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Abstract In this paper, a new family of quadriphase sequences with period 4(2" — 1) is
proposed for n = me, where m is an odd integer. The correlation values of the family, their
distribution, and the linear spans of the proposed sequences are completely determined under
two situations.
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1 Introduction

Families of pseudorandom sequences have wide applications in code-division multiple-access
(CDMA) communications. In these applications, sequence families are preferred to have
desired properties such as large family size, long period, low out-of-phase autocorrelation,
low cross-correlation, large linear span, balance property and ease of implementation [6].
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20 J. Lietal.

Since 1960s, many families of binary sequences with good properties have been found, and
most of them are constructed by using m-sequences and their decimations. For example, the
Gold sequences [2,4] and Kasami sequences [9,12,19].

In the late 1980s, the optimal family A of quadriphase sequences with period 2" — 1 and
family size 2" 4 1 was found [1,14]. The sequences in the family .4 are analogous to the
m-sequences over Galois fields due to the similarity between Galois rings and Galois fields.
By interleaving two sequences in A, two optimal families B [1] and C [18] of quadriphase
sequences can be obtained, and the corresponding period and family size of both 5 and C
are 2(2" — 1) and 2"~ !, respectively. Using a generalized quadratic form, Tang, Udaya and
Fan generalized the family .4 and proposed a new family of quadriphase sequences with
low correlation [15]. Based on a modification of the families 55 and C, Tang and Udaya pro-
posed the optimal family D of quadriphase sequences having the same period and maximal
nontrivial correlation magnitude as the families B and C but a double family size [16]. By
applying the orthogonal transformation to the families 3 and C, another optimal family £ of
quadriphase sequences with period 2(2" — 1) was also obtained in [17]. Recently, two new
optimal families S and U of quadriphase sequences were presented in [8], which have the
same correlation properties as the families .4 and D but larger linear span, respectively. And
the correlation distribution of the family ¢/ was further studied in [10].

In this paper, we present a new construction of quadriphase sequence family F with period
42" —1) forn = me, where m is an odd integer. The key idea of the proposed construction is
to interleave four sequences in the family S [8] and a perfect quadriphase sequence of period
4. By applying the theory of generalized quadratic forms to measure a related exponential
sum, we determine the correlation property of the proposed family F under two situations.
Further, the linear spans of those sequences are also completely determined. Every sequence
in the family #; (i.e., the family F under the first situation) can exactly be decomposed as
the sum of a sequence in the family proposed in [11] and another quadriphase sequence. This
leads to the sequences in the family Fj can achieve larger linear spans, although 77 and the
family proposed in [11] have the same correlation distributions.

The remainder of this paper is organized as follows. Section 2 introduces some preliminar-
ies and notations. Section 3 proposes the quadriphase sequence family F, and discusses the
properties of an exponential sum. Under two situations, the correlation property and linear
span of the proposed family are determined in Sects. 4 and 5. Section 6 concludes the study.

2 Preliminaries
2.1 Galois rings

Let Z4[x] denote the ring of all polynomials over Zs4, and * denote the modulo 2 projec-

tion mapping from Z4 to Z;, i.e., 1=3=1and0 = = 0. A monic polynomial
n .

f(x) = fix' € Za[x] of degree n is said to be a primitive basic irreducible polynomial
i=0

if f(x) = Z fix' is a primitive polynomial over Z,. As in the case of finite fields, the
=0
Galois ring R may be constructed as quotients of the associated polynomial ring. In other

words, the quotient ring Z4[x]/(f(x)), denoted by R =GR(4, n), is called a Galois ring
with 4" elements and characteristic 4. Then naturally, the projection mapping - induces a
homomorphism from R to the finite field Fo».
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A new family of quadriphase sequences 21

The element x € R is a unit if there is an element y € R such that xy = 1. Let R* denote
the set consisting of all units in R. As a multiplicative group, R* contains a cyclic subgroup
of order 2" — 1. Let 8 be a generator of the cyclic group, then o« = f is a primitive element
of Fy. The Teichmiiller set of R is defined as 7 = {0, 1, 8, 82, ..., B2 ~2}. Then, each
x € R has a 2-adic expansion of the following form

x =x0+2x1, x9, x1 €7. (1)

By (1), we have x? = xZ, then x is a unit if and only if xo # 0.
The Frobenius automorphism o on R is given by

o (x0 4 2x1) = x3 +2x7, forall xo, x; € 7.

Then the trace function Tr'{ (-) from R to Z4 is defined as

n—1
Tr (x) = Zoi(x).
i=0

Let trf (-) denote the trace function from Fo« to Fy, i.e.,
n—1
trf (x) = sz .
i=0
The following properties hold for arbitrary elements x, y € R:
P1) Tr}(x) = tr} (x);
P2) Tr(x 4+ y) = Tr(x) + Tr} (y).

2.2 Z4-valued quadratic forms

Since the addition operation in the Teichmiiller set 7 is not closed, for x, y € 7, we define
an operation @ on 7 by

X®y=x +y+2(xy)2”71.
Then we have
20 y) =2(x+y) forx,yeT. 2)

Obviously, (7, @, -) is a Galois field isomorphic to (Fp=, +, -).

Let K = {0, 1} be the Teichmiiller set of Z4, then (K, &, -) is the finite field of size 2, and
it is the prime subfield of 7.

A symmetric bilinear formon 7 is amapping B : T x 7 — K satisfying the symmetry

B(x,y) = B(y, x)
and the bilinearity
B(ax ® by,z) =aB(x,z) ®bB(y,z), fora, b e K.

In addition, if B(x, x) = 0 holds for all x € 7, then B is called alternating. Otherwise, it is
called nonalternating. The rank of B is defined as

rank(B) = n — dimg (rad(B)) 3)
whererad(B) = {x € 7 : B(x,y) =0, VyeT}.
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22 J. Lietal.

Definition 1 ([3]) A Z4-valued quadratic form is a mapping Q : 7 —> Z4 that satisfies
Qx®y) = 0(x)+ Q) +2B(x,y)

where B : 7 x T — K is a symmetric bilinear form.

The Z4-valued quadratic form Q is similarly called alternating if its associated bilinear
form B is alternating. Otherwise, Q is called nonalternating. Moreover, Q is said to have
rank r if its associated bilinear form B has rank r.

For a Z4-valued quadratic form Q: 7 — Zj4, define an exponential sum

xo(u) = z QWA @) o “@
xeT

where w = +/—1 is a primitive fourth complex root of unity. Then the value distribution of
the multi-set

{xoW) :ueT}
depends only on the rank of Q and on whether Q is alternating or nonalternating (see [13]).

Lemma 1 ([13]) Let Q be a nonalternating Z4-valued quadratic form of rank r, then the
value distribution of the multi-set {xo (u) : u € T} is given by

0, 2" — 27 times,
xo) = | £(1 + )25, 22 £2'7 times,
+(1 — )25, 22127 times
foroddr, and
0, 2" — 2" times,

xo@) =1 +2"77, 2772425 fimes,
:I:Z”’%w, 272 times (each)

forevenr.

2.3 Basic concepts of sequences

Two periodic sequences {s;(¢)} and {s;(¢)} are called cyclically equivalent if there exists a
positive integer k such that

si(t) =sj(t+k) forallt > 0.

Otherwise, they are called to be cyclically inequivalent.

A sequence {s(¢)} is called a quadriphase (respectively, binary) sequence if s(t) € Z4
(respectively, Z,) for all t > 0.

For a quadriphase (respectively, binary) sequence s = {s(¢)}, we say that the sequence
s can be decomposed as the sum of the quadriphase (respectively, binary) sequences s =

BOO)s' =" O) st = F O el s =50 st R
s@) = s°0) +5' @) + -+ 55@) forallz >0, ©)

where “+” in (5) denotes addition modulo 4 (respectively, 2).
Let F be a family of M cyclically inequivalent quadriphase sequences of period N given
by

F= {s,- = {si (D) (0 <i < M}'
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A new family of quadriphase sequences 23

The correlation function of the sequences s; and s; in F is defined as

N—-1
R.&‘i,‘x‘j (T) — Z a)Si(f)*Sj(f+I)
t=0

where 0 < 7 < N and ¢ + 7 is taken modulo N. When s; = s, Ry, s, (t) can be simplified
as R, (7).
A quadriphase sequence s of period N is perfectif Ry(t) =0forall0 <7 < N — 1.
The correlation distribution of the family F is the value distribution of the following
multi-set

{Rss5;(x):0<i,j<Mand0 <7t < N}
The maximum nontrivial correlation magnitude Rmax of F is
Rmax = max{|Rsi,Sj(t)| [0<i,j<Mand(i # jort # 0)}.

The linear span of a sequence s is the length of the shortest linear feedback shift register
(LFSR) that generates s. More precisely, let

1

fx)=x" —cp X" — - —c1x — ¢ € Zyg[x] (respectively, Fa[x]),

if a quadriphase (respectively, binary) sequence s = {s(#)} satisfies the linear recursive
relation:

sm+k)=coism+k—1)+---+cistk+1)+cosk), k=0, (6)

then f(x) is called a characteristic polynomial of s. A monic polynomial with the low-
est degree among all characteristic polynomials of the quadriphase (respectively, binary)
sequence s is called a (respectively, the) minimal polynomial of s. The linear span of s is
equal to the degree of a (respectively, the) minimal polynomial of s. Notice that a binary
sequence has a unique minimal polynomial, while for a quadriphase sequence, its minimal
polynomials may not be unique but they have the same degree [8].

For a sequence s = (s(0), s(1), s(2), - - - ), define the left shift operator L as follows:

Li(s) =(s@),s@+1),sG4+2),---) foralli > 1.
By convention, we write LO(s) = 5. Then the formula (6) can be written as
FL)s=(L" —cy L" "= —c|L—coLYs =0

where 0 denotes the zero sequence of which all elements are 0. Thus a monic polynomial
f(x) is a characteristic polynomial of s if and only if f(L)s = 0. For more details, please
refer to [6,5].

The following lemma will be used to study the linear span of the proposed sequences.

Lemma 2 Let s be a quadriphase sequence and s' a binary sequence. Let f(x) € Z4[x] be

a minimal polynomial of s and g(x) € F2|x] be the minimal polynomial of s'. Assume f is
the minimal polynomial of s, and let gcd (f(x), g(x)) =d|(x), ged(g(x)/di(x),d1(x)) =
dy(x). Then we have the following results.

(1) ([8]) If di(x) = 1, then we have that the product f(x)g(x) € Z4[x] is a minimal
polynomial of the sum a = s + 2s’.
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24 J. Lietal.

(2) Ifdi(x) # 1, then the linear span LS(a) of a = s + 2s' satisfies

LS(a) = deg (f(x)) + deg(g(x)) — deg(di(x)) — deg(da(x)).
Proof Since (1) has been proved in [8], we only give the proof of (2) here.
_ If di(x) # 1, let k(x) be a minimal polynomial of the sequence a. Then we have
k(L)(a) = 0, which implies f(x) divides k(x). By division with a remainder, k(x) can
be written as
k(x) = f(x)t(x) + 20 (x)
with o (x) = 0 or deg(o (x)) < deg(f(x)).
From
(f(L)t(L) 420 (L))(s +25) =0

we have

(LG + fLIL)() = 0. (N
Multiplying the both sides of (7) by f(L), we have

FWTL)E) + F LIS =0,

by which we have
FALIL)) = 0.

-2 _ — _
Thus g(x)[ 7 (07(x). Let F(x) = fi(x)di (x) and g(x) = g1(x)d1 (x). we have g1|fd1,
which implies g1|d;t by ged(f1, g1) = 1. Let g1(x) = g{ (x)dr(x), di(x) = d{ (x)dy(x),
and then we have g||d{7. Thus g||7 by ged(g](x), d{(x)) = 1. This implies deg(z(x)) >
deg(g](x)). Consequently, we have deg(k(x)) > deg(f(x)) + deg(g](x)). Since g(x) =
g’1 (x)d2(x)d (x), we have deg(k(x)) > deg(f(x)) +deg(g(x)) —deg(d; (x)) —deg(dz(x)).
This finishes the proof. O

Notations

The following notations are used throughout this paper:

e The positive integers n, k, e, m satisfy e = gcd(n, k) and n = me with an odd integer

m > 3;
e {no,n1, ..., nn_1}isanenumeration of the elements in 7, and B is a generator of 7'\ {0};
e « = f is a primitive element of Fyu;
e ) isan element in R with A € F2e\{0, 1};
e visanelementin 7 with v € Fpe and tr{(v) = 1;

B!/* denotes ,32"72'1 for0 <l <4;
® = +/—1 is a primitive fourth complex root of unity;
e Re(z) denotes the real part for a complex number z.

3 Results on the exponential sum &(y1, 2, §) and a construction of quadriphase
sequences

Given x € R, we define a function P (x) via

(m—1)/2

P = Y T («2). ®)

j=1
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A new family of quadriphase sequences 25

For all y1, > € R, and § € 7, define an exponential sum
E(y1, 0, 8) = Z T ([A+201=(14292)8) %) +2(P (Ax)+ P (3.5x)) ©9)
xeT

This exponential sum has been extensively studied in [8,10]. In what follows, we will use
the results in these two references to discuss some other propertles of £(y1, yz, 3).

Let 142y — (1+2y2)8 = c+2u where ¢, u € T, and let 127+ + (2.8)27+1 = =a;+2b;

forl <j < m;, where a;, b; € 7. Then by (4), the exponential sum &(y1, 2, §) can be
rewritten as
E(y1, 12, 8) = Z wQ(x)+2Tr’f(ux), (10)
xeT
where
m;l
Q) = Tr(cx) +2 > Tt (aszkm) (11)

Jj=1

is a Z4-valued quadratic form and the associated bilinear form is

B(x,y) = Tr} (c2xy) EBG}Tr1 2y 4+ y29x)].

Then Q(x) is alternating if and only if ¢ = 0, i.e., § = 1. In this case,

_ T [2(1—y2)x] _ Af YT =2,
E(vi,v2, ) = Z;,’w ! [ 0, otherwise. 12)
xe

When § # 1, by Lemma 1, the values of £(y1, y», §) are mainly dependent on the rank » of
o).

Lemma 3 ([10]) Forall y1, y> € Rand § € T\{0, 1}, the rank of Q(x) defined in (11) is n.

Lemmad4 Forallvg, vi € 7, andforeachfixed j € {0,1,2,---,2"—1}, when$ € T\{0, 1}
and n is odd, the value distribution of sums &(n; + vo, n; + v1, 8) is given by

1+ w)Z%, =2y 2% times (each),
(=14 w)2"7, 272 — 25 times (each)

§(i +vo,nj + v1,9) 2[

as i ranges from 0 to 2" — 1.
Proof Let1 — 8 = ¢ + 2u’ where ¢, u’ € 7. It follows from (10) that

Eni +vo. 1 +v1,8) = 3 QW00
xeT

where u = u’ ® n; ® vo ® 1,8 O v18.

Given vg,v1 € 7, j€{0,1,2,---,2" — 1}, and § € 7\{0, 1}, when i ranges from 0 to
2" — 1, u runs through 7. Notice that Q(x) is nonalternating. Then by Lemmas 1 and 3 we
get the desired result. O
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26 J. Lietal.

For all y1, 2 € R,and § € 7, define
S, ¥2,8) =61, 2, 8) + &1 + v, ¥2 + 0, 0) (13)
and

K1, 12,8 =61, 12,8 —§(r1 + v, 2 +v,9). (14)

Then we have the following result.

Lemma S For each fixed § & {0, 1}, as y1, y» run through T, ¢(y1, y2,98) and k(y1, v2, 6)
have the following distribution.

(1) Whenv = 1andn is odd,
vty 2, 8) = £2"7, 2271 £ 275 fimes.
(2) Whenv # 1 and n is odd,

iy d) £2"F 222 10 e,
1, V2, =
:I:Z% w, 22"=2 times (each).

(3) Whenv # 1 and n is even,

311

25 + Z%a), =24 > times (each),

sy, y2,8) = " n
vy l—22 +23w, 221— 2—2 2 times (each).

(4) Whenv =1andn is odd,

kY1, v2,8) = :l:2%a), 22"=1 times (each).

(5) Whenv # 1 and n is odd,

k(1 72, 8) +2° 2 . 2272 fimes (each),
1,Y2,0) =
:i:Z% ®, 272 times (each).

(6) Whenv # 1 and n is even,

27 + 2%0), 2212 times (each),

’ 38 = z 2
k(y1,y2,6) l —22 + 27w, 22"72 times (each).

The proofis similar to those of Lemmas 7 and 8 in [8], so we omit it here.
To end this section, we give the construction for a family of quadriphase sequences with
period 42" — 1) as follows.

Definition 2 Let v, v{, v2, v3 € 7, we define a family F = {sg, s1, - - - , son—1} of quadri-
4(2 1. .
phase sequences, where s; = {s; (t)},_ is given by

T ([ 200+ v0)] ) +2P (16°) +2, 1 = dn,
Te] ([1+ 200 +v)IBOTY4) +2P (A1) 1 =41 + 1,
Tef ([1 4 2(n; 4 v2)1B0F/4) +2P (AB0H2/4) | 1 = 41y + 2,
Te) ([1+ 20 + v3)]BOT3/4) 4+ 2P (Rp0+34) | 1 = dig + 3

and P (x) is defined by (8).
In Sects. 4 and 5, we will analyze the correlation distribution and the linear span of F for
two special cases as below.

si(t) =
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A new family of quadriphase sequences 27

(1) Letvg=v3 =0,v; = v, = 1 and e be an odd integer > 3 which forces n to be odd
since m is odd, and in this case we call the family F as F7;
(2) Letwvg = vy =0and vy = v3 = v, and in this case we call the family F as .

Remark 1 The Ref. [11] introduced a family & = {s{,s],...,s5_,} of quaternary

42D Gefined by

sequences s, = {s/ (1)},_,

Tr} (1 + 2n7) (14 2v0) B) + 2, ¢ = 41y,
oo T (4 2m) (14 20p) BOHVA) [ f =4t + 1,
s; () = Te? ((1+ 2m0) (1 + 2u9) BO+2/4) | 1 = dtg + 2, (15)
Te? (1 +2n7) (14 2v3) poH3/4) [t =419 + 3

with vg = v3 = 0 and v; = vy = 1. Thus, each sequence s; in F; can exactly be decomposed

as the sum of the sequence s/ in S and the quadriphase sequence {2P (18'/4) ff(: -t

4 The correlation distribution and linear span of 7

In this section, we study the correlation distribution and linear span of Fj.

4.1 Correlation distribution of the family 7

The correlation distribution of F; and that of S (for odd n) in [11] are closely related to
two different exponential sums. Further, these two exponential sums have very similar prop-
erties. Indeed, they have the same value distribution by Lemma 4, and a similar result as
Lemma 5 (4) also holds for the corresponding exponential sum in [11] although hasn’t been
proved mathematically (by the property 4 listed in Lemma 5, the proof of the following
Theorem 1 is more simple than that in [11]). This is the reason why the families 7| and S
have the same correlation distribution.

Theorem 1 The family F\ has correlation distribution as
42" — 1), 2" times,
—4, 2" (2" — 1) times,
Ry 5, (1) = 0, i 2212+ — 1) times, . (16)
—44£277, 272" —=2)(2" 1 £277) times,
+2"F w, 222"\ _ 1) times (each).

Proof Foreach t with0 <t < 42" — 1), we write T = 419 + [ where 0 < 19 < 2" — 1
and 0 <[ < 4.
A direct calculation shows that the correlation function between the sequences s; and s
in F is given by
Rsi,sj-(r) =
EMmi.nj, ) +&Emi+Lnj+1,8)+&mi+1,n;+1,8)+&EMi,n;,8) —4,1=0,
EMiny +1,8)+&E0mi +1,n; +1,8) +&0m: +1,n;,8) —&EMmi, nj, 8), [=1,
Eminj +1,8)+80mi +1,n;,8) =& + 1,n;,8) +§Mmi,n; +1,6), =2,
a7

where § = groti/4,
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28 J. Lietal.

The analysis of the value distribution of Ry, 5 (T) in F can be divided into two cases:

Casel:/ e {1,3}andé = 1,0r! € {0,2}; Case2:] € {1,3}and § # 1.

The analysis of Case 1 is similar as that of cases i-iv in the proof of Theorem 1 in [11].
Further, for Case 1, the value distribution of Ry; s : (7) is the same as that of RS;’ s (t) for cases
i-iv in the proof of Theorem 1 in [11], so we omit it here.

The value distribution of Ry; s : () for Case 2 is investigated in what follows.

When ! € {1,3} and 6 # 1, by (17) and (14), one has

—k (i, nj,8) —kmi,n;+1,8),ifl =1,

. 18
k(i 02 8) + k(riun; +1,8), i [ =3. (18)

RS[,Sj ('[) = [

In the following, for I € {1, 3}, the distribution of the pair (k (n;, n;,8), k(m;, n; +1,9))
is discussed when 7, j vary from O to 2" — 1 and § runs through 7°\{0, 1}.

In the case of [ = 1, by Lemma 5 (4) the pair («(n;, 1, 8), k(n;, n; + 1, §)) may take at
most 4 values as in Table 1.

In the case of I = 3, we have that the pair («(1;, 1j,6), x(n;, nj + 1, 5)) has the same
distribution with (« (1;, 1, 8), K (n;, nj + 1, 8)) as in the case of [ = 1, whose distribution is
given by Table 2.

By Lemma 5 (4) and Table 1, one has x| + x3 = x2 + x4 = 22"~1(2" — 2).

From Tables 1, 2 and (18), we have the value distribution of the multi-set

{Rsis; (1) :0<i,j<2"1€{1,3},8 € T\{0, 1}
as

Re o (5) 0, 220 (2" _ 2 times,
. 5:\T) = n+3
i8] +2"F o, 227=1(2" — 2) times (each).

Thus, the correlation distribution of F) is completely determined as (16). This finishes
the proof. O

Table 1 The distribution of

ki, mj,8),kMmi,nj+1,98 —k(i nj,8) — Frequenc
ey 8). koo + 1oy O M7 1K1 0 ey 8) quency
when!/ =1 k(i nj+1,8)
ntl ntl n+3
(220),2260) 22 w X1
ntl n+l n+3
(=272 w,-22 w) 27 w X7
n+l ntl
2720 -27 o0 0 X3
ntl n+l
(22 0,2 2 w) 0 X4
Tabl? 2 _The dlSt.rlbu_non of (Misnj, 8), kMmi,nj+1,8)) —Kk (i, nj.8) + Frequency
(ki nj, 8), ki, nj+1,8) k(i +1,6)
when [ =3 oMy
n+l ntl
272 w272 o) 0 X1
n+l n+l
(272 0, -2 2 w) 0 X2
n+l ntl n+3
272w, -272 w 272 w X3
ntl ntl n+3
(-2 2 w,2 2 w) 272 w X4
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A new family of quadriphase sequences 29

4.2 Linear spans of the sequences in F

By Definition 2, for each i with 0 <i < 2" — 1, the sequence s; in F| can be written as

T} ((1+2n;)B") + 2P (AB") + 2, t = 41,
(0 = LT (200 + DIBH) 2P (201 p = dig 41,
SETZ T (114 200 + DIBOT4) 42P (Rp0T24) | = 41y + 2,
Tr (14 2n;) B F3/4) + 2P (aplot3/4) | =41 +3
[ Tt (B) + 2Tr} (i B7) + 2P (AB") + 2, t = 41,
T (,Bt0+l/4) 4 2Tr] ((77 + l)ﬂt°+]/4) +2P ( /3t0+]/4) =4ty + 1,
= Tryll (IBI()+2/4) + 2Trn ((n + 1)'810+2/4) +2pP (kﬂ[0+2/4) Lt =41+ 2,
o} (ﬂm“/“) + 2Te (i p10+3/4) + 2P (Apl0F3/4) t =4t +3
[ Tt (B0) + 2tr] (m 0) +2P (AB0) + 2, t = 4o,
_ ] T (BT - 2uf (et R) 20 (0T YE) 2P (R0t 1 =i + 1,
Tr’l’ (ﬂto+2/4) 4 2tr (— t0+2/4) + 2tr ( t0+2/4) p ()L,Bzo+2/4)’ t =4ty + 2,
Tri (B0F3/%) + 2uf (a0 3/%) 4 2P (Aﬂf0+3/4) t =41 +3

by properties P1, P2 of Sect. 2.1 and the equality 2Tr (x) = 2tr] (X) holds in Z, for x € R.

Letu; = {u; (t)}4(2 D= pe given by

T (B) + 2t} (™), t = 41,

Tr} (BO/4) + 20 (a0 t4) 1 =41 + 1,
Tr’ll (,3’0"'2/4) + 2tr (mi oz’°+2/4) Lt =41+ 2,
Tr} (B0+3/%) + 2tr'1' (M0 t3/4) 1t =419 +3

= Tr| (,B4L) + 2tr] (77 %)

! be given by

ui(t) =
(19)

4(2

= {q1(D},2

P (AB), t = 41,

P (Ap0F1/4), 1 =419+ 1,
P (02, 1 = 41y +2,
P (AB0H3/4) 1 =41 +3

- P(xﬂ%),

be given by

q1(t) =
(20

Q@ = {Clz(t)}4(2 -h-t
1, t =0 mod 4,

0, otherwise @1

Q@) = [

4(2 —1-1

andr = {r(t)},_ be given by

0, t = 41,

tr] (ott°+1/4) Lt =410+ 1,
(a0 T4) 1 =41+ 2,
0, t =41+ 3.

r(t) = (22)

Then for eachi with 0 <i < 2" — 1, the sequence s; in the family F; can be decomposed
as

si = u;i +2q1 + 2q> + 2r. (23)
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Let H(x) be a minimal polynomial of 8 over Z4, then H(B) = 0. Let h(x) = H(x)

and then h(w) = 0. Thus k(x) is the minimal polynomial of o over F,. We have that
42" -1)-1 42" —1)-1

1=0 = {Trrll (8 1=0

due to the fact Trf(8) = Tr} (ﬂz), and h(x) is the minimal polynomial of the sequence

{tr’l’ (ﬁa’/“) ?f(:_])_]. Thus, H(L)(#;) = 0, which implies H(x) is a characteristic
polynomial of u;. Let H'(x) be a minimal polynomial of u;, then H'(L)(u;) = 0, and
H’(L)(@;) = 0. Since h(x) is the minimal polynomial of #;, we have h(x)lﬁ(x). This im-
plies deg(H’(x)) > n. Therefore H(x) is a minimal polynomial of the sequence u; . Further,

it can be verified that the minimal polynomial of ¢ is x* — 1.

H (x) is a minimal polynomial of the sequence {Tr’l’ (,8 1 4)

Lemma 6 The minimal polynomial of the sequence r defined by (22) is h(x)3.

Proof Set 64; = 84j43 = 0 and 8441 = 84j12 = 1 for integers j. Then the sequence

={r (t)}4(2 D=1 can be written as r(f) = tr (§;a'/%) = " (8,a!) . Decompose the
1 1
42 —1)—1

sequence r as r = PO+l where r/ = [8,0{’2"] o . For the first sub-
t=

sequence 10, (x — ) =x3 —I— ax? + a?x + o3 is its characteristic polynomial since the

action of L3 + «L? + o2L + &3 on r¥ is the sequence {s(t)}4(2 1)71, where

s() = Br43 + 842 + 81 +8) ' =2 = 0.

On the other hand, (x — &)? = x2+a? is not a characteristic polynomial of ¥ since the action
. 42" —1)—1 4Q2"—1)—1 _
of L? + o2 on rY is the sequence {((St+2 +8;) a’+2}t(=0 =1 {oz”‘z}tio ) , which is
not the zero sequence. Therefore, (x — «)? is the minimal polynomial of the sequence rP.
N3 . N\ 3
Similarly, (x - azj) is the minimal polynomial of the sequence r/. Since the (x - ozzl)
n—1 N3
are coprime for each pair of different j, h(x)> = [] (x — azj) is the minimal polynomial
j=0
of the sequence r = % 4+ r! + .. 4+ "~ This finishes the proof. O

By property P1 of Sect. 2.1 and (20), we have

q ()= P(Mm) Ztr ((A /4y 2kr+1) Z“ ((k a)2kj+1) Ztr (8 (zk,+1),)

Then by a similar analy51s as in Theorem 7 of [8], we have the followmg result.

Lemma 7 The minimal polynomial m(x) of qi is m(x) = my(x)ma(x) - mm—1)/2(x),
where m; (x) is the minimal polynomial ofozzk'+1 anddeg(m;(x)) =nforl <i < (m—1)/2.

Lemma 8 The linear span LS(s;) of each sequence s; in the family F satisfies LS(s;) <
n(n+3€) +4.

Proof Notice that A3 (x) is the minimal polynomial of r, which implies /(x) is the mini-
mal polynomial of 2 (L)?(r). Since h(x) is also the minimal polynomial of #;, we have that
h(L)%(r) is a shift of i, i.e., h(L)*r = L*(;) for some nonnegative integer s.

There exists a polynomial ¢(x) € F;[x] with deg(¢(x)) < n, such that x* =
o(x) mod h(x), thus * = (@), L'G) = {t]@ )} = o@)@). Then a
direct verification shows that (H (L) 4 2¢(L))(u; +2r) = 0, which implies H(x)>+2¢(x)
is a characteristic polynomial of u; + 2r.
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By Lemmas 6, 7 and (23), we have that (H(x)? +2¢(x))m(x)(x* — 1) is a characteristic
polynomial of s;. Then LS(s;) < % + 4. This finishes the proof. O

Theorem 2 The linear span of each sequence s; in the family F) is equal to % + 4.

Proof By Lemmas 6 and 7, we have h3(x) and m(x) are the minimal polynomial of » and

q1, respectively. For 0 < j < (m — 1)/2, each 2%/ 4+ 1 lies in different cyclotomic co-

sets mod 2" — 1, so ged(h(x), m(x)) = 1. Since the minimal polynomial of g5 is x4 —

1, ged(m(x), x* — 1) = 1 and ged(h3(x), x* — 1) = 1, we have A3 (x)m(x)(x* — 1) is the
minimal polynomial of ¢; + g2 + r. Recall that H (x) is a minimal polynomial of u;, and let

di = ged(H (x), h*(x)ym(x)(x* — 1)) = h(x),
dy = ged(dy, 1 )mx)(x* = 1)/dy (x)) = h(x).

By Lemma 2 and (23), we have

LS(s;) > deg(H (x)) + deg(h’ (x)m(x)(x* — 1)) — deg(h(x)) — deg(h(x))

(24)
_ n(n + 3e) L4
2e
By Lemma 8 and (24) we get the desired result. This finishes the proof. O

4.3 An example

Form = e = 3,k = 6 and n = 9, we use the primitive basic irreducible polynomial
fx) = x4 3x8 4+ 2x0 + 25 4+ x* + 2x3 + x2 4+ 2x + 3in Za[x] to generate the Galois
ring R = GR(4, 9), and choose the generator 8 of the cyclic group 7\{0} in R such that
S (B) = 0. With the help of a computer, the family F; can be verified to have the correlation
distribution as

2044, 512 times,

—4, 261632 times,

0, 268173312 times,
—68, 62668800 times,

60, 71024640 times,
+64w, 66846720 times (each)

R.S‘,',Sj (T) =

whenvg =v3=0,vy =v, =1land A = ,373, which is consistent with Theorem 1.
It can also be verified that the linear span of each sequence in F is equal to 31, which is
consistent with Theorem 2.

5 The correlation distribution and linear span of 7,

In this section, the correlation distribution and linear span of 7, are studied.

5.1 Correlation distribution of the family 7,

Theorem 3 The family F, has the following correlation distribution.
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(1) When n is odd and v = 1, the correlation function of F takes values
42" — 1), 2" times,
—4, 2"(2" — 1) times,
R s.(t) =10 221"+l — 1) times,
SRy n+3 n—
442" @ — 2y £2"7) times,
:|:2"er3a), 221=1(2" —2) times (each).
(2) When n is odd and v # 1, the correlation function of F, takes values
42" — 1), 2" times,
—4, 2"(2" — 1) times,
0, 221(2m 1 — 1) times,
R, (1) =1 —4£2"T, 212" —2)(2" 2 £2"7) times,
i) n
-4+ 2%360, 22=2(21 _ D) times (each),
27 220=2(2" _ 2) times (each),
| 425w, 2272(2" — 2) times (each).
(3) When n is even and v # 1, the correlation function of F, takes values
42" = 1), 2" times,
—4, 22" — 1) times,
0, 222"+ — 1) times,
Ry.5, (1) = { =4+ 25+ £05+ 2720 — 2)(2"2 + 2"T) times (each),
4 25+ 405+, om0 2y (272 — 2"3%) times (each),
25+ £ 25F g, 221=2(2" — 2) times (each),
25+l 405+, 221=2(2" _ D) times (each).

Proof The correlation function between the sequences s; and s; in 7 is given by

RS,’,S_,’(T):
EMiymj, 0)+&Emi +v,mj+v,8) +EMmi,n;,0) +&Em +v,nj+v,8)—4, =0,
Eminj +v,8) +EMmi +v,n;,8) +EMmi,n; +v,8) —&EMmi +v,n;,98), I=1, (25
EMismj, ) +&Mmi +v,mj+v,8) —EMmi,nj, 8) +&m +v,nj +v,96), =2,

—§Mi,nj +v,8) —&Mmi +v,n;,8) +EMmi,nj +v,8) +&EMm +v,m;,9), [ =3.

By considering the following five cases, the correlation distribution of F, will be deter-
mined.

Case 1: When!/ =0and § = 1, we have 7y = 0.

By (12) and (25), we have

4@ = 1), 2" times,
Rx,-,.vj (I) - [ —4, n (2” — 1) times

as i and j vary from O to 2" — 1.

Case2: When! =2and 8§ =1, Ry, 5, (t) = 2[=E(i, nj, D+ &M +v,nj +v,1)] =0

occurs 22" times as i, j vary from 0 to 2" — 1.

Case 3: When! € {1, 3}, by (25), Ry 5, (7) = 0 occurs 22 (2" — 1) times as i, J vary from

0to 2" — 1, and 1 varies from 0 to 2" — 2.
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Case 4: When!/ = 0and § # 1, by (25) we have
Ry 5;(0) =2[5(inj, 8) +EMmi +v.nj +v,8)] —4=2¢(m;, n;,8) — 4.
Case 5: When! =2 and § # 1, by (25) we have
Rs;5;(0) =2[=8Minj, 8) +EMi +v,mj +v,8)] = =2« (i, 1), 5).

Combining the above five cases, and by Lemma 5, we can get the desired result. This finishes
the proof. O

5.2 Linear spans of the sequences in F;

We will determine the linear spans of the sequences in 7.

Let u] = {u}(1)};5 " " be given by
T} ([1+2(ni + v0)1B8°) , t = 41y,
4
ui(t) = Tr’i ([1+2(; + vl)]ﬂi‘)i;;) Lt =4 +1, 06)
l Te! ([1+2(n; + v2)1B0T24) 1 =41y + 2,
Trf ([1+ 205 +v3)IB0T4) 1 =419 +3

for0 <i <2" —1.
Then for each i with 0 <i < 2" — 1, the sequence s; can be written as

si = u; +2q1 +2q2
where ¢ and ¢ are defined by (20) and (21), respectively.

Theorem 4 The linear span LS(s;) of s; in F; is equal to "(gije) +4 foreachi with0 <i <
2" — 1.

Proof Lety = (1 4+ 2v)B'/4, then one can verify that u} can be rewritten as
u; =Trl (1 +2n)y")

due to the fact that v9 = v = 0 and vg = v2) = v.

Suppose that f(x) € Z4[x] is a minimal polynomial of u}. By a similar analysis as
in Theorem 7 of [8], we have that deg(f) = n and g(x) = f(x) is the minimal poly-
nomial of u’;. Lemma 7 shows that m(x) is the minimal polynomial of g;. Notice that
x* — 1 is the minimal polynomial of g». The above analysis together with gcd(g(x),
x* — 1) = 1, ged(g(x), m(x)) = 1 and Lemma 2 imply that f(x)m(x)(x* — 1) is a
minimal polynomial of s;. Therefore the linear span of s; is equal to % + 4. This finishes
the proof. O

5.3 An example
Fore = k =2, m = 3 and n = 6, we use the primitive basic irreducible polynomial

fx) = x04+3x° +2x3 + 1in Za[x] to generate the Galois ring R = GR(4, 6), and choose
the generator B of the cyclic group 7\{0} in R such that f(8) = 0. With the help of a
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computer, 7 can be verified to have the correlation distribution as

252, 64 times,
—4, 4032 times,
0, 520192 times,

Rsisi (W) =112 £ 160, 79360 times (each),

—20 + 16w, 47616 times (each),
+16 £+ 16w, 63488 times (each)

when vy = v2 = 0, v; = v3 = v = B! and A = B*2, which is consistent with Theorem 3.
And it can also be verified that the linear span of each sequence in F; is equal to 16, which
is consistent with Theorem 4.

6 Conclusion

In this paper, based on the constructions of a quadriphase sequence family in [8] and a binary
sequence family in [7], a new family of quadriphase sequences of period 4(2" — 1) has been
presented for n = me, where m is an odd integer. The correlation distribution and linear span
of the new family are determined under two situations. The maximum nontrivial correlation

magnitude R, is upper bounded by 4 + 2#.
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