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~TImsmUmmm~mG~R~~TIm 
SPECTRAL SEQUENCE OF A FIBRE SPACE 

WITOL;D HUREWICzt AND EDWARD FADELL* 

1. Introduction 

Let (E, B, p) denote a fibre spacel with B arcwise connected and (E .. , d,.), r = 
1, 2, ... , the associated spectral sequence. Furthermore" let F = p-I(b), 
b E B denote a fixed fibre. Then a well-known result of Leray-Serre states that 
El = G(B, R(F», the singular chains of B with R(F) as coefficients, and dl : E I -

EI is the boundary operator 0 : G(B, R(F» __ G(B, R(F» in the sense of local 
coefficients, where 7TI(B, b) operates on R(F) in the usual manner. Hence, E2 = 
H(B, R(F» where the homology is in the sense of local coefficients. In case, 
7TI(B, b) = 0, therefore, E z = H(B, H(F» where the coefficient group H(F) is 
taken in the ordinary sense. In [2], the authors extended this latter result and 
showed that in case B was r-connected thatEi = R(B, H(F» fori = 2,'" ,r + 1 
and ai = 0 for i = 2, ... r. The purpose of this paper is to extend this result still 
further. An alternate way of stating the above Leray-Serre result is that if 7To(B) = 
0, then E2 depends only upon B and the action of 7TI(B, b) on H(F). Here we will 
show that if B is r - 1 connected then Ei = R(B, H(F» for 2 < i < rand Er+l 
depends only upon B and the action of 7T .. (B, b) on R(F). More precisely, we first 
show that 7T,.(B, b) and H(F) are paired to H(F), r> 1. Then, in case B is r - 1 
connected, E. = R(B, R(F» for i = 2, ••• , r ai = 0 for i = 2, .•. , r - 1 and 
a,. : Er = R(B, R(F» __ E .. is given by the cap product 

arCh) = y n h, h E H(B, H(F)) 

where y is the characteristic cohomology class of B and the cap product is defined in 
terms of the pairing of 7TAB, b) and R(F) to H(F)2. 

REMARK. The corresponding result for singular cohomology is also valid, where 
cup product replaces cap product and 7Tr(B) and R*(F, 0) (the cohomology group 
of F with coefficients in 0) are suitably paired. 

2. Preliminaries 
2.1. FIBRE SPACES. In this paper we employ the concept of fibre space as given 

in [1] and for the reader's convenience we recan the basic definitions. Given a triple 
(E, B, p) where p : E __ B is a map, let 02> denote the subset of E X BI given by 

0,. = {fe, (0) E E X BI : pee) = £O(o)}. 

t Due to the untimely dea.th of Professor Hurewicz, the second-naaned author has prepared 
this joint account of their research and accepts full responsibility for its accuracy. 

* Work on this pa.per was supported, in part, by the Wisconsin Alumni Research Foundation. 
1 In this paper we used the term fibre space in the sense of [1], see §2. 
~ This simple description of dr was suggested by Norman Stsenrod. 
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2 WlTOLD HUREWIOZ AND EDWARD F.ADELL 

Then, we have a natural map p : EI -+ 01) given by 

p(oc) = (a(O), p(oc» 

where p(oc)(t) = p(oc(t», 0 < t < 1. Finally, we say that (E, B, p) is a fibre space 
provided p: EI __ OJ) admits ;:-cross section, Le. a map A: OJ) -+ EI such that 
p 0 A = 1.3 The map A is referred to as a lifting function. It is easy to show that 
any two lifting functions are homotopic in the class of lifting functions, i.e. given 
any two lifting functions Ao, AI' there exists a homotopy H : 01) X 1 -+ EI such 
that 

(i) Ho = Ao,HI = Al 
(ii) pH[(e, co), t] = (e, co), tEl, (e, co) EOj)' 

The following fact will also be used in the sequel. Let E denote the space of 
paths in E emanating from a fibre If, i.e. 

E = {oc EEI: a(O) Elf} 

where If = p-l(b), bE B. Then,if Aisaliftingfunctionforthefibrespace (E, B,p), 
let X: E--E be given by 

X(oc) = A(oc(O), pal, a EE. 

Then one shows easily that X is homotopic to the identity map 1 : E __ E. 
2.2. SINGULAR THEORY :BASED ON OURES. Let X denote a topological space and, 

employing the notation in Serre [3], Qn(X) the free abelian group generated by 
singular n-cubes in X. Letting Dn(X) denote the subgroup generated by degenerate 
n.cubes, we set On (X) = Qn(X)/Dn(X). Then C(X) = 2'1' OnJX) is called the group 
of singular chains in X (based on cubes) with integral coefficients. For an arbitrary 
coefficient group 0 we set O",(X, 0) = O",(X) 0 0 and O(X, Gj = L",On(X, 0). 
Also, we set on(x, 0) = Hom (O",(X), 0). O*(X, 0) = 2n on(x, 0) is then the 
group of singular cochains with coefficients in O. 

The boundary operator () in O(X) is given by 

(}u = 2i=1 (-i)" [Aiu - A~U]4 

where u is a singular n-cube and 

(J·iU)(Xl' ••• , xn_ 1) = U(Xl' .•• , Xi-I' E, Xi' ••• , xn- I ) 

for e = 0, 1; I < i < n. Employing G, O(X, OJ and O*(X, OJ become chain and 
cochain complexes, respectively, and we have therefore the singular homology and 
cohomology groups of X, namely 

H(X, 0) = 2n Hn(X, 0), H*(X, 0) = Ln Hn(x, 0). 

• This definition is ea,~ily seen to he equivalent to assuming the validity of the Covering 
Homotopy Theorem for all spaces as applied to (E, B, p) and hence is stronger than the defini. 
tion of fibre space in the sense of Serre. 

4 This iJ differs in sign from that employed in [3J. 
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2.3. CAP PRODUCTS. Let u denote a singular n-cube in X. Following Serre [3], 
we define certain faces of u as follows: Let H denote a subset of p elements from the 
set of indices {I"", n} and K the complement of H, containing, therefore, q 
elements where p + q = n. Let fJiK: K -+ {I, ... , q} denote a strictly monotone 
function. For 8 = 0 or 1 we let Airu denote the following q-face of u 

where 
(AirU)(X1, •.• , Xq) = U(Yl' ••. , y,,) 

'!h= 8 for i EH 

Yi = x"'x(i) for i E K. 

Also, set sgnH = (-It where ')I is the number of pairs (i,j), i E H,j E K such that 
i>j. 

Suppose now that the groups G1 and G2 are paired to G. For Ih E G1 , ga E G2, 

let (gl' g2) denote the element of G obtained from pairing gl and ga' For 
jq E all(X, G1), up-tq a singular cube in a P+lJ(X), set 

jq n up+1l ® g2 = LH sgn H Xku ® (IQ(AlJru), g2)' g2 E G2· 

It is not difficult to show the usual cap product identity 

(J(fq n up+q ® g2) = (-I)P oj'1 n u p+q ® g2 + j'1 n (Ju i+ q ® g2 

where 0 is the differential operator in O*(X, G1). Therefore, the pairing of Oll(X, G1) 

and Op+q(X, Ga) to ap(X, G) leads to a pairing of HlJ(X, G1) and Hp+q(X, G2) to 
Hp(X G). 

REMARK. The above cap product differs, at the homology level, from the 
definition (adapted to cubical theory) given in Eilenberg [4] by a faotor of (-I)pQ 
where n is the dimension of the second factor. In comparison with the above 
definition of jll n UP+1l ® ga, the Eilenberg definition (adapted to cubical theory) 
would read 

1'1 n Up+q ® U2 = LH sgn H A~U ® (jll{A1u), g2)' 

2.4. THE SPECTRAL SEQUENCE. Let (E, B, p) denote a fibre space. We filter 
A = O(E) singular chains of E (integral coefficients) just as in Serre [3]. If u is a 
singular n-cube in X, a coordinate index i, 1 < i < n is called db (degenerate base) 
for u if 

pu(x1, .•• , x" ••• , xn) = PU(Y1' ••• ,th, ... , Yn) 

for arbitrary Xi' t/;. Otherwise i is called a pb (proper base) coordinate for u. Then, 
we set 

dim,. U = max pb coordinate index for u. 
The filtration 

o = A-I ~ AO ~ ••• ~ A P ~ AP+1 ~ ••• 

is obtained by letting A p denote the subgroup of A generated by singular cubes U 

such that dim,. u < p. The spectral sequence associated with this filtration can be 
obtained as follows: E~,q, 1 < r < 00, is the image of i*, where 

i*: Hn(AP, AP--r) __ H,,(AP+"-\ .AP-l), n = p + q 
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is the map induced by the natural injection i. Furthermore, the differential 
operator 

is just the boundary operator 

0*: Hn(AP+r-l, AP-l)_ Hn_1(AP-l, AP-r-l) 

for the triple (AP+r-l, AP-l, AP-r-l) restricted to E:·fJ, n = p + q. 
2.5. EXTENDED r-SKELETON OF AN n-OELL. Let In denote an n-cell n > 1 and r 

an integer 1 < r < n. As in §2.3, let H denote a snbset of r elements from {I, ... , n} 
and K the complement of H. Let ex : K _ {O, I} denote a function on K taking the 
valnes 0 or 1. Then set 

F'ir = {x E In : Xlc = ex(k) for k E K}. 

Then, F'ir is an ordinary r-face of In. Now, let B denote a set of r + 1 elements 
from {I", " n} and K its complement. Let (i,j) denote a fixed pair ofindicesinB 
and oc ; K - {O, I} a function on K with 0 or 1 as values. Set 

Fi:(i, j) = {x E Tn : Xlc = oc(k) for k E K and Xi = Xi}' 

We call F~(i, j) a diagonal r-face of In. Let F,. denote the set union of all the 
ordinary r-faces and F r the set union of an the diagonal r-faces. Then F: = F,. u F r 

will be called the extended r-skeleton of I". 
Now, let X denote a topological space and Q(X) = Ln Qn(X) as in §2.2. Let 

Qr(x) denote the subgroup of Q(X) generated by singular cnbes 

u : (In, F:) _ (X, Xo) 

whme Xo is a fixed element of X. Then, set 

The following lemmas ,,,ill be used in the sequel and their proofs, follow standard 
lines. 

LEMMA 1. If X i8 r-connected, i.e. 7Ti (X, xo) = 0, i < r, then the chain complexe8 
O"(X) and O(X) are chain equivalent and hence the 8ingular homology group8 of X 
may be based on 8ingular cubes wh08e extended r-8keleton lie8 at the fixed point xo' 

LEMMA 2. If (E, B, p) i8 a fore 8pace with B r-connected, then the 8ingular homology 
(lmup8 of E may be based on 8ingular cubes wh08e extended r-8keleton lies in the fibre 
F = p-l(b), b E B a fixed ba8e point. 

2.6. A HOMOTOPY ADDITION LEMMA. Let F denote the extended n - 1 skeleton 
of In, n > 1, and let 

1L : (In, F) - (X, xo) 

X a space, Xo E X, denote a map. Then u represents an element ex in 7Tn(X, xo)' 
Furthermore, let 
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denote the map given by 

where 

'Yk=Xn 

tIt = XnXi _ 1 i > k. 

Since U maps the extended n - I skeleton of In into XO' Uk maps In into Xo and 
hence Uk represents an element ock in Trn(X, xo). The following lemma is then valid. 
Its proof follows standard lines and is omitted. 

LEMMA. Lk=l (_l)n-k ock = OC. 

3. Pairing Trn{B) and H(F, G) to H(F, G), n > 1 

Let (E, B, p) denote a fibre space, F = p-l(b), b E B, a fibre and Tr nCB, b) = 
Tr 1o( B), n > 1, a homotopy group of B. Let oc E Tr1O(B} with representative f : (p',110)-+ 
(B, b). Also, let v: Iq -+ F, q > 0, denote a singular q-cube in F. We define 
a singular q + n - 1 cube (j, v) in F as follows. For x E IHn--I, set 1O-Ix = 

(Xl' .• " xn_l ), xq = (xn' •• " xq+n- l )· Then, if A is any lifting function for 
(E, B,p) set 

(j, v)(x) = A[v(x'l), ro(f!--lx)](I) 

where ro(n-Ix) is the loop in B given by 

ro(n-IX)(t) = fen-lx, t). 

If now, 71, E Hq(F, G) is a homology class with representative cycle z = Li Vj ® gi' 
we denote by (oc, h) E Ha+n-l (F, G) the homology class containing the cycle 
(j, z) = Li (f, Vj) ® (/;. It is easy to show that (j, z) is indeed a cycle and (oc, 71,) is 
independent of the representatives f and z chosen, as well as the lifting function A 
employed. Furthermore, bilinearity, namely 

(oc + oc', h) = (oc, 71,) + (oc', h) 

(oc,k + h') = (oc, h) + (oc,h') 

follows easily and hence 7Tn{B) and Hq(F, G) are paired to Hn+q_1(F, G). 
An alternate description of this pairing may be given as follows. Let.Q denote 

the loop space of B based at b E B. Then, any lifting function A gives rise to a 

A:OXF-+F 
map as follows: 

A(ro, x) = A(x, ro)(I), <» EO, XEF. 

Applying the Kunneth Theorem, we obtain induced homomorphisms 
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Then, the pairing of'Tfn(B) and H(F, G) to H(F, G) is given by the composition 
homomorphism 

i&l j&l 
7T,,(B) & H(F, 0) ----+ 'Tfn-l(Q) & H(F, 0)----+ 

A* 
Hn-l(Q) & H(F, GJ ----+ H(F, G), 

where i: 'Tfn(B)-+ 'Tfn- 1(Q) is the standardnaturalisomorphism andj: 7Tn-l(Q)
Hn_I(O) is the Hurewicz homomorphism. The two descriptions are easily seen to 
yield identical pairings. We shall, however, have need for the explicit form of the 
pairing given initially in terms of representatives of homotopy and homology 
classes. 

4. The basic map and identity 
4.1. THE BASIC MAP. We assume in this section that B is a fixed arcwise 

connected topological space and b E B a :fixed base point. Let B he the space of 
paths in B starting at b, i.e. B = BI(O, b). B is a fibre space over B with map 
; : B _ B given by 

~(W) = well, WEB. 

Let O(B} and O(B) denote the singular chains of Band B, respectively. We define 
a dimension preserving homomorphism (not a chain map) 

fIJ: 0n(B)-0'l,.(B) 

as follows. Let u denote a singular n-cube in B, and let p denote an index between 
1 and n, i.e. 1 < p < nand q = n - p. As in §2.3 let H denote a subset of p 
elements from {I, .. -:-, n} and K its complement. For such an H we first define a 
homomorphism 

fIJi;: On{B)-+On(E) 

as follows. Let oc;: H _ {I, ... ,p}, {J: K -+ {p + 1, •.. ,n} denote increasing 
functions. For x E In, set 

where 

{
?1i = XP(i)' Zi = 1 for ~ E K 

,!J; = 0, Zi = xa(i} for'/, E H. 

Then, let oc;'" denote the arc 

(

U(2tY(X)]' t < 1[2 
ac",(t} = 

u[(2 - 2t)y(x) + (2t - l)z(x)], t > 1/2 

where u is a given n-cube. Then, set 

flJllu(x) = ac., 
and the homomorphism 

9'§-: O(B) - O(E) 
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is defined. To obtain cp set 

cpP = 2H sgn H P"1I and cp = 2p cpT>, 

Note that the definition of cp depends on n but is not displayed in the notation. Let 

O=A-l~Ao~···~A'P··· 

denote the filtration of 0(13) relative to the fibering (13, B, ~). Then if u is an n-cube 
in B, we make the follo"\\ing important observation 

4.2. THE BASIC IDENTITY. Let u denote a fixed n-cube and p, q, Hand K as above. 
Suppose also that the indices in Hand K are denoted by 

H:i1 < ... <ip , 

Then the following lemmas can be verified easily from the definitions. 
LEMMA 1. For k < p, 

and (-Iyc sgn H = (-I)ik sgn H* where 

H* = {iI' "', ik-l' ik+l -1, .. " ip - I}. 

LEMMA 2. For 1 <k< q, 

~O P _ ~1 p+l 
"'p+k CPHu - "'J.-k+l CPH* u 

and (-I)P+k sgn H = (-lik -
HI sgnH* where H* = H U ik' 

LEMMA 3. If the q-skeleton of u is at a fixed point b E B, then for 1 < k < p 

l;H CP"1Iu = rp"1I* Alk~t 

and (-I)'P+ksgn H=(-I)jk sgn H* where H*={ii,···,i;}andi:=ieOl' 
ie - 1 according as ie < iT;; 01' ie > jk' 

Now, suppose that u is an n-cube whose r - I skeleton lies at bE B. Then for 
any q < 't, the follo"\\ing basic identity I'll is valid, 

(lip) ocpu - CP01l = Sq(u) + R,)u) + a 2;;;>n-I1-1 cPiu - 21;£n-a-1 rpi au 

where 
Sq(U) = 2~;:i 2H (-I)T;;~gnH[A~ cpJIq u- ;.~cp1z-quJ 

R,,(u) = 2~=l 2H (_l),,-q+k sgn H [A;'-qH'PJIq u - cP"i!-;;1J A]kU ] 

where in the expression Rq(u), H* and.1~ have the follo"ing meaning: If H = {il < 
. " < in_

Q
.}, and K = {ji < ... <jq} is its complement, H* = {ii, " " i!_a} 

where i! = im or i! = im - 1 according as im < ik or im > jk' jk is, of course, 
already indicated as an element of K. 
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The proof of this identity is immediate by induction on q, making use of the pre
vious lemmas. 1'1' immediately implies 

LEMMA. If the '1' - 1 skeleton of a singular n-cube 11, in B lies at b E B then 

orpu - rpou EAn-r 
[.(,nd 

orpu - rpou = Rr(u) modulo An-r-l. 

5. Application of the basic map to fibre spaces 
5.1. THE INDUCED l\-LU' 'IjJ. Let (E, B, p) denote a fibre space, B arcwise connected, 

bE B a fixed base point and p-l(b) = F the fibre over b. The homomorphism 

rp :O(B)~G(~) 

of the preceding section induces a homomorphism 

'IjJ : O(B) I8i O(F) ~ O(E) 

as follows. Let 11, denote a p-cube in B, v a q-cube in F. For (x, Y) E IPH, X E]'P, 

Y EIq set 
'ljJk{u I8i v)(x, y) = A [v(y), rpku(x)](l) 

where 1 < i < p and H is a subset of i indices from {l, ... ,p} as in the previous 
section and A is any lifting function for (E, B, pl. Then set 

'ljJi = 2H 'ljJk-, 'IjJ = 2f=1 'ljJi. 
We note that 

'IjJ :Op(B) 0GiF)~Op+q(E) 

depends on p and q but they will not be displayed in the notation. 
Now, let 

O=A-l::;; AO::;; ••• ::;; AP::;; ••• 

denote the filtration of G(E) as in §2.4. Then, we note that 

'ljJi: Gp(B) I8i G(F)-+Ai 1 <i< p. 

5.2. THE IDENTITY 1,1'" The basic identity I", implies easily a corresponding 
identity for 'IjJ which we state as the 

FuNDAMENTAL LEMMA. If 11, is a p-cube in B whose r - 1 skeleton lies at a fixed 
point b E B, then 

(1",) o'IjJ(u I8i v) - 'ljJo(u I8i v) = R,.(u I8i v) modulo Ap-.. -l 

where v is a singular cube in F, R .. (u 0 v) E A p-r and 

R,,(u I8i v) = 2~=1 LH (-1 )p-r+T" sgn H[.A!-rH 'VJlI-"(u I8i v) - 'VJ3't-;''(.A.Jk 11, I8i v)] 

ulhere H ranges over subsets oj {I" .. ,p} which contain n - r elements. 
As in §4.2, H* andjT< have the foJIowing meaning. Let K denote the complement 

of a given H. We write the elements of K in increasing order jl < ... <j", thus 
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d t " 'If H {' '} H* {'* ·*}·h '* . e ermllllIlg JlI;' = ~l"", ~p-,. , = ~i"", ~:P-" VI' ere ~m = ~m or 
i! = im - 1 according as jll; > im or jTc < im. 

5.3. THE MAIN RESULT. Now, in the chain complex Op(B) ® 0(1') introduce the 
boundary operator 

fEO(1'). 

Furthermore, 1Jl induces homomorphisms 

1Jlo: Op(B) ® 0(1')-+ APjAp--l, 

Since B is arcwise connected, we apply the Fundamental Le!llma for r = 1 and see 
that 

and hence 1Jlo induces homomorphisms 

1JlI : 0 p(B) ® Hi1') -+ Hp+q(AV, AP--I) = Ef,fJ . 

Now, let u denote a p + q cube in E such that dim,.u < p. As in Serre [3}, Bu will 
denote the p-cube in B, 1'u the q-cube in l' given by 

Bu{xl , .•. , xv) = p . u{xI , .•• , xv' '!II' ••. , '!I,) for any choice of ('!II' ••• , '!Iq)' 
1'u(x1, ••• , Xq) = u(O, •.. , 0, Xl' ••• , xq). 

Next, define 

by setting 
O(u) = Bu ® 1'u 

for u a generator of AV, Then 0 induces 

00 : APjAp--l-+Op(B) ® 0(1'). 

It is easy to see that 0FOO = (Joo and hence 00 induces 

THEOREM 1Jlo and 00 form a chain equivalence and hence 1Jll and 01 are isomorphisms 
onto, 

PROOF, The proof is given in the Appendix, §l. 
Now, let us assume that for the fibre space (E, B, p), B is r - 1 connected with 

r > 1. We may then assume that the singular chains of E are generated by singular 
cubes whose extended r - 1 skeletons lie in 1', and that the singular chains of B 
are generated by singular cubes whose extended r - 1 skeletons lie at the 
fixed base point b, As a matter of interest, the case r = 1 which gives the 
Leray-Serre result is given in the Appendix, §2. Define 

by 
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Then, applying the Fundamental Lemma, it is easy to see that the following 
diagram commutes 

'lfJl 
G(B) ® H(F) ---+ EI 

OR 1 1 d l 

G(B) ® H(F) ---+ EI 
"PI 

and, recalling that H(Ej ) = EH1, 'lfJl induces an isomorphism 

"P2: H(B, H(F»----+E2 

which is a special case of the Leray-Serre result. Now, again applying the Funda
mental Lemma, we see, step by step, that "P2 induces isomorphisms 

"Pi: H(B, H(F» ----+ Ei 

for 2 < i < l' and the composition maps 

di • "Pi : H(B, H(F» ----+ Ei...-+Ei 

are 0 for 2 < i < r - 1, and hence di = 0 for 2 < i < r - 1 (in case r > 2) 
Next, we investigate the structure of the differential operator dr' It should be 
remarked, that (Jl : El ----+ G(B) ® H(F) also induces, step by step, isomorphisms 

(}i : Ei ----+ H(B, H(F» 

Oonsider, the composition 
"P.. dr (}r 

H(B, H(F» ---+Er---+E .. ---+ H(B, H(F». 

Take a homology class hE H pCB, Hq(F» and let z denote a representative cycle 
of h such that z = 2i,j fti,jUi ® Vi,;' with ftij integers, ui p-cells in B, Vi,; q-cells in 
F and 2; ft.,;v.,; is a cycle in F for each i, representing a homology class in F which 
we denote by hi' Then, employing the Fundamental Lemma, d"."PT(h) E E~-M+"'-l 

is determined entirely by 
2i,j ftiiR .. (1bi - vij) = R .. (z). 

In order to determine the structure of (}'I'dT"P".(h) we look at the image of RT(u ® v) 
under () : AP-T ----+ C p_r(B) ® C(F) where u and v are as in the Fundamental Lemma 
§5.2. Let H denote a subset of p - r indices from {I, ..• , p} and K be its comple
ment. Then/H = J1rurepresents an element of ?TT(B, b), andfH maps the extended 
i' - 1 skeleton of IT into b. Following §2.6let 

fn,k(Xv ' .• ,xT ) = fn(xf'x1, •.. ,XrXk-l' x .. ' X .. Xk' .•. , xrXr-l)' 

Letting e: Jr...-+ b denote the natural representative of 0 E ?Tr(B, b), set 

1E ,k =fE,k + e 

where the addition occurs in the rth coordinate. Then, the follo'wing lemma is easy 
to verify directly from definitions. 
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LEMMA 1. 

(J(Rr(u ® v» = 2k=1 2H (_I)p-r+k sgnH [Xku ® (/H,k' v) - '?'kU ® v*] 

where v* is a deg~nerate q + r - 1 cube in F given by 

v*(x1, ••• , xr-l' 'til, •.. , 'JIll) = A[V(Yl' ••. ,yll ), b](I) 

with b the constant loop at b and where (/H,k' v) is the pairing of §3. 
We note the following fact which we shall use shortly. Using the notation 

of the above lemma, the homotopy addition theorem of §2.8 implies that 
2k (-1 )1'-7</ H,k '" .?'J.ru. 

Since 
O"P(z) - "Po(z) = Rr(z) modulo A 21-f-l 

Rr(z) represents a cycle in Ap-rjAP-r-l and hence determines an element [Rr(z)h 
in Er-r,fl+r- 1 . Lemma I, together with the fact mentioned above, immediately 
implies 

LEMMA 2. 
(Jl[Rr(z)h = (-1)1' 2i 2H sgn H['?'kui ® (y(.?'J.rUi)' hi)] 

where y : Gr(B) -+ 7TAB, b) is the characteristic cocycle of Band (y(J.'J.rui), hi) is the 
pairing of §3. 

Lemma 2 then gives our main result. 
THEOREM. (JA"Pr(h) = (-1)2' =ji n h, h E H(B,H(F»,whereji is characteristic 

cohomology class of B. 
Therefore, if we consider dr as acting on Hp(B, H(F», we see that 

drCh) = (-1)1' ji n h, h EH1'(B, H(lJ'». 

We collect what we have shown in the following 
MAIN THEOREM. Let (E, B, p) denote a fibre space with B r - 1 connected. Then, 

in the spectral sequence (Flj , di ) associated with (Fl, B, p), 

and 

E; = H(B, H(lJ')) for i = 2, ... ,r 

di = 0 for i = 2, ... , r - 1 

dr(h) = (-1)1> ji n h, hE H1'(B, H(lJ'» 

where ji is the characteristic cohomology class of B. Therefore, the first r + 1 terms of 
the spectral sequence depend only on B, H{F) and the pairing of 7T .. (B) and H{F) to 

H(F). 
REMARK. The main theorem remains valid if an arbitrary coefficient group G is 

used for the singular chains of E. Naturally, one uses the pairing of 7T1'(B) and 
H(F, 0) to H(F, 0) in this case. 

MPENDIX 

1. THEOREM. "Po and (Jo form a chain equivalence (see §5.3). 
PROOF. (a) We show first that (Jo"Po r-.J 1. It should be remarked that if the 

fibre space (E, B, p) were assumed regular [IJ, then it would follow that 800/'0 = 1. 



12 WITOLD HUREWIOZ AND EDWARD F.ADELL 

We proceed, however, without this assumption. Let 1) denote the constant arc at 
the base point b E B. For x E F, set 

P(x) = A[x, 0](1) 

where A is a lifting function. Theu we have the following 
LEMMA. P f""ooJ 1: F-+ F. 
PROOF. The proof is immediate since 

H(x, t} = A[x, oJ(t) 

provides the connecting homotopy. 
p: F-+ F induces a chain map Po: C(F)-+ C(F) and the above lemma implies 

that Po'""'"' 1, i.e. Po and 1 are chain homotopic. 
Now consider 

Since 
1jJi(U &I v) EAi 

where dim u = p, dim v = q, it follows that 1jJo(u 119 v) = [1jJP(u 119 v)J, i.e. 1jJo(u ® 17) 
i~ determined entirely by 1jJP(u 119 v), and 

1jJP(u 0 v)(x, y} = A[v(y), w.,]{I) 
where 

{
U(O) 

ru.,(t) = 
u[(2t - l)x] 

Therefore, it is easy to see that 

t < 1/2. 

t < 1/2. 

0o'IfJo(u &I v) = u 119 Pov 

and hence (Jo'IfJo = 1 0 Po I'o.J 1. 
(b) Here we show that 'lfJoOo '""""-' 1. First, employing the notation of §2.1 we define 

a map 

by setting 
r(oc) = A[oc(O), b + poc], oc EE 

where b is the constant loop at b. Let P : E -+ IJ, where IJ is the space of paths in 
B emanating from b, he the natural map given by p(oc) = poco Then it is easy to 
see that r '""'"' A : jjJ -+ jJJ with connecting homotopy 
c;I> 0 : jjJ X 1-+ jJJ such that 

p[c;I>o(OC, 8)](1) = pa(l), 

Furthermore, as noted in §2.1, A f'o/ 1, and in this case there is a connecting 
homotopy c;I>1 : jJJ X 1-+ JjJ suoh that 
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Therefore, r,-..../ I and a connecting homotopy <I> ; jJJ X ] _ jJJ may be chosen such 
that 

p[<I>(a., 8)](1) = pa.(I), 

Then if w is a p + q-cube in E, with dimr w = p, w ; ]'PH _ jJJ is given by 

w(x, y)(t) = w(tx, y), 
Then, set 

(Dw)(x, y, 8) = <I>(w(x, y), 8)(1). 

D is then a homomorphism of degree + 1. 

D :Op+Q(E)-Op+q+1(E). 

Furthermore, D preserves filtration, i.e. D(A P) ~ A P and hence D induces 

Do: APjAP-l_APjAP-l. 

In addition we make the following observations. If w is a p + q cube in E, just as 
above, 

(i) Dw EAll 
(ii) A'iDw E A 1J--l for I < i < p 

(iii) A;+1Dw = DJ..iw, 1 < i < q, 
(iv) A~+q+1 Dw = w 
(v) A!+a+1 Dw = 1jJP(jw. 

Therefore, 

£ =0, I 
£=0,1 

oDw - (-I)llDow = (-I)PH[w -1jJPOw]moduloAP-l 

Since, as we observed in (a), 1jJo : Op(B) ® O(F) _ AP/AP-l is determined entirely 
by 1jJP, it follows that for C E AP/Ap--l 

aDoc - (-I)PDac = (-I)PH [c -1jJaOac] 

and hence 1jJoOo ,....., 1. The proof of our theorem is then complete. 
2. THE LERAy-SERRE RESULT. Let a: Op(B) ® Hq(F) - 0p_1(B) ® Hq(F) 

denote the boundary operator for O(B) ® H,/F) in the sense of local coefficients, 
where the action of '/T1(B, b) on Ha(F) can be obtained as follows. I£v is a q-cube in 
F and e is a loop in B, based at b, then set 

(e, v)(x} = A(v(x), e](I), X EJrl 

where A is a lifting function for (E, B, pl. (e, v) is then a q-cube in F. Then, if a. is 
an element of '/T1(E, b) with e as a representative loop and h is a q-homology class 
in F with representative cycle z = 2i I'.v., I'i integers, then 

(oc, h) = [2i I'Ae, Vi)] 

i.e. the q-homology class with representative cycle 2.l'i(e, Vi)' is the result of 
acting on h with a.. In our notation, then, 

a(u ® h) = 21=1 (-!)i[A.}u ® (a.i' h) - A.~U ® h] 
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where Cl.i has the ith edge of u, ei as representative, where, explicitly, 

i 
ei(t) = u(O, •.. ,0, t, 0, ... , 0). 

it is, of course, a p-cube in B (whose vertices are assumed at b) and k E H,k!!'). Our 
objective, then, is to show that the following diagram commutes. 

Op-I(B) HiF).Y3,. Er-I,'l = H'PH_l(A'P-l, A'P-2). 

We again use the fact that the homomorphism "PI is determined entirely by 

If u is a p-cube in B and 'IJ a q-cube in F, one sees easily that 

Furthermore, one verifies directly from the definition of 'IjJ'P that 

o :Lf=l (-l)i[AI"PPU ® v - AY1f!'PU ® 'IJ] = :Lf=l (-l)i[A}u ® (ii' v) - .lyu ® (0, v)] 

where (j operates on AP-l, it is the product path oei' where ei is the ith edge of U 

and b is the constant arc at b. Therefore, if z is a q-cycle in F 

fJ01f!P(u ® z) = :Lf=1 (-I)i[.ltu ® (ii' z) - .lYu ® (6, z)] 
and hence 

(Jld11f!l(U ® k) = :Lf=1 (-l)i[A}U ® (OCt, h) - A?U ® h] = :3(u ® h) 

where h E H(l(F) and OCi = [etJ E'1Tl (B), since (1, k) = h where 1 is the identity in 
7TI(B) and i. ,....;e •• Therefore, since "Plel = 1, we have 

d1"P1 = 1f!/j 

and the above diagram commutes. Renee, we have the Leray-Ser-re result for 
singular homology, namely 

EF.,q = H 'P(B, Hq(F» 

where the homology is in the sense of local coefficients. 

MASSAOHUSETTS INSTITUTE OF TECHNOLOGY, 

CAMBRIDGE, MASSACHUSETTS 

and UNIVERSITY OF WISOONSIN, 

MADISON, WISOONSIN 



STRUCTURE OF HIGHER TERMS OF SPECTRAL SEQUENCE OF FIBRE SPACE 15 

BIBLIOGRAPHY 

1. W. HUREWICZ. On the concept of fibre space. Proc. Nat. Acad. Sci. U.S.A., 41 (1955), pp. 
956-96l. 

2. W. HUREWICZ and E. FADELL. On the spectral sequence of a fibre space. Ibid., 41 (1955), pp. 
961-964. 

3. J. -Po SERRE, HO'Y/'Wlogie singuliere des espaces fibre8. Ann. of Math., 54 (1951), pp. 425-505. 
4. S. EILENBERG. Singular homology theory. Ibid., 45 (1944), pp. 407-447. 



FOUNDATIONS OF FIBRE BUNDLES 

By HENRI CARTAN AND SAMUEL EILENBERGl 

The need of an abstract theory unifying the basic constructions of different 
types of fibre bundles has been felt for some time and several attempts along this 
line have already been made. 

In this attempt, we adopt the point of view of categories and functors. We are 
interested in defining not only the bundles but also their maps, i.e., we are interested 
in defining a category d of bundles. Some bundles and some maps (i.e., a sub
category Jt of d) are given to us in advance. Those are the models; every bundle 
restricted to sufficiently small open sets of the base should be isomorphic to one of 
the models. In this sense the bundles are "locally trivial", if we regard the models 
as being "trivial". 

The problem of passing from Jt to d is thus a problem in extending a given 
category. An analysis shows that there are two distinct extension processes involved. 

The first notion we introduce is that of a faithful functor T: d ~ f!l} of one 
category into another (examples: the functor which to each differentiable manifold 
assigns the underlying topological space or to each topological group assigns the 
underlying discrete group). For such a functor the question of transportability may 
he raised, i.e., the question whether isomorphisms in f!l} may be lifted to isomorph
isms in d. If T is not transportable, the category d may he enlarged to a category 
dI' and the functor T extended to a functor TI': dI' ~f!l} which is transportable. 

The second basic notion is that of a local category, that is a category d given with 
a functor L into topological spaces. For each object .A of d and each open set U 
of L(A) the restriction AjU is assumed to be given. For such a category one can 
ask the question whether a family of matching objects can be pieced together 
(collated) into larger objects. This leads to a second enlargement process for 
categories which is carried out by the use of sheafs. 

The method of categories and functors is as usual accompanied by foundational 
difficulties. In the abstract theory, one can conveniently assume that the categories 
are sets and thus avoid all difficulty. In the applications, however, one wishes to 
think in ttlrms of "the category of all topological spaces and all continuous maps" 
etc. This poses the usual danger of antinomies. There are various dodges that one 
could adopt, but a complete and honest solution of the difficulty is yet to be 
invented. In the present write-up the difficulty is totally bypassed; the categories 
arc assumed to be sets. 

1. Categories and functors 
A category d is a composite object conSisting of 
(1) a set of elements A., A' etc. called objects of d, 

1 Work done while S. Eilenberg was engaged lIDder contract AF 18 (603)-67. 

16 
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(2) a function which to each pair (A, A') of objects of d assigns a set 
Homs.1(A, A'), 

(3) a function 

Homs.1 (A, A') X Homs.1 (A, A") _Hom.." (A, A") 

defined for any triple (A, A', A") of objects of d. 
Frequently instead of writing f E Roms.1 (A, A') we shall write f: A _A'. The 

elements of Homs.1 (A, A') will be referred to as homomorphisms, morphisms, 
mappings or transformations. The function given in (3) is called composition, and 
its effect on a pair (f, g) is denoted by gf. 

The above data are subject to the following axioms: 
(c.I) Iff: A _A', g: A' _AU, h: All _Allf then h(gf) = (kg)f. 
(c.2) For each object A there exists iA : A _ A such that fi = f, ig = g for each 

f:A-+A' andg:A"_A. 
It is easy to see that iA is unique; it will be called the identity of A. A morphism 

f: A _A' is called an isomorphism if there exists g: A' _A such that gf = iA , 

fg = iA · Such a g is unique and we denote it by 1-1. 
Let d and fIA be categories. A (covariant)functor T: d -+fIA consists of a pair 

of functions (both denoted by T). The first assigns to each object A in d and object 
T(A) of fIA and the second assigns to each morphismf: A _A' in d a morphism 
T(f) = T(A) _ T(A') in fIA. The following two conditions must be satisfied 
(F.I) T(yf) = T(g)T(f) 
(F.2) T(iA ) = ipCA)' 

Given functors T: d _ fIA, S : fIA _'if the composition ST : d _ 'if is defined 
in the evident fashion aDd is a functor. 

Given functors T, S: d _flA, a morphism <P: T _S is a function which to 
each object A of d assigns a morphism <p(A) : T(A) -SeA) in fIA. The following 
condition must be fulfilled. 
(M) For eachf: A _A' in d the diagram 

is commutative. 

T(f) 
T(A) ---+ T{A') 

<p(A) I I <P(A') 

SeA) ---+ S(AI) 
S(f) 

If each <p(A) is an isomorphism, then <P is said to be an isomorphism T I":;j S. 

2. Subcategories 
Let d and d' be categories. We say that d' is a subcategory of d if (1) each 

object of d' is an object of d, (2) each morphism in d' is a morphism in d, and 
(3) the inclusion mapping I : d' - d is a functor. 

A subcategory d' of d is said to be full if for any objects AI' A2 in d' we have 

Rom..", (AI' A 2) = Roms.1 (AI' A 2)· 
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Let T: d ~ffI be a functor and let P be a family of isomorphisms in ffI con

taining all identities. Let d' be a full subcategory of d. The P-closure d' of 
;;;I' is the full subcategory determined by all objects A such that there exists an 

isomorphismf: At ~A with A' in;;;l' and T(f) in P. If.91' = ;;;I then we say that 
;;;I'is P-dense in d. 

3. Faitbful functors 
A functor T ; d ~ ffI is called faithful if the following axioms hold 
(Fid. 1) Iff, g EHom .• ,.{A, A') and T(f) = T(g) thenf= g. 
(Fid. 2) Iff: A ~A' is an isomorphism in;;;l and T(f) = ip(A) then A = A'. 
It follows from (Fid. I) that, in (Fid. 2), f = i,A-
PROPOSITION 3.1. Let T : ;;;I -+ffI be a faithful junctor and let cp ; B ~ B' be an 

isomorphism in ffI. Then for each object A in d such that T(A) = B there exists at 
m"ost one isomorphismf; A ~A' in d f!uch that T(f) = cpo 

If an isomorphism f with the above properties exists then we say that f is a 
lifting of cp with origin A. 

4. Transportability 
Let P be a family of isomorphisms in the category ffI satisfying the following 

properties: 
(P. 1) If Y : B ~ B' and y' : B' ~B" are in P then y'y and y-1 are in P, 
(P. 2) iB is in P for each object Bin ffI. 
A faithful functor T : d ~ ffI is called P -transportable if for each y : B ~ B' in 

P and for each A such that T(A) = B there exists a lifting f of Y with origin A. 
If P is the family of all isomorphisms in ffI then we say that T is transportable. 

THEOREM 4.1. Every faithful functor T : ;;;I --+ ffI admits a factorization 

8uch that ;;;I i8 a P-dense subcategory of dr, I is the inclusion functor and TT i8 
faithful and P -transportable. 

The above factorization is essentially unique in the following sense: if 

is another such factorization of T then there exists a unique functor S ; d r ~ d' 
such that SI = I', T'S = Tr. Further S is an isomorphism of categories. 

The proof is based on an explicit construction of a desired factorization of T. 
We begin by constructing a category (d, r) as follows: an object of (d, P) is a 
pair (A, y) where A is an object in ;;;I and r: T(A) --+B is in r. A morphism 
(A, y) --+ (A', r') is a triple (f, r', y) with f: A -+A'. Composition is defined by 
the rule 

(/" y", y') (j, y', y') = (J'f, yH y). 
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We obtain a factorization 

of T by setting 

J(A) = (A, ip(A»' 
J(f) = (f, iT(A')' iT(A» forf: A _A', 
Q(A, y) = B' for y: T(A) _B', 
Q(f, y', y) = y'T(f)y-l forf: A _A', y: T(A} _B, y': T(A/)_B'. 
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The functor J maps d isomorphically onto a full and dense subcategory of 
(d, r). The functor Q satisfies (Fid. 1) but generally does not satisfy (Fid. 2). 
We therefore consider the class Q of all isomorphisms in (A, r) whose images 
under Q are identities in pjJ. Thus Q consists of all morphism (f, y', y) such that f is 
an d-isomorphism and y'T(!) = y. The class Q is closed under composition and 
inverse, contains all identities of (A, r) but not other automorphisms. A class of 
isomorphisms with such properties leads quite generally to a construction of a 
quotient-category, in which the isomorphisms of Q become identities. We define 
the category d r to be the quotient-category (A, n/Q. The functor Q then factors 
as follow: 

while I : .91 _ d r is defined by composition 

d!... (.91, r) _dr. 

5. Local categories 
A local category consists of 
(i) a category d, 
(ii) a (covariant) functor L: .91 _:Tintoa category:T of topological spaces and 

continuous maps, 
(iii) two functions which to each object A ofd and each open set U c L(A) 

assign (1) an object AjU of d (called the restriction of A to U) and (2) an d· 
morphism iLdU : AjU _A (called the inclusion). 

The composition 

AjU~A~A' 
is denoted by fl U and is called the restriction of f to U. 

The above two functions are subject to the following set of axioms. 
(Loc. I) L(AIU) = U. 
(Loc. 2) If V c U are open subsets of L(A}, then (AjU)IV = AjV. 
(Loc. 3) Let A,A' be two objects in .91 with L(A) = L(A'}. If there exists an open 

covering {Ui }, i E I of L(A) such that AjUi = A'jUi for every i E I, then A = A', 
(Loc. I') L(i AJU is the inclusion map U _ L(A). 
(Loc. 2') If V c U are open sets of L(A} then 

(iAjU)(iA1u/V) = iAIV. 
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(Loc. 3') Given an open covering {Ui }, i E I ofL(A),A E d,andgivenmorphisms 
Ii: AIUi ---*A' in d such that 

IAU n U j = Ij\Ui n Ui 

for each pair (i, j), then there exists a unique I: A ---*A' in d such that 

for all i EI. 

(Loc. 4) Given any morphism I: A ---*A' in d and given an open U' in L(A') 
such that L(i) maps L(A) into U t

, there exists a unique morphism g: A ---*A'IU' 
in d such that 

isf· 

. ju' 
A-+A'\U'~A' 

The map g of the last axiom is denoted by U'lf. The two-sided restriction 
1U'lfU for U open in L(A) is defined as U'!(f!U} and exists whenever L(nU c U'. 

6. Local functors 
Let d and f?J) be two local categories with functors L d : d ---*:Y and LIM: f?J) ---* 

:Y respectively. A (covariant) functor S : d ---* f?J) is called local if the two following 
conditions are satisfied: 

(LF. 1) For any object A in d and any open subset U of L",,(A) the topological 
space V = Lg,S{A\U) is an open subset of LaS(A) and 

(i) S(AIU) = S(A)jV, 

(ii) S(LAIU) = iSfA)iV-

(LF. 2) For every object A of d, the mapping U -+ V = LIMS(Aj U) which maps 
the open sets of L",,(A) into the open sets of LIMS(A) preserves finite intersections 
and arbitrary unions. 

If further S satisfies 

(SLF) 

then we say that S is strictly local. In this case we have V = U in (LF. 1) and con
dition (LF. 2) is redundant. 

7. Subcategories of local categories 
Let d, d' be local categories and assume that d is a subcategory of d' (in the 

ordiuary sense). If the inclusion functor I: d ---* d' is strictly local then we say 
that d is a local subcategory of d' . 

We say that d is locally rick in d' jf d is a full Iocal subcategory of d' and if 
for each object A' of d' there exists an open covering {Ui}' i E I of L(A') such 
that A'\Ui is in d for every i E 1. 

8. Collation 
Let S : d -+ f?J) be a strictly local functor. We shan say that S is collatable if the 

following condition is satisfied 
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(Col.) Let B be an object of fJ8 and {Ui} i E I an open covering of Lr,e{B). Let 
{Ai}' i E I be a family of objects in .s£ such that 

B(A;) = Btu. 

Ai\U. n Uj = At!U; n Uj 

for all i EI 

for all i,j E I. 

Then there exists an object A in .s£ such that A\U. = Ai for all i E 1. 
The uniqueness of A and the fact that B(A) = B follow from (Loc. 3). If B is the 

functor L.# : .s£ -')o:!/ connected with the local structure of .s£ then we replace the 
phrase "B is collatable" by ".s£ is collatable". . 

THEOREM 8.1. Every strictly local functor S : .s£ -')0 fJ8 admits a factorization 

I S" d -')0 de -')0 fJ8 

8uch that.s£" is a local category containing d as a local subcategory, d is locally rich 
in .s£., I is the inclusion map, se is a strictly local functor which is collatable. 

The above factorization is essentially unique in the following sense. If 

d K d,1.fJ8 

is another such factorization of S then there exists a unique functor T : .s£" --.s£' 
such that T I = 1', S'T = TC. Further T is an isomorphism of local categories. 

As in the case of Theorem 4.1, the proof is based on an explicit construction of a 
desired factorization of B. 

Let B be an object of f!# and let B-l(B) be the set of objects A in .s£ such that 
S(A) = B. Let V cUbe open sets in Lr,e(B); for each A ES-1(BIU) we have 
AIV E S-l(BjV). There results a mapping 

cfov,u : S-l(BIU) -')oS-l(B\V). 

Clearly cfow,v = cfow.v 0 cfov,u for W eVe U c LfH(B). The sets S-l(BIU) and 
the maps cfov,u thus define a pre-sheaf on the space LfH(B). We denote by FB the 
resulting sheaf. By definition, an object of the category .s£o will be a pair (B, a), 
where B is an object in fJ8, and (f is a cross-section ofthe sheaf F B' We also define 
S"(B, a) = B. 

If U is an open set in LfH(B), the sheaf F BW is then the restriction of the sheaf 
FlJ to the open set U. Thus each cross-section a of FB defines a cross-section 
(flU of F BW· We define (B, (f)/U = (Btu, (flO)· 

Let A be an object of .s£ and let B = B(A). For each open set U in LB(B) = 
L",,(A) we haveA/U ES-1(B\U). If Vis an open subset of U then cfovIUA\U =AIV. 
Thus we obtain a cross-section 11 A of the sheaf F B' We shall identify A with 
(B, (fA)' In this way the objects of d become a subset of the objects of d c• It is 
further easy to prove that for each (B, 11) there exists an open covering {Ui}' 
i E I, of LfH(B) such that (B, a)\Ui is an object of .s£, for each i E I. 

Now the morphisms in d c can be defined. Let (B, a), {B', (f) be objects in d C 

and let J: B -')0 B: be a morphism in fJ8. Consider the pairs (U, U') where U is (tn 
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open set of LfJI(B), Uf is an open set in LfJI(B), and LfJI(f)U C Uf (i.e.,U'I!!U is 
defined), and further such that (B, u)/U and (B', a')/U' are objects of .!if. A morph
ism g: (B, a) __ (B', af

) with SC(g) =f is defined as a family of d-morphisms 

UW,Uf): (B, a)IU __ (B', a')IUf, 

defined for each pair (U, Uf) as above as satisfying the following conditions 

S(gw,U'» = UflflU 

V'/Ucu,U,)!V = gW,VI) 

where (V, V') is another pair as above with V C U, V' C U'. 

The inclusion maps i(B,a) IU : (B, a) I U __ (B, a) can now be defined in an 
evident fashion. The remaining verifications are fairly lengthy but straightforward. 

9. Local categories and transportability 
In §4 we considered a category /Ji] and a family r of isomorphisms in /Ji] satisfying 

conditions (1'.1) and (r.2). Here we shall assume that /Ji] is a local category and 
that r satisfies the following additional property: 

(1'.3) Let y: B __ B' be an isomorphism in!Ji] and let {Ui} and {U f
.}, i El, 

be open coverings of LfJI(B) and LfJI(B') respectively, such that LfJI(y}Ui = Uti for 
each i E 1. Then y E r if and only if each U' .IYI Ui is in r. 

Assuming this additional property of r we have the following results. 
THEOREM 9.1. Every strictly local faithful functor S : .!if __ /Ji] admits a factorization 

d.ldr~/Ji] 
such that d is a local and r -dense subcategory of the local category dr, 1 is the 
inclusion functor and Sr is strictly local, faithful and r -transportable. 

The factorization is unique in the same sense as that of Theorem 4.1. Theessential 
part of the proof consists in the introduction of the structure of a local category in 
the category d r given in Theorem 4.1. 

THEOREM 9.2. Let S : .91 __ /Ji] be a strictly local and faithful functor. Then the 
functor se : d c ---+/Ji] of Theorem 8.1. iSfaithfuZ.lf Sis r-transportable then so is se. 

10. Perfect functors 
Let S : d __ /Ji] be a strictly local functor, let .91' be a full local category of 

.91, and let r be a family of isomorphism in /Ji] satisfying (r.l)-{r.3). We shall say 

that .91' is locally r-dense in d if the r-closure .9/' of iji (cf. §2) is a rich sub
category of d. 

A strictly local functor S : .91 ---+!II is called r-perfect if it is faithful, r-trans
portable and collatable. 

THEOREM 10.1. Every strictly local faithful functor S: .91 -+!II admits a factori
zation 
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where d* is a local category in which d is a locally r-dense subcategory, 1 is the 
inclusion and S* is r -perfect. 

This factorization is essentially unique in the same sense as in the earlier theorems. 
For the proof, we first apply Theorem 9.1 and obtain a factorization 

d~dr~fJI, 
then we apply Theorem 8.1 to Sr and obtain the factorization 

d r ~ dr. ~ fJI. 

Then d is locally r-dense in d* = dr. and the strictly local functor S* = Sr. 
is faithful and r-transportable by Theorem 9.2 and is collatable. Thus S* is 
r-perfect. 

Let S : .sf -+ fJI be r-perfect and let JI be a locally r-dense subcategory of d. 
The uniqueness feature of Theorem 10.1 implies that d may be identified with 
JI* = Jlr •. 

11. Fibre bundles 
Let fJI be a local category and ff any category. The category (fJI, ff) of forma 

bundles with bases in fJI and fibres in ff is defined as follows: An object of (fJI, ff) 
is a pair (B, 4» consisting of an object Bin fJI and a function 4> which to each point 
x of L9J(B) assigns an object 4>x of ff. A morphism (B, cp) -+ (B', cpt) is a pair 
(f, 1jJ) consisting of a morphism f: B -+ B'in fJI and a function 1jJ which to each 
x E L~(B) assigns a morphism 1jJx : 1jJx -+4>'x'infJI, where x' = L~(j)x.Composition 

is defined in the obvious manner. We have a natural functor Q : (/JIJ, ff)-+fJ1 
given by Q{B, 4» = B, Q(f, 1jJ) =f. Composing Q with L~: /JIJ -+!T we obtain a 
functor L(9J, F) : (fJI, ff) -+!T. The structure of (88, ff) as a local category 
(relative to the functor LUll, F) is defined by setting (B, 4»jU = (Btu, 4>jU), with 
the inclusion maps i(B, .p)tu defined in the obvious manner. The functor Q is then 
strictly local. In (88, ff) we consider the family r of all isomorphisms (j, 1jJ) for 
whichfis an identity in /JIJ. This family r satisfies properties (r.1)-(r.3). 

A category of bundles with bases /JIJ and fibres ff is by definition a local category 
d together with a r -perfect functor S: d -+(/JIJ, ff). The category d is completely 
determined by any locally r-dense subcategory JI. Conversely, given a local 
category JI together with a strictly local and faithful functor S: JI -+ (/JIJ, ffl, 
there is an essentially unique category of bundles d (with base /JIJ and fibres ff) in 
which Jt is locally r -dense. 
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SUR LA TOPOLOGIE DES VARIETEs ALGEBRIQUES 
EN CARACTERISTIQUE p. 

JEAN-PIERRE SERRE 

Introduction 

Comme 1'a signa Ie A. Weil, l'un des problemes les plus interessants de la geo
metrie algebrique sur un corps de caracteristique p > 0 est de donner une definition 
satisfaisante des "nombres de Betti" et des "groupes d'homologie" d'une variet6 
aIgebrique X (supposee projective et non singuliere). 

En ce qui concerne les nombres de Betti, j'avais propose dans [13] de les definir 
par la formule suivante (imitee du cas classique): 

Qr designant Ie faisceau des germes de formes differentielles regulieres de degre r 
surX. 

Les En ainsi definis ont certaines des proprietes que l'on est en droit d'attendre 
de "nombres de Betti" : par exemple, ils verment la "dualiM de Poincare" 
Bn = B 2a--n, S1 d = dim X, cf. [13]. Cependant des resultats recents ont montre 
qu'ils peuvent posseder des proprieres pathologiques : c'est ainsi que, si g designe 
la dimension de la variet6 d'Albanese de X, on peut avoir g < h,Q,! (Igusa [6]), 
et aussi 11,0,1 =1= k1.O (cf. nO 20). Ces faits montrent que les Bn ne fournissent, tout 
au plus, qu'une majoration des nombres de Betti chercMs. 

D'ailleurs, si 1'on se place au point de vue "groupes d'homologie", l'insuffisance 
des HS(X, Qr) est claire: ce sont des espaces vectoriels de caracMristique p, alors 
que, comme l'a mis en evidence Weil, on a besoin de groupes de caracteristique zero, 
de fa90n it pouvoir y definir des traces et demontrer une formule de Lefscketz 
(donnant Ie nombre de points fixes d'une applicationreguliere de X dans lui-meme). 

Dans ~e present memoire nous indiquons comment l' on peut effectivement 
attacher it X des groupes Ha qui soient des modules sur un anneau A de carac
teristique zero, analogue a l'anneau des entiers p-adiques; ces groupes sont definis 
comme les limites projectives des groupes de cohomologie de X a valeurs dans des 
faisceaux de vecteurs de Witt. Ces groupes de cohomologie sont etudies dans Ie §l; 
on y verra notamment comment on peut definir la torsion de X, au moyen d'opera
tions semblables It celles de Bockstein; il semble bien que ce soit cette torsion qui 
soit responsable des phenomenes pathologiques cites plus haut. Nous avons dft 
laisser sans reponse une question importante : les Hrz sont-ils des A-modules de 
type fini~ (c'est vrai si q = 0 ou 1). De plus, les Hrz ne constituent certaint'ment 
qu'une partie de la cohomologie de X, celIe qui correspond aux kO,a du cas classique: 
c'est dire que nous n'avons encore aucune definition raisonnable des "nombres de 
Betti" a proposer. 

24 
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Le cas des courbes, auque1 est consacre Ie §2, est cependant encourageant. Le 
A-module HI est alors un A-module libre de rang egal a 2g - <7, g designant Ie 
genre de X et <7 Ie rang dll groupe des elements d'ordre p de Ill. jacobienne de X; 
l'entier a peut etre determine au moyen de la matrice de Hasse- Witt de X. Dans 
les demonstrations, un role decisif est joue par une operation sur les formes 
differentielles qui vient d'etre introduite par P. Cartier; comme les resultats de 
Cartier sur ce sujet n'ont pas encore eM publies, nous avons reproduit Ill. definition 
et 1es principales proprietes de cette operation. 

Enfin Ie §3 montre comment Ill. cohomologie a valeurs dans les vecteurs de Witt 
permet de classifier les revetements cycliques d'ordre p", etendant ainsi aux varietes 
de dimension que1conque des resultats connus pour les courbes ([5], [12]). 

§l. COHOMOLOGIE.A. VALEURS DANS LES VEOTEURS DE WITT 

1. Vecteurs de Witt 
Soit p un nombre premier qui restera fixe dans toute Ill. suite. Si A est un anneau 

commutatif, a element unite, de caracteristique p, nous designerons par W .. (A) 
l'anneau des vecteurs de Witt de longueur n a coefficients dans A (cf. [21J, §3). 
Rappelons qu'un element de W n(A) est un systeme q; = (ao, ..• ,an-I) avec 
ai E A; si fJ = (bo' ... , bn_ 1) est un autre vecteur, Ill. somme: 

q; + fJ = (co, .•• , cn- 1) 

est donnee par des formules: 

co= ao + bo 

c = a -"- b - Lm=P-l ~ (P) a,'Y'bP-'1t 
1 l' 1 m=l p mOO 

ou les Ii sont des polynomes a coefficients entiers dont on trouvera Ie procede de 
formation dans [21]. De meme, Ill. difference et Ie produit de deux vecteurs sont 
donnes par des operations polynomiales. 

Les anneaux W.,(A) sont relies par les operations suivantes; 
(a) L'endomorphisme de Frobenius F: W .. (A)-+ Wn(A) qui applique Ie 

vecteur (ao, ••• , an-I) sur Ie vecteur (a8, .•• , a~_l)' 
(b) L'operation de decalage V: Wn(A)-+ W n+1(A) qui applique Ie vecteur 

(ao' ••• , an_I) sur Ie vecteur (0, ao' •.• , an-I)' 
(c) L'operation de restriction R: Wn+1(A)~ Wn(A) qui applique Ie vecteur 

(ao' .•• , an) Sur Ie vecteur (ao' •.• , an_I)' 
Les operations F et R sont des homomorphismes d'anneaux; cUes commutent 

entre elles. L'operation Vest additive, et verifie l'identite (Vx) • y = V(x' FRy) 
pour x EO Wn(A), y E Wn+1(A). On a en outre RVF = FRV = RFV = P 
(multiplication par p). 
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.Nous noterons WeAl l'anneau des vecteurs de Witt (ao, ••• , an' .•. ) de longueur 
infinie; c'est la limite projective, pour n infini, du systeme forme par les Wn(A) 
et les homomorphismes R. Les operations Vet F sont definies sur WeAl et veri
flent la relation VF = FV = p; comme V et F sont injectives, on en conclut 
que l'anneau WeAl est un anneau de caracteristique O. 

EXEMPLE. Prenons pour A Ie corps F'fJ = Z/pZ; l'anneau Wn(F'fJ) est alors 
canoniquement isomorphe a Z/p"Z, et l'anneau W(Fj» est canoniquement iso
morphe a l'anneau Z'fJ des entiers p-adiques; dans ce cas, l'operation Fest 
l'identite. 

Plus generalement, SI k est un corps parfait de caracteristique p, l'anneau 
W(k) est un anneau de valuation discrete, non ramifie, complet, ayant k pour 
corps des restes (cf. [21], §3); en particulier, W(k) est un anneau principal, d'unique 
ideal maximal p W(k) verifiant W(k)/p W(k) = k. 

2. Faisceaux de vecteurs de Witt sur une variete algebrique 

Soit X une variete algebrique definie sur un corps algebriquement clos k de 
caracteristique p, et soit (f) Ie faisceau de ses anneaux locaux (cf. [14], nO 34). 
Pour tout x EX, l'anneau (f)", est un anneau de caracteristique p, et, si n est un 
entier > 1, on peut former l'anneau Wn«(f)",); lorsque x varie, les Wn«(f)",) forment 
de fa\(on naturelle un faisceau d'anneaux, que nous noterons ir",. En tant que 
faisceau d'ensembles, ir nest isomorphe a (f)n; mais, bien entendu, les lois de com
position de ces deux faisceaux sont differentes si n > 2. 

Les operations F, Vet R du nO 1 definissent des operations sur les faisceaux if' n 
que nous noterons par les memes symboles. On a la suite exiwte, valable si n > m: 

(1 ) 

Pour m = 1 on a if'm = (f), d'ou la suite exacte: 

(2) 

On voit ainsi que ir" est extension multiple de n faisceaux isomorphes a (f); 
cela permet d'etendre aux ir n un grand nombre de resultats cannus pour Ie 
faisceau (f); par exemple, on peut facilement montrer (en utilisant [14], nOs 13 et 16) 
que les if' n sont des faisceaux eoherents d'anneaux, au sens de [14], nO 15. 

Puisque les if' n sont des faisceaux de groupes abeliens, les groupes decohomologie 
Hq(X, "If'"n} sont definis pour tout entier q > O. Si l'on note A l'anneau W(k), 
les "If'"" sont des A-modules, annules par pn A, et il en est done de meme des 
HfJ(X, ir n)' Les operations induites par F, V et R sur les Hq(X, ir n) sont semi
lineaires: on ales formules 

(3) F(AW) = A'fJ F(w), V(AW} = ;'21-1 Yew), R(2w) = AR(w), A EA. 

La proposition suivante donne les principales proprietes elementaires des 
H"(X, if'n): 
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PROPOSITION 1. (a) On a Hfl(X, nJII" n) = 0 pour q > dim X. 
(b) 8i X est une variete affine, on a Hfl(X, -Yr,,) = 0 pour q > O. 
(c) Si X e8t une variete projective, le8 A-modules Hq(X, iF,,) 80nt des module8 de 

longueur finie. 
(d) Si U est un recouvrement fini de X par de8 ouvert8 affines, on a Hq(U, nJII" ,,)= 

Hq(X, nJII" ,,) pour tout q > O. 
(e) A toute 8uite exact"i: 0 -+ nJII" " -+ f11J -+ f(f -+ 0, ou f11J et f(f 80nt des fai8ceaux 

quelconques, est a880ciee une 8uite exacte de cohomologie: 

Puisque Ie faisceau ('J est un faisceau algebrique coherent, la suite exacte (2) 
veme les hypotheses du Theoreme 5 de [14], nO 47, et l'on obtient une suite exacte 
de cohomologie: 

(4) 

En utilisant (4), on ramene immediatement les assertions (a), (b), (c) de la 
Proposition 1 au cas particulier n = 1, ou elies sont connues ([15], th.2-[14], 
nO 46-[14J, nO 66). Les assertions (d) et (e) resultent de (b) en appliquant les raison
nements de [14J, nO 47. 

REMARQUE. En utilisant (b), on peut montrer que les groupes de cohomologie 
Hq(X, nJII" ,,), definis ici par la methode des recouvrements, coincident avec ceux 
definis par Grothendieck comme les Ext" du foncteur r(X, ~). 

3. Operations de Bookstein 
La construction des faisceaux "If" n n'est pas speciale aux varietes algebriques et 

aux faisceaux de leurs anneaux locaux. N ous aurions pu l'appliquer it un complexe 
simplicial K, en remplac;(ant Ie faisceau ('J par Ie faisceau constant Z/pZ; it la 
place de "If" n. nous aurions obtenu Ie faisceau constant Z/p"Z. Ainsi, les groupes 
H"(X, '#'" ,,) apparaissent comme les analogues des groupes de cohomologie de K 
mod p"; nous allons poursuivre cette analogie en definissant des "operations de 
Bockstein" jouissant de proprietes semblables it celles du cas classique. 

D'apres la Proposition 1, (e), la suite exacte (1) donne naissance a une suite 
exacte de cohomologie, et, en particulier, it un operateur de cobord 

n>m. 

Le cobord o!,m sera appeIe une operation de Bodcstein en dimension q. Par 
definition, on a donc la suite exacte: 

vn - m Rn. Ofl 
•.. -+ H<l(X, "If" m) ~ H<l(X, ifF n) -+ H"(X, ifF n-m) ~ H"+l(X, ifF on) -+ ... 

Les operations de Bockstein sont semi-lineaires (de facton precise, o~m est 
pn-m-lineaire) et commutent avec F; eIles verifient aveC Vet R des relati~ns ~de 
commutation que nous laissons au lecteur Ie soin d'expliciter. 
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Lorsque n > 2rn, l'ideal vn-m( ir m) de "fI/ " est un ideal de carre nul; cela permet 
de calculer l'effet de o~.m sur un cup-produit. On trouve: 

(5) o~,m(x . Y) = o~,m(x) . Fn-m Rn-2my + (-It F"-:m R,,-2mx . o!,m(Y), 

ou x E HT(X, "fI/ n-m) et Y E HS(X, "fI/ .. _m), avec r + 8 = q. 

Par analogie avec Ie cas classique, nous dirons que X n'a pM de torsion (homo
logique) en dimension q si les o!,m sont nuls pour tous Ies couples (n,m), avec 
n > m. En vertu de Ill, suite exacte ecrite plus haut, cela signifie que les homo
morphismes 

Rm : Hq(X, "fI/ ,,) -+ Hq(X, ir n-m) 

sont surjectifs; on verifie d'ailleurs facilement qu'il suffit que les homomorphismes 
Hq(X, ir ,,) -70- Hq(X, &) Ie soient. 

EXEMPLES. Une variete aigebrique X de dimension r n'a de torsion ni en dimen
sion r (puisque HTH(X, ir m) = 0 d'apres la Proposition 1), ni en dimension 0 
(car toute section f du faisceau & se remonte en une section (j, 0, ... ,0) du 
faisceau ir ,,). Ainsi, une courbe algebrique est sans torsion. Par contre, les surfaces 
construites par 19usa dans [6] ont de la torsion en dimension I; nous verrons au 
nO 20 un exemple analogue. 

Les operations fJ ... 
A cote des operations de Bockstein que nous venons de definir, et qui operent 

sur les divers groupes Hq(X, ir ,,), il y a interet a introduire des operations fJn' non 
partout definies, operant sur 

La premiere de ces operations 

n'est autre que l'operation de Bockstein oh associee a Ill, suite exacte: 

0_ &- if!" 2 ----> (1) - O. 

On a fJ~ 0 fJ~-l = 0, ce qui permet de poser Hq(X, (1})2 = Ker {fJn/lm (f1~-1); 
I'operation fJ~ appliquera alors Hq(X, @h dans Hq+l(X, (1}b et ainsi de suite. 

De fayon precise, posons: 

(6) 

et 

(7) 
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Les Z! (resp_Ies B!) vont en decroissant (resp. en croissant) avec l'entier n, et 
Ies Z! contiennent les Bin; pour n = 1, on a Bi = 0 et Z'J. = Hq(X, (I); pour 
n= 2, on a BK = rm (fJ'i-l) et ZK= Ker (PD, detelle sorte que ZK/B~= Hq(X, (1)2-

De fa<;on generale, on posera Hq(X, (I)n = ZUB$.; si x E Z!, choisissons un 
y E Hq(X, if/' n) tel que Rn-Iy = x, et posons z = L5!+1,1 (y), qui est un element de 
HHl(X, (I); on verifie tout de suite que l'application x--+z definit par passage au 
quotient un homomorphisme 

[J'f. : Hq(X, (I)n --+ Hq+1(X, (I)n' 

et que l'on a Ker ({J'f.)= Z!+1IB! et Im ([J'f.-l) = B!+1IB!. Les P! sont les operations 
cherchees_ Pour qu'elles soient identiquement nulles, il faut et il suffit que X n'ait 
pas de torsion: cela resulte immediatement de l'expression (6). On notera Ia 
formule suivante, consequence de la formule (5): 

(8) 

En particulier, en prenant pour y un element de degre 0, on voit que Pn est 
une operation pn-lineaire. 

REMARQUES. (1) Nous aurions egalement pu definir les P .. comme les differen
tielles successives de la suite spectmle definie par 1a filtration {V"'if/ N-"'} de if/N 
(N etant pris suffisamment grand). 

(2) n y a tout lieu de penser que l'on peut definir des puissances reduites de 
Steenrod dans H*(X, (I) et que PI coincide avec l'une de ces puissances. En tout 
cas, lorsque p = 2, un calcul direct montre que l' operation 

coincide bien avec Ie cup-carre. 

4. Un lemme sur les limites projectives 
Nous aurons besoin au nO 5 du resultat suivant (bien connu dans Ie cas des 

espaces vectoriels): 
LEMME 1. La limite projective d'une suite exacte de m.odu~es de longueur ftnie est une 

suite exacte. 
Rappelons brievement Ill. demonstration. Soit I un ensemble ordonne filtrant 

pour une relation d'ordre noMe > , et soient (Ai' iii)' (A~, iM at (A;, i~) trois 
syswmes projectifs, indexes par I, formes de modules de longueur finie sur un 
anneau A; supposons donnee, pour tout i E I, une suite exacte: 

A {Ii I h'A" 
i-7A, -7 .' 

avec ii;rh = giii;' i';;hi = hii';; si i > j (les applications iii' ... ,hi etant semi· 
lineaires). Dans ces conditions, il nous faut demontrer que la suite: 

lim{Ai' iii} !.lim(AU;j)! lim(AZ,fij) 

est une suite exacte. 
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Soit donc (a;) E lirn(A~,f#) un element du noyau de h; cela signifie que 
h.(aD = 0 pourtouti EI,etsil'onposeBi= gil (a~),lesBi sont des sous-modules 
affines non vides des Ai' avec fi/B.) C B j • Soit 6 l'ensemhle des systemes {Oil 
ou les 0i sont des sous-modules affines non vides des B i , verifiant fij(Oi) C OJ. 
L'ensemble 6, ordonne par inclusion descendante, est un ensemble inductif; 
cela resulte immediatement du fait que les sous-modules affines d'un module 
de longueur finie verifient la condition minimale. D'apres Ie theoreme de Zorn, 
6 possMe un element minimal, soit {OJ Si io E I, lesfi • .(0i), i > io, sont des sous
modules affines de 0i

o
' d'intersections finies non vides; en appliquant a nouveau 

la condition minimale aux sous-modules affines de Ai' on voit que l'intersection des 
fii.(Oi) est non vide; soit aio un element de cette interseotion. Posons maintenant 
O~ =fii,/(aio) n 0isii > io, etO; = Oisinon. Ona{On E 6, commeonlevoittout 
de suite, d'ou 0; ~= 0i en vertu du caractere minimal de {O.}. En particulier, on a 
0;. = Oio' ce qui signifie que 0'0 est reduit a {aiJ Ceci s'applique a tout indice 
i E I, et montre que 0i = {ail; on a fii(ai) = ai' et Yi(ai ) = a~, ce qui montre 
bien que {ail est un element de lim(Ai,fii) ayant {an pour image, cqfd. 

5. Cas des varietes projectives 
Nous supposerons a partir de maintenant que X est une varieJe projective. 

Les HfJ(X, &) sont alors des k-espaces vectoriels de dimension finie, ce qui entrame 
diverses simplifications; par exemple, les Z~ et les B~ definis au nO 3 forment des 
suites stationnaires, et les homomorphismes Pi. sont nuls pour n assez grand: 
nous noterons Z'{, (resp. B'{,) la valeur limite de Z'/. (resp. de B~) pour n-+ +00. 

Pour tout entier q > 0, les A-modules HfJ(X, 1f/ n) et les homomorphismes 
Rn-m : HfJ(X, if!' n) -+ HfJ(X, if/ n-m) forment un 8Y8teme projectif. La limite 
projective de ce systeme sera noMe HfJ(X, if/), ou simplement HfJ; c'est l'analogue, 
dans Ie cas classique, de la cohomologie a coefficients entiers p-adiques; on notera 
toutefois que nous n'avons pas defini les HfJ comme des groupes de cohomologie 
de X a valeurs dans un certain faisceau, mais simplement comme des limites 
projectives de tels groupes. 

Les HfJ sont des A-modules, de fa90n evidente; de plus, ils peuvent etre mums, 
par passage a la limite, des operations Vet F; comme d'ordinaire, Vest p-l-lineaire, 
Fest p-lineaire, et l'on a VF = FV = p. Du fait que les Ha(x, 1f/ .. ) sont des 
A-modules de longueur finie, on peut appliquer Ie Lemme 1 aux suites exactes: 

•.. -+ H([(X, if/ N)!: H'1(X, if/ N+n) -+ HfJ(X, if/" n) -- ... , 

et l'on obtient les suites exactes: 

(9) H a V" Hq Hq(X "/f/ ) b~ HHl ... -+ -7 -? '''n~ --)0- .... 

Pour 1. = 1, l'image de HfJ dans HfJ(X, l!J} n'est autre que Z'{,: cela resulte du 
Lemme 1. Ainsi, pour que X n'ait pas de tor8ion en dimension q, il faut et ilsuffit 
que bf soit nul, et les autres b~ sont alors automatiquement nuls. 

Pour n quelconque, la suite exacte (9) montre que I'image de HfJ dans HfJ(X, if/" ,,) 
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s'identifie a HqjV"Hq; il en resulte que Hq est limite projective des Ha/vnHq, ce 
qui signifie: 

(a) que nV"H'l= 0, 
(b) que Hq est clYJ11,plet pour la topologie deiinie par les sous-groupes V" Hq. 
Posons T~ = Ker (V" : Ha--+ Ha); d'apres (9), c'est aussi l'image de l'homo

morphisme (j~-\ ce qui montre que c'est un sous-module de longueur finie de 
H'l. On a evidemment T~ c T~+l> et les suites exactes: 

(10) 

montrent que T~+1!T~ est isomorphe a Z~+ilZ~I. n en resulte que la suite des 
T~ est stationnaire; nous designerons par TfJ. sa limite, et nous l'appellerons la 
CIYJ11,posante de torsion de Ha; la relation Tq = 0 signifie, en vertu de ce qui precede, 
que X n'a pas de torsion en dimension q -1. n est facile de calculer la longueur 
l(Tq) du A-module Tq; on trouve: 

(ll) 

REMARQUE. Jusqu'a present, les A-modules Hq se comportent exactement 
comme les groupes de cohomologie d'un complexe :£ini K a coefficients dans Z1J' les 
Til jouant Ie role des composantes de torsion. Mais, alors qu'il est evident que les 
Hq(K, Z1J) sont des Zll-modules de type fini (i.e. engendres par un nombre fini 
d'elements), il n'est nullement evident que 1es Hil soient des A-modules de type jini. 
En fait, c'est Ie cas pour HO qui est isomorphe a At' (r designant Ie nombre de 
composantes connexes de X), et c'est aussi Ie cas pour HI si X est normale (cf. 
Proposition 4); par contre, ce n'est pas Ie cas pour Ie groupe Hi d'une courbe de 
genre 0 ayant un point de rebroussement ordinaire (cf. nO 6). De fac;on generale, 
je conjecture que tous les Hil d'une varieM projective non singuliere sont des 
A-modules de type fini. 

PROPOSITION 2. Supposons que Hil soit un A-module de type fini. Alors son module 
de torsion est Ta et, si l'on pose Lq = HalTa, 1e A-module Lil est un A-module libre, 
de rang egal a l(Lil/VLq) + l(LqjFLq). 

Tout d'abord, on sait qn'il eriste un entier n tel que Tq = T~, d'ou Ie fait que 
V" est identiquement nul sur Tq; comme p = FV, on en conclut que tout element 
de Til est annule par p", ce qui montre que Ta est contenu dans Ie sous-module 
de torsion T' de H2. Soit maintenant V': T'/Til--+ T'fTq l'application deduite 
de V par passage au quotient; vu Ia definition de TfJ,l'application V' est injective; 
mais, puisque Hfl est suppose etre un module de type fim sur l'anneau principal A, 
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Ie module T' est un module de longueur finie, et I'application V' est alms bijective. 
D'on: 

et, en appliquant Vn, 

Puisque n vnHfl = 0, on en deduit vnT' = 0, d'on T' c Tq et T' = Tfl, ce qui 
demontre la premiere partie de la proposition. 

II est alors evident que Lfl = Hfl/Pfl est un A-module libre, de rang egal ala 
dimension du k-espace vectoriel LfljpLfl= Lfl/FVLfl. On a: 

dimk(LfljFVLq) = l(Lfl/VLq) + l{VLfljFVLfl) = l(LfljVLfl) + l(LqjFLq), 

puisque Vest un semi-isomorpmsme de Lfl sur VLq; ceci acheve de demontrer la 
proposition. 

COROLLAlRE .. Si Hl est un module de typejini, c'est un module libre. 
En effet, pI est reduit a 0, puisqu'une variere n'a pas de torsion en dimension O. 
La Proposition 2 montre que, si Hq est un A-module de type fini, LqjFLfl 

est un module de longueur finie, et il en est de meme de Hq/FHq, puis que Hq 
ne differe de Lq que par Ie module de longueur finie pq. Inversement: 

PROPOSITION 3. Si Hq/FHq est un module de longueur jinie, alors Hq est un module 
de type jini. 

L'hypothese entral'ne que l(VHq/VFHfl) < +ro, d'ou: 

II est donc possible de choisir dans Hq des elements Xl' • , • , Xl; en nombre fini, 
dont les images dans Hq/pHq engendrent ce module; si H' designe Ie module 
engendre par les Xi dans Hfl, on a donc: 

(12) 

Prouvons que H' = Hq, Montrons d'abord que H' est dense dans Hfl, muni de la 
topologie definie par les VnHq. Posons Mn = Hfl/(H' + vnHfl); la relation (12) 
montre que Mn = p·M", et, comme M" est un module de longueur finie (puisque 
quotient de HqjvnHq), ceci entrame M", = 0, d'ou Hq = H' + V"'Hq pour tout 
n, ce qui signifie bien que H' est dense dans Hq. Montrons maintenant que H' 
est complet pour la topologie induite par celle de Hfl, ce qui entramera qu'il est 
fermi, done egal a Hfl. Posons H~ = H' n vnHfl; les H~ sont des sous-modules 
de H' formant une base de voisinages de 0 pour la topologie induite sur H' par Hf1; 
on a nH~ = 0 et les quotients H'IH~ sont de longueur finie; comme H' est un 
module de type fini sur fanneau local complet A, il en resulte que la topologie 
definie par les H~ est identique ala topologie p-adique de H', definie par les sous
modules pkH' (cf. [II], p. 9, prop. 2, qui s'etend immediatement aux modules de 
type fini sur un anneau semi-local complet); comme H' est complet pour la topo
logie p-adique, ceci acheve la demonstration. 
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COROLLAIRE 1. Pour que taus les Hfl, q > 0, sownt des m,odules de type jini, it 
faut et il suffit que 1es limites projectives des modules Hfl(X, if/' nl Fif/ n) soient des 
modules de longueur jinie. 

Soit Sf[ = lim Hq(X, if/ nl Fif/ 7,). Par passage a la limite a partir des suites 
exactes: 

on obtient la suite exacte: 

(14) .. . -+HqlrHq-+Sq-+HHl-+ ... 

Si les Hq sont des modules de type fini, on a vu que Ie conoyau de F est un module 
de longueur finie, donc aussi son noyau; la suite exacte (14) montre alors bien que 
sq est de longueur finie. Inversement, si Sfl est de longueur finie, il en est de meme du 
conoyau de F, et l'on peut appliquer la Proposition 3. , 

(II est facile de voir que les Hfl(X, if/ nl Fif/ n) et les sq sont des A-modules 
annuIes par p, autrement dit sont des espaces vectoriels sur k.) 

COROLLAIRE 2. Soit q un entier >0; SUppOSDnS que X n'ait de torsion ni en 
dimension q - I ni en dimension q, et que l'homomorphisme 

soit surjectif. Alors Hfl est un A-module libre de rang egal a dim Hq(X, (I). 

Puisque X n'a pas de torsion en dimension q, on a Z'&, = Hfl(X, (l) et l'hypothese 
faite sur F signifie que F: HflfvHq-+Hq/VHfl est surjectif. On en deduit aus
sitot, par recurrence sur n, qu'il en est de meme de F: HqIVnHq-+HqlvnHq, 
et, en appliquant Ie Lemme 1, on voit que FHq = HII. Comme X n'a pas de torsion 
en dimension q - 1, on a Tfl = 0 et Hq = Lq. Le corollaire s'ensuit, en appliquant 
les Propositions 2 et 3. 

(Nous laissons au lecteur Ie 80m d'enoncer un resultat plus general, sous la 
seule hypothese que F : Z~ -+ Z~ soit surjectif.) 

6. Un contre-exemple 
Soit X une courbe de genre zero, presentant un point de rebroussement ordinaire 

P; nous allons voir que Hl(X, if/) n' est pas un A-module de type fini. 
Si X' designe la combe deduite de X par normalisation, l'application canonique 

X' -+ X est un homeomorphisme, ce qui nous permet d'identifier les espaces 
topologiques X et X' . Si (l) et (l)f designent respectivement les faisceaux des anneau:x 
locaux de X et de X', on a (I)", c (I)~ et (I)", = (I)~ pour x =f:: P; quant a (l)p, c'est 
Ie sous-anneau de (l)~ forme des fonctions f dont la differentielle df s' annule en P 
(une teIle fonction s'ecrit donc 

f = ao + azt2 + u:l3 + ... ; 
c'est la definition meme d'un point de rebroussement ordinaire). 
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On obtient ainsi une suite exacte: 

(15) 0-+ (!)-+ (f)' -+!2-+ 0, 

ou!2 est un faisceau concentre en P, et tel que !2p = le. D'ou une suite exacte 
de cohomologie: 

(16) 

On a HO(X, .2) =!lp = le, et Hl(X, (f}') = Hl(X', (f}') = 0 (puisque X' est une 
courbe non singuliere de genre 0). II en resulte que dim Hl(X, (f}) = 1, d'ou, par 
recurrence sur n, l(HI(X, ir n» = n; on a d'ailleurs, pour tout entier n, une suite 
exaete analogue a (15): 

(17) 

et l'homomorphisme cobord a : HO(X, !l".) -+ Hl(X, ir n) est bijectif. L'operation 
F : ir~ ~ ir~ applique evidemment ir n dans lui-meme, donc definit un homo· 
morphisme d~)a suite exacte (17) dans elle-meme; de plus, si f E (f)~, la fonction 
Ff . jiJ a line differentielle identiquement nulle, donc appartient a (!)p; ainsi, 
F applique Ie faisceau ir~ dans ir n' et Ie faisceau quotient !l". dans O. Si l'on 
considere alors Ie diagramme commutatif: 

HO(X, .2",)!. Hl(X, "IY n) 

F! F! 
HO(X, .2

7O
)!. HI(X, ir n), 

on voit que F : Hl(X, "IY • .l -+ HI(X, ir n) est identiquement nul. II s'ensuit que 
p annule Hl(X, ir "') qui est donc un espace vectoriel sur le, de dimension egale 
an, d'apres ce qui a 13M dit plus haut. Quant a HI, limite projective des Hl(X, "/1'"".), 
c'est un espace vectoriel sur le de dimension infinie. (il est topologiquement iso
morphe a l'espace produit leN, N designant l'ensemble des entiers >0); ce n'est 
donc pas un A-module de type fini. 

REMARQUE. La snite exacte (15) s'applique plus generalement a toute courbe 
X et a sa normalisee X'; la suite exacte (16) montre alors que dim HI(X, (!) n'est 
pas autre chose que Ie "genre" 77 de X, au sens defini par Rosenlicht dans [9]; en 
appliquant [14], nO 80, on voit done que 1e genre arithmetique de la courbe (a singulari
tbl) X est egal a 1 - 77, si X est connexe. 

7. Le premier groupe de cohomologie d'une variate 
projective normale 

Soit tout d'abord A un anneau commutatif quelconque, et soit 

ex: = (ao, •.. , an-I) 

un element de W",(A}. Nous associerons a ex: la forme differentielle de degre 1 
donnee par Ia formulc suivante: 

(18) 
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Lorsque A est un anneau de caracwristique 0, les composantes a(O), all), ••• , 

a(n-l} de IZ sont definies (cf. [21], §1), et l'on a evidemment: . 

(19) 
1 

Dn(rx.) = --1 da(n-l). 
p1l-

De la fonnule (19) on deduit aussitot; 

(20) D • .(rx. + (3) = D,,(rx.) + D .. ({3) 

et 

(21) 

En vertu du principe de prolongement des identites, la formule (20) reste 
valable lorsque A est un anneau de caracwristique p, alors que la formule (21) 
est remplacee par la suivante: 

(22) D .. (IZ • (3) = D .. (IX) • F .. -lRn-l{3 + Fn-lRn-llZ • D .. ({3). 

Ceei s'applique notamment it l'anneau local A = tJ", d'un point x sur une variew 
normale X, et l'on obtient ainsi un homomorphisme 

Dn: Wn(tJ",)~£1!, 

en designant par £1! Ie @.,-module des germes de formes differentieI1es de degre 1 
sur X qui n'ont pas de pole en x (i.e. dont Ie diviseur polaire ne passe pas par x). 

Si l'on a rx. E FW .. (@",), c'est-a-dire si les ao' ... ,an- l sont des puissances 
p-emes, on a evidemment Dn(lZ) = 0; inversement, il est classique que la relation 
Dl(a) = da = 0 entralne que a est une puissance p-eme dans Ie corps k(X) des 
fonctions rationnelles sur X; plus generalement, il n'est pas difficile de montrer 
(par exemple en utilisant l'operation a de Cartier, cf. nO 10) que la relation 
D,,(ot) = 0 entraine que chacun des ai est une puissance p-eme bf, avec bi E k(X); 
mais Ia relation bf = ai montre que bi est entier sur @"" done apparlient a tJ",,-VU 
l'hypothese de normalite faite sur X. Aillsi, Ie noyau de Dn est exactement 
FW"(tJ,,,) et, en passant aux faisceaux, on obtient: 

LEMME 2. L'application Dn aejinit par passage au quotient une injection au 
faisceau ir .. IF1I/" n dans lefaisceau £11 des germes deformes differentielles aepourvues 
de p6les. 

Supposons maintenant que X soit une variere projective et norma},e. D'apres 
Ie Lemme 2, HO(X, ir.JFirn ) est un sous-espace vectoriel de HO{X, £11), qui 
est un espacevectoriel de dimensionfinie(£1l etant unfaisceau algebrique coherent); 
on en deduit que dim HO(X, irnIFir • .> est bornee pour n~ +00; soit ')I cette 
borne, et posons: 

g = dim Z~ = dim [1m: Hl~HI(X, @)]. 

PROPOSITION 4. Les hypotheses et notations etant comme ci-dessU8, le A-module 
HI = Hl(X, ir) est un module libl'e de rang <g + 11, l'egalite ayant lieu si X n'a 
pas de torsion en dimension 1. 
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Les HO(X, ir n/ Fir n) forment une suite croissante de sous-espaces de HO(X, Ql), 
et il existe donc un entier m tel que l' on ait dim HO(X, ir nl Fir n) = 'I' pour 
n > m. De la suite exacte de faisceaux: 

F 
0-+ ir '" -+ ir n -+ ir n/ Fir n -+ 0, 

on deduit la suite exacte suivante (qui n'est qu'un cas particulier de (13»: 

O-+HO(X, irrJFirn)-+Hl(X, irnr!Hl(X, ir",). 

Comme HI(X, ir n) est un A-module de longueur finie, on tire de la: 

(23) pourn> m. 

Puisque HI/FHl est limite projective des Hl(X, ir r.)/FHI(X, ir n), on a aussi 
l(Hl/FHl) < '1', ce qui, d'apres la Proposition 3, entraine que HI est un A-module 
de type fini. De plus, on sait que Tl = 0, d'on LI = HI, avec les notations du 
nO 5, et HI! VHl = z1,; en appliquant la Proposition 2, on en deduit que HI est un 
A-module libre de rang egal it dim z1, + l(HljFHl) < g + 1', ce qui demontre la 
premiere partie de la proposition. 

Supposons maintenant X sans torsion en dimension 1. Les homomorphismes 

sont surjectifs, done aussi les homomorphismes obtenus par passage au quotient 

Mais, si n > m, ces deux modules ont meme longueur '1', et il s'ensuit que Rest 
bijectif; en passant a la limite, il en est donc de meme de l'homomorphisme 
Hl/FHl-+Hl(X, ir,J/FHl(X, irn), et l'on a l(Hl/FHl) = 1'; en appliquant a 
nouveau la Proposition 2 on en conclut bien que Ie rang de HI est egal a g + '1', 

cqfd. 
REMARQUES. (1) Meme lorsque X a de la torsion en dimension 1, on peut calculer 

Ie rang de HI. On trouve: rg(Hl) = g + l' -l(T2/FT2). 
(2) La Proposition 4 est encore valahle si 1'on ne suppose plus que X est normale 

roais seulement que les relations a E k(X), a'P E (f)", entralnent a E (f)",; cela suffit 
en effet a assurer que ir "'/ Fir n est un sous-faisceau de Ql. 

§2. CAS DES COURBES ALGEBRIQUES 

Dans tout ce §4, X designera une courbe algebrique irrBductible, complete (donc 
projective), sans singularites, definie sur Ie corps algehriquement clos k, de caracter
istique p > O. 

8. Rappel 
Montrons d'ahord comment les groupes de cohomologie HI(X, (f) et Hl(X, Q1) 

s'interpretent en termes classiques (cf. [1]): 
Soit K = k(X) Ie corps des fonctions rationnelles sur X; nous considererons 
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K comme un faisceau constant sur X (cf. [14], nO 36), contenant @ comme sous
faisceau. On a done la suite exacte: 

(24) 

Puisque K est un faisceau constant, et que X est im3ductible, on a Hl(X, K) = 0; 
1a suite exacte de cohomologie associee it. (24) donne donc naissance it. la suite 
exacte: 

(25) 

Cette derniere suite exacte est facile it. interpreter. Soit R l' algebre des repariitions 
sur X (cf. [1], p.25); rappelons qu'un element r E Rest une familIe {r",}.eX 
ou les r", sont des elements de K appartenant it. @'" pour presque tout x (Le. sauf 
pour un nombre fini). Les repartitions r = {r "'} telles que r", E @., pour tout x 
forment un sous-anneau R(O) de R; celles qui sont telles que tous les r", soient 
egaux it. un meme element de K forment un sous-anneau de R que ron peut 
identmer a K. On voit tout de suite que RfR(O) est canoniquement isomorphe a 
HO(X, K/@), et la suite exacte (25) donne donc en definitive un isomorphisme: 

(26) R/(R(O) + K) ~ Hl(X, @). 

Nous identmerons en general Hl(X, @) et R/(R(O) + K) au moyen de l'iso
morphisme precedent. On sait ([I], chaps. II et VI) que l'espace vectoriel 
R/(R(O) + K) est dual de l'espace HO(X, 0 1) des formes differentielles de lere 
espece, 1a dualite se faisant au moyen de 1a forme bilineaire: 

(27) (r, w) = 2a-ex res", (r ",w). 

En particulier, on a dim Hl(X, @) = g, genre de la courbe X. 
La forme bilineaire (27) peut aussi etre consideree comme Ie cup-produit de 

r E Hl(X, @) et de W E HO(X, 0 1), a valeurs dans Hl(X, 0 1) qui est canonique
ment isomorphe it. k (ce dernier isomorphisme s'obtient de la fa~JOn suivante: 
it. une c1asse de cohomo1ogie on associe, comme dans (26), une classe de "repartition
differentielIes" {co",} "'eX et, it. une telle repartition, on fait correspondre r element 
2",eX res (w",) qui appartient a Iv). C'est la un cas particulier du "theoreme de 
dualite", dont on trouvera l'enonce general dans [13], tho 4. 

REMARQUE. Une formule analogue a (26) vaut pour Hl(X, ir n}, amsi que pour 
Hl(X, .!l'(D)), D designant un diviseur de X. 

9. La matrice de Hasse-Witt 
Nous allons chemher 1a matrice de l'op6ration semi-lineaire 

F :Hl(X,@)-+Hl(X,@) 

par rapport a une base convenable de Hl(X, @). 
Remarquons d'abord que l'identmcation (26) transforme Fen 1'6levation a. la. 

puissance p-eme dans R. D'a,utre part, en utilisant la dualite entre R{(R(O) + K} 
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et HO(X, Ql}, on voit qu'il eriste g points PI' ••. , P g appartenant a x tels que, 
si t l , ••• ,tg sont des parametres uniformisants en ces points, les repartitions: 

forment une base du k-espace vectoriel R/(R(O) + K). (Un tel systeme de g 
points est parfois appele "non-special", cf. [lJ, p. 129.) 

Soit A = (aij) la matrice de F par rapport a la base des rio Par definition, on 
a donc: 

rF = 2:j:f aUrj mod (R(O) + K), 1 < i < g. 

Ces congruences signifient qu'il existe des fonctions fit E K telles que: 

En d'autres termes, chaque g. est regu!iere en dehors des points PI' .•. , Pg et 
admet lJiiltj - aufti pour partie polaire au point P; (lJij designant comme a 
l'ordinaire Ie symbole de Kronecker). On reconnait la la definition de la matrice 
de Hasse-Witt de X (cf. [5]). Nous avons donc demontre: 

PROPOSITION 5. La matrice de F: Hl(X, (!}) ~ Hl(X, (!}) par rapport a la base 
des r. (1 < i < g) n'est autre que la matrice de Hasse-Witt de X. 

Nous aurons besoin par la suite d'utiliser la reduction de Jordan de F (cf. [5] 
ainsi que [3J, nO 10). Rappelons brievement en quoi elle consiste: 

De fa90n generale, Boit Fun endomorpbisme p-lineaire d'un espace vectoriel V, 
de dimension finie, sur un corps algebriquement clos k de caracMristique p. 
L' espace V se decompose canoniquement en somme directe 

(28) V= V.® V"' 

au V. et V" sont stables par F, l'endomorpbisme F etant nilpotent sur V" et 
bijectif sur V.; les dimensions de VB et V" seront naMes respectivement a(V) et 
'JI(V). On montre en outre que V. possede une base e1,"', e" telle que F(e.) = e. 
pour tout i; les v E V tels que F(v) = v sont les combinaisons lineaires a coeffi
cients entiers mod p des ei , et forment done un groupe fini VF d'ordre p" et de 
type (p," . ,p); l'existence de la base e. fournit egalement Ie resultat suivant, 
qui nous sera utile plus loin: l'application 1 - F : V ~ Vest surjective. 

Soit V'l'espace vectoriel dual de V. Le transpose F' de F est un endomorphisme 
p-l-lineaire de V' defini par la formule: 

(29) (Fv, v') = (v, F'v')P pour V E V et v' E V'. 

A 1a decomposition (28) correRpond 1a decomposition dua1e: 

~ r=~®~ 

Si e; designe la base de V; duale de ei , on a encore F'e; = e~ pour 1 < i < CT, et les 
v' E V' tels que F'1J' := 1)' sont les combinaisons lineaires a coefficients ~tiers des 
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e;; ces v' forment donc un groupe dual du groupe VP'. {On observera que 1& de
composition (30) vaut pour tout endomorphisme p-l-lineaire d'un k-espace 
vectoriel de dimension fime, puisqu'un tel endomorphisme peut toujours etre 
considere comme Ie transpose d'un endomorphisme p-lineaire.} 

Ce qui precede s'applique notamment au cas OU V =Hl(X, (J) et V' =HO(X, .Ql). 
On ecrira alors simp1ement a et 'P a la place de a( V} et de 'JI( V); on a g = (/ + 'JI. 
Avec Ies notations de [5], l'entier a n'est pas autre chose que Ie rang de la matrice 
AAP . .. A21U

-
1

• 

La resultat suivant, dft a P. Cartier (non publie), sera demontre au nO 10; 
PROPOSITION 6. Pour tout entier m > 1, l'image de l'homomoiphisme 

est egale au noyau de la m-eme iteree F'm de F'. 
(Pour m = 1, ce resultat est facile a demontrer directement, et etait d'ailleurs 

deja connu, cf. [12], nO 6). 
n resulte de 1a prop. 6 que, pour m assez grand, l'image de D m est egale a. Ia 

"composante nilpotente" HO(X, Ql}n de HO(X, Ql} et a done pour dimension 'P. 

Ainsi,. l'entier 'P defini ci-dessus coincide avec celui defini au nO 7 comme 
Sup. dim HO(X, 11' mlF"ir m); en appliquant Ia Proposition 4, ettenant comptedu 
fait qu'une courbe n'a pas de torsion, on obtient finalement: 

PROPOSITION 7. Le A-module Hl(X, '1r) est un module libre de rang egal a g + 'JI = 
2g-a. 

En particulier, ce rang ne depend que de la matrice de Hasse-Witt de la courbe X, 
ee qui n'etait nullement evident a priori. 

10. Une nouvelle operation sur les formes dif'ferentielles 
Pour demontrer la Proposition 6, nous aurons besoin d'une operation sur les 

formes differentielies qui a ete definie par P. Cartier dans Ie cas des varietes de 
dimension queleonque. Dans Ie cas particuIier des courbes, auquel nous nous 
limiterons, cette operation avait deja ete envisagee par J. Tate [17J. 

Soit x un point de X, et soit t un element de (J)., dont la differentielie dt ne s'annule 
pas en x. On VeMe alors immediatement que les p fonctions 1, t, ... ,tp-l forment 
une base de (J)., considere comme module sur (J)~; en d'autres termes, toute fonction 
f E (J}", s'ecrit d'une mamere et d'une seule sons la forme: 

(31) 

Las if sont des combinaisons lineaires des derivees successives 

dkfldf" , 

en particulier, on a ffr-l = -d2l-1f!dtP- 1• 

Soit co = f dt un element de Qi, et posons: 

(32) 
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l'operation 0: O~~ O~ ainsi definie est l'operation de Oartier et Tate. On montre 
(cf. [17J, tho 1) qu' elle ne depe.nd pas de l' element t choisi; de plus, en prenant f 
dans K et non plus dans (!)." on prolonge 0 en une operation definie sur routes les 
differentielles (regulieres ou non) de X. 

Les deux propositions suivantes sont dues a Cartier: 
PROPOSITION 8. (i) 0(m1 + ( 2) = O(m1) + 0(m2). 

(ii) O(f1'm) = fO(m). 
(iii) O(df) = O. 
(iv) 0(jP-1df) = df· D om 
(v) La suite o~ ir ",,/Fir m -: 0 1 ~ Oc+O e8t une 8uite exacte (m > 1). 

Les formules (i), (ii) et (iii) resultent immediatement de (31) et (32); pour la 
formule (iv), voir [17J, Lemme 1. n est clair que 0 est surjectif, et (v) se reduit 
donc a montrer que Ker (0"") = 1m (D",,). Pour m = 1, cela signifie que O(m) = 0 
=> m = df, ce qui est immediat sur les formules (31) et (32); a partir de la, on 
va raisonner par recurrence sur m, en utilisant la formule (deduite des formules 
(i) a (iv» ; 

(vi) ODmoc = Dm _ 1Roc pour oc E ir m' 

n est clair que (vi) entrame que Im (Dm) c:: Ker (om); inversement, soit m E O~ 
tel que Om(m) = 0; vu l'hypothese de recurrence, il existe 13 E W m-l«(!).,) tel que 
Dm-1P = O(m); si I'on choisit un oc E W m«(!).,) tel que Roc = 13, on aura, d'apres 
(vi), O(m - Dmoc) = 0, d'ou, d'apres ce qu'on a vu plus haut, m - Dma. = df; 
en posant alors oc' = oc + Vm-lf, on aura bien m = Dmoc', cqfd. 

PROPOSITION 9. L'komomorpki8me 0 : HO(X, 0 1) ~ HO(X, 0 1) coincide avec la 
transpo8ee F'de l'operation F. 

n nous faut montrer que, si m est une forme differentielle, et l' une repartition, 
on a: 

(1''1>, m) = (r,Om)p. 
Ceci s'ecrit, en vertu de (27): 

2XEX res., (r~m) = 2XEX res., (1' ",Om )1', 

ce qui resulte de la formule suivante, facile a verifier: 

, (33) res", (n)P = res", (On), n etant une forme differentielle quelconque. 

La Proposition 6 est maintenant une consequence evidente de la Proposition 8, 
(v) et de la Proposition 9. 

REMARQUE. Comme l'a montre Cartier, l'operation 0 peut etre definie sur les 
formes differentielles fermee8 d'une variete algebrique de dimension quelconque; 
pour les formes de degre 1, les formules (i) a (iv) de Ia Proposition 8 subsistent saus 
changement alors que (v) doit etre formuIee de fayon Iegerement differente (il 
faut tenir compte dn fait que 0 et ses iterees ne sont pas partout definies). 

11. Classes de diviseurs d'ordre p 

Soit G Ie groupe des classes de diviseurs de X, an sens de I'equivalence lineaire; 
soit G p Ie sous-groupe des elements d E G tels que pd = O. 
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PROPOSITION 10. Le groupe 01) est canoniquement isomorphe au groupe additil 
des differentielles 0) E HO(X, !F) qui verifient 0(0) = 0). En particulier, c'est un 
groupe fini d' ordre p". 

(Pour la definition de l'entier ty, voir nO 9.) 
Nous allons tout d'abord definir une application (): 01)---,>-HO(X, ( 1). 
Soit dE 0 11, et soit Dun diviseur appartenant ala classe d; puisque pd = 0, 

il existe une fonction I*-O telle que pD = (f); posons 0) = dili, differentielle 
"logarithmique" de f. Si l'on change D en un diviseur equivalent D + (gl, ceci a 
pour effet de multiplier I par (11), ce qui ne change pas dIll; donc 0) ne depend que de 
d, et peut etre noMe (}(d). Enfin, si x EX, l'equation pD = (I) montre que l'on 
peut eCTIre 1= t1)u, ou u est une unite de m." d'ou dIll = duJu ce qui montre que 
dili n'a pas de pole en x; ainsi O(d) est bien une differentielle de lere espece. 

On verifie tout de suite que l'application () est un homomorphisme injectif de 
01) dans HO(X, Q1). On a de plus (}(d) = dlli, et les formules (ii) et (iv) de la 
Proposition 8 montrent que: 

O(dlll) = 0(j'J)-1 dflfll ) = 0(j1)-1 di)lf = dl/f. 

Inversement, si une forme differentielle 0) verifie l'equation 0(0) = 0), elle est 
de la forme dill d'apresun theoreme de Jacobson ([7], tho 15); si de plus 0) est 
une forme de premiere espece, l'ordre de la fonctionf en un point quelconque de X 
est divisible par p, ce qui signifie que (f) = pD, d'ou 0) = (}(d), en designant 
par d la classe du diviseur D. AIDsi () est bien un isomorphisme de G 1) sur l' ensemble 
des points fixes de 0 (au de F', cela revient au meme d'apres la Proposition 9), 
cqfd. 

REMARQUES. (1) La Proposition 10 etait connue «(12], 8atz II) dans Ie cas 
parliculier ou Ie corps de base k est la cloture algebrique de F 1)' cette hypothese 
permettant d'utiliser la theorie du corps de classes. 

(2) La Proposition 10 a ete etendue aux varieMs normales de dimension quel
conque par Cartier (Ie seul point non evident etant de montrer que l' eqnation 
0(0) = 0) caracterise encore les differentielles logarithmiques). 

(3) On peut dOlllier de la Proposition 10 une demonstration toute differente, 
basee sur la theorie de la jacobienne (cf. nO 19). 

12. Exemple: courbes elliptiques 
Onaalorsdim H1(X, m) = dim HO(X, 0 1) =(1 = 1, et lamatrice de Hasse-Witt 

de X se reduit a un scalaire A, l'invariant de Hasse de la courbe (cf. [4]); il n'est 
determine de fa90n unique qu'une fois choisi un element de base dans H1(X, m) 
ou HO(X, Q1). 8i, en caracMristique p *- 2, on suppose X donnee sous la forme 
de Legendre: 

y2 = x(x - 1) (x - l), 

on peut prendre pour element de base de HO(X, ( 1) la forme differentielle dx/y, 
et l'invariant A est une fonction P(A,) de A. M. Deuring [2] a montre que P(.l) est 
un polynome de degre (p - 1)/2 en it qui n'est identiquement nul pour aucune 
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valeur de p; il n'y a done qu'nn nombre fini de courbes elliptiques telles que A = 0, 
pour une caracteristique donnee. 

Resumons les proprietes de X suivant que A est nul ou non: 
ti) A*"() (cas "general"). On a 'P = 0, (j = 1. Le groupe des elements de X 

d'ordre pap elements; il eriste WE HO(X, 0 1), W =1= 0, avec Q) = dill, I E Tc(X). 
Le A-module H1(X, "fI/) est un module libre de rang l. 

(ii) A = 0 (cas "exceptionnel"). On a 'P = 1, a = O. Le groupe des elements 
de X d'ordre p a un seul element; toute forme Q) E HO(X, !}l) s'ecrit W = dl, 
avec IE Tc(X). Le A-module H1(X, "fI/) est un module libre de rang 2. 

Signalons egalement que, d'apres Deuring [2] (resp. Dieudonne [3]), la condition 
A*"O est necessaire et suffisante pour que l'anneau des endomorphismes de X 
soit comnmtatif (resp. pour que Ie groupe algebrique X soit "analytiquement 
isomorphe" au groupe multiplicatif Gm ). 

§3. REVETEMENTS CYCLIQUES D'ORDRE pn D'UNE VARIETE ALGEBRIQUE 

Les nOs 13, 14, 15 ci-dessous sont consacres a diverses proprietes elementaires 
des revetements; dans ces nOB, Ia caract6ristique du corps de base Tc est quelconque. 

13. Quotient d'une variete algebrique par un groupe 
fini d'automorpliismes 

Soit Y une variete algebrique, sur laquelle opere (a droite) un groupe fini G; 
dans tout ce qui suit, nous supposerons verifiee la condition: 

(A) Toute orbite de G est contenue dans un ouvert affine de Y. 
Puisqu'une orbite est un ensemble fini, la condition precedente est VeMee 

si Y est une sous-variet6 localement fermee d'un espace projectif: on Ie voit en 
appliquant les Lemmes 1 et 2 de [14], nO 52. 

Soit X l'ensemble quotient YIG, que nous munirons de la topologie quotient de 
la topologie de Zariski de Y; nous noterons 7T la projection canonique: Y -+ X. 
Si I est une fonction definie au voisinage d'nn point x EM, nous dirons que I est 
reguliere en x si 10 7T est reguliere au voisinage de 7T-1(X); on definit ainsi un sous
faisceau @xdufaisceau .fF(X) des germes de fonctions sur X. 

LEMME 3. La topologie et le faisceau precedent definissent sur X une structure 
de variete algebrique. . 

Supposons d'abord que Y soit une variet6 affine, d'anneau de coordonnees 
A, et soit AG l'ensemble des elements de A laisses fixes par G. Ou VeMe tout de 
suite que AG est une Tc-algebre de type fini, sans elements nilpotents, donc est 
l'anneau de coordonnees d'une variet6 affine Z; on montre ensuite, par des raisonne
ments eIementaires, que Z, ronnie de sa topologie de Zariski et de son faisceau 
d'anneaux locaux, est isomorphe a YIG, ronni de la topologie et du faisceau 
definis ci-dessus; ceci deroontre Ie Lemme 3 lorsque Y est affine. 

Dans Ie cas general, l'hypothese (A) montre que l'on peut recouvrir Y au moyen 
d'un nombre fini d'ouverts affines Vi' stables par G. D'apres ce qui precede, X est 
donc recouvert par les ouverts affines Ui = ViIG, ce qui montre que X veMe 
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l'axiome (V AI) de [14], nO 34. Quant a (VAn), il resulte de ce que X X X est 
isomorphe a (Y X Y)/(G X G). 

Nous ne poursuivronspas l'etude de YjG dans Ie cas general. Signa Ions seule
ment que YjG est une variete affine (resp. complete) si et seulement si Ya la meme 
propriete (pour les varietes affines, cela resulte de la demonstration du Lemme 3 
et du Theoreme 1 de [15]-pour les varietes completes, cela resulte directement 
de la definition donnee dans [15], §4). 

NOTE. Dans la litterature, on trouvera surtout discuM Ie cas particulier (qui 
est Ie plus important pour les applications) ou Y est une variete irreductible et 
normale; il en est alors de meme de X qui peut etre identifiee ala normalisee de la 
variete des "points de Chow" des orbites de G; inversement, Y est la normalisee 
de X dans l'extension des corps de fonctions rationnelles k(Y)jk(M). Pour une 
discussion de ce point de vue, cf. [8], §l. 

14. Revetements 
Les notations etant celles du nO precedent, nous dirons que Y est un G-revite

ment de X (ou encore un revetement de groupe de Galois G), si Ie groupe G opere 
sans points fixes sur Y, i.e. si: 

Y'g = y, Y E Y,g E G entrament g = e. 

Bien entendu, si X' est isomorphe a x, on dira encore que Y est un revetement 
de X'. 

L'ensemble des classes de G-revetements de X sera note 7Tl(X, G). Comme dans 
Ie cas topologique, c'est un foncteur covariant en Get contravariant en X: 

(a) Si Y est un G-revetement de X, et siJ: X' -+ X est une application reguliere, 
on a un revetement induit Y' de X' (Y' est l'image reciproque de !:l par 

JX 7T:X' X Y-+X X X). 

D'ou une application p : '1Tl(X, G) -+ '1T1(X', G}. 
(b) Si J est un homomorphisme de G dans un groupe fini G', on fait operer G 

sur Y X G' par la formule usuelle: 

(84) (y, g').g = (y.g,J(g-l).g'); 

en posant Y X(J G' = (Y X G')}G, on verifie (en se ramenant au cas des varietes 
affines, comme dans Ia demonstration du Lemme 3) que Y X (J G' est un 
G'-revetement deX. D'ou une application A : .,rt(X, G)-+7Tl(X, G'). 

Lorsque G est abelien, on peut appliquer (b) a l'homomorpbisme canonique 
G X G-+ G, d'ou. une application de '1Tl{X, G X G) dans 7'}"l(X, G). En utilisant la 
formule (facile a verifier): 

(35) 

on voit que l'on a defini une loi de composition sur 7Tl(X, G); des raisonnements 
classiques montrent que cette loi de composition fait de '1Tl(X, G) un grmt,pe 
abelien. 
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REMARQUE. Supposons que lc = C et que X soit une variere projective connexe. 
En utilisant les resultats de [16], on peut montrer que les revetements de X (au 
sens ci-dessus) sont en correspondance bijective avec les revetements topologiques 
de l'espace Xh que l'on obtient en munissant X de Ia topologie "usuelle" (cf. [I6J, 
nO 5). Si G est un groupe fini, les elements de 1Tl(X, G) correspondent donc aux 
classes d'homomorphismes de 1Tl(Xh) dans G, modulo l'equivalence definie par 
les automorphismes inrerieurs de G; si G est abelien, on a ainsi: 

ce qui justifie dans ce cas la notation 1Tl(X,G). 

15. Espaces fibres associes a un revetement 
Soit Y un G-revetement de X, et supposons d'abord que k = C. On peut con

siderer Y comme un espace fibre analytique principal, de base X, et de groupe 
structural Ie groupe discret G; si f est un homomorphisme de G dans un groupe 
aIgebrique H, on deduit de Y, par extension du groupe structural, un espace 
fibre analytique principal Y XG H, de groupe structural H; cet espace fibre peut 
etre plus simple a etudier que Ie revetement Y. C'est la methode introduite par 
Wei! ([18J, Chap. In) lorsque X est une courbe, H etant un groupe lineaire GL.,(C). 

Essayons d'imiter cette construction dans Ie cas general. II est toujours possible 
de definir Y XGH comme la variere quotient (Y X H)/G, Ie groupe G operant 
par la formule (34). Le groupe H opere a droite sur Y X G H, et l' ensemble quotient 
(Y X G H)/H s'identifie a X. Mais Y X G H n'est pas toujours un espace fibre 
algebrique (au sens de Wei! [20], c'est-a-dire localement trivial); Ie lemme suivant 
fournit un critere pour que ce soit Ie cas: 

LEMME 4. Supposons que, pour tout x EX, il existe un voisinage sature U de 
'IT-l(x), et une application reguliere () : U ~ H telle que: 

(36) ()(y.g) = ()(y)j(g) pour y E U et g E G. 

Alors Y Xq H est un espace fibre algwrique prineipal, de base X, et de groupe 
structural H. 

La question etant locale, on peut supposer que U = Y. Soit alors 

oc:YXH~YXH 

l'application definie par 1a formule: 

(37) rt.(y, h) = (y, ()(y)·k). 

II est clair que oc est bireguliere. De plus, en combinant (36) et (37), on voit que 
oc commute aux operations de G (en faisant operer G sur Ie second Y X H par 
les operations de G sur Y seulement). Par passage au quotient, oc definit done une 
application bireguliere « : Y X G H ~ X X H, commutant avec les operations de 
H. Ceci montre bien que Y X G H est un espace fibre algebrique, cqfd. 
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PROPOSITION II. L'hypothkse du Lemme 4 est verifiee lorsque H est un s0U8-groupe 
algebrique du groupe lineaire GL .. (k) verifiant la condition: 

(R) - Il existe une section rationnelle GL",(k)/H ~ GL'l.(k). 

(Cf. [16], nO 20, pour une discussion de la condition (Rn. 
Soit x EX, et soient Y1" •• 'Y'r les elements de 77-1(X); d'apres la condition (A) 

du nO 13 on peut trouver des fonctions regulieres au voisinage de 1T-1(X) at prenant 
aux Yi des valeurs donnees. Si ron designe par M .. (k) l'algebre des matrices 
carrees d'ordre n sur k, il existe donc un voisinage ouvert sature V' de 'IT-I(X), et 
une application reguliere a: V' ~ Mn(k) teIle que a(Y1) (resp. a(Yi) , 2 < i < r) 
soit la matrice unite (resp. la matrice 0). Posons alors: 

(}I(y) = LhEG a(y·h)j(h,-l) pour !! E V. 

Un calcul immediat montre que (j': V' ~Mn{k) verifie (36); de plus, on a 
f)'(Yl) = 1 E GLn(k); il existe donc un voisinage ouvert sature V de 77-l (X) que 
(j' applique dans GLn(k). 

Mais l'hypotMse (R) signifie qu'il existe un voisinage ouvert W de l'element 
neutre de GLn(k), sature pour les translations it droite de H, et une "retraction" 
r: W ~H telle que: 

r(w·h) = r(w)'h si WE W et hE H. 

Si fon pose alors U = (}'-l(W) et (j = r 0 0' , l'application () est bien une appli
cation reguliere de U dans H verifiant (36), cqfd. 

COROLLAIRE. 8uppoSDn8 que H sait l'un des groupes GL .. (k), 8Ln(lc), Sp",(k), ou 
un groupe Unwire resoluble (par exemple Ie groupe additif Ga). Alors Y XaH est 
un espace fibre principal algebrique. 

II faut verifier la condition (R) dans chaque cas. C'est trivial pour GLn{k) et 
8L .. (k), facile pour8Pn(k) (cf. [16], nO 20); dans Ie cas d'un groupe lineaire resoluble, 
c'est un theoreme de Rosenlicht ([10], tho 10). 

EXEMPLE. Revetements cycliques d'ordre premier it, p. 
Prenons pour G Ie groupe cyclique Z/nZ, avec (n, p) = I. A toute racine primi

tive n-eme de l'unite est associe un isomorphisme f de G dans k* = GLICk). 
En appliquant Ie corollaire a la Proposition 11, on associe a tout revetement 
Y E 771(X, G) un espace fibre a groupe k*, c'est-a-direun elementf(Y) de HI(X, t!J*) 
(en designant par t!J* Ie faisceau des t!J!. groupes multiplicatifs des elements 
inversibles des t!J",). Si l'on suppose X projective, un raisonnement semblable it 
celui de la Proposition 12 ci-apres montre que f est un isomorphisme de 1Tl(X, Z/nZ) 
sur le 80U8-groupe des elements d E Hl(X, t!J*) verifiant nd = O. Lorsque X est 
non singuliere, Ie groupe Hl(X, t!J*) n'est autre que Ie groupe des classes de diviseurs 
de X (cf. [20], §3), et Ie resultat precedent est bien connu {cf. [8], ou il est deduit 
de la tMorie de Kummer}. 

16. Rev@tements cycliques d'ordre p 

Soit G = Z/pZ. Si ron identifie G au corps premier F1J, on obtient un plongement 
f de G dans Ie groupe additif Ga du corps de base k. En appliquant Ie corollaire a 
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Ia Proposition 11 a f on fait eorrespondre a tout G-reverement Y de X un espace 
fibre algebrique principal de base X et de groupe structural Ga, autrement dit un 
element de Hl(X, (0). On a donc obtenu une application canonique 

(38) 

PROPOSITION 12. Si X e8t une variete projective, l'application fl e8t un i80m0r
phi8me du groupe 7Tl(X, Z/pZ) 8Ur Hl(X, (O)li', 80U8-groupe de Hl(X, lV) forme des 
elements ~ verifiant: 

(39) 

Le fait quefl soit un homomorphisme est facile a verifier. Cherchons l'image de 
cette homomorphisme. 8i l'on note go: Ga-+Ga, l'application go(A.) = AP - A 
(i.e. go = F - 1), on a une suite exacte: 

f f.J 
(4.0) O-+G-+Ga-+Ga-+O. 

Le fait que go 0 f = 0 montre que l'homomorphisme compose: 

7T(X, G)!J. Hl(X, (0) ! Hl(X, (0) 

est identiquement nul, ce qui signifie que l'image de fl est contenqe dans Hl(X,(O}F. 
Inversement, soit Z un espace fibre correspondant a un element de Hl(X, (O)li', 

c'est-a.-dire tel que l'espace fibre f.J(Z) (deduit de Z par go : Ga-+ GI1,) soit trivial. 
Le groupe G opere sur Z, et 1a suite exacte (40), jointe a un raiSOIUlement local 
evident, montre que ZIG s'identifie it go(Z); si done l'on a une section 8: X -+ f.J(Z) 
qui identifie X a une sous-variete seX) de f.J(Z), l'image reciproque Y de seX) dans 
Z sera un G-reverement de X, done un element de 7Tl(X, G). De plus, on verme 
facilement que fey) = Y Xa Ga s'idcnt.ifie canoniquement a Z, ce qui montre 
bien que Z Elm (11)' 

Reste a montrer que Ie noyau de 11 est reduit a 0 (c'est Ie seul point qui fasse 
intervenir l'hypothese que X est projective). 80it done Y un G-revetement tel 
quef(Y) soitisomorphe aX x Ga; l'injeetionl: G-+ Ga definitune injection de Y 
dans X X Ga,; mais X est une variete complete, done aussi Y, et l'image de Y 
dans Ie faeteur Ga ne peut consister qu'en un nombre fini de points (cf. [15], §4, 
par exemple). II en resulte tout de suite que Y est trivial sur chaque composante 
connexe de X, done aussi sur X tout entier, ee qui acheve la demonstration. 

CO}WLLAIRE L Boit (1 la dimension de la "compo8ante semi-8imple" Hl(X, (0)8 
de Hl(X, (0) (cf_ nO 9). Le groupe 1TI(X, Z/pZ} est un groupefini d'ordre p". 

Cela resulte de ee qui a etC dit au nO 9. 
COROLLAIRE 2. Une variete de dimension > 2 qui est une intersection complete 

n' a aucun rev€tement cyclique de degre p non-trivial. 
En effet, si X est une telle variete, on sait que Hl(X,(O) = 0, of. [14J, nO 78. 
REMARQUE. 8i X n'est pas irreductible, X peut posseder des revetements 

localement triviaux; ils 1;lorrespondent au sous-groupe Hl(X, Z!pZ) de Hl(X, (O)P. 
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17. Variante 
On peut obtenir les resultats du nO precedent par une autre methode, reposant 

sur Ie lemme suivant: 
LEMME 5. Soient X une variete algebrique, G un groupe fini, Y un G-revetement 

de X, et x un point de X. Designon8 par (I)~ l' anneau de8 germe8 de Jonction8 reguW"re8 
au voi8inage de 'IT-I(x) c: Y. L'anneau (I); e8t un anneau 8emi-loca18ur lequelopere 
G, et l'on a: 

(41) 

Le fait que HO(G, (I};) = (I}", resulte de la definition d'une variete quotient 
donnee au nO 13. D'autre part l'anneau semi-local (I); a pour anneaux locaux les 
(I}", Y E'lT-I(X); il s'ensuit (cf. [II], p. 15) que Ie complete @; de (I); est isomorphe 
au produit des @,,; comme Ie groupe G opere sans point fixe sur 71"-1(X), on en deduit, 
en appliquant un resultat classique de cohomologie des groupes: 

(42) 

Mais (I)~ est un module de type fini sur (I}", (pour Ie voir, prendre pour Y une 
varieM affine, et expliciter (I}", et (I); en fonction de l'anneau de coordonnees de Y); 
il s'ensuit (cf. [16], Annexe, par exemple) que l'on a: 

(43) &; = (I); i8l & "" Ie produit tensoriel etant pris sur (I) "'. 

Comme @", est un (I}",-module plat ([16], Zoe.cit.), on deduit de (43): 

(44) Hq(G, &;) = Hq(G, (I}~) i8l @",. 

Du fait que Ie couple «(I}"" @,) est plat ([16], prop. 27), les relations (42) et (44) 
entrainent Hq(G, (I};) = 0 pour q > 0, cqfd. 

REMARQUES. (1) La demonstration de (42) montre en outre que l'on a: 

8111 = 81", si 71"(Y) = x. 

Autrement dit, la projection 71" est un isomorphisme "analytique". 
(2) En utilisant Ie Lemme 5, on peut demontrer l'existence d'une 8uite spectrale 

analogue a celie de Cartan-Leray; cette suite aboutit a H*(X, lV) et a pour terme E2 
Ie groupe bigradue H*(G, H*(Y, (l}y». Cf. un memoire de A. Grothendieck a 
paraltre prochainement. 

Revenons maintenant au cas G = Z/pZ. Comme Ia fonction 1 E lV; a une trace 
nulle, la relation HI( G, lV;) = 0 entralne l' existence d 'une fonction () E lV; verifiant: 

(45) ()" = () + 1 (0' designant Ie generateur de Z/pZ). 

A l'ecriture pres, c'est l'equation (36). On remarquera que, si Y est irreductible, ° est un generateur d'Artin-Schreier de I'extension k(Y)jk(X). 
Une fois demon tree l'existence des fonctions 0, la construction de la classe de 

cohomologie $ associee a Y ne presente plus de difficultes: on commence par con
struire un recouvrement ouvert {Ui} de X, et des fonctions 0., regulieres sur 



48 JEAN-PIERRE SERRE 

Vi = 1T-1(Ui ), et verifiant (45). Si l'on pose fii = 0i - 0; dans Vi n V;, les fi; 
sont invariants par G, et constituent un l-cocycle de {Ui } a va1eur8 dans 1e fai8ceau @, 

dont la classe de cohomologie n'est autre que l'element ~ cherche. Les autres 
resultats de la Proposition 12 ne presentent pas davantage de difficultes. Par 
exemple, Ie fait que F~ = ~ se demontre en remarquant que les gi = Of - OJ sont 
invariants par G, done forment une O-cochaine de {Ui } a valeurs dans @, dont Ie 
cobord est f~ - fii" 

18. Revetements cycIiques d'ordre p" 
Soit n un entier > 1, et soit G = Z/p"Z; on peut identifier canoniquement G 

au groupe W .. (F;p) , cf. nO 1. Comme F'P se plonge dans k, on a ainsi defini un 
isomorphisme f de G dans Ie groupe W .. = W n (k). Ce dernier groupe est un groupe 
algebrique, en correspondance bireguliere avec le"; c'est de plus un groupe linwire: 
cela se voit, soit directement, soit en invoquant [10], tho 16, cor. 4. On peut done 
appliquer a. W,. Ie corollaire a la Proposition 11: si Y est un G-revetement de 
X, l'espace Y X oWn est un espace fibre principal de groupe structural W .. , 
c'est-a.-dire un element de Hl(X, ir n)' Comme au nO 16, on a done obtenu une 
application 

(46) 

PROPOSITION 13. Si X est une variete projective, l' application f 1 e8t un i8ornorpkisme 
de 1Tl(X, Z/p"Z) sur Hl(X, if/" n)F. 

1,a demonstration etant identique a. celle de la Proposition 12, nous ne la repe
terons pas; indiquons simplement que, ici encore, elle repose essentiellement sur 
]e fait que l'homomorphisme gu = F - 1 definit par passage au quotient un 
isomorphisme de W .. fG sur W n' 

Soient maintenant n et m deux entiers, avec n > m; on a un homomorphisme 
canonique de Zfp"Z sur Zjpmz, d'ou, d'apres Ie nO 14, b) un homomorphisme 
1Tl(X, Z/pnz) -+ 1Tl(X, Zjpmz); cherchons l'image de cet homomorphisme: 

PROPOSITION 14. Soit oc un eUment de 1Tl(X, Zjpmz) et soit ~ = fl(OC) la classe de 
cokomologie qui lui est associee. Pour que oc appartienne a l'image de 1Tl(X, Z/p"Z), 
il faut et il suifit que 6~ n-m(~) = O. 

(Pour la definition de l'operation de Bockstein 6~,n-m> voir nO 3.) 
Nous aurons besoin du lemme suivant: 
LEMME 6. Soit H un A-module de longueur jinie, et soit Fun endornorpkisme 

p·lineaire de H. L'application gu = F - 1 : H ----+ H est alors une surjection. 
11 existe un en tier n tel que l'on ait p"H = 0; nous raisonnerons par recurrence 

sur n. Lorsque n = 1, H est un k-espace vectoriel de dimension finie, et Ie fait 
que gu est surjectif est connu (cf. nO 9); Ie cas general resulte de l'hypothese de 
recurrence, appliquee a. pH et a HlpE. 

Nous pouvons maintenant demontrer la Proposition 14: 
Si oe est image d'un element fJ E 1Tl(X, Z/p"Z), correspondant a une classe de 

cohomologie'fJ E Hl(X, if/" ,,)F, on voit tout de suite que ~ = ]In-m'Yj, d'ou evidem
ment d~, .. _m(~) = O. 
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Reciproquement, soit ~ E HI(X, ill m)F verifiant l'equation precedente; il 
nous faut montrer que ~ s'ecrit ~ = R .. -m(1]), avec 1] E HI(X, ill ,,)F, c'est-a.-dire 
F1] = 1]. Or, par definition meme des operations de Bockstein, la relation 
b!n-m(~) = 0 signifie que ~ = Rn-m(r/), avec r/ EEI(X, ill .. ). De plus, la 
reiation F~ = ~ montre que Rn-m(F1]' - 'l}') = 0, i.e. F'l}' - 'l}' = Vm8 avec 
8 E HI(X, ill ,,-m)' En appliquant Ie Lemme 6 a. HI(X, ill n-m), on peut ecrire 
8 = F()' - 0', et, en posant 'l} = 'l}' - Vme', on obtientun element verifiant les 
proprietes requises, cqfd. 

COROLLAIRE. Si X n'a pas de torsion en dimension 1, 1e groupe nl(X, Z/p"Z) 
est somme directe de (/ groupes isomorphes Ii Z/pnz. 

(Pour la definition de G, voir Proposition 12, Corollaire 1.) 
Designons par Hn Ie groupe nl(X, Z/pnz), considere comme sous-groupe de 

HI(X, ill n); d'apres la Proposition 14, l'homomorphisme canonique 

Rn-I:Hn~Hl 

est surjectif. De plus il est clair que son noyau est VEn_ I . On deduit de la., par 
recurrence sur n, que Hn est un groupe:lini d'ordre pn"; comme il est plonge dans 
HI{X, ill n)' on a pnH". = O. De plus, Ie compose: 

est la multiplication par p (en vertu de la formule FVR = p et du fait que F 
est l'identite sur Hn); puisque Rest surjectif (d'apres la Proposition 14), ceci 
entrame que H n- I = pH"" et l'on voit donc que Hn/pH", = HI a p" elements. 
Ceci suffit a prouver que Hn est somme directe de (/ groupeS cycliques d'ordre 
pn, cqfd. 

REMARQUE. Lorsque X a de la torsion en dimension Ila determination explicite 
de nl(X, Z/p"Z) peut encore se faire de maniere analogue, mais plus compliquee. 
Nous nous bornerons a donner Ie resuitat: 

Soient Z!" m = 1,2, .•. ,les sous-espaces vectorieis de Hl(X, lD) de:linis par les 
formules (6) du nO 3; soit (/m 10. dimension de 10. "composante semi-simple" de 
Z!,/Z!,+1' et soit T 10. dimension de la composante semi-simple de Zl. Soit H Ie 
groupe abelien de type fini defini par la formule: 

(47) 

I.e groupe 7TI(X, Z;pnz) est alors isomorphe it Hom(E, Z/p"Z); autrcment dit, 
tout se passe (au point de vue des revetements cycliques d'ordre une puissance de p) 
comme si la variete X avait un "groupe fondamental" isomorphe a. H. 

19. Combes aIgiibriques et jacobiennes 
Soit X une courbe algebrique irreductible, complete, et non smguliere. Du fait 

que X n's pas de torsion, Ie corollaire a 10. Proposition 14 montre que 7TI(X, Zlpnz) 
est somme directe de G groupes cycliques d'ord:re pn; de plus, d'apres Ie nO 9, 
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l'entier (J est egal au rang de la "composante semi-simple" de la matrice de Hasse
Witt A de X, c'est-a-dire au rang de A 'AP'" ApU-l. On retrouve ainsi les 
resultats de Hasse-Witt [5] et de Schmid-Witt [12J. 

Soit en outre 1> : X ~ J l'application canonique de X dans sa jacobienne (pour 
tout ce qui concerne jacobiennes et varietes abeliennes, cf. [19]). D'apres un resultat 
(inedit) de Rosenlicht, l'homomorphisme 

1>*: H1(J, (!}J)~H1(X, (!}x) 

est bijectif. D'apres la Proposition 12 il en est donc de meme de 

1>1; 7T1(J, ZjpZ)-+ 7T1(X, ZjpZ). 

Dans Ie langage de [8], cela signifie que tout revetement cyclique d'ordre p de X 
est "du type d'Albanese". 

Nous montrerons ailleurs que tout revetement d'une variere abelienne A est 
donne par une isogenie B -+ A; ce point etant admis, des raisonnements classiques 
montrent que 7T1(A, ZjnZ) s'identifie au dual du groupe An des points a E A 
verifiant no, = O. Appliquant ceci a. J et utilisant l'isomorphisme 1>1, on en conclut 
que 7Tl(X, Z/pZ) est dual du groupe J

1J
, lui-meme isomorphe au groupe G!p du 

nO 11; on retrouve ainsi Ie fait que Ie groupe G fP est d'ordre p" (Proposition 10). 

20. Un exemple 

PRO:POSlTION 15. Soient G un groupe fini, et r un entier > 1. 11 existe une variete 
algebrique Y de dimension r, non singuliere, qui est une intersection complete dans 
un espace projectif convenable, et sur laquelle le groupe G opere sans points fixes. 

De plus, dans 1e cas aU r = 2 et G = Z/pZ (avec p > 5), on peut imposer a Y 
d'€tre une 8urface dans Ps(k). 

Nous allons construire Y en suivant une methode due a Godeaux dans Ie cas 
classique: 

Considerons une representation lineaire R du groupe G, et notons n + 1 son 
degre. Puisque G opere lineairement sur k'*t, i1 opere par passage au quotient sur 
P = P .. (k), et la variare quotient PIG est bien definie (cf. nO 13). Nous allons tout 
d'abord montrer comment l'on peut definir un plongement projectif de cette 
variere: 

Soit S la sous-algebre de k[Xo" .• , Xn] formee des polynomes invariants par G; 
c'est une algebre graduee, qui est de type fini sur k. Nous noterons Sa la composante 
homogEme de degre d de S, et nous poserons: 

(48) 

Un raisonnement alementaire (analogue a celui utilise dans la "normalisation 
projective" des varieres) montre que l'on peut choisir d de telle sorte que tous 
les elements de S(d) soient des polynomes en ceux de Sd' Si l'on gradue Sed) en 
considerant Sma comme de degre m, ceci signifie que S(d} est une algebre graduee 
engendree par 8es elements de degre 1, donc peut etre consideree comme l'anneau de 
coordonnees projectives d'une sous-varieM Z de l'espace projectif Ps(k) , avec 
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8 + 1 = dim S cZ' Si l' on choisit une base fo' ... ,f. de S cz' les fi definissent par 
passage au quotient une application reguliere f : P ~ Z. 

L'application fest invariante par G et definit par passage au quotient un iso
morphisme bire(lulier de PIG 8ur Z (nous omettons la 'Verification de ce fait, 
qui est penible, mais ne presente pas de difficulM essentielle). C'est donc Ie plonge. 
ment projectif cherche. 

Soit maintenant Q l'ensemble des points yEP tels qu'il existe g E G, avec 
g =1= e et y • g = y; soit Q' = f(Q). Les ensembles Q et Q' sont des sous-varieMs 
fermees de P et de Z, de meme dimension. Nous supposerons verifiee la condition 
suiva.nte: 

(49) r < n - dim (Q). 

On observera que P - Q est un G-revetement de Z - Q', ce qui montre (en 
utilisant la Remarque 1 du nO 17) que Z - Q' est une varieM non singuliere. 

Soit alors L une sous-varieM lineaire de P.(k), de dimension egale a 8 - n + r; 
si Lest choisie "en position generale", I'inegaliM (49) montre qu'elle ne rencontre 
pas Q'; de plus, elle rencontre transversalement Z, ce qui entraille que l'inter
section X = Z n L soit une varieM non 8inguliere, de dimension r, et ne'l'encontrant 
pas Q'. Posons Y =f-I(X); il est clair que Yest un G-revetement de X. De plus, 
si Lest definie par l'annulation de gl' ... ,gn-r' combinaisons lineaires des fi' la 
varieM Y sera definie par l'annulation de ces memes gi' consideres comme elements 
de k[ Xo' ... , X,,]; soit a l'ideal engendre par les (Ii; si l' on montre que a n' est autre 
que l'ideal defini par Y, il en resultera bien que Y est une intersection complete. 
Or, d'apres Ie theoreme de Macaulay, a est intersection d'ideaux primaires q", 
correspondant aux ideaux premiers :p", associes aux composantes irreductibles 
Y", de Y. Soit alors y E Y"" et soit x =f(y) E Z; comme, par hypothese, Lest 
transversale a Z en x, les (Ii definissent dans (J)., des elements faisant partie d'un 
systeme regulier de parametres (au sens de [ll], p. 29); la relation @y = ~i1: montre 
qu'il en est de meme dans (J}y, et l'ideallocal a(J}1/ est done un ideal prelnier, d'ou 
q", = :p", pour tout Qt, ce qui montre bien que Y est une intersection complete. 
Comme Y est non singuliere et connexe (comme toute intersection complete, 
cf. [14], nO 78, Proposition 5, par exemple), on voit en outre que Y est irr8ductible. 

La Proposition 15 sera donc demontree si nous prouvons que l'on peut toujours 
choisir une representation R de G veMant (49), et de dimension 4 dans Ie cas 
r = 2, G = Z/pZ, p > 5. Or c'est immediat: 

(a) Dans Ie cas general, on prend Ia somme directe d'un nombre sufTI.sant ('I' par 
exemple) de copies de la representation reguliere. 

(b) Dans Ie cas particulier r = 2, G = Z/pZ, p > 5, on fait correspondre au 
generateur de G l'endomorphisme 1 + N de Jc4, ou Nest defini par les formules 
N(e.) = e'+1' ° < i < 2, et N(es) = O. L'ensemble Q est reduit au point de co
ordonnees homogenes (0,0,0, I), et l'on a 'I' = 2, n = 3, dim(Q) = 0, ce qui 
veMa bien l'inegaliM (49), cqfd. 

REMARQUE. La methode suivie plus haut pour definir un plongement projactif 
de PIG a une portee plus generaIe; en l'utilisant, on peut demontrer que, si Y 
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est une variere projective sur laquelle opere G, la variete Y/G est aussi une variere 
projective. 

PROPOSITION 16. Bait G = Z!pZ, avec p > 5. Bait Y la 8urface de PaCk) dont 
l'exi8tence est affirmee par la Proposition 15, et pOSon8 X = YIG. La surface X est 
une 8urface projective, non 8inguli'ere, verijiant: 

(50) 

Puisque Yest connexe, c'est un revetement non trivial de X, donc qui corres
pond a un element ~ =1= ° dans Hl(X, (1)F. D'autre part, on montre (par Ie meme 
raisonnement que dans Ie cas olassique) qu'il n'y a pas de forme differentielle de 
premiere espece =1= ° sur une surface noli. singuliere de P a(k); donc HO( Y, ( 1) = 0, 
et comme HO(X, ( 1) est un sous-espace de HO( Y, ( 1), il est aussi reduit a 0, 
cqfd. 

REMARQUES. (1) En utilisant la suite spectrale du revetement Y -?- X (cf. nO 17), 
on peut preciser (50) et montrer que 71,0,1 = dim Hl(X, (1) est egal a I; de plus, 
l'operation de Bockstein 

n'est pas nulle. 
Ceoi montre que Ie "groupe fondamental" H de X, au sens du nO 18, est iso

morphe a ZjpZ. 
On observcra par ailleurs que Ie groupe des classes de diviseurs d'ordre p de X 

est reduit a 0, puisque ce groupe est isomorphe it un sous-groupe de HO(X, ( 1 ) 

(cf. nO 11). 
(2) Plus generalement, on peut appliquer la Proposition 15 it un p-groupe 

abelien G quelconque. On obtient ainsi une variere X = YfG dont Ie "groupe 
fondamental" H est isomorphe a G (cela se voit en remarquant qne Y jone Ie role 
d'un "revetement universel" de X, en vertn du Corollaire 2 a la Proposition 12). 
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LES CLASSES CARACTERIsTIQUES DE PONTRJAGIN 
DES V ARIlSTEs TRIANGU"LJms 

PARR. TROM 

Avant de nous occuper des varietes polyMrales, il nous sera utile de generaliser 
quelque peu la notion de polyedre. Introduisons dans ce but la notion d"'espace 
differentiable par morceaux." 

Structure differentiable par morcea.nx 
Un espace ]jJ est dit "differentiable par morceaux" de classe om s'il peut 

etre defini ainsi qu'il suit: on se donne des ouverts un d'espace euclidien ]In, n 
variable, et une familie d'applications differentiables de classe om gafJ: U:-+ U~; 
dans ces conditions, ]jJ est Ie quotient de la reunion U = U"Ua des Urr. par les 
relations d'identification definies par les applications grY.f! (ou un sous-espace de ce 
quotient). 

Sur un tel espace differentiable par morceaux, on a la notion de fonction reelle 
de classe om (et meme la notion de forme differentielle). La notion de derivee 
partielle d'une fonction peut etre definie dans chaque ouvert UrY.; il en resulte 
qu'on peut parler, sur E, de l'espace Dm des fonctions de classe om, muni de la 
topologie definie par l'ecart sur les derivees partielles d'ordre r (r < m). De meme 
pour les applications de]jJ dans un espace euclidien. Tous ces espaces sont metriques 
complets, donc de Baire. 

II importe de dire tout de suite que, si l'on n'impose aucune condition aux 
relations d'identification Yaf!' l'espace E a toutes chances de se trouver muni d'une 
topologie fortement degeneree, en general non separee. De ce fait, il n'est pas 
impossible qu'il n'existe sur E d'autresfonctions differentiables que les constantes. 
D'ailleurs, certains espaces de ce type s'introduisent dans l'etude des feuilletages 
de varietes, comme quotients des strnctures feuillet6es. 

Nous ferons sur les espaces E des hypotheses aSBeZ restrictives: 
(1) Les applications grY.fJ sont des injections, partout de rang maximnm; il suffira de 

Be donner des applications grY.{! : U:-K-+ Up, les autres s'en deduisant partransitivite. 
(2) On suppose que l'intersection de deux U: est contenue toujours dans une 

reunion de un-l de dimension inferieure. 
(3) Hypothese de position generale. Soient Y : U! -+ U~, Ur -+ U~ deux injections; 

si U~ n'est pas contenu dans Ur, alors les images g(U~}, g(U)') sont des sous
variet6s de U~ qui se coupent en tout point commun en position generale: En un 
point x cornmun it g(U!), g(Ur} les plans tangent aces sous-variet6s se coupent 
suivant un q-plan dont la codirnension (par rapport a U~) est somme des 
co dimensions de g(U~), g(Ur). Ce q-plan est d'ailleurs Ie q-plan tangent au U d'inter
section auquel appartient x. De meme pour l'intersection de plusieurs g( U~) 
incidents a un meme U~. ' 

54 
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II est clair qu'un complexe simplicial K est susceptible d'une definition de 
cette espece: il suffit d'attacher it, tout p-simplexe s'[t une boule ouverie B'[t Ie 
contenant rectilineairement; on prend pour K la portion de l'espace E obtenue it, 
pariir des B'[t par identification en ne conservant, pour chaque Bp. que la portion 
d' espace inMrieure it, s p' Finalement, les espaces que nous considerons H generalisent" 
les polyedres au sens suivant: les "cellules" U ne sont pas m3cessairement homo
logiquement triviales; ce sont seulement des varieMs it, bord (connexes paracom
pactes) dont Ie bord peut presenter des singulariMs du type suivant: les cellules 
qui composent Ie bord Be coupent dans U en position generale. ,Bien entendu, les 
espaces ainsi obtenus sont encore des polyedres, en veriu des theoremes generaux 
de triangulation des varieMs differentiables (J. H. C. Whitehead [6]). 

On va etendre aux applications differentiables de polyoores les theoremes de 
regularisation connus pour les vari~Ms. Enon90ns dans ce but un Lemme. 

LEMME ;DE POSITION GENERALE. Boit (G) un ensemble de plans de Rn (considere 
comme espace affine); on suppose que les plans de (G) se coupent en position generale. 
Bait F une jonction reelle sur G, de classe em sur chacun des plans de (G); alMS Fest 
la restriction a (G) d'unejonction FI de classe em sur Rn. 

L'extension de la fonction Fen F I va se demontrer par induction sur Ie nombre r 
des plans qui composent (G). Pour r = 1, la propriete est presque evidente: on 
forme un voisinage tubulaire T du plan X, de rayon a, et on d6finit une retraction 
differentiable p : T -+ X sur Ie plan X; designons par g( u) une fonction de classe 
Coo, decroissant de I it, 0 lorsque u croit de 0 a a. Pour tout point x exMrieur aT, 
on posera FI(x) = 0, pour un point x de T situe a la distance u de X, on posera 
FI(X) = g(u)F(p(x». Si les derivees dkgf(du)k ont eM supposees nulles pour u = 0 
et u = a, alors la fonction FIest de classe em et repond a la question. 

Supposons Ie lemme etabli pour un systeme (GI) de ('I' - 1) plans, et soit (X) 
un plan qu'on ajoute a (Gi ). Le plan (X) coupe par hypothese tout plan de (GI) en 
position generale; on pourra par suite defi.nir sur un voisinage de (X) une metrique 
riemannienne pour laquelle tout plan de (Gi ) coupe (X) orihogonalement; grace a 
cette metrique, on definira un voisinage tubulaire T de (X), de rayon geodesique a, 
et une retraction differentiable normale p : T -+ X, tene que peT n Y) = Y n X 
pour tout plan Y de (GI). Soit j la fonction donnee sur (G) = (GI ) U X; par in
duction il eriste une fonction F, de classe em sur Rn, qui coincide avec f sur (GI ); 

formons sur (X) la fonction v = f - F; v, de classe em, est nulle sur l'intersection 
GI n X. On applique alors la construction precedente a la fonction v pour X seul; 
comme la retraction p conserve (GI ), on obtient une fonction w = g(u(x)}' v(p(x)) 
de classe em, qui est nulle sur (GI ). Par suite la somme 

FI=F+w 

repond bien a la question. 
REMARQUE. L'hypothese que les plans de (G) se coupent en position generale 

joue un role absolument essentiel dans cette demonstration. On obtiendra un 
contre-exemple tres simple en prenant pour (G) trois droites concourantes du plan, 
par exemple les axes Ox, 0'0 et la premiere bissectriee x = 'o. Une fonction f 
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derivable sur ces trois droites n'est la restriction d'nne [onction differentiable du 
plan que si les derivees de j Ie long de ces trois droites en 0 satisfont a une relation 
lineaire evidente. 

Point regulier; valeur regnliere d'une application 

Soitj une application de classe 0 d'nne polyedre K dans l'espace euclidien Rk; 
on dira qu'un point x est regulier pour I'application j si, pour toute cellule U 
contenant x, l'applicationj, restreinte a U, admet en x un point regulier, i.e., un 
point ou Ie rang de jest egal a le. 

n resulte de cette definition que tous les points du squelette de dimension 
(lc - I) sont necessairement non reguliers. 

Une valeur y E Rk de j sera dite reguliere si !'image reciproque j-l(y) ne contient 
que des points reguliers (au aucun point!). 

Tm!:OREME DE SARD. Hi un complexe K est de dimension n, et si K ne comporte 
qu'une infinite denombrable au plus de cellules, toute application j de K dans R'" 
n'admet de 'Ilaleurs non regulieres que sur un, ensemble de mesure nulle de Rk, des que 
sa classe m est >n - k + 1. 

Generalisation inlmediate du theoreme classique [3). 
TH:EOREME DE LA FIBRATION. Boit f une application de K dans Rk, reguliere sur un 

point 0 de R'" ainsi que sur tout point d'une boule ouverte U de centre 0, de rayon r. 
Si I'application j est de plus propre sur U (i.e., I'image reoiproque de tout oompaot est 
un oompaot), alors l' application j dejinit une jibration de j-I( U) Bur U. 

On construit dansj-l( U) un champ de le-plans transverses aux images reciproques 
I-I(y), et ceci dans chaque cellule Zi de K. Unetelle construction est evidemment 
possihlepourtoute cellule Z.,. du k-squelette; en effet Z.,. nf-l(U) est applique par j 
avec rang maximum sur U, et Ie k-plan transverse est evidement, en tout point 
de Z.,. n j-l{U), Ie plan des vecteurs tangents a Zk' 

Supposons construit Ie champ H de k-plans transverses sur Ie (1' -l)-squelette 
K( .. -l); il faut montrer que la prolongation de H est possible de [alion differentiable 
sur Ie r-squelette. Soit Z .. une ".-cellule; sur Z .. n j-I(U) les coordonnees u l , u 2, ••• , 

Uk de U peuvent etre prises comme fonction coordonuees; par suite, en tout point 
x de Z .. nJ-1(U) l'ensemble des k-plans transverses est represente, dans une ca,rte 
locale (u1, ••• , Uk' VI> ••• , '17,,_.,.) par tous les systemes lineaires de Ia forme: 

Vi = 2: ajut · . 

C'est donc un espace vectoriel de coordonnees aI, de dimension k· (r - k). L'en
semble des k-plans tra,nsverses aux images reciproques constitue done un fibre sur 
Z" nj-l(U), a fibre vectorielle. Une section de ee fibre nous est deja donuee sur Ie 
bord Z" par Ie champ H; la fibre etant contractile, Ia section peut se prolonger de 
faQon continue sur tout Z .. nJ-1(U). Par ailleurs, en venu du lemme de position 
generale, ce prolongement pourra s'effeetuer de fa90n differentiable sur un voisinage 
du bord, done partout. 

On a ainsi etabli I'existence, dans j-l(U), d'un champ H de k-plans transverses 
auximagesreciproquesj-l(y). Ce champ n' est pas, engeneral,integrabledans chaque 
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Zr; il peut neanmoins serm a defurir des transversales par Ie procede suivant: 
A tout point y de U associons la demi-droite Oy; dans toute cellule Zr l'image 
reciproque j-I(Oy) est une sous-varieM de dimension r - k + 1; dans cette sous
variete, Ie champ H definit un systeme de trajectoires differentiabIes H1I; ce systeme 
de trajectoires transversales H1I permet de defurir un homeomorphisme de j-I(O) 
sur j-l(y) (car, puisque jest propre, j-I(Oy) est compact, et toute trajectoire peut 
etre prolongee de j-I(O) a j-l(y». L'homeomorphisme h1l ainsi defini depend 
continuement de yet permet de defurir un homeomorphisme global h de j-I(U} 
sur U X j-1(0), ce qui demontre Ie theoreme. 

Etant donne un polyedre X on montrera, comme dans [5], q';'e l'ensemble des 
applications j: X -+ Rk qui n'admettent pas un point donne comme valeur 
reguliere forme un sous-ensemble rare de L(X; R, m) pourvu que m soit assez 
grand (maigre, si X est:infi:iri paracompact.) 

Applications t-reguIieres sur une sons-variete 
Soit N une sous-variete diff. plongee d'une variete MP; si N est de codimension 

q, on peut supposer N definie par un systeme de cartes locales du type U -+ Rq; 
comme dans [5], un point x E X est t-regulier sur N si I'application composee 
gO j(x)-+ Rq admet x pour point regulier; l'application j de X dans M est 
t-reguliere sur la sous-variete N si tout point de l'image reciproque j-I(N) est 
t-regulier sur N. 

Comme dans [5] on montera que l'ensemble des applications I de X dans M non 
t-regulieres sur N est un ferme rare de L(X, V; m) si X est compact et m assez 
grand (maigre si X est denombrable •. ). 

REMARQUE. On sait que si jest une application simpliciale de X sur X', l'appli
cation j definit une fibration locale sur l'interieur de tout simplexe de dimension 
maximum de X'. Le theoreme de fibration est donc connu pour les applications 
simpliciales mais il parait difficile d'adapter la notion de "t-regularite" au cadre 
des applications simpliciales. C'est ce qui justifie l'introduction des structures 
differentiables par morceaux. 

Varietes triangalees 

Par varieM triangulee, on entend un polyedre qui est homologiquement une 
varieM de dimension n: i.e., les nombres de Betti locaux autour de chaque point 
sont ceux de la n-boule ouverte. II n'est donc pas necessaire que Ie voisinage de 
tout point soit une boule topologique. 

Image reciproque d'une valeur reguliere. Soit vn une variere triangu16e de dimen
sion n,j: V -+ Rk une application reguliere sur O. L'image reciproque 1-1(0) est dans 
ces conditions une varieM triangu16e de dimension (n - k). 

Ceci resulte du fait qu'on peut trouver pour tout point x un systeme fondamental 
de voisinages qui soient la fois satures pour les images reciproques j-l(y), et un 
systeme de transversales (H). En vertu des theoremes classiques sur les fibrations 
d'espaces euclidiens, la fibre est une sous-variere homologique de dimension 
(n - k). (II importe de remarquer qu'on peut definir en x une famille fondamentale 
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de voisinages du type ci-dessus qui sont homeomorphes: ceci resulte du fait que 
f-l(y) est un polyedre, done tout point:J; a un voisinage conique dansf-1(y); ce qui 
a pour effet que ces voisinages ont meme cohomologie que la limite inductive, 
done celIe de l'espace euclidien En). 

Ce resultat se generalise inlmediatement aux images reciproques par des applica
tions t-regulieres. On a: 

Bi une application j : vn ~ Mf> est t-reguliere sur la s0U8-variete N de codimension 
q, l'image reciproquej-l(N) est une sous-variete homologique de codimension q. 

Ce resultat s'etend egalement aux varieMs a bord: si Qn est une varieM a bord 
triangulee, de bord V, et si f: Qn est t-reguliere sur N c M, !'image reciproque 
pal' j de Nest une sous-varieM a bord homologique X, de codimension q, dont Ie 
bord Y est une sous-varieM Y de V, de codimension q (egalement homologique). 

Nous allons maintenant definir entre varieMs trianguIees une relation d'equi
valence qui genemlise quelque peu la notion d'equivalence combinatoire. 

DEFINITION. Varietes J -equivalentes. Deux varieMs triangulees V, V' seront dites 
J~equivalentes si: (1) Elles ont toutes deux meme type d'homotopie (T); (2) 
Elles sont cobordantes et i1 existe une varieM a bord triangulee Q admettant pour 
bord V U V' (V - V' si Vet V' sont orientees), dont Ie type d'homotopie est 
(T), et tcIle que les injections i : Y ~ Q, i' : Y ~ Q soient des homotopies-equi
valences. 

Dans ces conditions, chacune des varieres Y, Y' est retracte pal' deformation de 
Q; 1a construction usuelle faite sur 1es varieMs cobordantes montre qu'on a bien 18. 
une relation d'equivalence; i1 y a tmnsitiviM. On ne connait pas d'exemple de 
varieMs ayant meme type d'homotopie qui ne soient pas cobordantes; par c~ntre, 
il existe des variet6s (de dimension 7) qui ont meme type d'homotopie, mais ne 
satisfont pas a la condition (2), et ne sont done pas J-equivalentes. 

DEF1NITlON. Sous-varietes a structure orthogonale. On dim qu'une sous-varieM W 
de yt>, de codimension q, est a structure orthogonale normale, s'il existe une 
applicationj de V dans Ie complexe JJ/(SO(q», t-reguliere sur la grassmannienne 
Gq , telle que W soit l'image reciproque par f de Ia grassmannienne Gq • 

Une sous-varieM a structure normale orthogonale admet des classes caracMr
istiques normales (de Stiefel~Whitney et de Pontrjagin), images par j* des classes 
corresopndantes de la grassmannienne G q' Dans Ie cas ou pI est differentiable, 
ainsi que j, ces classes sont les classes caracteristiques du fibre desvecteurs normaux. 
Dans ]e cas generalise des varietes triangulees, i1 n'y a plus de fibre des vecteurs 
normaux au sens strict. Le plongement a structure normale orthogonale jouit de 
plus de 1a propriete de transitivite enoncee dans Ie lemme: 

LEMME I. Boit pn-II une sous-variete a structure normale orthogonaZe de la varieM Vn, 
Wn-tl-r une sOUB-variete a structure orthogonale normale de pn-II; dans ces conditions, 
Wn--41-r est une sous-variete a structure orthogonale normale de Vn, et celte structure a 
mirnM classes caracteristiqueB que le "joint" (au sens de Whitney) de la structure 
normale de W dans P par la restriction it W de la structure normale de P dans V. 

Soient j:P~M(SO(r», g: V~M(SO(q» les applications qui definissent 
W =1-1(01')' P = y-l(O(J On peut supposer que l'application g plonge biunivo-
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quement P dans G q' de telle fa90n que des plans tangents a des cellules incidentes 
se coupent en position generale. L'application donnee f : P ~ M(SO(r)} se prolonge 
differentiablement a un voisinage U de yep) dans Gq ; soit fl ce prolognement 
fl: U ~M(SO(r); on peut supposerfl t-reguliere sur G .. , puisquef11'est, restreinte 
a P; alors I'image reciproque par f1 de G .. dans U est une sous-variete Z de 
codimension r dans U, donc de codimension (q + r) dans M(SO(q}). La structure 
normale de Z dans M(SO(q» est Ie joint de la structure normale induite de Gr par 
f1' et de la restriction a Z de la structure normale a G" dans M(SO(q»; l'application 
y: V ~ M(SO(q» est t-reguliere sur Z, et l'on a W = g-l(Z). Ceci demontre la 
propriete enoncee. 

La fonction T 

Deux applications f, g de V" dans M(SO(q», t-regulieres sur Gq , homotopes, 
definissent des sous-varietes W, W' images reciproques de Gq par f et g qui sont 
L-equi valentes au sens de [5] (iI ne s' agit iei, toutefois, que de varietes homologiques). 
Par suite, les index T(W}, T(W') sont egaux . .Ainsi: a toute classe d'homotopie 
d'applications de V" dans M(SO(q» est attachee de fa90n invariante l'index des 
sous-varietes realisantes. C'est cette fonction 'l qui va nous permettre de definir 
des classes de Pontrjagin rationnelles dans la eohomologie de V. Le resultat 
precedent se generalise legerement comme suit: si V et V' sont deux varietes 
J-equivalentes (done de meme type d'homotopie), Ies ensembles de L-classes de 
Vet V' sont isomorphes, l'isomorphisme de L,,(V) sur L,,(V') etant induit par une 
homotopie-equivalence de V' sur V. Dans ces conditions, deux L-classes homo
logues de V, V' sont realisees par des sous-varietes W, W' qui sont cobordantes dans 
la variete X de bord V' - V; donc 'l(W} = 'l(W'). La fonction Test ainsi un 
invariant pour la c1asse de J-equivalence de V. En partieulier, c'est un invariant 
C011'/JJinatoire pour toute variete triangulee V: en effet, deux varietes triangulees V, 
V' qui admettent des subdivisions isomorphes sont de ce fait J-equivalentes. 

Dans [1], F. Hirzebruch a introduit une fonction T(U, v' .. w) qui attache a 
tout systeme de classes de cohomologie de dimension 2 de V l'index de la sous
variete intersection complete des hypersurfaces duales aux classes u, v'" w. 
Ce systeme de classes definit evidemment une L-classe, et la fonction index 
virtuel de Hirzebruch rentre ainsi dans Ie cas general de la fonction 'l(Lk). Par suite, 
cette fonction est un invariant combinatoire de VI>. On verra plus tard que Ie 
symbolisme de Hirzebruch £Ie generalise au cas combinatoire; on pourra demontrer, 
en consequence, la relation fonctionnelle 

'l(U + v, w) = T(U, w) + T(V, w) - 'l(U, v, U + v, w} 

comme dans Ie cas differentiable considere par Hirzebruch. 
Ceci necessitera une definition generalisee des classes de Pontrjagin a I'aide de 1(1 

fonction T. Nous aurons besoin, dans ee but, d'un lemme de pure homotopic, 
enonce ci-dessous: 

LEMME 2: Soit K un complexe fini, de dimension n, B un complexe fin/;' tel que 
'TTj (B) = 0 pour j < m. Si n < 2m - 2, l'ensemble des applications de K dans B 
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est muni d'une loi d'addition (cohomotopie), et l'ensemble des classes d'applications de 
K dans B forme un groupe aMlien O(K; B). Hi on designe par ~ la classe des groupes 
finis (au sens de d. P. SelTe [4]), alors O(K; B) est isomorphe mod rtl au groupe 
Hom (H*(K; Z), H*(B; Z)). 

Ou encore: G(K; B) ® Q (Q corps des rationnels) est isomorphe au groupe 
Hom (H* (B; Q), H*(K; Q). 

n suffit de demontrer la propriete suivante: Si deux applications f, g de K dans 
Binduisent lememe homomorphismef*,g*; H*(K; Z)-+H*(B; Z), alorsilexiste 
un entier non nul N tel que les multiples N . f et N . g soient homotopes. 

En appliquant la propriete it la difference f - g, on se ramene it demontrer. 
Si une application f de K dans B induit un homomorphisme f * : H *(K; Q)-+ 
H* (B; Q) qui est nul, il existe un entier *0 N tel que N· f soit homotope 
a zero. 

n est clair qu'on peut tout d'abord trouver un multiple g = NI . f tel que 
l'homomorphisme g induit par g sur les x homologies entieres g*; H*(K; Z)-+ 
H*(B; Z) soit nul. Soit T Ie cone sur K. On se propose d'etendre l'application g de 
KaT; on se heurie a des obstructions qui sont des classes de HaH (T, K; 7TiB»~ 
Ha(K; 7Tq(B». Or, d'apres un resultat c1assique en ~-theorie, l'homomorphisme de 
Hurewicz 'lTi(B)---+Hi(B; Z) est un rtl-isomorphisme pour i <2m. Si 'IT(l(B) est 
d'ordre Jini m, toute cIasse obstruction W E Ha(K; 1T,;z{B)) peut etre annulee en 
remplayant l'application g par sa multiple m' g. Si 7Tq(B) n'est pas fini, on lui 
substituelegroupe'G'-isomorpheHq(B; Z); la classe w, image de W EHg(K; 'lTq(B)), 
n'est autre que I'image par g* de la classe fondamentale Hom H,iB); Hq(B))~ 
Hq(B; Ha(B; Z». Par suite, cette image west nulle mod ~,et l'extension est 
possible apres une eventuelle multiplication. 

Nons sommes maintenant en mesure de definir les 
CLASSES ;DE PONTRJAGIN RATIONNELLES. On attache a route variete triangulee 

orienUe V (ainsi qu'a toute varieJe a bord orientee) un SY8teme de classe8 Pi E HIH 
(V; Q), univoquement definie8 par 1es axiomes suivants: 

(1) pO = 1. 
(2) THlllOREME ;DE "DUALITE". Hi W designe une sous-variete de V7I a structure 

normrile orthogonale (de clas8es normales n i , de classes "tangentes" gj)' et si i designe 
l'injection de W dans V; on a: 

(1) i*(1 + 1'1 + P2 + ... PrJ = (1 + '11,1 + '11,2 + ... + nq) U (1 + ql + q2 ••• ga)' 

(3) FORMULE ;DE L'INDEX. Pour toute 'I1ariete trianguUe V4i, on a T(V4i) = 
li(Pi)' 1; polynome (Lj ) de Hirzebruch (cf. [1]). 

Pour demontrer que ces axiomes definissent effectivement des classes Pi' on 
procMe par induction sur l'indice i. Supposons qu'on veuille definir la claBse Pl' 
Sur les varietes de dimension 4, Ia valeur de 1'1 est donnee par l'Axiome 3 = PI E 

H4(M4) = 3 T(M4). On va definir Pl dans les varieMs de dimension >10; on peut 
toujours se ramener a ce cas; en veriu de l'Axiome 2, en effet les classes Pi d'une 
varieM V at celles du produit de V par une sphere sq de grande diinension sont 
les memes. Si Itt dimension n de la variete Vest> 10, on peutaffirmer que l'ensemble 
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L4 des classes d'homotopie d'applications de V" dans M(SO(n - 4» est muni 
d'une structure de groupe abelien, l'addition de deux classes correspondant ala 
reunion des varieres representatives. II existe un homomorphisme canonique k de 
L4 sur H 4(M; Z), a cause du fait, demontre en [5], que toute classe d'homologie de 
dimension 4 d'une variere peut etre realisee par une sous-variere a structure 
orthogonale normale. Soit Z EH4 (M; Z); on realise la classe z par une sous
variere a structure orthogonale normale WI, de nombre de Pontrjagin normal gr 
L'axiome 2 donne alors la valeur de i*(Pl) sur W: 

(2) 

Le second membre de (2) est evidemment un invariant de la L-classe de W, et 
definit par suite un homomorphisme g de L4 dans Z. Pour demontrer que cet homo
morphisme g definit un homomorphisme du groupe H4(M; Z) dans Z il suffit de 
montrer que g s'annule sur Ie noyau y4 de l'homomorphisme k: L4 -+ H 4(M; Z). La 
cohomologie de M(SO(n - 4» comprend: un generateur U en dimension n - 4, et 
un generateur X en dimension n, en coefficients rationnels. II resulte du Lemme 2 
que L4 ® Q est isomorphe au produit H"-4(V"; Q) ® H"(V"; Q); toute classe de 
L4 ® Q est entierement determinee par la donnoo des deux classes images f*(U) et 
f*(X). La premiere de ces classes, f*(U) est duale de la classe d'homologie de 130 
sous-variere correspondante; pour une classe de y4 ® Q, on a f*(U) = 0; par 
suite y4 ® Q est isomorphe a H"(V"; Q). Si V" est connexe, Y ® Q n'a qu'nn 
generateur, qu'on peut aisement expliciter. Dans un simplexe de dimension 
maximum de V", plongeons Ie plan projectif complexe PO(2); nne telle sous
variere est definie par nne applicationf: V"-+M(SO(n - 4», dont void Ie type 
d'homologie: l'applicationf se factorise en V"-+8"-'>- M(80(n - 4)), ou k est de 

h v 
degre 1, et ou l'application 11 a une type d'homologie aise a calculer. La classe 
normale gl de PO(2) plonge dans S" est donnee par la formula classique de dualiM 
soit 0 = 37 + ql et l'on a 11*(X) = cp*(gl) = -3 8 (8 classe fondamentale de 
H"(S")}; donc reX) = -3 V". Sur PO(2), Ie second membre de (2) donne par suite: 

37 + ql(PO(2» = O. 

Le second membre de (2) est donc nul sur Ie noyau Y ® Q, et 130 classe PI est ainsi 
determinee (c'est, en ce cas, un element de Hom (H4(V"), Z». 

Reste a montrer que les classes PI ainsi definies verifient les axiomes 1-2-3. 
Pour 1 et 3, c'est evident. Pour verifier l'axiome (2), considerons une sous-variere 
P de V" a structure orthogonale normale, et soit j l'injection de P dans V, qila 
classe (PI) normale de P dans V. II faut montrer que, si on designe par pP,pv, les 
classes PI de P et V resp., on a : 

(3) 

On prend 1a valeur des deux membres de (3) sur une sous-variereZ4 de P a structure 
orthogonale normale (de classe normale (1)' On obtient: 

37(Z) + (01 + gl) = 37(Z) + Cl + ql 
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en remarquant que Ill. structure normale de Z dans Vest Ie joint de la structure 
normale a. Z dans P par Ill. restriction a. Z de Ill. structure normale de P dans V 
(Lemme 1). 

L'existence des classes PI etant ainsi etablie, on montre par induction sur l'indice 
i I'existence et l'unicit6 des classes Pi' Supposons donc etablie, pour toute variew 
trianguIee, l'existence des classes Pi' j < i. On definira Pi tout d'abord sur les 
varietes V4i de dimension 4i grace a. Ill. formule de l'index (Axiome 3) T( V4i) = 
(l;(pf')' V4i). Observons, de fayon essentielle, que Ie coefficient (rationnel) de Pi 
dans Ie polynome Li de Hirzebruch n'est jamais nul (cf. [1]). 

On determine ensuite les classes Pi dans les variews de grande dimension n > 
4i + 2; on peut toujours se ramener a ce cas en faisant Ie produit de la variete 
par une sphere de dimension assez grande. Comme tout-a.-l'heure, on determine Pi 
d'une variete M en calculant Ia valeur prise par Pi sur une sous-variete XM de 
dimension 4i, a. structure normale orthogonale; on sait en efl'et qu'il existe une base 
de l'homologie rationnelle H4i(M; Q) constituee de sous-variet6s a structure 
normale orthogonale. L'axiome (2) permettra des lors d'evaluer (i*(Pi)' XM> 
en fonction de nombres caracteristiques tangents P;1' •• Pi.{X4i), de nombres 
normanx 1,· ... 1j (X4i), et de nombres mixtes Pi ..• q; (X). II resulte immediate-

1 , 1 1 

ment de cette expression que Ill. valeur prise par i*(Pi} sur X4i ne depend que de la 
L-classe de la sous-varieM X4i, c'est-a-dire de Ill. classe d'applications g : M-)
M(SO(n - 4i» qui definit X4i. De plus, cette expression, definit, par reunion des 
sous-varietes realisantes, un homorphisme du groupe L4i des L-classes dans Ie 
groupe des rationnels Q. 

Pour demontrer que cet homomorphisme definit une classe de cohomologie Pi' il 
suffit de verifier qu'il s'annule sur Ie noyau y4i de l'homomorphisme canonique 
L 4i -)- H4i(M; Q). Avant de verifier ce fait, il nous faut determiner y4t ® Q. 

D'apres Ie Lemme 2, Ie groupe L4i @ Q est isomorphe au groupe 
Hom (H*(M(SO(n - 4i», H*(M; Q)). Or H*(M(SO(n - 4i»)) est l'image par 
l'isomorphisme p* (qui augmente la dimension de n - 4i) de Ia cohomologie de la 
grassmannienne Gn_4j. i.e. une algebre de polynomes S (q1' q2" •• 1i) engendree 
par les classes de Pontrjagin 1; E H4i(G"-4i; Q). Un element de L 4i @'Q est done 
determine, des qu'on s'est donne les images, par l'homomorphisme f* indnit par 
J: M __ M(SO (n - 4i»,detoutesles classes ~*(qi ••. q; ), ou (qi ••• qA) parcourt 

1 S 1 '2 
tous les monomes en q; de poids total <i. En particulier, l'image f*p*(I) donne 
precisement la classe x E Hn-4i(M; Q), duale, par la dualite de Poincare, a. la sous
variew X4t definie par f. Le~ elements du noyau y4i @ Q sont donc caract6rises par 
Ie fait que /*p*(l) = 0, les f*p*(q,· .. '11) pouvant par ailleurs etre des classes 

1 • 

arbitraires de H*(M). On va exhiber un systeme de generateurs pour Ie noyau 
Y4i @ Q; pour tout indica r < i, on formera un sous-groupe Yt de L-classes, tel 
que, si q, , ... ,qj constitue une base des polynomes de poids r (base de H4r(G», 

1 I 
on ait: 

f *(-'-*(q ••• 1) = yt' ..••. E Hn-4i+4f'(M' Q) 
'I' 11' 'i. hJ. 3. ' 

avec 
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si 23m>r 
et !* (CP*(q;l' ••• ,q;,) = Zh" 'j,' 

si 238 < r, les Zi etant des classes de M fonctions des yil"'j, supposees donnes 
8.1' a vancedont nous n' aurons pas a nous preoccuper. n est clair, dans ces conditions, 
que tout element de y4i ® Q est combinaison lineaire d'elements de Yi, on r varie 
de I a i. On va realiser les Yi par des applications! de M dans M(SO(n - 4i» d'un 
type special. 

Applications de type zero 
Rappelons Ie tMoreme de J.-P. Serre [9]: Etant donnee une classe de 

cohomologie y E HlI-4i+lJr(M; Q) (n> 8i + 2), il existe un entiCJ; non nul N tel que, 
pour une application h de M dans la sphere Sn-4iHr de classe fondamentale s, on 
ait h*(s) = N· y. On supposera cetoo application h reguliere sur l'Mmisphere 
Nord N de la sphere sn-4i+4r. On se donne alors une sous-variere Will' de Sn-4·, 
supposee plongee dans l'Mmisphere N. L'image reciproque Z4i = h-l (W4,.) est 
alors Ie produit topologique de l'image reciproque h-l(O) = VlJi-4r par W4r. La 
projection r de Z4i sur V4i-4,. peut etre definie par un systeme de trajectoires 
orthogonales a la fibration definie par l'application h, et, dans la decomposition de 
Kiinneth de Ia cohomologie de Z4i, H*(Z4i) = H*(VlJi-4,.) ® H*(W4r), on peut 
ecrire, pour toute classe y de H*(V4i-4,.), r*(y) = y ® 1. Designons alors par i et 
j les injections de V4i-4,. Z4i, dans M. L'injectionj peut se factoriser en: 

Z4i .ih;-l (N).!.M, 

et l'image reciproque h-1(N) est homeomorphe au produit h-l(O) X N; l'application 
r : Z4i __ V se prolonge en une retraction par deformation r: k-1(N) __ V4i-4r. 

II en resulte que, pour toute classe x E H*(M), on a j*(x) = k*(u*(x)), avec 
u*(x) = (r*)(i*(x». COIDme k*(r*) = (r*) il vientj*(x} = i*(x) ® l. 

La sous-variere W4r etant differentiablement plongoo dans Sn-4i+4", i1 existe une 
application (f : Sn-4i+IJ" __ M(SO(n - 4i», tene que l'image reciproque par g 
de la grassmannienne G .. _4i plongee dans M(SO(n - 4i» soit la sous-variere Wilr. 
D'on resulOO, par composition: 

h g 
M __ Sn-4£+4r __ M(SO(n - 4i» 

une application! de M dans M(SO(n - 4i); la L-classe associee sera diOO L-classe 
de type zero. On va montrer que sur la sous-variew ZM =!-1(Gn_ 4i) associeea 
une L-classe de type zero, on a 

Designons par 2;c; la classe de Pontrjagin tangenoo de W4r. La classe de Pontrjagin 
du fibre des vecOOurs normaux est alors donnee par: 
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Designons par Iqz la classe de Pontrjagin de Z4i' par IPi celIe de M. La sous
varieM Z4i de M est homologue a zero dans M, car elle est homologue a zero dans 
k-1(N) = N X V4(i-r). II faudra done montrer que la valeur de Ill. classe j*(Pi) sur 
Ie cycle fondamentaI de Z4i est nulle. 

Orj*(pi) est donnee par l'Axiome (2): 

(II) Ij*(Pk) = Ii q; lIm cm• 

Pour k < i, on sait que les classes Pk existent, et, par suite, j*(Pk) = i*(Pk) ® 1. 
On aura done j*(Plc) = 0 pour i - r < k < i, (car i*(x) est une classe de 
H*(V4i-4r». Apres avoir chasse Ie denominateur, at supprime les termes de degre 
>4i, (II) donne: 

(4) j*(Pi) = I qj - (1 + j(Pl) + j(P2) + ... + j(Pi-r)' k*Im em' 

La relation (4) est supposee par induction valable pour les termes de degre <4i; 
il suffit done de montrer que, si ron porte dans (4) la valeur de qi donnee par la 
formule de l'index, alors la composante de degre 4i du second membre de (4) 
s'annule sur Ie cycle fondamental de Z4i. On suppose dans ce but que W4r et 
V4i-4,. sont connexes; ce n'est pas une restriction, car on peut toujours-dans ce 
calcul-se limiter a une composante connexe de V'thtr, et W4r sera toujours 
prise connexe. 

On supposera nul Ie premier membre de (4), et on en deduira Ill. valeur de qi; 
on obtient: 

Cette relation est equivalente a celIe obtenue en appIiquant Ie "foncteur multi
pIicatif" 1 (au sens de F. Hirzebruch): 

En appliquant au cycle fondamental de Z4i = V4(i---r) X W4r, et en remarquant 
que j*(p;) = i*(p;) ® 1, et que les classes i*(p;), sont, pour j < i - r, les 
classes de Pontrjagin de la varieM V4(i-r), 

soit 

(li(qS)' Z4i) = (j*Z'-r(Pi) . k* lAc".), Z4i) 

= (li-,.(Pr> . k* lr(cm), Z4i) 

= (li-r(PJ)· V4<i-r» (l,.(cm) W4r) 

T(V4(i---r» • T{W4r) = 7{Z4i). 

La valeur de l(q;) est done precisement celIe que donne Ill. formule de l'index, 
puisque Z4i est homeomorphe au produit V4(i-r) X W4r. Nous avons done bien 
verifie que (j*(Pi)' Z4i) est nul, propriete que nous devions demontrer pour 
toute L·classe de type zero. 

11 reste a verifier qu'on peut engendrer tout Ie noyau Y i ® Q avec des L-classes 
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de type zero. On Ie voit comme suit: Rappelons d'abord que, si l'on associe a tout 
monome de poids r P i

1
' - • Pi. un rationnel mil'" ;.' il existe toujours un entier 

non nul N tel que les entiers N . mil" 'i, soient les nombres earacteristiques 
(tangents ou normaux) d'une varieM WM; on peut realiser W4,., par exemple, comme 
une somme de produits d'espaces projeetifs complexes de dimension (complexe) 
paire (cf. [I]). Cela etant, supposons qu' on veuille construire explicitement une 
L-classe de M verifiant les relations: g*cfo*(pi

1 
- •• Pi.) = mil' "i, . y, OU les images 

g*cfo*(Plt' .• Pi) sont toutes multiples d'une meme classe Y E Hn-4i+4'" de M. On 
realisera la classe y (ou une classe multiple N 1 . y) comme image de la classe 
fondamentale d'une sphere8n-4i+4"., puis on plongera dans8n -4i+4r une sous-variew 
WM dont les nombres caracMristiques normaux P;1 ..• Pi. sont proportionnels aux 
rationnels mil'" i.' On aura ainsi defini une L-classe repondan~a un facteur entier 
pres--aux conditions demandees. Cette L-ciasse est de type zero, et il est clair que 
tout element de Yi est combinaison lineaire a coefficients rationnels de classes de 
cette forme. Nous etablissons ainsi que les classes de type zero engendrent tout Ie 
noyau y4i. Ceei demontre done l'existenee des classes Pi- n reste a demontrer que 
ces classes Pi satisfont aux Axiomes 1, 2, 3; Ia seule demonstration non triviale est 
relative a l' Axiome 2; elle est entierement analoque a celle donnee pour la classe PI> 
aussi nous ne la repeterons pas ici. 

Nous avonsexpliciw la demonstration precedente dans Ie seul cas, ou M est une 
variew compacte; si M est une varieM a bord, de bord V, on doit remarquer que la 
cohomologie H4i(M) et l'homologie H4i;(M) (homologie singuliere des chaines finies) 
sont des espaces veetoriels duaux sur les rationnels. n suffit donc de realiser les 
classes de H4i(M; Q) par des sous-variews a structure normale orthogonale; on 
est ainsi ramene it. etendre la theorie de la realisation des classes au cas des vari
etes a bord, ce qui ne fait aucune difficulw: les Loclasses d'une variete a bord M, 
de bard V, correspondent biunivoquement aux classes d'homotopie des applica
tions de M dans Ie complexe M(80(n - 4i)) qui envoient Ie bord V sur Ie point "a" 
compactifiant de M(80(n - 4i)). 

n resulte de la demonstration precedente que les classes Pi sont determinees 
exclusivement et univoquement a partir de la fonction ,. associee a toute L-classe. 
n en resulte que les classes Pi (en coefficients ramonnels) de denx variews J
equivalentes V et V'se correspondent par la J-equivalence. En particulier, S1 V et 
V' sont deux complexes simpliciaux isomorphes, leurs classes Pi se correspondent 
par cet isomorphisme (invariance combinatoire des classes de Pontrjagin). 

Soit V une variete (topologique) triangulee; elle admet de ce fait des classes 
Pi; si V admet une structure differentiable (8) pour laquelle 1a triangulation donnee 
est differentiable (i.e., les simplexes sont des sOllS-varietes differentiablement 
plongees), alors les classes de Pontrjagin de la structure (S) sont les classes Pi de 1a 
structure "differentiable par morceaux" associee a 1a triangulation; ces classes 
sont alors des classes entieres. Nous obtenons done ainsi: 

THlflOREME. Paur qu'une variete V, differentiable par marceaux, puisse &re munie 
d'une structure differentiahle globale qui induise la str'ucture iliff. par morceaux 
ilonnee, it fam que 1es classes P. a880ciees 80ient des classes entieres. 
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Relations avec la Hauptvermutung 
Soient K, K' deux complexes simpliciaux, f : K -+ K' un homeomorphisme de 

K sur K'. On peut alors donner a Ill. Hauptvermutung de Ill. topologie les deux 
formes suivantes: 

Forme faible. Les complexes K et K' presentent des subdivisions simpliciales 
isomorphes. 

Forme forte. Les complexes K et KI presentent des subdivisions simpliciales 
isomorphes, et l'homeomorphisme g defini par cet isomorphisme est arbitrairement 
voisin de f. -

Si l'on admet Ill. forme forte de Ill. Hauptvermutung, il en resulte que deux 
varietes V, VI differentiables at homeomorphes admettent des subdivisions 
simpliciales diff plongees isomorphes, et l'isomorphisme entre polyedres est 
arbitrairement voisin de l'homeomorphisme donne; dans ces conditions, les classes 
de Pontrjagin de Vet VI se correspondent par cet homeomorphisme. En admettant 
donc Ill. Hauptvermutung sous sa forme forte, on en conclut que les classes de 
Pontrjagin, prises a coefficients rationnels, sont des invariants topologiques de Ill. 
variete. 

Si on admet seulement Ill. forme faible de Ill. Hauptvermutung, on peut seulement, 
affirmer l'invariance des classes PiE H'li( V; Q) modulo un automorphisme de la 
variete V. 

Soit V une variate polyedrale; et soient Pi E H4i(V; Q) ses classes de Pontrjagin: 
supposons que V admette par ailleurs une structure differentiable, meme sans 
aucun rapport avec Ill. triangulation initiale. La Hauptvermutung (forte ou faible) 
permet alors d'affirmer que les classes de Pontrjagin (rationnelles) de ces deux 
structures se correspondent; donc les classes Pi de Ill. structure triangulee sont des 
classes entieres. 

EXEMPLES. Designons par B(h, p) Ie fibre de base S4, fibre sa admettant pour 
invariant de Hopf h, pour nombre de Pontrjagin P1(S4) = p. Si h = 0, Ie fibre 
admet une section, et B(O, p) a meme cohomologie que Ie produit S4 X sa; Ill. 
classe PI de cette variete est alors p • 8 4 ; on peut par suite affirmer que les fibres 
B(O, p) et B(O, p'), ou p differe de p' sont combinatoirement distincts. 

J. Milnor a montra recemment [2J que les fibres B(l, p) (p = I mod 2) sont tous 
isomorphes a Ill. sphere S7, l'homeomorphisme ne pouvant toutefois pas, dans 
certains cas, etre rendu differentiable. En ajoutant au "mapping cylinder" du 
fibre B(l, p) une boule de dimension 8dontle bord87 s'identifie aB(I,p), J. Milnor 
obtient une variete trianguIee K8 dont Ill. seconde classe de Pontrjagin P2 n'est 
pas, en general, une classe entiere. Si l'on admet la Hauptvermutung, cette variete 
ne peut par suite etre munie d'aucune structure differentiable globale. On voit 
ainsi que Ie conjecture--communement admise-: "Toute variete polyedrale peut 
etre munie d'une structure differentiable globale" est contradictoire avec Ill. 
Hauptvermutung, meme sous forme faible. 

GENERALISATION AUX FIBRES. Soit E un polyedre, p une application de E sur un 
polyedre B; on suppose l'application p homoIogiquement localement triviale, Ill. 
fibre p-I(x) ayant Ill. cohomologie de l'espace euclidien BE (l'image reciproque 
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p-l(U) de tout ouvert U assez petit a meme cohomologie que Ie produit U X BK). 
Supposons B plongee dans nne variete it. bord Y dont Best retracte par 
deformation; alors Ia retraction r : Y -+ B definit un fibre induit de JfJ, Q sur Y; Q est 
egalement une varieM it. bord contenant Y comme sous-variere; on a dans Q et Y 
des classes de Pontrjagin; la formule de "duaIiM" de l'Axiome 2 permet alors de 
definir dans Ia cohomoiogIe de Y des classes de Pontrjagin normales Q1' On peut voir 
aisement que les restrictions it. H*(B) de ces classes q; sont independantes de la 
variere it. bord Y choisie; on pourrait prendre en particulier un voisinage de B pour 
un plonguement rectilineaire de B dans un espace euelidien de dimension assez 
grande. Les classes qj ainsi de;finies (a coefficients rationnels) sont des invariants 
combinatoires de l'application fibree p : JfJ -+ B. 8i cette fibration admet SO(k) 
pour groupe de structure, on retrouve les classes de Pontrjagin de Ia fibration au 
sens usuel. 
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A SPECTRAL RESOLUTION OF eOMPLEX STRUCTURE 

D. C. SPENOER 

In order to motivate the main result of this paper, we consider the simple 
special case of complex euclidean m-space em with coordinates ZI' ••• , zm and with 
the usual euclidean hermitian metric (which is kahlerian). A harmonic of degree 
n is a homogeneous polynOlnial of degree n in the coordinates ZI' ••• , zm and their 
conjugates ZI' •.• , zm which is annihilated by the laplacian Il = 4 .I~=la2IaziJZrJ.' 
We shall say that a harmonic of degree n is of type (p, q), p + q = n, if it is 
homogeneous of degree p in the coordinates z"" homogeneous of degree q in the 
Z"'. Given an arbitrary homogeneous polynomial U of degree 11-, we have the unique 
decomposition u = 211+<1=" U'Pfl where uf)q is homogeneous of degree p in the zrJ.' 
homogeneous of degree q in the zrJ.' Since llu'Pfl is homogeneous of degree p - I in the 
zGt' homogeneous of degree q - I in the z"" we conclude from the independence of 
the llu'Pa that Ilu = 0 if and only if Iluf)q = 0 for each UN' Hence the complex 
vector space Hn of harmonics of degree n has the direct-sum decomposition 
H" = 2'P+a=" H'P,q where H11,Q is the subspace of harmonics of type (p, q). We remark 
that this decomposition of harmonics is analogous to the decomposition of har
monic differential forms according to type, but differs from the latter in that the 
integers p, q are not re"stricted to be less than or equal to the complex dimension m. 

If we consider the complex euclidean unit ball V = {ZI2~=1IzxI2 < I}, the 
harmonics of type (p, q) may be characterized by the property that their boundary 
values are eigen-functions belonging to the eigen-value tJl(p + q + m - 1)2 of a 
certain operator acting on the Hilbert space of norm-finite functions in the bound
ary of V where the scalar product is defined in terms of the metric induced in the 
boundary. The vanishing eigen-values characterize holomorphy since the harmonics 
with q = 0 are precisely the holomorphic ones. 

The purpose of this paper is to generalize the preceding considerations to an 
arbitrary compact submanifold V of an almost-complex manifold X with hermitian 
metric whose almost-complex structure is integrable in a neighbourhood of the 
boundary of V. It is necessary to assume that the boundary of V is smooth, more 
precisely that the boundary of V is a differentiable submanifold of X which is 
regularly imbedded. We establish the existence of a basis for a class of sufficiently 
smooth harmonic functions in V which is bigraded according to type in the Same 
manner as the harmonic polynomials of complex euclidean space. The functions of 
the basis are determined by a generalization of the eigen-value property described 
above, and the vanishing eigen-values characterize holomorphy. Thus we obtain 
generalized harmonics of type (p, q) which we call Stekloff functions since they 
generalize classical real eigen-functions studied by Stekloff, a fact which was called 
to the author's attention by M. Schiffer. 

For the sake of completeness we begin in Section I with a general (ijscussion of 
68 
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structure, in particular almost-complex structure, along lines formulated. by H. K. 
Nickerson and the author. We assume the definitions oflocal category and faithful 
functor as given by H. Cartan and S. Eilenberg in another part of this volume. 
This section (Section I) is independent of the remainder and may be omitted by the 
reader. 

1. Structure on a space, almost-complex structure 
Let.L be a subcategory of the category of topological spaces and continuous maps 

which satisfies the conditions that any open subset of an object of.L is an object of 
.L and that the restriction of any map of.L to an open subset of its domain is a 
map of .L. The maps of.L will be called. regular maps. We remark that.L is a 
local category in the sense of Cartan and Eilenberg. 

Let X be a topological space. For each open U c X let .L(U) be the sub. 
category of.L consisting of objects homeomorphic to U together with the maps 
connecting objects of .L(U). Let 

S(U) = {tpltp a homeomorphism from an object of .L(U) onto U}. 

If V c U, we have S(U)~S(V) where tp ES(U) goes into (tp-l!n-l . Also let 

G(U) = {(tp, 1p)ltp, "I' ES(U), g = tp-l 0 "1', g, g-l E .L(U)}. 

Then we have the restriction map G(U)~ G(V) where (tp, "1') goes into 
«tp-ljv)-r, (1p-l ln-1). An element of G(U) is an identity if it is of the form 
(tp, tp), tp E S(U). The product (tpl' "1'1) 0 (tp2' "1'2) is defined in G(U) if and only 
if "1'1 = tp2 in which case (tpl' "1'1) 0 (tp2' "1'2) = (tpl' 'lf2)' It is clear that the product 
commutes with restriction so the restriction is a homomorphism in the sense of 
groupoids. Finally we denote a general element of G( U) by g. 

The assignments U ~ G(U), U ~ S(U) define pleshaves on X inducing sheaves 
which will be denoted by G, S respectively. 

If g E G(U), g = (tp, 'If), tp, "I' ES(U), we shall say that tp and "I' are equivalent, 
and we shall denote the equivalence classes of S(U) modulo G(U) by S(U)/G(U). 
Then U ~ S(U)/G(U) is a presheafinducing a sheaf on X which will be denoted by 
SIG. An ..A-structure on X is an element of HO(X, SIG). 

A 1-cochain with values in G defined on the nerve of an open covering U = {Ui} 
of Xis an assignment Ui:i~giiwhereYiJ E G(Uij)' Uu = Ui n Ui ' and (i) g" = gjil; 
(ii) gillk 0 gJkli is defined where gurt denotes the image of gij under G(Uii)~ G(Uiik}, 
U#lc = Ui n Uj n Uk" The coboundary ~: {gii}~ {gifk} is defined by gmc = 
gUlk 0 gjkli 0 gkili' gi;k E G(Um,), and a l-cochain {gii} is a cocycle if gij1c = l i ;k where 
liik is an identity of G(Uiik). Two l-cocycles {gu}, {ihi} are cohomologous if U£i = 
gili 0 gij 0 gill where Yi E G(Ui). Then Hl(X, G) is defined as the direct Jimit of the 
HI(U, G) : Hl(X, G) = lim Hl(U, G). 

-+ 
The coboundary map ~* : HO(X, SIG) ~ Hl(X, G) is defined as follows: let 

C EHO(X,SjG) be represented by {Ui• tpi,M,;},tpi:M.~ Ui,tpi ES(Ui),Mi E.L (Ui); 
then 0* C E_Hl(X, G) is represented by gij = (tpili' tpili) where Pili = (tp,l/Uij)-l. 
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Let c, (; E HO(X, S/G) be two .L -structures. Then c, c are said to be equivalent if 
there exists a homeomorphism f: X -+ X and representations {Ui' CPi, M i }, 

{Vi' 'lfJi' Ni } ofc, e respectively such that go = 'lfJi""1 0 fi 0 CP. E .L(Ui) wheref. = flU •. 
Given an arbitrary homeomorphism (continuous) f: X -+ X, then 

f*: HO(X, 8/G) ~ HO(X, SIG) 

(transport of structure) is bijective. Similarly f*: Hl(X, G) ~ Hl(X, G) is bijective. 
Let F be the group of homeomorphisms (continuous) of X onto X; then F 

operates on HO(X, S/G), W(X, G) and we say that two elements of either set 
are equivalent if one is transformed into the other by f*, f E F. We denote 
by HO(X, SIG)/F, W(X, G)/F respectively the sets of equivalence classes of 
HO(X, S/G),W(X, G). Since it is clear that IJ*(f* CO) =f*(IJ* CO), CO EHO(X, S/G), 
there is an induced map 'YJ*: HO(X, 8/G)1 F -+ W(X, G}I F such that the following 
diagram is commutative: 

HO(X,SIG) ~ HO(X, 8/G)/F 

lb* 1'YJ* 
Hl(X,G) ~ Hl(X, G) IF 

THEOREM 1.1. The maps IJ* and 'YJ* are injective. 
The proof is straightforward and will be omitted. 
If % is a local category whose objects (models) are the same as those of.L but 

whose maps define a sheaf of groupoids G % containiug G./(, there is a faithful 
functor T:.L ---7 % which induces maps such that the following diagram is 
commutative: 

HO(X, (S/G)./() ~ Hl(X, G./() 

1 1 
HO(X, (8/G)%) ~ Hl(X, G%). 

The local category .L for almost-complE'\X structure may be defined as follows. 
The objects of.L are pairs (M, s) where M is a subdomain of real euclidean 2m
space R2m and where 8 : M ---7 P X HQ is a differentiable cross-section ofthe bundle 
P X H Q associated to the principal tangent bundle P of M, H = GL(2m, R) (group 
of P), Q = GL(2m, R)/GL(m, C). By differentiable we shall always mean differen
tiable of class Oeo. The map 8 defines a (differentiable) reduction ofthe structure 
group GL(2m, R) to GL(m, C) (regarded as a real subgroup of GL(2m, R)), and this 
reduction in turn defines a direct-sum decomposition of the complexified tangent 
bundle OT of M, OT = T ®B 0, 0 the trivial bundle M X 0, namely: OT = 

P(OT) EB Q(OT) where Q(OT) is isomorphic to P(OT) under conjugation, Q(OT) = 

P(OT). This splitting induces a direct-sum decomposition of the complex vector 
space of differential forms on M according to type; projection onto the space of 
forms of type (p, q) will be denoted by II2>,Q' The exterior differential d operating 
on the differential forms splits: d = a + a where a is the anti-derivation of degree 1 
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of the exterior algebra of differential forms which is characterized by the following 
two properties: (i) for a function!, of = P*(df) = ITl,O (d!); (li) ad + do = O. The 
conjugate (j of a is defined similarly with Q* = P* = ITO,l replacing P* = ITl,O' 
The maps of the local category ...II are those differentiable maps f whose induced 
homomorphisms!* of the exterior algebra of differential forms commute with (j. 
An element c EHO(X, (SlG).It) defines an almost-complex structure onX and, if 
X is paracompact (which includes Hausdorff) we shall say that X (with structure c) 
is an almost-complex manifold of complex dimension m. H.AI is the local category 
for differentiable structure whose objects are subdomains of R2m and whose maps 
are all differentiable maps, there is a faithful functor T : ...II -+.AI which induces on 
X the structure of differentiable manifold and it is well-known (and easy to prove) 
that X with the induced structure of differentiable manifold is orientable and has 
a natural orientation. The compatible collation of the structure of the model 
objects of...ll induces a decomposition of the space of differential forms on X; 
projection onto the subspace of forms of type (p, q) and the splitting of the operator 
d will be denoted by the same letters as for the model objects. A function which is 
annihilated by (j will be called holomorphic; the holomorphic functions obviously 

form a ring. Finally let J = V -I(ITl,O - ITO,I); then J is an operator on the 
space of I-forms satisfying J2 = -1. 

On the other hand, given a differentiable manifold (X with an .AI' -structure), an 
almost-complex structure (if it exists) is defined by a differentiable cross-section 
s : X --+ P X 'H Q of the bundle P X H Q associated to the principal tangent bundle P 
of X where H and Q are as defined above. Two almost-complex sti'Uctures are homo
topic if the corresponding maps so, SI : X --+ P X HQ are homotopic in the usual sense, 
that is if there exists a differentiable map s : X X 1--+ P X H Q, I = {tjo < t < I} 
which satisfies sjX X 0 = so' siX X I = 81' We denote by ct E HO(X, SIG) the 
structure defined by St = siX X t. 

An almost-complex structure is integrable if and only if (j2 = 0 (which is equi
valent to the condition 02 = 0). 

H X has an almost-complex structure, the sheaf SIG induced by the presheaf 
U --+ HO(U, (SIG» is the sheaf of germs of almost-complex structures. A germ of 
(SIG):., x E X, is represented by an almost-complex neighborhood U whose structure, 
if U is a cell, is defined by a differentiable map f: U --+ Q = GL(2m, R)/GL(m, 0). 
Two germs of (SIG):. will he called equivalent if they are represented by almost
complex neighborhoods U, V of X whose structures, defined by (U, r:p, M), (V, "P, N), 
are connected by a homeomorphism!: U --+ V carrying x into x such that g = 
r:p-l 0 f 0 "P is a map of ...II. 

Denote by {SIGh the subsheaf of SIG composed of germs of integrable almost
complex structures on X. A germ of (SIG):. will he called kahlerianif it is represented 
by a kahlerian almost-complex neighborhood of x. 

T:a:EOREM 1.2 (E. Galahi). «SjG)i}1lJ is the 8ubset o! (BIG):. composed of kahlenan 
germs. 

The construction of a local Kahler metric is achieved by choosing a real differen. 
tiable function cp in a neighborhood of x which vanishes at x together with its 
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gradient drp and which satisfies the further condition that its matrix of second 
partial derivatives is positive-definite at x. Let m = -! III,! dJdrp; then m is the 
fundamental 2-form associated with a positive-definite hermitian metric in a 
neighborhood of x and it can be verified that m = -! dJ drp + T( drp) where T is the 
torsion tensor of the almost-complex structure: T = 0 if and only if (j2 = O. Thus 
dm = 0, which is equivalent to the metric being kahlerian, if and only if the 
structure is integrable. 

2. Spectral resolution of the structure 

A finite sub-manifold V of a differentiable manifold X is a subdomain of X 
whose closure is compact and whose boundary is a differentiable submanifold of X 
which is regularly imbedded. It follows, in particular, that the boundary of a 
finite submanifold V consists of finitely many connected components. 

Now let V be a finite submanifold of an hermitian almost-complex manifold X 
of complex dimension m with the induced almost-complex structure and metric 
and assume that the structure is integrable in some neighborhood in X of the 
boundaryof V. We shall denote the boundary of V by b V; b V is a real differentiable 
manifold of dimension 2m - 1 with a riemannian metric induced from the hermit
ian metric of X. 

The hermitian metric of X induces a splitting of the tangent bundle T of X 
restricted to a sufficiently small neighborhood U in X of b V, namely T = T t Ei1 Tn' 
where T .. is the bundle of tangent vectors along the geodesics orthogonal to b V and 
where T t is the bundle of tangent vectors along the (2m -I)-dimensional hyper
surfaces orthogonal to the geodesics. This splitting defines a local-product structure 
on U, and we say that a I-form in Uis of type (1, 0) if it vanishes on the tangents to 
the geodesics, of type (0, I) if it annihilates the tangent spaces of the hypersurfaces 
orthogonal to the geodesics. A differential form of degree p in U then splits 
uniquely into the sum of a form oftype (p, 0) (its tangential component) and a form 
of type (p - 1, 1) (its normal component). Given a differential form o/in Vweshall 
denote by trp, nrp respectively the restrictions to b V of its tangential and normal 
components. 

Denote by H the Hilbert space of norm-finite functions in b V, by Hy the Hilbert 
space of norm-finite functions in V, and by Py the subspace of Hy composed of 
harmonic functions in V which belong to the closure of the domain of the operator 
iI. Let W be a finite submanifold of X which contains the adherence of V in its 
interior, and let Ow be the Green's operator (see [7]) of W: (Ow o/)(Y) = 

(o/(x), (l(x, Y»w for any function rp in the Hilbert space Hw of norm-finite functions 
in W where (rp, 1p)w denotes the scalar product on W. Introduce the operator 

(2.1) (Grp)(y) = r (l(x,y) rp (x)iI8"" rp EH, 
JbV 

where d8m is the volume element of b V. Then G may be regarded either as a map 
G : H-+ P y or as a symmetric completely continuous transformation G : H -+ H. 

LEMMA 2.1. The map G: B-+B is injective (kernel zero). 



A SPECTRAL RESOLUTION OF COMPLEX STRUCTURE 73 

PRoOF. Suppose that Gf{! = 0 in H, f{! E H. Then Gf{! = 0 in Pr and in Pw-r 
since Gf{! defines harmonic functions in V, W - Veach of which has vanishing 
boundary values (the boundary values of G on b W vanish by definition of the 
operator Gw)' On the other hand, niJGf{! decreases by f{! as the boundary of V is 
crossed from V into W - V (Lemma 2.3.80f[5]); since n iJGf{! has vanishing boundary 
values on either side of b V, we conclude that f{! = 0 in H. We remark that the 
hypothesis of the integrability of the structure near the boundary enters into the 
proof of Lemma 2.3.8 of [5]. 

Let T : H -+ H be defined as T = naG; then T is a singular operator which has 
been investigated in detail in the paper [5]. We denote the adjoint operator of T by 
T* . It was shown in [5] that the addition of bounded operators to T, T* makes both 
operators regulamable in the sense of Giraud-Mihlin ([4, 6]) and this result implies 
the following theorem: 

THEOREM 2.1. The operators T, T* are bounded. 
Next we show: 
LEMMA 2.2. The operator GoT = G 0 naG is self-adjoint in H; that is G 0 T= 

T*oG. 
PROOF. We apply Green's formula to Gf{! EPy , f{! EH, and we obtain 

Gf{! + r (nag)' Gf{! . dS<t = G(n iJ G f{!). 
JbV 

By passage to b V: 

G(n a G f{J) -+ (G 0 T)f{!, 

Thus GoT = T* 0 G as stated. 
Let B : H --+ H be defined by 

Gf{! + r (nag)· Of{! . dS",-+ (T* 0 G)f{!. 
JbV 

(2.2) B = GoT = T* 0 G. 

Since 0 is completely continuous and T bounded (Theorem 2.1), we see that B is 
a completely continuous, self-adjoint transformation, B: H-+ H, B* = B. 

Now let {Ai}' {Pi} be the eigen-values and eigen-functions defined by 

(2.3) 

where Ai tends to zero as i approaches infinity. We write 

(2.4) 

and adjoin the space 

(2.5) 

to obtain a complete orthonormal base {Pi' lXi} for H, namely: 

(2.6) 

Finally, let S = G(H) cPr' 

(2.7) 81 = G(B) c Py , So = G(A) cPr· 
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We call S = Sl EEl So the set of Steklofl' functions, and So is the subset of S consisting 
of those functions which are holomorphic in V. 

LEMMA 2.3. The eiyen-values Ai occurring in (2.3) are positive numbers. 
PROOF. We distinguish scalar products over V by affixing a subscript V; scalar 

products in b V will carry no subscripts. Then if 'Yi E SI' Yi = Gf3i E Pp f3t E B, 
we have by Green's formula: 

(dy., dYi)V = l' 'Y.' (n a J'i) • dB", = (Gf3i' n d Gf3i) 
bV 

= (Pi' an d GPi) = X;(f3i' f3i) = Xi' 
Thus Xi > 0 which shows that iti > 0 as stated. 

We assign to each Steldoff function of S1 its corresponding eigen-value II. where, 
if I' = Gp, P E B, A is defined by (2.3) and we assign to each function of So the 
eigen-value II. = O. The non-negative numbers A will be called Steldoff numbers; 
their vanishing characterizes holomorphy in a Stekloff function: a Steldofl' function 
is holomorphlc if and only if its Steldofl' number is zero. In the case of the complex 
euclidean ball V = {z /2Iz,,12 < I}, we may choose W = em, y(z, ~) = 1/lz - ~12m-2 
where Iz - ~l is the ordinary euclidean distance of the points z, ~ E om, and 
we may verify that a harmonic of type (p, q) has the Steldoff number 
}'llQ = iq/(p + q +m _1)2. The bigradation of the Steldoff functions in the 
general case will be carried through in §3. 

Now let 

(2.8) 0= {pip EH, T* p = o}. 

Thus 0 spans the subspace of H which corresponds to boundary values of holo
morphic functions in V (see [5]). The following result is obvions: 

THEOREM 2.2. We have the ortMyonal decomposition 

(2.9) H = [T(H)] EEl 0, 

where [T(H)J denotes the closure in H of the space of functions T(p), p E H. 

3. Bigradation of the Stekloff functions 

We continue to assume that V is a finite submanifold of an hermitian almost
complex manifold X of complex dimension m whose structure is integrable in a 
neighborhood of the boundary of V. 

Let T be a positive number and define 

(3.1) 

All the considerations of §2 remain valid with d1' replacing d. We shall distinguish 
the operators of §2 defined in terms of d.,. by affixing a subscript T. 

The operator T .. : H-+ H is defined to be T = nd.,. G .. /(2T + 1), and we denote 
the adjoint operator of T" by T; . The operators TT' T; have been investigated in 
detail in the paper [5] where it is shown that, for T > 0, these operators are regular
izable in the sense of Giraud-Mihlin «(4, 6]). It is important to remark that, for 
T> 0, the space So" is isomorphic to e (complex numbers) and that 0", the space 
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spanned by the boundary values of holomorphic functions, is also isomorphic to C. 
We consider now the Stekloff numbers A.,., A..,. > 0, associated with the functions 
ofS.,.,.As T tends to zero, each A.,. converges to a StekloffnumberofS and the vector 
subspace of S.,. corresponding to A.,. converges to a subspace of the space spanned by 
the functions of S belonging to A = lim ....... o A ... If A = lim AT > 0, the space spanned 
by the functions of S belonging to A. is finite-dimensional. 

We have the decomposition 

(3.2) 

where S" is the finite-dimensional vector space spanned by the functions which .,. 
belong to AT' T > 0, and similarly, for T = 0, 

(3.3) 

where SA is finite-dimensional for A > O. 
We shall say that two functions f, g ofS are equivalent if, for each sufficiently small 

T> 0, there exist functions f .. , U-r belonging to the same S" which converge to .. 
t, g respectively. It is clear that this is a relation of equivalence, and to each equi-
valence class of S" there is associated a unique A .. , lim A. .. = A. Writing '1] .. = AT - it, 
A = lim .it .. , we have ..-0 

(3.4) 

where le may be any positive integer, and we associate to each equivalence class of 
SA the first non-zero coefficient Vi in the development (3.4), provided that such a 
non-zero coefficient exists for some arbitrary large le. If no non-zero coefficient 
exists, we assign the number ° to the equivalence class. The real number deter
mined in this way minus A will be denoted by r, and the Stekloff number A will be 
denoted by 8. We have then the decomposition, 

(3.5) S = Zr,if Sr,. 

and we say that the functions ofSr ,8 are oftype (r, 8). The sum of the numbers ,. ~nd 
8 is a generalization of the total degree of a harmonic and thus reflects the structure 
of a Stekloff function. 

In the case of the complex euclidean ball V = {z Iz Iz .. 12 < I}, the harmonics 
of type (1', q) span Sr" where 

ir 
= ~(p + q': m-.l)2 

~~ 1 q 
8=- , 

2 (1' + q + m - 1)2 

4. Homotopy and the principle of upper semi-continuity 
Let X be a real differentiable manifold of dimension 2m with the two hermitian 

almost-complex structures co' c1 connected by a differentiable homotopy of 
structure where Vt is an hermitian almost-complex structure for each t, 0 < t < 1, 
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whose hermitian metric Wt also depends differentiably on t. Let V be a finite 
submanifold of X, and let V t be V with structure and metric induced from ct' W t • 

We assume that there is a fixed neighborhood (independent of t) of the boundary of 
V in X throughout which the structure ct is integrable for each t, 0 < t < 1. If W 
is a finite submanifold of V containing the adherence of V as compact subset, the 
Green's operator Gw., the corresponding operator Gt , and the various other oper
ators Df Section 2 will vary continuously, and even differentiably, with t. We denote 
dependence on t by attaching a subscript. 

For each t, 0 <t< I, we have the decomposition 

(4.1) 

where So.t denotes the subspace of St spanned by the Stekloff functions of type 
(1', 0) (holomorphic functions), S1 t the subspace of Sf spanned by functions of 
type (1', s), s > O. We say that the'variation of complex structure is continuous at 
to if and only if the decomposition (4.1) is continuous at the parameter point to in 
the sense that lim SO,t = SO,t

G
' lim Sl,t = Sl,t

o 
as t approaches to' We may also 

define left and right continuity. The following result is immediate: 
THEOREM 4.1 (principle of upper semi-continuity). As t approac,hes to, lim SO,t 

c So.to' 
The following example shows that lim SO,t may be a proper subset of SO,t

o
' Let 

Vo be the euclidean ball V = {z I Llz",J2 < 1} with the structure Co of em and with the 
euclidean metric wo, and let V t be V with the structure Of defined by a different
iable homotopy such that ct coincides with Co outside the euclidean ball of radius 
1/2. Define w t = III,1 (t)wo' Then, for all sufficiently small t > 0, w t is a positive
definite hermitian metric. If we make the deformation in such a way that ct is non
integrable for t > 0, then clearly 80• t is isomorphic to C for t > 0 while 80,0 is the 
infinite-dimensional space spanned by the harmonics of type (1', 0); hence lim 
So.t = e is a proper subset of 80•0 , 
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COMPLEX ANALYTIC CONNECTIONS IN FIBRE BUNDLESl 

M. F. ATIYAH 

Introduction 

In the theory of differentiable fibre bundles the notion of a connection plays an 
important role. It is therefore natural that we should investigate the corresponding 
situation for complex analytic fibre bundles. It turns out that complex analytic 
connections do not in general exist, and in this way we obtain an obstruction 
element which corresponds in a certain sense to the curvature of a differentiable 
connection. Under suitable circumstances this obstruction element generates the 
chalacteristic cohomology ring of the bundle in a manner analogous to the differen
tiable case. 

The preceding ideas are applied in particular to a problem of Weil [12]. We show 
how Weil's main result fits into the general theory and we discuss various aspects of 
the problem. 

§1. Complex analytic connections 
Let P be a principal complex analytic fibre bundle with a complex Lie group Gas 

structure group and a complex manifold X as base. Let :T denote the tangent 
bundle of P. Since G operates on P it also operates on:T and we put Q = :TIG. 
An element of Q is therefore an invariant tangent vector field of P defined along one 
of its fibres. Q has a natural structure of (complex analytic) vector bundle over X, 
and there is a homomorphism of Q onto the tangent bundle T of X induced by the 
projection of Ponto X. The kernel of this homomorphism is L(P), the vector 
bundle over X (with fibre the Lie algebra L( G) of G) associated to P by the adjoint 
representation. This can be seen as follows. The sub-bundle Y;; of :T consisting of 
vectors tangential to the fibres of P is canonically isomorphic with the product 
bundle P X L(G). The action of g EGis then given by (p, l)g = (pg, ad(g)-ll), so 
that Y;;/G = P XG L(G) = L(P). 

Thus to every principal bundle P we can associate the exact sequence of vector 
bundles over X: 

d(P): 0-4- L(P)-4-Q-4- T-4-0. 

DEFINlTION. A connection in P is a splitting homomorphism T -4-Q of the exact 
sequence d(P). 
If f: T -4- Q is a connection in P, then Q ::::::: L(P) EB T. In general however the 

exact sequence d(P) may not split, and we are led therefore to the study of 
extensions of vector bundles. 

1 Full details and proofs of the results stated here will be found in a paper of the same title 
appearing in the Tra.nsactions of the American Mathematical Society. 
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§2. Extensions of vector bundles 
Let E', EN be two vectOl bundles over X. Then an extension of E" by E' is an 

exact sequence of vedor bundles over X . 

A: O~E'~E~E" ~o. 

Two extensions AI' A2 of E" by E' are equivalent if there is an isomorphism 
g : Al ~ A2 which is the identity on lfJ' and EH. The classification problem is then 
solved by the following result: 

PRoPOSITION 1. The equivalence classes of exten8ions of E" by E' are in one-one 
correspondence with the element8 of HI(X, Hom (Elf, E'». 

Here E", E' denote the sheaves of germs of holomorphic sections of E" and lfJ' 
respectively. Hom (E", E') denotes the sheaf of germs of O-homomorphisms of E" 
into E', where 0 is the sheaf of germs of holomorphic functions (cf. Serre [9]). 

Proposition I follows from the general theory of fibre bundles (cf. Grothendieck 
[5]). We remark only that, if O~E' ~ lfJ~E" --+ 0 is a given extension, E is 
locally isomorphic with E' EEl E", and two different local isomorphisms differ by a 
local automorphism of E' EEl E" of the form 1 + p, where 1 is the identity and 
p : E" --+ E' locally. 

§3. The obstruction element 
By Proposition 1 the extension d(P) corresponds to an element a(P) E 

HI (X, Hom (T, L(P))). If we identify Hom (T, L(P» with L(P) ® Ql under the 
canonicalisomorphism2we may regard a(P) as an element of Hl(X, L(P) ® QI). A 
connection exists in P if and only if a(P) = O. If X is a Stein manifold 
Hl(X, L(P) ® QI) = 0, and so every principal bundle has a connection. The same 
result holds in the differentiable case since the relevant sheaves are then fine. If X is 
a compact complex manifold we shall see that a(P) is in general non-zero. 

A case of special interest arises when G = G Lr(C). In this case G is the group of 
automorphisms of a vector space V, and L( G) = End V is the vector space of all 
endomorphisms of V. If E = P X G V is the associated vector bundle it follows 
that L{P) = End E = E ® E*, where E* is the dual of E. Hence, identifying the 
corresponding sheaves, a(P) EHI(X, End E ®QI). 

§4. The characteristic ring 

If P is a differentiable principal bundle, and if e is the curvature of 
a connection we can construct the characteristic ring of P as follows. Let F be 
an invariant polynomial of G (which we assnme to be compact), that is 
F : L(G) ®R' •. ®R L(G) ~ R is an R-homomorphism symmetric and invariant 
under ad(G). Then F(e, .•. , e) is a closed differential form on X and so defines an 
element of H*(X, R). By taking all the invariant polynomials F we obtain all the 
characteristic ring (with real coefficients) (cf. Chern [4]). 

We return now to the complex analytic sitnation. Let F be an invariant poly
nomialofG, that is F: L(G) ®a'" ®aL(G)--+CisaO-homomorphism, synrmetric 

2 As usual QIi denotes the sheaf of germs of holomorphio differential forms of degree k. 
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and invariant under ad{G). Then F induces a vector bundle homomorphism 
F: L(P) ® ••• ® L(P)-,»-I, where 1 denotes the trivial line-bundle. This in turn 
gives rise to a sheaf homomorphism F : L(P) ® ••• ® L(P) -'»- O. Using F we can 
define a cup-product lUultiplication. 

Hl(X, L(P) ® Ql) 0 ... ® Hl(X, L(P) ® gl) -'»- Hk(X, gk), 

where k is the degree of F. We consider in particular the image of a( P) ® ••• ® a( P) 
under this homomorphism, and we denote the resulting element of Hk(X, 9 k) by 
F(a(P}). Then our main result is the following: 

THEOREM 1. Let X be a compact Kahler manifold, and a a semi-simple complex Lie 
group or GL~(O). Let P be a principal G-bundle over X, and let a(f) be the obstruction 
element defined by d(P). Then the set of F(a(P» where F runs through the invariant 
polynomials of G is identical with the set of elements in the characteristic cohomology 
ring of P. 

We remark :first that, since X is a compact Kahler manifold, Hk(X, gk) is 
canonically isomorphic with a subgroup of H2k(X, 0). Next, let a1 be a maximal 
compact subgroup of G. Then the structme group of P lUay be reduced (differen
tiably) to G1• Let '6'1 c H*(X, R) be the characteristic cohomology ring of the 
Grbundle obtained from P. Then, by the characteristic cohomology ring of P we 
mean the ring '6'1 ® 0 c H*(X, 0). 

Two different proofs of Theorem 1 may be given, and we give brief indications of 
both. 

(1) Let PI be a arbundle which is a-equivalent (differentiably) to P. Then it has 
been shown by Nakano [8] and Singer [11] that there exists a differentiable connec
tion in PI such that the induced connection in P has a curvatme 0 of type (1, 1). 
Moreover 0 corresponds to a(P) under the Dolbeault isomorphism associated with 
the vector bundle L(P) (cf. [10]) Using this fact, the nat mal relation between 
invariant polynomialS of a and those of 0 1, and the multiplicative properties of 
the Dolbeault isomorphism we obtain the Theorem. 

(2) We :first prove Theorem 1 for OLr(O). This is done, following Hirzebruch [6], 
in three stages: (i) for line-bundles, (li) for split bundles (i.e., bundles with the 
triangular group as structure group), (iii) for general bundles. Cases (i) and (li) are 
easily proved, and (iii) reduces to (li) by lifting to a bigger space (also compact 
Kahler). The Theorem for a semi-simple group a now follows from the Theorem for 
o Lr(C) by considering all complex analytic representations G-+ aLiO) and using 
a. result of Borel-Hirzebruch [3]. This result asserts that every characteristic class 
of P 1 may be expressed in terms of the Chern classes of the unitary bundle associated 
to PI by some unitary representation of 0 1, 

COROLL.A:R.Y. Let X, G, P be us in Theorem 1, and 8UppOOO P has a connection. 
Then all the characteristic clas8es of P are zero. 

§5. Weirs theorem 
Let X be an algebraic curve, P a principal bundle over X. Then, by Serre's 

duality theorem, W(X, L(P) ® &}1) is dual to HO(X, L(P)*). In particular suppose 
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that G = GLr(O), and let E be the assooiated veotor bundle. Then L( P)* = End E, 
and so HI(X, L(P) 0 ,Q,l) is dual to rEnd E, the veotor spaoe of all endomorphisms 
of E. 

Let E = EI EfJ E2 EfJ ••• EfJ Eq be a Remak decomposition of E, that is each 
Ei is indecomposable. Then the Ei are unique up to isomorphism [2], and it is easy 
to show that a(P) = a(P1 ) EfJ ••• EfJ a(Pq ) where Pi is the principal bundle 
corresponding to Pi' and we regard End EI EfJ ••• ffi End Eq as a subsheaf of 
End E. We may th61efore suppose E indecomposable. Then every cp E rEnd E is 
of the form cp = AI + tp, where I is the identity, A E 0 and tp is nilpotent [2]. 
Finally we find 

(i) 

(ti) 

(a(P), 1) = 27Ti deg E, 

(a(P), 1p> = o. 
Hence we obtain Weil's theorem: 

THEOREM 2. Let E = El EfJ ••• EfJ Eq be a Remak decomposition of the vector 
bundle E over the algebraic curve X. Let P be the principal bundle corresponding to E. 
Then P has a connection if and only if deg (Ei) = 0 for i = 1 , ... , q. 

This form of the theorem differs slightly from that in [12]. However it is easy to 
show that a principal G-bundle P arises from a representation of the fundamental 
group of X ; 7Tl(X) ~ G if and only if P has an integrable connection. Moreover 
every connection over a curve is neoessarily integrable. Thus Theorem 2 can be 
rephrased as follows: P arises from a representation of the fundamental group if and 
only if deg (Ei) = 0 for i = 1, ... , q. 

§6. Higher dimensional varieties 

In this section we shall consider the case when the base space X is an algebraic 
variety of dimension greater than or equal to two. We denote by X", the intersection 
of X with a general hypersurface of degree n, and by P", or E '" the restriction to X", 
of the principal bundle P or the vector bundle E. We then have a. standard exact 
sequence of sheaves: 

O~E(-n)~E~En~O, 

where E( -n) is the sub-sheaf of sections of E vanishing on X n , and En is the sheaf 
of germs of holomorphic sections of En' A basic theorem (cf. [9]) asserts that 
Hq(X,E(-n» = 0 if q < dim X and n is sufficiently large (depending on E). 
From the exact cohomology sequence we then obtain, for sufficiently large n, 

q, q + l:f. dimX. 

Thus, if a. problem can be expressed in terms of cohomology groups of a vector 
bundle, an induction argument for reducing the dimension of X is at our disposal. 
We make two applications of this method. 

(l) By conSidering the vector bundle End E we find that, if dim X > 2 and if n is 
sufficiently large 
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On the other hand the structure of the algebra rEnd E completely determines 
whether or not E decomposes (cf. [2]). Thus we deduce the following: if dim X > 2, 
and prooided n is sufficiently large, E decomposes if and only if En decomposes. 

(2) By considering L(P) @ T* we find that if dim X > 3, and provided n is 
sufficiently large, P has a connection if and only if P n has a connection. 

Clearly the result in (I) becomes false if dim X = 1, since Xn is then a set of 
points and so En always decomposes. We shall now give an example to show that 
(2) becomes false if dim X = 2. Our example also shows that Weil's theorem does 
not generalize to higher dimensions. 

Let Y be a rational curve, Z an elliptic curve, and put X = Y X Z. We shall 
identify Y, Z with the curves Y X zo, Yo X Z on X, where Yo' Zo are given points. 
We shall construct an extension 

A : 0 -,'>- [ Z] -,'>- E -,'>- [ - Z] -,'>- 0, 

where as usual [Z] denotes the line-bundle on X corresponding to the divisor Z. 
If we restrict to Z, we get the extension 

0-,'>- I -,'>- E z -,'>- I -,'>- 0, 

I denoting the trivial line-bundle on Z. This restriction of extensions corresponds 
to the restriction homomorphism p: HI(X, [2Z]) -+ HI{Z, Oz). Now, since Z is 
elliptic, W(Z,Oz) is of dimension one. By examining the exact cohomology 
sequence containing p we can show that p is an epimorphism. We choose an element 
of W(X, [2Z]) not in the kernel of p and we consider the corresponding extension 
A. By construction A z is a non-trivial extension, and it is known that in this caRe 
Ez is indecomposable (cf. [IJ). 

Restricting A to Y we get 

Ay: 0-+ [D]-,'>-Ey-+ [-D]-+O. 

where D is a point divisO! on Y. Since Y is rational HI( Y, [2D]) = 0, and so Ay is 
trivial. Thus Ey ~ [D] $ [-D]. Hence by Weil's Theorem Ey (or rather the 
corresponding principal bundle) does not have a connection, and so E does not have 
a connection. 

Finally, from the definition of E, we see that all the Chern classes are zero. 
The properties of E thus show that Weil's Theorem does not have a generalization 
to higher dimension. Moreover, if Xn has the same meaning as before, En will be 
indecomposable for sufficiently large n (since E is indecomposable, and using (1) 
above). Also the Chern class of En, i.e., its degree, is zero. Hence by Weil's Theorem 
En has a connection. But we have already shown that E does not have a connection. 
This shows that (2) is false if dim X = 2. 

§7. Line-bundles 
We conclude by mentioning an interesting special case of the exact sequence 

d(P). 
Let X be an algebraic variety of dimension r embedded non-singularly in a 
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projective space 2: of dimension n. Let E be the line-bundle on X corresponding to 
the negative of a hyperplane section, let T be the tangent bundle of X, and let P 
be the principal bundle associated to E. Let G(r + 1, n + 1) denote the Grass
mannian of r-dimensional subspace;:; of 2;. Then the embedding of X in 2: defines a 
mapping of X into G(r + 1, n + 1) by assigning to each point x the tangent 
projective r-space to X at x. Let W be the (1' + I)-dimensional vector bundle 
induced by this mapping. Then it can be shown that the exact sequence d(P) 
reduces to the following; 

O-'J>I-+E* ® W-+T-+O. 

This sequence is due to Nakano [7] and Serre (unpublished) and is of interest 
because it enables us to express the Chern classes of T in terms of those of Wand 
E (cf. [7]). The formulas obtained this way are precisely those originally used by 
Todd to define Canonical Systems. 
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REMARQUES SUR CERTAINES ALGEBRES DE LIE 

P.AR RAYMON;D RAFFIN 

1. Les algebres de Lie ont pris, depuis peu, en topologie algebrique, une impor
tance croissante (voir par exemple C1rnVALLEY and EILENBERG [2], KOSZUL [3], 
H. CARTAN and EILENBERG [4]). 

Je presente ici quelques remarques d'un caractere elementaire et purement 
algebrique sur les algebres de Lie. 

2. Les algebres A dont il sera question seront des algebres (eventuellement) non 
associatives sur un anne au B (commutatif, avec element unite) qui sera generale
ment sur un corps F. 

3. Dans la determination des algebres de Lie A on rencontre 1e cas particulier 
suivant 

(3.1) {
qUeiS que soient 

xy E (x, y) 
xEA,YEA, 

ou (x, y) designe Ie B-module engendre par x et y. 
Une algebre A satisfaisant a (3.1) est a puissances associatives et si elle est com

mutative elle est une algebre de JORDAN. (comparer avec Theoreme 5.1.) 
4. La condition (3.1) peut s'ecrire 

(4.1) xy = A(X, y)x + p(x, y)y. 

A etant donnee, les fonctions A(X, y) et p(x, y) ne sont generalement pas bien 
determinees. Mais nous avons Ie 

LEMME 4.1 Soit une algebre non associative d'ordre superieur a n + 1 - k sur 
un corps F et tdle qu'on ait 

(

O<k<n, 
al' a2 • ••• . an E (ale' ... ,an) queIs que aoient 

aI' ... , an de A, 

ou le premier membre figure un produit non associatif quelconque, d&6rmine, aU les 
parentheses sont mises toujours de La m~me fagon quels que soient al" •• , an et aU le 
second membre designe Ie F -module engendre par ale' ..• , an; 1e premier membre peut 
done s' knre 

'iJ=k Pi(al, ... , an)ai , 

ou les Pi8ontdesfonctions sca1aires. (c'est a dire a valeurs dans F.) A10rs parmi 1es 
ensembles ordonnes des fonctions p: 

{p.,(a1, ••• ,an)' •• " Pn(all "', an)} 
il en existe un tel que Pi ne depende pas de a.(i = k, ... , n), en outre ehaquefonction Pi 
de cet ensemble-ld est lineaire et homogene par rapport a chacun de 8es argn· 
ments a;(j =1-= i). 

Pour pouvoir appJiquer ce lemme nous supposerons dans tout ce qui suit que B 
e8t 1tn corp8 F. 

83 
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Ii en resulte en particulier que, pourvu que l'orme de l'algebre A sur F soit 
superieur it 2, on peut remplacer la condition (4.1) par la condition 

(4 2) .11.( ) () {Il et p lineaires 
. xy= y x + p x Y et homogenes, 

OU {.II.(y), p(x)} designe ceIui des couples ordonnes {lex, y), f.t(x, y)} qui est signale par 
Ie lemme. Si l'orme de l'algebre A est egal it 2 ce resultat est encore vrai it condition 
que F soit different du corps (0,1). 

5. II resulte du §4 Ie 
THEOREME 5.1. Hi dans une algebre A 8ur un corp8 F et telle que xy E (x, y) quels 

que 80ient x et y de A, a tout u =1= 0 de A on peut faire correspondre v de A, inrMpendant 
de u et anticommutant avec u, l'algebre A est une algebre de Lie. 

On a alors 

(5.1) XY= .II.(y)x-- l(x)y. 

Ce resultat s'applique en particulier si on sait it priori que l'algebre A est anti
commutative (cf. :fin § 3). 

6. Appelons "algebre, sue F, du produit vectoriel" l'algebre anticommutative, sur 
F, dont une portion de la table de multiplication est 

Table (6.1) 

-e~ 

o 

Appelons "algebre, sur F, du produit vectoriel generalise" l'aIgebre anticommutative, 
sur F, definie par 

Table (6.II) 

o 

OU /Xl et {J2 sont des elements non nuls de F. 
THEOREM]] 6.1 (I) Dans les hypotheses 
(6.1) A est une algebre non associative sur un corps F. 

(6.2) x(yz} E (y, z) } quels que soient x, y, z 

(6.3) :r;2 = 0 de A. 

(6.4) dim A> 2 (dim A est l'ordre de A sur F). 

A est une algebre de Lie. 
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(ll) Si, avec les hypotheses «6.1), (6.2), (6.3», on rem place (6.4) par 

(6.4') {(6.4~) dim A > 1 
(6.4~) {a et b iruUpendants sur F entratne 

a et ba imlependants sur F. 

A est une algebre Lie d'ordre au mains €gal a 3 et contenant une sous-algebre, sur F, 
isomorphe a cale du produit vectoriel generalise. 

(llI) Si en plus de «6.1), (6.2), (6.3), (6.4'» on a 

(6.5) A(a, a) oF 0 pour tout a oF 0 

l'algebre A est d'ordre 3 (elle est donc isomorphe a l'algebre du-produit vectoriel 
generalise). 

(IV) Si en plus de «6.1), (6.2), (6.3), (6.4'), (6.5)) on a 

(6.6) A(a, a) est, pour tout a, un carre parfait de F. 

l'algebre A est isomorphe a l'algebre, sur F, du produit vectoriel. 
7. Considerons l'algebre anticommutative m:, sur F definie par 

Table (7.1) 

associons-lui la matrice 

(7.1) 

Appelons algebre adjointe ffi de l'algebre m:, l'aIgebre "scalaire" definie par 

Table (7.ll) 

ffi e1 e2 ea 

e1 g11 g12 gl3 

ea g2l gaa gaa 

e3 gal gS2 gaa 

ou les gii sont des elements de F tels que la matrice 

(7.2) G= (gii) 
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qui sera dite associee a (fj soit l'adjointe de r (exemple: glZ = cofacteur de 1X2 

dans r). Cette definition est consistante car elle est invariante par changement de bW3e. 
On remarque les propositions suivantes: 
Pour qu'une algebre m: soit une algebre de Lie il Jaut et il sujJit que son alg'libre 

adjointe soit commutative. 
Pour qu'une alg'libre m: soit isomorphe a l'alg'libre, sur F, iJ;u produit vectoriel 

generalise il faut et il sujJit que sa matrice adjointe G soit reguliere et symetrique. 
Comme applications immediates des remarques de cette section on a par exemple: 
1. Dans Ie cas des algebres de Lie d'ordre 3 les eventualites (3.1) et (6.3) se 

completemt. 
2. La reduction des algebres de Lie d'ordre 3 se ramene a celle, par congruence, de 

la matrice adjointe G. 
3. Pour qu'une aZg'libre m:, sur le corps des nombres reels, soit isomorphe a l'alg'libre 

du proau'it vectoriel il faut et il sujJit que la matrice adjointe G soit definie positive. 
(C'est a dire que G soit la matrice d'une forme quadratique definie positive.) 
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GEOMETRY OF SUBMANIFOLDS IN A COMPLEX PROJECTIVE SPACE 

SHIING-SHEN CHERN 

Introduction 

In the development of alg~braic topology in the last ten years the notion of 
curvature has played a considerable role. In fact, some of the basic notions of 
modern topology, such as transgression and characteristic 9lasses, were first 
discovered in their simplest forms in differential geometry. Among relations 
between curvature and characteristic classes one of the most inclusive results is the 
Wei! homomorphism. It can be briefly described as follows: Let 1p: E -,>-M be a 
differentiable fibre bundle with a compact differentiable manifold M as base space 
and with a compact connected Lie group as structural group. Let a connection be 
given in the bundle from which the curvature is defined. Then the real characteristic 
classes of this bundle, which are elements of the cohomology ring H*(lrI, R), 
contain as representatives (in the sense of de Rham's theorem) exterior differential 
forms which can be constructed explicitly from the curvature [5].1 

.As an example we consider the tangent bundle of a compact Riemannian manifold 
with its Levi-Civita connection. Let 0ii = -0#, 1 < i,j < n (= dim of M), be the 
curvature forms. Then the Pontrjagin class Plo contains as representative the 
exterior differential form [8] 

(1) 'Flo = (27T)~(2k)! L: ~(il' ••• , i 2k; jl' ••• ,j2lo) Oil 1! A' •• A Oi~Jt'k' 
In this formula ~(il' ••• ,i2lo;jl' ••. ,j2le) is zero, except when jl> ••. ,j2le is a 
permutation of i 1•• ", i 2le, and is then equal to +1 or -1, according as the 
permutation is even or odd, while the summation is extended over all indices 
iI' ... ,i2le, jl' ••• ,j2k from I to n. \ 

Using this identification, we can interpret the Thom-Hirzebruch index theorem 
[10) as expressing the index T(M) of a compact oriented Riemannian manifold M, 
a topological invariant, in terms of an integral over M. In fact, for n = 4 or 8, the 
theorem gives respectively the formulas 

n=4, 

(2) 

T(M) = 72~7T4 L 7{(01~34 + 0 130 42 + 0 140 23)2 + ... } - (0!2 + ... + O~s)' 
n=8. 

1 Reference is to Bibliography at the end of this paper. 
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In the last formula the sum in the braces is over all combinations, four at a time, 
of the 8 indices. 

Similarly, the recent work of Hirzebruch on the Riemann-Roch Theorem for 
algebraic varieties can also be interpreted as a formula expressing the arithmetic 
genus of a complex algebraic variety as the integral of a certain curvature of the 
Kahler metric of the variety_ 

I propose to discuss in this paper certain aspects of the geometry of an analytic 
submanifold Mm of (complex) dimension m in a complex projective space of 
dimension N. The other interesting case of the study of submanifolds is that of 
differentiable submanifolds in an Euclidean space, which is the object of classical 
differential geometry. Although there is a certain analogy, we will see that the 
problems are quite different. When the occasion justifies, we will point out the 
analogies and the differences. 

1. Local geometry of submanifolds 
Let M m (or simply M) be an analytic submanifold of dimension m in a complex 

projective space P N of dimension N. The latter has the Fubini-Study elliptic 
Hermitian metric, so that Mm has an induced Kahler metric. It has curvature 
forms from its Kahler metric and has relative curvatures as a submanifold of P N' 

To describe the situation analytically, we take the unitary vector space V N+l' i.e., 
the complex vector space of dimension N + 1 with a positive definite Hermitian 

scalar product (Z, W) = (W, Z), Z, W E V N+l' where the bar denotes the complex 
conjugate of a number. V N+l is acted on by the group Z -+ pZ, p =1= 0, under which 
the zero vector is invariant. P N can be identified with the orbit space of V N+I-O 

under this group. This description allows us to define an analytic submanifold 
M of P N by a vector-valued holomorphic function Z( '1, ... , ,m), where '1, ... , ,m 
are local complex coordinates on M Tn and Z is defined up to a non-zero factor. 
Unless otherwise stated, the submanifold is allowed to have self-intersections. We 
do suppose, however, that Mm consists entirely of regular points, that is, that the 
vectors Z, az/a~ , ... ,azla,m are everywhere linearly independent. They span then 
a projective space of m dimensions, the tangent space to M at Z. The normal space 
to M at Z is spanned by the points Y "orthogonal to Z, aZri)~, ... , aZla,m": 

(3) (Z, Y) = (~~, Y) = 0, 

and is a projective space of dimension N - m - 1. (We use the convention that 
(V, W) is linear in the first argument, so that (lV, W) = A(V, W) = (V, XW) for 
any complex number A.) 

An important role in the theory of relative curvature of M is played by the 
"second fundamental form": 

(4) iPr = (it2Z, Y) = -(dZ, dY). 

This is an ordinary quadratic differential form of type (2, 0) which is defined, for 
any point Y of the normal space at Z, up to a non-zero factor. Let Zo = Z, 
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Zl' ... , ZN be an orthonormal frame of V N+!o Consider all orthonormal frames 
with the property that Z defines a point of M and Z, Zl' ••. , Zm span the tangent 
space at Z. Then we have 

(5) 0< A< N, 

where 

(6) W(h= 0, m+ 1< cx.<N. 

We also find 

(7) 

In this notation the induced Kahler metric on M is given by 

(8) 

and its curvature form is 

(9) 

This shows that the second fundamental form determines the intrinsic curvature 
and contains more information. 

If m = 1, i.e., if the submanifold is an analytic curve, the tangent space is only 
the first of a sequence of linear spaces L c L' c L" c ... , the osculating spaces 
of successive orders. There may be points on an analytic curve where one of the 
osculating spaces becomes indeterminate; but it can be proved that such points are 
isolated. For a general manifold M of dimension m in P N we consider through a 
point all the curves on M. The linear space spanned by all the osculating spaces 
of a given order p of these curves is called the osculating space of order p of M 
at the point. In general, the osculating space of order p of a submanifold of 
dimension m has the dimension 

m + (m; 1) + ... + (m + ; - 1). 
For p = 1 this becomes the tangent projective space. Thus the submanifold M gives 
rise to a splitting of the tangent projective space of P N into a nested sequence of 
projective spaces. 

2. Integral-geometric invariants 
The consideration of the volume of a submanifold and of spaces associated to it 

gives rise to many geometrical theOl'e1ns which can be described as belonging to 
integral geometry. In the case of an analytic submanifold in the projective space 
this study has a particularly significant aspect, because a theorem of Wirtiuger (15] 
states that, for a compact (and therefore algebraic) submanifold, its volume is 
equal to (27T)mlm! times its order. In other words, the volume takes a double role 
and is useful also in the study of non-compact submanifolds. 
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Consider the simplest case of an analytic curve MI' Suppose Z EMI be a point 
at which the osculating spaces of all dimensions <p are determined. Suppose the 
orthonormal frames Zo = Z, Zl' .•• , ZN be so chosen that Zo' ... , Zq span the 
osculating space of dimension q < pat Z. Then we have 

(1O) 

The differential form Wi,i+! is significant in the sense that it is a multiple of 
w01 ; Wi,i+! = PiW01; moreover, the absolute value IPil is an invariant of the curve 
M l' "\iV e will call it the ith absolute curvature. From the above equations we derive 

(ll) d(Zo A ••• A Zl1) = (Woo + ... + Wpp)(Zo A ••• A Zp) 

+ W p,P+1(Zo A ••• A Zp_1 A Zp+!). 

If M 1 is compact, the integral 

(12) 2: i Wp,p+! A wp,p+! 
Y 1 

is an integer, to becaUed the orderofrankp of MI' It can be interpreted geometri
cally as a numerical multiple of the volume swept by the osculating spaces of order 
p of M l' There is another interpretation, due to Santalo [13], in terms of the 
Grassmann manifold of the linear spaces of dimension p in P N' which is as follows: 
All the osculating spaces of dimension p of M 1 describe a curve in the Grassmann 
manifold, and the above integral is a numerical multiple of the arc length of this 
curve. The order of rank p coincides with the invariant of the same name in H. 
Weyl's theory of meromorphic curves; it can be traced farther back in algebraic 
geometry. Exactly because of its expression as an integral, it can be defined for 
non-compact curves. It plays a vital role in the theory ofWeyl and Ahlfors [1], [14]. 

The above considerations can be generalized to submanifolds of arbitrary 
dimension. However, the details are complicated and have not been completely 
carried out. If Z describes Mm and if Zo = Z, Zl"", Zm are orthonormal 
points spanning the tangent projective space at Z, we have 

d(Zo A ZI A ••• A Zm) = (Woo + W11 + ... + Wmm)(ZO A Zl A ••• A Z",) 
(13) 

The integral 

(14) i'" [( 0$ 0$)'" 
(2n)m JM 2",i ow:. A OW:i 

is an integer for compact submanifolds and is equal to a numerical multiple of the 
volume swept by the tangent projective spaces of Mm-

I wish to remark that these integral-geometric methods are also fruitful in the 
study of submanifolds of the real Euclidean space, and that they lead to results of 
an entirely different nature [7]. In fact, let M~ be a compact orientable submanifold 
of dimension m differentiably imbedded in a real Euclidean space EN of dimension 
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N. To each point x E M~ and each unit normal vector v to M~ at x let O(x, v) be the 
Gauss-Kronecker curvature at x of the orthogonal projection of M~ into the 
linear space determined by v and the tangent plane to M~ at x. Let itu be the 
volume element of the unit hypersphere in the normal plane to M~ at x. Its total 
volume is a constant given by 

217!(N-m) 

(15) 0N-m-I = r(t(N _ m)). 

The integral 

(16) K{x) = f O(x, v) itu 

over the unit hypersphere in the normal plane is zero if m is odd. If m is even, the 

integral (Om/20N_I) f K(x) itV over M~ is equal to the Euler-Poincare charac

teristic of M~. 
Results of an entirely different kind can be obtained, if we consider instead of (16) 

the integral 

(17) K*(x) = f 10(x, v)1 da > O. 

We will call K*(x) the total curvature of M~ at x . .An essential feature of a sub. 
manifold in Euclidean space is the existence of a large number of differentiable 
functions, namely the coordinate functions. Because of this fact the integral of the 
total curvature over M~ has an absolute lower bound as given by the inequality: 

(18) r K*(x) dV > 2 ON-I' 
JM}1 

For m = 1, i.e., for closed curves, this reduces to a classical result of Fenchel, 
which states that the integral of the absolute value of the curvature of a curve is 
>217. 

In the general case it is possible to draw some conclusions when the integral of 
total curvature is "smalL" Lashof and I have recently proved that [9]: (1) If the 
equality sign holds in (18), then M~ belongs to a linear subspace of dimension 
m + 1 and is a convex hypersurface of the latter; (2) If 

(19) f K*(x) dV < 30N - I , 

then M~ is homeomorphic to an m-dimensional sphere. Moreover, these results are 
also true for immersed manifolds, when self-intersections are allowed. Intuitively 
speaking, if one considers only the absolute value of curvature, then both the 
submanifold itself and its position in the Euclidean space will be sharply restricted, 
when the total curvature is small. 

3. Exterior differential forms on a submanifold 
It is almost always significant to construct explicitly differential forms on a 

manifold. We have seen some examples in the Introduction. In the case of a 
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submanifold the differential forms which suggest themselves most readily from the 
analytical viewpoint are Hermitian differential forms in the case of an analytic 
submanifold in a complex projective space and ordinary quadratic differential 
forms (for instance, the first and second fundamental forms) in the case of a. 
differentiable submanifold in Euclidean space. However, experience has shown that 
exterior differential forms are usually of more geometric significance. Such exterior 
differential forms can be explicitly given, when there are auxiliary points or 
linear subspaces; they are therefore simultaneous invariants of the submanifold 
and the auxiliary elements under consideration. In the case of an analytic sub
manifold in P N we suppose furthermore that the forms are holomorphic or mero
morphic. The following gives a few geometrical consequences which can be drawn 
from the consideration of such exterior differential forms. 

Let us first write down some exterior differential forms we have in mind. We will 
be mostly concerned with a curve M l' whose points have the coordinate vector 
Z( {) such that its components are holomorphic functions of the local coordinate' 
and that multiplication of the vector Z by a non-zero factor does not change the 
point. If A, B, 0 etc. denote fixed vectors or multivectors and dashes denote 
differentiations with respect to {, then (Z, A)/(Z, B), or, more generally, 

(20) (Z A ZI A·· • A ZIP), A)/(Z A Zl A··· A Z(2'I, B), 

is a meromorphic function in M t . Similarly, the forms 

(21) (Z A Zl A ••• A ZI2'-I), A)(Z A Zl A ••• A ZIP) A dZ(P), B)/(Z A ••• A Z(P),0)2 

(22) (Z AdZ, A)/(Z, B t )2 + ... + (Z, Bs)2 

are meromorphic exterior differential forms . .As an example of a meromorphic 
function involving higher derivatives we mention the fonowing: 

(23) (Z, A)N+1 {det (Z, Zl, .•. , Z<NI)}N-I/{det (Z, Zl, ., . , ZIN-I), B)}N+1. 

Each of these functions or forms has the property that it is invariant under an 
admissible change of the local coordinate on M 1 and under multiplication of Z by 
a non-zero factor. The study of the zeros and poles of the function (20) gives the 
theorem that, for compact M 1, every hyperplane cuts the curve in the same 
number of points. Similarly, the study of the zeroes and poles of the form (21) gives 
for compact HI the Plucker formulas. These functions and forms also playa vital 
role in the theory of non-compact curves of P N' as demonstrated by the work of 
H. Weyl; J. Weyl, and Ahlfors [1, 14,J. 

The functions and forms in (20)-(23) have generalizations for Mm in PN • Since 
we will not make any applications of them in this paper, we restrict ourselves to a 
few typical cases. A meromorphic form in M m is given by 

(24) {Z A dZ A ••• AdZ, A)/(Z, B1)k+t + ... + (Z, BS'+1, 
~ 

lctimu 
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of which a particular case is 

(25) (Z A dZ A ••• AdZ, A)/(Z, B)lc+1. 
'------v---' 

lctimes 

For m = 2 and with u, v denoting the local coordinates, a meromorphic differential 
form in M 2 involving higher derivatives is given by 

(26) 
(Z, A)3(Z A Zu A Z., A Zuu A Z,." A Z"", B) 

itu A dv. 
(Z A Zu A Z", 0)3 

For compact M m the consideration of these forms will gi~e relations between 
invariants of manifolds generated by the osculating spaces of Mm and the charac
teristic classes of M m , relations which generalize the Plucker formulas. 

We wish to state some results which arise from the study of the abelian sums of 
holomorphic and meromorphic differential forms of algebraic curves MI' Let d be 
the order of M l' and let u be a generic hyperplane. From a meromorphic form OJ in 
M I , we construct the "abelian sum" 

(27) 

where OJi are the forms at the points common to u and MI' OJ(u) is a rational form 
in the space of hyperplanes, and is holomorphic, if the original form OJ is holomor
phic. Since the space of hyperplanes is a rational variety and has no non-trivial 
holomorphic form of degree > 1, it follows that OJ{u) = 0, if OJ is holomorphic and 
of degree > 1. Using this fact, it is possible to give a bound for the genus of an 
algebraic curve of order d, which lies in PN , and not in PN - l • The result is as 
follows [4]: Let Ml be an algebraic curve of order d, which lies in PN , but not in 
PN - 1• Let s be the integer defined by the conditions: s=-d + 1, mod N -1, ° < 8 < N - 2. Then the genus of M 1 satisfies the inequality 

(28) 
1 

kOI < .2(N _ 1) {(d- I)(d - N) + s(N -8 - In· 

Thisresultwasobtained byCastlenuovo bytheuseoftheRiemanu-Roch Theorem[3]. 
The inequality (28) is the best possible in the sense that the bound at the right
hand side can be attained. %e same method has been applied to find upper bounds 
for the geometrical genera of algebraic surfaces in P s' They are 0,1,4, if the surfaces 
are of orders 3, 4, 5 respectively [2]. 

Instead of cutting the analytic curve M 1 by hyperplanes, we can also cut it by 
the hypersurfaces of a given order, which belong to an algebraic system. The abelian 
sum (27) can still be formed, except that the summation at the right-hand side is 
now taken over all the points of intersection of M 1 with the hypersurface. There 
are cases in which it can be proved that m(u) is zero, even when OJ is meromorphic. 
Results of this kind have been obtained by G. Humbert, together with numerous 
geometrical applications [11]. The basis of such geometrical applications lies in the 
fact that the differentials of various geometrical quantities are merom orphic 
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differential forms. For instance, if x, y, z are homogeneous coordinates in the plane, 
the element of area about the origin has the expression 

(29) 
1 

doc = 2 (x dy - y dx), 
z 

while the element of angle is given by 

(30) 
1 

dO = ~ (x dy - y dx). 
;b-+Y 

Both differential forms are special cases of (22). We give in the following some 
simple theorems which can be derived by such considerations. 

Let 1111 be a plane algebraic curve, Join a fixed point 0 to the points where Ml 
meets an algebraic curve V, which has no common asymptotic direction with Ml 
(i.e. no point at infinity lies on both Ml and V), The sum of areas described by the 
radius vectors is zero, if V remains asymptotic to itself (i.e. if V varies so that it 
passes through the same points at infinity and has there the same tangents), 

Let t be a fixed line in the plane. Let R, S be two systems of n lines each. If the 
sum of angles which the lines of R make with t is equal, up to a multiple of 7r, to 
the sum of angles which the lines of S make with t, we say that Rand S have the 
same inclination. This property is obviously independent of the choice of t. Then we 
have the theorem: Let Ml be a plane algebraic curve and 0 a fixed point in the plane. 
Let V, V' be two algebraic curves of the same order with the property that there is a 

.curve of the pencil V + lV' which passes through all the points where M 1 meets the 
circle of radius zero abO'ltt O. Then the lines joining 0 to the points of intersection of 
M 1 ana V have the same inclination as the lines joining 0 to the points of intersection 
of Ml ana V'. 

A much simpler theorem is the following: Let M and M' be two plane curves of 
classes mana n. The system of the mn common tangents of M and M' has the same 
inclination as the system of mn lines which join the m real foci of M to the n real foci 
ofM'. 

The theorems stated above have generalizations to higher dimensions. 
A typical theorem for plane algebraic curves which does not seem to have a 

generalization to higher dimensions is an identity of Liebmann, together with its 
dual due to Backland. This is concerned ~ith the meromorphic function (23) for the 
caseN = 2. In this case the abelian sum as defined in (27) does not vanish identically. 
But it is possible to show that w(uo) = 0, if Uo is the line joining the points A and B. 
In other words, we have 

(31) 

where the summation is extended over the points where the line AB meets Mv 
provided that it is nowhere tangent to M l • Restricted to the real branch of the 
algebraic curve, this identity can be put in a geometrically more suggestive form, 
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as follows: Let HI be a real algebraic curve of order d, and let u be a line which 
meets HI in d real and distinct points Pi' 1 < i < d. Let ri be the curvature of 
HI at Pi and Ti the angle which u makes with the tangent to HI at Pi- Then 

(32) 

This identity is due to Liebmann [12]. 
The identity (31) also gives an identity due to Backlund: Let HI be a real 

algebraic curve of class m, and 0 a point not on the curve. Let OPi' 1 < i < m, be 
the tangents from 0 to H1' and r i the curvature of HI at Pi' %en we have 

1 
.Ll~.~m 3 = O. 

r i OPt, 
(33) 

Finally, it may be remarked that explicit exhibition of exterior differential forms 
on a submanifold in the real Euclidean space has also numerous geometrical 
consequences. It has recently been observed that many classical theorems in 
differential geometry in the large can be most quickly proved by picking a suitable 
differential form and using the fact that the integral of its exterior derivative over 
the manifold is zero. Among these theorems are [6]: the "Unverbiegbarkeit" of the 
sphere, Cohn-Vossen's rigidity theorem as proved by Herglotz, the Christoffel
Hurwitz and the Minkowski uniqueness theorems, etc. In all these problems the 
importance of the notion of exterior differential forms can hardly be exaggerated. 
Moreover, differential forms have their generalization in cochains, and it must be 
this fact which explains the counterparts of the above mentioned theorems for 
non-smooth con'Vex surfaces. 
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ESPACES FIBRES ANALYTIQUES 

PAR HENRI CARTAN 

Je me propose de rendre compte de resultats recents de Hans Graueri1 (a 
paraitre aux Math. Annalen; voir une Note aux Comptes Rendus de l'Academie 
des Sciences de Paris, 30 janvier 1956). IIs concern .. 'essentiellement les espaces 
fibres analytiques principaux dont la base est u/lbtf'Variae de Stein. Le cas ou Ie 
groupe structural est aMlien [12], ou, plus generalement, rfwluble [9] etait deja 
connu; de plus, Frenkel a obtenu des resultats pour certains espaces de base qui ne 
sont pas des varietes de Stein. 

1. Espaces analytiques holomorphiquement complets 
La notion de varieM analytique complexe est bien connue. Montrons cependant 

comment 1a categorie des varietes analytiques complexes (et des applications 
analytiques) peUt etre definie dans Ie cadre general des conferences de S. Eilenberg 
(cf. ce Symposium). Prenons pour categorie J{ de "modeIes" celIe dont les 
objets sont les ouverts des espaces numeriques complexes an, et dont les applications 
sont les.applications holomorphes d'un tel ouvert dans un autre. Si T : J{ -'?-:r 
designe Ie foncteur evident dans la categorie des espaces topologiques separes 
(i.e. satisfaisant a l' axiome de Hausdorff), Test jidele et definit J{ comme caJ;egorie 

locale. Alors la categorie locale .ii (notation de Eilenberg) est celle des varietes 
analytiques complexes et des applications analytiques. 

Nous aurons besom d'une generalisation de la notion de variete analytique 
complexe (cf. [1], [3]). Prenons comme categorie J{ de modeles celle-ci: un objet de 
.JI est un sous-ensemble Mean tel qu'il eriste un ouveri U con, U ::> M, et des 
f. holomorphes dans U, de maniere que 

(x E U, J.(x) = 0 pour tout i) <:=> x EM. 

Une "application", dans 1a categorie .ft, est par definition une application con
tinue p : M ~ M' teIle qu' on puisse choisir des ouverts U ::> Met U' ::> M' comme 
ci-dessus, et trouver une application holomorphe 'IjJ: U ~ U' qui induise p. La 

1 Je remereie vivement M. Grauert de m'avoir perrrlis de prendre connaissance du manuscrit 
de son travail. Dans 180 maniere d'exposer les resultats et 180 marche des demonstrations, je 
prends ici quelques libertes, tout en respeetant les idees essentielles des demonstrations de 
Grauert. J'ai ern bon d'introduire 180 notion d'espace fibre E-principal (§2) qui generalise 180 
notion classique d'espace fibre principal, et permet de donner leur pleine valeur aux Theoremes, 
A et B de Grauert, ainsi qu'au Theoreme 1 du §3. n devient alors possible de deduire Ie Theoreme 
A du TMoreme 1 (cf. §3). J'ai aussi introduit un sous-espace analytique Y qui permet 
de renforcer les TMoremes 1 et 2 (voir les Theoremes 1 bis et 2 bis). Enfin j'ai condense en 
un saul enonce ("Thooreme principal", §4) des r8sultats techniques auxiliaires etablis par 
Grauert. 

97 
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categorie..ll etant ainsi definie, Ie foncteur T:..II ~.rest evident; alors ..II est 

une categorie locale. On en deduit une categorie locale..ll: les objets de.-ll s'appel-

lent les espaces analytiques, les applications d~ ..II s'appellent les applications 

analytiques (ou holomorphes). Tout objet de ..II est localement isomorphe a nn 
objet de ..II. D'autre part, la categorie des varietes analytiques complexes s'identi
fie evidemment a une sous-categorie pleine de la categorie des espaces analytiques. 

On n'a pas suppose que les modeIes M soient analytiquement irreductibles en 
chacun de leurs points. 

Soit X un espace analytique; une fonction holomorphe (scalaire) est simplement 
nne application analytique X ~ O. Pour tout ouvert U c: X on a l'anneau (!)(U) 
des fonctions holomorphes dans U; ees anneaux (lorsque U parcourt l' ensemble de 
tous les ouverts de X) definissent sur l'espace X Ie faisceau (!)x des germes de 
fonetions holomorphes. La donnee de l'espace topologique sous-jacent a X et du 
faisceau (!) x determine completement X eomme espace analytique. 

Soit X un espaee analytique. On appelle sou8-espace analytique un sous-ensemble 
ferme Y c: X, tel que, au voisinage de chaque point Xo E Y, Y puisse etre defini 
par un nombre fini d'equations fi(X) = 0, les fi etant holomorphes au voisinag: de 

Xo (dans l'espaee X). Un tel Y definit evidemment un objet de la categorie..ll des 
espaees analytiques. Le faisceau (!)y est Ie faisceau induit sur Y par Ie faiseeau (!)x. 

La eategorie des espaces analytiques est evidemment une categorie avec produit8 
(cf. 3e expose de S. Eilenberg). On peut done developper une tMorie des espaces 
fibre8 analytiquesiocalement triviaux (Ia base et la fibre etant des espaces anaIy
tiques, dans Ie sens general qui vient d'etre defini). 

Si on restreignait la categorie ..II des modeIes ala sous-eategorie ..II' des modeles 
normaux (M etant alors un sous-ensemble analytique normal dans 0"), on obtiend

rait la sous-categorie vii' des espaces analytique8 normaux, qui sont ceux consideres 
par Grauert; mais les resultats de Grauert s'etendent d'eux-memes au cas des 
espaces analytiques les plus generaux. 

La notion bien connue de "variete de Stein" (les varietes de Stein constituent 
nne sous-categorie de la categorie des varietes analytiques complexes) se generalise 
comme suit au cas des espaces analytiques: 

DEFINITION 1. On dit qu'un espace analytique X est holomorphiquement complet 
s'il satisfait au.'\: conditions suivantes: 

(i) l'espace topologique X est reunion denombrable de compacts; 
(ii) pour chaque point x E X, it existe une application analytique f: X ~ Ok 

(k designant un entier convenable qui depend de x), qui soit non degeneree au point 
x (i.e. telle que x soit point iso16 de l'ensemblef-l(f(x))); 

(iii) pour tout compact K c: X, l'ensemble i des x EX tels que 11(x)\ < 
sUPll"Kif(y)1 pour toute f holomorphe dans X, est compact. 

Si, dans cette definition, on suppose en outre que X est une vraie variete ana
lytique complexe, on retrouve la definition d'une variete de Stein (a condition 
d~utiIiser des resultats de Grauert: [10J, Satz B). De plus, si un espace analytique 
X est connexe et satisfait a (ii), X satisfait a (i) (Grauert, [10], Satz A). 
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n est evident que tout sous-espace analytique d'un espace holomorphiquement 
complet est holomorphiquement complet. 

DEFINITION 2. Soit X un espace analytique. Un ouvert U c X est dit X-convexe 

si, pour tout compact K c U, l'ensemble Xx des x E U tels que 

(f(x)1 < sUPllElr !f(y)i pour toute j holomorphe dans X, 

est compact. (Remarque: la condition (iii) exprime que X est X-convexe; d'autre 
part, tout ouvert X-convexe est un espace holomorphiquement complet). 

DEFINlTION 3. Soit X un eapace analytique. Un compact K c X est dit special 
(ou, plus exactement, X-special) s'il existe un systeme furl de fonctions fi holo
morphes dans X et de constantes reelles ai < bi , aj < bj, de mamere que K soit a 
111. fois ouvert et ferme dans l'ensemble des points x EX satisfaisant aux inegalites 

(Re (fi) et 1m (fi) designent respectivement la partie reene et Ia partie imaginaire 
de fi)' 

On utilisera les proprietes connues que voici: soit K un compact special; en 
adjoignant au besoin auxfi de nouvelles fonctions holomorphes dans X (en nombre 
furl), on peut faire en sorte que l' application f : X --+ Ok definie par les k fonctions 
fi induise un isomorphisme d'un voisinage de K (comme espace analytique) sur 
un sous-espace analytique d'un voisinage du cUbe compact P defini, dan,; l'espace 
numerique Ok, par les inegalites 

aj < Yi < bj 

(on note Xi + iy; les k coordonnees complexes d'un point de Ok). 11 resulte alors de 
theoremes COIlIlUS ([4], tho 2 et 3) que toute fonction rp holomorphe au voisinage de 
K peut s'ecrire qJ (fl' .•• ,fk)' qJ etant holomorphe au voisinage du cube P; 
comme qJ peut etre uniformement approchee (au voisinage de P) par des polynomes 
par rapport aux coordonnees complexes de l'espace ambiant Ok, on voit que 
toute fonction holomorphe au voisinage du compact special K peut litre uniformement 
approcMe (au voisinage de K) par des fonctions holomorphes dans X. 

Soit maintenant K un. compact tel que .i x soit compact. Alors tout voisinage 

de K x contient un compact special contenant K x- n en resulte que, si U est un 
ouvert X-convexe, U est reunion a:une suite croissante de compacts 8peciaux K,." 
tels en outre que chaque K", soit interieur a K"'+1- On en deduit: toutefonction 
holomorphe dans U Couvert X-conve:x:e) est limite (uniformement sur tout compact de 
U) de fonctions obtenues par restriction a U de fonctions holomorphes dans X. 

Inversement, on voit facilement ceci: tout compact special K possede un systeme 
fondamental de voisinages ouverts dont chacun est X-convexe. 

2. Espaces fibres E-llrincillanx 
Pour 1es definitions qui suivent, il est inutile de supposer que 1a base X (qui, par 

hypothese, est un espace analytique) soit holomorphiquement complete. 
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Soit donne un espace fibre analytique E, de base X, dont les fibres sont des 
groupes de Lie (complexes), tous isomorphes. Cela signifie qu'il existe un recouvre
ment ouveri (Ui ) de X et un groupe de Lie G, tel que E puisse etre obtenu par la 
construction suivante: on forme la somme F des espaces analytiques Ui X G, et on 
fait Ie quotient de F par une relation d'equivalence R du type suivant: si x E Uu 
(= u. n Uj ), on identifie Ie point (x, y) E U j X G au point (x, filt, y» E Ut X G, 
on les fii sont des applications analytiques donnees 

fi i : Uu X G-?- G 

satisfaisant aux conditions suivantes: 1° fu(x, fij;(x, y» =fij;(X, y) pour x E Ui1lc' 

Y E G; 2° pour chaque x E Uti' l'application y-?- fu(x, y) est un auto'l1W'fphi8me du 
groupe de Lie G. 

E etant donne, nous noterons p : E -?- X la projection du fibre E sur sa base, 
et Go; = p-l(X) ]a fibre au-dessus du point x E X; Go; a une structure de groupe de 
Lie (complexe), mais il n'y a pas d'isomorphisme canonique de GIJl sur Ie groupe
modele G. 

Donnons-nous maintenant un recouvrement ouveri arhitraire de X, que noU8 
noterons encore (Ui ), et, pour chaque couple (i,j), une section holomorphe (resp. 
continue) 

f ii : Ufj-?-E, 

de maniere que fiifij;= fi,. dans Uti,. (la multiplication etant entendue au sens de 
la loi de groupe qui existe dans chaque fibre). Autrement dit, (fii) est un l-cocyle du 
recouvrement (Ui ), a valeurs dans les sections du faisceau tffa (resp. du faisceau 
tffe) des germes de sections holomorphes (resp. continues) du fibre E; tffa et tffc sont 
des fai8ceau,x de groupes. Alors les f# permettent de construire un nouvel espace 
fibre analytique (resp. topologique) P, comme suit: on prend Ia somme des p-l( U i ), 

et on en fait Ie quotient par Ia relation d'equivalence definie comme suit: si 
x E 1'-1 (Uii) c E, on identifie Ie point x E p-l(Ui ) au point 

f;;(1'(x» • x Ep-l(Ui)' 

la multiplication etant celIe qui existe dans chaque fibre de E. Dans Ie fibre P, 
les fibres n'ont plus une structure de groupe; toutefois, si u et v E P appariiennent 
a une meme fibre, on peut definir u-1v qui est un point de E. Un tel espace P sera 
dit E-1'rinci1'al; l'espace E opere a droite dans P, dans Ie sens suivant: chaque 
fibre de E est un groupe qui opere a droite dans la fibre correspondante de P. 

Dans Ie cas pariiculier on E est un produit X X G, on retrouve la notion classi
que d'espace fibre principal de groupe G. 

On a une notion evidente d'isO'flwr1'hisme pour deux espaces fibres E-principaux 
de meme base X (et relatifs au memefibreE): c'estunhomeomorphismequiinduit 
l'application identique de la base X et est compatible avec les operations (a droite) 
de E; s'il s'agit d'espaces E-principaux analytiques, on astreint en outre cet 
homeomorphisme a etre analytique. L'isomorphisme definit alors entre espaces 
E-principaux analytiques (resp. topologiques) une relation d'equivalence, et l'on 
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peut parler de I'ensemble des classes d'espaces E-principaux analytiques (resp. 
topologiques). D'apres un raisonnement classique, ces classes sont en correspon
dance biunivoque avec l'ensemble de cohomologie Hl(X, cal, resp. Hl(X, CO); si 
un espace Pest defini par un cocyle (fii ) d'un recouvrement ouvert fJIt = (Ui ) de X, 
la classe de Pest l'image de la classe de cohomologie de (fii) par l'application 
natureIle 

Hl(fJIt, C) ~ Hl(X, C), 

Iff designant ca, resp. Co. De plus, l'inclusion de faisceaux Ca~ Co definit une 
application 

(1) 

qui, a chaque classe d' espaces E-principaux analytiques, associe une classe d'espaces 
E-principaux topologiques. 

Le resultat fondamental de Grauert est Ie suivant: si X est lwlomorphiquement 
complet, l'application (1) est une bijection. 

Afin d'expliciter ce qu'il convient de demontrer pour etablir ce resultat, faisons 
un bref rappel concernant la cohomologie a coefficients dans un faisceau de groupes. 
Soit /F un tel faisceau sur un espace topologique X; si fJIt = (Ui ) est un recouvre
ment ouvertdeX, deux cocylesfii: Uii~/F et (Iii: Uii~/F sont dits lwmologues 
s'il existe une cochaine Ci : Ui~ /F teIle que 

(2) 

L'ensemble H1(fJIt, /F) est, par definition, I'ensemble des classes de cocycles 
homologues. Si "f/ est un recouvrement plus fin que fJIt, on definit sans ambigili.M 
(cf. [11], p. 41) une application Hl(fJIt, /F)~ Hl("f/, /F); alors H1(X, /F) est defini 
comme la limite directe des Hl(fJIt, /F). nest essentiel de remarquer que l' application 
Hl(fJIt, /F) ~ Hl("f/, /F) est injective; on Ie prouve comme suit: soit "f/ = (Vet)' et 
soit 01: ~ A( 01:) une application de l' ensemble d'indices de "f/ dans l' ensemble 
d'indices de fJIt, teIle que U;'(et) :::J Vet' Etant donnes deux cocycles (fii)' «(lij) de ~, 
on leur associe les cocyles 

Pa{J = !;.«(I.),1.({J)' 

de "Y. Supposons qu'il existe une cochame (Yet) de "f/, teIle que 

on definit alors une cochame (ci ) de fJIt satisfaisant a (2), comme suit: pour x E U;, 
choisissons un 01: tel que x E V (I.' et considerons 

fU(a)(x) y .. (x)g }.(et),i(x); 

ceci ne depend pas du choix de 01:, et definit une section x~ ci(x) de /F au-dessus de 
U;, qui satisfait a (2). 

Compte tenu de la remarque precedente, on voit que pour prouver que (1) est 
bijective, on doit demontrer les deux tMoremes suivants (qui expriment que (1) est 
injective, resp. surjective): 



102 HENRI OARTAN 

THEOREME A. Soit (Ui ) un recouvrement ouvert de X holomorphiquement complet. 
Soient deux cocycles holomorphes 

f#: Uii--+E, flu: Uij--+E. 

S'il existe des sections continues ci : Ui --+ E satisfaisant a (2), il existe aussi des 
sections ho1omorphes satisfaisant aua; memes relations. 

THEOREME B. Soit un recouvrement de X holomorphiquement complet par des 
ouverts Ui holomorphiquement complets. Soit un cocycle continu fij : Uii --+ E. Alors 
il existe des sections continues ci : Ui --+ E teZZes que 1e cocycle. 

flii = (Ci)-lJih 
soit holomorphe. 

3. Homotopie entre sections d'un espace E-principal 
Laissons d'abord de cote Ie Theoreme B. On va transformer I'enonce du Theoreme 

A, en interpretant les cochames (ci ) qui satisfont a (2) comme les sections d'un 
espace fibre auxiliaire. Le relation (2) s'ecrit en effet 

ci = fih(lJij)-l = fihf!ii; 

definissons un automorphisme (Jij de l'espace des sections Uij--+ E en associant a 
chaque section cIa sectionfiicgji (cet automorphisme ne respecte pas la structure de 
groupe des fibres). II est clair" que l'on a (Jij Q (Jik = (Jik dans l'espace des sections 
Uiik--+E; done, en recollant les p-l(Ui ) c E au moyen des automorphismes 
(Ju, un obtient un nouvel espace fibre Q, de base X; toute cochame (ci ) satisfaisant 
a (2) definit une section de Q, et reciproquement. Plus precisement, les sections 
holomorphes de Q correspondent aux cochames (ci ) holomorphes qui satisfont a 
(2); de meme pour les cochames continues. 

De plus, soient (ci ) et (c~) deux: tenes cochames; on a 

{Ci)-lC~ = !Iij«Cj)-lcjH!lu)-l; 

cela signifie que la cochame (ci lc~) definit une section de l' espace fibre E g deduit de 
E en recolIant les p---1(U;) par les transformations 

x--+ !Ii;(P(X» . x • (flij(p(X}))-l 

qui respectent Ia structure de groupe des fibres de E; ainsi E fI est un fibre analytique 
dont les fibres sont des groupes de Lie (isomorphes, mais non canoniquement, aux 
fibres de E), et Ie quotient (ci1e;) de deux sections holomorphes (resp. continues) de 
Q definit une section holomorphe (resp. continue) de Eg • Comme ce raisonnement 
vaut non seulement pour X, mais pour tout ouverl U de l'espace de base X, on voit 
que (meme lorsque Q n'a pas de section globale au-dessus de X), Q est un espace Eg
principal. 

11 est maintenant clair que Ie Theoreme A resultera du theoreme plus precis: 
THio:REME L Soit P un espace E-principal analytique, dont la base X est holo

morphiquement complete. Alors toute section continue de P est homotope a une section 
holomorphe de P. 

(REMA:RQUE. On munit l'ensemble des sections continues de P de 1a topologie de 



ESPAOES FIBRES ANALYTIQUES 103 

la "convergence compacte" ("compact-open topology"); une homotopie dans 
l'ensemble des sections continues de P n'est pas autre chose qu'un chemin 
dans cet espace topologique). 

Le Theoreme 1 implique evidemment que, s'il existe une section continue, il 
existe aussi une section holomorphe; appliquons ce resultat en rempla!(ant E par 
E g , et P par Q: on obtient Ie TMoreme A. 

On etablira aussi un theoreme d'approximation: 
THEOREME 2. Soit P un espace E-principal analytique, dont la base X est holo

morphiquement complete; soit U un ouvert de X, X-convexe, et soit s une section 
holmnorphe U --+ P. Si s peut ttre arbitrairement approcMe (dans l'espace des sections 
continues au-dessus de U) par la restriction a U de sections continues X --+ P, alors s 
peut ttre arbitrairement approcMe par la restriction a U de sections holomorphes X --+ P. 

On notera que, meme dans Ie cas trivial ou P = E et ou E est un produit X X G, 
les TMoremes 1 et 2 ne sont nullement evidents. Le TMoreme 1 dit alors que toute 
application continue de X dans un groupe de Lie complexe G est homotope a une 
application holomorphe X --+ G. Et Ie TMoreme 2 dit quela possibiliM d'approcher 
arbitrairement une applicationholomorphe U --+ G par les restrictions aU d'appli
cations holomorphes X --+ G est un probleme dont l'obstruction est purement 
topologique. 

Nous allons renforcer les deux theoremes precedents: E et P ayant la meme 
signification que dans les Theoremes 1 et 2, nous introduisons un sous-espace 
ana1ytique Y de la base X (X est toujours suppose holomorphiquement complet): 

THEOREME 1 bis. Soit f: X --+ P une section continue du fibre P, telle que la 
restriction g: Y --+ P de faY soit holomorphe. A1ors, dans l' espace de toutes les 
sections continues de P qui prolongent g, fest homotope a une section holomorphe 
X--+P. 

COROLLAIRE DU THEoREME 1 bis. Si une section holomorphe Y --+ P peut etre 
prolongee en une section continue X --+ P, elle peut aussi etre prolongee en une 
section holomorphe X --+ P. 

THEOREME 2 bis. Soit U un ouvert X-convexe de X. Soit f: U --+ P une section 
holomorphe, et soit g : Y --+ P une section holomorphe telle que f et g coincident sur 
Y n U. Si f peut ttre arbitrairement approcMe par des sections continues X --+ P qui 
prolongent g, alors f peut ttre arbitrairement approcMe par des sections holomorphes 
X --+ P qui prolongent g. 

Le corollaire du Theoreme 1 bis va entramer un autre resultat: 
THEOREME 3. L'espace X etant toujours suppose holomorphiquement complet, 

soient f, r : X --+ P deux sections holomorphes. Supposons que f et r soient homotopes 
dans l'espace de toutes les sections continues X --+ P. Alors il existe une application 
holomorphe h: X X I --+ P (ou I designe Ie segment [0, 1] de la droite reelle, 
considere comme plonge dans Ie plan compIexe 0), telle que 

{ 
h(x, 0) = f(x) , h(x, 1) = f'(x) pour x EX, 

p(h(x, t» = x pour x EX, tEl. 

en natant p la projection P --+ X. 
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(En particulier, f et l' sont homotopes dans J'espace des sections holomorphes 
de P; mais Ie theoreme dit davantage, puisque l'homotopie definie par hex, t) 
depend analytiquement du parametre de deformation t E I). 

DEMONSTRATION nu THEOREME 3. Nous admettons Ie TMoreme 1 bis, qui sera 
demontre plus loin, ainsi que Ie TMoreme 2 bis. Soit U un disque ouvert dans Ie 
plan a de la variable complexe t; supposons que U contienne les points t = 0 et 
t = 1, et identifions I a un ferme de U. D'apres l'hypothese de l'enonce, il existe 
une section continue cp : X X I ~ P telle que 

cp(x,O) = f(x) , cp(x, 1) = 1'(x}, p(cp(x, t» = x. 

Comme I est retracte de U, oil peut prolonger cp en une application continue 
X X U ~ P jouissant des memes proprieres; on la notera encore cpo Vapplication 
(x, t)~ (cp(x, t), t) est alorsune section V'de P X U, considere commefibre (E X U)
principal, dont la base X X U est holomorphiquement complete. Considerons Ie 
sous-espace analytique 

y' =X X {O,1} 

de X' = X XU; la restriction de 'IjJ a Y' est une section holomorphe. D'apres Ie 
corollaire au Theoreme 1 bis, il existe une section holomorphe X X U ~ P X U 
qui coincide avec V' sur Y'; cette section a la forme 

(x, t) ~ (11,(1£, t), t), 

on 11, est une application holomorphe X X U ~ P. La restriction de 11, a X X I 
demontre Ie tMoreme. 

REMARQUE. Nous laissons au lecteur Ie soin d'enoncer et de demontrer un 
Theoreme 3 bis, dans lequel intervient un sous-espace analytique Y de X. 

4. Le theoreme principal 
Les Theoremes 1 bis et 2 bis du paragraphe precedent seront deduits d'un 

theoreme assez technique, qu' on va exposer maintenant. X designe toujours un 
espace holomorphiquement complet, et Y un sous-espace analytique (ferme) de X; 
E designe toujours un fibre analytique de base X dont les fibres sont des groupes de 
Lie complexes. Pour chaque ouvert U eX, soit t§C(U) Ie groupe de toutes Ies 
sections continues U ~ E qui sont neutres sur Y n U (noter que chaque fibre de E 
possooe un element neutre); ~C( U) est un groupe topologique, pour la topologie de la 
convergence compacta; il possooe un sous-groupe ferme t§G(U), forme des sections 
kolomorphes U ~ E qui sont neutres sur Y n U. 

Soit main tenant a un espace auxiliaire, qu' on supposera compact: ce sera l'espace 
d'un parametre t. Une application continue q;: O~ (jJC(U) n'est pas autre chose 
qu'une application continue (x, t) ~ sex, t) de U X 0 dans E, telle que: 

17(s(x, t» = x, sex, t) neutre pour x E Y n U. 

Soient de plus donnes deux 8OUS-espaces fermes N c H de 0; on appellera (N, H, 0)
application dans ~C(U) une application continue q;: O~ ~C{U) telle que: 
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1°. pour chaque tEN, rp(t) est la section neutre; 
2°. pour chaque t EH, rp(t) E q;a(u), c'est-it-dire est une section ko1omorphe. 
Notons pour un instant ofF(U) Ie groupe (topologique) de toutes les (N, H, 0)-

applications dans q;C(U}. Lorsque U parcourl l'ensemble des ouverls de X, les 
groupes ofF(U} constituent un prefaisccau, donc definissent un faisceau que nous 
noteronsofF. nest clair queofF(U) n'est pas autre chose que Ie groupe HO(U, ofF) des 
sections du faisceau ofF au-dessus de U. 

On notera que Ie faisceau ofF depend de Ia donnee du fibre E (de base X), du 
sous-espace analytique Y eX, et des espaces N, H, O. 
THl~OREME PRINCIPAL. Supposons que X soit holomorphiquement complet, et que 

N soit retrade de deformation de O. Alors, ofF designant 1e faisceau dejini ci-dessus: 
(i) 1e groupe topologique HO(X, ff) est connexe par arcs; 
(ii) si U est un ouvert X-convexe de X, l'image de l'application HO(X, ff)-+ 

H0(U, ff) est dense dans HO(U, ff); 
(iii) H1(X, ofF) = O. 
La demonstration de ce tMoreme sera indiquee plus loin (§ 6). Pour Ie moment, 

on va montrer comment les Theoremes 1 bis et 2 bis peuvent s'en deduire, en 
prenant 

0= [0,1], H = {O, I}, N = {O}. 

DEMONSTRATION DU TREOREME 1 bis. Soit f : X -+ P une section continue, dont 
la restriction g it Y soit holomorphe. Chaque point x EX appartient evidemment it 
un ouverl U tel que la restriction flU soit homotope it une section holomorphe 
U -+ P dans l'espace de toutes les sections continues U -+ P qui proiongent Ia 
restriction gl(U n Y); on Ie verifie en observant que Ia restriction de P au-dessus 
de U est isomorphe it U X G . .AIDsi, nous avons un recouvrement ouvert (U.) de X, 
et pour chaque Ui une homotopie 

(x, t) -+ f'(x, t), x E Ui' 0 < t < 1 

avec Ux, 0) =f(x}, fAx, 1) holomorphe, fi(X, t) = g(x) pour x E Y. Dans Uii,la 
section fii(X, t) = fi(X, t)-lj;(x, t) du fibre E est neutre pour x E Y n Uii' neutre 
pour t = 0, holomorphe pour t = 1; donc (fij(X, t}) est un cocyle du faisceau ff. 
En venu de l'assertion (iii) du TMoreme principal, il existe une cochaine ci(x, t) 
du faisceau ff, telle que 

fiix, t) = ci(x, t)-1Cj(x, t) pour x E UU' 

Definissons, pour x E Ui' h.(x, t) = fi(X, t)c.(x, t)-1 (rappelons que E opere it moite 
dans P); alors h;.(x, t) = h;(x, t) pour x E Uii' et par suite les hi definissent une 
section hex, t) de P au.dessus de X, dependant du parametre t E [0, 1). On a 
hex, 0) = f(x) parce que f.(x, 0) = f(x) et c.(x, 0) = e; pour x E Y, on a hex, t) = 
g(x) parce que fi(X, t) = g(x) et ci(x, t) = e; enfin, hex, 1) est holomorphe, 
parce que fi(X, 1) et ci(x, 1) sont holomorphes. Alors hex, t) fournit l'homotopie 
desiree et prouve Ie tMoreme 1 bis. 

DEMONSTRATION DU THEORE:ME 2 bis. Soit K un compact donne, contenu dans U. 



106 HENRICARTAN 

On cherche une section holomorphe X ---+ P, qui prolonge g : Y ---+ P, et soit arbit
rairement voisine, au-dessus de X, de Ia section holomorphe donnee I: U --+ P (cela 
signifie que la section cherchee doit prendre sur X des valeurs qui se trouvent dans 
un voisinage arbitraire de l'image I(X». II existe un ouvert U' c X possedant les 

proprietes suivantes: Xc U', U' est X-convexe, U' est compact et contenu dans 
U. Par hypothese, il existe une section continue cp: X --+ Pprolongeantg, et arbit-

rairement voisine de I au-dessus de U'; alors les restrictions f' et q/ de let cp a U' 
sont homotopes dans l'espace des sections continues, egales a g au-dessus de Y n U' 
( on Ie voit en utiIisant les "parametres canoniques" dans chaqne fibre de E, qui est 
un groupe de Lie; noter que j'-1 cp' est une section de E, voisine de la section neutre). 
D'autre part, d'apres Ie Theoreme 1 bis, cp est homotope (dans l'espace de toutes 
les sections continues X --+ P qui prolongent g) a une section holomorphe 11, : X --+ P 
qui prolonge g. Soit 11,' la restriction de 11, a U'; alors f' et 11,' sont homotopes (dans 
l'espace des sections continues U' --+ P qui prolongent la restriction de g a U' n Y) . 
.Alli.sif'-l h' est une section continue U' --+ E, neutre sur U' n Y, et homotope it la 
section neutre (dans.1'espace des sections qui sont neutres sur U' n Y). D'apres 
l'assertion (ii) du theoreme principal, il eriste une section holomorphe k : X --+ E, 
neutre au-dessus de Y, et dont 1a restriction k' a U' est arbitrairement voisine de 

1'-111,'. Alors la restriction de hk-1 : X --+ P it U' est arbitrairement voisine de If, 
et en particulier hk-1 est arbitrairement voisine de I au·dessus du compact X. 
Comme hk-1 est une section holomorphe de P, egale a g au-dessus de Y, Ie Theoreme 
2 bis est etabli. 

5. Demonstration du Theoreme B 
Nous venons de montrer comment Ie Theoreme principal du §4 (qui sera etabli 

plus loin, §6) entrame 1es Theoremes 1 bis et 2 bis, et a fortiori Ie Theoreme A du 
§2. On va maintenant demontrer Ie Theoreme B du §2. 

Compte tenu de la definition et des proprietes de la cohomologie Hl(X, tffa), 

resp. de Hl(X, $C), il suffit de prouver Ie Theoreme B pour des recouvrements 
ouverts (U i) tels qu'il y en ait d' arbitrairement fins. Dans ce qui suit, nous pourrons 
donc supposer que chaque ouvert U. est holomorpkiquement complet et relativement 
compact (en efl'et, tout point de X possede un systeme fondamental de voisinages 
ouverts qui jouissent de ces deux proprietes). De plus, ou supposera que Ie re
couvrement (Ui ) est localement fini. 

Soit alors Iii : U ii ---+ E un cocyle continuo Convenons de dire qu'un ouvert 
V c X est bon s'il e:x:iste des sections continues Ci : Ui n V --+ E teIles que ci1/ih 
soit holomorphe dans Uu n V. Nous voulons prouver que X est bon; et nous savons 
deja que tout ouvert assez petit de X est bon. 

PREMIi\lRE PARTIE DE LA DEMONSTRATION. On va montrer que si Vest l'interieu1' 
(Pun compact special X, V est bon. D'apres Ie §l, X possede un voisinage qui se 
realise COmIlle sous·espace analytique dans un voisinage d'un cube compact r. 
En recouvrant chaque cote de r par un nombre fini d'intervalles assez petits, et en 
faisant Ie produit de ces recouvrements, on obtient un recouvrement ouvert fini 
de r par des cubes r"'I'" ',"'k (k designe la dimension reelle du cube r), qui induit 
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sur V un recouvrement par des ouverts V"'l"'" "'. = V n r 0(1" " .al< dont chacun est 
bon. Notons, pour chaque entier m tel que 0 <m< le, YO( ... '" la reunion 

- - m+l'. ;t 

U V,,- ... a' On Va prouver, par recurrence sur m, que Va ... '" est bon; 1Xt, .• ~, tXm _.J.' "J.:k m+l' J;t 

c'est vrai pour m = O. La recurrence utilise Ie lemme suivant: 
LEMME. Soit un cube compact r, dont un c8te I el5t reunion de deux intervalles 

ouverts l' et 1"; soient r ' et r" les images reciproques de l' et 1" dans r; on a donc 
r = r' u r", et I'intersection r l n r" est un cube. Supposons l'ouvert V realise 
comme sous-ensemble analytique dans l'interieur de r, et soit V' = V n r /, V" = 
V n r". Alors si V' et V" sont bons, Vest bon. 

Prouvons ce Lemme. Par hypothese, on a des sections continues c~ : V' n Ui -'.>

E et c; : V" n Ui -'.>- E telles que e;-Yiic; = f/j soit holomorphe dans Uii n V', et 
Cf-lfMe; =f'ij soit holomorphe dans Uii n V H

• Dans Uij n V' n V" on a 

f; = h;1f/i";' avec hi = c:-1c;. 
Or V' n V", comme sous-espace analytique d'un cube ouvert, est holomorphique
ment complet; on peut donc lui appliquer Ie Theoreme I (§3): il existe par suite des 
sections hix, t) de E au-dessus de U. n V' n VR

, dependant continfunent d'un 
parametre t E [0, I], et teIles que 

{ 

fI; = (hi(t»-ljijhi(t) pour tout t, hi(x, 0) = hi(x), 

hi(x, I) = lei(x) holomorphe dans Ui n V' ncV". 

Considerons l'espace Ui n V, recouvert par deux ouverts Ui n V' et Ui n V"; 
puisque hi(X) et le.(x) sont deux cocycles homotopes de ce recouvrement, ils defi
nissent deux espaces fibres topologiquement isomorphes (d'apres un tMoreme 
classique sur les espaces fibres principaux dependant "continument" d'un 
parametre t). Or l'espace defini par hi est trivial, puisque hi = c~-\(; donc 
l'espace defini par lei est trivial. nest meme analytiquement trivial, en vertu du 
TMoreme A, puisque Ui n Vest holomorphiquement complet; il s'ensuit qu'il 
existe des sections holomorphes h~ : Ui n V' -'.>- E et hf : Ui n V" -'.>- E, teIles que 

lei = h;-lh; dans Ui n V' n VH. 

On a done h:f~h;-l = h;f.'jhi-1 dans Uij n V' n V". On definit alors un cocyle 
holomorphe gij : Uij n V -'.>- E, en posant gu = hIKjh;-l dans Uij n V', = hfJ;hi-1 

dans Uii n VH. 
n n'est pas encore certain que les cocyles Iii et {Ii; (cocyles du recouvrement 

(Ui n V) de l'espace V) soient homologues; on sait seulement que, sur chacun 
des deux sous-espaces V' et V", ils induisent des cocyles homologues. Or, d'apres Ie 
§3, on a un fibre analytique E u (dont les fibres sont des groupes de Lie) defini par 
Ie cocyle (gii); et (!ii) definit un fibre (topologique) Q, qui est Eu-principal. La 
recherche d'un cocyle holomorphe (sur l'espace V) qui soit homologue a (Iii) 
revient a la recherche d'un fibre analytique Eg-principal qui soit (topologiquement) 
isomorphe a Q. Or Q induit sur V' (resp. sur V") un fibre Eg-principal topologique
ment trivial; on peut done definir Q, comma espace Eg-principal, par un cocyle 
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continu rp : V' n VB -+ Ell du recouvrement de V forme des deux ouverts V' et VR
• 

D'apres Ie TMoreme 1, la section rp est homotope a une section lwlomorphe 1p: 

V' n V" -+ E g' puisque V' n yo est holomorphiquement complet; Ie cocyle 1p definit 
alors un espace analytique Eg-principal, topologiquement isomorphe a Q, et ceci 
acheve la demonstration du lemme: on a prouve que Vest bon. 

DEUXIEME PARTIE DE LA DEMONSTRATION. On sait que X est reunion d'une suite 
croissante de compacts speciaux K", teIs que chaque K" soit contenu dans l'inte
rieur V"+l de K"+l' D'apres la premiere partie de la demonstration, chaque V" est 
bon; on veut main tenant prouver que X est bon. 

Puisque les U. sont relativement compacts, on peut supposer que la condition 
suivante est vermee: 

CUi n V n =I=- 0) ==> (Ui C V,,+l) 

(car s'il n'en etait pas ainsi, il suffirait d'erlraire de la suite des V" une suite 
partieIle). Pour chaque n, on a une cochame continue cf : Ui n V., -+ E teIle que 

(cf)-lJijcj = gij soit holomorphe dans Uii n V n' 

puisque V n est bon. On a done 

gij = (df)-lgij+1dj dans Ui; n V n' 

ou df = (Cf+1)-lCf: Ui n V" -+ J!J est une section continue. Pour chaque n, la 
collection des df (i variable) definit une section continue d'un fibre (analytique) 
auxiliaire de base V" (§3); d'apres Ie TMoreme 1, cette section est homotope a une 
section holomorphe. Cela signifie qu'il existe des sections continues x-+ df(x, t) 
de Vi n V"' dependant continliment d'un parametre t E[O, 1], telles que: 

(3) g# = (df(t»-l g#+1dj(t) dans Uii n V .. , quel que soit t, 

(4) dr(O) = (cf+1)-lCf, 

(5) df(l) est une section holomorphe U i n V .. -+ E. 

Sans changer les cf. on va maintenant remplacer les cf+1 par d'autres sections 
<"+1, de maniere que: . 

(ex) g?+1 = (c;n+1)-lfijCi"+1 soit lwlomorphe dans Uij n V 1>+1; 

({3) c; .. +1 = cf dans Ui n V .. _2• 

II suffit de poser c; .. +1 = cf+l si Ui n V .. - 1 = 0; et, si Ui n V .. _1 =I=- 0, (ce qui 
entrame Ui C V .. ), de poser 

c~n+1(x) = cf+I(x} . df(x, It(x», 

ou It(x) est une fonction continue, definie dans V,,, a valeurs dans [0, 1], toIle que 
It(x) = 0 pour X E V .. _2 , It(x) = 1 pour x fj V .. _1' La verification de (ae) et «(3) est 
immediate. 

On voit maintenant qu'on peut choisir la suite des cf (n = 1,2,···) de maniere 
que cf+I = cf dans Ui n V .. _2 ; il en resulte que cette suite, pour chaque i, 
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converge vers une section continue cj : U j -+ E, et que, dans Ui;' la section (ci)-lJijc; 
est holomorphe. Ainsi Ie theoreme (B) est completement demontre. 

6. Demonstration du Theoreme principal 
n reste it. demontrer Ie Theoreme principal du §4. On utilisera pour cela deux 

propositions auxiliaires, qui seront etablies aux paragraphes 7 et 8. 
PROPOSITION 1. Soit X un espace holomorphiquement complet, et soit K un 

compact X-special. De:linissons Ie groupe topoloqique HO(K, ~) comme la limite 
directe des groupes topologiques HO(U, ~) relatifs aux ouverts U contenant K 
(on munit HO(U, ~) de la topologie de la convergence compacte, comme au §4). 
Mors l'image de l'application HO(X, ~) -+ HO(K,~) est dense dans tout 'Un 
voisinage de l'element neutre de HO(K, ~). 

Avant d'enoncer la Proposition 2, introduisons une convention terminologique: 
soit K un compact special, realise comme sous-ensemble analytique d'un cube 
compact 1': 

aj < Xj < b;, aj < Yi < bj 

(cf. §1). Soit c un nombre tel que a l < c < bl ; soit 1" l'ensemble des points de I' 
tels que Xl < c, et soit I'" l'ensemble des points de I' tels que Xl > c. Mors 1", 
I'" et 1" n I'" sont des cubes compacts, et I' = 1" U I'". Definissons les compacts 

K'=KnI", K"=KnI'"; 

K ' , K U et K' n K" sont des compacts speciaux, et K = K' U K". Un tel systeme 
(K, K I

, KU) sera appeIe une configuration speciale. 
PROPOSITION 2. Soit (K, K ' , K") une configuration speciale. Mors tout element 

! E HO(K' n K U, $"), s'Uffisamment voisin de l' element ne'Utre, peut se mettre sous 
laforme 

!=I" 1"-1, 

on I' EHO(K', ~),I"EHO(KU, ~). 
Nous admettons pour Ie moment les Propositions 1 et 2, et nous voulons en 

deduire Ie TMoreme principal. Avant de prouver les assertions (i), (ii) et (iii) de ce 
theoreme, on va d'abord montrer: 

(1) si K est un compact special, Ie groupe topoIogique HO(K,~) est COImexe par 
arcs; 

(2) si K est un compact special, l'image de l'application HO(X, ~) -+ HO{K, ~) 
est partout dense dans HO(K, $"); 

(3) si (K, K ' , KU) est une configuration speciale, tout element! E HO(KI n K", $") 
peut s'ecrire sons la forme I' . 1"-1, avec f' E HO(K', ~), fft E HO(K", ~). 

En fait, on va introduire, pour chaque entier k > 0, les assertions (1 h. et (2}", 
qui se rapportent au cas on Ie compact K se realise dans un cube compact de 
dimension reelle k; on introduit aussi l'assertion (3)." qui se rapporte au cas on Ie 
compact K' n K" est realise dans un cube de dimension reelle k. 

Pour prouver (1), (2), et (3), il suffit d'6tablir (I)", (2)1c' at (3)kPourtousles entiers 



llO HENRI CARTAN 

k > O. La demonstration va proceder comme suit: on prouvera d'abord (1)0; puis 
on montrera que 

(lk=> (2)k=? (3h =? (l)k+1" 

]lontrons d'abord que (1)0 est vraie: dans ce cas, K se reduit a. un point Xo EX, 
et il s'agit de montrer que toute section de ff au voisinage de Xo peut, dans un 
voisinage ouvert U assez petit de xo' etre deformee dans la section neutre. Conside
rons d'abord une section de ff au-dessus du point Xo (et non dans tout un voisinage 
de xo); c'est une application continue t-* I(xo, t) de a dans la fibre de E au-dessus 
de xo, qui est neutre pour tEN (la condition d'holomorphie en x pour t E H n'inter
vient pas, puis que x reste fixe, au point xo)' Comme, par hypothese, N est un 
retracte de delormation de 0, cette application est homotope a. l'application neutre; 
on a donc une application continue (t, u)-*g(t, u) de a x I dans la fibre de E 
au-dessus de xo' teIle que 

{ 

get, u) = e pour tEN, 

get, 0) = I(xo, t) pour tEO, 

get, 1) = e pour tEO, 

avec la condition supplementaire get, u) = e au cas ou Ie point Xo apparliendrait au 
sous-espace Y de X. 

II eriste un voisinage ouvert U de Xo tel que, au-dessus de U, Ie fibre E soit 
trivial, c'est-a.-dire isomorphe au produit U X G, chaque fibre etant identifiee au 
groupe de Lie G; alors les sections de E au-dessus de U s'identifient aux applications 
U -* G, et en particulier la fonction g( t, u) peut etre consideree comme prenant ses 
valeurs dans G. De meme la section donnee I(x, t) du faisceau ff, au voisinage de xo, 
peut etre consideree comme prenant ses valeurs dans G; par suite (f(xo, t»-lJ(x, t) 
est de:fini; en outre, si U a eM choisi assez petit, (/(xo' t))-l /(x, t) est voisin de 
l'eIement neutre, et se trouve donc dans la region du groupe G au l' on peut identifier 
Get son algebre de Lie A(G) au moyen de I'application exponentieIle. On peut alors 
definir Ie produit de (/(xo, t) )-If(x, t) par nn scalaire pas trop grand. Posons 

G(x, t, u) = get, u) . «1 - u)(f(xo, t)-lf(x, t», pour 0 < u < l. 
On a G(x, t, 0) =/(x, t), G(x, t, 1) = e, ce qui demontre l'asserlion (1)0' 

Montrons que (I)k entratne (2)k: en effet, soit K un compact k-special (i.e. realise 
comme sous-ensemble analytique d'nn cube compact de dimension reeIle k). 
L'asserlion (1),., entraille que tout element IE HO(K, ff) est produit d'nn nombre 
:fini d'elements de HO(K, ff) arbitrairement voisins de l'element neutre. A chacun 
d'eux on applique la Proposition 1; on obtient ainsi (2h •. 

Montrons que (2)k entratne (3)k; soit (K, K', KD) une configuration speciale, tene 
que K' n K" soit k-special. Soit donne IE HO(K' n Kn, ff); d'apres (2)k' on peut 
ecrire 1= g • II' ou II E HO(K' n K", ff) est ar1:litrairement voisin de l'eIement 
neutre et g EHO(K', ff). D'apres Ia Proposition 2, on a 

II =/" 1"-1, avec/, E HO(K', ff),r EHO(K", ff), 

On en deduit 1= (g • I') . 1"-1, ce qui prouve (3)k' 
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Montrons enfin que (I)/c et (3)/c entratnent (1)k+1: soit K un compact (k + 1)
special, et soit 1 E HO(K, $'» une section de $'> au-dessus d'un voisinage de K. 
Chaque point A. du premier cote du (k + I)-cube compact dans lequel K est realise 
a pour image reciproque, dans K, un compact k-special K;" auquel on peut appli
quer l' assertion (1 )/c' Donc K;, possede un voisinage V;, (dans K) tel que la restriction 
de 1 a v;, soit homotope a la section neutre; on peut recouvrir K avec un nombre 
fini de tels VA;' et on peut supposer que les VA. sont des (k + I)-cubes compacts 
tels que l'intersection VA; n Vi.

H1 
soit un cube de dimension k. Ecrivons desormais 

Ki au lieu de Vi.' et soit1i(U) E HO(Ki , $'» une section au-dessus d'un voisinage de 
i 

K i , dependant continfunent d'un parametre u E [0,1], telie que1i(0) soit la section 
induite par la section donnee 1, et que J.(I) soit la section neutre. 

Ces homotopies 1i(U) (i = 1, 2, ... ) ne concordent pas dans les intersections 
Ki n K i+1, qui sont des compacts k-speciaux. On va maintenant les modifier 
sUccessivement, de maniere ales faire concorder, ce qui etablira (I)k+1' On est 
ramene a un probleme elementaire, du type suivant: soit (K, K 1, K 2) une configu
ration speciale, telie que K1 n K2 soit k-special; soit donne 1 E HO(K, $'», et 
soient donnees des homotopies f.(u) E HO(Ki> $'» (i = I, 2) teIles que fiCO) soit la 
restriction de f, et J.(I) = e. On cherche g(u) E HO(K, %') te11e que g(O) =! et 
g(I) = e. 

Or (11(u))-lf2(u) E HO(K1 n K 2, $'» est une homotopie de e a e dans Ie groupe 
HO(K1 n K 2, %'). C'est un element de HO(K1 n K 2, $'>'), OU %" est un nouveau 
faisceau, relatif aux espaces compacts N' c H, c 0' definis par 

0' = 0 X I, N' = (N X 1) u (0 X {o}) U (0 X {I}), H' = (H X 1) UN'. 

Ce faisceau $'>' satisfait aux hypotheses du TMoreme principal, car N' est retracte 
de deformation de 0' (verification immediate). On peut donc appliquer a%" l' asser
tion (3)It; elie montre que 

(11(U»-112(U) = 1'(u) (1"(U))-l, 

ou1'(u) E HO(K1, %') et 1"(u) E HO(K~, %') dependent du parametre U E [0, 1], et 
sont neutres pour u = 0 et U = 1. II suffit alors de poser g(u) =!l(U)j'(u) au 
voisinage de K1, et = 12(U)1"(U) au voisinage de K 2 , pour obtenir la deformation 
cherchee g(u) EHO(K, %'}; ceci resout Ie "probleme elementaire," et par suite 
l'assertion (I)k+1 est demontree. 

Ainsi les assertions (1), (2), et (3) sont maintenant etablies. n reste a en deduire 
les assertions (i), (ii), et (iii) du TMoreme principal (§4). Tout d'abord, (ii) resnIte 
immediatement de (2). 

DEMONSTRATION DE (i). On soit que X est reunion d'une suite croissante de com
pacts speciauxK .. , tels que K .. soit contenu dansl'interieur V n+1 de K .. +1' Soit! E HO 
(X, %'); d'apres (I), l'image i .. de! dans HO( V,,, $'» est homotope a l'element neutre 
dans H°(V .. , %'); soit 1 .. (u) une telle homotopie, telie que 1,,(0) =! .. , 1,,(1) '= e. 
Alors (!,,(U»-l! .. +l(U), au-dessus de V,,, est en fait un element de HO(V", ,$P'), ou 
$'>' designe Ie faisceau defini plus haut, et relatif aux espaces N' c H' cO'. En 
appliquant l'assertion (2) a ce faisceau, on voit que U,,(u»-1f"+l(U) peut etre 
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unllormement approche, au-dessus du compact K",_1 c: V"" par des elements de 
de HO(V",+1' /F'). Ainsi, sans changer I .. (u), on peut modifier 1",+1(u) de maniere 
que (/",(u»-1/"+1(u) soit arbitrairement voisin de la section neutre au-dessus de 
Kn - 1• Nous pouvons donc faire en sorte que la suite des/ .. (u) converge dans X, 
unllormement sur tout compact; soit alors feu) Ia limite: feu) fournit l'homotopie 
desiree entre la section donnee I E HO(X, /F) et Ia section neutre. 

DEMONSTRATION DE (iii). On veut montrer que H1(X, /F) = O. Or (3) entraille 
facilement que W(K, /F) = 0 pour tout compact special K. n reste maintenant it 
"passer it la limite". Soient (K",) et (V n) des suites comme ci-dessus; etant donne un 
recouvrement ouvert (U;) de X, et un cocyle (fii) a valeurs dans /F, on a, pour 
chaque n, des sections 

cf EH°(Ut n V .. ' /F) 

telles que Iii = (Cf)-1cj dans Uij n V",. On a donc cf+l(cf)-l = Cj+l(cj)-1 dans 
Uii n V .. , et par suite les cft-l(cf)-1 definissent une section cpn E HO(V .. , /F). 
En utilisant it nouveau l'assertion (2) comme ci-dessus, on peut assurer la converg
ence de la suite c~, cft-l, .•• unllormement sur tout compact de Ui • La limite 
ci E HO(Ui , /F) est telle que 

fij = (Ci )-1 cj dans Uii , 

et par suite on a demontre que Hl(X, /F) = O. 
La demonstration du Theoreme principal est ainsi achevee. 

7. Demonstration de la Proposition 1 
La demonstration des Propositions 1 et 2 repose, entre autres choses, sur Ie 

principe suivant: considerons Ie foncteur covariant qui, a chaque groupe de Lie 
complexe G, associe son algebre de Lie A (G) (espace vectoriel sur Ie corps complexe) 
et a chaque homomorphisme de groupes de Lie G _ G', associe l'homorphisme 
correspondant d'algebres de Lie A(G)-A{G'). La definition du fibre E, dont les 
fibres wnt des groupes de Lie complexes, conduit it un fibre associe A(E), dont les 
fibres sont les algebres de Lie des fibres de E; A(E) est une fibre analytique a fibres 
vectorielles (complexes). 

Pour un groupe de Lie G, on a l'application exponentielle A(G) _ G, qui induit 
un isomorphisme d'un voisinage de 0 dans A(E) sur un voisinage de l'eIement 
neutre de G ("isomorphisme" au sens des variews analytiques complexes). Comme 
A(G) _ G est une application naturelle de foncteurs, il s'ensuit qu'elle definit une 
application analytique A(E)_E des espaces fibres, notee exp; et que si on se 
restreint it un compact K de l'espace de base X, l'application exp: A(E) _ E est 
un isomorphisme d'un voisinage de Ia section nulle de A(E) sur un voisinage de la 
section neutre de E ("isomorphisme" au sens des espaces fibres analytiques). 
Desormais toute section K _ E, assez voisine de Ia section neutre, pourra donc 
etre identifiee a une section K _ A(E}. 

LEMME 1. Bait V un fibre analytique vectoriel (complexe) ayant pour base X un 
espace holomarphiquement complet, et sait U un ouveri de X, relativement compact et 
halomorphiquement complete 11 existe un 8yswme flni (g",) de 8ections de V au-des8U8 de 
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X, jouissant de la propriete suivante: si Y est un sQU8-espace analytique de X, toute 
(N, H, O)-section2 f(x, t) de V au-dessus de U, nulle pour x E Un Y, peut s'wire 

(x E U, tEO) 

011, le8 fa sont des (N, H, O)-fonctions scalaires,2 nulle8 pour x E U n Y. 
Demonstration: puisque U est relativement compact, et que Ie faisceau des 

germes de sections holomorphes de Vest coherent, il existe3 un nombre fini n de 
sections holomorphes fla au-dessus de X, telles que, en chaque point x E U, les fla 
engendrent Ie module des germes de sections holomorphes de V au point x (comme 
module sur l'anneau des germes de fonctions holomorphes scalaires au point x). 
Soit alors "f/"Il (resp. "f/"C) Ie faisceau des germes de sections holomorphes Crespo 
continues) de V, nulles sur Y; soient ma (resp. me) Ie faisceau des germes de fonctions 
holomorphes scalaires (resp. continues scalaires) nulles sur Y. A chaque systeme 
(fry) de n elements de m~ (resp. de m~) associons LafJXfla E "f/"~ (resp. E "f/"~); ceci 
definit un homomorphisme de faisceaux 

rP: (ma),,-+ "f/"a, resp. cpe: (mC)n -+ "f/"o; 

cpa et cpo sont des epimorphismes: on Ie voit en utilisant une trivialisation locale du 
fibre vectoriel V. Soit Na (resp. Ne) Ie noyau de cpa (resp. cpe); Na est un faisceau 
analytique coherent Crespo Ne estunfaisceau fin), doncW(U, Na)= 0, W(U, N°} = 
O. II en resulte que cpa et cpo definissent des epimorphismes 

(l)a: (HO(U, ma»n-+ H0(U, "f/"a), 

(l)e: (HO(U, meW -+ H0(U, "f/""). 

Or (HO(U, ma»n, HO(U, "f/"a), (HO(U, me»,,, H0(U, "f/"e) sont des espaces de Frechet; 
(l)G et (l)c sont des applications lineaires continues. On va leur appliquer un lemme 
sur les espaces de Frechet (cf. Appendice). 

Prenons d'abord fa(x, t) = 0 pour t EN; on a ainsi une application continue 
(nulle) N -+ (HO(U, ma»,,'. D'apres Ie lemme de l'Appendice, on peut la prolonger en 
une application continue 

qui "releve" l'application donnee f: H -+ HO( u, mal. En composant ce relevement 
H -+ (HO(U, ma»" et l'application naturelle (HO(U, ma»,,-+ (HO(U, me»n, on 
obtient une application continue H -+ (HO(U, me»,,; en utilisant a nouveau Ie 

• Une fonctionfa(x, t) definie pour x E U, t E G, continue sur U X G, et avaleurs soruaires, 
n'est pas autre chose qu'une application oontinue t -+ (x -+ ia(x, t)) de a dans l'espa.oe des 
fonctions continues sur U a. vrueurs complexes, muni de Ia topologie de Ia convergenoe oompacte. 
On dit que c'est une (N, H, G)-fonction si, pour tout t E H, l'applioa.tion;z)->- fa(x, t) est holo
morphe, et sii«(x, t) = 0 pour tEN. D'autre pa.rt, une seotion! de V au-dessus de U, dependant 
de tEO, s'appelle une (N, H, G)-section si J(x, t) est continue sur U X 0, et ai, pour tout t E H, 
Iaseotionx-+ f(x,tjestholomorphe,et si en outre, pourt EN, onaf(x,t) = o pour tout x E U. 

(3) En vertu du TMoreme A de [4J. 
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on A{X, t, u) designe, pour chaque x, l'automorphisme ad (j(x, t, u» de la fibre 
vectorieile de A(E) au-dessus du point x. Alors, si on integre les equations (7)', 
en convenant que]' etf" sont neutres pour u = 0, on trouve des sectionsf'(x, t, u) et 
f"(x, t, u) de E, satisfaisant aux conditions suivantes: 

(ll) 

{

f'ex, t, u) est hOlom.orphe en x au voisinage de K'; 
f"(x, t, u) est holomorphe en x au voisinage de K U

; 

]' et fn sont neutres pour tEN et pour x E Y; 
enfin, pour x voisin de K' n K n

, on a 

]'(x, t, u) = f(x, t, u) . rex, t, u). 

Revenons alors a notre "probleme fondamental"; f(x, t) est une section donnee 
de E, holomorphe en x au voisinage de K' n K U

, pour chaque t EH; de plus, 
f(x, t) est neutre pour tEN, et pour x E Y. Enfin, on suppose f(x, t) voisin de la 
8ection neutre; il existe done une section a(x, t) du fibre vectorieIA(E), telle que 
exp (a(x, t» =f(x, t); a(x, t) est holomorphe en x au voisinage de K' n K", est 
nulle pour tEN et pour x E Y. Soit u un parametre reel (0 < u < 1); considerons 
la section u . a(x, t) (produit de a(x, t) par Ie scalaire u, dans la structure vectorielle 
des fibres de A(E», et soit 

f(x, t, u) = exp (u • a(x, t». 
On a of/au = a(x, t) ·f(x, t, u). Posons 

lex, t, u) = ad(f(x, t, u». Supposons qu'on ait trouve des sections a'(x, t, u} 
(resp. aU(x, t, u» de A(E), holomorphes en x au voisinage de K' (resp. de Kif), 
nulles pour tEN et pour x E Y, teiles que 

(12) a'ex, t, u) = a(x, t) + A(X, t, u) • a"(x, t, u) pour x voisin de K' n Kif. 

Alors, par integration, on obtiendra des sectionsf'(x, t, u) (resp. rex, t, u» du fibre 
E, holomorphes en x au voisinage de K' (resp. de Kif), neutres pour tEN et pour 
x E Y, telies que (11) ait lieu pour x voisin de K' n Kif. En particulier, f'(x, t, 1) et 
fU(x, t, 1) fourniront une solution du "probleme fondamental." 

Ainsi, tout revient maintenant a trouver a'{x, t, u) et aU(x, t, u) satisfaisant a 
(12). Boit U un ouvert X-convexe et relativement compact, contenant K' n K lf

, 

dans lequel la section donnee f(x, t) soit holomorphe (pour chaque t E H), ainsi 
par consequent que a(x, t) et A(X, t, u). Reprenons les sections (fer. du fibre A(E) 
au-dessus de U, comme dans Ie Lemme 1 (§7). On a 

A(X, t, u) • (f"Jx) = Lprpcr.[J{x, t, u)(fp(x), 

on les coefficients rpcr.[J(x, t, u) sont holomorphes en x pour x E U, et continus en 
t E H et u E [0, 1]. L'existence d'une telie relation resulte du Lemme 1. De plus, si 
f(x, t) est assez voisine de la section neutre, A(X, t, u) est un automorphisme (de la 
fibre de A(E» voisin de l'automorphisme identique; il en resulte que la matrice 
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(C[Ja{J(X, t, u» peut etre ehoisie voisine de la matriee-unite.4 On peut done appliquer a 
eette matriee Ie Lemme 2; il en resulte que l' on a 

'" I II L.,,,, C[J{kt.C[J","I = C[Jp"I ' 

on la matriee (C[J~p(X, t, u» (resp. (C[J~(x, t, u))) est inversible, depend continument de 
t E H et u E [0, 1], et est holomorphe en x au voisinage de K' (resp. au yoisinage de 
K"). Or, d'apres Ie Lemme 1, on a 

a(x, t) = Lex a",(x, t)y",(X), 

les a",(x, t) etant holomorphes en x au voisinage de K' n K", et nuUes pour tEN 
et pour x E Y. Pour resoudre (12), il suffit de trouver des fonetions a~(x, t, u) (resp. 
a~(x, t, 16», holomorphes en x au voisinage de KI (resp. de K"), nulles pour tEN 
et pour x E Y, et teUes que l'on ait 

a~(x, t, u) = a",(x, t) + LP C[Jp",(x, t, u) ap(x, t, u) 

pour x dans un voisinage de K' n K". Pour cela, il suffit que 

(13) 

Au lieu des a~ et des a~, prenons comme inconnues les 

et 

qui doivent etre nulles pour x E Y; si on pose 

L", C[J~r<x, t, u)a",(x, t) = b"l(x, t, u) 

(fonction eonnue, holomorphe en x au voisinage de K' n K U
, nulle pour x E Y), 

1'equation (13) devient 

b;(x, t, u) - b~(x, t, u) = b"l(x, t, u), 

et eUe se resout en b; et b~ grace a l'integrale classique de Cauchy.5 

4 Cela resulte du theoreme de Banach ([2], theoreme 1), comme suit: les matrices du type 
(cpp",{x, t, u» forment un espace de Frechet F; soit F' l'espace de Frechet forme des trans
formations analytiques du fibre A(E) (au-dessUB de l'ouvert U) qui sont Iineaires dans chaque 
fibre et dependent continument des parametres t et U; on definit une application lineaire con
tinue F --+ F' en associant a. chaque matrice (cpa{J(x, t, u)) 130 transformation lineaire A(X, t, u) 
definie par la formule du texte, et Ie Lemme I entraine precisement que l'application F --+ F' 
applique F SUT F'. Alors Ie thooreme de Banach entra.ine que c'est une application ouvert6; 

donc toute transformation A(X, t, u) assez voisine de l'identita est associee a. aumoins une matrice 
(cpa{J{x, t, u)) voisine de 130 matrice-unite. 

S Pour cela, on observe que b"l(x, t, u), comme fonction holomorphe de x au voisinage de 
K' n K' , est induite par une fonction By{x, t, u), holomorphe en x au voisinage du cube compact 
r' n r" dans lequel Ie compact special K' n KH est realise. Grace a l'integrale de Cauchy, on 
trouve B~(x, t, u) et B;(x, t, u), holomorphes en x au voisinage de r ' et de P'respectivement (et 
dependant continument de t et u) telles que l'on ait 

B~(x, t, u) - B;(x, t, u) = B"I(x, t, u) 

pour x dans un voisinage de r' n rH. n suffit alors de prendre pour b~ et b; les fonctions 
induites par B~ et B; sur K' et K" respectivement. . 
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Finalement, Ie "probleme fondamental" est resolu, et on a trouve 1'(x, t) et 
rex, t) pour t E H. De plus, si la section donnee f(x, t) est assez voisine de la section 
neutre, la solution precedente montre que 1'(x, t) et f"(x, t) sont voisines de la 
section neutre. Pour etablir la proposition 2 du §6, il reste a prolonger l' (x, t) et 
rex, t) aux valeurs de tEO (et non plus seulement pour t E H). Or, pour t E H, 
on peut considerer 1'(x, t) et rex, t) comme des sections du fibre A(E) a fibres 
vectorielles, pulles pour x E Y. On peut done les prolonger par continuite en des 
sections F'(x, t) et F"(x, t), definies pour tEO, et nulles pour x E Y. Considerons 
a nouveau F'(x, t) et F"(x, t) comme sections de E; Ie produit 

est une section de E (pour x dans un voisinage de K' n K"), neutre pour x E Yet 
pour t EH; de plus, on peut la supposer, pour tEO, assez voisine de la section 
neutre pour que <I>(x, t) puisse etre identifiee a une section de A(E). n en resulte 
qu'on peut trouver, pour tEO, une section '¥(x, t) de E, definie pour x dans un 
voisinage de K', neutre pour x E Yet pour t EH, de maniere que '¥(x, t) coincide 
avec <I>(x, t) quand x est dans un voisinage de K' n Kit. Posons alors 

1'(x, t) = ('¥(x, t»-l F'(x, t) pour x dans un voisinage de K', 

rex, t) = F"(x, t) pour x dans un voisinage deK". 

On a, pour x dans un voisinage de K' n K", 

f(x, t) = flex, t} • (f"(x, t»-l quel que soit tEO; 

par suite 1'(x, t) et rex, t) definissent des elements de HO(K', §') et HO(K", §,) 
dont l'existence demontre enfiu la Proposition 2. 

9. Applications 

Le fait que la classification analytique des espaces fibres E-principaux (pour un E 
donne dont la base X est holomorpbiquement complete) coincide avec la classi
fication topologique (cf. TMoremes A et B, §2) entraine des consequences dont nous 
mentionnons rapidement quelques-unes. 

Soit Fun sous-espace fibre analytique de E, ayant meme base X, et dont 100 
fibres sont des sous-groupes de Lie complexes des fibres de E. Tout fibre F -principal 
Q de base X definit un fibre E-principal P de meme base X ("extension du groupe 
structural"): si Q est defini par un cocycle a valeurs dans les sections de F, Pest 
defini par Ie meme cocycle, considere comme prenant ses valeurs dans les sections 
deE. 

Si un fibre E-principal P peut etre ainsi deduit d'un fibre F-principal, on dit 
qu'on peut, pour P, restreindre le fibre 8tructural E au sous-fibre F. n faut naturelle
ment distinguer entre la restriction au sens analytique et au sens topologique. Mais 
si la base X est holomorphiquement complete, et si Pest analytique, la possibilite 
de restreindre Ie fibre structural au sens topologique entraine la possibilite de Ie 
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restreindre au sens analytique; en effet, Ie diagramme suivant est commutatif: 

Hl(X, /Fa) -* Hl(X, cal 

.). .). 

Hl(X, /Fe) -* Hl(X, Ce), 

et les fleches verticales designent des bijections (en vertu des TMoremes A et B). 
Or il est classique que la possibilit6, pour P, de restreindre Ie fibre structural E 

au sous-fibre F, equivaut a l' existence d'une section s : X -+ PI F de l'espace PI F 
(quotient de P par la relation d'equivalence qu'y definissent les operations de 
F adroite), considere commefibrede baseX. Oonsequence: sil~fibre PIF de base X 
(holomorphiquement complete) possede une section continue, il possede aussi une 
section holomorphe. 

Signalons sans demonstration d'autres applications des Theoremes A et B: si 
une variete de Stein est parallelisable (au sens topologique), elle rest au sens 
analytique: il existe alors un champ holomorphe de vecteurs tangents non nuls. 
On a un resultat analogue pour les champs de r vectors tangents lineairement 
independants (sur Ie corps 0). 

A ce sujet, signalons qu'on sait peu de choses sur les classes caract6ristiques 
d'une variet6 de Stein (classes de Chern, de Pontrjagin, .de Stiefel-Whitney), et que 
leur etude meriterait d'~tre entreprise. 

II y aurait lieu aussi de voh dansquelle mesure l'etude qui vient d'etre faite 
pourrait conduire a des resultats concernant Ia classification des espaces fibres 
analytiques-reels. 

10. Appendice: lemme sur les espaces de Frechet 
LEMME 3. Soient F et F' deux espaces de FrMket .(i.e., deux espaces vectoriels 

topologiques localement convexes, metrisables et complets), et soit !p : F -+ F' une 
application lineaire continue de F sur F'. Soient d'autre part A un espace compact et 
Bun sous-espace ferme de A. Supposons donnees une application continue l' : A -* F' 
et une application continue g : B -+ F telZes que la restriction de l' a B soit egale a 
l' application composee !p 0 g. Alors il existe une application continue f: A -+ F qui 
prol~nge g et satisfait a !p 0 f = l' . 

DEMONSTRATION. Soit (V .. ) une suite fondamentale de voisinages fermes convexes 
de 0 dans F, teIle que 2V n+1 C V n' Puis que <p est une application ouverte (en 
vertu dutMoreme de Banach: cf. [2J, tMoreme I), il existe un voisinage V~ 
(ferme convexe) de 0 dans F', tel que V~ C p(V,,}. On peut de plus supposeI' que 
les V ~ forment un systeme fondamental de voisinages de 0 dans P'. 

Tout recouvrement ouvert (fini) de Best induit par un recouvrement ouvert 
(fini) de A. Pour chaque n, il existe donc un recouvrement ouvert fini tJj{n de A tel 
que: 10 l'image par l' de tout ouvert de tJj{ n soit petite d' ordre V~; 2° l'image par g 
de tout ouvert du recouvrement de B induit par CIlt .. soit petite d'ordre Vn• Pour 
chaque n, il existe une partition de l'unite (h"")i€J" sur l'espace compact A, 
tene que I.e support de chaque fonction h .. ,i soit petit d'ordre tJj{n: on peut de plus 
supposeI' que chaque hn•i est somme d'un certain nombre parmi les fonctions hn+1,:i 
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relatives a la partition d'ordre n + 1. On a alors une application u., de l'ensemble 
d'indices J n+l sur l' ensemble d'indices J n' telle que hn,i soit la somme des hn+l,f 
teIles que u .. (j) = i. 

Pour chaque n, et chaque indice i E J n' choisissons un point an,. E A assujetti aux 
conditions suivantes: h .. ,i (a.,) =1= 0, et a .. ,. E B s'il existe un b E B tel que h.,)b) =1= 
0. Soit Xn,i =f'(a .. ) E F'; la fonction 

i~(a) = 2ieJ,. h .. ,ia)x",i 

est une application continue A --)0 F', et on a, pour chaque a E A, 

(14) f'(a) - i~(a) E V~. 

Par recurrence sur n, on choisit des Y"" E F tels que p(Y",.) = x",i' de maniere 
que: 1° si a",. E B, alors Y"" = g(an); 2° on ait 

(15) Y,,+1,j - Y .. ,u. .. (;) E V,.. 

C' est possible: on doit s' assurer que si Ie choix de y.,+ 1,; est impose par la condition 
1°, alors la condition 2° est satisfaitei or a."Un(i) E B, et (15) resulte du fait que 
l'image par i du recouvrement induit par tff., sur B est petite d'ordre V". Par 
ailleurs, si a.,+1,j 1= B, on peut choisir Y.,+l,j de maniere a satisfaire a (15), car 
x",+1,; - xn,u"O) E V~, et f{i (V.,) :::> V~ par hypothese. 

Posons i,,(a) = 2i&1" h",i(a)Yn,i' Alors i., est une application continue de A dans 
F, et pOi., = i~. De plus, 

(16) i.,(a) - g(a) E V., pour a E B. 

Quand n tend vers I'infini, i~ converge uniformement versi' d'apres (14). La suite 
in converge uniformement, car 

i .. +l(a) -i,,(a) = 2;£J"+1 h .. +l,j(a) (Y.,+l,j - ?J", .... (j) E V" 

pour tout a E Ai on a done In+k(a) - i,,(a) E V.,_1 pour tout k> 0, ee qui 
prouve la convergence uniforme de Ia suite des f,.. La limite i de cette suite est une 
application continue de A dans F, qui prolonge g d'apres (16); et la relation f{i 0 f .. 
= f~ donne, a la limite, f{i 0 f = 1', ce qui acheve la demonstration. 

BIBLIOGRAPHIE 

1. H. BEHNKE und K. STEIN, Modifikation. komple;rer Mannigfaltiglceiten und Riemannscher 
. Gebiete, Math. Ann. 124 (1951), p. 1-16. 

2. N. BOURBAKI, Espaces vectoriels topologiques, Chap. I (Act. sci. et ind., nO 1189) Paris, 
1955. 

3. H. CAETAN, Seminaire 1953-54, ElqIOoo VI. 
4. H. CAETAN, Colloque sur les fonctions de plusieurs variables, Bru:x:elles, 1953, pp. 41-55. 
5. H. CAETAN, Ideauw et mQdule8 de fonctWns anaZytiqms de variable8 complexes, Bull. Soc. 

Math. France, 78 (1950). pp. 29-64. 
6. H. CAETAN, Sur le8 matrices lwlomorphes de n. variables complexes. J. Ma.th. Pures Appl., 

ge aerie, 19 (1940). pp 1-26. 
7. J. FRENKEL. Faisceau d'uf16 8ot18.00rieu anaZytique, Seminaire Henri Cartan, 1951-52 

E"pose XVI. 



ESPACES FIBRES ANALYTIQUES 121 

8. J. FRENKEL, Un theoreme sur les matrices holomorphes inversibles, ibid., Expose XVII. 
9. J. FRENKEL, Sur une classe d'espacea fibres, C. R. Acad. Sci. Paris, 236 (1953), p. 40--41; 

et Sur les espaces fibres ancilytiques complexe8 de fibre resoluble, ibid., 241 (1955), pp. 
16-18. 

10. H. GRAUERT, Oharakterisierung der holomorph vol18tiindigen komplexen Riiume, Math. 
Ann. 129 (1955), pp. 233-259. 

II. F. HIRZEBRUCII, Neue topologische Methoden in der algebraischen Ge01:netrie, Ergeb. der 
Math., Springer, 1956. 

12. J.·P. SERRE, Applications de la themie generale a divers problemes globaux, Seminaire H. 
Cartan 1951-52, Expose XX. 

Rajoute a la correction des epreuves (Octobre 1957): depuis que ce travail a ete redige, H. 
Grauert a remanie son travail original, qui est en cours de publication sous forme de trois 
articles aux Mathematische Annalen: 

ApproximationaBiitze fw,. holomorphe Funktionen mit Werten in komplexen Riiumen, 133 (1957), 
pp.139--159. 

Holomorphe Funktionen mit Werten in komplexen Lieschen (]ruppen, 133 (1957), pp. 450--472; 

AnalytiBche Faserungen Uber holomorph·vol18tiindigen Riiumen, a paraitre prochainement. 

D'autre part, les resultats de J. Frenkel sur les espaces fibres analytiques ont ete publies: 
Oohomologie non aMlienne et espaces fibres. Bull. Soc. Math. France, 85 (1957), pp. 135-220. 



ON SIMPLY CONNECTED 4-MANlFOLDS 

This paper will apply various known results to the problem of classifying simply 
co:niJ.ected 4-manifolds as to homotopy type_ A complete classification is given for 
those manifolds with second Betti number < 7, and a fairly good picture is obtained 
for. the general case. But the problem is by no means solved. 

The first section states results from the theory of quadratic forms. The author is 
indebted to O. T. O'Meara for assistance in the preparation of this section. 

In §2 the quadratic form of a 4k-manifold is defined, and elementary properties 
are verified. 

In §3 it is shown (as a corollary to a theorem of J. R. C. Whitehead) that the 
homotopy type of a simply connected 4-manifold is determined by its quadratic 
form. The main problem is thus to decide whether or·not a ·given quadratic form 
actually corresponds to some simply connected 4-manifold. 

A subsequent paper will study the more general problem of classifying 2n-mani
folds which are (n - I)-connected as to homotopy type. 

§1. Quadratic forms 
Theorems I and 2 of this section will summarize known results concerning the 

classification of quadratic forms with determinant ±l over the ring of integers. 
It ",ill be convenient to define2 a quadratic form of rank r over an integral 

domain D as a pair (A, cfo) consisting of a free D-module A of rank r, and a non
singular, symmetric, bilinearpairingp : A X A ~D. Two forms (A, cfo) and (A', p') 
are equivalent if there is an isomorphism of A onto A' which carries p' onto p. If D 
is .contained in a larger integral domain D', note that every quadratic form over D 
gives rise to a quadratic form over D'. 

Given a basis (al , ... , a .. ) for A, the form is completely described by the sym
metric matrix IIcfo(ai , aj )lI. This section will only be concerned with quadratic forms 
over the integers such that this matrix has determinant ± I. 

We will say that a form is of type I (properly primitive) if some diagonal entry of 
its matrix is odd. If every diagonal entry is even, then the form is of type II 
(improperly primitive). Thus (A, cfo) has type I if and only if p(a, a) takes on odd 
values. 

The index T of a form is defined3 as the number of positive diagonal entries minus 
the number of negative ones, after the matrix has been diagonalized over the real 
numbers. 

1 The author holds an Alfred P. Sloan fellowship. 
S This is compatible with the usual definition providing that 2 #- 0 in D. 
3 Topologists have called T the "index," although "signature" is the classical term. 
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.As examples, consider the quadratic forms corresponding to the following three 
matrices 

2 100 0000 
1 2 1 0 -1 000 
0 121 0000 

T=C 0)U=e 1
) V= 0 012 1000 

o -1, 1 0 o -1 0 1 2 100 
0 000 1 2 1 0 
0 000 o 1 2 1 
0 000 ,0012 

The first has type I and index 0; the second has type II and index 0; while the 
third has type II and index S. 

Two forms have the same genus if they are equivalent over the p-adic integers for 
every prime p, and if they are equivalent over the real numbers. (Oompar6 [S] 
p. 106-107.) 

THEOREM 1. The rank '1', the index 7, and the type (10'1' II) form a complete system 
of invariants for the genus of a quadratic form over the integers with determinant ± 1. 
A given rank, index and type actually occur if and only if the following three conditions 
are satisfied: 

(1) rand 7 are integers with 
-'1'<7<'1', 7='1' (mod 2); 

(2) for forms of type II, 7 = 0 (mod 8); 
(3) for forms of type I, '1' > O. 
The following is an immediate consequence. 
OOROLLARY. Every such form has the same genus as a form with matrix 

diag (1, .•• , 1, -1, .•• , -1) or ±diag (U, ..• , U, V, ••• , V). 
A form is called definile if 7 = ±r. Otherwise it is indefinite. 
THEOREM 2. Two indefinite forms with determinant ± 1 are equivalent if and only 

if they have the same genus. This is also true for definite forms, providing the rank 
is <8. 

(This theorem would definitely be false for definite forms of rank >9. For example 
the two positive definite 9 X 9 matrices diag (1, ••• ,I) and diag (V, 1) represent 
forms (A, cP) and (AI, cP') of the same genus. These forms are not equivalent since the 
equation cP(a, a) = I has eighteen solutions, while cfo'(a', a') = 1 has only two 
solutions. ) 

PROOF OF THEOREM 1. Let fl,j2 be two forms with determinant ±1 having the 
same rank, index and type. Thenfr is equivll'lent to f2 over the p-adic integers, p 
odd, by Oorollary 36b of (S]. They are equivalent over the real numbers since they 
have the same index. Therefore (see [8] p. 39) we have 0oo(fl) = 0oo{f2)' which 
implies that 02(fr) = 02(f2)' Now by Theorems 15 and 36 or [S], fl is equivalent to f2 
over the 2-adic integers. Therefore fr and f2 have the same genus. 

NEOESSITY OF OONDITIONS (1), (2), (3). Oonditions (1) and (3) are trivial. If 11 
has type II then Theorem 33a of[S] implies that fl is equivalent to diag (U, ••• ,U) 
over the 2-adic integers (making use of the fact that ±3 are not 2-adic squares). 
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Therefore the Gauss sum (see [2]) of fl modulo 8 is positive. Now the criterion (8) 
of [2] implies that 'T = 0 (mod 8); which proves condition (2). 

The sufficiency of conditions (1), (2), (3), is an easy exercise, using the forms 
mentioned. in the Corollary. This completes the proof of Theorem 1. 

PROOF OF THEOREM 2. For definite forms of rank <8, this result is due to 
Hermite [6] and Mordell [12]. (For further discussion s;;-O'Connor and Pall [14].) 
For indefinite forms of type I, the result is due to Meyer [10]. 

For indefinite forms of type II the proof will be based. on a theorem of Eichler 
([4], [5]). We may assume that r > 4, since the cases r = 0,2 are easily taken care of. 

Eichler considers a fixed quadratic form (V, 'IfJ) over the rational numbers Q. 
A lattice L in V is a finitely generated subgroup of maxintal rank. The norm neLl 
is the fractional ideal generated by all -f'IfJ(x, x) with x E L. A lattice is maximal if 
no properly containing lattice has the same norm. Two lattices are similar if one 
iscarried onto the other by a similarity transformation of V. An appropriate 
concept of genus is defined. . 

Eichler's theorem ([4] Satz 3) can be stated as follows. Two maximal lattices 
having the same genus, in an indefinite vector space (V, 'IjJ) of rank >4, are similar. 

To apply this theorem note that any free abelian group A can be considered as a 
lattice in the vector space V = A 0 Q. A quadratic form (A, cfo) gives rise to a form 
(V, 'ljJ). If (A, cfo) is of type II then it can be verified. that the lattice A is always 
maximal. 

This implies that if (A, cfo) and (A', cfo') are indefinite quadratic forms of type II 
and rank >4 which have the same genus, then they are "similar," in the sense that 
(A, cfo) is equivalent to (A', ccfo') for some constant c. Clearlyc must be ±l. If'T =F 0 
then c must be +1, which completes the proof in this case. 

For 'T = 0 the above argument shows that (A, cfo) is equivalent to the form with 
matrix ± diag (U, ... , U). Since U is equivalent to -U, this completes the proof. 

§2. The quadratic form of a 4k-manifold 
All manifolds considered are to be closed and connected. A manifold M" is 

oriented if it is orientable, and if one generator 'V E Hn (M") is distinguished; integer 
coefficients being understood. We will say that oriented manifolds M~, M~ have the 
same oriented homotopy type if there is a homotopy equivalence f : M~ --+ M~ with 
f *('1'1) = '1'2' 

To every oriented 4k-manifold is associated its quadratic form (B2k(M4k), cfo); 
where Bi(X) denotes the "co Betti group" Hi(X)/(torsion subgroup); and where4 

cfo(x, y) = (x U y, 'V). 

Clearly manifolds with the same oriented homotopy type have equivalent 
quadratic forms. 

LEMMA 1. The quadratic form of an oriented 4le-manifold has aeterminant ± 1. 
PROOF. (Compare Seifert and Threlfall [17] p, 252.) Consider the co Betti groups 

BIo, B"-lo of an oriented manifold M". The bilinear pairing cfo : B" X B-1I. --+ Z 

• Here (oc, f3) denotes the Kronecker index of the cohomology class oc and the homology class f3. 
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defined by 4>(x, y) = (x u y, v) has a determinant which is well defined up to sign. 
Choose a basis Yl' ••. , y .. for. En-h. By the Poincare duality theorem (as stated in 
[20] p. 119-120) the cap product with v defines an isomorphism of Hn-h(M"'} onto 
Hh(Mn). Therefore the elements Yi n v(i = 1, ... , r) form a basis for the Betti 
group E h. Choose a dual basis {Xi} for Eh. Then the identity (Xi U Yj) n v = Xi n 
(Yi n v) implies that CP(Xi' Yi) = (Xi' Yi n v) = (jw Therefore the determinant 
equals ±1. 

By a sum of two oriented n-manifolds Mt, M~ will be meant an oriented n-mani
fold M~ + M~ obtained as follows. (Compare Seifert [16].) «hoose smoothS closed 
n-cells ef eMf, i = 1,2, with boundaries ef and interiors ef. Choose a homeomor
phismf2 et---+e~ of degree -1. Now let Ml + Mz be the manifold obtained from 
M~ - e~ and M~ - e~ by matching the boundaries e~ and e~ under the homeomor
phism f. This manifold has an orientation compatible with that of M~ and M~. 

The sum of two quadratic forms (A, cp) and (A', 4>') will mean the form 
(A ED A', 'P) where 1/1«x, x'), (y, Y'» = 4>(x, y) + cp'(x', y'). 

LEMMA 2. The quadratic form of a sum of two oriented manifold8 is naturally 
isomorphic to the sum of their quadratic formB. 

The proof is not difficult. (Compare [U] p. 400.) 
The index or type of a manifold M4k will meau the index or type of its quadratic 

form. 
LEMMA 3. A differentiable manifold M4k which i8 (2k - I)-connected has type II 

if and only if its Stiefel- Whitney class W 2k i8 zero. 
PROOF. Clearly M4k has type II if and only if the homomorphism 

Sq2k : H2k(M4k, Z2) ---+H4k(M4k, Z2) 

is zero. The conclusion now follows from Wu's formulas for the Stiefel-Whitney 
classes. (See [22].) 

REMARK. In dimension 4 the following alternative interpretation holds. A 
differentiable, simply connected manifold M4 has type II ifand only if, for every point p, 
the open manifold M4 - p i8 parallelizable. The proof is not difficult. 

§3. Simply connected 4-manifolds 
In order to simplify the proofs in this section we assume that all manifolds 

considered are triangulable. 
THEOREM 3. Two oriented, 8imply connected 4-manifold8 have the 8ame oriented 

homotopy type if and only if their quadratic formB are equivalent. 
PROOF. Whitehead has shown ([21] Theorem 2) that the homotopy type of a 

finite, simply connected 4-dimensional polyhedron X is determined by the cohomo
logy rings H*(X, Zk)' k = 0, 1, 2, ... ; together with certain coefficient homomor
phisms, Bochstein homomorphisms, and Pontrjagin squares. If H*(X,Z} has no 
torsion, then all of this structure is clearly determined by H*(X, Z). 
Jr'at~ply connected 4-manifold, the Poincare duality theorem implies that 

6 By "smooth" we mean that for some neighborhood U of ei the pair (U, iii) is homeomorphic 
to the pair consisting of euclidean n-spa.ce R'" and the unit baJI in R"'. 
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there is no torsion. Furthermore the integral cohomology ring is completely described. 
by the quadratic form. Therefore the quadratic form determines the homotopy 
type. Using Theorem 3 of [21] we see that the quadratic form actually determines 
the oriented homotopy type. 
, , In view of Theorems 1, 2 and Lemma 1 this implies: 

COROLLARY 1. The oriented homotopy type of a simply connected 4-manifold is 
determined by its second Betti number r, its index T and its type, I or II; except possibly 
in the case of a manifold with definite quadratic form of rank r > 9. 

(Note that the Betti number, index, and type are subject to the restrictions 
given by conditions (1), (2), (3) of Theorem 1.) 

REMARK. The well·known classification of 2-manifolds is somewhat analogous to 
the description given by Corollary 1. Define the type of a surface to be II or I 
according as it is orientable or not; and let r denote the I-dimensional mod 2 Betti 
number. (That is r is the dimension of H 1(M"', Z2) over Z2') These two invariants 
characterize the surface, and are subject to the following relations: (1) r is a non
negative integer; (2) for surfaces of type II, r = 0 (mod 2); and (3) for surfaces of 
typel, r> O. 

The most familiar examples of simply connected 4-manifolds are the product 
8 2 X 8 2 and the complex projective plane P ",(a). Let P 2(0) denote the comple:& 
projective plane with reversed orientation. The matrices of the corresponding 
quadratic forms are U; (1)., and (-1) respectively. (Here U and V will denote the 
same matrices as in §1.) The following is a consequence of Corollary 1 and Lemma 2. 

COROLLARY 2. A simply connected 4-manifold of type I has the homotopy type of a 
sum of copies of P 2( 0) and P 2( a); except possibly when its quadratic form is definite 
of rank >9. 

(For example, the sum P 2(0) + (82 X 8 2) must have the same homotopy type 
asF2(0) + P2,(O) + P2,(O). The author does not know whether these two manifolds 
are homeomorphic. However, it is interesting to recall that the surface P 2(R) + 
(81 X 81) is homeomorphic to P 2(R) + P 2(R) + P 2(R}.) 

COROLLARY 3. A simply connected 4-manifold of type II with index zero has the 
homotopy type of a sum of copies of 8 2 X 8 2• 

Corollaries 2 and 3 take care of an possible homotopy types with Betti number 
l' < 7. The discussion could be completed very neatly if we could give an example 
.of a simply connected 4-manifold with quadratic form V. However the following 
theorem asserts that such Ii. manifold would be rather pathological. 

THEOREM OF ROHLIN [15]. If a differentiahle simply connected 4-manifold has 
type II, tlwn its index must satisfy 

T = 0 (mod 16). 

(Instead of T = 0 (mod 8) as in Theorem 1.) This restriction ofRohlin applies also 
to combinatorial6 manifolds, since Cairns has proved ([3]) that every combinatorial 
4-manifold possesses a differentiable structure. 

6 By a combinatorial manifold we mean a. manifold in the sense of Newman [13] and 
Alex:ander [1]. 
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The following example, suggested to the author by Hirzebruch, shows that the 
case T = 16 can actually occur. Let M4 be any nonsingular algebraic surface of 
degree 4 in P 3(0). Then M4 is simply connected, has second Betti number 22, index 
-16, and has type II. 

(Exactly the same description would hold for the Kummer surfaces, studied by 
Spanier in [I8J. The relationship between these two examples might be interesting 
to study.) , 

PROOF. According to a remark of Lefschetz ([9] p. 57), M4 is simply connected. 
Let oc denote the canonical generator of H2(Pa(C», and let i : M4 -+PaCC) denote 
the inclusion map. Since M4 has degree 4 we have 

Furthermore7 the Chern class of the normal bundle of M4 is 1 + 4i*(oc). Recall that 
the Chern class of PaCC) is (I + OC)4. The Chern class 1 + c1 + c2 of M4 can now be 
computed by the product theorem. Solving the equation 

we obtain 

Since the Stiefel· Whitney class W 2 of M4 is eqnal to c1 reduced modulo 2, Lemma. 
3 implies that M4 has type II. The Euler characteristic of M4 is equal to (c2, y) = 24, 
which implies that the middle Betti number r equals 22. Finally the formulas 

imply that T = -16; which completes the proof. 
We conclude by asking several questions. The basic question of which quadratic 

forms are actually represented by simply connected 4·manifolds appears very diffi
cult. However the following easier version would still be interesting. Which genera 
of guadratir; forms are represented by differentiable, simply connected 4-manifolds? 
The first unanswered case of this is the following. Does there exist a differentiable, 
simply connected 4-manifold of type II with index 16 and Betti number 16 ~ A positive 
answer to this question would imply that every genus compatible with the Rohlin 
theorem actually occurs. 

Another interesting problem would be the following. Which genera are represented 
by simply connected non-singular algebraic surfaces? 

1 The basic reference for the following discussion is Hirzebruch [7J pp. 66-73, 85. See also 
Steenrod [19] p. 212. 
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AUTOMORPHE FORMEN UND DER SATZ VON RIEMANN'-ROCH 

FRIE;DRICH Hrn.zEBRUCH 

Auf dem Symposium. iiber "Algebraic Topology and its applications", das in 
Mexico City im August 1956 stattfand, habe ich eine Reihe von Vortragen gehalten, 
in denen die Resultate einer gemeinsamen Arbeit mit A. Borel [4] dargestellt 
wurden. Ferner habe ich iiber Anwendungen dieser Resultate und des Satzes von 
Riemann-Roch auf beschrankte homogene symmetrische Gebiete berichtet, die in 
der vorliegenden Arbeit veroffentlicht werden sollen. Es handelt sich dabei um 
folgendes. 

Die beschrankten homogenen symmetrischen Gebiete wurden von E. Cartan [6] 
klassifiziert. Einem solchen Gebiet X des en ist bekanntlich eine n-dimensionale 
homogene algebraische Mannigfaltigkeit X' in natiirlicher Weise zugeordnet (vgl. 
[1]). X kann als offene Teihnenge derart in X' eingebettet werden, daB jeder 
Automorphismus von X zu einem solchen von X' erweitert werden kann. Wenn 
zum. Beispiel X die Hyperkugel ist, dann ist X' der komplexe projektive Raum.. Es 
sei d eine diskontinuierliche Gruppe von Automorphismen von X, fiir die XI d 
kompakt ist und die abgesehen von der Identitat nur fuqmnktfreie Transforma
tionen enthalt. Dann ist XI d eine algebraische Mannigfaltigkeit [11], und es wird 
gezeigt, daB jede Chernsche Zahl von XI d gleich dem arithmetischen Geschlecht 
von X/d (vgl. [8], S. 120/121) multipliziert mit der entsprechenden Chernschen 
Zahl von X' ist (Satz 4 dieser Arbeit). Die Anregung zu diesem Proportionalit1Lts
satz erhielt ich aus einer Arbeit von Igusa, wo man diesen Satz fUr einen Spezial
fall "zwischen denZeilen" finden kann ([9], Theorem 8). Fiir den Proportionalit1Lts
satz wird ein einfacher Beweis mit Hilfe des Zusammenhangs zwischen Chernschen 
Zahlen und KIiimmungstensor angegeben. Auf die Moglichkeit eines solchen 
Beweises (unter entscheidender Verwendung der Formel (9» hat mich A. Borel 
aufmerksam gemacht. Mein urspriinglicher Beweis war komplizierter und vCllief 
ohne jegliche Verwendung von Kriimmungstensoren. Der Proportionalitatssatz 
liefert merkwiirdige Beziehungen zwischen den Invariantender komplexen Mannig
faltigkeit XI d (Korollar zu Satz 4) und schlieBlich eine Formel fur die Anzahl der 
automorphen Formen vom Gewicht r, die einen Zusammenhang mit der Darstel
lungstheorie kompakter Gruppen ergibt (Satz 5). Auf die schwierige Frage, in 
welchen Fallen Gruppen d mit den verlangten Eigenschaften cxistieren, wird 
nicht eingegangen. 

In den Bezeichnungen schlieBen wir nus dem Ergebnisheft [8] an. 

§ 1. Proportionale komplexe Mannigfaltigkeiten 
FUr eine komplexe Manuigfaltigkeit X sind Chernsche Klassen ci(X) E H2i(X, Z) 

defiuiert. Wenn X kompakt iet und die komplexe Dimension n hat, dann ist fiir 
jede Partition 1r = (11, 1.2, ••• , A,) von n die Cherneche Zahl c,,(X) = c,l c,'I ••• c)I (X) 

" 1 
129 
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durch folgende Gleichung gegeben 

(1) 

wo hx das durch die natiirliche Orientierung von X ausgezeichnete Element der 
unendlich zyklischen Gruppe H2T!.{X, Z) ist. 

Zwei kompakte komplexe Mannigfaltigkeiten X, X' der Dimension n sollen 
proportional hellien, wenn eine rationale Zahl a =f=. 0 existiert, demrt, daB fiir jede 
Partition 7T von n gilt 

(2) c,,(X) = a . c".(X'). 

Wir schreiben abkiirzend 

(2*) X ~aX', 

wenn X und X' ploportional mit dem Faktor a sind. 
Da die gewohnIiche Euler-Poincaresche Charakteristik E(X) gleich der 

Chernschen Zahl fiiI 7T = (n) ist, ergibt sich aus (2) insbesondere die Gleichung 

(3) E(X) = aE(X'). 

Aus (2) ergibt sich auch, daB die Proportionalitat mit dem Faktor a entsprechend 
fiir die Pontrjaginschen Zahlen gilt. Es folgt dann weiter, daB fiir die durch X und 
XI bestimmten Elemente[X] und [X'] der Thomschen "Cobordisme"-Algebra 
Q 0 Qgilt 

(4) [X] = a' [X'] 

Zur Thomschen Algebra siehe [I6J und [8]. Aus (4) erhalt man fUr den Index -r die 
Gleichung 

(5) -reX) = a . -r(X') 

Zur Definition des Index siehe [8], S. 83. Wenn n nicht durch 2 teilbar ist, d.h. 
wenn die reelle Dimension von X und X' nicht durch 4 teilbar ist, dann ist per 
definitionem -reX) = -r(X') = O. Ferner ist dann nach Thom [X] = [X'] = O. Die 
Gleichungen (4) und (5) sind also fiir ungerades n trivial. 

Es sei X weiterhin cine kompakte komplexe Mannigfaltigkeit. Dann sind die 
Zahlen XI'(X) definiert. XP(X) ist die Euler-Poincaresche Charakteristik von X 
beziiglich der Cohomologie mit Koeffizienten in der' Garbe der Keime von holo
morphen p-Formen. XO(X) = x(X) ist das arithmetische Geschlecht. Es sei ferner 
K das kanonische Geradenbiindel von X und Kr seine rote Potenz (r ganz) im Sinne 
des Tensorprodukts. Die Zahl x(X, Kr), welche wir abkiirzend mit X(X, r) bezeich
nen wollen, 1St die Euler-Poincaresche Charakteristik von X beziigIich der Cohomo
logie mit Koeffizienten in der Garbe der Keime von holomorphen Schnitten des 
Geradenbiindels Kf'. Zu allen diesen 13egriffen siehe [8] und die dort angegebene 
Literatur. • 

Unter einer algebraischen Mannigfaltigkeit verstehen wir in diesel' Arbeit wie in 
[8] eine kompakte komplexe Maunigfaltigkeit, die singularitatemrei in einen 
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komplexen projektiven Raum geeigneter Dimension eingebettet werden kann. Nach 
dem Satz von Riemann-Roch [8] sind die Zahlen XP(X) und X(X, r) Linearkom
binationen der Chernschen Zahlen von X mit rationalen (von X unabhangigen) 
Koeffizienten. Dabei ist zu beachten, daB die charakteristische Klasse von K 
gleich -c1(X) ist. Aus den vorstehenden Bemerkungen folgt der 

SATZ 1. Es seien X una X' proportionale algebraische Mannigfaltigkeiten mit aem 
Proportionalitatsfaktor a (siehe (2), (2*». Dann gilt 

XP(X) = a . XP(X') 

X(X, r) = a • X(X', r) 

E(X) = a . E(X') 

,,(X) = a • T(X'). 

In der Thomschen Algebra Q ® Q ist 

[X] = a' [X']. 

§ 2. Homogene hermitesche MannigIaltigkeiten 
Eine komplexe Mannigfaltigkeit, die mit einer hermiteschen Metrik versehen 

ist, wird kurz hermitesche Mannigfaltigkeit genannt. X sei nun eine hermitesche 
Mannigfaltigkeit der komplexen Dimension n. Zu der hermiteschen Metrik gehort 
ein Kriimmungstensor R, welcher fiir jeden Punkt p von X jedem Paar x, 1/ von 
Tangentialvektoren in p einen komplexen Endomorphismus des Tangentialraumes 
von X in p zuordnet. Es ist R(x, 1/) = -R(y, x). In Bezug auf ein lokales 
Koordinatensystem kann R durch eine n X n - reihige Matrix (0,..) gegeben werden, 
deren Elemente Q,.. auBere Differentialformen vom Grade 2 sind. Der Kriimmungs
tensor R kann auch aufgefaBt werden als eine auBere Differentialform vom Grade 2 
mit Koeffizienten in dem komplexen Vektorraumbnndel W nber X, das zu dem 
tangentiellen U(n)-Prinzipalbiindel nber X vermoge der adjungierten Darstellung 
von U (n) assoziiert ist. Wist das Tensorprodukt ::t ® ::t*, wo ::t das tangentielle 
komplexe Vektorraumbnndel von X ist. Die Determinante 

(6) l~r8- 2~ONI 
ist daIm eine (vom Koordinatensystem unabhangige) reelle Differentialform (vom 
gemischten Grade) nber X. Sie ist geschlossen und reprasentiert im Sinne von de 
Rham die (totale) Chernsche Klasse von X. VgI [7]. FiirVorzeichenfragen siehe 
[4], Appendix. 

(7) 

Die c1 sind hier als reelle Cohomologieklassen aufzufassen. 
Bei der Berechnung der Determinante und in allen anderen Fallen ist ein Produkt 

von Differentialformen immer im auBeren Sinne zu nehmen. Wenn X kompakt ist, 
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dann ist die Chernsche Zahl C,,(X) (vgl. § 1) gIeich dem Integral uber X eines 
wohlbestimmten homogenen Polynoms P.". vom Grade n in den Q1'8' Dieses Polynom 
P", ist eine reelle Differentialform vom Grade 2n, welche auch fur nicht-kompaktes 
X definiert ist. 

Nun sci X eine homogene hermitesehe MaDnigfaltigkeit, d.h. X besitze eine 
transitive Gruppe von Automorphismen, welche die Metrik und damit auch den 
Kriimmungstensor invariant lassen. Ein Automorphismus ist in dieser Arbeit 
immer eine komplex-analytische eineindeutige Abbildung einer komplexen 
MaDnigfaltigkeit auf sieh. Das Volumelement v von X ist eine bezugliche der 
Gruppe invariante Differentialform vom Grade 2n. Die Differentialform p ... ist 
ebenfalls invariant und P "Iv ist deshalb eine reelle Zahl r ,,' Damit kann auch fiir 
nicht-kompaktes homogenes hermitesches X (bis auf einen von 0 verschiedenen 
Proportionalitatsfaktor) von den Chernschen Zahlen von X gesprochen werden, 
und es ist klar, wann X proportional zu einer kompakten komplexen MaDnigfaltig
keit X' gleicher Dimension genannt wird. Fiir die Berechnung der Chernschen 
Zahlen des carlesischen Produktes zweier kompakter komplexer MaDnigfaltig
keiten aus denen der Faktoren gibt es eine wohlbekannte Formel (vgl. z.E. [8], 
Lemma 10.2.1). Dieselbe Formel gilt fUr das cartesische Produkt zweier homo
gener hermite scher MaDnigfaltigkeiten. 

Wir mussen jetzt uber einige Dinge aus der Theorie der homogenen hermiteschen 
symmetrischen MaDnigfaltigkeiten referieren. Es werde dazu auf [6], [5], [1], [2], 
[3] und auf die in [1] und [3] zitierte Literatur verwiesen. Bezuglich der be
schrankten homogenen symmetrischen Gebiete werde auch auf die Untersuchungen 
von Harish-Chandra aufmerksam gemacht. (Vgl. [3],16). 

Erne komplexe Mannigfaltigkeit X heiBt symmetrisch, wenn es zu jedem Punkt 
p von X einenAutomorphismus a~ von X gibt, der involutiv ist (d.h. a; = Id) und 
der pals isolierten Fixpunkt hat. Eine hermitesche MaDnigfaltigkeit heiBt symme
trisch, wenn die Involution a~ auBerdem noch die Metrik invariant laBt. 

Es sei G eine (zusammenhangende) einfache Liesche Gruppe, deren Zentrum nur 
aus dem Einselement bestehe, und es sei Heine abgeschlossene Untergruppe von 
G. Der Quotientenraum GIH ist in folgenden Fallen in natiirlicher Weise mit einer 
homogenen hermiteschen (sogar kahlerschen) symmetrischen Struktur versehen. 

(1) Gist nicht-kompakt. H ist eine maximale zusammenhangende kompakte 
Untergruppe von G. Dus Zentrum von H ist eindimensional. 

(2) Gist kompakt. H ist eine maximale zusammenhangende echte kompakte Unter
gruppe von G. Der Rang von H ist maximal. H ist Zentralisator eines eindimensionalen 
Torus von G, der gleich der Zusammenkangskomponente des Einselements des Zen
trums von H ist. 

Jedes irreduzible beschrankte homogene symmetrische Gebiet X in einem en ist 
einem Raum GIH der ersten Art isomoph, d.h. es gibt eine eineindeutige komplex
analytische Abbildung von X auf G/H, die die Bergmanusche Metrik von X in die 
homogene hermitesche Metrik von GIH uberfiihrt. Umgekehrt ist jeder Raum der 
ersten Art einem irreduziblen beschrankten homogenen symmetrischen Gebiet in 
diesem Sinne isomorph. 
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Die folgende Tabelle liefert eine vollstandige Aufzahlung der Raume zweiter Art. 
(VgL [1], S. 179-180). 

I. U(p + q)jU(p) X U(q) 

II. SO(2p)jU(p) 

ITl. Sp(p}jU(p) 

IV. SO(p + 2)/SO(p) X SO(2), (p oF 2) 

V. Es/Spin (10) X Tl 

VI. E7JEa X Tl, 

Diese Raume sind algebraische Mannigfaltigkeiten. (Um die Darstellung als GIH 
mit einfachem G "ohne Zentrum" zu erhalten, muB man Zahler und Nenner 
noch durch das Zentrum des Zahlers dividieren.) nber die Raume zweiter Art siehe 
auch Borel-----Siebenthal (Comm. Math. Helv., 23 (1949),200-221). 

Wie wir spater sehen werden, kann jeder Raum X der ersten Art auf natiirliche 
Weise als offene Teilmenge in einem Taum X' der zweiten Art eingebettet werden 
(vgL [1]), und man erhalt auf diese Weise eine eineindeutige Korrespondenz 
zwischen den Raumen erster und zweiter Art, so daB die vorstehende Tabelle auch 
eine Klassifikation der irreduziblen beschrankten homogenen symmetrischen 
Gebiete liefert. 

Es sei GIH ein Raum der ersten oder zweiten Art. Es sei g bzw. 1) die Liesche 
Algebra von G bzw. H. Dann existiert ein Element (f E H mit (f2 = 1, derart, daB 
1) der zum Eigenwert + 1 gehOrige Eigenraumdes Endomorphismus Ad( (f) von gist. 
Es sei m der zum Eigenwert -1 gehOrige Eigenraum von Ad(a). Dann gilt 

(8) g = 1) + m, [9,1)] c 1), [9, m] c m, [m, m] c 1) 

Es ooi B(x, y) = tr(ad(x) 0 ad(y» die auf g definierte Killingsche Bilinearform. 
(x, y E g; "tr" bedeutet Spur = trace). Die linearen Teilraume 9 und m von g sind 
dann beziiglich B orthogonale Komplemente voneinander. mist mit dem Tangen
tialraum von GIH in eo = (H) zu identifizieren. Bist bei Beschrankung auf m definit 
und zwar positiv fiir Raume der ersten und negativ fiir Raume der zweiten Art. 
Ad(H} bildet m in sich abo Ad( (f) ist die Symmetrie in eo- Die Form B ist invariant 
unter jedem Element von Ad(H). Deshalb liefert B bzw, -Beine homogene 
Riemannsche symmetrische Metrik: fiir G/H. Der zugehorige Riemannsche Kriim
mungstensor R ordnet dem Paar x, y Emden durch 

(9) R(x, y)z = -[[x, lIJ, z], z Em, 

gegebenen Endomorphismus von m zu. (Man beachte (8).) Die Formel (9) stammt 
von E. Cartan. Fiir einen Beweis siehe (12]. 

Als Tangentialraum der komplexen Mannigfaltigkeit GJH im Punkte 60 tragt 
m eine komplexe Struktur, d.h. es ist ein Endomorphismus J von m mit JJ = -Id 
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gegeben. Bekanntlich ist J = ad(h)lm fiir ein geeignetes h E 1). Ferner durchIauft 
exp(th) die Zusammenhangskomponente des Einselementes des Zentrums von H, 
und as 1st exp(1Th) = d. Nun ist 

(10) tr(ad[h, x] 0 adcJ) + ad(x) 0 ad [h, yJ) = O. 

Deshalb definiert B bzw. - B die homogene hermitesche symmetrische Struktur 
von GIH, die sogar kahIersch ist. Zu dieser kahIerschen Metrik gehort ein Kriim
mungstensor, der jedem x, y Emden Endomorphismus R(x, y) von m zuordnet, der 
durch den Riemannschen KrfunmungstensOl gegeben wird (siehe [7], S. 114). 
R(x, y) respektiert die komplexe Struktur. Also 1St durch (9) auch der Kriimmungs
tensor (Drs)' der zur kii.hlerschen Metrik von GIH gehort, gegeben. 

Del' kii.hlerschen Metrik von GIH ist cine geschlossene reelle Form 0> vom Grade 2 
zugeordnet (vgl. z.B. [8], 15.6). Fiir Raume erster Art ist die Form y = 
(2'lTi,l !~=l Dss ein positives Vielfaches vono>, fiir Rii.ume zweiter Art ein negatives 
Vielfaches von 0>. Das kanonische Geradenbiindel Khat -c1 (reprasentiert durch 
y) als charakteristische Cohomologieklasse. Also ist K fiir Raume erster Art positiv 
ill Sinne von Kodaira (vgl. z.B. [8], S. 137), wahrend fiir Rii.ume zweiter Art K-l in 
diesem Sinne positiv ist. Nach einem fundamentalen Satz von Kodaira [11] kann 
man daraus wieder die Tatsache erhalten, daB die Raume zweiter Art algebraische 
Mannigfaltigkeiten sind. 

Es sei X = GIB ein Raum erster Art. Wir wollen nun dariiber berichten, wie 
X ein Raum X' der zweiten Art zugeordnet wird. Es sei wieder 9 die Liesche 
Algebra von G und l) die von H. Dann haben wir die Zerlegung (8): 9 = 1) + m, 
die eine Cartan Zerlegung von gist. (V gl. Mostow, Bull. Amer. Math. Soc. 55 (1949) 
969-980 und Memoirs of the AMS, 14, 1955.) Da G kein Zentrum hat, ist die 
komplexeErweiterung O(G) wohIde£iniert. O(G) hat die Liesche Algebra c = 1) + 
i1) + m + im. Es sei Gt die zur Lieschen Unteralgebra g' = 1) + im von c gehorige 
zusammenhangende Untergruppe von O(G). Dann ist G' kompakt, einfach und 
ohne Zentrum, enthalt H, und X' = G'IH ist der gesuchte Raum zweiter Art. 
In analoger Weise kann man umgekehrt von einem Raum zweiter Art zu einem 
Raum erster Art gelangen. 

Das Element C1 E H, das die Symmetrie von X liefert, liefert auch die Symmetrie 
von X'. Wenn wirm' = imsetzen, dannistg'=1) + m' diezuX' = G'fHgehorige 
Zerlegung (8). Nun ist m' mit dem TangentiaIraum von X t imPunkte e~ = (H) 
zu identifizieren. Das Element h E 1), das die komplexe Struktur von m liefert, 
liefert auch die von m'. Ordnet man x Em das Element ix E m' zu, dann erhalt man 
einen Isomorphismus del' komplexen Vektorraume m und m'. Wendet man (9) 
sowohl auf X als auch auf X' an, dann sieht man, dass bei diesem Isomorphismus 
der zur kahlerschen Metrik von X gehorige Kriimmungstensor in das Negative des 
zur kahlerschen Metrik von X' gehorigen Kriimmungstensors iibergeht. Obwohl 
X nicht kompakt ist, sind fiir X als homogene hermitesche Mannigfaltigkeit 
Chernsche Zahlen (bis auf Proportionalitat) definiert. Es folgt aus (7), dass X und 
XI proportional sind. 

SATZ 2. Jedern Raurn X de't ersten Art ist ein Rawm X' de't zweiten Art in 
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naiilrlicher Weise zugeordnet, und man erhiilt so eine eineindeutige Korrespondenz 
zwischen Riiumen erster und zweiter Art. X und X' sind proportional! 

Die komplexe Liesche Gruppe O(G) operiert komplex-analytisch auf X' = G'IH. 
Es gibt namlich eine abgeschlossene komplexe Untergruppe L von O(G) mit 
G' n L = G n L = H. Man erhalt einen natiirlichen Homoomorphismus von 
X' auf O( G)j L, welcher mit der Operationen von G' und den komplexen Strukturen 
vertraglich ist (vgl. [2]). Dann hat man auch eine natiirliche Einbettung von 
X = GIH in X' = O(G)j L, welche mit den Operationen von G und den komplexen 
8trukturen vertraglich ist. X wird homoomorph auf eine offene Teilmenge von X' 
abgebildet. Jeder zu G gehorige Automorphismus von X lasst sich also zu einem 
solchen von X' erweitern (G c: O(G». 

§ 3. Beschrankte homogene Gebiete 
Es sei X ein beschranktes Gebiet im en. Die Gruppe m(X) der Automorphismen 

von X ist, versehen mit der Topologie der kompakten Konvergenz, eine Liesche 
Gruppe. Mit mo(X) werde die groBte zusammenhangende Untergruppe von m(X) 
bezeichnet. Eine Untergruppe von m(X) ist genau dann diskret, wenn sie eine 
diskontinuierliche Gruppe von Automorphismen von X ist. (V gL [1] und die dort 
angegebene Literatur). 

Es sci nun Ll eine diskrete Untergruppe von m(X) mit den folgenden Eigenschaf
ten. 

1. Der Quotientenraum XjLl ist kompakt. 
(11) 

2. Kein von der Identitat verschiedenes Element von Ll hat einen Fixpunkt in 
X. 

Die kompakte komplexe Mannigfaltigkeit Y = XI6. ist dann bekanntlich eine 
algebraische Mannigfaltigkeit, deren kanonisches Geradenbiindel Ky positiv im 
Sinne von Kodaira ist ([II], S. 41). Zur Terminologie vgl. auch[8], 8.137. WennX 
einfach-zusammenhangend ist, dann universelle "Oberlagerung von XI6. zu X 
komplex-analytisch homoomorph, und die Gruppe der Decktransformationen ist 
zu 6. isomorph. 

Eine holomorphe Funktion f auf X heiBt automorphe Form beziiglich Ll vom 
Gewicht r, wenn fUr aIle z EX und yELl gilt: 

(12) f(yz) = j:;r(z) . f(z) , 

wo j,,(z) die Funktionaldeterminaten der Abbildung y an der Stelle z ist. Die 
automorphen Formen vom Gewicht r bilden einen komplexen Vektorraum, 
welcher isomorph ist dem Vektorraume der holomorphen Schnitte des Geraden
biindels K;' iiber Y = XI Ll. Es bezeichne II,.(X, 6.) die Dimension dieses Vektor
raumes, d.h. II,.(X, Ll) ist die "Anzahl" der komplex-linear-unabhangigen automor
phen Fonnen von X beziiglich Ll vom Gewicht r. Da K y positiv ist (im 8inne von 
Kodaira), verschwinden nach einem Satz von Kodaira ([10]; vgL auch [8], Satze 
18.2.1 und 18.2.2) die Cohomologiegruppen von Y mit Koefiizienten in der Garbe 
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der Keime von holomorphen Schnitten von Ky in den von 0 verschiedenen Dimen
sionen, falls r > 2, und in den von n verschiedenen Dimensionen, falls r < -1. 
Also ist 

(13) 

fiirr<-I 

IIo(X,~) = 1 

III(X, ~) = fin 

II .. (X, ~) = X(X/~, r} fiirr > 2. 

Hier bezeichnet flj die "Anzahl" der holomorphen iiuJ3eren Differentialformen 
(Formen erster Gattung) vom Grade j iiber Y = X/~. In anderen Worten: fit 

ist die "Anzahl" der holomorphen auJ3eren Diffelentialformen vom Grade j iiber X, 
welche automorph sind beziiglich ~. 

Wir wollen das beschrankte Gebiet X jetzt als homogen voraussetzen, d.h. 
I!£(X) solI transitiv sein. Jedes Element von I!£(X) IaJ3t die Bergmannsche Metlik 
von X invariant, also ist X homogen hermitesch (sogar kahlersch). Die Chernschen 
Zahlen von X sind also bis auf Proporlionalitat wohl definiert. Da die hermitesche 
Metrik auf XI ~ durch die von X induzierl wird (~ habe wieder die Eigenschaften 1 
und 2, siehe (II)), ist X proportional zu X/~. Jeder Chernschen Zahl entspricht eine 
invariante auJ3ere Differentialform P", vom Grade 2n auf X. Wenn v das Volumen
element der Bergmannschen Metrik bezeichnet, dann ist P ",/'17 eine Konstante. 
Wir erhalten so 

SATZ 3. Es sei X ein beschranktes lwmogenes Gebiet des en, und ~l' ~2 seien 
diskontinuierliche Gruppen von A utomorphismen von X, die beide die Eigenschaften 
lund2haben (II). Dannsind YI = X/~lund Y 2 = X/~2proportionalealgebraische 

M annigfaltiflkeiten und zwar gilt 

(14) 

WO VI bzw. V 2 das Volumen von YI bzw. Y 2 bez1iglich der Bergmannschen Metrik 
von X ist. Fur Y l' Y 2 flelten alle Relationen von Satz 1. Wegen (13) gilt insbesondere 
fur die Anzahlen der autamorphen Formen vam Gewicht r 

(15) fUr r > 2. 

Nun werde zuslttzlich vorausgesetzt, daJ3 das beschrankte homogene Gebiet X 
auch noch symmetrisch ist. Dann ist X cartesisches Produkt Xl X X 2 X ••• X Xs 
von irreduziblen beschrltnkten homogenen symmetrischen Gebieten. (Siehe §2). 
Jeder Faktor X k ist ein Raum erster Art: X k = Gk/Hk, wo Gk nicht-kompakt, 
einfach und ohne Zentrum ist. Jeder Raum X k ist proportional zu einem Raum 
X; = G;/Hk zweiter Art, wo G~ kompakt, einfach und ohne Zentrum ist. Wir 
ordnen X die homogene algebraische Manuigfaltigkeit X' = X~ X X; X .•• X X~ 
zu. X kann als offene Teilmenge in X' eingebettet werden. Bekanntlich ist 
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und sOInit kann jeder (zu ~o(X) gehorige) Automorphismus von X zu einem 
Automorphismus von XI erweitert werden (vgl. den Schluss von §2). Der Satz 2 
liefert 

(16) X proportional zu X'. 

Es sei A wieder eine diskontinuierliche Gruppe von Automorphismen von X mit 
den Eigenschaften 1 und2, siehe (ll). Aus (16) und der ProportionalitatvonXund 
XI A folgt, daB die algebraischen Mannigfaltigkeiten X/ A und XI proportional sind: 

X/A ~a·X'. 

Zur Bestimmung der Pr0p0rlionalitatskonstanten a erinnern wir daran, daB die 
Zahlen h'M von XI verschwinden, wenn p =f=. q. (Vgl. [4].) Daraus folgt, daB das 
arithmetische Geschlecht X(X') gleich 1 ist (vgl. [8], Satz 15.7.1), was auch ausder 
Tatsache gefoIgert werden kann, daB X' rational ist (Goto), und was sich auBerdem 
auch noch daraus ergibt, daB das kanonische Geradenbiindel von X' negativ ill 
Sinne von Kodaira ist. Nach Satz 1 ist 

x(X/ A) = a' X(X') = a. 

Der Proportionalitatsfaktor a kann auch durch die Chernsche Zahl c~ bestimmt 
werden: 

a = c1(XJA) : C1(Xf). 

Da die erste Chernsche Klasse von XI A negativ, diejenige von XI dagegen 
positiv ill Sinne von Kodaira ist, folgt, daB a fiir gerades n positiv, fUr ungerades 
n negativ ist (n = dime X). Wir haben damit bewiesen. 

SATZ 4. J edem beschrankten lwmogenen symmetrischen aebiet X des en ist eine n
dimensionale algebraische Mannigfaltigkeit X' zugeoriinet. Wenn A eine diskontinuier
liche Gruppe von Automorphismen von X ist, fur die X/A kom;pakt ist und die 
abgesehen von der ldentitat nur fixpunktjreie Transformationen enthiilt, dann ist 
XI A eine algebraiscke Mannigfaltigkeit, und es gili die Proportionalitiit 

X/A ~ X(XIA)' X', 

wo x(X//:).) das arithmetische Geschlecht von XIA ist, welches fur gerades n positiv 
und fur ungerades n negativ i8t. 

Um den Satz 4 konkret anwenden zu konnen, werde kurz iiber die Berechnung 
einiger Invarianten der algebraischen Mannigfaltigkeit X' referierl. FUr die 
erforderlichen Informationen iiber kompakte Liesche Gruppen siehe etwa den 
Bericht von Samelson (Bull. Amer. Math. Soc. 58 (1952), 2-37). 

Wir haben X' = af/H, wo a' das direkte Produkt der kompakten einfachen 
Gruppen a~,···, a~ und H das direkte Produkt der Gruppen H1• "', H$ 1st 
(Hi c: aj). 

Die Euler-Poincaresche Charakteristik E(X') ist der Quotient der Ordnung der 
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Weylschen Gruppe von G' durch die Ordnung der Weylschen Gruppe von H. 
Fiir Typ I-VI (siehe §2) ergeben sich fiir E(X') die folgenden Werle 

(17) 

I. (p + q)![p!q! 

n.221- 1 

m.2p 

IV. p + 2 fiir gerades p; und p + 1 fUr ungerades p 

V.27 

VI. 56. 

Die Eettischen Zahlen br(X') konnen mit Hllie der Formel von Hirsch berechnet 
werden (vgI. A. Eorel, Ann. of Math. 57 (1953), 115-2(7). Sie verschwinden fiir 
ungerades r. Die zweite Eettische Zahl von X' ist gleich s, der Anzahl der irreduzi
bIen Faktoren von X'. Aus dem Verschwinden der Zahlen hp,q(X') fiir p"# q 
folgert man 

(18) 

Nach der Formel von Hodge (vgl. [8], Satz 15.8.2) ergibt sich daraus fiir den 
Index T(X') 

(19) n=dimcX'. 

Wegen (19) ermoglicht die Formel von Hirsch auch eine Eerechnung von T(X'). 
Fiir irreduzibles X' ergibt sich T(X') = 0 auBer in folgenden Fallen 

I. X' = U(p + 2r)/U(p) X U(2r), T(X') = ([~J + r)!/ ~J !r! 
(20) IV. X' = SO(4k + 2)/SO(4k) X 80(2), T(X') = 2 

V. X' = E 6/Spin(10) X 'fl, T(X') = 3. 

Die vorstehend zusammengetragenen Informationen geben dem folgenden 
Korollar eiuiges Interesse. 

KOROLLAR zu SATZ 4. Es sei X ein beschranktes homoiJenes symmetrisches Gebiet 
des en. Es sollen L! und X' dieselbe Bedeutung wie in Satz 4 haben. Ferner sei br 
die rote Bettische Zahl. Dann gilt 

Xj(X/Il) = (-I)1X(XjA)· 02i(X') =1= 0, 

x1{X/Il) = -8' X(X/Il) =1= 0, 

wo s die Anzahl der irreduziblen Faktoren von X ist. Ferner gilt 

E(X/L!) = X(X/Il)' E(X') 

T(XI Il) = X(X/ L!) • T(X') 



AUTOMORPHE FORMEN UND DER SATZ VON RIEMANN-ROCH 139 

E(X/A) ist positiv fur gerailes n und negativ fur ungerai1es n. Wenn wenigstens 
einer der irreduziblen Faktoren von X eine zugehOrige algebraische Mannigfaltigkeit 
hat, die nicht zu den in (20) aufgeziihlten Typen gehort, dann ist r(Xj A) = O. Anderen
falls ist r(Xj ti) > 1. 

§ 4. Einiges fiber kompakte Liesche Gruppen (vgL[4]). 

Es sei G eine kompakte Liesche Gruppe und peine Darsteliung von G in einem 
komplexen Vektorramn V. Es sei T ein maximaler Torus von G. Dann ist Veine 
direkte Summe 

wo Eo der komplexe Vektorraum aller unter T festen Vektoren 1st und wo die 
E j (1 < j < s) eindimensionale komplexe Unterraume von V sind, die als ganzes 
durch jedes Element von Tin sich iiberfiihrt werden. T operiert auf E j , und man 
erhiilt so Homomorphismen 

pj : T --+ U(l) 

Es sei 1) die Liesche Algebra von T (1) ist ein reelier Vektorraum). Die Liesche 
Algebra von U(l) sei mit R identifiziert und zwar so, daB die Abbildung exp: 
R --+ U(l) jedem t E R das Element ett E U(l) zuordnet. Dann bestimmt Pi tine 
lineare Abbildung 27Taj von I) in R. Mit 1)* werde der duale Vektorraum von 1) 
bezeichnet. Das Element 0 E 1)* (mit der Vielfachheit dime Eo) und die Elemente 
aj E 1)* (1 < j < s) heiBen die Gewichte der Darstellung p. 

Von jetzt an werde Gals halbeinfach vorausgesetzt. Die Gewichte der 1so
tropiedarsteliung von T 1m komplex erweiterten reellen Tangentialraum von 
GfT 1m Punkte eo = (T) sind die Wurzeln von G. Die Wurzeln von G sind 2m 
Elemente ±av ±a2,'" ,±am E1)*, wo 2m die reelle Dimension von GIT ist. 
Der Vektorraum 1)* ist in natiirlichel' Weise mit der Cohomologiegruppe HI(T, R) 
zu identifizieren. Man hat ferner einen 1somorphismus-auf 

'IfJ : 1)* = HI(T, R) --+ H2(GjT, R), 

wo 'IfJ die negative Transgression im Faserbiindel (G, Gj T, T) 1st. Es seien jetzt 
aI' ••• ,am E 1)* = HI(T, R) die positiven Wurzeln von G beziiglich einer fest
gewahlten lexikographischenAnordnung von 1)* . Dann besitzt GIT genau einehomo
gene komplexe Struktur, derart, daB die Gewichte der 1sotropiedarsteliung von T 
1m komplexen TangentiaIraum von GIT im Punkte eo = (T) gleich a l ,'" ,am 
sind. Mit dieser komplexen Struktur ist GjT eine einfach-zusammenhangende al
gebraische Mannigfaltigkeit. Die (totale) Chernsche Klasse von GIT (als Cchomo
logieklasse mit I eelien Koeffizienten) ist dmch folgende Formel gegeben 

(21) 

Die Cohomologiegruppe H2(GjT, Z) ist eine Untergruppe U Von H2(GIT, R). 
Ordnet man jedem komplex-analytischen Geradenbiindel F iiber GIT seine 
charakteristische Klasse (erste Chernsche Klasse) f = cl(F) E U zu, dann erhlilt 
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man einen Isomorphismus y der Gruppe der Isomorphieklassen von komplex
analytisehen Geradenbiindeln fiber GjT auf U. Mit (,) werde das durch die negative 
Killing-Form auf 1) und damit aUeh auf 1)* induzierte skalare Produkt bezeiehnet. 
W (Weylsche Kammer) sei die Menge aller x E H2(GjT, R) mit (1jJ---CJ.x , ai ) > 0 fiir 

1 <j< m, und Wsei daslnnerevon W, d.h. die Menge aller x E Wmit (1jJ-l x, ai ) 

> 0 fiir 1 < j < m. Die Menge der (!.quivalenzklassen von) irreduziblen unitaren 
Darstellungen von g = Lie Algebra von G (oder in anderen Worten der universellen 
Uberlagerung von G) entsprieht eineindeutig der Menge U n W. Dem Element 
1 E U n W entspricht die Darstellung mit Hauptgewicht 1jJ-l f. Wenn fEU n W, 
dann ist y-l f ein Geradenbtindel mit den folgenden Eigensehaften 

(22) 

(22*) 

Hi(G/T, y-lf) = 0 fUr j > 0 

X(GIT, y-lf) = dime HO(GjT, y-lf) 

(23) dimeHO(GjT, y-1j') = Grad derjenigen irreduziblen Darstellung von g, 
welche das Hauptgewicht 1jJ-lf hat. 

(22) ergibt sich daraus, daB f + el(GjT) =1 + 1jJ(a1 + ... + am) E W und daB 
o 

die Elemente von W positiv im Sinne von Kodaira sind (vgl. [2], [10] und [8], Satz 
18.2.2). Nach der Definition von X folgt dann (22*). Die Formel (23) kann durch 
direkte Konstruktion der f zugeordneten Darstellung als Darstellung im Raume 
HO(GjT, y-lf) bewiesen werden (A. Borel-A. Weil, siehe einen Vortrag vonJ. -Po 
Serre im Seminar von N. Bourbaki, Mai 1954; vgl. auch die Untersuchungen von 
J. Tits, Sur certaines clas8e8 d'espaces homogenes de groupes de Lie, Acad. Roy. BeIg. 
Cl. Sci. Mem. CoIl. 29 (1955), no. 3). 

Die Formel (23) kann (unter Benutzung von (22*)) auch durch Berechnung von 
X(GjT, y-lf) nach dem Satz von Riemann-Roch bewiesen werden [4], wobei man die 
Formel von H. Weyl fUr den Grad der Darstellung mit Hauptgewicht 1jJ-11 zu 
verwenden hat [17]. 

(22*) und (23) ergeben fUr f = 0, dass das arithmetische Geschlecht X(GIT) 
gleich 1 ist. 

Es sei K eine Untergrnppe von G mit maximalem Rang (G:::> K:::> T). Wir 
setzen voraus, dass GJK eine homogene komplexe Struktur zulafit. Dann ist GJK 
mit dieser komplexen Struktur erne einfach-zusammenh1:i.ngende algebraisehe 
Maunigfaltigkeit, und Kist der Zentralisator eines in T enthaltenen Torus. 
(Vgl. [2], Goto, Amer. J. Math. 76 (1954), 811-818 und Wang, ibid. 1-32.) Mit 
1) werde weiterhin die Liesche Algebra von T bezeichnet. b1, ••• , b", E 1)* seien 
die Gewichte der IsotropiedaIstellung von K im komplexen Tangentialraum von 
G/ Kim Punkte eo = (K). Rier ist n = dime G/K. Eine lexikographische Anordnung 
von 1)* heisse vertraglich mit der komplexen Struktur von G/K, wenn die bl , ..• , b" 
positive Wurzeln von G beziiglich dieser Anordnung sind. Eine derartige vertrag
liche Anordnung existiert immer [4]. Zu fur gehort eine homogene komplexe 
Struktur von GIT und eine von K/T. Mit diesen komplexen Strukturen erhalt 
man das komplex-analytische Faserbiindel (GI T, GJK, KIT, p). Wir bezeichnen die 
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positiven Wurzeln der vertraglichen lexikographischen Anordnung wieder mit 
aI' .•• ,am' Die bl ,"', b .. sind dann genau diejenigen der ai' welche nicht 
Wurzeln von K sind. Die bl , '" ,bn heiBen deshalb komplementare Wurzeln von 
G relativ K bezuglich einer mit der komplexen Struktur von GJK vertraglichen 
lexikographischen Anordnung. Wie in [4] gezeigt wird, hat man die folgende 
Formel ffir die (totale) Chernsche Klasse von GrK (mit reellen Koeffizienten). 

(24) 

Wir setzen b = bi + b2 + ... + bn • Also ist 1fJb = p*cl(GIK), und wir erinnern 
daran, daB -cl(GIK) die erste Chernsche Klasse des kanonischen Geradenbiindels 
von GJK ist. Wir wollen nun die ZahI X(GJK, -r) fur r > 0 berechnen (siebe §1). 
Zunachst folgt aus mnltiplikativen Eigenschaften des arithI'netischen (Toddschen) 
Geschlechtes ([4J, vgl. auch [8], Satz 21.2.1) und aus X(K/T) = 1, dass 

X(GjK, -r) = X(G/K, -r) . x(KIT) = X(GIT, y-l(1fJ(rb))). 

Man rechnet nach [4], daB b E W. Aus (22*) und (23) folgt dann 

(25) X{GjK, -r) = Grad der irreduziblen Darslellung von G (bzw. einer Uber
lagerung von G) mit Hauptgewicht rb = r(b i + b2 + ... + bn). 

§ 5. Automorphe Formen 
Es sei X ein beschranktes homogenes symmetrisches Gebiet des en. Es sei A eine 

diskontinuierliche Gruppe von Automorphismen von X, die wieder die Eigen
schaften 1 und 2 von §3, (11), haben soIl, d.h. XI A soIl kompakt und A fixpnnktfrei 
sein. Wir wollen jetzt eine Formel fiir die Anzahl IIr(X, A) der automorphen 
Formen vom Gewicht r angeben. Wegen (13) beschranken wir uns auf den Fall 
r > 2. Aus Satz 1 und Satz 4 folgt dann 

(26) IIr(X, A) = X(X/A) . x(X', r), (r > 2). 

Rier ist X' wieder die X zugeordnete algebraische Mannigfaltigkeit. (V g1. §3). Es 
ist wohlbekannt, daB IIr(X, A) ein Polynom in r vom Grade n ist. Wir miiss~n das 
Polynom X(X', r) berechnen, das nul' von X und nicht mehr von A abhangt. Fiir 
algebraische Mannigfaltigkeiten Y 1 und Y 2 gilt: 

(27) 

wie man etwa aus [8], Satz 12.1.1, entnehmen kann. Da fiir beschrankte homogene 
symmetrische Gebiete Xl und X 2 die algebraische Mannigfaltigkeit (Xl X X 2)' 

gleich dem carlesischen Produkt von X~ und X~ ist, konnten wir uns also wegen 
(27) bei del' Berechnung des Polynoms X(X', r) auf den Fall beschranken, wo X 
irreduzibel ist. Wir werden das vorlaufig abel' nicht tun. 

Nach dem Serreschen Dualitatssatz [13] ([8], S. 120, (14» ist 

(28) x(X', r) = (_I)n XCX', 1- r). 

Die algebraische Mannigfaltigkeit X' = G'IK ist ein Raum, wie er am SchluB 
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von §4 betrachtet wurde. (In §3 wurde H an Stelle von K geschrieben). Fiir 
r > 2 ist xiX', 1 - r) nach (25) gleich dem Grad einer gewissen irreduziblen 
Darstellung. Wir erhalten so aus (26) und (28) den 

SATZ 5. JjJs sei X ein beschranktes homogenes symmetrisches Gebiet im en. JjJs sei 
X' die X zugeordnete homogene algebraische Mannigfaltigkeit (X' = Of IX mit 
G' kompakt, halbeinfach und ohne Zentrum). JjJs seien bk(I < k < n) die kom
plementaren W urzeln von 0' relati'/J X bezuglich einer mit der komplexen Struktur '/Jon 
GflX '/Jertraglichen lexikographischen Anordnung (§4), d.h. die bk sind die Oewichte 
der Isotropiedarstellung von X im komplexen Tangentialraum von 0' /X im Punkte 
eo = (X). JjJs sei b = 2:~=1 bk. Gegeben sei nun eine diskontinuierliche Gruppe A 
'/Jon A utomorphismen von X, fur die X/.Do kompakt sei und die abgesehen von der 
Identitiit nur fixpunktfreie Transformationen enthalte. Dann ist die Anzahl ITr(X, 6.) 
der automorphen Formen von Oewicht r fur r > 2 durch folgende Formel gegeben 

(29) ITr(X, A) = (-1)" XiX/A) . grad (0', (r -I)b), (r > 2). 

H ier bezeichnet grad (Of, (r - I)b) den Grad derjenigen irreduziblen Darstellung '/Jon 
G' Coder einer Uberlagerung von G

f
), welche das Hauptgewicht (r - I)b hat ("Haupt

gewicht" ist im Sinne einer mit der komplexen Struktur von O'/X vertriiglichen 
lexikographischen Anordnung gemeint). X(X/6.) ist das arithmetische Oeschlecht der 
algebraischen Mannigfaltigkeit XIA. JjJs ist also 

XiX/A) = 1- gl + g'1, -'" + (_I)ng" , . 

wo gj die Anzahl der komplex-linear-unabkangigen aus8eren holomorphen DifferenNal
formen oom Grade jist, welche in X deflniert una dort automorph sind bez1iglich A. 

Es seien jetzt a1 , ••• , am wieder die positiven Wurzeln von 0' beziiglich einer 
mit der komplexen Struktur von 0' IX vertra,glichen lexikographischen Anordnung, 
und es sei a ihre Summe. 1) sei wieder die Liesche Algebra des maximalen Torus 
T (T eX c G') und (, ) das durch die negative Killingform auf 1)* induzierte 
skalare Produkt. Nach der Formel von H. Weyl ([17], Kap. IV, Satz 5) hat man 

(30) grad (0', (r - I)b) = IIi!=1 ( (i + (r - l)b, aj ) / (~ , aj ) ) 

Nun ist (b, ai ) = O. wenn aj eine Wurzel von X ist (vgl. [4], Chap. IV). Deshalb 
vereinfacht sich (30) wie folgt 

(31) grad (0', (r - I)b) = IIZ=l ( (i + (r - I)b, bk ) / (~, bk )) 

(31) ist ein Polynom in r vom Grade n. Nach Satz 5 ist es fiir r > 2 gleich 
(-I)"ITr(X, .Do)/X(X/A). Nach den Bemerkungen, die 1m Zusammenhang mit 
Forme! (27) gemacht wurden, geniigt es, dieses Polynom fiir irreduzibles X zu 
berechnen. 

Es sei also X ein irreduzibles beschranktes homogenes symmetrisches Gabiet. 
X' ist dann eine algebraische Mannigfaltigkeit O'/K von einem der Typen I-VI, die 
in §2 angegeben wurden. Wir betrachten die von Borel-Siebenthal (Comm. Math. 
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Relv.23 (1949), 200-221) studierte explizite Eiubettuug von X iu 0' (siehe iu der 
Tabelle 10c. cit. S. 219 unter 0Z-l X T). Wie iu [4J, Chap. IV, gezeigt wird, gibt es 
auf 0' IX genau zwei homogerie komplexe Strukturen, diese siud vermoge eiues 
Automorphismus von 0 1 aquivalent, und man kann bei der 13erechnung nach 
Formel (31) annehmen, dass die a1 die positiven 'Wurzeln bezuglich eiuer beliebigen 
lexikographischen Anordnung sind, fUr die die Summe zweier komplementarer 
Wurzeln bi, bj niemals eiue Wurzel von 0' ist. Wir erhalten so (etwa unter Verwend
ung der iu [14J, S. 218-129, angegebenen lexikographischen Anordnungen und 
Wurzeln und unter Ausnutzung expliziter Formeln, die sich iu [17], [ISJ finden) fUr 
r>2: 

1. XI = U(p + q)/U(p) X U(q) 

II (X 11) = (_1)1>(1 (Xfl1). II .. rip + q) - i - j 
r' X '.J + .. , . p . q-~-J 

{
O< i<p-l 

I<j<q 

FUr p = 1 und q = n ist X die Hyperkugel im en, und X' ist der komplexe pIO
jektive Raum P nee). Indiesem Fall ist 

Ilr(X, 11) = (_I)" X(Xj~). (r(n + ~) - 1)~ 

II. X' = SO(2p)/U(p) 

IT (X A) = (_I)b(P--l) (XI A) II .. 2('1' - I)(p - 1) + i + j 
" ,l..l X l..l O";;:~<J";;:p-l . 1 • • - - ~-rJ 

III. XI = 8p(p)jU{p) 

II (X 11) = (_I)b(1>+1l (X/I1) II .. 2('1' - 1)(p + 1) + i + j 
r , X l;;;;';;;;J;;;;p i + j 

In diesem Fall ist X aquivalent zur Siegelschen oberen Halbebene im eh>(P+l) 

(siehe [15J). 
IV. X' = SO(p + 2)j80(p) X 80(2) 

II,,(X, 11) = (-IF' X(X/I1) ((rp
; 1) + (;)) 
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SOME mGHER ORDER COHOMOLOGY OPERATIONS 

By W. S. MASSEY 1 

1. Introduction 

Before discussing higher order cohomology operations in general, it is perhaps 
worth while to briefly review :first and second order cohomology operations. First 
order cohomology (or universally defined cohomology operations) are usually 
defined as follows: Let G and G' be abelian groups, and'let m and n be non
negative integers. Ajirst order cohomology operation associated with (G, G'; m, n) is 
a function T which assigns to each space X (of some suitable category of spaces) 
a mapping of cohomology groups: 

The only requirement imposed on the functions T x is that they commute with 
the homomorphisms induced on cohomology groups by continuous mappings of 
spaces; no algebraic properties are assumed. It is readily proved that such cohomo
logy operations are in 1-1 correspondence with the elements of the Ellenberg
MacLane cohomology group Hn(G, m; G'); see Serre, [4J. A great deal is known 
about :first order cohomology operations. We shall only be incidentally concerned 
with them in this lecture. 

Next, we shall give two examples of second order cohomology operations, 
without trying to define precisely what is meant by a second order cohomology 
operation. First, there is the operation introduced by J. Adem in [1] to give the 
homotopy classification of maps of an (n + 2)-dimensional complex K into an 
n-sphere. The domain of this operation is the kernel of the Steenrod square, 
Sq2 : HR(X, Z) __ Hn+2(X, Z2)' and the range is the co-kernel ofthe homomorphism 
Sq2 : Hn+l(X, Z2)-- Hn+3(X, Z2)' This operation is natural with respect to 
homomorphisms induced by continuous maps. 

Our second example of a second order cohomology operation is the "triple 
product" (see [5J). Let X be a topological space, and let u E H1J(X), 1) E H'l(X), 
W E Hr(x) be cohomology classes of X with coefficients in an associative ring. If 
the cup products W'1) and 1) • ware zero, then the triple product (u, tJ, w) is 
defined and is an element of the factor group. 

H~+r-l(X)/[u • H'*'-l(X) + H~-l(X) . 1)J. 

Since this operation will be important in what follows, we will give the details of 

1 This lecture is a report on research done while the author was partially supported by grant 
'from the National Soience Foundation of U.S.A. 
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the definition. Choose representative cocycles u', v', and w' for u, v, and w respec
tively; the conditions U' v = 0 and V· w = 0 imply the existence of cochains 
a and b such that 

u' . v' = o(a), v' • w' = o(b). 
Now form the cochain 

Z' = a • w' - il' • b 

(where, as usual il' = (-I)Pu'; we will use this notation throughout this paper) 
an easy computation (using the associative law) shows that o(z') = 0, i.e. z' is a 
cocycle. Let z denote the cohomology class of z'.13y definition, z is a representative 
of (u, v, w). Altering the choices made in the definition, changes the cohomology 
class Z" but it will always be an element of the same coset of the sub-group 
[u' Hq+r-J,(X) + HPH-l(X)' w]; moreover, by making suitable choices in the 
flourse, of the construction, we can obtain any cohomology class of this coset. 
This operation is also natural with respect to homomorphisms induced by 
continuous maps.2 

These two examples illustrate the idea of a second order cohomology operation 
of m variables; it is a collection of functions T x defined for each topological 
space X; if~, u 2, ., " u~ are cohomology classes of X (with prescribed degrees 
and coefficient groups) which satisfy certain conditions expressed by the vanishing 
of first order operations, then Tx(~" .. ,um ) is defined, and it is a subset of 
some cohomology group of X. It mayor may not be a coset of a subgroup. The 
only condition imposed on the functions T x is that they be natural with respect 
to the homomorphisms of cohomology groups induced by continuous maps. 

Although the time is probably not ripe for giving a precise, general definition 
of an nth order cohomology operation, it is fairly clear what kind of an object 
such an operation will be. It is defined on a cohomology class or a set of cohomology 
classes which satisfy certain conditions expressed by the vanishing of cohomology 
operations of orders 1,2, ... ,n ---.-: I; and it is required to be natural. There is a 
vague resemblance to the successive differential operators of a spectral sequence. 
We shoUld also expect that many different sequences of operations of orders from, 
I to n will exist, and that these different sequences of operations will be in I-I 
correspondence with certain objects having auxiliary mathematical structure 
(e.g. Postnikov systems3 or, in the examples that follow, ordered abstract 
simpli~ial complexes). 

It seems quite likely that higher order cohomology operations will be of great 
importitUce in many problems of algebraic topology in the future. For example, 
the successive obstructions to the extension of a continuous map can probably 
be expressed in terms of higher order operations. 

, 2 The author wishes to acknowledge that the idea for the definition of the triple product 
originated in a conversation he had with A. Shapiro at a Topology Conference in Chicago 
in 1950. 

3 For the use of Postnikov systems in defining higher order cohomology operations, see a 
paper by F. P. Peterson to appear in Trans. Amer. Math. Soc., Vol. 86, Sept., 1957. 
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The aim of this lecture is to give some examples of higher order cohomology 
operations. These examples are defined in a purely algebraic way from the cochain 
ring of a given space; the definition is of a constructive nature. It is possible to 
study their algebraic properties, and in certain cases, to make computations. 
It is hoped that these examples will serve as models for further work in this field. 

2. Provisional definition of some higher order operations 

It is possible to generalize the "triple product" defined above to a "quadruple 
product."4 Let 0* = 2,i~oOi denote the cochain ring of the space X with coeffi
cients in some associative ring, and let H* = 2,i~oHi denote the cohomology 
ring of X. Suppose that ~, u 2' us' and u4 are cohomology classes on X which 
satisfy the following conditions: 

(1 ) 

(2) 

We may now try to construct a new cohomology class as follows: For each 
cohomology class ui ' choose a representative cocycle ai' 1 < i < 4. On account 
of condition (1), we may choose cochains b12, b23, and bS4 such that 

(3) 

Making use of condition (2), we may almost (but not quite) assume that b12, b32, 

and bS4 are chosen so that there exist cochains Cl23 and C234 such that 

(4) 

Now form the following cochain: 

z' = ~23a4 - b12b34 + It;tC234 • 

An easy computation, using (3) and (4), shows that o(z') = 0, i.e. z' is a cocycle. 
Let z denote its cohomology class. By definition, the quadruple product, 
(ul , u 2' u3' u4), is the set of all possible cohomology classes one can obtain by this 
construction. If u. is of degree Pi' 1 < i < 4, then (ul , u 2, U 3' u4 ) is a subset of 
Ht>, where n = PI + P2 + P3 + P4 - 2. In general, it is not a coset of any 
subgroup. 

The above definitions are not quite correct. In general, it is not possible to 
choose cochains ~23' and C234, so as to satisfy both of the conditions listed in (4); 
by proper choice of the bij's one can satisfy either condition separately, but not 

~ The quadruple product was developed independently by G. Hirsch for the purpose of 
computing the cohomology ring of a. fibre space. The author has benefited from correspondence 
with Hirsch and from the privilege of reading several ofhis unpublished manuscripts. Hirsch's 
work on this subject will be published in the Proceedings of the Colloquium on Algebraic 
Topology held at Louvain, Belgium in Jtme, 1956. [Added in proof: See the paper entitled 
"Certaines operations homologiques et Ill. cohomologie des espaces fibres," Colloque de 
Topologie Algebrique Tenu a. Louvain les 11, 12, et 13 juin 1956, pp. 167-190.J 
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both simultaneously. To get around this dilliculty, it is necessary to strengthen 
condition (2) slightly in the following manner: For any four cohomology classes 
u1, ••• , u'" which satisfy conditions (1) above, we define a subset of the direct 
product HP1+

p
2+p3 - I X HP,+P3+P4 -1, denoted by «~, U2' us), (u2, us' u"'», as 

follows: Ohoose representative cocycles a1, ••• ,a", and cochains b12, b2S' and bs", 
so as to satisfy condition (3). Then 

y' = b12aS - ~b2a, 

z' = b2Sa", - ii2bM , 

are cocycles; let y and z denote their cohomology classes. By definition, «Ut, u2' ua)' 
(u2, us, u"'» is the set of all ordered pairs (y, z) one can obtain by this construction. 
One can show by an easy calculation that «u1, U 2, us), (1t2 , u 3' u"'» is a coset of a 
certain subgroup of HP1+p.+P.-l X HP.+P.+P4- I • 

Using this definition, condition (2) above should be replaced by.the following 
condition: 

(2') 

Then one can carry out the construction given above for (u1, u 2• us' U 4). The 
quadruple product as thus defined would be considered as a third order cohomology 
operation. It is obviously natural with respect to homomorphisms induced by 
continuous maps, .and is a homotopy type invariant of the spaoe X. 

These definitions can be readily generalized to define an n-tuple produot, 
(ul , U 2, ••• , un) whioh is an (n - l)th order cohomology operation of n variables. 
We will now write down the necessary formulas for constructing the quintuple 
product, (Ut, • - • , u 5), leaving the formulas for the general case to the reader. 

Let Ut, u2' •• - , U 5 be cohomology classes which satisfy the following conditions: 

(5) 

(6) 

U 1U 2 = u2U S = uau'" = U",U5 = 0, 

(0, 0, 0) E «Ut, u 2' us), (u 2' ua' u",), (ua, u"" u 5», 
(7) (0,0) E «~, U 2' us' u4 ), (u2, us' u4' Ut;». 

Here the operations used to express conditions (6) and (7) are modifications of 
the triple product and quadruple product respectively, similar to the modification 
of the triple product used above to express condition (2'). Under these conditions, 
the quintuple produot (u1, ••• , us) is defined, and it is a subset of the cohomology 
group HfI, where n = PI + ... + P5 - 3. Representatives of <ut,· .. ,Ut;) are 
constructed acoording to the following scheme: Let a. be a representative cocyole 
for u.' I < i < 5. On account of conditions (5), (6), and (7), there exist cochains 
b12, ••• , b45, Ct2s' ••• 'C345' ~234' d2345 such that the following conditions hold: 

(8) 

(9) 

(10) 

ObI2 = uta2' ••• , Ob45 = a4a5 , 

OC123 = b12a3 - a1b23, ••• , OeM5 = bS4a5 - aSb45 , 

M1234 = c12Sa4 - D12b34 + utC2S4' 

Od2345 = c234a5 - D2Sb45 + a 2cSl5 ' 
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Now form the cochain 

z' = £11234aS - C123b45 + b12c345 - ii1£12345' 

A computation shows that z' is a cocycle; its cohomology class z is a representative 
of (u1 , ••• , us). 

It is evident that this procedure leads to formulas of increasing complexity 
which are not easy to handle. Moreover, the operations thus defined do not have 
nice algebraic properties. It does not make sense to ask whether or not they are 
multilinear. Even (uv u 2' u 3' u 4 ) need not be a coset of any subgroup. 

In order to avoid these difficulties, the author has developed a different approach 
to these higher order cohomology operations. However, this new approach is much 
more abstract. The preceding paragraphs may be considered as motivation for 
this new method. 

3. Abstract sheaves on a complex 

In order to describe this new method we first need to discuss a slight generaliza
tion of homology with local coefficients. Although this generalization is un
doubtedly well known, to our knowledge it has never been published in the 
explicit form in which we need it. 

Let K be an abstract cell complex as defined, for example, by Lefschetz, [3], 
Chapter III. 

DEFINITION. An abstract sheaf5 rg on K consists of a pair of functions (G,1) 
such that G assigns to each cell a of K an abelian group G(a), and 1 assigns to each 
pair of cells a, '1" of K such that a < '1" a homomorphism. 

1(a, '1") : G('1") ~ G(a). 

These homomorphisms are required to satisfy the following two conditions: 
(a) For any cell a E K, 1(a, a) is the identity map G(a) --+ G«(1). 
(b) For any three cells (1, '1", and p of K such that a < '1" < p, the following 

transitivity condition shall hold: 1(a, '1") 0 1(T, p) = 1(a, p). 
The following example of an abstract sheaf is very important in what follows. 

Let K be an ordered abstract simplicial complex, and let R be an associative ring. 
For any p-simplex a of K, define 

G(a) = ®P+2(R) 

the tensor product (over the ring of integers) of (p + 2)-factors, each equal to R. 
If uP is a p-simplex, and Uf-l denotes the face obtained by omitting the ith vertex 
(when the vertices are arranged in the given order), define 1(ur-1, uP) by the 
formula 

1(ar-1, aP)(xo ® X:J. ® ... ® Xp+1) = Xo ® " " • ® xi_1 ® (Xi "Xi+1) ® Xi+2 ® " .. ® x p +1 

for any elements xo' • " . , xP+1 E Rand 0 < i < p. 

S J. _Po Serre has suggested that it would be more appropriate to call these objects "abstract 
co-sheafs." 
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This formula may be extended by linearity to all of ®P+2(R), and then by 
using condition (b) above, the definition of l(a, T) is uniquely determined for any 
pair of cells which are incident. 

This definition can be easily remembered by using the following mnemonic 
device: In the expression Xo 0' .. 129 x2l+1' the symbol "129" occurs (p + I) times .. 
Imagine the occurrences of this symbol numbered from 0 to p, reading from left 
to right. Then corresponding to the omission of the i th vertex of a 2l, one omits the 
ith occurrence of the symbol "129". 

The abstract sheaf «§ = (G,l) thus obtained on K we will call the abstract 
sheaf on K canonically associated with R. 

If K is an arbitrary abstract cell complex, and «§ = (G, 1) is any abstract sheaf 
on K, then we may define homology of K with coefficients in «§ by a rather obvious 
procedure. First, one defines the q-dimensional chain group, 02l(K, ~) to be the 
direct sum of the groups G«(1P) for all p-cells a 2l of K. Then one defines a boundary 
operator a :Op{K, «§)-0p-l(K, ~) by the following formula: 

o(a) = :2JTP-1 : (1P] • 1(T1>-1, dl»(a) 

for any a E G«(1P), where the summation is over all (p - I)-cells T1>-1 of K, and 
[T1>-1 : (1f>] denotes the incidence number. As usual, one can prove that a 0 a = 0, 
and hence the homology groups H 2l(K, «§) can be defined. 

4. Definition of the new cohomology olKlrations 

Let X be a topological space for which it is desired to define the new cohomology 
operations, and let A denote an associative ring which is to be used as a coefficient 
ring for cohomology. Denote by 

a suitable associative, graded ring of cochains for X with coefficients in A. For 
example, we could take the singular or Alexander-Spanier cochains of X. If X 
were a simplicial polyhedron, we could use ordinary simplicial cochains. Or, if X 
were a differentiable manifold and A were the ring of real numbers, we could take 
r* to be the algebra of exterior differential forms on X. We will denote the 
coboundary operator by 

as usual. Later on we will wish to assume that r* does not have a unit; this may 
be achieved by choosing a basepoint and taking cochains of X modulo the 
basepoint. 

First of all, one must choose an ordered abstract simplicial complex K; for 
different choices of K, different sequences of higher order cohomology operations 
will be obtained. If convenient, one may choose K to be augmented, i.e. let K 
contain a unique simplex of dimension -I, the empty simplex. 

Let «§ = (G, 1) denote the abstract sheaf on K which is canonically associated 
with the ring r*, and let O!{J(K, «§)be the group of chains of K of degree p with 
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coefficients in the sheaf'lJ. To define 'lJ and O1'(K, 'lJ), one only makes use of the 
ring structure of r*; the fact that r* is graded and has a coboundary operator eJ 
leads to additional structure on 0v{K, 'lJ), as follows: In the :first place, the graded 
structure on r* leads to a graded structure on G«(7p) = @P-t2(r*) according to 
the usual rules for the graded structure on a tensor product. Then this graded 
structure on each groupG«(7V) gives rise to a graded structure on the direct sum 

0V(K, ~) = 2G«(71') 

in a trivial way. We will use the following notation to indicate the graded structure 
on O1'(K, 'lJ): 

Op(K, ~) = 2q~oG~(K, ~}. 

An element of G~(K, ~) will be said to be a co-degree q and of degree p. Note that 
the boundary operator a preserves the co-degree, i.e. 

a(G~(K,~)J c G~_l(K, 'lJ). 

In the second place, the existence of the coboundary operator b on r* enables 
one to define a coboundaryoperator (which we will also denote by b) on the group 
G«(7p) = @P+2(r*) by the usual convention for defining the coboundary operator 
on a tensor product. Then this coboundary operator can be extended in the obvious 
way to a coboundary operator on the direct sum O1'(K, 'lJ) = 2 G( (71'). This extended 
coboundary operator we will also denote by b : 0 v(K, ~) -+ O1'{K, 'lJ). The following 
two facts about this extended coboundary operator are of importance: 

(a) b preserves degrees and increases co-degrees by one unit, i.e. 

b(G~(K, ~)] c G~+l(K, @). 

(b) b and a commute, i.e. boo = 0 0 b. 
The verification of these two facts is routine. 

If we now let G(K, ~) denote the direct sum, 2vGp(K, 'lJ), it is clear that the 
ordered triple {G(K, 'lJ); Q, b} is a bi-complex (see, for example, Carlan and 
Eilenberg, (2J, Chap. XV). As is usual when one has a bi-complex, one can define 
two different filtrations on G(K, 'lJ), and these filtrations lead to two different 
spectral sequences. We will only be. interested in the increasing filtration on 
G(K, 'lJ) which is defined by means of the degree: 

Fv(G(K, 'lJ)J = 2i;t;;pGi (K, 'lJ). 

The resulting spectral sequence of bigraded groups with differential operators 
will be denoted by {iE(X, K, A), di }. i = 1, 2, 3, .•.. 

The successive differential operators, dv d 2, ds .•. , are the new cohomology 
invariants which it was our purpose to define. 

5. Identification of the first term of the spectral sequence 
For the sake of simplicity, assume that A is a field. Then we may identify 

H*{ @nr*) with @"[H*(r*)] for any integer n> 0; this is a special case of the 
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well-known fact that with a field for coefficients, the operations of taking tensor 
products and of taking derived groups commute with each other. Under this 
assumption, we assert that 

IE(X, K, A) = 2TlG,p(K, ~'), 

where C§' = (G', I) is the abstract sheaf on K canonically associated with the 
ring H*(r*) = H*(X, A); furthermore, the differential operator dl may be 
identified with the boundary operator a :G,p(K, ~')_G;P-I(K, C§'). These state
ments follow directly from well-known facts about the term hE, dl ) of the spectral 
sequence of a differential filtered group, in case the filtration is defined by one of 
the degrees in a bi-complex (see Cartan and Eilenberg, [2], Chap. XV). 

6. Some examples 
As a first example, consider the case where K consists of an ordered, augmented 

I-simplex and all its faces. Then IE(X, K, A} has terms of degrees +1, 0, and -1 
only, as follows: 

degree +1: H*(X) Q9 H*(X) Q9 H*(X) 
degree 0: [H*(X) Q9 H*(X)] + [H*(X) Q9 H*(X)] (direct sum) 
degree -1: H*(X). 

The differential operator dl decreases the degree by I unit. It may be described 
on generating elements of these groups as follows: 

dl(xO Q9 Xl Q9 X 2) = [(Xi) • Xl) Q9 X 2 ' -Xi) Q9 (Xl' x2)]· 

dl(yo Q9 YI, Zo Q9 zt) = Yo '11t + Zo' zt· 

It may be shown that if x O' Xl' X 2 E H*(X) are cohomology classes such that 

dl(xO Q9 Xl Q9 X 2) = 0, 

i.e. XOXl = 0 and xl X 2 = 0, then 

d2(xO Q9 Xl Q9 X 2) - (xo, Xx, x2) 

modulo a certain subgroup of H*(X). It is at this point that one wants to assume 
that the ring H*(X) does not have a unit (as mentioned above). If H*(X) has a 
unit, then d2 is identically zero. 

This example may be generalized by taking K to be the complex consisting of 
an ordered, augmented n-simplex and all its faces. Then there are terms of 
all degrees from -1 to n inclusive in IE(X, K, A); the term of degree n is 
Q!f'+2H*(X, A), and the term of degree -1 is H*(X, A). Suppose that Xo Q9 Xl 

Q9 ••• Q9 xn+1 is a decomposable element of ®n+2H*(X, A) such that the (n + 2)
tupe product (xo' Xl' ••• , xn+1) is defined. Then 

d£ixo Q9 Xl Q9 ' •• Q9 X n+1) = 0 

for i = 1, 2, ••. ,n, and dn+1(xO Q9 ••• Q9 xn+l ) is also defined, and (xo, •.. , Xn+l) 

is a subset of dn+1(xO Q9 ••• Q9 xn+1)' where the latter is considered as a coset of 
some sub-group of H*(X). 
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This makes clear the sense in which the spectral sequence {iE(X, K, A), di} 

generalizes the multiple products described in § 2. Naturally, in an these examples 
one must assume that H*(X) does not have a unit in order to avoid trivialities. 

'i. General properties of the spectral sequence 
In this section we will briefly list some properties of the spectral sequence 

iE(X, K, A), i = I, 2, 3, .. '. Most of them are rather obvious. 
(1) For fixed K and A, the operation of assigning to each space X the spectral 

sequence LE(X, K, A), di} has all the usual naturality properties, e.g. a continuous 
map of Y into X induces a homomorphism of the spectral, sequence iE(X, K, A) 

, into the spectral sequence iE( Y, K, A}, etc. From this fact, it follows readily that 
this spectral sequence is an invariant of the homotopy type of a space. 

A similar argument shows that the definition ofthe spectral sequence iE(X, K, A) 
does not depend on the choice of the cochain ring r*; for example, if the space X 
is a simplicial polyhedron, we may use either the usual simplicial cochain ring of X, 
or the ring of singular cochains of X, and the end result will be the same. If X is 
a differentiable manifold and A is the field of real numbers, then we may use 
either the Alexander-Spanier cochains of X or the algebra of exterior differential 
forms on X, and the result will again be the same. 

(2) For different choices of K, one obtains different spectral sequences for any 
given space X. It is not clear whether or not all these different spectral sequences 
are equally important. It is even conceivable that a certain special collection of 
complexes K may be "universal" in the sense that knowledge of the spectral 
sequences {iE(X, K, A)} for K in the special collection determines {iE(X, K, A)} 
for any complex K. 

(3) If K is n-dimensional, then the differential operator dt = 0 for i > n + 1, 
and 

n+;E(X, K, A) = ooE(X, K, A). 

8. Examples of spaces X such that the spectral sequence 
{iE(X, K, Al} is non-trivial 

The following example shows that given any integer n (no matter how large) 
it is possible to choose a space X and a complex K such that dn 1= 0 in the spectral 
sequence {iE(X, K, A), di}' 

Let k be an integer greater than 1 and let 

Y = 81 V 8 2 V ••• V Sic 

be the union of k spheres with a single point in common. Let Pi > 0 be the dimen
sion of the sphere Si' 1 < i < k, and let lXi be the element of the homotopy group 
1Ti/I(Y) represented by the inclusion map 8 j --'>- Y for I <j< k. Form a space X 
by attaching a cell e to Y by a map representing the. multiple Whitehead product 
[lXI' [1X2' [ ••• [lXk-l> ot/e] ••• ]; the cell e is assumed to be of dimension 2 - k + LiP.-

Let K be a complex consisting of an ordered, augmented simplex of dimension 
1c - 2 and all its faces. Choose A to be any commutative ring with a unit, e.g. the 
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ring of integers. Let r* denote the ring of singular cochains of X modulo a point 
with coefficients in A. 

Under these conditions one may prove (by an induction on k) that in the spectral 
sequence {;lO(X, K, A), di }, the differential operators d. = 0 for 1 < i < k - 2, 
while dk _ 1 =1= O. The proof is too long and involved to be given here. 

Note particularly the case where all the spheres Si are of dimension 1; then X 
is a 2-dimensional cell complex. Hence one may construct examples of spaces 
which are highly non-trivial with respect to these operations, yet are only 
2-dimensional. 

Using a procedure due to R. Thom, one may imbed the space X in a compact 
orientable manifold M such that X is a retract of M. It follows from naturality 
that in the spectral sequence {iE(M, K, A), di } we have 
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dk- 1 =1= O. 
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THE GENERALIZED PONTR.TAGIN COHOMOLOGY OPERATIONS 

By EMERY THOMAS 

1. The Pontrjagin pth powers 

The cohomology operations described in this note are generalizations of the 
Pontrjagin square cohomology operation [5, 8J. They are defined using the method 
developed by N. E. Steenrod [6]. Besides describing the" properties of the new 
operations, au example is given of information obtained using these operations 
which is not given by present cohomology invariants. 

The Pontrjagin square cohomology operation is the function 

\P2 : H2n(K; Z2m) ~ H4n(K; Z4m), 

where Hf'(K; G) denotes the rth cohomology group of a complex K with coefficients 
in a group G, and Zs denotes the integers mod 8. The Pontrjagin square has the 
following properties: for U E H2n(K; Z2m)' 

(Ll) 

(1.2) 

\P2f*(u) = 1*\P2(U), 

'l]2*\P2(U) = u2, (2-fold cup-product) 

where f* is induced by a map f : L ~ K, and '1]2* is induced by the natural homo
morphism '1]2 : Z4m ~ Z2m· 

In its simplest form the generalization of the Pontrjagin square is a function \p", 
defined for each prime number p, such that 

\p" : H2n(K; Z"",)~ H2'Pn(K; Zptm). 

The functions \p" have the following properties [7J: for U E H2n(K; Z"",) and 
'IJ EH2a (K; Z"m)' 

(1.3) 

(1.4) 

(1.5) 

\P,,1*{U) = 1* \P,,(u), 

(p-fold cup-product) 

(p odd) 

where '1]". is induced by the natural homomorphism ZP'm ~ Z"m. Property 
(1.5) does not hold for p = 2; in this case there are two additional terms, each of 
order two [4]. Property (1.3) expresses the topological invariance of the functions 
\p". That is, the functions are cohomology operat·ions, which we term the Pontrjagin 
pth power8. It is clear from property (1.4) that these operatious are non-trivial, 
since the p-fold cup-product is non-trivial. A simple example to illustrate this is the 
following. 

Denote by M", the infinite complex projective space. Then, H2(M ",; Z) is cyclic 
155 
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infinite (Z = integers). H u is a generator for this group, the cohomology ring 
H*(M oo ; Z) is a polynomial ring in the generator u. Set 

u .. = image u in H2(M 00; ZZl') (r > 1). 
Then, 

(1.6) 

a cyclic group of order pT+!. 

Our real interest, of course, lies in the question of whether these operations give 
any new information unobtainable by previous cohomology invariants. To show 
that they do, I construct an example of two complexes K and K' which known 
cohomology invariants fail to distinguish as to homotopy type, but which the 
operation ~Zl does distinguish. The example is a mild -generalization of an analo
gous result given by J. H. C. Whitehead [8] for the Pontrjagin square. For simplicity 
only the case p = 3 is given here. 

Let M be the complex projective plane. We can regard M as a CW-complex, 

M=82 u e4 , 

where the 4-cell e4 is attached to the 2-sphere 8 2 by the Hopf map S3 ---+ 8 2 • Now 
S" is a fibre bundle over M with fibre Hl. Hence, 7TT(M) f':::! 1T..(85) (r > 1). Let b 
denote the projection 8 5 __ M. Set (J = homotopy class of b. Then, fJ generates 
1T,,(M) F::5 Z. 

Using the complex .M and the class fJ we construct new complexes M(r) (r = 0, 
1, ... ) as foHows: define 

M(r) = M U e6, 

j',. 

where the cell e6 is attached to M by a map iT of 8 5 to M such that iT E r{J. If 
l' = I and we choose 11 = b, then M(l) is simply the 3-dimensional complex pro
jective space. 

The complexes K and KI are now defined by choosing two specific values of r: 
namely, r = 3 and r = O. Notice that the 2-skeleton of MCr) is simply a 2-sphere, 
for all r. To this 2-sphere we attach a three cell, e3 , by a map of degree 3. Then, 

K = M(3) U eS, KI = M(O) U e3• 

Any cohomology invariant which is to distinguish K and KI must have its 
value in the six-dimensional cohomology groups, since the five-skeletons of K and 
K' are identical. Consider the cohomology invariants going from dimension 2 to 
dimension 6. These are: 

(i) the cup-product cube, mapping H2(X; Za) to H6(X; Za), 

(ii) the operation ~3' mapping H2(X; Zs) to H6(X; Z9)' 

where X = K and K'. Now, 

H2(K; Z) = 0 = H2(KI; Z), 

H2(K; Zs) F::5 Zs F::5 H2(K'; Zs), 

H6(K; Z) F::5 Z F::5 H6(K'; Z). 
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Let u and u' generate respectively the groups H2(X; Zs) and v, v' generate res
pectively the groups H6(X; Z) (X = K, K'). Then, 

US = 3v (mod 3) _ 0, u's = Ov' (mod 3) = 0; 

~s(u) = 3v (mod 9) ¢ 0, ~s (u') = Ov' (mod 9) = O. 

Hence, even though the cup-product rings of K and K' are isomorphic, the operation 
~s is different and so the complexes are not of the same homotopy type. Similarly, 
one can show that the cohomology invariants from dimensions 3 and 4 to di
mension 6 are all zero.l 

2. Extension of the Operations~:p 
In a later paper J. H. C. Whitehead extended the definition of the Pontrjagin 

square to take coefficients in an arbitrary abelian group [9]. Independently, 
Ellenberg and MacLane also obtained such a generalization [2]. By using an 
algebraic device defined by Eilenberg and MacLane [3], the operations ~:p can also 
be extended. 

Let II be an abelian group. Define a commutative, graded ring r (II) as follows 
(see [3; §lS]): rcII) has as generators the elements Yt(x) for each non-negative 
integer t<and element x E II. These generators have the following relations: 

(2.1) y~(x) y.(x) = (r, B) Yr+s(X), 

(2.2) 

(2.3) 
Yt(X + Y) = 2,.+8=t Y,.(X) Y.(Y), 

Yo(X) = 1, 

where (r, 8) denotes the binomial coefficient (r + B)tj(rt Bt). Assign degree 2t to the 
generator Yt(x), and let 

rt(IT) = subgroup of r(II} of elements of degree 2t. 

Using the ring r(II) as a ring of coefficients and restricting the group II to be 
finitely generated, we generalize the operations ~:p as follows: a sequence of 
operations ~ = [~tJt:o is defined such that 

~t: H2n(K; II) ~ H2tn(K; rt(II)). 

Define a cup-product, written ~', relative to the pairing given by multiplication in 
< the ring r(II). Using this cup-product the above operations satisfy the following 
relations: for u, v E H2n(K; II), 

(2.4) ~r(u) ~' ~s(u) = (r, 8)~r+.(u), 

(2.5) ~iu + v) = 2,.+8=t ~r(u) ~' ~.(v), 

(2.6) ~o(u) = I; ~l(U) = U, 

(2.7) 

where I is the unit of the cohomology ring of K with integer coefficients. 

1 The example is easily extended to give a. similar result for any prime p. We now take ],f to 
be the complex projective space of (p - 1) complex dimensions. M(r) is defined in the same 
way; and we choose the values of r to be r = p! and r = O. The coefficient p! is needed to kill 
off the images of cyclic reduced powers using primes less than p. 
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However, comparing properties (2.1)-(2.3) with (2.4)-(2.6) we see that the 
relations satisfied by \p are precisely those satisfied by the generators of r(II). 
Hence, we can define a ring homomorphism 

'(2.8) 

by 

~* : r(H2n(X; II» ----+- H*(X; nIT)), 

\.lJ* YiU) = i*\Pt(u), 

where H*(K; r(ll) = 2: H'F(K; rOIl), and i* is induced by the inclusion homo
morphism of I't(ll) into I'(II). 

If the group II is Zll' then the group I'll(Zll) is isomorphic with Z1l2. In this case 
the functions \P1l in the sequence \P coincides with the Pontrjagin pth power 
defined in §l. .Also, \.lJ2 coincides with the operation defined by Whitehead and by 
Eilenberg and MacLane [9], [2]. 

The ring I'(II) is an example of a ring with divided powers, a concept introduced 
recently by H. Carlan (see [1; chapter 7]). The relations (2.4)-(2.6) are some of the 
properties possessed by divided power functions. Eilenberg and Cartan have 
suggested the possibility of using the functions \P to define divided powers in the 
cohomology ring of a space with coefficients in a ring with divided powers. It seems 
likely that this can be done: if so, it would do much to show the underlying nature 
of the functions \.lJt. 

Applications of the operations \Pt should lie along two lines: first, using these 
operations to label specific elements of the cohomology groups of the K(rr, n) 
spaces; and secondly, generalizing applications of the Pontrjagin square. Such 
applications include the calculation of certain obstructions, and an expression for 
the first Pontrjagin characteristic class mod 4. Thus, applications of the operations 
should initially be sought in these directions. 
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FUNCTIONAL maHER ORDER COHOMOLOGY OPERATIONS 

By FRANKLIN P. PETERSON1 ,2 

1. Introduction 

One problem we would like to investigate is the following: if f: X -+ Y and 
g : Y -+ Z are non-trivial (in the sense of homotopy), when is the composition 
gf: X -+ Z non-trivial? To be more specific, suppose g is shown to be non-trivial 
by a functional primary cohomology operation (in the sense of Steenrod [13]) 
taking Z E H*( Z) into a non-zero element y E H*( Y), and suppose f is similarly 
shown to be non-trivial by a functional primary cohomology operation taking y 
into a non-zero element x E H*(X). We may ask, when is the operation Z into x a 
homotopy invariant of gf1 If the answer is "yes," then gf is non-trivial. In this 
paper, we derive sufficient conditions for an answer of yes. 

We first sketch a method of deriving an exact couple containing higher order 
cohomology operations as higher derivations from a given Postnikov system. 
We then give two equivalent algebraic constructions for defining functional 
operations corresponding to such exact couples. The first method generalizes the 
method introduced by Steenrod for defining functional ,primary cohomology 
operations and the second is introduced in order to prove the composition theorem 
referred to above. For applications and complete details, the reader is referred 
to [10]. 

2. The exact couple coming from a Postnikov system 
We shall use the following notation. Let n(X; Y) denote the set of homotopy 

classes of maps ~ : (X, xo) -+ (Y, Yo), where Xo E X, Yo E Y, and Y is an arcwise 
connected space. Let B"X denote the rth reduced suspension of X [12; p. 656J; 
let .. X denote the rth space ofloops on X. 

A sequence 

~r Y ~T-1 Y ... ~ Y,. ---+ ,,-1 ---+ 1"-2 ~ ••• 

is called an exact sequence of spaces if the induced sequence 

~ .. # 
... ~ n(X; Y .. )"""""-+ n(X; Y r-1) ~ ••• 

is exact (kernels are well-defined as n(X; Y) has a distinguished element rep
resented by the constant map at Yo). 

Let p : E -+ B be a fibre space with fibre lJ'. There is a map i : 1 B -+ lJ' such that 
the following lemma holds. 

1 The author was a postdoctoral National Science Foundation fellow during the preparation 
of this paper. 

, This paper summarizes the results of [10]. 
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1'j 1'p ~-li r-lj 
LEMMA. 2.1. .. '-'rTF-"JE-"JB--+r-lF--+r-lJlJ-'r'" -'r JlJ -'r B is 

an exact sequence oj spaces. 
Let \p = (K(n, n), 0; X,O';· .. ; X(m-l), oem); .•. ) be a Postnikov system 

([4] and [Il]). This means that 0 E Hq(K(n, n); G), ..• , o(m} E HZ(X(m-I); G(m», 
where z = q(m) and K(n, n) denotes an Eilenberg-MacLane space of type 7T and n, 
that p(m) : X(m) -* x(m-l) is a fibre map with fibre K(G(m), q(m) -1) and 
k-invariant OCm ), and that q(m-l) < q(m). Applying Lemma 2.1 to each of 
the fibre spaces p(m) : X(m) -4- x(m-l) we obtain an exact couple of spaces as in 
Figure 1. 

i l(}" " 
.j. 

.. . -*lX' K(G",q" -1) 
(J) 

XIf~ ... -4- ......,.. 

.j. Ip' .j. pIt 

10' (J) , 
X' ~ K(G", q") •• . ......,..lX' ......,.. K(G', q' -1) ~ 

.j. lp .j. p' 
If} (J) 

Xi!K(G',q') •.. ......,.. K(7T, n - 1) ~ K(G, q - 1) ......,.. 

.j. .j. p 

......,.. K(7T, n) 
0 

···~pt. ......,.. K(7T, n) ......,.. K(G, q) 
Fig. l. 

Applying the functor X ~ 7T(K; X) to each space in this exact couple of spaces, 
we obtain an exact couple (A, 0), where f is induced by p(m), g by o(m), and h by 
(J)(m). In order to insure that the A terms are groups, we must make the assump
tion that the Postnikov system \p represents a space of loops; we assume this 
throughout the rest of the paper. 

Notice that it = gh: Hn(K; 7T)-+Hq(K; G) is a homomorphism defined for all 
spaces K which commutes with induced homomorphisms; i.e., it is a primary co
homology operation. We define dm : 0m~Om' where (Am' am) denotes the mth 

derived exact couple, as the (m + l)-ary cohomology operation coming from the 
Postnikov system \p. This definition is motivated by known examples of secondary 
operations [l; p. 723], by the fact that it generalizes the notion of a primary 
cohomology operation, by the fact that operations coming from the cohomotopy 
exact couple [8] are higher order cohomology operations in this sense, and by the 
heuristic feeling that an m-ary cohomology operation should be defined on the 
kernel of an (m - l)-ary cohomology operation with values in the cokernel of an 
(m - 1)-ary cohomology operation [6; p. 343]. 

3. Functional cohomology operations: generalization 
of the Steenrod method 

Let us first recall the method of Steenrod for defining functional primary 
cohomology operations [13]. In doing so, we point out an equivalent method of 
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Then rk(a) = kf"(a) = kh"(u) = h'Dk(u) = O. Hence we may define d1,k({U}) = 
(11, D')-lk(a) E (J'D. It is easily checked that dl,k is well-defined. 

In general, if dm-1,k = 0,' .. ,dl.k = 0, we define for m > 1 

dm,k : 0;' ----+ (Ju, 

as follows: Let a E.A" be a lifting of u m-stages. Then f"'k(a) = kf"(a) = 
h,mdm_1,k({u}) = O. Hence we may define dm,k({U}) = (h"')-l!G(a) E (J"'. 

We apply our algebraic formalism to the same situation as in §3. Let (.A", 0") be 
the exact couple for K, (.A"', 0'") be the exact couple for L, and let !G = a*. dm,k is 
our second definition of the functional m-ary cohomology operation corresponding 
to the given Postnikov system ~. 

The equivalence (p of §3 generalizes to an equivalence between ~m and dm,k; 
it is not one to one in the algebraic formalism, but is in the application due to a 
special assumption. 

Our first definition may also be applied to the higher order cohomology operations 
constructed by Massey [7J in order to define the corresponding functional opera
tions. Unfortunately, the equivalence theorem doesn't hold in that case. 

We now state a theorem which shows that functional m-ary cohomology opera
tions are sufficient to decide whether or not a given map a : L----+ K is homotopic 
to a constant when L is a finite dimensional OW-complex, and K is a space of 
loops (this is a generalization of the usual notion of "stable range"). Let B be the 
set of higher order cohomology operations coming from the exact couple correspond
ing to the Postnikov system for K. 

THEOREM 4.1. a is Jwmotopic to a constant if and only if all functional coJwmology 
operations coming from a and operations in B are zero. 

5. The composition theorem 
We now state our composition theorem; the proof is quite easy using the second 

definition. This theorem shows that under certain conditions, the composition of a 
functional m-ary cohomology operation and a functional n-ary cohomology 
operation is a functional (m + n)-ary cohomology operation. 

Let a : L ----+ K and b : It! ----+ L. Then we have functional cohomology operations 
defined by a*, denoted by dm,a' and defined by b*, denoted by dm,b (both coming 
from the exact couple corresponding to a given Postnikov system ~). 

THEOREM 5.1. When both sides are defined, dm+m,ab = d .. ,/J dm,a' 
If both a and b are non-trivial, then is the composition ab non-trivial? In order 

to apply Theorem 5.1 to this problem in a particular example, one must construct 
a Postnikov system which will contain d",o and dm,a at the appropriate levels. 
Examples of the computations necessary to apply Theorem 5.1 appear in [10J; 
Adem [2] has a different approach which may be viewed as the case m = n = 1 of 
Theorem 5.1. 

6. Duality 

Hilton [5J has indicated that there exists a certain duality in homotopy theory. 
Motivated by this idea, we are led to the dual of a Postnikov system, where the 
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definition; our algebraic constructions generalize these two methods to functional 
higher order cohomology operations. 

Let a: L--+K. Let M = K Ua OL, where OL denotes the oone on L, attached 
to K by a. Let b : K --+ M be the inclusion, and c : M --+ SL be defined by collapsing 
K to a point. Then the sequence 

abc Sa 8Tb 
L-+ K -+ M -+SL-+SK -+ ... -+srK -+srM -+ ... 

is a coexact sequence of spaces in the sense that the induoed sequence 

8Tb# a# 
.. '-+7T(srM; Y)~7T(srK; Y)-+" '-+7T(K; Y)-+7T(L; Y) 

is exact. Let 0: K(7T, n)--+K(O, q) be a given additive co,homology operation. 
Then we have a commutative diagram with exact rows and columns (where X is 
the space construoted in §2). 

a* Hn-l(K; 71) --+ Hn-l(L; 'IT) 

t 10 PO 
a* Hq-l(K; G) --+ Hq-l( L; G) 

t t 
a# 

7T(K; X) -+ 7T(L; X) 

t t 
a* c* b* a* Hn-l(K; 71) -+ Hn-l(L; 71) --+ Hn(M; 'IT) -+ Hn(K; 'IT) -+ Hn(L; 71) 

t I 8 ·Po to t8 to 
a* c* b* a* Hq-l(K; G) -+ Hq-l(L; OJ -+ Hq(M; G) -+ Hq(K; 0) -+ Hq(L; G) 

Fig. 2. 

Let U EHn(K; 'IT) be such that a*(u) = 0 and O(u) = O. Define 

Oa(u) EHq-l (L; O)/(lm a* + 1m 10) 
by 

Oa(U) = (c*)-18(b*)-I(U). 

This is essentially the definition of Steenrod. By going up and to the right instead 
of down and to the left, we may define Oa(u) E Hq-l(L; O)/(Im a* + 1m 18) by 

Da(u) = w-1a#p-l(u). 

These two definitions are equivalent in the sense that there is an automorphism 
cP of a subgroup of Hq-l(L; O)/(Im a* + 1m 18) such that CP8a(u) = Oa(u); cP is 
given by 

cP = m-1a# p-1b * O-IC* . 

In §4 we will generalize this second definition to funotional higher order cohomology 
operations. 
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We now give the algebraic formalism for our generalization of the Steenrod 
method. Let (A', 0 ' ), (A, 0), and (A", 0") be exact couples, and let i : (A', 0')_ 
(A, 0) andj: (A, 0)-+ (A", 0") be couple maps. Assume 

0-+ (A', O').! (A, O)L (A", 0")-+0 

is exact in the sense that 

o-+o'.!oLo"-+o 

is exact. By the usual algebraic construction [3; p. 40], we get an exact triangle, 

il 
0'1-+ 0 1 

~1' /jl 
O~ 

where LlI({U}) = (i)-ld(j)-l(U) for U EO" representing {u} EO~. If LlI = 0, then 

(A' 0' il A 0 jl " 1/ 0-+ 1'1)-( l' I)-(A1,01)-+0 

is exact in the above sense. and we may repeat the process. In general, if Lll = 0, 
•.. , Llm- I = 0, then we may define 

Llm : 0;;' -+ 0;" such that 

is an exact triangle. 
In our application, (A', a') is the exact couple for L coming from the Postnikov 

system ~, (A, 0) is the exact couple for M, (A", 0") the exact couple for K, i = c*, 
and j = b*. We define Llm to be the functional m-ary cohomology operation 
corresponding to the given Postnikov system ~. It should be noted that in our 
application, all exact couples are bigraded, and that Ll;; might be defined without 
assuming all Ll~~l are zero; this can be done but is very complicated. 

4. Functional cohomology operations: the second method 
We first give the necessary algebraic formalism. Let (A ", 0") be an exact couple. 

U EO" can be lifted m-8tages if there exists an element a E A" such that h"(u) = 
(f")m(a). U can be lifted m-stages if and only if d(u) = 0, d1({u}} = 0, • ", 
dm_I{{u}) = 0. 

Let k: (A,i, 0") -+ (A''', 0''') be a couple map. We assume k : 0" -+ 0'" is zero. 
For convenience, set 0'" = am lIm gil', We now define a sequence of operations, 

dm,lr;' 
Define 

dl ,7c : 0: -+ om 
as follows: Let u EO" represent {u} E O~. Let a E A" be a lifting of u one stage. 



164 FRANKLIN P. PETERSON 

building blocks are spaces having a single non-vanishing cohomology group, and 
where the analogue of the k-invariants are elements of the generalized homotopy 
groups of the partiaIly constructed space (generalized homotopy groups as in 
[9; p. 279]). Using this, we can construct an exact couple whose derivations are 
higher homotopy operations; all the algebraic constructions of this paper carry 
over and we have functional higher order homotopy operations and a corresponding 
composition theorem. 
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COHOMOLOGY OPERATIONSl 

By N. E. STEENROD 

1. Introduction 

Speaking roughly, cohomology operations are operations which, when applied 
to cohomology classes of a space, produce other cohomology classes. Examples are 
plentiful. The simplest is addition: if u, v are elements of the q-dimensional cohomo
logy group Hq(X; G) ofthespaceXwithcoefficientgroupG, thenu + v EHq(X; G). 
Another is the cup-product: if u E HP(X;G) and v E Hq(X;Gf

), then u~v E 

Hp+q (X; G ® Gf
). Again, if 'fJ; G-+ Gf is a homomorphism, then 'fJ induces a 

homomorphism 'fJ*: Hq(X; G)-+HIl(X; Gf
), and this operation is referred to as a 

coefficient lwmomorphism. Next is the Bockstein-Whitney coboundary operation. 
It is associated with an exact coefficient sequence 0-+ Gf -+ G-+ G" -+ 0, and is 
a homomorphism l5* : Hq(X, G")-+HQ+1(X; G'). These four will be referred to 
as the elementary operations. 

Less elementary are the cyclic reduced powers [12] 

Sq;; Hq(X; Z2)-+HQ+i(X; Z2)' 

~: Hq(X; Z1J)-+HH2i(P-l)(X; Zp). 

Here p is an odd prime, and Zp is a cyclic group of order p. Related to these 
operations are the Pontrjagin square 

~z : Hq(X; Z2k) -+ H2q(X; ZZk+1); 

and its generalization to odd primes p found by Thomas [15] 

~1J: Hq(X; Zpk)-+Hpq(X; Z1Jk+1)' 

It is clear that many more operations can be built by composing the ones above 
in various ways, e.g., 

~1J(~u~ &~(v + w» 
is a cohomology operation of 3 variables. It is the main contention of this article 
that it is highly probable that the operations listed above generate all others by 
such compositions. Precise results supporting this view will be given. 

This is a semi-expository article in which we will review most of the known facts 
with some mild improvements, and present a few new ones. The main novelty lies 
in the treatment of cohomology operations of several variables, and in the reduction 
theorem of §5. In addition to the papers referred to above which present specific 
cohomology operations, there are three published accounts treating the subject 

1 Work supported in part by U.S. Air Force Contract AF 18(600)-1494. 

165 



166 N. E. STEENROD 

from a general view-point. These are by Ellenberg and MacLane [10], Serre [II], 
and Cartan [6]. 

It is important to note that we are restricting our attention to cohomology 
operations which are defined over the entire cohomology group and not to just a 
part. These are sometimes called primary operations as opposed to secondary 
operations which are defined only when some primary operation is zero (see the 
articles of Adem and of Massey). 

At the end of this article a brief discussion is given of homology operations the 
import of which is that, although they exist, they are not as interesting as cohomo
logy operations. 

2. The general concept of cohomology operations 
If a dimension g and a coefficient group G are specified, then the gth cohomology 

group with coefficient group G is a contravariant functor Ha( ; G) defined on the 
category of spaces and continuous mappings with values in the category of groups 
and homomorphisms. Precisely, if X is a space, then Ha(x; G) is a group, and if 
f: X --+ Y is a mapping, thenf* : Hq( Y; G) --+ Ha(x; G) is a homomorphism called 
the induced homomorphism. The latter satisfies the two axioms required in the 
definition of functor: first, iff: X --+ X is the identity, then f* is the identity; 
and second, iff: X --+ Y and g : Y --+ Z, then (gf)* = f*U*. 

Briefly, a cohomology operation of one variable is a natural transformation of 
one such functor into another. To be precise, a cohomology operation T is associated 
with a pair of dimensions (g, r) and a pair of coefficient groups (G, G'), and T is a 
natural transformation of Ha( ; G) into Hr( ; Gt

). That is, for each space X, T x is 
a function 

Tx: Hq(XiG) __ Hr(X;G') 

such that, for each map f : X --+ Y, the commutativity relation 

Txf* =f*Ty 
holds in the diagram 

~f* tf* 
T 

Ha(x; G) ~ Hr(x; G'). 

For fixed (g, G; r, G'), the set of all such operations is denoted by O(g, G; r, G'). If 
Sand T are in O(g, G; r, G'), we define their sum by 

Then O(q, G; r, G') is an abelian group. 
It must be emphasized that T:x is not required to be a homomorphism. For 

example the Pontrjagin square is not a homomorphic operation. However it is a 
quadratic operation. The Pontrjagin cube is cubic, etc. It is shown in §6 that each 
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cohomology operation of one variable satisfies some algebraic identity, i.e., it is 
a kth power operation for some integer k. But it is important that the definition of 
cohomology operation imposes no restriction on the algebraic nature of the function 
T x' It is a consequence of this generality that Hf1( ; G) and Hf'( ; Gt

) must be 
regarded as functors whose range category consists of abelian groups and arbitrary 
functions from one such to another. This is necessary if T is to be a natural trans-
formation in the strict sense. ' 

The operations listed in §1 satisfy the above definition except for addition and 
cup-product which are cohomology operations of 2 variables. To define the general 
notion of a cohomology operation T of k variables, we must suppose given k + 1 
dimensions q1' ••. , q,v r and corresponding coefficient groups G1, " " Gk, Gt

• 

Then, for each space Yand elements ui eHq,(y; Gi ), i = 1, • ", k, T assigns·an 
element • 

T(uv "', Uk) eHf'(Y; G') 

such that, for eachf: X-,;> Y, we have 

This implies that T is a natural transformation of the cartesian product of the 
functors H'J;( ; Gi ) into Hr( ; G' ). 

In the case of the cup-product, the operation is bilinear, and therefore the map
ping of H'P(X; G) X Hq(X; G' ) -';> H'P+f1(X; G ® G' ) extends to the tensor product 
H'P ® H'J -';> H'P+q. It is a somewhat paradoxical fact that the simplest operation of 
2 variables, namely addition, is not bilinear. 

The composition of cohomology operations is defined in the obvious way. For 
example, if T is the operation of k variables described above, and if T 1 is an 
operation on 1 variables whose range functor is Hf11( ;Gl ), then 

T(Tl(V1, ••• ,vz), u 2' ••• ,Uk) 

is an operation of k + 1 - 1 variables. 
If T is an operation on k variables, as described above, and if ql = q2 and 

Gl = G2 , then an operation T' on k - 1 variables is obtained by setting 

We refer to T' as a restriction of T. It is understood that one may restrict on any 
pair of variables having the same domain functor. 

A collection of cohomology operations is said to generate all operations if each 
cohomology operation can be built out of the operations of the collection by a finite 
numoor of compositions and restrictions. 

The main problem under disucssion can now be formulated: Find a simple 
collection of colwmology operations which generates all others. 

Once a system of generators has been found, there arises an important subsidiary 
problem: Find a basis for the relations that the generators satisfy. A relation of course 
is an identity of two operations built from the generators in formally distinct ways. 
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The operations mentioned in §I satisfy many important il;lentities. For example, 
u_v is bilinear and associative, (YJ'is linear, and 

g;k(U~V) = 2i+;=., {YJiU_ (YJiv. 

Additional identities -can be found in [12], and in the papers of Adem [I, 2, 3,] and 
Cartan [5]. 

3. The complexes K(n, n) of Ellenberg and MacLane 
H n is an abelian group and n > (} is an integer, then a space Y is said to be of 

type K(n, n) if it is arcwise connected and all its homotopy groups are zero except 
n,,(Y) which is isomorphic to TT. For example, a circle is of type K(Z, 1) where 
Z = integers (it is covered by a line which is contractible space). Also the infinite 
dimensional real projective space is of type K(Z2' I) (it is covered twice by the 
infinite dimensional sphere Soo, whose homotopy groups are zero). Another example 
is the complex projective space of infinite dimension. It is of type K( Z, 2) since it is 
the base space of a fibration of SOC> by circles, i.e., by fibres oftype K(Z, I). There 
are spaces, in fact CW-complexes, of type K(n, n) for any prescribed (7T, n). 

If Y is of type K(TT, n), then the Hurewicz theorem asserts that the natural 
map 4> : TT n( Y) -+ Hn( Y) is an isomorphism. So 4>-1 is defined and is an element of 
Hom(Hn(Y), n,,(Y». Since H n- 1(Y) = 0, it follows that the natural map 

Hn(y; TT.,,(Y»-+ Hom(H.,,(Y), TT,,(Y)} 

is an isomorphism. The element Uo E H"(Y; TT.,(Y» corresponding to 4>-1 is called 
the fundamental class of Y (see [13; p. 187]). Then for any space X and any map 
f: X -+ Y, the element f*uo EHn(x; 7Tn(Y» is defined and depends only on the 
homotopy class of f. The importance of the K(TT, n) spaces is expressed by the 
following known result: 

3.1. If YisoftypeK(TT, n),andX isacomplex,thentlteassignmenttoeachf: X -+ Y 
of f*uo defines a I-I correspondence between the homotopy classes of maps X -+ Y 
and the elements of Hn(x; TT,,(Y)). 

A proof of this proposition in the geometric case can be found in [8; p. 243, Th. II] 
and for the purely algebraic case of semi-simplicial complexes see (10; pp. 520-521]. 
In essence the argument is the one used by Hopf in classifying the mappings of an 
n-complex into an n-sphere. A corollary is that, within the realm of CW-complexes, 
any two spaces of the type K(TT, n) have the same homotopy type, and therefore 
their homology and cohomology groups depend only on (TT, n). Because of this 
Hr(y; G') may be written Hr(TT, n; G'). 

The importance of K(TT, n) spaces to the study of cohomology operations is seen 
as follows. Let T : Hq( ;0) -+ Hr( ;G') be a cohomology operation of one variable 
as indicated. Let Y be a K(G, q) space. Then T may be applied to the fundamental 
class Uo E Hq( Y; G) to give an element Tuo E Hr( Y; G'). Now, if (q, G) and (r, GT

) 

are fixed, we may regard Tuo as a function of T, and then we have a mapping of all 
cohomology operations relative to (q, G; r, GT

) into H~(Y; GT
) = Hr(G, n; G'). Then 

we have. 
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3.2. The assignment T -+ Tuo defines an isomorphism between all cohorrwlogy 
operations O(q, G; r, G/) and the elements of Hr(G, q; G/). 

This result is due to Sene [11; p. 220] and independently to Eilenberg-MacLane 
[9]. The proof rtlllB as follows: Suppose'T, T' are two operations such that Tuo = 
T'uO' Let X be a complex, and U E Hq(X; G). Then there is a map f; X -+ Y such 
that u = f*uo• Therefore 

Tu = Tf*uo = f*Tuo = f*T'uO = T'f*uo = T'u. 

Thus Tand T' coincide on complexes. Nowletw E Hr(G, n; G/). We must construct 
a T such that Tuo = w. Let X be a complex and U E Hq(X; G). Selectf: X -+ Y so 
that f*uo = u, and define Tu = f*w. If g ; X' -+ X and u and f are as before, 
then fg : X' -+ Y is such that (fg)*uo = g*u. Hence 

Tg*u = (fg)*w = g*f*w = g*Tu; 

and therefore T is natural. That Tuo = w follows by choosing u = uO' and f = 
identity. This proves the proposition within the category of complexes. To obtain 
the extension of the result to the singular theory , one applies the result for complexes 
to the geometric realization of the singular complex of a space. 

The preceding result for operations of 1 variable generalizes to k variables quite 
readily. Consider cohomology operations 0 of k variables relative to (ql' .•• , qk' r; 
G1," • ,Gk,G'). Let Y i be a space of type K(G;, qi)' and set Y = Y1 X .,. X Y k. 
Let r/>i ; Y -+ Y i be the projection; and let Vi E Hq;( Y i ; Gi ) denote the fundamental 
class. The generalized result is as follows: 

3.3. The assignment to each TEO of the element T(r/>iv1, ••• , r/>lv7c) E H1'(Y; G') 
defines an isomorphism between 0 and Hr(y; Gf

). 

To prove this, letXbea complex, andui EHq;(X; Gi ). Chooseamapfi; X-+ Y i 

such thatf1vi= ut ; andletf: X-+ Ybethemapwhosecomponentsare(fI,'" ,fk)' 
i.e., r/>d = fi' Suppose T, T' EO are such that 

T(r/>iv1, ••• , r/>lvk) = T'(r/>iv1, ••• , r/>lv7c ). 

ApplYf* to both sides, use the naturality of T and pI, and the relationf*r/>t =f: 
to Qbtain T(ul , ••• , Uk) = P' (VI' ..• , vk ); and therefore T = T'. On the other hand, 
ifwEH1'(y; G/) is given, we can define a conesponding Tby T(u1,'" , Uk) =f*w. 

4. Characterizations of operations in special cases 
The preceding results will now be applied in certain cases to obtain complete 

information as to the possible cohomology operations. We shall restrict attention 
in this section to operations of one variable. As in §3, Y will denote a K(G, q) space. 

4.1. The operations O{O, G; 0, G' ) an in I-I correspondence with the functions 
from Gw G' . 

The space Y of type K(G, 0) can be taken to be G itself considered as a discrete 
space. Then HO( Y; G/) is a direct sum of copies of G' , one copy for each point of G. 
This implies 4.1. 
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4.2. If l' > 0, then 0(0, G: r, G') = 0, i.e., it consists of the Bingle operation which 
is identicaUy zero. 

With Y as above, we have Hr( Y, G') = 0 for all,. > O. 
4.3. If '1 > 0, then 0('1, G; 0, G') Rj a', i.e., each sueh operation is constant. 
In this case Y is connected, and we have a natural isomorphism HO( Y; af

) Rj Gf
• 

4.4. If r > 0 and T E 0('1, G; r, G'), thenT(O) = O. 
Referring to the proof of 3.2, we have only to choose the map f : X -+ Y to be a 

map into a single point, thenf* maps Hr(y) into zero. 
4.5. If '1 > r > 0, then 0('1, a; r, G') = o. 
By the Hurewicz theorem, ?ri( Y) = 0 for i < '1 implies H i ( Y; G') = 0 for i < '1. 
4.6. If'1 = r > 0, then 0('1, a; '1, G') is isomorphic to the grlJ1),p of all homomorphisms 

a-+ G', i.e. each sueh operation is initueeil by a coejJicient homomorphism. 
By the Hurewicz theorem, G = ?rq(Y) Rj H,,(Y), Hence the group 

Hom(H,iY}, G') may be identified with Hom(G, G'). By the universal coefficient 
theorem, the natural map 

H"(Y; a') -+ Hom{H,,(Y), G') = Hom(a, a') 

is an isomorphism since Hq_I(Y) = O. Thus anyw EHa(y; a') may be identified 
with a homomorphism 'YJ: G-+ G'. The fundamental class U o is the identity map 
G-+ G; hence composing with 'YJ gives 'YJ*uo = w. 

4.7. Ifr > '1= 1 anit G= Z, then 0(1, Z; r, G')= O. 
This follows from the fact that a circle is a K(Z, 1) space. 
4.8. Let q = 2 and G = Z. If r is oild, then 0(2, Z; r, a') = o. If r = 2m is even 

and positive, then each T E 0(2, Z; r, G') is an mth power followed by a coefficient 
homomorphism. 

In this case, we take Y to be the infinite dimensional complex projective space. 
Its cohomology ring over Z is the polynomial ring generated by the fundamental 
class U o of dimension 2. Then Hr(y; a') = 0 when r is odd, and H2m(y; G') R:$ 

Hom{Hzm(Y), G'). Since the m-fold power uV} generates H2m(y), as an element of 
Hom(Hzm(Y), Z) it gives an isomorphism H 2m(Y) ~ Z; hence any element of 
Hom(H2m(Y), G') can be factored into this isomorphism followed by a homo
morphism Z-+ G', 

4.9. Let '1 = 1, r > 0, and 0 = Z2' Then each T E 0(1, Z2; r, 0') is generated 
by cup-products, BocKstein-Whitney coblJ1),ndaries and coejJicient homomorphisms. 

The real projective space of infinite dimension is of type K(Z2' 1). It must be 
shown that the fundamental class uo generates all others using the three types of 
operations. We will assume two facts as known. First, there is a cellular decomposi
tion of Y with exactly one cell e. in each dimension i, with the boundary relations 
oe2i = 2e2i- l , oe2i-1 = O. Secondly, the cohomology ring modulo 2 of Y is the 
polynomial ring generated by uo' Now any W E Hr( Y; G') is characterized uniquely 
by its Kronecker index w ' e .. E Of. 

If r is odd, we must have 2w • er = 0 since w is a cocycle (recall that fJW • er+l = 
W· oer+l = W· 261'). Since ul) • 61' = 1 modulo 2, it follows that 1'J*ul) = w where 
fJ : Z2-'>- Gt sends 1 into W • er• 
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Now let r = 2m be even. Let ~* be the Bockstein-Whitney coboundary associated 
with the coefficient sequence 0---+ Z---+ Z---+ Zz---+ O. Then oe2m = 2e2m-I' and 
u~m-I . e2m- 1 = I modulo 2 imply (~*u~m-l). e2m = 1. And, finally, we have 
fl*(l*u~m-1 = w where fl.: Z---+ G' sends 1 into W· e2m• 

The conclusion of 4.9 also holds for q = I and G = Zit for any integer 1c > O. 
The argunIent is essentially the same using the infinite dimensional lens space in 
place of the projective space. 

The preceding results; although striking in their generality, must be regarded as 
only the first and most rudimentary facts. We have used only the simplest proper
ties of the K(7l', n) spaces. In recent years Eilenberg, MacLane, Canan and Serre 
have obtained far-reaching results concerning the cohomology of these spaces. 
We will conclude this section by stating some of their results (without proofs), and 
interpreting these in terms of cohomology operations. 

4.lO. Let q> 0 and r = q + 1. Then each element of O(q,G; q + 1, G') is a 
Bockstein-Whitney coboundary operator. 

This was proved by Eilenberg-MacLane [10; pp. 528-529]. They establish the 
isomorphism 

Ha+l(G, q; G') ~ Extabel (G, Gf
) 

so that each WE Ha+l corresponds to a unique abelian group extension 0---+ G'---+ 
G" --+ G---+ 0. And then they verify, for the corresponding (l*, that ~*uo = w. 

4.11. If q > 0, r > 0, G is finitely generated, and G' = Zz, then each element of 
O(q, G; r, Z2) is generated by addition, cup-product, Boc1cstein-Whitney coboundaries, 
and the squaring operations Sqi. 

This result is due to Serre [II]. It is a corollary of explicit computations of the 
cohomology ring H*(G, q; Z2) for G = Z, Zz and Z2.' For example H*(Z2' q; Z2) is 
the polynomial ring whose generators are all admissible iterated squares of the 
fundamental class 

where admissible means that 

i1 > 2i2, £2 > 2is, ••. , i"_l > 2i;-
and . "';- . 

i l - L,k=2 1,1t < q. 
4.12. If q -> 0, r > 0, Gis finitely generated, and G' = Z p where p is an odd prime, 

then each element of O(q, G; r, Zp) is generated by addition, cup-product, Bockstein
Whitney coboundaries, and the cyclic reduced pth powers &i. 

This result is due to Carlan [4J . .As in the case p = 2, it is based on explicit 
computations of H*(G, q; Zp) for G = Z, Zp and Zl1A. 

5. The reduction to operations of one variable 
with cyclic coefiicients 

We shall restrict consideration to cohomology operations (of any number of 
variables) whose coefficient groups are finitely generated. Let a denote the family 
of cyclic groups each of whose orders is either infinite or a power of some prime. 
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5.1. Each cohomology operaJ;ion, whose coefficient groups are finitely generated, 
can be expressed as a composition of the following ones: addition, coefficient homo
morphisms, cup-products with coefficient groups in G, and cohomology operations of 
one variahle with coefficient groups in G. 

This gives a two-fold reduction. First, we can reduce from k variables to 1 
variable using only two explicit operations of 2 variables namely: addition and 
cup-product. Secondly, the only operations needed which involve general coefficients 
are addition and coefficient homomorphisms. The problem of finding a basis for 
cohomology operations is thereby reduced to finding a basis for operations of one 
variable with coefficients in G. 

As a first step in proving 5.1, let us show that the operations of addition, coeffi
cient homorphisms, and those operations, whose terminal coefficient group is in G, 
generate all operations. Let T be an operation whose terminal coefficient group 
Gf is finitely generated. Then G' is a direct sum I;Gj where G;j EG. There are 
homorphisms fi : GT --+ Gj and gj : Gj--+ G' such that ill; is the identity of Gj, and 
Ii g;!i is the identity of G'. Then, for any u 1' ••• ,Uk' we have 

T(u1, ••• , Uk) = (If gif;)*T{u1, ••• , Uk) 

= I; gj*{fi*T(u1, ••• , Uk»' 

Now fi*T has Gj E G as terminal coefficient group, and T is expressed in terms of 
the fi*T by means of coefficient homomorphisms and addition. 

Therefore it suffices to prove 5.1 for a T whose terminal coefficient group Gf is in 
G. Let G1, ••• , Gk be its initial coefficient groups. Since each Gi is finitely generated, 
Gi may be written as a direct sum Lrt Gi,rt of groups in O. Let Yi,tX be a complex of 
type K(Gi,rz, qi)' It may be chosen to be finitely generated in each dimension 
[6, Expose II]. Then Y i = II", Yi,rz is of type K{Gi , qi); and Y = IIi Yi is the 
complex constructed in 3.3. We need now a lemma. 

5.2. If K, L are free chain complexes which are finitely generated in each di
mension, then each cohomology class of K X L with a coefficient group in G is 
expressible in terms of cohomology classes of K and L having coefficient groups 
in G by the use of the four operations of addition, tensor product, coefficient 
homomorphism and Bockstein-Whitney coboundary in each case restricted to 
coefficient groups in G. 

The proof is a review of the classical argument due to Kiinneth. Because K, L 
are finitely generated in each dimension, we may reduce each to a normal form 

K= LKi , 

where each K i , L; is an elementary subcomplex, i.e., either all chain groups of Ki 
are zero save in one dimension and this group is infinite cyclic, or all chain groups of 
Ki are zero save in two successive dimensions and these are infinite cyclic. Then 
K ® L = L Ki ® L; which shows that it suffices to prove' the lemma when 
K, L are elementary. We shall discuss only the least simple case where K is 
generated by chains a and b with oa = a.b, and L is generated by chains c and d 
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with OC = yd. Choose integers m, n such that ma. + ny = A is the G.C.D. of a. and 
y. Let a.' = a.IA and y' = ylA. Then K ® L is reduced to the normal form 

o(a ® c) = Af where f= a.'b ® c + (-lY'y'a ® d, 

og = Ab ® d where g = (-1 )k+! nb ® c + ma ® d, 

and k = dim a. Let a', b', c', d t be the co chains having the value 1 on a, b, c, d, 
respectively. Setting 

f' = mb' ® c' + (_I)k nat ® d', 

g' = (_I)k+! y'b' ® c' + a.'a' ® d f
, 

then Hom(K ® L, Z) is reduced to the normal form 

bf' = Aa' ® c', b(b' ® d') = Ag'. 

Consider first the cohomology of K ® L with coefficients in Z. The only cocycles 
are the multiples of at ® c' and g'. Since the first is a tensor product of cocycles, we 
need consider only the second. Since b', d' are cocycles mod A, so also is b' ® d'. 
Now b(b' ® d') = Ag' implies that the class of g' is the Bockstein-Whitney co
boundary b* of the class mod A of b' ® d' where b* is defined relative to the 
sequence 0- Z.-+ Z_ Z .. _O. In case A is a prime power, the argument in this 
case is complete since Z, Z" are in O. Suppose not, and that A. = pkp where P is 
prime to p. Again b', d', b' ® d' are cocycles modpk, and pg' is a B-W coboundary 
relative to 0 _ Z _ Z _ Z ~k - O. We can do this for each prime power factor of 
A, and obtain cocycles PIg', .•. , P8g' where only coefficient groups in 0 are used. 
Since the p's are relatively prime, a linear combination of these gives g'. 

Finally consider, the cohomology with coefficients Z,. where r = ph is a prime 
power. Having obtained a' ® c' and g' as integral co cycles by the allowed opera
tions, we obtain them as cocycles mod r by applying the coefficient homomorphism 
Z _ Z,.. Suppose t is an integer and that 

tf= m(th') ® (;' + (-l)kna' ® (td') 

is a co cycle mod r. Then tA = 0 mod r. This implies t(1. = 0 _ ty mod r. Hence tb' 
and td' are co cycles mod r. It follows that tf is a sum of tensor products of cocycles 
mod r. Again, if t(b' ® a') is a co cycle mod r, then tA = 0 mod r. Let A. = pTe P where 
pis prime to p. Then a homomorphism 'IJ: Z~k_ Zp/l is defined by 'IJ(I) = t since 
tpTe _ 0 mod ph. Therefore the cocycle t(b' ® d /) is obtained in the required manner 
as the image under 'IJ of the tensor product of the co cycles b', d' mod pTe. 

Returning now to the proof of 5.1, an induction based on 5.2 shows that the 
cohomology H*(Y; G'} is generated by the cohomologies H*(Yi,a.) with coefficient 
groups in 0 using the operations +, ®, coefficient homomorphisms, and b* with 
coefficient groups in O. The tensor product is turned into a cup product by using the 
following well-known relation: If cPl' cP2 are the projections of Kl ® K2 into its 
factors and vl , v2 are cohomology classes of Kl> K 2, respectively, then 

VI ® V2 = (cPtUl) ~(cP: U2)· 
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Therefore the preceding statement holds with 0 replaced by ~if the cohomology 
groups H*( Yi ,,,,) are replaced by their images induced by the projection 1>.,,,,; Y_ 
Yi,oc' 

Let vi,oc be the fundamental class of Yi,oc' and let z be any class of Yi,oc with co
efficient group in O. If Tit is the corresponding cohomology operation of one variable 
(see 3.2), it follows from 3.2 that . 

T,,1>t,.(vi ,oc) = 1>ta(z). 

Therefore, the classes 1>t,Avi,a) generate H* (Y; G/) using only the operations listed 
in 5.l. 

Let 1'Ji,1X : Gi - Gi,ff. be the projection associated with the decomposition Gi = 
2: Gi,oc' If Vi is the fundamental class of Y i , and 1>.: Y - Yo: is the projection, it 
is easily seen that 

1>tff.(Vi,oc) = 1'Ji,oc* 1>7(Vi)' 

It follows that the elements 1>i(vi ) generate H*(Y; Gt
) using only the operations 

listed in 5.l. If we recall from 3.3 that T(1)ivl'''' ,1>:vk ) is the element ofH*(Y; G/} 
corresponding to T, we see that the proof of 5.1 is complete. 

6. Linearity and other algebraic properties of 
cohomology operations 

Most of the explicit operations discussed in §1 are linear (i.e., homomorphic). 
The existence of some which are not calls for an investigation of the algebraic 
properties which operations satisfy. 

Let T E O(q, G; T, G/) where q > 0 and T > O. Define a corresponding cohomology 
operationT2 of 2 variables, relative to (q, G, q, G; T, G') by 

(6.1) T a(u, v} = T(u + v) - T(u) - T(v). 

It is called the deviation of T from linearity. It is symmetric: T 2(U, v) = T a(v, u). 
Let Y be a space of type K(G, q). The results of §3 assert that T is uniquely 

determined by the element T(uo} E H"( Y; Gf
) where Uo is the fundamental class 

of Y, and T 2 is uniquely determined by 

(6.2) 

We shall present a direct relation between these two classes of Yand Y X Y. 
We digress for a moment to recall some facts about the cohomology of a product 

space Xl X X 2• Let 1>1> 1>2 be its projections into its factors. Let Xl E Xl and:l:2 E Xl,! 
be base points. Set Xl v X2 = (Xl X Xa) U (Xl X Xa)· Define Yi : X i - Xl X X2 
for i = 1, 2 by YI(X) = (x, x2) and Y2(X) = (x1> x). Let 1>0 : Xl X Xa - Xo be the 
mapping into the single point Xo = (Xl' x2)' Finally, let . 

J Y 
Xl V Xa- Xl X Xa- (Xl X Xa, Xl V Xa) 



COHOMOLOGY OPERATIONS 175 

be inclusion maps. Then the cohomology H*(Xl X X 2) with any coefficients 
decomposes into a direct sum 

(6.3) 

where 
Ao = image cfori ~ H*(xo} = HO(xo)' 

Ai = image cfoi ~ H*(Xi , Xi)' i = 1, 2, 

Al2 = (kernel yi) n (kernel g;) 

= image g* ~ H*(Xl X X 2, Xl V X 2). 

It is well known that 

H*(Xl v X 2) ~ H*(xo) + H*(X1, Xl) + H*(Xz, xz), 

because it is a union of two spaces with a single point in common. The restriction 
mapping f* is readily seen to be an epimorphism: f*cfori picks out H*(xo), and 
f*cfot picks out H* (Xi' Xi)' Hence the exactness of the cohomology sequence implies 
that g* is a monomorphism. These facts imply the splitting 6.3 as stated. We shall 
apply this result with Xl = X z= Y. 

The space Y is an H-space. Explicitly, if Yo E Y is a base point, then there exists 
a mapping h : Y X Y -+ Y such that 

(6.4) hey, Yo) = y = h,(Yo, y) for all y E Y. 

Its existence is derived from properties already stated as follows. By 3.1, there is a 
map h : Y X Y -+ Y such that 

(6.5) 

Since cfolYl = identity, and cfozYl = constant, we have yih*uo = uo. Therefore 
3.1 asserts that hi Y X Yo is deformable into one satisfying h(y, Yo) = y. The same is 
true of hlyo X Y. A suitable extension of these homotopies to Y X Y gives the 
required h. 

The relationship between the cohomology classes corresponding to T and T z is 
given by 

(6.6) 

For, by definition, 

T 2{cfoiuo, cfo:uo) = T(cfoiuo + cfoiuo) - Tcfoiuo - Tcfoiuo; 

and we obtain (6.6) by using (6.5), and the obvious commutativities Th* = h*T, 
T4>t = 4>iT. 

It follows now from (6.6) and the direct sum decomposition (6.3), that 
T 2(cfoiuo' 4>iuo) is just the component of h*T(uo) in the summand Au. Now, by 
definition, an element W E H*(Y) is called primitive if h,*w = 4>iw + 4>iw, i.e. the 
component of h*w in Au is zero. Thns we have 

6.7. The operation T is linear if ani/, only if its corresponiling cohomology clas8 
T(uo) E Ht-(G, q; G') is a primitive element. 
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Now the KUnneth formulas for the cohomology of a product with integer 
coefficients give 

Hr(y X y, Yv Y) f':j 2~:iH8(Y'YQ) ® Hr-"(y, Yo) 

+ L:::f Tor (H8( Y, Yo), Hr-a-1( Y, Yo)). 

If we recall that Y is (q - 1 )-connected, it follows that Hr( Y X Y, Y v Y) = 0 for 
o < l' < 2q. This implies that Au = 0 in the same range; and hence 

6.8, If '1' E O(q, G; '1', G') where q > 0 and 0 < r < 2q, then '1' is a linear operation, 
i.e., Ta= O. 

In case '1' is non-linear, we may ask if its '1'2 is bilinear. We define '1'8 to be the 
operation of 3 variables which measures the deviation of '1'2 from linearity in either 
variable: 

Ta(u, v, w) = T 2(u + v, w) - T 2(u, w) - T 2(v, w) 

(6.9) = T(u + v + w) - '1'(u + v) - '1'(u + w) - T(v + w) 

+ T(u) + T(v) + T(w). 

= T 2(u, v + w) - '1'2(u, v) - T 2(u, w). 

We shall say that '1' is quadratic if its '1'3 = O. Note that a linear operation is 
automatically quadratic. 

Now 3.3 asserts that '1'3 is uniquely determi,ned by 

(6.10) 

If we apply (6.3) twice, we obtain a direct sum decomposition for H*{ P), namely, 

where 

Ao 1'::1 H*(yo), Ai f':j H*( Y, Yo), Aij f':j H*( y2, Y V Y) 

A 123 1'::1 H*(Y3, (y2 X Yo) U (Y X Yo X Y) U (Yo X Y2». 

The subgroup A 123 can also be characterized as the intersection of the kernels of the 
homomorphisms H*( y3)--+ H*( Y2) induced by the throo cross-sectional imbeddings 
of Yo X 1'2, Y X Yo X Y and y2 X Yo in P. Denote these by Uv Ua' U3' Since 
chUl(Y2} = Yo' we have ufo/tuo = O. Therefore uf applied to (6.10) gives 

T 3(0, ui fri uo, ui f't uo)' 

If, in (6.9), wereplaceu by 0, the expression for '1'a reduces to '1'(0); and by4Athis 
is zero. Similar arguments show that uri and U't also map the element (6.10) into 
zero. Thurefore it lies in the subgroup A 12a• The Kunneth formulas for the triple 
product with integer coefficients show that A 123 is the direct sum of triple products 
(tensor, torsion and mixed) in which all three factors have positive dimension. 
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Since Y is (q - I)-connected, we have A 123 = 0 in dimensions <3q for integer 
coefficients, and hence for all coefficients. This proves 

6.11. If q > 0 and 0 < r < 3q, then each T E O(q, G; r, G') is quadratic. 
H we compare the results 4.5, 6.8, and 6.11, we have 

o < r < q implies T is zero, 

q < r < 2q implies T is linear, 

2q < r < 3q implies T is quadratic. 

The general case is readily described as follows. The operation Tk of Tc variables 
associated with Tis defined inductively by Tl = T and T1c+l is the deviation of Tk 
from linearity in its first variable. Then Tk is symmetric in its variables, and is 
given by 

Tk(U1,' .• ,Uk) = L (-I)k-BT(Ui1 + ... + u i) 

where the sum is taken over all distinct sets il>"', i" satisfying 1 < i l < 
i2 < ... < i. < k. We say that T is a Tcth power operation if T1c+l is identically 
zero. This is equivalent to requiring Tk to be linear in each variable, TTc-l to be 
quadratic in each variable, etc. The general result becomes 

6.12. If q > 0 and 0 < r < (Tc + l)q, then each T E O(q, G; r, G') is a kth power 
operation. 

The proof is omitted since it is an obvious generalization of the ones given already 
in the cases k = I and 2. 

The above result can be found in the paper [10] of Eilenberg and MacLane in a 
somewhat different form (see Th. 8.1, p. 527). 

7. Relative groups. coboundary and suspension 
The definition of a cohomology operation T of one variable, given in §2, demanded 

only that it be defined on the absolute cohomology group Hq(X: G). HAc: X, we 
have the relative group HIl(X, A; G), and we can regard HIl( ; G) as a functor 
defined on the category of pairs of topological spaces and mappings of pairs. We may 
now define a cohomology operation as a natural transformation of the enlarged 
functors Ha( ; G) -+ Hr( ; G'). A priori, this definition would be expected to give 
a smaller set of operations than before. But this is not the case, each operation in 
the former sense is the restriction of a unique operation in the latter sense. 

To see this, it suffices to consider the extension of Theorem 3.2 to the relative 
case. As a first step, one genera.lizes 3.1 by replacing X by a pair (X, A), choosing a 
base point Yo E Y, and considering homotopy classes of maps f: (X, A) -+ (Y, Yo) 
relative to A. Then the conclusion of 3.1 holds with Hn(x; lTn(Y» replaced by 
Hn(x, A; 17 n( Y)). The proof is no more difficult than in the special case A = 0. In 
positive dimensions HP(Y, Yo) ~ HP(Y); so the fundamental class U o of Y may be 
regarded as in Hq(y, Yo; G), and then 

Tuo EHr(y, Yo; G'} ~ Hf"(G, q; G'). 
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With these modifications, the statement and proof of 3.2 remain valid when q and 
r are positive. 

In the cohomology sequence of (X, A), every third homomorphism isa coboundary 

(7.1) 

and the others are induced by inclusion mappings. The latter commute with 
cohomology operations. It makes no sense to ask if a particular T commutes with 
d because the dimensions involved do not agree. However, there is an important 
relation which we will proceed to develop. 

Let T E O(q, G; '1', G') where q > 0 and 'I' > O. Let OX denote the cone on X, i.e., 
the join of X with a point. Since OX is contractible, its cohomology is zero, and 
therefore 0 is isomorphic: 

o : H'P(X) l':::$ HP+l(OX, X) p>O. 

When p = 0, JIO(X) must be interpreted as the reduced cohomology group. Then, 
for each u E Hfl-l(X; G) we de:fin6 T'u by 

(7.2) T' u = o-lT/Ju E nr-1(X; G'). 

Since the cone construction is functorial we obtain a cohomology operation 
T' E O(q - 1, G; 'I' - 1, G'). It is called the suspeMion of T. 

7.3. If T' is the suspeMion of T, u E nll-I(A; G), and 0 is as in 7.1, then 

oT'u=T/Ju. 

For 7.3 to be true, W6 must impose a mild condition on (X, A), nam61y, that the 
identity map of A can be extended to a map f : (X, A) -+ (GA, A). If A is triangu
lable, so is GA; and since GA is contractible, the homotopy extension property, 
applied to the constant map of X into the vertex of OA, gives the required f. 
If 01 is the coboundary operator for (GA, A), then (7.2) becomes 

T'u = 011TolU, or ('JlT'u = To1u. 

If we apply f* to both sides, use j*01 = o(fIA)* = 0, andf*T = Tj*, we obtain 
the formula 7.3 . 

.An infinite sequence of operations {TA;} (Tc = 1, 2,"') such that TA; E 

O(le, G; Tc + i, G') and TA;is the suspension of Tl<+l foreachk,is customarily treated 
as a single operation called a stable operation of degree i. For example Sq' is stable 
of degree i, and ~ is stable of degree 2i(p -1). A coefficient homomorphism is 
stable of degree 0; and a Bockstein·Whitney coboundary is stable of degree 1. 
However the Pontrjagin pth powers are unstable: they cannot be represented as 
suspensions. This is a consequence of their non-linearity and the following result. 

7.4. The sU8peMion of a cohomology operation is aZways a linear operation. In 
particular each stable operation is linear. 

Since 0 is linear, inspection of (7.2) shows that it suffices to prove that 

T : nll(GX, X; G) -+ H"(GX, X; G') 
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is linear (even though T may not be linear for more general spaces). Let (SX, xo) be 
the space obtained from (aX, X) by collapsing X to a point xo; and let f: (aX, X) __ 
(SX, xo) be the collapsing map. Then SX is the suspension of X. For all coefficient 
groups, 

Therefore it suffices to prove that 

T : HfJ.(SX, xo; G) -- Hr(sX, xo; G/) 

is linear. Again, the inclusion map of SX in (SX, xo) induces isomorphisms in all 
dimensions >0; hence it suffices to prove that 

T : H'l(SX; G) __ Hr(sx; G/) 

is linear. Now SX has topological category 2, i.e., it can be decomposed into two 
sets each contractible in SX. So it suffices to prove that any T is linear when restric
ted to the cohomology of a space of category 2. This is a special case of the following 
proposition: 

7.5. II X is a 8pace 01 category k + I, then each operation T 01 one variable, when 
restricted to the cohomology 01 X, is a kth power operation. 

Referring to §6, it suffices to prove that the associated T 7c+l' when restricted to 
the cohomology of X, is zero. Let Y be a space of type K(G, q}. In yk+1, let W be 
the union of the k-fold subproducts obtained by requiring at least one coordinate to 
be the base point Yo E Y. As shown in §6, T k+1 corresponds to an element 
z E Hr (Yk+l; G' ) which belongs to the kernel of the homomorphism 

g* : Hf'(Yk+1; G/) __ Hr(w; G/) 

induced by the inclusion. If ul,'" ,u7c+l EH'l(X; G), then 3.3 gives 

T k+1(Ul' ••• ,uk+1) = I*z 

for some map I: X -- y7c+1• We can suppose the components (fl' ... '/k+1) of I 
have the property I;(xo) = Yo where Xo is a selected base point in X. Since X has 
category k + I, it is the union of closed sets Xi (j = I, •.. , k + I) such that, for 
each j, there is a homotopy F j : X X I __ X satisfying 

Fix, 0) = x for XEX, Fix, I) = Xo for XEXi . 

Define a homotopy of I by 

j= I,'" ,k+ 1. 

Then/(x,O) = I(x). Whent = I and x E X, we have x E X; for somej; and therefore 
I(x, I) lies in W.Letf'(x} = I(x, I). Thenf' canbefactoredl' = ghwhereh: X __ W. 

Thus 
I*z = I'*z = h*g*z = O. 

REMA.:RKS. The term "suspension" is used since it corresponds, under the 
isomorphism 3.2, to the suspension homomorphism 

u : Hr(G, q; G/) __ Dr-l(G, q - I; G/) 



180 N. E. STEENROD 

studied in the theory of the Eilenberg-MacLane complexes. The linearity of a 
suspension (see 7.4) corresponds to the property that an image element of (J is 
always primitive (see 6.7). It is known that not every primitive element is a 
suspension (see John C. Moore, On the homology of K(7T, n), Proc. Nat. Acad. Sci. 
U.S.A.,43 (1957),409-411). 

The proposition 7.5 has a generalization to arbitrary operations which we will 
describe briefly. The decomposition of the cohomology of Xl X X 2 given in (6.3) 
generalizes to products of k factors 

H*(XI X .•. X X Te) = AI) + Zf=l Ai + Zi<i A.; + ... + Au·· 'Te' 

If this is applied to a product of Eilenberg-MacLane complexes, it follows that any 
operation T of k variables can be decomposed into a sum of operations T = ZT, + 
T' where T'is an operation on k variables, each T; is an operation on <k variables, 
and T', T j are normal operations in the sense that they are zero when anyone of 
their respective variables is zero. The argument of 7.5 shows that, in a space of 
category k, any normal operation of k variables is identically zero. This generalizes the 
known fact that, in a space of category k, the cup product of k cohomology classes 
of positive dimension is always zero. 

8. A likely basis for cohomology operations 
In view of the reduction theorem of §5 a set of cohomology operations which 

generate all operations of one variable with coefficient groups in e must necessarily 
be a basis for all operations. A detailed study of the K(7T, n)-spaces with 7TEe 

should lead to a solution. This is certainly feasible; and already it has been pushed 
quite far by Cartan [6]. Generalizations of the results 4.11 and 4.12 are needed in 
which the terminal coefficient group Zp is replaced by Z and also by Zph' 

It is to be emphasized that the explicit cohomology operations Sqi, ~2' ~, ~'" 
were discovered and studied using methods apparently unrelated to the K(7T, n)
spaces. Recently I have developed a single method which can be used to define all 
of these operations [14]. In fact, the method led to the discovery of ~ l' by Thomas. 
Briefly the method involves the study of the lcth power Xlo of a complex (the 
product of k copies of X), the action ofthe symmetric group of permutations of the 
factors, chain transformations approximating the diagonal map X ~ XTe, . and 
measurements of the impossibility of finding symmetric approximations. 

This new method provides many more cohomology operations of one variable 
than the ones mentioned above. However it gives no essentially new ones. All such 
are generated by addition, cup-products, coefficient homomorphisms, Bockstein
Whitney coboundaries, Sqi, ~2 and the ~, ~1' for odd primes p. This has boon 
proved by Thomas and myself by means of an elaborate analysis of the method 
[14]. This result in itself gives hope that the named operations form a basis. 

The hope is converted into an expectation by a remarkable result proved recently 
by Dold and Thom [7]. If X is any complex, let Y k denote its k-fold symmetric 
product, i.e. Y Te is the decomposition space of XTc under the action of the symmetric 
group. The selection of a base point in X determines imbeddings Y Tc C Y 1+1 for 
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each k. Then Y = U~l Yk is called the infinite symmetrio produd of X. The Dold
Thom result asserts: 

for i>O. 

This result applies to give explicit constructions of K(7T, n)-spaces. It is easy to 
construct a space X whose only non-zero homology group Hn(X) = 'IT; then its 
corresponding Y is a K('IT, n)-space. This shows exactly how the symmetric groups 
enter into the structure of the K('IT, n)-spaces, and brings their construction into 
close conjunction with the method I have used to construct cohomology operations. 
Not much more should be needed to effect a coalescing of the methods. 

If, as expected, the operations listed above do form a basis, remarks are in order 
concerning the second problem stated in §2, that is, finding a basis for the relations 
they satisfy. If the ~'" are omitted from the list for all primes p, then we do have a 
complete set of relations on the others. I am referring now to the relations found by 
Adem [1,2, 3} and by Cartan [5] involving iterations of the Sq' and {30~. The com
pleteness of the relations is proved by the Theorems 4.11 and 4.12. 

Thomas has found a system of relations involving the ~",. It is not likely that this 
is a complete system since there are no known relations as yet concerning com
positions of g;;, and ~",. The test of adequacy is to give generalizations of 4.12 
wherein Z", is replaced by Zp~ and by Z. 

9. Homology operations 
By analogy with §2, a homology operation of one variable is a natural trans

formation of one homology functor into another: T: H,i ; G) ~ H r{ ; G'). If 
Hq( ; G) is replaced by a cartesian product of homology functors, we obtain the 
notion of a homology operation of many variables. Examples of these are also 
plentiful: addition, coefficient homomorphisms, and the Bockstein-Whitney 
boundary operator of a coefficient sequence. 

Less trivial examples are obtained by dualizing the Sq' and {30~. Here we take 
advantage of th& fact that Z2 and Z p are :fields. Because of this we have the well. 
known natural equivalence of functors 

Hq( ; Z'P) ~ Hom(Hq( ; Z",), Zp) 

given by the Kronecker index of a cycle and cocycle mod p. Since 

{30~ : Hfl(X; Z",)~Hqt-2i(7J-ll(X; Z",) 

is a homomorphism, it induces a homomorphism of the dual groups 

Q~: H q+2i(11-1)(X; Z'P)-+Hq(X, Zp). 

The naturality of {30 under :mappings X ~ Y implies that of Q. Notice that this 
method cannot be applied to ~p since it is not homomorphic. 

We proceed now to study the structure of a homology operation T of k variables 
(Zl • ••• , Zk)' So as not to encumber the discussion with an awkward special case, we 
will suppose that the dimensions qI' ••• , qk of ZI' ••• , zl.; and the dimension r of 
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T(Zl' ••• , Zk) are positive. If all the variables are replaced by zero excepting Zi' we 
obtain a homology operation of one variable which we denote by T;. Then we have 
the reduction: 

(9.1) 

To prove this, let Xl' ... , X k be copies of a space X, and let Ii: X j -+ X be a 
homeomorphism. Let X' be the disjoint union of Xl' ... , X 1c' and let I: X' -+ X 
be defined by II Xj = Ii" Let (/i be the inclusion map Xi c: X. Choose a base point 
x; E Xi' and let hi : X' -+ Xi be the retraction defined by hix') = Xi if x' E Xi with 
i =1= j. Choose zj E Hq/Xj ; Gj } such that 

li*z; = Zi E Hqj(X; Gj ), 

Let z; = (/j*zj; then/*z; = z;- Clearly 

j= 1,'" ,le. 

h;*zj = zj, and h;*z~ = 0 if i =1= j. 

Now the homology of X' splits into a direct sum of the homologies of the com
ponents Xi; and therefore 

T(z~, ... ,zi) = 2:=1 (/i*h;*T(z~, ..•. zi) 

= 2 (/;*T(hi*z~, ... , hi*zi) 

= 2 (/;*T(O, ... ,0, zj, 0, ••• ,0) 

= 2 (/j* Ti(zj) = 2 Tj(zj). 

This proves (9.1) in X'. Applying/* gives the required relation jn X. 
The above proof can be paraphrased by saying that the variables of T can be 

separated in such a way that cross effects must be zero. It is clear that (9.1) reduces 
the problem of finding a base for homology operations to the case of operations of 
one variable. It has an additional consequence. 

9.2. Each homology operation of one variable is linear: T(y + z) = T(y} + T(z). 
Let T 2(x, y) be its deviation from additivity. By (9.1), T 2(x, y) = T 2(x, 0) + 

T 2(0, V). If we put y = 0 in the definition of T 2(x, y) we obtain T 2(x, 0) = T(O). 
Similarly T 2(0, y) = T(O). It remains to prove that T(O) = 0 for any space X and 
any T. It is certainly true if X is a single point; because only positive dimensions 
are considered. If we map a single point space into X, and apply the naturality of 
T, we obtain the result in general. 

Let us restrict ourselves henceforth to finitely generated coefficient groups. 
9.3. Each homolo{/y operation of one variable is generated by the operations oj 

addition, coefficient homomorphismB, and operations of one variable with coefficient 
groupsinO. 

Exactly as in the proof of 5.1, we can reduce to the case where the terminal 
coefficient group of T is in O. Let G he the initial coefficient group, and let G = 2 GJ 
be a direct sum splitting where Gj EO. Then we have homomorphisms Ii: Gj -+ G 
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and Y;: G-+ GI such that flt!l= 1, and "Lfp; = 1. If Z E Hq(X; G), we have by 
(9.1) that 

T(z) = T("Lfj*gi~z) = "LT(!I*Yj*z}, 

If Y E H,AX; Gj ), and we define Tj(Y} by TiM = T(fj*Y)' then Ti is a homology 
operation with coefficient groups in O. Since T{z) = "L Tj(Yj*z), the proof is com
plete. 

9.4. A homOlogy operation of one variable which increases dimension is iilentically 
zero. 

If T: Hq __ Hr where q < r, then T{z) = 0 is obvious whenever H'I' = O. If 
xq is the q-skeleton of X, we always have H .. (XfJ) = O. But any z E Hq(X) is an 
image of a z' E Hq{XfJ). Then T(ZI) = 0 and the naturality of T imply T(z} = O. 

9.5. Each homology operation of one variable is the dual of a linear cohomology 
operation. 

Suppose T : Hq( ; G) __ H r { ; G/) is a homology operation. Let ch G be the 
character group of G treated as a discrete group. For any complex X there is a 
natural isomorphism. 

{9.6} 

and since T is a homomorphism (see (9.1)), it has a dual homomorphism of the 
character groups 

T' : Hr{x; ch G') -+ HfJ(X; ch G). 

The naturalityof T and the isomorphism (9.6) imply the naturality of T'. So T'is a 
cohomology operation. 

REMARKS. It is to be noted that ch G is a compact group, and so also Hq(X; ch G). 
Furthermore T' is con~inuous. Our discussion of cohomology operations has been 
limited to those with discrete coefficient groups which are finitely generated. 
Therefore an analysis of linear cohomology operations of that type would not 
provide an analysis of homology operations. In case 0, 0' are finite groups, the 
same is true of ch G and ch G'; and then T' is of the type considered earlier. To 
obtain a satisfactory reduction to cohomology operations, something more needs 
to be done in the cases where 0, 0' are cyclic and one or both are infinite cyclic. 

It should be noted that, in the subcategory of H-spaces and H-mappings, there 
are homology operations which do not reduce to sums of linear operations of one 
variable. The Pontrjagin multiplication provides a non-trivial ring structure in the 
homology of an H-space. 

10. other operations 
The definitions of cohomology and homology operations, used in this article, do 

not cover all of the standard operations of importance in algebraic topology. As an 
example, the cap product which mixes homology and cohomology is such an 
operation. Explicitly, if 01> G2 are coefficient groups, and G = Hom(01' 02)' 
then the cap-product, from a functorial point of view, is n natural transformation 

H,,.(X; G) -+ Hom(Hq(X; 01)' Hr_fJ(X; 02»' 
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The cohomology cross-product is another example. It is a natural transformation 

HP(X; 0) ® H(J(Y; Of)_HPf-(J(X X Y; 0 ® Of). 

The homology cross-product is similar. The cup-product in the relative case for 
triads (X ; A,B) is a natural transformation 

H'P(X,A ; 0) ® H«(X,B ; Of) _ HPf-«(X,A U B ; 0 ® 0'). 

Another example involves the torsion product and the natural transformation 
appearing in the Kiinneth theorem for a product space. Again, if 8X denotes the 
suspension of X, then 8 is a functor, and we have a natural equivalence 

q>O. 

In each case the functors appearing on the left and right are constructed by 
composing functors of three types. The first type consists of geometric functors 
from spaces to spaces, e.g., the product of two spaces, the suspension, the loop 
space, the passage from a triad (X ; A,B) to the pair (X; A U B). The second type 
consists of the homology and cohomology functors from spaces to groups with 
various coefficients. The third type consists of functors from groups to groups, e.g., 
tensor, hom, tor, ext. For the lack of a better name, let us refer momentarily to 
such a composition as a homology functor. 

If Hand H' are two homology functors having the same domain and range, 
then a homology operation would be a natural transformation T : H ---+ Hf (in the 
sense of arbitrary functions from one group to another). For fixed H,H', the 
problem exists of determining all such T's. The purpose of this section is to call 
attention to the class of these problems. Since the very special case treated in this 
paper is of considerable importance to the progress of algebraic topology, it is 
reasonable to expect that other cases "\\-'.ill he fruitful. 
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OPERACIONES COHOMOLOGICAS DE SEGUNDO ORDEN 
ASOCIADAS CON CUADRADOS DE STEENROD 

JOSE ADEMI 

1. Introduccion 

Actua.lmente se cuenta con un estudio casi completo sobre operaciones coho
mologicas de primer orden (ver [ll]). En contraste, se conoce muy poco sobre 
operaciones de orden superior.2 

Un ejemplo de operacion cohomologica de segundo orden es el triple producto 
de Massey ([6]). Se construccion se basa en la asociatividad del producto (cup
product) del anillo de cohomologia.3 

Otro ejemplo de operaci6n cohomo16gica de segundo orden es la operaci6n CP~ 
(usando la notacion de este trabajo) introducida, por Shimada (para dimension 2) 
y por el autor (para dimension arbitraria) para calcular la "tercera obstruccion" 
al transformar un complejo en una n-esfera ([1], [8]). La construe cion de CP~ se 
basa en la relacion Sq2Sq2 = Sq3Sql mod 2. 

Posteriormente, Shimada y Uehara ([9]), modificando la construccion de CP~, 
definieron una nueva operacion de segundo orden (e~ en nuestra notacion), con 
el fin de calcular la "tercera obstruccion" al transformar un complejo en un espacio 
(n - 1)-conexo. Su construcci6n se basa en la relaci6n 2Sq2Sq2 = 0 mod 4. 

En este trabajo, generalizando CP~ y e~, se construyen dos familias de operaciones 
cohomo16gicas de segundo orden: 

CPk con a=I,2,···; i = 3a, 3a + 1, . - . , 

e~~+1 con a = 1, 2, .•• ; i = a + [(a + 2)/2] - 1, .•.. 

La construccion de <I>~a se basa en el desarrollo mod 2 de Sq2aSqli con a < b. 
La construccion de e~+1 utiliza el desarrollo mod 4 de 2Sq2aSq2b con a < 2b. 

Se demuestra l~ invariancia topo16gica de las nuevas operaciones y se establecen 
algunas de sus propiedades. En las dimensiones inferiores las operaciones no son 
necesariamente aditivas; se determina la desviacion. Se obtienen relaciones con 
cuadrados funcionales, 10 que permite calcularlas en un gran numero de casos. 
Por Ultimo, en la cohomologia relativa. se obtienen las relaciones con el operador 
cofrontera invariante. 

1 Alfred P. Sloan Research Fellow 
• Un estudio general sabre operaciones de orden superior, utilizando sistemas de Postnikov, 

ha sido iniciado par Peterson ([7]). 
3 Recientemente, el triple producto ha sido generalizado, en forma independiente, POl.' Hirsch 

([4J) y Massey ([5J), obteniendo ejemplos de operaciones de diferentes 6rdenes. Estas 
operaeiones tienen aplieaciones importantes en los espacios fibrados. 

186 



OPERAOIONES COHOMOLOGICAS 187 

2. Los grupos que se utiIizan 
Sea 8 4 el grupo simetrico de grade cuatro, representado como grupo de trans

formaciones del conjunto de permutaciones del renglon (1, 2, 3, 4). Ohviamente, 
. todo elemento de 8 4 queda determinado mediante su operacion en un renglon 

particular. Sean x, xl> x 2 los elementos de 84 tales que 

xCI, 2, 3, 4) = (3,4, 1, 2), 

xl (l, 2, 3,4) = (2, 1,3,4), 

xz(I, 2, 3, 4) = (1,2,4, 3). 

Sean 71", 71"1' 71" 2 los subgrupos ciclicos de orden dos de 8 4 generados, respectivamente, 
por x, Xl' X 2• 

Como subgrupos de 8 4, el producto 

Iuego p es un grupo. 19ualmente, el producto 

G= p7l" = 7I"P, 

es un grupo. Elorden de G es 23, por 10 tanto, G es un 2-grupo de Sylow de 84, 

Consideremos los elementos y, z de 8 4 definidos por 

y(I, 2, 3, 4) = (2, 1,4,3), 

z(I, 2,3, 4) = (1, 3, 2, 4). 

Claramente, y = xIXZ Y resulta 
xy=yx. 

El elemento z es de orden dos, luego z = z-l. Ademas, se tiene que 

X=zyz, y =zxz. 
Sea 

a: 8 4 -+84 

el automorfismo interior inducido por z, esto es, a(lX) = ZOtZ-1 = ZOtZ, para IX E84• 

Luego, resulta que 
a(x) = y, a(y) = x. 

Definimos Gz como e1 sUbconjunto de 0 invariante bajo a. Esto es, 

Gz = G n (zGz). 

Obviamente, Gz resulta ser el grupo generado por x, y. Luego, si 71"' representa eI 
subgrupo dclico generarlo por y, se tiene que 

0" = 71"71"', 

La restricci6n de a a G", denotada por 'T = aIG", es e1 isomorfismo 

T; G"-+G,, 
que intercambia x con y. 
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Finalmente, si 

JOSE ADEM 

~ : az--*a, 
() : a --*B4 , 

representan las inclusiones respectivas, se tiene el siguiente diagrama conmutativo 
de grupos y homomorfismos: 

(2.1) 

3. Comlllejos para los gmpos 

Si 7T es un grupo cIclico de orden dos y generador x, representamos con V el 
complejo canonico 7T-libre y aciclico definido en [13]. Esto es, para cada dimension 
i (i > 0) V tiene como 7T-base un solo elemento ei Y el operador frontera esM. 
definido por 

donde, 
A=x-1, L.=x + 1, 

son elementos de Z(7T), el anillo de grupo de 7T sobre los enteros. 

EI producto tensorial 

se transforma en un a-complejo, aciclico y G-libre al definir operaciones de a en 
V @ V2 como sigue. En los elementos ei (8) e:j (8) eTc' los generadores x, :/1., x2 de a 
operan del modo siguiente: 

x(ei (8) e:j (8) eTc) = (-I)jk(xei ) @ eTc @ ei' 

x1(ei (8) ej (8) eTc) = ei (8) (xe:j) @ eTc' 

x2(ei (8) ej (8) eTc) = ei (8) ej (8) (xeTc)· 

La forma en que operan los generadores es consistente con las relaciones de a y, 
por 10 tanto, las operaciones se extienden a un elemento cualquiera de G y de V @ V2. 

EI complejo para Gz puede ser V (8) V (cf. [2; p. 220J). Sin embargo, con el fin 
de obtener una expresion mas simple para 1a transformacion de cadena 1;#: 
V @ V --* V @ V2 indueida por ~: az __ a, necesitamos modificar V (8) V mediante 
eierta "aumentacion". Para evitar posibles confusiones usaremos sfmbolos 
diferentes para denotar las celdas de este complejo aumentado. 

Asi, sea U un complejo tal que para cada dimension i (i > -1) tiene como 
7T-base un solo elemento di , Y el opemdor frontera definido all/l.logamente como 
en V. En U se tiene 00,0 = L. 0,_1' 00,_1 = O. EI producto U @ U tiene elementos 
distintos de cero en dimensiones > -2. 
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Por construcci6n 'IT opera libremente en U y U @ U resulta G,,-libre al definir 
las operaciones para los generadores de G,z' como sigue: 

xed, @ di ) = (xd.') @ di , 

y(d; @ di ) = di @ (xd;;l. 

Sea W un S 4-complejo, acfclico y S 4-libre. De (2.1) se ohtiene el siguiente diagrams. 

;# ()# 
U@ U--+ V® V2--+ W 

(3.1) 

donde, ;#' 6#, ()#' T # son transformaciones de cadena equivariantes, respect
ivamente, con relacion a los homomorfismos ;, (J, (), T. 

Como U contiene elementos de dimension -I, la transformacion ~ # es especial. 
En efecto, ~#(dodo) se considera con fndice de Kronecker igual a uno, mientras que 
;#(d_1d1 ) y ~ #(dld_l) se construyen con fndice de Kronecker igual a cero. En general, 
esto Ultimo es necesario para poder definir ~#(dodl) Y ;#(d1do)' Una expresion 
concreta para ~ # se construira en la secci6n siguiente. 

Consideremos el homomorfismo 
v: G,,-+S4' 

donde v = ()(J; = (J~T (cf. (2.1». Claramente, 

vex) = y, v(y) = x. 

Las composiciones () #() #~ # Y (J #~ #T # definen dos '11-transformaciones de cadena de 
U @ U en W. Ahora, como U ® U es G,,-lihre y W es aciclico, se puede construir 
una homotopfa v-equivariante 

Q: U@U-+W, 
tal que, 

(3.2) 

Obviamente, si W E W, 

Ademas, 
T #(di @ di ) = (_I)iid, ® di • 

Luego, para los elementos de Ill. G,,-base resulta, 

(3.3) oO(d; ® dj ) + Q(}{d; @ di ) = z(J#~#(di @ dj ) - (-I)iie#~#(dj ® di)' 

4. La construccion de ~ # 

Por hrevedad en Ill. escritura eIimfnaremos, en general, el sfmholo ® al escrihir 
elementos de un producto tensorial. Usaremos un exponente para indicar el 
producto tensorial de un elemento consigo mismo cierto numero de veces. Asi, en 
Iugar de ek ® ej ® e1 escrihiremot ekej. 
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Primero, construiremos una transformaei6n auxiliar, 

'fJ : U ® U __ V ® V2, 

en t6rminos de la eual definiremos $#. Definamos 'fj en los elementos de la G,,-base 
de U ® U como signe: 

(4.1) 'fj(dkd4j) = (-1)k+1(xek+l)(oe2i)e2i + eke~j' 
k ':l ':l. k 2 (4.2) 1j(dkd4i+1 ) = (-1) (x~+l)e2iue21+l + ek(ue 2i+l)e2i+l + (-1) (~-1)e2Hl' 

(4.3) 1j(dkd4i+2) = (-l)k(xek+1)e2i+1oe2i+l - eke2i+lxe2i+l, 

(4.4) 'fj(dkd4i+3) = (-1)k+l(xek+l)(oe2i+2)e2i+l' 

En forma equivariante la transformaci6n 'fj queda definida en un elemento 
arbitrario de U ® U. Un cMeulo direeto permite verificar las relaeiones siguientes: 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

o'fJ(dkd4j) = 1jo{dkd4j)' 

0'fJ(dkd4i+1) = 'fjo(dkd4j+l) , 

o1j(dkd4j+2) = 'fjo(dkd4H2} + (-I)k1j(dk_ 2od4jH)' 

01j(d#4i+3) = 'fjo(dkd4i+3)· 

La transformaci6n $# se defiue en la G,,-base de U ® U como sigue: 

. . ( k ) 1;#(did2i) = (-l}J 2:i:=0 j _ k 'fj(di+2i-4kd4k) 

+ (_1)i+1 2:t:J (j _ ~ _ 1)'fJ(di+2i-4k-#4k+2), 

(4.9) 

(4.10) 
$#(I1,42i+1) = (_1)1 2:i=o (j ':... k)'fJ(di+2i-4kd4W) 

+ (_1)1+1 2:t:~ C _ : _ 1)1J(di+2i- 4k-#4k+3)' 

Con las convenciones usuales, los sfmbolos (:) representan coeficientes binomiales 

(cf. [2; p. 233]). Usando las relaciones (4.5-8), se comprueba facilmente que 
0$# = $#0' Se tiene que 

$#(dodo) = eoe~, 

ademas $#(d1d_1) = 0, y $#(dq d1 ) = -(xeO)eOoel 

.as una O·cadena can indice de Kronecker igual a eero. 

5. Simplificaciones en la. notacion 
De aqui en adelante, salvo euando se indique 10 contrario, toOOs las expresiones 

se consideraran mOdulo 2. En general, omitire]llos el simbolo # en las trans
formaciones de cadena, asi, escribiremos $ y () en Iugar de ~ # Y () #. 
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Por comodidad introduciremos Ia notacion siguiente: 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

Sean 

~ =:: n(at-kd/c), 

yf = (J~ 

i1t =:: zyf, 

m~ =:: n(dt-ka/c), 

Y~ = z(J~(at_kdk) + (J~(akdt_ltJ. 

~l=X + 1, 

~2=Y + 1, 

&l=x-l, 

&2=y-l, 

donde x, y son los elementos de 8 4 definidos en §2. Modulo 2, ohviamente, 

Ahora, puesto que Q es v-equivariante, mOdulo 2 se tiene que 

na(aHA) = ~2n(aH-ldk) + ~ln(dt-kdk-l)' 
Por 10 tanto, con Ia nueva notacion, (3.3) mOdulo 2 resulta: 

(5.6) Y: + om'" = ~2mtl + ~lm:~. 
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Usando (4.9) y (4.10) podemos escrihir Y~ e:xpHcitamente. Primero, definimos 

(5.7) a~=( 8 ). r-8 

Claramente, a~ = 0 si 8 > r. Luego, considerando un signo de suma comfu se 
ohtienen las siguientes expresiones (mod 2): 

(5.8) Y: = Ij;,;o [a}ti~ + akjlti~+2 + a}-kyY, + a)-"'-ly~+2], 
(5.9) ~+1 = Ij;,;o [a;ti~+1 + af-ltiMtr + aj-kyMtt + aj-k-lyMtfJ. 

(5.10) ~+1 = Ij;,;o [a}tiM+1 + a}-lyM+3 + aj-k-lyM+1 + a}-k-2y~+3], 
(5.11) I1:.tl = I;;,;o [afy~ti + af-lyMU + a}-kyM+1 + aj-k-lyMtr]· 

Como se vera mas adelante, estas expresiones combinadas con (5.6) produciran 
las relaciones entre los cuadrados iterados de Steenrod. Las expresiones (5.9) y 
(5.11) son esencialmente iguales, ya que ~-U = z~:;::r. 

6. Ciertas relaciones en W ®s K*4 • 
Sea K un complejo regular de celdas y sea K* su complejo de cocadenas enteras. 

El grupo 8 4 opera en K*4 = K* ® K* ® K* ® K* permutando los factores de 
los productos, de modo que K*4 resulta un S4-complejo. 
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Sea Wei complejo S4-libre y aciclico de §3. Primero, formemos el complejo de 
cocadenas W ® K*4, introducido por Steeurod en [12; p. 197], con el operador 
cofrontera definido por 

(6.1) o(w@a) = aw@a + (-l)iw@Ga, 

donde w E W, a E K*4o, i = dim w. Luego, formamos W @s K*4o al considerar las 
( 

relaciones, 

(6.2) oc(w® a) = ocw® oca = w@a, 

para toda oc E S 4' 

Ahora, si U E K* Y u4 = u ® u @ U ® u, es facil comprobar, usando (6.2), que 
se tienen en W @S4 K*41as siguientes relaciones (mod 2): 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

4jKA 4o-6( 2)KA 4 '!It -u u - et- 4of'>2j -u u , 

ytHl @ u 4 = ytH2 @ u4 = /}(et-41-2e~Hl) ® u4, 

ytH3 @U4 =0. 

Igualmente, si V @ y2 es el G-complejo definido en §3, se obtienen en 
(Y ® Y2) @ aK*4 relaciones analogas. Asi, xij @ u4 = et_41e~j @ u 4 , xiH 1 @ u 4 

=xtj+2@u4=et_41_2e~j+l @u4, xtj+3 @u4 =0. 
En W @S4 K*4 consideremos Yf ® u4 (mod 2). Usando (6.3-6) junto con (5.8), 

(5.10) Y (5.11), se demuestra facilmente que 

(6.7) 

(6.8) 

y:.tl @u
4 

= Lj~o [(lc ~ j)y~tf + (2j +jlc _ t)Y~H 

+ (2j + k ~ 1 _ t)y~tiJ ® u
4

, 

(~+ ~-1) @u4 = Lj;';O [(k j j)Y~ + (2j +jk _ t)Y~ 

+ ( j + 1 )f/4i+2] "" u4 
2j + lc _ t :12t 'tY. 

Ahora, si suponemos que ~£ es un cociclo mod 2, de (5.6) y (6.2) se sigue que 

(6.9) 

(6.10) 

a(w:-tl ® u 4) = y2J-tl ® u4, 

0(£0: + W~f-l) ® u4 = (Y~ + ~-1) @u4. 

Las relaciones (6.9) y (6.10) implican las relaciones entre los cuadrados iterados 
de Steenrod. Las escribiremos mediante productos de matrices y v6Ctores (cf. [2; 
p. 228]), con el fin de presentarlas del mismo modo que la formula (23.8) de [2]. 
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7. Las relaciones e:xpresadas mediante matrices 
Contjijo, consideremos la matriz cuadrada a% (ver (5.7», donde 0 < k,j < [t{2], 

y las matrices rectangulares 

(7.1) *); _ ( i + n ) 
a i(m, n) - 2i + 2n + k + 1n _ t ' 

donde m, n son parametros fijos tales que t - 2n - m > 0, 0 < k < [tj2], 
o < i < [(t - 2n - m)/2]. 

19ual que en [2; p. 22S], las relacionoo (6.7) y (6.S) se pueden escribir mediante 
productos de matrices y vectoroo del modo siguiente: 

(7.2) 1111f.tf l2lu411 = Ila%llllyMti @ '1£411 

+ Ila*%(O, 0)11 IlyM+! @ '1£"'11 + Ila*~(I, O}lllIy~ti 12l1~411, 
(7.3) 1i(I1f + 11f-1

) @ '1£411 = lIajllllyM@ '1£411 

+ Ila*%(O, O)\! !!y~ @ u4H + lIa*f(-I, 1)!II\y~+2 @u4\1, 
donde 0 < k,j < [tj2], 0 < i < [(t - 1)/2]. 

OBSERVAC16N. Los rangos de las sumas de los distintos terminos de (6.7) y (6.S), 
se pueden arreglar de modo que rooulten los determinados por (7.2) y (7.3). Esto 
00, si los terminos tienen como factor a%, entonces 0 < j < [t/2], puesto que a: = 0 
paraj > [t/2]. Si tienen comofactora*~(m, n), como par ejemplo a*~{I,O)y~tt~ I2l '1£4, 
entoncesO< i< [(t-l)f2], puesto quey~til2lu4=Oparai>[(t-lf)2] (ver6.5). 

El determiuante jafl = 1, luego existe el inverso 

Ild%1l = !Iajll-l. 

Del mismo modo que se establece 22.1S de [2], usando 25.3 de [21 con 11 = 2, se 
demuestra que 

(7.4) 

donde, 

b~(m, n) = (2i ~ tn n+~ + kk _ t) 
es una matriz rectangular con 

0< k< [t!2], o <i< [(t - 2n - m)/2]. 

Ahora, suponemos queues un cociclo mod 2. AI multiplicar (7.2) y (7.3) por 
IIdfll, teniendo en cuenta (6.9) y (6.10) se obtienen 

(7.5) Ildfllllbw~.tf @ '1£411 = lIy~ti @ '1£411 
+ Ilbj(O, 0)11 lIy:t".rl @ '1£411 + Ilbf(l, o)lllly~ti ® '1£411, 

(7.6) \ldf!! \I8(w;: + W;:-l) ® u41! = \IY~ ® '1£4\1 

+ 1IbJ(0, O)!lIIY~ ®!! '1£4 + llb~(-l, l)lllly~+2 ® '1£411. 
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8. Cuadrados iterados de Steenrod 
Abrimos aqui un parentesis con el fin de indicar de que modo se interpreta 

111 ® u4 como iteracion de cuadrados. 
Consideramos una aproximaci6n diagonal1T-equivariante, 

(8.1) 

y su dual, 

(8.2) 

ambas definidas como en [12]. Formemos la composicion 

donde ex, fJ son, respectivamente, los isomorfismos naturales que intercambian los 
factores en Ia forma indicada. Luego, si definimos 

(8.3) f/J~ = (q/ ® q/)fJ(1 ® rp')oc, 

es faci! vermca.r que 
f/J~: V ® V2® K -*K4, 

es una aproximacion diagonal G-equivariante. Ademas, si f/Jo es su dual, se tiene que 

(8.4) 

donde 
A.: (V ® V2) ®aK*4-* V ®" (V ®".K*2)2, 

es e1 isomorn.smo que se obtiene intercambiando los factores de V2 y de (K*2)2 
(cf. [12; p. 215]). 

Sea u un q-cociclo mod 2 de K y U E HfJ(K; Z2) la q-clase de cohomologia que 
determina. Para los cuadrados de Steenrod se usan las notaciones: Sqi y Sqi. 
La relaci6n entre ambas es 

(8.5) 

Como es bien sabido, rp(ei ® u 2) es un cociclo (mod 2) que representa Ia clase SqiU 
(cf. [12; p. 200]). Por comodidad, con una rp determinada, usaremos Ia notacion 

(8.6) 

Tambien (mod 2), 

(8.7) 

resulta ser un representante de 

(8.8) SqjSqlu = Sq2/H-iSqq-iU. 

Ahora, consideremos nna aproximacion diagonal S 4-equivariante, 

(8.9) 
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define 

(8.10) 
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que, tambien como 'IjJ~, resulta ser una aproximacion diagonal G-equivariante. 
Luego, usando e1 portador diagonal podemos construir y', una homotopia G
equivariante, tal que 

(S.ll) oy' + y'o = 'IjJ~ - 'IjJ~. 

AI considerar las transformaciones duales, se tiene (mod 2) 

(S.12) 

donde 'IjJ representa el dual de 'IjJ'. 
Claramente, t5{x{ ® u4) = 0 en (V ® V2) ®a K*4 ever §6). Ademas, de (5.2), 

'IjJ(yt ® u4) = 'IjJ«(}x{ ® u4 ). Por 10 tanto, con la notacion (S.6), usando (S.12) y 
(6.4--5), se obtienen (mod 2), 

(8.13) 

(8.14) 

'IjJ(yti ® u4) = Sqt_4iSq2ju + t5y(xji ® u4), 

'IjJ(yji+2 ® u4 ) = Sqt-4i_2Sq2:i+lU + t5y(xti+2 ® u4). 

Por ultimo, obviamente, de (6.5-6) se sigue que 

'IjJ(yiH1 ® u4 ) = 'IjJ(Yii+2 ® u4 ) Y 1p(yii+3 ® u4 ) = O. 

9. Las relaciones entre los cuadrados iterados 
Aplicando 'IjJ a cada uno de los vectores de (7.5-6), se obtienen 

(9.1) t5 'i,V!:6 dN(w~ti ® u4) = 1pM:ti ® u4) 

+ '2J!:6 bj(O, O)'IjJ(Y~+l ® u4) + 2:~<!,(jl)/21 bH1, O)'IjJ(y~ti @ n4) 

(9.2) ~ 2:¥!:6 dJ 'IjJ[(w~ + W~-l) ® u4] = 'IjJ(y~ @ n"') 

+ 2:1!:6 bj(O, O)1pMi @ n4) + 2:}<!,(jl)/2] bH -1, 1)'IjJ(y~~+2 @ 7£4). 
Definalllos, 

(9.3) ~ti(u4) = J.¥!:6 dJ 'IjJ(w~tf ® 7£4), 

(9.4) E~(U4) = 2:11:6 dJ 'IjJ[(w~ + W~-l) @ u4], 

(9.5) ~+l _ ".4.0+2 + ,[!f2] bS(O O)x4i + ,,({t-ll/2j M(l O)X4i+2 
2t+l - ""2t+l L.,J~O j' 2t+l .<....t~O .' 2t+1' 

(9.6) ~ = x4.o --I-- ,(t/2] M(O O)x4i...L ,(t-ll/2j b~(-l l)x4i+2 
2t 2t, "'-'3=0 3' 2t I L.,,=o , , 2t • 

Con estas definiciones, y teniendo presente (8.13-14), de (9.1-2) se siguen 

(9.7) <5[~ti(U4) + y(X~ti ® u4)] = Sq2t-4s-1Sq2&f-lU 
+ 2:}t!:J. bj(O, O)Sq2t_4i+ISq2jU + 2:){:'(jl)/2] bj(l, O)Sq2t-4i_lSq2Hlu 

(9.8) <5[~(U4) + y(X~ ® u 4)J = SQ2t-4"sQ2su 

+ 2:Y!:Jbj(O, O)Sq2t_43,sq2;u + 2:~<!:ol)/21bj(-1, 1)SQ2t_4i_~q2i+1u. 
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De aqui, para las operaciones en clases de cohomologfa, se derivan las siguientes 
re1aciones. Si suponemos que 38 + 1 < t, de (9.7) se obtiene, 

"t (j-28-2) (9.9) Sq2t-4s-1Sq2 .. H = L..j=t-B 2j + 28 _ 2t Sq2t-2i+lSqj' 

Igualmente, si suponemos que 38 < t, de (9.8) resulta, 

(9.10) Sq2t-4sSq28 = 2:}=t-s (~+ ~ =- ~t) Sq2t-2iSqj' 

Para justificar esto utricamente necesitamos verificar los coeficientes binomia1es. 
Si bj(O, 0) =F 0, de 

bj(O, 0) = (~j~88~lt) , 
resulta 2j + 8 - t > O. Supongamos que 38 + 1 < t, 0 bien que 38 < t. En 
ambos casos, de 10 anterior se obtiene que 2j - 28 > 0, y por 10 tanto j - 8 - 1 > 
O. Ahora, usando e1 criterio de Lucas ([2; p. 233]), para m > 0, facilmente se 
demuestra que, 

(m) (2m) (2m + 1) 
n 2n 2n 

(mod 2). 

Asi, se obtiene (38 + 1 < t, 0 bien 38 < t), 

(9.1I) 8 _ (2j - 28 - 2) _ (2j - 28 -1) 
/}j(O, 0) = 4j + 28 _ 2t = 4j + 28 - 2t (mod 2). 

Analogamente, si 38 + 1 < t, se sigue que 

(9.12) bj(l, 0) == (4j ~ ;-!82-:---=- 2t) (mod 2), 

y si 38 < t, resulta 

(9.13) bj(-I, 1) = (4j + ~ +;: _ 2t) (mod 2). 

Por 10 tanto, las formulas (9.9-10) quedan demostradas. 
OBSERVAcr6N. Las relaciones (9.9--10) son casos particulares de las relaciones 

implicadas por 1a formula (22.20) de [2] (con p = 2). Al transformarlas, de acuerdo 
con (8.8), en relaeiones entre operaciones con indices superiores, es facil verificar 
que se obtiene (cf. [2; (23.8)]), 

{9.14) (
b -i -1) .. 

Sq2aSqb = 2:~=o 2a _ 2i Sq2a+l>-'Sq', 

donde a< b. 
Como es bien sabido, (9.14) junto con]a relaeion 

SqlSqa = (a + I)Sqa-tl, 

caracterizan un conjunto eompleto de relaciones. Esto, justifiea el haber elegido, 
por simplicidad, nuestras relaeiones particulares. 
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10. .A1gunas construcciones auxiliares 
Con u una q-cocadena entera de K, en V \8) K*2 definimos, 

(10.1) 

Obviamente, si u es cociclo mod 2, se tiene 

Pi{U) = p(ei- I ® u 2) = Sqi_Iu 

Usando (6.1), se comprueba facilmente que 

(10.2) 

Asi, se obtiene 

(10.3) 

(mod 2). 

(mod 2). 

Si suponemos que q + i es impar y que u es co cicio mod 2, de (10.2) resulta 

(10.4) (mod 4). 

Por 10 tanto, 

(10.5) (mod 2), 

donde b* = ib, y pasando a clases de cohomologia, resulta 

(10.6) 
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Aqui, b* es el operador de BocKstein-Whitney de la sucesion exacta de coeficientes 
0-+Z2-+Z4 -+Z2-+0. Por consiguiente, Sqi_IU = 0 implica que Sqi_2u = O. 
Para referencia futura haremos explicita esta implicacion por medio de cocadenas. 
Por hlpotesis, existen cocadena a, b, tales que 

(10.7) (mod 4), 

luego, b*Sqi_1 = bb, y de (10.5) se obtiene, 

(10.8) (mod 2). 

Con una eleccion diferente en (10.7), por ejemplo a', b', puesto que ba + 2b 
= &' + 2b' (mod 4), se sigue que b' = b + b*(a - a'). Luego, en (10.8) la 
cocadena b puede variar Unicamente por b*w, donde w es un cociclo mod 2. 

Ahora, para toda p, se tiene 

(10.9) (mod 2). 

Entonces, 10.6 con i = q + I resulta, 

b*u = SqQ_lU, 

Por 10 tanto, Sqq-tU = 0 si y s610 si U, clase mod 2, es tambien una clase mod 4. 
Finalmente, si u es un q-cociclo mod 4, definimos 

(10.10) 
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Es facil demostrar que 

(10.11) 

11. Las construcciones principales 
Introduciremos las siguientes definiciones: 

(H.I) 

(11.2) 

(1l.3) 

(11.4) 

A~U(U4) = E~ti<u4) + y(X~ti ® u4), 

A~(U4) = E~(U4) + y(X~ ® u4), 

(
j-2S-2) 

gj= 2j+2s-2t' 

(mod 2). 

Usando esta notacion, con las restricciones de (9.9-10}, podemos escribir las 
relaciones (9.7-8) mediante una sola surna. El rango de la suma, O<j< t, se 
puede sustituir por 0 < j < q, donde q = dim u. En efecto, si q < t entonces, 
Sq;u = 0 para q <j; y si t < q entonces, Sq2t-2i+1 = Sq2t-2i = 0 para t <j. 
Escribiendo aparte los wrminos j = q, q-l (cf. (10.9), (IO.ll}), se obtienen las 
siguientes expresiones (mod 2): si 38 + 1 < t, 

(1l.5) M~t}(U4) = SqZt-4S-1Sqzs+lU + t/qSqZt-211+1U 

+ r(q-1Sq2t-211+3Sqq-1U + 2J:~ gjSqZt-21+1Sq j U, 

si 3s < t, 

(1l.6) OA~(U4) = Sq2t-4sSq2su + h~Sq2t_2q1L 
+ h~-lSq2t-2q+2Sqq_lU + Lj:~ hjSQ2t_2jSqiu , 

Ahora, multiplicando por 21as relaciones (11.5-6), y usando (10.4), se obtienen 
las siguientes relaciones (mod 4): si q es impar y 3s + I < t, 

(11.7) o[2A~ti(U4) - L3~Ol)'2 ll~jP2t-4i+3Sq2jU] = 2SQ2t-48-1SqZ8+1U 

+ 21l~Sq2t_2q+11l + 2L)tJ.::o3)f2 ~j+1Sq2t-4i-lSq21+1U, 
si q es par y 38 < t, 

(11.8) o[2A~(U4) - 25~02)'2 h~i+lP2t-4iS%.l;+11~] = 2SQ2t_4.8Q2.U 

+ 2h~q2t_2qU + 223tJ.::o2
)!2 h;jSq2t-4iSq2jU, 

A continuacion, empleando (1l.5-8) y ciertas hipotesis adicionales, COIlS

truiremos un conjunto de cociclos que usaremos como representantes de las opera
dones cohomo16gicas de segundo orden, que se definen en las secciones siguientes. 
Se consideraran cuatro tipos (esencialmente dos) de operaciones cohomologicas, 
cada uno definido mediante una de las cuatro hip6te.'lis siguientes: 
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H1P6TESIS A (se usara con (1l.5» 

(AI) U es un q-eoeie10 mod 4 (mod 2 si ~-1 = 0). 

(A2) (mod 2). 

(A3) 8i ~ = I Y q es impar, entonees q > t; si ~ = I Y q es par., entonees 

8q2t-2'1+2U = &t2t- 2<l+2 + 2b2t- 2<l+2' 

(A4) gj8q;u = bgja; (mod 2), para j = 0, ... , q - 2. 

HlP6TESIS A' (se usara con (11.6» 

(A'I) u es un q-eocie10 mod 4 (mod 2 si h~_l = 0). 

(A'2) 

(mod 4). 

(mod 2). 

(A'3) 8i h~ = I Y q es par, entonees q > t; si h~ = I Y q es impar, entonees 

8q2t-2<l+1U = ba2t- 2q+1 + 2b2t- 2q+1 

(Af4) hj8q;u = bhja; (mod 2), paraj = 0, ..• ,q - 2. 

HlP6TESIS B (se usara en (1l.7» 

(BI) u es un q-eocie10 mod 2 (q imparl. 

(B2) 

(B3) 8i g~ = I, entonees q > t. 

(mod 4). 

{mod 2). 

(B4) fl2j+18q2Hlu = bY;j+1aZi+l (mod 2), para j = 0, ..•• (q - 3)/2. 

HlP6TESIS B' (se usara en (ll.S)) 

(B/I) u es un q-eoeie10 mod 2 (q par). 

(Bf2) 8q2.U = ba2• (mod 2). 

(B/3) 8i h~ = I, entonees q > t. 
(B'4) h~j8q2iu = bh~ja21 (mod 2), para j = 0, ..• , (q - 2)/2. 

Por eomodidad, si q es par y ~ = I, definimos (t es :frjo) (cf. (10.8), (AS», 

(1l.9) b2t-2'1+2 = b2t- 2q+2 + !p(e2HIQ+30 udu), 
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y si q es impar 0 si g; = 0, definimos b2t- 2q+2 = 0. Ana10gamente, si q es impar 
y h~ = 1, definimos 

(ll.IO) b2t-2<l+1 = b2t-2'1+1 + !p(e2t-2a+20 UGu), 

y si q es par 0 si h: = 0, definimos b2t- 2q+1 = O. 
Ahara, usando Ill. hip6tesis A eonstruimos las eoeadenas (mod 2), 

(iLlI) B~ti(U4) = P2t-4H(U2a+1) + ~bZt-2q+2 
+ g:-!P2t-2<l+3(U) + L'J:5 gjPZt-21+1(a;). 
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Con 1a hipotesis A', construimos las cocadenas (mod 2), 

(ILl2) B~Hu4) = P2t-4.(a2.) + k;'62t-'MH 

+ k~-lP2t-2q+2(U) + L:j;:::g kjP2t-2i(ai)· 

Con 1a hlpotesis B, construimos las cocadenas (mod 4), 

(Il.I3) ~:ti(U4) = 2p2t-4s-1(a2s+1) + 2L:~~o3)/2 ~HIP2t-4i-l(a2i+1) 
+ L:5~Ol)/2l4jP2t_4i+3Sq2iU. 

Finalmente, con la hipotesis B', construimos las cocadenas (mod 4), 

(ILl4) O~(U4) = 2P2t-4.(a2.) + 2L:}~02)/2 k~jp2t-4i(a2i) 
+ L:}~-:)/2 ~i+lP2t-4iSq2i+lU. 

Con 38 + 1 < t, y toda q si q es par 0 si !l; = 0, y solo para q > t si q es impar y 
~ = 1, definimos 

(11.15) (mod 2). 

Con 38 < t, Y toda q si q eS impar 0 si h~ = 0, y solo para q > t si q es par y 
h~ = I, definimos, 

(11.16) (mod 2). 

Con 38 + 1 < t, y toda q (impar) si ~ = 0, Y solo para (impar) q> t si !l~ = 1, 
definimos, 

(11.17) 0 2t+l,2.+1(U) = 2A~:tI(u4) - O~tl(U4) (mod 4). 

Con 38 < t, y toda q (par) si h~ = 0, y solo para (par) q > t si ~ = I, definimos 

(11.18) (mod 4). 

Bs inmediato verificar que las cocadenas $t,.(u) son cociclos mOdulo 2 (ver 
(10.3), (10.8), (10.11)). AnaIogamente, las cocadenas 0 t,.(u) resultan ser cociclos 
modulo 4. 

Obviamente, en la construcci6n de estos cocicJos se emplean vados elementos 
cuya determinacion no es linica. Concretamente, estos elementos son il, (), W, fl', 
'Ijl, Y Y las cocadenas ai' bi mencionadas en las hlp6tesis. Estudiaremos las varia
ciones de los cociclos $t,.(u), 0 t,.(u), al considerar otros elementos. 

12. Estndio de las desviaciones 
Con una fl' fija (ver (8.6», las cocadenas aj usadas en las hlpotesis A, A:, B, B', 

exceptuando las de A3, A'3, pueden vadar libremente mediante cualquier cociclo 
mod 2. Por ejemplo, en A2 

Sq2.+IU = oa2s+I = o(a2s+1 + c), 

para toda c que sea un (2q - 28 - 2)-cociclo mod 2. De acuerdo con 10 mencionado 
en §10, para una elecci6n diferente en las cocadenas de A3, A /3, 1a bi varia por un 
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elemento de Ia forma 6*c, donde c es un cociclo mod 2. Por 10 tanto, teniendo en 
cuenta las construcciones (11.11-14), se obtiene 10 siguiente: 

La clase {<P2t+l,20+1(U)} queda determinada modulo 

(12.1) Sq2t_4s-~2q-23-2(K; Z2) +_I/qSq4q_2t_4H4q-2f-3(K; Z2) 

+ ,q-2 nBSq H2q-i-l(K- Z ) 
L,j =0 Vj 2t-21 ' 2' 

La clase {<P2t,2.(U)} queda determinada mOdulo 

(12.2) Sq2t_4s_1H2«-2B-l(K; Z2) + h",j3q4q-2t_SH4«-2t-2(K; Z2) 

+ ,q-2 1. 8Sq H2Q-i-l(K' Z ) 
L.j={) 'bj 2t-2i-l , 2' 

La clase {02t+1,20+1(U)} queda determinada modulo 

(12.3) 2Sq2t-4s_aH2!l-28-2(K; Z2) + 2L}~o3)!2 g~HlSq2t_M_~2«-2j-2(K; Z2) 

La clase {02t,2.(U)} queda determinada modulo 

(12.4) 2Sq2t_4s-1H2«-2s--l(K; Z2) + 2L}~-t)f2 h~jSq2t-4i_lH«-2j-l(K; Z2)' 

Ahora analizaremos las variaciones con respecto a las transformaciones () #' 0, 
!p' Y y', respectivamente, de (3.1), (3.2), (8.9) y (8.11), asi como tambi6n con 
respecto al complejo W de (3.1). 

LEMA. 12.5. Para una elecci6n diferente en las trans formaciones 0, r', 0 #' "P' '!J en el 
complejo W, los cociclos q,t,.(u), 0 t,.(u) se alteran unicamente por una cofrontera. 

DEMOSTRA.CI6N. Si 0 1 es otra homotopfa en (3.2), existe M, una homotopia 
'l'-equivariante, tal que 

aM -Ma=01-0. 

Luego, si u es un coeio1o mod 2, en W ®S4K*4 se tiene (mod 2), 

0l(di ® dj ) ® u4 = O(di ® d j ) ® u4 + !5[M(di ® di ) ® u4]. 

Obviamente, 6Sto impliea el Lema 12.5 para O. 
AmlIogamente, sea y~ en (8.11), otra homotopia. Existe N', una homotopia 

G-equivariante y con valores en el portador diagonal, tal que 

aN' - N'a = y~ - y'. 
Considerando las transformaciones duales valuadas en x: ® u 4, resulta (mod 2), 

Yl(xf ® u4) = r(X: ® u4) + 6N(X: ® u4), 

10 que demuestra el Lema 12.5 para y'. 
Ahora, sea 01# en (3.1), otra transformacion 6-equivariante. Existe p, una 

homotopia O-equivariante, tal que 

ap + pa = 01# - ()#' 

Es facil verificar que las transformaciones 

0 1 = a + (J'#p~# - p~#T#, 

y~ = y' - "P'(p® 1), 

pueden usarse con 01# como las homotopias de (3.2) y (8.U), respectivamente. 
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Denotemos con A:(u4 ) y con .x:(u4 ) las expresiones (11.1-2), construidas, 
respectivamente, con fJ#, 0, y' y con ()1#, 0 1, y~. Resulta AHu4) = A,(u4 ), 10 que 
demuestra ellema para fJ #. 

Sea VJ~ en (8.9), otra transformaci6n. Como en los casos anteriores, existe P, 
una homotopfa S4-equivariante y con valores en el portador diagonal tal que 

oP + Po = VJ' - VJ~. 
Si definimos (ver (8.11», 

y~ =y' + P(fJ ® 1), 
resulta, 

ay~ + y~a = VJ~ - VJ~l' 

donde VJ~l = tp~(fJ ® 1). Usando estas expresiones ellema se demuestra facilmente 
para VJ'. 

Por Ultimo, sea W* otro complejo S4-libre y aciclico. Como es bien sabido, 
existen transformaciones S4-eqnivariantes, f: W -+ W*, g: W* -+ W, tales que 
fg, gfresultan, en forma equivariante, homotopicas ala identidad. Si 

o~ + ~a = gf - 1, 

es una de las homotopias, podemos considerar las transformaciones para W* en 
funci6n de las de W, como sigue: 

fJ# =f()#, 

0* =fO, 

tp*' = tp'(g ® 1), 

VJt' = tp*'(fJ# ® 1) = VJ'(gf® 1), 

y*' = y' + tp'(~()# ® 1). 

Sean Al(u4) y A*:(u4) las expresiones (11.1-2), constrnidas con W y W*, 
respectivamente. Se comprueba que At(u) - A*Hu) I"'J 0 (mod 2). Esto implica 
el Lema 12.5 para W y termina la demostraci6n del lema. 

Lo anterior se ha establecido con respecto a una q/ fija. Las desviaciones de 
<Pt,.(u), 0 t,.(u) al variar la q/ se estudiaran en §I5, y se obtendran como corolario 
de nna situaci6n mas general, al considerar el comportamiento de los cociclos bajo 
transformaciones de un complejo en otro. 

13. Las operaciones en una cofrontera 
Con u = (ja, definimos en K*4las cocadenas OCo = au3, OCl = a2u2, QC2 = (au)!!, 

OC3 = a3u + ua3• Sean ~l' ~2 como en §5. Se tienen las siguientes igualdades 
(mod 2): 

(13.1) 
(jOCo = u 4, (jOCl = ~2ocO' (jOC2 = ~lOCO' 

(jOC3 = ~lOCl + ~201:2' (ja4 = ~1/l(3 = L 2oca' 
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En W ®S.K*4 definimos, 

(13.2) tle(a) = roT ® OCo + roT-1 ® OC1 + ro:::l ® !X2 + ro:::J: ® !xs 

+ (ro:::l + ro:::;) ® a4, 

(13.3) R:(a) = YT ®!Xo +Yf-l ® !Xl + Yf::l ® !X2 + YT::J: ® !X3 

+ (Yf::l + Y:::;) ® a4• 

Se demuestra facilmente, usando (5.6) con (13.1), que 

roT ® (00)4 = btle(a) + R:(a) (mod 2). 
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Para construir las operaciones cPt,., @t,8 en ba, necesitamos los vectores (ver 
(9.3-4», 

(13.4) Ilro~-t1 ® (00)411 = Ilb~-tI(a)11 + IIR~-tl(a)ll, 
(13.5) II(ro~ + ro~-l) ® (00)4!1 = IIb(Q~(a) + Q~-\a»11 + IIR~(a) + R:-I(a)ll, 
donde t se considera fijo y 0 < k < [t/2]. Con el fin de escribir estas relaciones en 
funcion de los Mrminos que figuran en Ill, construccion, introducimos las defini· 
ciones siguientes: 

(13.6) zii = xii ® !xo + Xt!-l ® !X2 + xiL21 ® !X3 + xt~2 ® a4, 
ztHI = xtHI ® !XO + Xt~l ® !Xl + xt~11 ® !X2 + Xt!.-2 ® !X3 + xi!.-s ® a4 , 

ztJ+2 = xtH2 ® !XO + xt!...11 ® !Xl + xt!...12 ® !X2 + (xt!...~l + Xi!...~3) ® OC3 

+ xt~3® a4
, 

1'$tH3 = xti+3 ® !XO + xt!...12 ® OC1 + xt!..1s ® 0(2 + xt~~2 ® !Y.3' 

La imagen de estas cocadenas en W ®S.K*4, se denotara con 

'it = (O ® 1)1'$1-
Para 0 < j < [t/2], definimos las cocadenas wl, como sigue. Si t es par, wl = 0, 

y si t es impar, 

(13.7) 

Con cada entero n > 0, consideremos Ill, matriz rectangular Ila~(n)ll, definida por 

a~(n) = (k ~) (mod 2), -i-n 

con 0 < k < [t/2], 0 < i < [t/2] - n. 19ual que en (7.4), se puede demostrar que 

IIdfllllaf{n)11 = IIG~(n)lI, 
donde, 

(13.8) (
i - k-l) ef(n) = k • -'/.-n 

En particular, si n = 0, se tiene que !laj!! = llaJ(O}II, y por consiguiente, ef(O) es Ill, 
delta de Kronecker (mod 2). 
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Ahora, sustituyendo en (13.3) las expresiones (5.S-II) para las Y:, agrupando 
los terminos, y usando (13.6), se obtienen, 

(13.9) IIR~.tf(a)11 = Ilafllllz~-U11 + lIafII>lIl1zi/tfll 
+ l/a*f(O, O)lllIz~HII + Ila*f(I, O)Illlz~tfll + II~wlll, 

(13.10) IIR~(a) + R~-l(a)1I = lIafllllZ'iW + Ilaf(I)/I IIZ~H + zit+211 

+ Ilaf(2)!lllz~+S11 + Ila*f(O, O)lllIzM + ii/HII + lIa*}(I, O)llllzil+2 + zi/+SII· 
Sea '!po = <pel ® tpZ)A, la transformaci6n de (8.4). Definimos las cocadenas vi de K, 

comosigue: 

4j_ [2/0<,4+ /0<,3+ 2 ffi 2J 
17t - '!po et-4i-2e2j "" a et-4i-2e2ie2i+l"" a 11, et-4i-3e2j+l W aua , 

vjHl = '!pO[et-M-2eZi+le2j ® auaZ + et_M_le~j® a3u + eHli-2e~Hl ® (au)Z 

+ et-4i-le21.e2i+l ® a2u2], 

(13.Il) vjH2 = 1fO[et-4,.e~i-l @ a4 + et-4;Bz,.e2i-l @aua2 

+ et-4Hle2:i-le2i @ a2u2], 
4i+3 [ 2 = 4 +' 2 to. 2 

Vt = '!po et-M-4e2i+l "" a et-4i-3e2j+l"" aua 

+ et-M-2e~Hl ® u 2a2
]. 

Se comprueba (mod 2) que, 

(13.12) 

Ademas, se tiene que, 

(13.13) 

Definimos, 

'!po(zii) = ~vjj + Pt-4iP2;(a), 

'!po(ztiH) = (jvtiH + Pt-M-2P2:i+1(a), 

'!po(ztH2) = &tH2 + Pt-4i-2P2Hl(a), 

1fO(ztH 3) = &tH3. 

(13.14) P~ti(a) = P2t-48-IP28+l(a) + '2.S!!b bj(O, O)P2t-4i+IP2i(a) 

+ 2J<!:Oll/2J bj(I, O)Pllt-M-IP2i+l(a), 

(13.15) P~(a) = P2t-4sP2.(a) + LY~2J bj(O, 0)P2t-4iP2i(a) 

+ L)<!.7/)/2} bi(-I, I)P2t-M-2P2i+l(a), 

(13.16) v~ti(a) = vtti + y(ztti) + L}t!!b bi(O, O)(v~H + y(zi/H}) 

+ L}<!.Ol}/2} bi(l, O)(vi/tf + y(zi/ti», 

(13.17) V~(a) = vt + y(zt) + 2Jt!!6bi(O, O)(vil + v~+l + y(zi/) + y(~H» 
+ LJ<.!:(1)f2] bJ(I, O)(vil+2 + vi/+3 + y(zi/+2) + y(zi/+3». 
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En estas expresiones, y es la transformacion de (8.12). Ahora, sustituyendo 
(13.9-10) en (13.4-5), multiplicando por Ildrll, aplicando 1jl, y usando (8.12) junto 
con (13.12-13), se obtienen las relaciones siguientes (ver (11.1-2»: 

(13.18) A~ttf«oo)£) + P~t"f{a) = oIJ~J dJ1jl(~tNa) + wi) 
+ ov~tNa) + oIY!:6-1 cj(l)(v~{:tr + y(z~tr», 

A~«oo)£) + P~Ha) = oI}t!:6 dJ1jl(Q~(a) + ~-l(a» 
(13.19) + oV~(a) + QIY!:b-1 cj(1)(v~1+1 + v~+2 + y(~+1) + y(4[+2» 

+ bI}~J-2 cj(2)(v:J+3 + y(~+3». 
LEMA 13.20. Si u = /Ja, se pueden satisjace'l' las kipotesis usadas en la construccion 

de (J)t,s' Bt,B' de modo que resulten, 

(J)t)/Ju) r-.J 0, 

DEMOSTRA0I6N. Si q + k es impar, donde q = dim u, de (10.2) se sigue que 
(ver (10.7)), 

p(ek+1 ® u2) = /Jpk+1(a) + 2Pk(a) (mod 4), 

y como /Ju = 0, podemos tomar bk+l = Pk(a) (ver (11.9-10». 
Tambien, de (10.2) se obtiene que 

U = p,,_l(a) + /Ja (mod 2), 

con ii, a definidos por (10.10). 
Representemos con PHa) las expresiones (13.14-15), y con B;(u£) las expresiones 

(11.11-12), estas llitimas construidas con u como en (1O.10), con bk+1 = Pk(U) , y con 
ai = PiCa). 

En vista de (13.17-18), para demostrar que (J)t,s!/Ja) ",0, es suficiente verificar 
que B;(u£) r-.J P:{u). Ahora, para los dos terminos donde Bl{u£) y p:(a) pueden 
diferir, se tiene 

bk+1 = Pk(a) = p!<P,,(a), 

Pk+2(U) r-..J Pk+2Pq-l(a). 

Esto demuestra 1a primera parte del lema. 
Analogamente, representamos con Ot(u£) las expresiones (11.13-14), construidas 

con ai = PiCa). 
Usando 10.2, se obtienen las relaciones (mod 4), 

P2k+3Sq2;( 00) ,,",2P2k+tP2;(U), 

P2k+~q2i+1(/Ja) '" 2P2kP2i+1(a), 

si q es impar, 

si q es par. 

De esto, se sigue que O;(u£),....." 2P:(a) (mod 4). Luego, a1 multiplicar por 2 las 
relaciones (13.17-18) resulta Bt .• (oo) r-..J O. 

14. Las operaciones en una suma 
Sean u, 11 dos cocadenas de K*. En K*£ definimos 

fJ3 = uv2u, 
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Resulta (mod 2), 

~+~=~+~+~~+~~+~+~~h 

Con esto y (5.6), calcularemos w: ® (u + V}4 mod 2 en W ® S.K*4. 

Ya que ~2 PI = 0, ~I P2 = 0, ~2~2 P4 = 0, se tienen, 

w: ® ~lPI = (ow~ti) ® PI + y~ti ® PI' 
w: ® ~2P2 = (ow:+1) ® fJ2 + Y:+1 ® P2' 

w: ® ~1~2P4 = (0~2w~ti) ® fJ4 + (~2y~ti> ® P4' 

Analogamente, de ~2P3 = ~lP3' Y aplicando varias veces (5.6), se obtiene 

I: I: i "I: i wt ® ~2P3 = Li=-1(OWt+1) ® P3 + Li=-lYt+1 ® P3' 

Por 10 tanto, si u, v son cocicios mod 2, 

(14.1) w: ® (u + V)4 = wf ® u4 + w: ® v4 + .Df(u + v) 

+ t5[w~ti @ PI + W:+1 ® P2 

+ L~= -lW~+l ® P3 + (~2w~ti) ® PJ, 
donde, 

(14.2) .Df(u + v) = y~ti ® PI + Yf+1 ® P2 + L~= -1 Yl+1 ® P3 + (~2Y~ti) ® P4' 

Por comodidad, en esta secci6n calcUlaremos mOdulo cojronteras, escribiendo 
""-' en Iugar de igualdad. Asi, para nuestras operaciones consideramos 

(14.3) w~ti ® [(u + V)4 + u4 + v4] ,......, D~+t(u + v), 

(14.4) (w~ + W~-1) ® [(u + V)4 + u4 + v4} ,....., ~(u + v) + ~-l(U + v). 

Definamos, 

(14.5) 

01 = (0 ® 1)01. 

Facilmente se verifica que, 

(14.6) 

Para t fija, y 0 < j < [tf2], definimos los vectores F~+2' H~+2' como sigue: 

(14.7) ~+2 = (0 ® 1)e2t+2e~ ® (UV)2, 

(14.8) H~+2 = (0 ® 1)(;j ~ 12) eOe~l ® u2v2
• 
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Ahora, sustituyendo en (14.2) las expresiones (5.S-Il), y efectuando caIculos en 
W ®S4K*4, se obtienen 

(14.9) Il~:j:i(u + 1)11 f""ooJ lIa~IIIIG~:j:~il + Ila*J(O, 0)IIIIG~+211 
+ i1a*J(1, O)IIIIG~{:j:~11 + IIF~+2!1 + IIH~+211, 

(14.10) II(D: + n:-I)(U + 1)11 r-.J lIa}IIIlG~+I11 + Ila*J(O, O)IIIIG~+lll 
+ lIa*}(-I, 1)IIIIG~{:j:III· 

AI mnltiplicar (14.9} por IIdjll, necesitamos calcular Ild}11 (IIF~+211 + IjH~+211). 
Con este fill establecemos los resultados siguientes. 

Sea c una constante entera, positiva 0 negativa. Para 0 < j < [t/2], definimos 
los vect{)res 11~!I, II~II, con 

. = (C-j -1) ~ . , 
J 

(mod 2). 

Usando el Teorema 25.3 de [2], se obtiene que lIaJllllr~lI = II~II, luego, multipli
cando por Ild}lI resulta, 

(14.Il) Ildjllll~ll = II~II (mod 2), 

Por 10 tanto, con c = -1, de (14.11) se sigue que, 

(14.12) ~(tf2Jd~ = (28 + 1) 
L.,J~O J 8' 

Si r = [(t + 1 )/2J, claramente, 

( t + 1 ) (r) ~r-l(i) 
2j + 2 = j + 1 = L.,i=O j {mod 2), 

luego, usando (14.Il), 
~I!l2] d!( t + 1 ) = ~~-1 ~W2] d~(i) = ~~-1 (i - 8 - I) 
L.,J~O J 2j + 2 L.,~=O L.,J=O J j L.,,=o 8 

= e8; 1) + (r -; ~ ~ 1) . 
En consecuencia, si r - 8 -1 > 0, 

(14.13) ~r!f2] d'!( t + 1) = (28+1) + (t - 28 - 1)' 
L.,J~O J 2j + 2 8 28 + 2 (mod 2), 

Ahora, interpretaremos los wrminos 'If1o(G{), en funcion de los elementos que 
intervienen en la construcci6n de <Ilt,g, 0 t ,.' 

Para una q; fija, supongamos que 

W,i = Sq,u = rp(e. ® u 2), w,~ = Sqiv = q;(e. ® 1)2). 
Entonces, w,; = Sqi(U + tI) = q;(ei ® (u + 1)2), donde 

a; = ai + a; + rp(eHI ® Uti) 
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Ademas, se comprueba facilmente que 

(14.14) (mod 2), 

donde "Po es 1a transformacion (8.4). 
Con respecto a las cocadenas definidas por (10.10), si u, v son q-cociclos, se tiene --- - -u + v = u + v + ({l(eq @ uv), 

y resulta 

En forma analoga, si bt- 2Q+1' l);-21f+1> son las cocadenas no triviales de (11.9-10), 
construidas con u, v, respectivamente, entonces, 

(14.15) b"t-2If+l = l)'t-2([+l + b2t- 2IJ+1 + ({l(et- 2q+1 @ uv) 

+ o!({l(et- 2q+3 @ v au), 
es una cocadena tal para u + v, y resulta 

(14.16) (mod 2). 

Ahora, si q es impar Y!l~ = I, las cocadenas (II.9) son cero. Por otra parte, ya 
que q> t (ver A3), "PO(G!t+2) resulta cero solo para q =1= t + l. Si q = t + I, 
"PO(G!t+2) = u ~ v, y necesitaremos tener presente este termino. Con este fin, para 
q > t, escribimos 

(14.17) 

Si q es par y h~ = 1, las cocadenas (11.10) son triviales, se tiene q > t (ver A/3), 
y resulta "Po(G~t+l) = O. 

Por ultimo, para los terminos especiales en 8 t II (ver (11.13-14», se comprueba 
losiguiente. Sea q = dim u = dim 'o. Si q es imp~r, mod 4 se tiene que, 

Y si q es par, mod 4 se tiene que, 

Sean u, v, dos q-cocic10s de K, satisfaciendo una misma hipOtesis, de las hipotesis 
A, A', B, :R'. Claramente, la suma, u + v, satisfacera tambien 1a hip6tesis comun 
de u, v. 

Definimos (ver (14.12-13», 

(14.20) _ (28 + 1) 
mlJ- 8 ' 

t = (28 + 1) + (t - 28 - 1) 
n. 8 28+2' 
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TEOREMA 14.21. Las cocadenas usadas para construir <1>t,., 0 t ,s, se pueden elegir, 
segun el caso, de modo que resulte to si{!uiente: 

(1) Si u, v satisfacen la hipotesis A, entonces mod 2, 

<P2t+1,2S+1(U + v) '"" <P2t+l,28+1(U) + <P2t+l,Ils+1(V) + m sSq2t+2(u ~ v) 

+ n;(Sqt+lU)~(Sq;+lV) + q . !/q(Sq2H-IU) ~ (Sq2H-IV) 

(2) Si u, v satisfacen la hipotesis A', entonces mod 2 

<P2t,2S(U + v),....., <P2t,2S(U) + <P 2t,2.(V) 

(3) Si u, v satisfacen la hipotesis B, entonces mod 4, 

02t+l.28+1(U + v) ,......, 0 2t+1,2s+1(U) + 0 2t+1,2S+1(V) + 2m.8Q2t+2(u ~ v) 

+ 2n!(SQt+1u ) ~ (SQt+lV) + 2g~(Sq2q_t_lU) ~ (Sq2H_IV). 

(4) Si u, v satisfacen la hipotesis B', entonces mod 4, 

0 2t,2S(U + v),....., 0 2t ,2S(U) + 0 2t•2s(V). 

DEMOSTRACI6N. Primero, sustituimos (14.9-10) en las expresiones vectoriaJes 
formadas con (14.3-4), y multiplicamos por IId!ll, teniendo en cuenta (14.12-13) 
para los rerminos (14.7-8). Luego, aplicamos 'Ij!, y usamos (8.12) en los rerminos 
"P(G/), "P(F{), "P(Hl), teniendo en cuenta (14.6) al calcular y(J(Gf). Por Ultimo, 
interpretando "Po(Gf) por medio de (14.14), ... , (14.19), segun el caso, se obtiene la 
demostracion del teorema. 

Ahora, tomando v = 00, y combinando (13.19) con Teorema 14.21, se obtiene e1 
siguiente 

COROLARIO 14.21 
<Ptju + oa) ,....., <Pt • .(u) 

0 t ,.(u + (0) '"" 0 t ,.(u) 

(mod 2), 

(mod 4). 

15. Las operaciones bajo transformaciones de cadena 
Sean K, L dos complejos regulares y f # : K -i>- L una transformacion de oadena 

(propia). Consideremos el diagrama 

"P' 
W@K~K4 

donde, "P', ij/ son aproximaciones diagonales S4-eQuivariantes (ver (8.9)). Existe r', 
una homotopfa equivariante y con valores en el portador diagonal bajo fil, tal que 

f~"P' - ip'(l @/#) = or' + r'o. 
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Pasando al dual, se tiene (mod 2), 

(15.1) 

donde,?jJ, ip,f#, r son, respectivamente, los duales de ?jJ', ip',f#, 1". 
Si u es un eociclo mod 2 de L, entonces 

(mod 2), 

y de (15.1) se sigue que, 

?jJ(wf ® (f#U)4),...., f#ip(wf ® u4) + r(Yf ® u4). 

Por 10 tanto (ver (9.3--4», 

E'f.8+1«f#u)4) '""f#~+1{ul!) + ",[tI2] d8r( ~H1 15(\ u4) 2t+1 21+1 L-j=O j 2t+1'C/ , (15.2) 

(15.3) ~«(f#U)4) f"-..J f#~(U4) + 2:}tEA djr[(~ + 11-1
) ® u4]. 

Neeesitamos ealeular explicitamente los Mrminos r(Y~ ® u4 ). 

Con las aproximaciones diagonales 7T-equivariantes, 

eonstruimos las transformaciones G-equivariantes (ver (8.3», 

?jJ~ = (q/ ® cp')f3(1 ® q/)(/., 

ip~ = (iP' ® ip')f3(1 ® ip')(/.. 

Como en (8.11), sean y', r', dos homotopias G-equivariantes tales que, 

donde, 

?jJ~ - w~ = dr' + r'd, 

ip~ - ip~ = dr' + r'o, 
w~ = W'(£) ® 1), ip~ = ip'(8 ® 1). 

Sea n una homotopia G-equivariante yean valores en el portador diagonal bajo 
fit, tal que 

(15.4) 

Si definimos, 

(15.5) P = IT - r'(£} ® 1) - fitr' + r'(l ®f#), 

se verifiea faeilmente que dP + Pd = O. Luego, existe Q, una homotopia G-equi
variante, tal que 

(15.6) P= OQ-Qd. 

Por otra parte, IT se puede definir explieitamente. Sea p' una homotOpfa 
7T-equivariante y con valores en el portador diagonal bajo f~, tal que 

(15.7) 
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Ahora, usando la convencion para productos tensoriales, introducida por 
Eilenberg y MacLane en [3; p. 5il7], definimos, 

M = (if;' ® ij/)f3(1 ® tt')oc + «Iji'(1 ® f #)) ® tt')f3(1 ® q/)oc 

+ ttt' ® (Iji' (I ® f #)))f3(1 ® q/)oc. 

Claramente, M: V ® V2 ® K -l>- L4 es equivariante. Luego, en un elemento 
ekeiei ® a de la G-base de V ® V2 ® K, definimos la transformacion N, como, 

N(e,.e • .e;0 a) = p' 0 (att' + tt'a)fJ(l 0 cp')oc(ekeie;0 a) 

+ (_I)i+H l(tt' '0 tt')f3(1 0 cp')oc(xek_1e • .ej 0 a), 

y extendemos N por equivariancia a todo elemento de V ® V2 0 K. Se verifica que 

(15.8) II=M+N, 

puede considerarse como la homotopia de (15.4). 
Combinamos (15.5) con (15.6), usando la expresion (15.8) para II. AI considerar 

las transformaciones duales, valuadas en ei>; 0 'l},4, donde u es un cociclo mod 2 
de L, se obtiene (mod 2), 

(15.9) r«Oeiej) 0 'l},4) r-...J f#y(eie; 0 'l},4) + r(eie; ® (j#U)4) 

+ {tt(I 0 1ji2) + cp[I 0 (f#1ji 0 tt + p 0 f#p)) 

+ cp(I 0 tt ® ~P)}ei 0 (e; 0 'l},2)2 + cp(ei_1[p(ej 0 'l},2)]2), 

donde, cp, p, y, y, tt, son, respectivamente, los duales de cp', p', r', jJ', pf, 
En la construccion de <I>t,$, 0 t ,s en j#u, podemos determinar la eleccion de las 

cocadenas en K en funcion de las elegidas en L. Asi, sea 

(15.10) 

el dual de (15.7), mod 2. Si u es un cociclo mod 2 de L, tal que 

Sq;u = p(e; 0 u2
) = &ii' 

usando 15.10, se comprueba con aj = f#a i + pee; 0 'l},2), que 

SflJf#u = cp(e; ® (f#u)2) = ~a:l' 

Ademas, con (15.9-10), podemos verificar que (mod 2), 

(15.11) r«Oeiej) 0 u4) f"-..J j#y(el'; 0 u4) + r(eie; @ (j#U)2) + j#'A(ii;) + PiCa;), 

donde, P., Pi estan definidos, respectivamente, con Iji, cpo 
Si u es un q-cociclo mod 4, se tiene 

(f#~ = j#u + p(eq-l @ 'l},2), 
y resulta (mod 2), 

(15.12) r({Oe.e~_l) @ u4),-....., f#y(e • .e~_l ® u4) + r(e.e~_l @ (j#U)4) 

+ j#p.(11,) + Pi({J#U}). 
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Ahora, consideramos las cocadenas de (II.9-10), que, por c1aridad, las deno
taremos con 1)H1(U), Con las lripotesis necesarias en el q-cocic10 u, se demuestra 
para i + q impar, que 

bm(f#u)"""" f#1);+1(u) + p.(ei ® u 2) 

Luego, se obtiene (mod 2), 

(mod 2). 

(15.13) r(Oeie~) ® u4),...., f#ji(eie~ ® u 4) + y(eie~ ® (f#U)4) + f#1)i+1(U) + bi+1(f#u). 

Por Ultimo, para los elementos especiales de 0 t ,., se demuestra que si u es un 
q-cociclo mod 2, y si q es impar, entonces (mod 4), 

(15.14) 2P«Oe2i+14 j ) ® u4) ro.J 2f#ji(e2i+1eii @ u 4) + 2y(e2i+1e~j ® (f#u)4) 

+ f#P2i+3Sq2iu + P2i+3S q2;!#u, 

y si q es par, tambien (mod 4), 

(15.15) 2P«Oe2i4Hl)®u4),.....,2f#ji(e2~Hl @u4)+2y(e2i4Hl®(f#u)4) 

# - # 
+ f P2i+~q2HIU + P2i+2,SQ2Hrf u. 

Combinando (15.2-3) con (15.11), ... , (15.15) se obtiene la demostracion del 
siguiente: 

TEOREMA 15.16. Sea f # : K -+ L una transformaci6n de cadena (propia) '!I 
f# : L* -+ K* 8U dual. Si u es un cociclo de L taZ que 8e pueda definir una de las 
operaciones <I\.(u), 0 t ,8(U), entonces, 8egun el caso, 8e puede construir (J)t,.(f#u), 
0 t,.(f#u) de modo que resulte, 

f#(J)t,.(U),....., (J)t,.(f#u) 

f #0 (u),....., 0 (f#u) t,s t,s 

(mod 2), 

(mod 4). 

Claramente, si en el Teorema 15.16 tomamos K = L, Y f# = 1, se obtiene e1 
siguiente: 

COROLARIO 15.17. Para otra elecci6n en la transformaci6n q/ : V ® K --+K2, las 
construcciones 86 pueden determinar de modo que (J)t,.(u), 0t,iu) 8e alteren unicamente 
por una cofrontera. 

Esto complementa e1 estudio de las desviaciones desarrollado en §12. 

16. Las operaciones en clases de cohomologia 

Empezaremos por introducir una notacion mas conveniente para establecer los 
resultados. 

En la construcci6n de las operaciones (J)t 8 hemos usado las relaciones (9.9-10), 
que son equivalentes, usando 1a notaci6n su'perior, con (a < b) 

(16.1) (mod 2) 

donde, 
A~a,b = (b - j -.1). 
, 2a-2J 
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Consideremos las operaciones (con k = 1,2), 

(16.2) 

(16.3) 

(16.4) 

donde, 

Sq" : Ha(K; Z21c) -+Ha+b(K; Z2), 

Afa,bSq i : Ha(K; Z21c) -+ Ha+i(K; Z2)' con j = 2, ... , a, 

A~a,bSq2a+b-l : Ha(K; Z21c) -+Hq+2a+b- 1(K; Z2)' 

k = I, si A~,b = 0; k = 2, si Aia,b = 1. 

Para a < b, definimos 

(16.5) 
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subgrupo de Ha{K; Z21c)' como sigue. Si b es impar, (16.5) se define para toda 
dimension q, como la interseccion de los nucleos de las operaciones fl6.2), (16.3) Y 
(16.4). Si b es par y A~a,b = 0, para toda q, (16.5) es la interseccion de los nucleos 
de las operaciones (16.2) y (16.3). Por ultimo, si b es par y A~,b . 1, entonces, se 
considera Unicamente q < 2a + b, y como en el caso anterior, (16.5) es la inter
seccion de los nucleos de (16.2) y (16.3). Denotaremos (16.5) con Nq(K; Z21c)' 6 mas 
brevemente con Nq(K). 

Se verifica facilmente que si {u} E Nq(K) Y q - b es impar, entonces u satisface 
la bipotesis A, con b = q - 28 - 1, a = q + 8 - t; Y si q - b es par, entonces 1l 

satisface la bip6tesis A', con b = q - 28, a = q + 8 - t. 
Con relaci6n a los modulos (12.1-2), definimos 

(16.6) 

como el subgrupo de HH2a+b--l(K; Z2)' generado por los siguientes subgrupos: 

Sq2aHH b-l(K; Z2)' 

~,bSqlHq+2a+b-2(K; Z2)' 

A,;a,bSq2a+b-;Hq+i-l(K; Z2)' con j = 2,' .. ,a. 

Brevemente, denotaremos (16.6) con Mq+i(K; Z2)' donde i = 2a + b - L Se 
comprueba que (16.6) coincide, con (12.1) si q - b es impar, y con (12.2) si q - b 
es par. 

Ahora, para las operaciones e t,s' observando que 2Sq2J+l = 0 mod 4 (ver (10.4», 
de (16.1) se obtiene (a < 2b), 

(16.7) (mod 4) 

donde (cf. 23.8 de [2J), 

~,b _ (b - j - 1) 
A.j - a-2j . 

La formula (16.7) es equivalente con las formulas que se derivan de (1l.7-8), y 
representa las relaciones que se utilizan para definir e~ ... 
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Consideremos las operaciones, 

(16.8) 

(16.9) 

Sq2U : Hf/(K; Z2) _HlJ.+2I1(K; Z2)' 

Aj,l'Sq2i : Hf/(K; Z2) _HH2i(K; Z2)' con j = 1, ... ,[af2]. 

Para a < 2b, definimos 

(16.10) 

como la intersecci6n de los nucleos de (16.8) y (16.9). Se considera toda q si ~,b = 0, 
y Unicamente q < 2a + 2b si Ago" = 1. Claramente, (16.10) es un subgrupo de 
Ha(K; Z2)' Como en el caso anterior, denotaremos (16.10) con Ni(K; Z2)' 0 

simplemente con NI(K). 
Para {u} E NI(K) se verifica que, si q es impar, u satisface la hip6tesis B, con 

2b = q - 28 - 1, a = q + 8 - t, Y si q es par, entonces u satisface la hip6tesis B', 
con 2b = q - 28, a = q + 8 - t. 

AnaIogamente a (16.6), con i = 2a + 2b - 1, definimos 

(16.11) 

como el subgrupo de HHi(K; Z4)' generado por los siguientes suhgrupos: 

2Sq2aH(l+2u-l(K; Z2) 

2Aj,bSq2a+2l>-2iH«+2i-1(K; Z2)' con j = 1, .•. , [af2]. 

Denotaremos (16.11) simplemente con Mi+i(K; Z4)' Se verifica que (16.11) 
coincide, con (12.3) si q es impar, y con (12.4) si q es par. 

Para <»t,., 0 t ,s introduciremos la notaci6n <»!, 0!, usando Indices superiores, 
como signe. Si las operaciones <»~,.(u), 0 t •• (v) estau definidas, entouees 

(16.12) <»~:;::=Hu) = <»t,iu), 

(16.13) r.;>SQ-t-l() 0 (v) 'CJZq+B-t v = t,. , 
donde q = dim u = dim v. 

Con estas definiciones, para {u} E Nf/(2a, b, K, Z2k)' las operaciones (11.15-16) 
resultan ser <»k(u), con i = 2a + b - 1. Ignalmente, para {v} E NH2a, 2b, K, ZIl), 
las operaciones (11.17-1S) resultan ser 0~a(v), con i = 2a + 2b -1. 

Definimos las operaciones <»~, 0~, en clases de cohomologia, como las clases 
laterales 

<I>k({u}) = {<I>~(u)} + Mfl+i(K; Z2)' 

0k({u}) = {0k(v}} + MI+i(K; Z4)' 

Las operaciones definidas de esta manera, resultan ser independientes de las 
elecciones arbitrarias que intervienen en su construcci6n (ver §I2, (14.21), 
Corolario 15.17). 

Luego, para. a> 0, con i = 2a + b - 1, donde a < b, se tiene 

(16.14) <I>~ : NIJ(K; Z2A:) _ HIJH(K; Zz)/MHi(K; Zz). 
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19uaJmente, para a > 0, con i = 2a + 2b - 1, donde a < 2b, se tiene 

(16.15) 

Una transformaci6n de cadena (propia), ! # : K ~ L, determina las trans
formaciones, 

1*: Nfl(L}~Nfl(K),1*: H7>(L)I.M7>{L)~H7>(K)/M7>(K), 

1* : N~(L) ~Nf(K),f* : H7>{L)/.Mi(L).~H7>(K)/.Mi(K). 
Si U E Nfl\L), v E Nf(L), por el Teorema 15.16, se tiene que 

(16.16) 

Por 10 tanto, <I>i., 0i. resultan naturales en el sentido de que conmutan con los 
homomorlismos inducidos por transformaciones continuas ! :\K\ ~ ILl. Rsto 
implica 1a invariancia topo16gica de las operaciones. 

Ahora, si expresamos los resultados del Teorema 14.21 por medio de 1a nueva. 
notaci6n y consideramos clases, obtenemos e1 siguiente: 

TEOREMA 16.17. Sean u, v dos elementos de Nfl(K). Hi q + i es impar, 

<I>k(u + ·v) = <I>k(u) + <I>k(v). 

Hi q + i es par, 

<I>i.(u + v) = <I>~a(u) + <I>k(v) + m).*Sqi-q(u ~ v} 

(16.18) + n!+g-a 2*(Sq(i-g}f2U ) ~ (Sq(i- Il)/2v) 

+ (q. 2~,b}2*(Sq(q-')/2U) ~ (Sq(ll- i )/2v) 

donde, A* : H7>(K} _ H'P(K)/M7>(K) es la fadorizaci6n natural, s = 1/2(q - i) + 
a-I, y los coefo;ientes son los definidos en (14.20). 

Aruilogamente, sean u, v son dos elementos de N~(K). Hi q es par, 

Si q es impar, 

0~+1(u + 'Ill = 0~+1(u) + 0~+1(v) + 2m).*Sq2i+1-fl(u ~ v) 

(16.19) + 2n!+Il-al*(Sqi-l/2(<t-1)u) ~ (Sqi-l/2(1l-1)V) 

+ 2A$,oA*(Sql/2(1l-1H u ) ~ (Sql/2(<t-1)-·v), 

donde,2* : HT/(K) _HP(K){Mf(K), 8 = I/2(q -I) + a - i-I. 
Si q es impar y lW',b = I, enronees q < i en Na(K). Luego, si e1 Ultimo termino 

de (16.18) es distinto de cero, debe ser u ...... v. Se tiene una. observaci6n analoga 
para (16.19). 

Claramente, si las operaciones estan definidas para. q > i (q > 2i + 1), resultan 
ser homomorlismos. 
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17. Relaciones con operaciones funcionales 
Sea f # : K -+ L una transformacion de cadena (propia), y f# : L* -+ K* su dual. 

Sea u un q-cociclo de L tal que (J)Zt+l,2S+1(U) esM definido. De acuerdo con e1 
Teorema .15.16, se pueden construir las operaciones de modo que resulte 

f#(J)2t+l,2s+1(U) r-.J (J)2t+l,2s+1(f#U) 

= A;;ti«f#u)4) + B~~ti«f#u}4). 
Ahora, si supollEimos que 

(mod 2k), 

usando (litIS), se obtiene que 

(17.1) f#(J)2t+1,2s+1(U) r-..J P~.ti(a) + B~tt({f#u}4) (mod 2). 

Analogamente, si suponemos que u satisface las hipotesis necesarias para definir 
las operaeiones l'espectivas, se tienen 

(17.2) 

(17.3) 

(17.4) 

f#(J)2t,2s(U) r-.J P~(a) + B;;«(f#U)4) 

f#@2t+l,2S+1(u} r-.J 2~tt(a) - ~tt«f#U)4) 

f#@zt,zs(u) r-.J 2P~(a) - ~«f#U)4) 

(mod 2), 

(mod 4), 

(mod 4). 

Con el fin de iuterpretar los Mrmiuos que se encuentran a 1a dereeha de estas 
eohomologias, haremos las observaciones siguientes. Primero, si /Jv = /Jw mod 2, 
entonces 

(mod 2). 
Ahora, como en §15, sean 

a j = f#iif 1- p,(ej @ u 2), -- -(f#u) =f#u + p,(eq-l @u2), 

b.+1(f#u) r-.J f#bi+1{U) + p,(ei <8> u 2). 

Entonees, PiCa) + a; es un representante de la operacion funeional Sq{{u} (vel' 
[10; p. 982]). Luego, 

es un representante de 

En la misma forma, ---Pi(pq_l(a) + (j#u» r-.J PiPq_l(a) + pA(f#u» 

resulta un representante de 

Sqi_l(Sq~_l{U}) E H*(K; Zz)/SqHSqq_1H*(K; Z21c)' 

La eleceion ean6nica U reduce el mOdulo. POI' otra parte, si l~·b = 1, para las 
operaciones (J)t,. se oonsidera k = 2, yen este caso e1 mOdulo se reduce a cero. 
Ademas se tiene Sq~_l{U} = 0 mod 2. 
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La cocadena 0i+1(U) puede variar unicamente por un elemento de la forma ibc 
donde c es un eoeido mod 2 (ver §lO). Por 10 tanto, 

'6i+1(f#u) + PiPq(a) 

es un representante de 

Sq{{u} E H*(K; Z2)/f*SqlH*(L; Z2) + Sqi_1H*(K; Z2k)' 

Por Ultimo, si q es impar, se tiene que 

2P2i+IP2i{a) - P2i+SSq2i(f#u) "-' 0 

y si q es par, entonees 

(mod 4), 

2P2iP2i+l(a) - P2i+ZSq2i+l(f#U) !"">oJ 0 (mod 4) 

Esto es inmediato a partir de (10.2). 
PorIo tanto, los tBrminos a la dereeha en (17.1--4) se identifican con una suma 

de eocidos, representantes de diferentes operaeiones funeionales. Luego, para 
obtener un resultado en elases necesitamos eonsiderar un m6dulo suficientemente 
grande para que resulte eomlin a las diversas operaciones. Con este fin, y usando la 
notaci6n de §16, introducimos las siguientes definiciones. 

Con i = 2a + b - 1 definimos ~+i(2a, b, K, Z2)' 6 brevemente ~+i(K; Z2)' 
como e1 subgrupo de Hq+i(K; Z2} generado por los siguientes subgrupos: 

Sq2aSqbHa-l(K; Z2k)' 

;.ft,bSq2a+b-iSqiHQ-l(K; Z2k)' conj = 0, ... ,a. 

A.uaIogamente, con i = 2a + 2b -1 definimos QfH(2a, 2b, K, Z4)' 6 breve
mente QiH(K; Z4)' como el subgrupo de Ha+i(K; Z4) generado por los siguientes 
subgrupos: 

2Sq2aSq2bHa-l(K; Z2)' 

2;'j,bSq2a+2b-2iSq2iHH(K:Z2), conj = 1," . ,[a/2]. 

Denotemos conf** las siguientes transformaciones inducidas por f* : H'P(L)-* 
H'P(K). 

f** : HP(L)fMP(L) -* HP(K)/QP(K) + f* MP(L), 

f** : HP(L)fMf(L) - HP(K)/Qf(K) + f* Mf(L). 

Sa ha demostrado e1 teorema siguiente: 
TEOREMA 17.5. Seaf*: HP(L)_HP(K) el komomorjismo inducido en cokomo

log£a poruna transJormaci6n continua J: IKI-iLI. Supangamos quepara u E HU(L) 
8e tienef*u = O. Si u E NU(L), 

J**<1>'&.(u) = Sq2G{SqJU) + 2:f=oAr·bSqi-i+1(SqJu). 

SiuENHL), 

f**0k(u) = 2Sq2G(Sq~U) + 22:~~Wj·bSqi+1-2i(Sqru). 
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18. Las operaciones en la cohomologia relativa 
Sea K un complejo y L c K un subcomplejo. Las definiciones y propiedades 

usadas en Ill. construccion de <Pk, 8k, se pueden extender a Ill. cohomologia relativa 
Hq(K, L). 

Consideraciones en el portador demuestran, que con (8.9), se tiene Ill. trans
formacion relativa 

Resultados ana,logos se tienen para las transformaciones q;', y' de (8.1), (8.1I). 
Entonces, (9.7-8) son tambien relaciones validas en (K. L). 

Se verifica facilmente que las COl18trucciones efectuadas en §1I, as! como tambien 
los resultados de §12, ... , §15, se extienden a (K, L). 

POl' 10 tanto, con las definiciones (16.5-6), (16.10-11), para (K, L), se obtienen 
las operaciones 

<P~a : Nq(K, L; Z2k) ~ HHi(K, L; Z2)/M*(K, L; Z2)' 

8~a: N'i(K, L; Z2) ~HHi(K, L; Z4,)/Mi+i(K, L; Z4)' 

Estas operaciones satisfacen las propiedades (16.16) y el Teorema 16.17 en el caBO 
relativo. En 10 que sigue, estudiaremos las relaciones de <Pk, 0~a con el operador 
cofrontera. 

Para esto, utilizaremos los resultados de §I3, pero primero vamos a indicar algunas 
propiedades de las matrices que usamos. 

Las matrices Hat!!, HaJl1 son triangulares. Como lall = 1, el elemento a: es simple
mente el cofactor de at en el determinante jall. Con Ia relacion, 

""'W21a~a~ = /J'F 
L,~=O • J 3' 

los elementos a} se pueden caracterizar inductivamente, como signe: 

a:=o sik<j; 

Un argumento inductivo demuestra que 

POl' Ultimo, observamos que la matriz que se obtiene de Ilafll suprimiendo la 
ultima columna y el Ultimo rengIon, tiene como inverso Ill. matriz que resulta al 
suprimir en lIaJlIla Ultima columna y el Ultimo renglon. 

Representamos con lJ el operador cOlrontera de K. Calcularemos mOdulo con-on
teras de (K, L), escribiendo r"o.I en Iugar del signo de igualdad. 

Sean U, t> dos cociclos de L satisfaciendo las hipotesis necesarias para poder 
definir <P2t- 2,2.('U). @2Hl,2s(V). Usando, los resultados antedares sobre las matrices, 
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las relaciones (5.S-H), y las hip6tesis para definir las operaciones, de (13.18) se 
obtienen, 

(18.1) A~.tW~U)4) + P~.ti(u) f'oo.I ~A~_2(U4) 

+ ~,,[(t:"'2)/2J ( j - 8 - 1 ) S S 
L, j=O 2j + 8 + 3 _ t q2t-4i-S qZi+lu (mod 2). 

(18.2) 2Ai:tf(~V)4) + 2P~tf(v) r-.J 2~Ai:_z(V4) (mod 4). 

Analogamente, si u, v son dos cocjclos de L satisfaciendo las hipotesis necesarias 
para definir <PZt- 3,2.<I-l(U), 0 2t- 3,28-1(V), de (13.19) se obtienen (8 > 0), 

A~W~U)4) + Pi:(u) r-.J Mi:=l(u4) + ~Sq2t-48-4Sq28+1U 
(18.3) 

(mod 2), 

(mod 4). 

El Mrmino Wi~3 = Q(azt- 2 @ a_I) se calcula explicitamente a partir de la 

relacion (ver (3.3)), 

oQ(a;@ a_I) + Q o(d;@a_I ) = (-l)i+1e#~#{a_l @ aj ). 

Asf, en (K, L) se obtiene que 

(18.5) ~1p(Wi~3 @ u 4) I"-' ~ 2)<!,o2l/2J(SQ2iU ) ~ (SqZt-Zi-Zu) 

+ ~ 2}<:02)/2J(SQZi+1U) ~ (SQat-2i-su ), 

donde U es un cociclo mod 2 de L. 
Denotamos con ~L el operador cofrontera de L, y con pf el operador (10.1), 

construido con 0L' Para interpretar los terminos J1(u} en (18.1-4), establecemos 
los resultados siguientes. 

Sea U un q-coeielo de L tal que 

Sqju = pee; @ u2) = ~Laj (mod 2). 

La cocadena ai = Oaj + Pi+l(U) esta en (K, L), y se tiene 

SqHl(OO) = oai' 
En (K, L) se verifica que 

PiCa!) + ~pf-l(ai} '" PiP;+1(U) (mod 2). 
r-.J 

Supongamos que u es un coeido mod 4. Si definimos u, (ilu) como en (lO.lO), 

'" la cocadena (00) pertenece a (K, L). Calculando modulo cofronteras de (K, L), 
se obtiene que 

r-.J 

Pi(OO) + ilpf_l(U)""" PiP'1(u) (mod 2). 
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Ahora consideraremos las cocadenas O. definidas en (1l.9-1O). Sea. u un q-cociclo 
mod 2 de L. Si representamoB u como cocadena mod 4, se tiene que ()LU = 2m, 
m" = 2m + v, donde m es una cocadena de L, yves una cocadena ~e (K, L). 
Luego v representa a flu como cocadena mod 4 de (K, L). 

Con q + i par, supongamos que se tiene en L, 

tp(ei ® u 2} = ()Lai + 2hi (mod 4). 

Se comprueba que la cocadena ana,1oga a hi' en (K, L) es 

bi+1(V) = flbi + (jLbi + tp(ei ® uv) + tp(ei+l ® wv) + tp(ei+l ® u lJw). 

Resulta, 
0i+l(V) + fl'!Ji""'" PiPa+l{U). 

Para las operaciones 0 t,8 se establecen, en (K, L), lOB siguientes resultados mod 4. 
Sean v, w como en casu anterior. Si q es par, 

Plli+SSQ2iHv - flpft+2Sq2i+lU ""' 2p2i+!P2i+2(u), 

y si q es impar, 
P2i+2Sq2i+lV - dpft+1Sq2iu f'-' 2P2Jl2i+1(u). 

En cada caso, estos resultados permiten demostrar que P: es iguai a la diferencia 
formada con los terminos de (11.11-14). 

EI operador cofrontera invariante b, transforma NfJ(L}, MfJ(L), respectivamente, 
en Na+1(K, L), MfJ+1(K, L) (suponiendo que estos ultimos estlin definidos), y por 
10 tanto, induce en los grupos factores, Ia transformaci6n 

b : HfJ(L)/NfJ(L) -+HfJ+I(K, L)/M!lH(K, L). 

Resultados analogos se tienen para NnL), M~(L). 
Sea A* Ia transformaci6n del Teorema 16.17, en el caso relativo. Partiendo de 

(18.1-4), y usando 10 que Ie signe, se demuestra e1 teorema siguiente: 
TEOREMA 18.6. Suponemo8, por 8implicidad, que el anillo de cokomologf,a de L es 

trivial (ver (18.5». Sea U E NfJ(L). Si q + i e8 impar, entonces 

d«>~a(u) = «>~a( flu) 

r .Il.*'((.':+1)!21 (b - 2j.- 3) Sqi-2iSq2ibu si qes immnr, + ~ L,J-O 2a ~ 4) + 2 ' '1'-

I A.*,~aI2J (b - 2) - 4) Sqi-2i-lSq2iHbu si q espar. 
l L,3=0 2a - 4j , 

Hi q + i es par, entonces 

fl«>~a(u) = «>k(bu) + A*Sq2a+lSqb-2(ju 

{ 

l* LJ:!:(3)/2J (:a -=-21j-=-~) Sqi-2iSq2i(ju, 

+ . 
A* ,I~a-8)12J (b - 2) - 5) Sq ...... 2i-lSq2i+1du 

l L,3=0 2a - 4j - 8 ' 

si q es impar, 

si q e8 par. 
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Por ultimo, 8i v E Ni(L), resulta 

b0k(v) = 0k(bv). 
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ON THE HOMOTOPY GROUPS OF SPHERES 

I. M. JAMES 

Let SfJ denote a q-dimensional sphere, where q > 1. The homotopy groups of sa 
are the abelian groups 'lTm(SfJ), m = I, 2, •. , , whose elements are the homotopy 
classes of maps of sm into SfJ. If m < q there is only one homotopy class, likewise if 
m > q and q = 1. The problem is to determine the groups when m > q> I. 
Present methods of computation only work when m - q is small, and throw little 
light on the general case. There are some results, however, in which no such 
restriction is involved, and these appear to be of two kinds. The first kind are 
relations between the homotopy groups of various spheres, ranging from the 
classical isomorphism 

(m> 3), 

to the exact sequences of [4] and [9J. The second kind are theorems which give an 
indication, admittedly slight, of the general form taken by the homotopy groups of 
SfJ. The following is an account of those results which come under the latter heading. 
The objective, of course, is a procedure for computing the homotopy groups of 
spheres which is as effective as, for example, that which we now have for the 
homology groups of Eilenberg-MacLane spaces. This problem has already been an 
important stimulus to research in algebraic topology. When it is solved the subject 
should open up very considerably. 

A map of SfJ into itself determines an integer, the degree, which is unchanged 
when the map is subjected to a homotopy. By composing representatives with such 
a map we obtain, for each d~gree, an endomorphism of Trm(SfJ), which is not neces
sarily the same as multiplication by the degree. No doubt a computation of the 
homotopy groups of sa should include the determination of these endomorphisms. 
Another element of structure to be considered is the Whitehead product, which 
constitutes a bilinear, anti-commutative pairing of Tr m(SfJ) with 'TT n(8fJ) to 'TT m+n_1(SfJ). 
But I will leave these and similar matters out of the present discussion. 

The cOITespondence between maps of sa into itself and their degrees induces an 
isomorphism of'TTq(S!l) with the group of integers. A map of 82«-1 into sa also deter
mines an integer, the Hopf invariant, and from this correspondence we obtain 
a homomorphism of '7T2a-l(sa) into the group of integers which is non-trivial if, and 
only if, q is even. In certain cases, therefore, 'TTm(SfJ) is of infinite order. A decisive 
advance was made by Serre in [5] when he used spectral sequence methods to prove 

THEOREM 1. Let m =1= q, and let m =I- 2q - I if q is even. Then 'lTm(SfJ) is finite. 
Let q be even. Then 'IT 2q-l (SfJ) i8 the direct 8um of a finite group and an infinite cyclic 
group. 

The problem, therefore, is to determine these finite groups, and we may 
conveniently split them up into their p-primary components. That all the 
prinle numbers p are involved is shown by 

222 
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THEOREM 2. Let q > 2, and let p be a prime number. Then there are an infinite 
number of values of m such that 7Tm(SQ) contains elements of order p. 

The above theorem is proved by the method of killing homotopy groups, and 
makes use of information concerning the homology, modulo p, of the Eilenberg
MacLane spaces. The casep = 2 is due to Serre [7], and the general case is proved 
in a similar way with the help of results obtained by Cartan in [1]. The method does 
not reveal, however, whether the p-torsion of 7Tm(SIl) can be bounded independently 
of m. The case q = 1, of course, is exceptional because the higher homotopy groups 
of S1 are all trivial. 

Our next theorem arises from the study of the endomorphisms induced by 
mapping SIl onto itself. The proof is contained in [4] for the case p = 2, and in 
[9] for the case when p is odd. 

THEOREM 3. Let q be odd, and let p be a prime number. Then the homotopy groups of 
SIl contain no elements of order pll. 

For example, let q = 3 and let m > 3. The theorem states that 7T mesa) is the 
direct sum of a number of cyclic groups of order p2 and a number of cyclic groups of 
order p, where p runs through the primes. In [5], however, Serre has shown that 
the primes greater than mJ2 are not involved. Given p, values of m can certainly be 
found such that 7Tm(sa) contains an element of order p, whereas elements of order 
p2 have only been found in case p = 2. It would be interesting to decide whether 
elements of order p2 are ever present when p is odd and q = 3. It is interesting to 
note that 7T28(S13) contains an element of order 32, according to Toda [8], which 
suggests that the theorem is not too wide of the mark. 

There are standard relations between the homotopy groups of even-dimensional 
spheres and those of odd-dimensional spheres (see [4] and [6]). By applying these in 
connection with Theorem 3 we obtain 

THEOREM 4. Let q be even, and let p be an odd prime number. Then the homotopy 
groups of S'l contain no elements of order p2a-l nor any of order41l• Suppose thatf32'J-1 

can be mapped into sa with Hopf invariant unity (as is the case when n = 2, 4 or 8). 
Then the homotopy groups of SIl contain no elements of order 22a-1. 

It is useful, in the applications of obstruction theory, to have a version of these 
last two theorems formulated in terms of induced endomorphisms. Hence we apply 
formulae from [3] and [6J to those theorems and obtain 

THEOREM 5. Let n > 2, q > 1. Oonsider the endomorphisms of the homotopy groups 
of SIl which are induced by mapping SIl onto itself with degree nJc, where 1c = q - I if 
n or q is odd, and 1c = q otherwise. The images of these endomorphisms contain no 
elements of order n. 

We have so far been considering the homotopy groups of one sphere at a tinle. 
The usual approach, introduced by Freudenthal in [2J, is to proceed stem by stem. 
The r-stem, we recall, is the sequence of suspension homomorphisms 

(q = 1,2, _. -). 

We denote 7T1l+,,(S!I) byG .. if q > r + 1, since Eis then an isomorphism, and we refer 
to G" as the stable group of the r-stem. By Theorem 1, G,. is finite if r > 0, and Go is 
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infinite cyclic. In some respects it appears that the stable groups may be easier to 
determine than the others. For example, the operation of composition induces a 
pairing of Of' with Os to 0 .. +8 , which turns the set of stable groups into a graded anti
commutative ring with a unit element. 

I have recently proved the following result (to be published in the PROCEEDINGS 

OF THE LONDON MATHEMATICAL SOCIETY). 

THEOREM 6. Let P be a prime number. Then there are an infinite number of values 
of k such that 0 411:-1 contains elements of order p. 

The above theorem originates in a study of the quaternionic Stenel manifolds. 
Despite its apparent similarity to Theorem 2, the proof is entirely different, and 
neither of these results appear to be a corollary of the other. I have not been able 
to obtain any analogue of Theorem 3 in the case of the stable groups. On the con
trary, it appears likely that values of r exist, for each prime p and integer m, such 
that Or contains elements of order pm. Some information about the order of the 
elements can be obtained by combining Theorem 3 with various suspension theorems 
from [6] and [9]. The following, although capable of being improved, is included as 
an example of what can be deduced by such methods. 

THEOREM 7. Let p be a prime number, and let k be an integer. If r < k(p - 1) then 
Or contains no elements of order pk. 

OXFORD, ENGLAND 
REl!'ERENCES 

1. H. OAItTAN,SUr l'iterationdes operatio1l8deSteenrod, Comm. Math. Helv., 29 (1955), pp. 40--58. 
2. H. FREUDENTHAL, (Jber die Klas8en, von SpharenabbildungeJn, Compo Math., 5 (1937), pp. 

299-314. 
3. P. J. HILTON, On the homotopy groups of the union of spheres, J. London Math. Soc., 30 (1955), 

pp. 154-172. 
4. I. M. JAMES, On the 8U8pension 8equence, Ann. of Math., 65 (1957), pp. 74-107. 
5. J.-P. SERItE, Homologie singuliere des espaces fibres, ibid., 54 (1951), pp. 425-505. 
6. J.-P. SERItE, Groupes d'homotopie et clas8e8 de groupes riMliens, ibid., 58 (1953), pp. 258-294. 
7. J.-P. SERItE, Oohomologie modulo 2 des complexe8 d'EilenlMrg.MacLane, Oomm. Math. Helv., 

27 (1953), pp. 198-232. 
8. H. TODA, Le produit de Whitehead et l'invariant de Hopf, C. R. Acad. Sci. Paris, 241 (1955), 

pp. 849-850. 
9. H. TODA, On the double 8U8pension E2, J. lnst. Poly. Osaka., 7 (1956), pp. 103-145. 



THE HUREWICZ THEOREM 

By DANIEL M. RAN 

1. Introduction 

Let L be a simplicial complex, 7T",(L) its nth homotopy group (relative to some 
base point) and Hn(L) its nth homology group. For each integer n > 0 let 
h*: 7Tn(L)~Hn(L) be the Rurewicz homomorphism. Then the Hurewicz them-em 
states (see [2]): 

(a) h* : 7TI(L) ~ H I(L) is onto and has the commutator subgroup [7T1(L), 7T1(L)] as 
kernel. 

(b) if 7Ti(L) = 0 for 1 < i < n, then h* : 7Tn+1(L) ~ H n+1(L) is an isomorphism 
and h*: 7T"'+2(L)~Hn+2(L) is onto. 

The usual definitions of the homotopy groups of L only involve its underlying 
topological space and disregard the simplicial structure of L; consequently the 
corresponding proofs of the Rurewicz theorem are also of a topological nature. 
In [3] a definition of the homotopy groups of L and of the Rurewicz homomorph
isms was given in terms of simplicial structure of L only. The object of this paper 
is, starting from these definitions to give a completely combinatorial proof of the 
Rurewicz theorem. In fact it will be shown that the Hurewicz thilorem may be 
considered as a special case of a purely group theoretical theorem. 

We shall only consider the case of a c.s.s. complex which has only one O-simplex. 
This is no real restriction as every simplicial complex may be converted into a c.s.s. 
complex by a (partial ordering of its vertices and as every connected C.S.s. complex 
is of the same homotopy type as one which has only one O-simplex. 

The paper is divided into two parts. In Part I the necessary definitions are 
given and the Hurewicz theorem is formulated and reduced to a purely group 
theoretical theorem. The proof of this theorem is given in Part II. 

PART I 

2. C.s.s. complexes and c.s.S. groups 
A C.S.s. complex K (see [1]) is a collection of elements (called 8implices) to each of 

which is attached a dimension n < 0, such that for every n-simplex (I E K and 
every integer i with 0 < i < n there are defined in K an (n - 1)-simplt'x (IF/' 

(called face) and an (n + I)-simplex (I'{/ (called degenerate). The operators ei and 
r/ are required to satisfy the following identities 

e'e;-1 = tie' i <j 
'f}Hr/ = 'f}i'f}i i <j 

'f}iei = eV-1 i <j 
r/ei = identity i =;,j + 1 
'f}1ei. = ei - 1'f}i i > j + l. 

225 
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The set of the n-simplices of K is denoted by K",. The face and degeneracy opera
tors ei and'rf thus may be considered as functions ei : K" ~ K n- 1 and 'fJi : K",-+ 

K,,+l' 
A c.S.S. map j : K ~ L is a dimension preserving function which commutes with 

all face and degeneracy operators, i.e., for every simplex a E K", and integer i with 
O<i<n 

(faJei = f( aei ) 

(fa}'fJi = f( (J'fJi). 

A C.s s. group a is a c.s.s. complex such that for every integer n > 0 
(a) an is a group. 
(b) all face and degeneracy operations ei : an -+ a 17.-1 and 'fJi : a n ~ a "H are 

homomorphisms. 
Let a and H be c.S.S. groups. A c.s.s. lwmomorphism f : a-+ H is a c.s.s. map such 

that for every integer n > 0 the restriction f n : a n ~ H n is a homomorphism. 
A c.S.S. group a is called free if an is a free (non abelian) group for all n. 
Let a be a c.S.S. group. Define1 for each integer n > 0 a subgroup 0" can by 

On = n~=1 kernel ei
. 

Then a E OMI implies aeo E On" Hence we may define a homomorphism 

an+!: On+! ~ 0", by 

8n+1 (J = aeO (J E Gn+1 

For each integer m < 0 let Om = 1 and let ~mH : Om+! ~ Om be the trivial map. 

Then it can be shown that image a"+1 is a normal subgroup of kernel ~n for all n, 
i.e., 0 = {On' ~n} is a (not necessarily abelian) chain complex. Its homology groups 
are 

Hn{O) = kernel an/image an+!' 
Let (J ekernel an" Then the element of H 71'<G) containing (J will be denoted by {a}. 

3. The homotopy groUps 

Let K be a c.s.s. complex which has only one O-simplex. Then we define a c.s.s. 
group a as follows. an is the (not necessarily abelian) group which has a generator 

G for every (j e Kn+! and a relation T'll = 1 for every T E K". As clearly the gloups 
an are free, it suffices to define the face and degeneracy homomorphisms ei : a n ~ 

a .. _1 and 1/: a .. ~ a .. +! on the generators of an' This is done by the following 
formulas: 

Get = (jei+1 

G'fJi = m,/+l 

1 This construction is due to J. C. Moore. 

O<i<n 

0< i< n. 
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For every integer n > 0 we now define '1Tn{K), the nth homotopy group of K, by 

'1Tn(K) = Hn_I(G). 

4. The homology groups 
We define a c.s.s. group A as follows. For each integer n > 0 let 

An = Gn/[Gn, Gn] 

where [Gn , Gn ] denotes the commutator subgroup of Gn , and let the face and 
degeneracy homomorphisms ei : A ... -+ A"'_l and r/ : An -+ AnH be those induced by 
the corresponding homomorphisms of G. Thus A is "G made abelian" and we write 

A -+ Gf[G, GJ. 

FOl each integer n > 0 we define Hn(K), the nth homology group of K, by 

Hn(K) = Hn_I(·A). 

5. The Hurewicz homomorphisms 
Let k : G-+ A denote the projection, i.e., k maps an n-simplex of G on the coset 

of[G .. , GnJ containingUi. Clearly k is a C.S.s. homomorphism. It induces a chain map 

k : G -+ A (i.e., a nka = kana for every a E (J n) and hence induces homomorphisms 

k* : Hn_1«(J) -+ Hn_I(A) 

for each integer n > o. 
For each integer n > 0 we now define the Hurewicz homomorphism h* : 1Tn(K) -+ 

H .. (K) by 

6. The Hurewicz theorem and its reduction to a group 
theoretical theorem 

We first formulate both halves of the Hurewicz theorem in Theorem la and lb 
below. 

THEOREM lao Let K be a c.s.s. complex which has only one O-simplex. Then the 
hmnomorphism h* : '1TI(K) -+ HI(K) is onto and has ['1TI(K), 1TI(K)] as kernel. 

THEOREM lb. Let K be a c.s.s. complex which has only one O.Bimplex and let 
'1Ti(K) = 0 for 0 < i:::;;' n. Then h* : 1Tn+1(K)-+H"+1(K) is an isomorphism and 
h* : '1Tn+2(K) -+ H n+2(K) is onto. 

It follows immediately from the definition of the Hurewicz homomorphism (see §5) 
that Theorem la and lb are a special case of the following group theoretical 
theorems. 

THEOREM 2a. Let F be a free c.s.s. group, let B = F/[F, FJ and let 1: 1!' -+ Jj 
be the chain map induced by the projection l : F -+ B. Then 1", : HoC!') -+ Ho(lJ) is 
onto and has [Ho(.F), Ho{P)J as kernel. 

TaEOREM 2b. Let F be a free C.S.s. group, let B = FI[F, F] and let 1: P -+ lJ be 
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the chain map induced by the projection l : F --'1-- B. Let HkF) = 0 for 0 < i < n 
Then 1* : HnCF)--'1--Hn(lJ) is an isomorphism into and 1*; Hn+1CF)--)oHn+l(/l) is 
onto. 

PART II 

7. Proof of Theorem 2a 
The following lemmas will be needed for the proof of Theorem 2a. 
LEMMA 1.2 Let Ii' be a C.S.b. group and let oc1> ••• , oc .. E F .. -1 be such that OCiei-1 = 

ocjej for 0 < i < j < n. Then there exists an oc E F n such that ocei = OCi for i = 
1.···, n. 

PROOF. Let P .. = oc,,1Jn-I. Then p"en = oc ... Now suppose that Plot-I E F .. already 
has been defined such that p"+lei = OCt for i > Ie + 1. Define 

Then 
p" = (OC,,1JTc.-l)(P"+l-1 e"TJ"-I)P"+l' 

p"ek = (oc,,1JTc.-lek:)(Plot-l-lek:1JTc.-lek:)(P1£+le") = OC1£ 

Plrl = (l1.k1Jlc-l1/)(p"+l-1ek:r/"-lsi)(Plot-lSi) 

= (l1.kei-1TJTc.-l)(plot-l-1eie"1J"-1)OCi 

= (oc.e"1JTc.-l)(oci-1e"1Jk-l) OCi = oci i > Ie + 1, 

i.e., Pkei = OCi for i > k. By induction on Ie we finally obtain 11. = PI E Ii' n such that 
l1.ei = PIe' = OCi for i = 1, ... , n. 

REMARK. In the above proof the element oc E Ii' '10 was obtained from the elements 
11.1' ••• , OC" € Ii' '10-1 by application of the following operations only: ei, TJ i , multi
plication and taking inverses. We shall denote this element oc E F .. obtained from 
OC1' ••• , oc'" in this specific way, by e(oc1,' •• , ocn ). Clearly if l: Ii' -+ B is a c.S.S. 
homomorphism, then Ze(11.1 • ••• , 11.70 ) = e(111.1' ••• • 1ocn). Also if OCi = In-I' the unit 
element of Ii' .. _I' for all i, then e(11.1'··· ,oc .. ) = 1 .. , the unit element of Fn. 

LEMMA. 2. Let F be a C.s.S. group, let B = F/[F, F] and let l: F-+ B be the 
projection. Let "P E /In' Then there exists cup E J!' " such that lcp = "P. 

PROOF. Clearly lis a c.s.s. homomorphism onto. Hence there exists an 11. E F" such 
that 111. = "P' Let P = e(ocel, ... ,oce"). Because l(ocei

) = (loc}ei = "Pei = 1,,-1 for 
i ::/= 0 it follows that Ip = 1e(oce1, ••• , l1.e") = e.(1(oce1), ••• , l(ocen» = 1". Let 
cp = 11.p-1, then clearly lcp = loc = "P and cpei = (ocei )(p-1ei ) = I n- 1 for i ::/= 0, q.e.d. 

PROOF OF THEOREM 2a. The first part of Theorem 2a follows immediately from 
the fact that 1 : F -+ B is a c.s.s. homomorphism onto. 

Let a E FO be such that {La} = 0, i.e., there exists a "P E 1/1 such that 1a = "Peo. 
Letcp E PI besuchthatlcp = "PandletT = (cp-leO)a. Then {a} = {T}. Furthermore 
IT = (74)-1eO)(la) = 10' Hence Te[Fo• Fo] and {a} = {T} E[Ho(P), Ho{P)]. As 
H o(1/) is abelian (because Bo is abelian) it follows that the kernel of 1* : Ho(p}--'1-
Ho(1/) is exactly [Ho(P), Ho(P)J. This completes the proof. 

S This lemma. is due to J. C. Moure. 



THE HUREWICZ THEOREM 

8. Proof of Theorem 2b 
The following lemmas will be needed. 
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LEMMA 3. Let F.be a c.s.s. group and let oc E F'TO and cp E 1\ be such that oce" ••. 
el = cpeo. Then there e:ci8t element8 Po, .•• ,p" E F"+1 such that 

poeo = oc 

Piei = Pi_lei 0 < i < n 

Pie"+! ••• ei+l = Ii 0 < i < n 
PROOF. Let 

Then 
{Joeo = oc(oc-1e" •.. elrl' •• 'fJ"-l)(cpe0'fJ0 ••• 'fJn-l) = 

{Joe"+! •.• el = (oce" ••• e1)(OC-len ••• eI)(cpe1) = 10, 

Now suppose {Jke-l has already been defined in such a manner that Pk_ltf<-l = 
Pke-2ek-l and PTe-I en+! ••• ek = Ike-I' 

Let 

Pk = (Pke-leTcrl)(Plc-l-len+! ••• tf<+2tf<'fJTc • .• 'fJU){Pke-Ien+! •.. tf<+2tf<'fJk-l'fJk+I • •• 'fJn). 

Then a straightforward computation yields 

Pktf< = Plc-Itf< 

Pken+l .•• tf<+l = lTc' 

The lemma now follows by induction on k. 

LEMMA 4. Let F be a C.S.s. group, let y E kernel an and let ocEF" and cp EP'I 

be such that ocen ••• 131 = fIIeo• Then there exists a A E P' n+1 n [F '10+1' F n+1J such that 
Aeo = yocy-1oc-I• 

PROOF. For each integer i with 0 < i < n let 

Ai = (y'fJi)/li(y-I'fJiW;I E [Fn+1' F n+1 

where Pi is as in Lemma 3. Then 

Aoeo = yocy-1oc-1 

Let 

Aiei = y(Piei}y-\/l.-lei ) 

Aiei+! = Y(Pie
i+!)y-l(p;lei+!} = y({Ji+1ei+I) r-l(P£+llei+1),i =1= n 

Aie; = In j =1= i i + 1 

Anen+! = In. 
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Then it is readily verified that 

1 E Pn+1n [F"+1' F.,+IJ 

Aeo = yocy-I ccl, q.e.d. 

LEMMA. 5. Let F be a C.S.8. group 8uch that Ho(P) = O. Let (X.l' oc2, PI' P2 E F .. be 
suck that (X.18i = P18' and OC28i = P2ei for all i. Tken tkere exists a 'P E P n+1 n [p .. +1' 
F n+1J 8uch that 

'1'80 = (X.l(X.2OCi 1
rxz,-

l P2PlP;IPi l • 

PROOF. Because Ho{P) = 0 it follows (using Lemma 4) that there exist elements 
1, f.t E P n+l n [F n+l' F .,+lJ such that 

Let 

A80 = (P;l OC2)(X.l1( rxz,-l (2)(X.l 

f.t80 = (P11 OCI)fJ2«(X.ilPI)P?:1. 

v = (oclrl)(P2'fj°)A(P?:1",O)( OCl1'fj°)(Pl'l/) p(P11'll). 

Then a direct computation yields 

veo = (X.I(X.2(X.l1rxz,-
l P2PlP?:lPll 

vei = In i =1= 0, q.e.d. 

LEMMA. 6. Let F be a free c.u. group and let H,(P) = 0 for 0 < i < n. Tken tkere 
exist homomorphisms D. : Fr~ 11.+1 (0 < i < n) such that for every oc E Fi 

(Di(x')8D = oc 

(Dioc)ei = D' __ 1(ocei-1) j =1= O. 

PROOF. Let K be an integer such that 0 < lc < n and suppose that for i < k 
homomorphisms fli : F.-+ Fi+l have been defined satisfying the above conditions. 
As 11k is a free group it is sufficient to define Dk on a set of generators 2: of FTt;. 
This is done as follows. Let oc E 2: be a generator, and let 

~ = e(Dk-l(oc80), ••• , Dk-l(OC.sk». 
ThenforO< i< k 

(oc(~-180»ei = (ocei)(~-1808i) = (OC8i)(~-18i+18D) 

= (ocei)«Dk-l«(X.-18i~)80) = (OCSi ){(X.-18i ) = lk-l' 

As HTc(P) = o there exists a <p E PHI such that <peD = oc(~-180). Nowdefrne 

DTcoc = <p~, 

In order to prove that the homomorphism DTt;: F lt --+ Fk+l defrnedin this manner 
has the desired properties it clearly suffices to show that this is the case for each 
generator oc E 2:. Indeed for each oc E 2: we have 

(DTcoc)eO = (<p~)80 = a(~-180)(~80) = oc 

(DTt;a)ei = (<p~)ei = ~ei = Dk-l(ocei-1) j =1= O. 

The lemma now follows by induction on k. 
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LEMMA 7. Let F be a free c.s.s. group ani!, let Hkil') = 0 for 0 < i < n. Let p E 

kerneZ an n [F", F n]' Then there exists a X E J! .. +1 n [F 1'1+1' F n+1] such that xeo = p. 
PRoOF. As p E [F ", F .. ] there exists an integer q and elements oc1> ... , oc2q E F n 

such that 

p = IIi=l [ocas-I> oc2.] 

where [ , ] denotes the commutator. For 0 < t < 2q let 

Of = e(Dn_l(OCteO), ••• , Dn _ 1(octe"» 

and let Pt = OteGo Then by Lemma 5 there exists for each integer s with 0 < s < q 
a 'II.E F"+1 n [Fn+1' F"+1] such that - -

'IIBeo = [oc2s-1' OC2.][P2., P2s-1]' 
Let 

X = IIi=l ('118r 02s-1' O2.]), 

Then a direct computation yields that Xe(} = p and xei = I .. for i ::f= 0, q e.d. 

PRooF OF THEOREM 2b. Let U Ekernel a n F" be such that {luI = 0, i.e., there 
exists a 'P E En+1 such that lu = 'Peo. Let rfo E J! ,,+1 be such that lrfo = '1jJ and let 

'II = {rfo-1eO}u. Then {u} = {T} and IT = (lrfo-1eO)(lu) = 1", i.e., T E kernel a" n [Fn' 
F 101. Hence by Lemma 7 {r} = O. This proves the first part of Theorem 2b. 

Let ~ E kernel an+1 n B,,+1' Then there exists apE if"+1 such that lp = ~. 
As peOei = pei+1eO = 1"_1 for all i and l(peO) = (lp)eO = ~eo = 1 .. , it follows that 

peG E kernel ~" n '[ F n' F ,,]. By Lemma 7 there exists a X E J! 10+1 n [F ,,+1' F ,,+1J 
such that xeo = peo. Hence (prl)ei = 1" for all i and l(pX-1) = lp = ~, i.e., 
l* {prl} = {no This completes the proof. 
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SEMI-SIMPLICIAL COMPLEXES. AND POSTNlKOV SYSTEMS 

By JOHN C. MOORE1 

Classioally, in algebraio topology, one studied simplicial complexes. However, 
many of the spaoes which arise naturally in modern algebraio topology are not 
simplioial oomplexes. For example, the loop space of a simplioial complex is not a 
simplicial complex. This illustrates the fact that simplicial oomplexes are not 
adequate to deal with homotopy from a modern point of view. In 1950, the conoept 
of semi-simplioial complex was introduoed by Eilenberg and Zilber [1]. At prasent it 
seems certain that the category of semi-simplioial oomplexes and semi-simplicial 
maps is the most oonvenient category to work in when studying homotopy problems. 
Sometimes it is convenient to work with an arbitrary semi-simplicial complex, and 
sometimes with one satisfying the extension condition of Kan [2]. 

In this paper part of the theory of semi-simplicial complexes will be outlined, 
including in particular an outline of the development of homotopy theory for those 
complexes whioh satisfy the extension condition. Mter this is done, the results will 
be used to desoribe and disouss Postnikov systems [3]. 

Muoh of the material in this paper was presented in a oourse of lectures at 
Prinoeton during 1955-1956, or in the Carlan seminar of 1954-1955 [4J. 

§1. Semi-simplicial complexes and homotopy 
DEFINITIONS 1.1. Let Z+ denote the set of non-negative integers. Now a semi

simplicial complex consists of the following: 
(1) A set X = U q"Z+ X q, where the Xq are disjoint sets (an element of Xq is called 

a q-simplex of X); 
(2) functions at: Xq+l --+Xq, i = 0, ... ,q + 1, called face operators, and 
(3) functions s£ : Xq --+ Xq+l> i = 0, ... , q called degeneracy operaJors. 
The face and degeneracy operators are assumed to satisfy the relations 

0iO; = 0;-10£ i < j, 
S;8; = 8;+1S£ i < j, 
0rl = 0;+18:1 = identity, 

O.-Sj = s,-10i 

o.-Sj = SjOi_l 

i <j, and 

i>j+1. 

We will denote a semi-simplicial complex by its set X of simplexes. A simplex 
x E X n+1 is called degenerate if x = SjY for some y E Xn and some degeneracy 
operator Sj; otherwise x is called non-degenera;te. 

1 The author was partially supported by Air Force Contract AF 18(600)-1494 during the 
period when the work on this paper was being done. 
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EXAMPLE 1. Recall that a simplicial complex K is a set whose elements are 
finite subsets of a given set it, subject to the condition that if x E K and y is a 
non-empty subset of x, then y E K. Sets with 1 element are called vertices, and 
sets witlt(n + 1) elements are called n-simplexes of K. 

Linearly order the elements of K, Le., the vertices of K. Now define a semi
simplicial complex X(K) by letting the n-simplexes of X(K) be (n + I)-tuples 
(ao,' . " an) of elements of it such that ao < ... < an' and such that the set 
{ao, ... , an} is an r simplex of K for some r < n. Define 

0i(aO' ••• , an) = (ao, .•. ,ai-I, aHI, .•• , an), and 

EXAMPLE 2. Let t1n denote the standard n-simplex, in other words a point of 
t1,. is an (n + I)-tuple (to' ••• ,tn+1) of real numbers such that 0 < ti < 1, i = 

0, .•. , n, and L ti = 1. Let A be a topological space. A singular n-simplex of A is 
a map U : t1,. -+A. Denote by S(A) .. the set of singular n-simplexes of A, and set 
SeA) = U n€Z+ S(A) ... Define 

0. : S(A)n -+S(A)n_l 

by OlU(to, .•• , t .. _I ) = U(to, .•• , ti-I' 0, t., ... ,tn-I)' and define 

Si: (SA) .. -+S(A)n+1 

by SiU(to, ••. , tn+1) = UCto, •.• , ti_I> t f + ii+1' tHi, ••• ,tn+1)' One verifies easily 
that SeA) is a semi-simplicial complex; it is known as the total singular complex 
of the space A. 

DEFINITION 1.2. A semi-simplicial complex X is said to satisfy the extension 
conditi{ln if given xo, ••• , Xlr-l' xk+1' .•• , xn+1 E Xn such that 0iX; = 0i_IX. for 
i < j, i, j =F le, there exists x E X n-I-I such that o,.x = Xi for i =F le. Such a complex 
will be called a Kan complex. 

PROPOSITION 1.3. If A is a topological space, then the total singular CO'flI,plex SeA) 
satisfies the extension condition. 

The proposition follows from the fact that the union of (n + 1) faces t1n+1 is a 
retract of An+1' 

Although it has long been realized that the total singular complex satisfies the 
extewion condition, it was only recently that it was pointed out by D. M. Kan that 
the extension condition is sufficient for the definition of homotopy groups. In fact, 
in the category of Kan complexes and semi-simplicial maps, one can treat all 
problems involving only questions of homotopy type. The original work of Kan in 
this direetion was done on semi-cubical complexes, but it was clear from the outset 
that one could work equally well with semi-simplicial complexes. At present 
almost everyone is agreed that for various technical reasons the category of semi
simplicial complexes is more convenient than the category of semi-cubical 
complexes. 

DEFINITION 1.4. Let An denote the semi simplicial complex whose q-simplexes 
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are (q + I)-tuples (ao,"', at,!) of integers such that 0 < ao < '" < at,! < n. 
Suppose further face and degeneracy operations are defined as in Example 1, by 

• .. 
This is just exactly the standard simplicial complex for the n-simplex. Further let 

Si : ~"-1 -+- ~'" and 

'lJi: ~n -+- ~n-l 

be the simplicial maps such that Si(j) = jfor j < i, sij) = j + I,j > i; 'lJi(j) = j 
for j < i, and 'lJij) = j - I, j > i. 

Denote by i1.", the subcomplex of ~'" such that a q-simplex is a (q + I)-tuple 
(ao' ••• , aa) such that the set {ao, •.. , aa} has at most; n elements. In other words 

i1. .. is the boundary of ~'" or the (n - 1) skeleton of ~". All simplexes of i1. .. of 
dimension greater than (n - I) are degenerate. 

DEFINITION 1.5. If X, Yare semi simplicial complexes the Cartesian product 
X X Y of X and Y is the semi simplicial complex such that 

(I) (X X Y)" = {Ca, b)la EX", bEY .. }, 
(2) 0. : (X X y)" -+- (X X Y),,-l is defined by 0i(a, b) = (Oia, aib), and 
(3) s;;: (X X Y)" -+-(X X Y)n+1 is defined by s.(a, b) = (s.a, sib). 
PROPOSITION 1.6. If A and Baretopologicalspaces,thenS(A X B) = SeA) X S(R). 
This proposition follows immediately from the fact that a singular simplex in the 

product space A X B is uniquely determined by its projections on the factors [5]. 
DEFINITION 1.7. If X and Yare semi.simplicial complexes and f : X-+- Y is it 

function, thenfis a semi-simplicial map (or simply map) if 
(l)f(X,,) c Y" for n E Z+, 
(2) ad = fa" and 
(3) sd=f8;. 
DEFINITION 1.8. If X and Yare semi-simplicial complexes, then the complex of 

maps from X to Y is the semi-simplicial complex yX such that 
(1) (yx)" = {ilf: X X ~n -+- Y is a map}, 
(2) ad = f 0 (1 X s.) for fan n-simplex, and 
(3) sd = f 0 (I X 'lJi) for f an n-simplex. 
If A, X, B, and Yare semi· simplicial complexes with A eX, BeY then 

(Y, B)(X,A) is the sUbcomplex of yX such that an n-simplex is a map 
f: (X X An' A X ~n)-+-(Y' B). 

THEOREM 1.9. If (X, A) and (Y, B) are pairs of semi-simplicial complexes sueh 
that Y and Bare Kan complexes, then (Y, B)(X,A) is a Kan complex. 

The proof of this theorem is somewhat long and tedious, but not particularly 
difficult. 

DEFINITION 1.10. Let X be a semi.simplicial complex, a point in X is a zero 
simplex of X, i.e., an element of Xo' and a path in X is a I-simplex, i.e., an element 
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of Xl' If X is a path in X, tlien 0lX is the initial point or origin of x, and ooX is the 
final or terminal point of x. 

Equivalently a point of X is a map of Au into X, and a path in X is a map of ~l 
intoX. 

Two points a, b of X are in the same path component of X if there is a path in X 
with initial point a and final point b, this will be denoted by a '""" b. 

PRoPOSITION 1.11. If X is a Kan complex, and a, b, c, are points of X, then 
(i) a,""" a, 

(li) if a "" b, then b r-..I a, and 
(iii) if a ,....., b, b r-..I c, then a '" c. 
NOTATION. For any Kan complex X let 7To(X) denote the set of path components 

of X. Further if x E Xo let [x] E 7To(X) denote the equivalence class of x. 
DEFINITION 1.12. If (Y, B) is a pair of Kan complexes, and (X, A) is a pair of 

semi-simplicial complexes, then, f, g : (X, A) -+ (Y, B) are homotopic if and only if 
both f and g are in the same path component of (Y, B)(X,A), i.e., U] = 
[g] E7To «Y, B)(X,A». A homotopy betweenf and g is a path in (Y, B)(X,A) joining 
fto g. In other words a homotopy is a map F: (~l X X, ~l X A) -+(Y, B) 
such that ooF = g, olF = f. 

Now using the preceding proposition we have that homotopy between maps of a 
semi-simplicial pair into a Kan pair is an equivalence relation. 

HOMOTOPY EXTENSION THEOREM 1.13. If (X, A) is a semi-simplicial pair, 
Ya Kan complex, f : X -+ Yand F : ~l X A -+ Y maps such that olF = fjA, then 
there exists l?: ~l X X -+ Y such that l?1~1 X A = F, and all? = f. 

DEFINITION 1.14. Let X be a Kan complex, and x a point of X. Also let x denote 
the subcomplex of X generated by x, i.e., there is a unique q-simplex sgx in this 
snbcomplex for every positive integer q. Now define. 

7T,,(X, x) = 7To«X, ::v)<L\..A .. » 
forn>O. 

LEMMA 1.15. If X is a Kan complex, x a point of X,f, g: (~", ~,,) -+ (X, X), and 
i, j, k distinct integers, then there exists F: ~"+1 -+ X such that OiF = f, 0iF = 
g, oqF Exforq =1= i,j, k,and if F' is another such map, then [O.,F] = [OkF'] E7T,,(X,X). 

DEFINITION 1.16. Let X be a Kan complex, x a point of X,f, g: (~". A,,)-+ 
(X, x) maps, and F: ~"+1 -+X a map such that O"+1F = f, o,,_IF = g, and 
OiF EX for i < n -1. Define 

[fJ + [g] = [o"F] E 7T,,(X, x). 

PRoPOSITION 1.17. Let X be a Kan complex, X a point of X, then 
(1) 'IT,,(X, x) is a group for n > 0 and 
(2) 'IT,,(X, x) is abelian for n > 1. 
The group ?T,,(X, x) is the n-dimensional homotopy group of X at the base point x. 
The homotopy groups of Kan complexes enjoy all the usual properties of homo-

topy groups of spaces. In fact the homotopy groups of a topological space are just 
the homotopy groups of its singular complex. A few of the elementary properties of 
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homotopy groups are summarized in the next proposition. Exact sequences of 
homotopy groups will not be considered until the next section which will be 
devoted to fibre spaces. 

PROPOSITION 1.18. Let (X, x), (Y, Y), (Z, z) be Kan complexes with base point, then 
(1) if f: (X, x) ---+ (Y, y) is a map, f induces a homomorphism f#: 7Tn (X, x)---+ 

7Tn(Y,y)forn> O. 
(2) if f : (X, x) ---+ (Y, y) and g : (Y, y) ---+ (Z, z) are maps then (gf)# = 

g#f# : 7Tn (X, xl ---+7Tn (Z, z) for n > 0, 
(3) iff, g : (X, x) ---+ (Y, y) are maps such that f, g belong to the same component of 

(Y, y)(X,X), thenf# = g#. 
(4) iff: (X, x) ---+ (X, x) is the identity map, then f# is the identity homomorphism, 

and 
(5) iff: (X, x) ---+ (y, y), then f# is the zero homomorphism. 
Now following Eilenberg and Zilber ([1]) we will outline the proof that any Kan 

complex has a minimal subcomplex which is equivalent to the original complex as 
far as homotopy is concerned. 

DEFINITION 1.19. Let X be a Kan complex. The complex X is minimal if 
whenever x, y Xq are such thaI; 0iX = 0iY for i =1= le, then 00 = 0rJI. Two maps 

f, g: I1q ---+X are compatible ifflLiq = glLiq , andf, g are homotopic if there exists 
F: 111 X I1q ---+X such that Fj(O) X f1q = f, FI(I) X I1q = g, and F(rr X r) = 

f(r) for 7" E ..1.q • 

LEMMA 1.20. The Kan complex X is minimal if and only if for each compatible 
homotopic pair of maps f, g : Ilq ---+ X we have f = g. 

DEFINITION 1.21. Let X be a semi-simplicial complex and A a sub complex of X. 
Then A is a deformation retract of X if there is a map F : 111 X X ---+ X such that 
F(a X r} = 7" for 7" E A, F(sS(O) X 7") = 7". and F(sS(I) X 7") E A for any 7" EX. 

THEOREM 1.22. If X is a Kan complex, then there is a minimal subcomplex M of 
X which is a deformation retract of X, and if M' is another such complex, then M' 
is isomorphic to M. 

§2. Fibre Sllace8 

Now having developed a little of the theory of semi-simplicial complexes, we 
now turn to the study of fibre spaces. It is here that the study ofPostnikov systems 
naturally arises. 

DEFINITIONS 2.1 Afibre space (or semi-simplicial fibre space) is a triple (E, p, B) 
where E and B are semi-simplicial complexes, and p : E ---+ B is a semi-simplicial 
map such thatifx E Bq+l' Yo,"', Yk-l' Yk+l"", Yq.t-1 EEqare such thatp(Yi) = 
0iX and 0iY;= 0:i-lYi for i <j, i, j -=1= k, then there exists Y EEq+l such that 
0iY = Yi for i -=1= le, and p(y) = x. The map p is called a fibre map. 

A fibre map p : E ---+B is minimal if y, Y' E Eq+1 are such that p(y) = p(y') and 
0iY = 0iY' for i =1= k, then 0kY = 0kY'. The fibre space (E, p, B) is minimal if the 
fibre map p is minimal and the complex B is minimal. 

Let b E Bo, and let F be the counter image in E of the complex generated by b. 
The complex F is called the fibre over b. 
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PROPOSITION 2.2. Let (E, p, B) be a fibre space. 
(1) If F is the fibre over a point of B, then F is a Kan complex. 
(2) The complex E is a Kan complex if and only if B is a Kan complex. 
DEFINITION 2.3. Let (E, p, B) be a fibre space, where B is a Kan complex, b a 

point of B and a a point of F the fibre over b. 
For q > 2 define 

0#: 'lTa(B, b) --+'lTa_l(F, a). 

Recall that Q( E 'IT iB, b) is represented by x E Ba such that 0iX = sg-lb for all i. 
Since p is a fibre map, there exists y EEq such thatp{y) = x and 0iY= sg-la for 
i> O. Then ooY E F q-l and represents an element of 'lTq-l(F, a). Checking 
independence of representative, define o#([xJ) = [OoY). 

THEOREM 2.4. Let (E, p, B) be a fibre space, and suppose B is a Kancomplex. 
Let b E Bo, F be the fibre over b, and a E F 0' then 

(1) 0#: 'lTriB, b) --+'lTq_l(F, a) is a homomorphism for q > 2, and 
(2) The sequence 

i# pi! 0# 
••. --+'lTq(F, a)--+'lTq(E, b) --+'lTq(B, b) --+'lTq-l(F, a) --+ ••• 

is exact, where i: F --+E is the inclusion map. 
DEFINITIONS 2.5. Let X be a semi-simplicial complex. Define a new semi

simplicial complex X(lI) as follows: 
(1) A q-simplex of X(lI) is an equivalence class of q-simplexes of X, where two 

q simplexes x, x' are equivalent if their faces of dimension less than or equal to n 
agree, i.e., x, x': L1~--+X and xlL1~ = X/!L1~ where L1~ is the n-skeleton of L1Q. 

(2) The face and degeneracy operations in X(lI) are induced by those in X. 
Let X(co) = X, and let p~ : X(lI) --+X(k) be the natural map for n > k, where 

00 > k for every k. When there is no danger of confusion, p~ will be abbreviated 
byp. 

THEOREM 2.6. Let X be a Kart complex, then 
(1) X( .. ) is a Kan complex for every n, 
(2) (X("), p, X(k» is a fibre space for n > le, and 
(3) if x is a point of X, then 'lTQ(X(lI), x) 0 for q > n, and 

p#: 'lTa(X("), x) ~'lTq(X(k), x) for q < k. 

In the context of complexes satisfying the extension condition, the proof of the 
preceding theorem is very easy. This theorem contains many classical results. 
For example, consider the case (X, p, X(k». We then have that p#: ?'Tq(X, x)--+ 
'lTQ(X(k), x) for q < le, and ?'Tq(X(k}, x) = 0 for q > le. In other words the fibre spaces 
(X, p, Xl;;;» are the precise analogue of the construction (II) of Cartan and Serre [8]. 

DEFINITION 2.7. Let X be a Kan complex, and x a point of X. Let E",(X, x) 
denote the fibre over the point x of p: X --+x(n-l). The complex En(X, x) is the 
nth Eilenberg subcomplex of X based at x, and is that subcomplex of X consisting of 
simplexes whose faces of dimension less than n are at the base point x, [9]. 
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PROPOSITION 2.7'. Let X be a Kan complex with base point x. We then have 
(1) Tr,iEn(X, x), x) = o for q < n, and 
(2) i#: Trq{En(X, x)x) ~ Tr,iX, x) for q > n, where i: E .. {X, x) ~X is the 

inclusion map. 
DEFINITION 2.8. If X is a Kan complex, let Xn be the fibre space (X(n+l), p, X(n». 

The sequence of fibre spaces X = (tJ, xl, ... , Xn , ••• ) is by definition the natural 
Postnikov system of X, [3J. 

DEFINITION 2.9. Let X be a connected Kan complex with base point x. Then X 
is an Eilenberg-MacLane complex of type (Tr, n) if and only if Trq(X,x) = 0 for 
q,* n, and'ITn(X, x) = 'IT. 

THEOREM 2.10. If X is a Kan complex with base point x, X is the natural Postnikov 
system of X, and F(n+1) is the jihre of the map p: X(n+1 ) ~x(n) which is the nth 

term of x' thenF(n+l) is an Eilenberg-MacLane complex of type ('ITn+1(X, x), n + 1). 
With this theorem we see that any Kan complex may be constructed in some 

sense from Eilenberg-MacLane complexes. The process of so doing will be studied 
further later. However, before doing so we want to consider a generalization of the 
preceding which applies to a fibre map. It may well at this stage to point out that if 
X is a semi-simplicial complex and x the complex of a point, then the unique map 
f: X ~x is a fibre map if and only if X is a Kan complex. 

DEFINITION 2.11. Let P : E ~ B be a fibre map, e a point of E, b = pee) and F 
the fibre over b. Suppose that Band F are connected and that B is a Kan complex 
(recall that this means E is connected and a Kan complex). Define a new semi
simplicial complex E(n) as follows: 

(1) A q-simplex of E(n) is an equivalence class of q-simplexes of E where two 
q-simplexes x, x' are equivalent if 

(i) p(x) = p(x'), and 
(ii) xl.A~ = x'I.A~. 
(2) The face and degeneracy operations in E(n) are induced by those in E. 
Let E(r:t) = E, and let p~ : E(n) ~E(k) be the natural map for n > k, where 

00< k. 
THEOREM 2.12. Let (E, p, B) be a fore space of connected Kan complexes, e a point 

of E, b = pee), and F the fibre over b. Then 
(1) E(n) is a Kan complex for every n, 
(2) E(O) = B if Eo = { e }, 
(3) (E(n), p, E(k» is a fore space for n > k, 

(4) 'ITq(E, e) ~Trq(E(n), e) for q < n, 

(5) 'ITq(E(n), e} ~Trq(B, b}for q > n + I, and . 
(6) the fibre of p : E{n) ~ B is F(n), the nth term in the Postnikov system for the 

fibre F. 
DEFINITION 2.13. Let (E, p, B) be a fibre space of connected Kan complexes, 

and let en be the fibre space (E(n+1), p, E(n». The sequence of fibre spaces e = 
(eO, t}, •.• , en, ••• ,) is by definition the natural Postnikov system of (E, p, B). 

THEOREM 2.14. If (E, p, B) is a fibre space of connected Kan complexes, e a point 
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of E, b = pee), and F the jilYre over b, then the fibre over b in en, the nth term oj the 
Postnikov system of the fibre space (E, p, B) is an Eilenberg-MacLane complex oj 
type (1T"+1(F, e), 'II, + 1). 

Consequently as a result of this theorem we see that a fibre space may be con
structed by giving a base complex B, and then "adding" in the homotopy groups of 
the fibre one at a time. In fact one has given a fibre space (E, p, B) an infinite 
sequeuce of fibre spaces, E -+ •.. -+E<"+ll -+E(n) -+ ••• -+E(l) B, and the 
special case of this were B is the complex of a point gives exactly the ordinary 
Postnikov system of E. 

Just as any Kan complex has a minimal complex, which is a deformation retract, 
any fibre space has a minimal fibre space. The situation however is somewhat better 
than this as will be seen by the following theorems. 

THEOREM 2.15. Let (E, p, B) be afibre space oj connected Kan complexes, and let 
B' be a minimalsubcomplex oj B which is equivalent to B. Define E' = p-l(B'}. Then 

(1) (E', p, B') is a fibre space, and 
(2) there exists a commutative diagram 

F 

F::~lp 
BxAl~B 

such that F(a, 7) = a Jor a E E f
, 

F(a, sg 0) = a Jor a E E a, and 
F(a, sg 1) EE~Jor a EEq• 

THEOREM 2.16. Let (E, p, B) be a fibre space of connected Kan complexes, and 
suppose B is minimal. Then there exists Et c E 8U1Jh that 

(1) (E', p, B) is a minimal fibre 8pace, and 
(2) there exists a commutative diagram 

F 

rpxx~:~rp 
BXAl~B 

such that F(a, 7) = a Jor a E E', 7 E AI' 

F(a, sgO) = a Jor a E Eq 
F(a, 881) E E;Jor a E Eq, and 
J{a, 7") = a Jor a E B, 7" E AI' 

Henceforth when we speak of a minimal subcomplex of a complex X we will 
usually mean one which is a deformation retract of X, and similarly in the case of 
fibre spaces minimal sub fibre spaces will usually mean one which is a deformation 
retract of the original. 
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THEOREM 2.17. Let (E, p, B) be ajibre space of connected Kan complexes, and let 
(E', p, B') and (E", p, 1!") be minimal jibre spaces which are deformation retracts of 
(E, p, B), then (E', p, B') and (E", p, B") are isomorphic. 

PRoPOSITION 2.18. If (E, p, B) is a minimal fibre space of connected complexes, 
and en = (Etn+1), p, E{n) is the nth term in the natural P08tnilcO'lJ Bystem e, then 
p: E(n+1) -,>-E(n) is a minimal fibre map. 

We have now reduced the problem of studying either complexes or fibre spaces 
with the extension condition to the problem of studying minimal ones. Further we 
have seen that all of these things are put together out of Eilenberg-MacLane 
complexes. Consequently we wish to make this process more explicit, to see how 
unique it is, and to see its relationship without homotopy type. These questions will 
be dealt with in inverse order. 

DEFINITION 2.19. If (E, p, B) and (E', p, B') are fibre spaces then a map of the 
first into the second is a commutative diagram 

E ~E' 
tp !p' 

f 
B.-+B' 

of semi-simplicial complexes. Such a mapping (f, J) is homotopic to a mapping 

(g, g) if there exists a commutative diagram of semi simplicial complexes 

such that 
(I) P(a, sgO) = Ra}, and 
(2) Pea, sg1) = g(a). 

EXAl~E' 
!p X 1 !p' 

F 
B X Al ----+ B' 

DEFINITIONS 2.20. Two semi simplicial complexes X and Y have the same 
homotopy type if and only if there exist maps f : X -+ Y and g : Y -'>- X such that 
fg is homotopic to the identity map of Yand gf is homotopic to the identity map of 
X. 

Two fibre spaces (E, p, B) and (E', pt, B/) have the same homotopy type if and 
only if there exist maps (1, J) : (E, p, B) -'>- (E', p', B/) and (g, g) : (E', p', B') -'>

(E, p, B) such that (f,f)(g, g) is homotopic to the identity map of (E', p', B') and 
(g, g)(/,f) is homotopic to the identity map of (E, p, B). 

LEMMA 2.21. If X and Yare connected minimal complexes such that 7Tq(X) = 
?Ty(Y) = 0 for q =1= n, and rp: 7T,,(X) -'>-7Tn(Y) is a homomorphism, then there is a 
unique map J : X -'>- Y such that f# = rp : 7T n(X) -+ 7T ,,( Y). 

COROLLARY. If X and Yare connected minimal complexes suck that 7T ,,(X) rv ?T ,,( Y) 
and ?T q(X) = 7T a( Y) = 0 for q =1= n, then X is isomorphic with Y. 
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Thus we see that two :minimal complexes of type (1T, 11,) are isomorphic. Later we 
will see how to prove the existence of such complexes after the fashion ofEilenberg-
MacLane. • 

PROl'OSITION 2.22. If X and Yare connected minimal complexes and f : X ~ Y is a 
map suck thatf#: 7Tq(X) -+7TiY) for aU q, thenf is an isomorphism. 

TImOREY 2.23. Let X and Y be connected Kan complexes. The following conditions 
are equivalent: 

(I) X and Y have the same hmnotopy type, 
(2) there is a map f : X ~ Y such that 

j# : 7T i X) ::;. 7Ta! Y) for all q, and 

(3) X and Y have isomorphic minimalsubcomplexes. 
The fact that conditions I and 2 in the preceding theorem are equivalent is in 

the framework of OW-complexes a well-known theorem of J. H. C. Whitehead [10J. 
We now give the analogue of this theorem for fibre spaces. 

TImOREY 2.24. Let (E, p, B,) and (E', p', B/) be fibre spaces of connected Kan 
complexes. The following conditions are equivalent: 

(I) (E, p, B) and (E', p', B/) have the same homotopy type, 
(2) there is a map (f,f) : (E,p, B) ~ (E',p', B') suck that at lea8t two ofthefollowinf! 

conditions are verified. 

(i) 1# : 7T q(E) ::;. 7T a(E/) for all q 

(ii)f#: 7Ta(B) ~7TaCB/)jor all q 

(iii) 1#: 7Tq(F) ::;'7Ta(F' )jor all q 

where F arul F' are tke fibres in the respective fibre spaces, and 
(3) (E, p, B) and (E', p', B/) have isomorphic minimal sub fibre spaces. 
With this theorem we complete our study of fibre spaces from an elementary 

point of view. Now we pass on to study them in more detail using cohomology and 
twisted Cartesian products. The notion of twisted Cartesian product is not an 
invariant one, but any principal fibre space, or any minimal fibre space may be 
given such a structure. Further any Postnikov system which is minimal may be 
constructed as a series of twisted Cartesian products. 

§3. Twisted Cartesian products and monoid complexes 
DEFINITION 3.1. A twisted Oartesian product is a triple (F, B, E) such that 

F, B, E) are semi-simplicial complexes with JjJq = {(a, b)}la E Fa and bE B,r} 
Definingp: JjJ ~Bbyp(a,b) = bandiQ : F -+Ebyib(a) = (a, 8gb) forb a point of 
B and a E F Ii we assume further 

(1) p is a semi-simplicial map, 
(2) ib is a semi-simplicial map for any point b in B, and 
(3) o;(a, b) = (o,.a, oob) for i > 0, and 

si(a, b) = (8p, sP) for i > o. 
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F is called the fibre of the twisted Cartesian product, B the base, and E the total 
space or total complex. Usually, but not always, the map p will be a fibre map as 
defined earlier. Notice that E is the Cartesian product of F and B if and only if 
0o(a, b) = (ooa, aob) for (a, b) a positive dimensional simplex of E. 

PROl'OSITION 3.2. Let (F, B, E) be. a twisted Ca'fte8ian proiluct, ana define. 
T: EQ.+l ~Fr by the e.quation 0o(a, b) = (T(a, b), aob), then T satisjie.s the identitie.s. 

(1) T(ala, alb) = T(T(a, b), aob), 
(2) T(ai+la, a'+lb) = o.T(a, b) for i > 0 
(3) T(soa, sob) = a, 
(4) T(Si+la, sHlb) = siT(a, b), ana 
(5) T(a, 8gb) = aoafor b a point of B. 

Funkr if F ana Bare. se.mi 8implicial compkxe.s ana T: (F X B)q+l ~Fq is a 
function satisfying identitie8 1 through 5 above., then one. can define. a unique twisted 
Carte.sian product (F, B, E) so that in E ao(a, b) = (T(a, b), aob). 
. The function T of the preceding proposition is known as a twi8ting function, ana 
the proposition establishes a one to one correspondence between twisting functions 
T: F X B ~F and twisted Cartesian products (F, B, E). 

DEFINITIONS 3.3. A semi-simplical complex I' is a monoid compkx if 
(1) I' Q. is a monoid with identity for each q, and 
(2) ai :I'q+l ~rQ. and Si: I'Q.~I' «+1 

are homomorphisms of monoids with identity elements. We will denote by eQ. or 1'1. 
the identity of I'll' 

ris a group compkx if I' is a monoid complex and each I'll is a group. When each 
I'Q. is abelian, I' will be called an abelian monoid complex, or an abelian group 
complex as the case may be. When I'is a group complex and x E I'll' the inverse of 
x will be denoted by x. 

Notice that if G is a topological space and there is given a map of G X G ~ G 
which makes G into a monoid with identity, then the total singnlar complex of G 
is a monoid complex which is abelian if and only if G is abelian. Further if G is a 
topological group, then the total singnlar complex of G is a group complex. 

THEOREM 3.4. If I' is a group compkx, then I' is a Kan complex. 
A proof of this fact may be found in [4], 
DEFINITION 3.5. A monoid complex with homotopy is a monoid complex which is a 

Kan complex. In this case 7T
1l
(r, eo) will be denoted by 7TQ.{I'). 

PROl'OSITION 3.6. If I' i8 a monoid complex with homotopy, then 7T1(I') is abelian, 
and if x, Y E I' 'I. are ekments such that a.x = aiy = eQ.-l for i = 0, .•. , '1, then 
[x], [y] E 7T q(I') ana [x][y] = [xyJ. 

The preceding proposition gives the analogue of the classical results that the 
group operations in the homotopy groups of a topological group come from the 
group operation in the group, and that the fundamental group of a topological 
group is abelian. 

Now for group complexes we wish to define homotopy groups in an alternative 
fashion. 
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DEFINITION 3.7. If r is a group complex, define 

Trqcr) = 0i-:,ll kernel 0. : rq -+ r q-1' and 

Tr(r) = 2: qTra(r)· 

PROPOSITION 3.8. If r is a group corrvplex, then image 00+1: TrO+l(r) -+ rq is a 
norma'l8uhgrOUP of rq contained in kernel oa: Tra(r) -+Trq---:1(r). 

DEFINITION 3.9. For any group complex r, consider Trcr) as a chain complex 
(not necessarily abelian) with respect to the last face operator. Define 

7T~(r) = Hq(Trcr». 

PRoPOSITION 3.10. If r is a group complex, then 
(I) 7T~(r) = 7T /l(r) for all g, and 
(2) r is minimal if and only if 00+1: TrO+l(r) -+Trq(r) is zero for aU q. 
DEFINITIONS 3.II. A twisted Cartesian product (r, B, E) is principal if 
(1) r is a monoid complex, and 
(2) the function f: r X E -+E defined by f(a', (a, b» = (a'a, b) is a semi

simplicial map. 
PROPOSITION 3.12. If (r, B, E) is a principal twi8ted Carte8ian product and T its 

twistingfunction, then T(a, b) = ooaT(e<l' b). DeflningT': B Il -+r12- 1 bYT', (b) = T(e<l,b) 
wo have -

(I) T'(Olb} = 0oT'(b)T'(Oo)b), 
(2) T'Oi+1 = OiT' for i > 0, 
(3) T'(so)b = e<lfor b E B q , and 
(4) T'Si+l = 8iT'. 

Further if T' : B 0+1 -+ r q i8 a function satisfying the preceding identities, then there is 
a unique twisted Oartesian product (r, B, E) such that 0o(a, b) = (ooa'1"(b), 0ob). 

PRoPOSITION 3.13. Let (Ji'l, Bl, B2) and (F2, B2, B3) be twi8ted Cartesian products, 
such that B2 and B3 have a single vertex, with twi8ting functions '1'1' and T2' Denote 
by il : Fl-+ B2 the inclusion map. Then there are twi8ted Oartesian products (F2, Fl, 
Fl·2) with twisting function ~ and (F1.2, RI, Ba) with twi8ting function '1'2, where 
-r1(a, b) = TI(a, il(b» and '1'2(a, b, c) = (T2(a, b, c), '1'I(b, e». 

This proposition is the analogue of the well-known theorem that if B3 -+ B2 is a 
fibre map and B2 -+ Bl is a fibre map, then B3 -+ BI by composition is a fibre map. 

PRoPOSITION 3.14. If (r, B, E) is a principal twi8ted, Oartesian product where r is 
a group complex, then E -+ B is a fibre map. 

DEFINITION 3.15. Let (F, B, E) and (F', R' , E') be twisted Cartesian products. 
A map of (F, B, E) into (F', B', E') is a map f: F -+ F', a map g : B -+B' and a 
map 11,: E _E' such that h(a, b} = (f(a), g(b». Any such map 11, is said to be 
compatible with the map f : F -+ F' of the fibres. 

DEFINITION 3.16. A principal twisted Cartesian product Cr, B, E) is of type 
(W) if Bo has a single element and 00: eq+l X BO+l -+Er is one to one. 

T1rnOREM 3.17. Let cr, B, E) and cr', R', E') be principal twisted Oartesian 
products, the second being of type (W), and suppo8e f : r -+ r' be a map oj monoid 
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Complexes, then there i8 a unique map 1: (r, B, E) -* (r', B', E') compatible with f. 
COROLLARY 3.18. Ij (r, B, E) and (r, B', E/) are twisted Cartesian products of 

type (W) there is a unique isomorphism between them compatible with the iilentity 
mapi:r~r. 

THEOREM 3.19. If r is a monoid complex, then tlwre is a twisted Cartesian product 
(r, W(r), W(r» oj type (W), and W(r) is acyclic. 

This theorem was originally proved by MacLane [11], and is an extension of work 
of Eilenberg and MacLane who gave an explicit description of W(r)[6],without 
introducing Wen. More details concerning the W-construction (r, W(r), W(rn 
may be found in [4]. Geometrically one thinks of r as corresponding to a 
topological group, W(r) to its classifying space, and W(r) as the contractible 
fibre bundle over W(r) with fibre r. 

THEOREM 3.20. Let r be a connected monoid complex. Then 
(1) ij r is minimal, r is group complex and (r, W(r), W(r» is a minimal fibre 

space, 
(2) if r is a group complex, then W(r} and W(r) are Kan complexes, and 
(3) ij r is abelian there is a unique map of the twisted Cartesian product (r X r, 

W(r) X Wen, W(r) X W(r» into (r, W(r), Wen) compatible 'with the multi
plication map r X r -* r, and this map makes W(r) and W(r) into abelian 
monoid complexes. 

DEFINITION 3.2l. If r is an abelian monoid complex, let W(r)o = r, W(r)l = 

W(r), and W(r)n+l = W'fW(r)"). 
DEFINITION 3.22. If 'IT is a group, let K('IT, 0) be the group complex such that 

K('IT, 0)0 = 'IT and 0.: K('IT, O)q+1 -* K('IT,O)a s,: K('IT, O)a ~ K('IT, O)q+1 are iso
morphisms. 

THEOREM 3.23. If 'IT is an abelian group, then W(K{'IT, 0»" = K('IT, n). 
Recall that K{7T, n) was the unique minimal complex with its n-dimensional 

homotopy group 'IT and all others zero. Then the preceding theorem ([6]) gives the 
existence of such complexes. There is also a well-known explicit description of 
K('IT, n) by letting K(7T, n)a = Z"(~q, 7T) (for details concerning this see [6]). 

Now we want to reconstruct Postnikov systems, but before doing so it is neces
sary to introduce the notion of induced twisted Cartesian product. 

DEFINITION 3.24. Let (F, B, E) be a twisted Cartesian product andj: X ~ B a 
map. Define (F, X, Ef ) to be the twisted Cartesian product with twisting function 
-r' = -r(i X f) where i X f: F X F ~F X Band T: F X B -* F is the twisting 
function of the twisted Cartesian product (F, B, E). 

Henceforth we will assume famiIiaritywith the homology and cohomology theory 
of semi simplicial complexes. 

NOTATION. If X is a semi simplicial complex C{X)N denotes the normalized chain 
complex of X. Further if 'IT is an abelian group we will denote by oa(x; 7T) the 
group of normalized q-cochains of X, i.e., an element of CY(X; 'IT) is a function on 
Xu. with values in 'IT which vanishes on degenerate q-simplexes. Let zq(X; 'IT) be 
the sub-group of ca(x; 7T) consisting of cooycles, i.e. such that if x E X q+1 and 
f E ZIl(X; 7T), then L(-1)'j(5,x) = o. 
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Now we are in a position to state the well-known theorem ofEilenberg-MacLane 
concerning mappings into K(7T, n). 

THEOREM 3.25. Let X be a semi-simplicial complex. For any map f: X_ 
W(K(7T, n» letfbe the n-cockain of X whichisfjX"". Then we have 

(I) the correspondencej_!between maps oj X _ W(K(lT, n» is one to one, 
(2) j: X _K(7T, n) if and only if J E zn(x; 7T), and 
(3) the correspondence induces a 'lUdural isomorphism between homotopy classe8 of 

maps oj X into K(7T, n) and H'n(X; 7T). 
In other words (W(K(7T, n)x)o=Cn(X;7T) (K{7T, n)x)o= zn(x; 7T), and 

7To(K(7T, n)x) = H"(X; 7T). Notice that since K(7T, n), W(K(7T, n) and 
K(7T, n + I) are group complexes, the space of mapping of X into one of these 
complexes is a group complex, and the above isomorphisms are isomorphisms of 
groups. Further the map W(K(7T, n» _K(7T, n + I) just induces the map 
(): cn(x; 'IT) -+C""+1(X; 'IT). 

THEOREM 3.26. Let X be a connected minimal complex, 1T n = 1T ,,(X), and !c"+2 a 
cocycle representing the obstruction to a cross section oj the fibre map p: X("+1) _ X(,,). 
Then 

(I) X(1) = W(K(7To, 0», and 
(2) if 1"'+?: X(n) -+K(7T"+1, n + 2) is the mapping corresponding to kn+?, there 

is an isomorphism between x(n+ 1) and the total spaee oj the twisted Cartesian pro
duct (K(7T", n), x(n), W,n + 2) induced by 1"'+2 from the twisted Cartesian product 
(K(7T""n:), K(7T"" n + I), W(K(7T"" n))), and this isomorphi8m make8 the fibre 8paces 
(x(n+1), p, x(n» into a twisted Cartesian product (K(7Tn' n), x(n),xcn+1». 

Now it is clear how one can construct any minimal complex. Suppose there is 
given an infinite sequence (7T l' 7T 2' ••• , 'IT n' ••• ) of groups such that 7T i is abelian for 
i> I, then let XCI) = W(K(7TI' 0». Suppose k 3 is a 3-cocycle on XCI) with coeffi
cients in 7T 2' we have J3 : XCI) _ K( 7T2' 3) and an induced twisted Cartesian product 
(K(1T2' 2), X(1), X (2». Now if kl! is a 4-cocycle on X(2} with coefficients in7Ta we have 
j4.: X(2l -K(7Ta, 4) and a twisted Cartesian product (K(7Ts' 3), X(2J,X(S» etc. 

As always, a theorem such as the preceding one is a special case of a more general 
theorem involving a fibre map instead of the special fibre map into a point. We, 
therefore proceed to the general case. 

THEOREM 3.27. Let (B, p, B) be a minimal fibre 8pace with connected base anit 
fibre, let F denote the fibre, and 7Tn = 7Tn(F). Suppose jurther that kn+2 is a cocycle 
repre8enting the obstruction to a crOS8 section of the fibre map p: B("+1J _B(n). We 
then have 

(I) BIO) = B, and 
(2) ijr+2: B(") -+K(7TnW n + 2) 

is the mapping corresponding to kn+2, there is an isomorphism between E(n+I ) and 
the total space of the twisted Cartesian product (K{7Tn+l' n + I), B(n), W, n + 2) 
induced by fn+2, and thi8 i80m0rphism makes the fibre space (E(n+l), p, B(n) into a 
tu>i8ted Carte8ian product. 

COROLLARY 3.28. Any minimal fibre 8pace (B, p, B) with connected fibre and base 
may be given the structure of a twisted Cartesian product. 
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This corollary says only that the structure of a twisted Cartesian product may 
be given to any minimal fibre space. The way of doing this is by no means unique. 
In fact suppose that each fibre space (E(n-H ), p, E(n}) in the preceding theorem has 
been given the structure of a twisted Cartesian product. We then have the twisted 
Cartesian product (K(7Tn+V n + 1), E(n), E!n+!}). Suppose T is its twisting function 
define k(n+2(X) = T(X) for X an n + 2 simplex of E{n), then kn+2 is a cocycle which 
is the obstruction to a cross section. Further define kn+1(a, x) to be a, for (a, x) an 
(n + 1) simplex of E!n+1}. Then ~kn+1 = p*(kn+2). Therefore we have kn+2 chosen 
and an (n + 1) chain kn+! EOn+1 (E!n+!); 7Tn+l) whose coboundary is the cochain 
p*(kn-t-2): It is not difficult to see that in order to make (E!n+!),p,E(n» into 
a twisted Cartesian product it suffices to choose kn-t-2 and fen-t-1 so that kn+2 E 

Zn+2(E!n); 7Tn+l) is the obstruction to a cross section and kn+! E cn+1(E!n-t-1; 7Tn+1) 
has the property that ~kn+l = p*kn+2. In other words so that with the obvious 
notation we have a commutative diagram 

kn+1 
--+ 

kn 2 

--+ 

There are many applications of the preceding theory, but we will not go into them 
here. Instead we ¥-111 content ourselves with one not particularly surprising result 
which uses only a small part of the preceding theory. Namely, if one has an abelian 
group complex, then all of its k-invariants are zero. 

THEOREM 3.29. Let r be a connected ahelian group complex, and let 7Tn = 7T,,{P). 
Then r has the homotopy type of the infinite Oartesian product X~1 K(7T", n). 

To prove this theorem it suffices to produce a mapping of Hn(r) ~7Tn(r) so 
that the composite of this map with the natural map of 7T.,.{r) ~Hn{P) is the 
identity. For then we can choose an n-cocycle r E Z"(r, 7T ,,) corresponding to this 
map, and this determines a mapfn: r -+K{7T .. , n) which maps the n-dimensional 
homotopy group isomorphically. The fact that we can choose such a map follows 
easily from the following proposition. 

PROPOSITION 3.30. Let r be a connected abelian group complex, and define 
~ : r" ----+ r n-1 by ~x= :L(-1)i OllJ, then 7T .. {P) is the kernel of a: r n - r ,,-1 modulo 
the image of a : r n+l ----+ r .,.. 
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DUALITY BETWEEN CW-LATTICES 

By J. H. C. WHITEHEAD 

1. Introduction 

This is a continuation of E. H. Spanier's address and it describes work on which 
he and I are collaborating. It is concerned with duality in relative homotopy 
theory and is based on a "functorial" duality in the category of join-homomor
phisms between finite lattices. One of the new features is what we call "external" 
duality. This provides a duality between inclusion maps and "pinching" maps of 
the form X_X/A, where X/A denotes the space obtained from a space X by 
pinching a sub-space A to a point (all our spaces and sub-spaces will be CW-com
plexes and sub-complexes). Before discussing these topics I will make a few remarks 
concerning extension and compression. 

2. Extension and compression 
Extension and compression problems, in S-theory, are dual to each other in the 

way indicated by the diagram 

(2.1) 

Here the arrows indicate S-maps between finite CW -complexes, A is a sub-complex 
of X, the complexesX*, A*, y* areweaklyn-dual to X, A, Yin such a way that 
X* c A * and the dual of the inclusion S-map t is the inclusion S-map t*. The 
S-maps ()*, cp* are dual to (), cpo In the extension problem we try to factor a given 
() into cpt, for some cpo In the compression problem we try to factor a given 8* into 
t* cp*, for some cp*. I emphasize the fact that this duality is "functorial" and not 
merely "schematic". Thus a given () has an n-dual ()*, for a sufficient,ly large value 
of n, and the existence of cp, such that 8 = CPl, is equivalent, not merely analogous, 
to the existence of 1>* such that ()* = t* 1>*. Moreover the duality is symmetric 
between 8, t, cp and 8*, t*, cp*. 

An extension problem is equivalent to what I will call a zero restriction problem. 
By this I mean the problem of deciding whether or no cp I A = 0 (i.e. 1> has a 
representative map I: SPX_SPY such that II SPA is homotopic to a constant), 
for a given cp : X _ Y. This is obviously equivalent to an extension problem for the 
pair (TAU X, X), where T A is a cone with A as base and TAn X = A. Con
versely, the problem of extending an S-map A _ Y to an S-map X -+ Y is equi
valent to a zero restriction problem for the pair (Z, 0), where Z = (TX)/A, 
0= X/A ([4; p. 659] N.B. SA c Z and SA is a deformation retract of Z). 
Thus an extension problem and, by duality, a compression problem are equivalent 
to a zero restriction problem. 

248 
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The zero restriction problem for cP : X -+ Y and cP jA may also be formulated as 
the problem of factoring cp into the composite of the pinching S-map X -+ X/A 
and some S-map XjA-+ Y . 

. 8. E~~duali~forp~ 

Let P be a OW-complex and let E, E' be contractible OW-complexes containing 
P such that E n E' = P. Then SP is of the same homotopy type as E U E' and 
hence as E / P. If E is S-contractible,l then E I P is of the same S-homotopy type as 
SP. LetX,A be as above and let Ao be a contractible sub-complex (e.g. a O-cell) of A. 
LetX*, A*, A3'beweak(n -l)-dualsofX,A,AosuchthatX* c A* c Atandthe 
inclusion S~maps X* --+ A * -+ At are dual to the inclusion S-maps X +-A +- Ao' 
Then At is S-contractible and At/X*, AtIA* are weakly n-dual to X, A. 
Moreover, if X' = AtIX*, A' = A*/X* thenA3'/A* may be identified withX'JA'. 
Thus X, A are weakly n-dual to X', X'/A' and in such a way that the dual 
of £ : A c X is the pinching S-map X' --+ X'/A'. This is a simple case of external 
duality. It is external duality between the lattice consisting of the three elements 
X, A, Ao and the lattice consisting of (A~, A', X'), where A~ is the point X*jX*. 
Under external duality extension and compression problems are dual to "lifting" 
and zero restriction problems, as indicated by the diagram 

(3.1) 

X'IA'~ y' 

tIl V lK' 
X' ~Y'IB'. 

'P' 

4. The category OJ 

I recall that a carrier is an inclusion-preserving map f : ~-+~, where ~, ~ are 
sets of sub-sets of spaces X, Y. An f-map or f-homotopy X -+ Y is one in which 
A -+ fA for every A E S!{ and [f] will denote the set of f-homotopy olasses X -+ Y. 
A carrier l' : ~' -+ ~', where ~', ~' are also sets of sub-sets of X, Y, is said to be 
equivalent to f if, and only if, every f-map is an l' -map and every f' -map is an f-map. 

Let ~, ~ be sets of sub-complexes of OW-complexes X, y, Then any carrier 
~--+ ~ is equivalent to a join-homomorphism ~' -+ ~', where S!{', ~'are complete 
lattices [2] of sub-complexes of X, Y (when we refer to a complete lattice of sub
sets of a space it is to be understood that the join, U(£;, and meet, n(£;, of any set 
(£;, of elements in the lattice are the union and intersection of the elements in (£;. 
A join-homomorphism, f':~' -+ ~', is one suoh that f' U (£; = Uf' (£; for every 
(£; c ~'. In particular f' n S!{' = n~'). Moreover it may also be assumed that 
X E S!{', Y E~' in which oase ~', ~' will be called OW-lattices. We describe~' as 
8tricUy finite if, and only if, X is a finite oomplex. 

Let f : ~ -'I-~ be a given join-homomorphism, where~, $ are OW-lattices. Then 

1 i.e. 1JJ is of the same S-homotopy type as a single point. This is the case if. and only if, 
all the homology groups of 1JJ (reduced in dimension 0) are zero. 
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SP>!( wilLdenote the OW-lattice consisting of the sub-complexes SPA c SPX, for 
every A EO: l!l, and f~ : S'Pl!( -+ sq}S the join-homomorphism defined by f~SP A = SqfA. 
We write f: = S1>f. A map S: [S1>f] -+ [S1>+1 f] is defined in the usual way and 
{f} will denote the Abelian group, with track addition [1], which is the direct limit 
of the sequence 

S S 
[f] -+ [Sf] -+ ... -+ [SPf] -+ [SP+I f] -+ .. '. 

An element of {f} will be called an f-S-map. 
Let 9 : l!l-+ }S be a join-homomorphism such that f < 9 (i.e. fA c gA for every 

A E l!l) and let Tl!l v l!l consist of the sub-complexes TAl u A 2 ; c T X for every 
pair of elements At> A2 EO: l!l such that Al c A z• Then it may be verified that 
T~{ v l!l is a complete lattice. Define 

(4.1) {g; fh: Tl!l v l!l-+}s, Tf v g : l!l-+ T}S v}s 

by {g: fh (TAl U A 2) = gAl U fA2' (Tf v g)A = T(fA) U gAo Then {g; f}I 
and Tf v g are join.homomorphisms. We define {f}m' {g; f}m' form = 0, ±l, ±2,' .. 
by 

Wm= {f~} 
= {rom} 

if 

if 

m>O 

m<O 

and {g; Um = {{g; fh)m-l' Let dim X < ro. Then there is a diagram 

u v/ {g;f}m ~ u 
••. -+ mm -+ {g}m 1 h mm-l -+ .. ~ , 

, v~ {Tf v g}m /W, 
(4.2) 

in which···, u, v, W,' •• and· .• , u, v', w', ... are exact sequences of homomor
phisms and h is an isomorphism such that 

(4.3) hv= -v', w'h=w. 

The homomorphisms u, v' are injections (i.e. corresponding elements are represented 
by the same map), w is defined by restriction to S1>X c TS'PX and v, w' by com
position with the canonical maps TSPX-+SP+I X, TSqy -+SHI Y. 

We now define a category OJ, whose objects are all OW-lattices. A mapping in 
OJ is an ordered triple (cp, l!l, }S), also written as cp : l!l-+}s, where l!l, }S, are CW
lattices and tf is an f-E-map for some join-homomorphism f: l!l-+}s. Hf: 
S'PX-+E1>Yis a representative of cp. where X = Ul!l, Y = U}S, then we also denote 
cp by {j, n. We now use {f} to denote the group of OJ-maps of the form {j, f} 
(NJ3. these are indexed by l!l, }S). An isomorphism S : {f} F::I {Sf} is defined by 
S{j, n= {f,Sf}, where! :S1>X-+SpY for some p > O. 

Our duality applies to the sub-category of OJ consisting of the strictly finite 
OW-lattices and all mappings between them. It depends on a duality in the purely 
algebraic theory of lattices, which I proceed to describe. 
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5. The algebraic duality 

Let T, g : \!(----? $ be maps of a complete lattice m: in a complete lattice $. We 
write f < g, or g > f, if, and only if, fA < gA for every A E '!t. We denote the 
identical map of m: by im:. 

We describe a map f#: $----? m: as dual to an order-preserving map f: '!(----? $ if, 
and only if, it is order-preserving and 

(5.1) 

In consequence of (5.1) we have ff#B < B, for every BE 58, and, since f# is 
order-preserving, A < f#fA < f#B if fA < B. Therefore, if'ltB denotes the set of 
all elements A Em: such that fA < B, then \!(B has a largest element, namely 
f# B. Thus f#, if it exists, is unique. It is easily proved that, if f is a join-homomor
phism then f#, defined by f# B = U\!(B' is dual to f and is a meet-homomorphism (i.e. 
f# n $0 = nf#$o for every sub-set $0 c 58. In particular f# U $ = U\!(). 
Similarly a given meet-homomorphism f# : $ ---)- '!( has a unique dual f : \!( ---)- $, 
which is a join-homomorphism satisfying (5.1). 

The dual of a join-homomorphism f : \!( ---)- $ may also be regarded as a join
homomorphism f#: $# -'!(#, where \!(#,$# are the lattices dual [2; p. 3) to \!(, 58. 
Let L denote the category of join-homomorphisms between complete lattices and let 
D : L -+ L be defined by W = \!(#, Df = t#. Then it is easily verified that D is 
a contravariant functor such that DD is the identity. Thus D determines a 
"functorial" duality in the category L. 

Let \!(*, $ * be complete lattices which are the images of '!(#, $# in isomorphisms 
a: 'll# R:1 \!(*, b : $# f'::1 $*. We also describe a, b as anti-isomorphisms of \!(, $, 
We denote the fundamental partial ordering relation in 'll*, $* by < so that 
Al < A2 if, and only if, nA2 < nAI, where AI' A2 E\!(. Then we have -

'll ~$ Lm: 
ia ib ia 

'll* ~ 58* ~ 'll* 

(5.2) 

where f, f# are as above and f* = afHo-l, (f*)# = bfa-I. We describe f* as dual to 
f under a, b. A simple calculation shows that (f*)# is dual to f*, whence f is dual to 
f* under b-1, a-I. 

Let (\!(, $)r denote the set of ordered pairs (A, B), for all A E'll, B E $ such that 
fA < B. Define (A, B) < (A', B') if, and only if, A <AI, B< B' , where (A', B') 
E ('ll, $h. Then it may be verified that {'ll, $h is a complete lattice. Since fA < B 
if, and only if, f# B > A, which is eqniV"alent to 

f*bB = af# B < nA, 

it follows that an anti-isomorphism c: (\!(, 58)f---)- ($*, 'll*)f* is defined by 

(5.3) c(A, B) = (bB, aA). 
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It is clear that join-homomorphisms 

t I 
$ -» (m:, $)f -? 'IT 

are defined by iB = (Om:, B), I(A, B) = A. Let 

$* .! ($*, m:*}f* ~ m:* 

be similarly defined. Then a straightforward calculation shows that I', i' are dual 
to t, 1: under n, c and c, a. 

Let (m:, I!{) = (m:, m:)t (i = i~) and let f < 9 : m:-? m, where 9 is a join-homo
morphism. Define 

(g; f): (m:, m:)-? m, Pf v 9 : m:-» (m, m) 

by (g; f)(AI' A 2 ) = gAl U fA2' (Pf v g)A = (fB, gB). Let a, n, f* be as above and 
l~t g* : m* -» m:* be the dual of 9 under a, b. Since f < 9 it follows that f# > g#, 
whence f* < g*. A calculation shows that - -

(5.4) 
{ 

(9; f)* = Pf* v g* : m* -? (m:*, m:*) 

(Pf v g)* = (9* ; f*) : (m*, m*) -? m:* 

under n, b and the anti-isomorphisms (Al' A 2 ) -? (nA2, nAI ), (BI' B2) --+ (bB2' bBl ), 

,where (g; f)*, (Pf v g)* are the duals of (9; D, Pf v g. 
If m: is a OW-lattice, then (m:, m:) may be identified with Pm: v~, in (4.1), so 

that (Al , A 2) = P A1 U A 2• Then (g, f) = (g; fh and Pf v 9 means the same as in 
§4. 

6. The geometric duality 
The duality between OW-lattices is based on a relation of n-duality between 

polyhedral lattices in Sn,. Two such lattices, m:, m:* are said to be n-dual to each 
other if, and only if, there is an anti-isomorphism a: m: -» m:* such that each 
A Em: is n-dual to nA. We then say that m:* is n-dual to m: under n. Every poly
hedral lattice in Sn, has an n-dual and the symmetry of this relation follows from the 
corresponding symmetry of n-duality in the absolute case. We use Dn,m: to denote 
any n-dual of m:. 

Let f: m:--+ m be a join-homomorphism between polyhedral lattices in sn, let 
D",m:, D",m be n-dual to m:, m under anti-isomorphisms n: ~-? Dnm:, b : m -? Dn'E 
and let Dnf: Dnm -? .onm: be the dual of f under n, b. Then there is a 
homomorphism 

(6.1) 

\vith the following properties: 

(6.2) if A c fA, B* c (.onf)B*, for every A Em:, B* E Dnm, 
then 

Dn {i, f}= {i*, .ont}, 

where i: um: c U$, i*: U.on,m c UD",A; 
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(6.3) if f < g : I!{--}S, whence Dnf < Dng, and if 

(6.4) 

(6.5) 

u : {f}-- {g}, u*: {Dnn-- {D",g} are the injections, then 

Dn{ucp) = u*Dncp (cp E{f}); 

where cP, "P, Dncp, Dn"P are OJ-map8, then 

Dn("P cp) = (Dn cp)(Dn"P); 

{
ED", = Dn+l : {f}-- {EDnf} 

Dn = Dn+1E : {f}-- {D,,f}; 

(6.6) if D",Dn91, D .. D",}S are taken to be I!{, }S then 

DnDiJ = 0 for every 0 E {f} or {Dnt}. 

The homomorphism (6.1) is uniquely determined by the conditions (6.2), ., . , (6.5) 
and it follows from (6.6) that 

(6.7) Dn: {f} ~ {Dnt}· 

Let 91 be a strictly finite OW-lattice. Then, for a sufficiently large value of n, 
there is a polyhedral lattice I!{o' in En, which is related to 91 by a OJ-equivalence 
~ : 91-- I!{o. Let I!{ri be n-dual to I!{o under an anti-isomorphism b : I!{o --At and 
let I!{* be a strictly finite OW-lattice which is related to I!r6 by a OJ-equivalence 
~* : 91ri -- 91* . Let r : 91 ~ I!{o' r* : I!{ri R;J A * be the lattice isomorphisms associated 
with ~, ~* (i.e. ~ E {d, ~* E {t*}). Then we describe 91* as weakly n-dual to I!{ under 
the anti-isomorphism t*bt : I!{ --I!{*. The propositions stated above are valid for 
weak duality with the appropriate reservations concerning the choice of ~, ~* etc. 
For example in (6.4) it is to be understood that the maps cp-- DnCP and "P- D,.;tp 
both refer to the same OJ-equivalences between }S, D n}S and polyhedral lattices in 
sn, analogous to ~, ~* above. 

'1. External duality 
Strictly finite OW-lattices I!{, I!{* are said to be externally n-dual to each other if, 

and only if, 

(7.1a) nl!{, n91* are S-contradible, 

(7.1b) there is an anti-isomorphism n : I!{ --+I!{*such that the lattice TI!{ * v I!{* 
is weakly n-dual to T A v I!{ under the anti-isomorphism T Al U A 2 --)o 

T(nA2) U nA1• In this case 91* is said to be externally n-dual to I!{ 
under a. 

The propositions in §6, with the appropriate qualifications, are also true for 
external duality. 
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Let m:* be externally n-dual to m: under (t. Then, for every pair Al , A2 Em: such 
thatAl c: A 2, the OW-complex TAl U A2 is weakly n-dual to T(nA2) U nAl 
whence A2/Al is weakly n-dual to nAl /nA2. Moreover this duality is such that, if 
Al c: As c: A 4, A2 c: A4 (Aa, A4 E m:), then the canonical S-map AJA1 -+ A4/Aa 
is dual to nAa/aA4 -+ nA1/aA2• Since nm:, nm:* are S-contractible it follows that 
A is weakly n-dual to X*/aA and X to X*, where A Em:, X = Um:, X* = Um:*. 

Let m: be any strictly finite OW-lattice such that nm: is S-contractible and let 
m:j be weakly (n - I)-dual to m: under an anti-isomorphism a1 : m: -+ m:i. Then it 
is not difficult to prove that Tm:i v m:i is n-dual to Tm: v m: under the anti
isomorphism TAl U A 2-+ T{al A 2 ) U a1 At" Let m:* be the OW-lattice obtained 
from m:j by pinching nm:i to a point, let g : Um:i -+ Um:* be the identification 
map and let g : m:j ~ m:* be the isomorphism defined by gA = gAo Then m:* is 
externally n-dual to m: under gal : m: -+ m:* . 

In contrast to external n-duality we describe the duality discussed in §6 as 
internal duality. 

8. Dual attachments 
Let m:, $ be strictly finite OW-lattices, let f: m:-+ $ be a join-homomorphism 

andJ: X-+ Yan f-map, where X = Um:, Y = U$. LetJ be cellular and assume 
thatJx=xifxEX n Y,aswiIlbethecaseifX n Y=0orJ:XC: Y.Let Zbe 
the OW-complex obtained from TX U Y, where TX n Y = X n Y, by identi
fying each point x E X with Jx E Y. Let (£t be the lattice consisting of the sub
complexes T A v B, for every pair A E m:, B E $ such that fA c: B, where 
T A v B denotes the image of TAu B in the identification map TX U Y -+ Z. 
Olearly (£t may be identified with {m:, $)f' in §5, so that T A vB = (A, B). 

Let m:*, $* be weakly n-dual to m:, $ under anti-isomorphisms a: m:-+ m:*, 
b : $-+.!8* and let f* : .!8*-+ m:* be the dual of f under a, b- Let n > 2 dim Z. 
Then m:*, $* may be chosen so that the injection [f*J-+{f*} is onto, whence 
{j, f}* = {j*, f*} for some (cellular) mapJ* : U$*-+ Um:*. Then we have 

i sf 
$ ~(£ ~Sm: 

(8.1) ! so ! c ! as-1 

sf' i' 
S.!8* ~ (£* ~ m:* 

where i, I, c etc. are as in §5, 5 : -2 F::; S-2 is defined by sL = SL, for any OW-lattice 
-2, and 

(8.2) c(TA v B) = T(oB) v aA. 

The join-homomorphisms it, sf' are dual to sf, i under as-I, c, so. Let i: Y c: Z and 
let le : Z -+ SX be the canonical map in which Y and the vertex of Z correspond 
respectively to the first and second poles of SX. Let i/ : Um:* c: U(£* and leI : U(£*-+ 
S U $* be similarly defined. Then i is an i-map, k an sr-map, i' an i'.map and 
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k' an sf-map. It may be proved that (£;* is weakly (n + I)-dual to (£; under c in 
such a way that 

(8.2) Dn+1 {i, i} = -{k', sf'}, Dn+1{k, sf} = {i', i'}. 

A similar result holds for external duality provided n > 2 dim Z + 1. 

9. The dual sequences 

Let f < g : m: -- m be join-homomorphisms, where m:, m are strictly finite CW
lattices. Let m:*, m* be either (weak) internal or external n-duals of SU, m and let 
f*, g* : m* -- m:* be the duals of f, g. Then f* < g* and we have 

(g; fh: TSU v m:-- m, (Tf* v g*h: sm-- TSU* v SU*. 

It follows from (8.2) and (5.4) that 

(9.1) Dn+l : {g; fh ~ {Tf* v g*h· 

The homomorphisms v, uf in (4.2) are defined by composition with the canonical 
OJ-maps TSU v m:--SSU, Tm v m--sm, suitably suspended. Hence it follows 
that there is a commutative diagram 

... -+ {f}m ~ {g}m ~ {g; f}m ~ ... 

(9.2) 1 Dm,n t Dm,n t Jj'm,n 

U v' w' 
... -+ {f*}m -+ {g*}m -+ {g*; f*}m -+ ... 

where Dm,n = D 1ml+n and F m,n = It-I D 1ml+n• 
It will sometimes be convenient to express (9.2) in terms of n-duality. For this 

purpose we introduce the pair (m:, p), which we also denote by s~, for any negative 
integer p. Thus S~ is defined for every integral p and we write S"(SI11lf) = SP+~, 
even if p < 0 or q < o. Iff: m:- m is a join-lromomorphism, then {f~} will denote 
the group consisting of classes of f:.t:-S-maps SP+~ Um: _ SIJ+r um, for all 'r > 
max (-p, -q), classified as in the definition of S-maps and indexed by S~, sqm. 
Thus {f:} means the same as before if p > 0, q > 0 and if p < 0 or q < 0 then 

sr: un ~ u:.tn (r > max (-p, -q», 

where Sf is a conventional suspension isomorphism. We write 

{f!} = 2:m{f), {f:;'} = zm{f) 
Zm-l«g; ill) = Zm(g; f), 2:m+l«g; fh) = Zm(g; f)· 

With these conventions we ~ay apply the isomorphism s-Iml to (9.2) and thus 
obtain the commutative diagram 

u v w 
... -+ Lm(f} -+ Zm(g) -+ Lm(g; f) -+ ... 

(9.3) t Dn t Dn ~ Jj'n 

U v' W 
... -+ z-m(f*) -+ L-m(g*) -+ L-m(g*; f*) -+ .... 
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Similar results hold for the sequences of triples (1), g, f), (1)*, g*, f*), where 
f< g< 1). 

10. Combinatorial duals 
If X is a finite OW-complex and Xo a O-cell of X, then m:(X, xo) will denote the 

lattice of all sub-complexes of X which contain xo' Th~s, if Xo is the only O-cell in X, 
then m:(X, xo) consists of all the non-vacuous sub-complexes of X. In this case we 
may write m:(X, xo) = m:(X). A finite OW-complex X* will be called a combinatorial 
n-iJ,ual of X if, and only if, m:(X*, xci) is externally n-dual to m:(X, xo)' for some pair 
of O-cells xo' X6 in X, X*. It follows from an inductive argument, which depends on 
the (external) duality between <r, <r* in §8, that such anX* exists. Ifm:(X*, X6) is 
externally n-dual to m:(X, xo) under an anti-isomorphism a : m:(X, xo) -4- m:(X*, x6), 
then we say that X* or, more explicitly, (X*, X6) is combinatorially n-dual to 
(X, xo) under a. In this case (X, xo) is combinatorially n-dual to (X*, xci) under a-I. 

Let (X*, xri) be combinatorially n-dual to (X, xo) under a. Let Xv = XP or Xo 
according as p > 0 or p < 0 (p = 0, ± 1, •.. ) and let X; be similarly defined. We 
describe AI' A2 E m:(X, xo) as adjacent if, and only if, Al -=1= A2, Al c: A2 or .A2 c: AI' 
say Al c: A2, and Al c: A c: A2 implies A = Al or A 2. If AI' A2 are adjacent so 
are nAI , nA2. This is the case, with Al c: A 2, if, and only if, A2 = Al U e, where e 
is an open cell of X. If this is so, then A2/AI is a p-sphere, where p = dim e, and 
nA1/aA 2 is an (n - p - I)-sphere. Hence it follows without difficulty that 

(10;1) (p = 0, ±1,·· .). 

By a closed cell of X we mean the smallest sub-complex which contains some 
point in X, and hence the open cell of X which contains that point. If a is a closed 
cell of X, then O(X, a) will denote the largest sub-complex of X which does not 
contain a, We write a EX - Xo to indicate that a is a closed cell of X other than xO' 
A sub-complex of the form Xo U aP, where aP EX - Xo (dim aP = p), is charac
terized as a minimal element A E m:(X, xo) such that A c: X P' A cj: X1>-I' A sub
complex of the form O(X*, T q

), where ".q E X* - xci, is a maximal A * E m:(X*, xci) 
such that X:-l c A*, X: cj: A*. Also aP cj: O(X, aP) and ".'f. = ".q if "'1 cj: 
O(X*, ".q). Hence if follows that a determines a I-I correspondence, e, from the set 
of closed cells of X - Xo to the set of closed cells of X* - xci such that 

(10.2) {

dim a + dim «(J a) = n - 1 

a(xo U a) = O(X*, (Ja), aO(X, a) = xci U (Ja. 

It may be verified that (J is order reversing (i.e. a l c a2 if, and only if, (Ja2 c eaI ). 

If A E m:(X, xo)' then nA is the union of xci and the closed cells ea, for every 
a EX - Xo such that a cj: A. 

If dim X < n -I, thenXn_ 2 = X,l-landitfoIlowsfrom(lO.l)thatXt = X~l' 
That is to say xt is the only O-ce11 of X*. In this case, if X# is any other combina
torial n-dual of X, then the dual of the identical OJ-map of m:(X, xo) is a OJ -equiva
lence m:(X*) -+ m:(X#). 
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11. Dual exact couples 
Let~, $ be strictly finite OW-lattices and f, g: ~~ $ join-homomorphisms. 

Then f U 9 : ~~ m is defined by (f U g)A = fA U gAo It is a join-homomorphism 
and, if f*, g*: m*~~* are dual to f, 9 under a: ~~~*, b: m~$*, where 
~*, $* are n-duals of~, $, then 

(ILl) (f U g)* = f* U g*. 

The duality between ~,$ and ~*, m* may be either internal or external. To fix 
ideas let us take it to be external, n~, n$ being S-contractible. 

Let K, L be given elements of~, $. Then we define 

(11.2) f U L, f n L, f -:- K : '!{ ~ $ 

by (f U L)A = fA U L, (f n L)A = fA n L and the condition that (f -:- K)A is 
the smallest BE $ such that A C f#B U K. Then f U L, f n L are join-homo
morphisms and f# U K, defined in the same way as f U L, is a meet-homo
morphism. Olearly f -:- K is the join-homomorphism dual to f# U K and it follows 
that f# U K = (f -:- K)#. Therefore f* n aK = (f -:- K)* and 

(11.3) (f n L)* = f* -:- bL : $* ~ ~*. 
Now let f < 9 and let L1' E $ (p = 0, ±1, ... ) be such that L1' C L11+1' Define 

(11.4) 

Then f < 1)" < 1)1'+1 < g. Let (I) denote the exact couple which consists of the 
groups 

(11.5) 

and the exact sequences (as in (9.3)) of the pairs (I)>>, 1)1>-1)' 
It follows from (ILl), (11.3) that 

(11.6) 

and, by the commutativity of (9.3), the exact couple (1)*) is isomorphic to (9) 
under external n-duality. Thus 

(11.7) 
{

Dn : Lm(l)p) F<::I Z-m (h;) 

Dn: Zm(1)",I)1>-l) F<::I Z-m(1);, 1);-1)' 

There is also an exact couple, (h,), which consists of the groups 

(11.8) 

and the exact sequences of the triples (g, 1)", 1)1>-1)' This is isomorphic under Dn to 
the corref:lponding exact couple (h,*). 

Let $ = ~(Y, Yo), $* = ~(Y*, 116), where Y is a finite OW-complex and 
(Y*, 1It) is a combinatorial dual of (Y, Yo). As in §10 let Y p = Yp or 110 according 
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as p > 0 or p < O. Let m: = m:(SO, x o), m:* = m:(S", xi:'), where SO consists of Xo and 
some other point, and let f, 9 be defined by 

fSO = fxo = gxo = Yo, gSO = Y. 

Let L'P = Y'P' Then (~) is the S-homotopy exact couple of Y with 

{

Ap,q = Ap,q (Y) = 2p+q (Yp) 
(11.9) 

Op,q = Cp,q (Y) = 2p+q (Yp, Yp- 1 )' 

We have L: = Y.':'-P-l and ~*) is the S-cohomotopy exact couple of Y*, as 
defined (for ordinary homotopy theory) by Franklin P. Peterson [3]. It consists of 
the groups 

(11.10) 

and the exact S-cohomotopy sequences of the triples (Y*, Y~, Y;-l)' The duality 
is expressed by 

(11.11) 
(

Dn : Ap,q (Y) ~ A"-P-!,q (Y*) 

Dn: Op,q (Y) ~ cn-'P-l,q (Y*). 

The couples (h), (/i,*) consist of the groups 

(11.12) Ap,q(Y) = 2p+q(Y, Yp- 1), Gp,q = 2 p+q(Yp, Yp- 1) 

(11.13) 

and the corresponding sequences, with 

(1l.14) 
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DUALITY AND THE SUSPENSION CATEGORY 

By E. H. SPANIER 

1. Introduction 

This report is a summary of some ofthe joint work of J. H. C. Whitehead and the 
author on duality in homotopy theory [5; 6; 7; 8; 9; 12J. We shall present a state
ment of the results for the absolute theory and sketch some applications. 

The underlying motivation is the existence of an analogy in homotopy theory 
which is like a duality principle. The analogy seems to be between the following: 
homology group--cohomology group, homotopy group--cohomotopy group, 
inclusion map-identification map, lowest non-trivial dimension for homology
highest non-trivial dimension for cohomology. That is, theorems concerning these 
concepts seem to occur in pairs, one being obtained from the other by interchanging 
the paired concepts above. As a well-known example of a pair of dual theorems we 
cite the Hurewicz isomorphism theorem (the lowest dimensional non-trivial 
homotopy group is isomorphic to the integral homology group of the same di
mension, if the dimension in question is larger than 1) and the Hopf classification 
theorem (for a finite dimensional space the highest dimensional non-trivial eo
homotopy group is isomorphic to the integral cohomology group of the same 
dimension). 

Though not universally valid this dualization leads to correct theorems often 
enough to suggest that there should be a precise formulation of the duality. An 
examination of the sets of dual theorems shows that these theorems are stable under 
suspension. For example, the Hurewicz theorem for dimeMion 1 is different from 
the higher dimensional result, and we exclude this as it is not stable. We are limited 
to the stable case because the cohomotopy groups are defined only in that range, 
there being no natural way of imposing a group structure on the set of homotopy 
classes of maps X -+ Sf> unless dim X < 2n - 1. Hence, the first step in seeking a 
rigorous duality seems to be to consider only the stable situation. This is done 
systematically by means of the suspension category which we discuss next. 

2. The suspension category 
For given topological spaces X and Y let [X, Y] denote the set of homotopy 

classes of (continuous) mappings X -+ Y. The homotopy category is the category 
whose objects are topological spaces and whose maps are homotopy classes of 
continuous mappings from one space to another. If! : X ~ Y is a mapping we use 
[f] to denote the homotopy class of J. 

Let SX denote the join of X with an ordered pair of points; thus if X =1= 0, 
SX can be regarded as the space obtained from X X I by identifying X X 0 to a 
point and X X 1 to a point. Given a map!: X -+ Y we define S!: SX -+ BY by 

(S!)(x, t) = (!(x), t). 
259 
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If f, g : X ----+ Yare homotopic, then Sf, Sg are homotopic so S gives rise to a map 
S : [X, YJ ----+ [SX, SY] by setting SU] = [Sf]. We set SkX = S(Sk-1X) for k >1 
obtaining the sequence 

[X, YJ----+" _----+[SkX, SkY].! [Sk+lX, Sk+lY]----+···. 

We define {X, Y} to be the direct limit of this sequence. The elements of {X, Y} 
are called S-maps from X to Yand consist of equivalence classes of maps Sk X ----+ 

Sky for k > 0 where f: SkX ----+ Sk Y and g : SiX ----+ Si Yare equivalent if and only 
if there exists an integer p > 0 such that the two maps 

SiHf, Sk+Pg : Si+lc+P X ----+ Si+kH Y 

are homotopic. We denote the element of {X, Y} determined by a map f: SkX---* 
Sky by {f} and shall use Greek letters to denote S-maps. 

There is a natural pairing of {X, Y} and {Y, Z} to {X, Z} by composition. This 
follows from the fact that given IX E {X, Y} and {J E {Y, Z} there exist an integer 
k > 0 and mapsf: SkX---*SkT and g :Sky ----+SkZ such that IX = {J} and {J ={g}. 
Then gf: SkX---*SkZrepresents an element {gf} E {X, Z}, and it is easy to see that 
{gf} depends only on IX and {l and not on the choice of k, f, or g. We set (l1X = {uf}. 
With this law of composition we define the suspension category or S-category to be 
the category whose objects are topological spaces and whose maps are S-maps 
between spaces [6; 8]. 

If X is a non-trivial space, there are isomorphisms 

S: Hp(X) ----+ H p+1(SX), S: HP(X)----+H'P+l(SX) 

which are defined by taking the join of the homology (cohomology) class in question 
with the basic O-dimensional homology (cohomology) class of the ordered pair of 
points joined to form the suspension (all homology and cohomology groups are 
taken reduced [2, p. 18] and the coefficient group can be arbitrary unless it is 
specified). Furthermore, iff: X ----+ Y, we have commutativity in the diagram 

f* 
H p(X) ---+ H p( Y) 

s1 1s 
(SI) * 

Hp+l(SX) ---+ Hp+l(SY) 

and similar commutativity for the corresponding diagram of cohomology groups. 
Hence, it follows that we can unambiguously define IX*: H p(X) ----+ H p( Y) for 
<X. E {X, Y} by choosing a map 1: STc X ----+ Sk Y which represents (X. and then defining 
IX* so that the following diagram is commutative 
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Similarly we define oc*: H'P( Y) ~ H'P(X) for oc E {X, Y}. It follows from [II, 
Theorem 3J that an S-map oc : X ~ Y, where X and Yare OW-complexes, is an 
S-eqmvalence if and only if oc* is an isomorphism onto for every p or, equivalently, 
if and only if oc* is an isomorphism onto for every p. 

The S-category has several desirable properties. Firstly, it is stable under 
suspension. That is, the map S : {X, Y}~ {SX, SY} defined by S{J} = {Sf} is a 
I-I correspondence, as is seen from the definition of {X, Y}. Secondly, for any two 
spaces X, Y the set {X, Y} can be given the structure of an abelian group by the 
track addition [lJ, and in terms of this group structure the pairing of {X, Y} and 
{Y, Z} to {X, Z} by composition is bilinear. Also the pairing of {X, Y} and H'P(X) 
to H'P( Y) defined by oc*z for oc E {X, Y}, z E H'P(X) is bilinear with a similar 
property valid for cohomology. 

Let A denote a subcomplex of a finite OW-complex X and let X/A denote the 
complex obtained by identifying A to a single point. Then we have the identifica
tion map X~XIA, and we construct a map X/A~SA by regarding SA as the 
union of two cones T +A and T _A over A which intersect in A and extending the 
identity map A ~ A to a map X ~ T +A. Regarding the latter map as into SA we 
defOlm it by contracting T _A over itself to a point thus obtaining a map X ~ SA 
which sends A to a single point so corresponding to a map X/A ~ SA. Since 
S(X/A) = SX/SA, we can form the sequence . 

A~X~X/A~SA-+SX~S(X/A)~" . 

This sequence is exact in the sense that for any finite OW-complex Y the following 
two sequences are exact (8J 

" '~{X/A, Y}~{X, Y}~{A, y}~{XIA,SY}~··· 

••. ~ {Y, A}~ {Y, X}~ {Y, X/A}-+ {Y, SA}~'" . 

The first is a generalization of the cohomotopy sequence of (X, A) (which would 
result if Y were a sphere), and the second is a generalization of the homotopy 
sequence of (X, A). 

Frequently it is convenient to consider spaces X with a base point Xo and to 
form the reduced SWlpension SoX (which is obtained from the suspension SX by 
identifying SXo to a Single point to serve as the base point of SoX) instead of SX. 
Since the identification map SX -'>- SoX is a homotopy equivalence, by taking the 
limit with respect to So instead of S we obtain an isomorphic copy of the S-category 
for spaces with a base point. This treatment has the advantage that when X is a 
OW-complex SoX doesn't contain any extraneous cells. 

Lastly, there is a natural map of the homotopy category into the S-category 
which is the identity map on the objects and which sends [j] into {f}. This map has 
the property that it is an isomorphism of [X, Y] onto {X, Y} for finite OW-complexes 
in the stable range (i.e. Yis (n -I)-connected and dim X < 2n -1) [8).lIence, 
the duality principle formulated below for the S-category gives rise to dual pairs of 
theorems in the homotopy category in the stable range. 
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3. '?f -theory and the SUS].lension category 
In a certain sense the S-category for finite OW-complexes is dominated by the 

stable homotopy groups of spheres. We indicate one way in which this statement 
can be made precise. 

Let X be a finite OW-complex with a single O-cell to be used as base point of X. 
If X consists of more than a single point, let dim X = maximum dimension of the 
cells of X of positive dimension and codimX = minimum dimension ofthe cells of X 
of positive dimension. Then 

dim BoX = dim X + 1, codim SoX = cpdim X + 1. 

\Ve define height X = dim X - codim X, and for two complexes X and Y, we 
define stem (X, Y) = dim X - codim Y. Then we see that 

height BoX = height X, stem(BoX, BoY) = stem(X, Y). 

The concepts of stem and height are useful for making inductive arguments in the 
suspension category. 

Let '?f denote a class of abelian groups closed under subgroups, quotient groups, 
extension groups, and isomorphisms as used by Serre [4 ]. We shall be working 
modulo qj'. A sequence 

will be called <"(i-exact if ef2efl = 0 and if kernel ef2 modulo image eflGl is in qj'. 
This is not the most general concept of qj'-exactness that could be defined, but it 
suffices for our applications. Note that an equivalent formulation is that the 
homology group of 

at G2 is in '?f. We shall need the following form of the 5.lemma for rJ theory. 
LEMMA. Oons,ider the commutative diagram 

in which the two rows are '?f-exact and AI' A2' A4' AS are qj'-isomorphisms. Then A3 is 
also a rJ .isornorpkism. 
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PRoOF. LetKi = kernel Ai andQ; = Ai/Ki so we have the commutative diagram 

in which the columns are esact, and the horizontal maps are induced by the a's. 
By assumption K I , K 2, K4" K5 are in qj, and to prove Aa is a qj-monomorphism we 
must show that Ka is in qj. Now (Ai' ail can be regarded as a chain complex with 
subcomplex (Ki) and quotient complex (Qi)' To prove Ka E «f it suffices to show 
that H(Ka) E qj because Ka is an extension of Z(Ka) by a group in qj, and Z(Ka) 
is an extension of a group in W by H(Ka)' 

The maps Ai ; Ai ---+ Bi induce monomorphisms Pi : Qi ---+ B i , and we denote the 
quotients Bi!PiQi by 0;. Then we have the commutative diagram 

in which the columns are exact and the horizontal maps are induced by the b's. 
To prove As is a qj-epimorphism we must show that 0a is in W, and since 0 1, O2 , 04" 
0 5 E W, this is equivalent to showing that R(Oa) E qj. 

To complete the argument we use the fact that there are exact sequences 

•.. -- H(Ki) -- H(Ai} ---+ H(Qi) -- H(Ki+1) ---+ ••• 
and 

.•• -- H(Qi) -- H{B;) -- H(Oi) -7 H(Qi+l) -- •••. 

Since (Ai' ail is qj-exact, R(A4,) E: rtf, and because K5 E rtf it follows that H(K5) E «f. 
Hence, from themst exactsequenceH(Q4) E rtf. Since (Bi' hi) is rtf-esact, H(Ba) E qj 
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SO from the second exact sequence H{Oa) E'1f so Aa is a'1f-epimorphism. A similar 
argument shows that it is a '1f-monomorphism and completes the proof. 

For a given abelian coefficient group G let H denote the homology functor from 
the S-category of finite OW-complexes to the category of graded abelian groups and 
homomorphisms defined by 

H(X) = H*(X; 0), H(rt.) = rt.*: H(X)-+H(Y). 

We assume the coefficient group G and the class '1f so related that for any A c X 
and any Y the two sequences 

.. '-+Hom (H(X/A), H{Y»-+ HOID (H(X), H(Y»-+HoID (H{A),H(Y»-+·· . 

. . '-+HOID (H(Y),H(A»-+ HOID (H(Y), H(X»-+HoID (H(Y), H(XjA»-+" . 

are '1f-exact. For example, taking '1f to be the class of finitely generated groups we 
can take G to be the trivial coefficient group, or, taking '1f to be the class of torsion 
groups, 0 can be the integers or the rationals. 

THEOREM I. With the 8ame relation between G and '1f a8 above assume that the map 

H : {X, Y} -+ Hom (H(X), H( Y)) 

is a '1f -isomorphism when X and Yare spheres of 8tem <k. Then H is a'1f-isomorphism 
for arbitrary finite complexes X and Y of stem <k. 

PROOF. The proof will be carried out in two stages. First we prove it is true for 
arbitrary X when Y is a sphere and stem (X, Y) < k, and then we prove it is 
valid for arbitrary X and Y with stem (X, Y) < k. 

For the first part we use induction on the height of X. If height X = 0, X is a 
union of spheres of the same dimension with a point in common. Then both {X, Y} 
and Hom (H(X), H(Y» are isomorphic to direct sums of groups corresponding to 
the spheres of which X is the union, and the map H : {X, Y} -+ Hom (H(X), H( Y» 
corresponds under these isomorphisms to the direct sum of the maps corresponding 
to the spheres. Since, for spheres of stem <k this map is assumed to be a '1f
isomorphism, it is a '1f -isomorphism for arbitrary X of height 0 if Y is a sphere and 
stem (X, Y) < k. 

Now we assume the result for X of height <h (where h> 0) and let X have 
height h and stem (X, Y) < k. Let dim X = n + 1 and consider the commutative 
diagram 

'~S'oXn, Y} -+ {X/X", Y} -+ {X, Y} -+ {xn, Y} 

Hl Ht Ht Hl 
(H(SoX"), H( Y)) -+ (H{XjX"), H( Y» -+ (H(X), H(1')}-+ (H(X"), H( Y» 

-+ {X/X", SoY} 

Hl 
-+ (H(Xjxn), H(SoY» 

where in the bottom row we have abbreviated Hom (G, G') by omitting the prefix 
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Hom. The top row is exact while the bottom row is 'tf-exact by the assumption on 
G and 'tf. The height of X" = height SoX"" < 11, and stem (SoX", Y) < stem 
(X, Y) < le, stem (Xn, Y) < le. Also x/xn has height 0 and stem (X/X"", SoY) < 
stem (X/X", Y) < le. Hence, by the inductive assumption the first two and last 
two vertical maps are 'tf-isomorphisms. By the lemma the middle one is also a ce
isomorphism. 

The second part of the argument follows similarly by induction on the height 
of Y. 

As applications of this theorem we point out that if ce is the class of finitely 
generated groups and G is the trivial coefficient group, we obtain the result that 
{X, Y} is finitely generated for X, Y finite complexes. Also taking G to be the 
rationals and 'tf to be the class of torsion groups we obtain a result of Thorn that if 
two maps IX, fJ : X ---+ Y induce the same homomorphisms on the rational homology 
groups there exists a positive integer N such that NIX = NfJ and given any homo
morphism cfo :H*(X)---+H*(Y} (rational homology) there exist a positive integer 
N and a map IX: X-+ Y such that IX* = Ncfo. 

It is clear that Theorem I can be strengthened in that we can define stem (X, Y) 
in terms of connectedness and coconnectedness instead of using dimension and 
codimension. That is, we define virtual dim X < p if all the S-cohomotopy groups 
of X of dimension >p vanish and virtual codim X > q if all the S-homotopy 
groups of X of dimension <q vanish. Then we define virtual stem (X, Y) = 
virtual dim X - virtual codim Y, and Theorem I can be extended to virtual 
stem instead of stem. Similarly ·we can extend the result by defining dimension 
and codimension mod ce by taking the largest dimension for cohomotopy not 
in 'tf and smallest dimension for homotopy not in 'tf, respectively, but we shall 
not go into details of this generalization here. 

4. Duality 

The duality we construct will be in the S-category. It has its origin in the duality 
between a subset of a sphere and its complement. Homologically this duality is 
well-known under the name of the Alexander duality theorem (3] (which asserts 
that for a closed subset .A c S" there is an isomorphism of H:P{A) onto 
H"_1l-1(S" - A». This homological duality is basic for the general duality we 
construct below. 

We consider En with a fixed triangulation and rectilinear subdivisions relative to 
this triangulation. Let X denote a sUbpolyhedron of sn. An n-dual D"X of X is a 
subpolyhedron of E" - X which is an E-deformation retract of En - X (this 
means that the inclusion map D"X c E" - X is an E-equivalence). Renee, an 
n-dual is a polyhedral model of S" - X, and the inclusion map D"X c S"-X 
induces isomorphisms of the homology and cohomology groups of these two spaces. 
Then the Alexander duality theorem gives isomorphisms (depending on an orien
tation of Sn) 



266 E. H. SPANIER 

If X is a subpolyhedron of En, it has an n-dual. To show this we subdivide En so 
that X is a complete suocomplex (every simplex having all its vertices in X itself 
belongs to X). Then the complementary complex of X (the set of all simplices having 
no vertex in X) is an n·dual of X. A similar argument shows that given a collection 
{Xi} of subcomplexes of En and given for each i a compact subset 0i C En - Xi 
there exist n-duals {D",Xi } such that for each i the compact set 0i is contained in 
DnXi and whenever Xi C Xi then DnX j C DnXi. This is important in proving 
the main results later. 

It is easy to verify [7, §3] that if D nX is an n-dual of X, then X is an n-dual of 
DnX and also SD.,X is (n + I)-dual to X and D.,X is (n + I)-dual to SX. Thus 
we see that the S-category enters naturally when considering n-duals because a 
space and its suspension have the same complex as n-dual, (n + I)-dual, respec
tively. 

The principal facts about the duality are summarized in the following theorem. 
Detailed proofs can be found in [7] 

THEOREM II. Given n-duals DnX, DnY of X, Y, respectively, there exists a 
unique homomorphism 

having the following properties: 
1. If i; X C Y and if: D.,Y C D.,X are inclusion maps, then 

D",{i} = {i'l. 

2. If DnZ is n-dual to Z and if oc E {X, Y}, f3 E {Y, Z}, then 

D.,(f3 oc) = (D.,oc)(Dnf3)· 

3. Since Y, X are n-dual to DnY, DnX, respectively, there is also a homomorphism 
Dn : {Dn Y , DnX}~ {X, Y}, and this is inverse to D,.: {X, Y}-+ {D.,Y, DnX}, 

4. If oc E {X, Y}, we have commutativity in the diagram 

5. Taking SDnX, SDn¥ as (n + I)-dual to X, Y, then 

SDn = Dn+1 : {X, Y} ~ {SDnY' SDnX}, 

6. Taking DnX, Dn¥ as (n + I)-dual to EX, SY, then 

Dn+1E = Dn : {X, Y}~ {DnY, DnX}, 
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Note that SP C sn is n-dual to a sphere~-P-l. Hence, if we define the pth stable 
homotopy group of X by 2p(X) = {SP, X} and the qth stable cohomotopy group of 
Y by 2!1(Y) = {Y, Si}, then we see that 

. D,,: 2p(X) ~ 2~-P-I(DnX), D" : L;P(X) ~ 2n-P-l(DnX). 

Furthermore, let 8* E HQ(S1) be a generator of HfJ(St) (with integral coefficients) 
determined by an orientation of Si and let s E Hn_a_1(Sn-a-l) be the generator 
defined by 8 = PJJ ,,8*, which is used to orient En-a-I. We define two homomorphisms 

byc/>*rx = rx*8* andc/> P = p*sforrx E {X,Si}, P E {SP, Y}. That the maps c/>*, c/> are 
homomorphisms is a consequence of remarks made in §2. Property 4 of Theorem II 
yields commutativity in the following diagram 

c/>* .2:Q(X) ~ Hq(X) 

.Dnt tPJJn 

c/> 
2n-!l_I(D"X) -+ Hn-q_l(D"X). 

Hence, it is a consequence of Theorem II that the Hurewicz isomorphism theorem 
is dual to the Hopf extension theorem. 

Though there is not a unique n-dual of a space X, it follows from 1 and 2 of 
Theorem II that if D "X and D~X are both n-duals of X then corresponding to the 
identity map i : X c X there is an S-map 

D,,{i} : DnX ~ D~X 

which is an B-equivalence (because {i} is an S-equivalence). Hence, any two n-duals 
of X have the same S~homotopy type, and if DnX is an n-dual of X and D:nX is an 
m-dual of X, then S'''' D "X and sn D":X have the same S-homotopy type. 

5. Weak duality 
In order to extend the duality map D" to spaces other than subpolyhedra of 

spheres we introduce the concept of weak duality. Given finite CW-complexes X, 
X* and S-equivalences ~ :X.-X', ~* : D"X' .-X* where X', D"X' are n-dual 
subpolyhedra of E"', we say that ~, ~* form a weak n-iluality between X, X*. If we 
have a similar weak duality 1}, 1J* between Y, Y* where 1J: Y -- Y',1J* : D",Y' __ 
Y*, then we can define a map D,,: {X, Y}-- {Y*, X*} by defining first rx' and 
then D"rx so that each of the diagrams below is commutative 

rx 
X--+y 

Drx 
X*~Y* 
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Then properties similar to those of Theorem II are valid for this extension of the 
map D" provided that the equivalences ~, ~* are suitably chosen (as the map 
D" depends not only on the choice of X* but also on the choice of~, ~*). 

Any finite OW-complex has a weak n-dual for sufficiently large n. This is because 
any finite OW-complex is of the same homotopy type as some simplicial complex 
[11] (which can be imbedded in S" for large enough n) and any n-dual of the im
bedded simplicial complex is a weak n-dual of the original complex. Hence, weak 
n-duals exist. The next result gives some indication of how to obtain a weak dual 
for a complex which is constructed from other complexes for which weak duals are 
known. 

Let f; X -- Y be a cellular map of the finite OW-complex X into the finite 
OW-complex Y. Let TX denote a cone over X which is taken disjoint from Yand 
let Zf denote the OW-complex obtained from TX U Y by identifying x E X with 
fx E Y. We parametrize the points of TX by pairs (x, t), x EX, tEl where the 
vertex of the cone is the set of points of the form (x, 1) (all identified to a single 
point of TX). Then Zf consists of points (x, t) E TX and y E Y with the identifica
tions (x, 0) = fx. Olearly there is an inclusion map i : Y c Zf' We define a natural 
map g: Zf---+SX by g(x, t) = (x, t) and g(y) = (x, 0) in SX. With these pre
liminaries out of the way we can state the next result, which is proved in [7]. 

TIIEOREM III. Let f* ; y* ---+ X* be a cellular map weakly n-dual to f: X ---+ Y, 
and let Z = Z, (as above) and z* = Zf*' There is a weak (n + I)-duality between Z 
and Z* such that in the two sets oj mappings 

i g 
Y ---l>- Z ---l>- SX, 

g* i* 
SY* +-- Z* +-- X* 

we have the relations 

it being understood that Y, SY* and SX, X* are weakly (n + I)-dual by the given 
weak duality. 

This theorem shows how to construct a weak dual of the complex obtained by 
adjoining a cell to another complex for which a weak dual is already known. For 
example, S1>+l is weakly (2p + 2)-dual to S1', and relative to such a weak duality the 
essential map S1>+l---+S'P (for p >- 3) is self dual. Letting M'P+2 denote the space 
obtained by adjoining TS'P+1 to S1' by this map (which gives a space of the same 
homotopy type as the (p - 2)-fold suspension of the complex plane) we see by 
Theorem II that M1>+2 is weakly (2p + 3)-dual to itself. Hence, 

6. Examples and applications 
We present some examples of duality and some mappings defined by the duality. 

Also we indicate an application of the theory to imbedding questions. :First we show 
how the duality acts on joins of mappings. 
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THEOREM IV. If X, D"X are n-dual in S" and X', D mX' are m-dua~ in S"", then the 
joins X * X' and D"X * D""X' are (n + m + 1)-dualinS"+rn+l = sn * sm, MoreO'Ver, 
if Y, D n Y and Y', D mY' are similar pair8 of duals, then for oc E {X, Y} and fJ E 

{X', Y'} we find for the join oc * fJ that 

D n+m+1(oc * fJ) = Dn{oc) * Dm{fJ)· 

PROOF. We can find a triangulation K of S" suoh that X is a oomplete sub
complex whose complementary oomplex X* contains DuX. Similarly we can find a 
triangulation K' of sm in which X' is a complete sub complex whose complementary 
complex X'* oontains D mX'. Then K * K' is a triangulation of sn * sm in which 
X * X' is a complete subcomplex with complementary complex X * X'*. Since 
D"X c x* and both are n-dual to X, DuX is an S~deformation retract of X*. 
Similarly DmX' is an S-deformation retract of X'*. Hence, DnX * DmX' is an 
S-deformation retract of X* * X'*, and since X* * X'* is an (n + m + I)-dual of 
X * X', so is DnX * DmX' an (n + m + I)-dual of X * X'. 

To prove the second part about the dual of a join map, note that if i : X c Y, 
i': X' c Y' are inclusion maps dual to inclusions j: DnY c D",X, j': DmY' c 

DmX', then the inclusion map i * i' : X * X' c Y * Y' is dual to j * j' : DnY * DmY' 
c DnX * DmX'. Since any map can be factored as a composite of inolusion 
maps and inverses of inclusion maps [7, Lemma (9.13)], the general result follows 
from the above special case. 

Let S211+1 = Sl1 * Sf. Then we take Sf as (2p + I)-dual to Sl1 and obtain an 
involution D ZP+l: {Sl1, Sf} -+ {Sl1, Sf}. Theorem IV is used in determining this 
involution. 

First let SI = Sa * So where Sa is the pair of points a, at and So is the pair of 
points b, b'. Taking D1Sa = So and Di3IJ = Sa we want to determine the map 
D1 : {Sa' So}-+ {Sa' So}. Now {Sa' So} is infinite cyclic generated by {f} where 
f: Sa-+Sb is defined by f(a) = b, f(a/J = b'. Also the map g: Sa--So defined by 
g(a) = b', g(at

) = b represents a generator of {Sa' Sb}' and {g} = -:{f}. We carry 
through an explicit proof that D I {/} = -{t}. 

We use the notation lx, y! to denote the closed segment from x to y in Sa * SIl 
(if x and y belong to a I-simplex of Sa * So) and xy/2 to denote the midpoint of this 
segment. Letting 0 denote the subset la, b/ U la', btl of Sa * So we see that the map 
f is the composite 

Sa C O-+SIJ 

where the arrow represents a retraction. Then as I-duals for Sa' 0, So we take 

S: = lab'/2, btl U !a'b/2, b!, 0* = ab' /2 U atbj2, S6 = lab' /2, al U latbj2, a'i 
which satisfy the conditions 

so that D1{J} is represented by the composite 

Sa C S:-+O* c S::--+S1> 
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where each arrow represents a retraction. The composite is easily seen to be the 
map g, which completes the calculation. 

Now let SP = Sao * ... * Sa" be the join of (p + I)-pairs of points and let 
Sf = Sb * ... * Sb be a similar join. Then SP, Sf are (2p + I )-duals in S2P+l = 

o " SP * Sf, andiffi: Sa, -SOi is as above, then {fo * ... * fp} is a generator of the 
infinite cyclic group {SP, Sf}. Using Theorem IV and the calculation above we find 

D2P+l{fo * ... *fll} = D 21I+l({fo} * ... * {f1l}) = (_I)P+l{fo * ... *fp}· 

Therefore, we have proved that D2P+1 on {SlI, Sf} is the involution obtained by 
multiplying by (_1)11+1, (Note that this corrects the sign in [5, page 200 line 9 from 
bottom] for p odd.) 

A similar involution can be defined for any space X and n-dual DnX because 
D", : {X, DnX}- {X, D"X}. We do not know this involution in general; however, 
it follows from the above considerations that the diagram 

S 
{X, DnX} ----+ {SaX, SbDnX} 

Dn1 1-D"+2 
{X, D"X} ~ {SaX, SbD"X} 

is commutative. 
The duality gives rise to an involution in the stable homotopy groups of spheres 

also. To see this let S" be an oriented n-sphere (with n = p + q + k + 1 where 
p, q, Tc > 0) and let Sp+Te, SP be oriented spheres contained in S .. with n-duals 
Sf, S~+kOriented by the orientations of SP+Te, SP, and sn. Then we have a map 

D" : {SP+Te, SP}- {S~H, Sn, 

and since all the spheres in question are oriented, this can be interpreted as a map 
of the stable group {Sp+Te, SlI} into itself (note that reorienting sn reorients both 
S~H and S~ sO doesn't change the map). Letting .JVc denote the stable group 
{SP+Te, S'I1), we have constructed an involution D", : Ak_ ATe, Since DnS = Dn+l' 
this involution doesn't depend on n so we end up with an involution which we 
denote by 

D : ATe _ .JVc for every Tc > O. 

For k = 0, 1, 2 this map is the identity but we do not know it for generalTc, 
We now indicate how the duality theory can be applied to imbedding questions, 

Suppose X is a finite CW-complex which is S-equivalent to a subpolyhedron 
X' c sn. Let DnX' be an n-dual of X', If X is S-equivalent to X" c S"'-I, then 
any (n - I)-dual Dn_1X" of X" has the property thatSDn_1X" is a weak n-dual of 
X. Since ])nX' is also a weak n-dual of X, it follows that SDn_1X" is S-eqmvalent 
to D"X', Hence, if X is S-equivalent to a subpolyhedron of sn-l, then DnX' can 
be S-desuspended, and, more generally, any weak m-dual (m > n) can be S. 
desuspended m - n - I times. Explicit study of a weak m-dual of X may show 
that it cannot be desuspended (in the S.category) more than lc times in which case 
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we can conclude that X is not 8-equivalent to a subpolyhedron of 8 m-l::-l (so, in 
particular, X cannot be imbedded in 8m--l::-l). 

As an example let X denote the complex projective plane. We have seen that 8X, 
which we denoted previously by· M5, is weakly 9-dual to itself. With coefficients 
mod 2 the cohomology of U 5 is non-trivial in dimensions 3 and 5 and trivial in 
other dimensions and 8q2 : H3(M5) __ H5(M5) is non-trivial. It follows that M5 

cannot be 8-desuspended twice because if it could there would have to exist a 
space Y with 8q2 : HI( Y) --+ HS( Y) (coefficients mod 2) non-trivial, and this is 
impossible. Hence, 8X cannot be imbedded in S7 so X cannot be imbedded 
in 86. 

This proof is essentially the same as that of Thom [10, p. 163J. The operations 
&1' defined by Thom in homology mod 2 are dual by means of D n' !!d n to 8q1' in the 
dual of the original space. 

This can be generalized to dualize any stable operation. By a 8tahle cohomology 
operation & of type (k, G, G') we shall mean that for any finite OW -complex X and 
any 11 > 0 we have a homomorphism 

&: H1J(X; G)--+HP+k(X; G/) 

such that iff: X __ Y then commutativity holds in the diagram 

H1J(y; G) ~ H1J+lc(Y; G') 

f* t !f* 
H1J(X; G) ~ HP+lc(X; G'), 

and for any complex X commutativity holds in the diagram 

H1J(X; G) ~ HP+k(X; G' ) 

8! !S 
HP+I(8X; G) ~ HP+k+I(8X; G'). 

Similarly we define a 8tahle homology operation c/> of type (k, G, G') as a homo
morphism c/>: H ,,(X; G) --+ H 1>-k(X; G/) which commutes with induced homo
morphisms and suspension. Given a stable cohomology operation 0 of type Ck, G, G') 
we get a stable homology operation D(O) of type (k, G, G') by choosing a weak 
n-dual X* for X and letting D(O) be defined in X to correspond to 0 in X* by 
means of !!d.,.. The resulting operation D( 0) is easily seen to be independent of the 
choice of nand X*, and the map. & --+ D(O) thus defined is an isomorphism of the 
group of stable cohomology operations of type (k, G, G') onto the group of stable 
homology operations of type (k, G, G' ). 

If we take G = Gf = a field Ji', then H
l1
(X; F) and H1'(X; Ji') are conjugate 

vector spaces. Hence, there is an isomorphism between homology operations of 
type (k, Ji', F) and cohomology operations of type (k, P, F) by taking the con
jugate operation. Hence, combining these two maps we get an isomorphism 
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(J -+ D'fJ of stable cohomology operations of type (k, F, F) onto itself by letting 
D'fJ be conjugate to the homology operation DfJ. Thom [10] has shown that for F 
the field with two elements and (J = Sq7c that D'Sqlc is completely determined by the 
formulas 

"2,.(D'Sqr-i)Sqi = 0 for r> O. 

It should prove worthwhile to determine D'(J for other operations fJ. 
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HOM.OTOPY THEORY OF M.ODULES AND DUALITY 

By P. J. HILTON 

1. Introduction 

In this article a homotopy theory is presented for modules (over a ring with 
unit element) which in many respects parallels the usual homotopy theory for 
spaces with base points. The usual constructions for homotopy theory find their 
analogues in the new setting; however, the basic result 

(1.1) w(SX; Y)::::: w(X; QY) 

is missing from the theory. It is replaced by a duality in the exact category (in 
the sense of D. A. Buchsbaum) of modules. This duality leads to the introduction 
of dual definitions of homotopy for module-maps and the expressions on either 
side of (l.l) have analogues in the homotopy theory of modules relative to the 
dual definitions. In the second section of this article the homotopy theory of 
modules is developed and in the third section the corresponding duality is studied 
in the homotopy theory of topological spaces. 

The work described in this article was carried out jointly by B. Eckmann and 
the author. Complete details are to be published later in a joint article. 

2. Homotopy theory of modules 
The definition of homotopy presented here is motivated by the observation that 

a map f: X -'>- Y from the topological space X to the topological space Y is 
nulihomotopic if and only if it may be extended to every X' ~ X such that 
(X',X; Y) is an H. E. triple in the sense of Barratt, and that it is in fact only 
necessary to extendf to the cone on X to ensure its extendability to every such X'. 

Now let A be a ring with unit element. We will consider A-modules A, B, ... 
(precisely, left A-modules) and maps <P : A ~ B, i.e., homomorphisms from A to 
B which are, of course, required to preserve the module structure. 

DEFINITION 2.l. A map <P : A -'>- B is i-nuUlwmotopic if it may be extended to every 
module A' containing A. Two maps <Po, <PI: A -'>- Bare i-lwmotopic if <Po - <PI is 
i-nUlllwmotopio. 

We write <P~i 0, <Po ~i <Pl' 
It is well-known that every module may be embedded in an injective module. 

We will write A for an injective module containing A and may prove 
THEOREM 2.1. Let A be an injective module containing A. Then <P ; A _ B is 

i-nUlllwmotopic if and ordy if it may be extended to A. 
Forlet 1] : At _ A be an extension ofthe embedding A ~ A. Then if ~ : A -'>- B 

is an extension of <p, ¢'fJ : AI - B is an extension of <P to A'. 
273 
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Let Hom (A, B) be the group of maps cP: A-+ B. Then the set of i-null homotopic 
maps obviously forms a subgroup. The quotient group 

if(A; B) 

is called the i-homotopy group of maps from A to B. It is easy to verify that if 
CPo "'i CPl: A-+ B, (): D-+A, 'IjJ; B-+O, then 

'ljJCPo ~ i 'ljJCPl' CPo(} "-' i CPl (). 
Thus if is a functor of two variables, contravariant in the first and covariant in 
the second. We may define i-homotopy type (or i-type, briefly) in the obvious way 
and if(A; B) is then an invariant of the i-types of A and B. Among the 
"translations" from topology which lead to important theorems we mention 

THEOREM 2.2. (Homotopy extension theorem). Let cP : A -+ B, cp' = cP cut down 
to A' ~ A, and cp' "'i 'IjJ': A' -+ B. Then cP "'"'i 'IjJ: A-- B 8uch that 'IjJ I A' = 'IjJ'. 

In fact, one can even extend the homotopy between cp' and 'IjJ' in the following 
sense. Such a homotopy is a map X' : A' -+ B where A' is an injective module 
containing A' and x'I A' = cp' - 'IjJ'. Assuming that A' n A = A' (this is reason
able and quite unrestrictive), we form A*, the direct sum of A' and A with the 
sub-module A' amalgamated. Then we may write A for A* since this is an injective 
module containing A and we may extend X' to X : A -+ B. Let 'IjJ = cP - X I A. 
Then cP ~i 'IjJ and 'IjJ lA' = cp' - X lA' = cp' - (cp' - 'IjJ') = 'IjJ'. Moreover, the 
homotopy X between cP and'IjJ "extends" the homotopy X' between cP' and 'IjJ'. 

A basic idea in homotopy theory is that of suspension. In reality the suspension 
is a function from homotopy type to homotopy type and we find this situation 
reproduced for modules. Given a module A, let A be an injective module containing 
A and let SeA) = AfA. We prove 

THEOREM 2.3. The i-homotopy type oj SeA) depends only on that of A. 
We prove more. Let cp : A -+ B be a map. Then cp may be extended to ;p : A __ B 

and hence induces Scp : SeA) -+ S(B). Let cp = O. Then Scp may be factored 
through B and so Scp '" i O. Now let cp be arbitrary and let ;Pl';P2 be two extensions 
of cpo Then ;PI - ;P2 is an extension of 0 and if SICP, S2CP are the maps induced by 
:fol' :fo2' we have SICP - S2CP = S(O), so that SlCP "'"' i S2CP' Thus the homotopy class 
of Scp depends only on cP (and not on the choice of ;Pl. Now suppose that 
cP~ 'IjJ :A-+Bwithhomotopy X :A __ B, i.e., XIA = cP - 'IjJ. Choose:fo - xasan 
extension of 'IjJ; with this choice S'IjJ = Scpo Thus we have proved that the homotopy 
class of Scp depends only on that of cpo We write S{cp} for the homotopy class 
containing Scp, cp E {cp} E iT(A; B}. Let {1J!} E iT(B; 0). Then it is clear that {'IjJ} {cp} = 
{1J!CP} E if(A; 0). The assertion of the theorem now follows by classical arguments. 
Indeed if {cp} is a class of homotopy equivalences A rv i B, then S{cp} is a class of 
homotopy equivalences S(A) ~i S(B). 

It should be noticed that the relation between SeA) and S(B) is in fact closer 
than homotopy equivalence. We remarked above that if cp = 0 then Scp may be 
factored though B. For arbitrary A,B and cp; A __ B choose fixed modules 
SeA), S(B) and induced map Scp : SeA) -+ S(B). We prove 

THEOREM 2.4. CP.-..J i 0 : A -+ B iJ and only iJ Scp may be Jadof"ed through B. 



HOMOTOPY THEORY OF MODULES AND DUALITY 275 

Let us write K1' K2 for the maps A-+8(A), B-+S(B) and let if> : A -+11 be the 
chosen extension of 1> so that 8(1)) 1<1 = K 2if>. 

Now let 1> ~i 0 and let X : A -+ B be an extension of 1>. Then if> - X is zero on 
A so that a map () : S(A) -+ B is defined by ()K1 = if, - X. Then KlJKl = K 2if, = 
8(1))K1' so that K2() = 8(1)). 

Conversely, snppose that () :S(A)-+B exists such that K 2() = 8(cp). Then 
if> - ()K1 actually maps A into B since K2(if, - ()K1) = 0 and (if, - (]K1) IA = cpo 
Thus cp "'"'i O. 

We remark that a map 8(A)-+8(B) may well be i-nullhomotopic and yet not 
admit a factorization throngh E. 

Let 8"(A) represent the iterated suspension of A. We may then define 1i' .. (A; B) 
unambiguously as 1i'(S"{A); B). The groups 1i',,(A; B) may actually be regarded as 
homology groups of a suitable chain-group. For let 

~ ~ ~ 
O-+A-+ao-+" ·-+0 .. -+'" 

be an injective resolution of A. Then aolA is a suitable 8(A) and, generally, 
afJ~an-l has the i-homotopy type of sn+1(A). Let D" = Hom (a .. , B) and let 
~ : D" -+ D,,_l be the boundary operator induced by ~. Then 

(2.1) Hn(D) = 1i'n+1(A; B), n > O. 

We may relativize the concept of homotopy group, but instead of defining 
relative groups of a pair (Y, B) we prefer to consider the more general concept of 
the homotopy groups of a map 1>: B-+ Y. Precisely, we will first define a group 
1i'«(); cp) where () : A -+ X, cp: B -+ Y. We understand by Hom (0; 1» the group of 
pairs of maps IX, p, where IX: A -+ B, p : X -+ Y, such that cpoc = pO. We must 
now distinguish the nullhomotopic elements of Hom (0, 1». First we will say that 
Of ; A' -+ X' extends (or contains) () : A -+ X if (i) A ~ AT, X ~ X', (ii) 0' A' n X = 
OA, (iii) O'-l(O) ~ A. Restriction (iii) asserts that the kernel of 0 is not enlarged 
in passing to 0', so that, in partiCUlar, 0' is an embedding if 0 is. In the latter case, 
restriction (ii) asserts that the overlap between A' and X is minin1al. The effect of 
(ii) and (iii) is to justify a generalization of Theorem 2.1. We say that a map 
(J : A -+ Jt is an injective extension of 0 if it is an extensionl ; certainly injective 
extensions exist and we may prove 

THEOREM 2.5. A map (a, P) from (J to 1> may be factored through any extension 
of (j if it may be factored through 80me injective extension. 

It is important to observe that, if we call e : A -+ Jt au injective seIni.extension 
when we drop condition (ii), then we may replace "injective extension" by 
"injective seIni-extension" in Theorem 2.5. 

It is now clear how we should define the subgroup of Hom (0; 1» consisting of 
i-nullhomotopic elements. The factor group is 1i'(O; cpl. We may also define 
1i',,«(); 1», but we will be more concerned with a group 1i',,(A; cp) which we now defiue. 

1 A ma.p from one injective module to another is an injective objoot in the category of ma.ps 
of modules with our definition of inclusion of ma.ps. 
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Let tn: S"'-l{A)---+sn-l(A) be the emoodding map. Then it may be shown that 
w(t",; cp) depends only on the homotopy type of A (indeed, of Sn-l(A)) and we write 

Any map sn(A)---+ Y may be regarded as a map Sn-l(A), sn-l{A)---+ Y, O. 
By this association a natural isomorphism 

(2.2) 

is established where m: 0---+ Y is the embedding. Using (2.2) we obtain an exact 
sequence 

ending with· .• ---+ w(A; B) ---+ w(A; Y). The first homomorphism is induced by cp, 
the second by the obvious map m ---+ cp, and the third by "restriction" to sn-l(A). 
The proof of exactness may be carried out directly or by appeal to (2.1) and the 
theory of Cartan-Eilenberg. The latter technique involves a lemma identifying the 
sequence with that obtained from a certain three-term sequence; there is also the 
question of ensuring that the last few places of the sequence preserve exactness. 

We may pursue the analogy with ordinary homotopy theory further by defining 
a cohomotopy sequence; namely, if (X, A) is a pair, there is a sequence 

(2.4) w(X/A; Y) ---+ w(X; Y) ---+ w(A; Y) ---+ w(XIA; SY) ---+ w(X; SY) ---+ .•. 

The homomorphism ?T(A; Y}---+w(X/A;SY) is defined by extending a map 
A ---+ Y to a map X ---+ Y and then taking the induced map. The sequence is 
always exact at w(X; Y); it is exact at iT(X/A; SY) if S : 'Ji'(A; Y)---+ w(SA; SY) 
is onto; and it is exact at w(A; Y) if S: w(A; Y)-+w(SA;SY} is (1 -1) and 
S : w(X; Y) ---+ 'Ji'(SX; SY) is onto. Thus we may apply S-theory, in the sense of 
Spanier-Whitehead, and obtain an exact sequence. 

We may define a map cp: B-+ Y to be a fibre-map if any map of any injective 
module into Y may be lifted into B. Let K = rfo-1(0); if cp is a fibre-map it may be 
shown that there is an isomorphism 

(2.5) 

the homomorphism ). is defined by regarding a map () : sn-l(A) ---+ K as a map 

() 
sn-l(A) ---+ B 

tot 
Sn-l(A) ---+ Y 

This isomorphism gives rise to the exact sequence 
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Notice that the above differs formally from the usual procedure in which .cp. is 
taken to be an embedding and Y -+ Y/B is a flbre"map. 
If we consider the purely algebraic aspects of our definition we may state the 

following results. 
THEOREM 2.6. Let A,B be modules. Then the cohomology groups Ext" (A; B) 

depend only on the i-type of S"-l(B). A map 4> : B 1 -+ B", induces the zero homo
morphism on Ext"(A; B 1 ) for all A if and only if S''-l(4)) ~i 0. 

THEOREM 2.7. The following statements are equivalent: (i) iT,,(A; B) = 0, all B; 
(il) Extn-t-l(B; A) = 0, all B; (iii) S"(A) "'-' i O. 

The latter theorem establishes, in a sense, the nontriviality of the homotopy 
groups. 

We now refer to the duality which exists in the exact category of A-modules 
and maps. This enables us to give a dual definition of homotopy, namely 

. DEFINITION 2.1*. A map 4>: B -+ A is p-nullhomotopic if it may be factored 
through every module A' of which A is a quotient. Two maps CPo' CPl: B -+ A are 
p.homotopic if 4>1} - 4>1 is p·nullhomotopic. We write 4> ,...., !P 0, 4>0 roJ !P CPl' 

THEOREM 2.1*. Let 4 be a projective module of which A is a quotient. Then 
4> : B -+ A is p-nullhomotopic if and only if it may be factored through 4. 

We now define the group ,!!(B; A) in the obvious way. We call this the p-homo
topy group of maps from B to A. We may then continue to dualize the concepts 
and statements introduced for i.homotopy. In particular, we remark 

THEOREM 2.2*. (Homotopy lifting theorem). Let 4>: B-+A and let 4>': B~A' 
where I' : A - A' is an epimorphism with 4>' = 1'4>. Then if 4>' r-.J !P 'If" : B - A', 
there exists 'If' : B - A with 4> ~!P 'If' and 'If" = p'If'. 

Given a module A, let I' : -4 - A be a map of a projective module :4 onto A 
and let Q(A} be the kernel of p. 

THEOREM 2.3*. The p-type of Q(A) depends only on that of A. 
We define '!!n(B; A) to be ,!!(B; Q"{A». Let 

o 
" ·-an~an_l-·· ,-+ao-A-+O 

be a projective resolution of A. Then the kernel of (} : an - 0"_1 has the p-type of 
Qn-t-l(A). Let E .. = Hom (B, an) and let (}': E .. -+JjJ"fl-l be the boundary induced 
by that in an' Then 

(2.1*) 

We relativize as before by passing from the category of modules to the category 
of maps. Omitting the details, we may prescribe conditions under which a map 
from the map 0' : X' ~ A to the map (J : X _ A is to be called a projection and 
hence define the group '!!(4); 0), where 4>: Y - B. In particular if 1<" : Q,,-l(A)_ 
Q.H(A) is the projection from the projective module Qtl-l(A) onto Q"-l(A), 
we define 
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Any map Y - O"(.A) may be regarded as a map from, to K,,; where' is the 
mapa Y _ O. This leads to an identification 

(2.2*) ,!!",,(Y; A)~ ~,,"; A) 

and hence an exact sequence 

(2.3*) .• '-1!n(B; A)_ '!!"n(Y; A)_ '!!"n(cfo; A)-'!!"n_I(B; A)_··· , 

ending with· .. _ ,!!(B; A)_ '!!(Y; A). 
Them is also a p-cohomotopy sequence. Let p, be an epimorphism of X onto 

A with kernel K. There is then a sequence 

(2.4*) 

The homomorphism ~(Y; A)_ '!!(OY; K) is defined by lifting a map Y _A to a 
map ! _ X and taking the induced map 0 Y _ K. The sequence is always exact 
at '!!(Y; X); it is exact at '!!"(OY; K) if!l; '!!(Y; A)-'!!(OY; !lA) is (1 - 1); and 
it is exact at !!(Y; A) if 0: '!!(Y; A)_'!!(OY; QA.) is onto and 0: '!!(Y; X)_ 
'!!(!ly;nX) is (1 - 1). There is thus an n-theory dual to the S-theory for 
i-homotopy. 

We have seen that "homotopy lifting" is dual to "homotopy extension." To 
obtain a sequence dual to (2.6) we must impose a homotopy-extension property 
on the map cP : Y - B of (2.3*). We say it is a p-fibre-map if any map of Y into a 
projective module may be factored through cPo The p-fibre is then L = BfcPY and 
we have an isomorphism 

(2.5*) 

giving rise to the exact sequence 

(2.6*) 

We also quote 
THEOREM 2.6*. The cohomology groups Ext" (A; B) depend only on tke p-type 

of On-l(A). A map cP : AI-A2 induces the zero homomorphism on Extn (A 2; B) 
for all B if and only if 0,,-1(cfo) ~j) O. Moreover, the homology groups3 Tor" (A; B) 
depend only on tke p-types of nn-l(A}, nn-l(B). 

TB:EOREM 2.7*. Tke following statements are equivalent: (i) 'IT .. (A; B) = 0, all 
A; (ii) Extn+l (B; A) = 0, all A; (iii) on(B) "" j) O. -

There is a character theory relating i-homotopy and p-homotopy. Precisely, 
let R be a divisible abelian group, possessing elements of order n for every<l n > I, 
and for any abelian group A, let A* = Hom (A, R). Then if A is a left A-module, 
A* may, in an obvious way, be given the structure of a right A-module. We may 
then prove 

TB:EOREM 2.8. If A ~1J B, then A* ~i B*. 

S For the purpose of the exact sequences we ma.y regard , as the null ma.p Y ..... B. bu& 
in principle the ima.ge of' is a. :fixed trivial group. 

a Here we ta.ke A to be a. right A.module, B a. left A-module. 
« This condition is only necessary if we require A ~ A"'·. 
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More precisely, if cP : A -+ B is a map, then a. map cP* : B* -+ A*, dual to cP, 
is defined and cP* is an i-homotopy equivalence if cP is a p-homotopy equivalence. 

THEOREM 2.9. (QA)* = 8(A*). 
It follows that cP -+ cP* induces a homomorphism 

(2.7} !!,,,(A; B)-+w,,(B*; A*). 

«Added in Proof.) Eckmann and the author have recently proved 
THEOREM 2.8. The following 5 statements are equivalent: (1) cP : A '" i A'; 

(2) cP*: w(A'; B) "" w{A;B), aU B; (3) cP*: weB; A) '" weB; A'), aU B; (4) cP*: 
t {> K 

Ext (B, A) '" Ext (B, A'), all B; (5) cP factorizes as A ----'» A + 1 ----'» A' + J ----'» 

A', where 1, J are injective, t embeds, K projects, ana {> is isomorphic. The equivalence 
(1)~ (5) has been pointed out by A. Heller. (There is also a dual Theorem 2.8*).) 

3. Duality in topology 
We saw at the start of the previous section that i-homotopy for modules is a 

natural analogue for homotopy in topology; equally well, p-homotopy for modules 
is analogous to homotopy in topology. For we saw that every module-map is a 
"fibre-map" with respect to p-homotopy ('lheorem 2.2*) and, for topological 
spaces, a map f : A -+ B may be lifted into every fibre-space over B if and only 
if it is nuilhomotopic. Thus the dual theories of i-homotopy and p-homotopy may 
be said to coincide (with homotopy in the usual sense) for topological spaces, and 
the relation between statements in the i-theory and corresponding statements in 
the p-theory may be expressed in terms of Kan's notion of "adjoint functors". 
Precisely, (l.l) derives from the fact that 8 and.Q are adjoint (8 is a left adjoint 
of .Q), and so indeed are the functors X -+ X X I, X -+ XI. 

Let us briefly examine the exact sequences of the previous section from this 
standpoint. We recall that we are always concerned with maps and homotopies 
with basepoints. Certainly we have an exact sequence 

(3.1) " '-+1T,,(A; B)-+1T,,(A; Y)-+1T,,(A;f)-+'1T,,_l(A; B)-+··', 

wheref: B-+ Y is a map and 1T,,(A; B), for example, is the group (or set if 11, = 0) 
of homotopy classes of maps 8"(A) -+ B. Indeed if A is locally compact this 
is just the homotopy sequence in the usual sense of the map p1 : BA -+ Y A induced 
by f. If f is a fibre-map (with respect to maps of suspensions of A), then fA is a 
fibre-map for maps of polyhedra and (3.1) becomes 

(3.2) ., '-+1T,,{A; B)-+1T,,(A; Y)-+1T,,_l{A; F)-+1T,,_l(A; B)-+··" 

where F is the fibre. 
Dually, iff: Y -+ B is a map, we have an exact sequence 

(3.3) , • '-+1T,,(B; A)-+'1T,,(Y; A) -+1T,,(f; A)-+1T"_l(B; A)-+' • , ; 

if B and Yare locally compact this is the homotopy sequence of the map 
AI: AB -» AY induced by f. If (B, Y) is a pair with the homotopy extension 
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property with respect to maps into .Qn(A), n = 0,1, ... , then Af is a fibre-map 
and (3.3) reduces to . 

which is Barratt's track group sequence. Thus homotopy extension and homotopy 
lifting properties are adjoint and (3.3), (3.4) may be deduced from (3.1), (3.2) by 
using Ran's theory of adjoint functors. It is to be noted that (3.4) contains the 
cohomology sequence (obtained by replacing A by a suitable Eilenberg-MacLane 
complex) and, essentially, the cohomotopy sequence (obtained by replacins A 
by a suitable sphere and desuspending within the suspension range). The i-cohomo
topy sequence also yields the usual cohomotopy sequence, while the p-cohomotopy 
sequence yields a sequence which is rarely exact owing to the fact that.Q: 1l'(X; Y)--+ 
w(QX; QY) is rarely (1 - 1) onto. 

Let us reexamine the derivation ofthe cohomology sequence from (3.4). Confining 
attention to pairs (B, Y) which are CW-complexes or C.S.S. complexes (B being a 
subcomplex of Y) we have the sequence (3.4) in particular when A is the Eilenberg
MacLane complex K(G; m + n). Now 1Tn(B; K(G; m + n» = weB; D!'K(G; m + n» 
= weB; K(G; m)). The group weB; K(G; m»isnaturallyisomorphicwith (HmB; G) 
and the boundary homomorphism wn(Y; A)-+ ?Tn_l(B/Y; A) is thereby converted 
into the homomorphism 0 :Hm( Y; G)--+ Hm-f-l(Bf Y; G) of the cohomology sequence. 
In this way we obtain the cohomology sequence 

we remark also that Hf'(B/Y; G) = Hf'(B, Y; G), the cohomology group on the 
left being the reduced group. Thus we might take the point of view that the 
cohomology group Hr(B, Y; G) may be defined as w(BfY; K(G; r); that is, as the 
group of homotopy classes of maps BIY --+ K(G; r), the group structure being 
induced by that of K(G; r) (i.e., by the presentation of K(G; r) as QK(G; r + 1». 
Thus cohomology groups have been defined in terms of homotopy groups, using 
the H-structure of Eilenberg-MacLane complexes. Dually, homotopy groups may 
be defined in terms of cohomology groups.s Given an abelian group G, let Y(G; r) 
be a space with a single non-vanishing cohomology group G in dimension r. If 
r > 2, Y(G; r) is a suspension of Y(G; r - 1) and thus '1T(Y(G; r); M) has a group 
structure; the resulting group is precisely the homotopy group ?Tr(M) if G is the 
group of integers. We may relativize by considering, not a pair, but a fibre-map 
f: Y -+ B with fibre F. Then we define the rth homotopy group of f: Y --+ B 
with coefficients in G as 7T(Y(G; r); F). The exact sequence (3.2) with A = Y(G; r) 
is thus dual to (3.4) with A = K(G; r). It would be of some importance to place 
this duality on a rigorous basis, in which its relation to the duality between 

5 «Added in Proof.) Eckmann has remarked that there are advantages, in certain contexts, 
in defining homotopy groups with coefficients not by means of Y(G; r}, as above, but by means 
of the space K'(G; r), first considered by J. C. Moore, with a. single non-vanishing homology 
group, namely G in dimension ,..j 
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H-spaces and S-spaces (spaces of the second category) would become apparent. 
We may demonstrate this heuristic duality with one further example. 

Let I: X -+ Y be a map from the OW-complex X to the OW-complex Y. If 
7Tr{ Y) = 0, 0 < r < n, then I is homotopic to a map I' sending xn-l to y, the 
base-point. Write Xn =x/xn-l and let 10: Xn-+ Y be the map induced by 1'. 
If/o,/l: xn-+ Yare both approximations in the above sense to/andifp : xn-l-+ 
X" is the projection, then lop ,-..., lIP. 

The dual statement is as follows. Let I: Y -+ X be a map from the OW-complex 
Y to the OW-complex X. If Hr(¥) = 0, r > n, then I is homotopic to a map f' 
sending Y into xn. Let r : Y -+ xn be the map I' regarded as a map into X". 
Ifr,p: Y -+ X" are both approximations in the above sense to/and if i: Xn-+ 
Xn+l is the injection, then ir '"" ip. The dual statement requires that X be 
simply-connected (if n = 2, we must take Xl simply-connected). 

Finally we consider the two propositions 

(3.6) 

(3.7) 

SeX X Y)~ SeX) v B(Y) v sex A Y), 

O(X v Y) ro..J O{X) X O( Y) X OE(X X Y, X v Y). 

Here X A Y is the factor space X X Y/X v Y and E(X X Y, X v Y) is the space 
of paths on X X Y starting in X v Y. These decompositions are in some sense 
dual to each other. Recently John Milnor has shown that, if X, Yare suspensions, 
say X = SeA), Y = S(B}, then O(X v Y) admits an infinite decomposition as a 
product of loop spaces constructed from A and B nsing the A-product6. A similar 
expression for SeX X Y) should be available. 

UNIVERSITY OF MANCHESTER 

MANCHESTER, ENGLAND 

6 Milnor argues from the free group complex construction; it is possible to obtain a geo
metrical proof by setting up a. homology isomorphism. 



APPLICATIONS OF MORSE THEORY TO SYMMETRIC SPACES 

By R. BOTT .AND H. SAMELSON 

1. The paper described here (a complete account will appear elsewhere) forms a. 
a sequel to [3]. LetK be a compact, connected Lie group, and let it act, by isometries, 
on the (complete) Riemannian manifold M. Let 0 be the space of paths (D'-curves, 
parametrized proportional to arclength) from some point p of M to some K-orbit 
N in M. Our purpose is to study the Morse theory of 0, using the information 
contained in the action of K on M. We consider transversal geodesics in M, i.e. 
geodesics which are orthogonal to one (and then automatically to every) orbit they 
meet. A variational vector field or Jacobi field along a geodesic will be called 
transversal if it is derived from a one parameter family of transversal geodesics. 
Let S be the set of all transversal geodesic segments from p to N. For any element 
s of S we let 0 .. be the stabilizer of s, i.e. the group of those elements of K that leave 
s pointwise fixed; the stabilizer 0", of any point x of M is defined analogously. A 
parameter value t E [0, 1) will be called exceptional for s, if, putting set) = q, the 
dimension ofOa is greater than that of 0 ... Suppose there is only a finite number of 
exceptional values for s, and that 0 is not exceptional; let values be 0 < t1 < ... < 
f", < 1. Write 0; for OB(t;)' put W(s) = 0 1 X ••. X 0", and U(s) = Os X .•• X 0 8 

(le factors). We let U(s) operate on WeB) by w' U = (Cl' ••• , Ck)' (UI ' ••• ,U"') = 

(C1U1, U11C2U 2, ••• ,uk-:V;leU"'); this defines W(s) as U(s)-prlncipal fibre bundle, whose 
base space (a manifold) we call K(B). With w = (c1, ••• , cle) we associate the geodesic 
polygon w • s = 80 U C1 • sl U C1 • c 2 • S2 U ••• U C1 ••• Ck • 8",; here s. is the part of 8 

from ti to ti+l' This association constitutes a map of WeB) into 0, which is invariant 
under the action of U(s) and so induces amapf .. ofK(s) into 0. Let.G(s) denote the 
f.-image of the fundamental cycle mod 2 of K(s): if K(s) is orientable, let le(s) 
denote the f.-image of a fundamental integral cycle of K(s). 

We say that K is variationally complete on M if every transversal Jacobi field 
(along a tranversal geodesic), which is tangent to the K-orbits at two points, is 
derived from a one-parameter gronp of K. (If K is the identity this means absence 
of conjugate points.) 

THEOREM I. With tke notation as above, let K be variationally complete on M; 
let p lie on an orbit of highest dimension. Then tke .G(s), 8 E S, form a basis for 
H*(O; Z2); if all tke K(s) are fYfientable, then the le(s) form a basis for H*(O; Z) 
[in particular there is then no torsion in 0]. 

The proof is an application of Morse theory. Briefly speaking, the .G(s) are 
absolute cycles completing the ralative cycles which in the Morse theory are 
attached to the critical points of the length function on O. 

2. The foregoing will now be applied to symmetric spaces. Let G be a compact 
connected Lie group, let (f be an involution (automorphism of order two) of G, and 
let K be the component of the identity of the fixed point set of /Y. The quotient 
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space M = GIX is then a symmetric space, and we shall call (G, X) a symmetric 
pair. G, and therefore also X, acts in a well-known way on M. In addition X acts, 
by the "adjoint action", on the tangent space M 0 to M at the point xO' represented 
byX. 

Tru:OREM TI. If (G, X) is a symmetrw pair, the action of X on M = GJX and on 
Mo is variationally complete (in the metric ilerived from a biinvariant metric on G). 

For the proof one has to analyze the action of G in some detail. For this and for 
the subsequent discussion an important role is played by the maximal flat toruses 
in GJX [or equivalently by the maximal toruses of G, which intersect X as little as 
possible]; it is known that any two such toruses through Xo are conjugate under X. 
We apply now Theorem I to M under the action of X, with N consisting of the 
point xo' If T is a maximal flat torus containing p and xo' then all the geodesics 
from p to xo lie in P; the intersection of the X-orbits of non-maximal dimension 
with T (the singular set) consists of a finite number of toruses whose dimension is 
one less than that of T . .Ai!> is well-known, the situation is best described in the 
universal covering spaceEI of T, in whichp appears as a lattice of points, and the 
singular set as uuion of a finite number of families of parallel equidistant hyper
planes [the diagram of (G, X)]. If P is one of the points representing p, if 8 is the 
straight segment from p to the origin Xo of EI, then the exceptional points on 8, in 
the sense of Theorem I, are the points (except xu) where s meets the diagram of 
(G, X) and one can easily determine the dimensions of the various stabilizers, and 
therefore the dimensions of the manifolds X(s). In slightly different terms this can 
be expressed as follows: Let H be a Oartan algebra of G, containing the Oartan 
algebra H- corresponding to P (H- can be identified with the EI above; it is also 
characterized as the eigenspace to the eigenvalue -1 for the involution, induced by 
u on H). Let 0i be a set of positive roots of G (linear forms on H). Define a function 
A on H by A(X) = 2i [IOi; (x)!); here [) stands for the integral part. 

Tru:OREM TIL The Poincare 8eri1J8 of the loopspace n of M, mod 2, is given by 

p(n, t, Zll) = r tA!.X)dv,., 
Ja-

the integral taken with a suitably normalized Eucliilean measure in H-. 
In the case where G = X X X, and u is the interchange of the two factors, one 

knows that M can be identified with X. It turns out that in this case all X(s) are 
orientable and even dimensional; in particular n(E) has no torsion (cf. [1], [2J); 
and it is easy to read off the Betti numbers of n(X) from the diagram of X [each 
cell, in the positive chamber, corresponds to a cycle, whose dimension is twice the 
number of singular planes separating it from the origin]. One derives easily the fact 
that the 3m homotopy group of a simple Lie group is cyclic-infinite. Furthermore, 
the cohomology ring of X(s) can be computed from the fact that X(s) is an iterated 
2-sphere bundle; the description is as follows: K(s) corresponds, as noted, to a cell in 
a positive chamber; let (01' ••• ,(0];, in this order and with possible repetition, be the 
(positive) roots belonging to the singular planes met by the segments 8 from 8. point 
p in the cell to the origin; let ocH be the Weyl integer belonging to the pair {(Oi' (Oi)' 
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THEOREM IV. H*(K(s)) is the polynomial ring in two-dimensional variables 
Xv ••• , xk modulo the ideal generated by the elements Pi = X; + ::g-l rxijx • .x;, i = 1, 
•.• , k (cf. [4]). 

It is possible to use this information to compute the low-dimensional parlof 
H*(Q(K», in particular to:find out whether the powers of the generator of H2(Q(K» 
(assuming K simple) are divisible by any integers (below the dimension of the next 
primitive exponent of K), and thereby to determine the next non vanishing 
homotopy group of K after the third. For E 6, E 7, Es these dimensions are 9, 11, 15, 
and the computation shows that the groups in question are cyclic-infinite. This in 
turn means that the homology of these groups up to the critical dimensions is that 
of the Eilenberg-MacLane space K(Z, 3). 
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SINGULARITIES OF MAPPINGS OF EUCLIDEAN SPACES 

By HAsSLER WHITNEY 

1. Introduction 

We shall describe here some results and methods pertaining to the following 
general problem (details will appear elsewhere). Suppose a mapping fo of an open 
set R in n-space En into m-space Em is given (we shall writef: R" ~Em). How can 
we alter fo slightly, obtaining a mapping f with nicer and simpler properties? 
By the Weierstrass approximation theorem (generalized), we may require that f be 
analytic in R; if fo was r-smooth (had continuous partial derivatives through the 
rth order), we may require the partial derivatives of f through the rth order to 
approximate those offo (we then calIf an r-approximation). Now take any regular 
point p off, that is, a point p such that f is of maximum rank v = inf (n, m) at p. 
(Equivalently, using coordinate systems in En and in Em, the Jacobian matrix off 
at p is of rank v.) Then, by the implicit function theorem, we may choose coordi
nates so that f has the form 

(1.1) . yi = Xi (i = 1, ... , v), yi = 0 (i > v, if m > n). 

Hence at any regular point p, f has the structure of the particular mapping (1.1); 
we shall be satisfied with f here. 

Any non-regular point we call a 8ingular point off. In general (unless m > 2n; 
see §4) we cannot avoid the presence of singular points. We would then like to 
reduce them as much as possible, making them lie in small and simple point sets, 
and requiring the structure off to be as simple as possible in the neighborhood of a 
singular point. We shall show that the set S' of singular points may be made to form 
a smooth manifold plus boundary. There will be subsets of S', also manifolds with 
boundaries, consisting of points in the neighborhood ofwhichfismore complicated. 
This gives a splitting of S' into sets, in each ofwhichf satisfies specified conditions. 
Thus the singularities of f are divided into various types. We give the geometric 
basis of this splitting in Part I. Examples of the types of singularities will be found 
in Part II. 

The manner of defining the singularities is as follows. Let D' be the space of 
possible values of the differentials of a mappingf : R" _ Em through the order r 
at a point p (see §2). Each D' contains a certain set of manifolds, say L(l)' L(2)' •.• , 
of various dimensions. Given f, the values at p of the differentials off give a map
ping!": R"_ Lt', for each r. (We may keep r < 2n; see §ll.) By a slight change in 
f, we may require r to be "crosswise" to the L(i) (see §5); then !,,(R) does not 
intersect any Lf:n of small dimension, and it intersects other Lri) in as simple a 
manner as possible. Using a suitable r, we then say f is locally generio. The sets in R 
which map into the L(i) are the singular sets off; at a point of one of these sets, We 
say f has a generio singularity. 
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286 RA.SSLER WHITNEY 

Suppose P is a generic singularity; say q = rep) E L[i)' Thenr is crosswise to 
L[i) at q .. It follows that for any good (r + I)-approximation II to I;li will also be 
crosswise to L[i) at some point qI = IHpl); thus a generic singularity cannot be 
removed in this manner. (It may be removable under ak-approximation for smaller 
k; see for instance §22 of [13J.) 

We say the above 11 has a singularity at PI of the same type that I had at p. 
A basic question now is, to what extent is It near PI like I near p? If the division 
into singular sets is sufficiently complete, then we wonld like 11 to be obtainable 
from I by "changes of coordinates." Explicitly, there is then a mapping F defined. 
by 

yi = cf>i(xl, ••• , xn) (i = 1,'" ,m), 

such that both I and 11 may be put into this form by proper choices of coordinate 
systems. We then choose a particnlar mapping F, and call it a normal lorm for the 
type of singularity, and we say that I is 8table at p. 

Our principal conjecture is that the division of singnlarities into types satisfies 
the above condition. The general program may be described as follows. 

(a) Carry out the definition of types of singnlarities, as proposed below. This will 
be seen to run into questions about the relation of planes to certain algebraic cones. 
(The basic theoretical considerations are not difficult, but carrying out the des
cription of the singularities in high dimensional cases seems very complicated.) 
It is then easy to show that arbitrarily near any 10 there is a locally 
generic I. 

(b) Show that the division into types is complete, in that any locally generic 
mapping is stable at each point. This is the most difficnlt part of the program. 
(The choice of a normal form for a given type of singularity is relatively easy.) 

A further- study should include the following: 
(0) Find topological properties relating to the singularities, both locally and in the 

large (with En and Em replaced by smooth manifolds). We shall not discuss this 
problem here. See [11] and [13]; also Thom, [4], [5] and [6]. 

The program has been carried through in certain cases, as follows: For m = 1, 
we have a real function I in En; the singular points are the critical points of I. 
The theory of Marston Morse, in [1] and [2], covers this case (see §16). For m > 2n, 
there are no singnlarities; see §4. For m = 2n - I, we can have singnlarities at 
isolated points; see [9] and §20. For n = m = 2, 8' consists of smooth curves, and 
there are isolated points of other type on the curves; see [13] and §I7. 

Suggestions have been made about the possible types of singularities in more 
general cases. F. Roger [3] described the types we call8tk). R. Thom found explicitly 
the types in low dimensional cases in [4] (the entry 8 2(81) appears first for (n, m) = 
(5,4) (see §25), not (4, 3». But no proofs that the division into types is complete in 
these cases has been given. 

Singularities which can be removed by small deformations (for instance branch 
points; see §7 of [13]) of course may nevertheless be of importance. We shall not 
consider these here. 
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I. GEO:MET:RICSTRUCTURE OF SINGULARITIES 

~ T.heffift~tiamManmppWg 

Let Y(E") = Y" denote the space of vectors in E". The differential df(p) off at p 
is the linear transformation of Y" into ym defined by 

(2.1) 
. I 

df(p) . v = limt-->o+ -[j(p + tv) - f(p)] E ym, 
t 

The second differential a?-f(P) is the bilinear transformation of Y" X Y" into ym 
defined by 

. I 
(2.2) d2j(p)' (v, w) = lim,t-->O+ -[j(p + sv + tw) - f(p + sv) , st 

- f(p + tiv) + f(p}]· 
It is symmetric: 

(2.3) d2f(p) • (v, w) = d2f(p) • (w, v). 

Higher differentials are defined similarly, or by induction. 
If coordinate systems in the spaces are given, then naming the first r differentials 

off is equivalent to naming the partial derivatives of orders up through r. Relation 
(2.3) corresponds to the symmetry of cross partial derivatives. 

Let I}- = £1 denote the space of linear transformations of V" into vm; it is a 
linear space, of dimension nm. More generally, let £'" denote the space of multilinear 
symmetric transformations of the Cartesian product V" X ••. X V" (1' factors) 
into vm. Thus an element of £1' is a multilinear symmetric function F(v1, ••• , vr ), 

whose values are vectors of Vm• Set 

(2.4) L1' = £1 EE> ••• EE> £r. 

Now withf given, d"kj(p) is an element of £\ for each k. Letr(p) denote the set of 
a,'1(p), k < r. Thus 

(2.5) d"f(p) E Qk, rep) = (df(p), d2f(p), ••• ,a,1'f(p» ED'. 

3. The structure of I}-
Each point TELl is a transformation of Y" into ym. The rank of T is the 

dimension ofthe image space T( Y"). Let L! denote the set of points of I}- of rank p. 
Now 

(3.I) I}- = Lij U Li U ••• U L!, v = inf (n, m). 

It is easy to see that each L! is a manifold, of dimension 

(3.2) dim (L!) = (n + m)p - p2 = nm - (n - p)(m - pl. 

The codimension of a manifold in a fixed containing space is the difference of the two 
dimensions. Hence 

(3.3) codim (L!) = (n - p)(m - pl. 

Clearly any limit points of L! not in L! lie in the sets L!" p' > p. We express this 
by saying that the L! form a manifold collection. 
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4. The rank of f 
Given fo : Rn --).- Em, there corresponds a mapping fij === dfo : Rn ~ I.J. Set 

(4.1) pen, m) = sup {r + 1: (n - r)(m - r) > n}; 

this is the largest number r + 1 such that the condition shown holds. 

Set p' = pen, m) - 1; then 

codim (L!,) = (n - p')(m - p') > n. 

It follows [13, Theorem HAl that a small deformation of fo will give a mapping f 
such that no point df(p) lies in L!,. 

We sayfis of rank patpifdf(p) is of rank p. The rank off is the smallest rank at 
any point. The result above is that by a small deformation, we may make f of rank 
>p(n,m). 

The defic·iency off is (with p = inf (n, m)) 

(4.2) dfc (f, p) = 'If - rank (j, p), dfc (j) = 'JJ - rank (f). 

Set 

(4.3) ~(n> m) = 'If - pen, m}. 

Then we may make f of deficiency < ~(n, m). 
Some special cases of this are the following; 
(a) If m > 2n, then pen, m) = n, ~(n, m) = 0; hence we can remove all singular

ities in this case. Take any smooth manifold M, and set fo(p) = qo E E2n (p EM). 
Applying the result above gives an "immersion" f of M in E2n. (There may be 
self-intersections of/(M).) 

(b)Suppol:lem > ~(n -1). Usingr= n - 2in(4.1) showsthatp(n, m) > n -1. 
Thus all singular points may be made of deficiency <1. 

(c) For n > 2m - 3, we find pen, m) > m - 1, and ~(n, m) < 1 again. 
(d) If n = m < (k + 1)2, we find ~(n, m) < k. 
The results given are the best possible, in that there exist mappings such that 

any sufficiently nearby mapping has the rank pen, m) and deficiency 6(n, m). 
Some values of 6(n, m) are given in the table. (This was found in large part by 

Wolfsohn, [14J.) 

~l n I 1 2 3 4 5 6 7 8 9 10 II 12 
~ f -----

1 1 0 0 0 0 0 0 0 0 0 0 0 
2 1 1 1 0 0 0 0 0 0 0 0 0 
3 1 1 1 1 1 0 0 0 0 0 0 0 
4 1 1 1 2 1 1 1 0 0 0 0 0 
() 1 1 1 I 2 I I 1 1 0 0 0 
() 1 1 1 1 2 2 2 1 1 1 1 0 

Table of ~(n, m). 
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5. Crosswise mappings 

Consider F: Rn---+EN, andletMbe a smooth manifold in EN. SupposeF(p) = 
q EM. At q we have the tangent vector space P(M, q) of M, and the image 
dF(p)(Y") of yn under dF at p. We say F is crosswise to M if, for all such p, 
these two vector spaces span yN: 

(5.1) dF(p)(yn) + P(M, F(p» = yN. 

Note that if 
n + rum (M) < N, i.e., n < corum (M)~ 

then F(R) (l M must be void. 
"LEMMA (Thom, [6]). Let M be a manifold collection in Lr. Then arbitrarily near 

any 10 : Rn ---+ Em there is an 1 for which r is crosswise to each manifold of M. 
Supposer: R"'---+Lris crosswise to the smooth manifold M, and codim(M) = 

s < n (otherwise f(R) does not intersect M). Say fr(p) = q EM. Let ch, ... , 4>8 be 
real functions defining M near q; they vanish only in M, and their gradients are 
independent there. Set 'lfJi(P) = (Mfr(p» in R. Now the functions 'lfJ1' ••• , 'lfJ8,near 
p, vanish only in 8 = Ur )-1(M), and their gradients are independent at p, since r is 
crosswise to M; hence S is a manifold in En, of corumension s. 

6. The singular sets Sit 

Let f : Rn ---+ Em be locally generic (§I). Then (§5) J1 = df is crosswise to the 
L!.Set 

(6.1) l' = inf (n, m). 

Then (§5) the SA: are smooth manifolds in En; they form a manifold collection. 
Now 8 0 is the set of regular points off, andS' = S1 U 8 2 U '" is the set ofsinguls.r 
points; 1 is of deficiency le in 8A:' By (3.3) and §5, 

(6.2) corum (8._p ) = (n - p)(m - p), 

provided this number is <n; otherwise, 8~_p is void. This gives 

(6.3) corum (8k ) = le(ln - '11101 + k). 

As special cases (provided the numbers shown are between 0 and n), 

{

codim (81) = n - '1110 + I, 
n>m: 

- codim (82) = 2{n - '1110 + 2), 

{

COdim (Sl) = '1110 - n + I, 
n<m: 

= codim (82) = 2('1110 - n + 2), 

dim (81)= m -1, 

dim (S2l = 2m - n - 4, 

dim (Sl) = 2n - '1110 - 1, 

dim (S 2) = an - 2n - 4. 
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7. Structure of the Sic 

Take any point p wherefis of rank p; thenp eS.,_p' q = pep) E L!. It is easy to 
see that coordinate systems (xl, •.• , xn) and (yI, •.• ,ym) may be chosen near p 
and f(p} respectively so that f has the form 

(7.1) (j> pl. 

Let y~ denote oyij(}xk. The Jacobian matrix of (7.1) is 

I 0 yp+l •• • yp+l 
p+l n 

J= J'= .................. 
JIt J' Y:'+1 ••• y': 

I is the unit matrix of p rows and columns, and 0 is a matrix of zeros. Moreover, 
the elements of J" and of J' vanish at p. 

Theyi occurringinJ' are a set of kp = (n - p)(m - p) real functions in En near 
p. Now assumethatfislocally generic. Thenpis crosswise to L!, and as a result, 
it is easy to see that the gradients of these functions are independent at p. We may 
choose functions zi (kp <j< n) which vanish at'P and whose gradients are 
independent of the above gradients; now these yi and zi may be chosen as new 
coordinates in En near p, with origin at 'P. 

Note that 

(7.2) rank (J) = rank (J') + p. 

Hence the setS.,_(pH) is given (near p) by setting all (k + 1 )-rowed determinants of 
J' equal to zero. This is a set of algebraic equations of degroo k + 1 in kp ofthe new 
coordinates. For an example, soo §23 below. 

8. The null spaces N(p) 

The nullspac6 N(p) off at p is the set of all vectors f) mapped into 0 by df(p). 
Clearly 

(8.1) dim (N(p» = -{
n - m + k if n > m, 

k ifn< m. 

For p E STr:' N(p) can he related in various ways to S1< near p, and more generally 
to the sets 8,.-1' ... ,81 near p. This will be used to split S1< into several sets. 

9. The differentials dr 
Givenf, we haver(p) E L", and since ddkf= dk+lj, 

df'" = d(df, ••• , drl) = (d2f, ••• , dr+1f). 

Thus knowing the value of f'" at p, the possible values for the tangent vectors 
df"'(p) • f) are severely restricted; only the last term dr+1f(p) • 'V is arbitrary. 

There are also restrictions dne to the symmetry of higher differentials. Thus, 
pep) = df{p) ELl, hence dP(p) • v ELl, [dP(p) • v] . u E P', and 

[dP(p) • v] '$ = da,t(p) • (u, v) = da,t(p) • (v, u) = [dP{p) • uJ· v. 
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Suppose we know the point P'H(p) E Lr+1. Then we also know the IJI·J(p) 
(k< r + I), hence aJr(p), and thus the tangent vectors aJ(r}(p). v in Lr. 

In particular, the statement that r is crosswise to a given manifold collection 
M c Lr is a statement about aJr, and thus is equivalent to the statement that 
Jr+1(R} avoids a certain point set M1 c L,,+1. One might prove Thom's lemma 
(§5) by showing that any such M 1 is a manifold collection of codimension >n. 
Such a proof seems difficult to carry out. 

10. The mapping j2 into L2 

In the expression (2.4) for Lr, if we drop out the last terms, we obtain any 
0, Ie < r. Hence to each point of Lr corresponds a definite point of each 0, 
lc < r. Let L~ be the subset of Lr thus corresponding to L! in L1. Clearly 

(10.1) codim (L~) = corum (L!), 

andJ" is transversal to the L~ ifJ1 is crosswise to the L!. 
Supposing that J1 is crosswise to the L!, we now consider, for each point p, the 

relation of the null space N(p) to the sets 81: which contain p. To give the relation 
of a vector 11 to 81: (p E 81:) is to give the relation of dJ1(p) . 'V to L!_k; hence a given 
position of N(p) relative to the 81: corresponds to a property of aj<l){p), i.e., a 
property in L2 (see §9). 

By §§6 and 8, 

(10.2) 

hence we lIlay expect, at most of the points p ES1, that N(p) and the tangent 
plane P(Sl' p) have only the zero vector in common. More generally, 

{IO.3} dim (N(p» = codim (Sic) + (Ie - I)(n - m + Ie) if n> m. 

Then 

might be 0, or >0. 
TosaythatJ1(p} = q E L! andJ1is crosswiseto L! atq is tosaythatj2{p} E L; 

butj2(p) avoids a certain subset of L; (of codimension >n). Let L*2 be the part of 
L2 in no such subset; set L:2 = L*2 n L;. 

The diiferent values of h above correspond to diiferent subsets of L:!:k' and give 
a. splitt;ing 

(10.4) 

Set 

(10.5) 

L*2 - L*2 U L*2 u·· . ,.-k - ,.-k,O ,,-k,1 • 

Now Sk,,. is the subset of Sk where, if we consider J in 81: alone, J has deficiency 11" 

The S1:,,. are ealled 8k.(S1:) in Thom, [4] (prOvided that n > m). 
We have similar splittings for n < m. 
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Now consider p ES2, assuming n > m. We must consider the relation of N(p) 
not only to P(S2' p), but also in relation to 81 near p. This is a more complex 
situation; see §23 below. The possible relationships of N(p) to the structure of 
81 near p is reflected in a splitting ofthe L;~2,h nearf(p), and this gives a correspond
ing splitting oftheS2,,,' We shall not give names to the new sets here. In a similar 
manner, each Sk,1> is split into subsets, on considering the possible relationships 
of N(p) to the 81 (l < k) near p E Sk' 

Note that So (the set of regular points) is not split. Also, since (using coordinate 
systems) the possible relationships of the N(p) to the Bk are expressible by algebraic 
equations, and hence the new sets in L*2 are algebraic varieties and hence manifold 
collections, we see that the new sets in En are manifold collections. There is an 
open subset of S' where N(p) is in the most general position; the rest of S' forms a 
manifold collection of dimension less than that of SI' 

11. Further splitting of the Sk 

In L3, we have the subset L*3 correspondiug to mappings f such that r is 
crosswise to the sets in L*2. We have also sets L:3 c L*3, corresponding to the 
L! (see §IO); they also correspond to the L:2 in L2. But these sets L:2 have been 
split up; this gives a splitting of the L:3. We shall split these further. 

The Sk in En have been split into subsets, forming a manifold collection. At any 
point p, we have considered the relation of N(p) to the 8k ; we now consider it also 
in relation to the new sets. The various possible relationships correspond to facts 
about dr, and hence to subsets of L*3 (see §9); this gives the desired further 
splitting in L*3. Through (f3)-1, we find a further splitting oftheSk• 

As in the last section, the first new manifolds we obtain are of dimension one less 
than that of the previous new ones at most, and hence of dimension two less than 
that of SI at most. 

REMARK. Though we have described the manner of splitting in L*2 and in L*3 
through a discussion of the function f, the definitions of the sets in L2 and L3 are 
clearly intrinsic; they depend on the properties of the £r alone. 

We next consider the relation of the N(p) to the new sets, giving a splitting in L*4 
and hence a new splitting of the Sk' the largest dimension of a new manifold being 
three less than that of SI at most, etc. The process must stop after the new manifolds 
are of dimension at most zero. Hence the largest rand Lr we need use are those for 
which r -1 = dim (SI)' In L*", we can make fr crosswise to all manifolds 
obtained, and this gives us the desired locally generic f; see also §I3. The final 
requirements onf employ dr+lf. Thus (see §6) the requirements onfto be locally 
generic involve derivatives through the order at most 

{ 

m + 1 (n> m), 
(11.1) y(n, m) = n -In - ml + 1 = -

2n-m+1 (n<m). 

12. The singular sets Sii) 

Suppose first that n > m. In a neighborhood U c: 8 1 of a point p of SI' we may 
choose a set VI (p'), .... V '/11-1 (p') of independent vectors orienting P(Sl' p'); choose 
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also v".(p'), ... , vn(p') orienting N{p') (p' E U); see (8.1). For most points p' E U, 
the .. whole set v1(p'), ... ,vn(P') is independent, and an orientation of En is deter
mined. In some parts of U, one orientation of En may be determined, and in other 
parts, the opposite orientation; these parts are divided by the set B1,1 U B1,2 U •.•. 

Hence 

(12.1) 

We ~hall write 8i2) for the manifold 8 1,1' 

For p E Bi2), N(p) U P(Bl' p) = Q(p} is of dimension 1; it may point from pinto 
P(B1>p) in either side of P(8i2), p); or at exceptional points, it may lie in P(Bfl, pl. 
This exceptional set is a manifold in Bi2), of dimension m - 3; it is the inverse 
imageunderfs ofa certain set in DI. At these pointsp, N(p) n P(Si2),p) = Q'(p) is 
of dimension 1 instead of 0; we call this set B1,1,1' or B~3l. At a point of Si3), Q'(p) 
may point into P(Si2), p) in either side of P(Si3), p), or be tangent to the latter; 
thus we find Si4), etc. We have 

(12.2) dim (Sii}) = m - i (1 < i < m < n). 

These singular sets (inverse images of sets in Ll) were found by Roger [3], and appear 
in Thom [4) with the notation SI{SI)' S1(81(S1»' etc. Note that the last one cor
responds to a set in Lm; this gives actual occurrences of y(n, m) in (1l.1), for n > m. 

This gives the total splitting of B1> if n < 4. 
For m > n, codim (Bl ) = m - n + 1 and dim (N(p)) = l(p EB1); hence N(p) 

will lie in P(81, p) (for locally generic J) in a manifold 8 1,1 = S![> of codimension 
m - n + 1 in Sl' and hence of dimension 3n - 2m - 2. For p ESi2}, N{p) lies 
in P(Bl' p); it will lie in P(Bi2), p) at each point of a manifold B1,1,1 = BiS) of 
codimension m - n + 1 in sfl, etc. Thus 

(12.3) codim (Sii» = i(m - n + 1) if present (1 < i < m > n). 

The definition of the Bii ) shows that J is locally one-one with nonvanishing 
Jacobian in each Sli} - SiH1); but the image has a cusp manifold in the next set 
8<;+1). 

13. On the classification of singularities 
.. As before, ifwe cut out a certain subset of Lt', r = y(n, m), of codimension >n, 

corresponding to mappings not crosswise to the sets we have found in L*r-l, we 
have left L*f'; any mapping fo: Rn -+Em is arbitrarily near a mapping f with 
jT(p) EL*" (p ER), and any suchJis locally generic. Morevoer,jTisautomatically 
crosswise to the sets of the splitting of L*r. 

The various sets of the splitting in L*r define the different types of singularities 
for locally generic f. 

Note that each set A of the splitting in L*r-l(r = y( n, m» corresponds to a set 
B in If which is not split further; but part of B may be cut out when we reduce 
Lrto L*t, and what is left may be composedofseveral connected pieces, which may 
correspond to different types of singularities. This happens for instance in the case 
m = 1, n > 1; see §16. 
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14. Encasing of singularities 
Givenf: Rn ---* Em, the 8-dimensional encasing offis a mapping F : Rn-t» ---* Em+8 

defined as follows. Write En+3 = En X E", Em+' = Em X E", and 

(14.1) F(p, q) = U(p), q) 

To each generic singular point of f corresponds a generic singular point of F; 
the latter is the 8-dimensional encasing of the former. Examples will be given below. 

Clearly 

(14.2) rank (F, (p, q» = rank (f, p) + 8; 

hence, for each q EEs, 

(14.3) Sk(F) n (En X q) = 8kU) X g, codim (8k (F» = codim(8k(f». 

Clearly N F(P, q) lies in the space vn of En always; hence the relation of null spaces 
to the 8k is the same for F as for f, and we see step by step that the 8k are split into 
subsets in the same way for each. Finally, at any p, lying in a certain singular set, 
f" (for some r) is crosswise to the corresponding subset in Lr(n, m); hence Fr is 
crosswise to the corresponding set in Yen + 8, m + 8), showing that F is locally 
generic. 

15. Increasing n 

Given f : Rn ---*Em, with n > m, define F : R n+l ---* Em near a point p E 8 1 as 
follows. Since dim [df(p)' vn] = m - 1, we may choose a vector Wo in vm not in 
df(p) • V n• (There are essentially two choices.) Set 

(15.1) 

With a coordinate system in En, 

of of . 
oxi = oxi (t= 1,'" ,n), 

For p' near p and t ¥= 0, the last vector is independent of the former; hence rank 
(F, (p', t» = rank (f, p') + 1 = m = 'V, and (p', t) is not a singular point of F. 
Fort= 0, NF(p', 0)= Nip') + V1; the relation of these spaces to the81(i) forF 
is the same as that of the N(p') to the 8 1(i) for f. Thus 8 l (i) for fbecomes part of 
8 1(il for Fat t= O. 

The above discussion fails for the 81<' k > 2. For instance, 8 2 may be present for 
mappings E4 ---* E4, but not for mappings Eo ---* E4 (see §4). • 

II. EXAMPLES OF SINGULARlTlES 

16. Critical points of real functions 
(See M. Morse, [1J and [2]). For En ---*El, we let El be the set of real numbers. 

Here, L1 is simply the set of real linear functions (i.e., covectors) in vn; it is of 
dimension n, and Lfi consists of 0 only. Since codim (81) = codim (Lfi) = n, 81 
consists of isolated points. 
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With a Cartesian coordinate system in En and hence in IJ, the components of 
JI(p) = dj(p} are 

(16.1) 1 _ (OJ .,. OJ) 
j (p) - oxl ' 'oxn ' 

Now (compare §9) 
oJlloxi = (o2jloxloxi , ••• , o2jloxnoxi), 

and ifJ is locally generic. these vectors in IJ are independent for i = I, ... , n. 
That is, the matrix of second partial derivatives is of rank n. 

With proper choice of coordinates,jnear p may be written in the form (for some Ie) 

(16.2) 

For n = 1, Y = ±(xl)2. (If we allow coordinate systems reversing orientation, 
we may write y = (xi )2.) If we now increase n as in §I5, choosing Wo E W sometimes 
positive and sometimes negative, we obtain the above critical points. 

. Note that Lt2 is L~ except for all points where the determinant 102j/oxi oxil = o. 
The different parts of L~2 correspond to critical points of different index, i.e., with 
different numbers of minus signs in (16.2). 

17. The case n = m = 2 

For E1-,;-W, a typical singularity is given by y = x2• If we encase this (§14), we 
obtain 

(17.1) 

this has a singular set Sl on the line x2 = O. 
Consider the mapping defined by 

(17.2) y1 = xl, y2 = Xl X2 _ (X2)3. 

The Jacobian is J = oy2/ox2 = Xl - 3(X2)2, which vanishes on the curve S1' 
defined by xi = 3(x2)2. With unit vectors 6 1, 6 2 along the axes, the image of any 
vector v under dJ is 

dF(xI 2) vl 2} _ ( 1 oy1 2 oy1 1 oy2 2 Oy2) 
'J. , x . ( 61 + V 6 2 - V ox1 + v ox2' V ox1 + v ox2 • 

Along Sl' this equals (vI, vlx2); hence N(p) consists of all vectors a62 for p ESI • 

Except for p = (0, 0), N(p) is not tangent to Sl; hence we are not in Si2) here. 
But we have tangency at (0,0). (The image under J of S1 is a curve with a cusp 
point at the origin.) Also, N(p) is crossing S1 here (the mapping J2 is crosswise to 
the corresponding set), as is easily seen; hence the origin is in Si2). 

For fuller details, see [13]. 

18. The case m = 2, n > 3 
If we increase n as in §15, we find singular curves Sl' with isolated points Iff> on 

them, as in §I7. We find typical mappings, first for a point p ofSl -8..f>, with 
1& = 3. By (17.1), the images of all vectors at p lie in the yl.direction; hence we may 
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choosewo = te2 in (15.1); tis replaced byx3. Inserting the sign ± in (17.1), this gives 

(18.1) yI=xl, y2=±(X2)2±(X3)2, in81 -st,p. 
Similarly, using (17.2), 

(18.2) yI= xl, 

Continuing this process gives, for typical singularities in the general case, 

(18.3) yl = xl, y2 = ± (X2)20 ± ... ± (X")2 in 81 - 8l2), 

(18.4) yl = xl, y2 = x lX2 - (X2)3 ± (x3)2 ± ... ± (x")2 in dt2). 

19. The case n > m = 3 

Here, we have singularities oftypes 8 1, 8l2), 81l). Typical examples are,for ~ = 3, 

(19.1) yl = Xl, y2 = x2 , ya = (x3)2 in 81 - Sl2), 

(19.2) yl = xl, y2 = x2, ya = x2x3 - (x3)3 in Sl2) - 8<13>, 

(19.3) yl = xl, y2 = x2 , ya = xlx3 + x 2(x3)2 - (xli)x4 in8~3). 

In the last example, the Jacobian is oya/oxli, and 8 1 is the surface 

8 1 ; ~ = Xl + 2x2xli - 4(x3)3 = o. 
Clearly N(xl, x 2, xli) consists of all vectors alla' in the x3-direction, at points of 8 1, 

These lie in 8 1 if they are orthogonal to the gradient of cP' Thus 8~2) is the curve 
given by: 

8 (2) • J.. - 0 
1 *'t'- , 

For points of Si3), 113 must be orthogonal to the gradient of,1{J also, this gives 
x3 = O. Thus siS) contains the origin alonc. ' , 

For general n, typical singularities are as follows. As before, yl = xl and 
y2 = x 2 ; in the above expressions for ya, we add ±(X4)2 ± ... ± (X")2. 

20. The case m = 2n - 1 

Here, 8 1 consists of isolated points. By [9], a typical singularity is given by 

{

yi= Xi 

yi = X"xi-n+I 

For instance, for n = 2, 

(20.1) 

(20.2) 

(i = 1, ... ,n - 1), 

(j = n, n + 1, .•. , 2n - 1). 

21. The case m = 2n - 2 

If we take the singularity above for En-I_E2n--3, and encase it as in §14, we 
find a typical singularity in 8 1 for En ---+ E2n-2. We have extra variables, say :to and 
yO, and the extra equation yo = xU; 8 1 is the xU-axis. For n > 3, (12.3) shows that 
Si2) is void; for n = 2, we are back to the case n = m = 2. 
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22. Some other cases with m > n 
The lowest case not considered is the case (n, m) = (4,5). Here, 

(22.1) (n= 4,m= 5). 

In general, by (12.3), 812) appears only if 2m < 3n - 2; 8i3) appears only if 
3m < 4n - 3 (the first case is n = 6, m = 7), etc. From the table in §4, we see that 
the first appearance of 8 2 with m > n is also for the case n = 6, m = 7. 

23. Thecasen=m=4 

. In this case, 8 1 may contain sets 8i2) , 8iS) and 8i4), but no 81,2' We may now also 
have isolated points belonging to 8 2, We examine these more closely. 

As in §7, we may choose coordinates in the two spaces so that, near the origin Po, 
we have yl = xl, y2 = x2• Now the matrix J' in §7 is 

(23.1) J'= 
y~ y~ 

We may also (§7) use these Y1 as new coordinates near Po: 

(23.2) Xl=y~, X3= Y§, 

The parts of Rl and of 8 2 near Po are 

(23.3) 

(23.4) 

Thus, in these coordinates, SI is a quadratic cone, with vertex at Po, Po being the 
single point of 820 Let T be the tangent cone of SI at Po; it consists of all vectors 'IJ 

snch that Po + v E SI (and hence Po + av E SI' all a). 
We now ask what relation N(po) (of dimension 2) can have to SI' If we look for 

vectors in both N(po} and T, we find a qnadratic relation; there may be no common 
vectors *0, or there may be common vectors in one or in ~wo distinct directions. 
There ca,n also be more special relations (for instance, if N(po) is the (Xl, X2)-plane, 
then N(po) c P). 

We give two examples: 

(23.5) 

and 

(23.6) 
{

(a) if- = x1X4 - x2x3 + l(x3)2 - l(X4)2, 

(b) y4 = xlX4 + x2x3 - i(x3)2 - l(X4)2. 
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We find at once that 81 is given in the two cases by 

(a) (X1)2 + (X2)2 - {xS)2 - (x4)2 = 0, 

(b) (xl)2 - (X2)2 + (xS)2 - (x4)2= O. 

In both cases, N(po) consists of the vectors in the (xS, x4)-plane. In (a), N(po) n T 
has no vector *0; in (b), it contains those vectors with va = ±v4• We thus have 
two distinct types of singularities, which might be called 82.a, 8 2,0' 

24. Thecasen=m=5 . 
Here, 8 2 consists of curves. We shall illustrate a special singularity at an isolated 

point of a curve of 8 2, Define f by 

yi = Xi (i = 1,2, 3), 
(24.1) 

y5 = x3xS + x4xS + t(X4)2 + !(xS)2 + txl(X4)2. 

Then 8 2 is the xl-axis (near the origin Po), and for p E 8 2, N(p) consists ofths vootors 
in the (x4, xS)-plane. Note that 8 2 is not tangent to N(p); hence f maps 8 2 into a 
smooth curvs. 

The singular points are given by y~~ - yty~ = 0, i.e., 

(X2 + 2X4 + xS)(xS + x4 + xS) - x4(X4 + xS + xlx4) = O. 

Let 8'(xl ) be that part of 8' with Xl fixed; it is a quadratic cons. Let T(xl) be the 
corresponding cons of vectors, as in §23, and N(X1) , the null space at (xl, 0, .•• ,0). 
A simpls computation shows that N(xl)T n (Xl) has no non-zero vectors if Xl < 0, 
and has two independent directions if xl > 0; for Xl = 0, it is the I-dimensional 
space of all vectors a(e4 - e5). The origin is a new type of singular point. 

25. The casen =5,m=4 

Here we have no 8 2, but there can bs points of 8 1,2' Note that dim (81) = 3, 
dim (N(p» = 2(p ES1 ). Considerthemappingfdefined byyi= Xi (i= 1,2, 3},and 

(25.1) 

Then 8 1 is given by 314 = yt = 0, that is, by 

xl + xSxS + !(x4)2 = x 2 + x3x4 + !(xS)2 = 0, 

and N(p) consists of all vootors in the {X4, xS)-plane (p E 81), Note that at the 
origin Po, the tangent 3-plane to Sl is the (x3, x4, xS)-plane, which contains N(Pa). 

This is a phenomenon which cannot be removed by arbitrarily small alterations 
of f. To see this, note that the components of the differentials of y~ and yt are 

dy~ yi4 Y~4 Y~4 y~ 31:5 
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To have the (x4, x5)-plane tangent to 81, we must have 

ely!(p)' ei = ely~{p)' ei = 0, i = 4, 5. 
These equations give 

y~ = Y!5 = yt5 = 0, 

occurring at the origin Po in the present example. Note that 

and 
Y!4 = X4, Y!5 = x3, Y~5 = x5, 

elY~4 
J* = elY!5 

dY~5 

000 I 0 
o 0 100 
o 0 001 
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Letting p move in 8 1, this shows that the mapping (Y!4' Y!5' yt5) is crosswise to 
(0,0,0) in 3-space. Now take any sufficiently good 3-approximationf' to f. It is 
easy to see that new coordinates Xi, fii close to the old may be found so that 
y i = Xi (i = 1,2,3). We will have 8 1 for!, close to 8 1 for!, andJ* for!' close to J* 
for I. Hence there will be a solution of fit4 = fit5 = fit5 = 0, with crosswiseness, as 
required. (The crosswiseness can of course be expressed in L3.) Note that the fact 
that the second differential is symmetric (yt4 = y~5) plays an essential role here. 

III. GENERAL ;DEFINITIONS 

26. Local equivalence of mappings 
Take!i: Jl'i-+ET' (i= 1,2), and take Pi EEi . We say 12 atp2 is equivalentto!l 

at PI if we can write 

(26.1) 

where ep : u; -+ R'; and 1p : Ur -+Er are smooth homeomorphisms of rank nand m 
respectively. Let ~8 denote arithmetic 8-space (of all ordered sets of s real numbers). 
If we take E; = ~", Er = ~m, we have introduced coordinates into E'i and E't 
through ep and 1p, and the mapping!2 becomes 

(26.2) yi= epi(X!, .•. , x") (i = I, ... , m). 

We noted in §I that if! : E" -+ Em is regular at p, then! is equivalent at P to 
the mapping (l.I). If p is a singular point of!, we would like to choose coordinates 
in some way to give a particularly simple representation (26.2) for !. Such a choice 
we call a normal!orm for the singular point. For instance, fori: W-+ El, if! has 
a minimum at P and d2!(p) =1= 0, an equivalent mapping is given by y = x2• 

Various normal forms were given in Part II. 

27. Local stability 
We say! : E" -+Em is stable at P if there is a neighborhood U of p with the 

following property. Take any neighborhood U' of p, U' c: U. Then for any 
sufficiently good s-approximationf' to! in U, for some 8, there is a point p' E U' 
such that f' at p' is equivalent to! at p. 
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Clearly the mapping (1.1) is stable at all points (use good I-approximations). 
So is the mapping y = x 2 at x = 0, using 2-approximations; but if we used only 
I-approximations, we could obtain a new mapping with y constant in some small 
interval, and local equivalence would then fail. 

One form of the principal conjecture is that any locally generic mapping (defined 
through the discussion of Part I) is stable at all points. We give a strengthened form 
in the next section. 

28. Topologies in function space. 
Let 6 be the set of all pairs (j, R), where j : Rn __ Em is oo-smooth, We shall 

give rough descriptions of two topologies in6, the rwrmal topology and the stability 
topology, turning 6 into topological spaces 6" and 6. respectively. 

In 6,., we say that (f', R/) is near (f, R) if R' is near R (with a simple definition), 
and for some large r, l' is a good r-approximation to j in R n R', In 6., we say 
(1', R') is near (f, R) ifwe can make (26.1) hold, with the following requirements. 
There are open sets R1, R£ near R, R' respectively, cfo maps R~ onto R1 , and cfo and 
'Ijl'are good r-approximations to the identity in R~ and in the domain of "P respec
tively, with large r. 

There is an identity mapping I of6n int06s' which is not continuous at most 
points (f, R). Let6(Uo) denote the set of all (f, Uo)' We say fis strongly stahle at p 
if there is a neighborhood U of p such that the mapping I, considered in 6 n (U) 
l1lone, is continuous at (j, U). Thus any (1', U) which is sufficiently close to (j, U) 
in the normal topology is also close in the stability topology. 

If I is continuous in6n(U) at (f, U), it is also continuous in6n(U') at (f, U'), for 
any open ball U' cU. This may be seen by extending!, - j from U'to U; see [12]. 

Say f is locally strongly stahle in R if it is strongly stable at each point of R. If 
this holds, then we can cover R by open balls U 1, U 2' ••• such that I is continuous 
at (f, U i ) in6,,(U.) for each i. It follows that for any sufficiently good r-approxi
mation1' to f in R, for large enough r, we can write l' = "P.icfoi in each Ui • We 
cannot expect to have l' = 'l'fcfo in R, unless the self-intersections of f(R) have been 
made generic. For example, iff: El __ Elis given byy = (X2 - 1)2, thendf= Oat 
x = -1 and at x = 1, andf(-I) = f(l); this will not happen for all nearbyf'. 

00. Generalproblems 
For each R c: En, we have a subset6(R) of6. Are the locally strongly stable 

mappings, or the locally stable ml1ppings, in6(R), dense in6 .. (R)~ Do they form 
an open set in both cases~ If the complete pattern of singull1rities is as suggested 
in Part I, these questions are answered in the affirmative. 

In §13 we discussed the description of singularities, in terms of the method of 
splitting of the Lr used; each connected piece L('i) corresponds to a singularity type. 
The test of this is as follows. Let ql and 12 be points of the same L(i)' Let 

fl: Ei~Em and 12: R~ __ Em 

be mappings such that, with 'Y defined by (11.1), 
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Then cp and 'IfJ should exist as in §26, such that/I! = 'IfJ/ICP near PI!' In other words a 
single normal form will do for all points of any L(i)" This has been proved in the 
following cases: for m = 1, in [1] and [2]; for m = 2n - 1, in [9]; for the 
s-dimensional encasing (§14) of the above singularities in [14]; and for n = m = 2, 
in [13]. 

Say/ : Rn -'J-Em is stahle if the following is true. For any sufficiently good approxi
mation/, to / (we would use a l'(n, m)-approximation, which gets better and better 
as we approach the boundary of R), we can find cP, mapping Rn onto Rn, and 'IfJ, 
mapping a neighborhood of f(Rn) into Em, such that /' = 'lj!ftfo in R. We could 
J;equire that cP and 'IfJ be near the identity; we could also require that 'Ij! be defined in 
a larger set, perhaps the whole of Em, We then wish to show that the stable 
mappings form a dense open set in6(R), in a suitable topology . .As noted in the last 
section, we must take care of intersection properties of f(R) to obtain a generic 
mapping (i.e., a stable mapping, assuming the truth of the statement). The study 
of self-intersections seems less difficult than that of singularities. 

Finally, recall that topological questions have been discussed only in certain 
cases; see §l. (For topological properties related to self-intersections in the case 
m = 2n, see [10].) 
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GENERALIZATIONS OF THE BORSUK-U'LAM THEOREM 

By B. A. RATTRAY 

We prove two generalizations of the Borsuk-Ulam theorem. l Let sn be the 
n-sphere 1f:::1 xi = 1. The point -x is said to be autipodal to x. Let Nn be sn -
{O, ••• , 0, I}, which is homeomorphic to Euclidean n-space. Let pn be the pro· 
jective n-space, obtained from S,. by identifying antipodal points. 

THEOREM 1. Any continuous map f : sn ~ sn of even degree carries at least one 
pair of antipodal points into the 8ame point. 

PROOF. Suppose that for every pair of antipodal points the images f{x), fe-x) 
are different. Thenf(x) and -fe-x) are not antipodal, so that the segment joining 
them does not contain the origin. Its midpoint k(x) = i(f(X) - fe-x»~ projects 
from the origin into a point g(x) = k(x)/llk(x)1I in sn. Obviously g(x) is continuous 
and homotopic to f(x). Also g{ -x) = -g(x) for each x so that g{x), and hence 
f(x), has odd degree [1, p. 185]. 

As a corollary we obtain the classical Borsuk-Ulam theorem: Any continuous 
map f : S" __ Rn carries some pair of antipodal points into the same point. For any 
such map is a map sn __ sn which is nullhomotopic and hence of degree O. 

THEOREM 2. Any continuous map f: Sn __ sn of odd degree carries 80me pair of 
antipodal points into antipodal points. 

PROOF. Otherwisef{x) is homotopic to g(x) = h(x)/llk{x)!! where k(x) = i(/(x) + 
fe-x»~. The map g carries every two antipodal points into the same point, and 
such a map is easily seen to be of eVen degree. Thus f also has even degree. 

THEOREM 3. Any continuous map f: sn __ P" carries some pair of antipodal 
points into the same point. 

PROOF. Let oc : sn __ pn be the covering map which carries each point of sn into 
the antipodal pair containing it. Any map f can be lifted into a map g : sn __ Sn 
such that I = ocg. Since g has either even or odd degree, it carries some pair of 
antipodal points into the same point or two antipodal points. In either case f 
carries these antipodal points into the same point of pn. 
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REFEJl.ENCE 

1. S. LEFSOHETZ, Introduction to Topology, Princeton, 1949. 

1 ({Added in P'T'oof.) I ha.ve recently loomed that similar results were published by Guy 
Hirsch in his paper, Un. theO'T'€ffl6 8!U'T' les tmWJjormaticns iIe8 sp'MreB, Academia Royale de 
Belgique, Bulletin de 111. c181lSe des B<liences, 56 Serle, Tome XXXII, (1946) pp. 394-399.) 

3()2 



ON THE GEOME'l'RY OF FUNCTION SPACES 

By JAMES EELLS, JR. 

Introduction 

In the present work we consider function spaces ~ of continuous maps of a. 
compact topological space 8 into a Riemannian manifold M, with a suitable 
uniform structure on ~. Such function spaces have long played a central role in 
the geometry of M, largely because many properties (algebraic, metric, topological) 
of M are simply reflected in ~. It will be shown here that for a large variety of 
functm spaces the Riemannian structure on M determines a differentiable structure 
on~; i.e., ~ is a differentiable manifold, not necessarily connected and of infinite 
dimension, in general. Certain function spaces (of rigid maps) have been interpreted 
before as manifolds of finite dimension; e.g., the Stiefel and Grassmann manifolds 
(Steenrod [II, §7J), the configuration spaces of dynamical systems. 
If IDl is a paracompact differentiable manifold modeled on a Hilbert space E 

(i.e., IDl is locally homeomorphic with llJ), then we can extend de Rham's Theorem, 
showing that the real singular cohomology algebra of IDl can be described by classes 
of closed differential forms on IDl. In §40 we apply that result to a space ofloops on 
an n-dimensional manifold. 

This work has benefited greatly by discussions with several members of the 
Institute for Advanced Study during 1956; I hereby gratefully express my 
appreciation. 

1. Smooth transformations of linear spaces 

Let E and lJ'denote complete locally convex linear spacesl over the real numbers 
R, and let £(E, lJ') be the linear space of all continuous linear maps of E into lJ'. 
We will endow £(llJ, lJ') with the topology-in fact, uniform structure-of uniform 
convergence on the bounded sets of llJ; this topology is called the conjugate 
topology on the conjugate space E' = £(llJ, R). If llJ is a Frechet space (i.e., llJ is 
metrizable), then llJ' is complete in the conjugate topology. 

(Al DEFINlTIONS.2 Suppose that cfo is a transformation of an open set U of llJ into 
lJ'. Givens a point x E U and a vector fJ E E we define the di.rectional derivati?Je of cfo 
at x in the dire.ction f1 by 

(1) 
'<'7 .J. lim cfo (x + lw) - cfo (x) 
v 'f' (x, fJ) = ],-->0+ 11, 

1 For the fundamental properties of such spaces see Bourbaki [2]. 
• If J1J and l!' are finite dimensional, then these concepta coincide with the llIiIual ones. For 

the class Ok see Graves and Hildebrandt [6J. 
II The distinction between a poine a; E J1J and a vector 'V E J1J is made to emphasize the different 

roles played by a; and 'I). 
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if the limit (1) exists as h approaches zero through positive real values. For each 
x E U we suppose that V cp(x, v) exists and is linear and continuous in v. Then the 
differential cp*(x) of cp at xis the element of £(E, F) defined by CP*(x)· v = V cp(x, v) 
for all vEE. We say that cp is of class 0 1 on U if cp is continuous on U and the map 
cp* : U --* £(E, F) defiued by (cp*)x = cp*(x) is continuous. (If E and F are Banach 
spaces and cp* is continuous on U, then cp is Frechet differentiable and is therefore 
continuous.) We say that cp is of class 0" on U (k> 1) if cp is 0 1 and the map 
cp* : U --* £(E, F) is 0lr--1; cp is smooth if it is 0" for all k. 

(B) We are especially concerned (cf. de Rahill's Theorem) with linear spaces E 
which satisfy 

CONDITION (S). Given any cl08ed bounded 8ub8et B of E and any neighborhood 
U of B there i8 a 8mooth real function cp defined on E BUck that cp(x) = 1 for X E B 
and cp(x) = 0 for x E E - U. 

Any real Hilbert space satisfies Condition (S), for its inner product is a smooth 
function, and we can compose it with a suitable smooth real function of a real 
variable to construct cpo More generally, a Banach space will satisfy Condition (8) 
if the square of its norm is smooth; however, differentiability properties of the 

~ 

norm imply strong restrictions on a Banach space; see Smulian [10]. I do not 
know whether the Banach space 0 of continuous functions on the unit interval 
(with uniform norm) satisfies Condition (S). 

2. Manifolds modeled on linear spaces 

(A) As in the finite dimensional case we make the 
DEFINITIONS. Let E denote a complete locally convex linear space. We say that 

a topological space rot has a smooth manifold structure modeled on E if for every 
point x E rot there is a neighborhood U of x and a homeomorphism 0 mapping U 
into E such that if x, x' E Rn have overlapping neighborhoods U, U' in which the 
homeomorphisms 0, 0' are defined, then the map 0' 0 0-1 is a smooth transformation 
of the open set O(U nU'} of E into E. The homeomorphisms 0 are called co
ordinate systems of Rn and their domains are called coordinate patches. 

rot is locally compact if and only if E is finite dimensional (Bourbaki [2, Ch. I, 2]), 
whence rot is a smooth manifold in the usual sense. H rot has a metric for which it 
is complete, then rot is of the second (Baire) category; in particular, rot is not 
expressible as a countable union of compact sets unless it is finite dimensional. 

(B) We are able to give a standard definition4 of the tangent space T(Rn, x) to Rn 
at the point x, defining a tangent vector as an equivalence class of smooth paths at 
Xj T(N, xl has a complete uniform structure induced from that of E. If E is a 
Banach space, then T(rot, x) is normable. 

(C) Tensor analysis can now be developed on rot via the theory of tensor bundles 
(Steenrod [11, §6]). It is convenient in the case of r-contravariant tensors to take 

4 Apparently the functional definition of tangent vector as given by Chevalley [4, p. 76] is 
not applicable in infinite dimensions. 
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as fibre the r-fold projective tensor product of E {Grothendieck [7]}; the fibre in the 
r-covariant case is then the conjugate space with conjugate topology. 

3. The manifold (£;(E, M) 

We give here examples of' function spaces which are manifolds modeled on 
Banach spaces. 

(A) Let M denote a smooth Riemannian n-dimensional manifold, and (,}". the 
associated inner product in the tangent space T(M, m ). We denote by p the metric 
on M, giving the distance between two points m, p E M as the infimum of the 
lengths of the rectifiable paths joining m and p. If g: (I, 0, 1) ---+ (M, m, p) is a 
(shortest) geodesic from m to p, then g determines the vector u = d!dt[g(t)]t=o in 
T(M, m), and p(m, p) = I<u, u)",,11/2 = lujm. Set u = "Pm(P); then the inverse 
function (with m fixed) p = o/m(u) exists in a suitable neighborhood of 
o E T(M, m). It is a basic result in the theory of differential equations that 1flm(P) 
and o/".(u) are smooth functions of their arguments. 

(B) Let E be a compact topological space, and let (£; = (£;(S, M) be the totality of 
continuous maps of S into M. The metric p on M induces a metric on (£ by 

lx, yl = sup {p(x(s), y(s» : s ES}. 

THEOREM. The function space (£;{S, M) is a smooth manifold locally homeomorphic 
to a real Banach space (of infinite dimension, in general). 

PROOF. Given any map x E (£;(S, M) the tangent space to (£; at x is the totality 
T«(£;, x) of maps (the "continuous variations of x") u E (£;(S, .r(M» such that 
7T 0 u(s) = xes) for all sEE, where .r(M) is the tangent bundle over m with 
projection 7T. Clearly T«£;, x) is a real linear space, complete with .respect to the 
norm lui", = sup {lu(sllOl(!) : s E S}. 

Every point x E a: has a neighborhood mapped isometrically onto a neighborhood 
of 0 E T«(£;, x). For since xeS) is a compact subset of M, there is a nUlllber A", > 0 
such that for every 8 E S the set {m EM: p(m, xes)) < A",} is a normal coordinate 
patch at xes). Thus given y E (£; such that lx, yl < A", there is for each s E S one 
and only one shortest geodesic (of length <A.,) joining xes) and Y(8); then u(s) = 
"POle.,(Y(s» is in T(M, xes»~, and u E T«(£;, x); furthermore, lui", = lx, yi. Con
versely, given u E T«£, x) satisfying lui", < A., we define yes) = o/",(ol(u(s»; then 
YE(£;, and lx, Yl < A",. 

We set u = "P",(y) and will call "P", a coordinate system of (£; at x; the metric ball 
U'" = {y E (£;: lx, Yl < A.,} is called a coordinate patch at x. If U", and U.,. are over
lapping coordinate patches at the points x, x' E a:, then the coordinate transforma. 
tion 

(1) 

is a smooth map of an open set of T«(£;, x) into T«(£;, x'}. 
First we will show that for any pointu E 1jJ",(U", n U.,.) and vector 11 E T«£;, x} 

the directional derivative V'P(u; 11) exists as an element of T«(£;, x'). Take a positive 
numberhosuchthatifh EH = {h ER :0< h< ho}, thenu + hv E1fla:(U", n U.,.l. 
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We next define the function F on H X 8 by 

F(h, 8) = 'ljJZ-(o) ['IjJ;{~(U(8) + hV(8))], 

and setf(h, 8) = of(h, 8)/oh. 
The difference quotient [F(h, 8) - F(o, 8)Jlh converges to f(o, 8) uniformly on 8 

as h-+O+; for, given e > 0 we can choose heel EH so that for each positive 
h < heel we have If(h, 8) - f(o, 8)1 < s for all 8 E 8. Using the theorem of mean 
value applied to F, for each (h, 8) E H X 8 there is a number Teh" satisfying 0 < Tell. 
< hand [F(h, 8) - F(o, 8)Jfh =f(Teh., s). Thus for all h < heel and 8 E8 we have 

j
F(h,8) - F(o, 8) - f( )f 

h 0,8 <S, 

whence V'IjJ (u, v) exists, and V 'IjJ (u, V)8 =f(o, 8). For each u E1jJ",(U., n Uz-) the 
derivative V1jJ(u, v) is a linear function of v, continuous because 

(2) 

where the ;first norm on the right is that of the Banach space S2(T(M, x{s», 
T(M, x'es))); the inequality 

!V 1jJ (u, v)lz- < 11jJ* UIIVI., 
follows at once from (2). Similarly, the differential 1jJ* is a continuous map of 
1jJ,.(U., n U.,,) into S2[T(<£:, x), T(<£:, x'}]. 

Thus we see that the coordinate tra:O.srormation (1) is (J1 in its domain of 
definition; that it is Ok for allTe follows by a standard induction argument, com
pleting the proof of the theorem. 

We remark that the norms I I., determine a natural Finsler structure in <£:(8, M). 
(0) I. REMARKS. If M is a Lie group with analytic Riemannian metric, then 

<£:(8, M) is an aruilytic group (in the large) in the sense of G. Birkhof£[l], using the 
notion of analytic transformation defined in Hille [8]. 

2. If So is a closed subspace ofS and Mo is a closed Riemannian submanifold of 
M, then the function space of continuous maps (S, 8 0) -+ (M, Mo) is a closed 
submanifold of <£:(S, M). The (Serre) fibre space of continuous paths on M with 
fixed endpoint is a differentiable fibre space (not locally trivial, in general). 

3. We can modify the above examples by considering smooth maps of a compact 
smooth manifold S into M. For example, let 'l)(I, M) be the function space of 
smooth maps of the unit interval into M, with uniform structure given by the 
increasing sequence of metrics 

lx, y!k = max {Ix, yl, Ix(l), y(l)\, ... , IX(k), y(k)l} 

for any x, y E!:l(I, M),where x(i)(s) = dix(8)frlsi • It follows as in (B) that !:leI, M) 
is an infinite dimensional manifold modeled on a Frechet space. 

4. On the cohomology ring of certain function spaces 

We give here an extension of the Theorem of de Rham. 
(A.) As a tensor field (see §2C) on a manifold rot a smooth differential r-form (J) 
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can be defined as a section of an appropriate tensor bundle; thus m associates to a 
point x E IDl an alternating ,.-linear real function on T(9R, x) which is simultaneously 
continuous in its arguments. The exterior differential dm is defined as in the finite 
dimensional case, and its usual properties are valid; the relation ddm = 0 requires 
use of the symmetry of the iterated directional derivative V m (x; VI' V2 ) in the 
model E (Theorem of Graves [5]), and in particular uses the completeness of 
T(IDl, x). The Formula of Stokes and the "Poincare Lemma" carryover to infinite 
dimensions without change. 

(B) THEOREM. Let IDl be a paracompact smootk manifold modeled on a linear space 
E satisfying Oondition (S) of §l. Tken tke real singular cohomology algebra H*(9R, R) 
(with cup product) is algebra isomorphic with tke derived cohomology of tke exterior 
algebra of smooth differential forms on IDl. 

The proof follows a standard method in the theory of sheaves (see, for example, 
H. Cartan [3]); the Condition (S) is used to insure that the sheaf of gemIs of smooth 
fOmIS on 9R is fine. 

REMARK. Using methods of H. Whitney [12, Part TI] We can establish a version 
of de Rahm's Theorem for any smooth manifold modeled on a Banach space. 

(C) As an application of this theorem, let us consider the following function space 
(used in the calculus of variations), resuming the notation of §3. Let ~ = 
~(I, 0; M, m) be the totality of absolutely continuous maps x : (1,0) _ (M, m) such 
that the tangent vector field X(Il(s) = dx(s)/iIs is square integrable on the tangent 
bundle .r(M). The tangent 8pace T(~, x) to ~ at X is {u E ~(I, 0: .r(M),O): 
'IT Q u(s) = xes) for all s E I}; then T(~, x) is a separable real Hilbert space with 
inner product 

(1) (u, v)., = [ < u(1l(s), v(ll(s) > iIs, 

using the Riemannian structure of the tangent bundles of M. 
~ is a smooth infinite dimensional manifold; in fact, ~ has a natural Riemannian 

structure with metric tensor induced from (1). The space ~o = {x E~: xCI) = m} 
of loops on M based at m is a closed submanifold of ~. The theorem in (B) is 
applicable to the loop space ~o and shows that the real cohomology algebra of ~o 
is isomorphic to its differential fOmI cohomology algebra. 

REMARK. In our examples we have supposed-for simplicity in handling nOmIal 
coordinates-that the range manifold M is finite dimensional. That assumption is 
inessential, for it is known (Michal-Hyers (91) that for any Riemannian manifold 
(such as ~ or ~o) every point has a neighborhood in which a kind of normal 
coordinate can be introduced. In particular, we can apply our construction to the 
space of loops on ~o. 
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ON THE EXACT COHOMOLOGY SEQUENCE OF A SPACE 
WITH COEFFICIENTS IN A NONABELIAN SHEAF 

By PAUL DEDECKER 

The object of this communication is to give an account of the relation between 
the classification problem of principal fibre bundles and the cohomology of the base 
with coefficients in a suitable sheaf (generally nonabelian.) The first part of the 

. material covered here has been published elsewhere so that details and proofs are 
omitted. In the second part (from §6 on) we discuss two dimensional cohomology 
in the line of cohomology groupoids described in the beginning. This. improves a 
first approach (2) to the matter; for instance the two dimensional classes now 
become equivalence classes of cocycles. However, the definition of these is perhaps 
not yet the definitive one; they do not coincide with all the Classical cocycles in 
the abelian case. 

The bundles of groups and the "new" principal bundles described here are 
precisely those coming in the lectures of H. Cartan and S. Eilenberg. 

§1. Introduction 
It has been recognized by several authors [1], [5), [7J that the various classes 

of principal fibre bundles over a base B with a (topological) structure group G are 
in one-one correspondance with the set Hl(B, @) of the cohomology classes of B 
with coefficients in the sheaf @ of local jets (or germs) of continuous maps of B in 
G. In the general case this set seems to have little algebraic structure but possesses 
a privileged (or neuter) element eo corresponding to the trivial bundle B X G. 
If, however, G is abelian it turns out that it coincides with the usual cohomology 
group. 

The question therefore arises to describe a general property of WeB, ~) which 
reduces to the group property in the abelian case. The answer to this has been given 
in [3J. There exists a groupoid ;Yel(B, @) in which WeB, @) can be naturally imbedded 
with the following properties: (a) the neuter element (eo) is a unit of the groupoid 
and actually the right unit of all the elements of WeB, ~); (b) any element of .YeI(B, @) 
the right unit of which is eo belongs to WeB, @); (c) every unit of the groupoid is left 
unit to an element in WeB, @). 

Note that by groupoid we understand essentially a Brandt groupoid, i.e., a set 
II> with a not everywhere defined associative multiplication satisfying the left and 
right cancellation property and in which, moreover, every element has a left &nd 
right unit as well as a left inverse. These turn out to be unique &nd the left inverse 
is at the same time the unique right inverse. The groupoid ;Yel(B, @) satisfies as a 
consequence of (a) and (c) the connectedness condition: every pair of units is the 
pair of left and right units of some element. Moreover properties (a), (b), and (c) 
together imply that every element of the groupoid is of the form Et ® E-l with 
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lC, lC' E JP(B, ~). Putting lC' = eo, we get a. meaning (at least abstract) to the 
operation: take the inverse of a principal bundle E over B with structure group G. 

§2. Geometric description of .n"l(B, ~) 

Let E = E(B, G) be any principal bundle (in the usual sense) over B with struc
ture group G. Now G acts onto itself from the left by means of interior automor
phisms: this induces an associated fibre bundle! r = r(B, G, G" lC) the fibres 
r.,(xEB) of which actually have a group structure isomorphic (but not canonically) 
to G; we express this fact saying that r is a buni£le oj G-group8, more precisely, the 
bundle of G-groups as80ciated to E. It is well-known that G acts from the right on 
each fibre E., in E. Now we remark that rill as a group acts in a canonical way on 
lC'" from the left.2 We refer briefly to this property saying that r acts on lC from the 
left; in a similar sense we may say that the trivial group bundle B X G acts on E 
from the right. 

Now let U = (U i)lEl be an open covering of B together with continuous sections 
rif: Uii = U j n Uj -+ r satisfying the conditions 

XE Uu 

8., identity of r ... 

Let 7T : r -+ B be the projection of l' and Xi the inverse image of Ui • In the sum 
X = 2itC Xi consider the equivalence relation p 

(2.1) 

Then the quotient E' = XI p is a topological space with a natural projection 
p' : )jJ' -+ B on each fibre )jJ~ = p'-l{x) of which the fibre r., acts in a natural way 
from the right. 

For any triple (e~, e"" roo) E (E~ X E", X 1':t) we may therefore consider the 
products e~y", EE~ and r:tez EEI1;" Then in)jJ' X BE = 2zEBE~ X Ez we have the 
equivalence relation (e~r Z' ez ) '" (e~, y", e",) the quotient of which can be denoted by 
E' ® E. This is a topological space with a natural projection onto B and on which 
G acts in a natural way from the right. It possesses actually a structure of a. 
(classical) principal bundle over B with structure group G. It defines therefore an 
associated group bundle r' acting on it from the left. 

DEFINITION. The space E' together with the projection p' and the group bundle 
l' acting from the right is called a principal buni£le over B relative to r, or briefly a 
r -principal bundle. 

1 We use the notation of Ehreamann in which G, stands for G acting onto itself by interior 
automorphisms. 

Z See [4]. Taking the natural onto-map E X G ..... r, this is induced by the operation 
[(6z• goo), 6;] -0- e.f!e;-16~ of EIIJ X G on EIIJ' 
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If instead of the equivalence (2.1) in X we use the one for which 'Yi = 
'Yu(x)' 'Y;' 'Y;t(x), the quotient isagroup bundle aetingon]iJ' from the left and which 
turns out to be isomorphic to r'; moreover, the way in which it acts on ]iJ' €II FJ 
follows from the natural way it acts on]iJ' X B]iJ and the map ]iJ' X B FJ -+ E' ® E. 

Let C be the sheaf of jets oflocal sections of r. Then the classes of r-principal 
bundles are in one-one correspondance with the I-dimensional cohomology set 
WeB, C), the neuter element of which corresponds to the trivial r-principal 
bundle isomorphic to r (defined by 'YiS(X) = B",). 

:By definition, ;tt'1(B, ~) as a set is the union of all the WeB, tI) for all possible 
choices of r defined as above by means of some FJ E WeB, ~). 

§3. Products in ;?l(B/D). Interpretation of the inverse 
Every E E ;tt'1( B, ~) will be identified to a corresponding principal bundle 

relative to a certain r; it therefore corresponds to two group bundles r, r' acting 
one from the right and the other from the left. We write 

E:r-+r'. 

Now if we have another element E' such that E' : r' -+ r u we define E' €II E as 
the quotient of 2ZEB E~ X E z by the equivalence relation (e~'Y~' ez) '" (e;, 'Y~ez) for 
(e~, ez' 'Y~) E~ X E z X r;. One proves: 

THEOREM 3.1 The not everywhere defined product E' 0 E makes Jlt'l(B, ~) to be 
a groupoid, the units of which can be identified with the group bundles r. 

From the construction it is obvious that this groupoid satisfies the conditions 
(a), (b), and (e) of §l. 

We now give a geometric interpretation of the inverse E-l of an element 
E E Jlt'l(B, ~); in particular we will get a picture for E E WeB, ~) of the inverse 
of a classical principal bundle. 

In the above considerations, the left plays a preferred role since for instance in 
(2.1) the 'Yi! are used as left multipliers. For this reason the (relative) bundles 
above could be called left.bundles and we might define right.bundles in a symmetric 
way, using 'Yo = 'Yi • 'Yji(x) in (2.1). On such bundles, the structure group bundle 
acts from the left. This leads to the following: 

PROPOSITION 3.2. There exists a one-one correspon(lence between the left and right 
bundles relative to a given r. 

PROPOSITION 3.3. If E: r-+ r' is a left r-bundle, then the operations of r' 
define on E a structure of right r' -bundle. 

To obtain the inverse E-l of FJ, we first consider on it the structure E' of right 
r'·bundle deduced from Proposition 3.3. then we consider the left r'.bundle Ell 
corresponding to FJ' by Proposition 3.2; this is precisely FJ-l. Therefore the inverse 
of a classical bundle E is only classical in case its associated group bundle is 
isomorphic to B X G. All such classical bundles form a subgroup of the groupoid 
contained in W(B, ~). Of course when G is abelian r is always trivial and this 
subgroup coincides with the whole set IP(B, ~} as well as with ;?l(B, ~). 
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§4. Homomorphisms of structure grOUPS 

The preceding theory can be made slightly more general if we use (fustead of 
at) a topological group A acting continuously on a by means of continuous 
homomorphisms. Then any principal bundle (in the classical sense) over B with 
structure group A defines an associated bundle r with fibres isomorphic to a which 
we will call a generalized bundle of a-groups (with respect to A). We can define 
principal bundles relative to these new r's and this gives rise to a larger groupoid 
£,~(B, ~). 

For instance if a is a normal subgroup of H we may take A = H acting on a 
by interior automorphisms. Then in a bundle of H-groups each fibre contains 
canonically a subgroup isomorphic to a and these subgroups span a generalized 
bundle of a-groups ,vith respect to H. However, two different bundles of H-groups 
may induce isomorphic bundles of G-groups3 and this makes it impossible to 
define a canonical map 

which we would expect. 
Let r ll be a bundle of H-groups and r G the bundle of G-groups it defines. Every 

principal bundle EG relative to r G induces naturally a principal bundle Ell owing 
to the inclusion map r G -+ rHo This way we have a map which associates Ell to 
the pair (EG, r H ), furthermore these pairs are easily made a groupoid £,~(B, ~) 
and we have a map 

i1 ; .?f'~(B, ~) -+ £'l(B, .it) 

which is actually a homomorphism of groupoids4• 

If we set X = HIG and if we assume that a has a local section H we get an 
exact sequence of sheaves 

Also every bundle of H-groups r ll defines a bundle of X-groups r K = rlljrG and 
we easily obtain a homomorphism 

j1 : ,itl(B, ,it) -+ .1C'1(B, $). 

PRoPOSITlON 4.1. The image of i1 coincides with the kernel (inverse image of the 
set of units of j1). 

In other words the sequence 
'1 '1 

£'1(B, ~)!-.. jj?l(B, £') ~ £'1(B, $) 

is exact. 

§5. O-dimensional cohomology gronpoids 
These will be associated to the exact sequence (:E). 

a We will no longer say "generalised bundles" but simply "bundles". 
4 This means: if:l: ® y is defined, so is ita;) ® i(y) and i(a; ® y) = ita;) ® i(y). 
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To every pll we associate the corresponding pG and rK. This way we define 
three sheaves oflocal sections tfll, tfG and tfK and we consider their global sections 
reB, Gll), reB, tfG) and P(B, tfK). The sums ofthese sets (for all possible choices 
of units in the groupoid ~1(B, G» are denoted respectively by ~O(B, :J!'), 
,n'~(B, ~), df"~(B, f); we also introduce an object e in one-one correspondence 
with the units of ~1(B, G) 

The P(B, GG) aud rCB, tCll) are naturally groups and this defines an obvious 
structure of groupoids on their sums df"~(B, ~) and 7{'O(B, ~). Moreover, there is 
an injection 

We have a similar structure on df"~(B, f) but it is an uninteresting one, at least 
for the present purpose. Let k: B -+ tCK be an element of rCB, GK) c .JF~(B, %) 
and choose an open covering U = (Ui);EI of B such that there exist sections 
k i : U i -+ r ll such thatj 0 11, = klUi . The ktkj-

1 : Uij-+ pH are in the image ofi, 
namely there exist sections gii: Uij-+ pG such that i 0 gti = k ikj-

1• The gil define 
a bundle E relative to r G and an associated bundle of G-groups r'G as well as an 
associated bundle of H-groups rIll both of structure bundle rGWIG c r'll). (Note 
that r G and ptG (also pll and r'll) become isomorphic if given r ll as structure 
bundle.) 

Now ~~(B, f) is made a groupoid as follows. A product k' ® k of sections 
k : B -+ tCK, k' : B -+ tf' K is defined if and only if iffl K is the sheaf of sections of 
r /K, the quotient of the P'll described above by the rIG contained in it. In this 
case there exists a natural isomorphism T : tfl K -+ tCK and by definition let ® k = 
Tkl • k where· denotes the multiplication of sections of the sheaf of groups tCK • 

The above construction has also exhibited a map 

lJo : ~~(B, f) -+ ~1(B, ~) 

which proves to be homomorphic. There is also a homomorphism 

jO : ~O(B, ..J?) -+ .JF~(B, f). 

THEOREM 5.1. The following sequence of groupoids anillwmomorpkisms is exact: 
iO . jO lJo 

e -+ ,n'~(B, ~) -+ ,n'O(B, ..J?) -+ ,n'~(B, f) -+ ..J?1(B, ~) 
i 1 j1 
-+ .JF1(B, .JF'f-+ .rt'l(B, f). 

(5.1) 

It is to be observed that some of the homomorphisms of this sequence are 
perfect.5 This sequence has therefore a similar utility as an ordinary exact sequence 
of groups. 

5 We say that a groupoid homomorphism 10: (fl ~ (fl'.is perfect iffor any pair of units e1' 6 2 E (fl 

such that h{el) = '!>(e.} there e:x.ists an element W E (P with e1 and e. as left and right units such 
that hex) = hee,) = h{e.). Then two elements x,y EWhavethesameimage underhifandonly 
if they are in the relation n = myn for suitable m, n E Ker h; aetua.lly m(ol' n) can be chosen 
m-bitrm-y in Kel' 10 provided w-1 my .is defined (or '!I7m-1). In case of a non-perfect homomorphism 
such a criterium exists only if x and y have the same right (or left) unit: then h{x) = hey) if and 
only if there e:x.ists m EKer h such that x = my(orn EKer h such that w = yn). 
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REMAItK. Previously one considered cohomology sets with a privileged element 
giving rise to an exact sequence of sets ' 

(jo 
e-+HO(B, tg)-+HO(B, .;tt') __ HO(B, :%)-!W(B, tg)-+W(B, .;tt')-+W(B, :%). 

Actually these sets were groups in dimension zero and so was WeB, tg) if 0 abelian. 
As observed by A. Grothendieck (j0 was not in that case a homomorphism hut in a 
sense a "crossed homomorphism"; this property is generalized here by giving 
.n"~(B, %) a more elaborate groupoid structure than .;tt'~(B, t§) and .1f'O(B, .;tt') 
so that 0° becomes a groupoid homomorphism. 

§6. Non holonomic bundles of grOUPS 

We keep the notations of the preceding section and consider a r H, the correspond
ing r G imbedded in it and r K = rHlrG. For each x E B. we have the fibre 
r: and its group I(r:) of interior automorphisms. These span a set I(rH) with a 
natural projection onto B (which allows us to speak of sections of I(rH) over a 
subset of B). A continuous section h : U -+ r H induces a section Tn,: U -+ I(rH) 
such that for x E U, Th(x) is the interior automorphism of r: associated to hex). 
Such a section of I(rH) will be termed admissible. In a similar way we define 
I(rG) and I(rK); in I(rH). The subset induced by interior automorphisms of 
elements in r G will be denoted J(rG); we have a natural epimorphism J(rG)-+ 
I(rG). 

Let U = (UihEl be an open coveriug of B and consider a family oc of admissible 
sections a.t;: Uu __ I(rH) such that 

(6.1) 

(6.2) 

The first conditions mean that oc is an alternate cochain and the second that when 
followed by the map I(rH)-+I(rK) it becomes a cocycle. We say that oc is a 
non holonomic buniIle of groups relative to U, r H and 0 (briefly non holonomic 
U-rH-G-bundle of groups). Another non holonomie bundle of this type 
oc' = (ocij) is said to be equivalent to oc if there exists a family n = (n.) of admissible 
sections no = Ui-+IWH) such that 

oe~ = 7J,.aU'YJj-l (mod J(rG». 

Then the corresponding cocyles in I(rK) are cohomologous. If we pass to a finer 
coveriug 5B = (V")'ER any map w: R-+I such that V,. c U"", associates to 
oc a 5B-bundle woe and another map w: R -+ I defines woc which is equivalent to Woe. 
We then apply the usual direct limit process which leads to a set F(B, r H, 0), the 
objects of which we call non holonornic bundles of groups over B and relative to 
r H andO. 

This set is obviously in one-one correspondence with the units of .n"l(B, f), 
at least when B is paracompact. We could also start from another r'H and get 
a set F(B, r'll, 0) in one-one correspondence with FeB, r H, 0) (B paracompact or 
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not). We could therefore choose r H = B X H and denote the corresponding F 
by F(B, B X H, G) or F(B, ~, ~); for this choice r G = B X G, r K = B X K, 
tCH = :Yl', tCG = ~ and tCK ~ Jr. 

§7. Non holonomic principal bnndles 
Returning to the covering U we consider pairs (h, oc) having the following 

properties: 
(a) oc = (ocd is a non holonomic bundle of groups relative to U, r H and G; 
(b) h = (hif) represents a one.dimensional cochain of U in eH (i.e., it is defined 

by continuous sections ho;: Uu-+ rH) such that: 

(7.1) 

(7.2) 

hii = unit section over Ui' hi; = ocij(hji
1), 

hfj hjt hrf' is a section of r G ove:r U iiI: 

These conditions parallel (6.1) and (6.2); once (a) is satisfied, (b) implies that the 
l-cochain Th· oc = (Thij' ocii) is still a non holonomic bundle of groups relative to 
U, r H and G. 

LEMMA, If for h' = (h;;), h = (hif) we set 71: • h = (h;; • hil) and if furthermore 
(h', oc') and (h, oc) are pairs satisfying the conditions (a), (b) above and oc' = Th· oc, 
then the pair (h' • h, oc) also satisfies (a) and (b). 

First we have 

hijhij = c<ij(hj.-l) C<ij(h;l) = hi!' C<ii(h'il} • hil- ocil(hjil) 

= C<ij(hj"?) - rJ.ii(h'i"l) - oci;(hii} • OCi/(h;l) 

= ocii[(hfo • hji)-l]. 

So (7.1) is satisfied. Next for a pair (h, oc) we set 

(7.3) 

To prove that (7.2) is satisfied it is sufficient to check the formula 

(7.4) 

This goes as follows 

(6.«(h: • h})m, = h~ hu • ocii(hjJ: h,""l:) • ociirJ.ii;{~ ku). 
This is equal to 

c.q.f.d. 
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A pair (h, oc) satisfying (a) and (b) is called a non kolonomic principul bundle 
relative to U, oc and G. If oc is followed by the map I(rH) -+ I(rK) it defines a 
bundle of F of K-groups. Ifwe similarly compose h with rH -+ rK it turns out that 
it defines a principal bundle relative to r k (see[4J). Let 2'1(U;;;t{', qj) denoteS the set 
of these non holonomic principal bundles. The lemma renders it a groupoid if we 
decide: 

Then the above map 

(h', oc') ® (h, oc) is defined if oc' = Th· oc; 

it is then equal to (h' . h, oc). 

becomes a homomorphism. 
Two non holonomic bundles (h, oc), (h', oct) are said to be equivalent if (l)oc and 

oc' are equivalent, which means 

OC~j = OCi ocij ocj- 1 modJ(rG): 

(2) if there exist sections hi : U -+ r H such that 

h;j = hi . oci(hij) • (h})-l mod r G, hj = oc~/hj)' 

Obviously, an equivalence class of non holonomic principal bundles is mapped onro 
a single element in ;;t{'l{U, Je"}. The kernel .;VI(U; .1't', qj) of KU is an invariant 
subgroupoid of !!Zl and we denote the quotient !!Zl/.;Vl by ;t'l(U; .1't', qj)8. We 
have thus a perfectly exact sequence: 

e-+ .;VI(U; .1't', qj) -+ !!Zl (U; .1't', qj)-+ .1't'l(U; .1't', qj)-+ e'. 

There exists a natural homomorphism 

«1{ : .1't'l(U;.1't', qj) -+ ;t'let(, Je"). 

If we pass to a finer covering we get natural maps 

and commutative diagrams 

;t'l(m; .1't', qj) -+ ;t'l(m, Je"). 

Let ;t'l(B; .1't', qj) denote the groupoid direct limit of the .1't'l(U; ff, qj). We then 
have a homomorphism 

k* : .1't'l(B; .1't', qj} -+ ;;tt'l(B, Je"). 

6 This notation and the (laming ones suppose implicitly that the choice mentioned at the end 
of §6 has been made, namely r H = B X H. This is the most natural one although any other is 
good; instead of Zl(U; JIt', ~) one should then better write Zl(U; GE, GO). 
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but it will not be injective if not perfect7; in fact, if the kernel of a groupoid homo
morphism is trivial (i.e., consists only of units), it is injective if and only if itisperfect. 

§8. Two-dimensional cohomology 
For a covering U we consider triples «x', g, (X) satisfying the following conditions: 
(a) (X = «Xii)' (X' = «X~j) are non holonomic bundles of groups relative to U, pH 

andG. 
(b) g is a family otsections gi1l{;: Uijj:-+ pG. 

Such a triple is called a two-dimensional cochain of U with values in gG(or pG). 
The bundles (X and (Y.' are respectiveJy called the origin and target oithe cochain. 

The set a~~(U, gG) of these cochains becomes a groupoid if we decide: a product 

(ii', g, ii)«X', g, (X) 

is defined if and only if ii = (x' and then is equal to 

(ii', {j • g, (X), g . g = ({j#k • g Uk)' 

Using the notation (7.3) we define a map 

Formula (7.4) implies that it is a groupoid homorphism, in fact 

~ [(h', (X') @ (h, (X)] = ~(h' . h, (X) «X' = Th· (X) 

= (T(h' . h) . (X, ~a(k' . h), (X) = (Th' . (X', ~7h'a h' • ~ah, (X) 

= {Th' . (X', ilah', (X'){(X', !:iah, (X) = ~ (h', (X') • il(h, (X). 

A two-dimensional co chain of U with values in go will be called a cocycle (with 
respect to the exact sequence ~) if it is in the image of ~. The cocycles form a sub 
groupoid 2"i;(U, ga) c Oi:(U, cffa)· and one readily sees that the images of 
equivalence classes of non holonomic principal bundles form equivalence classes in 
~(U, ga): in other words if two non holonomic principal bundles (h, (X), (h', (X') 
have the same coboundary ~(h, (X) = ~(h', (XI), then the ~-images of their classes 
coincide. Every such class of co cycles will be called a two·dimensional cohomology 
class with values in cffa (with respect to the exact sequence ~). The set of these 
classes will be denoted by ~(U, gG). 

Let us denote &B~(U; go) the image in fZ2 of the subgroupoid .;Vl(U; ff, ~) c 
£t1(U; ff, ~}. We know that .;VI is invariant in f!Z1 and on the other hand it is 
clear that if x E.;Vl has an image ilx which is a loop in ~(U; cffG), then x is 

? So that it be so, it is necessary and sufficient that for any pair of units s, s' E Jf'1{B; 2, ~) 
ha.ving the same ima.ge by K* there exist a covering U, units BU, Sll: in .;e'l(U; 2, ~) defining 
s, 8' and an element E E Jt'1(U; 2, ~) ha.ving left and right units en, su so that ~(.E) be a unit 
in Jf'1(B, $). 
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itself a loop. From this it follows that ~ is an invariant subgroupoid of ~ and 
the quotient !'l1/~ = Jt"i(U, tffG) is therefore a groupoid.s 

We have the commutative diagram with perfectly exact horizontal lines: 

From which we deduce a homomorphism 

completing the diagram and leaving it commutative.9 

Passing now to the direct limit we get a groupoid ~(B, tffG) and a homo
morphism 

Suppose now that B is paracompact; then the homomorphism K* is onto. Let 

E E :Yfl(B, jf") be a principal fibre bundle such that E: rK_ r'K. We can then 
find a covering U and an element (oe) EF(U: r H, G) represented by oe = (oeH) the 

image fJ = (fJi}) of which in J(rK) represents rK. In the same way we can find 
(11" oe) E .:z'l(U; ;;It', rg) such that its image (Tc, fJ) in r K represents E. We can there
fore associate to E the image by Oft of the class [11" oeJ of (11" oe). But this is not 
canonical because we had first to choose oe (or more precisely its class). This forces 
us to define a ;;It'~(B, jf") instead of Jt"l(B, jf") and to replace the homomorphism 
il by one 

jfl = Jt"l(B, :Yf) _ ;;It'~{B, jf"). 

This is done if we put :Yf~(U, jf") = Jt"l(U; :Yf, !"9') and if we take j'l to be the 
natural map. 

In .?f'~(U, tffG) a class [11" oe] will be said to be neutral if it contains an element 
(11" oe) which (l}oe is a true cocycle, (2)A(h, oe) = (Th • oe, e, oe) whereeisthefamily of 
unit sections eiik: UijTc - rG. Clearly an elementE E.?f'1(B, jf") is in the image of j~ 
if and only if al(E) is neutral. The neutral classes form a subgroupoid of ~(U, !"9'). 
This leads to neutral classes over B forming a subgroupoid in ~(B, rg). 

The boundary homomorphism d1 is onto and gives the 

8 A loop in & groupoid ([l is &n element the right and left units of which &re equru. A sub
groupoid P c ([l is invariant if for any loop 'U E p, any element a; E ([l multiplying u to the left, 
then the loop =x-I is still in p. If P is inv&riant then the equivruence a; <'oJ uxv ($ E ~, 
u, v E tp) is comp&tible with the multipliootion in ([l &nd the quotient is still & groupoid cruIed 
the quotient of ([l by tp. See [3]. 

'One may observe th&t this conclusion does not depend on the {&at th&t i and if e.re in
clusions nor on the f&at that j' is perfect; perfectness of j is however essentml. 



COHOMOLOGY SEQUENCE OF A SrACE WITH COEFFICIENTS 319 

THEOREM, IJ the space B is paracompact, the Jollowing s6fJU6nce oj yroupoids and 
homomorphisms is exact. 

iO jO 60 
e~ .;tl'~(B, ~)~ .1l'6(B, .;tl')~ .;tl'~(B, sr)~ 

(8.1) 
'I "1 01 

.;tl'~(B, ~) ~ .;tl'l(B, .;tl') ~ .;tl'~(B, sr) ~ .;tl'~(B, ~) ~ e 

Of course at .;tl'~(B, sr) exactness means 

image ofj'l = inverse image of neutral subgroupoid. 

This property characterizes the image ofj'l and also that ofp. It is sufficient to pass 
through the inverse image of E E .;tl'l(B, sr) by K* (see (7.5» which must contain 
some element mapped by 61 on a neutral class so that E E Imp. 

§9. FinaI remarks 
1. This machinery could probably be generalized by taking imbeddings of G not 

only in H but in any group L in which it is normal. One would then obtain more 
general non holonomic bundles which would still retain a law of composition owing 
to the possibility of amalgamating two imbeddings of G in Ll and L2 in the amal
gamate product of Ll and L2,10 This would give rise to more two dimensional 
cohomology classes and so to a larger groupoid .;tl'2(B, ~) (not depending on 2: this 
time) and a larger groupoid of neutral classes. 

Then to define an ~(B, .?t") we should only consider imbedding H ~ L such 
that both Hand 0 are normal, Hand J(H) now playing similar roles to 0 andJ(G) 
and yielding a homomorphism. 

i~ : .?t"2(B, ~) ~ .;tl'~(B, .;tl'). 

Finally.?t"2(B, $") would be defined like .?t"2(B, ~) just replacing 0, J(pG) by 
K, J(pK), Out of this an onto-homomorphism 

j2 : ~(B, .;tl') -+ .?t"2(B, sr) 

would appear with a possibility of ending (8.1) by 

61 '2 '2 

-J,.;tl'2(B, ~) ~ ~(B, .;tl') l.; .;tl'2(B, $") -+ e. 

2. One notes that the only two-dimensional classes introduced are those which 
can be killed by a suitable imbedding of the coefficient group. Therefore, in the 
abelian case we do not get all the classical two-dimensional classes. P. Olum has 
suggested to me to search a definition of 2-cocycles assuming local acyclicity. [(Note 
added in prooJ.) A hint to this consists in the following identities satisfied by 
(OCi1' Ymt' Bij) = A(hii, 8ii)(Sij = unit section, ocij = Thij): 

Yjki = OCik OCki(Yiik)' YkiJ = OCki{Yijlr;), 

Yik:l = Yijf, YkH = OCk; ocji(Yijl), Y:lik = IZji(Yijf), 
------

10 About amalga.truloo products, see II. Neumann [8]. 
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(these formulas are substitute for the alternate condition on 2-cochains) and 

(which reduces to the usual cocycle condition in the abelian case).] 
3. Finally we want to justify the terms non holonomic bundle of groups and non 

holonomic principal bundles by a geometrical picture. 
(a) non holonomic bundles of groups. For a covering U and the projection 

p: r H -+ B, we put Xi ... i = p-l(Ui •.. d, X = Ui Xi X {i}, X~ .. 'i~ = 
1 k 1 k 1 ~ 

X i1 •• • ; .. X {i}. Let (oc) = (ocij) be a non holonomic bundle of groups relative to n, 
r H and G. We define a family of maps 

"Pii: X~-+ X~j' by "Pij(z,j) = (ocii(Z), i) 

where p(z) = x is in Uii and the value of ocii at x is considered. These involve 
non commutative triangles 

The measure of the non commutativity is the non trivial co boundary ocijOCjkocki-of oc. 
It is therefore not possible to identify points in X as in the case of usual bundle 
theory. However, the family of these maps is defined and is transformed in a 
similar one by passage to a finer covering or passing to an equivalent non holo
nomic bundle. This last operation is in a certain sense an isomorphism between the 
families of maps. These maps keep invariant the group structure of the fibres of the 
sets X~; this is why we speak of non holonomic bundles of groups. 

(b) non holonomic principal bundles. For the same covering n, we consider the 
pair (h, oc) satisfying (a) and (b) of §7. We setX~~ .. ik = X i1 "' ik X {Tc} X {l}. Now 
we set 

ht = ocki(hii) (defined in U.;.,.) 

h~l = OCkZ OCu(hii) (defined in Ui;lcZ) 

Then condition (7.1) is equivalent to ht = (k~)-l for k = i or j (only). The 
expression. h~jhlihrt = ktlllgh~ in (7.2) may be considered "i-component of the 
(i, j, Tel-component of the boundary" of h. Now we define maps for k = i or j: 

<p~ : X~j -+ X~i, by <p~(z, k,j) = (kt z, le, i) 

and we identify the maps "Pi; above as 

Oil • Xj,k ~ Xi,k rii • ij --~ ij , 
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Condition (7.1) may also be viewed as meaning that the following diagram is 
commutative 

Xl!f 1J17c' ) X~, 
~J 

f-t ra 1 (l, k = i,j). 

x~,~ ) X~,7c 
'J OJ 

1J1N 

These families of maps retain these properties when we pass to a finer covering; 
also passing to an equivalent object may be interpreted. as an isomorphism between 
the corresponding families. 

Now the maps 1J1 keep invariant the group structure of the sets xt, or X~l; the 
maps rp do not. However, xt acts from the right on X~i in a way compatible with 
these maps, meaning by that 

~(z'z)=~(z}'z for zEX~j,zEXt 

p(z) = p(z), k= i,j. 

In this sense the non holonomic bundles of groups oc act from the right on the non 
holonomic principal bundle (k, oc). 

Let us put flu = T(kii). The pair (P, oc) may he considered as a "non holonomic 
bundle of groups relative to OC"j instead of condition (7.1) we have fliiOCij = OCiJPjil. 
Then if we introduce Pt = T(h~) we have maps 

wt(z,j, k) = (Pt(z), i, k). 

To the bundle ('/.' = T(h) • ('/. corresponds maps '!jJ~j which can be deduced simply 
from wt and 1J1w Now we may say th~t the bundle of groups oct acts from the left 
on the principal hundle (h, oc) since we have 
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SPECTRAL SEQUENCES OF CERTAIN MAPS 

1. Introduction 

We give in this lecture a summary of our papers [3] and [4]. The main result of 
[3] can be roughly formulated as follows. Given a not too complicated continuous 
map f: X -» Y, a simplicial one, for example, we first define critical sets Yo ::> ••• 

::> yO'::> ••• off in Y (Yo = Y, n yO' = 0). Then we construct a spectral sequence 
{l!lr} beginning with the direct sum of the cohomology algebras of yO' - yO'+! 
(q = 0, I,"') based on local coefficients !Fq, and ending up at a graded algebra 
of the cohomology algebra H(X) of X. If X is a fiber space,fis its projection onto 
the base space Y, and F F::; f-l(y) (y E Y) is the fiber, then YI = 0, and {l!lr} is the 
well known spectral sequence beginning with H( Y, H{F),,), where the fundamental 
group Tr of Y acts on H(F). The !Fq of the general case is also constructed using 
cohomology algebras H(f-l(y» (one for each component of yO' - Ya+l) and 
operator groups (fundamental groups of these components). 

Even in the general case, our {Er} is as simple and as easily computable as in the 
case of fiber spaces. This point is illustrated here by an outline of [4]. This paper 
aims to give a new version of Lefschetz' classical homology theory of algebraic 
manifolds (see, for example, [6], [7]). We consider an affine algebraic manifold V" 
in the complex affine space at, and define a map f: V" -»0 onto the Cauchy 
plane of complex numbers 0 (example of such an f : f(x) is the last coordinate of 
x E V"). The spectral sequence {l!lr} can be described quite explicitly in this case, 
and gives relations between the homology of V", Vn-I = f-l(~), ~ EO (non-singular 
section) and singular points of the series {f7-1}. 

We have no time to stress the point that our theory can be considered as a 
generalization of Morse's theory of critical values of a function to the much more 
complicated case of maps. 

To sum up, the theory of {1!l,.} generalizes at the same time Morse's theory of 
critical values, Lefschetz' theory of homology of algebraic manifolds, as well as 
the homology theory of fiber spaces. On the other hand, it is a specialization of 
Leray's theory [8], [9], [10], [11 J of spectral sequence of an arbitrary continuous 
map f : X -» Y. However, this is not a trivial, not even an easy specialization, as 
it is based on our results concerning the possible topological structures of stacks. 
In the technical sense our papers [n [3], [4] are thus contributions to Leray's 
theory [11]: (I) we have initiated a topological structure theory of stacks (see §4 
below) based on the notion of critical sets of a stack; (2) we consider what We call 
homologically simple maps f only, and choose a special :filtration in the spectral 

1 While preparing this paper, the a.uthor was a. fellow of the Summer Research Institute, 
Kingston, Ont., Canada.. 
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sequence (50.2), (50.3), p. 91, [l1J, to the effect that its first term be directly 
connected with the critical values of the map j, and be at the same time expressible 
in terms of classical homology invariants, i.e. cohomology algebras based on local 
coefficients. 

2. Notation 
We consider locally compact spaces X, Y,'" only, and continuous maps 

J: X --+ Y. We choose once for all a commutative coefficient ring A with unit (in 
§§6 and 7 this will be either the ring of integers Z or the field of rationals R), and 
we denote by 

H(X) = L::"=o H'P(X) 

the compact cohomology algebra of X based on A. Let us recall that for a compact 
v 

space X, the groups H'P(X) are isomorphic to the Cech cohomology groups. If X is 
locally compact andX* denotes its one-point compactification then H'P(X)=H'P(X*) 
for p > 1. If F is a closed sub-space of X, the natural homomorphism H(X) --+ H(F) 
is defined; the image of hE H(X) under this homomorphism will be called restriction 
of h to F and will be denoted by Fh. A characteristic continuity property of the 
restriction will be formulated below. 

3. Stacks 
The main result of [3] which was mentioned in the introduction does not make 

explicit use of the notion of stack. However, as this notion is important in other 
connections, and as it is used in the proofs of our results, we formulate some notions 
in the general theory of stacks. 

We use here the word stack in the sense of [11] and [1], [2J, [3]; a similar structure 
is called "Garbendatum" in [5]. 

A stack Y on a space X is a certain collection of modules and homomorphisms 
subjected to the axioms (3), (4), (6) below. The collection is 

(1) 

such that: (1) for every closed set A c X, there is a module Y(A}; (2) for every 
inclusion A => B for closed sets of X, there is a homomorphism 

(2) CfiBA : Y(A) --+Y(B) 

called restriction. These data are subjected to two naturality conditions: 

(3) 

(4) 

Y(0} =0 

if A => B => 0, then CfiOA = fPoBCfiBA 

and the following continuity axiom. Given a closed set A in X, 

(5) {Y(V). Cfiwv; V, W close4 neujhlJorhoods oj A} 
is a directed system of modules. Hence, we may speak of the direct limit of (5). 
The continuity axiom requires that 

(6) Y(A) = lim Y(V). 
-+ 
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Let us formulate this rather complicated continuity axiom in a different way. 
The axiom is equivalent to the conjunction of the following two conditions: 

(7) Given a E .9(A), there is a closed neighborhood V of A in X and a v E.9( V) 
such that a = 9JAV(V). 

(8) Given a E .9(A) and B c A suck that 9JBA(a) = 0, there is a closed neighborhood 
W of B in A BUch that 9Jw A(a) = O. 

There are several obvious variants ofthis definition. Instead of stacks of modules 
.9(A) we may speak about stacks of groups, rings, algebras, etc. Sometimes the 
modules 9'(A) are given by the data of the problem for a special class of closed 
sets (for example, for the compact sets only), and we define the modules for other 
closed sets conveniently (setting .9(A) = 0 for non compact A), or else, we develop 
the theory by generalizing the notion of stack admitting systems (1) such that A 
runs over a certain class of closed sets of X. 

:Before giving examples of stacks, let us notice some obvious topological and 
algebraic operations which can be performed on stacks. Given a locally compact 
sub-space Y of X we define the restriction .91 Y: this stack is defined: on Y and 
(.9IY)(A) = .9{A) for closed A c Y (some precautions have to be taken, if Yis 
not closed in X). We say that ff is a sub-stack of 9', and we write ff c .9, if 
ff is defined on the same space X as.9, ff(A) is a sub-module of 9'(A) for every A, 
and the homomorphisms in ff are the restrictions of the 9JBA" Hence, we may 
simplify the notation and write Ba instead of 9JBA(a) in most cases (see the 
notation Fh in §2). Quotient stacks, homomorphisms of stacks, exact sequences 
of stacks, tensor product, torsion product, etc., are defined in the same natural way. 

A trivial example of stack is the constant stack ce: ceCA) is the same module for 
every closed set A, and 9JBA is always the identity. A less trivial example is the 
locally constant stack 2 defined by the following conditions. 2 is given on a 
locally connected space X (components of open sets of X are open in X); there is a 
covering {V «l of X by connected open sets V <t' such that 21 V CL is a constant stack 
for every V",. Every constant stack (defined on a locally connected space) is locally 
constant, of course, but the converse is far from being true. In fact, the starting 
point of our paper [3] was the remark, that in some of the applications of the theory 
of stacks we can reduce problems to those concerning the locally constant stacks. Hence, 
it is worthwhile to state a few facts concerning these stacks. Let 2 be a locally 
constant stack defined on a space X, which is connected, locally connected and 
locally simply connected by arcs. Then every closed curve based on Xo EX 
determines an endomorphism of 2(xo) in an obvious way; furthermore, it can be 
shown that this gives a homomorphism Of'lTl(X, xo) into the group of endomorphisms 
of 2(xo)' Now 2 is determined by 2(xo) and this homomorphism, and these data 
can be chosen arbitrarily. In other words, given a module M as well as a homo
morphism of'lT1(X, xo) into the group of endomorphisms of M, we can construct a 
locally constant stack .fI on X, such that .A'(xo) = M, and 'lTl(X, xo) operates in 
.A' in the prescribed way. 
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Another important stack defined on an arbitrary space X is the cohomology 
stack:;lt' for which :;It'(A) is the cohomology algebra H(A) of A, and PEA is the 
restriction homomorphism of cohomology algebras. The axiom (6) or, equivalently, 
(7) and (8), is satisfied as the compact cohomology satisfies the "continuity axiom". 
The stack :;It' is the direct sum of the sub-stacks :;It'P(:;It'P(A) = HP(A», and 
:;It'P(x) = 0, p > I, for every point x EX. 

In what follows, the most important stack will be the so called cohomology 
stack § of a given continuous map 

(9) J: X -,)0 Y. 

This stack § is defined on the space Y: for every closed set A c: Y define 

(10) ~(A) = H(/-lA) (A closed in Y) 

(11) PEA is the restriction homomorphism H{f-lA) --+H(/-IB). 

Let us notice in particular that 

(12) 

is the cohomology of the inverse image of the point y E Y. If, for example, Y is 
the base of a fiber space X, thenJ-I(y) is homeomorphic to the fiber F and§(y) is 
isomorphic to H(F). 

Given a space X and a stack /7 defined on X we can define the cohomology 
algebra H(X, /7) of X based on /7 (see [11], [5]). In what follows, we only use the 
fact that, in case 2 is locally constant, H(X,2) is the classical cohomology 
algebra based on local system. 

Let..,/( and..,4"" be given stacks on the same space X. We say that these stacks are 
pointwise isomorphic, if there are homomorphisms «I> : .A -,)o.Al" and 7 : .IV -,)o.A 
(i.e. collections of homomorphisms «I> A : .L(A) --+.,.V(A}, etc. which commute 
with the homomorphisms of the stacks) such that 7.,«1>", and «1>",7", are the identity 
automorphisms of .L(x), .AI"(x) respectively for every point x EX. Pointwise 
isomorphic stacks may have fairly different structures (for example, the stack ;tt>P 
is pointwise isomorphic to the nul stack if p > 1). However, if .L and .AI" are 
pointwise isomorphic, H(X, .L) and H(X,.AI") are isomorphic (in fact «I> and 7 
induce this isomorphism). This fact suggests to introduce a new notion called sheave 
which is the class of stacks pointwise isomorphic to a given stack (see "Garbe" in (5]). 

4. Critical spaces of a stack 
The introduction of this notion (called critical set in (3]) is suggested by the 

properties of the particular stack ~ (see (10), (ll», and the classical notion of 
critical value of a map. Hence, we formulate here our definitions using this stack. 
It goes without saying that the same definition makes sense for any stack. 

In what follows we consider a given continuous map / : X --+ Y, where Y is 
supposed to be locally connected (this restriction concerning Y could be avoided, 
but this would complicate the exposition). 
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It is quite natural to agree that Yo is a non critical value of the mapf, if H(f-ly) , 
i.e. the cohomology algebra of the inverse image of a point y E Y, does not change, 
when y runs over a certain neighborhood of Yo' Let us notice that every point 
sufficiently near to Yo is also a,non critical value of f. In order to formulate this 
condition in terms of the stack:F defined in (10), (ll), let us consider a closed 
neighborhood U of Yo' and let us set 

(13) 
:F(U) ~:F(y) 

o/'IIU 
ker o/'IIU = N coker o/'IIU = Q. 

DEFINITION 1. We 8ay that Yo is a non critical point of:F (and a non critical O'r 
ordinary value of the map f) iftkere is a closed neigliborkood U of Yo suck that ker o/'IIU 
is independent of y and coker o/"u = 0 when y runs over U. If suck a U does not 
exist, Yo is called critical point of:F' (and critical value of f). 

If Yo is non critical, :F(U)/N is mapped isomorphically onto :F(y) = H(f-ly) by 
o/'IIU' hence the cohomology of the inverse image of a point is invariant in a very 
strong sense. In other words, our conditions concerning the ordinary points are 
very restrictive. It is also clear that every point in the interior of U is also an 
ordinary point; thus the set of ordinary points is an open set. Hence the set of 
critical points is a closed sub-space of Y. Let us also notice that, if Y is not locally 
connected at Yo (and X is compact) then Yo would necessarily be critical in view 
of the properties of H°(f-lU) -.HO(}'-ly); we prefer to exclude this case. 

If X is a fiber space with locally connected base space Y, and f is the projection, 
then every point of Y is a non critical point of:F and a non critical value of f, 
as it should be. Another simple instance: X, Yare simplicial complexes, f is 
simplicial, and Yo is an interior point of a principal simplex: of Y. This example 
shows that our conditions are not too restrictive. 

Returning to the general case, let us denote by Yl the set of critical points of :F. 
We will call Y l jir8t critical8pate of:F', as we shall define a whole sequence 

(14) 

of critical spaces by transfinite induction (less generally than in [3]). 
Let us set Yo = Y. Y1 has already been defined; all of its points are critical 

points of:F and critical values of f. If Y1 is not locally connected, (14) contains 
these two spaces only. If, however, Y 1 is locally connected some of its points may 
be non critical for the stack :FIYl and for the map flXl where Xl =f-1(Yl ). 

, In this case we define 

(15) 

The definition of Y", is then analogous, provided that cc = fJ + 1. In case of a 
limit number 0) we set Y., = n",< .. Y ",. It can be proved then that there is a 
trausfinite number 0 such that Y g+I = Y g; for every ordinal number 0' > 0 
we have then Y g' = Y g. By definition, this critical space is the last element of 
the sequence (14) of critical spaces of :F. 
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In what follows, we consider the most favorable case only, when 

(16) 

i.e. the sequence (14) is finite or else Y fD = 0 for the first transfinite ordinal. 
In this case the map f will be called homologically simple; it can be proved that 
every simplicial map f: X --+ Y (X, Y locally compact simplicial complexes) has 
this property. 

Let us now consider the restrictions ff!( Yq - Yq+l) , q = 0, 1,···. By the 
definition of the critical spaces these stacks are free of critical points. It can then 
be proved that they are pointwise isomorphic to locally constant stacks. 

This analysis of the structure of :F will be used in the next section. Let us 
notice presently that it also could be used in order to compute H( Y, ff) in terms 
of classical invariants. In fact, H(Yq - Y o'+1' ffq), where ffq =ffi(Yq - YO'+l)' is 
a classical cohomology algebra, and although these algebras do not determine 
H{Y,ff) completely they form a sort of approximation to it as their direct sum 
is the first term of a spectral sequence whose last term is (or includes) a graded 
algebra of H(Y,ff). 

5. The spectral sequence of a homologically simple map 
In this section we suppose that f is a given homologically simple map, i.e. (16) 

holds true. Let us set yO' - Yq+1 = UZqa, where the Zq" are the connected com
ponents of these difference spaces. Zq" is open and closed in Yq - Y<Z+l; it is locally 
compact, connected and locally connected. ffq" = fflZqa is pointwise isomorphic 
to a locally constant stack. IIence it is determined by ff(Yqa) = H(Fq,,) = H(f-1(yq,,» 
and by the operation of'1Tl(Zqa, y) in this algebra. Thus H(Zq", H(Fq,;) is a classical 
cohomology algebra. Obviously 

(17) 

(direct sum). 
We now formulate the main result of [3J conce:rning the spectral sequence {Er} 

attached to a given homologically simple map f. 
The map f determines the critical spaces Yq , q = 0, 1, •.. , such that (16) holds 

true. It also determines the stacks ff, :FO' = ffi( Yq - Ya+l)' :F1Zq" hence the 
classical cohomology algebras (17). The second term of the spectral sequence will be 

(18) 

which is a direct sum of classical cohomology invariants. If p stands for the 
filtration degree, n for the total degree, and we denote by E~(n) the corresponding 
sub.module of (18), then 

(19) 

(In the theory of fiber spaces the usual notation is E~' n-p
, but n - p has no 

immediate meaning in this connection; this motivates the change in notation.) 
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We have the usual rule concerning the differentials: 

(20) dz : ElJ(n) ---+E~+2(n + 1) 

(21) 

The first of these differentials can be rather explicitly given: 

(22) 

where 

(23) 

(24) 

dz = d' + d". d'd' =0, d"d lf =0, d'd" = -d"d', 

d' : HP( Yq - Y q+l, ff,) ---+ HP+1( Ya-1 - Y q, ff) 

d" : HP( Yq - YaH' ffq) ---+ HP+2( Yq - Y qH, ffa)' 
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Here d' is the coboundary operator of the exact sequence belonging to the space 
Ya-1 - Y q+1, closed subspace Yq - Y q+1 and open complement Y q- 1 - Y a in 
cohomology based on the' stack ff!(Ya-1 - YaH)' d" is the second differential of 
the spectral sequence of the map fl(Xq - X q+1), where X,,- = f-1(Yq). As this last 
map has no critical value, we can compare it to the projection map of a fiber 
space and say "the homomorphism d" is the second differential in the spectral 
sequence of a fiber space". 

As to the multiplication, H(Y - Y 1,ff) has the usual cup-product structure, 
and all the other products are nul in E 2 • 

The other terms of the spectral sequence cannot be given explicitly in the 
general case. However, we have the rule (21) for the differentials and the degrees 
derived from (19). 

Finally we have a certain graded algebra GrH(X) of H(X), and 

(25) Eco(n}::J GrH"(X) (n = 0, 1," '). 

This inclusion is replaced by the equation 

(26) E .. (n) = GrHn(X), if r> ro 

under favorable conditions. A sufficient condition for (26) is: dim Y < m 
«00), Ys =0,andro =m+8. 

We already mentioned in the introduction that this spectral sequence is obtained 
by using special filtration in a spectral sequence introduced by J. Leray. 

6. Homology of algebraic manifolds 
In the next section we will describe quite explicitly the spectral sequence {E,l 

of the preceding section specialized to the map (51), (52) below arising in algebraic 
geometry. Presently we give the IMs technical results obtained by this method. 

Let W" be an algebraic manifold of complex dimension n in the complex 
projective space pt. A point C E W" will be called f[lWiiratic singular point of W". 
iflocal coordinates {Zi} having the origin at c can be introduced in a neighborhood 

(27) B : !Zl!2 + ... + !Zt12 < 2 
of c in pt, such that 

(28) W" n B ; zi + ... + z ;+1= 0, Zi = 0, i = n + 2, •..• t; 

i.e. W" has the shape of a quadratic cone near c. 
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H we do not state that the manifold has such a quadratic singular point, it is 
understood that the manifold is free of 8ingularities. 

We say that WIt is a complete inter8ection, if there is a sequence of manifolds 
(i.e. manifolds having no singularities) 

(29) WIt c W"+1 c: ••• c: Wt-1 cpt, 

such that Wn+i is an element of a linear series {~+i} on Wn+i+1 with basis in the 
hyperplane at infinity pt;;l, W,,+i being free of singularities, except for ~ 11; r., 
r i finite, for which values it has just one quadratic singular point c {see (28». 

We denote by V" the affine part of W": V" = WIt - (W" n pt;;l) = W" - Wn-l. 
We speak of either the integral cohomology H(W"), H(V") or the rational 

cohomology (i.e. the ring of coefficients is the field of rational numbers); in the 
latter case M(Y") denotes the dimension of the vector,space H(Y"; R). 

We shall introduce three sorts of cohomology classes of WIt. First, W" is a closed 
sub-space of pt, hence we define H A(W") as being the image of the restriction 
homomorphism H(pt) __ H(wn); H A(W") is called the group of algebraic 
cohomology classes of W". H(pt) is multiplicatively generated by an a 11; H2(pt) 
such that at+1 = 0, hence H( pt) as well as H A( WIt) is a truncated polynomial ring. 
The positive generator of Hl(W") is not divisible by an integer if p < n -I, 
and is divisible by the degree of WIt if p > n + 1. The properties of divisibility 
in H"(W") are more complicated. 

Y" is an 'open sub-space of W", hence we consider the injection homomorphism 
H(Y") -.'-H(wn). The image of this homomorphism will be denoted by HF(W") 
and called group of finite classes as their contain cycles on the "finite part" Y" of 
W,. (terminology of[I3]). It can be proved that H F(W") has a geometrical meaning, 
i.e. it is independent of the choice of P~ 1. The finite classes playa certain role in 
Petrowsky's theory oflacunas for differential equations. (See [13].) 

An important theorem of Lefschetz states that 

(30) 

In [3] we gave a new proof of this theorem; we even proved that 

(31) HP(Y") = 0, if 0 < p < n - I 

for non singular V". (See also Wallace [I4J. It is probable that similar theorem 
holds true for arbitrary W".) 

Petrowsky [13] proved for hypersurfaces W" c: pn+1 the decomposition 

(32) H"(W") = H'F(W") + H~(W") 
(direct sum). We generalized this result to arbitrary non singular W". 

In order to introduce the third kind of cohomology classes, which we call 
Lefschetz classes, we first consider the affine quadric 

(33) Q~: zi + ' .. + Z;+1 = e'0 (0 real) 

in the complex affine space On+1 , We have 

(34) H(Q~) = Hn(Q~) + H2n(Q~) R; Z + Z 
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(Z: group of integers). A generator of H"(<ro) is the cohomology class of the sph~re 

(35) S": zi + ... + Z;+1 = 1, Zi real, i = 1 ••.• , n + L 

This class will be called Lefschetz class l of (r. Similarly a Lefschetz class 1 = l(c, y) 
can be introduced for a W~ in a linear series which is such that for ~ = y W; has 
a quadratic singular point c (see (28» •. because, if!~ - 1'\ is small, *0, W" has the 
shape of a quadric (33) near the singular point c. For a general W" we introduce 
Lefschetz classes whenever W" can be embedded in a linear series {we} having 
elements with quadratic singularities. This is possible for a complete intersection. 
For a given W" we will denote by L the sub-group of Hn( wn) generated by certain 
Lefschetz classes (called "cycles evanouissants" in [6], [7]). 

We can state now some results of[4J concerning the cohomology of vn and W", 
If vn is a hypersurface in Cn+l, then 

(36) 

hence 

{37} 

(38) 

(39) 

Hp(vn) = 0, if p * n, 2n 

H(Y") = Hn(y .. ) + HZn(yn) 

TorH(Vn
) =0 

AB"(Y") = (m _I)n+l 

where Tor a denotes the torsion sub-group of a, and m is the degree of Y", 
For projective hypersurfaces W" in pn+1 we have 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

TorH(W") =0 

H~(W") = 0, if p * n, 2n 

Hp(Wtl-l) F::5 HP(W"}, if W,H = W" () pn and p * n, n - 1 

HP(wn) = {Z, P even, ° < p < 2n, p * n 
0, p odd 

H1' (W") = {HP( W"), p < n - I 
.A. mHP{W"), n+ l<p p*n 

H"(W") = {{e} + H~(W"}, n even 
H~(W"), n odd 

where {e} F::5 Z and a multiple of e belongs to H~(wn), 

(46) AB~(wn) = 'Lj!l (-I)m+1+/(m - I}I, 

These results (partly known for hypersurfaces) were generalized in [4] to complete 
intersections. Only the equations (39), (46) have to be replaced by the recursion 
formulro (47), (48), (49), (50) below, where #. is the number of points of r i (see (29) 
and sequel above). For affine complete intersection Y" in Ct we ha.ve 

(47) ABn+l(vn+l) + ABn(yn) = #1 

hence 

(48) 
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(",;here Vn+l = Wn+1 () at). For projective complete intersection we obta.in: 

(49) 

(50) 

AR"(wn) = ARn(vn) - ~Hn-l(wn-l) + I 
AR;(wn) = Mn(v,,) - MFI(Wn-I). 

Hn(v,,; R) ca.n also be interpreted as the vector space of relations of certain 
Lefschetz classes of a hyperplane section Vn-l of V". 

These results are obtained in [4] by using the spectral sequence of the preceding 
section. Specifically, let V" be a given affine manifold and vn-l one of its non 
singular hyperplane sections. Then we can define a map 

(51) 

of V" onto the plane a of complex numbers, which is homologicaUysimple and 
such that 
(52) V~l = f-l(~o) (~o EO). 

As to the spectral sequence oftbis map, by (26) we have an equality 

(53) E4 = GrHW"). 

Computing E 2, d2, hence E g, and estimating d3 we arrive at the following relation: 

(54) 

where L, generated by certain Lefschetz classes, N, No and Qo can be computed 
(or at least estimated) by writing down the other terms of the spectral sequence. 

'i. The spectral sequence of the preceding section 
In this section we give some details concerning the spectral sequence {ET} of 

the map (51), (52). We set: 

(55) V1-1 =f-l(~) (~Ea; Vn-l =f-I(~O})' 

We now apply the general theory to this partiCUlar map. The corresponding 
notations in the general and the present particular case are: 

(56) 
x, Y, y, f: X ~ Y, i-ley), Y1, YIl, 

V", a, ~, f: vn~a, V1-l, r, 0, 

where r stands for the finite set of points r of a such that: 

(57) if ~ 1= r, V1-1 has no 8ingularities 

(58) if Y E r, V ~-lhas just one quadratic singular point cy' 

The last two notations in (56) show that the first critical set of f is r and that the 
second one is empty. Hence the spectral sequence {E,.} of this map exists, 

By the definition of the critical value of a map, (13) is not an isomorphism if 
Yo = Y E r. If the neighborhood U of r in a is a retract of y, the kernel Nand 
cokernel Q in (13) depend on y only and will be denoted by N{y), Q(y) respectively. 
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It can be proved that y~-l is a retract off-leU}, hence we have a homomorphism 

H(f-IU) 

7J ~ 
H(V~-l) ) HCV~-l) (59) (.; E U). 

ker = N{y) coker = Q{y) 

As we supposed that ~-l has just one quadratic singular point, we can prove that 

(60) 

(61) 

either N(y) = 0 and Q(y) = R 

or N(y) = R and Q(y) = 0 

hold true in rational cohomology. (The first case is the "usual" one, the second is 
exceptional. For integral cohomology a less simple result can be proved.) 

The first invariant term of the spectral seqp.ence is E 2 : 

(62) E2 = LyEI' H(Vy) + HI(O - r,ffo) + H2(O - r,ffo), 

where:Fo is a system of local coefficients in 0 --:- r, such that :Fo(';) = HCV~-i} 
(.; ¢ n· 

In order to describe another form of E 2' we introduce 

(63) 

which is a direct sum of fC groups isomorphic to HP(yn-I). 
A closed path in 0 - P, beginning and ending at ';0' and enclosing only one 

point y of P, induces an automorphism 0"1 of H(V"-l). If 1"1 denotes the Lefschetz 
class of VI'l--I which belongs to the value y, it can be proved that 

(64) 11, - OJ = (11" ly)Ey, 

where (11" 1y) is the Kronecker index. (This formula of Lefschetz [6] plays an 
important role in the theory; a new proof by J. Leray is published in [4].) 

Now we define an endomorphism fJ of H (see (63». Let 11, be an element of (63): 

11,= LYErhy. 
Define its image 011, by 

Then, setting 
Ho =keril, 

we have: 
HI(O - P,:Fo) R:i H~ 

H2(O - P,:Fo) R:J Hp(yn-l}/L'P, 

where Lp denotes the sub-group of HP(Vl'l--l) generated by the Lefschetz classes ly 
(under our present assumptions Lp = 0 for p ::f. n - I). This gives us the term E z 
in a more explicit form: 
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By (22), (23), (24) we can compute d2 and we find: 

d2 : C~:YEI'H(V~-l» -Ho 

ker d2 = N = 2YErN(y) 

coker a2 = Qo = Ho/(Ho () 2"ErI,,) c Q = 2YEr Q(y). 

Thus we arrive at the following form of the third term of the spectral sequence: 

Es = N + Qo + H(P'-l)/L. 

'Now, taking into account the degree properties of da, we known that it is a 
homomorphism 

ds : N __ H(Vtl-l)/L. 

This gives the final form (54) of the fourth term of the spectral sequence (where 
No is a sub-group of N). By the properties of degree of the differentials dr' r > 4, 
E4 is the last term of the spectral sequence, and it is a graded algebra GrH(V") 
ofH(V"). This completes the proof of (54). We already mentioned that our results 
concerning the cohomology of V", W" are simply applications ofthe equation (54). 
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