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Introduction
In Part I ([4]), we defined the L-groups U,(4), V,(4), W,(4) of a ring with
involution A, for » (mod 4).
The main result of Part II is that there exist natural direct sum
decompositions
Wo(4,) = W,(4) @V, ,(4),

Vu(d,) = V,(4) @ U,(4),

where 4, = A[z,271] is the Laurent extension ring of 4, with involution
zt>» 271, (Cf. Part III, [5], for the generalization to twisted Laurent
extensions.)

Similar splittings arise in [3]—indeed, our method of proof follows that
of [3], except that Novikov neglects 2-torsion in the L-groups, and assumes
that 2 is invertible in 4. In the geometrically realizable case 4 = Z[#], (7
a finitely presented group), it is possible to obtain the decompositions by
topological methods ([2], [6], and [8]).

Defining L-theories L{(A) for m < 2, n (mod 4) by

LP(4) = Wo(4),
Li(4,) = e (4) o L) (m < 1),
it follows that L{(4) = V,(4), LI®(4) = U,(4), and that

r=0

L4, )= 2( )L:',z:;,’<A),

where A, . . = A[25,2,7),25, 2,72, ..., 2p,2,7"] is the Laurent extension
ring of A in p variables. It will be shown that we are dealing with natural

isomorphisms

LL*)(Azl,za ) = L(*)(A)®Z (zl’ 29, ...,Zp),

where Ay(z,2,,...,2,) is the graded exterior Z-algebra on p generators
21,2 ...,2, in degree 1. The appearance of exterior algebra in L-theory
is explained in [3] in terms of the corresponding surgery operations.
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1. Laurent extensions

We refer to [4] as I. Notation and definitions are as in I. In particular,
we are working over A4, an associative ring with 1 and involution, and such
that f.g. free A-modules have well-defined dimension.

Let z be an invertible indeterminate over 4, which commutes with
every element of A. The Laurent extension of A by z, 4,, is the ring of
polynomials 32 _, a;2 in z, 27! with only a finite number of the coefficients
a; € A non-zero. Then 4, is an associative ring with 1, under the usual
addition and multiplication of polynomials. The function

0

[+o]
“iA,>4,; a= YTaFfd>a= Y ag
J=—00 J=—00

is an involution of 4,. The projection

e: A, — A; §] a1 ozo: a;
j=—0 j=—o0

is a ring morphism which preserves unities and the involutions. Every
f.g. free A,-module @ has a well-defined dimension, namely that of the
f.g. free A-module Q.

Thus 4, satisfies all the conditions imposed above on 4.

For example, if A = Z[n] (as in Example 0-1 of I), with = = #,(M) for
some compact manifold M, then 4, = Z[w x Z], with # x Z = = (M x S1).

The injection

EA->4,;, aba

splits ¢, that is e = 1, and £4 is identified with 4. Every A4, ,-module @
can be regarded as an A-module by restricting the action of 4, to one
of A.

A modular A-base of an A,module @ is an A-submodule @, of @ such
that every x € ¢ has a unique expression as

x = % Yr;eQ (x; € Q)

j=—00
with {x; € @, | ; # 0} finite, corresponding to an infinite direct sum
Q= X 27Q,
Jj=—00
of A-modules isomorphic to @,. Hence there is an A-module isomorphism

Q=Q/(z-1)@ (=¢Q)

and modular 4-bases of isomorphic 4 ,-modules are isomorphic.
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Given an 4-module @, define the A,-module freely generated by Q, @,,
to be the direct sum

9= f—iozj@

of a countable infinity of copies of @ with the action of 4, indicated—that
is, @, = Q. Then @ is a modular 4-base of @,.

It is convenient to list here several properties of modular A-bases.

(i) Every modular 4-base @, of an A4,-module ¢ determines a dual
modular 4-base @F of @*, with

(#%g)(#x) = g(x) . * e A, (9€Qf, x€Qyj.k € Z).
(ii) For any 4-modules P, @, give Hom ,(P, Q) a left A-module structure
by
A xHom ,(P,Q) > Hom(P,Q); (a.f) P (b a.f()
and similary for 4 -modules.
Every f € Hom 4 (P,,Q,) defines 32 _, 2f; € (Hom 4(P,Q)), b

&)= 3 #ie)c 4, @e P fiz) Q)

and conversely, so that we may identify
HomAz(Pz) Qz) = (HomA(P: Q))z'

Given f € Hom (P,Q), let f also denote the element of Hom, (P, Q,)
defined by

[t P—> @y i Pz; > OZOI 2f (x;) (% eP_).

j=—0c0 j=—0
(iii) The 4,-module @, is

{f.g. projective .

f.g. free if and Only ifQisa f.g. projective

f.g. free

A based A-module @ generates a based 4,-module @, in the obvious
way. Conversely, a based A4,-module ¢ determines a based modular
A-base Q.

(iv) Given an A-module @ define A-submodules

Q+ = Zz’Q Q-= 3 4Q

j=-—-00

A-module.

of @,. Then

(10)
v Q.= QroQ-— Q*

is the positive projection on Q.
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(v) Let F,G be two modular 4-bases of a f.g. free 4,-module . Then
F,@ are f.g. free A-modules and
NP+ < Gt
for large enough integers N > 0. For such N define the A-module
Bi(F, @) = 2NF-n G+,
a direct summand of @ (regarded as an A-module), with
G+ = 2NF+® BL(F, G).
If H is another modular A-base of @, and if M > 0 is so large that
MG+ < H+, then
B n(F,H) = 2MB},(F, ) ® B3,(G, H).
In particular, for N, > 0 so large that 2MG+ < F'+,
N+N—1
2NBL (G, F)@ BY(F,G) = Bt (G.6) = 5, 26
=0
so that, as @ is f.g. free, Bf(F, @) is a f.g. projective 4-module.
Moreover, as
B} (F,GQ) = BH(F,G)@®2"F,

and F is f.g. free, the projective class [Bf(F,G)] € K (4) does not depend
on N.

The A-module isomorphism
BY(F*,G*) = B{(F,&)*; g b (x> [g(x)])

is used as an identification, where [a]y =a,e Aifa =32 a7 € A4,

We now quote a principal result of algebraic K-theory ([1], Chapter XII;
71, p. 226).1

THEOREM. There exists a natural direct sum decomposition

Ky(4,) = E\(4) @ By(4) ® Nil*+(4) @ Nil~(4),
where Nil*(A) is the subgroup of K,(A,) generated by
{r(1+v(z**—1)): P, > P)eK,(4,) | v € Hom 4(P, P) nilpotent}.

The splitting is by injections

& R(4) -~ K(4,); t(a:F - F)p 7(a: F, > F),
B: Rd) > K4y PIbe(t=( o o )i (Po-P)L> (Po-P),)

and by projections

e: K(4,) > K, (4); —r()o_i, 2o Fz—->Fz) H—r(_i oc,-:F—>F),

j=—00 J=—00
B: Ry(4,) - ByA); r(a: F, > F,) > [BL(F,«(F))].

t See the Corrigendum on p. 156,

5388.3.27 E
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CoroLLARY. The diagram

B\(4) — Ey(4)
skew-commutes (* B = — B*, * B = — B ), where
x: R(A) > Ry(A); 7(a: F > F) > r(a*: F¥ > F¥)
*! KO(A) -> Ko(A)§ [P] > [P*]

are the duality tnvolutions.
Moreover,

«: Ki(4,) > K\(4,)
sends Nil=(A) onto NilT(4).
Recalling the definitions of the groups
(4) ={re Ky (4) | * = +7 € K|(4)}/{w + w* | w € K\(4)}
2.(4) = {{P] e By(4) | [P*] = £[P] e Ry(4)}/{[Q1 £ [Q*]] [Q] € By(A)}
from I, it follows that there are defined morphisms
g B
Q.(4) === Q.(4,) === Zx(4)
€ B

and hence a splitting
Q,(4,) = Qu(4)® Zx(4).

We wish to establish an analogous result for algebraic L-theory.t
THEOREM 1.1. There exists a diagram

e Qpa(d) — W(4) —> K(4) —> Qe pld) —

A

o Qpn(d,) — W, (4,) —> V,(4,) — Q_md,) —> ...

BHB B”B l B”B
oo —> Zp(d) —> V,y(4) —> U, ,(4) —> T pna(4) —>
t See the Corrigendum on p. 156.



ALGEBRAIC L-THEORY, II: LAURENT EXTENSIONS 131

of abelian groups and morphisms, defined for n (mod 4), in which squares of
shape {34, 124 commute. The rows are the exact sequences of Theorems 4.3,
5.7 in 1. The columns are split short exact, with &£ = 1, BB = 1 whenever
defined, corresponding to direct sum decompositions

W.(4,) = W, (d)eV, 4(4),
Va(4,) = Vy(4) @ U, (4).
The diagram is natural in A.
2. Proof of Theorem 1.1 (n odd)
Given A4,-modules P, @ and 6 € Hom 4 (P,Q*), define
[0], € Hom (P, Hom 4(Q, 4))

by
[0o()(y) = [Bx)y)lpe A (xeP,yeq),
where [a]y=a, e Aifa=3P_, a2 A,
Given A-modules P,@ and 0= 32 20, € Hom, (P, QF) (with

0; € Hom 4(P,@*)), [0], € Hom 4(P,,Q¥) is given by
[01o(22)(z"y) = b,_,(x)(y)e A (xeP,yeQ,jkelZ)
and
o)) = 3 A=) € 4, @e Py eq)

Lemma 2.1. Let (@, ¢) be a non-singular + form over A,, and let C, D be
complementary A-submodules of @ such that C is finitely generated and

Then (C, *[p]y) ts a non-singular + form over A, where : C - Q is the
wnclusion.

In general, (C, *[¢],) will be denoted by (C, [¢],)-
Define

B: Vzi+1(Az) g U21(A)) (Q’ s F’ G) s (B;(F;)@F?;’GOGBG:)’ [¢]0):

where F' and G are free, with modular 4-bases Fj, G, respectively and
N > 0 so large that

NE@ F3)* < (Go®GF)*

for some choice of hamiltonian complements F*, G* to F, @ in (@, ¢) with
dual modular 4-bases F¥, G¥. Now

KBY @ F§, Go® GF), 2M(F @ F§)* @ (Go® GF)Dy)o = {0} < 4
8o that the hypotheses of Lemma 2.1 are satisfied, and
(By(F,@ F§, Go® G3), [#)o)
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is a non-singular + form over 4, and does represent an element of U, (4).
It does not depend on N because increasing N by 1 adds on H, (2VF),
which vanishes in Uy(4). Nor does the choice of F* matter: for N > 0
so large that

2NF§ < (G, @ G9)*,
define the 4-module

EY(F, Gy® GF) = {w € (Gy@ GF)* | [K2VF§, 2D ]y = {0} < 4}
Observe that the + form defined over 4 by
(B (Fo, Gy ® GF)/2NE, [9],)

coincides with (Bf(Fy® F¥, Gy® G¥),[¢],) when N is so large that
NPy @ F§)t < (Gy@ G¥)t, as then

E}(F, Gy@ GF) = (FozVFi-)n (G, G¥)*t = 2MFi @ Bfi(F,@ F¥, G0 GF).

The choice of F'* did not enter in this new definition. The choice of G*
may be dealt with similarly.

Next, suppose (@,¢; F,G)=0¢€V,,,(4,), and consider the generic
cases.

(i) F and G are hamiltonian complements in (Q,¢). Put Ff =G,
G = Fy, N = 0 to obtain Bf(Fy® F¥, Gy® QF) = 0, and so

B(Qa P F, G) =0¢€ U2L(A)

(i) F and @ share a hamiltonian complement in (@, ¢). Put F§ = G§
to obtain

B@Q,¢; F,G) = BQ,p; F*,G*) (by symmetry of definition)
=0€ U,(A4) (taking N = 0).
It follows that B(Q, ¢; F,G) = 0 € Uy(4) whenever
@ ¢; F,G) =0 € Vy1,(4,).

It now remains only to verify that the choice of modular A4-bases
F,, G, for F,@ is immaterial to B(@,p; F,G) € Uy(4).

Let £, be another modular 4-base of F, with dual modular 4-base F¥
of F*, and let N > 0 be so large that

A(Byo Pyt < (Fe Fi)*.
Then

(Bfiz(F @ F*,G @ G*), [p],)
= (2¥BL(F @ F*, F @ F*),[)) @ (B}(F © F*,G ® G*), [¢],)
= H,(NBY(F, F)) © (B{(F ® F*,G'® G*), [p],)
= (BH(F @ F*,G o G*), [p],) € Up(4),
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so that F will do as well as F. Similarly, the choice of G is immaterial.

Hence
B: Tyia(4,) - Uy(4)
is well-defined.
The composition

g B
Voira(4) —— Vpya(4,) — Uy(4)
is 0 because
BE—(Q’¢; F3 G) = B(Qz: 90; Fz, Gz) = (B;)‘-(F@F*:G@G*): 99) = O € UZQ(A)

The diagram
Voia(4,) — Q_(4,)

5 s

Upi(4) > Z.(4)

commutes, because given (@, ¢; F, Q) € V;;,,(4,) and
@9 F,G) = (0 X): (@ 9) > (@) € Uu(4,)/H(4,)
with «(F) = G (in the notation of Theorem 4.2 of I), then
B(r(«)) = [BR(F® Fy, o(F, ® F§))]
= [B{(Fy® F§, Gy @ G§)] € Z,(4),

for any modular 4-base F, of F, with G, = «(F,).
Define

B: Up(4) - Vya(4,);
(Q: 99) g ((Qz('B Qz: QD@ - ‘P) @ Hi:( -'Qg) > A(Q;,w) ® _Qz’ CA(Q,,q:) ) _Qs):
where —@ is any f.g. projective A-module such that @ ® —@ is free and

t=(, ;) 00000

This is well defined because
{((=,0),(0,9),(0,9)) e (P® P*),® (P® P*),
®(—(PoP*),0(—(Po®P*),)*) |z P, ge P}, ye(—(PoP*),)*}

is a hamiltonian complement to both Ay, (p,®—(P®P*), and
{Qu, p))®— (PO P*), in H(P)®—H,(P,)® H (- (P®P*),), so that

B(H,(P)) = 0 € V4(4,)
for any f.g. projective 4-module P.
The composite

B P
Up(A) — Voya(4,) —> Vpy10(4)
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is 0 because
eB(@.9) = (Q0Q. 20— 9)® H(~Q); Agn®~Q, A0 ®~Q)
=0 € Vy,4(4).

The diagram
Upi(d) — Z,(4)

3| |2
Vaia(4,) —> Q_(4,)
commutes because, given (@, ) € U,,(4) (with 7 asin Theorem 4.2 of Part I),
7(n71B(Q, ¢))
=7(l0l: (€,0Q,)0(-,0-0}) > (€.00.)0(-¢:;®-¢;))
= B([Q]) € Q_(4,).
The composite

B B
Upi(A) — Vospa(4) — Upy(4)
is the identity because, for each (@, ¢) € Uy (4),
BB(@.9) = B((Q:©Q.,®—9)® Ho(—Q,); Do, ) ®— Qs [0, @~ Q)
= (Bf (Mg ® Afoey U@ @ A% g y), 0@ — ) ® Ho(—€Q)
= (B{(Q9Q.Q02Q).p0—9)® H(-Q)
= (@, p) € Uy(4),

where Af,. ) is any hamiltonian complement to Ay, in (RO Q,p® — ),
in the terminology of Lemma 1.4 of I.
It now remains only to verify that the sequence

g B
Ves1(A) —— Voya(A,) —> Uy(4)

is exact. This will be done by first characterizing the + formations over
A, equivalent to ones obtained from 4+ formations over 4 via £: 4 —» A4,
(in Lemma 2.2 below), and then using the hamiltonian transformation of
Lemma 2.3 to show that every element of ker(B: ¥;;,,(4,) > Uy(4)) has

a representative satisfying that criterion.

Lemma 2.2. A + formation (Q,¢; F,G) over A, is equivalent to
&(Qos po; Fo, Gy) for some + formation (Qy, po; Fo, Go) over A if and only if
F has a modular A-base Fy such that, for some hamiltonian complement F*
to F in (Q, ), the positive projection on Fy@® F§,

v:Q =F@F* > (Fy@ F§),
preserves G, that is v(G) < G.
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Proof. Tt is clear that £(Qy, ¢o; Fp, G,) satisfies the condition, for any +
formation (Qq, ¢,; Fo, Gy) over 4.

Conversely, assume that the condition holds for (Q,¢; F,G), a
formation over A4,.

The 4-module morphism

E=2(1—v)2Ww:Q > Q
sends @ onto Fy® F¥, and has the property that

I+

z= 3 dtrive (FHoFy),=Q

Jj=—0c0
for every z € Q.
Now v(#) < G, so that

€@) = Ga (Ko Ff),

and G, = £(G) is therefore a modular 4-base of G contained in F,® F§.
Thus, up to equivalence of + formations over 4,,

@.9; F,G) = (H(F); F,G) = §(H.(F); F, G).
LeMmaA 2.3. Given a morphism of + forms over A

(fsx): (P,0) > (@ ),

define the self-equivalence

1 —f 0 0 —¢f 0
H(f) = 0 1 o |, 0 x 0
fHo+o*) -0 1 0 0 0

(@ 9)® Ho(P) > (@, 9) ® H(P).
If (@, ¢) is non-singular, the self-equivalence b’ = H(f)® 1 of
@.¢) = (@, 9)© Hy(P))® (@, —9)® Ho(—P)® Hy(—-Q))
18 a hamiltonian transformation, that is
@,¢"; L', (L')) = 0 € Vyy14(4)
for any free lagrangian L' of (@', ¢').
Proof. The self-equivalence »': (@',¢') = (@', ¢’) preserves the free
lagrangian
L={@y2)cQoPoP)oQ|zcQ ycPlo-P*o—Q
80 that it is necessarily a product

o 0 1 F B*
(0 a*_l)(o i ):L@L*»L@L*
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of elementary hamiltonian transformations, for any hamiltonian
complement L* (cf. Theorem 4.2 of I).
We now prove the exactness of

é B
Veini(4) — Vopa(d,) — Upl4).

Given (@,¢; F,Q) € ker(B: V;,,(4,) - Uy (A4)), there exists N > 0 so
large that (B (F,® F§, G, ® G¥), [¢]) is trivial, for some choice of modular
A-bases Fy, Gy and hamiltonian complements F*, G* for F, G respectively.
Denoting the 4-module BY(F,® F§,G,® GF) by F, let P = (R),, the f.g.
projective A4,-module freely generated by F, Define an A,-module
morphism

fiP>@Q

by sending elements of the modular 4-base F, to themselves in @, and
extending 4 -linearly. Then f*of € Hom 4 (P, P*) can be expressed as

, f*ef = (@l + [l +[p)- € Hom (P, P*)
with

o -1 X
[ple(Fo) < _le’PB", [pl-(F) = X #PF, [pl(F) < PS5
j= j=—o0
Choose hamiltonian complements Ly, L in (Fy, [¢)y), and let L = (L),.
Denote H (L) by (P, ), so that
[plo—¢=xFx*: P> P*
for some F form (P,y) over 4, (of the type &(Fy, xo), for some F form

(B xo) over ).
Consider now the self-equivalence

1 0 0 1 —ft 0
h=| 0 1 4 0 1 0
0 01 frpte*) —0*0 1
@, 9)© Ho(P) -~ (@, p)® Ho(P),
where
n=(z(_)1 :(-)z):P*=L*®L—>L®L*=P,
z;:((l) Z):P=L®L*—>L@L*=P,
and

0 = [p], £ [p]2 +¢ € Hom (P, P¥).
Defining the positive projection
v: Q@ (PO P*) > ((Go® G5) @ (K@ Py))*
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and also the 4-module projection

10
B: Q = Bo (o FH) e (G0 6)) 3 B,
note that - P
(b y) (v e 2NF}, y € PY),
@ Y) = o, C1B(f L) —2)) (@ € 2VF5, y € Py),
whence )

vi(F ® P) < h(F @ P).

The product decomposition used to define h shows that the self-
equivalence A ' =h®1 of (@,¢)=(@Q,¢)0 H(P)®H(—P) is a
hamiltonian transformation over 4,. The matrix involving the even F
product n € Hom 4 (P, P*) is an elementary hamiltonian transformation,
while the other is the hamiltonian transformation generated (in the sense
of Lemma 2.3) by the morphism of + forms over 4,

(f & T*(le)-+x)0): (P, L*00) — (@, p).

The lagrangians F' = FOP®—-P, (' =G P®~P of (Q',¢') are

such that
@9; F,6)=@,¢"; F',6') = (@, ¢"; ¥ (F'),F') € Vy4(4,),
using the V-theory sum formula of Lemma 3.3 of I. The last representative
+ formation satisfies the hypothesis of Lemma 2.2 with the roles played
by F and G reversed—this is clearly all right for non-singular +
formations. Thus
@ 9; F,G) € im(&: Vyyyy(4) = Vyspa(4,)),

completing the proof of the part of Theorem 1.1 relating to V,(4,) with
n odd.

We now give the analogous constructions for W-theory.
Define
B: Wyia(4,) > Vel(4); (@05 F, @) b (BY(F, @ FF, G, @ GF), [],),
where F is the modular 4-base generated by the given 4 ,-base of F, and
similarly for G, G. Then
[Bi(F, @ F§, G, @ G3)] = 0 € B(4)

because it is the image under B: K,(4,) - Ky(A4) of an automorphism
of @ taking a hamiltonian base extending F to one extending @, which is
simple by construction (cf. §5 of I), so that B: W,,,(4,) - ¥;(4) is
well defined.

The composite

g B
Woira(A) —> Wiypa(4,) —> Vp(A)
is 0, as for V-theory.
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The square
Q(4,) — Weia(4,)

Bl lB

Z_(4) —> Wuld)

commutes, sending r(a: F, - F)) € Q, (4,) to H(BYX(F,a(F))) € Vpy(4)

both ways.
Define
B: Vos(A) — Woia(4,); (@,90) (QeQ), e®—g; A(Q,,q;): ZA(Q,,a»)):
where { = ( (1) 2 ): Q.0Q,—>Q,0Q,, @ is free with any base, and

(@®Q,p®—9) is any hamiltonian base extending A, ,). Then B@Q,9)
is just
7((£,0): (@:9Q. @ —9) > (€,0Q., 20— 9)),

in the terminology of Theorem 5.6 of I, as

7(8) = B(~[Q)) = 0 € Ky(4,),
so that we are dealing with an element of the special unitary group
SUL(A,).
The composites

B €
Va(A) — Wy a(4,) —> Wypy(4),

B B
Vai(4) pia(Ay) —> Vo(4)

are 0, 1 as for V-theory.
The square
Z_(4) —> W(d)

3| |2

Q. (4,) — Wyn(4),)

commutes, sending [P] € £_(4) to
(QOQ), p®—p; (PO P*), [(P®P*),) € Wy11(4,)

both ways round, where (@, ¢) = H,(P) with any base for P® P*.
The (split) exactness of

£ B
0 — Woya(d) —> Wpy(4,) — V() — 0
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follows from a diagram chase round:

o B 4
Qi (4) —> Wpa(4) — Vpyy(d) — Q_(4)

s”é . lé B le‘ , lé
Vairald) —> Qu(4,) — Woipy(4,) — Vogra(4,) —> Q_(4,)

ET BHB lB lB
A P v
Upipr(4) — Z_(4) — Vu(d) — Uy(4)
in which all the squares commute, and the rows are the exact sequences

of Theorems 4.3 and 5.7 of I. The inside left and right columns are exact—
we wish to verify that the centre column is exact as well:

let x € W,;,,(4,) be such that B(zx) = 0 € ¥,,(4); then
BB(x) = vB(x) = 0 € Up;(4) and B(z) e ker B =imé < V,;,,(4.);
let y € V3;,,(A4) be such that B(x) = &(y) € V;,1(4,); then
Ey(y) = vé(y) = yBlx) =0 Q (4,) and
y ekery =imB < Wy, (4);
let s € Wp;,1(A4) be such that B(s) =y € V;;,,(4); then
B@—&(s)) = (y—B(s)) = 0 € ¥y 15(4,),

(z—&(s)) € kerB =ima = Wy, 5(4,);
let t € Q,(4,) be such that «(t) = x—&(s) € Wyyy41(4,); now
t = BB(t) + élt),

and

)
(x—&(s+as(t))) = aBB(t) € Wy (4,);
also
pB(t) = Bo(t) = B(zx)—Bé(s) = 0 € V,,(4);
and

B(t) ekery =imA c T_(4);
let w € Up;,,(4) be such that A(u) = B(t) € Z_(4); then

aBB(t) = aBAu) = a8 B(u) = 0 € Wp;q(4,);
hence

T = &(s+ae(t)) € im(&: Wyyyy(A) > Woyyy(4,)).
This completes the proof of Theorem 1.1 for » odd.

3. Proof of Theorem 1.1 (» even)
We define B: V,,(4,) > Uy;,1(A4), using

LemMA 3.1. Given a non-singular + form (@, ¢) over A,, and a modular
A-base @, for @, let

v:QOQ* > (@05t
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be the positive projection, and let N > 0 be so large that

(P S S 708 (p+e") QD) < ,%sze.,.

j=-N J==

Then the A-submodule
BN(QO: ?)
= {(zN(1 —v)e~Vz,v(p + p*)x) € Q@ Q* | x € BY((¢ £ ¢*)7QF, Qu)}
of Q®Q* is a lagrangian of Hx( X N45127Q,) such that
N-1 N-1
(#(Z#0s): Z 00 Bu@u9)) € r(a)
1= J=!
does not depend on N and Q,.

Proof. The hessian + product on By(@Qy, @) in Hy(Z¥!27Q,) is given by
BN(QO) SD) -> BN(QO: ?)*:
(ZV(L =)V, v(p + p*)z) b (V1 —v)2™2', v(p £ 9*)2') > (&, )y,),

which is clearly even, as required for a lagrangian.
A hamiltonian complement to By(@,, ) in Hz(XN5!27Q,) is given by

B(Qo ¢) = {(—vy,v(p £ *)(1-v)y) € Q@ QF | y € B{(Qy, (¢ £ ¢*)710%)}.
Every (s,t) € (XY 27Qp) ® (N5 27QF) can be expressed as
(8:8) = V(1 =v)e Nz, v(p + p*)) + (— vy, v(p £ p*)(1 —v)y)
with € By(Qo, 9) © BF(@o: #)
x=v(@te*) (1 —v)(pte*)s+1t) € Bj((p £ ¢*) €5, Qo)
Y = (= (p£*) (e £ p*)s +2N(1—v)zN(p + p*)7) € B(Qo. (¢ + ¢*)7'Q5).

The associated F product of Hy(XNi!2Q,) restricts to an A-module
isomorphism

B}(Qo, #) = By(@0, 9)*;
(=g, (@ £ @*)(1—v)y) b ((V(1~v)z™V2,v(p £ p¥)2) b (Y, 2D,

so that we are dealing with hamiltonian complements.
Increasing NV by 1, we have

By11(@0: ©) = By(@o, 0) ® {(2NH(L —v)z= Nz, (0 + 9*)(2)) |
z € (p £ 9*) 1 (2VE5)}-
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Now Bj(Qo, ) ®2"Q, is a hamiltonian complement in H,(Z¥5127Q,) to
both By.1(@o, p) and By(Q, ) ®27¢5, so that

(Hq: (:glzj Qo) §:’§:Zon: By(Qo, ?))
- (H; (g)oz’@o) ; gozfq.,, B}(Qu9) @zNQa")

N . N .
~ (B £200) £20 Bris@0)) € Vsl
= =
Hence the choice of &V is immaterial.
Let @, be another modular A-base of Q, with
7 QeQ* > (Go@ @)t
the new positive projection. Let M > 0 be so large that
~ M
Qo = E z’Qo, Qo (= Z zyéo-

j=—M j=—M
Then N = N+2M is large enough for B,(,(Qo, @) to be defined, and
B;S((? + ¢*)_1Qo > Qo)
= (p + 0*) 1B (QF, QF)) @ 2MB((¢ + 0*)QF, Qo) ® B(Qo, Qo)

so that

B}O(QO) @) = {(zN(l =)z, (p £ @*)x) | X € (@ £ %)Y ZM+NB+ Qo :Qo }
®{(z, (p £p*)2) | = € 2MB((p £ ¢*) 0, Qo)}
@ {(2,5(p + p*)2) | = € By(@p Q0)}-

Moreover,

1;/2—,:)1 zf@o = ZM+NB1+M(Q0’ Qo) ® zM(:’E—: szo) @ BJTJ(QO: Qo)

and
2MHNBY(Qo, Q) ® 2M B (@0 ) © B (@, 0F)
is a hamiltonian complement in Hx( Z,_o 27Q;) to both By(Qp,¢) and

zM+NB+ Qo s Qo 1@ ZMBN(Qo; ?)® BM(QG: Qo)
Thus

(H;( SEARS 2 #Q0. B5(Q0 7))

§=0
'N—-1 A N—-l A A
- (H;(z zfoo) 3 700 #+VB(Q5, Q8 © 2 By(Qor ) © BuQo Q.o)

- (m(z7a); 3200 By(@u9) € Uies(A).

J=0
Hence there is independence of choice of @,.
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Define
N-1 | N-1
Bi V() > Uy old)i @) b (B 2 200):i S 00 BulQor9)
j= j=
for any modular A-base @, of @ (which may be assumed to be free). As

shown in Lemma 3.1 this does not depend on the choices made of N and @,.
Given a f.g. free 4,-module F, with modular 4-base F,, we have

BUH(F) = (80 0.B,(Bo Tt o ))) = 0€ Ul
Hence B(@,¢) = 0 € U,;_,(A) whenever (@,¢) = 0 € V},(4,), and

.B: I’m(“‘-z) g []21:—1(A)
is well defined.
The composite

g B
ValA) — Vol A,) —> Upio(4)
is 0, because it sends (@, ¢) € V,,(4) to
Be(Q, ) = (Hz(0); 0, By(@, ¢)) = 0 € Up;4(4).

The square
I/;i(Az) - Q+(Az)

5 s
Upi—y(4) —> Z_(4)
commutes, for given (@, ¢) € V;;(4,), with @ a f.g. free A-module
[By(@, ¢)] = [BH@*, (p+ ¢*)@)] = Br(Q., ¢) € Z_(4).
We define B: U,;,_,(4) — V,;(4,), using
LEeMMA 3.2. Let (@, p) be a trivial F form over A, with lagrangian L, and

a hamiltonian complement L*, so that

- AxA* Y . ® *
qa—( 5 /\liAf).L@L - L*® L,

where y F 8% = 1: L* - L*.
Then the equivalence class of the + form over 4,,

A —2y
f— * —_— . & L 3
(QZ_LE@LZ,B_ ( . (l_z)(,\li)‘r)).Lz@Lz > L} @Lz),

does not depend on the choice of L*.
If (@, ) = Hx(P), then (Q,, ) is a non-singular + form over A such that

(@ 0) @ Ho(—L,)) € ker(e: Tpy(4,) - Vaosl4))
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with torsion _
B([L]-[P*]) € Q.(4,).
Moreover,

(@ 0)® Hy(—L,)) = 0 € V3(4,)
if L is @ hamiltonian complement in (@, @) to either P or P*,

Proof. Change of hamiltonian complement L* corresponds to an
automorphism

%k
= ( (1) "il" ):L@L*»L@L*,

for some + form (L*,«). The + form over 4, (Q,, ¢'), determined by this

new choice of hamiltonian complement to L is given by
. A —2zy' ) N N
"= (5 aoaugers ) Beol > oL,
where y’,8’,A; are defined by

AEXE )
g = , , D )P L®L* > L*@ L.
i ( 8 A ENF

Now
(07 (3 (B )
(L@ L, 6) > (L@ L}, 6')

is an equivalence of + forms over 4,. Hence the choice of L* is immaterial.
Define w € Hom 4 (@,,Q,) by

1 0
—_ . & *
w= ( 0o ).LZ@LZ > LeL
and @ € Hom 4 (QF, QF) by
— =1
¢5=( b ;’):L:@LﬁL;:@Lz.
Note that there is an identity
@(0+0%) = (pF27p%)w: @, > QF.

Similarly, defining
= (T epk)—1 T o¥)-1 — FA£AY) 8 ) # *
¢ =(pF ") elpT ¥ ( y A ) LrOL> Lol

and
i FA=2)A£AF) S ) " «
o-(TNIS 2 ) Ol > oL

there is an identity
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If (Q.¢) = Hy(P), then
- 0 1
0T 2-lp* = ( . ); BoP*>ProP,
and combining the two identities above, we obtain
w(f £ 0*)(6 £ 6%) = (& F 26*)@ (0 + 6%)

= (@F2g*)pFzlp* o =0:Q, >,
and similarly o
5(0+0%)(0 6% = &: QF > Q.

Both w € Hom 4 (@,,@,) and & € Hom 4, (QF,QF) are monomorphisms, so
§+6*=(026%1:QF > Q,
and (@,,0) is a non-singular + form over 4,.
The projection &: V;(4,) - V;(4) sends ((@,,0)® H(—L,)) to

(zezn(y 7 ))or-n)cha

which vanishes in ¥,;(4) because L*® — L* is a free lagrangian. Thus the
component of
(@ 0)® Hy(—L,)) € Q,(4,) = £Q,(4)® BS_(4)
in §Q,(4)is 0, and
7((@.,0)® Ho(—L,)) = BB7((.,6)® H(—L,))
= BB} (@*® (~L*® — L),

' (M@ (-L*o—-L)] e Q. (4,).
Computing directly,
Bf((6 £6*)7@*,Q)

@Fzly¥z+(1—2)(1 -2 (A £ Af)y € 2L~
=Lo{((1-2)z,y)e L,@oL¥ |z e L,y € L*, p(x,y) = 0 € @Q*}.
Now ker(p: Q@ > Q*) =P and Q = Lo L* = P® P* so
(@ 6) ® Hy(—L,)) = B(IL]+[P]+[-P®—P*))
= B([L]-[P*]) € Q.(4,).
Finally, suppose that L is a hamiltonian complement to either P or P*,
choosing L* accordingly. Then A, = 0 and the annihilator of L¥ in

@0 = (Lozz(y 7))

L} ={(z,y) e L,® L} | 0 F 27 y*)(x) = 0}
= Lroker((y*¥28): L, > L,).

is given by
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Let x € ker((y*F28): L, > L,). AsyF8* =1: L* » L*,
z=(2—1)(+dx) € (:—1)L,

and (+8z) € ker(y*F28): L, > L,) as well. By induction on N,
x € (z— 1)L, for every N > 1. This is impossible unless z = 0. Thus
L}t = L} and L} ®— L} is a free lagrangian of

(Lz@L:,( N ))@Hi(—Lz),

making it vanish in ¥,,(4,).

Define
B: Uy_y(4) = Vyy(4,);
@ri 20 e (0,001, (§ 1y )) @ t-0)

by choosing hamiltonian complements F* G* to F,G in (@,¢), and
expressing

0 1Y\ " *
(0 O).F@F - F*oF

as

AEXE oy N
( : /\li)\;“)'G@G S G*e0.

We have already shown, in Lemma 3.2 above, that this does not depend
on the choice of G*, and that B(Q,p; F,G) = 0 € ¥,,(4,) if

(Qa @ F’ G) =0¢€ U2’i—1(A)'
Hence the choice of hessian + form (G, A) in (@, ¢) is also immaterial : for

BQoQ,e@—9; FOF*GoG*) = 0 € Vy(4,),
so that

B(Q,s’o: F,G) = —B(Q, —@; F*’G*) € Isz(Az):

and — B(Q, —¢; F*, G*) can be defined without a choice of (G, A).

It remains to verify the invariance of the definition under changes of F'*.
In order to do this, it is convenient to have available a more intrinsic
characterization of the + product over 4,

6+0%: Q, > QF

associated with the + form (@,,0) defined in Lemma 3.2, as follows:
given a lagrangian L of a ¥ form (@, ¢) over 4, let

b L,0Q, > LEeQ
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be the unique 4 ,-linear extension of the even + product
(1-2)pt(1-2p*: @, > Q7

$(R) =0,
where B = {((z—1)e,e) e L,®Q, | e € L}.

such that

Then ¢ induces an even + product over 4,

$: (L, ®Q.)/ R, > (L ©Q.)/R.)*: [e,x] b (If, y] b Ple, ), 9)),
writing [e, 2] for the residue class mod R, of (e,z) € L,®@,. A choice
of hamiltonian complement L* to L in (@, ) determines an A,-module

isomorphism
n: L@ Lf > (L,@Q,)/R;; (e,0) b [e,2]

Now let (@, 9) = He(P), and let P* be any hamiltonian complement to P
in Hz(P), so that P* = [ps,y for some + form (P*,u) (by Lemma 1.3
of I). Then the isomorphism

Lz@Qz - Lz('BQz; (e: x) = (e,x+;1.(/3(—e+(z— l)x)))
induces, via 7, an equivalence of + forms over 4,
@ 6) > (@.,0),
where B is the projection on P* along P, and (Q,, 8) is defined as (Q,,9),
but with P* in place of P*.

Thus B(Q,¢: F,Q) € V,,(4,) does not depend on the representative ¥
formation of (@, ¢; F, Q) € U,;,_,(A4). In other words

B: Upia(4) — Vpi(4,)

such that

is well defined.
It should be noted that we can give a more symmetric definition.

B: Uy 1(4) = Vol 4,);

osr o (6ot (} il )om-a)

o~((Bomt (5 o )t )
where (@, ) = Hz(P) and

_ [ A Y . * *
¢_( A Alihi")'%g Y

sk

potp* @ )F
= :FoF*—> F*oF
¢ ( B A
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for hamiltonian complements F'*, G* to F, ¢ in (@, ¢). The two definitions
agree because

(Hx(P); F,G) = (Hx(P); P,G)® (H¢(P); F, P)
= (Hx(P); P,G)®— (Hx(P); P, F) € Uy 4(4)

by the sum formula for U-theory of Lemma 3.3 of I.
It is immediate from Lemma 3.2 that the composite

B €
Upia(4) — Vy(4,) — Viy(4)
is 0, and that the diagram
Uy 4(4) — Z_(4)
5| lB
V2i(Az) —_— Q+(Az)
commutes.

LemMMma 3.3. The composite

B B -
Upir(4) —> Vo 4,) —> Uy 1(4)
is the identity.

Proof. Given (Q,¢; F,G) € Uy;_(4) we may assume (Q,¢) = He(F),
so that

E(Q: ®; F, G) = ((Qza 0) @ H;i:( - Gz)) € V2i(Az):
where

_ [ AN Y . * #*
¢—( s /\liAi‘)'G@G - G* G
and

_( 7 -2y . * *
0= (3 (1—z>(A1iAf))'GZ@GZ*GZG’GE

for some hamiltonian complement G* to @ in (@, ¢). Thus
BB@Q.,¢; F, )
= B((@,, 0) @ H.(- F))
= (H+(Q); @ B,(@.0)® (Hx(—Fo—F*); - F@—-F* Ty, _F)
= (Hx(Q); @, B,(@,9)) € Uy_4(4),
where

B\(@,0) = {(2(1-v)z"'2,4(0 £ 0*)x) € Q©Q* | x € Bf((6 + 6*)7'Q*,Q)}
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with v: (Q@Q*), > (@®@*)* the positive projection. As in the proof
of Lemma 3.2,
BH(0+6%)Q*,Q) =G {(l-2)x+ycQ,|ze G, ye G z+yec F},
so that
Bi(@.0) = {(z,pz) e Q@ Q* | z € G} {(y, tp*y) eQOQ* | y € F).
The equivalence of ¥ forms over 4,
(, o) (5 2)): @eere-p~ @
sends F'® F* onto @, and G@ F onto B,(@,6). So
BB@Q,¢; F,G) = (Hx(Q); @ B,(@.6))
=(@2Q,p0—9¢; FOF*,GOF)
= (@ ¢; F,G) € Uy_,(4).
We need just one more result to prove that the sequence

B
0 —> Vu(d) —> V(d,) —> Uyy(A) —> 0

is split short exact.

Let 2,2, be independent commuting indeterminates over A. The
double Laurent extension of A by (2,,2,), 4,,,,, is the ring of polynomials
in 2y,2,71, 25,2, with involution by 2z, = 2,7, 2, > 2,71 It is clear that
4, . may be regarded as either (4,), or (4,), and satisfies all the
conditions imposed above on the ground ring 4.

Lemma 3.4. The diagram

B(z)
Vzi(Azl) —> Up4(4)
Be)| |Be
B(z,)

Woria(4,,0) — Vil 4,,)

skew-commutes.

Proof. Given (@, ¢) € V5(4,)), we may assume that @ is free, as usual.
Choose a modular A-base @, of @, so that

Ay ={(z,2) eQOQ |z € Qy}
is a modular A4-base of Ag ).
Let (@*,¢) be a + form over 4, such that there is an equivalence

(et e*). x): (@ ) > (@ 1)
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(cf. Lemma 1.4 of I). Then

Yrg* = (pto*): Q*>@
A¥ = {(t, T¢*) e QOQ* | t € QF}

is the modular 4-base dual to A, of the hamiltonian complement A*,. )

to A(Q:Q’) in (Q@Q; §0® - ¢).
Let N > 0 be an integer so large that

and

(oM@ < X 2@ W@ < % %@
j=—N j=—N

Adding on some even F product to i, if necessary, it may be assumed
that

N .
P(@5) < _Eozl’Qo-
=
This ensures that

2D < L(A,® AN,

2
where

L= (o 5 ) @0@).> @)@

because every (s,s) € 2,(A,)} can be expressed as
(8,8) = (x,2o%) + (by, Foxby™) € Cz(Ao):;‘@ LA
y=(1-2pxe*)s) € (@)L == (s—9y) € Q-
For any A, -base of @
B(2,)(@,¢) = (R0 Q).,, p®—p; A(Q,.,w)’ Z2A(Q,‘,¢)) € Waina(4,,.,)-

Thus

B(2,) B(2,)(@, #) = (BFH(Do)zys La(B0)2,® La(B0)2,) /2™ (D)3, [ ® — @)ym0)
€ Vzi(Az,)’

with

where
E((A0) s La(80)2,® La(Bo)%)
= {w € L(80)3@ L(AS)H | <2V (Bo)Zh Wip@—1, oo = {0} S 4.}
={(a, (¥ £ $")+20-v))p £ 9*)a) € (Q0):,® (Qo)z | @ € Qo)

® {(0, (£ 6¥B) € (@0)o,® (@o)sy | b eNzo zlf(w:;}

(using the alternative definition of B: W, ,(4,) > V(4) given for
V-theory in §2) with
v: QoQ* > (Q o)™

the positive projection.
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Next, let P = Zj-\LT)lzleo (an A-module), and define an A4,-module
isomorphism B

f: PZne'P:; - 'E+ (( )Zz’ CZ( 0® A* Za)/le zg ’

. (@,0) b (a, (£ *)((v+25(1 —v))(p £ p*)a +)),
so that
B(Z )B(z2)(Q, ) = ( zB,f*[?(‘B ?]zl_of € V21, )

Define a + form over 4, (PZQ®P 6), by

8(a, b)(a’, b')
= [((p £ p*)(@)(a) — (v(p £ e*)a)(( + *)v(p £ @*)a’))(1 —2,7Y)
—b(( £*W(p £ p*)a’) — (L —v)(p £ e*)a)(( £ 4*)b')2,2
—b(b")], 0 € 4,, (a,0" € P, b,b’ € P¥).

It is not difficult to verify that § differs from f*[p® — 9], _of by an even
F product (over 4,), and also that

_ (L—z)(A £4) ‘"8). * *
9_( 2y A :P,oP% > P{oP,,
where

(/\lt/\;" 3

) A ): PoP* > P*@P

is an expression for

( (1) 8 ) : BN(QO’ ¢) @ B;'\:I(QO: 99) - BN(QOa 99)* ® BK'(QO’ ¢)*

with By(@o, @), B{(@p #) the hamiltonian complements in Hx(P) of
Lemma 3.1.
Defining the 4-module isomorphism

,7=((1) _01):P®P*—>P@P*,
note that
Iz £ X)
n*0n=(( 2_)(%; ) -}\):P%@P;';»P;‘;(-BP&.
Finally,

B(2,)B(2,)(Q, ¢) = B(z,)(Hx(P); B%(Qo, ¥), P*)
= B(z,)(— (Hx(P); P, By(Qo, ?)))
== B(Zz)B(zl)(Q’ 90) € V21(Azg)’

using the U-theory sum formula of Lemma 3.3 of I.
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Applying B(z,) to the decomposition
VV2i+l(Azl,za) = g(zl)I/II‘Ai+1(AZg) ® E(zl)Vm(A Zg)
obtained in §2, it is now immediate that
Vol Ay,) = &(21)Voi( A) ® B(21) Ups_y(A).
This proves the part of Theorem 1.1 relating to ¥,(4,) for » even.

To complete the proof, we give analogous constructions for W-theory.
Define - -

B: Wy(4,) > Vyi_a(4);
N-1 N-1 '
@) > (H;(zo QOo) % Q0 By(@ 90))

with @, the modular 4-base of @ generated by the given A4,-base, and
By(Qo, ) as in Lemma 3.1, Then

[BN(QO’ ¢)] = BT(Q’ ?) =0¢ KO(A)r
as required for V-theory, since
7(@, ®) = Oe Kl(Az)

by construction of Wy,(4,) (cf. §5 of I).
The composite

g ' B
Wy(A) ——> Wyy(4,) — V4(4)

is 0, as for V-theory.
The square

Q—(Az) _— W2i(_Az)
Bl ‘ lB
2 (4) —> V1 (4)

commutes: for
Q_(4,) =&Q_(4)® B, (4)

and elements of £Q_(4) are sent to 0 both ways round the square, while
the composition

B B
Z(4) — Q_(4,) —> Wy(4,) — V;_4(4)
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sends [P] € £,(4) to

0 0
B((P@-P)z®(P®_P):: (( 1 0) 0))
0 2z

- (Bx(P*®P®-P®—P*); P*0 P®—P®— P*,
g, pn®(—P)*®—-P%)
— (Hz(P*® P@—P®—P*); P*o PO — P P*,
(P*)*@ (P)*@—P® (- P*)¥)
= (H¢(P®—-P); P®—-P,P*p—P)
— (Hs(P®—P); P& —P,P&—P*) e V,_,(4),

agreeing with the map X, (4) - V,;_,(A4) defined in Theorem 4.3 of I.
Next, define

B: Vi 1(4) > Wy(4,);
0
@i F.0) > (@00 (RoR~ () ¢ ))).
where (@, p) = Hx(F) for any base of F' (assumed free) and (@, 6) is the +

form over 4, defined in Lemma 3.2 (with ', G replacing P, L respectively),
so that

7(Q,,0) = B([G]1—[F*]) = 0 € Q,(4,),
and
y:R—>R
is an automorphism of a based 4,-module R such that
(@ 0) + () +7(p*) = 0 € Ry(4,), (%) € Nil+(4).
The composites

B €
Veia(4) — Wpi(4,) —> Wy(4),

B B
Vai1(4) — Wpi(A,) — Vy(4)
are 0,1 as for V-theory.
The exactness of
£ B
0 —— Wy(d) — W(4,) — Vpyy(4) —> 0

follows from that of

B
0 —> Vyu(d) — V(A,) —> Uy_y(4) —> 0
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by diagram chasing as at the end of § 2. The square

2,(4) — Vi 1(4)

5| lB

Q‘—(Az) —_ VVM(A z)

commutes because its commutator lies in
ker(e: Wy(4,) > Wyy(4)) nker(B: Wyi(4,) > Vi 4(4)) = {0}.
This completes the proof of Theorem 1.1.

4. Multiple Laurent extensions
Let T(p) be the free abelian group of rank p, for p > 0, written
multiplicatively. The group ring A[T(p)], with involution

—: A[T(p)] = A[T(p)]; N%maggH Y a9t (a, € 4)

geT(p)
is the p-fold Laurent extension of A. We may identify
AITO) =4, A[T()) =4, A[T@)]= A4,

A[T(P))T(9)] = A[T(p+9)] (p,g=0),

so that each A[T'( p)] satisfies the conditions imposed on the ground ring 4.
Denoting some set of generators of 7'(p) by 2,,2,, ...,%, (for p > 1), we can
also write

and also

A[T(p)] = AZ[,Zg ,,,,, 252
extending the previous notation.
In order to give a full description of the L-theory of 4, . . we recall

first the ‘lower K-theory’ of Chapter XII of [1], involving K-groups
K, (A) for m < 0, and subgroups N;:(4), N;(4) of K,,,.(4,). There are
defined morphisms

B
Km+1(Az) :B; I{m(A) (m < O)

such that ~
BB =1: R,(4) > K,(4),

giving natural direct sum decompositions
K,n(4,) = K,y (4) @ K, (4)® N (A)© N(4)  (m < 0).

Duality involutions

*: K,(4) > K,,(4)
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are defined for all m < 0, with

Km( B) m(A )

i .sﬂg

R, (4) —> R, (4)

commuting, and
S

Km+1(A z) — m+1(A z)

o

R, (4) —> R,(4)

m

skew-commuting. Moreover, the duality involution on K, +1( ;) sends
NZ(A) onto NZ(A) for all m < 0. In short, K,,,,(4,) is related to K, (4)
in exactly the same way for m < 0 as for m = 0.

Regarding K,(4) as a Z,-module via *, there are defined Tate
cohomology groups
H{™(A4) = H(Z,; K, (4))
={we B, (4) | *2= (- a}/fy+(-)"*y |y € K, (4)}

depending only on = (mod 2), which are abelian of exponent 2. This
generalizes to m < 0 the definitions of

Qn(4) = H(4), Zw(d)=HD(A).
The induced maps

H(m)(A) -—> H(m)(A ) % H(m-—l)(A)

8
give natural splittings

H™(A4,) = H(4d)® H™1(4)  (m < 0, n (mod 2))

n—1
as for m = 1.
We now define the ‘lower L-groups’
L™ (A4) = ker(e: LiiV(4,) - Limit(4))

for m < 1, n (mod 4) with L(A4) = W,(4). It is clear from Theorem 1.1
that L‘”(A) Vi(4), LP(4) = U,(4) and that there is a natural exact
sequence

.. => Hm™ (4) > LimY(4) - LM (4) > H(A) -

of abelian groups and morphisms for m = 0,1. Hence all the L-theories
differ in 2-torsion only. More precisely:
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THEOREM 4.1. There ts a natural exact sequence of abelian groups
o> HW (A) > LimY(4) > LI (4) > H™(A4) — ...
defined for all m < 1, n (mod 4).
Proof. Use induction on m, downwards.

THEOREM 4.2. There is defined an isomorphism of graded abelian groups
LEA[T(p)]) = LE(A)©z Av(P),
where A, (p) ts the graded exterior Z-algebra on p generators z,,2,,...,2
of degree 1. The isomorphism has components

»

LUAT@E) > Y 5 L(4)®(A... az) (m<2, n(mod 4))

7=0 1<i1<... <ir<p

(interpreting z; A ... Az, as 1 if r = 0) and is natural in both A and T(p).
Proof. It is sufficient to consider the case W, (A

by induction on p.

We need first the odd-dimensional counterpart to the result of
Lemma 3.4, that the diagram

), the others following

21,%2

B(z,)
sz+1(A z,) — Uy(4)
B(z,) lB (22)
B(z,)

Wi oA, ) — Varpa(4y,)
skew-commutes. The proof of this is left to the reader. [It is known that
Vairr(42) = &(21)Vai1a(4) @ B(zy)Upy(4).
The elements of &(z)V;;,,(4) are sent to 0 in ¥, ,(4,,) both ways round
the square, so it is sufficient to verify that the composite

B B B
U(d) 22 ) 2w a ) BB 4,

coincides with

— B(zy): Up(A4) — Vara(4,,)-]
Thus _ _
B(z)B(z;) = — B(23)B(2y): ,(4,) - Vo (4.,)
for all #n (mod 4), and as

BB+é&e=1: W (4,) > W,(4,)
it follows that

E(zl)B(zz) = (B(zz)B(zz) +5(22)£(22))B(21)B(z2)
B(2)( — B(2,)B(25)) B(25) + (8(20) B(21))((25) B(2))
_B(z2)-§(zl): U,—o(4) > W, (4

Zl,za)’
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and similarly that
B(21)B(2,) = — B(25)B(21): Wo(4,,,) > Uy o(4).

Accordingly, we have an isomorphism of abelian groups

n—j

LP(4,,.) = _EZIOL‘2-"’(A)®ZA,-(2) (n (mod 4))
,=
sending
£(2,)8(z,)LP(4) to L2(4)® 1,
B(z)e(z) L, (4) to LY, (4) ®2,

§(z1)E(Zz)L;L1—)1(A) to L;zl—)l(A)®z2’

B(zy) Bz Li2y(A) to Lify(A) ® (2, A2,).

n—2
Naturality with respect to 7'(2), and more generally 7'(p), follows on
noting that a morphism

f:T(p) > T(q)

is determined by the p x ¢ integer matrix (f;;),<j<p, 1<k<q SUCh that
q .
fle) = =% (1 <j<p fuel),

the composition of such morphisms corresponding to multiplication of the
matrices. Every such matrix can be expressed as the product of elementary

matrices, such as
0 1 1 1
(1 0)’ (0 1),N(EZ),...

or their enlargements
1 1 1 0
o) 01 0)

It is easy to show directly that, for p,q < 2, the elementary pxgq
matrices induce the corresponding morphisms

10f: LE(4)® Ay(p) > L(4)© Ax(9)

in the exterior algebra, where

r q
Fi (D) = Ae(9); 2j,AZ5A . n25 > A (k 1f,-m,cz,‘:) (1<r<p).

m=1 \k=
Naturality with respect to 4 is obvious.
CorriGENDUM (added in proof 24 March 1973). I am grateful to

M. K. Siu for pointing out the following error in the statement (on p. 129)
of the theorem on the K-theory of Laurent extensions. The original



ALGEBRAIC L-THEORY, IT: LAURENT EXTENSIONS 157
theorem ([1], Chapter XII, 7.4) states that

K,(A,) = K,(4) ® K,(4) ® Nil*+(4) ® Nil~(4).

In passing to the reduced groups K;(4) = coker(K;(Z) - K;(4)) (¢ = 0,1),
there is obtained a direct sum decomposition '

K (4,) = R (A)® K,(4)®Nil+(4) ® Nil-(4)

of
K,(4,) = coker(K,(Z,) -~ K,(4,)),
where
Z,—~> A, §] n2 i (n;.1)2,
J=-00 j=—0c0
and not of

R,(4,) = coker(K,(Z) - K;(4.,))

as stated. The corresponding decomposition of the Tate cohomology
groups is

Q.(4,) = Qu(4) @ Zx(4),
where

Q(d,) = H™Z,; K\(4,)) (n(mod 2)).

For n (mod 4) let W,(4,) be the abelian groups defined as W, (4,) except
that torsions are to vanish in K,(4,) rather than K, (4,). Theorem 3.3
of III, [5], shows that there is defined an exact sequence

cee > Zj(—)"“(“lz) - Wn(Az) -> Vn(Az) - Q(—)"(Az) > ...

(by analogy with the sequence of Theorem 5.7 of I).
The statement and proof of Theorem 1.1 become valid on the application
of the following

CorrectiON. For K (A4,), Q.(4,), W,(4,) read K,(4,), Q(4,), W,(4,)
throughout.

As K, (Z) = 0 for m < 0, there is no need to correct the decomposition
‘Izm+1(Az) = Km+1(A) @ Kn(A) ® N;Fn(A) @ N;I(A)

(In fact, K,(4) = K,(4) for m < 0. The reduced notation is used for
uniformity with K, K,.) The correction for K,(4,) does not affect the
lower L-theories L{¥*(A4), except in the case m = 2 of Theorem 4.2, where
L2(A[T(p))) is to be interpreted as the group defined in the same way as
W, (A[T(p)]) but with torsions vanishing in

coker(K(Z[T(p)]) » K(A[T(p)])
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rather than K (A[T(p)]). Theorem 3.3 of III, [5], gives an exact
sequence

- = H™Y(Zy; Ry(Z[T(p))) ~ W (A[T(p)]) - LP(A[T(p)))

> HYZy; R(Z[T(p)]) — ....
Now

M=
o]

R\(Z[T(p)])) = X B(z;)Ky(Z), KyZ)=1Z,

i
-

j
so that
_ /0 n = 0 (mod 2)
" \pZ, n=1(mod?2).
In particular, for p = 1 there are exact sequences
0> Wypa(4,) > —21+1(Az) > Zy > Wy(4,) > —zi(Az) -0
for ¢ (mod 2).

H™Zy; R\(Z[T(p))))
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