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1. Gavuss in 1833% called attention to the importance of the study
of the ways in which cords migh$ be linked. - Nothing, however,
pon the subject until in 1847 Listing
- published his Vorstudien zur Topologiet In this he briefly but in a
‘masteily way touched apon the subject of knots, established some of
the fundamental propositions, and proposed a notation which, as
slightly modified by Prof. Tait, furnishes the point of view for the
present paper. In a communication}t to Prof, Tait in 1877, Listing
. points out the fragmentary character of his own contribution to the
-éubject., and says that the type-symbol used by him is “niehts weiter
als ein derartiger Fingerzeig,” -

Tt is to Professor Tait, however, that the greater part of our pres-
- ent knowledge. of the subject is due. e, independently of Listing,
“obtained the fundamental propositions and found the knots and their

forms for orders from three t0 seven inclusive.§ '
- In 1884 Kirkman || published the forms of knots of orders eight and
g .__hine, and immediately Tait, making use of Kirkman's work, extended

his census of knots to these orders, ' )
.~ 2. Professor Tait has shown that any closed plane curve of 1 cross-
' ‘ings divides its plane into n42 compartments; that these compart-
ments are In two groups; that, at the crossings, lke eompartments
are vertically opposite. We shall eall these compartments of the
plane parts. A part is represented by the number equal to the nuni-
ber of double points on its perimeter. The sum of the numbers
representing the parts of eisher group-is 2n, that is, these numbers
together constitute a partition of 2», The partitions for the tweo
'groups together make up Listing’s fype-symbol, As it can lead to

* v Wine Hauptaufgabe aus dem Grenzgebiet dor (eomelrig Situs und der Gep.
- mefria Magnttudinis wird die sein, die Umschlingungen zwoier geschlossener oder
unendlicher Linien zu #ihlen.”— Werke. Géttingen. 186Y, vol, ¥, p. 605,
+ Géttingen Studien, 1847, I have been able to see only Tait's apparently full
abstract in Proe. Roy. Soe. Edin,, vol, ix, pp. 306-309.
1 Prooc. Roy. Soc. Edin,, vol. ix, p. 316,
§ On Knots, Trans, Roy. Soc. Bdin., xxviii, 145-] 91, 1876-117
[ Trans. Roy. Soc. Bdin, xxxii, 281309,
7 Trans. Roy. Soc. Edin,, xxxii, 327-342
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10 ambiguity we shall also call the number representing a com_‘pin‘_t— :
ment a paré, and either group of compartments a partition.

Sinee every closed plane curve of 2 crossings, having double points
only, may be read alternately over and under at the crossings, every
such curve which gives parts, none greater than n or less than 2,
may be taken as 2 projection of a reduced knot of n crossings. - We
call such curves fnot-forms or briefly, forms, and regard two forms
as aifstinct if they do not have the same parts similarly arranged.

The first part of the problem is to find all the different kuot-forms
of any order, -

Since the same knot may be transformed so as to be projected into
more than one knot-form, the second part of the problem is, from the
complete series of knot-forms of n crossings to find all the different
n-fold knots. Knots exist for which the law of over and under does
not hold ; these are not considered in the present paper. '

3. It is unnecessary to do more than allude to two very distinet and
very ingenious methods devised and used, the one by Tait and the
other by Kirkman, for the solution of the first part of this problem,
‘We may perhaps infer from Professor Tait's opinion®- that “a full
study of 10-fold and 11-fold knottiness seems to be relegated to the
somewhat distant future,” that they wers more laborious than proves
to be necessary. o

4. A third method, based on. Listing’s type-symbol, is thus de-
scribed by Professor-Tait at page 168 of his first memoir, :

“ Write all the partitions of 2z, in which rio one shall be greater
than » and no oné less than 2, Join each of these sets of. numbers
into a group, so that each number has as many lines terminating in
it as it eontains units. Then join the middle points of these lines
(which must not iutersect one another), by a continuous line which
intersects itsclf at these middle points and there only.. When this can
be done we have the projection of a Anot. When more continuons
lines than one are required we have the projection of a linkage.” -

On page 160 of the same memoir, he says, speaking of this

.method: “But we can never be quite sure that we get all possible
results by a semi-tentative process of this kind.. And we have to try
an immensely greater number of partitions than there are knots, as
the great majority give links of greater or less complexity,”

It seems possible however, with the help of some simple theorems
to make the “ Partition Method » exhaustive, and wholly to do away
with the drawing of links, |

‘ “*In 1884. Trams. R, 8, K, xxxii, 328
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5. An inspection of form Aa of Plate I will make clear ROME jerms
already introduced and others that we shall now require. Regarding -
the curve Ag as alone in 2 plane, it divides it into twelve parts, two
9-gons, two 3-gons and eight 2-gong. The external 3-gon or am-
Plexum differs in no way. from the other parts. - Of these twelve
parts, two 9-gons and one 2-gon form ome group~—the leading pax-
tition ; the two 3-gons and séven 2-gons form the other group—the
subordinate partition, The terms leading and subordinate are rela-
tive merely, but that partition will be taken as leading which has
the smaller number of parts.  The type-symdbol for Ag is ,; 39:22,.

6. The double points common to the perimeters of two parts of the
same partition will be called donds of those parts, and the parts are
said to be bound by these bonds, It is well known that a type-
symbol does not determine a form. For this, it is r{ecéssary
_ the’ numbers of bonds between the several parts of eitl
© tition, together with the arrangement of these parts,

In general the parts of a given partition may be bound in more
than one way giving forms that may be projections of either links or
knots. Fach set of numbers of bonds of the several parts of the
| given partition is & clutoh of that partition,

The class p of a partition is the number of parts in it, The class
‘of a form is the class of its leading partition. The order of any pai-
tition is equal to n and is the same as the order of all kuot-forms
derivable from it. The deficiency 3 of a partition is its order minug
its greatest part, ' .

" 4. Let the parts of 22 be A, B, C, . .. P arvanged in order of
magnitude, and the numbers of bonds of each part be 1'eépective1y

@ f, ¥, . . . m. Let the number of bonds common to any two parts
- as Aand B be (AB). Then '

to know
her par- -

(AB),+(A(;‘)+ Ceee L (AP)=a)
(ABY}+(BCy+ ... ..., BP)=z |
AC)+BO)+ . ... ... (CP)=y !}(a)
(APY+(BP) ¢ .. ... .. (OP)=n )

7 equations with Jn(n—1) unknown quantities which can have only
: sitive integral values. The possible solutions of («) will evidently
i 7give all the clutches for this partition,
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8. L Tumorem.—If a part be solely bound. to a second part, oi it
any g parts (g %p— ) be bound mutnally in any way and-all free
bonds of these parts go to a single part, then this portion of the form
constitutes a separate koot (unless there be linkage) arid the string

“coneerned in it may be drawn tight without affecting the remainder

of the knot-form. Such knots are not considered as belonging -to
order n. : :

In particular a 2-gon so bound throws out from conmdela’ﬂlon a
clutch.

9. IL TurorEM. ~N0 knot-fmm of the nth order hasas leachng par-

tition one whose class exceeds 2+ 2.

Adding equations () above, dividing by two, and subtractmg the

_ first and any other, say the second, we find

—(AB)+(CD)+(CE)+ . . . (CP)+ .. ! (OP)=n—a—p,
=u—fH3
Therefore, (AB) X f—rn =

In a similar way .
(AC)xy—n

(AD){(S‘—J{
' _ (AP){W—J; _
Adding (AB)+(ACH+ . . (AP Byt . m=(p—1n

Enta—(p—1)x
{?3-—(}3—2)%,
we have then the two conditions :
(AB)+(AC)+ e (APYX—(p—2)x } ®)
=1,

Now suppose, if possible, p—n+3 .

(AB) +{AC)+ . . (AP)ﬁn— »*  =A—3 .
_ : Ln—(n+ 1y Ln—n—i’

To the minimum values of {AB), (AQ), ete, (that is, to S—r,
y—it, . . . ) must ‘be added 3¢ in all, and to no one more than z—1,
by L The #+2 smallest parts of » square are evidently (u—l)‘1
(—2)s> By adding these »x+2 parts in any way to the mini
mum values, & elutch will be given in which each of four parts will
have a single bond not going to A, and each of x-—2 parts will have.
two. A part of the latter kind canmot have its two free bonds car-,
ried to a second part of the same kind, by I If two parts be joined
by 2 smgle bond there will be left two free bonds. Ultimately it
1 be necessary to join two parts of the first kind to a combina-
tion of parts having but two free bonds, and 1 will apply. It any, of
the -2 palt.s of »®be diminished by s then will & parts of 2n- be
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added to those of the first kind, and however the free bonds may be
éﬁ';’é;lr;géa, ultimately the same result as before will be reached.
Therefore p eannot equal x--3 and still give—knot-forms.
Much less can p be greater thaun -+ 3. :
' 10, A given elutch of a leading partition does not uniquely dete1~
mme a form, 'The following proposition however holds.
»: 11 Tagorkw, —All or none of the forms determined by any
_.glven “cluteh of a partition are kuot-forms of the order consuleled
. For, all forms to be had from any clutch of a given paltltlon may

e obtained by taking all the possible different changes (consistent
with the given cluyteh) of relative position of the various parts,
:But these'can all be effected by snccessive interchanges of the con-
neetlons of two -parts, whether such connechlonb are direct (by a
smgle bond), by a 2-gon, by a 3-gon, or are more complicated. We
i -nia,y therefore confine the attention to a definite portion of the knot
and keep the remainder fixed.. Let A and B, (Fig. 1, Plate T), be two
* parts conﬂected as shown. Two strings,’or two parts of 4 single
string, are involved. If there were more all but two would be
:'(_‘,loséﬁ_._ Let the ends of these strings, or parts of a single string;
leave the portion of the form under consideration at @ and ¢ on’ the
'peumetel of A, and b and d on that of B. Cat at these points and
1l the ends & and o, b and &', cand ¢, d and d'; ; o, b, ¢ and & remain
Eﬁxed Now revolve tlnough 180° about the axis AB, aud join the
-flee ends, _
: Befme the change there may be three cases. The strings may be
A { Zcbl { 2’633 01‘{ zccl After the change ¢’ is Jbined to ¢, and ¢ to
a; b tod, and d' to b '

4

( ]
{ Zg’r become % cg’f g.’ d

o ac d' b
_ - {bd c bd' b d
{ac acd a ¢

be « bd a'e

{ad {ac’ ¥ d

©+ Therefore coming up to this part of the knot on any string, We

. must leave ou the same string before and after the change. If then

-the form was a knot before the change it will be one aftel and
1f a lmk before it will be a link after.

- Coils—A succession of 7 2-gons constitutes an n-codl, which
may be open or closed. Since at the 3rd or 2n-+1st crossing of a
6ol the strings have the relative position of the first crossing, if the
- coil be olosed by carrying around the ends to the beginning and

559108
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Joining them so as to preserve the law of over and nnder ope string
will be formed. While if from the 2nth erossing the strings are car
ried aronnd, that string ‘over at the lat is under at the 2xth and, on
Joining, there will be two strings,

Hence, as is well known, g?gi;l]) is always a k.nob, while ((22;;,), is

‘always a link,

12, For the purpose of distinguishing between clutches giving
knots and thoge giving links, it follows from Theorem IIT that we
may take the direet bondg between any two parts together, and thege
form open coils of the subordinate partition ; and further it ig evident
from § 11 that any odd open coil (even numbei of bonds), may be -
dropped, and any even coil (odd number of bonds) may be replaced
by a single bond, If the resulting clutch give

for settling the guestion,

13. We have the following theorems for throwing out clntohes
unproductive of knot forms, _ . : :

IV. TuroreM. —If 3 part be joined to other parts in every cage by
an even number of bonds, there is Iimkage, For, the Biring about
this part is closed by Section 12. _ '

V. Tamormm-—If two parts are connected by two 2-gons {of the

bonds, and IV applies. :

VI Turorey.—An odd part joined to one part by an odd number
of bonds and to other parts in every cage by an even number of
bonds may be dropped; for, by Theorem IIT i becomes g loop with a

- single crossing, and this can have no effect on the question of linking,

In particular a 8-gon joined by one bong to o part and by two
bonds to a second part may be dropped, o

If two odd parts ave joined by an odd number of bdnds, and are
Joined to other parts in every cage by an even number of bonds there
is linkage, _

In particular two 3-gons so joined throw oug the clutoh,

VIL Tezorma—If two 8-gons, Cand D, aie themselves joined
directly and are Joined to A and B in each cage by & single bond
there is linkage, :
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- For, HOM (fig. 2, Plate T) under we will say at C is over at H and
S M. LGN is then over at ¢ and under at L and' N. LHN is over
. at L, nnder at H, and over at N. Its continuation is therefore N ML
~ which is over at N, under at M, and over at I,

14, Crass IIL, Oroux n.—In this class we have

(AB) +(AC)+(BC)=n

. and an unique solution of equations (a), § 9. Therefore (BC)=1x,
(AB)=pg—x and (AC)=y—n. Tf two or three of these quantities -
 be even, the clutch to which they belong will give a linkage, by
“‘Theorem IV. ~Tn other cases by § 12 there is a knot.

Suppose » 50 bo odd and even; then x is odd, and 4 and ¥ are
“both odd, or both even. In the first case the clutch gives a link, in
© the second a knot.
" Suppose n to be odd, and a odd; then x i% even, and of # and ¥
one must be odd and the other even. The clutch gives a linlk ,
S Buppose n to be even and o even; then x is even and B, ¥ are
" 'both odd or both even. In the first case a kuot, in the second a link,
. Suppose n to be even and a odd; then » is odd, and of 4 and y
~one must be odd avd one even, and there is a knot. This proves the
. following :
- VI TreorEy.—In odd orders only partitions of 27 into three
- even parts,  give knots, while in even orders, only these partitions
. give links, :
0 - 15, Crass IV, Orpee n.  Here

Co ' —~(AB}+(CD}=x—g8
—(AC)+ (BD)=»—y
—{AD) 4+ (BC) =5 —¢

(AB)+ (AC)+(AD) 21— %

“The minimum values of (AB), (AC), (AD), (BO), (BD), (CD), are
respectively f—s, y—x, ¢--36,0,0,0. To get every cluteh we must
add in every possible way to the minimum values of (AB), (AC),
(AD), all the partitions of » into mot more than three parts, none
greater than x—1, Bu evidently we must increase the minimum
\_'r_a:}_u_es of any quantity of the second set (BO), (BD), (CD), by the
same number that we increass the corresponding quantity of the first
~get.” The following scheme which considers in detail every possible
¢ase, expresses clearly the propositions for determining whether -
clutches of partitions of this class furnish knots or links, Let e or o
indicate whether a number be even-or odd.

TRANS. Cony, Acap., Vou VIL 5 Srbr., 1886,
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_ | 5%%| mon = - Props. or
%, & ¢ Partition, | Add k= QIQ_}E“C[’ 435 85’8 Form, Secs.pused.
@ e[eeee| gce e ee eoe ¢ee Link. iv.
800 €00 voe oo 812, Y.
g 600 eee ao0o0 eoo eee i Iv.
aoo eee oo0e e IV,
oeo 0o® oeo Enot. |§12, VI 11,
0| 0000 000 |ees | vow 000 Link. §12, VIL
oee ocoee saep " §12, VL
coee.| ooo 800 cee 000 Knot. 1§12, VI, 11.
oee o6o0 6eo0 o |81e, VI, 11,
Boe eeo eoe Link. V.
o el ooee eee ooee ocee e ee H V.
e 00 ’ 00 0. ooe " 812, v,
o080 860 0oeo Knot, 812,
e|oooo| eae o000 000 eeasn * £12,
eo0o oke voe H 512,
0Ojeesse| ooo coo ee o 000 Link, 1v.
oeae 800 seo i Iv.
eeoo]| 000 oce | evo ooo o 8§12, V.
oeae see eeo ‘" Iv.
eoe 000 eoe Enot. §i2.

"The first line of this scheme says that when » is even and x aven,
and 2n divided into four even parts, the minimum valnes of {(AB),
(AC), (AD), will be even, and that if a partivion of x into three
even parts be added to -, y—»x, §—x the numbers constituting
the clutch will be even, and the form a link by Prop. IV.

One of the propositions proved in this scheme is worthy of separate
enunciation. :

1X. TarormmM.—In even orders partitions of 2» into four even or
four odd parts give link-forms only. In odd orders partitions into
four even parts give link-forms only.

16. X. Terorem.—In all orders partitions of six even parts give
link-forms only.

For, an even number may be divided into five parts, of which four,
two or none shall be odd. After the application of §12 the only
parts to be found in the leading partition will be 4-gons and 2-gons.
Every form under consideration will be reduced so as to have as lead-
ing partition one of the following, with a cluteh of which every '
numnber is 1,

4, 42, 4027, 4%2% 4°9%, 49 gt

In thelower orders 4°2°, 4724, 42°, and 2° have been found to give
no knots. i ' '

If the form given by 4° be drawn it is found in any particular
case to consist of four closed curves, and therefore by Theorem TIT is
always a link-form. On drawing 4'2® it also proves to be a linkage,




g N 'Lz'eftle—-]{ﬂots, with o Uensus for Order Ten, 35

- The partition 4°2 with the given cluteh can not exist in a plane,
This happens in two cases in order 10. On drawing the forms in
such cases additional erossings will be found to be necessary. It is
therefore true that in all orders, partitions of six even parts give link-
. Torms only.”
A synthetic proof of this theorem is possible.
- 17. Instead of continuning the consideration of the general subject
we shall now illustrate the method of deter mining the knot-forms of
. any order by a particular consideration of order 10
The pumber of partitions of 20 into parts none greater than 10 or
less than 215 107.* These; arranged in dictionary order, are given
«din full in Table L
o Of these the single partition of Class I ‘gives a link, §11; the
"'thut.y seven marked II arve cut out by Theorem IL In Class IIIT,
“Theorem VIII throws out 84 and 86°; in Class IV Theorem IX the
IEIght partitions marked IX ; and in OIass X, Theorem X the three
marked X. The partitions remaining in Classes III to VI inclusive
re alone taken as leading partitions; for, all remaining partitions
"appem in every pussible way as sub01d1mte partitions (§ 2), and
an, therefore, furnish no additional knot-forms.
We have then to tabulate the clutches of those partitions still
pining in Classes III to VI,  We at once write down Tables-1I
. OT in whichk are omitted all clutches that are thrown oug by
tions 14 and 15. In Class V, a table with headings as shown
1 Table IV is nsed. We take for illustration the first partition,
7%2%  Here #=38,and f—ix, y—3, 6, &— are 4, —1, -1, —1,
In this class we must add in every posmble way to the minimum
values of (AB), (AC), (AD), (AE) the partitions of 2x into four -
B parts,' or fewer, none greater than x—1. The only partitions of 6
meeting these conditions are 2° and 2*1*, which may be added in
“seyen different ways to 4, —1, —1, —1, giving the different cluiches
. of the table. Thus adding 1, 2,2, 1,t0 S—u, p—u, G—3, &1 we
_.":have {AB), (AC), (AD), (AE), equal to5,1,1, 0, 1espect1vely Sub-
S ,tra.ctmg (AB) from g, ete.
e 2B =(BC) + (BD) + (BE)=2

2C =(BC) +-(OD) + (CE} =1
2D =(BD) +(CD) + (DE)=1
o ZE=(BE) + (CE) + (DE)-=2. :

These quantities are put in the columns headed E'B =C, D, ZE,

*See Tait, Trans. Roy, Soc. Edin., vol. xxxii, p. 342,
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18. Having- completed the _bles of clutches we next cagt out in
Tables TV "and V all: c]utches unproductWe of knet—fmms The
theorems already estabhshed are. sufficient for this pmpose The
-routine followed will be readily understood from eonsrdex mg its use. L
in the samples glven of Tables IV and Voo e e

_Partition 729°: in clutch _(1) ‘A and ' Boare _c'oiiuected'_bjﬁ _two o

2-gons, and V applies ; (4) becomes (3) by interchanging D and Ky -
(7) betomes (6) by interchanging ¢ and D and in :(2) .and (5) We__ Lo
have a 2-gon solely bound to a single part, aud I applies, o

Partition 6742°: clutch (1) is thrown outt by IV sinee a 6-gon B is
joined to A by four bonds and to C by two; Theorem 1V casts out
(4) because of €, (14) because of C, (17) because of B, and (20) be-
cause of A ; in (2), (3), (B), {9), (11}, (12), {15) and {18) a 2-gon is solely '
joined to a single part, and I applies; in (5) B and C form a combi-. =
nation solely bound to A, and I applies; I throws out also (10) where .. -
D and E are bound together and to (), and (13) where the same
parts are bound to B; interchanging I and K (7) becomes (6);
interchanging A and B (16) becomes (7).

Partition 5°32 : I throws out (2), (3), (8), {8}, (14), {16), (19), (20), .
- {26), (27), {30), (81}, (33}, (87) and {38); by interchanges of parts

(=(4, (=5, @9=(8), (=0,

(D=1, @93, @=(4), o=,

(18)=(10), (21)=(10), (28)=(28), {35)=( 1), -

(15)=(12), (22)=(21), (29)=(23), and (36)=( 9).

In (4) D is dropped by VI, and B thus is changed to a 4-gon;
then the application of §12 leaves the two 8-gons A and C joined N
by two 2-gons, I and the still farther reduced B; V, there--. R
fore, shows that the cluteh gives links only. - In (9), dlop C by VI' o
and B becomes a 2-gon and- A a 3-gon; the two 3-gons Aand D are
- connected by the two 2-gons E and the reduced B; thelefow the: © -

~ clutch gives links, by V. In (11) drop C by VI and r.he two S-gons'_. B
Aand. B are connecl;ed by the two Q—gons E and the 1educed D V:_“ T

_ ID the com-i-_' i
tohe and in Table V 1000. It has
'bhsh ‘more than 2 sample of either
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In Table V, clutch No, (1} of 53% iz thrown out by I Tun (2) the
two 3-gons I and F are joined together by a single bond and to A
in each case by two bonds, and VI applies; or we might use L
Theorem V1 throws out (4), since the two 3-gons B and I are joined
to each other by = single bond and to other parts in each case by
two bonds, In {5}, drop F, by VI; B becomes a 2-gon joining D
and K, and they are 8-gons connecting A and . An obvious exten-
gion of Theorem VIT throws ont the cluteh. Since in (7) B and C
are joined together and to A, I applies.

This process is continued until all clutches which do not give
knot-forms have been thrown out, as well as those clutches which
are repetitions of clutehes previously given. The samples given of
Tables TV and V constitute aboul one-twentieth of the complete
tables,

19. We are now ready to draw the forms which the remaining
clutches furnigh.

Drermnrrion.—The number of Cireular arrangements of n things is
the number of distinet ways in which » things can be arranged in
a circle, the order whether direct or retrograde being of neo con-
sequence,

For illustration of the general method we consider in detail the
productive elatches of partition 6°42°. In clutch (8) the two 6-gons
are comnected, by three bonds, by a 2 gon, and by a 4-gon which is
connected with one 6-gon by two bonds and with the other by a
2-gon and cne bond, There will be as many forms from this clutch
a8 there are cirenlar arrangements of 2 aa b (cd), where ¢ and d
may not be separated. These ave

‘ aaa b (cd)
g aa b (de)
aab af{ed)
aab a(de).

The four forms %, C'c, C’, C%,, can at once be drawn,
See-Plate V, Koot LX1V,

In (19), the only other clutch of this partition that affords forms, a

_ 6-gon is connected with a 4-gon directly, by a 2-gon, and by a 6-gon

which is conneeted with the 4-gon by & single bond and by a 2-gon.
There are two circular arrangements of a b (cd}), namely a b (ed) and
b a (cd); these furnish the two forms C'd,, C'd,. Knot XXX,
Plate III.  In practice the operations described in this section and
in the preceding are performed simultaneously.

20. In Class VI every productive partition is used as a leading
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partition. But since the subordinate partitions bere belong to the
same olass, every form, with certain exceptions, will be found
twice ; this affords a check on the completeness of this part of the
work. The exceptions are the amphicheiral knot-forms. These have
the same partitions similarly connected both as leading and as sub-
ordinate partitions. These therefore appear but once.

In the partition 53°% which was given ag the shortest possible
illustration of Table V, cluteh (3) furnishes a single form D%, which
already had been obtained under 54°32°; cluteh (6) gives two which
had been obtained, Du, under 6453°2° and D%x_ under 54*32%  Clutch
(8) gives the on]y'nuw knot-form from this partition, viz: the
amphicheiral De.

From the clutches of Classes III, IV, V and VI 384 ten-fold knot
forms are obtained.

21, The Derivation of Knots from Knot-Forms.-Prof. Tait has
not described the methods which he used in his derivation of the
kuots of lower orders from the knot-forms. In 1884 he says ¥ “the

treatment to which I have subjected Kirkman®s collection of forms,

in order to group together mere varieties or transformations of one
special form, is undoubtedly still more tentative in its nature; and
thus, though I have grouped together many widely different forms, I
cannot be absolutely certain that all those groups are essentla.lly qif-
ferent from one another.”

If a ten-fold knot be placed upou a plane in such » way as to have
but ten crossings the eye will project it upon the plane in a form
which will be found among the 364 above obtained. If the knot
gives more than one form it will be possible to obtain any other of
its forms by ome or more tarnings over of restricted porsions of the
%knot while the remainder is held fixed, Now the string cannot issue
frem the portion of the knot that is turned at more than four points,
for in that ease the turning would introduce consecutive overs, and
one or more additional crossings; the portion of the knot that is
turned must therefore be wholly between two parts of the given
knot form and in turning it we untwist two of the strings at one
point and twist two at another, the result being simply to change the
position of a single bond from one end of the connection to the
other. The class of the form is therefore not changed, and all the
forms of any knot belong to the same class.

29, Moreover in order 16 and lower orders all the forms coming
from any clutch are obtained by changing the position of single

#Tyans, Roy. Soc. Edin., vol. xxxii, p. 327,
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bonds in the connections of pairs of parts. Therefore in these orders
all forms from any clutch are forms of the same kunot. The sub-
ordinate partitions of these forms are then to be examined and all
forms added which are obtained from them by changing the positions
of connections of their parts, retaining the given clutch of the subor-
dinate partition. These forms in turn are treated in the same way,
but it will usually happen that no new form of the knot is obtained

" and the complete determination of the knot in . all of its forms is

finished.

23. We take for illustration Knot ¥ of Class TV, shewn on Plate L
Ba, becomes Ba, by twisting about a vertical axis the 2:gon connect-
ing the 8-gon and 7-gon. The first crogsing below is opened and the
strings abgve are crossed, the rest of the knot remaining fxed.
Twisting the 2-gon again Be, is obtained and nothing new is gotien
by further changes of the forms., Since the negative partition in
every case consists of two parts joined by three symmetrical connec-
tions, which have only one circular arrangement, there are no other
forms of Knot 1. :

24. The knats of Class ITI, order n, are unique; since three things
have but one circular arrangement.

25, The knots of Classes I, IV, V will be found with their forms
grouped together in Plates I-V. On Plates V-VII are figured the
forms of Class VI grouped as they come from the clutches; except
that no form is repeated. The knots of this class will be found in
Table V1. Every knot-form is the projection of two knots, one of
which is the perverted image of the other, and consequently each
group of knot-forms belongs to two knots whieh are in general
different. If a series of knot-forms contains any amphicheiral form
then it will also contain the perversion of every form of the series
not amphicheiral. The series consists of the forms of one knot and
not of two.

26. In order 10 I find, counting a knot and its irreconcilable perver-
sion as two :

Class. Forms. Enots. Knots.
FEEN [ ) 12 [
v, 25 36 15

v, 200 128 64
VI, 133 64 39
Totals, 364 234 124
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In lower orders Professor Tait has found :

0. . Little— Knots, with a Census for Order Ten.

Orders. Forms, Enots. Knois.
3 1 ] 1
4 1 1 1
b 2 4 2
6 3 -5 3
T 10 14 7
3 27 3t 18
9 100 a2 41

The fourth column contains the numbers as they are given by Tait,
the perversions of knots not being counted.
In so long a labor as is involved in wmaking such a census the

opportunities for ervor are many.

Any errors or omissions that

may be found in the census are to be attributed to the writer vather
than to the method, which is simple and direct.

TapLe [.—Pariitions of 20,

Crass IL
102
Coasg TIE

[ 1082

1L 110‘?3

1064
1052
VI

922
983
974
966
B24
876
267
726
Crass IV.
§062?2
10532
10422
10432
[ 9122
9832
8542
053%
9423

VI

IL. -

1L

Partition.

Ot [V.—Condin'd|C1. V.--Contin'd.] Crass VI lopn VIL-Conti'd
IX. 82 86923 I 3428 5
E732 rasszﬂ i 9324 H-{ 2'3%3224
IX, 8642 11, { 849 11, | Beat rie
863? 84379 "7 83223 4324
8622 t334 { 752t 3392
86543 72093 1,4 74327 4394
IX. 84 15322 73822 423293
1742 549 p 43192
Ix. 7as 15322 65329 262
1652 74239 X, 64298
x Zg;f. %438 6443922 Crass VIIL
. E 2492 6342
TH4 ga’i?z 57493 iL 6%
IX. 642 G522 523292 IT. 5g3%9
§253 654372 542322 4 % .

IX 6‘243 5533 54332 "if 25

1 65}94 64892 545 Adod

X b 54232 X, 492

Crass V. 5332 45322 CrAss X1

pL 1042 52473 4234 TL 428

1 1e3%p? 62432 3227
- 5938 5493 Crass VII,
I %94322 a5 IL 8o Crags X.
9383 II. 73328 310
TasLE 11— Clulches for p=3.

e - me - e
g%@ Partition. gf;é Partition, ‘ %%g
311 Aa 914 631 Ac 876 582 Ad
191 Ab 966 541 Ae %6 4 8 3 AF
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TaBLE ITL.— Chutches for =

41

[ NN B PR
H moQ o a
Partition. é_ié 444 %@@ ﬁaﬁ
8732 5140 521 110 211 Ba,, Bag, Bas.
k== add 1, 1 511 101 121 Bh.
3633 411 65132 101 121 De.
8552 330 341 119 211 Bd,, Bd..
8543 321 332 11¢ 211 Be,, Bea.
431 011 112 Bf.
1142 41-1 511 201 285t Bg.
=3 add 2, 1 620 111 222 Same as Bp A:B.{
1,11
7652 381 331 219 321 Bh,, Bh..
430 111 2322 Bi.
7643 310 511 102 132 Bj.
331 1240 312 Bk,, Bl..
421 111 2212 BL
To44 211 331 021 213 Bm.
3212 111 - 222 Bn.
HEA3 21-% 312 301 34T Bo.
x=4 add 330 121 323 Same as Bo A:B.
3,1 321 211 332 Bp.
2,1,1
2,9
6664 7 110 L 23 310 431 Br.
321 112 233 Ba.
471 103 143 Bq.
#* 3B—-f—AB=BC+BD, ete.  A:B signifies that A and B are to be interchanged.

TABLE 1V.— Clulches for p—=6.

2w oW o e

. pmooEmMmoom®

Partltlog, Add q|3_>|.-c|; 0|u NARA 3:4.{1&

7293 0222[4-1-1-1{8-1-1-1|4 1 1 L

k=3 add 2211 E1 226100

Parti'n of 2k

222

2211 1221 2112{611¢C

* * * * *®

62422 20332 0-2-2|/2411]4011

k=4 add 3023 14215001

332 0323 4121{2801

3311 0233 4211i2211

3221 1133 3311{3t11
2222

3122 1322|510¢0

1322 31223300

1223 32213201

2123 2321(4101

2223 4200

Trans. Conn, Acap., Vou VIE

D)
|

cerrooco| (CD)

[N — ]
MO OH OO RSO~ A SO~ S o (CE)

B i BT b B R 2 D@ N RO RS e

(BD)
(BE)

P OO NN OHOOSHE SRR OD RSO o~

OO O @@ OO

i

Lol - B ]

No.

e B e el (O DO D R e b O RO QN

e

e S e D D (DE}

OO =D Mmoo oo Do OC
— — ey

(1) V.
(21
(3) Ca.
4) Same ag (3) D:E.

(6} Gbl, Obg, Chs.
(7) Same as (6) C:D.
#* * &

() IV,

(2) 1.

(3) L

(4) IV,

(6] T.

(8)C%, CPea(Pes Ut
(1) = (6) D:E.

8 I.

(9) L.
(10} 1.

(11} 1.

(12) L

{(13) L

{14 TV,

16) 1.
(16) = (1) A:B.
1% Iv.

18) T,

(19) O°d,, C*d.

(20) IV.
W *

Ocr,, 1886.
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TasLe IV.— Chuiches for p—=58 (coniinued). "

=
1
1
1

Partition. | Add P No.

(2D)
(ZE}
m o e| (AB)

— e D

(BE)

B R I P - O MO O~~~ SO COm OO~ e e e e DS o] (OD)

(1) C¥y.

(2) L

{3) I ABCA.

4) VI, §12, V.
{6) ={4) B:C. ~
6) L

(7%_:,0}&13. ‘, 
1

5332 0244
w=hadd | 0424
4432 1144
4411
433
4321 0433
4222 0334
3331 #3438
3322 1234

wenanj (ZB)
ot —

Bl (Z0)
@ ee| (AD)

Y oo oen
U pd ke —
B3 — bR oD
— b3 — D
—_o oo
LR R TN
[y g —
— s -

(93 VI, 813, V. '
(10) G2y, 0%, CP2s.
(11) VL, V.

(12) Ca

(13y=10) A:B.

14) T.

(16)=(12) A:B.
1.

1243 4312/1220

2224 3331|2201 (21)=(10) A:B& B:C
(22)==(31) B:C. -
(23) Gb.

(24)=() A:B.
(2532(4) A:B.

(26) 1.

(27) L. _
{268 (23) B:C A:B. oo
{29) = (23) A:B. , =
(30) 1. ;
(31} 1.

(32) =(11}B:C&A:B

(33} L. .

(35 = (12)B:A&B:C

(85 =1} A:B& B:C

(36) ={9) A:B&B:C

1333 4222|1310

2233 3322(22310

2323

DR D D i B RS G = 00 B3 e e Dk B3 1 BS 05 D BD 50 60 O e 00 2 s ke 05| (BO)

A O R O S O R S N W RO NS O e e omow | {BD)

O~ O OO P NGO~ o OeO~DomaoMeRReeeoe—oo| (DE)
pes v— T

RO OO~ N OO OO OO o 2D D RO e b — DD b

TaBLE V.— Clutches for p=B6.

F’arti-: Add

: IR ) g8
*

SELRNL A Nl P

(4C)
(ATH
(AE)
(DF)
(zF)
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%

(1) 1.
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; : (3) Koot D s, of

| : 542332,

23384 F32%231|(01112:20¢0 (4) VL

(8) VII.

(6) Knot Du, of
645°22, knot .
Dx, of 547327

(M L

(8) Koot D%
f.mph.

I
B
H

|
v
i
]
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i
b
|
bD
e
e
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[
o
o
o
b2

® #*
B35 . 24344
k=9 : : |

- b W
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=
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T4BLE VI—Knols of Class VL

Knot. { Na, Forms.
I: 6 | Day, Das, Da,, Day. Da., Da,.
! 1 | Db
IIL | 4 | Dey, Dey Dey, Dey.
IV i 4 | De,, Dey, Des, De,.
Vi 2 | D, Di,
VI | 4 | Dk, Amph, Dif,* D% Amph.
VIIi 1 | Dl Amph.
VIT | 3 | Dm, D%, Dit,
IX - 18 | Dy Amph, Dn,, Dnof, Do, D%}, D%, Amph, D*h,f, D*h,,
; D%h; Amph, D3 Amph.
X, 12 | Duy, Duy, Duy, Duy, Dus, D?xy, D?xg, DPxy, D2xy, D2xs, Doy, Doyt
Xt i 12 | Dp,, Dps, Dpa, Dps, Dps, Dps, D%, D%e, Die,, Die,, D%, D%,
XIL | 9 ! Day, Dgo, Dqs D, D, D, Ddc, D%, Deh.
XII1 6 : Dr,, Dr,, Dr,, D%q,, D?q., Dqs.
Xiv | 3 | Ds, D%, Dl
XV 2 | Dina
XVIi 9 | Dvy, Dy, Dyy, Dy Dys, D2 D°ga, DPy, DY,
XVII 9 | Dw.f, Dw. Amph, Dwal, D®l; Amph, D2, D* Amph.
XVII | 6 | Dx, Dxg Dxy D3, Dlag, Dia.
XIX 4 | Dz, Amph, Dz, D*h Amph.
XX i D* Amph,
XXT 3 D%, D%, Dy,
XXII 1 D2,
XXITE 1 Dm,
XXIV 1 Din.
XXV 3 D?pyf, D?'p. Amph.
XXVi 3 | D, Amph, D,
XXVIE 3} D%, D, D%,
XXVII 2 Dvy, Dv..
XXIX | 2 | Dbwy, Diwa
XXX 2 | D%y, Da.
XXXI |- 1 | D' Amph.
XXXI1 1 D% Amph.
XXXIIL 4 | D Amph, DL, D¥q Amph.
XXXIV | 1 | Dig
XXXV 1 D3k,
XXXVI 1 | P%m Amph.
XXXVl 1 | Do Amph.
XXXVOI! 1 | D% Amph.
XXXIX 1 b,

* The symbol | indicates that a form and its perversion are both included.
{ The subordinate partition of Do,, Plate V. should be 843222,
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