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Abstract
We study eta-invariants of links and show that in many cases they form link
concordance invariants, in particular that many eta-invariants vanish for slice links.
This result contains and generalizes previous invariants by Smolinsky and Cha—Ko.
We give a formula for the eta-invariant for boundary links. In several interesting
cases this allows us to show that a given link is not slice. We show that even more
eta-invariants have to vanish for boundary slice links.

1. Introduction

An m-link of dimension n is an embedded oriented smooth submanifold of S™**
that is homeomorphic to m ordered copies of S™. A link concordance between two
given links in S"*2 is a properly embedded oriented submanifold in S™*? x [0, 1] that
is homeomorpic to m copies of S™ x [0, 1] and intersects S™** x 0 and S™** x 1 at the
given links. We say a link is slice if it is concordant to the trivial link. Equivalently
a link is slice if it bounds m disjoint smooth disks in D"*3.

Denote by C(n, m) the set of concordance classes of m-links of dimension n. The
set C(n, 1) is just the set of knot concordance classes, it has a well-defined group
structure given by connected sum along arcs. Connected sum of links does not give
a well-defined group structure on C(n,m) since there’s no canonical choice of arcs
(cf. Proposition 5-1). One approach to get a canonical choice of arcs and therefore to
get a group structure is to study disk links (cf. [14]).

It is very difficult to determine C(n,m), a common approach is to study links
with some extra structure. A boundary link is an m-link which has m disjoint Seifert
manifolds, i.e. there exist m disjoint oriented (n + 1)-submanifolds V;, ..., V,, C S"*?
such that 0(V;)=L;,i=1,..., m. A boundary link concordance between two given
boundary links in S™*? is a link concordance which bounds m disjoint (n + 2)-
manifolds in S™*? x [0, 1]. We say L is boundary slice if it is boundary concordant
to the unlink. Denote by B(n,m) the set of boundary concordance classes of m-
boundary links of dimension n.

A pair (L, V) consisting of a boundary link and a Seifert manifold is called bound-
ary link pair. A boundary link pair concordance between two given pairs (L, V;)
and (Ly, V) in S™*% is a pair (C,W) of properly embedded oriented submanifolds
(with corners in the case of W) in S™*2 x [0, 1] such that C is a link concordance
between L; and Ly and such that W is a corresponding cobordism of V; and V5.
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More precisely, W is the disjoint union of m components Wy,...,W,, such that
oWy =V, UL, C; UL, , —Vis.

Denote by C,(By,) the set of concordance classes of boundary link pairs. Let
01,09 € Cp(By,). We can find representatives (L, Vi) and (Lg, V) which lie in disjoint
hemispheres. Pick arcs connecting the corresponding components of L; and L,
disjoint from the interior of the Seifert surfaces. Using these arcs we can define
the boundary connected sum (L#L., Vi #V5). Ko [12, proposition 2-11] showed that
oy + 0y = [(L1#Ly, Vi#V5)] is well-defined if n > 1, i.e. independent of the choices
made. This turns C,,(B,,) into a group for n > 1.

Let F),, be the free group on the generators ty,...,%,,. An F,,-link is a pair (L, ¢)
where L is a link in S™*? and ¢: m((S*"**\ L) — F,, is an epimorphism sending an ith
meridian to ;. A pair (N, ®@) is an F},-concordance between (L, ¢o) and (L, ;) if M
is a link concordance between the links Ly and L; and ®:7;(S™*? x [0,1]\ N) — F,,
is a map extending ¢, and ¢ up to inner automorphisms (cf. |5]). Denote by C\,(F},,)
the set of F},-concordance classes of F},-links.

Let oy,02 € C,(F},). Pick representatives (L{,¢,) and (Ls, v2) which lie in dis-
joint hemispheres. Pick representatives of meridians of the components of L; which
get mapped to t; under ¢;. Doing the same for (Lo, ) we can form connec-
ted sum along these meridians. It is clear that ¢; * ¢, defines an epimorphism
@ (SPE\ L #Ly) = (S*\Ly) *p, m(S**\Ly) — F,, which sends an ith me-
ridian to ¢;. Now define oy + g9 = [(L1#Ls, 1 * p2)]. The discussion below shows that
there exists a canonical bijection C),(B,,) — C,(F},) which preserves the additive
structures, in particular (C,(F},), #) is a group for n > 1.

By the transversality argument, such an epimorphism ¢ gives a Seifert surface V,.
Conversely, the existence of a Seifert surface V for L produces such an epimorphism
vy by the Thom—Pontryagin construction. We shall go back and forth freely between
isotopy classes of boundary link pairs (L, V) and F,,-links (L, ). Similarly there’s
an equivalence between the respective concordances, one can easily see that this
bijection preserves the additive structures # if n > 1, in particular C,,(B,,) = C, (Fy,)
is a group isomorphism for n > 1.

We say that ¢: 7, (S"*?\L) — F,, is a splitting map if it sends meridians to the fixed
generators {t;}. There’s in general not a unique splitting map. Denote by C'4,,, the
group of automorphisms of F;,, which send ¢; to a conjugate of ¢; foreachi=1,..., m.

LemMa 1-1. If o:m(S™*\L) — F,, is a splitting map, then for any ¢ € C A,,, the map
¢ o @ is a splitting map as well, and in fact all splitting maps are of the form ¢ o ¢ for
some ¢ € CAp,.

This means that we have an action of CA,, on C,(F},). The inner automorphisms
of F,,, are elements in C'A,, and act trivially on C,,(F,,). We therefore define A,, to
be the quotient group of C'A,, by the inner automorphisms of F,,,. We get an action
of A,, on C,,(F,,). Denote by ¢;;: F,, — F,, the map which sends ¢; to tjtitj_' and t,
to ti for k4 i. We quote the following proposition.

Prorosition 1-2 [10, 12]. CA,, (and in particular A,,) is generated by ¢;; for i, j =
1,..., mandi=*j. Furthermore the groups A, As are trivial.

Under the isomorphism C,(F,,)=C,(B,,) the group A,, also acts on C,(By,),
the action of ¢;; on a Seifert surface has been described explicitely by Ko [12].
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Ko [12] furthermore showed that A,, acts non-trivially on C,(B,,) and hence acts
non-trivially on C,(Fy,).

THEOREM 1-3 [5].
B(n,m)= Cn(Fm)/Am = Cn(Bm)/Am'

Jappell and Shaneson showed that Cy, (F,,,) =0, i.e. all even dimensional boundary
links are boundary slice. It is not known whether all even dimensional (boundary)
links are slice. We'll restrict ourselves from now on to odd-dimensional links.

For e==41 we call A=(A;;)ij=1,..m an e-boundary link Seifert matrix of size
(g15---,9m) if A is a matrix with entries A;; which are (2g; X 2g;)-matrices over Z
such that A;; = —eAl, for i j and det(A;; + €Aj;) =1 (cf. [12, 23]). We say that A;;
is metabolic if there exists a block diagonal matrix P =diag(Fy,..., P,) such that
each P; Ay Py is of the form

0o C
(> &)

where 0 is a g; X g;-matrix. This generates in a natural way an equivalence class of
matrices, the set of equivalence classes is denoted by G(m,€).

If n=2q — 1 then picking a basis for the torsion free parts of H,(V)=H,(Vi) ®
- @ Hy(V,,) we can associate to a boundary link pair (L, V') the matrix representing
the Seifert pairing

Hy(V) x Ho(V) — Z
(a,b) — lk(a, bs)

THreoORrREM 1-4 [11, 12].

(1) Bvery Seifert matrix is the Seifert matriz of a boundary link pair.

(ii) Forq > 3

ng_1 (Bm) = G(m, (_1)q)
(iii) C3(By,) is isomorphic to a subgroup of G(m, 1) of index 2™.

Remark 1. Cappell and Shaneson [5], Duval [6] and Mio [26] gave different but
equivalent algebraic descriptions of Cyy_((B,,) for ¢ > 3.

The A,, action on Cyy_((B,,) translates to an action of A,, on G(m, (—1)?) which
was explicitely computed by Ko [12]. Summarizing we get for ¢ > 3 that

B(2q — 1,m) = Cyy_((Bn)/Am = G(m, (—1)?) /A,,.
Levine [16] showed that G(1,¢) = Z®>® @ ZS> © 77> (cf. also [32]). Recently Shei-
ham [28] showed that for m > 1, G(m, €) X Z®° QZT>® @ ZF™ & ZT>°, furthermore
Sheiham defined full invariants for G(m, €).
Much has been put into the study of the forgetful map
B(n,m)— C(n,m)
Cochran and Orr [3, 4], Gilmer and Livingston [7] and Levine [21] showed that this
map is not surjective, i.e. there exist links which are not concordant to boundary

links. It is an open question whether the kernel is trivial, i.e. whether any knot that
is slice is also boundary slice. It would be very difficult to find counter-examples in
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dimension one, since one can easily see that any ribbon (boundary) link is boundary
slice.

For a more thorough introduction to link concordance theory we refer to [17].

Given a closed, smooth, oriented odd dimensional manifold M and a unitary repres-
entation a: m (M) — U(k), Atiyah—Patodi—Singer 1] defined an invariant n, (M) € R,
called the reduced eta-invariant. We will refer to the invariant as eta-invariant,
dropping the word ‘reduced’. The eta invariant can be computed in terms of signa-
tures of bounding manifolds, if these exist. For a group G a pair (M, ¢) is called a
G-manifold if M is a smooth odd-dimensional manifold and ¢: (M) — G a homo-
morphism. Define p(M, ¢): Ri(G) — R via p(M, ¢)(a) = Naox(M). Two G-manifolds
(M;,a;),5=1,2 are called homology G-bordant if there exists a G-manifold (V, 3)
such that O(N)=M,;U — M, H,(N, M;) =0 for j = 1,2 and, up to inner automorph-
isms of G, B|m(M;) = ;.

THrorEM 1-5 |21, p. 95]. If (M;, ), i = 1,2 are homology G-bordant manifolds, then
p(My, o1)(a) = p(Ma, ps)(a) for all a: G — U(k) that factor through a p-group.

We shall study the p-invariant for My, the result of zero framed surgery along
L C S?7'. For G a group define the lower central series inductively by G = G, G, =
|G,G;—]. For the remainder of the introduction denote the free group on m gen-
erators by F. For an m-component link L C S*?"! we have in many cases (e.g. if
g > 1) an isomorphism m(S**'\L) /7 (S?**"'"\L); — F/F;. A choice of isomorphism is
called an F/F;-structure. Two links Ly, Ly with F'/F;-structures that are concordant
also have F/F;-structures which are F/F;-concordant. Hence My, and M, have
homology F/F;-bordant F/F;-structures. Applying the above theorem gives a link
concordance obstruction theorem. The theory becomes even easier if we want to find
sliceness obstructions since any slice knot has an F/Fj-structure for all ¢ and since
any representation factoring through a p-group factors through F/F; for some i.

THEOREM 1-6. Let L C S be a slice link, if a:m(Mp)— U(k) factors through a
p-group, then n.(Mr)=0.

Define PD(k) C U(k) to be the subgroup generated by permutation matrices and
diagonal matrices. For a prime p define PD,(k) C PD(k) to be the subgroup of
matrices where all eigenvalues are roots of unity of order a power of p.

THrEOREM 1-7. Let L C S*™*! be a link with meridians jiy, ..., . Let p be a

prime number and let Uy, ..., U, € PD,(K). Then there exists a unique representalion
B:mi (M) — U(k) with B(u;) =U;. If K is slice, then furthermore ng(My)=0.

In Proposition 3-12 we use well-known results of representation theory to show
that any representation of m((My)— U(k) factoring through a p-group is in fact
conjugate to a representation in PD, (k). In particular this shows that Theorem 1-7
gives the best possible sliceness obstruction theorem that can be based on Levine’s
theorem. These obstructions combine, simplify and generalize sliceness obstructions
defined by Smolinsky [29, 30| and Cha and Ko |2].

For an F-link (L, ) the p-invariant can be explicitely computed in terms of its
Seifert matrix. In the case n =4q + 1 the following holds, the case n=4q + 3 being
only marginally more complicated (cf. Theorem 4-5).
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TurEOREM 1-8. Let (L C S**3 ) be an F,,-link, A= (A;ij)ij=1...m a Seifert matriz,
a: F,, — U(k) a representation. Let U; = a(t;), then p(Mp,, p)(a) = sign(M (A, o)) where
M (A, a) equals

Ay @ (id= U + Al @ (id — Uy) A ® (id — Uy) (id — Uy )
Az @ (id — Us) (id — U ") Asy @ (id — Uy ") + AL, @ (id — Us)

This formula makes it possible to compute enough p-invariants to show that
several interesting boundary links are neither boundary link slice nor slice. Note
that if L is boundary link slice, then p(My, ¢)(a) =0 for all representations a with
det(M (A, «)) %0, i.e. not only for representations that factor through a p-group.
Levine [22] showed recently that this result also holds in the case that L is slice.

The structure of this paper is as follows. In Section 2 we’ll give a more detailed ex-
position of the eta-invariant and the rho-invariant. In particular we’ll cite a criterion
of Levine’s when homology G-bordant manifolds have identical eta-invariants. These
results will be applied in Section 3 to link concordance questions and in Section 4
to boundary link concordance questions. We furthermore define a useful signature
function for boundary links. We apply our invariants to several interesting cases in
Section 5. We conclude the paper with two sections containing a formula relating
eta-invariants of finite covers and the computation of the p-invariant for boundary
links.

2. The eta invariant as cobordism invariant

Let M?7*! be a closed odd-dimensional smooth manifold and «: (M) — U(k) a
unitary representation. Atiyah, Patodi, Singer [1] associated to (M, ) a number
Na(M) called the (reduced) eta-invariant of (M, ). For more details cf. Section 6.

For a hermitian matrix or form A (i.e. A® = A) we define

sign(A) = # positive eigenvalues of A — # negative eigenvalues of A

and for a skew-hermitian matrix A (i.e. A*=—A) we define sign(A) = sign(i4).
The main theorem to compute the eta-invariant is the following.

TarorREM 2-1 [1] (Atiyah—Patodi-—Singer index theorem). Let (M?1*' ) as above.
If there exists (W22 B: (W) — U(k)) with O(W?3T2 ) = r(M*?*', &) for some r €N,
then
1

(signg (W) — ksign(W)).

na(M ) ==
r

Let G be a group, then a G-manifold is a pair (M, ) where M is a compact
oriented manifold with components {M;} and ¢ is a collection of homomorphisms
w;:m(M;) — G where each ; is defined up to inner automorphism. Let Ry (G) =

{a:G—U(k)}. For an odd-dimensional G-manifold (M, ¢) define

p(M, ¢): R (G) — R
0 Noop(M).

We call two odd-dimensional G-manifolds (M, a;),j=1,2, homology G-bordant
if there exists a G-manifold (N, 8) such that O(N)=M;U — M,, H,(N, M;) =0 for
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j=1,2 and, up to inner automorphisms of G, f|m(M;) = ;. We want to relate the
p-function for homology G-bordant manifolds.
Let

P.(G) ={a € Ri(G)|a factors through a group of prime power order}.
THEOREM 2-2 |21, p. 95]. If (M;, o), i = 1, 2 are homology G-bordant manifolds, then
p(My, o1)(@) = p(My, pa)(a) for all a € Py(G).

3. Eta invariants as link concordance invariants
Let L C S%*! be a link. We'll study the eta-invariants associated to the closed
manifold My, the result of zero-framed surgery along L C S?7"'. We first compute
the eta invariants of the trivial link.

Lemma 3-1. Let Mo be the zero-framed surgery on the trivial link L. Then for any
a:m(Mo) — U(k) we get no(Mo) = 0.

Proof. Let a:m((Mp)— U(k) be a representation. Let Dy,...,D,, be the push-in
off the disks in $?7*! bounding Ly, . .., L,, and let W := D*?*?\(N(D\)U---UN(D,,)).
Note that m(S*"*"'"\L)~m (W)=F, in particular we can use W to compute
Na(Mp). But W is homotopy equivalent to the wedge of m circles, in particular
Hya(W)=Hg (W, C*) =0, hence the untwisted and twisted signatures vanish, hence
Na(Mo) =0 by Theorem 2-1.

3-1. Abelian eta invariants

Recall that any oriented link L with m components has a canonical map
er:m(Mp)— H{(Mp)=7". Furthermore if L, Ly are link concordant, then (M, €)
and (Mp,, €) are canonically homology Z™-bordant.

The following is now immediate from Theorem 2-2.

ProrosiTioN 3-2. Let Ly, Ly be concordant links, then
p(MLI , e)(a) = p(MLZ, e)(a) Jor all € P, (Z™).

The following corollary contains basically the statement of Smolinsky’s main the-
orem in [30]. It follows immediately from the Proposition and Lemma 3-1.

CorROLLARY 3-3. Let L be a slice link, o€ P(Z™), then 0, (M) = 0.

Remark 2. Levine [21] shows that that there are links whose eta-invariants vanish
for all a € P(Z™) but where a close study of p(M, €): R{(Z*) — R still shows that the
links are not slice.

We quickly recall a result from high-dimensional knot theory. Combining results
of Matumuto [24] and Levine [15, 16] we get the following theorem.

THEOREM 3-4. If ¢q>1, then a knot K C S2att represenls a torsion element in
C(2q — 1,1) if and only if no(Mx) =0 for all o € Py(Z).

In Section 5 we show that one-dimensional eta-invariants are not enough to detect
non-torsion elements in Cyy—((B,,) for m>1 and ¢ > 1.
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3-2. Non-abelian eta invariants

For G a group define the lower central series inductively by Gy = G and G, =
|G, Gi—],7>0. Milnor |25] showed that for a link L

7T1(S3\L)/7T1(53\L)k = <$1a cee 7mm|[xi7 w;], <1'17 cee >$m>k>

where x; are representatives for the meridians, w; for the longitudes and (z{, ..., Tm)k
denotes the kth term in the lower central series of the free group generated by
Tiyeey T

To avoid confusion we shall henceforth denote the free group on m generators
tiyeoostm by F. Let F—m(S*"\L) = 7 be a map t; to a meridian of the ith
component of L. Levine [21] shows that this induces isomorphisms F/F; 5 w/m; for
all iif ¢> 1. If g =1, then we say that L has zero fi-invariant of level ¢ if this induces
an isomorphism F/F; = 7 /m;. By Milnor’s result on 7 (S*\ L)/ (S*\L)x a knot has
zero fi-invariant of level 7 if and only if for longitudes Ay, ..., Ay, {\;} € m(S*7\L);.
Examples for 1-dimensional links with zero fi-invariants are boundary links.

We say ¢: m((S"**\L) — F/F} is an F//F;-structure if a meridian of the jth compon-
ent gets sent to t;. Note that it follows from Stalling’s theorem [31] that conjugates
of generators for F//F; are also generators of F/F;.

The case i =1 is of course uninteresting since F/F;=Z™. If i>1 then L has in
general no canonical F'/F;-structure.

Levma 3-5 [21, p. 101]. If @y and s are F/Fj-structures for the same link, then
w1 =1 o sy for an automorphism of F/F; that sends t; to a conjugate of t;,j=1,..., m.

We call such an automorphism a special automorphism of F/F;. A link L equipped
with an F/F;-structure is called F/F;-link. Let (L, ), (L2, ¢2) be two F/F;-links,
we say they are F/F;-concordant if there exists a link concordance C' and a
map o: i (S%7" x [0, 1]\C) — F/F; which restricts to ¢; and ¢, up to inner auto-
morphism.

The following proposition is well known.

ProrosiTiox 3-6.
(i) If Ly is an F/F;-link and Ly is link concordant to Ly, then there exists an F/F;-
structure on Ly such that Ly and Ly are F/F;-concordant.
(i1) If Ly, Ly are link concordant and L, has zero fi-invariants of level j, then Ly also
has zero fi-invariants of level j.
(iii) A one-dimensional slice link has zero fi-invariant for all levels.

Proof. Let C C S*7*! x [0, 1] be a link concordance between L; and L.
(1) Consider

7l = (SPTN\ L) — T (SP % [0,1]\C) = 7c.

These maps are normally surjective and hence define isomorphisms 7¢ /7o =
ﬂ'j/ﬂ'{ ~ F'/F; by Stalling’s theorem [31]. The statement now follows easily (cf. [21,
p. 102] for details).

(ii) This follows immediately from the definition and F/F, =x' /7| = 7c /70, =
/7.

(iii) This follows immediately from (2) since a slice link is concordant to the unlink
which has obviously zero fi-invariant for all levels.
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It is clear that in the case ¢ > 1 the map m(S*?*'\ L) — 7 (M) is an isomorphism,
hence

T (M) /7 (Mp); = i (S* '\ L) /m (5% '\ L);.
If ¢ = 1 the kernel m(S*\L) — (M) is generated by the longitudes. In particular if
L has zero fi-invariants of level ¢, then
m (M) /m(My)i = m (S°\L) /7 (S*\L);.
In both cases an F/F;-structure on L gives an F/F;-structure on M.

ProrosiTioN 3-7 [21, p. 102]. If (L, 1), (La, v2) are F/FE;-concordant F/F;-links,
then (Mg, 1) and (My,, ps) are homology F /| F;-bordant.

Proof. If C is an F/F;-concordance, then doing surgery along C' C 8% x [0, 1]
gives a homology F/F;-bordism for (My,, ¢) and (Mp,, @2).

The following is immediate from Theorem 2-2, Lemma 3-5 and Propositions 3-6,
3-7. The theorem generalizes results on link concordance by Cha and Ko |2].

THEOREM 3-8. Let Ly, Ly be concordant links. If @y, p2 are arbitrary F/F;-structures
Jor Ly, Ly, then there exists a special automorphism 1 of F/F; such that

P(Mp,; o1)(@) = p(ML,, ¥ © p2) () for all a € Py(F/F).
3-3. Representations of F/F,

We now give an example of a non-trivial (i.e. non-abelian) unitary representation
of F/F,. For Uy, ..., Uy, €U(k) define o, ... v,,): F' = U(k) by a(t;) = U;. We'll find
Ui, ..., Uy such that oy, ... v,.) factors through F/F;.

Let 2y,...,2, €S and x: F — S' a character such that x(t¥) = 1. Define
0 .- 0z x(t:) 0 e 0
U11= . . s UZ'ZZ . ,i:2,...,m.
0o . : 0 0 . :
0 -z O 0 0 - x(HT')

Lemma 3-9. The representation o= oy, u,.): F — U(k) factors through F | F;.

Proof. 1t is clear that we are done once we show that for all z € | F, F'|, a(z) € C-id.
Since
[z, vw] =z, v]v[z, w]v™"
we only have to show that a([x;, z;]) € C-id, but an easy calculation using x(tF) =1
shows that

af(t, t;]) = x(t7!) -id ifj#1
af[t;, t]) = x(t) -id it j+1
a([t;, t;]) = id ifi1and j=+1.
Let p a prime, k a power of p, and z,..., 2, x such that zf’N == zzN =1 and

N . g . .
X(v)?" =id for some N, then ¢ € P,(F/F5). Such a representation turns out to dis-
cover non-slice knots in many interesting cases.
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This example can easily be generalized to give more complex representations of

F/F,.

3-4. Sliceness obstructions
THEOREM 3-10. Let L C 8?7 be a slice link and let o € Py(mi(Mp)), then no(Mp) = 0.

Proof. Assume that a factors through a p-group P. Then P, ={e} for some i
since any p-group is nilpotent (cf. [9, p. 169]). In particular o factors through
(M) /7 (Mp); which is isomorphic to F'/ F; since any slice link has zero fi-invariants
by proposition 3-6. Henc a = Bog for some F/ F;-structure ¢ and some representation
B. The statement now follows immediately from Proposition 3-6, Theorem 3-8 and
Lemma 3-1 since a slice link is concordant to the unlink.

Define PD(k) C U(k) to be the subgroup generated by permutation matrices and
diagonal matrices. For a prime p define PD,(k) C PD(k) to be the subgroup of
matrices where all eigenvalues are roots of unity of order a power of p. It is generated
by all permutation matrices whose order is a power of p and all diagonal matrices
whose entries are roots of unity of order a power of p. Note that a finitely generated
subgroup PD,(k) is in fact a finite group, hence a p-group.

THEOREM 3-11. Let L C S*™™ be a link with meridians fi, ..., pm. Let p be a
prime number and let Uy, ..., Uy, € PDy(k). Then there exists a unique representation
Bimi(My) — U(k) with B(u;) = U;. Furthermore if K is slice, then ng(Mp)=0.

Proof. Let a:=a(Uy,...,U,): FF— U(k), then Im(a) is a p-group, hence a factors
through F'/F; for some i. It is clear that 3 is given by 7 (M) /7 (ML), = F/F; — U (k).
Clearly B € Py(m(Mg)). If K is slice, then ng(Mp) =0 by Theorem 3-10.

PrOPOSITION 3-12. Let av € Py(F/Fy), then there exists a prime p such that o is con-
Jugate to a representation & with é&(t;) € PDy(k) for all j.

Proof. This follows from the fact that if a: P — U (k) is a representation of a p-group
P, then « is induced from a representation of degree 1 (cf. |8, p. 5781f]). This means
that there exists a subgroup @ C P and a one-dimensional representation @ — U(C)
such that « is given by the natural P-left action on CP ®cq C. Pick representatives
D1, - .-, P for P/Q, writing oo with respect to this basis we see that « is of the required
type.

Remark 3. The above proposition together with Theorem 3-10 shows that The-
orem 3-11 is the best possible sliceness obstruction theorem which can be based on
Theorem 2-2.

3-5. Algebraic closures of groups and link concordance

Whereas Theorem 3-11 can’t be improved on with our means there is still room for
improvement for Proposition 3-8 because of the extra indeterminacy given by the
special automorphism group.

For a group G Levine [18-20] introduced the notion of algebraic closure G' and
residually nilpotent algebraic closure G of a group G. In the case G = F,,, these groups
are normally generated by ty, ..., t,,. The results of Section 3 for G = F/F; also hold
for G=F and G=F (cf. 21, p. 101f] for details), in particular links L C S27*! with
q> 1 or with zero fi-invariants have a F-structure, i.e. a map o: 7 (S??"'\ L) — F such
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that any meridian of the ith component gets sent to a conjugate of the generator ¢;.
Furthermore concordant links also have F'-concordant F-structures. The same holds
for F. In particular we get link concordance invariants from representations in Py (F)
and Py, (F).

Note that p-groups are nilpotent and hence its own algebraic closure (|20, p. 100]).
This shows that representations in Py (7 (Mg)) that factor through an F'/ F;-structure
for some i correspond to representations that factor through some F-structure (or
F—structure).

We say ¢: F'— F is a special automorphism if it sends ¢; to a conjugate of ;. The
following theorem follows from the above discussion and from results of Levine |21,
p- 101].

THEOREM 3-13. Let Ly, Ly C S*7*! be concordant links with q > 1 or with vanishing
f-invariants. If @y, @ are arbitrary F-structures for Ly, Ly, then there exists a special
automorphism 1 of F such that

p(Mp,, 1) ()= p(Mr,, 1 0 ) () for all o € Py(F).

Remark 4. By the universal properties of F' (cf. [18]) there exist maps F'— F/F;
such that F' — F' — F/F; is the canonical map. Furthermore special automorphisms
of F induce special automorphisms of F//F;. This shows that Theorem 3-13 is stronger
than Theorem 3-8 since it shows that the different special automorphisms of The-
orem 3-8 ‘come’ from a single special automorphism of F'.

3:6. Relation to previous link concordance invariants

One can easily see that Theorem 3-11 contains the sliceness obstructions defined

by Smolinsky [29, 30].

We quickly recall a results by Cha and Ko and show how it follows from our
results.

THEOREM 3-14 |2, theorem 7|. Let L be a slice link and p a prime. Let : m(Mp) —,G
be a homorphism to a finite abelian p-group G. Denote the G-fold cover of My, by Me.
Let ag: Hi(Mg) — Z/p— U(1) be a representation that factors through 7., then

H(Mg, ag) =0.

ProrositioN 3-15. If a link L satisfies the conclusion of Theorem 3-10 then it also
satisfies the conclusion of Theorem 3-14.

Proof. Let s=|G|. By Theorem 6-1 there exists a unitary representation
a:m(Mp)— U(s) such that

Nac (MG) = noz(ML) - sna(G)(ML)

where «(G) stands for the representation 7((Mp) — U(C|m(Mp)/m(Mg)]) = U(CG)
given by left multiplication. Furthermore o€ Ps(m((M)) by Lemma 6-2 and
o(G) € Pi(m(M)) since G is of prime power order.

If a link L satisfies the conclusion of Theorem 3-10, then 1y (Mp)=0 and
Na(Mr)=0.

In later, unpublished work Cha showed that if L is a slice link, p a prime power,
M' a p®-cover of My (not necessarily regular) and «': H(M')—U(1) a charac-
ter whose order is a power of p, then n(M’,a/)=0. In this case we can find
Mp=MyCM,C - - CMy=M' such that M;/M;_, is a regular p-covering. Using
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Lemma 6-2 and Theorem 6-1 one can inductively write n(M’, a) as a sum of eta
invariants of M, with representations factoring through p-groups. This shows that
Cha’s extended result is contained in Theorem 3-10.

4. Eta-invariants and signatures of boundary links
4-1. Ela-invariants as boundary link concordance invariants

In this section we denote the free group on m generators once again by F,. Let
(L, ) C S**! be an F,-link. If ¢ > 1 then 7 (S??"'\ L) — (M) is an isomorphism.
If ¢=1, then p()\) = e for any 0-longitude, since [\, y;] =1 € 7 (S*\L). In particular
for any g the map ¢ factors through m((My).

ProrosiTion 4-1 [21, p. 102]. Let (Ly, 1), (Lo, p2) be Fy,-concordant links, then
(My,,p1), (Mp,, p2) are homology F,,-bordant.

The following theorem is immediate from Lemma 1-1, Proposition 1-2, Theo-
rem 2-2 and the above proposition.

THEOREM 4-2. Let (Ly, ) and (Ls, ps2) be F,,-concordant F,,-links, then
p(My,, 1) () = p(Mp,. ) (@) for all o€ P(Fy,).

If Ly, Ly are boundary concordant boundary links with two components, then
p(Mr,, 1) (@) = p(Mr,, 2)(a) for all o€ Py(Fy)

Jor any Fs-structures o, and .

The following is immediate from Theorem 3-10.

THEOREM 4-3. If L is a boundary link, and L is slice (in particular if L is boundary
slice), then

p(Mr,p)(a) =0 for any o € Py(F,)

Sfor any F,,-structure .

CoroLLARY 4-4. If L, Ly are boundary link concordant boundary links and iof ¢y, @2
are F,-structures, then there exists a special automorphism 1 € C A,,, such that

p(My,, 1) ()= p(Mp,, ¥ 0 1) (a) for any o € Py(Fy).

Remark 5. Note that this corollary gives a slightly stronger statement for bound-
ary link concordance than Theorem 3-8 does, in the same vein as Theorem 3-13 is
stronger than Theorem 3-8 (cf. remark after Theorem 3-13).

Proof. Levine [21, p. 102] showed that if L is an F},,-link and L, a boundary link
which is boundary link concordant to L, then there exists an F),-structure on L,
such that L; and L are F),-concordant. The corollary now follows from Lemma 1-1
and Theorem 4-2.

In Section 7 we compute the p-invariant for an F),-link. This will involve the
computation of the eta-invariant of a circle which necessitates the definition of the
following function. Let z =¢€*™* € S' with a € [0, 1), then define

) = 0 ifa=0
T =Y1-24 ifa>0.
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Now we can formulate the following theorem which will be proved in Section 7.

THEOREM 4-5. Let (L C S*' 0) be an Fp,-link, A=(Aij)ij=-1,..m a Seifert mat-
rix for (L, ) of size (g1, .., gm), a: Fp, —U(k) a representation. Let € .= (—1)4, g ==
Z;Zl gi, T' = diag(ty,...,t1,. ., tm,-..,tm) where each t; appears 2g; times. Let
{zij}j=1,.. K be the set of eigenvalues of a(t;). Then

m k
p(Mp, o) () = eZszgn €(Ai +€AL)) ZZn (2ij)
=1 j=1

+ !szgn(\/fe(A —ea(T)A'a(T)™" — Aa(T)™" + ea(T) AY))
where we consider A as a 2gk x 2gk matrix, where each entry of A= (a;;) is replaced by
ij - dy. This simplifies for e = —1 to the following

p(My, ) (@) = sign(A + a(T)A'a(T) ™" = Aa(T) ™" — (1) A").
Note that if we let U; = a(t;), then A —ea(T)Ala(T) ™! — Aa(T) "' + ea(T) A? equals

).
An(1=U7") — Al (1-U)) Ap(l=Uy)(1-U;")
Ag,(1—U2)( -U") As(1=Uy ") — €Al (1 — Un)

here we use the convention of the theorem again, i.e. we view A;; as a 2g;k x 2g;k-
matrix. Alternatively we could write Ay ®@ (1 — U, ") — eAl, @ (1 — U,) ete.

This result generalizes a computation done by Cha and Ko [2] for certain unitary
representations. We suggest the following conjecture which would be a generalization
of Theorem 3-4.

CONJECTURE 4-6. Let ¢ > 1 and (L, ) C Cogr1(F). If for all k. p(Mp,, ¢)(a) =0 for
a dense set of representations o € Ry (F),,). then (L, cp) represents a torsion element.

Note that in light of Theorem 1-4 this conjecture is purely algebraic. This con-
jecture seems to be hard to prove, and any attempt would I think require a good
understanding of non-commutative algebraic geometry. If this conjecture can be
proved to be true then this would give an algorithm for detecting non-torsion ele-
ments in C,(F,;,), which is easier to implement than Sheiham’s [28] algorithm. The
disadvantage of such an algorithm would be that it can not conclude in finite time
that an F),-link is torsion. An interesting follow up question to a positive answer
would be whether there exists a k depending computably on (L, ¢), such that it is
enough to study the p-invariant for dimensions less or equal than k for deciding
whether (L, ¢) is torsion or not.

4-2. Signature invariants for boundary link matrices

Recall that if a boundary link (L, V') is boundary link slice then any Seifert matrix
is metabolic. Using this fact and some algebra we can strengthen Theorem 4-3.

Let A=(A;;) be an e-Seifert matrix and U; €U(k),t=1,..., m. We denote by
U =diag(Ui,...,U,) the block diagonal matrix with blocks U; - id;,, and define

M(A,U) =+v/—€e(A— eUAU™" — AU + eU A"

using the convention of Theorem 4-5. Furthermore let o(A4,U) = sign(M(A,U)). 1
A is metabolic then M (A, U) is metabolic as well, if U is such that det(M (A, U)) O
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then (A, U)=0. The map o is continuous outside of the set
Sp(A) ={(U,...,Up)€Uk)™| det(M(A,U))=0}.

It is easy to see that if A, Ay are S-equivalent, then o(A4,U)=0(A,U) and
S(A;)=S(As). In particular for a boundary link pair (L, V) we can define (L, V,U) =
o(A,U) using any Seifert matrix and we let Si(L, V) := Si(A). This generalizes sig-
nature invariants for knots defined by Levine [15] and Trotter [34].

We immediately get the following proposition.

PropositioN 4-7. Let (L, V') be a boundary link pair which represents zero in Cp(Bp,),
then o(L,V,(Uy,...,Up))=0 for all (Uy,...,U,) & Sp(L, V).
Combining this with theorem 4-5 we get a theorem that gives a much stronger

boundary sliceness obstruction than theorem 4-3 since the matrices U; no longer
have to lie in PD,(k) for some prime p.

THEOREM 4-8. Let (L,V) be a boundary link pair which represents zero in Cp(Bp,).

then
p(My, o) (aw,....v,)) =0 for all (Uy,...,Uy) ¢ S(L, V).

Remark 6. Note that /—e(A—eUAU ' — AU ' +eUA?) = \/—e(A+eUAHY(1-U),
using an argument as in [15] one can show in a purely algebraic way that o is
continuous outside of the set {(Uy, ..., U,,) € U(k)™|det(A + eU A') =0}. In our case
this gives a slightly stronger statement than the topological result of Levine’s [21]
that p is continuous on any set of the form (r; € Ny)

dim(H® (M, CF) =r;}

Mrﬂg“w"‘fq‘rI = {Oé = a(Ulwam)

since A + €T A' represents the gth homology of the universal F,,-cover of My,. This
shows in particular that p is zero in a neighborhood of the trivial representation.

Remark 7. Levine |22] showed that these p-invariants are in fact obstructions to a
link being slice and not just obstructions to a link being boundary slice.

There are many ways to associate a hermitian matrix to A which is metabolic if A
is metabolic. Let Fj; € M (k; x k;,C),7,5=1,..., m such that F}; = \/—eFfj, then we
also get a similar proposition for

Ay Fy + AL FY A Fs

o(A, F;j) =sign Az Fy AsoFyy + Af)zetz

This approach has the advantage that it is much easier to find (random) matrices in
M (k; x kj,C) than matrices in U (k).

In the knot case these signature invariants have the same information con-
tent as o(A,U) since all signatures are determined by 1-dimensional signatures
(Theorem 3-4). In the case m >1 we don’t know whether these different signature
functions have different information content or not.

5. Examples

Ko [12] gives an example of a three component boundary link L C S**3 with Seifert
manifold V' such that (L _s, Vi _s) = (L, V)# — (L, a2V (cf. [12] for details on the
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action of C' A3 on Seifert surfaces) has the following Seifert matrix of size (1,2, 2)

0 1 r 0o 0 0 o 0 o0 0
0 0 o o o0 O 1 0 0 0
10 0 1 0 0 r 0 0 0
0 0 0O -1 0 O o 0 0 0
A= 0 0 o 0 0 -1 0O 0 -1 0
0 0 0O 0 0 1 o 0 0 0
0 1 r 0o 0 0 0 1 0 0
0 0 o o o0 O 0O -1 0 O
0 0 o 0 -1 0 o 0 0 -1
0 0 o o o0 O 0O 0 0 1

Ko showed that L; _, is not boundary slice and posed the question whether L _, is
slice or not. By construction we get for a € P;(F3) that

p(My, _,ovi ) (@) = p(My, ov)(a) — p(My, sy ) (@) p(Mp, ov)(c)
—p(Mp,pv)(aoap)=0

since U(1) is abelian. Hence all one-dimensional eta-invariants vanish.
Cha and Ko |2] showed that L is in fact not slice. We reprove this using higher
dimensional representations. Let

g (00 g (FHE 0 oo [F 0
1= 1 0 9 2= 0 —?—ﬁl 9 3= O —%—%Z

A computation using Theorem 4-5 shows that p(Mg, ¢)(av, v,,v,) = —2. hence L is
not slice by Theorem 3-11.

On the other hand, let (L, _4,V; _y) = (L,V)# — (L, V), then L, _; is obviously
slice. This reproves the following well-known proposition.

ProrosiTioN 5-1. Connected sum is not a well-defined operation on C(n,m) for
m = 3.

We now give an example of a two component link with vanishing one-dimensional
eta-invariant but which is not slice. Consider the following boundary link Seifert
matrix of size (2, 1):

0o 0 0 0 1 0
10 0 -1 0 0
0o 0 1 0 0 1
A=(Aij)ig=12= 10 1 —1 —2 0 0
1 0 0 -2 0
0o 0 1 0 1 1

Let (L,V)=(L; ULy, ViUV,) C S**3 be a boundary link pair with Seifert matrix
A. In fact we can find isotopic slice knots L, Ly and corresponding Seifert surfaces
with the above property since one can easily see that A;; and Ay are S-equivalent
and metabolic.
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Note that A(L)(ty,t2) = det(AT — ANt %t ' = —(tita + 1, '8, ") — (¢ 'ta + 1425 ') + 5.
Let (L, V)= (L, Vo) U (L, V1), clearly (L, V) is a boundary link with Seifert matrix
(Aij) = (As_i3-;). Note that A(L)(t(, t2) = A(L)(ts, t1) = A(L) (t1, L)
Now pick arcs connecting the components of L and L, which lie outside of V' and
V. Use these arcs to form L# — L. If ¢ > 1, then this link is independent of the choice
of arcs.

PRrOPOSITION 5-2. The boundary link (L# — L, V# — V) has zero U(1)-eta invariants
but is not boundary link slice. Furthermore L# — L is not slice.

Proof. Let B=A® —A be a Seifert matrix for (L# — L, V# — V). For 2,2, € S!
let Z = dlag(Z] Ry Ry R1 9 B2y B2y By Z1y R25 2245 22, ZQ), then
P(Mpy_i,€)a, ., =sien(B(1 — Z) + B'(1 = Z7")) =sign((BZ — B')(Z™" - 1)).
In particular the function p(M;._;,€): R{(Z*)=S"' x S' —Z is constant outside of

the set {(21,22) € S' x S'|det(BZ — A') =0}. It is obvious that for all 2,2, € S' we
have

det(BZ — Btz %2, = A(L)(21, 22) A(L)(21, 22) = A(L) (21, 22)° /
= (_(ZIZQ + zflzgl) — (zf1z2 + zlzgl) + 5)2 >1

hence the p-invariant function is constant. Picking z; = —1, 2o = —1 we can compute
that the constant is in fact 0.

Now let
(0 i (i 0
o= (o) ()

A computation using Theorem 4-5 shows that p(M;,_ ;,¢)(av, v,) =—2, hence
L# — L is not slice by Theorem 3-11.

Now consider the following Seifert matrix of size (1,1)

0 1 0 1

0 0 2 1
A=

0 2 10

11 10

Let (L, V) be a boundary link pair with Seifert matrix A. If we let

(41 (41 (1 2
F11_<3 0>7 F12_ (2 1)7 F22_<4 1)

then o(A, F;;) =—2, which shows that A is not metabolic, i.e. L is not boundary
slice. Computer computations indicate that p(Mj,¢) vanishes outside of S{(L,V)
and Ss(L, V) but is non-zero outside of S3(L, V) which shows again that L is not
boundary slice by Proposition 4-7.

All the p-invariants of Theorem 3-11, i.e. all eta invariants corresponding to rep-
resentations that factor through a p-group that we computed so far with a computer
vanish. So it seems that one cannot use Theorem 3-11 to say that L is not slice.
However a new result of Levine [22] shows that L is in fact not slice.
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6. Relating eta-invariants of finite covers
Let M be an oriented Riemannian manifold of dimension 2/ — 1 and a: m (M) —
U(k) a representation. Denote the universal cover of M by M. Then let V,, =
M X ) Ck, this is a C*-bundle over M. On the space of differential forms of
even degree there’s a natural self-adjoint operator B defined by

Qop (M) — Qo2 (M)
w s (=1 (xd — d¥)w

This can be naturally extended to give a self-adjoint operator B, acting on even
forms with coefficients in the flat vector bundle defined by «. Consider the spectral
function 1, (M, s) of this operator defined by

Na(M, s) = Z (sign(A))|A|~°
A0
where A runs over the eigenvalues of B,,. Atiyah—Patodi—Singer [1] showed that for s
with Re(s) big enough, n,(M, s) converges to a holomorphic function. Furthermore
this holomorphic function can be extended to 0 and n, (M, 0) is finite. Now define the
(reduced) eta-invariant of (M, o) to be

Na(M) =1 (M,0) — kn(Ma 0)

where n(M, s) denotes the eta function corresponding to the trivial one-dimensional
representation of m(M). Atiyah—Patodi—Singer [1]| showed that 1, (M) is independ-
ent of the Riemannian metric on M.

Let M be a manifold of dimension 2/ — 1 and M’ a finite cover, not necessarily
regular. Let o/: 7 (M') — U(k) be a representation. The goal is to express 1, (M’) in
terms of eta-invariants of M.

Consider Cm(M) ®cx, (a7 CF where we view CF as a Cmri(M’)-module via of. We
give Crr (M) ®cr, () CF the metric induced by

715
((p1 ® v1), (P2 ® v2)) Z O(prgp) (@' (9) ™' 01) 2
gem(M’)

where p; € 7 (M),v; €CF. Tt is easy to see that this is well-defined. Let s =
[m(M): m(M')], then clearly dim(Crm (M) ®cx, vy CF) = ks.

Define

a:m (M) — Aut(Cm(M) A, (M) Ck)
ar— PRV ap ).

This action is obviously isometric, i.e. unitary.

Denote by a(M, M’) the representation m((M)— U(Cm((M) ®x,m+) C) given by
left multiplication where we consider C as the trivial 7 (M")-module.

THEOREM 6-1.
na’(M/) =Na(M) — kna(M,M’)(M)'

Proof. Give M some Riemannian structure and M’ the induced structure. We have
to show that

Nar (M, 0) = kn(M',0) = (1 (M, 0) = ksn(M, 0)) = k(naae,ar(M, 0) = sn(M, 0)).
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We shall in fact show that
Mo (M/7 0) = 7704<M7 0)
n(M',0) = napr,nn (M, 0).

Recall that
Va/ = M X (M) (Ck and
Va =M Xﬂ-](M) ((CT('[(M) ®C7\'|(M’) (Ck)

Letpe M,U C M a (small) neichborhood and py, ..., ps, Uy, ..., Us the different lifts.
Then the map

D i Vol — @5 Vo,

Z(‘Lgihi ®v;) — Z(quw h;v;)

is an isomorphism with inverse map given by

Z(QM 1® Ui) HZ((LH Ui)

where g; such m(qg;) € U; and h; € m(M'). Note that

Q¥ (M, Vo) [, = @1, Q¥ (M)

U; ®C°°(UZ) F(VO/

v,)-
This is isomorphic to
Q' (M)|y @cew) D= T (Vo) = Q* (M) |y @cu) T (Valv)

which is just Q% (M, V,)|y. It is clear that these isomorphisms can be patched to-
gether and give an isomorphism Q*(M,V,)=Q*(M’,V,,) which commutes with x
and d since these operators are defined locally. Therefore 1, (M, s) =n, (M', s), hence
Na (M, 0) =10/ (M, 0).

Exactly the same way using the trivial representation for o' one shows that
n(M’,0) = naar,n1r) (M, 0).

In the application we’ll have the case that m(M') C7((M) is normal. We'll now
restrict ourselves to this case. Write G = m(M)/m(M’) and write Mg, ag for M’
and o/. Denote the canonical map m(M)— G by ¢. We'll give an explicit matrix
representation for ag and show that if ag € Py (m(Mg)) then a € Pyy(m(M)).

Let gi,...,gs be the elements of G and pick a splitting ¢: G — (M) which
is of course in general not a homomorphism. Let ey,..., e, denote the canonical
basis of CF. Then g; ®e; is a basis for CG ®c CF and P(g;) ®e; is a basis for
Cr(M) ®(C7r.(MG)Ck- We shall write o with respect to the basis 1(g;) ® e;. Note
that

(9 pla) " (89" pla)a - dig) © v
@ V(g " pla)a- v(g) v
)7 @ag((¥(e vl "))a - vigi))v

a-P(g:) ®v=

—
)
s.l_ B
5
S

since o(¥(g; " w(a™"))a - ¥(g:) =g; "pla~ " p(a)g;=1. Therefore with respect to the

basis ¥(g1) ® vi,...,P(g1) @ Vg, ..., U(gs) ® vVi,..., 0 (gs) @ vg the matrix «(a) is
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given by

ac ((v(gr pla™")a-v(g)) 0 . 0
0 ac ((¢(g: 'ela™h)a-1(g2)) 0
P«p(a)
0 0 o ae(( (e elam)a blga))

where P, is the permutation matrix given by P (¥(g:)®¢;) =1(g; ' p(a™")) "' @e;.
If a¢ factors through a p-group then we can assume that ag(g) € PD,(k) for all

g€ m(Mg). It is then clear, that a(g) € PD,(ks) for all g € m((M), in fact o factors

through a finite subgroup of PD,(ks). In particular o factors through a p-group.

LEMMA 6-2. Let p a prime number. If G is a p-group and ag factors through a p-group,
then o also factors through a p-group, i.e. a € Py(m(M)).

7. Computation of eta-invariants for boundary links

Let (L C S*7*' ) be a boundary link pair and V=V, U --- UV,, a corresponding
Seifert surface. Let a € Ry (F,,), then define 8 =« o p: m (M) — F,,, — U (k). In this
section we compute p(My,, ¢)(a) =ng(My) using Theorem 2-1.

First we add handles D;? x D* along the L; to D**? and denote this mani-
fold by Np, then M =0(Nr). Note that ¢ does not extend over Ny, since in fact
7y (L)=1. We push the surfaces V; into D**? more explicitly, we can find a map
1:V x I — D**? [=]0,1], such that 1|V x 0is the embedding of V into S?7*!, (| L; x I
is constant on the intervals and such that t¢|;nv)x 1 is an embedding. Now let
Y, =1V x1)UD; x0C Nz, i.e. Z; is the push in of V, capped off by the core of
the ith handle, in particular a closed manifold. Let £ :=U" %, and N = N \N(X).
Note that 9(N)=M;U-X x S'.

We can find embeddings g;: D*9 x I < D?* x D? such that g;| D7 x 0 is just the em-
bedding in D}* x 0 C D}* x D* and such that g;| D> x 1 C My, and g;|0(D*9) x I C V.
Now let T; = («(V x I)U g;(D** x I)) NN and T := U™, T;. The manifolds T; C N play
the role of the Seifert manifolds in S*¢*'. For example the Pontryagin construction
for T'C N gives a map m((N) — F,, which extends ¢: (M) — F,,,. We denote the
map m(N)— F,, = U(k) by 0 as well. Note that T; inherits an orientation from
int(V;) x I CT;. By Theorem 2-1

mo(Mp) — > 15, (Zi x S') =sign,y (N) — k - sign(N),

=1

where 0; =0 o i,: 7 (Z; x S') — 7 (N) — F,, — U(k).

7-1. Compulation of ng (Z; x S')
Note that S' inherits an orientation from the orientations of X; and X; x S'.
Denote by m; the (oriented) generator of m((S"), then

0;: i () x m (S = (T x S'Y = U(k)

is given by sending (g, m$) to a(t;)¢. We need the following proposition.
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Prorosirion 7-1 [27, theorem 1-2].
(i) Let ay:m(N?") = U(ky) and ax: 7 (X**') — U(kx) be representations, then

Nay @ax (N7 X X7 = (=1)"sign . (N)nay (X).
(ii) Let c: i (S")=Z— U(1) be a representation. If a(1) =e*™, a € [0, 1), then

B _ {0 ifa=0
1a(S") = n(a(1)) = {1 —2a ifa€(0,1).

Therefore
k

m5, (E77 x ') =esign(Z:) ) n(cyy)
i=1
where {c;;};=1,.. m denotes the set of eigenvalues of «(t;) and € = (—1)?. We can
express sign(2;) in terms of the Seifert matrix as follows:

sign(Z;) = sign(V;) = sign (Ve (A + €AL)).

In the case e = —1 one can easily show that A;; — A}, is congruent to (_“h1 ‘d) hence
the signature is zero.

7-2. Compultation of signy(N)

7-2-1. Computation of qH(N Chk)

Denote by N the F,,-cover of N induced by ¢, note that C,(N) has a right
F,,-module structure. Recall that the twisted homology H?(N,C*) is defined as
H;(C.(N) ® zr, C*), where C¥ is a left F,,,-module via 6. Fix an orientation preserving
embedding f: (T,0(T)) x |[—1,1] — (N, 9(N)), such that f(T x 0) is the usual embed-
ding of TC N. Let X .= N\ f(T x (—1,1)), then X is homoemorphic to N cut along
T. We can embed T in X via the embeddings fi(c) = f(c,1) and f_(c) = f(c,—1).
Then N~ X x F,,/ ~, where (f_(¢;), zt;) ~ (f+(c;), 2) for ¢; €T}, z € Fy,,. We will in
fact identify N and X x F,,/ ~.

From this decomposition of N we get the following short exact sequence (where

¢; € Cu(Ty))
0— C.(TxF, )—HCMXXF)—%MN%HO
(¢i,2) > (f-(ci), 2ti) — (f+(ci), 2)
(¢, 2) —(

We tensor with C* over ZF,, via 6. The tensored sequence is still exact since C,(N)
is a free ZF,,-module. Taking the long exact homology sequence we get

- — H{(T',C*) — H{(X,C") — H}(N,CF) — H!_(T,CF) —

C,2).

where
HY(T,C*) = Hy(C.(T x Fy,) ®z5, C*)=H;(C(T) ®z CF) = (T C*)
H{(X,CF) = Hy(Cy(X x F,) @z, C*)=H;(C.(X) ®z CF) = H;(X,C").

We have to compute H,(X). Write X = X; U X, where X; = XN D?*?*? and X, =
XN (Ui’ZID?q x D?). Note that X is just a deformation retract of D*?*? i.e. X is the
result of attaching m (2¢ — 1)-handles to X, hence H;(X)=0foralli=1,...,2¢—1,
Hy(X)=7Z and Hy((X)=2".
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ProrositioN 7-2. If ¢ > 1 or if (a(t;) — id) is invertible for all i, then

H), (N,C*)= Hy(T,C*) = Hy(Z,CF) = Hy(V, C").

Proof. The last isomorphism follows since 22 = V24U D??, the second isomorphism
is clear, so it only remains to prove the first isomorphism. For ¢ > 2 this follows
immediately from the long exact sequence. In the case ¢ =1 we get the following long
exact sequence

- — Hy(T,C*) — Hy(X,C*) — HY(N,C*) — H(T,C*) — H,(X,C*)=0.

Clearly it is enough to show that Hy(T, C*) — H,(X, CF) is an isomorphism if (a(t;) —
id) is invertible for all 4. The map Hy(T,C*) — H,(X, C¥) is induced by the map

02(T x Fp) Qzr, ck — CQ(X X Fp) Qzr, Ck
(ciy2) @ v > (f_(ci), 2t:) @ v — (fi(ci), 2) @ v.

First note that Hy(X) =R H{(X;NX,) is an isomorphism, and that X;NX,=
U L; x D*. Consider the maps

>~

f+,*»f—,*: Zm:HZ(Z) = HQ(T) - HZ(X) - H1<leX2):Zm
[Zi] — [ — [f+(E)] — [f(E) N (X NXy)].

But [f+(Z) V(XN Xe)| =L, ie fr= f- .. Furthermore f, , and f_ . are isomorph-
isms. In particular f_(c) and fi(c) are homologous for any ¢ € Cy(T). Therefore the
map H(T,C*) — H,(X,CF) is induced by the map

Co(T x Fy,) ®zr,, Cct — Co(X x Fy,) @z, C*
(ciy2) @V > (f-(ci), 2ti — 2) @v=(f-(ci), 2) @ (a(ts)v — v).

If (af(t;) — id) is invertible for all i, then H,(T,CF)— Hy(X,C*) is clearly an iso-
morphism.

In the following we will assume that the assumptions of the proposition hold. Our
next goal is to give a geometric interpretation of the map H,(V, C*) — Hg+1(N, CH).
We need the following theorem [33, p. 210].

THEOREM 7-3. Let X be a manifold, A C X. Let o € H;(X, A). Then there exists an i-
dimensional oriented manifold Y and a map g: (Y,0(Y)) — (X, A) such that g.(|Y|) = ka
Jor some k €N.

Write sj, :=rank(H,(V},)).
COROLLARY 7-4. There exist immersions of oriented (g + 1)-manifolds

Gni,+: (Nhi+, O(Npi +)) — (X, fr(V))
Ghi,—: (Nhi,—, O(Nps,—)) — (X1, f-(V))

and immersions of oriented g-manifolds gp;: Mp, =V, h=1,..., m,i1=1,...,s, such
that the following holds for l; = gni(Mp:), ¢+ (Ihi) = gni(Nns+) and c_(In;) = gni(Npi,—):
Q) {llntl, - lns, |} are a basis of Hy(Vi,) ® Q;
(i) f+(lni) = D llni)), [ (i) = De—(In):
(iii) c+(lpi), c—(li;) C Xy are in general position, in particular lp,..., s, C Vs,
h=1,..., mare in general position.



Link concordance, boundary link concordance and eta-invariants 457

Proof. Since X; is contractible we get Hg. (X, Vi)=H,(V}). Pick a basis
bi,...,bs, for the torsion free part of Hy(V3), h=1,..., m. Note that multiples
of by,...,bs, still form a basis of Hy (V) ® Q. The existence of immersions
Ghi+: (Nhi+, O(Npi+)) = (X4, f+(V))), and immersions g;: My,; — V with the respect-
ive properties (1) and (2) now follows immediately from Theorem 7-3. In fact one
can choose My; =0(Np; +) and gp; = filto Ghi,+. Obviously these immersions can be
brought into general position.

Now let Np;—=Np;+. Then it is clear that maps gni—: (Npi—, O(Npi—)) —
(X1, f—(V)) exist with the required properties, since (X, f_(V)) = (X, f+(V)).

Denote by * the pushing of V into T'= (V' x I), more precisely v* := ¢(v, %) forveV.
It is now clear that we can find ¢*(I};;) respectively ¢ (I7,), h=1,..., m,i=1,... sy
as in the corollary, such that fi(I},) =0(c(L};)), f=(F;) = 0(c—(l};)). We can again
assume that all immersions are in general position. By this we mean that for any
1,1€ {ln;,1;;} the manifolds ¢* (1) and ¢~ (I) intersect transversely.

For 1 € {lpi, 15 Yimt...s, write (1) == ¢~ ()t Uy —c* (1) C N =(X x F,,)/ ~. Note that
P(l) is a closed manifold since (f_(p), zt;) ~ (f+(p), 2) for any p € T;. It is clear from
the above proposition that {[¢(ln;) ® €1} h=1,.. mi=1...s,.j=1,. & forms a basis for
Hg+1(N, C*). We order this basis lexicographically on the triple (h, i, 7).

7-2-2. The intersection pairing on HgH(N, C*)

Let 1,1 C N be oriented immersed (¢ + 1)-manifolds in general position, by this
we mean that lg and [ intersect transversely for any g € F},,. Then their equivariant

intersection number (I, 1) is defined as follows:
(L,I)y=> (g-l)g~" €Z[F,]
9€Fn

where lg - [ €Z is the ordinary intersection number, which is 0 for almost all g. Note
that (gL, 1) = (L, D)g and {1,Ig) = g~ {1,1).
The twisted intersection pairing

(,):H ((N,C" x HY, (N,C*) —C

on HY, |(N,C*)=Hg, (C4(N) @z, | C*) has the following property:

([l v],[T@0])=8"a((l, D)
if 1,1 C N are immersed (¢+ 1)-manifolds in general position. Furthermore the pairing
is hermitian, in particular we can define its signature.
The Seifert pairing can obviously be extended to a pairing Hg(V;, Q) X
H,(V,,Q) — Q. Denote by A the Seifert matrix of (L, ¢) with respect to the bases
{”hl]v ceey [lhsl]} Oqu(Vh, Q), h: 1, ey, M.

ProrositioN 7-5. If (a(ty) — id) is invertible for all h or if ¢>1, then the inter-
section pairing on H 5 (N, CF) with respect to the ordered (cf. above) basis {[1(ln;) ®
e} e HgH(N, C*) is represented by the matrix

V—e(A — ea(T)A'a(T)™" — Aa(T) ™" + ea(T) A",
In particular

signg(N) = sign(v/—e(A — ea(T)A'a(T) ™" — Aa(T) ™" + ea(T) AY)),
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Note that we can deform (l3;) into d(1(ln:)) = c¢*(1};;) — ¢ (I};;)tn. Then ¢ (l5;) and
d(¥(l;;)) are in general position for any h,%,[,j. We therefore have to compute the
equivariant intersection numbers of 1 (l5;) and d(¢(l;;)). The proposition now follows
immediately from the definitions and the following lemma.

Lemva 7-6. With respect to the ordered sets

¢(lll)a'"7w(l18|)a-..aw( ml) 7d)( MSy, )(md
d(@h(lir))s -5 AW (lis)))s - -5 AW (l1)), - - -5 d((lms,, )

we get the following matriz for (,)

All(l—tfl) —GAﬁl(l—tl) Alz(l—tl)(1_t;1)
Agi(1 = to) (1 = t7") As(1—t3") — eAby(1 — 1)

= A— TAT' — AT + T A?
= (A+ €T AY (1 — T

Note that a similar computation has been done by Ko (cf. [13]) for the intersection
form of the (abelian) Z™-cover of N.

Proof.

Denote by . respectively _ pushing into the positive respectively negative direction
inint(V) x [—1,1] C §?7*!,

Note that 9(X;)=~S?*'. There exists an orientation preserving embedding
g:V x[—=2,2]— 9(X,) such that for I CV

g9(l,2) = f+(l)

g, 1) = f+(%)
g, =1) = f-(I")
g, =2) = f-(I).

legant (1, 1) = Tk, (9 (1) -
legear (I, 14) = 1k a<x1><g<l, 2),9(, 1) =c(I) - ¢"(I")
legaaet (1, 1) = Tkoox, (9(0,2), g(L, = 1) = ¢ () - ¢ ()
Heget (1, 1) = Tk (9(1, =2), g1, = 1)) = ¢~ (1) - ¢ (I")

Furthermore, note that:
(i) right multiplication by ¢ is an isometry,
(i) 1k(l,1) = —e€lk(l,1).
Using this we compute
V(i) - d(@(liy) = (¢ (Ina)tn U — ¢ (lne) - (e~ (50U — e (1))

c (lni) - " (l5) + e (lna)tn - ¢ ()t
= 1k(lhiv, lij) + Ik(lpi—, 1) 0

and for z & 1 we compute

Y(lhi)z - d(@(liy)) = (¢ (Ine) 2t U =" (i) 2) - (¢ (1)t — ¢ (1];)),
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this is zero except for the following cases:
Z:tl == Y(lhi)z - d(¥ (1)) C+(lhz)tl (=™ (5)t) = =Tk (I, lij)
2=t =)z - d((ly) = (lm)tht_ " (lf;) = =1k (lpi-, bi;)

2=t = (i) z - d(W(l) = —¢ (lna)taty "t - (= (1)) = 1k (lni, L)
since z % 1 unphes h=+l.

These are the only possible intersections. More precisely, c*(l)z - ¢*(1)z2=c*(l)z -
cF()2=0if z+ 2 and if [, don’t intersect, since the corresponding manifilds don’t
intersect. The lemma now follows immediately from the definition of the Seifert
matrix A.

7-3. Proof of Theorem 4-5

Recall that we have to show the following.

Claim 1. Let (L C S*7',¢) be an F,,-link, A=(A;;)i j=1,.m a Seifert matrix for
(L, ), a: F,, = U(k) a representation. Let € = (—l)q”, then

p(Mp, @)(a) = eZsign( (Ai +€AY)) 2277 (2i5)
=1 =1 5=1

+sign(yv/—€(A — ea(T)A'a(T) ™" — Aa(T) ™" + ea(T) AY))

Proof. Note that the expression on the right-hand side only depends on the S-
equivalence class over QQ of A, since matrices A, Ay which are S-equivalent over Q
give rise to matrices with identical signatures. In particular it is enough to show that
the claim holds for a Seifert matrix A. The statement under the assumption that
either ¢ > 1 or («(t;) — id) is invertible for all ¢ now follows immediately from the
calculations above and the observation that the untwisted signature is 0.

Otherwise we have

HY(N,CF)~H,(V,C*) & Im(H,(X,CF) — H{(N,CF)).

Let (c,z) € Im(Hy(X,CF)— HY(N,CF*)) for i=1,2 and (d,w) € Im(H(V,CF)—
HY(N,CF¥)). Then cg - d=0 since ¢ can be represented by an element which is sup-
ported on O(N) whereas d can be represented by an element which is supported on
N\ O(N

Since H,(X) is generated by | f_(Z;)] it remains to show that f_(X;)g and f_(X;)*
are disjoint for any g € Fy,,4,7 € {1,..., m}. That’s obvious for ¢ +j and for g +e.
Recall that Z; N (X; N X;) = K. Pick a longitude K’ for K. Pick a Seifert surface V'
for K’ and close it by a disk D’ in the 2-handle over K. Then [V'U D’] represents
[Z] and we can assume that X; and V' U D’ are in general position. But

- (VUD)Y=(wvUD* . (V'UD=V.-V'+D*.-D'=0
since V- V' =1k(K, K')=0 and D, D’ can be chosen to be disjoint.
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