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Abstract—Let m and k be positive integers with m /ged(m, k)
being odd, for ¢« € R and b € L, the exponential sum

) ok

DoeeL Tras+262® %0 4o studied systematically in this paper,
where i = /—1, R = GR(4,m) is a Galois ring, L is the Teich-
miiller set of R and 7'r(-) is the trace function from the Galois
ring R to Z,. Through the discussions on the solutions of certain
equations and the newly developed theory of Z,-valued quadratic
forms, the distribution of the exponential sum is completely de-
termined. As its applications, we can determine the Lee weight
and Hamming weight distributions of a class of codes C* over 7,
and the correlation distribution of a quaternary sequence family
14", respectively. Furthermore, the Hamming weight distributions
of the binary codes obtained from C* under the most significant
bit (MSB) and Gray maps are also determined. For the MSB map
sequences of /*, the nontrivial maximal correlation value is given
and the correlation distribution is determined for the Gray map
sequences of 2/*. It should be noted that the distribution of the
exponential sum for the case gcd(m, k) # 1 is obtained for the first
time, and then the corresponding codes and sequences are novel.

Index Terms—Correlation distribution, Galois ring, Gray map,
Hamming weight, Lee weight, most significant bit (MSB) map,
quadratic form.

I. INTRODUCTION

ET 7, =10,1,..., [ — 1} be the ring of integers modulo

’ ’

l. The Galois ring R = GR(4, m) with 4™ elements is
the Galois extension of degree m over Z4. Due to the easy im-
plementation in modulators and the better correlation properties
than binary sequences according to the Welch and Sidelnikov
bounds [13], [22], many researchers have studied codes and se-
quences over Galois rings in the last decade [3], [5], [8], [9],
[14], [17]-[19], [21].
Throughout this paper, let m and k be positive integers with
ged(m, k) = d and m/d being odd. A class of exponential sum
over a Galois ring is denoted by

2k 11
pla,b) =Y ilmleet2e™ "0 g e R b el (1)
zel
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where ¢ = \/—1, L is the Teichmiiller set of R and 7'r(-) is the
trace function from the Galois ring R to Z, (see Section II-B).
Several classes of codes and sequence families have been ob-
tained from the distribution of p(a,b) for some specific values
of the parameters m and k. The distribution of p(a,b) fork = 1
had been studied in [8] to determine the correlation distribu-
tion of the quaternary sequence family S(1). Codes with the
same weight distribution as the Goethals codes and the Del-
sarte-Goethals codes were obtained based on the distribution of
p(a,b) for odd m and ged(m, k) = 1 [5]. Most recently, the
theory of Z4-valued quadratic forms [11] was used to analyze
the exponential sum p(a, b) and new sequence families were ob-
tained in [11] and [12], in which the distribution of p(a, b) for
odd m and k = 1 was also determined.

In this paper, based on the discussions of the properties of cer-
tain equations over a finite field and the newly developed theory
of Z,-valued quadratic forms, the distribution of the exponential
sum p(a, b) is uniformly determined, which generalizes the re-
sultsin [5] and [8] and will play an important role in determining
the weight distributions and correlation distributions of several
classes of codes and sequences, respectively. Concretely, as ap-
plications of the exponential sum p(a, b), we can determine both
the Lee weight and Hamming weight distributions of a class
of codes C* over Z4. By choosing cyclicly inequivalent code-
words from C*, a quaternary sequence family /¥ is obtained
and the correlation distribution is also determined. The quater-
nary codes C* extend the results in [5], and the family /¥ is a
generalization of family S(1) in [8]. In addition, two classes of
binary codes and sequence families are obtained by performing
the MSB and Gray maps on C* and U/*, respectively. The Ham-
ming weight distributions of both the binary MSB map code
7(C*) and Gray map code $(C*) are determined. The binary
sequence family 7(U*) is the MSB map sequences of /¥, and
we only can give a bound on the nontrivial maximal correla-
tion value. The correlation distribution of this family was deter-
mined only for odd m and any k with ged(m, k) = 1 [25]. For
the general case, it is still unknown. The other binary sequence
family (") is obtained from &/* under the modified Gray map
and its correlation distribution is completely determined, which
generalizes the family ¥7(1) in [12]. We check all the above dis-
tributions by computer experiments.

The remainder of this paper is organized as follows. Section II
gives some preliminaries. In Section III, we determine the rank
distribution of a class of quadratic forms over a Galois ring, and
the distribution of the exponential sum p(a, b) is determined in
Section IV. As applications of the distribution of p(a,b), sev-
eral classes of codes and sequence families are discussed in
Sections V and VI, respectively, and the concluding remarks are
given in Section VII.

0018-9448/$26.00 © 2011 IEEE
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II. PRELIMINARIES

A. Correlation Function

For any two sequences a = {a(t)} " and b = {b(t)} '
of period N over Z;, the cross correlation function Ra p(7) is
defined as

N—
Rap(r) = 3 wat+0 >0

t=0

[u

where w is a primitive complex [th root of unity and 0 < 7 <
N —1.

B. Galois Rings

The Galois ring R = GR(4,m) is the Galois extension of
degree m over Z4. Let yu : Z4 — Z5 be the modulus 2 reduction.
Naturally, the mapping ; induces a homomorphism from the
Galois ring R to the finite field Fom with 2™ elements. For every
element z € R, it can be uniquely expressed in the form

z=x+2y, v,y €L

where L is the Teichmiiller set of R defined by L = {z €
R: 22" = z}. For more details, the reader is referred to [3],
[8]-[10] and [14].

Unlike in the finite field Fam of size 2™, the addition op-
eration in the Teichmiiller set L is not closed. Specially, for
any z,y € L, there exists a unique z € L such that z =
x + y + 2/zy. For convenience in this paper we define a new
operation @ on L by

T®y=x+y+2/zy.

Essentially, (L, @, -) is isomorphic to the finite field Fom.
The trace functions ¢t : L — Zy and T'r : R — Z, are respec-
tively defined as

Tr(z+2y) = > (a% +24*), =,y € L.

j=

(=}

One can easily check that the trace functions ¢r(-) and Tr(-)
are linear functions over Z- and Z 4, respectively. Moreover, the
identity 27'r(x) = 2tr(z) holds for all z € L.
C. MSB and Gray Maps
In this paper, two maps are involved. The first one is the MSB
map from Z4 to Z» defined by
7(0)=0,7(1) =0,7(2) =1,7(3) =1

and another one is the Gray map from Z, to Z, X Z, defined by
¢(z) = (w(z),m(3z)) for z € Zy, i.e.,

When performing the MSB map 7 and Gray map ¢ on the
quaternary sequence {a(t)}~ ', we naturally obtain the MSB
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map sequence 7, = {7(a(t))} 1" and the Gray map sequence

ba = {Pa(t) ?50—1’ where
_ Jm(a(to), t=2to,
Palt) = { 7r(3a(0to)), t= 2t2 +1.

If N is odd, it is more convenient to use the modified Gray map
sequence v, = {pa(t)}72; " proposed by Nechaev [10], which
is defined as

*(alto)), =21,
Pa(t) = {7r(3a(to + MELY) =2t + 1.

The correlation functions of the quaternary sequences and
those of their MSB map and modified Gray map sequences have
the following relations.

Lemma I ([20]): Let {a(t)}N5" and {b(t)} 5" be two qua-
ternary sequences of odd length N. Then

Rr, ., (T) = E)[{Q(Ral,b(T)) - jm(R?)a,b(T))

where Re(z) and Im(z) represent the real and imaginary parts
of x, respectively.
N-1

Lemma 2 ([6]): Let {a(t)}N5' and {b(t)} X! be two qua-
ternary sequences of odd length N. Then
R [ 2-Re(Rap(70))s if 7 = 279,
wa’wb(T) 12 me(R3a’b(7'0 + %))/ if 7 =219+ 1.

D. 74-Valued Quadratic Forms

Definition 1: A symmetric bilinear form on L is a mapping
B : L x L — Z» with two properties

1) symmetry: B(z,y) = B(y,z);

2) bilinearity: for any «,8 € Zs, Blaxz & fy,z) =

aB(z,2) ® BB(y, z).

Specifically, B is called alternating if B(x,2) = Oforallz € L.

The rank of B is defined as rank(B) = m—dimgz, (rad(B)),
where

rad(B)={z €L :B(z,y) =0, Vy e L}. 2)

Definition 2 ([2]): A Z4-valued quadratic form is a mapping
Q : L — 74 that satisfies

1) Q(0) = 0, and

2) Qz @ y) = Qz) + Qy) + 2B(x,y).
where B : L x L — Z5 is a symmetric bilinear form. In addi-
tion, ) is called alternating if its associated bilinear form B is
alternating.

Similarly, the rank of the Z4-valued quadratic form @ is de-
fined as rank(Q) = rank(B).

Given a Z4-valued quadratic form @ : L — 7,4, we are par-
ticularly interested in the distribution of the values of the expo-
nential sum

z€elL

when u ranges over L.
If Q is alternating, it is well-known that the distribution com-
pletely depends on its rank 7.
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Lemma 3 ([6]): Let @ be an alternating Z4-valued quadratic
form of rank r, then the distribution of {x¢(u), v € L} is given

by
+2m—3%,
0,

Recently, Schmidt developed the theory of Z4-valued
quadratic form and established the similar result.

27=1 4 25~ L{imes
2™ — 27 times.

Lemma 4 ([11]): Let Q be a nonalternating Z4-valued
quadratic form of rank . Then the distribution of the values in
the multiset { xg(u) : v € L} is as follows. If 7 is odd, we have

0, 2™ — 2" times

(1 +40)2m= 5, 27724275 times
N\ m— 21 r—2 =3 ..
+(1—¢)2m =z, 2772+ 27 times.
If r is even, we have
0, 2™ — 27 times
+2m=5 27724 25 L times
+2m=%j, 2""2times (each).

The following lemma about the greatest common division
will be used in the proofs of our results.

Lemma 5: For positive integers v and v, we have ged(2% —
1,20 — 1) = 28°d(w») _ 1 and

(¢ — 1, = X
& 1 + 28°d(wv) - otherwise.

III. RANK DISTRIBUTION OF Z4-VALUED
QUADRATIC FORM Q) ()

In this section, we mainly discuss the rank distribution of the
quadratic form

Qpc(x) = Tr(2bx1+2k +cx),x €L

where b,c € L.
Notice that Q .(x) is a Z4-valued quadratic form and its as-
sociated bilinear form is

Byo(w,y) = tr(ba® y & bay® & cPay).

By (2), to determine the rank of Qy .(z), it is sufficient to con-
sider the roots of

b @62 2" @ e =0, 3)

Taking 2¥th power on both sides of (3), then it equivalently be-
comes zg(y) = 0, where

k k
g(y) =b> y'* @c

2k 1

2k+1

ypb 4)

andy =z

Similar to the discussion in [4], [7], and [24], some properties
of the roots of g(y) = 0 can be obtained. First, we need the
following lemma.

Lemma 6 ([11]): Leth(z) = 2> t1 Qex @ e withe € L* =
L\{0} and D = 28°d(>™) Then h(x) = 0 has 0, 1,2 or D + 1
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solutions in L. Assume that N; denote the number of ¢ € L*
such that h(z) has exactly j rootsin L, where j = 0, 1,2, D+1.

Ifv = m is odd, then
D"ty D v—
N() == 2(D7—|:|—1)7 Nl == D 1 — 1
_ (D=2)(D"-1) _ D' '
No="=Sp—— Nou=Fpe7 -

Furthermore, if (x) = 0 has exactly one solution z( € L, then
)

(1o ® 1) D=1 = 1.

Lemma 7: For be # 0, let g(y) be defined by (4). Then:
1) The equation g(y) = 0 has either 0, 1, 2 or 1+ 2¢ solutions
in L.
2) If y; and y, are two different solutions of g(y) = 0, then
2™ 1

(y1y2) 271 = 1.
3) If g(y) = O has at least three solutions ¥, y2,y3 € L, then

2 —1
y2 "t =1fori=1,2,3.
oy
1

4) If g(y) = 0 has exactly one solution yo € L, theny;" ' =
1.

Remark 1: The analogy of properties 2) and 3) over a finite
field with characteristic 2 was obtained in [4] and [7], and the
analogy of properties 1), 3), and 4) over a finite field with odd
characteristic was discussed in [24].

Based on Lemma 7 and gcd (2% — 1,2™ — 1) = 27 — 1, one
can deduce that the possible ranks of By, .(z,y) are m, m — d
or m — 2d. Moreover, the rank distribution of By, .(x, y) can be
determined. To achieve this goal, for 7 = 0, d, 2d, define

R; = {(b,c) € L x L\ {(0,0)} : rank(By o(z,y)) = m — j}.

Proposition 1: When (b, ¢) € LxL\{(0,0)}, the distribution
of rank(By (z,y)) is given by

om _1)(2m+2d _gm+d_gm | 92d
IRo| = ( )( e )
|Ra|l = (2™ — 1)2m—4
m_ m—d__
|Raa| = %

Proof: 1t is easy to see that the rank of By .(z,y) is m if
b = 0and ¢ # 0 and the rank of By, .(z,y) ism — dif b # 0
and ¢ = 0. Hereafter, we focus on the case of b # 0 and ¢ # 0.
Rewrite (4) as

g) = b (e e () ®)

. b CLE R CLES)) .
if bc # 0andlety = ST and ( = ¢ AT Applying
Lemma 7, we know that g(y) = 0has 0, 1, 2, or 2?41 solutions,
which is discussed case by case as follows.
Case 1 When g(y) = 0 has no solutions, then (3) has only
zero solution; thus, in this case, the rank of By, .(z, y) is m.
Case 2 If g(y) = O has exactly one solution, then by
Lemma 7—4), the solution is a (2% — 1)th power in L. Thus,
(3) has (2‘1 -H+1 = 2¢ solutions, i.e., the rank of
By o(z,y) ism — d.
Case 3 If g(y) = 0 has two solutions y1,y2 € L, then
by Lemma 7-2), y1, yo are either both (2¢ — 1)th powers
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or both not (2% — 1)th powers in L. The former cannot be
true since in that case (3) would have exactly 2441 _ 1
roots in L, which contradicts the fact that the number of
roots of (3) is a power of 2. Therefore, both roots are not
(2¢ — 1)th powers in L and (3) has no nonzero root in L,
i.e., rank(By .(x,y)) is m.
Case 4 If g(y) = 0 has 2¢ + 1 solutions, by Lemma 7-3),
all of them are (2¢ — 1)th powers in L. Hence, (3) has 22¢
solutions, i.e., the rank of By, .(z, y) is m —2d for this case.
According to (5), the number of solutions of g(y) = 0 is
equal to that of 2+ g (z @ ¢ = 0. Suppose that IN; denote
the number of ( € L* such that 22 g (z® ¢ = 0 has exactly
g rootsin L, where j =0, 1, 2, 2% 4+ 1. Then by Lemma 6, one
has

9d=1(gm 41 —d

No = 225, Ny =2m7"—1
9d—1_1y(9m _1 om—d_q

Np = 5200 Nowyy = 2t

okt1iok 1)

Note that { = “—+—. By Lemma 5, gcd(2™ —1,2F +1) =
1 since m/d is odd. Thus, for any fixed b € L*, ¢ runs through
L* when c runs through L*. Therefore,  runs through L* 2" —1
times when (b, ¢) ranges over L* x L*. This together with the
cases for b = 0 or ¢ = 0, result in

[Ro| = (2™ = 1) + (2™ = 1)(No + N2)
(2m _ 1) (2m+2d _ 2m+d _9m + 22(1)
224 _ | '

Similarly, we have

|Ra| = (2™ — 1)2m~¢
(2m —1)(2m=4 - 1)
22d — 1
respectively. This finishes the proof. O

IRad| =

IV. DISTRIBUTION OF THE EXPONENTIAL SUM p(a, b)

In this section, the distribution of the exponential sum p(a, b)
defined by (1) is completely determined by the rank distribution
of Q () and the theory of Z4-valued quadratic forms.

Leta = ¢+ 2¢, ¢, € L. Then by (1), the exponential sum
p(a,b) can be rewritten as

pa,b) =& (b,c,c’)

*
_ iTr (cl’+2bz1+2 ) (_l)tr(c,m)
rell

_ Z §Qne @) (_1)tr(c'),

zel

where Qp .(z) = Tr(2bz't2" + cz). Note that Q, () is al-
ternating if and only if ¢ = 0.

Theorem 1: When (a, b) runs through R x L, the distribution
of the exponential sum p(a, b) is given in Tables I and II for odd
m and even m respectively.

Proof: Herein we only give the proof for odd m since the
case for even m can be similarly proven. The values of the ex-
ponential sum p(a, b) = £(b, ¢, ¢) can be calculated as follows.

Case 1 b=0and c = 0.
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TABLE I
VALUE DISTRIBUTION OF p(a,b) FOR ODD m
Value Frequency
2m 1
2m 2m—3d
0 1 @ - T— - 2m—2;d + 1)d )
m— m— m+2 m m 2
+(1+1)2" (2m —1)@m2 oty )Tt oA
 m—1 _ m— m¥2d_omFd_om_ 52d
+(1 1;)2 2 (2m —1)(2m 2+27 2 )2d e
£27%° (@m —1)((@m-42x2%5 “hom-d 4 gm-d-2)
mId .
+272 4 (2™ —1)(2m~4 — 1)2m~9=2(each)
mE2d— —2d—3 m—
E1+927E | @ropErtaetE )2
mF2d—1 Y m=2d=3 om—d_
+(1-14)2" 2 (2m —1)(2m—2d-2 £ 2~ 2 T I
TABLE II
VALUE DISTRIBUTION OF p(a, b) FOR EVEN m
Value Frequency
2m
22m | 52m—3d —
0 e -5 - 2’":; + 13d _
+27% (2 — 1)(@m2 £ 2% 1) T4
=) F2d_gmTd_ 2d
+2%4 2m—-1) e 225: 27 +2 >(each)
+d —d
+272 (2m —1)((2m-d-2+ 277 ~1)am—d 4 gm-d-2)
mEd
+272 ¢ | (2™ —1)(2™ 4 — 1)2™ 9 2(each)
mT2d m—2d m—d
+27 3 @m —1)(2m-2d-2 4972 1 222d_‘11
m+2d —2d—2 —d_
£275 0 | (2m - 1) 27 "= each)
TABLE III
LEE WEIGHT DISTRIBUTION OF C* FOR ODD m
Lee Weight Frequency
0 1
om (2m —1)(2 ’”;rdzi'l"*“ —gm—2d | (gm—d _J)gm-d—1 1)
om | 2% (2777. _ 1)(2771—1 F2 ”‘,;1 )2m+2d7227;+:i172m+22d
om 4 2% (2m — 1)((2m—d—2 F2 "'2_'1 —1 )Zm—d + 2m—d—2)
om 4 2"&22(171 (2m — 1)(2m—2d—1 F 2’"72(171 )2’2“2;’1—11

:tzm;—d’
0,

This is a trivial case, one can easily obtain

€(0,0,¢") = Z(_l)tr(c’m) _ {2(7);1’ if ¢ #0

i f ¢ =0.
= if ¢

(6

Case 2 b # O and ¢ = 0.

For ¢ = 0, Qp,0(x) is alternating and the rank of Qp o(z) is
m —d forany b € L*. Then by the fact m —d = d(% — 1)
is even and Lemma 3, one can deduce that the exponential
sum &(b, 0, ¢’) has the following distribution

m—d
2

(2™ — 1) (2m—d—1 +2 —1) times

, @)
(2m —1) (2™ —2m¢) times.

when (b, ¢') runs through L* x L.

Case3b =0andc # 0.

If b = 0, the rank of Q. .(z) is m for any ¢ € L*. In this
case, Qg () is nonalternating, then by Lemma 4, when
(¢, ) runs through L* x L, £(0,¢, ¢') has the following
distribution

m

{ £(144)2%7, (2™ = 1)(2m~2 £ 277 ) times ®
+(1—i)2", (2™ —1)(2™ 2 £ 2"F) times.
Case4 b #0andc #0.

For be # 0, the rank of Q () is m, m — d or m — 2d.
Note that m — d is even and m — 2d is odd if m is odd.
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TABLE IV
LEE WEIGHT DISTRIBUTION OF C* FOR EVEN m

Lee Weight Frequency

0 1

om (Zm _ 1)(22111—1 + gm—1 + 2m—3d—1(2m;3i41-2m _92d _ 2d) + 1)
2127 | (@ 1)@rn 2yl ) oyt

om 4 zm;d (2m —1)((2m—94-2 x 2m2_d—1)2m—d + gm—d—2)

2m 25 | (@m 122 g2 )2

This fact together with Lemma 4 and Proposition 1 imply
that when (b, ¢) runs through Ro\{(0,¢) : ¢ € L*} and ¢/
runs through L, £(b, ¢, ¢’) has the distribution

m

+(1410)27=

L (IRo| = 27 4+ 1) (2m—2 + 2—‘3) times
= (IRol = 2™ +1) <2m_2 + 2%4) times.

+(1 - 0)273

Similarly, when (b, ¢) runs through R4\{(b,0) : b € L*}
and ¢ runs through L, one can deduce that £(b, ¢, ¢') has
the distribution

0, (IRq] — 2™+ 1) (2™ — 2™~ 4) times
m4td m—d _q .
) times

227, ([Ra| = 2m 1) (22 2%
+2=55 (|Ra| — 2™ + 1) 2m~4=2 times (each).

m

and when (b, ¢) runs through Ry, and ¢’ runs through L,
&(b, ¢, ¢’) has the distribution

0, (2m — 2m=2d)| Ry, | times
£(144)2%5, (2m 2472 £ 275)| Ry times

m—2d—3

(Zm—2d—2 +92 5

)| Ra4| times.

respectively.
Hence, combining Cases 1-4 and Proposition 1, the theorem
follows. This finishes the proof. O

We have determined the distribution of the exponential sum
p(a,b) in a uniform way, which generalizes the cases discussed
in [5] and [8].

V. SEVERAL CLASSES OF CODES AND THEIR

WEIGHT DISTRIBUTIONS

As an application of the exponential sum p(a, b), firstly we
are able to determine the Lee and Hamming weight distribu-
tions of a class of quaternary codes and the Hamming weight
distributions of the corresponding binary codes obtained by the
MSB and Gray maps.

A. Quaternary Code C* and its Lee Weight Distribution

The Lee weight of an element @ € Z4 is defined as
wr(a) = 1 — PRe(i"). Then, the Lee weight of a codeword
c=(c1,Co,...,Cp)is

n

wr,(c) =n — Re Zz’“j

i=1
Define a quaternary code as

C* ={c(a,b):a €R,bEL} )

TABLE V
HAMMING WEIGHT DISTRIBUTION OF C* FOR ODD m

Hamming Weight Frequency

0 1

gm—T (2m _ 1)(2771 —_om—d + 1)

gm-14 9™ -1 (2m — 1)(@m—d-1 3275 1

3. 2m—2 (2m _ 1)(2m—d _ 1)(2m _ 2m—d—1 + 2m—2d)
3.9m—2 1 2m2—3 (@m 1)(2m_1 - 27n2—1 )2m+ d_g;:jl_21n+22d
3.om-2 4 2—’";’d—1 (2m —1)(2m—d — 1)(2m—d-2 ¢ 2m2_d -1
3.9m—2 4 2L 22‘17‘! (27n _ 1)(2m—2d—1 F 2""’7.22‘171 2;’;;'1—11

where c(a,b) = (Tr(az + 2ba2" t1)),cp . By the definition of
Lee weight, one has

wy, (c(a,b)) = 2™ — NRe <Z z’TT(m“me '-+1)> . (10)

xzel

Then the Lee weight distribution of C* follows from Theorem
1 and (10).

Theorem 2: When (a, b) runs through R x L, the Lee weight
distribution of C* is given as in Tables IIT and IV for odd m and
even m, respectively.

Remark 2: The Lee weight distribution of {c(u,a,b) =
(u + Tr(az + 262> +1)),er 1w € Zy,a € R,b € L} for
odd m and ged(m, k) = 1 was determined in [5]. Note that
wr(c(u,a,b)) = 2™ — NRe(:¥p(a,b)). Thus, based on the
distribution of p(a, b), we can easily extend the results in [5] by
a different approach.

B. Quaternary Code C* and its Hamming Weight Distribution

The Hamming weight of a codeword ¢ = (cy,¢a,...,¢y,) is
defined as the number of nonzero c; for 1 < 5 < m, and is de-
noted by wg (c). In this subsection, we determine the Hamming
weight distribution of the quaternary code C* defined by (9).

The Hamming weight of the codeword ¢(a,b) € C* can be
expressed as

wp (c(a,b)) =2™ — {z € L : c(a,b) = 0}]

__om 1 :Ac(a,b)
== D
z€lL A€Z,y

SR DI

A€Zy z€L

Tr (Aaz—i-ZAbml +2* )

m 1
=2" -2 > p(Aa,Ab).

AEZ,
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TABLE VI
HAMMING WEIGHT DISTRIBUTION OF C* FOR EVEN m

Hamming Weight Frequency

0 1

2m—1 (2m _ 1)(2m _ 2m—d + 1)

om—1 + 2m+d 1 (2m _ 1)(2m—d—1 — — )

3.9m— 2 (2777, _ 1)2m73d71 ((2771 _ 1)23{1 + (2m + l)(22d _ Zd) + 2m)
3.9m—2 4 2771 (em — 1)(2m 2 ¥ 2771)2m+2d—2;::j1—2m+22d

3-2m— 2:|:2m+d_1 @m — 1)@m= d—1)(2m -2 3 ™50 -1
3.am=249™5 1 | (gm _1)(@m-2d-2 gty )2 ol

Note that p(3a,3b) = p(a,b), where = denotes the complex
conjugate. Then we have

wir(c(a,b)) = 3-2m=2 _ %me(p(m b)) — ip(2a7 2%).

In what follows, we only consider the weight distribution of
C* for odd m because the case for even m can be obtained in
the same manner.

Suppose that a = ¢ + 2¢/, ¢, ¢’ € L, then p(2a,2b) = 2™ if
¢ = 0 and p(2a, 2b) = 0 otherwise. Thus, one has

1
wi(e(a,h) =27 = “Re(p(a,h)) (D
if ¢ = 0, and for ¢ # 0, one can get
wy(c(a, b)) =3-2m72 — —Re(p(a,b)). (12)

Applying (11) to (6) and (7), when ¢ = 0 the weight distribu-
tion of C* is

0, 1 time
om—1 (2m —1)(2™ — 2m=% + 1) times
gm—1 3 #4=2 (2™ — )—(2”1 i ) times.

(13)
Subsequently applying (12) to the distribution of p(a, b) for
¢ # 0, the weight distribution of C¥ when ¢ # 0 is

(3. 2m—27 (2m _ 2m—d—l + 2m—2d)
(2m —1) (2m=% — 1) times
3_2'&”)’1,—2:!:2¥7 (2771_1) (2m 1:*:2771 1)

gm+2d_gm+d_gm 4 92d

, R times
3. 2m—2 T 2&_1 (2m ) (2m d 1) (14)
( ) times
3. 2m_2 - 2m+§d—3 7 (2m 2d—1 + 2m 2d— 1)

om— d -1
1) 55— times.

g (2™ —
Therefore, combining (13) and (14), the Hamming weight
distribution of the quaternary code C* is obtained.

Theorem 3: When (a, b) runs through R x L, the Hamming
weight distribution of C* is given in Tables V and VI for odd m
and even m, respectively.

C. Binary Code w(C*) and its Hamming Weight Distribution

In this subsection, assume that . > 3 and we consider the
binary code obtained from C* under the MSB map.

Let m(c) = (m(cy),m(ca),...,m(cy)) for
c = (c1,¢,...,¢,) € C*, and define
7(C*) = {n(c(a,b)) :a e R,bEL}

where c(a,b) = (Tr(az + 2b312")) ey .
To determine the Hamming weight distribution of 7(C*),
define
Noy(t) = [{z € L : Tr(az + 2bz'+2") = t}|

fora € R,b € L and t € Z,4. Then the Hamming weight of
m(c(a,b)) € w(C*) is

wir (7(e(a, b)) = Nupy(2) + Nan(3). (15)

In addition, the exponential sum can be rewritten as

g5

zel

a$+2b11+2 )

Then one gets
Na,b(o) - Na,b(Z) = me(p(av b))
Na,b(l) - Na,b(3 a )
Nap(0) + Ngp(1) + Ny p(2)

associated with (15) which gives

Re (p(a, b)) + Im (p(a, b))

wg (7(c(a,b))) = 2™~ — 5

Thus, the Hamming weight distribution of 7(C*) follows
from Theorem 1.

Theorem 4: When (a,b) runs through R x L, the Ham-
ming weight distribution of the binary code 7(C*) is given in
Tables VII and VIII for odd m and even m respectively.

D. Binary Code ¢(C*) and Its Hamming Weight Distribution

For the Gray map, let ¢(c) = (¢(cy1), d(c2), ..., ¢(cy)) for
c = (c1,¢2,...,¢,) € C*, and define

$(C") = {(c(a,

= (Tr(az + 2b2+2")) ey .

b)):aeR,bel}

where c(a, b)
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TABLE VII
HAMMING WEIGHT DISTRIBUTION OF 7(C*) FOR ODD m

Hamming Weight Frequency
0 1
.y ) “od_1 5Zm—1 52m—3d—1
om (2 m—1)((2m+1)(2m —272 3+d2d—“+1>
e m— m¥2d _omFd_om 52
2m~1 £2 (@m —1)@m—2F2"7)2 dzzzd,12 +2
2m71:t2 2 d_1 (2m_1)2m d(2m d—1 :Fzm —1)
mF2d—1 ri 3 om—d_
2m—1 +92° 3 — (2m 71)(2711 2d— 2;2 )2220(_11
TABLE VIII A family U* of the quaternary sequences is defined by

HAMMING WEIGHT DISTRIBUTION OF 7 (C*) FOR EVEN m

Hamming Weight Frequency
0 1
om_ o2m—3d
om—1 (2m _ 1)(2 -2i—d2+l _gm—2d + 1)

m ™ _ mI2d_om¥d_om_ 52d
2m—1:t22+d1 (2m_1)(2m 1;22 )2 222d_12 +2
om—1 4 2m 1 (2m 1)2m d(2m d—1 )

m—1 m+2d -1 m m—2d—1 d_1y2m—d
2 +27 2 (2™ —1)(2 :FQ 5247
It is well-known that [6]
w (¢(c(a, b)) = wr (c(a, b)) = 2™ — Re(p(a, b))

Therefore, the Hamming weight distribution of $(C*) is the
same as the Lee weight distribution of C k. so we omit the Ham-
ming weight distribution of ¢(C*) here.

VI. SEVERAL SEQUENCE FAMILIES AND THEIR
CORRELATION DISTRIBUTIONS

In this section, by choosing cyclicly inequivalent codewords
from the codes obtained above, we are also able to obtain some
sequence families and completely determine the correlation
distributions based on the distribution of the exponential sum

p(a.b).

A. Quaternary Sequence Family U* and its Correlation
Distribution

For v = (70,71) € R x L, define the quaternary sequence
{sy(1)}320 by

5(t) = Tr (38") + 277 (np 1) q16)
where (3 is a primitive element in L. Note that gcd (2™ — 1,2 +
1) = 1 by Lemma 5. Thus, the least positive period of {s.(¢)}
is 2™ — 1 for any v = (y0,71) # (0,0) € R x L.

Two sequences {s.,(t)} and {s.(t)} are cyclically equivalent
if there exists an integer 7 such that {s., (t+7)} = {s./(¢)}. This
equivalence relation partitions {R x L} \ {(0,0)} into (2™ —
1)/(2™—1) = 22m4+2™ 41 equivalent classes. Define P(m) to
be the set formed by choosing one element from each equivalent
class. Clearly

|P(m)| = 2% +2™ +1 (17)
and such that any two sequences {s. ()} and {s,/(¢)} are not
cyclically equivalent if v,~" € P(m).

"= {{sy(t)} v € P(m)}.

For two quaternary sequences {s.(t)}, {s,(t)} € U*, their
correlation at shift 7 is

z_: Tr zoﬂ +2T7‘(zlﬂ 2 +1)t>

t=0
=P (207 Zl) -1

Rs.y ,S47 (T) =

where 2o = 708" — ) and z; = 7, B DT @ 4.
Given z = (29, 21) € RxL, consider the number of solutions
(v,7") € P(m) x P(m)and 0 < 7 < 2™ — 1 to
fYOBT - ’Y(/)7

zZ0 =
2= mpeHHT

Clearly, for arbitrary fixed v, # —z¢ (resp. 7] # z1) and fixed
0 < 7 < 2™ — 1, there exists exactly one vy € R (resp. v; €
L) satisfying the above equations system. That is, when (y,v’)
runs through P(m) x P(m) and 7 varies from 0 to 2™ — 2,
—z = 7/ — ~ ranges over P(m) 22™ + 2™ times, and (R x
L)\P(m) 22™ + 2™ + 1 times.

Next, assume that  is a complex value and N is the number
of the occurrence of p(a,b) = x when (a, b) ranges over (R x
L)\{(0,0)}. Since p(aB7, b3 +17) = p(a,b) forall 0 < 7 <
2™ —1, it follows from the definition of P(m) that p(zg,21) = K
occurs N, /(2™ — 1) times when (29, 1) runs through P(m),
and (2 — 2)N,. /(2™ — 1) times when (2o, z1) runs through
(RxL\{(0,0)})\ P(m). Therefore, when (,~") runs through
P(m) x P(m) and 7 varies from 0 to 2™ — 2, p(z9,21) = K
occurs

® .

(22427 ) X Ny (22427 +1) X (2" —2) N,

_ 23'm 2
om _1 - N

times for any (2o, z1) € Rx L\ {(0,0)}. Specially, p(zo, z1) =
p(0,0) occurs 22™ + 2™ + 1 times since (0,0) & P(m).

Then by Theorem 1, the correlation distribution of the qua-
ternary sequence family /¥ is as follows.

Theorem 5: The correlation distribution of family /¥ is given
in Tables IX and X for odd m and even m respectively.

Remark 3: The correlation distribution of family /* for odd
m and k£ = 1 had been determined in [8] and [11] by different
methods. In this paper, based on the techniques developed in [1]
and [11], we can generalize the family to 2/* for positive integers
m and k with m/ged(m, k) being odd.
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TABLE IX
CORRELATION DISTRIBUTION OF FAMILY 2{* FOR ODD m

Value Frequency
-1+2™ 22m 4 om 4 ]
-1 (23m _ 2)(22m-2¢—2+T_ d _ 2m—2d + 1)

L m—1 — m—3 m+2d _om+d_om 2d
—1+ (14492 2 i (23m —9)(2m—2 £ 277 )2 - 22“;1 2 +22d
—1+(1-14)2 2 (28m —2)(2m—2 £ 272 )%

m+d d

142" (23m — 2)[(2m—9-2 % 2™y —1)2m—d 4 gm—d—2]
14275 (23m _ 2)(2m—4 _ 1)2m—d—2(each)
I (L2 | (@I _g)emrr g )2 ]

mE2d—1 m—2d—3

1 (102" | (2P o g)(emz T2 T
TABLE X
CORRELATION DISTRIBUTION OF FAMILY /¥ FOR EVEN m
Value Frequency
—14 2™ 2Zm 4 om 41
Zm | o2m—3d I
-1 (23m _ 2)(2 —2}—d2+1 _ 2m+22dd + lld _
—1+22 (2% —2)(2m—2 2% )T =2 2T 4
P m—2om+2d _omtd_om 2d
—142% (28m —2)2m T o2 22042 ) each)
mEd " m—d
—14+2 2 (23m _ 2)[(2m7d72 +927 32 —1)2m7d + 2m7d72]
mId P
14272 4 | (28m —2)(2m~ 4 — 1)2m—94=2(each)
mE2d 3m m—2d—2 m—2d 1 2m—d_1
—1+2 2d (2™ —2)(2 - :l:2d 2 ) Som
m+2. m— . m—
—1275 | (28m - 2) 2T each)

B. Binary Sequence Family Obtained From the MSB Map

Let 7(s) = (w(s1),m(s2),...,m(sy)) for
s = (s1,82,...,8,) € Z}. Clearly, for two sequences s.(t)
and s, (t) defined by (16), we have 7(s.(t)) = (s (t + 7))
if there exists an integer 7 such that s.,(t) = s,/ (¢t + 7). Thus,
define a binary sequence family as

T (U") = {7 (s5(t) 17 € P(m)}

where s, (t) and P(m) are defined by (16) and (17), respec-
tively.

In order to investigate the properties of the family = (U*),
we need the representation of the set P(m). Definitely, one can
verify that P(n) can be expressed as

P(m) = Py(m) U Py(m) U P3(m)
where Py(m) = {y = (14 2v,b) : byv € L}, Po(m) = {y =
(2v,1) v € L} and P3(m) = {y = (2,0)}.

For two sequences (s (t)), m(s(t)) € m(U*), by Lemma
1 their correlation is determined by R, s (1) and R, s (1),
where 7,7’ € P(m). Note that 3s,(t) € U* if s, (t) € U*.
Since the relations between Rsmsy/ (7) and Rgs,\“s‘y, (1) are
unknown, we can not obtain the correlation distribution from
Lemma 1 and the correlation distribution of ¢/*. However, we

can give a bound on the nontrivial maximal correlation value
of w(U¥).

Theorem 6: The nontrivial maximal correlation value of
m+2d+1

family m(U*) is bounded by 2=~ + 1 if m is odd and
m+2d
1 4 1if m is even.

2732

Remark 4: For odd m and k = 1, the correlation distribution
of {w(s,(t)) : v € P1(m)} is determined by Yu and Gong [23],
and it was generalized to the family 7(*) for odd m and any
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k with ged(m, k) = 1 by Zhou and Tang [25]. For the general
case, it is still unknown.

C. Binary Sequence Family Obtained From the Modified Gray
Map

In this subsection, a family of binary sequences with period
2(2™ — 1) is obtained under the modified Gray map, and the
correlation distribution is determined by making use of the ex-
ponential sum.

Let (3 be a primitive element in L and n € L with ¢tr(n) = 1,
define the quaternary sequence {s, ., (t)}¢2, as

syu(t) = Tr((n + 20)8") + 2Tr(bB 1) 44

where vy = (n+2v,b) e Rx L,u € Zy,v € HyandH = {v €
L : tr(v) = 0}.

By performing the modified Gray map on sequences s., (),
a family of binary sequences with period 2(2™ — 1) is obtained
as follows:

e(U*) = {ps, (t) v = (n+20,b) b€ L,v€Huc}.

For odd m and £ = 1, if one takes n = 1, then family
oY) = 7/(1), and its correlation distribution has been de-
termined in [12]. In this paper, the correlation distribution of
family ¢(U*) is completely determined for all positive integers
m and k satisfying m/ged(m, k) is odd. The key technique is
to use distribution of p(a, b), from which the correlation distri-
bution can be similarly determined as in [12], [15], [16]. Hence,
we just describe a sketch of the proof here, see [12], [15], [16]
for more details.

Forj =1,2,lety; = (T]+2Uj,b]'),b]' elL,v; e H,u; € 2y,
according to Lemma 2, the correlation function of the sequences
Ps, ., (1) and @ (t) at shift 7,0 < 7 < 2mF — 3, s
discussed as follows. For simplicity, define

2 —2
(v, u) =2 Re ( > z's'wu(f))
t=0

and let Ay = {(n + 2v,b) : v € H,b € L} and Ay =
{((n+20v)6,b) : v e H,b € L, 6 € L\Z3}.
For fixed v2 € Ay and uq,u2 € Zo, one gets

{{S"/l,ul (t + TO)} - {S"lz,uz(t)} ‘M € Alao <79 S 2m — 2}

= s (O} = {8 (D)} s 11 € A}
= s —w (D} i € A2}

and

{{3571,111 (t + 70 + 2m_1)} - {S’YQ,U2 (t)} ‘7€ A1
0<7<2m =2, 19 £2" 1 -1}
= {{53“/1—“/273711—1!2 (t)} 17 € AQ}
Thus, it follows from Lemma 2 that the correlation distribution

of p(U*) for 7 # 0 and 7 # 2™ — 1 is the distribution of the
multiset

{c (3771 — 72,37 u1 —uz) 171 € Ag, 2 € Ay,

Uy, U2 S ZZ7j = 07 1} (18)
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TABLE XI
CORRELATION DISTRIBUTION OF FAMILY (({4*) FOR ODD m.

Value Frequency
2(2™ — 1) 22m
2m (9m m—d amtdyom—2d m—d—1 4m
0 22m(2m — 2)(2 _1)[W+2 | +2
m-+d m—2d _ _ _
-9 3. 22m—2(2m _ 2)(2m—d _ 1)(% + 2m—d—1) + 22m[3 .om Q(Qm _om d) 4 om—d _ 1]
2 . 22m—2(2m _ 2)(27)’;—2;1 _ l)Jr(; 2(—}-_321‘1 + 2m—d—1) + 23m—2(2m _ 2m—d)
+272 23m—1(gm — 9) 227 To2T A2 (each)
m+d
+272 t! 22m(gm _ 2)(2m—d _ 1)2m—d=2(each)
o 23m=—2d—1 7(2”172)2(3"17‘171) (each)
22d 1
o mEL p 3.92m 2(gm _g)m 1 £ m=1 )2m+2d_2;;j1_2m+22d
+2™3 12 | 22mo2(gm _g)(am-l oty )T 2o e
+2"7 1 g | g2m-2(gm—d=2 4 9"5  ~1y[3. (gm _g)(gm—d _ 1) 4 3.9m — 4] 4 3m—d-2(3.9m—2 _1)
iQ%%-l +2 22m—2(2m—d—2 F 2m2—d —1)[(2m _ 2)(2m—d —1)+2m] + 9dm—d—4
+9 Am+§d+l _ (2m _ 2)(2m—2d—1 + 2m_§d_l )3,22m—232m—d_1)
22d 1
m+2d m—2d— Im—2 gm—d
+2™55 Ly | (am _g)gm—2d-l g T )20 T ToD
TABLE XII
CORRELATION DISTRIBUTION OF FAMILY ¢ ({/*) FOR EVEN m
Value Frequency
2(2™ —1) 22m
Im—2d—1 gm
0 [27n+2d(2d + 2) + 2771.7(1 _ 23(1 _ 1] 2 2d+§2 —2) + 24'm
—9 [2m+2d(2d + 2) 4 om—d _ 93d _ 1] 3'237"72‘:73(27”—2) + 22m[3 . 2m—2(2m _ 2m7d) + om—d _ 1}
2941
Im—2d—3gm
2 [2m+2d(2d + 2) + 2m—d _ 23d _ 1] 2 2d+§2 —2) + 23m—2(2m _ Qm—d)
251 (2m — 2)28m—2 2" T2 P02 (o)
m+d
+272 T! 22m(gm _ 2)(2m—d _ 1)2m—d—2(each)
m+2d m—d _ mo_
95 t+1 93m—2d—2 (2 22(11)_(12 2) (each)
iQ%‘i—l —9 3. 22m—2(2m _ 2)(2m—2 + 2%—1) 2m+2d7227;7,(;]—j172m+22d
423+ 4o [ 22m-2(gm _g)(gm-2 2% )22 To0T 2
m+d m—d
+272 th_g | 92m-2(gm-d=2 4 975 13 (2m —2)(2m—d — 1) + 3. 2™ — 4] 4 23m—d-2(3.9m—2 )
mId m—d
4272 tlyo | 22mm2(gmod—23975 T[m —9)emd — 1) 4 2m) 4 24m—d—d
:l:2 m-{2—2d+1 _9 (2m _ 2)(2m—2d—2 +9 m;2d _1) 3_227n—2527n—r171)
24d—1
m+2d m—2d 2m—2om—d _
+27 2 +1 +2 (2m _2)(2m—2d—2 F2 3 —1)%

Similar to the proof of Theorem 7 in [12], one can conclude that
371 — 72 runs through Ry x L 222 times for given j € {0, 1}
when (71, 72) ranges over Ay X Ay, where Ry = {z + 2y :
xz € L\{0,7n},y € L}. Furthermore, when j ranges over {0, 1}
and (uy,us) runs through Zy x Zs, the numbers 37u; — us
take the values 0, 1, 2, and 3 that occur 3, 1, 1, and 3 times
respectively. This implies the multiset (18) has the following
distribution: ¢ (e, 0) occurs 3-22™~2 times, (e, 1) occurs 2272
times, < (¢, 2) occurs 22™~2 times, and (¢, 3) occurs 3 - 22™ =2
times, respectively, where e ranges over R; x L. Thus, we can
calculate the values of ¢(e,u) fore € Ry x L and u € Z4 as
below.

Suppose that € = (eg + 2¢1, €2), where €9 + 2¢; € Ry and
€y € L, then we have

g(e,u):2-9{8(1'“(—1+£(62,eg,61))>. (19)

Firstly, by (6) and (7) and Theorem 1, one can derive the distri-
bution of (€2, €, €1) when (€g, €q, €1) runs through L x L* x L.

Next, based on the fact that {(e2, €9, €1) has the same distribu-
tion as £(eg, 1, €1) for any fixed ¢y # 0 one can determine the
distribution of {(€2, 1, €1) when (€2, €1) runs through L x L and
derive that the distribution of {—14 (€2, €9, €1) : (€2, €0,€1) €
LxL\{0,n}xL}is(2™—2) times of thatof {—1+&(ea, 1,€1) :
(e2,€1) € L x L}. Then, the correlation distribution of the
family o(U*) for 7 # 0 and 7 # 2™ — 1 is determined.

Similarly, from the proof of Theorem 7 in [12], we can obtain
that the correlation distribution of o (U*) for 7 = 0 is as follows:
5(e,0) occurs 22™ times, s (e, 1) occurs 22~ times, and ¢ (e, 3)
occurs 22~ times respectively, where € ranges over 2H x L,
and the correlation distribution of p(U*) for T = 2™ — 1 is as
follows: (¢, 0) occurs 22™~1 times, (¢, 2) occurs 22! times,
and ¢ (€, 3) occurs 22™ times respectively, where ¢ ranges over
2(L\H) x L. Thus, for the cases 7 = 0 and 7 = 2™ — 1, we
need to discuss (e, u) for e € 2L x L.

If e € 2L x L, then ¢¢ = 0. From (19), we have

<(e, ) :2-9‘{e(i”(—1+£(62,0,61))>.
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For e = 0, one gets £(0,0,e;) = 2™ if ¢ = 0, and
£(0,0,e1) = 0 otherwise. Then by (7), when (eg,€1) runs
through L x L, the distribution of (€2, 0, €1) is

2m, 1 time
0, (2m—1) (2’" —om—d 4 1) times

+27=2, (2m-1) ( 3 _1) times.

Moreover, if €; # 0, we have {(e3,0,€1) = 6(6261_(?—'—1)7 0,1)
for each €2 € L. Therefore, the distribution of {&(e2,0,¢€1) :
€2 € L} is the same for any fixed €; # 0. On the other hand, for
€1 = 0, we have £(€2,0,0) = 2™ if e = 0 and £(€2,0,0) = 0
otherwise, since the mapping = — 612 tlisa permutation on
L due to gcd(2™ — 1,2% + 1) = 1. Hence, one can derive that
the distribution of £(e2, 0, €1) is

2™, 1 time
0, (2m —1)+ (2m —2m=4) (2m~1 — 1) times
£, (2mt - 1) ( 1) times.

when (€1,€3) runs through H x L, and when (€1, €5) runs
through (L\H) x L, the distribution is given by

0, 2mt(2m -
2m71 (

Thus, the correlation distribution of ¢(U*) for 7 = 0 and
7 = 2™ — 1 can also be obtained from the above analysis.
Then the correlation distribution of ¢(U*) can be completely
determined as follows.

2m’_d) times

*1) times.

Theorem 7: The correlation distribution of family ¢ (¢/*) is
given in Tables XI and XII for odd m and even m, respectively.

Remark 5: Note that a different form of Z,4-valued quadratic
forms were considered to construct large family of sequences
in [11] and [12]. However, comparing with the Z4-valued
quadratic form they used, our parameters are more flexible.

VII. CONCLUSION

In this paper, based on the properties of the roots of certain
equations over a finite field and the newly developed theory of
Z4-valued quadratic forms [11], the distribution of a class of
exponential sums over a Galois ring is completely determined.
As its applications, both the Lee weight and Hamming weight
distributions of a class of codes C* over Z, are determined. By
choosing cyclicly inequivalent codewords from C¥, a family ¢/*
of quaternary sequences is obtained and its correlation distri-
bution is also determined. The quaternary codes C* extend the
results in [5], and the family U* is a generalization of family
S(1) in [8].

Furthermore, by performing the MSB and Gray maps to C*
and U*, two classes of binary codes and sequence families are
obtained, respectively. The Hamming weight distributions of
the binary codes are determined. For the binary sequence fami-
lies, the correlation distribution of the sequence family obtained
from U* under the modified Gary map is completely deter-
mined, which generalizes the family 7'(1) in [12]. While the
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nontrivial maximal correlation value of the sequence family ob-
tained from U* under the MSB map is given, the correlation
distribution remains open except for odd m and any k with
ged(m, k) = 1[25].

All the distributions in this paper have been verified by com-
puter experiments. While for m/(m, k) even case, it is more
complicated and is a good topic for further research.
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