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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 205, 1975

EXOTIC SINGULAR STRUCTURES ON SPHERES
BY

NORMAN LEVITT(!)

ABSTRACT. It is shown how the category of PL-manifolds may be ob-
tained from the smooth category by an iterative procedure, viz., first form singu-
lar smooth manifolds where smooth seven-spheres are allowed as links. Then, in
the new category one has obtained, kill all eight-spheres in similar fashion. Re-
peating this process ad infinitum (but requiring only finitely many stages in each
dimension), one obtains the category of PL-manifolds. By taking care that the
set of “singular” points is always given enough structure, it is seen that this itera-
tive process corresponds to a skeletal filtration of BPL mod BO. Also, a geome-
tric interpretation of the Hurewicz map =, (BPL, BO) — H,(BPL, BO) is inferred.

1. Introduction. The object of this paper is to re-examine the differences
between smooth and PL-manifolds via the geometry of PL-manifolds whose fail-
ure to be smooth may be measured, in some sense, by singularities. The germinal
idea is this: From the ideas of Sullivan [a] and Baas [b] we know how to talk
about a manifold with singularities; that is, a space which is of the form

M" = MJ U,y S

where M7 is an n-manifold with boundary, S is of the form P*~" x ¢Q"~!, with
P*=7, 0"~ ! manifolds, 3Mj = P*~" x Q" ~1 and ¢ denotes unreduced cone.

Now if M?, P*~" are smooth manifolds and Q"~! = Z"~1 is a smoothness
structure on the PL(r — 1) sphere, we see that M" is a PL-manifold where lack of
smoothness resides in the “singular” structure in a neighborhood of P*~". We
can iterate this process, i.e., we can find all PL-manifolds constructed in this way,
using a certain set of exotic spheres as “allowable” singularities, and then go look-
ing for exotic structures on spheres in this “new” category. We then use some of
these spheres as singularities to create yet another category .of singular manifolds
(and so on), noting the important fact that at every stage the singular manifolds
which we introduce retain underlying PL-manifold structures.

The natural question, of course, is: does this process terminate? That is, do
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372 NORMAN LEVITT

we ever reach the PL-manifold category in this way, at least in the limit?

The answer is “yes” and, moreover, the process of proving this is closely
connected with the construction of a certain relative cell structure from BO to
BPL. In addition, we obtain a nice interpretation of the Hurewicz homomorphism

h:m, (BPL, BO) — H,(BPL, BO).

In particular, H,(BPL, BO) is viewed as a group of equivalence classes of certain
kinds of singular structures on S”~1, where equivalence is given by a certain kind
of concordance and the group operation is connected sum. The Hurewicz homo-
morphism is then seen to be the natural forgetful map from the group of smooth
structures on "~ ! = m, _,(PL/O) = =, (BPL, BO).

A final word about what the category theorists will quite properly regard as
an abuse of language. We use terms like “category of smooth manifolds™ and
“category of PL-manifolds” to denote the entities which topologists have in mind
when they make informal use of these terms. We also make a more formal defi-
nition (see below) of something which we call a “manifold-like category.” The
word “category” in this context should by no means be equated with the object-
morphism gadget of formal category-theory.

2. Manifold-like categories. In this section, we shall formalize, to a certain
extent, the notion of an “additional structure” on a PL-manifold. In particular,
we have in mind a formalism which is a rubric, of sorts, for the naive idea of ad-
ditional geometric structure, as opposed to the conventional notion that a struc-
ture shall be defined as a certain reduction of the PL-tangent bundle. In fact, one
of the purposes of this formalism is to set up conditions for geometric structures
which enable existence and uniqueness questions to be transformed into bundle
reduction or lifting problems.

We shall define the notion of a manifold-like category C. C is, first of all,
a set whose elements are called C-manifolds. Intuitively, a C-manifold is to be
thought of as a PL-manifold together with an additional structure. A good exam-
ple to keep in mind (the paradigm, in fact, for this construction) is the category
of smooth structures on PL-manifolds.

We axiomatize the properties of a manifold-like category as follows:

A<1). For each C-manifold M", there is a unique PL-manifold Mp;. The
dimension of M™ is n. There is a dimension-lowering boundary operation 9 so
that (OM™)p; = d(M%,). There is a dimension-preserving involution ¢ on C-mani-
folds which commutes with 3. Moreover (M™)p;, = Mp; .

A-(2). If P* is a smoothing of a PL-manifold Q" then P" determines a
unique C-manifold C(P*) with (C(P"))p,, = Q. Moreover, C(3P") = 3C(P")
and (C(P") = C(P"). Moreover there is a unique C-manifold ¢” with ¢3; = &.
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A-(3). (a) If M"*, N™ are C-manifolds, then there is an operation of disjoint
union in C, denoted I with (M™ 11 N")p, = Mp, U Np; .

(b) If M, N are C-manifolds with dM™ = (dN", there is an operation of
union along boundary in C, denoted U, such that (M"U; N")p, = Mp; U, Np; .

(c) Let M", N" be C-manifolds with

Mt =Qntu, Pl AN =07 U, RPTL,
Then we may form M” U, N" with

O Uy N)pp, = Mp;, U Npp-

25z’
All the above union operations commute with ¢.

A-(4). There is an operation I x such that (/ x M™)p; =1 x Mp;. (Here,
the I on the right-hand side is the standard unit interval and x denotes usual car-
tesian product.) If P? is a smoothing of a PL-manifold I x C(P") = C(I x P™).
oI x M™)y=(M" 11 M) Uy (I x 0M™). Finally «(I x M™) =1 x JM". We de-
fine D™ x as the operation (I x)™.

We pause here for a definition.

2.1. DEFINITION. Two C-manifolds M", N" are said to be concordant iff
there is a C-manifold W"*! with aW"*! = (" 11 LN™) U, V" such that

Wprl=IxMp, =IxNp
and
Vpr =1 x oMp; =1 x oNp; .

A-(5) (Regular Neighborhood Property). Let M" be a C-manifold and let
K be a subcomplex of the interior of the PL-manifold M3, . Then M" is concor-
dant to N” such that N* = P" U, Q" where Pp; is a PL-regular neighborhood
of K. (The union of P" and Q" is along 8P".) Moreover, if N" =p" U, o"
is another C-manifold concordant to M” with P}, a regular neighborhood of K,
then there is a concordance W"*1 between N™ and N™, which is the union of
concordances A" ! between P" and P™ and B"*1! between Q" and Q" (the
union being taken along C", a concordance between dP” and dP ™), and subject
to the condition I x K C A}’,}f 1 Furthermore, a relative version of the above
holds if K, L is a simplicial pair contained in Mgz, , 9Mp, .

A-(6) (Cerf Property). If M" is a C-manifold, M" is concordant to Mg U
C(D™) where D" is the standard smooth n-disc and the union is along C(S"~1).
Moreover, this decomposition is unique up to concordance. That is, if D, Dy
are two copies of the smooth disc and M} = P} U, C(D}) is concordant to M7 =
PJ U, C(D}), then there is a concordance W"*! between M} and M7 such that
wntl = gntl U C(E"T!) where E™*! is a smooth concordance between D}
and D7.
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REMARK. It follows from A-(6) that it will be possible to define connected
sum for C-manifolds.

2.2. DEFINITION. A C-structure on a PL-manifold X™ is a C-manifold
M™ together with a PL homeomorphism 4 :Mp; — X". If (M", h), N", &)
are two C-structures on A” they are said to be concordant iff there is a C-struc-
ture (W1, F) on I x X" with 9W"+! = (M™ Il (N") U V" where V" is a
concordance between dM™ and dN™ where h, g are given respectively by

. :
m C Wil S I x X B3 xm,
N, cwipt S o xn B pm,

Concordance is obviously an equivalence relation on C-structures. Let S ~(X™)
be the set of concordance classes of C-structures on X”.

REMARK. There is an obvious map So(X™) — S.(I x X™). Furthermore,
Sc(S™) becomes an abelian group by virtue of Axiom (6). We call this group
0. There is a forgetful homomorphism 6" —> 9% where " is the usual group
of smoothings of S”. Let [(Z", #)] be an element of S(S™) where k: Z3; —S".
We describe — [(Z", h)] as follows: By Axiom (4), 9(I x Z") = 2" 11 .Z". So
there is an obvious homeomorphism (Z3; C (I x Z")p, = oL —> S". Let
g be the composition of this homeomorphism with the homeomorphism S" —

S™ given by the matrix [! §] in R"*!. The formula is - [(Z", h)] = [(.Z", &)].

There are two important potential properties of a manifold-like category
which we wish to examine with some care.

Property (). Let M**! be a C-manifold satisfying

@ MpFt =Ixx™

(i) aM™*! = x P"~1) U, Q" where P"~1 is a C-manifold having
P31 a codimension 0 submanifold of {0} x 3X™.

Then there is a C:manifold W"*?2 satisfying

(@) Wi? =Ix M3

(b) awn+2 =M+ U, A" Uy (I x V™) where A1, V" are C-mani-
folds satisfying: - -

(S

Attt =IxaMptt,  Vp, ={0, )} x X",

and where A"t! = B"t1 U, C"*! with B"*! =1 x I x P"~1,

What Property (I) asserts is, briefly, this: If the PL-manifold X" x I should
happen to have a C-structure, then this C-structure is deformable to one coming
from a C-structure on X" via the operation I x; moreover, this deformation can
be kept constant along a codimension O piece of (X" x I) corresponding to a
codimension 0 piece of 3X” which has already been given a C-structure P"~ 1
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the assumption being that I x P"~! fits into the given C-structure on I x X™.

Property (I) is modeled on an important property of smoothings of PL-man-
ifolds [c], [d].

Property (II). Let =" be a C-manifold with £, == S™. Then there is a
C:manifold A"*1 with 8A™+! = 5" and ARJ! = D"+1,

Property (II) says, in effect, that there are no “exotic” spheres in the mani-
fold-like category C.

2.3. LEMMA. If the manifold-like category C satisfies Properties (1) and
(I1), then C is the PL-manifold category. That is, given a PL-manifold X",
Sc(X™) contains one and only one element.

Proor. The proof proceeds via handlebody theory [e]. We shall prove in
detail only existence, i.e., that So(X™) is nonvoid. Uniqueness follows from an
easy relativization of this proof.

Suppose, then, the existence assertion is true for PL n-manifolds admitting
a handlebody decomposition where the highest dimensional handle is of dimen-
sion k — 1 <n. (Clearly, for k — 1 = 0, this holds, thereby starting the induc-
tion.) Let X™ be a PL-manifold with a PL-handle decomposition having handles
of dimension no higher than k. For the sake of convenience we assume that X"
has but one k-handle (the argument for more such handles involves mere repeti-
tion). By the inductive hypothesis, we assume that X" = X7 U (k-handle) where
X7 = Mp, for some C-manifold M™. Let S¥~! C 9X7 be the core sphere of
the %-handle. By the Regular Neighborhood Axiom (5), we may as well assume
that 9M™ = P"~1 U, R"~! where Rp; ! is a regular neighborhood of §*~1
(which has a certain product PL-structure S¥~! x D"~¥). Thus R"~1 deter-
mines a C-structure on S¥~! x D"~*, By repeated application of Property (I),
we may as well assume R"~1 = D"~¥ x $*~! for some C-manifold ¥~ ! with
Tk 1 = §%-1 and that the product structure R3; ! = S¥~1 x D"~ thereby
obtained is isotopic to the original one. Now, by Property (II), Z¥~1 = 9A¥
where A%, = D*. Thus we may form N® = M™ U, (D"~ ¥ x (A¥) where the
union is along D"~ % x Z¥~1 = R"~1, Obviously N3, = X7 U (k-handle) = X™.

This proves that X" always admits a C-structure. That such a structure is
always unique up to concordance will follow from an easy relative version of
this argument, the details of which are left to the reader.

3. Killing exotic spheres. We shall now construct a sequence of manifold-
like categories which begins with the smooth category and converges to the cate-
gory of PL-manifolds. Each of the intermediate categories will satisfy the Axioms
(1)—(6) and Lemma 2.3 will be used to demonstrate that their limit is, indeed,
the category of PL-manifolds.
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We begin, as we have noted, with the smooth manifolds. Consider the first
dimension (7, as is well known [f]) in which there is nonstandard smooth structure
on the standard PL-sphere. We construct a manifold-like category C, as follows.
First, pick one smooth structure on S’ from each concordance class.

3.1. DEFINITION. An n-dimensional C;-manifold will consist of a smooth,
compact manifold-with-boundary Mg, a finite set of compact smooth framed man-
ifolds ¥7*~® and a set of diffeomorphisms 4;: UP~1 — V7'~8 x =] where the
U; are disjoint, codimension 0 submanifolds of 3M{ and Z] is one of the permis-
sible smooth structures on S7.

If M™ is given by Mg, V;, h; then Mp, arises from the obvious construc-

tion, viz.
My, =M3 G, U (7, x cZ])

where ¢ denotes cones. The operations 8, I x have the obvious meanings. We
define the involution ¢ as follows: If V,-""8 is one of the framed manifolds spec-
ified in the definition, we alter ¥~ % to W~8 where W}~ 8 has the same under-
lying smooth manifold and is framed by changing the framing of the normal bun-
dle of ¥'~8 by the constant matrix [~} ?].

We assert that C, is a manifold-like category, i.e., it satisfies Axioms (1)—
(6) of §2. The verification of most of these points is obvious and will therefore
be left to the reader. The only marginally nontrivial axiom to establish for C,
is the Regular Neighborhood Axiom (5). Let K be a subcomplex of Mp; for
some C,-manifold M". If we allow K to be moved by an ambient isotopy, it is
then easy to see that K may be assumed to be in “general position” with respect
to “singularities” V;. That is,

k=1u,(Un, x cz])
where M; = K N V; and L = K N My with

Ln (9 V; % zg) '=Ll)M, x cZ].

Let R = U, R, be a smooth regular neighborhood of M = Uminv=U,7,.
Then U; (R; x ¢Z]) is a regular neighborhood of U, (M; x ¢Z7) in U,(¥; x cZ]),
and U,(R; x Z]) = T, is a smooth regular neighborhood of U,(M; x 7). Ex-
tend T, to a smooth regular neighborhood 7 of L in MJ. Then T U U,R; x c=)
is a PL-regular neighborhood of K which acquires an obvious C,-manifold struc-
ture. This proves the existence part of Axiom (5). The uniqueness follows from
a relative version of the same argument.

REMARK. It should have been apparent to the reader that we could well
have defined a C,-manifold differently and, at first glance, more simply, by
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merely specifying that the “singularities” V'~ ® of a C,-manifold M" be ordinary
smooth manifolds, rather than smooth manifolds with the seemingly superfluous
additional structure of a framed normal bundle. In that case, the involution ¢
would have been trivial, i.e., the identity. Every result that we prove in this sec-
tion for C,, as defined above, could be proved with equal ease for C; with this
simpler definition. However, the reasons for using the definition with the extra
complication of framings on the singularity will emerge in §4.

The most important characteristic of C,, beyond satisfying the axioms for
a manifold-like category, is given in the following:

3.2. LEmMA. C, satisfies Property (I).

PrOOF. We shall prove this in the absolute case, i.e., we consider a C,-
manifold W"*1 where W**! = I x X" without trying to keep track of some
C,-structure on a piece of dX”. The reader should easily ascertain that introduc-
ing this complication, while lengthening the details of the proof, will in no way
introduce any new essential difficulty.

Our problem, then, is to put a C,-structure on I x Wp! which is the
given one on {0} x W21 and which is of the form I x M" on {1} x Wp;!
where Mp; = (1,0) x X".

First specify that Wit = wit? U U,(V7~7 x cZ]) where W§*! has a
certain smoothing and Vi"“8 is a smooth framed manifold. We identify X" with
{0}xX"CIxX"= WI',’Z' ! and assume that X is in general position with re-
spect to ¥~ 7. (If not, deform the C,-structure on W"*! by a general position
argument.) This means, in particular, that if X" N V; = QF~8 then X" N
(V; x ¢=]) = 0?8 x c=7. Moreover, 07~ has a collar in ¥}*~7 as does
Q78 x c2]in V=7 x ¢Z] and Q78 x T} in V7 x ] Cowgtl. Call-
ing upon smoothing theory, we may insure that Q,f"s is a smooth submanifold
of ¥*~7 (which inherits a framing by preceding the framing inherited from V7'~
by the inward-pointing normal). This gives rise to a smoothness structure on
Q=% x =7 which extends in turn to the smoothness structure on Wg* 1.

So now, the situation is that Q,f‘_s is a smooth submanifold of aV;'-7, framed
in its own right, and Q7 ~® x Z7 is a smooth submanifold of 3Wg*+ ! (with trivial
normal bundle). But X3 = X" N Wj*! has a collar. Therefore, we may adjust the
smoothness structure of W3¥ 1!, leaving it untouched on U, ¥; x Z7, so that X" be-
comes a smooth submanifold of awg+ 1. We are almost done since there is now an
obvious C,-structure M" on X", coming from Xg, Q78 and the obvious gluing of
o~ 8 x 2;.7 along part of 0X7}. It is now an easy matter to perform a deformation so
that the C,-structure on W};Zl =I x X" is the product structure I x X™. This is be-
cause of the fact that we may first deform the interior of Wi +! so that we may
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think of the C,structure on Wji; ! as of the form W1 U, Z"*! (ar Wi+ U, Z""'l
if 9X™ = 0) where W% ! is a small collar neighborhood of X" in wptl, zp "“

its complement and W"+l is, essentially, I x M™. We then deform the C7 -struc-
ture on Wi ! so that W"*! “expands” to fill all of Wp;'. Thus Property (I)
is verified.

Having constructed C,,, we may proceed to an inductive definition of Cg,
Cy, ***, C,.

First, we pause here to note that if Y is a smooth framed manifold and
M" is a C,-manifold then we may denote by Y7 x M™ the obvious C7-structure
on Y x My, .

Now assume C_, to have been defined so that for any C;_-manifold N"
and any framed smooth manifold Y7, Y/ x M™ is defined as a C,, (n + j)-manifold
with (Y7 x M"),, = Y/ x N3, Pick one Cy_,-structure =¥ on S* from each
equivalence class.

3.3. DEFINITION. An n-dimensional Cy-manifold is a triple consisting of

(a) A C,_, n-manifold M7 where 9M7 = R"~' U, (U, Uy~ ") with the
(U}~ 1)p,, mutually disjoint.

(b) A set of compact smooth framed manifolds V;

() A set of Cy,_,concordances H; between U, and V'~ k=1 =¥ where
2,!‘ is one of the permitted structures on sk.

Mp, is, again, the obvious manifold, viz.

Mpy, = Mg)py, Y LiJHi U LiJ(V:"""l x e(ZfNpy,-

nkl

We claim that C;, satisfies Axioms (1)—(6) of §2. As before, only Axiom
(5) requires any care whatever, and the verification mimics exactly that for the
category C,. The reader will also easily see that if Y7 is a framed smooth mani-
fold and M™ a C;-manifold, then there is an obvious way to define Y x M".
Moreover, the proof that C, satisfies Property (I) may be carried over bodily with
very minor changes to a proof for C;. Thus we state:

3.4. COROLLARY. Cy satisfies Property (I).

We next define the manifold-like category C,, = lim C; as the union of all
the manifold-like categories C; CCg C*** CC, . (We may write inclusion signs
inasmuch as any Cp-manifold obviously acquires a Cq-structure forq>p) C,
inherits all the important properties we have discussed thus far; it satisfies Axioms
(1)—(6) and is thus a manifold-like category. Moreover, it satisfies Property 0.

We are thus led immediately to

3.5. THEOREM. C,, is the PL-manifold category, that is, for each PL-mani-
fold X", Sc_(X™) has precisely one element.
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Proor. The relevant fact is, of course, Lemma 2.3. We have established
that C,, satisfies Property (I); this leaves only Property (II) to be verified and the
proof will be complete.

Suppose, then, that >/ is a C,-manifold with 21’; =8/, Then, in particular,
3/ is a Cj-manifold for some k¥ <j. But consider the cone on Th;. This be-
comes a C;-manifold in an obvious way. That is, we form the C;-manifold At1
where ALY =1 x =/, Ul = %/ (i.e., U, = =}, x {1}), V is a point with the
standard framing, and H is also / x 2/, so that AL} =1 x =}, UT x Z, U
cZhy. (Here the two cylinders I x T}, are laid end-to-end and the free end of
the second becomes the base of the cone ¢Zh;.) Obviously ABh! = ¢S/ = D/*1,
Thus Property (II) is verified and the proof of the theorem is complete.

REMARK. As is the case with C,, we could define Cg, Cy, ***, by merely
requiring the “singularities” V;’"‘" of a Cy-manifold M" to have a smooth
structure rather than a smooth, framed structure. Theorem 3.5 would still go
through in this case.

4. Classification of Cy-structures. In this section, we construct a sequence
of spaces BC; starting with BO = BC; = BC, = +** = BC¢ and with limit BPL =
BC,,. BC will play a role in characterizing S (X") for PL-manifolds X" anal-
ogous to the role of BO in classical smoothing theory.

We construct BC;, by means of Brown’s representation theorem for contra-
variant homotopy functors [g], [#]. It should be pointed out that, inasmuch as
we are primarily concerned with compact manifolds, we shall ignore distinctions
in classifying spaces which cannot be determined by finite complexes. That is, we
shall neglect the questions of “phantom” maps and the lim! problem.

Let K be a finite CW-complex.

4.1. DEFINITION. A (Cy, r)-thickening of K consists of a compact C,,-man-
ifold M" together with a simple homotopy equivalence 4 : K — Mp,. If (M, f),
(N", g) are two (Cy, r)-thickenings of K, we shall call them equivalent iff there is
a Cj-concordance W'*1 between M” and N” so that the diagram

Mpy,
/ -
K Wit
& l U
r
PL
is homotopy commutative.

Denote the set of equivalence classes of (Cy, r)-thickenings of K by TC;(K).
We take note that there is an obvious operation I'x: TCL(K) — TCLt1(K) defined
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byIx: (M", /) — (I x M", (%) x f). In addition, there is a forgetful map
TCi(K) — TCp, ,(K). We let TC,(K) be the direct limit of the sequence

.e ﬁ_, TC,’;(K) i’i, TC,';'H(K) _I_x_’ eee |

That is, TC, (K) is the set of stable equivalence classes of C;-thickenings of K.

4.1. LEMMA. TC, is the restriction to finite CW-complexes of a represen-
table homotopy functor to the category of sets.

ProoF. We first note that TC, is, in fact, a contravariant homotopy func-
tor from finite CW-complexes to sets. For let an element in TC;(K) be repre-
sented by g: K — M b1 where M" is a C)-manifold, and let f: L — K be some
map where L is a finite CW-complex. We may assume without loss of generality
that r is very large compared with dim L. Therefore the composition g © f may
be factored as

L% xrcmy,
where X" is a codimension 0 submanifold of My, h is a simple homotopy equiv-
alent. The Regular Neighborhood Axiom A-(5) allows us to put on X" a unique
(up to concordance) C,-structure, designated N”.

We define f*[(M", g)] = [(N", k)] where [ ] denotes equivalence class in
TC,. One may easily verify that f* is well defined and depends only on the
homotopy class of f.

Without any difficulty, we may think of the domain of TC; to be pointed
finite CW-complexes, and we proceed to verify the Wedge Axiom and the Mayer-
Vietoris Axiom (cf. [g], [h], [i]) for TC,.

The Wedge Axiom states that if K = V., K; then the natural map

i
TG (K) — Ul TC (X))

is an isomorphism. So let u € II,TC,(K;), with the ith coordinate given by

(@], g)]. (We assume that r is the same for each i and very much larger than
dim K = max dimK;.) By the Cerf Axiom A-(6), we may assume that M} =

C (DI~ U, P, where D~ is a copy of the standard smooth (r — 1)-disc. Pick
j disjoint (r — 1)-discs £/~ ! in the boundary of the standard r-disc D;. We may
identify £/~ ! with D]~! and thus C(D}~') = C(E] ™) = «C(E] '), since ¢ is
trivial on Cy-manifolds arising from smooth manifolds. We may then form

U, M) U, C(D") = M". Obviously Mp; = #M])p, where # denotes connected
sum along boundary. Thus Mp, = V(M!)p, =VK; =K. If we denote this
homotopy equivalence by g:K — Mp; , and the inclusion K; QVK,. by a,, then
clearly ot [(M", &)] = [(M], g,)]. This proves that TC,(K) — II,TC,(K,) is onto.
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To show that the correspondence is one-to-one, observe first, that if M” is
concordant in C,, to M” and N is concordant to N” then M” # N" is concordant
to M” # N”. Here, we are recalling the Cerf Axiom (6) which both allows us to
define # in C,, and suffices to verify the assertion above. Now suppose that
(M, g) is a (Cy, r)-thickening of K where r is very large compared to dim K. The
reader may easily check that no generality is lost by assuming that M" = # M]
where g is the wedge of g;: K; = (M[)p,. Suppose also that (W, h) is a (Cy,s)-
thickening of K with (W, k) = # (V}, h;) and [V, h))] = [(M], g;)] for all i.
We may assume that s = r and that (V], A;) is actually equivalent to (M], g;) as
a (G, r)-thickening. The first remark of this paragraph concerning connected
sums shows that (M”, g) is equivalent to (NV”, k) as a (Cy, r)-thickening, hence as
a stable Cy-thickening. Thus, any element in TCk(\/,-Ki) is determined by its im-
age in IT;TC,(K;). Thus the Wedge Axiom holds.

As for the Mayer-Vietoris Axiom, this states that if, with relation to the

diagram
a

TC,(K U L) > TC,(K)

: [
TC(L) ————— TC(KNL)
there are elements u € TC,(K), v € TC, (L) with cu = dv, then there is an element
w € TC,(K U L) such that aw = u, bw = v.

To prove this, let (M”, g) represent u and (NV', h) represent v. We may as-
sume that g, & embed K N L in dMp;, dNp, respectively. By Axiom A-(5), the
regular neighborhood X"~ of K N L in dM}, acquires a Cy-structure Q" 1.
Similarly, the regular neighborhood ¥”~! of K N L in dN}; acquires a Cy-struc-
ture R~1. Without loss of generality, we may assume that the (Cy, r — 1) thick-
enings ("L, g|(K N L)), R"™1, h|(K N L)) are (Cy, r — 1) equivalent via a
concordance W’. Form the Cj-manifold P = M" Uy W™ U, N, the union
attaching 0"~ ! and R"~1 to either end of W". There is an obvious homotopy
equivalence f: K U L — Py, and clearly, if w = [(P”, f)] then

aw=[M", 8] =u, bw=][W", W] =0
We al§o need the following countability condition:
4.2. PROPc;SITION. TC,(S™) is countable.
This will follow from

43. LEMMA. Let X" be a PL-manifold and let Q" ! be a C,-manifold
with Q37! a codimension 0 submanifold of 3X™. Then, up to concordance,
there are only countably many Cy-manifolds M" with Mg, = X" and 0M" =
pr—1 Ua Qn -1
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ProoF oF LEMMA. The proof proceeds by induction on %, exploiting the
fact that classical smoothing theory tells us the result is true for C;, = smooth
manifolds, i.e., k < 6. Let us consider, therefore, a PL-manifold X™ such that
the C;-manifold Q"1 has Q37! a codimension 0 submanifold of 3X”. We
must show that there are at most countably many ways of extending this Cp-
structure to all of X”. First of all, note that the specification of a Cy-structure
on a PL-manifold Y™ involves the selection of a codimension (k¥ + 1) framed
submanifold. That is, the smooth manifold which is the “singularity”, away from
which the C;-manifold is C; _,, is, in an obvious way, a framed submanifold of
the underlying PL-manifold. Thus, in extending the C}-structure on Qj‘,zl we
first have to extend some framed submanifold W"~¥=2 of Q37! to a framed
submanifold ¥”~%~1 on X”. We may think of framed submanifolds of X" as
simplicial maps of some compatible triangulation of X" to the sphere S¥*1! (the
manifold is the inverse image of the barycenter of a (k + 1)-simplex of S¥*1),
and thus we may think of the extension of the framed submanifold W to a framed
submanifold ¥ as a simplicial extension to X™ of a simplicial map Q37! — S¥*1.
Obviously, there are at most countably many such extensions. Next, the C-struc-
ture on Q"1 involves a smooth, framed structure on W*~¥~2, (Framing in this
case means a smooth framing of the stable smooth normal bundle determined by
the choice of smoothing of W.) This structure must be extended to V. Up to
concordance, there are only countably many ways to do this. Next, we note that
for each component W; of W"~¥~2, we have picked a Cy_,-structure =¥ on the
“linking” sphere of W, in Q;',zl. We must extend this choice to the components
of V"~¥=1 (where it is not already determined by what happens to the W;). The
inductive hypothesis tells us that there are only countably many concordance
classes of C; _ -structures on S¥, and thus, since we may use only one =¥ from
each concordance class, there are only countably many choices that have to be
made.

The effect of all the choices we have made thus far is to give us a G _ ;-
structure on (V x $%) U (Q3;! — (W x D¥*1)). We now must extend this to a
Cy_ ,-structure on the rest of X — (¥ x D¥*1). But, by the induction hypoth-
esis, there are, up to concordance, only countably many ways of doing this.

To summarize then, any concordance class of Cj-structures on X" extending
Q"1 will be determined by one of a countable number of possible choices from
a certain set of invariants. This proves Lemma 4.3. Proposition 4.2 follows im-
mediately.

We now extend the homotopy functor TC;. from finite CW-complexes to
all CW-complexes. We do this in the crudest possible way, i.e.,

TC,(K) = lim TC,(K)
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where K; ranges over all finite subcomplexes. Brown’s theorem enables us to as-
sert that the functor TC, has a classifying space BC,.. This completes the proof
of the theorem.

ReEMARK. We may talk about a sequence of “maps”

BO — BC, — BCy — *++ —> BPL.

The reason for the quotation marks is that the maps BO — BC, and BC, —
BPL may not be quite honest inasmuch as they are only truly realized on finite
subcomplexes of their respective domains. However, since our primary concern is
with finite complexes, i.e., compact Cy-manifolds, ignoring this nicety causes no
problems.

REMARK. As we have been observing all along, we could have obtained the
result above if we had defined C;-manifolds by allowing singularities of C, _,-
manifolds along smooth manifolds, rather than insisting upon smooth framed man-
ifolds. However, the next result gives a clear motivation for the more exacting
definition.

4.4. THEOREM. BC; has the homotopy type of BCy _, with (k + 1)-
cells adjoined. In particular, there will be one (k + 1)-cell for each element in

Sck_l(Sk).

Proor. We are really only concerned with finite approximations to BC, _,,
BC,, etc., and so we shall prove the result in that context.

Therefore, let K, L be a finite pair approximating BC;, BC),_,. If we wish,
we may think of K as a high-dimensional PL-manifold with a certain Cy-structure;
L is a codimension 0 submanifold of K which misses the highest order singularities,
so that its Cp-structure is effectively a C; _,-structure. By the definition of Cp-
manifold we see that K has the form (U, V; x ¢ZF) U K, where K|, has a cer-
tain C; _ , -structure. Since L, with its C;,_, -structure, is a codimension 0 sub-
manifold of K, it follows that K, is an even better finite approximation to
BC,,_, than L is. We therefore may as well assume that L = K,. Assume now
that the V; are indexed so that 25‘ = E}‘ if and only if i = j. That is, we consider
together as one manifold all the pieces of the singular part which have the same
C_,-sphere as link. Let n be the dimension of K viewed as a manifold. We
claim that I x K" may be embedded as a codimension O submanifold of a Cy-
manifold K"*! such that the singular parts ¥?~% of K"*+! are at least
([(n = k)/2] — 1)-connected. To see this do surgery starting from one end 1 x V;
of I x V; so that the result is ([(n — k)/2] — 1)-connected and is still framed. Call
the result 17;""‘. Let H; denote a collar (I x 25‘). Then it is easily seen that we
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may assume that (I x V) x (cZ,l‘ U H;) intersects I x K, in a “collar neighbor-
hood” (I x V;) x H;. If we set W; = closure (IZ- ( x V), we can form the
C-manifold P**! = W, x (cZ¥F U H,) whose Cy-structure is obvious. We then
set K"*1 = (I x k") U, P"H1,

It is obvious that (K, K,) is an even better approximation of (BC;, BCy._,)
than K, K,. So we state the following paradigm. BC, may be approximated
arbitrarily well by a Cy.-manifold K" whose nonsingular (i.e., C _,) part K is
an arbitrarily good approximation of BC;, _,, and such that each component
V{""‘l of the singular part is arbitrarily highly connected (since n is arbitrarily
high). Since ¥?*~*~1 is arbitrarily close to being contractible, V7 ~*¥~1! x =¥ =
KB N (VP~%=1 x ¢=F) is arbitrarily close to the homotopy type of S¥. We
leave it to the reader to show that we may force the approximating C,-manifold
K" to have Vs corresponding to any finite subset of S¢, _ l(S"). It follows
from the foregoing that to approximate BC, arbitrarily well, we need only con-
sider Ky U (p; x cZF) where p; € V;. That is, to approximate BC;, we approxi-
mate BC, _, and then add (k¥ + 1)-cells. This proves the theorem.

REMARK. If ef*1 is a cell of BC, mod BC,_, corresponding to [ZF] €
Sck— 1(Sk)’ then the attaching map is the map S¥ — BC, _, classifying the
C,_, thickening of S* determined by (ZF)p, = S¥.

4.5. PROPOSITION. Let X" be a PL-manifold; Sc,(X™) is in 1-1 correspon-
dence with homotopy classes of liftings

BG
,."" 1 Pk

X" ——"— BPL

.”

where 1 classifies the stable tangent bundle of X" and ¢, is the natural map.
This follows from results of Rourke [j], or the reader may prove it directly.
4.6. PROPOSITION. The map ¢, is (k + 1)-connected.

PRrROOF. By the results of §3, any PL n-thickening of a finite complex K/
has a C,-structure for large enough 7. We claim that if j <r + 1 the PL n-thick-
ening may be given a C,_, -structure. For if & : K/ — X" is the PL-thickening,
X" has a j-dimensional spine (which we may assume to contain im 4). The C,-
structure on X" gives a C,_; -structure on the complement of a tubular neighbor-
hood of a submanifold of codimension # + 1. We may assume, therefore, that
the spine of X misses this tubular neighborhood, by general position considera-
tions. So let X” be a small regular neighborhood of the spine lying wholly with-
in the C,_, part of X”. By the Regular Neighborhood Axiom (5), X" acquires a
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C,_y-structure. But the thickening of K/ into X™ is PL-equivalent to the original
thickening into X”. By induction, we then see that any PL-thickening of a j-di-
mensional complex pulls back to a Cy-thickening of j <k + 1. Since BPL class-
ifies stable PL-thickenings TPL, it is obvious that ¢, : BC, —> BPL induces an
epimorphism of homotopy groups in dimensions up to k + 1. A relative version
of the same argument shows that ¢, induces a monomorphism in dimensions up
to k. Thus the proposition is proved.

5. The homology groups of (BPL, BO). The purpose of this section is to
make a few points about the integral homology groups H«(BPL, BO) in the light
of the foregoing results. As a first step, consider the fact that Theorem 4.4 im-
mediately implies that we may think of H.(BPL, BO) as the homology of a chain
complex I'y whose generators in dimension k¥ + 1 are in 1-1 correspondence with
Sck_l(S"). We wish to characterize the boundary operator § of T',.

A typical generator of I'y, , is a k-sphere =¥ with a Cj_,-structure. This
structure involves a multiply-punctured sphere 2’5 with a G _ ,-structure, together
with a identification of each boundary component of ¥ with a C, _,-structure
on the (k — 1)-sphere of the form p x Z¥~!, where p is a framed point and
Z¥=1 is the C,,_,-structure chosen to represent its concordance class. Thus, each
boundary component of =¥ is associated to the appropriate Z¥~1. (N.B.: This
association does not depend on the framing of the point.) Moreover, since p x
T*—1 is thought of as a structure on the standard sphere, (p x =¥~ 1), inherits
an orientation. On the other hand, (2¥)p; is a codimension zero submanifold of
the standard k-sphere, therefore it acquires an orientation, as do all the boundary
components. Thus, depending on how a given boundary component is identified
with p x Z¥~1, the two orientations may differ or agree. In the former case,
call the boundary component positive; in the latter, negative. Now, given =¥, if
{9,=k} are the distinct boundary components, define =% =3 + Z¥~!, where
3,;Z% is identified with p x Z¥~! and where the sign is positive or negative ac-
cording as the boundary component is positive or negative. We leave it to the
reader to check that §2 = 0.

Now note that a smooth sphere =¥ is naturally a Cy_-sphere. Moreover,
it is obvious that §=% = 0.

5.1. PROPOSITION. Let the smooth sphere Z* correspond to the element
o € m(PL/O) = m; , ,(BPL, BO); then the cycle =¥ of Ty 4, represents the ho-
mology class in Hy . (BPL, BO) which is the image of a under the Hurewicz ho-
momorphism.

The proof is left to the reader .
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6. Some spectral sequences. At this point, we append some remarks con-

cerning the relation between the categories we have constructed and bordism. Let

n be defined as follows: Consider C,,-manifolds M™*"*! with smooth bound-
ary. Call M™*+n+1 gquivalent to N™*"+1 iff there is a C,,-manifold W™ +"+2
with gwmtn+2 = (Mm+n+ln JmEnt 1) Ua ymintl yhere ymtntl ig
smooth. Equivalence classes of such manifolds form a group D,, , under disjoint
union.

Set E,, , = @, (I1;}), where II, denotes the group of framed bordism
classes of framed manifolds and where « ranges over the elements of Sc,, _ 1(S”').
There is an obvious map i:D,, _; ,4y — D, ,- We can define a map
j:D,, , — E,, , as follows: A G, (m + n + 1)-manifold M™*+"*! has a “singu-
lar set” consisting of disjoint smooth manifolds V}*, each conceived of as a framed

manifold, and each having a C,, _, m-sphere Z}* as link. If we consider all the
n-manifolds with the same link as one manifold (i.e., the disjoint union), we can
define j on the equivalence class of M™*+"*! as having [V]'] as the Z"th coor-
dinate, the a coordinate being zero if & is not among the Zj”. We leave it to the
reader to verify that j is well defined.

We also define k:E,, , — D, _, , by taking k [V] = [U, Vg x =
where [ ] on the right-hand side denotes equivalence class in D, _, ,. (Note that
each product ¥ x = has a C,, _ -structure.) Again, verification that & is well
defined is routine.

IfweletD=2%_.D E=2Z

m,nPm,n> it is also routine to see that

m,n mn

D—————*D
® \ A

is an exact couple.

6.1. PROPOSITION. The spectral sequence of the exact couple (1) converges
to E,, , where Z,, , .-, E,; , is a graded object associated to a filtration of the

group N;ifl = group of bordism classes of PL-manifolds with smooth boundary.

This is easily seen since (1) is a regular d-couple [k], and Dyyq,—1 s easily
seen to be N33,

In the last section, we introduced a cnain complex I'y, where I',,,  ; = free
abelian group on S¢,,, _,(S™). We now introduce Ay, a new chain complex where
A, 41 =T, 4+, but where the boundary operator € has a different meaning. Let
Z™ be a generator of A, ,. Then the boundary components of the nonsingular
part of ™ each are associated with a C,,_ ,(m — 1)-sphere =m=1, The singular
point p; with link E}”’l is thought of as a framed, i.e., oriented, point. Let
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€™ =3 +3M~ ! with sign determined according to whether p; is positively or
negatively oriented.
We may now easily prove

6.2. COROLLARY. The E? term of the spectral sequence of (1) is given by
Erzn,n =y, . I(A* ® Hfl)

We leave to the reader details of the proof, noting only that £, , =T, .,
Q II.

We may remark that, in the construction of the manifold-like categories C;,
we could have dropped the condition that singular sets be framed smooth manifolds,
requiring merely that they be smooth. Call the manifold-like categories constructed
in this fashion C x> agaln BCk exist and hm BCk = BPL. (However, this is not a skel-
etal filtration.) Let T be constructed as a cham complex in analogy to I'y.

Set Dm' n to be the group defined like D,, , but with C,,, replaced with C,,,
throughout. Likewise define E m,n 3 @y (N,), where N, denotes smooth bordism
and « ranges over S5 m-1 ™).

In addition set D,, ,, to be defined like D n With “manifold” replaced by
“oriented manifold” and bordlsms required to be onented SetE,, , =@ ()
where Q,, denotes oriented smooth bordism and « again ranges over Sc me1G"):
Then we have exact couples

D——-—-—’D
@ AN /, ,

D D'
® ~
E

6.3. CoROLLARY. In the spectral sequence of (2) (resp. (3)), Z,,, _,_,,=pE;°,' n
is a graded object associated to N, ’el y (resp. QI';’_,‘_ 1)- In addition, E; fn,n =

Hy 1 (T ® N,) (resp. Hm+1(r'* ® 2,))-

In point of fact, the spectral sequences of (1), (2), (3) are thinly-disguised
versions of spectral sequences arising from filtrations of MPL mod MO (in the
case of (1) and (2)) and MSPL mod MSO (in the case of (3)). In (1) the filtration
of MPL comes from that of the base space BPL via BO CBC, C++* CBPL. In
(2), the relevant filtration is
BO CBC, *++ BC, CBPL

and in (3), ~ —~
BSO CBC, *+* BC, *** BSPL
where ~ denotes 2-fold covering by the orientation sheaf.
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