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Bordism groups of Poincaré E..-coalgebras
and symmetric L-groups

S. V. Lapin

Abstract. A Poincaré Exo-coalgebra construction over involutive algebras is intro-
duced in this paper. Various types of bordism between Poincaré E.-coalgebras are
defined and the relations between the corresponding bordism groups are studied. It
is shown in particular that the Thom bordism groups of closed non-oriented smooth
manifolds and the rational Wall groups of a unitary group have a common algebraic
origin, that is, they are obtained by the same construction considered over the fields
Z/2 and Q, respectively.
Bibliography: 17 titles.

In [1] Wall defined obstruction groups to surgery on non-simply-connected
smooth oriented manifolds up to homotopic equivalence. On the other hand
Mishchenko [2] showed that rational Wall groups can be regarded as rational bor-
dism groups of algebraic Poincaré complexes. Ranicki [3] completely overcame the
rationality condition. By using this technique Solov’ev [4] brought into consid-
eration the so-called signature realizable subgroups of Wall groups. Investigating
the structure of these subgroups turned out to be very complicated. The fact is
that from an algebraic point of view the chain complex of an oriented smooth non-
simply-connected manifold is a very mysterious object to study. Thus there arose
the problem of describing the algebraic nature of the chain complexes for smooth
manifolds and the various types of bordism between such complexes. A first step
towards solving this problem is a description of the algebraic structure of chain com-
plexes of non-simply-connected Poincaré spaces and the various bordism relations
between them.

In [5], [6] Smirnov showed that one can introduce the structure of an
E-coalgebra on the chain complex of an arbitrary topological space and, in the
case of rational coefficients, the structure of a commutative A, -coalgebra. Thus
the chain complex of a Poincaré space has both the indicated structure and, in
addition, a fundamental cycle where the operation of intersection with this cycle
induces the duality isomorphism. The formalization of these conditions leads to
the concept of a Poincaré E,-coalgebra (respectively commutative Ao,-coalgebra).

The concept of a Poincaré FE-coalgebra (respectively commutative
Aco-coalgebra) over an involutive algebra is introduced in the present paper.

AMS 1991 Mathematics Subject Classification. Primary 18F25.
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Various types of bordism are defined between Poincaré coalgebras and the rela-
tions between the corresponding bordism groups are studied. In particular, it is
shown that the Thom bordism groups of closed non-oriented smooth manifolds and
the rational Wall groups of a unitary group have a common algebraic origin, that is,
they are obtained by the same construction considered over the fields Z/2 and Q,
respectively.

§ 1. Necessary information about algebraic
Poincaré complexes and symmetric L-groups

In this section we consider the basic concepts and constructions of the theory
of algebraic Poincaré complexes developed by Mishchenko in the cycle of papers
(2], [7], [8]. The homotopy version of this theory was constructed by Ranicki [9]. In
this account we shall adhere to the terminology and techniques of [9].

Let K be a commutative ring with an identity and let A be an associative unital
K-algebra with an involution *. We recall that an involution of the K-algebra A is
an anticommutative automorphism * : A — A, a — a* which has order two and is
trivial on the scalar ring K. Let X be a chain complex of right A-modules. Then,
using the involution on the algebra A, we introduce the structure of a left A-module
on X in the standard way: az = za*. We let X* denote the dual cochain complex
of right A-modules where the right A-modular structure is given by the rule

(fa)(z) = a" f(z), fehomu(X;K), a€ A, zelX.

If X is a chain complex of finitely generated projective right A-modules, then there
is a natural isomorphism of chain complexes of right A-modules

X = X*, z - (f = f(z))*,

which is taken as an identification. Let X be a chain complex of right A-modules;
then there is a chain map of K-modules

X ®4 X = homy(X*; X), 1 @ 2 = z1 f(z3)",

which is an isomorphism if X is a chain complex of finitely generated projective

A-modules.
A chain complex of right A-modules is said to be n-dimensional if it is chain

equivalent over A to a chain complex
Oe—Xoe— Xi¢— X0 -

of finitely generated projective A-modules. Let X be a given A-module chain
complex and let W be the canonical resolution of the trivial K[Z,}-module K:

0 +— K|[Z,) ©E K[Z5]) ¥L K[Z) — -,

where T is the generator of Zs. For the complex X we consider the so-called

Q-groups
Q*(X) = Hn(homK[ZQ](W;X ®A X)),
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where the right K[Z2]-module structure on X ®4 X is given by
(1 @ 22)T = (—1)°z3 ® 73, e =dimz;dimzy, T € Zs.
An arbitrary A-module chain map f : X — Y induces a homomorphism of Q-
groups, which is denoted by f* : @™(X) — Q™(Y), n > 0. If f is a chain equivalence
over A, then the homomorphisms f™ are isomorphisms. The homology class X €
Q™(X) is the equivalerice class of the chains

{(st € (X ®4 X)n+s: s 2 O}:

for which . ‘
d(¥) = (-1)" (‘Pf—l +(-1)%pX,\T), s 2 0.

Next, let X be a finite-dirnensional chain complex of right A-modules. Then the
Zs-equivariant chain map

X ®4X 5 homy(X*;X), 71®zs > 11 f(T2)*,

is a chain equivalence over K[Z,], where the right K[Z;]-module structure on
hom4(X*; X) is defined by the formula

()T = (-1)Pf*, f: XP = X,, TE€LZ.
This implies that the induced chain map of K-modules
homg(z,](W; X ®4 X) = homg(z,}(W;homa(X™*; X)),
is also a chain equivalence and consequently for any n > 0 we have an isomorphism
Q™(X) = H"(homg z,)(W; X ®4 X)) = Hy(hompz,)(W;homg (X*; X)),

taken as an identification. Therefore it may be assumed that the homology class
©*X € Q™(X) is represented by the collection of A-module homomorphisms

{oX X" 5 X, 120, s >0},

for which
d(ed) = ()" (g + (-1)°F,T), s

A\
L

where
d(p}) = dX o o + (-1)"* 7Y 0d”,
d¥"(9) = (~1)P*'god®, gex”.

An n-dimensional chain complex X of A-modules, when considered together with
an element [pX] € Q™(X) is called an n-dimensional algebraic Poincaré complex
over A if the A-module chain map

WE:X® = Xne
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induces an isomorphism of A-modules
H(p¥): H(X) = H,—i(X)
for any 0 < 7 <'n. A morphism (respectively homotopy equivalence)

£ (X, 0¥ = (¥ [eY)

of n-dimensional algebraic Poincaré complexes over A is an A-module chain map
(respectively chain equivalence) f : X — Y such that f*([pX]) = [¢¥]. Given
n-dimensional algebraic Poincaré complexes (X,[pX]) and (Y,[p)Y]) over A we
define the direct sum

(X.leeD @ (Vlp]) = (X @Y, [ ®]]),

which is an n-dimensional algebraic Poincaré complex over A. By a change of orien-
tation of the algebraic Poincaré complex (X, [¢X]) we mean the following operation:

(—(X,[0D) = (X, [-¢{D)-

Suppose that we are given an arbitrary chain map f : X — Y of right A-modules.
We consider the relative -groups

Qn+1 (f) = Hn+l (homK[Zz}(Wv C(f ®a f)))»

where C(f ®4 f) is the mapping cone of the chain map f ®4 f and the right
K[Zq])-module structure on C(f ®4 f) is given by the formula

(11 ®y2, 71 @ 22)T = (11 ® )T, (€1 ® 22)T), T € Zy.
The homology class ¢f € Qm*1(f) is the equivalence class of chains

{6, 0¥) € C(f ®a fnti+s = (Y ®4 Y )nt145 B (X ®4 X)ntsr s 2 0},
for which we have:
d(6pY) = (=)™ (8pY_; + (-1)0pe1T) + (=)™ (f ®4 F)(¥7),
d(p)) = (=)™ (91 + (=1)°0s—1T).

Now let f: X — Y be an arbitrary A-module chain map of finite-dimensional
complexes. We consider the Zs-equivariant chain map

homa(f*; f): homa(X*; X) = homa(Y*;Y),
(homa(f*; f))(g) = fogo f*.

Since the complexes X and Y are finite-dimensional, there is a K[Z2]-module chain
equivalence

C(f ®4 f) = C(hom4(f*; f))
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between the mapping cones of the maps f ® 4 f and hom4(f*; f). This implies that
the induced chain map of K-modules

homz,) (W; C(f ®4 f)) = homgz,}(W; C(homa(f*; f)))
is also a chain equivalence and consequently for any n > 0 we have an isomorphism
Q" (f)=H,+1(homg(z,)(W; C(f® Af))) = Hni1(homgz,) (W; C(homa(f*; £)))),

taken as an identification. Therefore we can assume that the homology class ¢f in
Q"t1(f) is represented by a pair (6pY , ¢) of families of A-module homomorphisms

b

{6y Y™ LY, 020, s>
20, s>

0}
0}

{6pX: X" 5 X, i20, s
for which
d(6pY) = ()" 80}y + (=1)°60] 1 T) + (=)™ *f o o f*,
d(e)) = (1) (0, + (1% T),
where

d(8pY) = d¥ 08} + (~1)"*46p) od",
d(pF) =dX o X + (-1 X 0 dX.

An A-module chain map f : X — Y from an n-dimensional complex
into an (n + 1)-dimensional complex considered together with an element
[(6pY, X)) € Q 1(f) is called an (n + 1)-dimensional algebraic Poincaré pair
over A if the chain A-module map

(5903,’903()‘ C.(f) = Yoi1-,
(Sy o8 g, k) = 8§ (9) + f(@i (h)),
(g.h) eYia X! = (Vi) @ (Xiz1)",

induces an isomorphism of A-modules

H(5‘P0 » Po ) Hz(f) — Hn+1 z(Y)

forany 0<ig<n+1.
Suppose that we are given an (n + 1)-dimensional algebraic Poincaré pair

(f: X =Y, [0y, 00])

over A. Then (X,[(—1)*pX]) is an n-dimensional algebraic Poincaré complex
over A, called the boundary of the pair

(f: X =Y, [(60) ,05)])-
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The n-dimensional algebraic Poincaré complexes (X, [¢X]) and (Y, [JpY]) over A
are said to be bordant if there is an (n + 1)-dimensional algebraic Poincaré pair over
A such that its boundary is

(X, [p}) @ (-(V.[0)]) = (X oY, [oF & —¢)).

Bordism is an equivalence relation between n-dimensional algebraic Poincaré com-
plexes over A. We denote by L™(A) the set of bordism classes of n-dimensional
algebraic Poincaré complexes over A. The operations of forming the direct sum
and changing the orientation of the algebraic Poincaré complexes give L™(A) the
structure of an Abelian group. The groups L™(A), n > 0, are called the symmetric
L-groups of the K-algebra A. An important property of symmetric L-groups is
that homotopically equivalent n-dimensional algebraic Poincaré complexes over A
determine the same element in the group L™(A).

We now consider separately the situation when K = Q. In this case the chain

complex
homQ[Zz](W; X ®a X)

is homotopically equivalent to the chain complex (X ® 4 X)?2 of invariants of the
action of the group Z; on X ® 4 X. Therefore for any n > 0 the groups @Q"(X) and
H,((X ®4 X)%2) are isomorphic. This implies that the homology class

¢ € QM(X) = Ha((X ®4 X)%)

is an n-dimensional cycle ¢X € (X ®4 X), such that éXT =¢X T € Zy. f X is
an n-dimensional chain complex over A, then, taking into account the homotopy

equivalence
X ®a4 X = homy(X*; X),

we can suppose that the homology class ¢*X € Q"(X) is the family of A-module

homomorphisms '
{&¥: X" 5 Xy, i 2 0},

for which
d¥ o &X + (~1)71X 0 (dF 1) =0,
(&) = (-1)in=9gX

Thus, if K = Q, then an n-dimensional algebraic Poincaré complex (X, %) over A
is an n-dimensional A-module chain complex X considered together with a homol-

ogy class
X =1 € QM(X),

for which the homomorphisms
H(&),): H(X) = Haoi(X)

are A-module isomorphisms for any 7, 0 < i £ n.
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Similarly, if X = @, then given an A-module chain map f : X — Y the complex
homgz,|(W; C(f ®a f))

is homotopically equivalent to the chain complex C(f ®4 f)% of invariants of the
action of the group Z; on the cone C(f ®4 f). Therefore for any n > 0 the groups
Q™ (f) and H,1(C(f ®a4 f)%2) are isomorphic. This implies that the homology
class

o' € QM(f) = Hn1 (C(f ®4 )*?)
is represented by an (n + 1)-dimensional cycle
€, €C(f ®4 Hnt1 = (Y ®4 V)ni1 & (X ®4 X),

such that (¢Y,¢X)T = (¢Y,¢X), where T € Zy. If f : X = Y is a chain A-module
map from an n-dimensional complex into an (n + 1)-dimensional complex then,
taking into account the homotopy equivalences

X ®4 X = homa(X*; X), Y ®4Y = homy(Y*;Y),

the homology class ¢f € Q"+1(f) is represented by a pair (£, &) of families of
A-module homomorphisms

{e& -yt 5 Y, i 20},
{65 X" > X;, i > 0},
for which
df o &l + (-1l 0 (dn_ip0)” = (F1)"fo g, o f7,
d¥ o X + (-1)71%, 0 (dy 1) =0,
(GONENCIIR et 2 AP (o MEE C8 Dl =
Thus, if K = Q, then an (n+1)-dimensional algebraic Poincaré pair (f : X — Y, ¢f)

over A is an A-module chain map f: X — Y from an n-dimensional complex into
an (n + 1)-dimensional complex considered together with a homology class

of = [(€F, €] € Q"(f),

for which the A-module homomorphisms

o ) CHH =Y e X" 5 Yoy,
( 7}1,+1—i7§r)z(+1—i)(gv h) = §:+1—i(g) + f(§1§+1—i(h))7

induce an isomorphism of A-modules

H(EY o &5 H () = Hap—i(Y)
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for any 0 < ¢ < n + 1. Interest was aroused in symmetric L-groups of involutive
(Q-algebras mainly by the following circumstance. Let L,(7), n > 0, be the Wall
group (see [1]) of a finitely determined group 7, and let Q[r] be the rational group
algebra for m endowed with the involution g* = ¢~!, g € n. Then the groups
L™(Q[r]) ® Q and L,(7) ® Q are isomorphic for any n > 0 (see [8]).

We now describe the relation between the bordism groups of smooth
manifolds and symmetric L-groups. Let M be a closed oriented smooth manifold
of dimension n with fundamental group «, let M be its universal cover and let
[M] € H,(M;Z) be the fundamental class. By applying the functor H,(~ ®z(» Z)
to the diagonal chain approximation

A: Co(M;Z) — homgz,) (W; Ce(M; Z)®?),

where C.(M ;Z) is the singular chain complex for the space M with coefficients
in Z, we get the n-dimensional algebraic Poincaré complex

(Co(M;Z); (A)L([M]))

over Z[r], which we denote by o(M). Similarly, an (n + 1)-dimensional smooth
oriented manifold M with boundary M determines an (n + 1)-dimensional alge-
braic Poincaré pair over Z[x], which we denote by o(M;dM). The boundary of
o(M;0M) is o(0M). This implies that we have a well-defined homomorphism

o: Q39(Br) - L™(Z[r]), n >0,

where Q5C(Bm) is the singular bordism group of closed oriented n-dimensional
smooth manifolds for the classifying space Bw of the group «. It is clear that the
ring embedding Z — Q induces the homomorphism

o: Q5°(Br) - L™(Q][n]), n > 0.

In the case of non-oriented smooth manifolds we obtain, analogously to the above,
a well-defined homomorphism

o: QQ(Br) - L™ ((Z/2)[x)), n 20,

where QO (Br) is the singular bordism group of the closed non-oriented n-dimen-
sional smooth manifolds of the space B.

§ 2. Necessary information about operads and coalgebras over operads

In this section we consider the basic concepts and constructions of the operad
theory of chain complexes developed by Smirnov in [5], [6], [10], [11].

Let K be a commutative ring with an identity and let A be an associative unital
K-algebra. All the chain complexes that are considered in this section and the next
are assumed to be non-negatively-graded.
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A symmetric family € = {€(j)};>1 is a family of chain complexes £(j) over K
on which the corresponding symmetric groups ¥; act on the right. A morphism of
symmetric families f: &' — &” is a family of chain maps

fG):€0G) = €"G), iz

that commute with the action of the symmetric groups ¥;.

Two morphisms of symmetric families f,g: £ — £ are said to be chain homo-
topic, and we denote this by f ~ g, if there is a family h = {h(5)}, 7 =2 1, of
¥;-equivariant homotopies h(j) between the maps f(j) and g(j). The symmetric
families £’ and £" are said to be chain equivalent, and we denote this by &' ~ &, if
there are morphisms of the symmetric families f : & — £, g : £ — &' such that
gof=~1and fofx1 Thesymmetric family &€ = {€(j)};>1 is said to be X-free
(respectively acyclic) if every chain complex £(j) is L;-free (respectively acyclic).

Given two symmetric families &' and £"”, we consider the symmetric family

8')(8”:{(8’)(8”)(]')}, ]21,

where (£’ x €")(j) is the quotient complex of the free ¥;-complex generated by the
chain complex

I > gmeei)e oG

E>1 1+ tie=i

with respect to the equivalence ~ defined by the relations

TR @ ®T ~ T QL1 () @ ® Ty 6(d1, -5 Tk,
x/®w’1l51®®xg5k~z’®mlll®®wz(61 X"'X(Sk),

where (j1,... ,7&) is the permutation of j elements obtained by partitioning this
set of elements into k blocks of ji,...,jr elements and by letting § act on these
blocks; and where §; x -+ x & is the image of the element (8;,...,dx) under the
embedding ¥; x .-+ x X; — X;. It is clear that the x-product of symmetric
families under consideration is associative, that is, for symmetric families £, &', £"
we have an isomorphism

Ex (&' x &MY~ (ExE)YxE".

A symmetric family € is an operad if there is given a morphism of symmetric
families v : £x& — £, called the operad multiplication, such that y(yx1) = y(1x+).
In addition there is an element 1 € £(1)q such that

Y(1®ej) =e;, € €E(F), =1,
YEer®1®---®@1)=e;, e €&(k), k=1

An operad morphism f : € — &€" is a morphism of symmetric families that com-
mutes with the operad multiplications v’ and " on & and &”, respectively.
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Example 1. Let X be a chain complex of right A-modules and let X®i be the
tensor power over K with the diagonal structure of a right A-module. We define
the operad €X = {€X(j)};>1 by putting

€% (j) = homa(X; X®9),
where hom 4 (X'; X®7) is the K-module chain complex of A-homorphisms and where
€% (j) = homa(X; X®7)q

is the K-module of chain maps over A. The action of the symmetric group X;
on £X(j) is defined by the action of &; on X®i, where ; acts by permuting the
factors with the usual agreement about signs. The structure of an operad on £%,
that is, the operad multiplication vX : £X x £€X — £X is given by the formula

Y*YRn® @) =(1® - Og)og,
where g; € €X(5;), 1 <i < k, g € EX(k).

Example 2. We consider the symmetric family C = {C(j)};>1, where C(j) is the
free K-module with one zero-dimensional generator c¢(j) and trivial action of the
group X;. The structure of the operad v: C x X — C is defined by

k
v(e(k) ®@c(i) ® - ®c(ir)) =c(f),  i=_ji
=1

Example 3. For an arbitrary symmetric family € = {£(j)};>1 we let & denote
the symmetric family for which (£€)(j) is the free ¥;-module generated by £(j).
If £ is an operad, then the operad multiplication in £ defines the structure of the
operad in £E. By applying the functor X to the operad C we obtain from Example 2
the X-free operad XC.

Example 4. Let € = {€(j)};>1 be a symmetric family such that £(1) = K. We
consider the operad TE defined as the quotient family of the symmetric family

doer,  er=gx---xE,
N e’
nzl ntimes

with respect to the equivalence generated by the relations
1®er~er, ex®1®---Q1~ ey, er €&(k), k=1, 1leé&Q1).
The operad multiplication in T'€ is defined by the natural maps £® x €™ — Ent™,

The operad TE is the free operad generated by the family €. If € is an operad, then
the operad multiplication v : € x & — € induces an operad morphism Ty : TE — £.



Bordism groups of Poincaré F-coalgebras and symmetric L-groups 1033

Example 5. In this example we describe an inductive procedure for constructing
an operad C A which is a free acyclic operad augmented over the operad C in
Example 2. For each n > 0 we shall find a symmetric family M(™ and a free
operad CA(™ generated by M(™ that is a free resolution of the operad C up to
dimension (n — 1). We put M© = C and CA® = TA. We assume that the
symmetric family M is defined such that for the operad CA™ = TM ™) there
is an exact sequence

(CAM)Y, 2 (CAM)Y, | — - — (CAM); 2 (CAM), 25 ¢ — 0.

We define M ™+ and CA(»*+1) by putting

MI =M, ifn+,

MY = ker(dy: (CAM), = (CA™),sy),  CAPHY =Ty HD),

The differential in CA(™tD is determined by the differential in CA™ and is

given on elements .41 € M,(l'j_“il) by the formula dyy;(zn+1) = 1(Tny1), where

i: M,(:fll) — (CA™), is the embedding. In this way C A(™*+Y) | as a graded operad,
is a free augmented operad over the operad, C' and it is acyclic up to dimension n.

If we iterate this process and put
M=lipM™,  CAy =limCA™,
— —

then we obtain a symmetric family M and an operad CA. which, as a graded
operad, coincides with the graded operad T'M and in which the differential deter-
mines the long exact sequence

i3 (ChAoco)n 2 (CAgo)no1 — ++ — (Choo)1 2 (CAsg)o = C — 0.

Thus we see that C Ay is a free acyclic operad and there is an operad morphism
€ : CAy — C which is a chain equivalence.

If we take XC instead of C' in the process of constructing the operad CA
considered above, then as a result we get an operad which is denoted by A,. By
construction, the operad A, is a free ¥-free operad augmented over the operad £C,
that is, there is a chain equivalence of operads € : Ao, = XC.

Example 6. If in the procedure of constructing the operad C' Ao, we replace every-
where the functor 7' by the functor T o ¥, then we get a sequence of symmetric
families N and a sequence of Z-free operads E(™ generated by N which are
free X-free resolutions of the ¥-trivial operad C up to dimension (n — 1). If we put

N:li_r_)nN("), Eoo=1_i_f_>nE("),

then we obtain a symmetric family N and an operad E, which, as a graded operad,
coincides with the graded operad TX N and in which the differential determines the
long exact sequence

o =3 (Boo)n = (Boo)na1 — -+ — (Boo)1 % (Eso)o -2 C — 0.
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Thus, Es is a free X-free operad and there is an operad morphism € : E,, =& C
which is a chain equivalence. In particular, we note that the chain complex Eo,(j),
J 2 1, is a free resolution of the trivial K[X;]-module K, where K[%;] is the group
K-algebra of the symmetric group X;. For example, E,(2) is a free acyclic chain
complex with generators U; of dimension i and differential

alv; =U;_1 + (—l)iUi—lTy T € Xy =12,

Example 7. We describe the Smirnov operad E = {E(j)};»1. Let A[n] be the
chain complex over K of the standard n-dimensional simplex, that is, the free
simplicial set generated by a single n-dimensional generator (see [12]). The graded
family A[¥] = {A[n]}n>o is a cosimplicial object in the category of chain com-
plexes over K with respect to the coboundary and codegeneration operators. We
let A[*]® denote the cosimplicial chain complex that is the jth tensor power
over K of the cosimplicial object A[«]. We consider the operad E = {E(j)};»1,
where E(j) is the chain realization of the cosimplicial object A[#]®:, that is,
E(j) = hom(A[*]; A[¥]®/) is the chain complex of cosimplicial K-homomorphisms
A[*] = A[*]®s and where E(j)o = hom(A[#]; A[¥]®7)o is the K-module of cosimpli-
cial chain maps. The structure of an operad on E is defined exactly as in Example 1.

Example 8. In this example we give a description of the inductive construction
of an operad morphism
Yoo B = E,

where Eo, and E are the operads in Examples 6 and 7, respectively. Let
V: Alm} = Alm] ®k A[m]

be the chain map given on the K-module generators x € K[m]n by
V(z) =3 8i1...04(z) ® 0...00()-
1=0

Then this map induces the chain map of cosimplicial objects
V: A[¥] = Al¥] @k Al*].
We consider the chain maps of the cosimplicial objects
V(i) Al - AR, 21,

obtained by iterating the maps V, that is,

A\
N

Vi)=1, V@@=V, V{=(VGi-1)e1)V, j
We define the operad morphism

o9 E® =TYC - E,
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by putting »@ (j)(c(4)) = V(j) on the generators. We assume that the operad
morphism o™ : E™ — E has been constructed for the operad E(™). We now define
the operad morphism ¢("+1) : E(n+1) 4 E_ Let z € N,(IT;I); then d(z) € E™ and
dp!™ (dz) = 0. Since the operad E is acyclic, there is a map f : N,(::{l) = (E)py1

such that do f = (™ od. The map f : N(®*1) — E induces the operad map
Pt . pintl) — Ty N+ L, B

In this way the operad morphism o™ : E® — E can be lifted to an operad
morphism (**+1) : B(ntl) 4 B By setting lim (™ = (., we obtain the operad
morphism ¢4, : Fo — E. The acyclicity of the operad E implies that any two
morphisms from E, into E that are constructed by the method indicated are chain
homotopic.

Example 9. Here we consider the situation when K is a field of characteristic zero
and we describe in this case the inductive construction of the operad morphism

Yoo : CAxw = E,

where C A, and E are the operads in Examples 5 and 7, respectively. Let V(j) in
E(j)o be as in Example 8. We define the operad morphism

Y’ CA°=TC - E,

by putting

vl = 5 Za 0 V(j)

on the generators, where the summation is carried out over all ¢ € ¥;. The rest
of the construction of ¥, : CAx — E is completely analogous to the construction
of the morphism @ : E,, — F in Example 8. In this way we obtain the operad
morphism ¥y : CAx — F and any two morphisms from C A, into E that are
constructed by the method indicated are chain homotopic.

We now consider the definition of a coalgebra over the operad € or, more briefly,
an &-coalgebra. Let (£,v) be an operad and let X be a chain complex of right
A-modules. Then X is called an E-coalgebra over A if we are given an operad
morphism a : & =+ €X where £X is the operad in Example 1. It is clear that if X is
an E-coalgebra over A, then the morphism o determines A-module ¥;-equivariant
chain maps

af : X ®k E(j) » X®, j>21,

such that af (r ® 1) =z, 1 € £(1), and the diagrams

X®ER) ®EG)® - ®EGE) —2s X ®E(j)

af@ll lcxi‘

X®*RE(G)® - @ (X QEGR)) —— X®I
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is commutative, .

k
1= (®af) v
s=1

U: (X¥*@&()® - ®E@G) = (X ®E(H)) @ @ (X @ E(jk))
being the obvious rearrangement map. By a morphism of £-coalgebras f: X - Y
over A we mean a chain map of A-modules f : X — ¥ such that the diagrams

aX .
XQL(H) —— X®

f®ll lf@h‘

oY ‘
YQEG) —— Y&
are commutative for any j > 1.

A morphism of £-coalgebras f : X — Y over A is called a quasi-isomorphism
if fu: Ho(X) — H,(Y) is an isomorphism of A-modules. A homotopy category of
&-coalgebras over A is a localization of categories (see [13]) of E-coalgebras over A
with respect to the family of quasi-isomorphisms. A morphism of €-coalgebras over
A is called a homotopy equivalence if it is invertible in the homotopy category of
€-coalgebras over A.

Example 10. Giving the structure of a C-coalgebra over A on a chain A-module
complex X, where C is the operad in Example 2, is equivalent to giving a chain
A-module map V : X = X ®g X such that

(Vel)vV=01 V)V, ToV=V,

where 7' is the map of interchanging the factors. Thus, the category of C-coalgebras
over A is isomorphic to the category of commutative K-coalgebras over A.

Similarly, giving the structure of a ¥(C-coalgebra over 4 on a chain A-module
complex X, where XC is the operad from Example 3, is equivalent to giving a chain
A-module map V : X —- X ®k X such that

(Vel)V=(1 V)V.

Thus, the category of XC-coalgebras over A is isomorphic to the category of
K-coalgebras over A.

Example 11. Let the chain complex X be an A,-coalgebra over A, where A,
is the operad indicated at the end of Example 5. Since the operad Ao, is Z-free
and also augmented over XC, giving the structure of an A, -coalgebra on X is
equivalent to giving a family of A-module maps
V% X - X®M+) n>1,
that raise the dimension by (n — 1) and are connected by the relations
n—1 n—m+l )
dvy =Y > (-)rtEIH (g @ VER--- @ 1)V T,
m=1 i=1
where d is the boundary operator of the chain complex
homA(X;X®("+1))., n>1.
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Example 12. The CA.-coalgebras over A, where C A, is the operad in
Example 5, are called commutative A, -coalgebras. Giving the structure of a com-
mutative Ayo-coalgebra over A on the chain complex X is equivalent to giving a
family of A-module maps

V%: X - XS+ p>

that raise the dimension by (n — 1) and are connected by the relation

n—1 n—m-+1

Vi =Y Y (-prtHit(1g..@ VR e )VE ™, n2>1,
m=1 i=1

and, in addition, the conditions

Z (=D*o(p,q) o V% =0, n>1
p+q=n+1

are satisfied, where the sum is taken over all (p, ¢)-rearrangements (see [14]) and u
is the sign of the rearrangement.

Example 13. Let X be an Ey-coalgebra over the K-algebra A, where E, is the
operad in Example 6, and let K = Z/p, where pis an arbitrary prime number. Then
the graded A-module H*(X;Z/p) is (see [11], [15]) an algebra over the algebra A,
of Steenrod aperations, and moreover the A-module structure commutes with the
action of the operations in A,.

Example 14. Let X be a topological space having a universal cover X and let
7 = m1(X) be the fundamental group of X. We consider the singular chain complex
C.(X; K) which is the chain complex of right K [r]-modules where K[r] is the group
K-algebra of the group m. The structure of an E-coalgebra over K{n], where E
is the operad in Example 7, is defined in a natural way on the chain complex
C.(X; K). We describe the structure. The singular chain complex C,(X; K) is the
chain complex of the free simplicial K[r]-module generated by the simplicial set of
singular simplexes of the space X on which the group 7 acts freely and simplicially.

Let z € Cn( X; K) be a K|[n]-generator, let 7 € E(j) = hom(A[*]; A[%]®7) and let
T: Aln] = Ca(X; K)

be a chain K-module map taking the n-dimensional generator u, € A[n] into z.
We define the structure of an E-coalgebra on Co(X; K) over K[n]

a;: Co(X; K) ®k B(j) = Co(X, K)™,  j>1,
by setting on the K[r]-generators z € Cpn(X; K)

aj(z®7) = (T® - OT)7(uz).
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The K{[r]-module ¥;-equivariant chain maps a;, j > 1, determine an operad
morphism
a: E - g6 (X:K),

that is, C, (X K) is an E-coalgebra over K[r]. Let f: X — Y be a continuous S map
and let f X = Y be the corresponding map of covering spaces. Then C, (X K)
and C,(Y; K) are chain complexes of right K[r]-modules, where the K [7]-module
structure on C,(Y; K) is determined by the K-algebra homomorphism K{[m (f)).
The map f induces a morphism of E-coalgebras

Co(fi K): Co(X;K) = Co(Y; K)

over K[x]. If f is a homotopy equivalence of topological spaces, then C,(f; K) is a
homotopy equivalence of E-coalgebras over K|[r].

The chain complex Co(X; K) has the natural structure of an Ee-coalgebra over
K[n] which is given as a composition of operad morphisms

Bo —224 E —2 £C(XiK),

where ¢, is the operad morphism considered in Example 8.

When K is a field of characteristic zero, the chain complex C,(X;K) has the
natural structure of a commutative A-coalgebra over K[n] which is determined
by the composition of operad morphisms

Chw —223 E —% g0-(KK),

where 1, is the operad morphism in Example 9.

We now consider the definitions of a comonad and coalgebra over a comonad that
are dual to the corresponding concepts of a monad and an algebra over a monad.
A comonad in the category X is a covariant functor G : X — X considered together
with natural transformations of functors

V:G-G*=GogG, p:G—1,
for which we have the commutative diagrams

G <8 g2 ¢, g o3 8 2

\ l/ o] V E

G? ——— G.

A coalgebra over the comonad G in the category X is an object X of the category
X considered together with a morphism 5 : X = GX of the category X for which
we have the commutative diagrams

x &9 gx arx &X) gx

Nl K

X GX +1— X.
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Example 15. Let (€,+) be an operad and let X be a chain complex of right
A-modules. We consider the A-module chain complex

EX = H homKIZJ.] (8(]), X®j),
izl
where '
homg(s;) (80)5 X®])o

is an A-module of chain maps over K [%;] for each j > 1. € is a covariant functor on
the category of A-module chain complexes. The operad multiplicationy: Ex& — &
determines the A-module chain map

V:EX 5 EX.
The element 1 € £(1) gives the evaluation map: p(f) = f(1) € X
p: EX o X,
which is a chain map of A-modules. The triple (€, V ,p) is a comonad in the category
of chain complexes of right A-modules. In addition, £X is a free £-coalgebra over A,
that is, for any chain map f: Z = X of right A-modules, where Z is an arbitrary

&-coalgebra over A, there is a natural morphism of €-coalgebras g : Z — £X over
A such that pog = f.

Example 16. If the chain complex X is an &-coalgebra over A, then the structure
morphism
a:€=&%,  a={a()}, iz,
a(4): &€(j) = homa(X; X®7)
determines a chain map
n: X = [] homgs ) (€(5); X®7) = €X
izl

of right A-modules. The pair (X;7) is a coalgebra over the comonad €.

§ 3. Poincaré E,,-coalgebras

Let A be an associative unital K-algebra with an involution, where K is an
arbitrary commutative ring with an identity. In addition, we shall assume that
A is an augmented K-algebra, that is, there is a fixed K-algebra homomorphism
€: A — K. It is clear that if a K-algebra A is augmented, then the ring K with
the homomorphism e can be regarded as a trivial A-module.

Let X be an arbitrary E..-coalgebra over A. Then we define the intersection
operation for X

N: H(X) @k Ho(X ®4 K) = H,_i(X), 0<i<n,
induced by the chain map
X (U) ®AK: X @4 K+ (X®k X)®4 K=X®4 X,

where X : E,, = EX is the structure morphism of the E,-coalgebra X over A
and Uy € Ex(2)o. The E-coalgebra X over A is said to be n-dimensional if X is
an n-dimensional chain complex of right A-modules.
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Definition 1. An n-dimensional E.-coalgebra X over A is called an n-dimen-
sional Poincaré E-coalgebra over A if there exists [X] € Hn(X ® 4 K) such that

N[X]: HY(X) - Hn-i(X)

is an isomorphism of A-modules for all 0 < ¢ < n. The homology class [X] is called
the fundamental class of the n-dimensional Poincaré E,-coalgebra X over A.
By a morphism of n-dimensional Poincaré E,-coalgebras

f+ (X, [X]) = (Y, [Y])
over A we mean a morphism f: X — Y of E,-coalgebras over A such that
(f ®4 K).[X] =[Y].

A morphism f of n-dimensional Poincaré E.,-coalgebras is called a homotopy equiv-
alence if f is a homotopy equivalence of E.,-coalgebras over A.

Given n-dimensional Poincaré E.-coalgebras (X, [X]) and (Y,[Y]) over A we
define their direct sum by putting

(X, [X]) e Y, [Y]) = (X oY, [X]&[Y]),
where the structure of the E-coalgebra on X &Y over A is given by

af® ((r,y)®e) = (X (z®e),af (yRe)) e XD @Y® C (X Y)®, izl
j j j

By the change of orientation of a Poincaré E-coalgebra (X;[X]) over A we

mean the operation
(_(Xv [X])) = (X, _[X])

which leads to a Poincaré E,-coalgebra over A.

The n-dimensional Poincaré Eq-coalgebra (X, [X]) over A uniquely determines
an n-dimensional algebraic Poincaré complex (X, [<pLX]]) over A. In fact we put

[sX] =(a§ ®A K)(<n®Us)a 520,

where ¢, is an arbitrary representative of the fundamental class [X], and (af ® 4 K)
is the chain map

(X 04 K) ®k Eoo(2) = (X Ok B (2)) 94 K 2 X®2 @, K= X ®4 X,
determined by the chain A-module map
af: X ®k Ee(2) & X K X,
that enters into the structure of the E.-coalgebra on X. Since
d(e§)) = d(eg’ ®4 K)(Ga ® VL)

= (03" ®a K)((=1)"¢n ® dUL)

= (-1)™(03 ®4 K)(¢n ® (Us-1 + (=1)*Vs1T))

= (D" + (c10eT), 520,
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it follows that the collection of chains
{#f¥) € (X ® X)nts, s 20}
defines an element [cp[sX]] € Q™(X). The homomorphism of A-modules
H(p¥): H(X) = Hooi(X),  0<i<n,
coincides, by definition, with the homomorphism
N[X]: H(X) = Hn—i(X), 0<i<mn,

and is therefore an A-module isomorphism. Suppose now that (, and ¢, are homo-
logical representatives of the fundamental class [X], that is, dz = ¢, — (], for some
z € (X ®4 K)ny1. We consider the element

pX = {pX) = (aff @4 K)(z @ Us)} € homgpz, (W; X ®4 X)ns1,
where W = E,(2) is the canonical resolution of the trivial K[Z,]-module K. If we
compute the left and right-hand sides of the equality
dpX) =do plX 4 (=1)"plX] 0 d
on the element U, € E(2),, then we obtain
(dpXN(U,) = (of ®a K)(dz®Us) = o1 =X, s>0.

Thus, [¢})] = [¢'¥]] € Q™(X).

Definition 2. The n-dimensional Poincaré E.-coalgebras (X,[X]) and (Y,[Y])
over A will be called algebraically bordant if the n-dimensional algebraic Poincaré

complexes (X, [go[sx]]) and (Y, [(p[syl]) that they determine are bordant.

In the same way as in [9] we obtain the following assertion.

Lemma 1. Algebraic bordism between n-dimensional Poincaré Ey -coalgebras over
A is an equivalence relation. Homotopy equivalent Poincaré E -coalgebras over A
are algebraically bordant.

We let (LEy)"(A) denote the set of classes of algebraically bordant n-dimen-
sional Poincaré F,-coalgebras over A. The direct sum operation and the change
of orientation on Poincaré E,-coalgebras over A give the structure of an Abelian
group on (LE«)™(A). It is clear that (LE«)™(A) is a subgroup of the symmetric
L-group L"*(A), n > 0.

Definition 3. Two n-dimensional Poincaré E.-coalgebras (X,[X]) and (Y,[Y])
over A are said to be chainwise bordant if there is an (n + 1)-dimensional algebraic
Poincaré pair
(f: XY = C ol € Qm())
such that
(f ®4 K).([X]® —[Y]) =0 € Ho(C ®4 K),

and the boundary of this pair is
(X, [eBN) @ (—(Y, [])).

By analogy with Lemma 1 we have the following assertion.
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Lemma 2. Chainwise bordism of n-dimensional Poincaré E,-coalgebras over A is
an equivalence relation. Homotopy equivalent Poincaré Fo-coalgebras over A are
chainwise bordant.

We let (L°Eo)™(A) denote the set of classes of chainwise bordant n-dimensional
Poincaré E-coalgebras over A. The direct sum operation and the change of
orientation on Poincaré E.-coalgebras define the structure of an Abelian group
on (L°Ey)"(A). In addition we have the obvious epimorphism

S: (L°Ex)™(A) = (LEx)™(A)

which is induced by forgetting the ‘zeroing’ of the image of the fundamental class
in the definition of the chain bordism relation.

Let f : X = Y be a morphism of E-coalgebras over A. We consider the cone
C(f) of the chain map f. We give the chain A-module complex C(f) the structure

of1: C(f) @K Ew(i) » C(H®,  j21,
of an E-coalgebra over A by putting

of D ((y,2)®e) = (o) (y ®e), (-1)"af (z ®€))

€ (Y®)p, © (X®) 1y, 5 C()®L,,

where e € Ex(j), v = dime, (y,z) € C(f)n, and -2, is the chain A-module
Y;-equivariant map of the embedding. Given a morphism f : X — Y of
E,-coalgebras over A we consider the intersection operation

N: H(f) ®k Hn41(C(f) ®4 K) = Hny1-:(Y), 0<i<n+1,
that is determined by the chain map

oD (Up) ®a K = (¥ (Up) ®4 K,a* (Us) ®4 K):
C(f). ®A K= (Y ®a K)o & (X XA K)O—l
S Y22 X)) K=Y ®4Y)e ®(X ®4 X)e_1.
A morphism of E-coalgebras f : X — Y is called an (n + 1)-dimensional E -pair
over A if f is an (n + 1)-dimensional pair of chain complexes of right A-modules.

Definition 4. An (n + 1)-dimensional E-pair f : X — Y over A is called an
(n + 1)-dimensional Poincaré Es,-pair over A if there is an element
[f] € Ho=1(C(f) ®a K) such that

N[f: H(f) » Hop1-:(Y)

is an isomorphism of A-modules for all i, 0 € ¢ € n + 1. The homology class
[f] is called the fundamental class of the (n + 1)-dimensional Poincaré E-pair
f:X — T over A.

The following assertion is obtained in the same way as in [2].
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Lemma 3. Suppose that we are given an (n + 1)-dimensional Poincaré E.,-pair
(f: X = Y,[f]) over A. Then the n-dimensional Ey,-coalgebra X over A considered
together with the element [X] = d[f], where & is the connecting homomorphism in
the long exact homology sequence of the map f® 4 K, is an n-dimensional Poincaré
E -coalgebra over A.

Definition 5. The n-dimensional Poincaré E-coalgebra (X, [X] = 4[f]) over A
is called the boundary of the (n 4+ 1)-dimensional Poincaré Eq,-pair (f : X — Y, [f])
over A.

Definition 6. Two n-dimensional Poincaré E-coalgebras (X,[X]) and (Y,[Y])
over A are said to be E,-bordant if there is an (n+1)-dimensional Poincaré E . -pair
over A such that its boundary is (X, [X]) & (- (Y, [Y])).

Theorem 1. The relations of chain bordism and E-bordism for n-dimensional
Poincaré Ey, -coalgebras over A are equivalent.

Proof. Tt is clear that if the Poincaré E,-coalgebras over A are E,,-bordant, then
they are chainwise bordant. We shall now show that if Poincaré E,-coalgebras over

A are chainwise bordant, then they are Ey-bordant. Let (f : X — Y,[(8yY, (,o[sX])])
be an (n + 1)-dimensional algebraic Poincaré pair over A, where (X,[X]) is an
n-dimensional Poincaré E.,-coalgebra over A,

e = (a3 @4 K)(Gn @ Us) € (X®2 ®4 K)o = (X ®4 Xt

Us € Exo(2)s, s 2 0, let {, be an arbitrary representative of the class [X] and, in
addition, let (f ®4 K).[X] = 0. We first construct an (n + 1)-dimensional algebraic
Poincaré pair over A

(F: X = ¥, [(6¢Y , X)),

where Y is an (n + 1)-dimensional E,-coalgebra over A, and f is a morphism of
E-coalgebras over A. We consider the short exact sequence of chain complexes

0 y EY — 5 B Y —P v 5 0,

where (Ew,V,p) is the comonad in the category of A-module chain complexes

determined by the operad E,, EI,OY is the quotient complex of the complex EY
with respect to the direct summand that is isomorphic to Y and 7 is the chain
embedding. Since 7 is a morphism of E.,-coalgebras over A, it follows that the
cone C(%) of the chain map 7 is also an E-coalgebra over A, which we denote

by Y. In addition, the obvious embedding
in: (EowY)e = Yo = C(i)e = (oY )e ® (BarY ),

is a morphism of E,-coalgebras over A. We now define the chain map f~: XY
as the composition
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where (X,n%X) is the coalgebra over the comonad (Ew,V,p) determined by the

E-coalgebra over A. Since 7%, Eo(f) and — are morphisms of E..-coalgebras
over A, it follows that f is also a morphism of E-coalgebras over A. The chain
maps f and f are related by f = po f , where p : Y — Y isthe chain A-module map,
B(g,h) = p(g) and (g,h) € Y. If we consider the cone C(i) = Y as a bicomplex
and if we apply the spectral sequence of a bicomplex to C(¢), then we find that
p is a chain equivalence of right A-modules. Therefore the E,-coalgebra over 4
is (n + 1)-dimensional. The chain equivalence p determines a chain equivalence
q: C(f) = C(f) of cones. Consequently the induced map of relative Q-groups

QM) = QM)

is an isomorphism. The chain equivalence inverse to pis A : ¥ — Y which is a
chain A-module embedding as a direct summand. We now put

5pY = (X% @4 K)(5pY).
Since po X\ = id, it follows that

g™ (80, D] = [(6Y , D).

This implies that the diagram

cif) <L cip

o |t

P
Yop1-i — Yot

where @] = ((5(,0(‘,7 ,cp([)X]), cp(; = (&pz,chX]), is homotopy commutative. Since <p(’;,

g and P are chain equivalences over A4, it follows that

H(p}): H(F) = Hpr1-i(¥)

is an isomorphism of A-modules for any 0 < ¢ < n + 1. Thus we have constructed
an (n + 1)-dimensional algebraic Poincaré pair

(F: X = 7,16, o)

over A, where Y is an (n+1)-dimensional F,-coalgebra over A and fis a morphism
of Ey-coalgebras over A. _ _

We now turn to the construction, for an (n+ 1)-dimensional Ex-pair f : X = ¥V
over A, of the fundamental class

[f] € Hnt1 (C(f) ®4 K)
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such that 5[f] = X. We first consider the elements
P = (of ®4 K)o ®e) € (X® @4 K)o,

where ,
of 1 X ®k Eo(j) = X¥,  j>1,

are the structure maps of the E.,-coalgebra X over A4, (, is a representative of the
fundamental class of X, and e € Ex(j), dim(e) = v. It is clear that cp[X] = <p X1
The operad E, is a free I-free acyclic operad, consequently for every j > 0 there
is an X;-equivariant contracting chain homotopy

5(7): Eoo(d)e = Eco(d)et1-
We consider the set of chains
{60Y € (¥® @4 K)nyus1, € € Bos(j)v, § 21},
where dpf, = oY, s > 0, and dpf = (f® @4 K)(p s(])e) j # 2. Since,

by the hypothesis, (f ®4 K).[X] = 0, there is an (n + 1)-dimensional chain
y € (Y ®4 K)p41 such that dy = (f ®4 K)((,). We define an element

B € (BwY)nt1 ®a K = (H homs; (Ee (5); y®a)) ou K

izl n+1
= (H homg );Y® @, K)) ,
izl n+l1
by putting
BF(1) = (-1)"y € (Y ®4 K)ns1, 1 € Ex(1)o,

ﬂf(e) = 6‘9:/ € (Y®j ®4 K)ntitvs e € Ex(j)v-
We now consider the element

7= ((8,0),6n) € (C(F) ®a K)np1 = (¥ @4 K)py1 @ (X ®4 K)n
= ((BooY @4 K)ns1 ® (Ea)Y ®4 K)) & (X ®4 K)n.

We check that yf~ is an (n + 1)-dimensional cycle of the complex C( f) Q4 K. We
recall that

(d(89))(e) = d(B' (e)) + (-1)"B/ (de).
We now have
d(y?) = (d(B7,0) + (=1)™*1 F(Ca), dC)
= (d/Bf + (_1)n+1 (—E—oo(f)nx ®a K)(Cn)v 0) 0)’
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where n* : X — E X is the structure map of the coalgebra X over the comonad
(Fs, V,p). For arbitrary e € E(j), 7 > 1, we have

(dBF + (=1)" (Boo ()17 ®4 K)(Ca))(e)
= d(B (e)) + (-1)"B/ (de) + (-1)"* (f® ®4 K)(af ®4 K)(¢n ®€)
= dbp) + (-1)"6pk, + (-1)" (f¥ @4 K)(of ®4 K)((n®e)
= (-1)*(f* ®a K)(¢liatsye) + (D (F @4 K) (0l )
+ (=)™ (f® @4 K)(of ®4 K) (¢ ®e)
= (~1)*(f® @4 K)(@X) + (-1)" (% @4 K)(of ®4 K)(¢n ®e€)
= (-D)"(f® @4 K)(@M) + (-1)" (5% @4 K)(*)) = 0.

For 1 € E(1)g we have

D™ (Eoo(Hm™ ®4 K)(¢a)) (1)

(dB” + (-
(67 (1)) + (-=1)"8(d1) + ()™ (f ®4 K) (o ®a K)(¢n ®1)
(=
(-

1)y + (=1)"*(f ®4 K)(¢n)
1)™dy + (-1)"*'dy = 0.

Hence ci(yf) =0. We let [f] € Hpn41(C(f) ®4 K) denote the homology class of the
cycle yf. For the free E,-coalgebra EoY over A we consider the chain A-module
map

af>Y (Up): EeoY = (BooY) ®k (EooY)

given by the formula
(a2 =Y (Uo)(9))(es: ®ejn) = g(V(Uo ® &y ®ez,)) € YO @ Y72,

where g € Ex.Y, €, € Ex(j1), €j, € Eoo(j2), j1,42 = 1. In exactly the same way
we are given the A-module chain map

oF=Y (Uo): BnY — (BnY) @ (ExY).
We note that
P (aF=Y (Uo)(9)) = (aF=(Uo)(9)) (1 ® 1) = g(1(Uo ®1® 1)) = g(Uo) € Y,
where g € Eo Y, p: E.Y = Y, p(w) = w(1). Similarly, if
g€ (E(Y ®4 K)) = (ExY) ®a4 K,

then
(p ®4 K)®?(aF=Y®4K(U)(g)) = g(Up) € Y®2 @4 K.
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We now consider the chain map

o <f)(U0) ®4 K = (aB=Y (Up) ®4 K, asz,Y(Uo) ®4 K,05 (Up) ®4 K):
C(f) = (BwY)®? 84 K)&((Ew?)® ®4 K)&(X®* 4 K) C C())®? @4 K,

which induces the chain intersection operation
N: CH(f) @k (C(f) ®a K),\, = Yap1—i,  0<i<n+1.

If we apply to the element

(@S (o) @4 K) (%)
= (oS (Up) ®4 K)(B7,0,¢0)
= ((aF=Y (Up) ®4 K)(8),0, (o (Uo) ®4 K)(&)) € (C(F®2 ®4 K)is

the map B
(@®* ®4 K): C(f)®? ®4 K = C(f)®* ®4 K,

where g(wi, w2, z) = (P(w,w2),z) = (p(w1),z) = (w1(1),z), then we obtain

(@®* ®a K) (ag(f)(Uo) ®4 K) ()
= (¢ ®4 K)((aF=Y (Uo) ®4 K)(87),0, (o (Uo) ®4 K)((n)
= (0% @4 K)(0F=Y (Us) ®4 K)(B), (o (Vo) ®4 K)((n))
= (8 (Vo) (0 (Uo) ®4 K)(Cn)) = (007, 0B)) = (0F, 5.

This implies that the diagram
30 7Y ()" 1
CHf) & C(N

ny}-l 1(549 ol

5 o~
Yosi-i — Yop—

is commutative for any 0 < i < n + 1. Since the A-module maps 7, ¢*, (3¢} , @ [X])

induce A-module isomorphisms in homology, it follows that the map
N[ H(F) & Hpproa(Y)

is an A-module isomorphism for any 0 < ¢ < n+ 1, where [f] = [yf 1€ Hppa(£). 1
addition,

8171 = 8[(87,0), ¢a] = [Ga] = [X].
Thus, the n-dimensional Poincaré E.-coalgebra (X,[X]) over A is the boundary
of the (n + 1)-dimensional Poincaré E-pair (f : X — Y,[f]) over A.
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Corollary 1. The relation of E-bordism for n-dimensional Poincaré Eo-
coalgebras over A is an equivalence relation. Homotopy equivalent n-dimen-
sional Poincaré E.,-coalgebras over A are E,-bordant.

We let (2Ex)"(A) denote the set of classes of Ey-bordant n-dimensional
Poincaré E..-coalgebras over A. The direct sum and the change of orientation
for the Poincaré E.-coalgebras determine the structure of an Abelian group on
(QE)"(A).

Corollary 2. The groups (UEx)"(A) and (L°Ey)"(A) are isomorphic for any
n=>0.

Let M be a closed oriented smooth manifold of dimension n with fundamental
group 7, let M be its universal cover and let [M] € H,(M;Z) be the fundamental
class. Then (see Example 14) the singular chain complex C,(M;Z) when considered
together with the fundamental class

[M] € Ha(M;Z) = Ho(Co(M; Z) ®zyr Z)
is an n-dimensional Poincaré E-coalgebra over Z[r], which we denote by 6§(M).
Similarly, an (n + 1)-dimensional smooth oriented manifold M with boundary 8 M
determines, via the singular-complex functor, an (n + 1)-dimensional Poincaré
Eo-pair over Z[r], which we denote by §(M,0M). The boundary of §(M,OM)
is 8(OM). This implies that we have a well-defined homomorphism

8: Q5O(Br) - (QEL)™(Z[r]), n>0.
Moreover, for any n > 0 the diagram

03°(Br)  —— (LEx)™(Z[r))

o| dl
(QE)™(Z[n]) (L°Eco)™(Z[n))
is commutative, where ¢ is the homomorphism considered in §1. In the case of

non-oriented manifolds we obtain in exactly the same way as above a well-defined
homomorphism

8: QQ(Br) = (QE)™((Z/2)[r]), n >0,
and for any n > 0 we obtain a commutative diagram
aQ(Bm)  —— (LEx)"((Z/2)[n])

/| ‘J
(QE)™((2/2)[n]) (L°Eoo)" ((Z/2)[n]).-
If we take into account Example 13 and also use the concept of an n-dimensional

Poincaré algebra in the sense of Adams (see {13], [14]) and the bordism groups of
such algebras (see [14]), then we obtain the following lemma.

Lemma 4. Let 7 be the trivial group. Then the homomorphism
9: Q3 (pt) - ()" (2/2)
is an embedding for any n > 0, that is, Im 8 = Q2 (pt).
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§ 4. Rational commutative Poincaré A,.-coalgebras

Let A be an associative unital augmented K-algebra with an involution, where
K = Q is the field of rational numbers. Given an arbitrary commutative
Ao -coalgebra X over A, that is, given a C Ay -coalgebra over A (see Examples 5
and 12), there is an intersection operation

N: H(X) ®kx Ho(X ®4 K) = Hy,—i(X), 0<ig<n,
that is induced by the chain map
Vi®aK: X@a K> (X®xk X)®aK=X®4 X,

where V}, belongs to the C Aoo-structure { V¢ },,»1 of the C Aso-coalgebra X over A.
The C Ayo-coalgebra X over A is said to be n-dimensional if X is an n-dimensional
chain complex of right A-modules.

Definition 7. An n-dimensional CAy,-coalgebra X over A will be called an
n-dimensional rational commutative Poincaré Ay -coalgebra or, more briefly, a
Poincaré C Ao -coalgebra, over A if there is an element [X] € Hp,(X ®4 K) such
that

N[X]: H{(X) = Hn_i(X)

is an isomorphism of A-modules for all 0 € ¢ < n. The homology class [X] is called
the fundamental class of the n-dimensional Poincaré C A -coalgebra X over A.

The concepts of morphism, homotopy equivalence, direct sum and reversal of
orientation are defined for n-dimensional Poincaré C'A..-coalgebras over A anal-
ogously to the corresponding concepts which were introduced in §3 for Poincaré
E-coalgebras over A.

The n-dimensional Poincaré CAs-coalgebra (X;[X]) over A uniquely deter-

mines an n-dimensional algebraic Poincaré complex (X, [fz[X]]) over A. In fact, we
consider the n-dimensional cycle

(Vi ®AK)(Gn) =) 2i®Tni € Y Xi®4 Xn_i = (X ®4 X)n,
1=0 =0

where (, is an arbitrary representative of the fundamental class [X]. We define
A-module homomorphisms £ : X" = X;, i > 0, by putting

() =zif(Tni)’y,  fEXTH

Since T'o Vi = Vi, where T(z) ® z4) = (~1)Pz, ® , it follows that
() = (~1)itnigr i>0.

The condition 6((V ®4 K)(¢,)) = 0 implies that

a¥ o fiX + (-1 o (dr)f—i+l)* =0.
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If ¢, and ¢}, are homologous representatives of the fundamental class [X], then the

corresponding families of A-module homomorphisms {{EX]} and {¢' gx]} determine
the same element in the group @"(X). The A-module homomorphism

H(E ) H(X) = Hapyy,  0<i <o,
coincides, by definition, with the homomorphism

NX]: H{(X) & Ho—i(X), 0<i<n,
and therefore it is an A-mdoule isomorphism.

Definition 8. Two n-dimensional Poincaré C A-coalgebras (X, [X]) and (Y,[Y])
over A are said to be algebraically bordant if the n-dimensional algebraic Poincaré

complexes (X, [{EX]]) and (Y, dy]]) that they determine are bordant.
We obtain the following assertion in the same way as in [9].

Lemma 5. Algebraic bordism for n-dimensional Poincaré C Ay -coalgebras over A
is an equivalence relation. Homotopy equivalent Poincaré C Ay, -coalgebras over A
are algebraically bordant.

We let (LC Ax)™(A) denote the set of classes of algebraically bordant n-dimen-
sional Poincaré C' A..-coalgebras over A. The operations of direct sum and reversing
the orientation for Poincaré C A,,-coalgebras over A define the structure of a com-
mutative group on (LC Ay )"(A4). It is clear that (LC A )"(A) is a subgroup of
the symmetric L-group L™(A),n > 0.

Definition 9. Two n-dimensional Poincaré C A -coalgebras (X;[X]) and (V;[Y])
over A are said to be chainwise bordant if there is an (n + 1)-dimensional algebraic
Poincaré pair over A

(f: XoY o C, ¢ e Q™M ()

such that
(f o4 K).([X]® —[Y]) =0 € H,(C ®4 K),

and the boundary of this pair is
(%, [ & (- (¥, ).

We obtain the next assertion in the same way as Lemma 5.

Lemma 6. Chainwise bordism between n-dimensional Poincaré C A -coalgebras
over A is an equivalence relation. Homotopy equivalent Poincaré C A, -coalgebras
over A are chainwise bordant.

We let (L°C Ax)™(A) denote the set of classes of chainwise bordant n-dimen-
sional Poincaré C A.-coalgebras over A. The operations of direct sum and change
of orientation for Poincaré C A, -coalgebras induce the structure of an Abelian
group on (L°C' A )"(A4). In addition we can define the obvious epimorphism

S: (L°CAc)™(A) = (LCAx)™(4), n>0.
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Lemma 7. Let A= K = Q. Then the group homomorphism
S (L°CAx)"(Q) = (LCAL)™(Q)
is an isomorphism for any n > 0.

Proof. Tt is obvious that the homomorphism S is epimorphic. We now show that
it is monomorphic. Let the n-dimensional Poincaré C A.-coalgebra (X, [X]) over
Q be algebraically bordant to zero, that is, the n-dimensional algebraic Poincaré

complex (X, [{EX]]) over Q@ is the boundary of some (n + 1)-dimensional algebraic
Poincaré pair

(f: X = v, [(e7;6)

over Q. We claim that the n-dimensional rational C' A,-coalgebra (X, [X]) is chain-
wise bordant to zero, that is, there is an (n + 1)-dimensional algebraic Poincaré pair

(g: X = C,[(€F; €M)

over Q such that (g).[X] = 0 € H,(C). Let {, be a representative of the funda-
mental class [X]. If f(¢,) is a boundary element from Y,,, then in plaee of

(9: X = C,[(65; N

one can take X
(f: X = V(€ ;eP)).

Therefore we shall assume that the cycle f({,) is not a boundary. Let a: Q = Y,
be the homomorphism over @ given by a(l) = f(¢,). We consider the rational
(n + 1)-dimensional chain complex (C,d¢), where

Co=Y8Q, Cop1 =Yn1 ®Q, Ci=Y;, i#0,n+1,

v . .
d1c=(6>: dipy = (dnyy, (-1)), df =dj, i#1n+1

Let [¢] € H°(X) be the element that is taken under the isomorphism
H(EX): HO(X) > Ha(X)
to [X]. We take a representative cocycle
€ € X% = homg(Xp; Q)
of the class [¢] such that ( X (€) = (. We define the chain map
g={9:: X; > C;, i >0}

by putting

go = ({:); Int1 = (fngl>, 9i=fi, 1#0n+1
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Let 1: Q* — Q be the standard identification. We consider the family of rational
homomorphisms ‘
{¢¢: et 5 0y, i 2 0},

where

, & 0 Y. 0 .

g=(% 1) €a=("17) €=g. izon1
It is clear that (£0)* = (—1)¥("+1=9£C, | . for any i > 0. The relations

dC 0 €8 + (1) 162 0 (dS_i4p)* = (-1)"go X o g*

are obviously true for ¢ # 1 or n + 1, while for i = 1 or n + 1 they are implied by
the commutativity of the diagram

Q_E*__)XO

| e

Y. PR - Xn.

Since 0
96 = 1) =a =aZn( ]).).
it follows that (g).[X] = 0. Thus, we have constructed an {(n + 1)-dimensional

algebraic Poincaré pair
(9: X - C,[(67; ™))

over Q, where (g).[X] = 0, which has boundary (X;[X]). Conseqiiently the
n-dimensional Poincaré CA,-coalgebra (X;[X]) over Q is chainwise bordant to
Zero.

Let f: X = Y be an arbitrary morphism of C Ay-coalgebras over A. We give
the cone C{f) of the chain A-module map f the structure

Va3 C(f) = CHPMD, m1,
of a C Ax-coalgebra over A by putting
Va3, 2) = (VR#), (-1)" "' VZ(2))

e (VD) @ (XZmHY) c (cthRmed),
where (y,z) € C(f)n. Given a morphism of CAu-coalgebras f : X — Y we
consider the intersection operation

N: H(f) ®Kx Hnt1(C(f) ®4 K) = Hpy1-i(Y), 0<i<n,
that is determined by the chain map
Vi ®aK:C(f)e @4 K 5 C(fO) @4 K =(Y ®4Y)e ® (X ®4 X)ou1.

A morphism of CAy-coalgebras f : X — Y is called an (n + 1)-dimensional
C Ao -pair over A if X is an n-dimensional CA.-coalgebra over A and Y is an
(n + 1)-dimensional CAy,-coalgebra.
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Definition 10. An (n + 1)-dimensional CAe-pair f: X = Y over A is called an
(n + 1)-dimensional Poincaré C' A -pair over A if we are given

[f] € Hota (C(f) ®4 K)

such that _

Nfl: HY(f) = Hrg1-:(Y)
is an isomorphism of A-modules for all 0 < 7 € n+1. The homology class [f] is called
the fundamental class of the (n + 1)-dimensional Poincaré CAx-pair f : X = Y
over A.

We obtain the following assertion in the same way as in [2].

Lemma 8. Suppose that we are given an (n + 1)-dimensional Poincaré CAy-
pair (f : X = Y,[f]) over A. Then the C A -coalgebra X over A when considered
together with the element [X| = 0[f], where § is the connecting homomorphism in
the long exact homology sequence of the map (f ®4 K), is an (n + 1)-dimensional
Poincaré C Ay -coalgebra over A.

By the boundary of the (n + 1)-dimensional Poincaré C Aop-pair (f : X = Y, [f])
we mean the n-dimensional C A,-coalgebra (X, [X] = 4[f]) over A.

Definition 11. Two n-dimensional Poincaré CAs-coalgebras (X;[X]) and
(Y;[Y]) over A are said to be C'Auo-bordant if there is an (n + 1) dimensional
Poincaré C Ay.-pair over A such that its boundary is

(X;[X) @ —(Y;[YD).

The next theorem is obtained in the same way as in §3.

Theorem 2. The relations of chainwise bordism and C Ay -bordism between
n-dimensional Paincaré C A, -coalgebras over A are equivalent.

Corollary 3. The relation of CAy-bordism between n-dimensional Poincaré
C Ay -coalgebras over A is an equivalence relation. Homotopy equivalent n-dimen-
sional Poincaré C Ay, -coalgebras over A are C Ay, -bordant.

Corollary 4. The groups (QC Ax)™(A) and (L°C Ax)™(A) are isomorphic for any
n > 0.

Let M be a closed oriented smooth manifold of dimension n with fundamental
group w, let M be its universal cover and let [M] € H,(M;Q) be its rational

fundamental class. Then (see Example 14) the singular chain complex C.(M;Q)
when considered together with the fundamental class

[M] € Ho(M;Q) = Ho(Co(M; Q) ®qr Q),

is an n-dimensional Poincaré C' A-coalgebra over Q[x], which we denote by 8(M).
Similarly, the (n + 1)-dimensional smooth oriented manifold M with boundary
OM determines via the rational singular complex functor an (n + 1)-dimensional
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Poincaré C'Ay-pair over Q[r], which we denote by §(M,8M). The boundary of
6(M,0M) is 6(0M). This implies that we have a well-defined homomorphism

6: 50 (Br) = (ACAL)™(Q[x]), n>0,
and, in addition, the diagram
03°(Br)  —— (LCAx)"(Qx])
el Ts
(QCA)"(Q[r]) =——= (L°CAx)"(Q[])

is commutative, where o is the homomorphism considered in §1. If the group =
is trivial, then o ® Q is the epimorphic signature homomorphism. Therefore the
groups

(LCAL)"(Q)®Q and LM(Q)®Q
are isomorphic, n > 0.

Corollary 5.

, n =4k,
Inf ®Q = (0A=)"(Q) 8 Q= (LCAx)" @ Q= { o
0, n #4k.
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