Deduce from Exercise (6.21) that A does not satisfy DCC on right
annihilators.

(3) Using (2), show that A cannot be embedded in a right artinian or a left
noetherian ring.
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Solution. (1)Let N = {my,...,m,} C M. Since M is a singular module,
ann (m;) C. Rp for every i, and therefore 2 = ﬂ?zl ann (m;) C. Rg by
LMR-(3.6)(a). By the definition of 2, we have (8 J(\)T) (g Sl) =0in 4,
so (1) follows.

(2) Suppose annZ! g A(;I = ann? 8 ](\)] for some finite set N C M.
Then, for the right ideal & C R constructed above, we will have

(66

Since Mg is also faithful, this implies that 2 = 0, which contradicts A C.
Rpg. Therefore, the finite subset N C M above cannot exist. It follows from
Exercise (6.21) that the ring A does not satisfy DCC on right annihilators.

(3) Suppose A C B, where B is a ring that is either right artinian or
left noetherian. In the former case, B clearly satisfies DCC on the right
annihilators. In the latter case, B satisfies ACC on left annihilators, and
therefore satisfies DCC on right annihilators (by LMR-(6.57)). But then by
LMR-(6.61), the subring A C B also satisfies DCC on right annihilators,
in contradiction to (2). Therefore, (3) follows.

Ex. 12.8. Construct a right noetherian ring A that cannot be embedded
in a right artinian or a left noetherian ring.

Solution. Of course, the idea is to use (3) in the Exercise above. We have
to make sure that A is right noetherian. According to FC-(1.22), this will
follow if R itself is right neotherian, and Mg is a f.g. (and hence noetherian)
R-module. However, we also need M to be faithful and singular as a (right)
R-module.

Let R be any right noetherian simple domain that is not a division
ring. Let B be any nonzero right ideal C R, and let M be the cyclic right
R-module R/9B. Since the annihilator of M in R is an ideal C R and R
is simple, Mr must be a faithful module. On the other hand, by LMR-
(10.23), R is a right Ore domain, so necessarily B C. Rg, and therefore,
by LMR-(7.6)(3), M = R/B is a singular right R-module, as desired.

Comment. A good choice for the ring R above is the first Weyl algebra
A1 (k) over a field k of characteristic zero. It is well-known that such a ring
R is a (2-sided) noetherian simple domain.

Ex. 12.9. For an ideal 2 C R, let C(2) (resp. C’' (A)) be the set of elements
r € R such that r + 2 is regular (resp. right regular) in R/2. If R is right
noetherian and 2 is a semiprime ideal, show that C(A) = C'(2). Exhibit
an example to show that the hypothesis that 2 be semiprime cannot be
removed.

Solution. Since R is right noetherian and 2 is semiprime, the factor ring
R = R/ is a semiprime right Goldie ring. If r + 2 is right regular in
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R, LMR-(11.14)(a) implies that r + 2 is in fact regular. This shows that
C(A) =C'(A).

To construct a counterexample in the case where 2 is not semiprime,

Z 0). The ideal 24 = 0 is not

consider the triangular ring R = (Z/2Z Z

0 0
7)27 0

2 0N e
r-(o 1> is in C'(0) since
o_ (2 0\ (z 0)_(2 0
“\0 1J\z y) \z y
implies that z =y = 0 € Z and z = 0 € Z/2Z. However, r ¢ C(0), since
0 0\ /2 0\ ,
<T 0) (O 1)—0. Therefore, C (0) C C’ (0).

Ex. 12.10 . For any commutative ring R, show that Q.¢(R) is a semilocal
ring iff the set of O-divisors of R is a finite union of prime ideals.

semiprime, since ( ) C R is an ideal of square zero. The element

Solution. Let T be the set of O-divisors of R, and S = R\T. If
T = P1 U---Upn

where the p;’s are prime ideals, we may assume that p; € p; for i # j. By
a standard localization argument (as that in the proof of LMR-(8.31)(2)),
the maximal ideals of K : = Q.¢(R) are precisely (p;)s (1 <i<n),so K
is semilocal.

Conversely, assume K is semilocal, say with maximal ideals M, ..., My.
Let p; = M; N R, which are prime ideals in R. Clearly p; C T for otherwise
M, would contain a unit of K. Therefore p; U---Up, C T. On the other
hand, if € T, then z K # K implies that « K C M; for some i, and so
z € M; N R = p;. Therefore, we have T = p; U - - - U py,, as desired.

Comment. The result in this exercise was first observed by E. D. Davis in
“Overrings of commutative rings II”, Trans. Amer. Math. Soc. 110(1964),
196-212. Commutative rings R for which the set of 0-divisors is a finite
union of prime ideals have now been christened. They are known as “com-
mutative rings with few 0-divisors.” For many interesting facts about such
rings, see J. Huckaba’s book “Commutative Rings with Zero Divisors,”
Monographs in Pure and Applied Math., Vol. 117, Marcel Dekker, New
York-Basel-Hong Kong, 1988. See also the following two related papers of
C. Faith: “Annihilator ideals, associated primes, and Kasch-McCoy commu-
tative rings,” Comm. Alg. 19(1991), 1867-1892, and “Rings with few zero
divisors are those with semilocal Kasch quotient rings,” Houston J. Math.
22(1996), 687-670. However, readers of these two papers must exercise
extreme caution, since Faith used the term “associated prime” in a non-
standard sense—meaning maximal point annihilators.
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Ex. 12.11. For aring R with IBN (the “invariant basis number” property,
let x (M) denote the Euler characteristic of a right R-module with a finite
free resolution (FFR); see Ex. 5.21A.

(A) Give an example of Mg for which x(M) < 0.

(B) Let R be a nonzero right noetherian ring. For a right R-module M
with FFR, use the p-rank to show that x(M) > 0, with equality iff for
every m € M, mr =0 for some r € C (N), where N = Nil,(R) is the lower
nilradical of R.

Solution. (A) If R fails to satisfy the (right) “Strong Rank Condition”
(in LMR-(1.20)(2)), then there exists an injection RY % R for some k <
¢ < oo. In this case, M = coker(a) has FFR, with x (M) =k —-¢ < 0. In
particular, if R fails to satisfy the “Rank Condition” (in LMR-(1.20)(1)),

then there exists a surjection R* 5, R for some k < £ < oo. In this case,
a splitting of 3 gives an injection R = RF, and

M = coker (o) = ker (8)
is a f.g. stably free right R-module with x(M) =%k - £ <0.

(B) For R, N as in (B), let p(M) = pgr (M) € [0,00) denote the p-rank of
a f.g. R-module Mg. Note that p(R) > 0. Indeed, if B is the classical right
ring of quotients of the semiprime right noetherian ring A = R/N, then

p(R) > p(R/N) =lengthg (A®4 B) = lengthg (B) > 0.
If M has a FFR, say
0—-R™"—...—>R°>M-—0,
the additivity of p over (short) exact sequences gives

p(M) = p(R™)—p(R™)+--
rop(R)—r1p(R)+ -
=x(M) p(R) €Z

Il

Since p(M) > 0 and p(R) > 0, this gives x(M) > 0, as desired. The above
equation also implies that x(M) = 0 iff p(M) = 0, and, according to LMR-
(12.9), the latter is equivalent to the condition that, for every m € M, one
has mr = 0 for some r € C (N).

Comment. R.G. Swan has pointed out to us a second proof for (B) in
which the p-rank used above is replaced by a pp-rank (for f.g. R-modules)
constructed for any given minimal prime ideal P of R. This pp-rank is
still additive over short exact sequences, so it suffices to define pp(M) for
f.g. R-modules M that are killed by some prime ideal P’ C R (depending
on M): see Ex. 3.40F(2), which applies well here. If P’ # P, we define
pp(M) =0.If P = P, M may be viewed as a (f.g.) R/P-module, and we
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can define
pp(M) = lengthy (M ®g/p C),

where C' : = Q7, (R/P) (which is a simple artinian ring). We have again
pp(R) > 0, so the above proof for x(M) > 0 works also with p replaced
by pp. (However, this new proof does not seem to give directly a criterion
for x(M) = 0.) One advantage of the P-rank pp is that it has a very nice
interpretation in the case where R is a commutative (noetherian) ring. In
this case, it is easy to check that, for any f.g. R-module M,

pp(M) = lengthRP (Mp),

where Mp is the localization of M at P, viewed as a (f.g.) module over Rp,
which is a (commutative) local artinian ring.

In the case where R # 0 is commutative and noetherian, the last part
of (B) in this exercise amounts to the fact that x(M) =0 iff Mr =0 for
some r € C(N). This characterization for x(M) = 0 in the commutative
noetherian case is, of course, already contained in the conclusions of Exer-
cises 5.22C and 5.22D, noting that C (0) C C (N) (as per LMR-(12.20)).

Ex.12.12. Let R # 0 be a right noetherian ring or a commutative ring,
and let M be a right R-module with a FFR.

(A) If there is a surjection R™ — M, show that x(M) < m.
(B) If there is an injection M — R™, show that x(M) < n.

Solution. (A) has been proved in the commutative case in the solution to
Ex. 5.22 F. This proof also works in the right noetherian case since all we
needed there was the fact that x(K) > 0 (in the display (x)), which follows
here from Ex. 12.11(B).

(B) A “dual” argument works in this case. Fix a FFR:
0= F— - — Fy 25 M -0,
and compose § with the injection M — R™ to get
0—>Fk——>---——>Fo~7—>R"——>C—>0,
where C' =coker (y). Then
x(C)=n—tkFy+1tkF;—-- =n—x(M)>0
gives x (M) < n.



Chapter 5
More Rings of Quotients

§13. Maximal Rings of Quotients

While the classical right ring of quotients Q7, (R) exists (if and) only if R
is a right Ore ring, a mazimal right ring of quotients QT .. (R) exists for
any ring R. To define Q7 ., (R), one must first understand the structure
of the endomorphism ring of a QI (quasi-injective) module.

Let H = End(Ig) where I is QI. Then rad H, the Jacobson radical of

H, is given by the following ideal
N:={f€ H: ker(f) Ce I},
and we have the following basic information about H and H = H/N:

(A) H is a right self-injective von Neumann regular ring.
(B) Any idempotent in H can be lifted to an idempotent of H.
(C) If Ig is nonsingular or semisimple, then N =rad H = 0.

In case R is a right self-injective ring, we can apply the above to I = Rp
and get several important conclusions on End (Rg) = R.

To construct Q7. (R) , we apply the above results to the endomorphism
ring H of the injective module I : = F (Rg). We let Q = End(gI), so that
I = gIg. We can embed Q in I by the map € : Q@ — I sending g € Q to 1-¢q
(for any g € Q). The embedded image £(Q) turns out to be exactly E(Rg),
the rational hull of Rg. Thus, E (Rgr) = @ has a natural ring structure
extending its R-module structure: this ring is defined to be Qf,,, (R). The
maximal left ring of quotients, Q% ., (R), is defined similarly.

From a more axiomatic viewpoint, we can define a “(general) right
ring of quotients” of R to be any overring T such that Rp Cgq Tgr



272 Chapter 5. More Rings of Quotients

(i.e. R is dense as an R-submodule of Tg). Then any such T admits a unique
ring homomorphism g into Q. (R) extending the identity map on R,
and g is necessarily an embedding (LMR-(13.11)). This justifies the name

“maximal right ring of quotients” for Q7 , (R). In the case where Q7,(R)
exists (i.e. when R is right Ore), it can be embedded (over R) as a subring
of QT ..(R) (LMR-(13.12)), but these two rings of quotients need not
be equal.

For the purposes of working with Q7 ,. (R), we may think of its elements
as “classes” of R-homomorphism f : 20 — R where 2 is any dense right
ideal of R. The addition and multiplication of the classes of such f’s are
described in LMR-(13.21). In the case where R has a minimal dense right
ideal D (e.g. R is right artinian), it follows that Q7 .. (R) = End(Dg). This
gives a nice way to compute Qp,.(R) (when D exists). In particular, for
any right Kasch ring R, we have just Q% . (R) = R.

The passage from R to @} ,.(R) is, as expected, a “closure operation”,
in the sense that Q.. (Qn.(R)) is just Qh, (R) itself. This is proved
in LMR-(13.31), and Exercises 10-11 below provide more information and
perspective on this situation.

Johnson’s Theorem (LMR-(13.36)) gives several fundamental charac-
terizations for right nonsingular rings :

A ring R is right nonsingular iff H : = End (E(RRg)) is Jacobson
semisimple, iff @ : = Qr .(R) is von Neumann regular.

In this case, we have Q@ = E(Rg), and Q = H are right self-injective
rings. Note that the equation @ = E(Rg) means that E(Rg) has here the
structure of a von Neumann regular right self-injective ring. In case R is a
domain, @ is also a simple ring, by LMR-(13.38').
While Johnson’s Theorem characterizes the rings R for which @ =
T ax(R) is von Neumann regular, one may further ask for a characteriza-
tion of rings R for which @ is semisimple. This is accomplished by Gabriel’s
Theorem (LMR-(13.40)), which states that

Q is semisimple iff R is right nonsingular and u.dim R < oo.

These conditions imply that R is right Goldie; if R is semiprime, the
converse holds, and we have Q = QF,(R). These results thus integrate
Goldie’s Theorem into the theory of maximal right ring of quotients.

The exercises in this section deal with various aspects of Q7 .. (R), and
offer several computations of this ring. Exercise 7 characterizes rings of
the form End(Vp) where V is a right vector space over a division ring D,
and Exercises 18-19 contain partial information on Qf,,.(R) of a Boolean
ring R.
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Exercises for §13

In the following exercises, R denotes aring, I = E(Rp) denotes the injective
hull of R, and H = End(Ig). The maximal right ring of quotients,
" (), is denoted by @ throughout.

max

Ex. 13.1. (Utumi) Show that Q. (IT; R;) = [1; @max(R;) for any family
of rings {R; : j€ J}.

Solution. Let Q; = Q.. (R;) for any j € J. A coordinate-wise check
shows that R :=[[, R; Ca [, Q; as right R-modules. Therefore, by LMR-
(13.11), we may assume that H Q; lies inside Qf,,(R). We'll be able to
conclude that these two rings are equal if we can show that, for any dense
right ideal A C R, any f € Hompg(A, RR) is realizable as left multiplication
by some element from []; @;. (See the description of Qr.x(R) in LMR-
(13.21).) Let m; : R — R; be the natural projection, and ¢; : R; — R
be the natural injection (for every j). The projection A; : = m;(A) is
easily checked to be a dense right ideal in R;. Now let f; € Hompg, (4;, R;)
be defined as 7; fe;. (We omit the routine check that f; is indeed an
R;-module homomorphism.) Since Q; = Qh.y (R;), f; is realized as left
multiplication (on A;) by a suitable element ¢; € Q;. We have now an

element
= () € Hj Qj-

For any element a = (a;) € A, we have a; € A;, and f;(a;) = g;a; by the
choice of ¢;. To compute (b;) : = f((a;)), we shall make use of the “unit
vectors” e; € R given by (d;;)jes, where d;; are the Kronecker deltas. We
have

bi = mi((bj)ei) = mi(f((a))es) = mi(f((a;)es))
mi (f(ei(a0)) = fi(ai) = gias.

Since this holds for all i, we see that

f(ay)) = (gja5) = ¢ (a5),

as desired.

Comment. The fact that the maximal right ring of quotients construction
respects arbitrary direct products of rings was first observed by Y. Utumi
in his paper “On quotient rings,” Osaka Math. J. 8(1956), 1-18.

Ex. 13.2. Let b € R be right regular in R, i.e. ann®(b) = 0. Show that

(1) b remains right regular in @; and
(2) if R is right nonsingular, b has a left inverse in Q.
(3) If b is regular in R, is it necessarily regular in Q7
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Solution. (1) Say bg = 0 where g € Q). There exists a right ideal A C4 Rr
such that g4 C R. Then 0 = b(gA) implies that ¢A = 0 (since ann?(b) = 0),
and hence g = 0.

(2) Since R is right nonsingular, @ is right self-injective by Johnson’s
Theorem (LMR-(13.36)). The rest is now a familiar argument. By (1),
the map f : bg — ¢ is a well-defined Q-homomorphism bQ) — Qg, This
must be given by left multiplication by some ¢ € @, so cb = f(b) = 1.

(3) The answer is “no” in general, even in the case where R is a domain.
In LMR-(13.28), it is shown that, for R = Q(a, b), there exists ¢ € @ such
that ga = 1 and gb = 0. Therefore, although b remains right regular in @
(according to (1)), it is not left regular in Q.

Ex. 13.3. Show that an element b € R is a unit in @ iff b is right regular
in R and bR C4 Rpg.

Solution. First assume b € U(Q), say bg = 1 where q € (). Of course b is
(right) regular in R. We shall check that bR C4 Qg (clearly equivalent to
bR C4 Rg) by applying the denseness criterion in LMR-(13.18). According
to this criterion, we need only check that

heH, h(bR)=0 = h(1)=0.

Now from h(bR) = 0, we have 0 = h(b)q = h(bg) = h(1), so we are done.

Conversely, let us assume that ann®(b) = 0 and bR C4 Rp. Then the
well-defined R-homomorphism f : br — r from bR to Rp is induced by left
multiplication by some q; € Q, by LMR-(13.20). Then ¢:b = f(b) = 1 and
s0

(bq1 - l)bR = (bqlb - b)R =0.

Since bR C Rp, this implies (again by LMR-(13.20)) that bg; — 1 = 0.
Hence b € U(Q) (with inverse q;).

Ex. 13.4. For q € Q, show that the following are equivalent:

(1) e U(Q);
(2) g is right regular in @ and ¢Q Cq Qg;
(3)Foriel,ig=0=i=0,and, forre R, gr=0=r=0.

Solution. (1) < (2) follows from the last exercise (applied to the case
R = Q). (1) = (3) is clear, so it suffices to prove (3) = (1). Assume (3)
holds. Then gr — r (r € R) is a well-defined R-homomorphism from ¢R to
Ig. Since Iy is injective, there exists h € H = End(Ig) such h(gr) = r for
all7 € R. Let ¢ : = h(1) € I. Then

dq=h(1)g=h(1lg) = h(g) = 1.

Suppose we know that ¢ € Q. Then qq’ makes sense (in Q) and (g¢' —1)g =
g —q = 0 implies that g¢’ = 1 by the first condition on ¢ in (3). This shows
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that ¢ € U(Q). Finally, we have to show ¢’ € Q. By LMR-(13.7), this will
follow if we can show that, for k € H, k(R) =0 = k(¢') = 0. Now k(R) =0
implies that

0 =k(1) = k(¢'q) = k(¢')g,
so indeed k(q’) = 0 by our assumption(s) on g¢.

Ex. 13.5. Show that an element ¢ € @ is central in @ iff it commutes
with all elements of R. Deduce from this that, if R is commutative, so

is Q.

Solution. The first part is proved eventually in LMR-(14.15), so we won’t
repeat the proof here. For the second part, assume that R is commutative.
For r € R, certainly r commutes with all elements of R, so by the first
part, 7 € Z(Q). Therefore, for any ¢ € Q, ¢ commutes with all r € R, and
hence, by the first part again, ¢ € Z(Q).

Ex. 13.6. (Utumi) Let R be a prime ring with S = soc(Rg) # 0. Show
that Q@ = QT .. (R) is isomorphic to End(Vp) for a suitable right vector
space V over some division ring D.

Solution. It is well known that the right socle S is an ideal, so by LMR-
(8.4)(3), the fact that S # 0 implies that S C; Rg. Now any essential right
ideal must contain any minimal right ideal and hence contain S. This shows
that S is the smallest dense right ideal. Applying LMR-(13.22)(3), we see
that @ = End(Sg). Now note that any two minimal right ideals 2, 9B in
R are isomorphic. In fact, since R is prime, AB # 0 so aB # 0 for some
a € 2. Therefore, left multiplication by a defines an R-isomorphism from
B to A.

Now identify Sg with €D, ; ¥, and let D = End(™g), which is a division
ring by Schur’s Lemma. Then each R-endomorphism ¢ of Sy is determined
by a column-finite “matrix” (y;;), where ¢;; € D is the composition of

ith projection

(5% copy of %) > S 2A.

Note that for a given j, the ¢;;’s are almost all zero, since the cyclic
R-module ¢ (j** copy of 2) is contained in a direct sum of a finite number
of copies of 2. Therefore, End(Sg) is isomorphic to the ring of I x I column-
finite matrices over D, which is just the endomorphism ring of a right
D-vector space V = P, e;D.

Comment. For readers who prefer a proof not relying on the use of matri-
ces, we can offer the following alternative approach. Write a minimal right
ideal 2 as eR where e = ¢2. Then D = End(eR)r & eRe by FC-(21.7),
and V : = Re is a right vector space over D. We can define a map

¢ : End(Sg) — End(Vp)
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as follows. For f € End(Sg), take ¢(f)(re) = f(re) (noting that re € Re C
S and that f(re) = f(re?) = f(re)e € Re). It is not difficult to check that
@ is a ring isomorphism, which then gives what we want.

Ex. 13.7. (1) Show that a ring R has the form End(Vp) where V is a right
vector space over a division ring D iff R is prime, right self-injective, and
with soc(Rg) # 0.

(2) Show that a prime, self-injective ring R with soc(Rgr) # 0 must be
semisimple.

Solution. First suppose R = End(Vp). Easy linear algebra considerations
show that R is prime, and LMR-(3.74B) (applied with “left” and “right”
reversed) shows that R is right self-injective. Finally, by ECRT-Ex. 11.17,
if e € R is any D-endomorphism of rank 1, eR is a minimal right ideal of
R, so soc(Rg) # 0.

Conversely, let R be a ring that is prime, right self-injective, and with
soc(Rr) # 0. The second of these conditions implies that R = Q" . (R),
so the last exercise yields R = End(Vp) for some right vector space V over
some division ring D. Now assume, in addition, that R is left self-injective.
Then by LMR-(3.74B) (applied with “left” and “right” reversed), we must
have n : = dimp(V) < oo, and therefore R = End(Vp) & M,(D) is
semisimple.

Ex. 13.8. Show that, if R is simple (resp. prime, semiprime), so is every
general right ring of quotients of R.

Solution. Let S O R be any general right ring of quotients of R. This
means that R C; Sg. First assume that R is simple. Let A be a nonzero
ideal of S. Then AN R is a nonzero ideal in R, so 1 € AN R, whence A = S.
This shows that S is also simple. Next, assume that R is prime. Suppose
gSq’ = 0, where ¢, ¢’ € S. Take dense right ideals 4, A’ in R such that
gA, ¢ A’ C R. Then (qA)(¢’A’") = (¢A¢')A’ = 0 implies that g4 = 0 or
¢ A’ =0, since R is prime. Therefore, using R C4 Sk once more, we have
g = 0 or ¢ = 0. This shows that S is prime, and the semiprime case is
similar (by letting ¢ = ¢').

Ex. 13.9. Let 8 C R C S, where R, S are rings, and B is a left ideal of
S with ann (8) = 0. Let I = E(Sg). Show that

(1) Foriel, iB=0=1i=0;

(2) I = E(RR);

(3) End(Ig) = End(Ig); and finally,

(4) Quax(R) = Qrax($).

Solution. (1) If ¢ # 0, we have is € S\{0} for some s € S. But then
isB C iB = 0, contradicting anny (B) = 0.

(2) By LMR-(3.42), IR is an injective module, so it suffices to show that
R C. Ig. Let i € I\{0} and fix s € S. with is € S\{0}. There exists
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b € B with isb # 0, while we have (is)b € SB C B C R. This checks that
RC, Ip.

(3) For f € End(Ig), we must show that f(is) = f(i)sfori € [ and s € S.
This follows from (1) since

[f(is) — f(i)s] b= f(isb) — f(isb) =0 (Vb€ B).

(4) This follows from (3) since both maximal right rings of quotients are
obtained from H = End(Ig) = End(Ig) by taking the H-endomorphism
ring of y1.

Comment. The point of this exercise is that if we know one of the maximal
right quotient rings, then we know the other. This technique can be used
to compute the maximal right quotient rings for many rings, for instance
those in LMR-(3.43) (Examples (A) through (F)).

Ex. 13.10. (This exercise provides a more general view, and a new
proof, for the fact that R — Q7 .. (R) is a “closure operation”: cf. LMR-
(13.31)(3).) Let R C S C T be rings such that S (resp. T) is a general
right ring of quotients of R (resp. S). Show that T is a general right ring
of quotients of R.

Solution. If we can show that Sg C4 Tg, then we can use the transitivity
property of denseness (LMR-(8.7)(2)) to deduce that Rg Cq Tg. Let =,
y € T, where z # 0. Choose s € S such that s # 0 and ys € S. Then
choose s’ € S such that 0 # xss’ € S. Finally (using R C4 Sr), choose
r € R such that (zss’)r # 0 and (ss")r € R. Then, for ' = ss'r € R, we
have zr’ # 0, and yr’' = (ys) (s'r) € S.

Ex. 13.11. Let T be a general right ring of quotients of R.

(1) Show that T = Q7. (R) iff Q.. (T) =T.
(2) In general, Qfa (T) = Qrax (R).

Solution. (1) The “only if” part is the “closure” property of the Q7 .-
formation (implied by the last exercise and also proved in LMR-(13.31)(3)).
For the “if” part, assume that Q7. (T) = T. Since R C4 Tg, we may
assume (by LMR-(13.11) that T C @ := Q%.. (R). Then R C4 Qg implies
that Tr C4 Qr, which in turn implies that Tr C4 Q. Since Q. (T) =T
we must have T = Q.

(2) Let Q' = Q% (T). Then, by the last exercise, Q' is a general right ring

T

of quotients of R. Since Q' = Q7. (@) by the closure property, part (1)
above (applied to Q') implies that Q' = Q7 .. (R).

Ex. 13.12, Let k¥ C K be fields and let R = (lg g) C S =My (K).

Show that S = Q.. (R), but S is not a general left ring of quotients of R.
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0 K
in R. An easy computation shows that anny (%) = 0. Therefore, Exercise
9 applies to give Q7 .. (R) = Qh.. (S). The latter is just S, since S is a
semisimple ring.

Next, we check that R is not dense as a left submodule of rS (so S

is not a general left ring of quotients of R). Take z = <(1) g) # 0 and

Solution. Note that B = (0 K) is a left ideal of S that is contained

y = (g 8) € S, where d is any element in K\k. If r = (8 2) €ERis
ad 0

such that ry = (O 0) € R, we must have a = 0. But then

_ ({0 b\ /1 0\ _ 0
"=\ ¢J\o o) ™"
This shows that R is not dense in gS.

Comment. It is worth double-checking that R is dense in Sr by a direct
calculation, so that we can see the difference between the left and the right
structures for the pair R C S. Take any z, y € S with z # 0. We have
8 € R. So, choosing (b, c) to be either (1, 0) or
(0, 1), we will have zr # 0. This checks that R C; Sg!

yrERforanyrz(

Ex. 13.13. For the ring R = (% 8) , compute Q7,(R) and Q. (R).

Solution. The same procedure used in the last exercise shows that

max (R) = M3 (Q). On the other hand, Q7, (R) is given by T : (% g)
To see this, first observe that every element in T has the form an~! where
a € R and n is a positive integer in R. Secondly, every regular element of

R has the form (8 g) where ac # 0; such elements are clearly invertible

in T. These observations are sufficient to show that Q7, (R) exists and is
equal to T'. So in this example, Q7, (R) is a proper subring of Q" .. (R).

k k k
Ex. 13.14. Let R= [0 k O | where k is a semisimple ring. Determine
0 0 k

14

max

Rpg.

Solution. By the analogue of LMR-(3.43B) for left injective hulls, we know
that E (grR) = M3 (k), which contains R as a subring. Since R is nonsin-
gular by LMR-(7.14b), it follows from LMR-(13.39)(1) that Q% ., (R) =
M3 (k). We can compute Q7. (R) similarly if we can find a ring A O R

(R) and Q7. (R) directly by computing the injective hulls of xR and
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such that E (Rg) = Ag. Take A to be the ring M, (k) x My (k) and define

p:R— Aby
¢ b c a b a ¢
oo d o) =(( o) 6 2)

This is easily verified to be a ring embedding, so we may view R as a subring

0 k k
of A via . We shall apply LMR-(3.42) by taking 8= [0 k 0] C R.
0 0 k

It is routine to check that B is a left ideal of A, and that for a € A,
aB = 0 implies a = 0. In particular, Rgp C. Ag. Since A is a semisimple
ring, A4 is injective. It follows from LMR-(3.42) that Ag is injective, and
so E (RRr) = Ag. Therefore, we can take Q7. (R) to be the (semisimple)
ring A. (Alternatively, once we know that Rp C. Ag and A4 is injective,
then A = Q" . (R) follows also from LMR-(13.39)(2).)

Comment. Here again, T = Mj (k) 2 R fails to be the maximal right ring
of quotients of R since R is not essential in Tg. Indeed, since

0 00 a b ¢ 0 00
0 0 z 0 d 0]=]0 0 zel,
0 00 0 0 e 0 00

kE,3 is an R-submodule of T' with zero intersection with R.

Ex. 13.15. Show that any automorphism of a ring extends uniquely to an
automorphism of the maximal right ring of quotients Q = Q. (R).

Solution. We first show the uniqueness. For this it suffices to show that,
if an automorphism ® of @ restricts to the identity on R, then & itself is
the identity map. Consider any ¢ € @. Fix a right ideal A C4 Rp such that
gA C R. For any a € A, we have

®(g)a = 2(¢)2(a) = (ga) = qa.

Therefore, (®(q) — g)A = 0; this implies that ®(q) = ¢ (by LMR-(13.22) or
LMR-(13.23)).

Next we show how to extend a given automorphism ¢ of R to Q. We
think of elements of @ as classes [A, f] where A is a dense right ideal
of R and f € Hompg (Ag, Rg). Let us define ®[4, f] = [pA, f'] where
f' 1 pA — R is defined by f'(¢(a)) = ¢(f(a)), for any a € A. We make the
following two observations:

(1) f'e HomR((‘PA)RaRR

)-
f (¢ (a) f (¢ (ap™ 1S)) of (ap™'s) = (f(a) ¢ 's)
= 90( (@) s = f' (¢ (a))s.

Indeed, for s € R,
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(2) The right ideal @A is dense in Rg. To see this, let z,y € R be given,
with z # 0. Since A C4 Rp, there exists s € R such that ¢! (z) s # 0 and
¢~ (y)s € A. Applying ¢, we see that z- ¢ (s) # 0 and y- ¢ (s) € A. This
shows that pA Cy4 Rp.

The formula ®[A4, f] = [pA, f'] defines, therefore, an action ® on Q.
If f is just left multiplication by some b € R, then

f(p(a)) = o(f(a)) = p(ba) = p(b)p(a)

shows that f’ is left multiplication by (b). Therefore, the ®-action on Q
extends the g-action on R. Finally, a routine calculation shows that the
®-action on @ is an automorphism of the ring Q.

Ex. 13.16. (R. E. Johnson) Let @ = QI ., (R), where R is a right non-
singular ring. Show that any closed R-submodule of Qg is a principal
right ideal of @ (and conversely). Using this, show that there is a one-
one correspondence between the closed right ideals of R and the principal

right ideals of Q.

Solution. First note that, since Rg is nonsingular, Qg is also nonsingular,
by LMR-(7.6)(2). For any R-submodule N C @, we know there is a largest
essential extension of N in Qg, defined by

N*={q € Q: there exists I C, Rg such that ¢/ C N}.

This is always a right ideal in Q. To see this, let ¢ € Q. By Exercise
(3.7), I C. Qg implies that ql_ll C. Rgr. Now qq; (ql"ll) Cql C N, so
qq1 € N*. In particular, if N is closed in Q g, then N = N* is a right ideal
in Q. Since Qg is injective, Q = N @ N’ for some Nf. Then N’ is also a
right ideal in @, so N, N’ are both principal right ideals of Q. Conversely,
since () is von Neumann regular by LMR-(13.36), any principal right ideal
of @ is a direct summand of Q¢, and is, in particular, a closed R-submodule
of Q R-

By LMR-(7.44"), there is a one-one correspondence between the closed
R-submodules of Rg and those of Qr. Now, closed R-submodules of Rg
are closed right ideals of R, and closed R-submodules of Qg are principal
right ideals of @); hence the last conclusion in the exercise.

Ex. 13.17. (1) Show that a commutative ring R is reduced iff Qmax(R) is
reduced, iff Qmax(R) is von Neumann regular.

(2) Exhibit a reduced commutative ring R which Q. (R) is not von Neu-
mann regular (and in particular R C Qc(R) S Qmax(R)).

Solution. (1) Recall that, for R commutative, QF,,. (R) = Q%.x (R) over
R, so we can write Q@ = Qmax(R) for either ring. By LMR-(13.34), @ is also
commutative. If Q) is reduced (which will be the case if @) is von Neumann
regular), of course so is R. Conversely, assume R is reduced. Then R is
nonsingular by LMR-(7.12). By Johnson’s Theorem {LMR-(13.36)), Q is

von Neumann regular, and therefore reduced.
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(2) Let R = Q[x1,z2,...], with relations given by z;z; = 0 for all i # j.
Every element has a unique form

() a=a+fi(z)+ -+ fo(2n),

where a € Q, f; (z;) € z;Q[xz;], and n > 1 is some integer. From this, it is
clear that o # 0 = o™ # 0 for any m > 1, so R is reduced. Next, note
that if @ = 0 in (x), then « is a O-divisor of R (since az,+1 = 0). On the
other hand, if @ # 0, an easy argument shows that « is not a 0-divisor.
Therefore, Q¢ (R) = S™'R where S is the complement of the maximal
ideal p = Z;’;l z;R. In particular, Qs (R) is a local ring with a maximal
ideal of pR,, # 0. It follows that Q¢ (R) is not von Neumann regular (since
any von Neumann regular ring must have a zero Jacobson radical).

Comment. We can get more insight into the example above by computing
min-Spec(R), the minimal prime spectrum of R equipped with the induced
Zariski topology from the prime spectrum Spec(R). If a prime does not
contain p, then it misses some z; and therefore must contain z; for all
j # 4. This shows that the minimal primes of R are precisely the ideals
pi = ;2 ;R (i € N). The fact that z; is contained in all p; (j # 7) but
not in p; shows that min-Spec(R) is a discrete space.

The above computation of min-Spec(R) implies easily that R and
Qce (R) have Krull dimension 1. In particular, Q. (R) cannot be a von
Neumann regular ring. It turns out that the lack of compactness of min-
Spec(R) in general is also sufficient to imply that Q. (R) is not von
Neumann regular; for more details, see J. Huckaba’s book “Commutative
Rings with Zero Divisors,” pp. 18-19, Marcel-Dekker, 1988.

It is also of interest to note that p = (J;o; p; (and p Z p; for all 7)
provides a counterexample to the Principle of Prime Avoidance in the case
of an infinite union of prime ideals.

Ex. 13.18. Show that R is a Boolean ring iff Q7. (R) is a Boolean ring.

max

Solution. If Q7 . (R) is a Boolean ring, so is R since R is a subring of

" ax (R). Conversely, let R be a Boolean ring. We think of the elements of

max

Qmax (R) = Q7. (R) as “classes” of R-homomorphisms f : 20 — R where

max

2 denotes any dense ideal of R (see LMR-(13.21)). It suffices to show that
the square of the class of f : 2 — R is the same as the class of f. Since

FE)=f@)Cf@AC,
the square of the class of f is given by the class of the composition of
(+) aLa g
Now for a € 2,
f(a) = f(f(a) = F(f(a®) =f(f(a)a)
= f(af(a)) = f(a) f(a) = f (a),

so the composition in (*) is just f itself, as desired.
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Comment. Since the only unit in a Boolean ring R is {1}, R is a classical
ring, so0 Q.¢(R) = R. However, the Boolean ring Q. .. (R) is usually larger.
In fact, Q. (R) is exactly what is known as the Dedekind-MacNeille
completion of the Boolean ring R: see p.45 of Lambek’s “Lectures on
Rings and Modules.” While we won’t prove (or assume) this result, the
next exercise offers an explicit computation of such a completion.

Ex. 13.19. A subset X in a set W is said to be cofinite if W\ X is finite.
Show that

R={X CW: X is either finite or cofinite }

is a Boolean subring of the Boolean ring S of all subsets of W, and show
that Quax(R) = S.

Solution. The crucial step is to check that R is dense as an R-submodule
in Sg. To see this, consider two elements of S, given by A, A’ C W,
where A # 0. Pick ¢ € A and let X = {z} € R. Then the product
A-X = AN X = {z} is nonzero in S; also, the product B- X = BN X is in
R since BN X C X has at most one element. This checks that R Cg4 Sg.
Therefore, by LMR-(13.11), we have

RQSQQ::Qmax(R)-

Now recall that the ring S is self-injective by LMR-(3.11D). Therefore
Q = S ® M for a suitable S-submodule M of Q. Since R C. Qr, we must
have M =0, and hence S = Q = Qmax(R).

Comment. After showing that R Cy; Sg, we can also complete the
solution slightly differently as follows. Since S is self-injective, we have
Qmax(S) = S. Then by Ex. 11(1), Qmax(R) = S.

Ex. 13.20. Let R be a domain and @ = Q. (R).

max

(1) For any nonzero idempotent e € @, show that eQ = Qq.

(2) Show that any nonzero f.g. right ideal 2 C @ is isomorphic to Qq.

(3) If @ is Dedekind-finite, show that R is a right Ore domain and @ is its
division ring of right fractions.

Solution. (1) Since R is right nonsingular, @ is a right self-injective von
Neumann regular ring (by LMR-(13.36)). Being a direct summand of Qq,
(eQ)Q is therefore injective. If we can show that eQ) contains a copy of
Qg, Bumby’s Theorem (Exercise 3.31) will then give eQ = Qg. Now, from
R C. QRr, there exists s € R such that s; : = es € R\{0}. By Exercise 2,

ann’ (s;) =0 = ann@ (s;) = 0.
Therefore, s1Q = Qg, and we have eQ 2 esQ = 51Q = (g, as desired.

(2) Since @ is von Neumann regular, 2 = e@ for some (nonzero) idempotent
e€@. By (1), A = Qq.



§13. Maximal Rings of Quotients 283

(3) For any nonzero idempotent e € @, consider the decomposition Qg =
eQ® (1—-¢€)Q. Since eQ = Q¢ (by (1)) and Q¢ is Dedekind-finite, we must
have (1 — €)@ = 0; that is, e = 1. For any nonzero q € @, there exists
¢ € Q such that ¢ = gq'q. Then qq’ is a nonzero idempotent in ), and
so g¢' =1 by the above. By FCRT-(1.2), this implies that Q is a division
ring. It follows now from LMR-(13.43) that R is a right Ore domain, so by
LMR-(1341), Q = Q", (R).

Comment. The Exercise has the following remarkable consequence:

If R is a domain that is not right Ore, then Q = QL .. (R) is
right self-injective but not left self-injective.

In fact, if Q) was also left self-injective, then LMR-(6.49) would imply that
@ is Dedekind-finite, and this Exercise would imply that R is right Ore!

Ex. 13.21. Let R be a semiprime ring with only finitely many mini-
mal prime ideals p1,...,p;, and let R; = R/p;. Show that Q7. (R) =

H Qmax( Z)

Solution. We shall make good use of the constructions in Exercise (11.17).
In that exercise, we formed the ideals B; = ][, p; and let

B; = (B; +pi)/p:

in R;. Since (), p; = Nil,(R) = 0, we identify R with its image under the
natural map R — S = [[; Ri. In Exercise (1. 17) we have shown that

=TI, is an ideal of S lying in R, with ann? (%) = 0. Therefore,
Exerc1se 9 applies, and we have

Tr‘na.x (R) max HZ 1 max ?

where the last isomorphism is justified by (a special case of) Exercise 1.

Ex. 13.22. (Cf. Exercise (11.19)) Let R be the (commutative) ring
Q({z; : i > 1}) with the relations z;z; = 0 for all unequal i, j.

(1) Show that Qmax(R) is isomorphic to the direct product T = [[;+, Q(z;),
where R is embedded in T by sending a € Q to (a,q,...) and sending x;
to (0,...,2;, 0,...) with 2; in the i*h position.

(2) Show that QCZ(R) g Qmax(R)'

Solution. According to Ex. (11.19), R is semiprime, and the minimal
prime ideals of R are p; = Z#i Rz; (i > 1). Each factor ring R; = R/p; is

isomorphic to Q[z;], and we can identify R with its image in § =[], R, CT
under the natural embedding ¢ : R — S. If Ex. 21 was applicable, we

would get
Qmax(R) = Hz Qmax( H Q xl =T,
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as desired. However, R has infinitely many minimal primes, so we cannot
apply Ex. 21 here.

Using another strategy, let us check that R C4 Tgr. This means that T is
a general (right) ring of quotients of R. Since T (a direct product of fields)
is self-injective by LMR-(3.11B), we have Qmax(T") = T, and so Ex. 11 will
give Qmax(R) =T.

To check R C4 Tr, we use the fact that, under the embedding ¢ above,
z; “becomes” (0,...,;,0,...), with z; in the i*" coordinate. Take elements
f =), g =1(g) inT, with f # 0. We may assume that f; # 0.
Write fi = h(z1)/k(z1) and g1 = h'(z1)/k'(z1), where h, h', k, k' are
polynomials, with h, k, k¥’ # 0. Multiplying f and g by

r= ('le(‘rl)k/(xl))oaoa cee ) € R’
we get
fr = (h(z1)z1K' (21),0,0,...) # 0 and gr = (h'(z1)z1k(21),0,0,...) € R.

This checks that R Cg4 Tr.

To see that Qce(R) C Qmax(R), it suffices to check that z = (z1,z2,...)
€ T cannot be multiplied by a regular element r of R to get into R. Assurne,
on the contrary that such a regular element r exists. Then

r=a+z1fi(z1) + -+ znfulz,), with a € Q\{0}.
As an element of T, r is expressed in the form
(a+z1f1(21), ..., a+ zpfulzn), ¢y a, ... ),
and so zr € T has the form
(z1(a+z1fi1(z1)), -y Zu(a + Tnfu(zn)), Tnt10, Tnioa, ... ),
which clearly cannot lie in R.

Ex. 13.23. Let T = k x k X - - - where k is any right self-injective ring, and
let R be the subring of T' consisting of all sequences (a,az,...) € T that
are eventually constant. Show that T = Q[ .. (R).

Solution. By LMR-(3.11B), the ring T is right self-injective. Therefore,
" ax (T) = T. If we can show that R C4 T, it will follow from Ex. 11(1)

max

that T = Q7. (R) . To see that R Cy4 Tr, consider two elements

.’If:(l'l,IQ,.--), y:(y17 y25"‘)

in T, where z # 0. Say x; # 0. Let e; be the i*" “unit vector” (0,...,1,
0,...), which clearly lies in R. Since

ze;=(0,...,24,0,...)#0 and ye; = (0, ..., ¥:;,0,...) €R,

we have checked that R C4 Tg.
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Ex. 13.24. Give an example of a pair of commutative local artinian rings
R C S such that R C. Sg, but S is not a general (right) ring of quotients
of R.

Solution. We use the same commutative example in the solution to
Ex. 3.36. Let k be a field and S = k[t] with relation t* = 0, and let R
be the k-subalgebra k @ kt? @ kt3. Clearly, S and R are local algebras.
We have already checked that R C, Sg in the solution to Ex. 3.36. On
the other hand, R is a Kasch ring, so by LMR-(13.24), Qmax(R) = R. In
particular, S 2 R cannot be a general (right) ring of quotients of R.

Comment. The example above appeared in Y. Utumi’s paper “On quotient
rings”, Osaka Math. J. 8(1956), 1-18. Utumi observed that for the two
elements t and > € S, if r € R is such that ¢tr € R, then r must lie in
kt? + kt* and therefore t3r must be zero. This shows explicitly that R is
not dense in Sg.

The injective hull I = FE(Rg) turns out to be 6-dimensional over k,
and is a direct sum of two copies of E(kg), where kg is the unique simple
R-module: see the Comment on Ex. 3.36. It follows that the ring H =
End(Ig) is a certain 2 x 2 matrix ring, and is therefore not commutative.

Ex. 13.25. Recall that a ring R is right principally injective if, for any
a € R, any f € Hompg (aR, R) extends to an endomorphism of Rg (see
Exercise (3.44)). Show that, for such a ring R, rad R = Z (RpR).

Solution. Let a € Z (Rg). For any x € R, we have clearly
ann,(1 — za) Nann,(za) = 0.

Since za € Z (Rg),ann, (za) C. Rg. Therefore, ann, (1 — za) = 0. By
Exercise (3.45)(1), we have R- (1 — za) = R. Since this holds for all z € R,
we have a € rad R (by FC-(4.1)). Conversely, let a € rad R. Suppose b € R
is such that bR N ann,(a) = 0. Consider the map ¢ : abR — R given by
(aby) = by. Since

aby =0 = by € bRNann,(a) =0,

¢ is a well-defined R-homomorphism. Therefore, ¢ is given by left mul-
tiplication by some element x € R. We have then b = (ab) = zab, so
(1—za)b = 0. Since 1 —za € U(R), b = 0. This shows that ann,(a) C. Rp,
so by definition a € Z(Rg).

Comment. In LMR-(13.2)(1), the equation rad R = Z(Rg) was proved for
any right self-injective ring R. This exercise provides a generalization, due
to W. K. Nicholson and M. F. Yousif; see their paper “Principally injective
rings,” J. Algebra 174(1995), 77-93.

Ex. 13.26. Show that a ring R is semisimple iff R has the following three
properties:
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(1) R is semiprime,
(2) R right principally injective, and
(3) R satisfies ACC on right annihilators of elements.

Solution. It is well-known that any semisimple ring has the properties
(1), (2) and (3). Conversely, let R be a ring satisfying (1), (2) and (3). By
Exercise 25, (2) implies that rad(R) = Z(Rg) (the right singular ideal),
and by LMR-(7.15)(1), (3) implies that Z(Rg) is a nil ideal. Moreover, by
FC-(10, 29), (1) and (3) imply that every nil (1-sided) ideal in R is zero.
Therefore, we have rad R = 0, and so LMR-(13.2)(5) shows that R is a
von Neumann regular ring. Now any f.g. right ideal in R has the form eR
for some idempotent e € R, and we have eR = ann,(1 — €). Thus, another
application of (3) shows that the f.g. right ideals satisfy ACC. This means
that R is right noetherian, from which we conclude that Ry is a semisimple
module, as desired.

Comment. The result in this exercise appeared in M. Satyanarayana’s
paper “A note on a self-injective ring”, Canad. Math. Bull. 14(1971), 271~
272, except that in that paper, Satyanarayana proved the “if” part under
somewhat stronger assumptions, namely, (2) is replaced by R being right
self-injective, and (3) is replaced by ACC on all right annihilators in R. If
we further specialize the condition (1) to R being prime, then R must be
a simple artinian ring: this is an earlier result of K. Koh.

It follows from this exercise that a right principally injective semiprime
right Goldie ring must be semisimple.

Ex. 13.27. For any right principally injective ring R, show that soc(Rg) C
soc(rR). (In particular, equality holds for any principally injective ring R.)
Solution. Note that the module Rg has endomorphism ring R acting on

the left of R. As in the solution to Exercise (6.40), it suffices to show that,
for any m € R:

(%) (mR)gr simple => g(Rm) simple.

Using the notations in the solution to Ex. (6.40), we need to extend the
R-homomorphism ¢ : smR — mR (s € R) to an endomorphism of Rpg.
What we need for this is precisely the right principal injectivity of R, so ()
holds. The statement in parentheses in the exercise now follows immediately
from this.)

Ex. 13.28. Let Iz be a QI module, and I’ = E(I). Let H = End(IR),
N =rad H, and H' = End(I), N’ =rad H’'. Show that there is a natural
ring isomorphism H'/N' = H/N.

Solution. By LMR-(6.76), we have a natural surjection o : H' — H de-
fined by restriction of endomorphisms (I being a fully invariant submodule
of I). For f € H’', we have f € N’ iff ker(f) C. I’,iff ker(f)NI C. I
(by LMR-(13.1)(1)). This shows that N’ = a~1(N), so a induces a ring
isomorphism H'/N’ — H/N.
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Ex. 13.29. Let R be a simple ring. For any nonzero ¢ € Q7. (R), show
that R C RqR.

Solution. Since R is right essential in Q7 .. (R), there exists 7 € R such

max

that 0 # gr € R. The simplicity of R then implies that
R = R(¢gr)R C Rq(rR) C RqR.

Comment. This exercise is a replacement for that with the same number-
ing in LMR-p. 383. The latter, a result due to M. Ikeda and T. Nakayama,
is already fully covered in (3.18) of LMR. The author apologizes for the
repetition.

The following two additional exercises arose from a conversation I had
with S. K. Jain.

Ex. 13.30. Let R be a right nonsingular ring, and Q@ = Q,,(R). For
a € R, show that a has a left inverse in @ iff annf(a) = 0.

Solution. If there exists ¢ € Q such that ga = 1, then for s € annf(a),
we have s = (ga)s = g(as) = 0. Conversely, assume that annf*(a) = 0.

Since Rg C. Qr, we also have ann?(a) = 0. Now by LMR-(13.36), Q is a
right self-injective ring. Recalling Ex. (3.2)(1), we see that ann@(a) = 0 =

Qa=0Q.
Ex. 13.31. Let R be a domain, and Q = Q" .. (R). For any left ideal A of

max

@, show that either A = @ or AN R = 0. From this, retrieve the fact that
Q is a simple domain (a fact already proved in LMR-(13.38)").
Solution. Suppose AN R # 0. Fix a nonzero element a € AN R. Since R
is a domain, annf*(a) = 0. By the last exercise, a has a left inverse in @Q,
and so A D Qa = Q.

To see that @ is simple, consider any nonzero ideal A of (). Since Rr C.
Qr, we have AN R # 0. By what is proved above, we must have A = Q.

§14. Martindal’s Ring of Quotients

Martindale’s theory of rings of quotients is a theory specifically designed
for semiprime rings, i.e. rings R in which 22 = 0 = 2 = 0 for any ideal 2.
In such a ring, any ideal A has the property that ann,(A) = ann,(A), so
we may write ann(A) for this common annihilator. The family of ideals

F = F(R) = {A (ideal) : ann(A4) = 0}

will play a large role in Martindale’s theory. In LMR-(14.1), it is shown that
F is just the family of ideals A such that A C, rRg (2-sided essential in
R), or equivalently, A C. Rp (right essential in R), assuming that R is
semiprime. In the case where R is a prime ring, F(R) is just the family of
all nonzero ideals.
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In the following, we shall assume that R is semiprime, and shall work
within @ := @QJ,.(R), the maximal right ring of quotients of R. The two
subrings

Q"(R)={qe Q: ¢gA CRforsome A€ F},
Q*(R)={qe@: ¢A, BgC Rforsome A, B € F}

are called Martindale’s right (respectively symmetric) ring of quotients of
R. These rings and @ all have the same center, which is called the extended
centroid of R (LMR-(14.14)). This is always a (commutative) von Neumann
regular ring, and is a field in case R is a prime ring (LMR-(14.20), LMR-
(14.22)).

A convenient way to work with Q"(R) is to think of its elements as
“classes” [A, f] where A € F = F(R) and f € Hompg(Ag, Rg). Here, we
get the “classes” by identifying (4, f) with (A’, f)if f = f on AN A’
Addition and multiplication of classes are defined naturally (LMR-(14.9)).
Using this description of @"(R), the extended centroid may be described
as the subring of Q" (R) consisting of classes [A4, f] where f: A — Ris an
(R, R)-homomorphism (LMR-(14.19)).

The ring Q"(R) and its left analogue can also be defined axiomatically
as overrings of R with certain special properties. The same is true for
the symmetric Martindale rings of quotients within them. This axiomatic
approach suffices to show that the two symmetric rings of quotients are, in
fact, isomorphic over R.

For rings R C S with the same identity, an element z € S is said to
be R-normalizing if xR = Rx. The set N of R-normalizing elements in S
is always closed under multiplication, so the set R - N consisting of finite
sums Y r;x; (r; € R, ; € N) is a subring of S containing R, called the
normal closure of R in S. In the case where R is semiprime and S = @, this
normal closure is a subring of Q*(R) (LMR-(14.31)). Moreover, if z € N
is such that, for ¢ € R, z¢ = 0 = ¢ = 0, then z must be a unit in Q*(R)
(LMR-(14.32)).

For any automorphism ¢ € Aut(R), we define

X(p)={rx € Q: za=p(a)x forall a€ R}.

This is a module over the extended centroid Z(Q), consisting of
R-normalizing elements. By definition, ¢ is called an X-inner automor-
phism if X () # 0. The set of such automorphisms is denoted by X-Inn(R).
The “X” here is taken from the first letter of Kharchenko’s Russian name,
since Kharchenko’s work first called attention on the set X (). Kharchenko
showed that X(y) is always a cyclic module over Z(Q), although this is
only stated without proof in LMR-§14.

In the case where R is a prime ring, N* = N\{0} is a group under
multiplication. Here, X-Inn(R) is a group, consisting of automorphisms of
R induced by inner automorphisms of () defined by the elements of N*. In
particular, we have X-Inn(R) & N*/C*, where C is the field Z(Q).
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The exercises in this section give additional properties of the Martindale
rings of quotients Q"(R) and Q°(R), and provide some computational
examples not yet covered in the text. The last few exercises are devoted
to a further study of X-inner automorphisms ¢ and their Kharchenko sets
X (p) over semiprime rings R.

Exercises for §14

Throughout the following exercises, F = F(R) denotes the family of ideals
with zero annihilators in a semiprime ring R.

Ex. 14.1. For any semiprime ring R, show that F contains any prime ideal
A of R that is not a minimal prime ideal.

Solution. Let B = ann(A), which is an ideal in R. Consider any minimal
prime ideal p C R. Since AB = {0} C p, we have either A C p or B C p.
If A C p, then A = p (since p is a minimal prime). This contradicts our
assumption on A, so we must have B C p instead. Therefore, B is contained
in the intersection of all minimal primes of R, which is the prime radical of
R (see FC-Exer. (10.14)). Since R is semiprime, its prime radical is zero,
so we have B = 0; that is, A € F.

Ex. 14.2. Let S = Q"(R), where R is a prime ring. If I, I’ C S are nonzero
right (resp. left) R-submodules of S, show that I I’ # 0. (In particular, S
is also a prime ring.)

Solution. Pick nonzero elements ¢ € I and ¢’ € I’. There exist A,
A" € F(R) such that gA, ¢ A" C R. By LMR-(14.9), ¢A # 0 # ¢'A’.
Since R is prime, we have (¢A)(¢’A’) # 0, so gAq' # 0. If I, I’ are right
R-modules, then I'I' D (gR)q’ 2 qAq’ # 0. I{ I, I’ are left R-modules, then
IT"2q(Rq') 2 qAq' #0.

Ex. 14.3. Let S = Q"(R), where R is a semiprime ring.

(1) If I C S is a nonzero right or left R-submodule of S, show that I% # 0.
(In particular, S is also a semiprime ring.)
(2) If J C Sis an (R, R)-subbimodule of S, show that ann?(J) = annj (J).

Solution. (1) follows by specializing the solution of Exercise 2 to the
case ¢ = ¢'. For (2), let z € ann?(J), i.e. Jz = 0. Then (zJ)? = zJxJ =

0. Since zJ is a right R-submodule of S, (1) implies that zJ = 0, so
z € anng (J). Similarly, y € anng(J) = y € ann?(J).

Comment. Of course, the conclusions of this and the last exercise also hold
verbatim if we replace Q"(R) by Q°(R), the symmetric Martindale ring of
quotients, or by the normal closure R- N of R (where N denotes the set of
R-normalizing elements in Q7 .. (R)), or by the central closure R-C of R

max

(where C denotes the extended centroid of R).
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Ex. 14.4. Let R be any reduced ring. Show that Q*(R) is also a reduced
ring. How about Q" (R)?

Solution. Suppose ¢ € Q°(R) is such that ¢ = 0. To show that ¢ = 0,
choose an ideal A C R with zero annihilator such that g4, Ag C R. Then
qA%q = (qA)(Aq) C R. Since gA2q consists of nilpotent elements, we have
qA%q = 0. This implies that gA2 C R consists of nilpotent elements, so now
qA? =0, whence ¢ = 0.

Next, we consider Martindale’s right ring of quotients Q" (R). We claim
that, even for domains R, Q"(R) may not be reduced. For this, we use the
same example as in LMR-(14.13). Let R = k(z,y), where k is any field.
Consider the ideal A C R consisting of all (noncommuting) polynomials
with zero constant terms. As a right R-module, A = zR ® yR is free
with basis {z,y}. Let f: Ar — Rg be defined by f(z) =y and f(y) = 0.
Then ¢ = [A, f] is a nonzero element in Q"(R). To compute g2, let us use
the domain

A% = 2’R+ 4’ R + zyR + yzR.
We have

Therefore,

F2(a?) = fyz) =0, f2(y*) = f(0) =0,
fzy) = f@*) =0, f(yz)=f(0)=0
It follows that ¢* = [42, f2] = 0, so Q"(R) is not reduced.

Ex.14.5. Let R be a semiprime ring. If the extended centroid C of R is a
field, show that R must be a prime ring.

Solution. Clearly, R # 0. Assume that R is not prime. Then there exist
nonzero ideals A, A" C R such that AA’ = 0. Then B := ann(4) # 0,
and we have £ : = A® B C, gpRgr by LMR-(11.38), and so E € F(R) by
(14.2). Now consider f,g: E — E C R defined respectively, by Id4 & 0
and 0 @ Idp. Clearly, f, g are nonzero (R, R)-bimodule homomorphisms
from E to R, so they define nonzero elements «, 3 of the extended centroid
C (see LMR-(14.19)). Now

af =[E, fl[E,g] = [E, fg] =0€C,
contradicting the assumption that C is a field.

Ex. 14.6. Let M (k) be the additive group of N x N matrices over a field
k, and let E be the ring of matrices in M, (k) that are both row finite and
column finite. Show that F is a prime ring, and determine the Martindale
rings of quotients Q"(E), Q*(E) and Q*(E).
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Solution. Let S (resp. S’) be the ring of all column (resp. row) finite
matrices in M, (k), so that E = SN S’. Also, let A be the set of all finite
matrices in M, (k). By an easy calculation, we see that A is a left ideal in
S, and a right ideal in S’. Therefore, A is an ideal in E=SNS".

Let R = k+ A. In LMR-(14.39), it is shown that R is a prime ring.
Since R contains the nonzero ideal A of E, LMR-(14.14) applies to show
that E is also a prime ring. Moreover, LMR-(14.14) shows that E and R
have the same Martindale rings of quotients. Therefore, by LMR-(14.39),
we have

Q(B)=Q"(R)=5, Q(E)=Q(R)=5', and Q*(E)=Q*(R)=E.

Ex. 14.7. (Martindale) Let R be a prime ring and let a,b,c,d € R, with
a,c # 0. Show that the following are equivalent:

(1) arb = crd for all r € R.
(2) There exists a unit ¢ in the extended centroid C' = Z(Q°(R)) such that
c=gqa and d = ¢ b.

Solution. (2) = (1). Suppose (2) holds. Then, for any r € R, crd =
garq~'b = arb since q is central in Q*(R).

(1) = (2). Suppose (1) holds. Consider the two nonzero ideals A = RaR
and A’ = RcR in R, and define the two maps f : A — A’ C R and
g: A—>ACRby

f (Z -73iayi) = Z%Cyi and g (Z -Ticyi> = inayh

where z;, y; € R. To check that f and g are well-defined, suppose that
Y z;ay; = 0. Then, for any r € R,

0= (Z m,-ayi) rb= Zmia(yir) b= Z zic(yr)d = (Z xicyi) rd.

Since R is prime and d # 0, this implies that > z;cy; = 0. Similarly, we
also have Y xz;cy; = 0 = > z,ay; = 0. Thus f, g are well-defined, and
clearly they are (R, R)-bimodule homomorphisms. According to LMR-
(14.19), these define elements ¢, ¢’ in the extended centroid C. Since fg =
Id4 and gf = Id4, we have qq¢/ = g/g =1 in C. Now ¢ = f(a) = qa, so for
any r € R,

arb = crd = qard = arqd;

that is, aR(b— gd) = 0. Since R is prime and a # 0, this yields b = qd, and
sod=q'b.

Comment. Note that the present exercise subsumes Ex. 10.13, which com-
putes the center of the division hull K of a right Ore domain R. In fact,
for given ¢,d € R\{0}, let a = d and b = c in this exercise. If ¢ : = cd™!
is central in K, then ¢ = gd = qa and d = ¢ 'c = q71b, so this exercise
yields crd = drc for all r € R. Conversely, if crd = drc for all 7 € R,
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then by this exercise there exists ¢ € C = Z(K) such that ¢ = ¢d, and so
cd™! = q € Z(K).

Back to prime rings R, it is relevant to recall that the extended centroid
C = Z (Q°(R)) is, in fact, a field (see LMR-(14.22)). The conclusion ¢ = ga
in this exercise, therefore, expresses the linear dependence of a and ¢ over
the field C. More generally, Martindale proved that if a;,b; (1 < i < n)
are nonzero elements in the prime ring R such that Y., a;rb; = 0 for
all r € R, then the set {ai,...,a,} must be linearly dependent over C.
Martindale used this as a tool in handling linear identities on prime rings;
see his paper “Prime rings satisfying a generalized polynomial identity,” J.
Algebra 12(1969), 576-584.

There is also a more general version of this exercise where a, b, ¢, d
are allowed to be elements of Q"(R) (instead of R), and (1) is replaced
by arb = cp(r)b (V r € R), with ¢ a given automorphism of R. The
equivalent condition (2) now reads: there exists a nonzero ¢ € X(p™!)
such that ¢ = aq and d = ¢~ 'b. The proof uses almost exactly the same
calculations: see p. 105 of Passman’s book “Infinite Crossed Products,”
Academic Press, Inc., N.Y., 1989.

Ex. 14.8. Let R C S be rings, and N C S be the set of R-normalizing
elements in S. Show that if e = €2 € N, then e commutes with every
element of R. Deduce that any R-normalizing idempotent in Q. (R) is
central.

Solution. The proof of the first statement is based on the argument for
the fact that any idempotent in a right duo ring is central: see ECRT-
Ex. 22.4A. Let ¢ = ¢ € N and let a € R. Write ea = a’e. Then ea =
(a’e)e = eae. By symmetry, we also have ae = eae and so e commutes with
every a € R. In particular, if e = €2 € QT (R) is R-normalizing, then
ea = ae (for every a € R) implies that e € Z (Qh .. (R)) by LMR-(14.15).

Ex. 14.9. Let ¢ € Aut (R) where R is a semiprime ring. By Ex. (13.15),
» extends uniquely to an automorphism of Q7 .. (R), which we denote by
®. Show that

max (

(1) ®| Q"(R) (resp. ®| Q*(R)) is the unique extension of ¢ to Q"(R)
(resp. Q*(R)).

(2) For every 0 € Aut(R), ®(X(0)) = X (pop~'). (In particular,
® (X (¢)) =X (p).)

(3) The set X- Inn(R) is closed under conjugation in Aut(R).

(4) X (p) = ( ). (Basically, this requires proving that, whenever

z€X(p), zg=2(q) 7 for any g € Qpax (R).)

Solution. (1) The uniqueness of the extension (to Q" (R) or to Q°(R)) is
checked in the same way as in the solution to Ex. (13.22). Thus, it suffices
to show that ® restricts to an automorphism of Q"(R) (resp. Q*(R)). Let
g € Q"(R). Then gA C R for an ideal A C R with zero annihilator.
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Applying ®, we have
P(q)p(4) C p(R) = R.

Since ¢(A) is clearly also an ideal in R with zero annihilator, we have
® (q) € Q" (R). The same argument applied to ¢! shows that ! (¢) €
Q" (R), so ® restricts to an automorphism of Q"(R). The argument for
Q*(R) is similar.
(2) Let y € X (0). Then ya = o (a)y for all a € R. Applying ® to this
equation, we get

®(y)p(a) = o (a)®(y).

Replacing a by ¢~ !(a) gives
®(y) (a) = pop™" (a) @ (y)-

Since this holds for all a € R, we conclude that ®(y) € X (pop™!).
This shows that ® (X (¢)) € X (po@™!). The other inclusion follows by
reversing this argument.

(3) If 0 € X-Inn (R), then X (o) # 0, so by (2),
X (pop™!) = 8 (X () #0,

Therefore, we have pop~! € X-Inn (R) too.
(4) Since @ is an automorphism of Q = Q% (R), when we form X (®) we

have to look at elements in Q7. (Q). Since the latter is just @ itself (by
Ex. (13.10), or LMR-(13.31)(3)), we need only work with elements of Q. If
z € @ belongs to X (®), then zq = ® (¢) z for every ¢ € Q. In particular,
za = ¢(a)x for every a € R, so z € X (p). This shows that X (®) C X ().
Conversely, let z € X (¢) and g € Q. There exists a dense right ideal

A C R such that gA C R. For any a € A, we have

z(ga) = p(qa)z =2 (qa)z = 2 (q) ¢ (a) z = ®(g) za.
Therefore, (zg— ® (¢)z) A = 0. Since A C4 RRp, this implies that zq =
®(g)x (Vg€ Q), and hence x € X (®).

Ex. 14.10. Keep the notations in the last exercise, and let z € X ().

(1) Show that ® (z?) = z?.
(2) Show that ® (z) = z if R is either commutative or prime.

Solution. (1) Let z = ®(z). Then, by (4) of the last exercise, z? =
®(x)r = zz and also z - @71 (z) = ® (@7 (z)) z = z*. Applying @ to
the latter, we get zz = z2. Therefore

@(mz) =22 = zz = 2%
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(2) First assume R is commutative. Then
(z —2%) =2° — 222+ 2% =0.

Since Qmax(R) = Q"(R) is (commutative and) semiprime by Exercise 3,
we must have ®(z) =z = z.

Next, assume that R is prime. If x = 0, there is nothing to prove, so
let us assume z # 0. Then, by LMR-(14.32), the R-normalizing element z
must be a unit in @Q*(R). Therefore, the automorphism ¢ on R is induced
by the inner automorphism g — zgz~! of Q7 . (R). In particular, by the

uniqueness of the extension of ¢, we have ®(q) = zqz~! for every q €
T 1

T ax (R). In particular, ® (z) = zzz™" = z.
Ex. 14.11. Keeping the notations in the last exercise, show that ®(z) =z
always holds (for every z € X (p)).

Solution. Let z = ®(z). Consider any element ¢ € @ : = Q... (R). Using
(4) of Exercise 9, we have

(a) zqz = z2®1(q) = ® (z) 2P~ 1(q) = 2q=.

On the other hand, using ®(z?) = z? obtained in the last exercise, we
have

(b) zgz = ®(q)z* = B(q)P(2?) = @ (q2?) = ® (x®~*(¢)x) = 2q2.

From (a), we have (z — z)Qx = 0. Since Q is semiprime (by Ex. 13.8),
this implies that zQ(z — z) = 0. On the other hand, (a) and (b) give
2qz = zqx, so we also have 2Q)(z — ) = 0. Therefore,

(€ (z-2)Q(z—2) S 2Q(z —z) —2Q (2 —z) =0,

whence z = z = ®(x).

Comment. In 1996, I obtained a solution to this Exercise by using
Kharchenko’s result (LMR-(14.40)) that X (p) is a cyclic module over the
extended centroid Z(Q). This result implies that any two elements in X (¢)
commute. Since (by Ex. 9(2)) z € ® (X(¢)) = X (¢), we have in particular
zz = zz. From this equation, I derived (c). After seeing my solution,
A. Leroy suggested the above alternative solution, which avoids the use
of Kharchenko’s result.

Ex. 14.12. Let C denote the extended centroid of a semiprime ring R,
and let G be any subgroup of Aut(R). Recall that, for any ¢ € G :

X(p) ={r € Quu(R): za=p(a)e VaeR},

and let X(G) := 3> .o X (¢). Show that X(G) is a C-subalgebra of the
normal closure of R in Q7 .. (R), and deduce that X (G) C Q° (R).

max
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Solution. First note that each X () is an additive group. For z € X (p)
and 2’ € X (¢’) where ¢, ¢’ € G, we have

zr'a=z¢ (a)2 = ¢’ (a)z (Va € R),
so xx’ € X (). This shows that X (¢) X (¢') C X (p¢’). Also
X(Idr)={re Q. (R): za=azx Ya € R} =C.

Therefore, X (G) = ) <o X () is a C-algebra (associated with G). We
know (by LMR-(14.35)) that each X (¢) consists entirely of R-normalizing
elements, so X(G) lies in the normal closure of R (in Q7 ., (R)). Now,

by LMR-(14.31), this normal closure lies in Q*(R), so we have X (G) C
Q° (R).

Comment. Let Go = G N X-Inn(G) in Aut(R). If ¢ ¢ X-Inn (R), then by
definition, X () = 0. Therefore, we have X (G) = }_ g, X (¢) . Thus, we
could have replaced G by Gg, except that Go may not be a group. If R is
a prime ring, then indeed Gy is a group by LMR-(14.39), and it is safe to
write X(G) = X(Go). In this case, let us fix a nonzero element z, € X (p)
for each ¢ € Go. Then, by the proof of LMR-(14.40), X (¢) = C -z, so we
have X (G) =3 cq, C " To-

Ex. 14.13. Compute Inn (R), X-Inn (R) and X-Inn (R) /Inn (R) for the
Hurwitz ring of quaternions R. Also, determine the group of nonzero nor-
malizing elements for R in its division ring of quotients.

Solution. The Hurwitz ring of quaternions R consists of
1
{5 (fatbitcjtdk): a,bc,d€Z all even or all odd} ,

with unit group
U (R) = {1, +i, +j, +k, (£1 i+ +k)/2}

where the signs are arbitrarily chosen. (This is called the binary tetrahe-
dral group.) Let R be the usual ring of integer quaternions, with Z-basis
{1, 4, j, k}, and unit group U(R) = {+£1,+i,+j,+k} (the quaternion
group). It is observed in LMR-(14.43) that the natural map

Aut(R) — Aut(U(R))

is an isomorphism, and both groups are isomorphic to Sy. Now U(R) is
a normal 2-Sylow subgroup in U(R), so it is a characteristic subgroup.
Therefore, any ¢ € Aut (R) defines an automorphism of U(R), which in
turn determines an automorphism of R. This shows that

Aut (R) = Aut (R) = S
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Since any automorphism of R is X-inner by LMR-(14.43), the same is true
for R. Therefore, we have

X-Inn (R) 2 Sy, Inn(R) 2 U (R)/{£1} = Ay,

and X-Inn(R)/Inn (R) is just Z/2Z.
It is now easy to determine NV, the set of normalizing elements for R in
max (R) (which is the division ring of rational quaternions). The center of
the latter is Q so N*/Q* = X-Inn (R) Now by the calculations in LMR-
(14.43), the X-inner automorphisms of R are induced by conjugations by
elements in U(R) oriny-U (R) where y = 1+i. Therefore, N* has U(R) Q*
as a subgroup of index 2, with a nontrivial coset given by the representative
y. This is exactly the same as the group of nonzero elements normalizing
the ring of integer quaternions Z1 @ Zi ® Zj ® Zk, as determined in
LMR-(14.43).

Ex. 14.14. Let A be a commutative unique factorization domain with
quotient field K, and let R = M, (A). Show that Q7 .. (R) = M, (K)
and that the group of nonzero R-normalizing elements N* in Q7 .. (R) is
exactly K* - U(R). What are the normal and central closures of R in this
example?

Solution. By LMR-(13.15), we know that Q7 .. (R) = M, (K). (See also
Ex. 17.15.) Since clearly K* C N* and GL, (A) C K*, and N* is a group
(by LMR-(14.33)), we have K* - GL, (A) C N*. Now consider any = =
(zij) € N*. To show that z € K* - GL,, (A), we may assume (after scaling
x by an element of K*) that all z;; € R and that there is no common prime
factor to all z;;. Let y = (y;;) : = ™! and write y;; = a;;/a, where a;; € A
and a € A\ {0} has no prime factor dividing all a;;. From z7!Rz = R, we
see that a divides all entries of (a;;) Epq (zk¢) for all matrix units E,,;. Now

(aij) xk:l Zal] ij qu ZxkéEké = Zaipxquil7
k£ [N

50 a|aipTqe for all i,p, g, £. If a is not a unit in A, there would exist a prime
element 7|a in A. Choosing i, p such that 7 { a;p, we would have 7|z for
all ¢ and ¢, which is not the case. Therefore, we must have a € U (A). This
gives 27! € M, (A), and hence z € GL,, (A) = U(R), as desired.

The central closure of R is the subring of Q7 . (R) generated by R and
the extended centroid C of R. Since

C = Z(Qnax (R) = Z (M, (K)) = K,

the central closure of Ris R-C =M, (4) - K = M, (K). It follows that
the normal closure R - N is also M,, (K) . Note that these calculations can
be made without first knowing the exact structure of N*.
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Comment. Since the X-inner automorphisms of R are induced by the
inner automorphisms arising from the elements of N*, it follows from the
equation N* = K* - U(R) that all X-inner automorphisms of R are inner
automorphisms.

Ex. 14.15. Show that the conclusion N* = K* - U(R) in the last exercise
may not hold if the commutative domain A there is not a unique factor-
ization domain.

Solution. Take any commutative domain A with a nonprincipal ideal J =
aA + bA such that J? is principal, say J? = sA. Write s = ad — bc with

¢, d € J. Consider the matrix z = b> € M, (J) with determinant s.

d -b

—C a

d

Then z7! = 57! ( ) . Now any matrix in

M, (A) ( d ”b>

—c a
has entries in J%, which are all divisible by s. Therefore,
x M, (A)z™* CM, (4), and similarly, z7'M, (4A)z C M, (4).

This shows that x € N*.
We claim that ¢ K* - U(R). Indeed, assume that z has the form

k- (t “) where k € K* and (t “) € U(R) = GL, (A). Then
rvow vow

—1
t u
kIgzﬂU(v w) € M; (J)

shows that k£ € J, and a = kt, b = ku show that J C kA. Therefore, we get
J = kA, which is a contradiction.

The conclusion that z ¢ K* - U (R) implies that the map a > zaz™
is an X-inner automorphism of R = M, (A4) that is not an inner automor-
phism.

1

For some concrete examples of A, take K to be any number field of class
number 2 and take A to be the ring of algebraic integers in K. We can then
choose J to be any nonprincipal ideal of A (which can always be generated
by two elements since A is a Dedekind domain). An explicit example is
A =17[6] with § = /=5, and J = 2A+ (14 0)A : see LMR-(2.19D). Here,

we can take
o= 2 1+6
T\-146 -2

with det(z) = 2. Since % = —2I,, the noninner X-inner automorphism on
M (Z [6]) given by conjugation by z has order 2.
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Ex. 14.16. Let A be a commutative domain with a nonidentity automor-
phism g, and let ¢ be the automorphism on R = M, (A) defined by
©((aij)) = (¢olai;)). Show that ¢ is not an X-inner automorphism.

Solution. As in the solution to Ex. 14, Q7 .. (R) = M, (K) where K is
the quotient field of A. Since an X-inner automorphism on R = M, (4) is
induced by a conjugation in M, (K), it must be determinant-preserving.
However,

det (¢ ((ai;))) = det (o (ai;)) = po(det ((ai;)))-

Since g is not the identity, ¢ is not determinant-preserving. Therefore, ¢
cannot be X-inner.

Ex. 14.17. Let R be a semiprime ring with extended centroid C, and let
R - C be its central closure. Show that the central closure of R - C' is itself.

Solution. We know that S : = R - C is semiprime by the Comment on
Ex. 2. Our job is to prove that any element g in the extended centroid of S is
already in S. Think of ¢ as an (9, S)-bimodule homomorphism f: A — §,
where A is a suitable ideal of S such that A C4 Ss. We claim that A C4 Skg.
To see this, let ,y € S, with z # 0. Fix s € S such that s # 0 and
ys € A. Since S C Q7. (R), there exists a dense right ideal B of R such

that sB C R. Since xs # 0, we have zsB # 0, and ysB C yR C A. This
checks that A C4 Sg. Combining this with R Cy Sg, we get

Ag:=ANRCy Rg.

Now f restricts to an (R, R)-bimodule homomorphism fy : Ag — S. Since
Ap is a submodule of Sg, Ex. 8.1 applies to show that

Ar: =[5 (R) Ca (Ao)g-
By the transitivity of denseness, we get A1 C4 Rg, and so A; € F (R). The
(R, R)-homomorphism f; = fo| A1 is given by left multiplication by some

¢ € C on Ay, so we have now (q — ¢) A; = 0, which implies that ¢ = c € C,
as desired.



Chapter 6

Frobenius and Quasi-Frobenius
Rings

§15. Quasi-Frobenius Rings

A quasi-Frobenius (or QF) ring is a ring R that is right injective and right
(or equivalently, left) noetherian. Such a ring is always 2-sided artinian and
2-sided injective. In particular, “QF” is a left-right symmetric condition.

There is also a characterization of a QF ring that is independent of the
injectivity conditions:

R is QF iff R is right noetherian and satisfies the double anni-
hilator conditions for both left and right ideals.

All of these results are contained in LMR-(15.1), which, of course, requires
considerable work for its proof.

The following are some of the properties of the (left, right) modules
over a QF ring R:

(A) A module over R is projective iff it is injective.

(B) Any module can be embedded into a free module.

(C) Any f.g. module is reflexive.

(D) Taking R-duals defines a “perfect duality” between f.g. right R-modules
and f.g. left R-modules.

(E) Let A, B C M where M is a f.g. projective R-module. Then A = B
iff M/A= M/B.

These results reveal the beginning of an unusually rich module theory
for QF rings. Some examples of QF rings are collected in LMR-(15.26);
more examples are given in LMR-§16.

In the commutative category, the structure of the QF rings is easy to
describe. A commutative artinian ring R decomposes into Ry X -+- X R;
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where each R; is a (commutative) local artinian ring. With respect to this
decomposition, R is QF iff each R; has a simple socle. These “building
blocks” R; are known as zero-dimensional Gorenstein rings in commutative
algebra.

The exercises in this section offer further properties of (and characteri-
zations for) QF rings. Exercise 10, due to Nakayama, says that anng(J") =
ann,(J™) for J = rad R for any QF ring R; this generalizes the fact that
soc(Rg) = soc(grR), proved independently in LMR-(15.8). Exercises 14—
15 lead to new examples of noncommutative QF rings, and Exercises 21—
25 offer a general method for constructing commutative local Frobenius
algebras. Exercises 17 and 18 provide a link between this section and the
earlier section on homological dimensions.

Exercises for §15

Ex. 15.1. Redo Exercise (3.2)(3) (“A right self-injective domain R is a
division ring”) using the general facts on right self-injective rings proved in
LMR-§15.

Solution. Let R be a right self-injective domain, and let ¢ € R be a
nonzero element. Using right self-injectivity alone (see Step 2 in the proof
of LMR-(15.1)), we see that Rc is a left annihilator. Since R is a domain,
this left annihilator can only be R itself, so ¢ has a left inverse. This shows
that R is a division ring.

Comment. Yet other arguments are possible. For instance, by LMR-(13.2)
(4), a right self-injective right nonsingular ring R is always von Neumann
regular. If R is a domain, this will make R a division ring.

Ex. 15.2. Give an example of a commutative ring R with two ideals A, B
such that ann(A) + ann(B) is properly contained in ann (AN B).

Solution. Let R = k[z,y] be defined by the relations 2% = y? = zy = 0,
where k is any field. Then R = k & kx @ ky, and for the (minimal) ideals
A =kz, B = ky, we have AN B = 0 so ann (AN B) = R. On the other
hand,

ann (A) = ann (B) = kz + ky,
so ann (A) + ann (B) is also kz + ky, which is properly contained in R.

Comment. In Step 1 in the proof of (2) = (4) in LMR-(15.1), it is shown
that ann, (AN B) = anng (A) + anng (B) for any right ideals A, B in a
right self-injective ring R. Of course, the commutative ring we consid-
ered in the above solution is not self-injective, since the R-homomorphism
¢ : kx — ky defined by ¢ (z) = y cannot be realized as multiplication by
an element of R.
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Ex. 15.3. Show that if R has ACC on left annihilators and is right self-
injective, then R is QF.

Solution. For any right self-injective ring R, it is shown in Step 2 in
the proof of (2) = (4) in LMR-(15.1) that any f.g. left ideal in R is a
left annihilator. Therefore, if R has ACC on left annihilators, it will have
ACC on f.g. left ideals, and this is tantamount to R being left noetherian.
Therefore, R is QF by LMR-(15.1).

Comment. It might have been somewhat more natural to work with con-
ditions imposed on just one side, assuming, say, that R has ACC on right
annihilators and is right self-injective. In this case, it can be shown again
that R is QF. The proof of this is, however, quite a bit harder, requiring
a theorem of Bass (F(C-(23.20)) for right perfect rings. For the details,
we refer the reader to C. Faith’s “Algebra II”, Grundlehren der Math.
Wissenschaften, Vol. 191, Springer-Verlag, 1976, pp. 208-209.

Ex. 15.4. Show that R is QF iff every right ideal is the right annihilator
of a finite set and every left ideal is the left annihilator of a finite set.

Solution. We use the idea in the solution of Exercise 6.21, although we
cannot utilize this exercise directly.

First assume R is QF and let A be a right ideal. Then ann, (A) =
Rzxq1 + -+ + Rz, for some z1,...,x, € R, since R is left noetherian. Now

A = ann, (anny (A)) = ann, (Rz; + - - + Rz,) = ann, (X)

for the finite set X : = {x1,...,2,}. By symmetry, any left ideal B C R
has the form ann,(Y") for some finite set Y.

Conversely, assume that every right ideal is the right annihilator of
a finite set and every left ideal is the left annihilator of a finite set. In
particular, every 1-sided ideal satisfies the double annihilator condition. In
view of LMR-(15.1), R is QF if we can show that it is artinian. Consider
any chain of right ideals A; 2 Az 2 ..., and let S; = anng(4;). Let S be
the union of the ascending left ideals S; C S3 C .... By assumption, there
exists a finite set Sy such that ann,(S) = ann,(Sy). Since S is a left ideal,
we have

S = anny (ann,. (S)) = anny (ann, (So)) 2 So.

For sufficiently large i, we have therefore S; O Sy and so ann,(S;) =
ann,(S). But

ann,(S;) = ann,(anng(A4;)) = 4,

so A; = ann,.(S) for large i. This checks that R is right artinian, and a
similar argument checks that R is left artinian.

Ex. 15.5. Show that a quotient R/I of a QF ring R need not be QF.
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Solution. Consider R = k[z,y]/(z%,y?) where k is any field. This is
a commutative 4-dimensional algebra over k, and, by LMR-(3.15B), it is
a Frobenius k-algebra. In particular, R is a self-injective ring and hence a
QF ring. For the ideal

I= (x2)xy7y2)/(x27y2)a

we have a quotient R : = R/I = k[z,y]/(z?, zy, y*). This is not a self-
injective ring (and hence not QF) according to LMR-(3.69). In fact, for the
two ideals A = k-Z and B = k-§ in R, the R-isomorphism A — B sending
T to § obviously cannot be extended to an endomorphism of Rj.

Comment The main point here is that soc(R), generated over k by the
image of zy, is a minimal ideal in R, while soc (R), generated over k by
the images of z and y, is not a minimal ideal in R. (See Exercise 3.14.)

Ex. 15.6. Let C be a cyclic right R-module, say C = R/A where A is a
right ideal in R.

(1) Show that C* = anny (A) as left R-modules.

(2) Show that C is torsionless (i.e. the natural map ¢ : C — C** is an
injection) iff A is a right annihilator.

(3) Show that C is reflexive iff A is a right annihilator and every left
R-homomorphism ann, (A) — gR is given by right multiplication by an
element of R.

Solution. (1) The right R-homomorphisms from C — R are left multipli-
cations by elements of R which left annihilate A. More formally, we have an
isomorphism f : C* — anny (A) defined by f (p) = ¢ (1 + A) for ¢ € C*.
(This is a special case of the first isomorphism in LMR-(15.14).)

(2) From (1) we have an isomorphism f* : (anng (A4))* — C**. Let § be the
composition of

1

oo (ann, (A))".

What is 6 (z + A) as a functional on ann, (A)? We “identify” a general
element b € anng (A) with ¢ = f~! (b), which is left multiplication by b
(mapping R/A to R). Then

(%) S+ A) () =c(z+A)(p) =p(x+A) = bz

Now, ¢ is one-one iff § is one-one. In view of (x), the latter is the case
iff, for any z € R, anng (A)x = 0 = z € A. This amounts precisely to
A = ann, (anng (A)), i.e. A is a right annihilator.

(3) € is onto iff 4 is onto. In view of (x), the latter is the case iff every
a € (anng (A))* is given by right multiplication by an element z € R. The
desired conclusion follows by combining this with (2).
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Comment. If R is a left self-injective ring, the last condition in (3) is
automatic. In this case, it follows that a cyclic right R-module R/A is
reflexive iff A is a right annihilator.

Ex. 15.7. Show that a right noetherian ring R is QF iff every 1-sided cyclic
R-module is torsionless.

Solution. If R is QF, we know, in fact, that every 1-sided R-module is
torsionless (LMR-(15.11)(1)). Conversely, assume that every 1-sided cyclic
R-module is torsionless. By Exercise 6, it follows that any right (resp. left)
ideal in R is a right (resp. left) annihilator. Since R is right noetherian, R
is QF by LMR-(15.1).

Ex. 15.8. Let e = €2 € R, and J C R be a right ideal such that eJ C J.
Use Exercise 6 to show that (eR/eJ)” = anny (J) - e as left R-modules.

Proof. Let C = eR/eJ which is a cyclic right R-module generated by
€ = e+ eJ. We represent C in the form R/A by taking A = ker (7) where
7 : R — C is induced by left multiplication by e. An easy computation
shows that

A={z€eR: excelJ}=J+(1-€)R.
By Exercise 6, C* is given by
anng (A) = anng (J) Nanny (1 — e) R = anny (J) N Re.

Clearly, this left ideal is contained in ann,(J) - e. Conversely, if z
€ anny (J) - e, say = ye where y € anny (J), then zJ =y (eJ) CyJ =0
implies that z € anny (J) N Re. Therefore,

C* = anng (A) = anny (J) - e,
as desired.

Comment. The isomorphism o from anng(J) - e to (eR/eJ)* may be
defined by

o(ye)(ez+J)=yez € R

for y € anny (J) and 2z € R. It is, of course, also possible to verify directly
that o defines a left R-module isomorphism. The assumption that eJ C J
is needed to show that o is well-defined. Otherwise, no assumptions are
needed on R. In the special case where R is a 1l-sided artinian ring and
J = rad(R) (the Jacobson radical of R), we can replace ann, (J) by the right
socle soc(Rpg), according to FC-Exer. (4.20). This yields the isomorphism
(eR/eJ)” = soc(RR) - e.

Ex. 15.9. Let R be a QF ring and J =rad(R). In LMR-(15.7), a proof is
given for anng (J) = ann, (J) using the equality of the right and left socles
of R. Give another proof for ann, (J) = ann, (J) by using the last exercise.
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Solution. Consider any primitive idempotent ¢ € R. Then eR/eJ is a
simple right R-module (by FC-(25.2)). Since R is QF, LMR-(15.13) guar-
antees that (eR/eJ)* is a simple left R-module. Invoking Exercise 8, we
see that anny (J) - e is simple, and so

J - (anng (J) - e) = 0.

Since 1 is a sum of primitive idempotents, it follows that J - ann, (J) =0;
that is, anng(J) C ann, (J). By symmetry, we also have ann,.(J) C anng(J).

Ex. 15.10. For (R,J) as in the last exercise, show that ann,(J") =
ann,. (J") for any positive integer n.

Solution. The last exercise shows that the conclusion holds for n = 1. In
general, for any ring R and any subset J C R such that ann, (J) = ann, (J),
it can be shown, by induction on n, that ann, (J") = ann, (J"). Indeed,
suppose this holds for a given n. Then, for any = € ann, (J"*!), we have
J" - (Jz) =0, so

Jz C ann, (J") = ann, (J").
Thus, JxJ™ = 0, which gives
xJ™ Cann, (J) = anny (J),

and so zJ"t! = 0. This shows that ann, (J"+1) C anng (J”'H), and the
reverse inclusion follows from symmetry.

Comment. The result in this exercise is due to T. Nakayama, and is The-
orem 6 in his paper “On Frobeniusean algebras, I”, Annals of Math. 40
(1939), 611-633.

In general, a QF ring R may have ideals A C R such that ann, (A4) #
annyg (A). For such examples, see LMR-(16.66) and Ex. (16.19) below. How-
ever, if R is a symmetric algebra over a field, then for any ideal A C R,
ann, (A) = anny (A): see LMR-(16.65).

Ex. 15.11. Show that a QF ring is right semihereditary iff it is semisimple.

Solution. The “if” part is clear. For the converse, assume that R is QF
and right semihereditary. For any right ideal I C R, I is f.g. (since R is
right noetherian), so Iy is projective. By LMR-(15.9), Ig is injective, so it
is a direct summand of Rgr. This shows that Rp is a semisimple module,
so R is a semisimple ring.

Comment. This exercise is only a small part of LMR-(7.52). Part (1) of
this result applies to rings without chain conditions, giving a list of five
equivalent conditions (von Neumann regular, right semihereditary, right
Rickart, right nonsingular, and Baer) for any right self-injective ring R. If
we add a right noetherian condition to R, then each of the five conditions
is equivalent to R being semisimple.

Ex. 15.12. Assuming the Faith-Walker Theorem (LMR-(15.10)), show
that a ring R is QF iff every module Mgz embeds into a free R-module.
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Solution. The “only if” part is already proved in LMR-(15.11). We repeat
the proof here: My embeds into its injective hull E(M), and E(M) is
projective by LMR-(15.9). Therefore, E(M) embeds into a suitable free
R-module.

Conversely, assume that any right R-module embeds into a free R-
module. Then, for any injective module I, we have I C F for some free
module F. But then I is a direct summand of F, and so Ir is projective.
Since all injective right R-modules are now projective, the Faith-Walker
Theorem guarantees that R is a QF ring.

Ex. 15.13. For any QF ring R, show that:

(1) For any simple module Sg, the injective hull E(S) is a principal inde-
composable R-module;
(2) For any f.g. module Mg, E(M) is also f.g.

Solution. (1) We know (from LMR-(15.1)) that R is right Kasch, so S em-
beds into Rg. Since Rp is a finite direct sum of principal indecomposables,
it follows that there exists an embedding S < U where U is a suitable
principal indecomposable. Now by LMR-(15.9), Ug is injective, so we may
assume that S C E (S) C U. But then E(S) is a direct summand of U, so
we must have E(S) =U.

(2) By Exercise 12, M C F for some free module F'. Since M is f.g., we have
M C Fy C F for some free module Fj of finite rank. By LMR-(15.9) again,
Fp is an injective module, so (a copy of) E(M) can be found inside Fo.
Then E(M) is a direct summand of Fp, and so is also f.g. (Alternatively,
since R is a right noetherian ring, the finite generation of Fy implies that
of any of its submodules.)

Ex. 15.14. (Nakayama, Connell) Let R be a group ring AG where A is a
ring and G is a finite group. Show that R is right self-injective (resp. QF)
iff A is.

Solution. If A is right artinian, then R4 is artinian, so Ry is also artinian.
Conversely, if Rp is artinian, then A4 must be artinian since A = R/I
where I is the augmentation ideal of R. Since “QF” is “right artinian”
together with “right self-injective,” it is enough to handle the “right self-
injective” case in this exercise.

We have an A-homomorphism ¢ : R4 — A, defined by t () agg) = a1.
Let P be any (R, R)-bimodule. Then P is also an (R, A)-bimodule, and we
have an additive group homomorphism

(*) (Y23 HomR (RPR, RR) ——>HomA (RPA, AA)

defined by ¢(f) = t o f. Both groups are right R-modules (the right R-
structures being induced by the left action of R on P), and the following
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check shows that ¢ is a right R-homomorphism:

e (fr)(p) =t((fr)p) =t(f(rp)) = (¢ (f)7) (D),

where f € Homg (P, R), r € Randp € P. We claim that ¢ is an
isomorphism. Indeed, if f # 0, then f(p) = > agg9 # 0 for some p € P.
Say ag, # 0. Then

e () (pggt) =t (f (nge ™)) =t (f (0) 95 ") = ago # 0

implies that ¢ (f) # 0, so ¢ is injective. To show that ¢ is surjective, take
any h € Homy (P, A). Define f : P — R by

fw)=3  ho)g™ (VpeP).
An easy calculation shows that f € Hompg (Pr, Rg), and we have
e(f)p)=t(f)=h(-1)=h(p) (peP),

so b= ¢(f).

Now assume A is right self-injective, and let P above be the (R, R)-
bimodule R. Then (x) yields a right R-module isomorphism.

HOIIlR (RRR, RR) gHomA (RRA, AA).

The right R-module on the LHS is canonically isomorphic to Rr. On
the other hand, since gR is projective and A4 is injective, the Injective
Producing Lemma (LMR-(3.5)) implies that Hompg (rRa, A4) is an injec-
tive right R-module. Therefore, Rp is injective, as desired.

Conversely, assume that R is right self-injective. To check that A4 is
injective, we apply Baer’s Test. Let A : J — A be a right A-homomorphism,
where J C A is a right ideal. We can extend h to A’ : JG — R by defining

W (Y ag) =Y hia)g (ay€).

Clearly, JG is a right ideal in R, and &’ is a right R-homomorphism. Since
Rp is injective, there exists =) byg € R such that h' (o) = Sa for every
a € JG. Letting o = a - 1 for a € J, we have, in particular, h(a) = bia
(by comparing the coefficients of 1). Thus, Baer’s Criterion implies the
injectivity of A 4.

Comment. The result in this exercise comes from I. Connell’s paper “On
the group ring,” Canad. J. Math. 15(1963), 650-685, although the QF
case was done earlier by T. Nakayama. Connell and subsequent authors
have also dealt with the case of infinite groups GG. As it turns out, if G is
infinite, a group ring AG is never right self-injective, unless A = {0}.

Ex. 15.15. Let R be a QF ring. Show that, for any central multiplicative
set S C R, the localization RS~! is also a QF ring.
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Solution. Since R is right noetherian, LMR-(10.32)(6) implies that
T : = RS™! is also right noetherian. Next, the fact that Rp is injec-
tive implies, upon localization, that Tr is injective, according to Exercise
10.31(1). Therefore, T is a right noetherian, right self-injective ring, so by
LMR-(15.1), it is a QF ring.

Comment. If R is only right self-injective (and not right noetherian), a
central localization RS~! need not be right self-injective. In the solution
(1) to Exercise 10.30, we have constructed a commutative self-injective local
ring R for which some localization RS~! is not self-injective.

Ex. 15.16. Show that an idempotent e in a QF ring R is central iff eR is
an ideal of R.

Solution. The “only if” part is trivial. Assuming now that eR is an ideal,
we shall prove that e is central in two different ways below.

First Proof. Tt suffices to check that Re C eR is an equality. Indeed, if this
holds, then for any r € R, we have

er(l—e)=0=(1-e)re,

which implies that er = re.

Let J = eR, and let R be the factor ring R/J. Since Rr = (1 — ¢) R,
Rp is injective. From R-J = 0, it follows that Ry is also injective, according
to Ex. 3.28. Therefore, the artinian ring R is QF (by LMR-(15.1)), and thus

(1) length (zR) = length (Rp)

(for instance, by LMR-(15.6)). The same equation also holds with R re-
placed by R, so it follows that

(2) length (gJ) = length (Jg).

Let J* = Hompg (Jg, Rg) be the dual of Jg, viewed in the usual way as
a left R-module (via the left action of R on itself). By the duality between
f.g. right and left R-modules (in LMR-(15.12)), we have length (Jg) =
length (rJ*). But gJ* is easily seen to be = r(Re). (This uses the right
self-injectivity of R; for more details, see LMR-(16.13).) Therefore,

length (Jg) = length r(Re).

Combining this with (2), we have length (gJ) = lengthr(Re). Since Re C
J, this implies that Re = J = eR, as desired.

Second Proof. Since eR is an ideal, so is its left annihilator Rf where
f =1—e. Thus, Rf D fR. Taking a Krull-Schmidt decomposition of Rr =
eR ® fR, we get a complete set of principal indecomposables

{(Ui=e;R:1<i<n} (2 =e¢)
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such that (say)
€1,...,e;m €eR and ent1,...,en € fR.

Then S; = U;/e;rad (R) (1 <4 < n) provide a complete set of the simple
right R-modules. Let T; = soc(U;), which are also simple modules since R
is QF (see LMR-(16.4)). Moreover, there is a Nakayama permutation 7 of
{1,...,n} such that T; = S, for all i. We claim that:

(3) If X C Rf is a minimal right ideal, then X = S; for some j > m.
Indeed, if X = Sy for some k < m, then Xe, # 0. However,
Xer C Rfer CRfeR =0,

a contradiction.
Note that (3) shows, in particular, that ¢ > m = 7 (i) > m. Therefore, 7

permutes {m+1,...,n} and {1,..., m} separately. Using this information,
we shall check that:
(4) Rf D fR is an equality.

For, if otherwise, we would have eRN Rf # 0. Let X be a minimal right
ideal in eRNRf. Then X = §; for some j > m by (3). On the other hand,
X C soc(eR) forces X = Tj, for some k < m, and hence X = Sr(ky With
m(k) < m, a contradiction.

Now that we know Rf = fR, the beginning part of the first proof shows
that f is central. Thus, so is e. (Of course, this also follows from the fact
that we have an ideal decomposition R = eR ¢ fR.

Comment. This exercise is taken from Kasch’s book “Modules and Rings,”
p. 362, Academic Press, N.Y., 1982. It was probably known to Nakayama,
the inventor of the notion of QF rings. The earliest explicit reference I
can find in the literature is Proposition 4.4 in F.W. Anderson’s paper,
“Endomorphism rings of projective modules,” Math. Zeit. 111(1969), 322
332. The second proof given above follows closely Anderson’s. However,
this proof uses the idea of the Nakayama permutation w, which is only
developed in LMR-§16. The first proof is thus a little more appropriate,
since it uses (in the main) only material in LMR-§15. I learned this proof
from Carl Faith.

Note that the conclusion of this exercise is false for general artinian

rings. For instance, in the ring R of 2 x 2 upper triangular real matrices,
the idempotent e = <é 8) generates eR = { (g g) }, which is an ideal,
but e is not central in R.

Some generalizations of this exercise are possible. Most notably, Faith
has shown that this exercise is valid over any right pseudo-Frobenius ring;
see Theorem 3.9 of his preprint, “Factor rings of pseudo-Frobenius rings.”
On the other hand, W. K. Nicholson and E. Sidnchez Campos have shown
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that this exercise also holds over the so-called left (or right) morphic rings.
(A ring R is called left morphic if, for any a € R, R/Ra & annf (a) as
left R-modules.) This, however, does not imply the present exercise, since
QF rings need not be left or right morphic. The Nicholson—-Campos paper,
“Rings with the dual of the isomorphism theorem,” appeared in J. Algebra
271(2004), 391-406.

Ex. 15.17. For any module Mg over a QF ring R, show that pd(M) (the
projective dimension of M) is either 0 or co. Prove the same thing for
id(M) (the injective dimension of M).

Solution. To get the conclusion on projective dimensions, it suffices to
show that there is no module Mg with pd(M) = 1. In fact, if such a
module M exists, then there is a short exact sequence

0P —-F—-M-0

where Py, P, are projective right R-modules. By LMR-(15.9), P is also an
injective module, so the exact must splits. This shows that Mg is projective,
a contradiction to pd(M) = 1. Similarly, we can show that there is no
module Mg with id(M) = 1, so for any Mg, id(M) can only be 0 or co.

Ex. 15.18. (Bass) Let R be a left noetherian ring such that, for any f.g.
module Mg, pd(M) is either 0 or co. Show that R is a left Kasch ring.

Solution. Using only the assumption on right projective dimensions, we
shall show that any f.g. left ideal A=Y , Ra; C R has a nonzero right
annihilator in R. In case R is left noetherian, this will show that ann,m # 0
for any maximal left ideal m, and hence by LMR-(8.28), R is left Kasch.
Given A as above, let F' be the free module @), e;R, and let o =
> eia; € F. Assume, for the moment, that ann,.A = 0. Then clearly o - R

is free on {a}, and the exact sequence
0a-R—-F—F/a-R—0

shows that pd(F/a - R)p < 1. By the assumption on projective dimensions
of f.g. right R-modules, we have pd(F/a-R) = 0, that is, F/a - R is
projective. Therefore, the above exact sequence splits, so a - R is a direct
summand of F. Since a- R is free on {a}, the Unimodular Column Lemma
(Ex. (1.34)) implies that A = Y | Ra; = R, a contradiction. Therefore,
we must have ann, A £ 0, as desired.

Comment. This result, and several refinements thereof, appeared in Bass’
paper referenced in the Comment on Exercise (1.32).

Ex. 15.19. Let R be a commutative noetherian ring in which the ideal (0)
is meet-irreducible. Show that Q.¢(R) is a (commutative) local QF ring.

Solution. By Noether’s Theorem, (0) is a primary ideal. Therefore, p : =
rad (0) = Nil(R) is a prime ideal, and it is easy to check that p consists



310 Chapter 6. Frobenius and Quasi-Frobenius Rings

precisely of all 0-divisors of R. The ring T := R, is local, noetherian, of
Krull dimension 0, so T is an artinian ring. We need to show that 7" has
a stmple socle, for this will imply, by LMR-(15.27), that T is a QF ring,.
Since T is artinian, we know soc(T') # 0. If soc(T') is not simple, there
would exist minimal ideals X, Y of T such that X NY = (0). But then
X'=XNRand Y =Y NR are nonzero ideals of R with

X'NnY'=XNnYNR=(0),
which contradicts the fact that (0) is meet-irreducible in R.

Ex. 15.20. For any field k, let R = k[u, v], with the relations u? = v? = 0,
and S = k[z,y,] with the relations zy = 22 — 32 = 0. It is known that
R and S are (commutative) 4-dimensional local Frobenius k-algebras (see
the examples (4) and (5) at the end of LMR-§15D). Show that R = S as
k-algebras iff —1 € k? and char(k) # 2. (In particular, R = S if k = C and
Rz Sifk=R)

Solution. A basis for R is {1,u,v,uv}. Since 3 = z - 22 = zy® = 0 and
y> =y-y? =yz? =0, a basis for S is {1, x,y,2?}. The unique maximal
ideals for R and S are respectively, mg = (u,v) and mg = (z,y).

If —1 € k? and char(k) # 2, let i = v/—1 € k. It is easy to check that
¢: R — S defined by

pouy=z+iy and ¢v)=z—1iy

is a k-algebra homomorphism, with an inverse ¥ : S — R, defined by
Y (z) = (u+v) /2 and ¢ (y) = (u — v) /2i. Therefore, R = S as k-algebras.

Conversely, assume R = S, and let ¢ : R — S be a k-algebra isomor-
phism. Since ¢ (mp) C mg, we have ¢ (u) = ax + by + cz? for some a, b,
¢ € k. From

0=0¢(u?) = (az+by + cx2)2 = a2 + b%y? = (a® + b?) 27,
we have a? + 5% = 0. If a = 0, then b = 0 too and so ¢ (u) = cz? € m%.
This is impossible since u ¢ m%. Therefore a # 0, so —1 = (b/a)® € k2.
We finish by showing that char(k) # 2. If otherwise, a® + 4> = 0= a = b,

and hence ¢ (u) = a(z +y) + cz?®. A similar argument shows that ¢ (v) =
d(z +y) + ex? for some d, e € k. Now

¢ (uv) = (a (zx+y)+ 012) (d (x+y)+ ex2) =ad (:c2 + yz) =0.
This is impossible since uv # 0 in R.

Comment. If char(k) = 2, the k-algebra map ¢ : R — S above is still
defined. But now ¢ (u) = ¢ (v) = z 4+ y, so ¢ is not injective (and we have
in fact dimg ¢ (R) = 2). Note that, in case char(k) = 2, R = k[u, v] above
is isomorphic to the group algebra kG, where G is the Klein 4-group.

The next exercise describes a general method for constructing quotients
of polynomial algebras that are local Frobenius algebras. The remaining
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exercises amplify this point, and provide further explicit computational ex-
amples for this interesting construction of QF algebras.

Ex. 15.21. Let A = k[z1,...,z,] (where k is a field), and let m =
(z1,...,z,). Let A : A — k be a k-linear functional with ker(}) 2 m"
for some n > 1 and J), be the largest ideal of A that is contained in ker()).
If X # 0, show that Jy C m and that A/J) is a local Frobenius k-algebra.
Conversely, if J C m is an ideal in A such that A/J is a local Frobenius
k-algebra, show that J has the form Jy for some nonzero functional A as
described above.

Solution. Let f € Jy. Then Af C Jy and so A\(Af) = 0. Let n > 1
be minimal such that A (m™) = 0. Then there exists g € m™~! such that
A{g) # 0. Writing f = a + fo where a € k and fy € m, we have

0=X(gf) =A(ag+gfo) =aX(g) (since A(gfo) € A(m")=0).

Therefore, a = 0, and we have f € m. This shows that J, C m.

Since m™ C J, m/J C A/J is a maximal ideal with (m/J)" = 0. Hence
A/J is a (finite-dimensional) local k-algebra. The hyperplane ker()\)/J in it
contains no nonzero ideals, so by LMR-(3.15), A/J is a Frobenius k-algebra.

Conversely, let J C m be an ideal in A such that A/J is a local Frobenius
k-algebra. Then rad(A/J) = m/J is nilpotent, so m™ C J for some n > 1.
By LMR-(3.15) again, there exists a hyperplane

ker(\) C A/J

(for some nonzero k-linear functional A : A/J — k) which contains no
nonzero ideal of A/J. Let A : A — k be the functional on A induced by A.
Clearly, J is the largest ideal of A contained in ker()\), so J = Jy. Here,

m" C J C ker(\),
8o A is the functional we want.

Comment. Recall, from the proof of LMR-(3.15), that a nonsingular “as-
sociative” bilinear pairing on the Frobenius algebra A/J) is given by
(@, 9)— A(zy) € k.

Ex.15.22. Keep the notations in the last exercise, and let NV be the space
of functionals

{\ € Homy (A, k) : A(m"™) =0 for some n > 1},

viewed as an A-submodule of the A-module Homy (A, k). For any A € N, let
ann?(A\) denote the A-annihilator of the cyclic submodule AX C 4N, and
let Ann“ (A)) denote the space of common zeros of the linear functionals
in AX. Show that

ann®(A\) = Ann?(AN) = Jy,
and deduce that A\ = A/Jy as A-modules.



312 Chapter 6. Frobenius and Quasi-Frobenius Rings

Solution. Note that the A-action on N is defined by
(*) (f- N9 =Ar(gf) (figeA AeN).
In particular, (f-A)(g) = (9- A) (f). Therefore,

feam? (A\) < fA=0eN
= (fA(g)=0 VgeA
< (gA)(f)=0 Vge A
— fecAm” (AN).

This establishes the first desired equation, and the second one follows from:

feAm? (4)) <= (g-N(f)=0 Vge A

< MAf)=0
<= Af Cker())
= f e Jy

From the equation J) = ann?(A\), it follows immediately that A X 2
A/Jy as A-modules.

Comment. If we denote the actions of functional by using the notation
(9, A) = A(g) for g € A and A\ € N, the formula (x) above can be
transcribed into an associativity formula

(g, fA)=(gf, \) for f,geA and XeN.

Ex. 15.23. In the notations of the last two exercises, let ann® (J)) be the
annihilator of Jy in the A-module N, and let Ann®(J)) be the space of
functionals in N vanishing on the ideal Jy. Show that

ann®™ (Jy) = Ann™ (Jy) = A\,
and deduce that, for any A\, p € N, A\ = Ap iff Jy = J,.

(Comment. Combining this with Exercise 21, we get a one-one correspon-
dence between the nonzero cyclic A-submodules of N and the ideals J C
(z1,...,z,) of A for which A/J is a local Frobenius algebra.)

Solution. Since dimy A = dimg A/J) < o0, vector space duality shows
that

Ann®™ (7)) = Ann"(Ann?(AN)) = AX.

Secondly, the formula (f - A)(g) = M(gf) from the last exercise shows that
ann®™ (J) = Ann” (J) for any ideal J C A.

If A\ = Ap, taking annihilators (in either sense) in A gives Jy = J,.
Conversely, if Jy, = J,, taking annihilators (in either sense) in N gives

Al = Ap.
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Comment. More generally, J — ann™(J) = Ann™(J) gives a one-one
correspondence between the ideals J C (z1,...,2,) of A such that A/J
is a finite-dimensional local k-algebra and the nonzero f.g. A-submodules
M of N. The proof of this requires just a couple more steps, using some
facts about injective hulls. See, for instance, Theorem 21.6 in Eisenbud’s
book “Commutative Algebra, with a View toward Algebraic Geometry”,
Graduate Texts in Math., Vol. 150 (1995), Springer-Verlag, 1995. The
correspondence

J & M = ann™ (J)

was deeply rooted in the classical mathematics on ideals in polynomial rings
over a fleld, and goes back to the work of F.S. Macaulay. In Macaulay’s
book “The Algebraic Theory of Modular Systems” (Cambridge Univ. Press,
Cambridge, 1916), the A-module ann’¥(J) was called an “inverse system”
of the polynomial ideal J C A.

Ex. 15.24. Keeping the notations in the above exercises, identify the
space of functionals N with the A-module of “inverse polynomials” T =
k[zi',...,z;!], as in LMR-(3.91)(1). For the “functionals”

M=zl A=z iyl Ag=alyla 2
inT=k [x_l,y_l] and T =k [a:_l,y_l, 2_1] respectively, show that
I = (2% 9%), I, =(zy, 2 —y?), and
I = (2%, 9%, 2, yz, 7y — 2°) .
State a generalization for each of these three cases.

Solution. We shall compute J) by using the two expressions obtained
for it in Exercise 22. First consider A\; = z7'y~2. Recall that this is the
functional on A = k[z,y] that takes zy? to 1 and all other monomials in z,
y to zero. Clearly, A\; C k [z7%,y~!] has the k-basis

1y 2 ol
The common null space of these six functionals is our Jy,, so dimgA/Jy, =
6. Now clearly, 22 and y* are in this null space, so J, contains the ideal
(z2,y3) C A. Tt is easy to see that dimzA/(z?, y3) = 6, so we must have
Jr, = (2%,3%). This method of computation clearly generalizes to show
that, if \; = 2~™y ™" where m, n > 0, then Jy, = (2™, y"*1).

{1,27 yHa ™y

Next, we take the functional Ao = 272 + y~2 in k [z, y™!]. Tterating
the z and y actions on Ay, we see that A\ has a k-basis {1,z7%,y7!,
x=% + y=2}. Therefore, dimy A/Jy, = 4. Letting “” denote the A-action
on k [m‘l,y"l],

TY-Ag =Y - (:v‘2+y_2) =0, and
(2" =9%) e = (2 —9") - (e +y77) =1-1=0,
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So we have
zy, % —y? € ann? (A)\;) = Irg-

Since A/ (:vy, L~ y2) have dimension 4 as we have seen in Exercise 19, it
follows that

Jr, = (zy, 22 —y?) C A

The method of computation here generalizes easily to show that, if Ay =
z™"+y~™ where n, m > 1, then Jy, = (zy, " — y™), with dimy A/J, =
n+ m.

Finally, take \3 = 27 'y '+ 2 2in T =k [:E_l, y“l,z_l]. Applying
the z, y, z actions again (repeatedly) to A3, we see that A\s; has a basis

(%) {1,z gy 27 ey 272

and so dimgA/Jy, = 5. We can use the previous method to determine a
set of ideal generators for Jy,, but let us solve the problem by another
method for illustration. Thinking of J), as AnnA(A)\3), we see that each
of the six “functionals” in (*) imposes a linear condition on the coefficients
of a polynomial f € Jy,. In fact, these conditions are, that f has zero
constant term, zero coefficients for the z, y, 2 terms, and coefficients for
the zy and 22 terms summing to zero. Therefore, the most general form
for a polynomial f in Jy, is

f:ax2+by2+cxz+dyz+e(:cy—22) + g,
where g € (z,y, z)3. Therefore, if
J:= (127 y27 Tz, Yz, vy — 22) )

we have Jy, = J + (z,y,2)°. But (z,y,2)° € J (noting, especially, that
23 = z(yz) — z(zy — 2?)). Hence Jy, = J, as desired. This method of
computation generalizes easily to A3 = 7'y~ + 27" (with n > 1), for
which we’ll have

Iy = (1‘2, V2, xz, yz, Ty — z") .

The case n = 0 is a bit exceptional. A straightforward computation along
the same lines gives here J), = (22,12, 2).

Comment. In all cases, it is easy to see directly that, as predicted by
Exercise 21, A/J), is a local Frobenius k-algebra. Indeed, the socles for

A/Jy,, in the generalized cases, are the simple modules
k-z™g", k-z", and k77,

for i =1,2, and 3.
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Ex. 15.25. For the ideal J : = (y3,2? —wyz) in A = k[z,y], show that
R = A/J is a 6-dimensional local Frobenius k-algebra, and find a linear
functional A e T =k [x_l,y_l] such that J = J).

Solution. Note that in R,

3

Py=%3-4=0 and & :5-52:5:-55372:0.

From this, it follows easily that R has a basis 1, Z, §, 2, 27, §° (where of
course, 72 = Z §%). A routine computation shows that soc(R) = kz?%,s0 R
is local with maximal ideal (Z, §), and has a simple socle. By LMR (15.27),

R is a 6-dimensional local Frobemus k-algebra.
The linear functional A : 2 4 £71y~2 € T has the property that,
under the A-action on T, y3 /\ (a: -y ) A = 0. Therefore,

(ys, ¢ —zy ) C ann” (A)) = Jy.

Now, by applying = and y to A repeatedly, we see that AX has basis

{1, T B TV B I +m_1y_2}.
Therefore, Jy = Ann® (4)) has codimension 6 in A. Since (33, 22 — zy?)
also has codimension 6, the inclusion (y3, z? — :ryQ) C Jy must be an
equality.

§16. Frobenius Rings and
Symmetric Algebras

The characterization of a commutative QF ring as a finite direct product
of commutative artinian local rings with simple socles has a nice general-
ization to the noncommutative setting. For any (possibly noncommutative)
artinian ring R,

R is QF iff R is Kasch and every 1-sided principal indecom-
posable R-module has a simple socle.

This description of a QF ring R leads to the definition of the Nakayama
permutation of R. Let U; = ¢;R (1 <i<s) be a complete set of right
principal indecomposables over R, and let S; be the unique top composition
factor of U;. Then we have a permutation m of {1,2,...,s} such that
soc (U;) & Sy(;y; 7 is called the Nakayama permutation of R. Of course, 7
is only defined up to a conjugation in the symmetric group on s letters,
since the labelling of the U;’s is completely arbitrary.

It is shown that in LMR-(15.8) that, in any QF ring R, soc(Rg) =
soc (rR), so we may write soc(R) for the common socle. Let R = R/rad R,
which is an (R, R)-bimodule. By definition, a QF ring R is called a Frobe-
nius ring if soc (R) = R as right (or equivalently, left) R-modules. It is also
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possible to recognize a Frobenius ring by using the multiplicity numbers n;
defined in the following Krull-Schmidt decomposition:

Rp=nU; & @& n,Us.
In LMR-(16.14), it is shown that

A QF ring R is a Frobenius ring iff n; = n;) (1 <4< s) for
the Nakayama permutation © of R.

Note that the n;’s can also be defined by the following Wedderburn
decomposition of the semisimple ring R:

R = M,,(D1) x -+ x My, (Dy),

where the D;’s are division rings. In particular, if, in this decomposition,
all the n;’s happen to be equal (e.g. R is a commutative ring or a simple
ring), then the QF ring R will be Frobenius.

In LMR-8§3C, we have introduced a class of finite-dimensional algebras
over a field k called Frobenius algebras. It can be shown without much
difficulty that, for any finite-dimensional k-algebra R, R is a Frobenius k-
algebra iff R is a Frobenius ring. Another useful characterization, due to
Nakayama, is the following equation

dimi A + dimy, anny(A) = dimg R = dim2 + dimy, ann, (),

imposed on all right ideals A C R and all left ideals 2 C R.

Any Frobenius k-algebra R is equipped with a Nakayama automorphism
o, which is defined up to an inner automorphism of R. We first fix a
nonsingular, bilinear pairing B : R x R — k with the associativity property
B (zy, z) = B(z, yz). Then o is defined by the equation

B(a,z) = B(z,0(a)) (Va, z€R).

The presence of this Nakayama automorphism o makes it possible to for-
mulate many additional properties of a Frobenius algebra. We note also
that the Nakayama automorphism o “effects” the Nakayama permutation
7, in the sense that Ro (e;) = Rey ;) for all i, where U; = e;R are the
distinct right principal indecomposables.

We can define QF algebras too: these are (finite-dimensional) k-algebras
R over a field k for which Rr and (R) R have the same distinct indecompos-

able components, where R denotes the (R, R)-bimodule Homy (R, k). Again,
these turn out to be the k-algebras that are QF as rings. A more significant
step is the introduction of symmetric algebras: a k-algebra R is said to be
symmetric if R & R as (R, R)-bimodules. This condition is equivalent to
the existence of a nonsingular bilinear, associative pairing B: R x R — k
that is also symmetric. Among Frobenius algebras, the symmetric algebras
are precisely the ones whose Nakayama automorphisms are inner. We have
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the hierarchy:

semisimple symmetric weakly. Frobenius
C [ symmetric | C
algebras algebras algebras

algebras
QF
= <a1gebras ’

where “weakly symmetric algebras” are defined to be the QF algebras
whose Nakayama permutations are the identity.

Many properties of the above classes of algebras are covered by the
exercises in this section. There are also various examples of these algebras,
including a construction (Exercise 3) showing that any permutation of
{1,2,...,s} can be realized as the Nakayama permutation of a suitable
QF algebra. Other exercises touch upon the notions of finite representation
types, invariant subalgebras, Cartan matrices and parastrophic matrices,
etc. (see LMR-§16 for the appropriate definitions).

Exercises for §16.

Ex. 16.0. Show that, for a QF ring, two principal indecomposable right
R-modules U, U’ are isomorphic iff soc (U) 22 soc (U").

Solution. Let S = soc(U) and S’ = soc(U’). Then S, S’ are simple
right R-modules by LMR-(16.4). If U 2 U’, certainly S = S’. Conversely,
suppose S = §’. As in the first part of the proof of LMR-(16.4), U = E(S)
and U’ = E(S’) (where E denotes taking the injective hull), so we have
U=y

Comment. Of course, the conclusion of the exercise also follows by applying
the Nakayama permutation to the principal indecomposables. The above
solution is more direct.

Ex. 16.1. Let (R, m) be a local artinian ring with K = R/m. Show that
the following are equivalent:

(1) R is QF;

(1)" R is Frobenius;

(2) soc(Rg) is a simple right R-module and soc(rR) is a simple left
R-module;

(2)' anng(m) is a 1-dimensional right K-vector space and ann,(m) is a
1-dimensional left K-vector space;

(3) Rg and grR are uniform R-modules;

(4) B ((R/m)y) = Ra;

(4)'E (r(R/m)) = rR.

Show that these conditions imply each of the following:
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(5) E((R/m)g) is a cyclic R-module;

(5)'E (r(R/m)) is a cyclic R-module;

(6) R is a subdirectly irreducible ring in the sense of FC-(12.2) (i.e. R has
a smallest nonzero ideal).

If R is commutative, show that all ten conditions above are equivalent.

Solution. Since R/rad R = K is a division ring, LMR-(16.18) implies
that (1) & (1)". Also, since R is artinian, we have soc (Rg) = anng(m)
and soc(grR) = annr(m), s0 (2) & (2)'; and the fact that any nonzero
left (right) ideal contains a minimal left (right) ideal yields the equivalence
(2) & (3).

(1) = (4) . Since Rp is injective and indecomposable, we have
E ((R/m)gr) = E (soc(RRr)) = Rg.

4) = (1). By (4), Rg is injective, so R is QF by LMR-(15.1).

4)=(
(1) & (4)" follows now from left-right symmetry.
(

1) & (2). Since R is artinian and there is only one simple (left, right)

R-module, R is Kasch. Also, there is only one principal indecomposable
(left, right) R-module, namely, R itself. Therefore, (1) < (2) follows from
LMR-(16.4).

(4) = (5) and (4) = (5)' are clear.

(2) = (6) . We know that soc(Rg) is an ideal (for any ring R). Since R is
artinian, soc(Rpg) is clearly the smallest nonzero ideal under the assumption
(2), so R is subdirectly irreducible (and we have soc(Rg) = soc(rR)).

Finally, we assume that R is commutative.

(6) = (2). Let L be the smallest nonzero ideal in R. Clearly L is the unique
minimal ideal in R, and hence soc(R) = L is simple.

(5) = (4). If E(R/m) is cyclic, it is a quotient of R. Since E (R/m) is a
faithful R-module by LMR-(3.76), it follows that F (R/m) = R

Comment. An example to keep in mind for this exercise is R = KG where
K is a field of characteristic p > 0, and G is a finite p-group. Here, R is
a Frobenius K-algebra, and is local with Jacobson radical m given by the
augmentation ideal. It is easy to check that

soc(R) = anny(m) = ann,(m)

is given by K-> 9. Another family of (noncommutative) local Frobenius
algebras is given in Exercise 22 below.

In the commutative case, the rings in question are known to commuta-
tive algebraists and algebraic geometers as zero-dimensional local Goren-
stein rings.
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The next exercise shows that, in this exercise the condition (2) has to
be imposed on both soc(Rg) and soc(gR), and that (6) = (1) need not
hold if R is not assumed to be commutative.

Ex. 16.2. Construct a local artinian (necessarily Kasch) ring R such that
(1) R is subdirectly irreducible, and (2) soc(grR) is simple but soc(Rpg) is
not. (Such a ring R is, in particular, not QF.)

Solution. Let K be a field with an endomorphism ¢ such that, for L =
o(K), [K : L] is an integer n > 1. Let K[z;0] be the skew polynomial ring
consisting of Y a;z* (a; € K) with the multiplication rule za = o(a)z for

a€ K. Let (z2) = {Zizz aixi} be the ideal generated by z2, and let
(A) R:K[x;a]/(:vz):K®Ki.

Clearly, m = KZ C R is an ideal of square zero, and R/m = K. Therefore,
R is a local ring with maximal ideal m. Let {a;,...,an} be a basis of K
over L. Then

(B) m=Ki=@aLli=@ ac(K)z=EP azkK.

From (A) and (B), we see that R has left dimension 2 and right dimension
n+ 1 over K. In particular, we see that R is a left and right artinian ring.

Since m? = 0, we have soc(gR) = soc(Rg) = m. From (A), we see that
soc(rR) is simple (as left R-module), and from (B), we see that soc(Rg)
is semisimple of length n (as right R-module). (Note that, since z2 = 0,

aia_:R:aii'(KeBK:E) = ;T K,

so, each a;Z K is a simple right R-module.) Since n > 1, soc(RRg) is not
simple so R is not QF. From the left structure of R, it is clear that R has
exactly three left ideals, (0), m, and R. In particular, m is the smallest
nonzero ideal of R, so R is subdirectly irreducible.

Note that, in this example, u.dim(gR) = 1 but u.dim(Rg) =n > 1, so
R is left uniform but not right uniform (as R-module). Also, since R is its
only (left, right) principal indecomposable module, we see that R has left
Cartan matrix (2), and right Cartan matrix (n + 1).

Comment. The example R constructed above is an artinian (local) ring. If
one tries to find a finite example, one is doomed to fail: Weimin Xue has
shown that:

For a finite local ring R, soc(grR) is simple iff soc(Rg) is simple
(so such rings are Frobenius);

see his paper “A note on finite local rings,” Indag. Math. 9(1998), 627-628.
(This answered a question of R.W. Goldbach and H.L. Classen (“A field-
like property of finite rings,” Indag. Math. 3(1992), 11-26.) Xue’s result
was later generalized to arbitrary rings by T. Honold, who proved that:
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A finite ring R is Frobenius if (and only if) r(R/radR) =
soc(rR);

see his paper “Characterization of finite Frobenius rings,” Arch. Math.
76(2001), 406-415. Honold’s result was motivated by his work on coding
theory over finite chain rings. In fact, finite chain rings and Frobenius rings
have come to play rather substantial roles in the modern coding theory
developed over rings.

Ex. 16.3. Let R = R; x --- X R, where each R; is a QF ring. Describe
the Nakayama permutation of R in terms of the Nakayama permutations
m; of R; (1 <i<r). (Note that R is a QF ring by LMR-(15.26)(3).) Using
this result and the computation in LMR-(16.19)(4), show that there exist
Frobenius algebras over any given field whose Nakayama permutation 7 is
any prescribed permutation on a finite number of letters.

Solution. For ease of notation, let us work with the case » = 2, and write
R as Ax B where A, B are QF rings. Say e1 A4, . .., e; A are the distinct right
principal indecomposables of A, and €| B, ..., e, B are the distinct principal
indecomposables of B. Then

/ /
eriR,...,esR, eR,...,e;R

are the distinct principal indecomposables of R, where e; means (e;, 0), and
e} means (0, e;). Let S; (resp. Tj) be the unique simple quotient of e; A
(resp. e} B), so that {S;, T;} is the complete set of simple right modules
of R = A x B, with B (resp. A) acting trivially on S; (resp. T;). Then
soc(e;R) = soc(e; A) is Sr(;) with trivial B-action where 7 is the Nakayama
permutation of A, and a similar statement holds for soc(e};R). Therefore,
the Nakayama permutation of R permutes separately the sets of indices

{1,...,s} and {1,...,¢}

(treated as disjoint sets), the former by 7 (the Nakayama permutation of
A), and the latter by 7’ (the Nakayama permutation of B).

In LMR-(16.19)(4), it is shown that, for any field k, and any integer
n > 1, there exists a Frobenius k-algebra with Nakayama permutation
(12---n). Since any permutation factors into a product of disjoint cycles,
the above work implies that the Nakayama permutation of a Frobenius
k-algebra can be any prescribed permutation on any (finite) number of
letters.

Ex. 16.4. Show that the Nakayama permutation of a commutative QF
ring R is the identity.

Solution. By (15.27), we have R & R; X --- X R,, where each R; is a
commutative local QF ring. Then R; has a unique principal indecomposable
module (namely R; itself), so the Nakayama permutation of R; is the
identity permutation (of a singleton set). By the last exercise, it follows
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that the Nakayama permutation of R & R; X --- X R, is also the identity
permutation (on 7 letters).

Comment. In the case where R is a finite-dimensional algebra over some
field &, R being QF implies that R is a Frobenius algebra, and thus a sym-
metric algebra by LMR-(16.55). Therefore, the present exercise also follows
from LMR-(16.64), which guarantees that the Nakayama permutation of
any symmetric algebra is the identity.

Ex. 16.5. For a QF ring R, it is shown in LMR-(15.25) that there is an
(R, R)-bimodule isomorphism soc (Rg) = (gR)”, where R = R/rad(R).
Confirm this as a right R-module isomorphism by using the Nakayama
permutation 7 for R.

Solution. Label the principal indecomposables and simple R-modules as
Ui, U/, S; and S}, as in LMR-(16.8). Using the decomposition Rg
€, n; - Ui, we have by LMR-(16.9):

soc(RR) = @ n; - soc(U;) & @ i - Sr(i)-
2 K2
On the other hand,

(rR)" = (@1 ni - Sz{) = @z ni - (8;)" = @i i Sr(i)
by LMR-(16.10). This shows that soc(Rg) & (RR)* as right R-modules.

Comment. The isomorphism soc(Rg) 2 ( RR)t (for a QF ring R) in this
exercise is not to be confused with soc (Rg) = Ry, which holds if and only
if R is a Frobenius ring, according to LMR-(16.14).

Ex. 16.6. For any primitive idempotent f in a QF ring R, it is shown in
LMR-(16.6) that soc(Rf) = (fR)" as left R-modules (where R = R/J,
J =rad(R)). Give a direct proof of this by using Exercise (15.8), assuming
only that R is 1-sided artinian and that soc(Rg) = soc(gR).

Solution. By the Comment following Exercise (15.8), the dual module
(fR)* = (fR/fJ)" is given by soc(Rg) - f. By the given hypothesis,
this equals soc(grR) - f, which is in turn equal to soc(Rf) according to
Exercise (6.12)(7).

Ex. 16.7. (This exercise is stated in LMR-(16.37).) Show that an artinian
ring R is QF iff length (N) = length(N*) for any f.g. module N and gN.

Solution. Suppose the length equation holds. Then, clearly the dual of
a simple (left or right) module is simple. By LMR-(16.2), R is QF. Con-
versely, assume R is QF, and let N be a f.g. left R-module. Then N has a
composition series so length (V) makes sense. Proceeding as in the proof
of (16.34), let M C N be any simple submodule. Then M* is a simple right
R-module, and for

M*:={feN*: f(M)=0},
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we have by LMR-(15.14):
M* 2 N*/M*+ and M1t = (N/M)* (asright R-module).
The former implies that M+ is a maximal submodule of N*, so
length (N*) = 1+ length (M*).
Invoking an inductive hypothesis, we have
length (M*) = length (N/M)" = length (N/M).

Therefore, length (N*) = 1 + length (N/M) = length (N). The same argu-
ment works for right R-modules Ng.

Ex. 16.8. Let a € R where R is a QF ring. Show that length (Ra) =
length(aR). If R is, in fact, a Frobenius algebra over a field k, show that
dimy Ra = dim aR. Does this equation hold over a QF algebra?

Solution. As long as R is a right self-injective ring, we have (aR)* & Ra
as left R-modules, according to LMR-(16.13). If R is QF, then any f.g. R-
module has finite length, and by Exercise 7, this length is unchanged upon
taking the R-dual. Therefore, we have

length (Ra) = length (aR)" = length (aR) .

Now assume R is a Frobenius k-algebra. Then, by LMR-(16.34):

dimy, (Ra) = dim (aR)" = dimy (aR).
Alternatively, by LMR-(16.40)(2):
(1) dimy R = dimy (Ra) + dimg, ann,(Ra);
and the standard short exact sequence

0 — ann, (Ra) — R L arR—0 (f(z) = az)

shows that
(2) dimg R = dimy (aR) + dimy ann,(Ra).

A comparison of (1) and (2) gives dimy (Ra) = dim, (aR).

For a general QF algebra R, Ra and aR may have different dimensions.
For instance, let R be the k-algebra consisting of 6 x 6 matrices over k of
the following form:

a b p 000
c d g 000
0 0r 00O
000 r s t
0 000 a b
0 000 ¢ d
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In LMR-(16.19)(5), it is shown that R is a QF algebra, but not a Frobenius
algebra. Choosing a € R to be the matrix unit E;3, we compute easily
that

aR=kE;3 and Ra=kE:3+ kEs3,

so we have dimg aR = 1 while dimg Ra = 2. Here, aR is a simple right
R-module and Ra is a simple left R-module: this is consistent with the
first conclusion of the Exercise.

Ex. 16.9. Let a, b, ¢ be elements in a QF ring R such that a = b+c¢. If
aR = bR+ cR and bRNcR = 0, show that Ra = Rb+ Rc and RbN Re = 0.

Solution. Since Ra C Rb + Re, we have by the last exercise

length (Rb + Rc) > length (Ra)
= length (aR)
= length (bR) + length (cR)
= length(Rb) + length (Rc) .

Therefore, we must have RbN Rc = 0, and the first inequality above must
be an equality, which means that Rb+ Rc = Ra.

Ex. 16.10. Let R be a QF ring with J = rad(R) such that J* = 0 # J"1.
Show that if Mp is an indecomposable module such that MJ"~! # 0, then
M is isomorphic to a principal indecomposable module.

Solution. Since MJ™~! #£ 0, it contains a nonzero cyclic submodule, and
therefore a simple submodule, say S. Let E = E(S) be the injective hull
of S. By Exercise 15.13(1), E is a principal indecomposable module. The
inclusion map S — F can be extended to a homomorphism f : M — E.
Then f(M) ¢ EJ, for otherwise

f M) cf(MyJt CEJT =0,

which is not the case. Since EJ is the unique maximal submodule of E, it
follows that f(M) = E. Thus, f is a split surjection, and the indecompos-
ability of M implies that f : M — E is an isomorphism.

Ex. 16.11. A ring R is said to have (right) finite representation type if
R has only finitely many isomorphism types of f.g. indecomposable right
R-modules. Let R be a QF ring as in Exercise 10.

(1) Show that R has finite representation type iff R/J"~! does.
(2) If each R/J* is QF, show that R has finite representation type.

Solution. (1) The “only if” part is trivial, since each indecomposable
module over R/J"~! may be viewed as one over R. For the converse, assume
that R/J™~! has finite representation type. Consider any f.g. indecompos-
able right R-module M. If MJ"~! = 0, then M may be viewed as a (f.g.

indecomposable) right R/J"~!-module, so there are only a finite number
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of possibilities for the isomorphism type of M. If MJ"™! # 0, then by the
last exercise, M is a principal indecomposable R-module, and again there
are only a finite number of possibilities for its isomorphism type. The two
cases combine to show that the ring R itself has finite representation type.

(2) We induct here on n, the index of nilpotency of the Jacobson radical J
of the QF ring R in question. For n = 1, R is just a semisimple ring. Here
the indecomposable modules are just the simple modules, of which there
are only a finite number (up to isomorphism). For n > 1, note that, for the
ring S, rad(S) = J/J""! and S/rad (S)* = R/J* is QF for all i. Since the
index of nilpotency for rad(S) is n — 1, the inductive hypothesis implies
that S has finite representation type. From Exercise 10, it follows therefore
that R also has finite representation type.

Ex. 16.12. Let M be a right module over a QF ring R. Show that Mg
is faithful iff M has a direct summand isomorphic to N = etR® --- @
esR, where {e1R,...,e;R} is a complete set of principal indecomposable
right R-modules.

Solution. k- N for a sufficiently large integer k, k - N contains a copy
of Rp. Therefore, k - N is faithful, and this implies that N is faithful. It
follows that any Mg containing a copy of N is faithful. Conversely, let M
be any f.g. faithful right R-module. Assume, by induction, that M has a
direct summand

K2etR®---®erR where 0<k<s.

Say M = K® K'. Let S : = soc(ex+1R). We claim that K-S = 0. Indeed,
if £-S #0 for some z € K, consider the right R-homomorphism

¢: ex+1R — K defined by ¢(ex+17) = z(ex417)

for any r € R. Since S ¢ ker(y) and S is the unique minimal right ideal in
ex+15 (by LMR-(16.4)), we must have ker(y) = 0. Therefore K contains a
copy of ey 1R, necessarily as a direct summand since ex+1 R is injective (by
LMR-(15.9)). This contradicts the Krull-Schmidt Theorem (FC-(19.23))
since ex+1 R is not isomorphic to any of e; R, ..., exR. Having shown that
K-S =0, we see that K’ - S # 0 by the faithfulness of M. Repeating
the above argument for K’, we have K/ = K; ® Ky where K1 & ex 1 R.
Therefore

MZK@(Kl EBKQ) & (elR@“'@ek_'_lR)@Kz,
so we are done by induction.

Comment. In view of LMR-(18.8), this Exercise implies that, over a QF
ring R, a module My is faithful iff it is a generator. A ring R for which
every faithful right module is a generator is called a right PF (pseudo-
Frobenius) ring. It can be shown that QF rings are precisely the right or
left noetherian right PF rings.



§16. Frobenius Rings andSymmetric Algebras 325

Unlike the situation with QF rings, however, the PF notion is not left-
right symmetric, i.e., there exist right PF rings that are not left PF, and
vice versa. The 2-sided PF rings are known as cogenerator rings. Such
rings play a substantial role in the study of duality theory: see LMR-§19,
especially the concluding remarks of the subsection §19B.

Ex. 16.13. For the algebra R = k[z,y|/(z,y)"! over a field k, show
that the m*™® R-dual of the unique simple R-module V is isomorphic to
(n+1)™-V.

Solution. The ideal (x,y)""! is generated by all the monomials of degree
n+1,s0 R=k[Z, 7] is defined by the relations '’ = 0 (for all 4, j with
i+j =n+1). This algebra R has been studied in LMR-(3.69). It is a local

algebra with a unique simple module V, where V' is just k with trivial Z, §
actions. It is easy to see that

soc(R) = @ TPk2V@---®V (n+1copies).
i+j=n

To determine the R-dual V*, note that the R-homomorphisms ¢ : V — R
are determined by (1), which can be any element of soc(R). We have
(Z-9)(1) =Z-¢(1) = 0 and similarly (§-¢) (1) = 0, so Z, § also act
trivially on V*. From these remarks, we see that

dimy V* = dimg soc (R) =n+1,

and V* & (n+1)-V as R-modules. Repeating this calculation, we see that
the m* R-dual of V is given by (n 4+ 1)™- V!

Ex. 16.14. Let R be the algebra k[t]/(f(t)) over a field k, where f(t) is a
nonconstant polynomial. Verify explicitly that R is a Frobenius k-algebra
by applying Nakayama’s “dimension characterizations” for such algebras
(as in LMR-(16.40)(2)).

Solution. Since R is a finite-dimensional commutative k-algebra, all we
need to show is that, for any ideal 2 C R, we have

dimy R = dimy A + dimy ann (),

for, if so, Nakayama’s characterization theorem cited above will imply
that R is a Frobenius algebra. Let us express the ideal 2 in the form
(g(t)/(f(t)), and write f(t) = g(t)h(t). Say f, g, h have degrees d, m, n,
so that d = m + n. Then ann(A) = (h(t))/(f(t)). We have

dimy A = dimyg k[t] / (f (¢)) — dimg &k [t] / (9(¢)) =d —m =n,
and similarly dimy ann(2) = m. Therefore,
dimy 2 + dimg ann (A) = n+m = d = dimy, R,

as desired.
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Ex. 16.15. For any division ring k, show that the set of matrices of the
form

a0]b0]00
0Oa|0b|pO
|cojdojoo
T=loclod]|qo0
00[00(|r 0
s0|t0|0r

over k forms a QF ring that is not a Frobenius ring.

Solution. We think of y as the matrix of a linear transformation g on a

right k-vector space V with basis vectors ey, ..., eg, so that
gler)=era+esc+egs, g(ex)=esa+ eqc, g(es)=e1b+ e3d + est,
g (e4) =exb + eqd, g(es)=eap +esq+esr, g(es)=eqr.

Let us rename the basis vectors by defining
! / ! ! / /
el == 62, 62 = 64, 63 = 65, 64 = 66, 65 = 61, 66 = €3.
With this new (ordered) basis, we have

g(er) =era+eqe, g(ep) =erb+eqd, 9(e3) = e1p + €5q + €5,
9(eq) = ey, g(es) = esa+egc+eys, g(es) = esb+ egd + €y,

so the matrix of g now has the form

2
I
coooa @
oo oo o
cocosas
co3 o000
o ococoo o
SIS Y N

Therefore, R can be conjugated by a change-of-basis matrix to the set
R’ of matrices v above. Now in LMR-(16.19)(5), it has been shown that
R’ is a QF ring but not a Frobenius ring. Therefore, the same is true for
R. The change-of-basis matrix is the permutation matrix

010000
000100
a:OOOOIO
000001
10 0 0 00
001000

The reader can check easily that, indeed, aya™! = «'.
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Comment. The ring R above appeared in (4.28) of Jay Wood’s paper,
“Characters and codes over finite rings,” Purdue University preprint, 1995.
Wood attributed this example to David Benson, but, as we showed above,
R is just a conjugate of Nakayama’s original example (of a QF ring that is
not Frobenius) presented in LMR-(16.19)(5).

Ex. 16.16. Let k C K be a field extension of degree n > 1. In
LMR-(16.19)(4), it is shown that the ring S of matrices

a z 0 0
0 b 0O

(*) Y= O 0 b Y (a,b,x,yEK)
00 0 a

is a QF (in fact Frobenius) ring. For the subring R ={y € S:a € k} of S,
show that R is Kasch but not QF, and compute the right Cartan matrix
of R.

Solution. Clearly, rad(R) is
J={y€R:a=b=0},

since J is nilpotent, and R/J = k x K, where the isomorphism is given
by ¥ — (a,b). The two simple right R-modules are S; = k and Sy = K,
where 7 acts on Sy (resp. S2) by right multiplication by a (resp. b). The
two simple left R-modules S7 and S} can be described similarly, and they
“correspond” to the orthogonal primitive idempotents e; = F1; + Ey44 and
es = E9o + E33. An easy computation shows that
U12=61R:{’Y€R:b:y=0}, UyJ = Ex3K,
U2:=62R={7€RZG=IIJ=O}, UsJ = E4 K.

As always, U;/U;J = S;. To compute U; J, note that
(E23z')y = E23 (2'b) and  (Easy')y = E34(y'a)
for any v € R as in (*). Since [K:k] = n, we see that U1J = S; and
UsJ & n - S1. From these, we deduce the following:
(1) Each S; embeds in Rg, so R is right Kasch.

(2) soc(Uy) = UyJ =2 Sy and soc(Us) = UsJ = n - S. Since n > 1, the
latter implies that R is not QF, by LMR-(16.4).

(3) The Cartan matrix of R is (711 i)

A similar calculation shows that soc (Re;) = S} and soc (Reg) = n - Sj.
Thus each S; also embeds in gR, and we see that R is a Kasch ring.

Comment. The exercise comes from Nakayama’s paper “On Frobeniusean
algebras, I’ Ann. Math. 40(1939), 611-633, although Nakayama only con-
sidered the case where [K : k] = n = 2. In this case, Nakayama observed
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that the (2-sided) ideals I C R satisfy the double-annihilator conditions
annyg (ann, (1)) = I = ann,. (ann, (1)).

The point is, therefore, that these conditions imposed on 2-sided ideals
alone will not guarantee a finite-dimensional algebra to be QF (even if it
is given to be Kasch).

Ex. 16.17. Let R be the ring of matrices
0

o o
[en RN liS 0 -
o oo

0
b
0 0

over a division ring k. Show that the socle of any 1-sided principal indecom-
posable R-module is simple, and compute the (left, right) Cartan matrices
of R. Is R a QF ring?

Solution. First, J:=rad R={y€ R:a=b=c=0}. Since
R/radR=kx kx k

with the isomorphism given by 4 — (a, b, ¢), there are three distinct simple
right R-modules S; = k (¢ = 1,2,3), where v € R acts on S;, S, S3 by
right multiplication of a, b, ¢ respectively. The three simple left R-modules
S! (i =1,2,3) can be described similarly.

Let e;, €2, e3 € R be the orthogonal idempotents defined by

e; = diag(1,0,0,0), e =diag(0,1,1,0), e3=diag(0,0,0,1).

Clearly, these are mutually nonisomorphic primitive idempotents with e; +
ez +e3 = 1. Let U; = ¢;R and U] = Re;. A straightforward computation
shows that

Uy = kEi1 + kE12, Uz =k(Ez + E33) + kEss, Us = kEy,,
elJ = kElz, €2J = k!E34, €3J =0.
Therefore, soc (U1) = e1J, soc(Uz) = eaJ, soc(Us) = Us, and these are

simple. By computing the right action of ¥ € R on these socles, we see that
soc (Un) = 53, soc(Uz) 2 Ss, and soc (Us) = S3. Thus, the right Cartan

110
matrix is given by {0 1 1
0 01

The left structure of R is computed similarly: we have
Ul =kE11, Uj=kEi2+k(Ex+ FEsz3), U;=kEsy+kEy,
J€1 =0, Je2:kE12, J63 :-kE'34.

This shows that soc (U]) = Uj, soc(U;) = Jes, soc(U}) = Jes, and
a computation of the left action of v € R on these socles shows that
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soc(U]) = 8, soc(Uj) = 81, and soc (Us) = Sy, each of which is simple.

0
1 . Finally, since
1

= o O

1
Thus, the left Cartan matrix of Ris |1
0

soc(Rg) = S, ®2S3 and soc(rR) 2251 @S,

R is neither right Kasch nor left Kasch. In particular, R is not QF. (Alter-
natively,

socC (RR) = kEio+ kFE34 + kE44, soc (RR) =kE1; + kEi12 + kE34.
Since these are not equal, LMR-(15.8) shows that R is not QF.)

Ex. 16.18. In a ring theory text, the following statement appeared: “If R
is QF, then R is the injective hull of (R/rad R)g.” Find a counterexample;
then suggest a remedy.

Solution. In LMR-(16.19)(5), we have constructed a QF ring R with
principal indecomposables Uy, U, such that Rp = U; @ 2-Us, and that
soc (U1) & Sy, soc (Uz) & Sy, where S; is the unique simple quotient of Us.
For this ring R, we have then E (Sp) = U; and E (S1) = Uz. On the other
hand R = R/rad R S; &2 - S, as right R-modules, so

E(RR) = E(S$192-S)=2U,®2- UL,

By the Krull-Schmidt Theorem, this is not isomorphic to Rg!

The ring R above provided a counterexample because it is QF but not
Frobenius. This remark suggests the necessary remedy, which we formulate
as follows.

Proposition. A right artinian ring R is a Frobenius ring iff E (RR) >~ Rp
(where R = R/rad R).

Proof. First assume R is Frobenius. Then Rg & S : = soc(Rg). Since R
is right artinian and right self-injective, we have S C. Rg and so

Rp=E(Sr) = E (Rg).

Conversely, assume that E (RR) >~ Rg. Then R is right self-injective
and therefore QF. To show that it is Frobenius, we take the standard
decomposition of Rg into principal indecomposables:

Rr=nUi & ®nsUs

and try to prove that n; = n,(; where 7 is the Nakayama permutation
of R. By definition, soc(U;) & Sr(;), where S; denotes the unique simple
quotient of U;. Therefore, E (S,T(,-)) =~ U;, and we have

E(Rg) X E(mS1 & ®n,Ss)
n1-E(S1) @+ & ns-E(Ss)

R
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= TLl-U,r-—l(l) DD ns'Uﬂ-—l(s).
nﬂ'(l)Ul S nﬂ'(s)US‘

1%

Since E (Rg) & Ry (and the U;’s are indecomposable), the Krull-Schmidt
Theorem implies that n,y = n; for every i, as desired. a

Ex. 16.19. In LMR-(16.19)(4), the k-algebra R consisting of matrices

2

I
[e=RN e RN an i <1
o O o8
(=3 NN
Qe OO

over a field & is shown to be a Frobenius algebra. Find an ideal A in R for
which ann,(A4) # ann,(A).

Solution. Theset A= {y € R: a=b=y = 0} is easily checked to be an
ideal in R. By a direct calculation, we get

anng(A) ={y€R: a=0} and ann.(A)={y€eR: b=0}.
These two annihilators are certainly not equal.

Comment. By LMR-(16.65), ann, (A) = anny (A) holds for any ideal A in
a symmetric algebra. Therefore, the algebra R above is not a symmetric
algebra. This is not surprising since we have seen in LMR-(16.19)(4) that
R has a Nakayama permutation (12): this says that R is not even a weakly
symmetric algebra. As a matter of fact, examples of ann, (A) # ann, (A)
can already be found over a weakly symmetric algebra: see LMR-(16.66).

Ex. 16.20. Show that if R and S are symmetric algebras over a field k,
then so are R x S, R®; S, and M, (R).

Solution. Most of the work is already done in the solution to Exercise
3.12, where R, S were assumed to be Frobenius algebras. Referring to the
notations used in that solution, all we need to observe here is the fact that,
ifB: RxR—kand C: SxS - k are both symmetric, then the
pairing D: TXT — konT = R x S and the pairing E: W x W — k
on W = R ®; S constructed in the solution to Exercise (3.12) are also
symmetric.

Finally, we have to show that M, (R) is a symmetric. By LMR-(16.57),
M, (k) is a symmetric k-algebra. Since

M, (R) 2 R®x M, (k),

it follows by taking S = M, (k) above that M, (R) is a symmetric k-
algebra.

Ex. 16.21. Let K/k be a field extension, and let R be a finite-dimensional
k-algebra. Show that R is a symmetric algebra over k iff RK = R ®; K is
a symmetric algebra over K.
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Solution. First assume R is a symmetric k-algebra. Then, by LMR-(16.54),
these exists a nonsingular, symmetric and associative pairing B : R x
R — k. The scalar extension of this pairing:

BX . RE x RK L K,

defined by BX (r®a, " ®a’) = B(r, r')ad, is easily seen to be also
nonsingular, symmetric and associative. Therefore, RX is a symmetric
algebra over K (loc. cit.).

Conversely, assume that RE is a symmetric K-algebra. We proceed as
in the solution to Exercise (3.16). Consider the (R, R)-bimodules R and
ﬁ; we may view these as right A-modules where A = R ®; R°?. Our job
is to prove that these A-modules are isomorphic. By the Noether-Deuring
Theorem (FC-(19.25)), it suffices to prove that they are isomorphic after
scalar extension from k to K. Since

AX = (R®y RP)® = RK @ (RF)”,

the assumption that RK is a symmetric K-algebra implies that RX and
(RK )A & (R)K are isomorphic as right AX-modules, as desired.

Ex. 16.22. Let K D k be a finite field extension with a non-identity
k-automorphism 7 on K. With the multiplication

(a, b)(c, d) = (ac, ad+b1(c)) (a, b, ¢, d € K),

R:= K®K is a k-algebra of dimension 2 [K : k]. Show that R is a weakly
symmetric, but not symmetric, local k-algebra.

Solution. First note that K is a (K, K)-bimodule with the left action
z - a = za and right action a - y = a7 (y) (where a, z, y € K). The ring R
is simply the “trivial extension” formed from this (K, K)-bimodule K.

Let J : = (0)@® K, which is an ideal of square zero in R with R/ J = K.
Therefore, R is a local k-algebra with the unique maximal ideal J. As in
LMR-(3.15C), we can check that the only left ideals in R are (0), J and
R, so R is a Frobenius k-algebra. Since R is local, it is, of course, a weakly
symmetric k-algebra.

We claim that R is not a symmetric k-algebra. Indeed, if it is, there
would exist a nonzero k-linear functional A : R — k whose kernel contains
no nonzero left ideals of R, but contains all additive commutators a8 — Ba
for o, B € R. Now for @ = (a, 0) and 3 = (0, d) we have

af — Ba = (0, ad) — (0, d7 (a)) = (0, (a —7(a))d).

Fixing a € K such that 7 (a) # a and varying d, we see that of — Sa ranges
over J. Therefore A(J) = 0, a contradiction.

Comment. A nonsingular k-bilinear associative pairing B: Rx R — k is
easy to construct. In fact, taking any nonzero k-linear functional t : K — k,
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we can take B to be the following:
B((a, b), (¢, d)) =t(ad + b7 (c)).
This is, of course, not a symmetric pairing.

Ex. 16.23. (Nakayama-Nesbitt). In the last exercise, assume that
[K : k] = 2, char k # 2, and let R be the weakly symmetric k-algebra
defined there. Show that the scalar extension RX : = R®; K is a K-
algebra isomorphic to

S = ta, bz, ye K

oo o
o O o8
oot O O
Qe oo

Deduce that R¥ is not a weakly symmetric K-algebra. (This contrasts with
the conclusions of Exercise 21.)

Solution. Since [K : k] = 2, the 7 in the last exercise generates the Galois
group of K/k. It is easy to check that ¢ : R — S defined by

a z 0 0
0 a 0O =

¢ ((a,2)) = 00 & i (where b:=17(b))
0 0 0 a

is a k-algebra embedding. Let R’ = ¢ (R). Since R’ commutes elementwise
with K = K - I, C S, we have a K-algebra homomorphism

®: Rp K — S defined by @ ((a, z)®c) = ¢ ((a,z))c
A routine check shows that R'-K = S, so ® is an epimorphism. Since
dimg (R Rk K) =dimgy R = 4 = dimg S,

we see that @ is a K-algebra isomorphism. In LMR-(16.19)(4), it is shown
that S is a Frobenius K-algebra with a Nakayama permutation (12), so S
(and hence R¥) is not a weakly symmetric K-algebra.

Comment. The conclusion that R¥ is not a weakly symmetric K-algebra
actually gives another way for us to see that R itself is not a symmetric k-
algebra. For, if R is a symmetric k-algebra, Exercise 21 would have implied
that RX is a symmetric K-algebra, but R¥X is not even a weakly symmetric
K-algebra.

This exercise is based on the paper of T. Nakayama and C. Nesbitt,
“Note on symmetric algebras,” Annals of Math. 39(1938), 659-668.

Ex. 16.24. If R and S are both symmetric algebras over a field k, show
that R ®x S is also a symmetric k-algebra.
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Solution. Let B: R x R — k be a nonsingular k-bilinear pairing with
the associative and symmetric properties, and let C : S xS — k be a
corresponding object for S. We have checked before (in the solution to
Exercise 3.12) that

E(r®s, r"®s)=B(r,r)C(s,s) (r,7 €R;s,s €8§)
induces a nonsingular k-bilinear pairing with the associative property. Since
E(re®s, r®s) =B, rC(d,s)
= B(r, r")C (s, §)
=E(r®s, r®s),

E also has the symmetric property. Therefore, R ®) S is a symmetric
k-algebra by LMR-(16.54).

Ex. 16.25. If R is symmetric k-algebra over a field k and 0 # e = €% € R,
show that eRe is also a symmetric k-algebra with soc(eRe) = e(soc(R))e.
Using this, show that, for any nonzero f.g. projective right R-module P,
Endg(P) is also a symmetric k-algebra.

Solution. Let A : R — k be a nonzero k-linear functional such that
Mzxy) = Myz) for all z, y € R, and that ker(A) contains no nonzero right
ideal of R. Let Ay : eRe — k be the restriction of A to eRe. Of course we
still have Ag (zy) = Ao (yz) for all z,y € eRe. Also, Ag # 0. For if otherwise,
we would have

0=X(eR-e)=X(e-eR)=A(eR),

which would imply that e = 0, a contradiction. We show next that ker(Ag)
contains no nonzero right ideal of eRe, for then LMR-(16.54) shows that
eRe is a symmetric k-algebra. Suppose z € eRe is such that Ao (z - eRe) =0.
Noting that x = exe, we have

0=A(zeR - €) = A((exe) R) = A (zR).

This implies that = = 0, as desired.

To prove the equation soc(eRe) = e(soc(R))e, let J = rad(R). We shall
use the fact that soc (R) = ann, (J) = J°, where J* = {z € R: A (Jz) = 0},
and that rad(eRe) = eJe (see FC-(21.10)). Let z € soc(eRe). Then

0= X (eJe-z) = A(Jexe) = X (Jx)
implies that = € soc (R), so z = eze € e (soc (R)) e. Conversely,
Ao (eJe-e(soc(R))e) CA(e-eJe-soc(R)) C A(J-soc(R))=0

implies that e (soc (R)) e C soc (eRe).
For the last part of the Exercise, take a R-module @ such that
P& Q= R" for some n < co. By Exercise 20,

S :=Endg (R") @M, (R)



334 Chapter 6. Frobenius and Quasi-Frobenius Rings

is a symmetric k-algebra. Let e € S be the projection of R™ onto P with
respect to the direct sum decomposition R™ = P @ Q. (We think of the
isomorphism as an equality.) It is easy to see that Endg(P) 2 eSe, which
is a symmetric k-algebra by what we have proved above.

Comment. In contrast to this exercise, if R is a QF algebra over k, eRe =
Endg(eR) need not be a QF algebra. For an explicit counterexample, see
the paper of Pascaud and Valette referenced in the Comment on Exercise 32
below. To complete the picture, however, we should mention the following.
Let Pg be a faithful f.g. projective right module over a QF ring R. Then P
is a generator according to Exercise 12. By the Morita Theory in LMR-§18,
Endg(P) is Morita equivalent to R, and therefore is also QF by Exercise
18.7A below. This result was proved (independently) by C.W. Curtis and
K. Morita.

Ex. 16.26. Let R be a symmetric k-algebra with center Z(R), and let
B : R X R — k be a nonsingular k-bilinear form that is both symmetric
and associative. For any subset A C R, let A° = {x € R: B(A4, z) = 0}.
Show that:

(1) z € (zRy)® < yzz = 0.

(2) zRy =0 < yRz = 0.

(3) Z(R) = [R,R]°, where [R,R] denotes the additive subgroup of R
generated by zy —yz (z,y € R).

Solution. (1) For any r € R, we have
B (zry, z) = B(zr, yz) = B(yz, or) = B(yzz, r).
Since B is nonsingular, (1) follows.
(2) From (1), we have
Ry =0 <= (zRy)’ = R <= yRz = 0.
(3) For any z, y, 2 € R, we have
B(zy — yz, z) = B(z, yz) — B(z, yz)
= B(z, yz) - B(zy, )
= B(z, yz — 2y) .
Therefore, z € [R, R)° iff yz — 2y € R® = {0} for all y € R, iff z € Z (R).

Ex. 16.27. For a field k, compute the parastrophic determinants of the
commutative k-algebras

R=klz, yl/ (2% v*), S=klz, v]/(zv, 2> — %),
T = klz, y)/ (<?, zy, v°)

and apply Frobenius’ Criterion (LMR-(16.82)) to determine which of these
is a Frobenius algebra.
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Solution. Recall that, for a k-basis {¢;} in a k-algebra R, the structure
constants {cg;;} are defined via the equations e€;e; = ), ceij€0. A paras-
trophic matrix is a matrix P, (with parameter o = (a1,...,a,) € k")
defined by

(Pa)ij = ZZ Ceij Q-

Note that the space of parastrophic matrices is spanned by Py,..., P, (n=
dimy, R), where Py means the parastrophic matrix corresponding to the oth
unit vector (0, ..., 1,...0).

For the k-algebra T = kz, y]/ (22, zy,y?), we use the basis

e1=1, e2=12, e3 =1y

(where x means Z, etc.). Since €1, = €61 = €, and €;¢; = 0 for 4,5 > 2,
simple inspection shows

1 00 010 0 01
P=|0 0 0}, =1 00 and P=|0 0 O
0 00 0 00 1 00

Therefore, a general parastrophic matrix has the form

a3 Qg Qg
P,=a1Pi+aPot+az3Ps=|a; 0 01,
[0 %] 0 0

so the parastrophic determinant is 0. According to Frobenius’ Criterion, T
is not a Frobenius algebra.
For the k-algebra R = k [z, y]/(z?,y?), we use the k-basis

€&1=1, e =1, €3 =1y, &4 = 2Y.

Here, for i,j > 2, we have ¢;e; = 0, with the exception that eze3 = €362 =
€4. By inspection, we have

1000\ 0100
p _ |0000) L, _f1000
= looo00|” "2 o000}’
0000 0000
0010\ 0001\
p_ [0000] , _foo10
3= 11000]” "* o100}’

0000 1000
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so a general parastrophic matrix has the form

a1 az a3 04
(65) 0 (67} 0
as ag 0 O
Qg 0 0 0

Pa = ()!1P1 + OlQPg + Oé3P3 + Oé4P4 =

The parastrophic determinant is therefore o # 0. By Frobenius’ Criterion,
R is a Frobenius k-algebra.

Finally, for the algebra S = k [z, y]/(zy, 2* — y*) , we have z
zy? = 0 and similarly 42 = 0. Thus, a k-basis for § is given by

3 = pox? =

e1=1, =z, e3=1y, and €4 = 2.

Since €1 €, = €r€1 = €5, €2 = €2 = ¢4, €2 = 0, and €;€j =0fori,j >2
with i # j, simple inspection shows

100 0\ 0100
p _ [0000] , _[1000
T loooo|> "* " |oo000])’
0000 \0000
0010 0001
0000 0100
Ps=11000f %= {0010
0000 1000/

Therefore, a general parastrophic matrix has the form

a1 Qo Q3 Q4
Qg Oy 0 0
Qg3 0 (a7 0
ag 0 0 O

P,=a1 P+ asPy +a3Ps+a4Py =

The parastrophic determinant is now —aj # 0. By Frobenius’ Criterion,
S is again a Frobenius k-algebra.

Comment. The purpose of this exercise is just to illustrate the workings of
the parastraphic determinant. Of course, it is much easier to decide which
of R, S, T is a Frobenius algebra by computing their socles.

Ex. 16.28. (Nakayama-Nesbitt) Show that a finite-dimensional k-algebra
R (over a field k) is a symmetric k-algebra iff there exists a symmetric
nonsingular parastrophic matrix.

Solution. According to LMR-(16.54), R is a symmetric k-algebra iff there
exists a nonzero k-linear functional A : R — k such that A(zy) = A(yz)
for all z,y € R such that ker(\) contains no nonzero left (resp. right) ideal
of R. The hyperplane ker()) has the form

Ha:{z To€p: Za[:l,‘e:()}, a=(ay,...,a,) € K"\ {0},
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where {¢;} is a fixed basis of R. By LMR-(16.83), H, contains no nonzero
left ideal of R iff the parastrophic matrix P, associated with a = (a1, ..., a,)
(see the last exercise for notations) is nonsingular. Therefore, we are done
if we can show that

(x) Hy contains all zy —yz (x, y € R) iff Py is a symmetric matriz.

Now, the additive group [R, R] generated by all zy—yz is already generated
by all €;e; — €;¢;. For the structure constants {cg;} of the algebra R, we
have

€i€j — €€, = Ze (Ceij - clji) €.
Therefore, H, 2 [R, R] amounts to
0= Z[ (27} (clfz'j - ceji) = (Poc)ij - (Pa)ji7
which amounts to the symmetry of the parastrophic matrix P,.

Ex. 16.29. Let k be a field with u, v € k (possibly zero), and let R be the
k-algebra consisting of matrices

a b ¢ d
0 a 0 wuc
0 0 a wb
0 0 0 a

over k (see LMR-(16.66)). Using Frobenius’ Criterion (LMR-(16.82)) and
the last exercise, show that

(1) R is a Frobenius k-algebra iff uv # 0;

(2) R is a symmetric k-algebra iff u = v # 0.

Solution. We choose the following k-basis for R:

0100 0010 0001
oI e = |0000 e |000u . _|0000
1= 52 000v]|’” 3 0000’ ** 0000

0000 0000 0000

The products €;¢€; (4,7 > 2) are easily computed as follows:
€263 = U€4, €362 = Vey; all other €€ = 0.

Therefore, the spanning parastrophic matrices are:

1000 0100
0000 1000
Pi=19o000| 2=|o000|"

0000 0000
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0010 0001

0000 00u0
Ps=11000] ®#={ovool|"

0000 1000

and a general parastrophic matrix has the form

(05 S ) (07 T 7]
po=|% 0 wes O where o = (a1, a3, as, o4) € k*
[ as vay 0 0 ) 1, 2, (43, 4 .

ay 0 0 0

The parastrophic determinant is det (P,) = uvaj. This vanishes identically
on (1, ag, a3, ay) iff wv = 0. Therefore, by Frobenius’ Criterion LMR-
(16.82), R is a Frobenius k-algebra iff uv # 0. This proves (1).

To prove (2), first assume uv # 0 and v = v. Then any parastrophic
matrix P, is symmetric, so by the last exercise, R is a symmetric k-algebra.
Conversely, if R is a symmetric k-algebra, some P, is nonsingular and
symmetric. If a = (ay, g, a3,a4), this means that uvaj # 0 and uay =
vay. Therefore, we must have uv # 0, as # 0, and u = v.

Ex. 16.30. For any field £ and any finite group G, compute the paras-
trophic matrix of the group algebra R = kG. Using this computation and
Exercise 28, give another proof for the fact that R is a symmetric k-algebra.

Solution. We can take the elements {e¢;} of the group G to be a k-basis of
R = kG. The structure constants {cg;;} of R with respect to this canonical
basis (defined in general by the equations €;e; = ), cesj €¢) are just

(1) ceij=1 if €€ =€, and ¢y =0 otherwise.

A general parastrophic matrix P, for the parameter a = (ay,...,a,) € k"
is defined by (Pa)ij = Y, 04cpj. By the description of the cg;’s given
above, we have then

(2) (Pa);; = ¢ where €i€; = €.

In particular, each row and each column of P, is a permutation of
a1,...,0n, where n = |G]|.

For simplicity, let us assume that ¢; = 1. The parastrophic matrix P
corresponding to the parameter (1, 0,..., 0) is then given by P;; = 1 if
e;6; = 1 and P;; = 0 otherwise. Thus, P is just a permutation matrix, with
determinant £1. Also, since €;¢; = 1iff eje; = 1, P is a symmetric (non-
singular) matrix. Therefore, by Exercise 28, R is a symmetric k-algebra.

Comment. The parastrophic matrix P, for the group G above is of great
historical significance. By permuting the columns of P,, we obtain another
matrix, say P/, whose (i,)t" entry is oy, where €€, = €. The matrix
P! is called the “group matrix” of G, and was introduced by Dedekind
around 1880. The “group determinant” det P, = +det P, for an arbitrary
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finite group G was investigated at great length by Frobenius. With the
parameters {o;} viewed as “variables”, the study of the factorization of
the group determinant into irreducible factors over the complex numbers

(c. 1896) eventually led Frobenius to the discovery of the character theory
(and later the full representation theory) of finite groups in characteristic 0.
By the time when Frobenius proved his criterion on the equivalence of the
first and second regular representations of an algebra in terms of para-
strophic matrices (c. 1903), the theory of group determinants was already
fully developed.

Ex. 16.31. (Theorem on Structure Constants) Let R be an algebra over a
field k with basis {e1,...,€,} and let €;¢; = Y, cpije. For oy, ..., a0 €k,
show that:

(1) ZZ QpCeij = 0 (V’L, ]) = ar=0 (\7’@)
(2) Yopaeciej =0 (Vi,7) = ap=0 (V).
(3) Zl QpCije = 0 (Vi, ]) = a,=0 (VZ)

Solution. For r € R, let ¢;r = jag)ej and r¢; = Y bg-?

fine the n x n matrices A(r), B(r) by A(r);; = ag-) and B(r);, = b;.:).
Then 7 — A(r) and r — B(r) are the first and second regular representa-
tions of R (see LMR-§16G). For o, ...,a, € k, write 7 : = ) a;¢; € R.

(2) Note that

€;, and de-

TE; = (Zz CUG[) € = Zi (Ze alcfilj)fi,

80 bg) = ) ,aciz;. Therefore, (2) amounts to B(r) =0 = r = 0. This
follows from the faithfulness of the second regular representation B.

(3) As in (2), we note that

€T = €j (Zz a[Q) = Zz (Ze aécijl) €

implies that ag-? =Y, acije. Therefore, (3) simply expresses the faithful-
ness of the first regular representation A.

(1) Recall that, for @ = (ai,...,a,) € k", the parastrophic matrix P,
is defined by (Pa)ij = Y ,ecsij. Let Pp (1 < £ < n) be the parastrophic
matrix P, when o = (0,...1,0,...0) (the £** unit vector). Then (Pe)y; =
ceij, and (3) amounts to the linear independence of Py, ..., P, over k. This
is proved in LMR-(16.85). Another proof can be given as follows. From
the equation a§~:) = >, 0ucije, we have A (ep) ji = Cije- Therefore, from
Yoo oucei; =0 (Vi,5), we get, for any scalars z1,...,2, € k:

0= Z (Zalch‘j> z;= ZanA(a:jej)w (V).
J £ £ J
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Forz =} z;€; € R, we have then 3, ayA (), = 0. For suitable choices
of 1,...,Zn, we have z = 1, for which A(x) = I,. Therefore, 0 =
Y-, by = a; for every i, as desired.

Comment. The second argument given for (3) above lends itself to another
proof of the fact (LMR-(16.85)) that Py,..., P, form a k-basis for the space
S of matrices intertwining the representations A and B. First, a direct
calculation using (€;7) €; = €; (re;) shows that

A(r)Pp=P,B(r) (VreR),
so Py € S for every £. Since Py, ..., P, are k-linearly independent and
dimy S = dimg HomR(RR, (R)R) =dimy R = n,
it follows that Py,..., P, form a k-basis of S.

Ex. 16.32. (Pascaud-Valette) For any field k of characteristic # 2, show
that there exists a symmetric k-algebra R with a k-automorphism o of
order 2 such that the fixed ring R* = {z € R: «(z) = z} is any prescribed
finite-dimensional k-algebra. (In particular, R* need not be QF.)

Solution. For any finite-dimensional k-algebra A, use the (A4, A)-bimodule
A = Homy (4, k) to form the “trivial extension” R = A ® A. According to
LMR-(16.62), R is always a symmetric k-algebra. Consider the k-linear
map « : R — R defined by a(a, ¢) = (a, —¢) for a € A, ¢ € A. Since

ala, ) a(d, ¢') = (a, —p) (d/, —¢) = (ad’, —ag’ - pd')
= a(ad, ap’ + pa') = a((a, ) (@, ¢")),

o is a k-algebra automorphism of R. In view of char k # 2, « has order 2,
and R* = {(a,0): a€ A} = A.

Comment. The paper of J. Pascaud and J. Valette, entitled “Group ac-
tions on QF rings,” appeared in Proc. Amer. Math. Soc. 76(1979), 43-44.
The present exercise is a slight variant of their result. There were earlier
results in the literature to the effect that, if R is QF and if G is a finite
group of automorphisms on R with |G| € U(R), then RC is also QF. The
construction of Pascaud and Valette showed that this is not the case. For a
positive result and further comments in this direction, see the next exercise.

Ex. 16.33. (K. Wang) Let R be a Frobenius algebra over a field k with
a nonsingular associative k-bilinear form B : R x R — k. Let G be a
finite group of k-automorphisms of R such that B is G-invariant (that
is, B(gr,gr') = B(r,r') for every g € G). If |G| is not divisible by the
characteristic of k, show that the fixed ring RC is also a Frobenius k-
algebra. Prove the same result for symmetric algebras.

Solution. Let S = RC. The restriction of B to S x S is clearly an
associative k-bilinear form on S. If this pairing is nonsingular, then S will
be a Frobenius k-algebra, as desired.
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Let s € S be such that B(s,S) = 0. For any element r € R, we have
lG|_:l dec gr €S, so

0=B (s, q™ deG gr) =g deGB(s, gr)

=161 (Bl ) =IGI" Y. B(s.)
= B(s, 7).

This shows that B(s, R) =0, so s = 0, as desired.
In the case where B is a symmetric form, the same proof works for
symmetric algebras.

Comment. The above proof is a simplified version of that of K. Wang in
his paper “Fixed subalgebra of a Frobenius algebra,” in Proc. Amer. Math.
Soc. 87(1983), 576-578. As observed by Wang, the following is a special
case of the result in this exercise:

Let A be a Frobenius algebra over a field k of characteristic
# 2, and let o be the k-automorphism of A Qi A given by
a(a®a’) =ad Qa. Then the fized algebra (A ®y A)* is also a
Frobenius k-algebra.

(Apply the exercise to the Frobenius algebra R = A ®; A: see Exercise
3.12.) This result was first obtained by G. Azumaya. Subsequently, Wang’s
result was generalized to a Hopf algebra setting; see M. Ouyang’s paper “A
note on Frobenius algebras,” in Comm. Algebra 25(1997), 2557-2567.

Ex. 16.34. (Rim, Giorgiutti) Let R be a right artinian ring with (right)
Cartan matrix (c;;). If det(c;;) # 0, show that two f.g. projective right R-
modules are isomorphic iff they have the same composition factors (counted
with multiplicities).

Solution. Let {U; : 1 < i < s} be a full set of principal indecomposable
right R-modules, and {S; : 1 < 7 < s} be a full set of simple right R-
modules, with S; = U;/U; - rad R. By definition, ¢;; € Z is the number of
composition factors of U; that are isomorphic to Sj, so (¢;;) is an s x s
matrix over Z. We assume here that det(c;;) # 0.

Consider any f.g. projective R-module Pg. By the Krull-Schmidt The-
orem, P = @, a;U; for uniquely determined integers a; > 0. Accordingly,
the number b; of composition factors of P that are isomorphic to S; is
computed by Y. a;c;;. This can be expressed in a matrix equation

(bl,...,bs) = (al,...,as)-(cij).

Since (c;;) is a nonsingular matrix over Q, the integer vector (ai,...,as)
is uniquely determined by the vector of composition factor multiplicities
(b1,...,bs). The desired conclusion follows immediately from this
observation.
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Comment. Of course, the assumption that det(c;;) # 0 is crucial here.
Without this assumption, for instance, the Cartan matrix (c;;) may have
two identical rows (see the example mentioned after LMR-(16.20)). This
means that two different principal indecomposables may have exactly the
same composition factors (counted with multiplicities).



Chapter 7

Matrix Rings, Categories of
Modules and Morita Theory

§17. Matrix Rings

The introduction to the abstract Morita theory is preceded by a more
down to earth discussion of the properties of matrix rings. Throughout,
the E;;’s denote the matrix units in a matrix ring M,(S), and the base
ring S is usually thought of as embedded in M, (S), with the identification
s = diag(s,...,s) for s € S.

Three different criteria are presented in LMR-§17 for recognizing a ring
R as a matrix ring M, (S) for some ring S. The first is the existence of a set
“abstract matrix units” (satisfying conditions). The second is the criterion
that Rg be the direct sum of » mutually isomorphic right ideals. The
third is the Agnarsson-Amitsur-Robson criterion, that there exist natural
numbers p, ¢ with p + ¢ = n, and elements a, b, f € R such that

fPt9=0, and aff + fib=1.

Under this last criterion, a base ring S for the matrix ring R can be
constructed explicitly as some sort of “eigenring”: see LMR-(17.15) for
details.

Of these three criteria, the last is the deepest and the most recent. It
can be used to give various nonobvious examples of n X n matrix rings.

Given R = M,(S), it is quite easy to “connect” the right S-modules to
the right R-modules, and vice-versa. As usual we write My and Mg for
the categories of right modules over the rings R and S. For V € Mg,
we let G(V) = V(™ which may be thought of as an object in Mg.
On the other hand, for U € Mg, we set F(U) = UE;; € Mg. The
construction of F and G leads quickly to a category equivalence between
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Mr and Mg. This is the easiest and the most concrete instance of a Morita
equivalence.

Along with the study of recognition criteria for matrix rings, it is also of
interest to investigate the uniqueness question for the base ring of a matrix
ring. We say that a ring S is Ml,-unique if, for any ring S’, M, (S) = M,,(S")
implies that S = §’. The fact that we introduce such a definition means,
of course, that not all rings are M,,-unique. However, there is no lack of
M,-unique rings; for instance, these include all commutative rings (LMR-
(17.26)) and all semilocal rings (LMR-(17.31)).

The study of M,,-uniqueness is seen to be related to certain cancellation
properties. We briefly summarize the requisite definitions. Let C be a class

of modules over a ring. We say that C satisfies n-cancellation if, for any
P, P e,

nP~nP — PP,

To weaken this condition somewhat, we say that C satisfies weak n-
cancellation if, for any P, P' € C,

n-P 2 n.P' = Endg(P) & Endgr(P).

The precise relationship between these two cancellation properties and the
question of M,,-uniqueness is rather subtle; we refer the reader to LMR-
(17.29) for the details. From the discussion in LMR-§17C, we see that some
very standard (and “nice”) noncommutative rings can fail to be M,,-unique.
For instance, although commutative rings are M,-unique for any n, there
exist commutative rings A for which some matrix ring M,.(A4) fails to be
M,-unique for some n (LMR-(17.35)).

The exercises in this section elaborate on the recognition criteria for
matrix rings, and offer a couple of applications of the category equivalence
between Mg and Mg (R = M,(S)) to the consideration of lattices of
submodules in free modules.

Exercises for §17

Ex. 17.1. Let R = M,(S), where n > 1. Show that R satisfies IBN (resp.
the rank condition in LMR-§1) iff S does.

Solution. First, suppose R satisfies IBN. Since S C R (by identifying
S with the ring of scalar matrices in R), S also satisfies IBN by LMR-
(1.5). Now, suppose S satisfies IBN. To show that R also does, assume
that p- Rp = q- Rg. Then p- Rg = q - Rg. Since Rg = n? . Sg, we have
pn? - Sg = qn? - Ss. Tt follows that pn? = ¢gn?, and hence p = q.

Next, suppose R satisfies the rank condition. Exploiting the inclusion
S C R again and using LMR-(1.23), we see as above that S satisfies
the rank condition. Now assume that S satisfies the rank condition, and
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suppose there is a surjection ¢ : p- Rg — q- Rg. Using again the fact that
Rs = n?-Sg, we see that ¢ gives a surjection pn?-Ss —» qn?-Sg. It follows
that pn? > ¢n?, and hence p > q.

Ex. 17.2. Let R be a ring with a full set of n x n matrix units
{eij: 1Sl,j§n},

and let S be the centralizer ring of this set in R. Show that the e;;’s are
left (and right) linearly independent over S.

Solution. Suppose Y s;je;; = 0 where s;; € S. Left multiplying by e;y;,
and right multiplying by e;y;,, we get s;,j,€i.5, = 0. Therefore, it suffices
to show that, whenever se;; = 0 where s € S, we have s = 0. Now, from
se;; = 0, we have

sexk = exi(sesj)ejx = 0.
Therefore, s =s)_ exr = 0.

Ex. 17.3. Suppose a ring R has three elements a, b, f such that f2 =
af + fb = 1. Show that R also has an element ¢ such that c¢f + fc = 1.

Solution. Left multiplying af + fb = 1 by f, we get faf = f. By
symmetry, we also have fbf = f. Therefore, for ¢: = afb € R, we have

cf+ fe=afbf + fafb=af + fb=1.

Ex. 17.4. (Agnarsson) Suppose a ring R has two elements a, f such that
fPT9 =0 and afP 4 f9% = 1, where p, ¢ > 1 and p # ¢q. Show that R = 0.

Solution. We may assume, without loss of generality, that p > ¢. Left
(resp. right) multiplying af? + f%a = 1 by fP (resp. f?), we get fPafP = fP
and flaf? = f9. Therefore,
fP = fPU(flqf9) fP9 = fPTUFIPT = F4 g0
fp+q—l — f2p—q+q—1 — f2p—1 =0.
By LMR-(17.13), af? + f%a = 1 implies that 1 € RfP*9! + fR, so we
have 1 € fR. Since f is nilpotent, this implies that 1 =0 € R, so R = 0.
Alternatively, Mark S. Davis has given the following solution to the ex-
ercise that is easier and also independent of LMR-(17.13). We assume as be-
fore that p > ¢, and let m be the smallest natural number for which f™ = 0.
If p > m, then fP = 0, and we have f%a = 1. Since f? is nilpotent, this
implies that 1 = 0 € R, so R = 0. We may thus assume that m > p. Then
0=fm = fP2.1.fm Pt
= [ af? + fia) fm
— fp—qan+q + fpafm—PJrq
= frafmri,
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so in particular, fPaf™ * = 0. But then
fm—l — fp .1 - fm—p—l
= PP (af? + f1a) 7
— fpafm—1+fp+qafm-p—1
= 0,

which contradicts the minimal choice of m.

Comment. Agnarsson’s result appeared in his paper “On a class of pre-
sentations of matrix algebras,” Comm. Algebra 24(1996), 4331-4338. The
next exercise will show that the assumption p # ¢ above is indispensable.

Ex. 17.5. Let k be a commutative ring, and R be the k-algebra with
generators a, f and relations f? = 0, af? + fPa = 1, where p > 1. Show
that R = My, (S) for a suitable k-algebra S D k. (In particular, if k£ # 0,
then R #0.)

Solution. By LMR-(17.10), R = My, (S) for a suitable k-algebra S. As in
the proof of LMR-(17.10), the matrices

0 0

in My, (k) satisfy the relations F?P = 0, AFP+ FPA = I,. Therefore, there
exists a k-algebra homomorphism from R into Myp (k). From this, it is clear
that the natural map k£ — S is a monomorphism.

0 I
A=< p> and F=E21+E32+"'+E2p,2p..1

Ex. 17.6. (Agnarsson) (1) Let k be a commutative ring, and R be the
k-algebra with generators a, f, and relations

a"=f"=0, a" 'f" 1+ fa=1.

Show that R = M, (k) as k-algebras.
(2) Show that a ring A is an n x n matrix ring iff there exist ag, fo € A
such that af = f2 = 0 and a7~ f3~ ! + foao = L.

Solution. (1) By the theorem of Agnarsson-Amitsur-Robson (see LMR-
(17.10) and LMR-(17.15)), R can be realized as a matrix ring M, (S) (for
a suitable k-algebra S) with matrix units

Eyj=f"'(a"'f" Yt (1<i,j<n),
and moreover with
f=FEn+Eyp+--+E,, 1.

Let ko = k-1 C R, and let Ry = ) ko - E;; be the k-subalgebra of R
generated by {E;;}. Then Ry contains
Eio+Ep+ - +Ep1n=a""f"ta+ fa" ! fr1a?
4t fn—2an—1fn—1an—l
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=(1-fa)a+ f(1- fa)a
4ot fn-—2 (1 _ fa) an—l
=a-f"la" =a.
Since Ry also contains f, we have Ry = R. We are done if we can show

that ¥ — kg is an isomorphism. This is clear since there is a well-defined
k-algebra homomorphism ¢ : R — M, (k) given by

¢(@) = Exg+-+ En_1, €M, (k) and
@(f) = Esi+++ Enpn_1 € My (k).

(Note that the two matrices in M, (k) above satisfy the given relations
between a and f in R.)

(2) Now follows easily from the above by taking k = Z.

Ex. 17.7. (Agnarsson-Amitsur-Robson) Show that, for n > 3, the exis-
tence of ¢, d, f € R such that f® =0 and cf + fd = 1 need not imply that
R is an n X n matrix ring.

Solution. First assume n # 5. Let R = M;(Q), with elements
c=FE;3+FEy, d=E3+FExy+Ess, and f=FEs + Eg+ Ess.
Then f2 = Es3E3; = Es1, 0 f* =0 for n > 3. Also,
cf+fd = (Ei3+E24)(E31+Ega+ Es3)+(E31+ Egg+ Es3)(E13+ E24 + E35)
= E1n + Ey + Ez3 + Egy + Ess = Is.

However, an easy application of the Wedderburn-Artin Theorem shows that
R is not an n X n matrix ring.
Finally, for n = 5, let R = M4(Q). For the matrices

a=FEig+ Ex+E3, b=Ey, and f=EFEx+Es+ Egs
in R, we have (as in the proof of LMR-(17.10)):
fA=0 and af*+ fb=1I,.

Therefore, cf + fb = I, for ¢ = af? (and of course f5 = 0). However, as
before, we can show easily that R is not a 5 x 5 matrix ring.

Ex. 17.8. Let R = M, (S) and R’ = M,,(5’), where S, S’ are rings.

(1) For any (R, R')-bimodule M, show that the triangular ring
R

T= is an n X n matrix ring.

0 R
(2) Let N be an (S, S’)-bimodule, and let M = M, (N), viewed as an
(R, R')-bimodule in the obvious way. According to (1), T = (1(1)3 ]}\;{) is
an n X n matrix ring. Determine a base ring for T'.
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Solution. (1) By LMR-(17,10), there exist elements ¢, d, f € R such that
f*=0and ¢f" ! + fd = 1. Similarly, there exist elements ¢/, d’, f' € R’
such that f'” =0 and ¢/f'*~ 1 + f'd’ = 1. If we set

_fc O _(d O _(f O
C—(O c’)’ D—(O d’)’ and F—(O f’)

in T, then clearly F* = 0, and CF™" '+ FD = 17. By LMR-(17.10) again,
we see that T is an n X n matrix ring.

(2) Let Ty be the triangular ring (g g) Then T = M, (Tp), since every

element of T may be thought of as an n x n matrix whose entries are
2 x 2 matrices from the triangular ring Tp. For instance, if n = 3, the
isomorphism ¢ : T — M3(Tp) is given by

S1 82 83 ny Nz N3 ST m S2 T2 83 N3
s4 S5 S| |ma ms me 10 s3] [0 s5 | [0 s5 |
87 88 89 Ny ng nNg Sq4 My S5 M s Mg
1o s, |0 s | |0 s
000 s) sy sh LY Sa 1 LY S5 ] LY Se ]
- - . :
0 0O Sg 8/5 Sé S7 Ny 88 Ng 89 MNg
0 00 s, s§  Sh 10 s7 0 s3 0 sq |

Note that this map can be realized formally as the conjugation o — 7~ lan

where 7 is the permutation matrix

100 000
0 01 00O
0 00 01O
01 000O0])
000100
0 00O0O0T1

so  is indeed a ring isomorphism.
Ex. 17.9. For s, t € F* where F is a field of characteristic # 2, let R be
the F-quaternion algebra generated by two elements 4, j with the relations

=35, j2=t and ij = —ji.

Assume that there exist u, v € F such that su? + tv?> = 1. Using the
Recognition Theorem LMR-(17.10) for p = ¢ = 1, show that R = M, (F)
as F-algebras.

Solution. The elements u, v cannot be both zero, so let us assume v # 0.
Let k = ij € R. Then k* = —st and the elements {i, j, k} pairwise
anticommute. For f = tvi + suj + k € R, we have
f? = (tv)* i + (su)® 2 + k?
= st?v? +ts?u? - st
= st (su2 + tv2) —st=0.
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On the other hand, since ¢ anticommutes with j, k:
if + fi=1(tvi) + (tvi)i = 2stv # 0.

Therefore, for a = i/(2stv) € R, we have af + fa = 1. By the Recognition
Theorem LMR-(17.10), R = My (S) for some F-algebra S. Since

4 2 dimF R= dimF M2 (S) == 4dimp S,
we conclude that S = F, so that R = My(F).

Comment. What we gave above is a somewhat unusual proof for the fact
that R & My(F). The “usual” proof assumes the fact that R is always a
simple F-algebra. Since f2 = 0 and f # 0, R cannot be a division algebra.
By Wedderburn’s Theorem, R & M, (D) for some division F-algebra D
and some integer n > 2. By counting dimensions as before, we see that
n=2and D=F.

There is also a strong converse to the Exercise; namely, if the equation
su? + tv? = 1 has no solutions in F, then R is a division F-algebra. This
follows by first showing that 22 — su? — tv? + stw? = 0 has only the trivial
solution in F'. Then, for any o = x + ui + vj + wk # 0 in R, we have

N(a):=aa = z% - su? — tv® + stw? # 0,
where & = z — ui — vj — wk, so N(a)~a gives an inverse for a in R.
Ex. 17.10. (Fuchs-Maxson-Pilz) Show that a ring R is a 2 X 2 matrix ring
iff there exists f, g € R such that f2 =g¢?=0and f +g € U(R).

Solution. If R is a 2 X 2 matrix ring, we can choose f = Es; and g = Ej9,
for which (f + g)? = 1. Conversely, assume that there exists f, g € R such
that f2=g2=0and b: = f + g € U(R), with inverse a. Left-multiplying
by f and right-multiplying by a, we get fga = f. Similarly, left-multiplying
by a and right-multiplying by g, we get afg = g, so

af = a(fga) = (afg)a = ga.
Now right multiplication of g + f = b by a gives
1 =ga+ fa=af+ fa,

so the Recognition Theorem LMR-(17.10) implies that R is a 2 X 2 matrix
ring.

Comment. The above result appeared in the last section of a paper on near-
rings by Fuchs, Maxson and Pilz in Proc. Amer. Math. Soc. 112(1991),
1-7. It was subsequently generalized to n X n matrix rings by Fuchs: see his
paper in Bull. Austral. Math. Soc. 43(1991), 265-267. Fuchs’ result states
that

R is an n x n matriz ring iff there exists f, g € R such that
fr=¢>=0, f+g€UR), and RgNann,(f"~1)=0.
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Ex. 17.11. Let R = M, (S), which may be viewed as a left S-module. Let
V, W be right S-modules.

(1) Show that V ®s R = n - V™), where V(™) = (V,..., V) is viewed as a
right R-module in the natural way.

(2) Show that Endg(V ®s R) = M, (Ends V).

(3) Show that V@s R & W ®s R as R-modules if n -V = n- W as
S-modules.

Solution. (1) First there is a natural isomorphism
V®sR =V®s M,(S) = M,(V).

The right R-module M, (V) is the direct sum of its n “rows,” each of which
is isomorphic to V(") Therefore, V ®¢ R = n - V(™ as R-modules.

(2) Recall that there is a category equivalence G : Mg — Mg that sends
any right S-module V to the right R-module V(™). Using (1), we have
therefore

Enda(V ®s R) % Endg(n V™) =M, (Endp (V™))
=~ M, (Endg G(V)) = M, (Endg V),

where the last isomorphism results from the fact that G is a category
equivalence.

(3) using (1) again, we have

VRsREW®sR «— n-V® xp.wh
= n-GV)=n -GW)
<~ n-V=nW,

since G is a category equivalence.

Ex. 17.12. For any S-module Mg, let Lats(M) denote the lattice of S-
submodules of M. For any ring S and R = M,(S), let M = S% be identified
with RFE4;. Define

f
Latg(Rr) = Lats(M)

g

by f(U) = UEy; for U € Latg(Rg) and g(V) = ZJ"-ZI VE; for V €
Latg(M). Show that f and g are mutually inverse lattice isomorphisms.
(Note, in particular, that this “classifies” the right ideals in the matrix
ring R.)

Solution. The map f above is just the “restriction” (to subobjects of Rg)
of the category equivalence F from Mg to Mg. Therefore, it is enough
to check that the map g is also the restriction (to subobjects of Ms) of
the “inverse” category equivalence G from g to Mg constructed in the
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proof of LMR-(17.20). Let V be an S-submodule of M = S% = REy;. By
definition,

G(V): v = {(Ul,...,’l)n)l v; € Sg} C R.

This is easily seen to be Z?zl V E,; when we think of V' as sitting in RE;.
Since F, G are inverse category equivalences, they induce mutually inverse
lattice isomorphisms between Latr(Rg) and Lats(M).

Comment. It is quite easy to see directly that, for V' C RFE;; as above,
g(V) = 2?21 VEy; is a right ideal in R. In fact, for any s € S:

g(V) sEpg = ZVEU (sEpq) = (Vs) Erg € g (V).

=1

Since R = ) SEpy, we have g(V)R C g(V). An easy computation will show
that fg and gf are identity maps. However, it is much more informative to
ascertain that f and g are “induced” by the inverse category equivalences

F and G.

Ex. 17.13. If S, T are two rings such that M,,(S) = M,,,(T) as rings, show
that Latg(S%) = Latp(T7") as lattices.

Solution. By the last exercise, Lats(S%) and Laty(T7") are both isomor-
phic to the lattice of right ideals of M, (S) & M,,(T)!

Ex. 17.14. Let S, T be nonzero commutative rings, and n, m > 1 be
integers. If M,,(S) = M, (T), show that n =m and S = T.

Solution. Let us identify M, (.S) with M, (T") (using a fixed isomorphism),
and call the resulting ring A. Let m be a maximal ideal of A. Then there
exist an ideal I C S and an ideal J C T such that m = M,,(I) = M, (J).
Since

is a simple ring, so is S/I, and hence S/I is a field. Similarly, T'/J is a field,
so by Wedderburn’s Theorem, M,,(S/I) = M,,,(T/J) implies that n = m.
Therefore, we have M, (S) & M, (T). Taking the centers of both sides, we
conclude that S = T.

Comment. There is another quite well-known proof of the result in this
exercise by using the theory of rings with polynomial identities. Let

Lr(yr,--hyr) = Z (sgn 0)Yo(1) " Yo (r)»
o€S,
where S, denotes the symmetric group on {1,...,r}. It is known that, for

any nonzero commutative ring S, the matrix ring A = M, (S) satisfies the
“standard identity” T's,, = 0, but not the identity I's,—2 = 0. From this,
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it follows immediately that, for S, T' as in the exercise, M, (S) = M,,,(T)
implies that n = m (and hence S = T' by taking centers).

Of course, this proof is much more sophisticated than the one given in
our solution above, in that it made crucial use of the theory of PI rings.
However, the structural simplicity and conceptual elegance of this second
proof make it quite compelling.

Ex. 17.15. Let S, T be two rings such that M, (S) & M,,(T) as rings,
where n, m > 2 are given integers. If S is commutative and n is prime,
show that we must have n =m and S = T.

Solution. Qur solution here is modeled upon the proof of the
M.-uniqueness of a commutative ring S given in LMR-(17.26). Let ¢ :
M, (S) — M,»(T') be a ring isomorphism. Then ¢ maps the center of M, (.S)
isomorphically to that of M,,(T), so ¢ induces an isomorphism of S with
Z(T) (the center of T'). To simplify the notations, let us identify S with
Z(T). Since ¢ is a ring isomorphism, we have M,,(S)s = M,,(T)s. On the
other hand,

M,(S)s = S% and M, (T)s = (Ts)™.

Therefore, (TS)mz = S§2. This shows that Ts is a f.g. projective right
S-module of constant rank, say t. Then, taking the ranks from
(TS)'"2 = ng, we get tm? = n?. Since n is a prime and m > 2, we
must have m = n and ¢t = 1. But by LMR-(2.50), Ts = S & X for some
(f.g. projective) right S-module X. Taking ranks again shows that X = 0
and so S =T, as desired.

Comment. If we do not assume n to be prime, then the equation tm? = n?

will only imply ¢ = r? for some integer r with rm = n. We will then have
M (T) = M, (S) 2 M,, (M,(S)).

However, this need not imply that 7' = M,.(S), since we know (from LMR-
(17.35)) that M,.(S) may not be M,,-unique.

Ex. 17.16. Show that QL .. (M, (R)) & M,(Q"..(R)). If R is a semi-
prime ring, prove the same results for Martindale’s right (resp. symmetric)
ring of quotients.

Solution. Write S = M,,(R) and Q = Q% (R). Our goal is to show that

ax(S) = M, (Q). We first check that S C4 M, (Q)s. Take two matrices
T = (zi;), y = (yij) over Q, with (say) z;yj, # 0. By Ex.8.9, there exists
a € R such that z;,;,a # 0, and y;;a € R for all 4, j. Therefore, for the
scalar matrix a - I, € S, we have

z-al, #0 and y-al, € M,(R)=2S.

Having checked that S C4 M, (Q)s, we may assume (by LMR-(13.11)) that
My (Q) C QLax(S). Now, by LMR-(17.7), we know that QT . (S) must have

max
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the form M, (T), where T is a suitable ring containing ). Whatever T is,
S = M, (R) C4 M,(T)s. From this, it is easy to check that R C4 Tg.
Since Q C T and @ = Q7. (R), we must then have @ = T, and so

max

" ax(S) = M, (Q), as asserted.
To compute the Martindale rings of quotients of .S, let us write Q" (resp.
Q?) for Q"(R) (resp. Q*(R)), the Martindale right (resp. symmetric) ring

of quotients of R. Consider the rings
S =M,(R) CMn(Q") C M (Q) = Qrax(S)-

For any ¢ = (gi;) € M,(Q"), we have ¢;;A;; C R for suitable ideals A;; C R
with zero annihilators. By LMR-(14.4), A = [, ; Ai; C R also has zero
annihilator. This implies that M, (A) has zero annihilator in S = M, (R),
and we have clearly q-M,,(A) C S. This shows that M,(Q") C Q"(S). Now
consider any ¢ = (g;;) € M,(Q) that belongs to Q"(S). Then ¢B C M, (R)
for some ideal B C M,,(R) with zero annihilator. By LMR-(17.8), B must
have the form M, (A) for some ideal A C R, which necessarily has a zero
annihilator. From ¢-M,,(A) C M,,(R), we clearly have g;; A C R for all i, j,
and so ¢;; € Q". This shows that Q"(S) € M,(Q"); hence equality holds.
The equation Q*(S) = M, (Q°) is proved by the same argument, applied
to both sides of an element ¢ = (g;;) € M,(Q).

§18. Morita Theory of Category Equivalences

An entering wedge to this section on Morita Theory is the idea of “categori-
cal properties” of modules (and their morphisms). A property P on objects
(resp. morphism) in a module category Mg is said to be a categorical
property if, for any category equivalence F' : MMp — Mg, whenever M ¢
IMp (resp. g € Homg(M, N)) satisfies P, so does F(M) (resp. F(g)). For
instance, being a projective or injective module is a categorical property,
and being a monomorphism or epimorphism is likewise a categorical prop-
erty. Some module-theoretic properties initially defined by using elements
may be checked to be categorical properties too; two examples for this are
the finite generation and the faithfulness of a module.

Two rings R, S are said to be Morita equivalent (R ~ S for short)
if there exists a category equivalence F' : Mpr — PMg. A ring-theoretic
property P is said to be Morita invariant if, whenever R has the property P,
so does every S & R. A large number of ring-theoretic properties turn out
to be Morita invariant, e.g., being semisimple, right noetherian (artinian),
right (semi)-hereditary, von Neumann regular, etc. are such properties.

Consideration of categorical properties of modules and Morita invariant
properties of rings leads naturally to the question: How do category equiva-
lences arise between two module categories Mg and Mg? The Morita The-
orems (I, II, III in LMR-§18) provide full fledged answers to this question
(and much more).
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Basically, for a given R, all rings S = R arise as endomorphism rings
of progenerators of R. Here, a module Pg is a generator if Rg is a direct
summand of some direct sum n - P, and P is a progenerator if it is a f.g.
projective generator.

Given a module Pg over a ring R, let S = End(Pg) and Q = P* =
Hompg(P,R). Then P = gPg and Q = grQs, and we obtain the Morita
Contezt (R, P, Q, S; a, 3). Here,

a: QR®sP—R and 8: PRrQ— S

are naturally defined (R, R)- and (S, S)-homomorphisms respectively.
This Morita Context can also be encoded into a formal Morita ring

M= ﬁ g) The many formal properties of a Morita Context are given
in LMR-§18C.

In the case where Pg is a progenerator, «, # above are isomorphisms,
and we have the functors

—Q®rQ: Mr—Mg and —QsP: Mg — My

that are mutually inverse category equivalences. The first functor is also
equivalent to the functor Hompg(P, —), and the second to Homg(Q, —).
These facts essentially constitute Morita I (LMR-(18.24)), and Morita II
says that any pair of mutually inverse category equivalences between Mg
and Mg arises essentially in the above fashion (LMR-(18.26)).

A special example of a Morita equivalence is given by taking P = eR
where e is a full idempotent, that is, an idempotent with ReR = R. The
fullness condition amounts to the fact that P is a progenerator. In this
case, Morita I applies, and the net result is R ~ eRe.

The significance of the notion of full idempotents lies in the fact that
it leads to a description of the rings S ~ R. In fact, these rings S arise
precisely as e M,,(R)e where e is a full idempotent in a matrix ring M, (R)
(LMR-(18.33)). A consequence of this is that:

A ring-theoretic property P is Morita invariant iff, whenever a
ring R satisfies P, so do eRe (for any full idempotent e € R)
and My (R) (for any n > 2).

If R~ S, then R and S have certain common features (besides sharing all
Morita invariant properties). For instance, they have isomorphic centers,
and isomorphic ideal lattices (LMR-(18.42), LMR-(18.44)).

Section 18 concludes with a discussion of a useful generalization of
Morita I where the role of 9y is replaced by that of a full subcategory
o|[M]. Here, M is a fixed right R-module, and o[M] is the subcategory of
M r whose objects are the subquotients of arbitrary direct sums of copies of
M. In case there exists a o[M]-progenerator P (defined in a natural way),
we get a category equivalence o[M] — Mg for S = Endg(P), defined by
Hompg (P, —) (LMR-(18.57)).
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The exercises in this section are devoted to various aspects of Morita’s
Theory of equivalences. Many categorical properties of modules and Morita
invariant properties of rings are catalogued. Morita’s characterization of a
generator (Exercise 17) is a standard result, and so is Camillo’s character-
ization of pairs of Morita equivalent rings in terms of column-finite matrix
rings (Exercise 30). The three parts of Exercise 7 provide a nice connection
between Morita’s theory and the study of Frobenius and quasi-Frobenius
rings.

Exercises for §18

Ex. 18.0. Prove the following characterization of f.g. modules stated in
LMR-(18.3): A module Mp, is f.g. iff, for any family of submodules {N; :
i € I} in M which form a chain, N; # M for all ¢ € I implies that

User Vi # M.

Solution. First assume M is f.g., say M = miR + --- + mR. If {N;:
i € I} is a chain of submodules with (J,c; Ny = M, then each m; lies
in some Nj, (1 < j < k). There exists an 4 € {4j,...,i} such that each
N;; C N;. Then m; € N; for 1 < j <k and so N; = M.

Now suppose M has the stated property on chains of submodules, but is
not f.g. Then we have a nonempty family B= {B C M : M/B is not f.g.}.
Consider any chain {B;: i € I} in B and let B = |J, B;. We claim that
B € B. Indeed, if B ¢ B, then M = B+ z1R + --+ + xR for some
z1,...,2Tr € M. We have now a chain

{NiZBi+£L‘1R+"'+.’L'kR#M}i€I

whose union is B + z1R + -+ + zx R = M, a contradiction. Therefore,
B € B, and this provides an upper bound for {B; : i € I}. By Zorn’s
Lemma, B has a maximal element, say N. Clearly N # M, and for any
z ¢ N, N+ zR € B, contradicting the maximality of N.

Ex. 18.1A. In an additive category 9 with arbitrary direct sums, an
object M is said to be small if every morphism f : M — @, A; factors
through a finite direct sum of the A;’s. Show that

(1) Every quotient object of a small object is small.
(2) M =N & N’ is small iff N, N are small.

Solution. (1) Suppose M is small and N = M/K is a quotient of M.

For any f : N — P, Ai, the composition M — N EX D A: factors
through a morphism ¢ : M — EBie 7 A;, for some finite J C I. Since
g(K) =0, g induces a morphism g : N — @, ; Ai. Now f factors through
g, as desired.
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(2) First suppose M = N @ N’ is small. Then, by (1), so are N & M/N’
and N’ = M/N. Conversely, assume N, N’ are small, and consider any
morphlsm f+ M — @A Then f induces g : N — @,.; A; and

: N' — @;¢; Ai. For a sufficiently large finite subset J C I, g and
g both factor through @, ; A;. It follows that f also factors through
Dic s Ai, as desired.

Comment. The notion of small objects in categories with arbitrary di-
rect sums is standard in category theory; see, e.g., p. 74 of B. Mitchell’s
book “Theory of Categories,” Academic Press, 1965. This notion played
a substantial role in the work in the 1960s on the characterization of the
categories of modules over rings.

Some caution is necessary in distinguishing “small modules” from “small
submodules” as defined in LMR-p. 74. A small submodule N C; M may
not be small as a module on its own! The small confusion inherent in this
choice of terminology is, fortunately, seldom fatal.

Ex. 18.1B. For any module category Mg, prove the following:

(1) A module Mg is small iff there does not exist an infinite family of
submodules M; C M (j € J) such that every m € M lies in almost all
M j ’s.

(2) Every f.g. R-module My, is small in the category IMp.

3) Mg is noetherian iff every submodule of M is small in Mgz.

4) If R is right noetherian, My is small iff M is f.g.

5) If Mg is projective, M is small iff M is f.g.

6) Give an example of a module that is small but not f.g.

P Ay

lution. (1) Assume that there exists an infinite family of submodules
i G M (j € J) such that every m € M lies in almost all M;. Let
j=M/M; and let f: M — @, ; A; be defined by

f(m)=(m+ M;);c; where m+ M; € A; forevery j.

:;;g(on

Since m + Mj is zero for almost all j, f(m) is indeed in @ ey Aj. Since
each M; C M clearly f does not factor through a finite d1rect sum of the
A;’s. Hence M is not small.

Conversely, assume M is not small. Then there exists f : M — @,.; A
which does not factor through a finite direct sum of the A;’s. Let m; : M —
A; be the obvious maps such that f(m) = (m;(m));e; for every m € M,
and let M; = ker(m;). The set

Ji={jel: M; ¢ M)}

is infinite, for otherwise f(M) would lie in the finite direct sum @, ; A

If there exists m € M such that m ¢ M; for infinitely many j € J, then
f(m) = (mi(m));ier has infinitely many nonzero coordinates, in contradic-
tion to f(m) € @,y Ai. Thus, each m € M lies in M; for almost all
JjEeJ.
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(2) Let Mg = Yp_, mixR and consider any homomorphism f : M —
@, As. Since each f(my) lies in a finite direct sum €D, ;, Ai, f(M) lies
in the finite direct sum @, ; A; where J = J;;_, Ji. This checks that M
is small.

(3) First assume that M is noetherian. Then every submodule N C M is f.g.
and hence small in Mg by (2). Conversely, assume that every submodule
of M is small in Mp. Consider any ascending chain of submodules M; C
M, C ---in M. By assumption, their union N is small. Each n € N clearly
lies in almost all M;. By (1), some M; must be equal to N, so we have
M; = Mj4; = ---. This checks the ACC for submodules of M.

(4) Tt suffices to prove the “only if” part. Let R be right noetherian, and
Mp, be small. By (3), it suffices to show that any submodule N C M is also
small. Consider any homomorphism f : N — @, A;. Let E; = E(4;) be
the injective hull of A;. By the Bass-Papp Theorem LMR-(3.46), @,.; Ei
is injective, so we have a commutative diagram

]TV f @iel A;
M J ®i61 E;

for a suitable homomorphism g. Since M is small, there exists a finite subset
J C I such that g(M) C @, Ei. Therefore, f(N) C ;¢ Ai, as desired.

(5) Again, it suffices to prove the “only if” part. Since M is projective,
there exists a module M’ such that M @ M’ = @,.; Ri, where R; & Rg
for all ¢. If M is small, we have M C EBie 7 R; for some finite set J C I.
But then

P ! .
i€ Ri=M® (M n @iEJ Rl)
shows that M is f.g.

(6) Following a suggestion of Peter Vamos, we look for an example among
the uniserial modules. (Recall that a module is uniserial if its submodules
form a chain with respect to inclusion.) The crucial observation for solving
(6) is the following lemma, which may seem, at first sight, a little counter-
intuitive.

Lemma. Let Mg be a uniserial right R-module. If M is not countably
generated, then M is small.

Proof. If M is not small, there exist proper submodules {M;},c; (J an
infinite set) such that every element m € M lies in almost all M;’s. Without
loss of generality, we may assume that J = {1,2,3,...}. For any j € J,
let z; € M\M;, and let N = Y °2, z;R. Then N ¢ M; for each j, so we
must have M; C N. If there exists an element m € M\N, then m lies in
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none of the Mj;’s, a contradiction. Therefore, M = N, which is countably
generated. O

To construct the example needed for (6), it suffices to produce an
ordered abelian group (G, <) with the property that, for any countable
set A > 0 in G, there exists an element g € G such that 0 < g < A. Once
such an ordered group (G, <) is found, we can take R to be the valuation
ring in any field K with a Krull valuation v : K* — G. The maximal ideal
M of R is (uniserial and) not countably generated as an R-module, since
any countable subset of M generates an ideal I with

v(I\{0}) G {geG: g>0},

which implies that I C M. By the Lemma above, M is small, and provides
the example we want.

To produce the desired ordered abelian group (G, <), let (S, <) be a
well-ordered set in which no countable subset is cofinal. (For instance, take
S to be the first uncountable ordinal.) Now let G = @, g Z - s (the free
abelian group generated by S), and order G “lexicographically”; that is,
we declare g = > g(s)s > 01if g(sp) > 0 for sg = min {supp(g)}. To check
that (G, <) has the required property, consider any countable set

Az{gizzsgi(s)s: iEN}QG.

Since |J, supp(g;) C S is countable, it cannot be cofinal in S, so there
exists an s > supp(yg;) for all i. For g: = 1-s € G, we have

min {supp(g; — g)} = min {supp(¢;)} < s (forevery ),
s0 0 < g < A, as desired.

Comment. The notion of small modules can be extended as follows. For
any cardinal number X, an R-module M is said to be R-small if every
morphism f : M — @;; M; factors through @, ; M; for some subset
J C I with |J| < X. The following are immediate observations:

(1) If N is a finite cardinal, then M being R-small means that M = 0.
(2) If M is small, then M is Ng-small (where Ry = |N|).
(3) Any uniserial module Mg is Rg-small.

To see (3), note that if Mg is not countably generated, then M is
small by the Lemma, so we are done by (2). Thus, we may assume that
M =372, mjR. Given any morphism f : M — @, ; M;, the set {f(m;) :
j € N} involves only countably many “coordinates,” so f(M) C @,c; M;
for a suitable J C I with |J| < X,. This proves (3), and the same proof
shows that the uniserial module Mg can be written as an ascending union
Uiz, M;, where each M; C M is small.

For more information on R-small modules and the role they play in the
general direct sum decomposition theory of modules, see Section 2.9 of A.
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Facchini’s book “Module Theory,” Birkhéduser Verlag, Basel-Boston-Berlin,
1998.

Ex. 18.2. Show that Mg being a singular (resp. nonsingular) R-module
is a categorical property.

Solution. First note that, for B C A in Mg, B being essential in A
(written B C, A) is a categorical property. Now, by Exercise 7.2, a module
Mp, is singular iff M = A/B for some B C, A. This shows that Mg
being singular is a categorical property. Next, recall from Exercise 7.4 that
a module Ng is nonsingular iff Homg (M, N) = 0 for any singular Mg.
Therefore, N being nonsingular is also a categorical property.

Ex. 18.3. Characterize right nonsingular rings R by the property that
every right projective R-module is nonsingular, and deduce that R being
right nonsingular is a Morita invariant property.

Solution. First we check the stated characterization of a right nonsingu-
lar ring. If R is right nonsingular, then by Exercise 7.11, any free right
R-module is nonsingular, and so any projective right R-module is also
nonsingular. Conversely, if any projective right R-module is nonsingular,
then Rpg is nonsingular, so R is a right nonsingular ring.

Since Mp € 9r being a nonsingular (resp. projective) module is a
categorical property by Exercise 2, the characterization for R to be a right
nonsingular ring given above can be stated in terms of the category Mg
alone. Therefore, R being a right nonsingular ring is a Morita invariant

property.
Ex. 18.4. Show that R being semiperfect (resp. right perfect) is a Morita
invariant property.

Solution. First, N C; M (Ng being superfluous in Mg, meaning that
N+X =M = X = M) is clearly a categorical property. Therefore,
0 : P —» M being a projective cover for M (meaning that P is projective
and ker(f) C, P) is also a categorical property. Now, by FC-(24.18), R
is right perfect iff every M € Mg has a projective cover. Since the latter
is a categorical property, it follows that R being right perfect is a Morita
invariant property.

Next, by FC-(24.16), R is semiperfect iff every f.g. M € Mg has a
projective cover. Since “f.g.” is also a categorical property (by Exercise 1,
or, more simply, by LMR-(18.2)), it follows that R being semiperfect is also
a Morita invariant property.

Ex. 18.5. Show that finiteness of a ring is a Morita invariant property
without using LMR-(18.35).

Solution. The finiteness of a ring R can be characterized by the property
that, for any f.g. module M € Mg, Endr(M) is finite. Since this is a
categorical property of Mg, it follows that R being finite is a Morita
invariant property.
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Ex. 18.6. Show that “u.dim R < oo” is a Morita invariant property.

Solution. For M € Mg, u.dim(M) can be characterized as the supremum
(< 00) of the integers n for which there exists a direct sum of n nonzero
submodules in M. Therefore, u.dim(M) is an invariant of M as an object
in the category M. Now u.dim(Rg) < oo iff u.dim(P) < oo for every
f.g. projective R-module in 9tg. The latter being a categorical property of
Mg, we see that “u.dim{Rg) < 0o” is a Morita invariant property.

Ex. 18.7A. Show that the property of R being right self-injective or quasi-
Frobenius can be characterized by suitable categorical properties of MMp.
Deduce that “right self-injective” and “QF” are Morita invariant properties
of rings.

Solution. We claim that R is right self-injective iff every f.g. projective
M € My is injective. The “if” part is clear. For the “only if” part, assume
Rp is injective. If P € Mg is f.g. projective, then P @ @ = R% for some
Q € Mg and some integer n. Since R = R & - - & Rp is injective, so is
its direct summand P, as desired. This proves our claim, which shows that
R being right self-injective is a Morita invariant property.

A quasi-Frobenius (or QF) ring is a ring R that is both right noetherian
and right self-injective. Since each of these is a Morita invariant property,
it follows that R being QF is also a Morita invariant property.

Comment. Although “right self-injective” is a Morita invariant property,
in general R being right self-injective does not imply that eRe is, for an
idempotent e € R. For an explicit counterexample, see the paper of Pascaud
and Valette referenced in the Comment on Ex. 16.32.

The fact that, for a fixed n, R is right self-injective iff S = M, (R)
is can be seen directly from the fact that M — MF;; gives a category
equivalence from Mg to Mg. Under this equivalence, Sg — RE, so Sg is
injective iff Rg is injective.

Ex. 18.7B. (1) Show that the basic ring of a QF ring R is always a
Frobenius ring.
(2) Let k be a division ring, and R be the ring of matrices

a b p 000
c d g 000
00 00O
0 00 r st
0 000 a b
0 000 ¢ d

over k. This is shown to be a QF ring in LMR-(16.19)(5). Compute the
basic ring of R.
(3) Show that being a Frobenius ring is not a Morita invariant property.
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Solution. (1) Let e1R,..., esR be a complete set of right principal inde-
composables, where the e;’s are mutually orthogonal primitive idempotents.
Then e = e; + - -- + e is a basic idempotent, and we can take the basic
ring of R to be S : = eRe. Since S =~ R, the last exercise guarantees that
S is QF. Clearly, the e;’s remain pairwise nonisomorphic in S, so each
e;S appears with multiplicity 1 in the Krull-Schmidt decomposition of Ss.
According to LMR-(16.14), this implies that R is a Frobenius ring.

(2) We use here the notations in LMR-(16.19)(4). In particular, the full set
of right principal indecomposables for R is {e; R, ea R} where e; = E33+Fy4
and e; = Fq; + Es5. Therefore, a basic idempotent for R is

e=e€1+e=FEj1+ Es3+ Egyy + Ex5.

By direct matrix multiplication, we see that the basic ring eRe consists of
matrices of the form

S oo oo e
[en R e B en BN an B o B @)
oo 3o
oo 3 OO o
O nun O OO
OO O O OO

After dropping the 2°d and 6% rows and columns, we can represent eRe as
the ring of 4 x 4 matrices

oo o
oo 33
Q@ nw OO

0
0
r
0
9

This is exactly the ring in LMR-(16.
Frobenius (confirming (1) above).

(3) Since eRe is the basic ring of R, we have R =~ eRe. While eRe is Frobe-
nius, we know from LMR-(16.19)(5) that R is not Frobenius. Therefore,
being a Frobenius ring is not a Morita invariant property.

)(4), which was shown there to be

Ex. 18.7C. Show that being a symmetric algebra over a field & is a Morita
invariant property.

Solution. Let R be a symmetric k-algebra. By LMR-(18.35), it suffices to
check that M, (R) is a symmetric k-algebra for every n, and that eRe is a
symmetric k-algebra for every full idempotent e € R. The former follows
from Exercise 16.20, and the latter follows from Exercise 16.25 (even for
any idempotent e € R).

Ex. 18.8. Show that a necessary and sufficient condition for a ring-
theoretic property P to be Morita invariant is that, for any full idempotent
e in a ring R, R satisfies P iff eRe does.
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Solution. Recall LMR-(18.35), which states that P is Morita invariant iff,
whenever a ring R satisfies P, so do eRe (for any full idempotent e € R)
and M, (R) (for any n > 2). The new condition given in the present exercise
is a slight variation of this.

Suppose the property P is Morita invariant. Let R be aring and e € R
be a full idempotent. Since R ~ eRe, R satisfies P iff eRe does. Conversely,
suppose the property P is such that, for any full idempotent e in a ring S,
S satisfies P iff eSe does. To check that P is Morita invariant, we apply
the criterion LMR-(18.35) recalled in the paragraph above. Let R be a ring
satisfying P. By assumption, eRe also satisfies P for any full idempotent
e € R. Now consider S = M,,(R) for any n > 2. Let e be the matrix unit
E1;. Since (aE;1)E11(Ey;) = aE;j for any a € R, we have SeS = S, so e
is a full idempotent in S. Now

eSe= {aF11: a€ R} ©® R (asrings).

Therefore, eSe satisfies P. By assumption, S(= M, (R)) also satisfies P.
Thus, LMR-(18.35) applies, and we conclude that P is a Morita invariant
property.

Ex. 18.9. Use LMR-(18.35) (instead of LMR-(18.45) and LMR-(18.50))
to show that semiprimitivity, primeness and semiprimeness are Morita
invariant properties.

Solution. Let P be the property of being semiprimitive, prime, or semi-
prime. By FC-p. 61 and FC-p. 172, if R satisfies P, so does M, (R). And
by FC-p. 322, if R satisfies P, so does eRe for any (nonzero) idempotent
e € R. Therefore, by LMR-(18.35), P is a Morita invariant property.

Ex. 18.10. Let S = End(Pg) where Py is a progenerator over the ring R.
Show that the ring S has IBN iff P* = P™ in Mg implies n = m.

Solution. Since Pgr is a progenerator, we have a category equivalence
Ms — Mg which, on the level of objects, is defined by -®g P. In particular,
the right regular module Sg in Mg corresponds to S Qg P = Pg in Mpg.
Therefore, the IBN property for the ring S translates into P" &= P™
(in MR) = n =m.

Ex. 18.11. (Bergman) For any ring R, let P(R) be the monoid of iso-
morphism classes of f.g. projective right R-modules (under the direct sum
operation). Using the technique of coproducts (see Comment below), it
can be shown that there exists a ring R for which P(R) is generated as a
monoid by [R] together with [M], [N], with the defining relations

[M] + [N] = [R] = [R] + [R].

Show that S = Endgr(M & R) is Morita equivalent to R and has IBN,
but R does not have IBN. (This shows that IBN is not a Morita invariant

property.)
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Solution. Since Mg is f.g. projective, P : = M & R is a progenerator.
Therefore, S = Endgr(M & R) = R. Since P(R) has the defining relations
[M] + [N] = [R] = [R] + [R], there exists a monoid homomorphism ¢ :
P(R) — Z defined by

o[R]=0, ¢[M]=1 and ¢[N]|=-1.

Then, ¢[P] = p[M] + ¢[R] = 1, so P™ & P™ will imply that n = m. By
Exercise 10, this guarantees that S has IBN. On the other hand, we have
R® R= R in Mg, so R does not have IBN.

Comment. Bergman’s work referred to above is: “Coproducts and some
universal ring constructions,” Trans. Amer. Math. Soc. 200(1974), 33-88.

Ex. 18.12. Suppose a ring-theoretic property P is such that, for any n > 2
and any ring R, R satisfies P iff M, (R) does. Is P necessarily a Morita
invariant property?

Solution. The answer is “no.” In fact, let P be the “IBN” property. By
Exercise 17.1, R satisfies P iff M, (R) does (for a given n). By the exercise
above, P is not a Morita invariant property.

Ex. 18.13. Show that a projective module Pg is a generator iff every
simple module Mg, is an epimorphic image of P.

Solution. Assume Pg is a generator. By LMR-(18.8), there exists a sur-
jection €, P; — M where each P; = P. Clearly some P; — M is nonzero,
so this is the surjection we want. Conversely, suppose every simple right
R-module is an epimorphic image of P. We claim that tr(P) (the trace
ideal of Pg) is equal to R. Once this is proved, LMR-(18.8) implies that
P is a generator. Assume, instead, that tr(P) # R. Then there exists a
maximal right ideal m 2 tr(P). By assumption, there exists a surjection
@ : P —» R/m. Since Pg is projective, § “lifts” to a homomorphism
¢ : P — R (so that mp = 6 for the projection map 7 : R — R/m).
But ¢(P) C tr(P) C m implies that 7o = 0, a contradiction.

Comment. This result is probably folklore in the subject. The earliest
reference I can find for it is T. Kato’s paper, “Self-injective rings,” T6hoku
Math. J. 19(1967), 485-495.

The notion of a cogenerator, dual to that of a generator, is introduced in
LMR-§19. The above exercise has a well-known dual version: An injective
module U is a cogenerator iff every simple module embeds into U: see LMR-
(19.9).

Ex. 18.14. Find the flaw in the following argument: “Let R, S be division
rings. Construct functors F : Mg — Mg and G : Mg — Dy by: F(Ug) =
@i Ss where |I| = dimgU, and G(Vs) = @, Rr where |J| = dimgV.
Then F, G are inverse category equivalences and hence R ~ §.”
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Solution. Defining a functor F' : Mg — M involves defining F on objects
of Mg and on morphisms of Mg. The rule F(Ur) = P, Ss given above
defines F' on the objects of Mp, but no definition is given for F' on the
morphisms of F'. Therefore, F' is not a functor, nor is G. Since no functor
is given from Mg to Mg (or from Mg to Mg), we are in no position to
conclude that 9z and Mg are equivalent.

Indeed, we know that, if R and S are nonisomorphic division rings, then
the module categories Mg and Mg cannot be equivalent.

Ex. 18.15. Let e = €2 € R, and let
a: Re®cpceR — R, [: eR®pg Re— eRe
be defined by a(re®er’) = rer’, B(er@r'e) = err’e (as in LMR-(18.30A)).

(1) Give a direct proof for the fact that 3 is an isomorphism by explicitly
constructing an inverse for (.

(2) Show that eR - (ker @) = 0. Using this, give another proof for the fact
that « is an isomorphism if e is a full idempotent.

Solution. (1) Define v: eRe — eR ®g Re by
v(ere) =er ®pe=e®gre € eR®g Re.

Note that if ere = 0, then er ®g e = er Qg ee = ere ®g e = 0, so 7 is
well-defined. We have

8 (er @r1'e) = y(err'e) = err’ ®pe =er ®g r'e,
Bvy(ere) = B(er g e) = ere,
so B, v are mutually inverse isomorphisms.

(2) Note that the domain of @, Re ®cge €R, is an (R, R)-bimodule, so the
equation (eR) - (ker @) = 0 makes sense. To check that this equation holds,
we take £ = Y, e ® er; € ker(a). Then 0 = a(z) = ), rier;, and so for
any 7 € R:

er- T = er- E Tie QcRe €T = E _e(errie) @cre er;
1 K3
= € QcRe E _errzer; =0,
1

as desired.
Now assume e is a full idempotent. Then there is an equation 1 =
_; ajeb;, for suitable a;, b; € R. We have

a (Z] aje® ebj) = Zj ajeb; =1,

so a is onto. Also eR - (ker &) = 0 implies that
ker a = (ReR) (ker o) = R(eR -ker a) = 0,

so « is also one-one. Thus, we have shown that « is an isomorphism.
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Ex. 18.16. (Partial refinement of LMR-(18.22)) Let Pr be a right
R-module, with associated Morita context (R, P, @, S; a, 3).

(1) If Pg is a generator, show that gP is f.g. projective.
(2) If Pg is f.g. projective, show that gP is a generator.

Solution. (1) Say P" = R&® M in Mpg. Applying the functor
® = Hompg(—, sPgr): Mr — M,
and noting that ®(P") & gS™, ®(R) = g P, we get an isomorphism
sS"2sPB®X in ¢M
where X = ®(M). Therefore, gP is f.g. projective in g¢90.

(2) Assume now Pg is f.g. projective, so that R} = P @ N for some
Ng. Applying the same functor ® above, and noting that ®(R%) = sP™,
®(P) = 58, we get an isomorphism

sP"2sS@Y in ¢M
where Y = ®(N). Therefore, gP is a generator in g90.

Comment. It is possible to apply “abstract nonsense” to get some of the
conclusions above. For instance, assume that Pg is a generator, as in
(1). From the given Morita context (R, P, @, S; o, B) of Pg, we can
determine the Morita context of gP. By LMR-(18.17) (2), End(sP) = R
and Homg(sP, 55) = Q. Therefore, the Morita context of P is (S, P, @,
R; 3, @). Since Pg is a generator, a : Q ®s P — R is onto by LMR-(18.17)
(1). Applying this fact to the Morita context of sP, we see by LMR-(18.19)
(1) that ¢P is f.g. projective. This method actually yields a little more in
the case of (1). In fact, applying LMR-(18.17)(2) again, we can likewise
determine the Morita context of Qs to be (S, @, P, R; 3, o). Since a is
onto (as above), LMR-(18.19)(1) implies that Qg is f.g. projective. This
method, however, does not apply so well in the case (2).

Ex. 18.17. (Morita) Show that Pg is a generator iff, for S = End(Pgr), sP
is f.g. projective and the natural map A : R — End(gP) is an isomorphism.

Solution. The “only if” part follows from (1) of the above exercise and the
Comment made thereafter. Conversely, assume gP is f.g. projective and A
is an isomorphism. Using )\, we identify End(sP) with R. Since gP is f.g.
projective with endomorphism ring R, the left module analogue of (2) of
the above exercise implies that Pg is a generator.

Comment. The above characterization of a generator module Pg appeared
already in Morita’s famous paper, “Duality for modules and its applications
to the theory of rings with minimum condition,” Science Reports, Tokyo
Kyoiku Daigaku Sec. A (1958), 83-142. See also Theorem 2 in Carl Faith’s
paper “A general Wedderburn Theorem,” Bull. Amer. Math. Soc. 73(1967),
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65-67. Faith made the observation that, if R is a simple ring and P C R
is a nonzero right ideal, then (by LMR-(18.9)(E)) Pg is a generator, and
hence by the above result, the map A : R — End(gP) is an isomorphism
for S = End(Pg). This was a result of M. Rieffel (see FC-(3.11)), published
in his paper with the same title as Faith’s, in Proc. Nat’l Acad. Sci. USA
54(1965), 1513. Refining Rieffel’s result, Faith showed moreover that, in
this context, S is a simple ring iff the right ideal Pg is a f.g. projective
R-module.

For an interesting account on the circumstances surrounding the writing
and publication of Faith’s paper in Proc. Nat’l. Acad. Sci. USA, see the
section on “Marc Rieffel, Serge Lang, Steve Smale and me” (pp. 319-320)
in the “Snapshots” chapter of Faith’s recent book “Rings and Things and
a Fine Array of Twentieth Century Associative Algebra,” 2nd Ed., Math.
Monographs and Surveys, Vol. 65, Amer. Math. Soc., 2004.

Ex. 18.18. Let R, S be rings, and sPr, Qs be bimodules. Let o : Q ®g
P — R be an (R, R)-homomorphism, and 3: P ®g @ — S be an (S, S)-
homomorphism. Define

pg=p(p®q €S and gp=a(¢®p) €R,

and let M = <ﬁ g) (formally). Show that M is a ring under formal

matrix multiplication (as in LMR-(18.16)) iff

d'(pg) = (¢'p)g and p(gp’) = (pg)p’

hold for all p, p’ € P and ¢, ¢’ € Q. (Note that, in the special case where P =
0, the additional conditions are vacuous, and we get back the “triangular

ring” construction M = (lg g) in FC-(1.14).)

Solution. First assume M is a ring under formal matrix multiplication.
Noting that

O DG )6 =686 w) =6 757)
6666 =0 )k 5= ")

we see that ¢'(pg) = (¢'p)g, and a similar calculation with the matrices
(2 g), (g g) and (I(?)' 8) shows that p (gp’) = (pq) p’. Conversely, if
¢'(pg) = (¢'p)g and p(gp’) = (pg)p’ for all p, p’ € P and ¢,¢' € Q, a direct
formal matrix multiplication shows that A(BC) = (AB)C for any three
matrices A, B, C € M. The distributive laws are also easy to verify, so M
is indeed a ring (called the Morita ring associated with {P, Q ; «, 5}).
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Ex. 18.19. Suppose the “associativity” conditions in the above exercise
are satisfied, so M is a ring. Let e = ((1) 8) , f = (8 (_D Show that
R=eMe, S=fMf, P= fMeand Q=eMf.

Solution. We have
(10 r q 1 0  (r ¢ 1.0y _ (r O
e = (60) G 6o -6 a6 o) o)
S : R 0
so eMe = R. (Here, we identify R with 0 0
fMf=S5. Also,

ar = () GOED-GE -0

so eM f = @, and similarly, fMe = P.

) C M.) Similarly, we have

Comment. In view of the above, the “Peirce Decomposition”

M = eMe® fMf & eMf & fMe

is just the decomposition of M = <II§ 65,2
Qe P

Ex. 18.20. Let M be a ring with idempotents e, f such that e + f = 1.
Let

) into the four pieces: R® S &

R=eMe, S=fMf, P=fMe and Q=eMf.

Show that the natural maps a: Q®s P — R, and 3: P®g Q — S satisfy
the “associativity” conditions in Exercise 18, and that the formal Morita

ring (g g) constructed there is isomorphic to the original ring M.

Solution. Here, o, 3 are defined by
a(emf ® fm'e) = e(mfm')e and B(fme®@em’f) = f(mem') f
for any m, m’ € M. To see that « is well-defined, note that

a(emf® (fef)(fm'e)) = a (emf ® f(zfm')e) = e(mfzfm)e,
a((emf) (fzf) ® (fm'e)) = a(e(mfz) f @ fm'e) = e(mfzfm')e.

Similarly, we can check that § is well-defined. In fact, the “products”
Q x P — Rand P x @ — S induced by a and 3 are exactly the products
between the elements of P and @ in M. Therefore, the associativity condi-
tions in Exercise 18 are automatic, and « is an (R, R)-homomorphism, £ is
an (S, S)-homomorphism. According to Exercise 18, we can form a Morita

ringMz <I}E 652)
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We claim that ¢: M — M defined by ¢ (; z> =r+s+p+qisaring

isomorphism. By the Peirce Decomposition Theorem, we know that ¢ is
an additive group isomorphism, so it remains only to check that ¢ respects
multiplication.

Since ef = fe =0, we have RS = RP =0, SR=5Q =0, PP=PS =
0 and Q@ = QR = 0. Therefore,

r q r q
(0 9e(n 9

(r+s+p+q (F+s+p +¢)
rr’ +rq') + (ss' +sp') + (pr' +pg’) + (g5 + qp')

= (rr'+qp') + (pq + s8') + (pr' + sp’) + (rq’ + qs")
_ T oq q
- (10 p s p/ S, ¥

as desired.

Ex. 18.21. Suppose, in Exercise 18, the associativity conditions are satis-
fied, and that «, 8 are both onto. Show that

(1) @, B are isomorphisms;
(2) Pg is a progenerator; and
(3) The Morita Context for Pg is (R, P, Q, S; a, 3).

Solution. (1) Since « is onto, there exists an equation 1z = } _, g;p; where
p; € P, gj € Q. Suppose z = ) . b; ®s a; € ker(a) (a; € P, b € Q); that
is, 0 = oz) = ), bsa;. Then

=(Z b; ®Sa1) 1z = Z b; ®s aquPJ Z Z baz‘b ®sp; =0.

This shows that « is one-one, so it is an isomorphism. Similarly, we can
show that if 3 is onto, it is an isomorphism.

(2) Write 1g =, g;p; as above, and similarly, write 15 = >k Pk Define
A: @ — P* = Hompg(P, R) by \(¢)(p) = gp. Then X is one-one. In fact, if
A(g) =0, then

¢=q-ls=aq)  pidi=)  (awh)dk=0.

We claim that X\ is also onto. To see this, let f € Homg(P, R). For q : =
> f(Pr)e, € Q, we have

Z f (Pk) (akp) = (Z kakP) f(p) (VpeP),

so f = A(q). Therefore, we have @ = P*. For any p € P, we have

p=1lsp=)_ pk(gkp)=)_ vk fc ()

where fi : = Mq}) € P*. Applying the Dual Basis Lemma, we see that
Pr is f.g. projective. Also, tr(P) contains A(g;)p; = g;-p; for each j, so
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it contains Zj g;p; = lg. Thus, tr(P) = R, so by LMR-(18.8), P is a
generator in Mpg. This proves (2).

(3) By Exercise 2.20(4), Endg(P) = P ®g P*. Identifying P* with @ and
using the isomorphism 3 : P g Q@ — S, we see that Endg(P) = S. It
follows readily that the Morita Context associated with the progenerator
Pg is precisely (R, P, @, S; a, 3).

Ex. 18.22. Using the category equivalence between Mg and My where
R = M,,(S), show that there is an isomorphism from the lattice of right
ideals of R to the lattice of S-submodules of the free module Sg. From this,
deduce that, if two rings S, T are such that M, (S) = M,,(T), then the
free modules Sg and T7* have isomorphic lattices of submodules.

Solution. Recall that a category equivalence from Mg to Mg is given
(on objects) by F(U) = U - E1; where U = Ug and Ep; is the matrix
unit with 1 in the (1, 1)-position and 0’s elsewhere. Under this category
equivalence, the free module Rg corresponds to F(Rg) = R - E11, which
can be identified with the space Sg of column n-tuples over S. A right ideal
2 C R then corresponds to

A - Fy1 = (Q[R) Ei = Q[(REH) = Q[S:’S,l,

which is an S-submodule of SF. Since F' is a category equivalence, 2 — 2ASg
gives the desired isomorphism from the lattice of right ideals of R to the
lattice of S-submodules of Sg.

For the last part of the exercise, let R = M,(S) and A = M,,(T). If
R = A, then R and A have isomorphic lattices of right ideals. Using the
first part of the exercise, we see that Sg and T" have isomorphic lattices
of submodules.

Comment. There is a converse to the last part of the above exercise. If
n > 3, a theorem of J. von Neumann (from his book in Continuous Geome-
try) implies that, if the free modules ST and T7* have isomorphic submod-
ule lattices, then in fact, one has a ring isomorphism M, (S) = M,,(T).
J. von Neumann’s result was later generalized by W. Stephenson, who
proved that, if Pg, Qr are two modules (over S and T') with isomorphic
submodule lattices, and P has the form of a direct sum XD where |I| > 3
(for instance, P = S% with n > 3), then there is a ring isomorphism
EndgP = Endr(@Q); see his paper “Lattice isomorphisms between modules,
(1) Endomorphism rings,” J. London Math. Soc. 1 (1969), 177-183.

Ex. 18.23. Show that, under the ideal correspondence between S and
M,,(S) established in LMR-(18.44), an ideal B C S corresponds to the
ideal M, (B) € M,,(S). Deduce from LMR-(18.50) that

rad M, (S) = M, (rad S).
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Solution. As in the last exercise, let R = M,,(S). The category equivalence
G: Mg — Mg is given (on objects) by

GWV)=(V,..,V) forany V =Vg,

where (V,...,V) is viewed as a right R-module with the obvious matrix
action. In the standard notation of Morita equivalence, G is given by —®g P
where P is the (S, R)-bimodule (S, ..., S). By LMR-(18.44), anideal B C S
and an ideal % C R correspond under the canonical ideal correspondence iff
BP = Pl Since this equation obviously holds for the choice A = M, (B),
we conclude that the one-one correspondence is given by B «— M, (B).
(This implies, in particular, that any ideal in M,(S) is of the form
M,,(%B), for a unique ideal B C S.)

According to LMR-(18.50), under a category equivalence of Mg and
Mg, the Jacobson radicals of S and R correspond to each other under
the canonical ideal correspondence. In our special case, therefore, rad S
corresponds to rad M, (S). But by the above work, we know that rad S
corresponds to M, (rad S). It follows that rad M, (S) = M, (rad S).

Comment. A direct proof for the equation rad M,,(S) = M, (rad S) (with-
out using category theory) is available in FC-p. 61.

Ex. 18.24. Let e be a full idempotent in a ring R, so that we have R = eRe.
Show that the ideal correspondence between R and eRe is as given in FC-
(21.11); that is, A C R goes to e2e C eRe, and B C eRe goes to RBR C R.

Solution. Let S = eRe. The category equivalence Mg — M is given (on
objects) by Ms — M ®g P where P = eR is viewed as an (S, R) bimodule.
By LMR-(18.44), an ideal B C S and an ideal 2 C R correspond under
the ideal correspondence iff BP = P.

(1) For any ideal B of S, we have
P - RBR =eRBR = (eRe)BR = BR,
so B C S corresponds to RBR C R.
(2) For any ideal 2 of R, we have
eAe - P =eAeR = eA(ReR) = eA = P,

so % C R corresponds to e2e. (We have to know, of course, that eQle is an
ideal in S. This is straightforward.)

Comment. Of course, the first part of Exercise 23 is only a special case of
this exercise. If we take R = M,,(S) and take e to be the full idempotent
Ei; € R, then eRe = S - E1; can be identified with S as a ring. For an
ideal B C S, R BR is just M,,(B).

Ex. 18.25. Under a category equivalence F' : Mg — Mg, show that
the ideal correspondence between R and S sends an ideal % C R to the
annihilator (in S) of the right S-module F(R/2).
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Solution. Say Mr = R/ corresponds to N : = F(R/2). By LMR-
(18.47), anng(M) C R corresponds to anng(/N) C S under the ideal
correspondence between R and S. Since

anng(M) = anng(R/Y) = 2,
it follows that 2 corresponds to anng(F(R/2)).

Ex. 18.26. True or False: “If R = S, then there is a one-one correspon-
dence between the subrings of R and those of 5”7

Solution. False, of course. For instance, with respect to the Morita equiv-
alence

R=Z~My(Z)=8 (n>1),

R has only one subring (namely itself), while S has infinitely many subrings.
(Of course, by “subring” here, we mean a subring containing the identity
element of the ambient ring.)

Ex. 18.27. True or False: “If R ~ S, then there exist natural numbers n
and m such that M,,(R) = M,,(5)?”

Solution. False again! For instance, let k be a division ring and let R =
k x k, S =k x Ma(k). Since k ~ Ma(k), we have R~ S. For n, m > 1, we
see easily that

M, (R) = M,, (k) x M (k), My (S) 2 My, (k) x Mo, (k).

These cannot be isomorphic, by the uniqueness part of Wedderburn’s The-
orem on semisimple rings.

Ex. 18.28. For any (right) R-module P, let PN) denote the direct sum
P® P®---, and let S = End(Pg). Show that, if Pg is f.g., then Endg
(PM) = CFM(S), the ring of column-finite N x N matrices over S.

Solution. First, it is easy to see that CFM(S) is indeed a well-defined ring.
Write P™ as P, @ P, ®- - - where each P; is a copy of P. Let gj: P; — Pbe
the j* inclusion map, and 7; : P — P; be the i*? projection map. For any
f € Endp(PM™), let fi; = m; fe;. This is a homomorphism from P; to F;,
so it is an element of S = Endg(P). Since P; is f.g., fe;(P;) lies in a finite
direct sum Py @ --- @ Py, for some m = m(j). Therefore, f;; = m;fe; =0
for any i > m(j) and so (f;;) € CFM(S). We claim that

¢ : Endg(PWN) — CFM(S) defined by ¢(f) = (fi;)
is a ring homomorphism. Indeed, for f, g € Endg(P™), we have
(9f);; =mi(gf) ;= Zk (miger) (mrfe;) -

Here, the sum is finite since, for a fixed j, mxfe; = 0 for almost all k.
Therefore, (gf)ij = Y_x 9ik fxj, which is the 7™ entry of ¢(g)p(f). This
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shows that ¢(gf) = ¢(9)¢(f), and it follows readily that ¢ is a ring
isomorphism.

Ex. 18.29. Show that a f.g. right R-module P is a progenerator iff PN 2
R™M) as right R-modules. Is this still true if P is not assumed f.g?

Solution. First assume PN = RN Then P is isomorphic to a direct
summand of the free module R™ so P is projective. Since Ry, is isomorphic
to a direct summand of P™, P is also a generator. Therefore, P is a
progenerator. Conversely, suppose P is a progenerator. Say

(1) R*2Po®Q and P"=R®Q,

where @, Q' are suitable right R-modules. From the first isomorphism in
(1), we have (by “Eilenberg’s Trick”):

(2) R™ =~ (Rm)®™ = pt) g o) =~ pM g ( PM g Q(N)) ~ p(N) g ).

Similarly, from the second isomorphism in (1), we have
(3) PN ~ pMN) o p(N),
Comparing (2) and (3), we see that P(N) =~ R(N),

The assumption that P is f.g. is essential in the above. For instance, let
P : = R over any nonzero ring R. Then certainly

P o <R(N)>(N) o RINXN) o ROV,

Indeed, Pr is projective; but P is not f.g., so P cannot be a progenerator.

Ex. 18.30. (Camillo) Show that two rings R and S are Morita equivalent
iff CFM(R) = CFM(S).

Solution. First assume R = S. Then by Morita Theory, we have S 2
End(Pg) where P is a suitable progenerator in Mpg. By the last exercise,
we have an R-isomorphism P®) =~ RN}, Taking the endomorphism rings
of these modules and applying Exercise 28, we get a sequence of ring
isomorphisms:

CFM(R) = Endg (R<N>) ~ Endp <P<N>) ~ CFM(S),
as desired.

To show the converse, we first do some preparatory work. Recall that,
for two idempotents e, f in a ring F, we have eE & fE iff Ee = Ef,
iff there exist a,b € E such that e = ab and f = ba (see FC-(21.20)).
In this case, we say that e and f are isomorphic idempotents, and write
e = f. For readers not familar with this result, it will be all right to take
“e = ab, f = ba for some a,b € E” as the definition of e = f. In fact,
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the following lemma (in a special case) will, among other things, yield the
other characterizations of isomorphic idempotents.

Lemma 1. Let E = End(Vg) where V is a right module over a ring R,
and let e, f € E be idempotents. Then e = f in E iff eV = fV as (right)
R-modules.

Proof. Say e = ab, f = ba for some a,b € E. Then
b: eV — fV and a: fV —eV

make sense since b(eV) = babV C fV and a(fV) = abaV C eV. The
compositions of these maps are identities, since ab(ev) = e?v = ev and
similarly ba(fv) = fv for any v € V. Conversely, assume eV = fV as
R-modules, and let

b: eV —fV and a: fV —eV

be mutually inverse R-isomorphisms. We may assume a, b to be in E by
taking b to be zero on (1 — €)V, and a to be zero on (1 — f)V. An easy
calculation shows that e = ab and f = ba in E, so e = f as desired. g

Now let R, S be rings such that CFM(R) = CFM(S). Then, by Exer-
cise 28, there exists a ring isomorphism

o : End (S(N)) — Fnd (R<N>) .

Let us write V = S®™ = Do, v;:S and U = R® = @D;2, uiR. Let e;5 €
Endgs(V) and f;; € Endg(U) be the matrix units (with e;; (vi) = 8;xvi,
etc.), and write e;; = o(e;;). Consider the idempotent e}; € Endr(U), and
let P = ¢},(U) C U. The crucial step is to prove the following.

Lemma 2. The R-module P = ¢}, (U) above is f.g. projective.

Proof. First, P is a direct summand of Ug, so Pg is countably generated
and projective. Note that €11, €22, ... are mutually isomorphic orthogonal
idempotents; therefore, so are e}, €bs,.... From the orthogonality of the
e;;’s, it follows that

e (U) + eno(U) + -+

is a direct sum in Ug, and Lemma 1 shows that each e},(U) = P. Assume,
for now, that P is not f.g. Then, by Exercise (2.32) (and its proof), there
exists an R-embedding

g: Poen(U)@enU)®---CU

such that g(P) is not contained in any finite direct sum on the RHS. We
may assume that g € Endg (U) by taking g to be zero on (1 —€f;)U. Now
go back to V and. consider its endomorphism o~!(g)e ;. We have

o (g)enV = o7 (g)enn (1S +v2S +---) =7 (g)n1 S C Zij
j=1
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for some m < co. Thus, e;;07(g)e11 = 0 for any i > m. Applying o, we

get e;,gey; = 0 for < > m, that is, e/;g(P) = 0 for 4 > m. This implies that

9(P) Cen(U) + -+ + epm(U),

a contradiction to the choice of g. Thus, Pg must be f.g. O
Finally, we need the following self-strengthening of Lemma, 2.

Lemma 3. Py is a progenerator.

Proof. It suffices to prove that

(%) U=en(U)@epU)e: -,

for, if so, then RN =~ U =~ PM) and we are done by Exercise 29. Now
we already know that the sum ) e}, (U) is direct, so it only remains to
show that each basis vector u; € U = @;’;1 u; R lies in that sum. Consider
0~ (f:). Applying Lemma 2 to 0=, we know that o=1(f;;)V is f.g., so it
is contained in vy R® - - - @ v, R for some large n. For any v € V,

(e11+ -+ enn)o (fii)(v) = (e11 4 + €nn) (Va1 + - - + Vpay)
(for some a; € 9)

= V101 + + Unan = 07 (fi) (v),
80 (e11 4 - + €nn)o ™ (fi) = 07 (fii) € Ends(V). Applying o, we get
(€11 + - +epy) fii = fis € Endg(U).
Evaluating the two sides on u; € U, we conclude that
Ui € €1 (U) + -+ + €, (U),
as desired. 0
To conclude the proof, note that P = €}, (U) implies that
Endg(P) = €}, - Endg(U) - €}; £ €11 -Endg(V) - €11 = S.

Since Pr is a progenerator by Lemma 3, Morita’s Theorem now gives
R=S.

Comment. The “only if” part of this exercise is due to S. Eilenberg; a
statement of it appeared in the book of F. Anderson and K. Fuller. Eilen-
berg’s observation inspired V. Camillo to the full version of the theorem in
this exercise; see Camillo’s paper, “Morita equivalence and infinite matrix
rings,” Proc. Amer. Math. Soc. 90(1984), 186-188. In Camillo’s paper,
it was stated that the result was “conjectured by W. Stephenson (around
1965). It turned out that this statement was only prompted by the referee’s
report; there seemed to be no evidence that Stephenson had made such a
conjecture. Instead, in his thesis, Stephenson worked with rings of matrices
with only finitely many nonzero entries. The above “history” on the present
exercise is gleaned from a letter from V. Camillo to C. Faith quoted on
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p. 283 of Faith’s recent book, “Rings and Things and a Fine Array of
Twentieth Century Associative Algebra,” 2nd Ed., Math. Surveys and
Monographs, Vol. 65, Amer. Math. Soc., 2005. In his letter, Camillo con-
cluded; “The credit for first looking at infinite matrix rings as characterizing
Morita Equivalence certainly belongs to Stephenson.”

A few more results on rings of column-finite N x N matrices have ap-
peared recently. For instance, J.J. Simén has shown that Morita equivalent
column-finite matrix rings must be isomorphic; see his paper in J. Alg.
173(1995), 390-393. Extending Camillo’s techniques, J. Haefner, A. del Rio
and J.J. Simén have also shown that R = S iff RCFM(R) = RCFM(S),
where RCFM(A) denotes the ring of row and column finite N x N matrices
over a ring A; see their paper in Proc. Amer. Math. Soc. 125(1997), 1651
1658.

Ex. 18.31. (Hattori-Stallings Trace) For any ring R, let R be the additive
group R/[R, R], where [R, R] denotes the additive subgroup { Y (ab—ba) :

a,beR}ofR.

(1) Show that the projection map “bar”: R — R is a universal group
homomorphism with respect to the “trace property” ab = ba (for all a,
beR).

(2) Show that the group R is uniquely determined by the Morita equivalence
class of R.

Solution. (1) Let ¢ : R — G be a homomorphism from R to any additive
group G with the property that p(ab) = @(ba) for all a,b € R. Then ¢
vanishes on the subgroup {>_(ab — ba) : a,b € R}, so there exists a unique
group homomorphism v : R — G such that ¢(r) = 9 (¥) for every r € R.
This checks the universal property of the “bar” map.

(2) Given R ~ S, we must show that R =~ S as abelian groups. We may
assume that R and S are related to each other as in “Morita I” in LMR-
(18.24), so in particular we have a Morita context (R, P,Q, S; c, 3). Define
a group homomorphism f : Q ®s P — S by f(¢ ®sp) = pg € S. This
homomorphism is well-defined since

flgs ®s p) = p(gs) = (pg)s = s(pq) = (sp)g = f(q ®s sp).

Identifying Q ®g P with R, we have then a homomorphism g : R — S given
by g(gp) = Pq. Since

g(ap - ¢'v) = g(gpd - p') =v'(awd) = W' ap)d’
=g(q¢ - p'ap) =9(d'P - qp),

g induces a homomorphism g : R— S . Similarly, we can define a homo-
morphism h: S — R by h (pg) = gp € R. Then

hg(@)=h([®7) =7 and gh(pq) = §(ap) = DY,
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so h, § are mutually inverse isomorphisms. In particular, R = S as abelian
groups.

Comment. The exercise only barely scratched the surface of the construc-
tion of the Hattori-Stallings trace. After obtaining the additive group
R = R/[R, R), one constructs, for any f.g. projective right R-module P,
an additive homomorphism

trp : Endg(P) — R,

generalizing the trace on Endg(P) defined in Exer. (2.28) in the commu-
tative case. In particular, trp (Idp) € R may be viewed as the “rank” of
the f.g. projective module Pg.

For the relevant literature, see A. Hattori, “Rank element of a projective
module,” Nagoya J. Math. 25(1965), 113-120, and J. Stallings, “Centerless
groups — an algebraic formulation of Gottlieb’s Theorem,” Topology 4
(1965), 129-134.

Ex. 18.32. For any right R-module M, let o[M] be the full subcategory
of 9z whose objects are subquotients of direct sums of copies of M. Show
that o[M] = Mg iff Rr can be embedded into M™ for some integer n.

Solution. As is observed in LMR-§18F, o[M] is closed with respect
to submodules, quotient modules, and arbitrary direct sums. If Rr can
be embedded into some direct sum M), then R € o[M], and hence
Mp = o[M]. Conversely, assume that Mg = o[M]. Then R is a quotient
module of some module Q@ C M. Since R, is projective, this implies that
R can be embedded in @, and hence in MD. But then R can be embedded
in M™ for some n < oo.

Ex. 18.33. Let M be a right R-module with A = ann®(M). Let S =
Endg(M) (operating on the left of M). If M is f.g. as a left S-module,
show that o[M] = Mg, 4. Deduce that, if M is a f.g. (right) module over a
commutative ring R, then o[M] =My, 4 (for A = ann®(M)).

Solution. Clearly, c[M] is a (full) subcategory of Mg,/ 4. According to the
last exercise, o[M] = My, 4 will follow if we can show that (R/A)g can be
embedded into M™ for some integer n. Say

M=S8mi+---+Sm, (m;eM).

Then A = -, annf(m;). Hence, in the direct sum M™", the cyclic R-
submodule (my,...,my) - R is isomorphic to (R/A)g, as desired.

Now assume R is commutative, and Mg is f.g. We have a natural
ring homomorphism R — S = Endg(M) sending » € R to the right
multiplication by r on M. Thus, Mg being f.g. implies that sM is f.g.,
so the first part of this exercise applies.

Ex. 18.34. For R = Z and M = Q/Z, show that the only o[M]-projective
module is (0).
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Solution. We shall use the fact that any direct summand of a o[M]-
projective module is o[M]-projective. Here, we know that o[M] is the
category of all torsion abelian groups, by LMR-(18.52)(4).

Suppose P is a nonzero o[M]-projective. By replacing P by one of its
primary components, we may assume that P is p-primary for some prime
p. We argue in the following two cases.

Case 1. P contains a copy of the Priifer p-group Cpe. Since Cp- is a
divisible abelian group, it is isomorphic to a direct summand of P, and is
therefore o[M]-projective. This is impossible since the surjection Cpeo —
Cp defined by multiplication by p is nonsplit.

Case 2. P does not contain a copy of Cpe. By a theorem in abelian group
theory (see Theorem 9 in Kaplansky’s “Infinite Abelian Groups”), any
nonzero p-primary group with this property must contain a nonzero direct
summand isomorphic to a cyclic group Cp». But then Cpn would be o[ M]-
projective. This is impossible, since a surjection Cpn+1 — Cpn obviously
does not split.

Ex. 18.35. (Blackadar) In this exercise, we write r - P for the direct sum
of r copies of a module P. Let P, @, X be right modules over a ring R such
that P& X =2 Q & X. If X embeds as a direct summand in r - P and in
r - @ (for some integer 7), show that n- P = n - @ for all n > 2r. Deduce
that if P, () are generators over R and X is a f.g. projective R-module such
that P X 2 Q @ X, then n- P 2 n - (Q for all sufficiently large n.

Solution. As is observed by K. Goodearl, the proof of the first claim in this
exercise can be formulated quite generally in the language of semigroups.
Let (S,+) be a commutative semigroup with elements p, ¢,z such that
r-p=z+aandr-q=x-+bfor some a,b € S and some natural number
7. We claim that

(1) pt+rx=q+x = n-p=n-q€S foral n>2r
Indeed, adding p to r - p = x + a, we have
(2) ptrp=(p+z)ta=(¢+z)ta=q+rp

We can express this equation informally by saying that rp “converts” p into
q (upon addition). By symmetry, we see that rq also “converts” ¢ into p,
that is,

3) q+rg=p+rq.
Thus, for any n = 2r + ¢ with € > 0, we have by (2), (3):

np =rp+rp+Ep=rp+719+Eq
=rq+rq+eq=ng.
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The module-theoretic claim now follows by applying (1) to the semigroups
S of isomorphism classes of R-modules, with the sum in S induced by the
direct sum of modules.

For the second claim in the exercise, let P, @ be generators over R such
that P® X =2 Q @ X, where X is a f.g. projective R-module. Then X is
a direct summand of some free module s - R. For sufficiently large r, r - P
and r - Q will have surjections onto s - R. Therefore, s - R (and hence X)
embeds as a direct summand in both r - P and r - @, and the first part of
the Exercise applies.

Comment. B. Blackadar’s paper, “Rational C*-algebras and non-stable K-
theory,” appeared in Rocky Mountain J. Math. 20(1990), 285-316. Our for-
mulation of Blackadar’s result follows that of K. Goodearl in “von Neumann
regular rings and direct sum decomposition problems,” in Abelian Groups
and Modules, Padova 1994 (A. Facchini and C. Menini, eds.), Math. Appl.
343, Kluwer Acad. Publ., Dordrecht, 1995.

§19. Morita Duality Theory

Before taking up the study of Morita’s duality theory, it is convenient
to introduce first the notion of finitely cogenerated (f.cog.) modules. The
definition of a f.cog. module is dual to one of the known descriptions of
a f.g. module: we say that Mg is f.cog. if, for any family of submod-
ules {N;:i€lI} in M, if ;c;N; = 0, then (,c;N; = 0 for some
finite subset J C I. There are a few equivalent descriptions for M being
f.cog., the most useful of which is that S : = soc(M) is f.g. and S C. M
(LMR-(19.1)). Exercise 7 below gives Vamos’ original description:

M is f.cog. iff E(M) = E(V1)®--- @ E(V,) for suitable simple
modules Vi,...,V,.

We also need the notion of a cogenerator (module), which is dual to that
of a generator: a module Ug is called a cogenerator if, for any Ng and
0 # = € N, there exists g € Hompg(N,U) such that g(z) # 0. A useful
characterization is that U contains a copy of E(V) for every simple mod-
ule Vg. Just as projective generators are important, we can expect that
injective cogenerators are important.

A cogenerator ring is a ring R for which both Rr and rR are cogenera-
tors. QF rings are examples of cogenerator rings; in fact, they are precisely
the cogenerator rings that are left (or right) noetherian. Regardless of chain
conditions, cogenerator rings are precisely the self-injective Kasch rings,
according to LMR-(19.18).

A “duality” between two categories A, B means a pair of contravariant
functors A — B, B — A, whose compositions are equivalent to the identity
functors. Classical examples include vector space duality, Galois duality,
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Pontryagin duality, Gel’fand-Naimark duality, etc. A nice ring-theoretic
example is the duality between f.g. right R-modules and f.g. left R-modules
over a QF ring R; here, the contravariant functors are both given by the
R-dual Hompg(—, R).

More generally, given an (.S, R)-bimodule U, we have the contravariant
functors F : Mp — Mg, G : Mg — Mg defined by forming the U-duals:

F(MR) = HOIIIR(MR, SUR) and G(SN) = Homs(sN, SUR)'

Writing Mz [U] and sMM[U] for the categories of U-reflexive modules (in Mg
and g9 respectively), we say that U defines a Morita duality (from R to S)
if both Mp[U] and sIM[U] are Serre subcategories containing Rg and g9
respectively. Of course, the duality here is really between the two categories
Mp|U] and ¢M[U]. The conditions imposed above on the Morita duality
ensures that these are sufficiently nice and sufficiently big categories. (A
Serre subcategory of My means a subcategory M with the property that,
for any exact sequence 0 - K — L — M — 0 in Mg, we have L € I iff
K,MeMm.)

The theorem Morita I for duality gives necessary and sufficient condi-
tions for a bimodule ¢Ug to define a Morita duality. For instance, one set
of necessary and sufficient condition is that:

Ugr and sU both be injective cogenerators, and sUg be faithfully
balanced (i.e. End(Ug) = S and End(gU) = R).

The existence of such a Morita duality automatically imposes various con-
ditions on R; foremost is the fact that R must be a semiperfect ring (i.e.
R/radR is semisimple, and idempotents of R/radR can be lifted to R). The
cogenerator rings are precisely the rings R for which U = grRpg defines a
Morita duality from R to itself. Here we get a duality between the left and
right reflexive modules given by the usual R-dual functors. It follows from
what we said above that any cogenerator ring is a semiperfect ring.

Another important example of a Morita duality from R to itself is given
by the case where R is a commutative complete noetherian local ring (R, m).
Here, Matlis’ theory predicts that U : = E(R/m) defines a Morita duality
from R to R. Here, the U-reflexive objects include all noetherian and all
artinian R-modules (LMR-(19.56)).

The notion of a linearly compact module turns out to be important for
the study of Morita dualities. A module Mpg is said to be linearly compact
(or lc. for short) if, for any system of submodules {M;}ic; and elements
m; € M, ;e (m; + M;) # 0 for any finite J C I implies that (¢, (m; +
M;) # 0. The category SJT% of l.c. R-modules is always a Serre subcategory
of Mg, by a result of Zelinsky (Exercise 35 below).

The relvance of 1.c. modules to Morita duality is seen from the following
result of Miiller (LMR-(19.68)):
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If a bimodule sUg defines a Morita duality from R to S,
then Mg[U] = ME.

This surprising result says that the category of U-reflexive objects in R
is uniquely determined (as the category of l.c. modules), independently
of U and 8! For a given Ur € Mp and S : = End(Ug), there is also a
characterization for sUg to define a Morita duality from R to S in terms
of linear compactness: the necessary and sufficient condition is that Ugr be
a f.cog. injective cogenerator, and Rg,Ug both be linearly compact LMR-
(19.70).

The case of Morita dualities between artinian rings was the primary
motivation of the classical work of Morita and Azumaya. If R is a right
artinian ring with simple right modules V;,...,V,,, a necessary and suffi-
cient condition for R to admit a Morita duality (to some other ring S)
is that each E(V;) be f.g. In this case, the minimal injective cogenerator
U° = E(Vi)®---®E(V,) defines a Morita duality from R to S = End(U%).
(LMR-(19.74)).

The first part of this set of exercises deals with the notion of f.cog. mod-
ules, and is followed by exercises on cogenerator modules and cogenerator
rings (and their 1-sided versions, the right/left PF rings). The remaining
exercises deal with Morita dualities and linearly compact modules.

Exercises for §19

Ex. 19.0. Prove the following two facts stated in LMR-(19.4):

(1) A module Mg, is artinian iff every quotient of M is f.cog.
(2) A ring R is right artinian iff every cyclic (resp. f.g.) module Mg is f.cog.

Solution. (1) For the “only if” part, it suffices to show that M artinian
= M is f.cog. Let {N; : i € I} be a family of submodules of M such
that any finite subfamily has nonzero intersection. We may assume that
the family is closed under finite intersections. Since M is artinian, there
is a minimal IV;, in the family. For any ¢ € I, N; N N;, # 0 implies then
N;NN;, = N;,. Therefore, (;c; Ni 2 Nj, # 0. This checks that M is f.cog.

For the “if” part in (1), assume that every quotient of M is f.cog. If
M is not artinian, there would exist submodules Ny 2 Ny D ---in M. Let
N =2, N; and consider the submodules N; : = N;/N in M/N. Clearly,
any finite family of these has a nonzero intersection, but (;o, N; = 0.
Therefore, M /N is not f.cog., contrary to our assumption.

(2) First assume R is right artinian. Then any f.g. M is also artinian, and
hence f.cog. by (1). Conversely, assume that every cyclic Mg is f.cog. Then
every quotient of Rp is f.cog., and hence by (1) Rp is artinian.
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Comment. The characterization of artinian modules in (1) of this exercise
is, of course, dual to the following well-known characterization of noetherian
modules: Mg is noetherian iff every submodule of M is f.g.

Ex. 19.1. In LMR-(19.1), the following two conditions on a module
Mpg were shown to be equivalent:

1) For any family of submodules {N; : 1 € I} in M, if ; = 0, then
( y family ier N

N;cs Ni = 0 for some finite subset J C I.

(2) For any family of submodules {N; : ¢ € I'} in M which form a chain, if

each N; # 0, then ;c; N; # 0.

The proof of the equivalence depends on using another condition on the
socle of M. Give a direct proof for (1) < (2) without using the socle.

Solution. (1) = (2) is clear, so we need only prove (2) = (1). Assume
(2) holds but (1) does not. Then there exists a family of submodules
{N; : i € I} such that (),c; N; # 0 for any finite subset J C I, but
(;er Ni = 0. By Zorn’s Lemma, there exists such a family that is maximal
(w.r.t. 1nclus1on). We may thus assume that {N; : ¢ € I'} is such a maximal
family. Clearly, this family must be closed with respect to finite intersections.
Now, by Hausdorff’s maximal principle, there exists a maximal chain, say
{Ag : £ € L}, in the family {N;}. By (2), A: =\, A¢ # 0. There are the
following two possibilities:

(a) A = Nj, for some iy € I. For any j € I, ANN; = N;; NN; still belongs
to the family {N;}. By the maximality of the chain {A4,}, we must have
ANN; = A. This yields AC N; for all jandso ({{N;:j €I} DA#0,a
contradiction.

(b) A is not in the family {N; : i € I}. Since the intersection of {4, N;
(i € I)} is obviously zero, the maximal choice of {N; : i € I} implies that
ANN;; N---N N; =0 for suitable i1,...,i, € I. But

N, n---NN; =N;, forsome ig€l,

so we have AN N;, = 0. Applying (2) to the chain {N;;, N A, : £ € L},
however, we have

0% () (Nig N Ag) = Niy [, Ae=Nig N 4,

LeL

a contradiction.

Comment. The argument above involves some of the most tricky appli-
cations of maximal principles I have seen. It is based on a hint to the
same exercise given on p. 131 of the text of Anderson-Fuller, “Rings and
Categories of Modules,” (2nd edition), Graduate Texts in Math., Vol. 13,
Springer-Verlag, N.Y., 1992.
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Ex. 19.2. Let N C M be R-modules. If M is f.cog., it is clear that N is
also f.cog. Show that the converse holds if N C, M.

Solution. Assume that N C. M and N is f.cog. Let {X; : ¢ € I} be
submodules of M such that ();c; X; # 0 for every finite subset J C I.
Consider the family of submodules Y; = X; NN C N. For any finite J C I,
N C. M implies that

ieJ Yi=Nn (ﬂieJ Xi) 7 0.

Since N is f.cog., this gives (),c; Y; # 0. In particular, ,c; X; # 0, so we
have checked that M is f.cog.

Alternatively, we can solve this exercise by using the fact (LMR-(19.1))
that a module is f.cog. iff it has a f.g. and essential socle. Since N C, M
implies that soc(N) = soc(M) by Exercise (6.12)(4), the transitivity of
essential extensions show that N being f.cog. implies M is f.cog.

Comment. The conclusion of this exercise is motivated by its dual state-
ment in the f.g. case: If N is small in M (that is, for any submodule
XCM,N+X=M=X=M),and M/N is fg., then M is f.g.

Ex. 19.3. For any module M, show that the following are equivalent:

(1) M is semisimple and f.g.;
(2) M is semisimple and f.cog.;
(3) rad M = 0 and M is f.cog.

Show that these statements imply, but are not equivalent to:
(4) rad M =0 and M is f.g.

Solution. (1) = (2). Under the assumptions of (1), M has finite length,
and is, in particular, artinian. By Exercise 0, every quotient of M is f.cog.

(2) = (3). Since M is semisimple, M = N & rad M for some submodule
N.If rad M # 0, N is contained in a maximal submodule P of M. But
then P O rad M and hence P = M, a contradiction. This shows that rad
M =0.

(3) = (1). Since rad M is the intersection of all maximal submodules of
M, (3) implies that (0) = M; N--- N M, for suitable maximal submod-
ules Mq,..., M, of M. Therefore, M embeds into the semisimple module
@, M/M;, which implies that M is f.g. semisimple.

Clearly, the equivalent statements (1), (2), (3) imply (4). However, in
general, (4) does not imply (1), (2) or (3). For instance, the Z-module
M = Z satisfies (4), but is not semisimple.

Comment. This exercise serves to warn us that not every valid proposition
has a valid dual!

Here is a nice application of the exercise: If rad M is small in M and
M /rad M is f.cog., then M is f.g. Indeed, since rad(M /rad M) = 0, the
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assumption that M/rad M is f.cog. implies that M/rad M is f.g., by (3) =
(4) above. Since rad M is small in M, this implies that M is f.g. (see the
remarks made after LMR-(19.2)).

Ex. 19.4. True or False: “For any exact sequence 0 - K — L — M — 0,
if K, M are f.cog., sois L”?

Solution. It is well-known that this is a true statement if “f.cog.” is
replaced by “f.g.” Therefore, it is reasonable to expect the truth of this
statement for f.cog. modules.

Assume that K and M are f.cog. Consider any chain of nonzero sub-
modules {N; : i € I} in L. We claim that (;c; Ni # 0. (By LMR-(19.1),
this would imply that L is f.cog.) For K; = N; N K (i € I), we have two
cases.

Case 1. Every K; # 0. Since K is f.cog., [);c; K; # 0. In particular,
Nic1 Ni # 0, as desired.

Case 2. There exists iy € I such that K;, = 0. Then N;, N K = 0.
Consider now the chain {N; : j € J} (J C I) of modules N; € Ny,. For
each j € J, the image N; of Nj in L/K = M is nonzero. Since M is f.cog.,
Mjes N; # 0. This implies that (;c; N; # 0. For each i € I, we have
either N; 2 N;, or N; C Ny,. It follows that (,.; N; = njeJ N; #0.

Ex. 19.5. Show that M = M; & ---® M, is f.cog. iff each M; is.

Solution. If M is f.cog., clearly each submodule M; is also f.cog. Con-
versely, if My,..., M, are f.cog., then by Exercise 4 and induction on n,
the direct sum M; & --- & M, is also f.cog.

Ex. 19.6. Show that any f.cog. module has finite uniform dimension. Is
the converse true, at least for injective modules?

Solution. Let M be f.cog. By LMR-(19.1), soc(M) is f.g. and essential in
M. Since soc{M) is semisimple, we have

u-dim M = u - dim (soc(M)) = length (soc(M)) < oco.

The converse is not true, even for injective modules M. For instance, over
the ring Z, the Z-module M = Q is injective and uniform. But Qy is not
f.cog. since Zz is not.

Ex. 19.7. For any module Mg, show that the following are equivalent:
(1) M is f.cog.

(2) E(M) =2 E(V1) ® - -+ & E(V,) for suitable simple modules V1,...,V,,.
B) M CEWV)® - E(V,) for suitable simple modules Vi, ..., V,.

Solution. (2) = (3) is trivial.

(3) = (1). Clearly, soc(E(V;)) = V;. Since this socle is simple and essential
in E(V;), E(V;) is f.cog. by LMR-(19.1). Therefore, by Exercise 5, E(V1) ®
-+ @ E(V;) is f.cog., and so its submodule M is also f.cog.
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(1) = (2). By LMR-(19.1) again, S : =soc(M) C, M and S =V, &---®V,
for suitable simple modules Vi, ..., V,. Therefore,

EM)=ES)=EVi®---@V,) XEW) & - & E(V,).

Comment. In Vamos’ paper “The dual of the notion of ‘finitely gener-
ated’”, J. London Math. Soc. 43(1968), 643-646, the condition (2) above
was taken to be the definition of M being f.cog. (Actually, Vdmos used the
term “finitely embedded”, instead of “f.cog.”, for this property.)

Ex. 19.8. (Matlis) For any commutative noetherian ring R, show that a
module Mg is artinian iff it is f.cog.

Solution. The “only if” part follows from Exercise 0, so we need only
prove the “if” part. Let Mg be f.cog. By the last exercise, there exists an
embedding

MCEWe @ EV,)

where each V; is a simple R-module. Therefore, it suffices to show that
E : = E(V) is artinian for any simple module Vg. Say V = R/m where
m C R is a maximal ideal. By LMR-(3.77), we can identify E with the
injective hull E(Ry,/mRy) (formed over Ry,). We claim that:

(1) Any R-submodule X C E is an Ry-submodule of E.

It suffices to show that, for any s € R\m and any z € X, zs~! € zR.
By LMR-(3.78), zm™ = 0 for some n. Since § is clearly a unit in R/m",
st =1 (mod m™) for some t € R. Then z(st — 1) = 0 implies that

zs~! =zt € zR,

as desired.

In view of (1), we may replace R by Ry, to assume that R is local.
By Matlis’ Theorem LMR-(3.84), EndgrFE is isomorphic to R, the m-adic
completion of (R, m). Now, by Exercise (3.49), E is also the injective hull
of the unique simple module of R, and the solution to that exercise shows
that any R-submodule of E is also an R-submodule. Therefore, it suffices
to check that E is an artinian R-module. Since R is complete, local, and
noetherian, this follows from LMR-(19.56).

Comment. This exercise is based on Matlis’ paper “Modules with descend-
ing chain condition,” Trans. Amer. Math. Soc. 97(1960), 495-508. Note
that the above proof works as long as each localization Ry, is a noetherian
ring. It turns out this is exactly what we need, in view of the following
result of P. Vamos:

Over a commutative ring R, f.cog. R-modules coincide with the
artinian ones iff the localization of R at every mazimal (or
prime) ideal is noetherian.
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See his paper in J. London Math. Soc. cited in the Comment on the last
exercise.

Ex. 19.9. A module My, is said to be cofaithful if Rr embeds into M™ for
some n < 00.

(1) Show that a cofaithful module My, is always faithful.

(2) If R is commutative, show that a f.g. My is faithful iff it is cofaithful.
(3) Show that Rp is f.cog. iff all faithful right R-modules are cofaithful. (In
particular, the latter condition holds over any right artinian ring, and any
cogenerator ring,.)

Solution. (1) Say R < M™. Since Rp is faithful, M™ is also faithful, and
this implies that M is faithful.

(2) In view of (1), we need only prove the “only if” part. Write M = 5~ m; R

=1
and assume it is faithful. If » € R is such that m;r = 0 for all ¢, then by
commutativity,

Mr:imi erimﬂRzO,
i=1 i=1

and so = 0. The map 1 — (my, ..., m,) then defines an embedding of
Rp into M™. Hence M is cofaithful.

(3) First assume Rp is f.cog., and let Mg be any faithful module. Then
{ann(m): m € M} is a family of right ideals in R with intersection (0).
Since Rpg is f.cog., there exists mi,...,m, € M (n < oo) such that
Ni; ann(m;) = 0. From this we see as in (2) that M is cofaithful.

Conversely, assume that any faithful Mg is cofaithful. Consider the
canonical cogenerator M (direct sum of the injective hulls of a complete set
of simple right R-modules). Certainly Mg is faithful (by LMR-(19.7)), so
Rp embeds into some M™. Since Rp is cyclic, this implies that R embeds
into E(V1) @ --- @ E(V,) for a finite set of simple modules V,...,V,. By
Exercise 7 above, Rp is f.cog.

Comment. The result (3) in this exercise appeared in J. A. Beachy’s paper
“On quasi-artinian rings,” J. London Math. Soc. 3(1971), 449-452. In
the literature, cofaithful modules have appeared under other names. For
instance, in C. Faith’s “Algebra II” (Springer-Verlag, 1976), they are called
“compactly faithful” modules.

Ex. 19.9'. If R is a semiprime ring such that Rpg is f.cog., show that R is
a semisimple ring.

Solution. By Exercise 6, u. dim(Rpg) < 0o, and by LMR-(19.1), soc(Rg) C.
Rpg. Therefore, by Exercise (11.30)(3), R must be a semisimple ring.

Ex. 19.10. For any ring R, R’ : = Homgz, (R, Q/Z) is an (R, R)-bimodule.
Show that (R')g is an injective cogenerator (and similarly for gr(R')).
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Solution. Since grR is flat, Lambek’s Theorem (LMR-(4.9)) implies that
(R')R is injective. To check that (R')g is a cogenerator, it thus suffices to
show that any simple module Sk embeds into (R')g (see LMR-(19.9)). Fix
a nonzero Z-homomorphism g : S — Q/Z (which exists by LMR-(4.7)).
Then define f : S — R’ by f(s)(z) = g(sz) for s € S and z € R. For
r € R, we have

f(s7) () = g (srz) = f(s)(rz) = (f(s) - 7) (),

so f(sr) = f(s) - r, ie., fis a right R-homomorphism. Since f(s)(1) =
g(s) # 0 for some s, f is not zero. Therefore, f gives an embedding of Sy
into (R')g, as desired.

Ex. 19.11. Show that R = H?:1 R; is a cogenerator ring iff each R; is.

Solution. Recall that R is a self-injective ring iff each R; is (by LMR-
(3.11B)). Next, a simple (left, right) R-module is just a simple R;-module
for some 7 with the other R;’s acting as zero. From this, we see easily that
R is Kasch iff each R; is Kasch. Since being a cogenerator ring amounts
to being self-injective and Kasch (by LMR-(19.18)), the conclusion of the
exercise follows.

Ex. 19.12. Let R be a QF ring. In LMR-(15.11)(1), it is shown that
all left/right R-modules are torsionless, from which it follows that R is
a cogenerator ring. Give another proof of this result without using LMR-
(15.11)(1).

Solution. By symmetry, it suffices to prove that Rg is a cogenerator.
Consider any simple module Sg. By Exercise (15.13)(1), E(S) is isomor-
phic to a principal indecomposable right R-module. In particular, E(S)
embeds into Rg. By LMR-(19.8), this implies that Rg is a cogenerator,
as desired.

Ex. 19.13. Show that over R = Z, a module Uy, is a cogenerator iff every
nonzero Mp admits a nonzero homomorphism into U.

Solution. We need only prove the “if” part. Assume that Uz has the given
property. Our job is to prove that, for any simple module Sg, E(S) embeds
into U. Now S = Z/pZ for some prime p, and F(S) is (isomorphic to) the
Priifer p-group Cp. By assumption, there exists a nonzero homomorphism
[+ Cpo — U. We have K : = ker(f) # Cpo and Cpe /K embeds into U.
Now, Cpe / K is just another copy of Cpee, 50 Cpee embeds into U, as desired.

Ex. 19.14. Let R =S ® M be a trivial extension of a bimodule gMg by
the ring S, where ¢M is faithful. According to LMR-(19.22),
Rpr is injective iff Mg is injective and the natural map S —
End(Mg) (giving the left S-action on M) is onto (hence an
isomorphism).
The proof for the “if” part is given in LMR-(19.22). Supply here a proof
for the “only if” part.
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Solution. The following proof of the “only if” part does not require the
faithfulness of gM.

Assume that Rpg is injective. Let I C S be a right ideal, and f €
Homg(I, Ms). For J : = I & M (a right ideal in R), we can define F :
J — R by

F(i,m)= (0, f(i)) where i€l and me M.

A routine calculation shows that F € Hompg(J, Rg). Since Rp is injective,
F is the left multiplication by some (sg,mo) € R. Thus,

(0, f(l)) = F(i, 0) = (80, mo) (i, 0) = (Soi, moi),

and so f(i) = mygi for all ¢ € I. By Baer’s Criterion, we see that Mg is
injective.

To show that S — End(Mg) is onto, consider any g € End(Mg).
Viewing g as a map from M to R, we check easily that g € Homg(Mg,
RRg). Again by the injectivity of Rg, g must be the left multiplication by
some (s1, m1) € R. This time,

(0, g(m)) = (s1, m1) (0, m) = (0, s1m)
shows that g is left multiplication by s; on M, as desired.

Comment. Mark Davis has observed that the first part of this exercise can
also be solved by invoking Ex. 3.28(1). In fact, if R is injective, consider
the ideal M in R. The annihilator of M taken in Rg has the form X & M,
where X = ann? (M) is the kernel of the left action of S on M. By
Ex. 3.28(1), X ® M is injective when it is viewed as a right module over
the ring R/M = S. From this, it follows that My is injective.

Ex. 19.15. Keep the notations in the last exercise, and assume that gM
and Mg are faithful, M = E(V) for some module Vg, and that the map
S — End(Mgs) is onto. Show that, upon viewing V as a right ideal of
R =S8® M, we have R = E(Vg). (A special case of this appeared in the
arguments in LMR-(19.24).)

Solution. First note that, since M2 = 0 in the ring R, M is an ideal and
V is a right ideal of R. By the last exercise, Rg is injective, so it only
remains to check that Vg C. Rg. Since Vg C., Mg, it suffices to show
that Mr C. Rg. Consider any (sg,mo) € R\M. Then sy # 0, and the
faithfulness of gM implies that som # 0 for some m € M. But then

('507 mO) (O’ m) = <07 SOm) € M\{O}7
as desired.
Ex. 19.16A. Suppose Rp is a nonzero cogenerator.

(1) If R has no nontrivial idempotents, show that R is a right self-injective
local ring.
(2) If R is a domain, show that R is a division ring.
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Solution. (1) Fix a simple right R-module V. Since Rp is a cogenerator,
we have an embedding E(V) — Rg by LMR-(19.8). Therefore, E(V) is a
direct summand of Rg, so the assumption on R implies that Rg = E(V)
is injective. By Exercise 3.2(2), R is a local ring.

(2) R is right self-injective by the above, so R must be a division ring by
Exercise 3.2(3).

Ex. 19.16B. For any ring R, show that F(Rp) is an (injective) cogenerator
iff R is a right Kasch ring.

Solution. First assume R is right Kasch. Then every simple module Vg
embeds into Rg C E : = E(Rg). By LMR-(19.9), E is an (injective)
cogenerator. Conversely, assume F is a cogenerator. Let Vg be any simple
right R-module. By LMR-(19.9) again, we may assume that V' C E. Since
Rgr C. E, we must have VN R # 0 and so V C R. This checks that R is
right Kasch.

Ex. 19.16C. (Kato) For any right self-injective ring R, show that the
following are equivalent:

(1) Rpg is a cogenerator.
(2) R is right Kasch.
(3) ann,(anng(A)) = A for any right ideal A C R.

Solution. (1) = (3). Since Rp is a cogenerator, LMR-(19.6) implies that
every module Ng is torsionless (that is, N — N** is injective). In par-
ticular, (R/A)g is torsionless for any right ideal A. By LMR-(19.15), (3)
follows.

(3) = (2). Consider any maximal right ideal m C R. Since ann,(anng(m)) =
m, we have anng(m) # 0. By LMR-(8.28), (2) follows.

(2) = (1). Let S be any simple right R-module. By (2), S is isomorphic
to a minimal right ideal Sy. Since Rpg is injective, R contains a copy of
E(Sy) = E(S). By LMR-(19.8), (1) follows.

Comment. The result in this exercise appeared in T. Kato’s paper “Self-
injective rings,” Tohoku Math. J. 16(1967), 485-495.

A right self-injective ring R satisfying any (and hence all) of the con-
ditions (1), (2), (3) above is called a right PF (pseudo Frobenius) ring.
For a more extensive list of conditions characterizing right PF rings, see
LMR-(19.25).

While an arbitrary right self-injective ring R may not satisfy (3), it is
worthwhile to recall (from Step 2 of (2) = (4) in the proof of LMR-(15.1))
that anng(ann,.(B)) = B always holds for any f.g. left ideal B in R.

Ex. 19.16.D. Let R be a commutative ring that is subdirectly irreducible
(i.e. R has a smallest nonzero ideal L). If R is self-injective, show that R
is a local cogenerator ring.
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Solution. Clearly, L is a simple R-module, and we have L = soc(R). Also,
since every nonzero ideal contains L, we have L C. R. Using the fact that
R is self-injective, we infer from LMR-(13.1)’ that R/rad R = Endg(L),
which is a division ring by Schur’s Lemma. Therefore, R is a local ring.
The unique simple R-module must be isomorphic to L C R. Since Rg is
injective, it follows from LMR-(19.9) that Rp is a cogenerator.

Comment. For a commutative subdirectly irreducible ring R, it follows
from the above that R is self-injective = R is locally compact (see Miiller’s
First Theorem in LMR-(19.68)). The converse is true too, but the proof
is harder: we refer the reader to Prop. 6.7 in Xue’s “Rings with Morita
Duality”, Springer Lecture Notes in Math., Vol. 1523, Springer-Verlag,
1992.

The next four exercises purport to show that “Rp being injective” and
“Rp being a cogenerator” are, in general, independent conditions.

Ex. 19.17. Let R = H].EJAJ-, where the A;’s are division rings, and
J is infinite. By LMR-(3.11B), Ry is injective. Show that Rg is not a
cogenerator, and that R is not right Kasch.

Solution. Let A = @J. A;, which is a proper ideal in R. We claim that

any g € Homg((R/A)R, RRr) is zero. Indeed, consider g(1) = r = (r;). For
the j*® idempotent e; in R, we have

re; =g(I)e; = g(1e;) =0.

Hence r = 0 and so g = 0. This shows that Rg is not a cogenerator (see
LMR-(19.6)). The fact that Homg((R/A)r, Rr) = 0 also shows that R/m
cannot be embedded into Rg for any maximal right ideal m 2 A, so R is
not right Kasch. (Alternatively, the fact that A has zero left annihilator
implies that R is not right Kasch, as in LMR-(8.29)(4).)

Comment. Since Rp is injective, we know from Exercise 16C that the two
conclusions in this exercise are actually equivalent. Incidentally, the fact
that R here is not a cogenerator ring also shows that the conclusion of
Exercise 11 does not hold for infinite direct products.

Ex. 19.18. Let k be a field, and S be the commutative k-algebra
k @®@,>; ke; constructed in Exercise (8.17), with e;e; = d;5€;. Let
V; = kv; (i > 0) be the simple right S-modules constructed in that exercise,
with the S-action

(A) vie; = djvi (1 >0, j > 1).

Let M be the right S-module @, Vi = kvg @ kv, @ ..., and define a left
S-action on M by -

(B) €V = j—1,iVi (l Z 0, _] Z 1)
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(1) Check that, under the above actions, M is an (S, S)-bimodule, faithful
on both sides.

(2) Let R =S @© M be the trivial extension of gMg by S. Show that R is
right Kasch but not left Kasch.

(3) Show that R is neither right nor left self-injective.

Solution. (1) First, it is easy to check that the left S-action on M is well-
defined, and makes M into a left S-module. Next, a quick computation
shows that (e;v;)eq and e;(v;es) are both equal to &;_1:6; evs, so M is an
(S, S)-bimodule. To show that gM is faithful, take any nonzero

a=ag+ae;+---+aze, €85,

with a; € k, and a,, # 0. If ag # 0, then av, = agv, # 0. We may thus
assume ag = 0, in which case av,,_1 = ap,v,_1 # 0. The faithfulness of Mg
can be shown similarly.

(2) Since M? = 0 in R, R has the same (left, right) simple modules as S
~ R/M. Now each V; = kv; = ;R C Rg (i > 0), so R is right Kasch.
To analyse the left structure, let us label the simple left S-modules by
V' (i > 0), where dimy V/ =1 for all 4, and e; acts as d;; on V/ for j > 1.
By (B), we have g(kv;) = V/,,, so g(V/,,) embeds into grR for i > 0. We
claim that (V) does not embed into rR (so R is not left Kasch). The
idea of proof here is similar to that used in the solution to Exer. (8.17)(2).
Indeed, assume that k- o = g(Vj) for some

a=ag+aer+ -+ ane, +bovg + - -+ bpv, € R.
Then 0 = e,49 a = agen 42 yields ag = 0. Now
0= e, a=a;e; + bi_lvi_l

yields a; = 0 = b;_1 for all ¢ > 1. Thus, a = 0, a contradiction.

(3) We know from (1) that gM is faithful. We claim that the natural map
A : S — End(Ms) is not onto. By Exercise 18, this would imply that Rr
is not injective. Consider A\(«) for

a=ag+aiey +- -+ anen.

For i > n, we have A(a)(v;) = aov;. Thus, if we define an S-endomorphism
B on Mg = @, Vi by taking 3 to be 0 on Vo, V2, V4, ..., and the identity
on Vi, Va, ..., then 8 cannot be of the form A(«), so 3 ¢ im(\). The proof
that grR is not injective is similar.

Ex. 19.19. Keep the above notations and work in the ring R. Show that:

(1) e;R = ke; + Vi—1 (i > 1), with e;R/V;_1 = V; as R-modules;
(2) soc(e;R) = Vi1 Ce & R;
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(3) For any right ideal A C R and any ¢, j > 1, show that any R-
homomorphism f : A — e;R can be extended to an R-homomorphism
g: A+e;R— eR.

(4) Using (3) and Baer’s Criterion, show that e;R = E((V;-1)g) for any
i>1.

Solution. Right multiplying e; by the e;’s and v;’s, we see that
e;R=ke; +kv;_1 =ke; +V,_qy fori>1.

The quotient R-module e;R/V;_; is generated by €;, on which e; acts
as identity, and other e;’s act as zero. Therefore, the quotient module is
isomorphic to V;.

(2) For any ae; + bv;—; with a, b € k, a # 0, we have
(ae; + bvi—1) vim1 = avi—y # 0.
Therefore, V;_1 = kv;_1 C. e; R, which implies that soc(e;R) = V;_;.

(3) In general, if B C R is any right ideal, to extend f : A — ¢;R to
A + B amounts to extending f|[ANB: AN B — e;R to B. We shall use
this observation for B = e;R (j > 1). We need to consider the extension
problem only in the case dimg(A N B) = 1, in other words when AN B =
soc(e;R) = V1. If j #14,

flAﬂB : X/j._l -— eiR

is the zero map (since soc(e;R) = V;_1), so there is no problem. If j = i,
flA N B maps V;_; to itself by the multiplication of a scalar ¢ € k, so
obviously f|AN B extends to ¢-Idg on B.

(4) In view of V;_; C. e;R, we need only check that e;R is injective for
all ¢ > 1. To do this, we apply Baer’s Criterion. Let f: A — e;R be an
R-homomorphism, where A C R is a right ideal. We wish to extend f to
Rpg. Applying (3) repeatedly, we may enlarge the domain A of f to assume
that it contains

I=etR®eR® - = ®j>1 (kej + kv;_1),

which has codimension 1 in R. If A = R we are done; otherwise A = I.
Consider the restriction:

fi=Tfle;R : e;R — e;R.

If j #14,i—1, we have f; = 0 since soc(e;R) = V;_; and ¢;R/V;_1 2V
which admit only zero homomorphisms into e;R. For j = 4, f; is scalar
multiplication by some ¢ € k since Endg (e;R) = e;Re; = ke;. For j =
i — 1, f;j is zero on V,_; and f;(e;) = dv;_; for some d € k. [Note. In
case i = 1, interpret ey as 0 and take d = 0.] Let h: R — ¢;R be the
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R-homomorphism given by left multiplication by dv;_; + ce;. Then

h(ei-1) = (dvi—1 +ce;) ey = dviy = f(ei—1),
h(ez) = (d’l)i_l + cei) €; = C€; = f(ei),
hie;) = (dvi—1 +ce;) ej =0 = f(e;) for j#4,i—1,

so h: R — e;R extends f, as desired.

Comment. It is easy to see that Ir is not a direct summand of Rg. In
particular, Ir is not an injective module. This gives an explicit example of
a direct sum of injective modules, @), e;R, which fails to be injective. Of
course, the ring R here is neither right nor left noetherian.

Ex. 19.20. For the ring R in the last two exercises, show that:

(1) Rp is a cogenerator, but gR is not a cogenerator;
(2) R is neither right PF nor left PF.

Solution. We continue to use the notations introduced in Exercises 18
and 19.

(1) The V;_1’s (i > 1) constitute a complete set of simple right R-modules
(by Exercise (8.17)). And by Exercise 19(4), Rr contains a copy of the
injective hull of each V;_;. According to LMR-(19.8), this implies that Rg
is a cogenerator. On the other hand, the fact that R is not left Kasch
(Exercise 18(2)) implies that gR is not a left cogenerator.

(2) On the right side, Ry is a cogenerator but is not injective by Exercise
18(83), so R is not right PF. On the left side, grR is neither injective nor a
cogenerator, so R is not left PF.

Comment. In LMR-(19.25), it is mentioned (without proof) that

R is right PF iff Rg is a cogenerator and there are only finitely
many isomorphism classes of simple right R-modules.

Since there are infinitely many such isomorphism classes V; (i > 0), it is
to be expected that R is not right PF. Similarly, we could have predicted
that R is not left PF.

Exercises 18-20 are adapted from B. Osofsky’s paper, “A generaliza-
tion of quasi-Frobenius rings,” J. Algebra 4(1966), 373-387. (The slight
difference in notations is due to a shift in the subscript of the e;’s.)

Ex. 19.21. Let Ur be the minimal injective cogenerator over a commu-
tative ring R. View U as a bimodule gUg and let F' : IMr — pIM,
G : pIM — Mgz be the U-dual functors, denoted as usual by *. Show
that for any simple Vg, V* is a simple (left) R-module. Using this, show
that F, G define a self-duality on the Serre subcategory of R-modules of
finite length. (This generalizes the usual self-duality of finite abelian groups
noted in LMR-(19.29).)
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Solution. Let {V; : i € I} be a complete set of simple right R-modules,
so that U : = E(@, V;). Let V = V; (for a fixed j € I), and consider any
nonzero f € V* = Homg(V,U). Since f(V) = V is simple and @, V; C. U,
we must have f(V) C @, Vi, and so necessarily f(V) =V}. If g is another
nonzero element in V*, then g(V) = V; too, so g = f o « for a suitable
a € Autg(V). Now, the commutativity of R implies that Endg (V') consists
of multiplications by elements of R. (This is clear if we view V as R/m for
some maximal ideal m.) Therefore, g = r- f € V* for some r € R. Since
this relationship holds for any nonzero f,g € V*, we see that V* is simple.

For convenience, let us “identify” the two categories Mg, N, and just
write 91 for them. This enables us to also “identify” F and G. Let 9t° be
the Serre subcategory (of 9t) given by the R-modules of finite length. Since
U is injective, F' is an exact functor from 9° to 9. By what we have done
above and induction, we see that

length(M™) = length(M) for any M € IN°.

Therefore, we may view F as a functor from 9° to 9M°. Since U is a
cogenerator, Oy : M — M** is injective. If M € 9M°, length (M**) =
length (M) implies that 6,7 is an isomorphism. Therefore, F' defines a self-
duality on 9°, as desired.

Comment. Although rUpg defines a duality from 9° to itself, it does not
give a Morita duality from R to R in the sense of LMR-(19.41). This is
because a Morita duality (from R to R) requires, among other things, that
RRp be reflexive with respect to U, i.e. that the natural map R — Endg(U)
be an isomorphism. This is, in general, not the case for a commutative
ring R. (It fails, for instance, for R = Z!) If, indeed, R — Endg(U) is an
isomorphism, then rUpg is faithfully balanced, and the fact that Ug is an
injective cogenerator implies that U defines a Morita duality from R to R,
according to Morita I: LMR-(19.43).

Ex. 19.22. Let U be an (S, R)-bimodule, and let * denote the U-dual as
usual. Let Pp = @,.; Pi. We identify P* with [] P} and (€ P;)* with
[[P*. Lete: @ P — [[ P} be the inclusion map.

(1) Show that P € Mg[U] iff each P; € Mg[U], €* is injective, and im(e*) =
D P (in [T B).

(2) Show that &* is injective iff ([[ P}/ € P})* = 0.

(3) Show that, if sU is injective or a cogenerator, then P € Mg [U] implies
that P, = 0 for almost all 1.

Solution. (1) We have the following commutative diagram

P () < (@)
I |
D 0

@Pz D % @Pi** AN HP:*
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where 0p is the natural map from P to P**, and 6; : = 0p,. If P € MR[U],
it is easy to see that each direct summand P, € Mg[U]. The diagram
above then shows that €* is injective, with image exactly equal to € P}*.
Conversely, if each P; € Mg[U], then Op is injective. If, moreover, &* is
injective with image @ P}*, then 6p is surjective, so P € Mg[U]. This
proves (1).

(2) Consider the short exact sequence induced by e:

o—@r I e—(17)/@r —o

Applying the left exact functor *, we get

o— (P r) —([I#7) = (@)
Therefore, ¢* is injective iff ([[ P/ @ P)* = 0.

(3a) Assume that gU is injective. Since ¢ is an inclusion in the category of
left S-modules, ¢* is surjective. If P = @, P; € Mg[U], im(e*) = P P*
by (1). Therefore, @ P;* = [[ P;*. This implies that P;* = 0 for almost
all i. But each P; € My[U], so P; = 0 for almost all i.

(3b) Assume now that gU is a cogenerator, and that P = @ P, € Mz[U].
Then ¢* is injective by (1) and so ([] P/ € P;)* = 0 by (2). The fact that
sU is a cogenerator then implies that the left S-module [[ P}/ @ P} is
zero. This means that P = 0 for almost all 7, and therefore P; = P** =0
for almost all 1.

Comment. The theme that, under suitable hypotheses, a reflexive object
cannot be an infinite direct sum of nonzero objects is due to B. Osofsky. The
formulation of the exercise above was suggested to me by I. Emmanouil;
see Kasch’s book “Modules and Rings”, p. 329, for (3b) in the special case
U = gRpg.

Ex. 19.23. Show that the hypothesis on U in (3) of the above exercise
cannot be dropped.

Solution. In the above Exercise, let R = S = Z, and sUg = Z also. We
know from Exercise 2.8’ that P =Z®Z & - - - is a reflezive Z-module. This
shows that, in (3) of the above exercise, the hypothesis on U cannot be
dropped. Of course, in the present case, sU = zZ is neither injective nor a

cogenerator.
Actually, Exercise 22 does shed some light on the reflexivity of P =
ZOZ --- (and vice versa). In the notation in that exercise, we have

P, =7 (for i > 1) with P* 7, and

(Hi R*/EBZ. Pi*>* = Homy, ((Hl Z) /@iz, Z) -0
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according to LMR-(2.8)’. Thus, the map ¢g* in Exercise 22 is injective here.
Hence the reflexivity of P hinges upon the equation

im(¢*) =P, P =P, Z.

This translates into the statement that, for any homomorphism f :
[1:2,Z — Z, f(e;) are almost all zero (where the e;’s are the unit vectors).
This is precisely the “slenderness” property we verified in Exercise 2.8'.

Ex. 19.24. Suppose sUg defines a Morita duality from R to S. Show that
any M € Dﬁﬁg has a projective cover; that is, there exists an epimorphism
m: P — M with Pg projective and ker(w) small (= superfluons) in P.

Solution. Fix a surjection R™ — M. This induces an injection M* — U™
in 9, so an injective hull E = E(M*) can be found as a direct summand of
sU™. Since sU € sM[U], we have E € ¢OM[U]. Dualizing, we get surjections
R™ - E* 5 M in Mg [U], where (E*)R is projective. We finish by showing
that ker(7) is small. Let Qg C E* be such that Q + ker(7) = E*. Then we
have Q) - M, which dualizes to M* — @Q*. Since M* C. F, the surjection
E - Q* (dual to @ — E*) must be an isomorphism. This implies that
Q) = E*, as desired.

Comment. It is shown in LMR-(19.50) that:

Whenever sUg defines a Morita duality from R to S, the two
rings R, S must be semiperfect.

This exercise gives another view of this basic result. Indeed, the fact that
any M € Sﬁfzg has a projective cover is tantamount to R being semiperfect,
according to FC-(24.16). With a Morita duality given from R to S, it is
quite natural to deduce the existence of a projective cover of M € smng
from the existence of an injective hull of M* in g9.

Ex. 19.25. Suppose sUg defines a Morita duality from R to S. If R is
right artinian, show that S is left artinian, and U gives a duality between
MY = Mp[U] and 1§M = sM[U].

Solution. We have D7 = M by LMR-(19.65), and M = M[U] by
Miiller’s First Theorem (LMR-(16.68)). Therefore, MY = MRgIU]. Also,
any f.g. Mg is f.cog. (since Mg is artinian), and conversely, any f.cog. M}
is in Mg[U] (by Morrita I LMR-(19.43)), and is therefore f.g.

It remains to show that S is left artinian. Once this is proved, we will
have 7, M = gM[U] as in the last paragraph, and U gives a duality between
M[U] = MIT and sM[U] = *Zom.

To see that S is left artinian, consider any f.g. S-module g¢N. By the
given duality, (N*)g is f.cog., and therefore f.g. by the first paragraph.
Taking U-dual again, g(N**) is f.cog. But ¢(N**) & 3N by Morita I (LMR-
(19.43)), so gN is f.cog. Having now shown that f.g. left S-modules are
f.cog., we conclude from LMR-(19.4) that S is left artinian.
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Comment. In the context of this exercise, one can ask the following ques-
tion: If R is artinian, is S also necessarily artinian? The answer is appar-
ently unknown. (This exercise only guarantees that S is left artinian.)

Ex. 19.26. Suppose gUg defines a Morita duality from R to S. If R is
QF, show that S is also QF.

Solution. First, since R is right artinian, the last exercise implies that S
is left artinian. Next, we use the fact that, under the given duality, Ur
corresponds to gS. By Morita I (LMR-(19.43)), Ug is injective, so Ug is
projective. (since R is QF). As we saw in the last exercise, Ug is also f.g.
Therefore, the corresponding module g8 is injective. Since S is left artinian,
this implies that S is QF, by LMR-(15.1).

Comment. There is an extension of this exercise to the more general class
of cogenerator rings. The proof is similar, but depends on Onodera’s 1-
sided characterization of cogenerator rings (LMR-(19.69)): see Exercise 32
below.

Ex. 19.27. In general, an artinian module Ng, is L.c. (LMR-(19.64)). Show
that the converse holds if every nonzero right R-module has a simple
submodule.

Solution. Let Ny be l.c. We propose to show that any quotient M of N
is f.cog. According to Exercise 1, this will imply that N is artinian.

The important fact here is that 9% is a Serre subcategory of Mp.
In view of this, the quotient module M must be l.c., and so is its socle
soc(M). In particular, soc(M) is f.g. (Argue directly from the definition of
linear compactness, or use the fact that l.c. modules have finite uniform
dimension: LMR-(19.62).) Finally, since every nonzero submodule of M
has a simple submodule, soc(M) C. M. Combining this with the finite
generation of soc(M), we conclude from LMR-(19.1) that M is f.cog., as
desired.

Ex. 19.28. Let R be a left perfect ring (i.e. R/rad R is semisimple, and
for any sequence {a1, ag,...} Crad R, ajaz---a, = 0 for some n).

(1) Show that every nonzero right R-module has a simple submodule;

(2) For any Mg, show that soc(M) C, M;

(3) Deduce from the last exercise that a right R-module is l.c. iff it is
artinian.

(4) Show that a noetherian right R-module is artinian.

Solution. (1) Let J = rad R, and consider any Nr # 0. We claim that
there exists 0 # x € N such that xJ = 0. For, if otherwise, for a fixed
nonzero element y € N, we would have ya,; # 0 for some a; € J, and
(ya,)ag # 0 for some as € J, etc. This would give a sequence {a1,az,...} C
J with aqas -« - a, # 0 for any n, contrary to our assumption on J.
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For the element z € N\{0} above with zJ = 0, zR is a nonzero
(right) module over the semisimple ring R/J, so it contains a simple R/J-
submodule. It follows that N contains a simple R-submodule, as desired.

(2) Given any right R-module M, consider S = soc(M). For any nonzero
submodule N C M, (1) shows that N contains a simple submodule V.
Then V C S, and so NN S 2V # 0. This checks that S C. M.

(3) The conclusion here follows from (1), the last exercise, and LMR-
(19.64).

(4) Suppose Mg, is noetherian and consider any quotient module N of M.
Then N is also noetherian, so S : = soc(N) is certainly f.g. By (2), we
have also S C. N. Therefore, N is f.cog. (by the characterization of f.cog.
modules in LMR-(19.1)). Since this is true for every quotient N of M, it
follows that M is artinian by LMR-(19.4).

Comment. In LMR-(19.65), the statement “a right R-module is Lc. iff it
is artinian” is proved for any right artirian ring R. Part (3) of this exercise
is a generalization, since any right artinian ring is (right and left) perfect.

In parallel to (4), it is also true that, for the left perfect ring R, any ar-
tinian right R-module is noetherian. This will follow from the next exercise.

Ex. 19.29. Let R be a right perfect ring (i.e. R/rad R is semisimple, and
for any sequence {a1, ag,...} Crad R, an - --aza; = 0 for some n). Show
that if a module Mg is l.c., then it is noetherian. Deduce that, over a
perfect ring, a (left or right) module is Lc. iff it has finite length.

Solution. Let J = rad (R) and consider any submodule N C M. Then N
and hence N/NJ are l.c. as R-modules. Since N/NJ is an R/J-module, it
is semisimple, so N/NJ must be f.g. Finally, the hypothesis on J implies
that NJ is superfluous in N (see FC-(23.16)), so N is f.g. Since this holds
for every submodule N C M, M is noetherian.

Now assume R is (left and right) perfect, and let M be a l.c. (say
right) R-module. By Exercise 28 and the above, M is both artinian and
noetherian. Therefore, M has finite length.

Ex. 19.30. (Osofsky, Sandomierski) Let R be a ring such that Rp is Lc.
If R is 1-sided perfect, show that R must be right artinian.

Solution. The idea here is to apply the last two exercises to the module
M = Rp. ’

First assume R is left perfect. By Exercise 28, R is right artinian. Now
assume R is right perfect. Then, by Exercise 29, R is right noetherian.
The ideal J = rad (R) is clearly nil, so it is nilpotent by Levitzki’s The-
orem (FC-(10.30)). Therefore, R is a semiprimary ring. Since R is right
noetherian, the Hopkins-Levitzki Theorem (FC-(4.15)) implies that R is
right artinian.
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Comment. The conclusion of this exercise applies, in particular, to any
ring R that admits a Morita duality (into another ring S). In this case, the
result is due to B. Osofsky; note that once we know R is right artinian,
Exercise 25 implies that S is left artinian.

Ex. 19.31. (Osofsky) Let R be a cogenerator ring. If R is 1-sided perfect,
show that R is QF.

Solution. Since R is a cogenerator ring, the R-dual functor defines a
Morita duality from reflexive right R-modules to reflexive left R-modules.
If R is also 1-sided perfect, the Comment following the last exercise implies
also that R is right artinian. This fact, coupled with the right self-injectivity
of R, shows that R is QF.

Comment. A more general result is true, according to B. Osofsky; namely:

If R is a self-injective ring, and R is left perfect, then R is
already QF.

This can be proved as follows, assuming the theorem LMR-(19.25) charac-
terizing the 1-sided PF (pseudo-Frobenius) rings.

Assume first R is right self-injective and left perfect. Then, by FC-
(23.20), every nonzero right R-module M has a simple submodule. It follows
that every such Mg has an essential socle. Therefore, by LMR-(19.25)(5),
R is right PF, and therefore a Kasch ring. If R is also assumed to be left
self-injective, then LMR-(19.25)(2) (applied to the left side) shows that
R is left PF. Now R is a cogenerator ring, and the exercise solved above
implies that R is QF.

Recall that a QF ring may be defined as a right (or left) artinian
right self-injective ring. In attempts to relax the very strong artinian (or
noetherian) condition, there are various results of the form

“Right self -injective + X == QF”

in the literature, where X is a suitable condition (or combination of con-
ditions) weaker than the original chain conditions. For a survey of results
of this nature, see C. Faith’s article, “When self-injective rings are QF:
a report on a problem,” Centre Recerca Matematica, Institut d’Estudis
Catalans, Spain, 1990. An outstanding problem in this area of investigation
is whether

“Right self -injective + perfect = QF.”

Even the weaker problem, whether a right self-injective semiprimary ring
need be QF, is unsettled. The truth of this statement is referred to by some
authors as “Faith’s Conjecture.”

Ex. 19.32. Onodera’s 1-sided characterization of cogenerator rings states
that a ring R is a cogenerator ring iff Rg is a l.c. cogenerator (see LMR-
(19.69)). Suppose sUg defines a Morita duality from R to S. Using
Onodera’s result, show that if R is a cogenerator ring, then so is S.
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Solution. Under the duality assumption, we know that Rg and ¢S are
L.c. by Miiller’s First Theorem (LMR-(19.68)). It suffices to show that ¢S
is a cogenerator, for then Onodera’s result cited above will imply that S is
a cogenerator ring. Now under the given duality, Ug in M g[U] corresponds
to S in ¢9MM[U]. By Morita I, Ug is a cogenerator, and hence a generator
by LMR-(19.19) (since R is assumed to be a cogenerator ring). Therefore,
sS is a cogenerator, as desired.

Comment. This exercise may be viewed as an extension of Exercise 26 to
rings possibly without noetherian or artinian conditions.

Ex. 19.33. (Leptin) Let N C M be R-modules where N is l.c. Let
{A;: i € I} be an inverse system of submodules in M, in the sense that, for
any finite J C I, there exists j € I such that A; C A; for all i € J. Show
that ﬂiEI(N + Aﬁ) =N+ niel A;.

Solution. We need only prove “C.” Let m € (),(N + A;), and write
m = n; + a; where n; € N and a; € A (for each ¢ € I). Then the family
{ni, NNA;},¢; is finitely solvable. Indeed, if J C I is finite, there exists
J € I such that A; C A; for all ¢ € J. Then, for any i € J,

nj—n; =a; —a; € NNA; = n; =n; (mod N N A4;).
Since N is l.c., there exists n € N such that n = n; (modN N A;) for all
it € I. Therefore,
m-n=n;—n)+a €A Niel),
som=mn+(m—n)€ N+, A, as desired.
Comment. For more general results along this direction, see H. Leptin:

“Linear kompakte moduln und ringe,” Math. Zeit. 63(1955), 241-267.

Ex. 19.34. (Sandomierski) Let N C M be R-modules where N is lc.
Show that the family F of submodules A C M such that N + A = M has
a minimal member.

Solution. We define a partial ordering on F by taking A; < A, iff A; C
As. We are done if we can apply Zorn’s Lemma to {F, <}. Let {A;: i € I'}
be a totally ordered family of submodules in . Then {A;: ¢ € I} is an
inverse system of submodules in the sense of the last exercise, so by that
exercise,

N+ﬂieIAi=ﬂi(N+Ai):ﬂiM:M.

This means that A : =(Y,.; A; € F, so A is a lower bound of {A;: i € I},
and Zorn’s Lemma applies.

Comment. A minimal member of the family F above is called an addition
complement of N in M. Sandomierski’s result above shows that a l.c.
module N has an addition complement in any module M containing it. A
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module M is called complemented if every submodule of M has an addition
complement. It follows from this exercise that any l.c. module M is com-
plemented (since any submodule N C M is also l.c.) Sandomierski’s paper
“Linearly compact modules and local Morita duality” appeared in Proc.
Conf. Ring Theory Utah 1971 (R. Gordon, ed.), pp. 333-346, Academic
Press, London/New York, 1972.

The notion of a complemented module has various other useful connec-
tions. For instance, a ring R is semiperfect iff the module Rg (resp. gR)
is complemented. This result appeared in the paper of F. Kasch and E.
A. Mares, “Eine Kennzeichnung semiperfekter Moduln,” Nagoya Math. J.
27(1966), 525-529. The notion of a semiperfect module, generalizing Bass’
notion of a semiperfect ring, is due to Mares; see her paper “Semiperfect
modules,” Math. Zeit. 82(1963), 347-360.

Combining the present exercise with the result of Kasch and Mares, we
see that if Rg is l.c., then R is semiperfect. This was proved in the special
case of rings admitting Morita dualities in LMR-(19.50).

Ex. 19.35. It is stated in LMR-(19.58) that 901% is a Serre subcategory of
Mg, i.e. for any short exact sequence 0 - K - L — M — 0in Mg, L is
Lc. iff K and M are l.c. Prove the “if” part of this statement.

Solution. Assume that K and M are lc., and let {z;, N;},.; be a fi-
nitely solvable system in L, where the N;’s are submodules of L. To solve
this system, we may assume that the family {N;} is closed under finite
intersections. (In fact, for any finite set J C I, let 5 € L be such that
zy = x; (mod N;) for any i € I. Letting N; = ();c; Ns, we check easily
that {z 7, N} (J ranging over finite subsets of I) is still finitely solvable, so
it suffices to solve this system, where the N;’s are now closed under finite
intersections.)

Using the linear compactness of L/K on the system {Z;, N;}, we first
find £ € L such that £ = z; (mod N;) for all 4. Then £ — z; = n; + k; where
n; € Ni, ki € K. We claim that {k;, K N N;},.; is finitely solvable in the
submodule K. In fact, let J C I be finite. By assumption (,c; Ny = N;
for some index j, so

kj—kiz(ni—nj)-l—(xi—:tj)ENiﬂK (Vlej)

Therefore, by the linear compactness of K, there exists £ € K such that
k=k; (mod KN N,) for all i € I. Now

(f—k)—xizni+(ki—k)€Ni (V’LEI),
so £ — k € L solves the given system {z;, N;},.; in L.

Comment. The above result appeared in D. Zelinsky’s paper “Linearly
compact modules and rings,” Amer. J. Math. 75(1953), 79-90. Zelinsky’s
inspiration came from Lefshetz’ result that if H is closed subgroup of a
topological group, and if any two of the groups H, G, G/H are compact,



§19. Morita Duality Theory 401

then so is the third: see (II. 5.5) in Lefshetz’ book “Algebraic Topology,”
Collog. Publications, Vol. 27, Amer. Math. Soc., 1942.

Ex. 19.36. (Essentially Grothendieck) Let K/k be a finite Galois field
extension with Galois group G. Let B be the category of finite G-sets, and
A be the category of finite-dimensional commutative étale k-algebras that
are split over K (i.e. algebras A such that A®; K &2 K x --- x K). Show
that there are natural contravariant functors F': A - Band F' : B — A
defining a duality between A and B such that the transitive G-sets in B
correspond to field extensions of k that are embeddable into K.

Solution. To solve this problem, it is convenient to use an equivalent
definition for the algebras in A, namely, A € Aif A & A; x--- x 4,
where each A; is a field extension of k embeddable into K. (Needless
to say, all embeddings and algebra homomorphisms considered below are
over k.) This and other characterizations of étale algebras can be found
in Bourbaki.

In this problem, the field K plays the role of the object U in the duality
set-up of “Morita I.” Notice that K is both a G-set and an étale algebra
split by K. For a G-set B € B, let

B* = Homg(B, K).

Adding and multiplying functions pointwise makes B* into a commutative
ring. This is in fact a k-algebra if we view the constant functions into k
as the scalars in B*. To see that B* € A, we break up B into transitive
G-sets to reduce to the case where B is transitive. In this case, if a function
B : B — K is nonzero at one point, then it is nonzero at all points, and
so 371 exists in B*. This shows B* is a field, and evaluating functions on
a given point provides a field embedding of B* into K. This shows that
B* € A for any B € B. Defining F' : B — A by F'(B) = B* (and making
the obvious definition on morphisms), we get a contravariant functor F”'.
Now consider an étale algebra A € A: we define

A* = Homk—alg (A, K)

Since dimgA < oo, A is semilocal (i.e. with only finitely many maximal
ideals), so |A*| < oo. The G-action on K makes A* into a G-set, so A* € B.
With again the obvious definition on morphisms, F' : A — B given by
F(A) = A* defines a contravariant functor from A to B. The remaining job
is to show that F' o F and F o F’ are naturally equivalent to the identity
functors on A and B.

To treat F'o F”, note that we have a natural map evg : B — B** defined
in the usual way (“by evaluation”):

(evg(b)) (8) = B(b) for 3 € B* and b€ B.

To see that evp is bijective, it suffices to consider the case where B is a
transitive G-set. Represent B in the form G/H (coset space with respect
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to a subgroup H) and let A = K# (the fixed field of H). By separability,
A = k(8) for a suitable primitive element § € A. Galois theory implies that
the fixed group of 6 is exactly H, so there is a G-set isomorphism

B:G/H— G- 0CK.

In particular, b # b’ in B = G/H implies that 3(b) # B(b'). This checks the
injectivity of evp. For surjectivity, note that, in the above notation, B* is
isomorphic to the field A. By Galois theory again, the various embeddings of
A into K are given by applying elements of the Galois group G. Therefore,
B* is also a transitive G-set. It follows that the injective G-map evg : B —
B** must be an isomorphism.

To treat F' o F, consider A € A. Again we have an algebra homomor-
phism evy : A—A**, defined by evaluation:

(eva(a))(a) = a(a) for any a € A and o € A*.

To show that evy is bijective, we go into the crucial case where A is a
field. In this case, the injectivity of ev4 is automatic. For convenience, let
us represent A as a k-subfield of K. For H = Gal(K/A), we may identify
A* with the transitive G-set G/H. As we have seen in the last paragraph,
A** = (G/H)* is an algebra of k-dimension [G : H]. Since

dimy A = dimy, K/dimys K = |G|/|H| =[G : H]

too, it follows that the injection evq : A — A** is a (k-algebra) isomor-
phism.

Comment. The duality treated in this exercise is a variant of the classical
Galois duality (cf. LMR-(19.27)) between subgroups of G and k-subfields of
K. But the categories involved in these dualities are different. In the cate-
gory of subgroups of G, the morphisms are taken to be inclusion maps only
(and similarly for subfields of K). In the category of G-sets, the morphisms
are arbitrary G-maps (and similarly for the category of étale algebras).
There are “fewer” G-sets than subgroups of G since two subgroups H,
H' C G give rise to the “same” G-set if (and only if) H and H’ are
conjugate in G. A similar remark can be made about subfields of K and
étale algebras split by K.

There is also a profinite version of this exercise, although we will not
give the details here. In this profinite version, K/k is an infinite Galois
extension, and G is the profinite Galois group Gal(K/k). The definition
for the category A is unchanged, and we take B to be the category of
“continuous” finite G-sets (finite sets on which G acts via a suitable discrete
quotient). The definitions for the functors F and F’ are unchanged, and
the proof for the duality is basically reduced to the case of [K : k] < co.

There are other variants of the Galois duality too. For instance, the
Jacobson-Bourbaki correspondence is such an example. For the details, see
Jacobson’s Basic Algebra II, pp. 468-471.
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Peirce decomposition, 13

permutation module, 18

PI algebra, 12

PI ring, 352

Picard group, 22, 31, 35, 47, 53, 55,
143

PID, 15, 30, 32, 34, 52, 75

polynomial identities, 351
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Rank Condition, 2, 11, 25, 268
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recognition theorem, 348, 349

reduced ring, 55, 188, 189, 290

reflexive module, 30, 302, 394
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regular sequence, 137
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right Goldie ring, 243, 245, 248, 251
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right Kasch ring, 205, 211, 214

right morphic ring, 309

right nonsingular ring, 79, 185, 187, 204,
272, 280

right order, 223, 242, 252, 263
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235, 238, 246, 282, 283
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right permutable, 222, 225

right PF ring, 324, 388, 392, 398
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right PP-ring, 24
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self-duality, 392

self-injective ring, 62, 67, 70, 75, 78, 173,
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semi-artinian module, 190

semidirect product, 18
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semilocal ring, 32-34, 59, 77, 214, 267

semiperfect ring, 110, 127, 359, 379, 395,
400
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semiprime Goldie ring, 243, 246, 253,
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Serre’s Problem, 21, 44, 142
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small submodule, 163, 382, 395

Small’s Criterion, 263

Snake Lemma, 145

socle, 162, 190, 216, 286, 300, 303, 317,
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Specker’s theorem, 27
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subdirectly irreducible ring, 318, 319

submodule lattice, 350, 369
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symmetric algebra, 60, 304, 316, 330, 332,
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symmetric parastrophic matrix, 336

symmetric ring of quotients, 288

tangent bundle, 21

torsion group, 81

torsion module, 233

torsion subgroup, 118

torsion submodule, 117, 233
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torsionfree module, 233

torsionless module, 56, 98, 302, 303, 386,
388
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trace (of an endomorphism), 48, 50
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trace map, 3
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uniform dimension, 72, 155, 158, 160, 237,
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unique factorization domain, 32, 52, 129,
133, 143, 296

uniserial module, 357

unit-regular element, 193

unit-regular ring, 4, 194

Vasconcelos’s example, 148

von Neumann finite, 4, 9

von Neumann regular ring, 39, 47, 89, 99,
114, 122, 156, 168, 183, 194, 280

weak dimension, 132
weakly cohopfian, 157



412 Subject Index

weakly semihereditary ring, 58
weakly symmetric algebra, 317, 330
Wedderburn component, 251
Wedderburn—Artin Theorem, 66
Weyl algebra, 228, 266

X-inner automorphism, 288, 297

Zariski spectrum, 22
Zariski topology, 42
zero-divisor (on a module), 85



Problem Books in Mathematics (continued)

Theorems and Counterexamples in Mathematics
by Bernard R. Gelbaum and John M.H. Olmsted

Exercises in Integration
by Claude George

Algebraic Logic
by S. G. Gindikin

Unsolved Problems in Number Theory (Third Edition)
by Richard K. Guy

An Outline of Set Theory
by James M. Henle

Demography Through Problems
by Nathan Keyfitz and John A. Beekman

Theorems and Problems in Functional Analysis
by A.A. Kirillov and A.D. Guishiani

Problems and Theorems in Classical Set Theory
by Péter Komjdth and Vilmos Totik

Exercises in Classical Ring Theory (Second Edition)
by T.Y. Lam

Exercises in Modules and Rings
by T.Y. Lam

Problem-Solving Through Problems
by Loren C. Larson

Winning Solutions
by Edward Lozansky and Cecil Rosseau

A Problem Seminar
by Donald J. Newman

Exercises in Number Theory
by D.P. Parent

Functional Equations and How to Solve Them
by Christopher G. Small

Contests in Higher Mathematics:
Miklés Schweitzer Competitions 1962-1991
by Gdbor J. Székely (editor)



	0387988505
	Problem Books in Mathematics
	Exercises in Modules
and Rings
	1 Free Modules, Projective, and Injective Modules
	2 Flat Modules and Homological Dimensions
	3 More Theory of Modules
	4 Rings of Quotients
	5 More Rings of Quotients
	6 Frobenius and Quasi-Frobenius Rings
	7 Matrix Rings, Categories of Modules and Morita Theory
	Name Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


