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COMMUTATIVITY PROPERTIES OF QUINN
SPECTRA

GERD LAURES AND JAMES E. MCCLURE

ABSTRACT. We give a simple sufficient condition for Quinn’s
“bordism-type” spectra to be weakly equivalent to commutative
symmetric ring spectra. We also show that the symmetric sig-
nature is (up to weak equivalence) a monoidal transformation
between symmetric monoidal functors, which implies that the
Sullivan-Ranicki orientation of topological bundles is represented
by a ring map between commutative symmetric ring spectra. In
the course of proving these statements we give a new description
of symmetric L theory which may be of independent interest.

1. INTRODUCTION

In [Qui95), Frank Quinn gave a general machine for constructing
spectra from “bordism-type theories.” In our paper [LM] we gave ax-
ioms for a structure we call an ad theory and showed that when these
axioms are satisfied (as they are for all of the standard examples) the
Quinn machine can be improved to give a symmetric spectrum M. We
also showed that when the ad theory is multiplicative (that is, when its
“target category” is graded monoidal) the symmetric spectrum M is a
symmetric ring spectrum. Finally, we showed that there are monoidal
functors to the category of symmetric spectra which represent Poincaré
bordism over Br (considered as a functor of 7) and symmetric L-theory
(considered as a functor of a ring R with involution).

In this paper we consider commutativity properties. The reader does
not need to have a thorough knowledge of our previous paper; the only
sections that are relevant are 3, 6, 7, 9, 10, 17, 18 and 19, and only the
definitions and the statements of the results (not the proofs) are used
in the present paper.

A “commutative ad theory” is (essentially) an ad theory whose target
category is graded symmetric monoidal (the precise definition is given
in Section [3). Our first main result is
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Theorem 1.1. Let M be the symmetric ring spectrum associated to a
commutative ad theory. There is a commutative symmetric ring spec-
trum M™™ which is weakly equivalent in the category of symmetric
ring spectra to M.

The proof gives a specific chain of weak equivalences (of length 2)
between M and M“™™,

In particular, Theorem [[.I] shows that the L-theory spectrum of a
commutative ring can be realized as a commutative symmetric ring
spectrumE

For the ad theory adgr,, of oriented topological bordism ([LM| Sec-
tion 6]), we showed in [LM, Section 17 and Appendix B] that the
underlying spectrum of Mgy, is weakly equivalent to the usual Thom
spectrum MSTop. It is well-known that MSTop is a commutative
symmetric ring spectrum, and we have

Theorem 1.2. (Mgr,,)™™ and MSTop are weakly equivalent in the
category of commutative symmetric ring spectra.

The proof gives a specific chain of weak equivalences between them.

We also prove a multiplicative property of the symmetric signature.
The symmetric signature is a basic tool in surgery theory. In its sim-
plest form, it assigns to an oriented Poincaré complex X an element of
the symmetric L-theory of 7 (X); this element determines the surgery
obstruction up to 8-torsion. Ranicki proved that the symmetric signa-
ture of a Cartesian product is the product of the symmetric signatures
([Ran80bl, Proposition 8.1(i)]). The symmetric signature gives a map of
spectra from Poincaré bordism to L-theory ([KMM, Proposition 7.10]),
and we showed in [LM]| that it gives a map of symmetric spectra. In or-
der to investigate the multiplicativity of this map, we give a new (but
equivalent) description of the L-spectrum, using “relaxed” algebraic
Poincaré complexes (the relation between these and the usual algebraic
Poincaré complexes is similar to the relation between I'-spaces and E,
spaces). For a ring with involution R there is an ad theory ad”,, and
the associated spectrum MY, is equivalent to the usual L-spectrum.
The symmetric signature gives a map Sig,,; from the Poincaré bordism
spectrum (which we denote by M., 1; see [LM| Section 7]) to MZE,.

We prove that this map is weakly equivalent to a ring map between
commutative symmetric ring spectra:

urie [Lur] has explained another way to prove that the L-theory spectrum of a
commutative ring can be realized as a commutative symmetric ring spectrum. The
method used in [Lur] does not include other examples we consider such as Poincaré
bordism and (in [BLM]) Witt bordism.
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Theorem 1.3. There are symmetric ring spectra A and B, commuta-
tive symmetric ring spectra C and D, and a commutative diagram

Me,*,l ~—A—C

<

MZ2 <« B—-=D

rel

wn which the horizontal arrows and the right vertical arrow are ring
maps and the horizontal arrows are weak equivalences.

In fact C is (M, 1)®™, and D is weakly equivalent to (MZ,)emm

rel
in the category of commutative symmetric ring spectra (see Remark

I73).

As far as we are aware, there is no previous result in the literature
showing multiplicativity of the symmetric signature at the spectrum
level.

In Section [I§ we prove a stronger statement, that up to weak equiv-
alence the symmetric signature is a monoidal transformation between
symmetric monoidal functors. In [BLM| we will prove the analogous
statement about the symmetric signature for Witt bordism, using the
methods of the present paper.

Remark 1.4. The Sullivan-Ranicki orientation for topological bundles
([Sul05], [MMT79], [Ran92, Remark 16.3], [KMM, Section 13.5]) is the
following composite in the homotopy category of spectra

MSTOP ~ QSTop % LZ,

where Qsrop denotes the Quinn spectrum of oriented topological bor-
dism (which was shown to be equivalent to MSTop in [LM, Appendix
B]). Combining Theorems [[.3] and [[.2] shows that the Sullivan-Ranicki
orientation is represented by a ring map of commutative symmetric
ring spectra.

Here is an outline of the paper. In Sections [2] and [ we give the def-
inition of commutative ad theory. The proof of Theorem [L.I] occupies
Sections @HIOL We begin in Sections [ and [l by giving a multisemisim-
plicial analogue Y5 of the category of symmetric spectra. We observe
that an ad theory gives rise to an object R of XSy, whose realization
is the symmetric spectrum M mentioned above. Section [l explains
the key idea of the proof, which is to interpolate between the various
permutations of the multiplication map by allowing a different order
of multiplication for each cell. In Sections [7 and 8 we use this idea to
create a monad in the category XSy which acts on R, and in Section
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(after a brief technical interlude in Section Q) we use a standard
rectification argument (as in [May72]) to convert R with this action to
a strictly commutative object of X.5; passage to geometric realization
gives M™™  Next we turn to the proof of Theorem [[.3] In Sections
[[THI3 we introduce the relaxed symmetric Poincaré ad theory and the
corresponding version of the symmetric signature. In Sections [4HI6l
we create a monad in the category XSy X 3Sss which acts on the pair
(Res1, RZ)), and in Section [[7l we adapt the argument of Section [0 to
prove Theorem Section [I8 gives the statement of the stronger ver-
sion of Theorem [I.3] mentioned above, and Section [I9 gives the proof.
Appendix [Al gives the proof of Theorem
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2. SOME REDEFINITIONS

One of the ingredients in the definition of ad theory in [LM] is the
target “Z-graded category” A (see [LM| Definitions 3.3 and 3.10]). For
the purposes of that paper, there was no reason to allow morphisms in
A between objects of the same dimension (except for identity maps).
For the present paper, we do need such morphisms (see Definition 3]
below and the proof of Theorem [[I). We therefore begin by giving
modified versions of some of the definitions of [LM].

Definition 2.1. (cf. Definition 3.3 of [LM]) A Z-graded category is a
small category A with involution 4, together with involution-preserving
functors d : A — Z (called the dimension function) and ) : Z — A
such that

(a) d 0 is equal to the identity functor, and

(b) if d(a) > d(b) then there are no morphisms from a to b.

The definition of a strict monoidal structure on a Z-graded category
([ILM) Definition 18.1]) needs no change, provided that one uses the
new definition of Z-graded category.

Next we explain how to modify the specific examples of target cate-
gories in [LM] by adding morphisms which preserve dimension.
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For the category Agstop ([LM| Example 3.5]) the morphisms between
objects of the same dimension are the maps of degree 1.

For the category A, 7. ([LM| Definition 7.3]) the morphisms be-
tween objects (X, f,£) and (X', f',£’) of the same dimension are the
maps g : X — X' such that f'og = f and g.(§) = ¢

We do not need the analogous modification for the category A
([LM, Definition 9.5]) because we will be using the version in Section

11
3. COMMUTATIVE AD THEORIES

Definition 3.1. Let A be a Z-graded category. A permutative struc-
ture on A is a strict monoidal structure (K, ) ([LM, Definition 18.1])
together with a natural isomorphism

Yoy s 2By — iy Ko
such that

(a> Zf}/%y = 72‘9079 = fymviy’

b) each of the maps g, V= ¢ is the identity map of (0,
Yo,ys Va, Yy

(c) the composite

111V (3, 0)

is the identity.
(d) 7z, is the identity, and
(e) the diagram
Xy z
y \
illzly X 2 Ry i il#lel v ) 7 K
comiutes.

Remark 3.2. The analogue of the coherence theorem for symmetric
monoidal categories [ML63| holds in this context with essentially the
same proof.

Definition 3.3. A commutative ad theory is a multiplicative ad theory
[LM| Definitions 3.10 and 18.4], with the extra property that every
pre K-ad which is isomorphic to a K-ad is a K-ad, together with a
permutative structure on the target category A.

Examples are ade when C' is a commutative DGA (see [LM|, Exam-
ple 3.12]), adgrop (see [LM, Section 6]), ad. .1 (see [LM, Section 7)),
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(&)

(see Section [II] below), and adip .. (see [BLM]).

adgmeprun (see [LM) end of Section 8)), adf, when R is commutative

Remark 3.4. The extra property in Definition is used in the proof
of Lemma [6.3] below.

For later use we record some notation for iterated products.

Definition 3.5. (i) For a permutation € X;, let €(n) denote 0 if 7 is
even and 1 if n is odd.

(ii) Let A be a Z-graded category with a permutative structure. Let
n € ;. Define a functor

Ny - .AXj — A
(where A is the j-fold Cartesian product) by

(@1, 25) = i (@) B B ayag))
where 7] is the block permutation that takes blocks by, ..., b; of size
|z1], ..., |z;| into the order b, 11y, ..., by-1(;.

Remark 3.6. Note that, by Remark B2 ny (1, ..., ;) is canonically
isomorphic to z; X - - - M z;.

4. MULTISEMISIMPLICIAL SYMMETRIC SPECTRA

We now turn to the proof of Theorem LIl

In this section we define a category XSy (the ss stands for “semisim-
plicial”) which is a multisemisimplicial version of the category XS of
symmetric spectra. The motivation for the definition is that the se-
quence Ry in [LM| Definition 17.2] should give an object of ¥£.S.

Recall that we write A;,; for the category whose objects are the
sets {0, ...,n} and whose morphisms are the monotonically increasing
injections.

A based k-fold multisemisimplicial setis a contravariant functor from
the Cartesian product (Ayy;)** to the category Set. of based sets. In
particular, a based 0-fold multisemisimplicial set is just a based set.

Next note that given a category C with a left action of a group G one
can define a category G X C whose objects are those of C and whose
morphisms are pairs («, f) with @« € G and f a morphism of C; the
domain of («, f) is the domain of f and the target is « applied to the
target of f. Composition is defined by

(o, f) o (B,9) = (aB, 87(f) o 9)
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Remark 4.1. (i) C is imbedded in G x C by taking the morphism f of
C to the morphism (e, f) of G x C, where e is the identity element of
G.

(ii) The morphism (a, f) is the composite («,id) o (e, f).

Definition 4.2. Let X}, act on (Ag})*" by permuting the factors (when
k =0, X is the trivial group). For each subgroup H of ¥ let Hssy be

the category of functors from H x (AR)** to Set..

inj

By Remark[4.I], an object of Hss, can be thought of as a based k-fold

multisemisimplicial set with a left “action” of H in which H also acts
on the multidegrees.

)><k

Definition 4.3. (i) A multisemisimplicial symmetric sequence X is a
sequence Xy, k > 0, such that X} is an object of Y¥;ss;.

(ii) A morphism of multisemisimplicial symmetric sequences from X
to Y is a sequence of morphisms f; : X — Y, in Xpss;.

The category of multisemisimplicial symmetric sequences will be de-
noted by 8.
For our next definition, recall [LM|, Definitions 17.2 and 17.3].

Definition 4.4. (i) For each k > 0 extend the object Ry of ss; to an
object of Yss; by letting
(a,id),(F) =i o F o ay
(where a € ¥, and F € ad®(A™)).
(ii) Let R denote the object of 8 whose k-th term is Ry.

Next we assemble the ingredients needed to define a symmetric
monoidal structure on 8.

Definition 4.5. Given A € Y,ss, and B € Yss;, define A AN B €
(Xk X Xy)ss by
(AN B)mn = Am A By

(where m is a k-fold multi-index and n is an [-fold multi-index).
Definition 4.6. Given H C G C X, define a functor

Ig : Hss,, — Gissy,
by letting IfjA be the left Kan extension of A along H x (A%
G x (AR)*F

inj

)xk N

Remark 4.7. For later use we give an explicit description of I§A. For
each multi-index n, we have

([gA)n = (\/ Aofl(tl))/H

aeG
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where the action of H is defined as follows: if § € H and x is an
element in the a-summand then /5 takes x to the element (3,id).(x) in
the o~ '-summand.

Notation 4.8. We denote the equivalence class of an element = in the
a-summand of I§ A by [a, z]; note that [a, 2] = («, id).[e, 7].

Definition 4.9. Given XY € §, define X ® Y € 8 by
(X ® Y)k = \/ lgfl XSy, (le A sz)'

Jitj2=k
The proof that ® is a symmetric monoidal product is essentially the
same as the corresponding proof in [HSS00, Section 2.1]. The symmetry
map
T:X®Y —-Y®X
is given by

(4.1) ([, Ayl) = [ofB, y A
where z € (Xy)m, ¥ € (Y1)n, and [ is the permutation of {1,..., k+1}
which switches the first k£ and the last [ elements.

Next we give the definition of the category ¥Sy and its symmetric
monoidal product.

Let S* denote the based semisimplicial set that consists of the base
point together with a 1-simplex. We can extend the k-fold multi-
semisimplicial set (S*)"* to an object of Yss;, by defining

(Oé, ld)*(l'l VANEIERIVAN ZL’k) = To-1(1) VANEIERIVAN LTo—1(k)-
(where the z; are simplices of S'). We write S* for this object and S

for the object of 8 whose k-th term is S*. It is easy to check that S is
a commutative monoid in 8.

Definition 4.10. XS is the category of modules over S.

Remark 4.11. One can give a more explicit version of this definition:
an object of XS4 consists of an object X of 8 together with suspension
maps

w Sl/\Xk _)Xk—i-l
for each k, such that the iterates of the w’s satisfy appropriate equiv-
ariance conditions.

Example 4.12. The object R of Definition[£.4]can be given suspension
maps as follows: with the notation of [LM| Definition 17.4(i)], define

WZSI/\Rk—)Rk_H
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by

w(s A F)=\(F)
(where s is the 1-simplex of S* and F' € ad*(A™)). The resulting object
of XS will also be denoted R.

Definition 4.13. (cf. [HSS00, Definition 2.2.3]) For X, Y € XS, de-

fine the smash product X AN'Y to be the coequalizer of the diagram
XRSY=2X®Y

where the right action of S on X is the composite
X®S—=S®X—X.

The proof that A is a symmetric monoidal product is essentially the
same as the corresponding proof in [HSS00, Section 2.2].

5. GEOMETRIC REALIZATION

Let G be a subgroup of ;. By Remark [1(i), an object of Gssy has
an underlying k-fold multisemisimplicial set.

Definition 5.1. The geometric realization |A| of an object A € Gssy
is the geometric realization of its underlying k-fold multisemisimplicial
set.

Definition 5.2. (i) A map in Gssy is a weak equivalence if it induces
a weak equivalence of realizations.

(ii)) A map X — Y in 88 or in 38 is a weak equivalence if each map
X, — Y, is a weak equivalence.

Proposition 5.3. For A € Yyssy, the following formula gives a natural
left Xy action on |A|:

oz([ul, e, U, a]) = [ua—l(l), ceey Ua—1(k), (Oz, 1d)*(a)],
here (uy,...,ux) € A®, a € Ay, and |uy, ..., ux,al denotes the class of
(U1, ..., ug,a) in |Al. O

Proposition 5.4. For H C G C ¥ and A € Hssy, there is a natural
1somorphism of based G-spaces

[THA| = Gy Am |A]
Proof. The proof is easy, using Remark [4.7] U

Corollary 5.5. Geometric realization induces a symmetric monoidal
functor from ¥Ss to the category of symmetric spectra XS, in partic-
ular, the realization of a (commutative) monoid in XS is a (commu-
tative) monoid in XS. O
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6. A FAMILY OF MULTIPLICATION MAPS

In this section we begin the proof of Theorem [I.Il From now until
the end of Section [I0 we fix a Z-graded permutative category A and a
commutative ad theory with values in A. Let R be the object of 35
constructed from this ad theory as in Example

Let M be the symmetric ring spectrum associated to the ad theory
([ILM), Proposition 17.5 and Theorem 18.5]). By definition, M} = |Ry|.
The multiplication of M is induced by the collection of maps

p: (Ri)m A (Ri)n = (Rett)mpn
defined by
(61) M(F N G)(O'l X 09,01 X 02) = ’ildimalF(O'l, 01) X G(O’Q, OQ)

(this is well-defined because, by [LM) Definition 18.1(b)], reversing the
orientations 0; and o, does not change the right-hand side). These
maps give R the structure of a monoid in XS (the proof is is essentially
the same as for [LM|, Theorem 18.5]).

In general, even though the ad theory is commutative, R is not
a commutative monoid (this would require the product in the target
category A to be strictly graded commutative). Instead we have the
following. Recall Definition [3.5] and Notation L8

Lemma 6.1. Let m : RAR — R be the product and let n € X;. Then
the composite

m, : RV L RY 5 R
is determined by the formula

mn([e,Fl/\-~-/\Fj])(01><-~-><aj,01><-~-><oj)

= z.E(C)n‘)((F’l(Ula Ol)a .- '>F’j(0-j’ 0j))>

where e is the identity element of the relevant symmetric group and ¢

is the block permutation that takes blocks by, ..., b;, ci, ..., c; of size
deg Iy, ..., deg F}, dimoy, ..., dimo; into the order by, ¢y, ..., bj,
C .

-
Proof. Tt suffices to prove this when 7 is a transposition, and in this

case the proof is an easy calculation using Equations (41]) and (6.1])
and [LM| Definition 17.3]. O

The key idea in the proof of Theorem [[.T]is that there is a family of
operations which can be used to interpolate between the various m,,.
To construct this family, we allow a different permutation of the factors
for each cell of A™ x ... x A™  as explained in our next definition.
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We begin by defining the operations for pre-ads (see [LM| Definitions
3.8(i) and 3.10(ii)]).

Definition 6.2. (i) Given a ball complex K, let U(K') denote the set
of all cells of K.

(ii) Let ky,...,k; be non-negative integers and let n; be a k;-fold
multi-index for 1 < ¢ < j. For any map

a:UA™ x - x AY) = %;

define
a, - pref (A™) x - . x prefi (AM) — prefit ki (A®L-n)))
by
CL*(Fl,...,Fj)(O'l X+ X05,00 X+ X Oj))
= i“aloy x -+ x 0;))%(Fi(01,01), ..., Fi(0, 05)),
where ( is the block permutation that takes blocks by, ..., b;, cq, ...,
c; of size ky, ..., kj;, dimoy, ..., dimo; into the order by, ¢y, ..., b,
c

j.

Lemma 6.3. If ; € ad¥(A™) for 1 < i < j then a.(F,...,Fj) €

Proof. This is immediate from the extra property in Definition [3.3]
Remark 3.6, and [LM| Definition 18.4(b)]. O

Recalling that (Ry), = ad”(A™) with basepoint at the trivial ad (see
[LM|, Definitions 3.8(ii), 3.10(b) and 18.1(c)]), we have now constructed
an operation

Qe (Rk1)n1 ARERNA (Rkj)nj - (Rk1+~~+kj)n1 ----- n;
for each
a:UA™ x - x A%) = ¥,

For later use, we give the relation between a, and the suspension
map w : ST AR, — Ry
Definition 6.4. For a ball complex K, let

II:UA' x K) = U(K)

be the map which takes o x 7 to 7, where ¢ is a simplex of A! and 7
is a simplex of K.

Lemma 6.5. Let s be the 1-simplex of S, let F; € (R, )n, for 1 <i <
J,and let a: U(A™ x --- x A%) — ;. Then

WSANa(F1AN---ANFj)) = (aoll)(w(sAFy)A---ANF}).
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Proof. This follows from Lemma (because the permuted multipli-
cation commutes with suspension). It can also be proved by a straight-
forward calculation using Definitions 3.5 and and LM Definitions
17.4 and 3.7(ii)]. O

In the remainder of this section, we show that the action of the
operations a, can be described in a way that begins to resemble the
action of an operad; this resemblance will be developed further in the
next two sections.

Definition 6.6. (i) For j, k > 0 define an object O(j)x of Xyssy by
(D(J)k)n = Map(U(A"), %)+
(where the + denotes a disjoint basepoint); the morphisms in (A7}
act in the evident way, and the morphisms of the form («,id) with
a € Y, act by permuting the factors in A™.
(i) For j > 0 define @(j) to be the object of § with k-th term O (j)y.

Definition 6.7. (i) For A, B € Xjssy, define the degreewise smash
product

)xk

AN B € Y88
by
(AKB)n = An A Bm
with the diagonal action of ¥.
(ii) For X,Y € 8, define X AY € 8 by
(XAY)r = Xp AYy.

Remark 6.8. The difference between the degreewise smash product
A A B and the previously defined smash product A A B is that the
former is only defined when A and B are k-fold multisemisimplicial
sets for the same k, and the result is again a k-fold multisemisimplicial
set, whereas A A\ B is defined when A is k-fold and B is [-fold, and the
result is (k + [)-fold.

Our next definition assembles the operations a, for a given j into a
single map.

Definition 6.9. Let j > 0. Define a map
o;: O()AR® - R
in B8 by the formulas
pilanfe, 1 N---NFj]) = a.(Fy AN--- N E))
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(where e denotes the identity element of the relevant symmetric group)
and
pilaNa, Fy A+ A Fj]) = (a,id)ud; (@7 id)wa A [e, FL A -+ A Fy)).
Lemma 6.10. The map ¢; induces a map

Vv O)ARY - R

i 8.
Proof. This is a straightforward calculation using Example E.12] Defi-
nition .13 and |[LM| Definition 17.3 and Lemma 18.7]. O

7. A MONAD IN 8

In the next section we will show that there is a monad P in XS
with the property that the maps v¢; constructed in Lemma give
an action of P on R. As preparation, in this section we prove the
analogous result in ; that is, we show that there is a monad O in $ for
which the maps ¢; of Definition give an action of O on R.

First we observe that the collection of objects )(j) has a composition
map analogous to that of an operad. Recall that May defines an operad
M in the category of sets with M(j) = X; ([May72), Definition 3.1(i)]).
Let v, denote the composition operation in M. Also recall Definition
and Notation

Definition 7.1. Given ji,...,j; > 0 define a map
7O R (OG) @+ ®0(ji) = O + -+ + i)
in B8 by the formulas
y(aA[e, byA. . Ab;]) (o1 % - xa;) = ym(a(or X - -x0;), b1 (01), ..., bi(0;))
(where e is the identity element of the relevant symmetric group) and
Y(a Ao, by A A = (a,id) (a7t id)wa A e, by A ... A b)).

In order to formulate the associativity property of v, we note that
for Xq,...,X;,Yq,...,Y; € 88 there is a natural map

X:(XiAY))®--(XiAY) > (Xi®@- - X)AN (Y10 Y;)
given by
X([a,ze Ayr A Axg Ail) = [,z A A Alasyn A Ayl
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Lemma 7.2. The operation v has the following associativity property:
the composite

@(i)x((@(jl)x(@(zn)@- - @0(h;,))) @ @ (00N (O(ln) @ - -@@(zm))))

DO, GV R (O + -+ + 1) @ -+ @ Oliy + - -+ + L))
5 Ol + -+ 1,)

18 the same as the composite
@(Z’W((@(J&)x(@(ln ®---®@0(ly;)) )@ (D) AN (D (L) ®- - '®@(liji)))>
L5 06) 7 (03) ®-- @ 00) A (0(n) @+ @ O(l;;)

YAl

TS O+ + ) N (D) ® - @ D(lyy,))
5 Ol + -+ + Li,)-
O

To formulate the unital property of v we first need to consider the
unit object for the operation A.

Definition 7.3. Let S}, be the object of ¥;ss; which has a copy of S°

in each multidegree (with each morphism of X x (A{})** acting as the

identity of S°), and let S be the object of 8 with k-th term S.
Remark 7.4. (i) SAX =X for any X € 8.

(ii) @(0) and O(1) are both equal to S.

(iii) S is a commutative monoid in 8 with multiplication

m:S®S —S
given by
m([a, s1 A sq]) =1,

where s; and sy are any nontrivial simplices and ¢ is the nontrivial

simplex in the relevant multidegree.

Lemma 7.5. The operation v has the following unital property: the
diagrams

1%




COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 15

and N
SA @(J');: O(j)
O(1) AO(j)
commute. ]

To complete the analogy between v and the composition map of an
operad, we need an equivariance property.

Definition 7.6. Define a right action of ¥; on O(j) by
(ac)(0) = a(o) - e,
where a € Map(U(A™), %), 0 € U(A™), and - is multiplication in X;.

Lemma 7.7. (i) The following diagram commutes for all « € %;.
() A (O(1) @ -+ ® O(ji)) —= D) A (D(Ja1(1)) @+ ® D(Ja-1))
g
aA(B1®®B:) D1+ -+ Ji)
o]
O+ -+ i)

D) A (D) @ -+ @ D(j:))
]

Now we use the data defined so far to construct a monad in the
category B.

Definition 7.8. (i) For X € 8, give O(j) A X®’ the diagonal right 3,
action.
(ii) Define a functor O : § — 8 by

0(X) = \/ (2() AXH)/5;.
Jj=20
(iii) Define a natural transformation
t: X = 0X
to be the composite
X S5 SAX =0(1)AX — O(X).
(iv) Define
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to be the natural transformation induced by the maps
mox(@ggxx@ﬁ®~wa@ggxxmn
5 (00) 7 (0) @ -+ © O(ji)) ) A XS

S Oy + -+ + i) A XSG,
Proposition 7.9. The transformations p and v define a monad struc-
ture on Q.

Proof. This is immediate from Lemmas and O

We conclude this section by giving the action of @ on R. Observe
that the map .
¢;: D) AR - R
of Definition induces a map
(7.1) (9() AR¥)/Z; — R.
Definition 7.10. Define
v:0OR — R

to be the map whose restriction to (O(j) A X®7)/%; is the map (T).
Proposition 7.11. v is an action of O on R.
Proof. We need to show that the diagrams
R —~ OR
R

and
O0R £~ OR

@ul V\L
OR —4——=R

commute. The first is obvious and for the second it suffices to check
that the composite

D) A ((@(jl) AR®Y) @@ (O(j;) KR@]i))
=% Q@) A (D) ® -+ @ D(j;)) ARG +)
®

P O+ -+ ji) ARREOHH) LR
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is the same as the composite

@(i)x((@(ﬁ)ﬂi@jl)@?' : '®(@(ji)WR®ji)) 29 G AR® % R.
O

8. A MONAD IN XS

We begin by giving @(7)A X" the structure of a multisemisimplicial
symmetric spectrum when X € 8. The definition is motivated by
Lemma Recall Definition 6.4

Definition 8.1. Let j,k > 0. Let s be the 1-simplex of S'. Define
w: SYA (D) AXN) = (D) AXM )i
as follows: for a € (O(j)x)n and z € ((X)g)n, let
w(isA(aNz))=(aoll) Aw(sAx).
Definition 8.2. (i) For X € X8, give O(j) A XV the diagonal right

>; action.
(ii) Define a functor P : £S5 — XS by

P(X) = \/(0() AXN)/5;.
Jj=0
To give P a monad structure we need
Lemma 8.3. The composite in Definition[7.§(iv) induces a map
@) A ((@(jl)xxm) A A (O3)) xxw‘i))
= Q1 + -+ + i) A XN,
m LS. ]
Definition 8.4. (i) Define a natural transformation
t: X = PX
to be the composite
X S SAX=0(1)AX — P(X).
(ii) Define
i PPX — PX

to be the natural transformation induced by the maps constructed in
Lemma

Proposition 8.5. The transformations p and v define a monad struc-
ture on P.
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Proof. This follows from Proposition by passage to quotients. [

Next we give the action of P on R. By Definition B.1] and Lemma
[6.5 the map

Vv OG)ARY - R
of Lemma is a map in XS. It induces a map
(8.1) (0(j) ARV)/E; = R.
in XS.
Definition 8.6. Define
v:PR—-R
to be the map whose restriction to (@(j) A X*) /%; is the map (BI)).

Proposition 8.7. v is an action of P on R.
Proof. This follows from Proposition [[.I1] by passage to quotients. [
For use in Section [I0] we record a lemma.

Lemma 8.8. (i) There is a functor Y from P algebras to monoids in
XS (with respect to A) which is the identity on objects.

(i) The geometric realization of YT(R) is the symmetric ring spec-
trum M of [LM|, Theorem 18.5].

Proof. Part (i). Let A be the monad
X)=\/X".
Jj=0
Then a monoid in S is the same thing as an A-algebra, so it suffices

to give a map of monads from A to P.
For each j, k > 0 and each k-fold multi-index n, define an element

€jkn € (@(.])k)n
to be the constant function U(A™) — 3, whose value is the identity
element of ¥;. Next define a map
S — O(j)
by taking the nontrivial simplex of (Sg)n t0 €; 1 n-
Now the composite
=\/ XV = \/SAXY - \/(0() AXV)/%; = P(X)
7>0 7>0 j>0

is a map of monads.
Part (ii) is an easy consequence of the definitions. U



COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 19

9. DEGREEWISE SMASH PRODUCT AND GEOMETRIC REALIZATION

For the proof of Theorem [L.T] we need to know the relation between
A and geometric realization.
There is a natural map

k:|ANB|— |AlA|B]
defined by
k(lu, w Ayl) = [u, 2] Alu, y].
The analogous map for multisimplicial sets is a homeomorphism, but
the situation for multisemisimplicial sets is more delicate.

Definition 9.1. A multisemisimplicial set has compatible degeneracies
if it is in the image of the forgetful functor from multisimplicial sets to
multisemisimplicial sets.

Example 9.2. (i) One can define compatible degeneracies on O(j)y
for each j, k > 0 by using the codegeneracy maps between the A™.

(ii) If X € XS and X has compatible degeneracies for all k& then
each (Q(j) A XN )k has compatible degeneracies.

Proposition 9.3. If the underlying multisemisimplicial sets of A and
B have compatible degeneracies then k is a weak equivalence.

Proof. Let A and B be multisimplicial sets whose underlying multi-
semisimplicial sets are A and B. Then the underlying multisemisimpli-
cial set of the degreewise smash product AA B is AA B. Consider the
following commutative diagram, where | | in the bottom row denotes
realization of multisimplicial sets, k is defined analogously to x, and
the vertical maps collapse the degeneracies:

|AN Bl —= [A| A |B]

[ AN B| = |A| A |B]
The map & is a homeomorphism, and the vertical arrows are weak

equivalences by the multisimplicial analogue of [Seg74, Lemma A.5], so
k is a weak equivalence. O

Next we give a sufficient condition for a multisemisimplicial set to
have compatible degeneracies. Let D™ denote the semisimplicial set
consisting of the nondegenerate simplices of the standard simplicial n-
simplex. For a multi-index n, let D™ denote the k-fold multisemisim-

plicial set
D™ x .- x D",
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Definition 9.4. (i) A horn in D™ is a subcomplex E which contains
all elements of D™ except for the top-dimensional element and one of
its faces.

(ii) A k-fold multisemisimplicial set A satisfies the multi-Kan condi-
tion if every map from a horn in D™ to A extends to a map D™ — A.

The following result is proved in [McC].

Proposition 9.5. If A satisfies the multi-Kan condition then it has
compatible degeneracies.

Our next result is proved in the same way as [LM, Lemma 15.12]
and does not require the ad theory to be commutative.

Proposition 9.6. For each k, Ry satisfies the multi-Kan condition.

10. RECTIFICATION

In this section we complete the proof of Theorem [Tl
First we consider a monad in XSy which is simpler than P.

Definition 10.1. (i) Define P'(X) to be \/,., X" /%;.
(ii) For each j > 0, let
be the map which takes each nontrivial simplex of @(j)x to the non-
trivial simplex of S, in the same multidegree. Define a natural trans-
formation
=P
to be the wedge of the composites

(0(G) 7 XN) /5 225 (SAXN) /5 S XN /s,

Proposition 10.2. (i) An algebra over P’ is the same thing as a com-
mutative monoid in XS.

(ii) = is a map of monads.

(iii) Suppose that each Xy has compatible degeneracies (see Definition
[9.1). Let P? denote the q-th iterate of P. Then each map

= PYX) — PPTH(X)
18 a weak equivalence.

Parts (i) and (ii) are immediate from the definitions. Part (iii) will
be proved at the end of this section.
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Proof of Theorem [1.1. We apply the monadic bar construction ([May72,
Construction 9.6]) to obtain simplicial objects Bo(P,P,R) and
Bo(P,P,R) in £Ss. We write R, for the constant simplicial object
which is R in each simplicial degree. There are maps of simplicial
P-algebras

(10.1) R. < B,(P,P,R) =% B,(P’,P,R),

where ¢ is induced by the action of P on R (see [May72, Lemma 9.2(ii)]).
The map ¢ is a homotopy equivalence of simplicial objects ([May72,
Proposition 9.8]) and the map =, is a weak equivalence in each simpli-
cial degree by Propositions [@0.5], 0.6l and T0.2(iii). B.(P’,P,R) is a sim-
plicial algebra over P, which by Proposition[I0.2(i) is the same thing as
a simplicial commutative monoid in ¥.Sg. Moreover, by Lemma B8[(i),
R, and B,(P,P,R) are simplicial monoids, and ¢ and =, are maps of
simplicial monoids.

The objects of the diagram (I0.1]) are simplicial objects in £.Sg. We
obtain a diagram

(10.2) R. < B.P P, R)| E |B.(P,P R

of simplicial objects in XS (the category of symmetric spectra) by ap-
plying the geometric realization functor XS, — XS to the diagram
(I0J) in each simplicial degree. The map |e| is a homotopy equiva-
lence of simplicial objects and the map |=,| is a weak equivalence in
each simplicial degree. The object | Bo(P’, P, R)| is a simplicial commu-
tative symmetric ring spectrum, the objects |R4| and |B.(P, P, R)| are
simplicial symmetric ring spectra, and the maps |e| and |=Z,| are maps
of simplicial symmetric ring spectra.

Finally, we apply geometric realization to the diagram ([0.2)). We
define M™™ to be ||B.(P’,P,R)||. Now we have a diagram

(10.3) M= [R| <L ||B.(2, P, R)|| =L ||B,(P, P, R)|| = Meomm

in 3S. The map ||¢|| is a homotopy equivalence (cf. [May72, Corol-
lary 11.9]) and the map [|=.|| is a weak equivalence by [Ree, Theo-
rem E]. M®©™™ ig a commutative symmetric ring spectrum, M is the
symmetric ring spectrum of [LM| Theorem 18.5] (by Lemma R.8](ii)),
||Bo(P,P,R)|| is a symmetric ring spectrum, and |l¢|| and ||Z,|| are
maps of symmetric ring spectra. 0

We conclude this section with the proof of part (iii) of Proposition
M0.2 First we need a lemma (which for later use we state in more
generality than we immediately need). Recall that a preorder is a
set with a reflexive and transitive relation <. Examples are ¥;, with
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every element < every other, and U(K) (see Definition [6.2((i)), with <
induced by inclusions of cells.

Lemma 10.3. Let P be a preorder with an element which is > all other
elements, and let k > 0. Define a k-fold multisemisimplicial set A by

An = Mappreorder(U(An)’ P)

Then
(i) A has compatible degeneracies, and
(ii) A is weakly equivalent to a point.

Proof. For (i), we can give A compatible degeneracies by using the
codegeneracy maps between the A™.

Part (ii). Let A be a multisimplicial set whose underlying multi-
semisimiplicial set is A. Let dA be its diagonal. The multisimplicial
analogue of [Seg74, Lemma A.5] implies that |A| is weakly equivalent
to |A|, and it is well-known that the latter is homeomorphic to |dA|. It
therefore suffices to show that the simplicial set dA is weakly equivalent
to a point.

Let Af,,, denote the standard simplicial n simplex and let A
denote its boundary. Then it suffices by [GJ99, Theorem 1.11.2] to
show that every map from JAY, = to dA extends to Alp

Let D™ (respectively 0D™) be the semisimplicial set consisting of the
nondegenerate simplices of A%, (resp., OAL, ). Since Af, (resp.,
OAZL,,,) is the free simplicial set generated by D™ (respectively 9D"), it
suffices to show that every semisimplicial map from D" to dA extends
to D™, and this is obvious from the definition of A. O

Note that if P is ¥; with the preorder described above then A; is
D7)k
Proof of T02(iii). We begin with the case ¢ = 1, so we want to show

that the map = : P(X) — P/(X) is a weak equivalence. It suffices to
show that the map

(OG) AXN) /5 = XV /%,

is a weak equivalence for each j. Equation (A1) shows that the X;
actions are free away from the basepoint, so it suffices to show that
each map

D(§) A XN — XN
is a weak equivalence. Now the object (D(j) A X") 18

\/ Q(j)kx’[g:lXXEk(Xkl /\.'./\X‘kj)
K1tk =k !
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and we have

D) A5k

gy XXX
kq kj

(Xkl/\' . '/\ij) = lzk (@(])kK(Xkl/\ ) '/\ij)>>

Zk1><~~><2kj
so it suffices by Proposition 5.4 to show that each map
D7)k N (X, /\-~-/\ij) — Xy, /\.../\ij

is a weak equivalence, and this follows from Example [9.2] Proposition
0.3 and Lemma [10.3
The general case follows from the case ¢ = 1 and Example @.2(ii). O

11. RELAXED SYMMETRIC POINCARE COMPLEXES

For a commutative ring R with the trivial involution, we would like
to apply Theorem [[.T] to obtain a commutative model for the symmet-
ric L-spectrum of R. However, the ad theory ad® defined in Section
9 of [LM], with the product defined in [LM) Definition 9.12], is not
commutative. The difficulty is that this product is defined using a
noncommutative coproduct

AW —=>WeW.

In this section and the next we give an equivalent ad theory which is
commutative.

Fix a ring R with involution. Recall the definition of the category D
from |[LM| Definition 9.2(v)].

Definition 11.1. A relazed quasi-symmetric complex of dimension n
is a quadruple (C, D, 3, ), where C' is an object of D, D is an object
of D with a Z/2 action, 8 is a quasi-isomorphism C* ®p C — D which
is also a Z/2 equivariant map, and ¢ is an element of D%/ 2,
Example 11.2. (i) If (C, ¢) is a quasi-symmetric complex as defined
in [LM| Definition 9.3], then the quadruple (C, (C* @ C)V, 3, ¢) is a
relaxed quasi-symmetric complex, where 3 : C* @ C — (Ot @x C)W
is induced by the augmentation W — Z.

(i) Relaxed quasi-symmetric complexes arise naturally from the con-
struction of the symmetric signature of a Witt space given in [FM]; see
[BLM].

Definition 11.3. We define a category A%, (the rel stands for relaxed)

as follows. The objects of A% are the relaxed quasi-symmetric com-

plexes. A morphism (C, D, ,¢) — (C', D', 3, ¢') is a pair (f : C —
C'.g: D — D), where f and g are R-linear chain maps, g is Z/2

/

equivariant, g8 = '(f ® f), and (if dim ¢ = dim ¢’) g.(¢) = ¢'.
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AL is a balanced ([LM, Definition 5.1]) Z-graded category, where i

rel

takes (C, D, 3,¢) to (C, D, 3,—¢) and (), is the n-dimensional object
for which C' and D are zero in all degrees.

Remark 11.4. The construction of Example ITT.2(i) gives a morphism
AR — AR

rel

of Z-graded categories.

Next we must say what the K-ads with values in AZ are. We need

some preliminary definitions and a lemma. For a balanced pre K-ad F
we will use the notation

F(U’ 0) = (Cm Dm 50) 900,0)~
Recall [LM|, Definition 9.7].

Definition 11.5. A balanced pre K-ad F' is well-behaved if C and D
are well-behaved.

Next recall [LM|, Definition 12.2].

Lemma 11.6. Let F' be a well-behaved pre K-ad. Then
(i) C* ®@r C is well-behaved, and
(ii) the map
5* . H*((Ct QR C)O’? (Ct R 0)30) - H*(DU’ D@J)

is an isomorphism.

Proof. Part (i) follows from the fact that Cy, — C, is the inclusion of
a direct summand for each o (see [LM, Definition 9.7(b) and 9.6(ii)]).

For part (ii), first observe that the fact that C* @ C' and D are
well-behaved implies that they are Reedy cofibrant ([Hir03, Definition
15.3.3(2)]). The colim that defines (C* @ C')g, is a hocolim by [Hir03)
Theorem 19.9.1(1) and Proposition 15.10.2(2)], and similarly for Dg,,
so the map

5* : H*((Ct QR C)@U) — H*(Dﬁa)

is an isomorphism by [Hir03, Theorem 19.4.2(1)], and this implies the
lemma. O

Recall [LM), Example 3.12 ].

Definition 11.7. A balanced pre K-ad F is closed if, for each o, the
map

cl(o) = D,
which takes (7,0) to ¢, , is a chain map.
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Note that if F' is closed then ¢,, represents an element [¢,,] €
H.(D,, Ds,).

Definition 11.8. A pre K-ad F'is a K-ad if
(a) it is balanced, well-behaved and closed, and
(b) for each o the slant product with 37 !([¢s,]) is an isomorphism

H*(HOmR(Cg, R)) — Hdima—degF—*(CJ/CaU)'

We write ad®, for the set of K ads with values in A

rel rel*

Remark 11.9. The morphism of Remark [IT.4] takes ads to ads.
Theorem 11.10. ad”?

o1 15 an ad theory.

Remark 11.11. When R is commutative with the trivial involution,
the proof will show that ad’, is a commutative ad theory.

For the proof of Theorem [I1.10l we need a product operation on ads.
Definition 11.12. (i) For i = 1,2, let R; be a ring with involution and
let (C%, D, 3%, ¢') be an object of AZ,. Define

rel*

R1®Rz,
Arol .

(C'® C?, D' @ D2, o' @ %),
where 7 is the composite
(C'® O @r,er, (C'®C?) = ((CY @R, C") @ ((C?)' ®@g, C?)
eF, pr e D2,
(ii) For ¢ = 1,2, suppose given a ball complex K; and a pre K;-ad

F; of degree k; with values in .Afj. Define a pre (K; x Ks)-ad F} ® F
with values in Afi}(@}b by

(Fl & FQ)(O' X T,01 X 02) = ’ikz dimUFl(O', 01) X FQ(T, 02).

to be the following object of

Lemma 11.13. For i = 1,2, suppose given a ball complex K; and a
K;-ad F; with values in Aiﬁ. Then Fy @ Fy is a (K7 X Ks)-ad. O

Proof of I1.10. We only need to verify parts (f) and (g) of [LM| Defi-
nition 3.10].
For part (f), let F' be a K'-ad and let

F(U, 0) == (CoaDovﬁOW SOU,O)'

We need to define a K-ad E which agrees with F' on each residual
subcomplex of K. As in the proof of [LM, Theorem 6.5], we may
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assume by induction that K is a ball complex structure for the n disk
with one n cell 7, and that K’ is a subdivision of K which agrees with
K on the boundary. We only need to define E' on the top cell 7 of K.
We define E(7,0) to be (C., D., B;,¢:,), Where

e (. = colim,eg Cy,

e D, = colimyeg Dy,

e 3 = colim,ck f3,, and

® V., =Y Qso, Where (o,0') runs through the n-dimensional

cells of K’ with orientations induced by o.

The fact that E satisfies part (a) of Definition [T.8is a consequence
of [LM|, Proposition A.1(ii)]. We will deduce the isomorphism in part
(b) of Definition [T.8 from [LM|, Proposition 12.4], and for this we need
some facts from LM Section 12].

First recall that for a well-behaved functor

B:Cell’(K') — D,
we write
Nat(cl, B)
for the chain complex of natural transformations of graded abelian
groups; the differential is given by

o) =0ov—(-1)"voo.

Recall [LM|, Definition 12.3] and also the map ® defined just before
the statement of [LM| Lemma 12.6]. Consider the diagram

P

H,(Nat(cl, D)) H,1n(D-, Da;)

d d
H,(Nat(cl,C* @5 C)) —2> H,1n((C' @5 C)y, (C' @5 Car).
The horizontal maps are isomorphisms by [LM| Lemma 12.6], and the
right-hand vertical map is an isomorphism by the proof of Lemma
M1.6(ii). Hence the left-hand vertical map is an isomorphism.

The collection {¢,,} gives a cycle v in Nat(cl,D). Let p €
Nat(cl, C*®rC) be a representative for 57!([v]). Now fix an orientation
ofor . Let ¢ € CL@rC, be > u({o,0)), where (o, 0') runs through the
n-dimensional cells of K’ with orientations induced by o. Then 1 is a
representative of 37!([¢,,.]), so it suffices to show that the cap product
with ¢ is an isomorphism H*(Hompg(Cr, R)) = Hp—deg r—«(Cr/Cay),
and this follows from [LM) Proposition 12.4].
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It remains to verify part (g) of [LM| Definition 3.10]. Let 0,1,
denote the three cells of the unit interval /, with their standard orien-
tations. As in the proof of [LM, Theorem 9.11], it suffices to construct
a relaxed symmetric Poincaré I-ad H over Z which takes both 0 and
1 to the object (Z,Z,~,1), where «y is the isomorphism Z ® Z — Z.
The proof of [LM, Theorem 9.11] gives a symmetric Poincaré [-ad G
with G(0) = G(1) = (Z,¢), where ¢ : W — Z ® Z is the composite of
the augmentation with y~!. Let us denote the object G(¢) by (C, ).
Applying Remark to G gives a relaxed symmetric Poincaré I-ad
G' with G'(1) = (C,(C ® OV, 3, ), where 3 is induced by the aug-
mentation. Let ey (resp., e1) be the inclusion 0 < ¢ (resp., 1 < ¢) and
fori=0,11let g; = G(e;) : Z — C. Then

dp=(g1®g1)oe—(go®go)oe

because G is closed. We can therefore construct the required I-ad H
from G’ by replacing G'(0) and G'(1) by (Z,Z,~,1). O

R
rel

12. EQUIVALENCE OF THE SPECTRA ASSOCIATED TO ad’ AND ad
By Remark 1.9, the morphism

AR — AR
of Remark [I1.4] induces a map of spectra
Q" — Qf}
(see [LM| Section 15]) and a map of symmetric spectra
M* — M,
(see [LM, Section 17]).
Theorem 12.1. The maps
Q" — Qff
and
M# — Mf

rel*

are weak equivalences.

Remark 12.2. The method that will be used to prove Theorem
can be used to show that M — MZ£ is weakly equivalent to a map of
symmetric ring spectra.

Recall [LM}, Definitions 4.1 and 4.2]. By [LM| Theorem 16.1, Remark
14.2(i) and Corollary 17.9(iii)], Theorem T2l follows from
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Proposition 12.3. The map of bordism groups
QF — ().
s an isomorphism.
The proof of Proposition will occupy the rest of this section.
The following lemma proves surjectivity. As usual, for a chain complex

A with a Z/2 action, we write A"*/2 for (A")?/2. The augmentation
induces a map A%/? — AM/2,

Lemma 12.4. Let
(C,D,B,¢)
be a relaxed symmetric Poincaré x-ad and let
w c (Ct Qr C)hZ/2
represent the image of p under the map
H,(D*?) — H.(D"*?) < H,((C" ®p C)"*1?)

(where the isomorphism is induced by B). Then (C,1) is a symmetric
Poincaré x-ad, and (C, D, 3, ) is bordant to

(07 (Ct ®R C)Wa e ’QD),

where 7y is induced by the augmentation.
For the proof we need another lemma.

Lemma 12.5. Let (C, D, 3, ¢) be a relaxzed symmetric Poincaré x-ad.
(i) If 1 € D%? is any representative for the homology class [p] €
H,(D?%?) then (C, D, B,%) is bordant to (C, D, 3, ¢).
(ii) If
(f,9):(C,D,B,¢) = (C, D", B, ¢)
is a map of x-ads for which f : C — C is the identity map then
(C,D,B,p) and (C,D',3',¢") are bordant.

The proof of Lemma is deferred to the end of the section.

Proof of Lemma[I27 The fact that (C, 1) satisfies [LM) Definition
9.9] (only part (b) is relevant) is immediate from Definition TT.§|(b).

To see that (C, D, 3,¢) and (C, (C* @z C)W,~,1) are bordant, let &
denote the composite

CtepC % D DV,
let w € D"/2 be the image of ¢, and let w' € D"/2 be the image

of 1 under the map (C ® C)"%/? — D'/ induced by B. Part (ii)
of Lemma shows that (C, D, 3, ¢) and (C, DV, §,w) are bordant,
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and also that (C, (C'®zC)V, v, ) and (C, DV, §, ') are bordant. But

[w] = [w'] in H,(D"/?), so the result follows from part (i) of Lemma
12.5 O

Next we show that the map in Proposition[12.3]is 1-1. So let (Cy, o)
and (C1, ¢1) be symmetric Poincaré #-ads and let F' be a relaxed sym-
metric Poincaré bordism between them. Let 0,1,: denote the three
cells of the unit interval I, with their standard orientations. Denote
the object F(v) by (C,D,B,¢). It suffices to show that there is a
symmetric Poincaré I-ad G with

(12.1) G(0) = (Co, 90), G(1)=(Cr,1), G()=(C,x)

for an element x which we will now construct.
© represents an element

[¢] € H.(D™?,(C5 @r Co)"™? & (Cf @1 C1)"7?).
The map D — D% induced by the augmentation gives a map
H*(DZ/z, (Cé ®R CO)hZ/2 D (Cnlt ®R Cl>hZ/2>.
— H (D" ((Ch ®@r Co)" )™ & ((C} @5 C1)" )M/

let # be the image of ¢ under this map. The map 8 : C' @z C — D
gives an isomorphism

(B"7), : Ho((C* @r C)"*?,(Ch @R Co)"™? @& (Cf @ C1)"™/?).
— H. (D" ((C§ @r Co)" )" @ ((C} @ C1)W)"*/?);
let y = (B"/%) (w).
Lemma 12.6. The image of y under the boundary map
H,((C" ®g C)"*? (Ch @R Co)"* @ (C] @r C1)"/?)
% Ho 1 ((CE @R Co)'H% @ (CF @ C1)ME/2)

is —[wo] + [1].

Before proving this we conclude the proof of Proposition 2.3 The
lemma implies that there is a representative y of y with

(12.2) X = —po + 41

It suffices to show that, with this choice of y, the symmetric Poincaré
pre I-ad G given by equation (I2.1]) is an ad. Equation (IZ.2)) says that



30 GERD LAURES AND JAMES E. MCCLURE

G is closed, and part (b) of [LM| Definition 9.9] follows from Definition
IT.8(b) and the fact that the image of [x] under the map
H.((C"@r C)"*? (C @r Co)"* @ (C] @p C1)"/?)
— H.((C'@r O)W, (Chor Co)" ® (Cf @r C1)™)
& H.(C' @R C,(Ch @R Co) & (Ct @r C1))

is the same as the image of [p] under the map

H, (D2, (C§ @ Co)"*I* @ (C} @5 C1)"/?)
— H.(D, (Ci ®@r Co)" @ (Cf @5 C1)™)

2y H(C'®p O, (C @r Co) @ (CL @5 C1)).
0

Proof of Lemma[I2Z:4. We know that the image of [p] under the bound-
ary map

H,(D®? (Ct @p Co)"2? @ (CF @ g C1)"2/?)

% H,_1((Ch @5 Co)"®2 @ (Ct @g C1)'%2)
is —[po] + [¢1], so it suffices to show that for ¢ = 0,1 the maps
(Cl @ C)M™? = ((CL o CW )™
induced by D — D" and by 3 give the same map in homology. If we
think of these as maps
ai, b+ ((Cf @r C)W)E? = ((CF @y C;)WEW)E2

(with diagonal Z/2 action on W ® W) then a; and b; are induced by
the maps
e, e . WW — W
given by the augmentations on the two factors. Now the Z/2 equivari-
ant map
AW->WeW

of [Ran80al page 175] has the property that e; o A and e 0 A are both
the identity map, so if

d: ((Cf@r GV — ((Cf @r C))*?

is the map induced by A then d o a; and d o b; are both the identity
map. But A is a Z/2 chain homotopy equivalence, so d is a homology
isomorphism and it follows that a; and b; induce the same map in
homology as required. U
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It remains to prove Lemma[I2.5 Let F be the cylinder of (C, D, 3, ¢)
([ILM, Definition 3.10(g)]). Then F(0) and F(1) are both (C, D, 3, ¢).
Write

F() = (C, D, B, ¢.)
and let
(h, k) : (C, D, B,¢) = (Co, Di, B, 0.)
be the map F(1) — F(v).

For part (i), the hypothesis gives an element p € D%/? with dp =
v — . Let p € DE? be the image of p under k : D — D,. Define an
I-ad G by
G(0)=(C,D,B,¢), GQ1)=(C,D,B,%), G()=(C,D,B,e+p).
Then G is the desired bordism.

For part (ii), the idea is to construct a suitable mapping cylinder.
Let E be the pushout of the diagram

Dt~ D,
d
D/
Let x be the image of ¢, in E and let v be the composite
Cf@RCL%DL—)E.
Define an I-ad H by
H(0) = (C,D,8,¢), H(1)=(C, D, B,¢), H() = (Coh 7, ).
Then H is the desired bordism. O

13. THE SYMMETRIC SIGNATURE REVISITED

Fix a group 7, a simply-connected free m-space Z, and a homomor-
phism w : # — {£1}, and recall the symmetric spectrum M, z,, ([LM,
Sections 7 and 17]) which represents w-twisted Poincaré bordism over
Z/7.

Let R denote the group ring Z[n] with the w-twisted involution
([Ran80b, page 196]).

In [LM]| Section 10] we constructed a morphism of ad theories

Sig : ady 7. — ad®.
We begin this section by constructing a morphism of ad theories
Sig,y : adg 2w — ad¥.

Let (X, f,€) be an object of A, z,, (JLM| Definition 7.3]).
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In the special case where 7 is the trivial group and Z is a point, the
definition is easy:

Sigrel(X7 f7 g) = (S*X7 S*(X X X)’B7(‘0)7

where £ is the cross product S, X ® S, X = S,(X x X) and ¢ is the
image of £ under the diagonal map.

The definition in the general case is similar. Recall that we write
X for the pullback of Z along f and Z" for Z with the right R action
determined by w. Also recall [LM|, Definition 7.1].

Definition 13.1. (i) Give S, (X X) the left R module structure deter-
mined by the action of 7 on X and give S,(X x X) and S,(X)® 5. (X)

the left R module structures determined by the diagonal actions of .
(ii) Define
Sigea(X. £,€) = (S.(X), 2" ®r S.(X x X), 8,%),
where [ is the composite
S,(X) @p Su(X) 2 Z @ (S.(X) ® 5.(X)) 25 Z¥ @ S (X x X)
and ¢ is the image of £ under the map
S.(X,Z0) = 7" @ 5.(X) = Z¥ @p S, (X x X)
(where the unmarked arrow is induced by the diagonal map).

Remark 13.2. (i) For set-theoretic reasons one should modify this
definition as in [LM| Section 10]; we leave this to the reader.

(ii) Sig, takes ads to ads, because the composite of the cross product
with the Alexander-Whitney map is naturally chain homotopic to the
map induced by the diagonal.

Next we compare Sig to Sig,,;.

Let us denote by ¢ both the map A% — A of Remark [T.41and the
map M — MZ% which it induces.

rel

Proposition 13.3. The diagram

7r Z,w
/ \Slgjl
rel

commutes in the homotopy category of symmetric spectra.
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The rest of this section is devoted to the proof of Proposition [13.3l
The basic idea is similar to the proof of Theorem [L.1l
First observe that the extended Eilenberg-Zilber map

W®S(YxZ)—= S.(Y)®S5.(2)
([EM], proof of Proposition 5.8]) gives a map
Si(Y x Z) = ((S.(Y) ® 8.(2))",
and this gives a natural transformation
v : Sig,y — 0 o Sig.

Definition 13.4. Let P be the poset whose two elements are the func-
tors Sig,, and ¢ o Sig, with Sig,; < § o Sig.

Recall Definition [6.2(i), and note that U(K) has a poset structure
given by inclusions of cells. Our next definition is analogous to Defini-
tion [6.21(ii).

Definition 13.5. Let £ > 0, let n be a k-fold multi-index, and let
Fe prefr,Zw(A“). Let
b:UA™) — P

be a map of posets.

(i) For an object (,0) of Cell(A™) define the object b, (F')(o,0) of
AR to be b(c)(F(o,0)).

(ii) For a morphism f : (g,0) — (0’,0') of Cell(A™) define the mor-
phism

b.(F)(f) : b.(F) (0, 0) = b.(F)(0, 0)

to be
Siga(f) if b(o’, o) = Sigya,
Sig(f) if b(o, 0) = Sig,
voSig.,(f) otherwise.
(iii) Let

b, : pref , (A™) = (preff)F(A®)

T, 2w rel
be the map defined by (i) and (ii).
Lemma 13.6. b, takes ads to ads.

Proof. This follows from the fact that v is a quasi-isomorphism. U

Recall that we write R for the object of XS, associated to an ad
theory (Example A.12). Then b, gives a map

(Rrzw)k)n = (RE)k)n.
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Definition 13.7. (i) For k£ > 0 define an object P) of ¥yssy by
(Pk)n = Mapposets(U(An>7 P)-‘r

(where the + denotes a disjoint basepoint); the morphisms in (A7}
act in the evident way, and the morphisms of the form («,id) with
a € X act by permuting the factors in A™.

(ii) Define P to be the object of 8 with k-th term Py.

)xk

Next we give P A R z,, the structure of a multisemisimplicial sym-
metric spectrum (cf. Definition B]). Recall Definition [6.4] and let s be
the 1-simplex of S*. Define

w Sl VAN (PKRW’Z@)k — (PKRW’Z@)
as follows: for b € (Py)n and = € (Rr zw)k)n, let
w(sA(bAz))=(boll) ANw(sA x).
It follows from the definitions that we obtain a map
B . PKRW,Z,U} — szl
in XS, by
BOAF)=0b.(F).

For each k and n, define elements ¢, di.n € (Pj)n to be the constant
functions U(A™) — P whose values are respectively Sig,, and J o Sig.
Then define maps B

c,d:S—P
in 8 by taking the nontrivial simplex of (S )p t0 Cj n, Tesp., dj . Finally,
define maps
c,d:R:zu—=>PAR:zu
in XS by letting ¢ be the composite

RN,Z,w = § A RW,Z,w ﬂ P A RW,Z,w

and similarly for d.
Now fBoc is the map Sig, and Sod is the map doSig, so to complete
the proof of Proposition [13.3]it suffices to show:

Lemma 13.8. ¢ and d are homotopic in XS.

Proof of Lemma[I3.8. For each k > 0 and each n let gy : (Pg)n — S°
be the map which takes every simplex except the basepoint to the
nontrivial element of S°, and let

e:P—8S
be the map given by the e . Let
e: ’PKRmZ,w — Rw,Z,w
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be the composite
PARzw 25 SARr 20 2 Ry 2
Then e o c and e o d are both equal to the identity. But e is a weak
equivalence by Proposition @3 and Lemma [I0.3] and the result follows.
O

14. BACKGROUND FOR THE PROOF OF THEOREM [I.3|

Notation 14.1. In order to distinguish the product in A, , ; from the
Cartesian product of categories, we will denote the former by X from
Now on.

We now turn to the proof of Theorem [[.3, which will follow the
general outline of the proof of Theorem [LLII The key ingredient in
that proof was the action of the monad P on R. That action was
constructed from the family of operations given in Definition [6.2[(ii),
and this family in turn was constructed from the family of functors
Nx given in Definition B5(ii). For our present purpose we need the
functors 14 and also a family of functors

d.:A1X-~-XAj—>AZ

rels

where each A; is equal to A, .1 or AZ}; these will be built from the

rel
symmetric monoidal structures of A, ,; and A%, and the functor

Sigrel : Ae,*,l - AZ

rel*

It is convenient to represent this situation by a function r from
{1,...,j} to a two element set {u,v}, with A; = A..; if r(i) = u
and A; = A% if r(i) = v.

rel
Example 14.2. A typical example is the functor
AL X (Apn)® x AL — AL

rel rel rel

which takes (z1,...,x7) to
iESigrel(l’4 X 113'3) RQr7 X Sigrel(IG X i) X 113'5) &® xy,
where € is the sign that arises from permuting (x1,...,z7) into the

order (x4, 3,7, %, T2, 5, 21). In Definition T4.4l(iv) we will represent
such a functor by a surjection h which keeps track of which inputs go
to which output factors and a permutation n which keeps track of the
order in which the inputs to each Sig,, factor are multiplied. In the
present example h is the surjection {1,...,7} — {1,2,3,4} with

h7(1) = {3,4},h7(2) = ,07(3) = {2,5,6},h 7' (4) = 1
and 7 is the permutation (256)(34).
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In order to get the signs right we need a preliminary definition.

Definition 14.3. (i) For totally ordered sets Sy, ..., S,,, define

I1s
i=1

to be the disjoint union with the order relation given as follows: s <t
if either s € S; and t € S; with ¢ < j, or s,¢t € S; with s < ¢ in the
order of S;.
(ii) For a surjection
h:{1,....5}y = A{1,...,m}
define 6(h) to be the permutation

L.y O] e m) 2= {1,

here the first map restricts to the identity on each 27! (i) and the second
is the unique ordered bijection.

In Example [42l 6(h) takes 1,...,7 respectively to 7,4,1,2,5,6, 3.
Definition 14.4. Let j > 0 and let r : {1,...,j} — {u,v}. Let A,
denote A, . if 7(i) = v and AZ, if r(i) = v.

(i) Let 1 <m < j. A surjection

h:{1,....5} —={1,....,m}
is adapted to r if r is constant on each set h~'(i) and h is monic on
r~1(v).

(ii) Given a surjection

h:{1,....5} —={1,....,m}
which is adapted to r, define
h.:A1X~-~X.Aj—><AZ )><m

rel
by
he(zy, ..o 25) = (Y1, - Ym),
where ¢ is the sign that arises from putting the objects z1,. .., z; into
the order Toh)-1(1)) - - - > LO(h)~1(§) and

y; = Siga(Mien-10y 1) if h71(i) C r=H(w),
- L i h1(0) €71 (0).

(iii) A datum of type r is a pair
(h,m),



COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 37

where h is a surjection which is adapted to r and 7 is an element of X;
with the property that h on = h.
(iv) Given a datum
d = (h,n),
of type r, define
dm: A; x - x Aj — A%

to be the composite

Alx---xAj i)Anfl(l)X---XAnfl(j) :Alx XA (Arol)xm _>A

where 7 permutes the factors with the usual sign.

rels

We also need natural transformations between the functors dg. First
observe that the cross product gives a natural transformation from the
functor

(Ausor)! 2oy (A2 )0 2 42,
€,%, Te re

to the functor o
(Ae*l)Xl — Ae*l Brel A

Combining this with the symmetric monoidal structures of A, ,; and
AZ | we obtain a natural transformation dg — dg whenever d < d/,
as defined in:

rel*

Definition 14.5. For data of type r, define

(h,n) < (W',7)
if each set n~*(h~'(4)) is contained in some set '~ ('~ (1)).

Our next definition is analogous to Definition [6.6] (the presence of the
letter v in the symbols P,., and O(r;v) will be explained in a moment).

Definition 14.6. Let r : {1...,j} — {u,v}.

(i) Let P, be the preorder whose elements are the data of type r,
with the order relation given by Definition

(ii) Define an object O(r;v); of 3xssy by

<®<T7 U)k>n = Mappreorder(U(An)7 PT;”)-F

(where the + denotes a disjoint basepoint); the morphisms in (A{Y)**
act in the evident way, and the morphisms of the form («,id) with
a € X act by permuting the factors in A™.

(iii) Define @(r;v) to be the object of 8 with k-th term O(r;v)y.
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Remark 14.7. (i) Given r: {1...,5} = {u,v}, let m = |r~1(v)| + 1,
let
h:{l,....5}y = {1,...,m}
be any surjection which is adapted to r, and let e be the identity
element of ¥;. Then the datum (h,e) is > every element in P,
(ii) Lemma shows that each of the objects O (r; v), has compat-
ible degeneracies and is weakly equivalent to a point.

We also need a preorder corresponding to the family of functors
3" (Ae,*,l)Xj — Ae,*,l :

Notation 14.8. Let r,(j) (resp., r,(j)) denote the constant function
{1,...,7} = {u,v} with value u (resp., v).

Definition 14.9. Let r : {1...,j} — {u,v}.

(i) If r = r,(j), let P, be the set ¥; with the preorder in which
every element is < every other, and let O (r; u); be the object D(j), of
Definition

(ii) Otherwise let P,., be the empty set and let O(r; u), be the mul-
tisemisimplicial set with a point in every multidegree.

(iii) In either case, let O(r;u) be the object of § with k-th term
D(r; u)g.

In the next section we will use the objects @(r;v) and O(r;u) to
construct a monad. In preparation for that, we show that the collection
of preorders P, and P, has suitable composition maps. Specifically,
we show that it is a colored operad (also called a multicategory) in the
category of preorders.

We refer the reader to [EMO06, Section2] for the definition of mul-
ticategory; we will mostly follow the notation and terminology given
there. In our case there are two objects u and v, and we think of a
function r : {1,...,5} — {u, v} as a sequence of u’s and v’s.

Remark 14.10. Let r : {1,...,j} — {u,v} and let A; denote A .
if (i) = u and AZ| if r(i) = v. Let us write A, for the category

Ay x - x Aj and A, (resp., A,.,) for the category of functors A, —
Ac.1 (vesp., A, — AZ)). Then the objects A, and A, form a
multicategory (with the obvious X; actions and composition maps).

Moreover, Definitions B.5l(ii) and I44(iv) give imbeddings
(I)T’;u . Pr;u — Ar;u

and
D,y Pry = A

)
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The following definitions are chosen so that these imbeddings preserve
the X; actions and the composition operations.

We define the right 3, action on the collection of j-morphisms as
follows. Let o € ¥; and 7 : {1,...,5} = {u,v}. Define r* to be the
composite

1,5y 3,5} 5 {uo).
If r =r,(j) then 7 = r and the map
OéZPr;u—>Pra;u
is the right action of ¥; on itself. If (h,n) € P, , define (h,n)a € Pray, to
be (hoa, @ tonoa), where & € ¥, is the permutation whose restriction
to each a~'h~1(i) is the order-preserving bijection to h=1(3).

We define the composition operation as follows. If the compo-
sition involves only F,..,’s then it is the composition in the operad
M of [May72, Definition 3.1(i)]. Otherwise let 4,7j1,...,7; > 0, let
r:{l,...;i} = {u,v},and for 1 <1 <iletr :{1,...,5i} = {u,v};
assume that if r(I) = w then r; is r,(j;). Let (h,n) € P, and for
1 <l <ileta; € Py If r(l) = v then 2; has the form (hy, n;),
otherwise ; is an element 7, € ¥; and we write h; for the map
{1,...,71} = {1}. Define the composition operation I' by

(14.1) C((h,n),x1,...,2;) = (H,0),

where H is the multivariable composite ho(hy, ..., h;) and 6 is the com-
posite Ya(n, 71, - .., m;) in the operad M of [May72| Definition 3.1(i)].
Proposition 14.11. With these definitions, the collection of preorders

P.., and P,,, s a multicategory.

Proof. This is immediate from Remark [14.10L O

15. A MONAD IN 8 x

In this section we construct a monad in $ X 8 which acts on the pair
(RE,*J? R?el)‘
Definition 15.1. Let j > 0 and let X, Y € 8.

(i) Fora € ¥ and r: {1,...,j} = {u,v}, define

a:O(ryv) = O(r*;v)
by
(@(a))(o) = (a(0))a

where a € Map ,corder (U(A"), Pry) 4 and o € U(A®).

(ii) Define

(X, Y)*"=2,®--®Zj,
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where Z; denotes X if r(i) = v and Y if r(:) = v.
(iii) For o € X; define

a: \/@rv XY®T—>\/@T’U (X,Y)®"
to be the map which takes the r—summand to the r“summand by
means of the map
D(r;0) A (X, Y)® 2% 9 (r0) A (X, YO

Note that the maps & give \/,. O(r;v) A (X, Y)®" a right ¥; action.
Recall Notation [14.8

Definition 15.2. (i) Define a functor O : 8 x 8 — 8 x 8 by
O(X,Y) = (01(X), 05(X, Y)),

where
0u(%) = \/ (O(l)s ) RX) 5,
and ”
=/ V(@00 7 (X)) /5

(ii) Define a natural transformation
L (X,Y) = 0(X,Y)
to be (11, t2), where ¢y is the composite
X S SAX =0(ry(1);u) A X < O(X)

and 9 is the composite
Y SSAY = D(ry(1);0) AY = O(Y).

For the structure map g : OO0 — O we need a composition opera-
tion for the collection of objects O(r;u) and O(r;v). Recall Definition
M4.3(i) and the map I' defined in Equation (I4.1]).

Definition 15.3. Let 4,j1,...,7; > 0,let v : {1,...,i} — {u,v}, and
for 1 <l <iletr :{1,...,51} = {u,v}; assume that if () = u then

T is Tu(jl)- Let
LY g = {u v}

be the composite

SN | E ) S R



COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 41

where the first map is the unique order-preserving bijection and the
second restricts on each {1,..., 5} to r;. Define a map

v:O(r;0) A (O(r1;7(1) @ -+ - @ O(ry;r(0))) — O(R;v)
in B8 by the formulas
y(an[e, by A Ab]) (o1 X+ x0;) = T(a(og X+ -x0;),b1(01), ..., bi(0;))
(where e is the identity element of the relevant symmetric group) and
Yla Ao, by A Ab)) = (a,id) (a7t id)wa A e, by A ... A b)).

This operation satisfies the analogues of Lemmas [7.2}, [[.3] and [T.7
Now we can define
w: 00 — O

to be (1, 12), where p; is given by Definition [.8|(iv) and pus is defined
in a similar way using Definition [15.3l

Proposition 15.4. The transformations p and ¢ define a monad struc-
ture on Q. O

We conclude this section by giving the action of @ on the pair
(Re.1, RZ)). Recall Remark T4.10.

rel

Definition 15.5. Let ki, ..., k; be non-negative integers and let n; be
a k;-fold multi-index for 1 <4 < j. Let r: {1,...,j} — {u, v}, and for
1 <i < jlet pre; denote pre,, , if 7(i) = u and prel, if r(i) = v. For
any map of preorders

a:UA™ x---x A%) = P,
define

by

CL*(Fl,...,Fj)(O'l X+ X05,01 X+ XOj)
=D, (a(oy x -+ x 0;))(Fi(01,01), ..., Fj(0},05)),
where ( is the block permutation that takes blocks by, ..., b;, cq, ...,
c; of size ky, ..., kj, dimoy, ..., dimo; into the order by, ¢y, ..., b,
c

j.

Lemma 15.6. If F; € adl(A™) for 1 < i < j then a.(F,...,Fj) €
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Proof. This is a straightforward consequence of the fact that the natural
transformation from the functor

: !
(Ae,*J)Xl Sigrel (AZ )><l g AZ

rel rel
to the functor o
l X 18rel 7
(A1) = Acun —> A

rel

given by the cross product is a quasi-isomorphism. 0

Definition 15.7. Let j > 0 and let 7 : {1,...,7} — {u,v}. Define a
map
¢7“ : ®(T7 U) A (RE,*J? R?el)@)r — R?el
in B8 by the formulas
dr(aNfe,Fiy N---NFj])=a.(Fy A--- N E))

(where e denotes the identity element of the relevant symmetric group)
and

rla o, Fy A - AF)) = (a,id)ed, (@7l id)sa Ale, Fy A=+ A F)).

Next observe that the maps ¢, induce a map

(15.1) (W (@050) & (Renr, RE)® ) /55 = RE,

T

for each 7 > 0. We define
v (O)(Re,*,lerZd) - (Re,*,laRer)
to be the pair (v, 1»), where v is given by Definition [7.10] and vy is
given by the maps (I5.1).
Proposition 15.8. v is an action of @ on (R..1, R%)).

Proof. This is a straightforward consequence of Remark [[4.10 O

16. A MONAD IN XS X S

First we give O(r; v)A(X,Y)"" the structure of a multisemisimplicial
symmetric spectrum when X,Y € 8. The definition is analogous to
Definition Bl Recall Definition [6.41

Definition 16.1. Let j, k > 0. Let s be the 1-simplex of S!. Define
w:SYA(D(r;0) N (X, Y)Y = (D(r;0) A (X, Y)Y ) rga
as follows: for a € (O(r;v)g)n and x € (((X, YY) )k )n, let
w(sA(aNz))=(aoll) Nw(sAx).
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Definition 16.2. Define a functor P: 8 x § — 8 x 8 by
P(X,Y) = (P1(X), P2(X, Y)),

where
P (X) = \/(@(Tu(j);u) AXNM) /%,
and )
Po(X,Y) = \/ (\/(@(r; W) A (X,Y)A")/zj.

The proof that P inherits a monad structure and an action on
(Res1, RZ)) is the same as the corresponding proof in Section 8l

For use in the next section we record a lemma. Let C be the category
whose objects are triples (X, Y, f), where X and Y are monoids in XS
and f is amap X — Y in XS, which is not required to be a monoid
map; the morphisms are commutative diagrams

X —X

1

Y —Y/
where the horizontal arrows are monoid maps.

Lemma 16.3. (i) There is a functor Y from P algebras to C which
takes (X,Y) to a map X — Y, in particular, X and Y have natural
monoid structures.

(ii) T(Re.., R

rel

) is the map
Sig, : Rex1 — RZ

rel»

where Re.1 and RZ; have the monoid structures given by Lemma

rel
B3(i).

Proof. Recall Notation [[4.8, and let e denote the identity element of
X;.
Part (i). The map f: X — Y is the composite

X2SAX=0(r,(1);v) AX = Py(X,Y) > Y.

The monoid structure on X is given by Lemma [8.8 it remains to
give the monoid structure on Y. It suffices to give an action on Y of
the monad A defined in the proof of Lemma 8.8 and for this in turn
it suffices to give a suitable natural transformation A — P,.

For each j > 0 let hg be the identity map of {1,...,7}. Then hy is
adapted to r,(j), so we obtain an element (hg,e) € Py, (j)0-



44 GERD LAURES AND JAMES E. MCCLURE

For each j, k > 0 and each k-fold multi-index n, define an element

bjjm € (D(ro(5); v)i)n
to be the constant function U(A™) — P, (j)» whose value is (hg,e).
Next define a map

S = O(ry(4);v)
by taking the nontrivial simplex of (§k)n to bj i n-
Now the composite

=V (V@0 0) 7 (X, Y)7) /55 = B(X, Y)

j>0 7

is the desired map.
Part (ii) is an easy consequence of the definitions. U

17. RECTIFICATION

In this section we prove Theorem The argument is analogous to
that in Section [10
First we consider a monad in XSy X XS which is simpler than P.

Definition 17.1. (i) Define P'(X,Y) to be
(V X755,V (V (X)) /%),
>0 j>0 v
(ii) For each 7 > 0 and each r: {1,...,j} — {u, v}, let

& O(ru(j);u) =S
and
¢ O(r;v) = S
be the maps which take each nontrivial simplex of the k-th object to
the nontrivial simplex of S}, in the same multidegree. Define a natural
transformation
=P P
to be the pair (Z;, Z;), where :1 is the wedge of the composites

(D(ru(5); )/\XAJ)/Z (SKXAJ')/ZJ- i>XAJ'/2j.
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and =, is the wedge of the composites
(Vo oAy /s Y5 (VSR Y)) /2,

5 (V)
Proposition 17.2. (i) An algebra over P’ is the same thing as a pair
of commutative monoids (X,Y) in LSy together with a monoid map
X—=Y.

(ii) = is a map of monads.

(iii) Suppose that each X and each Yy has compatible degeneracies
(see Definition [9.1]). Let P? denote the q-th iterate of P. Then each
map

Z:PUX,Y) = PPHX,Y)

1s a weak equivalence.

Proof. Part (i). Let (X,Y) be an algebra over IP". The fact that X and
Y are commutative monoids is immediate from the definitions. The
map f : X — Y is constructed as in the proof of Lemma [I6.3(i).

To show that f is a monoid map, we first observe that there are two
inclusions of X"V into P,P'(X,Y). Let 7; be the composite

XN < P)(X) < PLP/(X,Y),
where the second arrow is the inclusion of the summand indexed by
j=1,r=r,(1). Let i3 be the composite
XM PL(X, Y)Y — PLP'(X,Y),
where the first arrow is the j-fold smash of the inclusion of the r,(1)

summand, and the second arrow is the inclusion of the r, () summand.
Consider the commutative diagram

XN = XN

o |

P,P(X,Y) - Py(X,Y)

pfzyl l

X —=PyX,Y) —~“ =Y.

Let H denote the composite of the right-hand vertical arrows. Then
the diagram shows that the composite

(17.1) XN XLy
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is H.
Next consider the commutative diagram
XN = XN
N l
Iz PyP/(X,Y) —P5(X,Y)

ngl l

YN = PyX,Y) —L Y.

This diagram shows that the composite

(17.2) XV Ly sy

is also H. Therefore the composites (IT7J)) and (I7.2) are equal as
reqired.

Part (ii) is immediate from the definitions, and the proof of part (iii)
is the same as for Proposition [0.2(iii) (but using Remark I4.7|(ii)). O

Proof of Theorem[1.3. The proof follows the outline of the proof of
Theorem [[T] (given in Section [I0]); we refer the reader to that proof for
some of the details. We have a diagram of simplicial P-algebras

(R, RZ). < Bo(P,P, (Re...1,R%)) =% B.(P',P, (Re..1,R%).

rel rel
By Lemma [16.3] this gives a diagram
(17.3)

15 (E )o
(RE,*J)' ~— B, (]P)lﬁ ]P)> (RE,*71> RrZol)) —1> B, (]ID1> ]P)a (R&*,l’ Rer))

] | |

€ (E2)e
(RrZel)O - B' (]P)27 ]P)v (Re,*Jv RrZel)) —2> B' (Pév ]P)v (Re,*Jv RrZel))v

in which all objects are simplicial monoids and all horizontal arrows
are monoid maps. By Proposition I7.2(i), the right column is a simpli-
cial monoid map between simplicial commutative monoids. Moreover,
each map ¢ is a homotopy equivalence of simplicial objects, and (using
Proposition I7.2(iii)) (Z;)s and (Z3)e are weak equivalences in each
simplicial degree.
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The objects of the diagram (I7.3]) are simplicial objects in ¥.Sg. We
obtain a diagram
(17.4)

[EN)
[(Re)al < [Bu(P1 P, (Re o, RE) 28 [Bu(P] P (.1 RE)

] | l

le] [(E2)e

(RE)e| = | Ba(Bo. P, (Re i, RE)) | 2 B (B P, (Re.. 1, RE))

e

rel

of simplicial objects in XS (the category of symmetric spectra) by
applying the geometric realization functor XSy — XS to the diagram
(I73) in each simplicial degree. All objects are simplicial monoids
and all horizontal arrows are monoid maps, and the right column is a
simplicial monoid map between simplicial commutative monoids. The
maps |e| are homotopy equivalences of simplicial objects and the maps
|(Z1) @] and |(Z;) e | are weak equivalences in each simplicial degree.

Finally, we apply geometric realization to the diagram (I7.4]). We de-
fine A to be || Be(P1, P, (Re .1, RZ)))||, B to be || Be(P2, P, (Re .1, RZ)))||,
o be |B,(F, . (Rt Ko and D 10 e | B 7, P (R R |
This gives the diagram of Theorem

Remark 17.3. The symmetric ring spectrum C is the same as the
symmetric ring spectrum M3 ™ given by Theorem [LI. There is a
ring map

(Mrel)comm —D
which is a weak equivalence (because there is a commutative diagram
whose first row is Diagram (I0.3]) and whose second row is the second
row of the diagram in Theorem [[3)).

18. IMPROVED VERSIONS OF GEOMETRIC AND SYMMETRIC
POINCARE BORDISM.

In order to state our next theorem we need some background.

Let XS denote the category of symmetric spectra.

Recall (from |[LM| Definition 13.2(i) and the second paragraph of
Section 19]) the strict monoidal category 7 whose objects are the triples
(m, Z,w), where 7 is a group, Z is a simply-connected free 7w-space, and
w is a homomorphism 7 — {£1}. There is a monoidal functor

Mgeom : T = ES

which takes (7, Z,w) to My 2z, (JLM| Definition 19.1 and Theorem
19.2)).
Let R be the category of rings with involution. There is a functor

Mym : R = XS
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which takes R to MZ, (we used the symbol My, for a different but
related functor in [LM) Section 19]). The proof of ([LM) Theorem 19.2])
shows that Mgy, is monoidal.

There is a functor p : 7 — R which takes (7w, Z,w) to Z[r| with
the w-twisted involution ([LM|, Definition 13.2(ii)]). In Section I3 we

constructed a natural transformation
Sigre1 : Mgeom — Mgym © p.

Now Sig,; is not a monoidal transformation, and Mgeom and Mgy,
are not symmetric monoidal functors (we recall the definitions of
monoidal transformation and symmetric monoidal functor below). Our
next result shows that there is a monoidal transformation between sym-
metric monoidal functors which is weakly equivalent to Sig,;.

Theorem 18.1. There are symmetric monoidal functors P : T — XS,
Lym : R — XS, and a monoidal natural transformation Sig : P —
Lgym © p such that
(i) P is weakly equivalent as a monoidal functor to Mgeom; specif-
ically, there is a monoidal functor A : T — XS and monoidal weak
equivalences
Meeom <— A — P.

(ii) Leym is weakly equivalent as a monoidal functor to Mgym; specif-
ically, there is a monoidal functor B : R — XS and monoidal weak
equivalences

Mgym < B — Lgym.

(iii) The natural transformations Sig : P — Lgym, 0 p and Sig,y :
Mgeom — Mgym © p are weakly equivalent; specifically, there is a natural
transformation A — B o p which makes the following diagram strictly
commute

Mgeom A P

Sigrel \L l ‘/ Sig

Mgymop<~—Bop—Lgmop.

Remark 18.2. (i) It is perhaps worth mentioning that there is no such
thing as a symmetric monoidal transformation, just as there is no such
thing as a commutative homomorphism between commutative rings.
(ii) Theorem [I81] implies that Lgy,(R) is a strictly commutative
symmetric ring spectrum when R is commutative. Also, P(e, x,1) is a
strictly commutative symmetric ring spectrum and Sig : P(e, *,1) —
Liym(Z) is a map of symmetric ring spectra. This is compatible with
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Theorem [I.3} there is a commutative diagram

C—=P(e,x,1)

T

D —— Ly (Z)

in which the horizontal arrows are ring maps, and they are weak equiv-
alences by the argument given in Remark [I7.3

(iii) The fact that Sig is a monoidal functor is a spectrum-level ver-
sion of Ranicki’s multiplicativity formula for the symmetric signature
([Ran80b), Proposition 8.1(i)]). It seems likely that his multiplicativity
formula for the surgery obstruction (J[Ran80bl Proposition 8.1(ii)]) can
also be given a spectrum-level interpretation.

We recall the definitions of symmetric monoidal functor and
monoidal transformation. The theorem says that Lgy, (and similarly
P) is a monoidal functor with the additional property that the diagram

Liym (R) A Lgym(S) — Lym (R ® S)

l l

Liym (S) A Lgym (R) — Ly (S ® R)

strictly commutes. Moreover, Sig has the property that the diagrams

RN

P(e, x,1) Lsym(Z)

and
SigASig ’

P(m, Z,w) NP(7', Z' ,w'") — Lgym (Z[7]") A Lgym (Z[7']"")

l

Loy (Z[x]" ® Z[n']")
Plrx7',Z xZ' w-w) _ e Lyym(Z[m x 7o)
strictly commute.

19. PROOF OF THEOREM [I8.1]

The proof is a modification of the proof of Theorem [I.3} the main
difference is that we need more elaborate notation.
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Notation 19.1. (i) For an object x of 7 or R, write A, for the corre-
sponding Z-graded category and R, for the associated object of ¥S.
(ii) Given a j-tuple (z1,...,x;), where each z; is an object of 7 or
R, write
[ZL’l, ey ZL’j]
for y1 ® - - - ® y;, where y; is z; if x; is an object of R and p(z;) if z; is
an object of T.
(iii) Given a j-tuple (fi,..., f;), where each f; is a morphism in T
or R, write
[flv B f]]

for g1 ® -+ - ® g;, where g; is f; if f; is a morphism in R and p(f;) if f;
is a morphism in 7.

The reader should see Proposition [9.11](i) below for motivation for
the following definitions.

Definition 19.2. (i) Let y be an object of 7. An entity of type
(ru(j),y) is a j + 1-tuple (z1,...,x;, f), where f is a morphism in
T from z X --- K z; to y.

(i) Let &, (j)y denote the set of entities of type (r.(j),y).

(iii) Let z be an object of R and let r : {1,...,5} — {u,v} be a
function. An entity of type (r,2) is a j + 1-tuple (x1,...,x;, f), where
each x; is an object of 7 or R and f is a morphism in R from [z4, . .., ;]
to z.

(iv) Let &, . denote the set of entities of type (r, 2).

Notation 19.3. (i) Let & denote the union of the set of objects of T
and the set of objects of R.

(ii) Let [IXS,s be the infinite product of copies of XSy, indexed over
S.

We will define a monad in IIXS,.
First we need to define the relevant right ¥, actions. Recall Defini-

tion [I5.11(i).

Definition 19.4. Let {X,}.ce be an object of IIXS and let j > 0.
(i) Given an object y of T and « € ¥;, define a map & from

Vo 00k A X A AX,)
(@155, F)E€Er, (5),y

to itself to be the map which takes the summand indexed by
(x1,...,2;, f) to the summand indexed by (z4a),...,Taq), f 0 @) by
means of the map

O(ra(7); ) A (X, A+ AXe)) 225 O(ra(5);u) A (X A A X)),

Ta(1)
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(ii) Given an object z of R and « € ¥;, define a map & from
\/ \/ D(r;v) N (Xgy A A X))
r (501 7777 xjvf)eg(r',z)

to itself to be the map which takes the summand indexed by
(x1,...,25, f) € €4z to the summand indexed by (z4a), ..., Taq), f ©
a) € Eya ) by means of the map

ala

D(r;v) AN Xy Ao AN Xygy) == O(r*0) N( Ky Ao A X))

Ta(1)

Note that this definition gives right 3; actions on the objects men-
tioned.

Definition 19.5. Let {X,}.ce be an object of IIXS;.
(i) Given an object y of T, define

P,({X,}ses)
to be
320 (#1525, F)E€Ery (j),y

(ii) Given an object z of R, define
]P)z({X:c}:cEG)

\/<\/ V D(r;v) A (Xa, /\~-~Aij))/2j,

.720 T ("El ~~~~~ mj7f)€g('r,z)

(iii) Define P : [IXSs — [IXS to be the functor whose projection
on the y factor (where y is an object of 7) is P, and whose projection
on the z factor (where z is an object of R) is PP,.

Definition 19.6. Let {X,}.cs be an object of ITXS.
(i) For an object y of T, define

by - Xy — ]P)y({Xx}:cEG)

to be

to be the composite
X, = §KXy = O(ry(1);u) A Xy = P,({X, Fees),

where the last map is the inclusion of the summand corresponding to
the entity (y,id).
(ii) For an object z of R, define

byt Xz — ]P)Z({XSL‘}SL‘EG)
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to be the composite
X, ¥SAX, =0(r,(1);0) A X, = P,({X;}ses),
where the last map is the inclusion of the summand corresponding to
the entity (z,id).
(iii) Define
L {Xm}xEG — P({Xm}x66>
to be the map whose projection on the y factor (where y is an object

of T) is 1, and whose projection on the z factor (where z is an object
of R) is ¢,.

In order to define the structure map p : PP — P we need a compo-
sition operation on entities. For part (ii) we use Notation [[9.1](iii) and
the notation of Definition [15.3

Definition 19.7. Let ¢ > 0, and for each [ with 1 <[ <7 let 5, > 0.
(i) Let y be an object of 7 and let

e = (1’1, ey Iy, f) € gT’u(i),y'
For each { with 1 <[ <7 let

e = (:Bgl), . :)sx), Oy e EruiD) -
Define
eo (el, o ,ei) S 57’u(j1+“‘+ji)7y
to be
(2,2 g),
where ¢ is the composite

: VR...x £
xﬁ”&--mxﬁ? EARCC) M

(ii) Let z be an object of R, let r: {1,...,i} — {u, v}, and let
e=(x1,...,2;, f) €&

For each [ with 1 <[ <ilet r;: {1,...,5} — {u,v}; assume that if
r(l) = w then 7 is r,(j;). Let

e =V, W fyeg .,

[ V]

Il@---@xiipy.

Define
eo(ey,...,e) € Er,
to be
(xgl), o 7555‘?79)7
where g is the composite
N TOIN0
[V, ,xg-z)] YT, Ty, ..., 1) LN
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Now we can define i : PP — P. We begin with the projection on the
y-factor,
oy 2 PP — Py,
where y is an object of 7. A collection of entities e,e;,...,e; as in
Definition [9.7)(i) determines a summand

O K (O w) R Xy A AX,0)) A=)

in P,P({X,}.cs). We define the restriction of p, to this summand to
be the map to the summand of P, ({X,},ce) indexed by eo(eq, ..., €;)
which is induced (after passage to quotients) by the composite

O(ru(@);w) 7 ((Drulin): ) R (X, A AX ) A=)
= (V0@ R (DG @) ) A Ky @@ X o)

A1 . . _
T O+ + i) A (X @ @ X ).
Jq

The projection of p on the z factor (where z is an object of R) is
defined similarly (using Definition [I5.3)).

Next we give the action of P on the object {R,},cs. Let y be an
object of T and let (z1,...,x;, f) be an entity of type (r,(j),y). A
slight modification of Definition gives a map

D(ru(f);u) N (Rgy A+ ARy;) = Ry ®ae;
and composing with the map induced by f gives a map
(19.1) D(ru(j);u) A (Rgy A+~ ARg;) = Ry

We define
vy : Py({Rs}aes) = Ry

to be the map whose restriction to the summand indexed by
(21,...,2;, f) is the map (I9.1]). We define

v, : Pz({Rm}wEG) — Rz

similarly when z is an object of R (using a slight modification of Defi-
nition [[5.7)), and we define

v: P({Rx}mGG) — {Rm}mGS
to be the map with projections v, and v;.

Lemma 19.8. v is an action of P on {R;}.cs- O
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Now we need the analogue of Lemma [16.3] Let C be the category
whose objects are triples (F,G,t), where F is a monoidal functor
T — XS, G is a monoidal functor R — XS, and t is a natural
transformation F — G o p which is not required to be a monoidal
transformation; the morphisms are commutative diagrams

F F’

P

Gop—=G'op,

where the horizontal arrows are monoidal transformations.
Let us write Rgeom (resp., Rgym) for the functor 7 — XSy (resp.,
R — ¥S) which takes z to R,.

Lemma 19.9. (i) There is a functor Y from P algebras to C which
takes {X,}zee to a triple (F, G,t) with F(y) = X, and G(z) = X,.
(ii) T({Ry}zes) is the triple
(Rgeon’n Rsyma Sigrol)

Proof. Part (i). Let {X,}.cs be a P algebra. Define a functor

F: 7T — XS
on objects by F(y) = X, and on morphisms by letting F(f : y — ¢/)
be the composite

X, 2 O(ry(1);u) A Xy = Py ({ X, }acs) -2 Xy,

where the unlabeled arrow is the inclusion of the summand indexed by
the entity (y, f). We define

G: R — XS

similarly. The proof that F and G are monoidal functors is similar
to the argument, in the proof in Lemma [[6.3(i), that X and Y are
monoids.

It remains to give the natural transformation

t:F— Gop.
For an object y of T, let t, be the composite

~Y N v ( )
Xy = @(T’u(l); U) A\ Xy — ]P)p(y)({X:c}xee) BN Xp(y),

where the unlabeled arrow is the inclusion of the summand indexed by
the entity (y,id) € &, (1),p(y)- To show that t is a natural transforma-
tion, let f : y — ¢’ be a morphism in 7, and let z = p(y), 2’ = p(¥/).
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Let i1 be the composite
Xy ZO(ru(1);u)AXy = Py({Xotees) = O(ru(1); v) APy ({ X }res)
— PZ’P({Xx}xEG)v
where the first arrow is the inclusion of the summand indexed by the
entity (y, f) and the second is the inclusion of the summand indexed
by (v/,id). Let j; be the composite
Xy 2 O(ry(1);v) A Xy = Por({Xs}ees),
where the inclusion is indexed by (v/,id), and let j be the composite
X, =Z0(r,(1);v) AN Xy = Py ({ Xy Fees),

where the inclusion is indexed by (y, p(f)).
Consider the commutative diagram

Xy — Xy
\ ljz
F(f) P P({X,}ocs) — Por({Xo}ucs)

Xy’ L Pz’ ({Xm}mGG) - Xz’-

Let H denote the composite of the right-hand vertical arrows. Then
the diagram shows that the composite

(19.2) X, 29 x,,

is H.
Let i3 be the composite
X, = D(ry(1);v) AXy = P.({Xs}ees) = O(r(1);0) AP.({ Xy }oce)
— PZ’P({Xx}xEG)v

where the first inclusion is indexed by (y,id) and the second is indexed
by (z,p(f)). Let js be as above and let j3 be the composite

X, =ZO(r,(1);v) AX, = P,({X, }zes),
where the inclusion is indexed by (z, p(f)).

t

— Xz’
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Consider the commutative diagram

X, \ = X,
S iy@
t PZ’P({XZ‘}SCEG) R PZ’({Xx}:cEG)

Xz i) Pz’ ({Xm}xEG) - Xz’ .

This diagram shows that the composite

(19.3) x, 5 x, 29 x,
is also H, so the composites (19.2]) and (I9.3)) are equal as reqired.
Part (ii) is an easy consequence of the definitions. O

Finally, we have the analogues of Definition [I7.1] and Proposition
L2

Definition 19.10. Let {X,}.ce be an object of ITXS.
(i) Given an object y of T, define

P;({Xx}:cEG)

\/< \/ Xl‘l/\"'/\Xxj)/Zj.

720 (@125, ) €Er, () y
(ii) Given an object z of R, define

P.({Xz}ses)

\/<\/ \/ Xy Av- /\Xxj)/Zj.

320 T (1,025, f)EE )
(iii) Define P’ : [IXS; — [IXS,s to be the functor whose projection
on the y factor (where y is an object of T') is P}, and whose projection
on the z factor (where z is an object of R) is IP.

to be

to be

A routine modification of Definition [7.I](ii) gives a natural transfor-
mation
=P P

Proposition 19.11. (i) An algebra over P’ is the same thing as a pair
of symmetric monoidal functors ¥ and G with a monoidal transforma-
tion ¥ — Gop.

(ii) = is a map of monads.
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(iii) Suppose that each (X, ), has compatible degeneracies (see Defi-
nition [9.1]). Let P? denote the q-th iterate of P. Then each map

= P ({Xo}ees) = PP ({Xofoee)
18 a weak equivalence.

Proof. Part (i). Let {X,}.ces be an algebra over P’. The fact that F
and G are symmetric monoidal functors is an easy consequence of the
definitions. The natural transformation t : F — Gop is constructed as
in the proof of Lemma [19.9(i). The proof that t is monoidal is similar
to the proofs of Proposition I7.2(i) and Lemma [19.9(i), using the maps

i Xyl/\' ) '/\ij — P, ({X:c}xee) = Plp(y1®~~®yj)P/({X:c}x66)>

yiX¥--Ky;

(where the first inclusion is indexed by (yi,...,y;,id) and the second
by (y1 K- --Ky;,id)), and

ip: Xy A AKXy = Pl (X taes) A AP ({Xo Yees)

p(y1)
= Plp(m@“-@yﬂpl({xx}xee),

(where the first map is the smash product of the inclusions indexed
by (v;,id) and the second is indexed by (p(y1),...,p(y;), p(11) ® -+ &
p(y;) = pyr W - - Wy;))).

Part (ii) is immediate from the definitions, and the proof of part (iii)
is the same as for Proposition [[0.2(iii) (but using Remark [4.7(ii)). O

Now the proof of Theorem [I81]is the same as the proof of Theorem
given in Section [[7] with only the notation changed.

APPENDIX A. PROOF OF THEOREM

It is well known that Thom spectra are commutative symmetric ring
spectra (see for example [Sch09]; we recall this below). In this appendix
we show that the Thom spectrum MSTop is weakly equivalent, in the
category of commutative symmetric ring spectra, to the commutative
symmetric ring spectrum (Mgrop )™ given by Theorem [L11

Our first task is to construct the following chain of weak equivalences
in the category of symmetric spectra.

(A.1) Metop < Y 2 X £ MSTop

First recall that MSTop has as k-th space the Thom space
T(STop(k)). The X action on T'(STop(k)) is induced by the con-

jugation action on STop(k).



58 GERD LAURES AND JAMES E. MCCLURE

For the construction of X we need some facts about multisimplicial
sets. Given a space Z and k > 1, let S¥™ulti(7) be the k-fold multi-
simplicial set whose simplices in multidegree n are the maps A™ — Z.
There is a natural map

SEm(Z)| - 2

(where | | denotes realization of the underlying multisimplicial set)
which is a weak equivalence by [And] and the multisimplicial analogue
of [Seg74, Lemma A.5]. If Z is a based space, there are natural maps
A Z|Sf—multi(2)| N |Sl A Sf—multi(z”
and . _
K Sl A Sf_mUItl(Z> N S£k+1)—mult1(zz>
defined as follows. Given ¢t € [0,1], u € A", and g : A™ — Z, let ©

denote the image of ¢ under the oriented affine homeomorphism [0, 1] —
A', and define

A A [u, g]) = [(E,u), s Agl,
where s is the nontrivial simplex of S*. Define

k(s A g)(t,u) =t A g(u).
Then the diagram

(A.2) S|S§m(Z)| > | ST A SEm(Z)]

| y

ZX |S£k+1)_multi(ZZ)|

commutes.

Now let X = |Sk=muli(T(STop(k)))|. We define the X action on
X as follows. For a € ¥ and g : A™ — T(STop(k))), let a(n) =
(Na-1(1), - - -, Na—1(k)) and let a(g) be the composite

A 2 AD 9 (S Top(k)) % T(STop(k)).

This makes SF~™u%(T'(STop(k))) an object of ¥jssy, and now Propo-
sition [5.3] gives the ¥, action on Xj. Next define the structure map

XXk = X

to be the composite
SISk (T (STop(k)))| 2 [S* A SE=™ 1 (T(STop(k)))|
I | SU D= (S (STop (k)| — | S8 (T (STop(k + 1)1,
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where the last map is induced by the structure map of MSTop. Let
X be the symmetric spectrum consisting of the spaces X with these
structure maps. Define f3 : X — MSTop to be the sequence of weak
equivalences

ST (T (STop(k)))| — T(STop(k)).

The commutativity of diagram (A.2]) shows that f3 is a map of sym-
metric spectra.

Next let SE=mu0(T(STop(k))) be the sub-multisemisimplicial set of
Sk—multi("P(STop(k))) consisting of maps whose restrictions to each face
of A™ are transverse to the zero section. Let Y be the subspectrum of
X with k-th space |SE—mutN (T (STop(k)))|, and let f, : Y — X be the
inclusion.

Lemma A.1. f5 is a weak equivalence.

Proof. Since SE=multiM(T(STop(k))) and SE—™u4(T(STop(k))) satisfy
the multi-Kan condition, they have compatible degeneracies by
Proposition Q.5 It therefore suffices to show that the inclusion
Sk—multih(T(STop(k))) C SE=mu(T(STop(k))) induces a weak equiva-
lence on the diagonal semi-simplicial sets, and this follows from [FQ90,
Section 9.6] and the definition of homotopy groups ([May92, Definition
3.6]). O

It remains to construct f;. Let S C T(STop(k)) be the zero sec-
tion. First we observe that, if ¢ : A™ — T(STop(k)) is a map
whose restriction to each face is transverse to S, we obtain an element
F € adgrop(A™) by letting F(o,0) be g7*(S) N o with the orientation
determined by o. This construction gives a map

SN (T (STop (k) — (Rstop)k,
but unfortunately it doesn’t commute with the ¥, actions, as the reader
can verify. To fix this, given g as above and an orientation o of A™, let
m be the numbers nq, ..., n; written in increasing order, let
g A™ — A"
be the map which permutes the factors without changing the order of

factors of equal dimension, and give A™ the orientation o’ determined
by o and 8. Now define

Inv(g,0) = 37'g7'(S)
with the orientation determined by o. We obtain an element F €
adgrop (A™) by letting F(o,0) = Inv(g|,, 0). This gives a map

SemAN(T(STop(k))) — (Remop)i
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in Yxssy, and applying geometric realization gives a > equivariant map
Y — (Mgrop)k; we let fi be the sequence of these maps.

Lemma A.2. f is a weak equivalence.

Proof. For a k-fold multisemisimplicial set A, let A" be the semisimpli-
cial set whose n-th set is Ay . . There is an evident map

¢ |A] = |Al

If Ais Sk—multi(7) then A’ is S.(Z), and if A is Ry then A’ is
the semisimplicial set P, of [LM| Definition 15.4(i)], with realization
(Qstop)r (ILM|, Definitions 15.4(ii) and 15.8]). Now we have a commu-
tative diagram

fi f2 f
(MSTop)k Yk Xk : T(STOp(k’))

T ;

(Qsop) <~ |SI(T(STop(k)))| == [Se(T(STop(k)))| == T(STop(k))

Here g3 is the usual weak equivalence, and g5 is a weak equivalence by
[FQI0, Section 9.6] and the definition of homotopy groups ([May92,
Definition 3.6]), so ¢, is a weak equivalence. ¢; was shown to be a
weak equivalence in [LM| Appendix B], and ¢; was shown to be a
weak equivalence in |[LM| Section 15|, so f; is a weak equivalence as
required. 0

This completes the construction of diagram (A.Tl).
Next we recall that MSTop is a commutative symmetric ring spec-
trum with product

T(STop(k)) AT (STop(l)) — T(STop(k +1)).
X is also a commutative symmetric ring spectrum, with the product
|SeH(T (STop(K)))| A [Se™™ (T (STop(1)))|
— |SEHDTI(T (STop (k) AT (STop(1)))| — |S&EH0 ™ (T (STop(k+1)))],

and Y is a commutative symmetric ring spectrum with the product
it inherits from X. The maps fo and f3 are maps of symmetric ring
spectra, so to complete the proof of Theorem [I.2], it suffices to show

Lemma A.3. (Mgr,,)™™ and Y are isomorphic in the homotopy
category of commutative symmetric ring spectra.

The remainder of this appendix is devoted to the proof of Lemma

A3l
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Let W denote the multisemisimplicial spectrum whose k-th object
is Sk—multih (T (STop(k))), so that [W| = Y. We begin by showing that
the monad P of Definition acts on the pair (W, Rgrop).

Let us define a Z-graded category B as follows. The objects of B are
pairs

(g : A" = T'(STop(k)), 0),
where both n and £ are allowed to vary and o is an orientation of A™;
the grading is given by d(g,0) = dim(A"™) — k. The morphisms are
commutative diagrams

Am L T(STop(k))

oo
A™ 2 T(STop(k))
in which ¢ is a composite of coface maps and permutations of the factors
and « is a permutation; we require ¢ to be orientation preserving if the

dimensions are equal. B is a symmetric monoidal Z-graded category
with product [, where

(9,0)0 (9", 0")
is the pair consisting of the composite
AP x A" 295 P(STop(k)) x T(STop(k')) — T(STop(k + k')

and the orientation o x o’. The symmetry isomorphism ~ is

AP s A" 29 P (STop(k)) x T(STop(k')) — T(STop(k + &)

| |
A™ 5 Ar LXL P (STop(k')) x T(STop(k)) — T(STop(k' + k)
where ¢ and « are the evident permutations.

In the construction of Definition I44] if we replace A. .1 by B, AZ)
by Astop, X by O and Sig,. by Inv we obtain a functor

d.IAlx"'XAj_)ASTopu

for each datum d, where A; denotes B if r(i) = u and Agr,p if (i) = v.
Next we have the analogue of Definition I5.5

Definition A.4. Let ky,...,k; be non-negative integers and let n; be
a k;-fold multi-index for 1 <i < j. Let r: {1,...,j} — {u, v}, and for
1 <i<jlet Z; denote W if r(i) = u and Rgryp if 7(i) = v. Then for
each map of preorders

a:UA™ x - x AY) = P,
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we define
s+ ((Z0)ky)my X -+ X (2 )n; = (Rsmop)Jka -ty ) (1)
by
ax(z1,...,25) (01 X -+ - X 04,00 X -+ X 05)
= iQa(o) x - x 0;)m(z1(01,01), . - -, (0}, 05)),

where

e if (i) = u then z;(0y,0;)) denotes (z,,,0;), and
e ( is the block permutation that takes blocks by, ..., b;, ¢y,
..., cjofsize ki, ..., kj, dimoy, ..., dimo; into the order by,
Ciy .nn, bj, C;.
As in Section [I6] this definition leads to a map
(AB) IP)2 (W7 RSTOp) — RSTop-
Since W is a commutative multisemisimplicial symmetric ring spec-
trum, we have a map
(A.4) Pi(W) =5 \/ WY/5; — W,
Jj=0
where = is given in Definition MT7.1\(ii).
The maps (A3) and (AZ) give the required action of P on

(W, Rg1op). Now the proof of Theorem [I3] (given in Section [I7)) gives
a map of commutative symmetric ring spectra

|BO( /17 ]P)v (Wv RSTOP))‘ — ‘B'( /27 ]P)v (Wv RSTOP))‘
which is a weak equivalence by Lemma [Adl As in Remark [[7.3] there
is a weak equivalence of commutative symmetric ring spectra

(Msop) ™™ = | Be (P, P, (W, Rsop)) .

To complete the proof, we observe that there is a weak equivalence of
commutative symmetric ring spectra
|BO( /17P7 (WvRSTOP))‘ = |BO( /17]P)17W)‘ - ‘B'( /17 /17W>| - |W| = Yv
where the first arrow is a weak equivalence by Proposition [7.2](iii) and
the second by [May72| Proposition 9.8 and Corollary 11.9].
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