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TRIANGULATION OF MANIFOLDS

VIA A STUDY OF THE RELATION BETWEEN
POLYHEDRAL HOMOLOGY MANIFOLDS AND TOPOLOGICAL MANIFOLDS

TAKAO MATUMOTO

Is any (metrizable) topological manifold homeomorphic to some locally
finite simplicial complex? This triangulation problem is still unsolved, although
Kirby and Siecbenmann established a fine obstruction theory for the existence
of a combinatorial triangulation of manifolds of dimension = 5. Recali that
a locally finite simplicial complex M is called a polyhedral (integral) homology
n-manifold if the local homology group H (M, M — x; Z)is isomorphic to
H,(R", R* — 0; Z) for any point x of M.

Our study starts from the converse question: Does every polyhedral homology
manifold admit an underlying structure of topological manifold? Of course, there
are many polyhedral homology manifolds which are not topological manifolds;
for example, the (single) suspension of a non-simply-connected combinatorial
homology sphere. The answer is, however, “yes” in the following sense. From
every polyhedral homology #-manifold M, we can construct, in a standard way, a
topological (n + 1)-manifold N unique up to a notion of blocked homeomorphism,
and a simple homotopy equivalence g: N - M x S1. This construction is ac-
complished by translating the s-decomposition of M x S! given by the products
of dual cells of M with S! into the topological manifold category. The argument
is analogous to one used by Sullivan, Cohen and Sato for PL resolution of poly-
hedral homology manifolds, but it needs no obstructions in this context. More-
over, if dim M # 4 and dim 0M # 4, we obtain a topological #n-manifold Mpop
unique up to homeomorphism by a standard splitting of the projection N ~, M x
S1 — S1. We can regard Mqqp with a preferred simple homotopy equivalence
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Jf: Myop — M as an underlying topological manifold for M. As a consequence, one
can introduce a standard map y: BHML, — BTOP,, r z 3, from the classifying
space of normal homology cobordism bundles into that of topological (regular)
neighborhoods of codimension r = 3. When stabilized, we have also y: BHML —
BTOP ~ BTOP, where BTOP is the classifying space of stable topological
microbundles.

We will use the surgery theory of Wail’s type on compact polyhedral homology
manifolds. Since this theory as given previously by the others, for example, by
Matsui or Maunder, is not fully satisfactory for our purpose, we present a simple
proof of its existence as a good application of Mygp.

A surgery datum x consists of a Poincaré complex X of formal dimension n, a
homology cobordism bundle § over X, a compact polyhedral homology #-manifold
M and a degree one map ¢: M — X with a stable equivalence F: (M) = ¢*&

of the homology cobordism bundles. The obstruction 8(x) in the Wall group
L (%1(X)) is defined to be the obstruction 8(xpop) of the underlying topological
datum xyop-

THEOREM. Let n 2 5, The datum x is normally cobordant to a simple homotopy
equivalence if and only if 0(x) = 0.

With the help of the stability theorem proved by Matumoto-Matsumoto for
ts: HML/HML, = TOP/TOP, (r = 3), the following embedding lemma re-
duces all the steps of the homology manifold surgery to that of topological mani-
fold surgery which is established by Wall and Kirby-Siebenmann.
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M yop is in the regular homotopy class for doing the surgery on yrop. Then, there
exists a homology manifold s-cobordism (W; M, M) with M > S* x D so that
the natural inclusion St x D* 7 — Myop = M rop is regular homotopic to j.

In fact, if r < 2, then 7 is representable by a PL embedding in the PL submani-
fold which is the neighborhood of the dual 3-skeleton. If r > 3, we consider the
homotopy inverse of f, ¢: M — M 1op. By the Williamson’s simplicial transver-
sality theorem, ¢y may be supposed to be transverse regular to the axis of S x D=~
and we put K = ¢~1(Sr x 0). Then, the tangent homology cobordism bundle of X
is stably trivial so that X is s-cobordant to a PL manifold. By modifying M by an
s-cobordism we may assume that K is a PL submanifold. Moreover, we can observe
that ¢|K: K — S” x 0 completes to a PL surgery datum whose obstruction
vanishes and ¢|K is normally cobordant to the identity even when r < 4. If the
cobordism contains only handles of index < 2, each of these handles can be
. realized in the zero-codimensional PL submanifold in M as before. If not, »r = 3
and we identify M op with (K x Drr) |J (M — K x int D*")pqp and embed
each normally framed handle D* x D' in M pop; We get the PL- surgery datum
for (K, 8D%) - (Ds, D) relative to the boundary with s + 1 < r. The situation
is the same as before when we wanted to do ambient surgery on K in M and hence
by an induction on the dimension of the submanifold Xin the ambient surgery data
we can achieve the ambient surgery on K in M. This completes the proof of the
lemma and consequently the surgery theorem.

In this setting, we can classify the polyhedral homology manifold structures on
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a given topological manifold: Let 52 be the smooth H,-cobordism classes of
oriented smooth homology 3-spheres and let a: #3 — Z, be the Milnor-Kervaire-
Rohlin homomorphism.

THEOREM. A topological manifold V of dimension = $ is homeomorphic to M op
for some polyhedral homology manifold M if and only if Sk(V)e HXV; ker a)
vanishes, where k(V) is the Kirby-Siebenmann obstruction class to admit a combina-

torial triangulation and B is the Bockstein operation associated to the exact sequence
O kera— #% >2Z, 0. ' ‘

For the proof, let X be the Poincaré complex with a simple homotopy equi-
valence v: ¥V — X. We consider the following homotopy-commutative diagram
each sequence of which is a homotopy fibration:

BPL— BHML —— B(HMLJPL)

I ul a.l

BPL— BTOP  —“. B(TOP/PL)

A

« — B(TOP[HML) = B(TOP/HML)

Since HML/PL and TOP/PL are the Eilenberg-Mac Lane spaces K(2#3, 3) and
K(Z,, 3) respectively and the canonical map: HML/PL — TOP|PL is identified
with the map induced by a, 8, in the diagram corresponds to the Bockstein
operation associated to a. So, we understand that the obstruction for the stable

Using the transversality theorem due to Williamson, we can prove that the
normal cobordism classes of homology manifold surgery data correspond to the
concordance classes 7 g (X) of thef homology tangential structures on X. So, we
have the following commutative diagram:

Ln+1(ﬂ-' 1X) — LX)~ T ga(X) —2 L(my(X)

I _ fe l p l I
Lots(my(X)) — LrosX)—" T 10 X)— L,{my(X))

The horizontal Sullivan-Wall sequences are exact in the sense that L, (z(X))
operates on P (X)) and ker § = image y = P4 {(X)/L,11(71(X)) where CAT =
HML or TOP. Now, we do diagram chasing, assuming Sk(}) = 0. Let ae J 7op(X)
be the class of v: ¥ — X. Then, by the observation above, 7(«) has a lifting » such
that u.b = 7(a). There exist ¢ € Py (X) and A € L,,,(x;(X)) so that 9{c) = b and
A-pec = a. Hence, p (A-c) = a. Thus, corresponding to A-c there exists a poly-
hedral homology manifold M and a simple homotopy equivalence m: M - X
such that the induced mpop: Myop — X is equivalent to v: V' — X; in particular,
V is homeomorphic to Mrop. End of proof!

Now we remark that the standard construction M — Mqygp gives M = Maqyp if
the polyhedral homology manifold M is itself a topological manifold. And, if all
the double suspensions of the polyhedral homology manifolds, that are homology
spheres, are homeomorphic to the standard sphere, then every polyhedral homo-
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logy manifold of dimension > 5 is locally homeomorphic to euclidean space
except at the vertexes with non-simply-connected links. Because R. D. Edwards
gave an affirmative answer to the double suspension problem for combinatorial
homology spheres of dimension = 4, we can reduce the question of simplicial
triangulation of topological manifolds to (1) the structure of ker o and (2) the
multiple suspension problem for smooth homology 3-spheres.

In fact, we can state as follows (in a simplified form).

THEOREM. Let n 2 6. Then, all the topological n-manifolds without boundary are
simplicially trtangulable if and only if there exists a smooth homology 3-sphere H3

whinls cnticfine tha fallaving thean rnnditinnes
isiLie u“llﬂchJ u&cjlluuwuls EFLF LN LUTIRILILIED o

(i) HB bounds a parallelizable smooth 4-manifold with signature 8,
(n) the ( n - 3)-ple suspens:on of H3 is homeomorphzc to the n—sphere, and

We can remark that the existence of H3 with (i) and (ii) is enough to triangulate
V when Sok(V) = 0, where 8y: HYV; Z,) - HV; Z) is the integral Bockstein
operation. In the case n = 5, we need possibly some modification of the condition
(iii). And the case n = 4 is still mysterious. Recently D. Galevski and R. Stern
obtained a similar result by different methods, which will be described in these
PROCEEDINGS.

This note summerizes the results obtained in my thesis, which is supervised by
Professor L. C. Siecbenmann to whom I would like to express my deepest thanks.
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