THE HOMOLOGY OF SYMMETRIC PRODUCTS

BY
R. JAMES MILGRAM

In this paper we compute the homology groups for the various symmetric
products of any space X of finite type. Thus we complete the calculations begun
by M. Morse, Smith and Richardson in the 1930’s and carried dramatically for-
ward by N. Nakaoka in a series of papers dating from 1955. Our methods are
essentially geometric in nature and are based on a close examination of the geometry
of the topological bar construction introduced in [10]. Indeed it was the study of
the symmetric products which led to [10], but the exposition given here is self-
contained. '

(1) The m-fold symmetric product SP™(X) is the set of all unordered m-tuples
{X1,. .., Xny of points in X. Equivalently, SP™(X) is the orbit space of the Cartesian
product X™ under the action of &, the symmetric group on m letters. It has the
quotient topology.

Let a base point * € X be given, then there is an inclusion

j: SP™(X) < SP™*1(X)
given on points by
JX1ye ooy X)) = (g X1y v v vy Xmde
Moreover, there is the evident associative and abelian pairing

M: SP™(X)x SPYX) — SP"*™(X)
defined on points by

M((-xla' L] xm>9 <xm+19 RE xm+n>) = <x1’- c s Xmy xm+1’ sy xm+n>-

M respects inclusion in the sense that we have the commutative diagram

SP™(X) x SP™(X) s SP™+m(X)

[ix1 1j

SP™=1(X) x SPY(X) —> SP™+m-1(X).

In particular M induces a Pontrjagin multiplication in the set

AXT) = 5 HUSP™X), SPm-H(X); T)
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where I is a suitable coefficient ring (for example Z, or Z,) and a result of Steenrod
[3] for connected X

Hy(SP"(X); T) = > Hy(SP™(X), SP"~(X); T)
m=1
shows that it is, in fact, sufficient for our purposes to calculate Z(X, I).
(2) Z(X, I) is a bigraded ring, that is, if we set

Rim = H(SP™X), SP"Y(X); T
then
M*('@i,m ® gs,t) < gi+s,m+t~

Moreover, since M is commutative and associative so is M.

In case X is a Moore space A(II, n) (n= 1) it follows from the Thom-Dold theorem
[8] that SP>(A(Il, n))=Ilim dir SP*(A(I1, n)) is an Eilenberg-MacLane space
K(I1, n). Thus Z(A(I1, n), T') is just a bigraded version of the Pontrjagin ring of
K(I1, n) which has been completely determined by H. Cartan [2], [3]. Thus the
problem reduces to finding a proper bigrading for Cartan’s results. In fact it turns
out, with [I=I"=2Z, where p is prime, that generators (in homology) are in 1-1
correspondence with the admissible monomials #7 in the Steenrod algebra 2/(p)
of excess <n, and the bidegree of the generator is (|?'|+n, [). Here || is the
degree of Z! and [ is the “length” of #. Thus if

Pl — ﬁsl.@ilﬁez,@iz .. .,@‘JB31+1
then /=p’, and we have

THEOREM 5.2. Z(A(I1, n)) is ring isomorphic to H(G(IL, n)) where G(I, n) isa
certain (explicitly given) tensor product of bigraded differential algebras of four kinds
(divided polynomial algebra P(m, r), special divided polynomial algebras P,(m, r),
Grassmann algebras E(m, r), and special Grassmann algebras E,(m, r)).

Of course these are just the bigraded versions of the algebras introduced by
Cartan, and the double indices specify the bidegree of the generators.

This is our main result. The special case when II is cyclic is proved in §4. The
proof is then completed in §5 where we also use a result of Dold [4] to compute
H . (SP™(X)) for arbitrary X of finite type. Except for the proof of an algebraic
result, the Cartan-Moore theorem (Theorem 1.1) the paper is entirely self-contained,
in fact together with the results of [10] our techniques give the most direct path
to the cohomology of the Eilenberg-MacLane spaces known to the author(?).

(}) A short proof of the last part of the Cartan-Moore theorem can be given using the
Eilenberg-Moore spectral sequence (filtering by bar degree). Indeed if f: 4 — B is a map of
D.G.A. algebras so f,: H(A) — H(B) is an isomorphism then E*(f): &*(B(A)) — &*(B(B)) is
already an isomorphism. Finally, it is easy to show that two different resolutions of the same
D.G.A. algebra have isomorphic homology.
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(3) To illustrate our results we now use them to calculate the two primary
cohomology of <, with untwisted coefficients. Since the singular locus of (S§%")*
under % has dimension 6n it follows that

H(#; T) = He,_(SP(S™"); T)

for i<2n—1. On the other hand, with twisted Z or Z, coefficients it is easy to see
that

H{(S; T) = Hapys-(SPA(S**); T)

in the same range of dimension.

Hence, since H,(SP*(S2"), SP3(S?))~ H,(SP*(S2") for j>6n+1 it follows that
we can use Z(S%"; I'). In particular we specify all generators of %#(S?"; Z,) having
second degree <4. These correspond to i, S¢’(i) 1<j=<2n, and Sq? *:Sq"(i) with
r>1 and r+s=<2n. Moreover each of these generates an exterior algebra, hence all
elements of bidegree 4 in #(S?", Z,) are contained in

E() Q E(f2) @ - ® E(f2n) @ E(g2,0) @ Q E(g1,) ®- - -,

where e is dual to i (bidegree (2, 1)) f; is dual to S¢’ (bidegree (2n+j, 2)) and g; ;
is dual to Sq%+/Sq* (bidegree (2n+3i+j, 4)).

Thus a Z, basis for all elements with second degree 4 are the f; ® f; i <j, and the
8i,;- We can write

dimf; ® f; = 8n—(2n—i)—(2n—})),
dim (g;,)) = 8n—3{2n—(i+))}—2j,
and setting a=2n—1i, b=2n—j, c=2n—(i+j) and passing to the limit over n we
see that an additive basis for H*(%, Z,) is
fofs, Withb > aand g, ,,

where dim (f,f;)=a+b, dim (g, ;) =3c+2j.
(4) We now study the ring structure in H*(%, Z,).
ReMARK. Consider the “2-fold suspension”

§2: Z3(SP'(X)) — SP'(Z2X)

defined in the evident way (see §3). When X is S2" it follows from 3.4 that (s.),
induces a map of degree +3, u: H*(¥,) - H*(¥,), and it is not hard to show
(from the proof of 3.4 and the fact that (so)4 is obtained from a cell map) that
w(@=a U w where w=p(1).

On the other hand the map

M: SP?(S%") x SP%(s?) — SP*(S?")
gives rise to a map
m: H¥ (%) @ HX%) — HX%)
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and it is easy to verify that m is just the transfer homomorphism induced by the
inclusion

I 40 %>,

From these remarks and some further study of &,, we can now show that
H*(¥, Z,) is ring isomorphic to the polynomial algebra in 3 variables

P(w, g,f)

modulo the single relation wf=0 (w=pu(1) corresponds to g, o, g corresponds to
go,1 and fis fo-£1).

(5) To find the order of the various cohomology classes above we use the in-
formation implicit in the chain complexes given in 2.1 to 2.4 on the Bockstein
cohomology operation B, corresponding to the exact sequence

0—>Zz—>Z4"->Zz'—>0.
We find B,(f) =12, B:(g)=w+fg. Thus the homology of H*(¥;, Z,) with respect
to B is
P(g%) @ E(f).

Thus all other elements have order exactly 2. Moreover B8,(fg)=g2 and we can
now read off the 2-primary cohomology of #; with integer coefficients.

We defer further details and more extensive calculations of H*(%,) for all n
to a further paper.

I would like to take. this opportunity to thank Professors E. Calabi and A.
Aeppli for many helpful conversations—indeed this article is largely the content
of my thesis written under Calabi’s direction. I would also like to thank A. Mayer
for renewing my interest in this problem.

1. Cartan’s theory of constructions. Let 4 be an associative algebra with unit
over the ring A (Z or Z,). It is bigraded in case 4 is a direct sum

4= i i Ay
i=0 f=0

and
Ay A © Aisrgare

There is a natural grading associated to the bigrading,
4y = z A
k

and A4 is commutative in case
a-b=(=1*b-a
ifae A, be A,
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A is regarded as a bigraded ring when we set Ago=A, A;;=0if i#;j#0. The fact
that 4 has a unit implies there is a map n: A — 4, and we assume it is a map of
bigraded rings. 4 will be called augmented if there is a map ¢: 4 — A of bigraded
rings so that en=id.

If 4 is an augmented, commutative, bigraded algebra over A it will be called a
D.B.A-algebra in case there is a derivation @ in 4 of degree (—1, 0), i.e.

a: Ai/ e At—l,j9
Aa-b) = (@a)b+(—1ya-9b ifacd,

and, if A is regarded as a bigraded algebra with trivial derivation,  is a chain map.
Note that the tensor product of two D.B.A-algebras over A is again a D.B.A-
algebra if we define a bigrading by

(4 @4 B); = Z Ays @ By
k+r={s+t=4
and an augmentation by e(a ® b)=-e(a)e(b).

A construction is a triple of D.B.A.-algebras (4, N, M) with M=4 ®, Nasa
bigraded augmented ring (however, not necessarily as a chain complex) such that:

(1) The injection A — 4 ® 1 is a map of D.B.A-algebras.

(2) The projection w: M — N defined by =(a ® b)=e(a)b is a D.B.A-map.

(3) ey: Hy(M) — A is an isomorphism, that is, M is acyclic over A.

A will be called the initial algebra and N the final algebra of the construction,
Nisker(¢) N N.

A special construction is a construction with a A-homomorphism s (a contracting
homotopy) of bidegree (1,0) (not necessarily a ring homomorphism) which
satisfies

(1) s2=0,

(2) so+0s=1—ne,

(3) 1 ® Ncs(M), s(M)-s(M)<s(M).

THEOREM 1.1 (CARTAN, MOORE). Let (A4, N, M) be a construction and
(4', N', M', 5) a special construction. Suppose there isa D.B.A-map g: A — A’, then
it may be extended to a unique D.B.A-map §: M — M’ so that §(1 ® N)<=s(M’);
hence to a unique homomorphism g: N — N'. Moreover if Hy(A)=A and
g« Hy(A) — H,(A') is an isomorphism the same is true of gy.

[The proof does not have to be changed in any essential way from that in [3] for
D.G.A-algebras, and is thus omitted.]

THEOREM 1.2 (CARTAN). Let (4, N, M), (4A', N', M') be constructions, then there
exists a construction

(A ®A A's N ®A N', M”)-
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Proof. Let M"'=(A® A)® (N® N') with 0 defined using the ‘shuffle”

isomorphism
MOIM — M.

Given a D.B.A-algebra A, let A=kere, and define B(A)=A+A+A R, A4
4+ +AQp - Qad+---. A new bigrading is defined in B(4) as follows: if
a, ®--® a, has bidegree (i,j) in the ® bigrading its bidegree in B(A) is
(i+n, j). An augmentation in B(A4) is defined by ¢|A is the identity, and ¢|B(4);;
is the 0-map for i or j greater than 0.

Let o be an element of the symmetric group &,. For each such « there is a
chain map shuff (¢)4 ® - - - ®4 to itself which permutes factors (with the appro-
priate signs). Using these maps we define a commutative, associative multiplication
in B(A) by

[al Q- an]'[an+1 ®---Q an+m]
= (~Dr¥meme S (sgno)fshuff o, @ @ ayim)]

aeS(n,m)

where S(n, m) is the set of all (n, m) shuffles.
We now define a derivation in 4 ® , B(4) by

@R[m® Q@) =0a®[a; Q- Q a,]
+(_1)dlma+dlma1(n-1)aa1 ® [a2 ® . ® an]

n-1
+(=1)¥" %q ®{ Z (—1Y[a, ® - @ 48541 @ - ay]
i=1

n-1
+O (=D, @ ® Q- ® an]}
j=1

where S(j)=2, <, dim a,.
A contracting homotopy s is defined by

5@QR[a® ®a)=(-D"uQd®a®  Qa)l
where d=a—ne(a). It is easy to check that
$0+0s = 1—mne.

Moreover, 0 is a derivation with respect to the multiplication in 4 @ B(4). Thus
by projection o induces a boundary operator &_ in B(4) which is also a derivation.
We have

n—-1
0-[a,® -®a,] = Z (=Da: ® Q@ arars1 @ Q a,]
k=1

+ D (D)W, Q- ® 00, @ - ® a,).
k=1

Thus, the triple (4, B(A4), A ® B(A), s) becomes a special construction. It is known
as the bar construction.
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REMARK. Our boundary operators differ in sign from those usually used in the
definition of the bar construction, as does the contracting homotopy s, so as to
make clearer the geometric interpretations which arise in §3.

2. Constructions for special D.B.A-algebras.

DEFINITION 2.1. The Grassmann algebra E(n, m) is the D.B.A-algebra with a
single generator e of bidegree (n, m), (e-e=0) and trivial derivation.

DEFINITION 2.2. The divided polynomial algebra P(2n, m) is the D.B.A-algebra
with generators pi, Ps,. . .; Pns- - ., Di Of bidegree (2ni, im), trivial derivation and
multiplication given by p;p;=Ci, ;p,+; (Where C;,;; is the binomial coefficient).

If A=Z, it is an easy exercise with binomial coefficients to show

P(2n, m) = T(2n, m) @ T(2np, mp) - - - @ T(2np’, mp") @ - - -

where T(2k, j) is the polynomial algebra on a single generator w of bidegree (2k, j)
truncated by the relation w?=0.

There are also certain combinations of these algebras which we need.

DEFINITION 2.3. The special Grassmann algebra E,(2n+ 1, m) is isomorphic to
EQ2n+1,m) ® PQ(n+1), m) as an algebra, but 01 Q@ p,=he ® p;_,. The integral
homology of E,(2n+1, m) is generated by the elements {e ® p;}, each generating
a cyclic subgroup of order h. The homology ring is trivial.

There is one more algebra we will need, the special polynomial algebra P, (2n, m)
(where A=p’ p a prime), but it is enormously complex. It has the form

P2n, k) ®- - ® E(g"2n+1, ¢'k) ® P(¢2n+2,¢°k) ® - - -

where g runs over all primes not equal to p, and a very complex derivation which
I will not specify. It is best described by specifying its homology ring over Z.
H,(P,(2n, k)) has as generators the elements {p;} (p; € P(2n,k)) with order
{p;}=hvyp) (v{p)=p* where j=p*m with m prime to p).

The technique used for computing H.(B(A)) for these rings is substantially the
same in all cases. Let M, N, K be D.B.A-algebras for which M ®, N=K as a
bigraded algebra, the inclusion i: M — M ® 1<K, and the projection j=
e® 1: K— N are both D.B.A-maps. A filtration, and hence a spectral sequence,
for K is defined by setting F(K)=j'(No+N,+---+N,) (that is, j~! of the
i-skeleton of N). It is easily verified that F}(F")=H/(M)® N, and EZ(F?)
= H,(N, H(M)). Moreover, in the case at hand the higher boundaries d, may be
explicitly given, and from knowledge of the E* terms (and the explicit generators)
the structure of H,(N) can be inferred.

The N that we use will only be a divided polynomial algebra or a Grassmann
algebra (as these are, in a sense, the only algebras which occur in the bar con-
struction). They have the advantage that their homology is free over A, thus the
E? terms are relatively simple. The procedure is to use an N to kill the smallest
dimensional homology groups in M, then iterate the process for K, etc. till we have
an acyclic complex. It is a remarkable fact that this procedure actually works!
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Applying this technique and assuming A=Z we obtain the following four
lemmas:

LEMMA 2.4. B(E(2n—1, m))=P(2n, m).
LeMMA 2.5. There is a construction with initial algebra P(2n, m) and final algebra
EQn+1,m) ® E;(4n+1,2m ®---Q E,(2p'n+1,pm) Q- -
where p runs over all primes and 1< j<oo.

LEMMA 2.6. There is a construction with initial algebra E,(2n—1, m) and final
algebra

P,2n,m) @ E,2np+1,pm) Q- - -Q E,2np’+1, p’m) @ - -
where p is a prime and h=p".

LEMMA 2.7. With p, h as above there is a construction with initial algebra P,(2n, m)
and final algebra

E,(2n,m) @ E,(2np+1,mp) ® - --® E,Q2np’+1, mp) - - -.

In the case A=Z, the results are much simpler, the only algebras which occur
are of the form E(2n+1, m) or T(2n, m). For these we have

LeEMMA 2.8. Therg is a construction having E2n+ 1, m) as initial algebra and
TQn+1),m) @ TR+ 1)p, pm) - - -Q TQR(n+1)p’, Pm Q- - -
as final algebra.
[This is an immediate consequence of 2.4.]
LEMMA 2.9. There is a construction with initial algebra T(2n, m) and final algebra
EQn+1,m) @ TR(np+1), mp) @ --Q T(p'2(np+1), pm) @- - -.
This completes the necessary calculations.

3. Cell decompositions and suspension. Throughout this section we will assume
that X is a countable CW-complex with a distinguished 0-cell *.

DEFINITION 3.1. X has a normal filtration if there are subcomplexes X, < X;< X,
< ...cX,< .- with union X so that * € X,.

If X has a normal filtration put

X,..; = (k-skeleton of X)) U X;_,
and
Ck,j = Hk(Xk.j, Xk-l,j)'

The C,; are all free A-modules and if we set C;=2; Cy,;, C; becomes a chain
complex with boundary operator equal to that in the sequence of the triple

(ch,j’ Xk -1,5 Xk —2.1)'
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PrOPOSITION 3.2. H,(C))=H (X, X;-1).

(This is a special case of Theorem 2.6.10, p. 80 of [9].)

Now suppose that X has a commutative, associative multiplication with unit *

M: XxX—>X

M is normal in case: (1) M is cellular, and (2) M(X, % X))<= X,, .

ProPosITION 3.3. If X has a normal filtration and multiplication then C=73,, ; C, ;
has the structure of a D.B.A-algebra.

Proof. X, _,; is a neighborhood deformation retract in X, ,;; hence we may
apply the relative Eilenberg-Zilber theorem to

H[(Xy.55 Xie-1,) X (X, 05 Xm-1,n)]
and since Cy ; is free over A it follows that there is a natural equivalence
@: Cr,y @ Cpyn—> Hiy ml(Xie, 1 Xic-1,9) X (X, Xim-1,0)]

and «9® =0da. We define the ring structure

el Ck.j ® Cm,n g Ck+m.!+n

by u= M ,«. Then the naturality of « assures that u makes C into a D.B.A-algebra.
Now, we apply these results to symmetric products. There is an inclusion

SP"(X) < SP**}{(X)
obtained by identifying {x, - - - x,> with {x,---X,, *). SP°(X) is then defined
to be the union of the SP"(X) with the weak topology. The monoid structure in

the disjoint union of the SP"(X) induces in SP°(X) an abelian, associative multi-
plication with unit *. Thus SP*(X) is always a filtered space with multiplication.

THEOREM 3.4. Suppose SP*(X) has a CW-decomposition with * the only 0-cell
So that the filtration and multiplication are normal, then SP>(ZX) inherits these
properties and there is an isomorphism of D.B.A-algebras

J: C(SP*(ZX)) — B(C(SP~(X))).

[Here XX is the reduced suspension of X.]

Proof. There is an inclusion

Jn: ZSPY(X) — SPY(ZX)

defined by j,(t {x1---x.0)=<{(txy), ..., (tx,)>, and this extends to a map
Jj:ZSP*(X) — SP*(ZX). Moreover, there are the maps j™(ZSP<(X))* — SP*(ZX)
where j"=M(jx - - - xj). The images of the successive j™ contain the preceding
ones and form a filtration of SP*(ZX) “transverse” to the usual one.

There is a map F,: I"x (SP*(X))" — (XSP*X)" which is a relative homeo-
morphism on interior I*,

F(ty - tay1e - yn) = ((t201) - - - (tayn))-
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Now I™ may be triangulated by defining
oy ={(ty---t))el": ta=1qy Sty S -0 = ta'l(n)}

where « is an element of the symmetric group ;, and j"F, | int o} x (SP*(X))"
is a relative homeomorphism. Also, imj"F,|okx(SP*(X))"=im j"F, | o}
x (SP*(X))". Thus the images im (j"F, | o} x (SP*(X))") for n=1,2,... decom-
pose SP*(ZX).

We would now like to say the images j"F, | of x (E' % - - - x E™) where the E!
are cells of SP*(X) gives a CW-decomposition of SP*(Z£X). This follows from

LEMMA 3.5. j"F,=j""F,_,(D,x M,) when restricted to o%1,x (SP*(X))" where
Dj(tl' cot)=(t, - fj. <o ty)

Mfyy---yn) = (1 M(Ys, yi41) - - Vn)-

[Here o}, are those points of ¢} for which #,=1¢,,,.]

The proof follows from the definitions.

This gives the desired CW-decomposition. It is easy to check that the usual
filtration is normal for it, and it remains to check that M is cellular.

LEMMA 3.6. M(j"F,xj'F,) | o7 x (SP*(X))" x o] x (SP*(X))' <j"*"F,,,| o7*"x
(SP>(X))**" and is cellular with cellular approximation given by the formula

M {o"xE'x --- XE"} @ {o" X E™"*1x ... x En*"}
= (=17 > (=) x shuff aE* x - - - x E**")}
where =%, dim E* and o runs over all (n, r) shuffles.

Proof. The first part is clear. For the second consider

shu
otXE'X - - XE"X0] XE"1x ... XE"™ — 5 0¢}X0o XE'X --- XxXE"*T

T <
SP*(ZX) I" "X E'x -« x E™*T,

In o} x o] a triangulation is induced by the inclusion, and o? X 6}, =3, o2*" where o
runs over all (n, r) shuffles. The proof is now completed by observing that the
following diagram is commutative.

g X (SP(X))y’
J°F,

SP*(Z X). shuff « x shuff «

I
of X (SP(X)y
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Now, to complete the proof of the theorem set J{o"xE'x ... x E™}=
HEY} ®---®{E™] in B(C(SP*(X))). From 3.6 it follows that this is a map of
bigraded algebras. The fact that it is a chain map follows from 3.5 and the relative
Eilenberg-Zilber theorem.

To complete this section we show that for a great many X (and all those we
need) SP*(X) admits a CW-decomposition to which the multiplication and
filtration are normal.

THEOREM 3.7. Let C be a countable semisimplicial complex with a single generator
in dimension 0, and |C| its geometric realization, then SP*(|C|) admits a CW-
decomposition satisfying the hypothesis of 3.4.

[For the definition and properties of |C| see [7].]
Proof. Define SP™(C)=Cx - -- x C/S(n), its generators are of the form

{ey--- ¢y, ¢ a generator of C,
0Ker - epp =061+ + - 0iCp),
SkCy v Cpy = 8Cq * SCa)e
It follows from Theorem 2.2 of [7] that
|SP™(C)| = SP™(|C])

and if = €|C| is the point corresponding to the 0-dimensional element in C, then
the decompositions are compatible with inclusion. Finally, it is an easy calculation
similar to that in the proof of 3.5 to show the multiplication is normal.

4. The homology fings Z(X) for Moore spaces. A(m, 1) is the geometric realiza-
tion of a countable s.s.c. with a single 0-dimensional generator, and we may apply
the results of the last section.

THEOREM 4.1. (i) There is a D.B.A-homomorphism E(1, 1) — C(A(Z, 1)) inducing
isomorphisms in homology.

(ii) There is a D.B.A-homomorphism E,(1,1)— C(A(Z,, 1)) inducing iso-
morphisms in homology.

Proof. (i) By the theorem of Steenrod mentioned in the introduction, the injection
JrA(Z, 1) = SP*(A(Z, 1))

induces an injection in homology onto a direct summand. On the other hand,
both these spaces are K(Z, 1)’s. Thus j, is an isomorphism and it suffices to map
the nontrivial generator of E(1,1) onto the chain representing a homology
generator.

(i) SP*(A(Zy, 1)) is a K(Z,, 1). Its homology groups are known to be Z in
dimension 0 and Z, in each odd dimension.

Let A(Z,, 1)=|C|, we may also assume that the dimension of |C| as a CW-
complex is 2. The normalized chain complex Cy is the quotient of the chain complex
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of C by the complex generated by degenerate elements. It follows from [7] that
Cy is isomorphic to the CW-chain complex of |C|. In particular C% has dimension
2n and its top dimensional cells are permuted freely among themselves under the
action of S,. The singular locus is the set of cells of C} on which S, does not act
freely, it is generated by cells ¢; x - - - x ¢, with 2 or more of the ¢, equal.

Let =: C} — SP™(C)y be the projection m(c;x - x¢,)=<c; -+ ¢c,y. There
is a chain map T: Ck— Cy defined by T(cyX - XCp)=24 Ca1yX *** X Camy
where o runs over S,. It is clear that #T=n!w, and defining plc;- - cp=
T(c,x - -+ X¢y,), pis a chain isomorphism SP™(C)y — im T.

Finally, we need an explicit approximation for the Eilenberg-Zilber theorem,

P(n)

Cy® - QCy——>(Cx -+ xC)y.
This is given in case n=2 by
P(o" @ ™) = B(—1)*Semam " * * Satm+ DO" X Samy * * * Say0™

where « runs over all (n, m) shuffles. P" is obtained from this by iteration. As a
consequence P"a=aP" for any « in S,, for details see [5].

Now, let E be a chain in Cy representing the one-dimensional generator in
H,(|C|), and F is a chain so that 9F=hE. Set F*=F®---® F in (Cy)"* and
Er=(1/h) &(F™).

It is easy to see that P*(E™) and P"(F") both belong to im T in (C")y and are
disjoint from the singular locus. Thus

aPYE™) = n'l,,  =P"(F") = n'f,

and p(l)=P™E™, p(fu)=P™(F™. On the other hand E™", and hence P™(E™)
represents a nontrivial element of order 4 in H,(|C|"), thus the same is true of I,
for H,,_,(SP"|C]).

Thus /, also represents a nontrivial element of order 4 in

H2n—1(SPn(|C|)’ SP"'1|C|)

and it follows that for j#2n—1, H(SP™(|C|), SP™~*(|C|))=0.
Finally, we have

(n+m)! fyym = aP"*™(F*Q F") = MP" Q@ P"F" Q@ F™) = n!m!f,-fu
since P is natural. Thus f, - fn, =(Cr4 m,n)fn+m Also,
n'l, = aPE™ = naPMEQ F*Y) = n(Ml, @ (n—1)'f,-1) = nllify_1,

and the proof is complete.

To handle the case of Z(A(w, n)) n>1 observe that A(m, n)=2Z(A(m, n—1)).
Theorem 3.4 now may be applied, and the study of the resultant D.B.A-algebra is
easily accomplished with the techniques and results of the first two sections.
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To give the final results we need some notation. Let T,(n) be the set of ordered
sequences of positive integers (t,,. . ., t,) with >¥_, ¢,=n (ordered partitions of n).
Let Z* be the positive integers, and C,, the k-fold Cartesian product of Z* with
itself. We now define functions 4,, B, from T, (n) x C,_; to Z* as follows:

Ap[(tla B tk)’ (S(l), ] S(k— l))]
= te+p Ve 1+t AP P ot ot F POt +ey)- - 1}

(here =0 if 7, is even and ¢=1 if ¢ is odd). B,[(ty, ..., ), (s(1),..., s(k—1))]
=psV+ - +sk=Df( 4(x, y), B(x, y)) will be the bidegree of the generator associated
to (x, y)}-

Now we must isolate three further properties of the pairs in T;(n) x Cy, - ,—(x, »)
is of type 1 if x=(¢,,.. ., t;) and ¢, is odd, it is of type 2 if ¢, is even, and of type 3
if ¢, is even.

Notice that 4,(x, y) is odd only if (x, y) is of type 1.

Now, for each prime p set J,(p) equal to the tensor product of the rings
Py(Ay(%, 9), By(x, 7)) [Ex(A,(x, ), By(x, y))] as (x, ) runs over Up-3 Ty(m) x Gy
and is of type 2 [respectively of type 1].

Similarly K,(p) is the tensor product of rings P,(4,(x, ), By(x, y)) [respectively
E,(A,(x, y), By(x, y))] as (x, y) runs over all elements in |-, T;(n) X Cy._; and is
simultaneously of types 2 and 3 [respectively of types 1 and 3].

Now we have

THEOREM 4.2. (i) For n even
AAZ 1) T) = H(POLD® & Kip);T),

R(A(Zn, n); T) = Hy(Pu(n, 1) @ Ju(p); T),

where h=p’ (p prime).
(ii) For n odd

HAZ,n); T) = Hy(Em D® & Ki(p); I),
RA(Zy, n); T) = Hu(Ey(n, 1) ® Ju(p); T),
and if T is Z or Z, with q prime this is an isomorphism of bigraded rings.

(The proof is a direct induction using 4.1 to start and the calculations of §2 to
continue.)

For the special case where I'=Z, the reader will have little difficulty specifying
the resultant algebra as the tensor product of T(r, s)’s and E(q, t)’s where (r, 5),
(g, t) run over a somewhat larger set than the corresponding index set in the
integer case.

Moreover, one could easily use the fact that the Steenrod algebra A(p) is trans-
gressive in the Serre spectral sequence to obtain new proofs of some results of
Nakaoka on the action of the Steenrod algebra in SP*(M) where M is one of the
other Moore spaces considered here.
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ONE FURTHER REMARK. The use of the Thom-Dold theorem in the proof of 4.1
was not essential. It is possible in fact with a little more work to use the results of
Cartan [2] and 4.2 to show SP*(A(Z,, n)) is a K(Z,, n) directly, thus obtaining an
independent proof of part of the Thom-Dold theorem.

5. The homology of SP™(X). Dold has shown [4] that H.(SP™(X)) depends
only on Hy(X). On the other hand, given an arbitrary arcwise connected space X
of finite type, there is a wedge product Y of Moore spaces with isomorphic homol-
ogy groups. Thus H,(SP™(X))=H,(SP"(Y)) and the problem reduces to calcu-
lating Z(Y; I') where Y is a wedge product.

THEOREM 5.1. Let A, B be topological spaces which satisfy the hypothesis of 3.4,
then

(A v B) = Hy(C(4) ® C(B))
the isomorphism being of bigraded algebras.

Proof. A, B are CW-complexes, thus they have contractible neighborhoods of
their respective base points.

The mappings p;: A—>A V B, p;: B—> A v B induce a mapping p: SP*(A)
X SP*(B) — SP*(A v B).LetT,=p'SP™A v B), thenT,_, is a neighborhood
deformation retract in T, as is SP*~1(4 v B) in SP™4 v B). Thus we can take
excisions, and

T.—T,_, =~ SPY (A Vv B)—SP""Y(4 v B)

= z (SPY(4)—SP?~1(A)) x (SP™~/(B)— SP™~~1(B)).
i=o0

The result now follows from the relative Eilenberg-Zilber theorem and the fact
that p commutes with multiplication.

COROLLARY 5.2. Let 7 be a finitely generated abelian group then Z(A(m, n)) is
isomorphic to H,(G(w, n)) where G(w, n) is an explicitly given tensor product of the
D.B.A-algebras of 4.2.

Proof. A(m, n) may be represented as a wedge product of A(Z;, n)’s and A(Z, n)’s.
As an application of these results let X be a Riemann surface of genus g. Then

Z(X)~ EQ1D)®---® E(11) ® P(21) (where E(11) appears 2g times).

Thus Z(X) has no torsion, and the same is true for SP"(X). The Betti number of
H,(SP"(X)) is equal to the number of ways we can have

&1t tegtr=n
subject to the condition

ert ey t2r=k



1969] THE HOMOLOGY OF SYMMETRIC PRODUCTS 265

where ¢;,=0 or 1. This is easily seen to be
[k/2] 2g
2 (k—zr)'

BIBLIOGRAPHY

1. H. Cartan, Sur les groupes d’Eilenberg-MacLane H(m, n). 1, Proc. Nat. Acad. Sci. U.S.A.
40 (1954), 467-471.

2. , Sur les groupes d’Eilenberg-MacLane. 11, Proc. Nat. Acad. Sci. U.S.A. 40 (1954),
704-707.
3. , Séminaire H. Cartan (Exposé 3), Secrétariat Math., Paris, 1954-1955.

4. A. Dold, Homology of symmetric products and other functors of complexes, Ann. of Math.
68 (1958), 54-80.

5. , Decomposition theorems for S(n)-complexes, Ann. of Math. 75 (1962), 8-16.

6. S. Eilenberg and S. MacLane, On the groups H(m, n). I, Ann. of Math. 58 (1953), 58-106.

7. J. Milnor, The geometric realization of a semi-simplicial complex, Ann. of Math. 65 (1957),
357-362.

8. R. Thom and A. Dold, Quasifaserungen und unendliche symmetrische Produkte, Ann. of
Math. 67 (1958), 239-281.

9. G. W. Whitehead, Homotopy theory, Mimeographed Notes, Massachusetts Institute of
Technology, Cambridge, 1955.

10. R. J. Milgram, The bar construction and Abelian H-spaces, 1llinois J. Math. 11 (1967),
242-250.

UNIVERSITY OF ILLINOIS AT CHICAGO CIRCLE,
CHICAGO, ILLINOIS

PRINCETON UNIVERSITY,
PRINCETON, NEW JERSEY



