ON THE 3-DIMENSIONAL BRIESKORN MANIFOLDS M(p,q,r)

John Milnor

&1. Iniroduction
Let M= M(p,q,r) be the smooth, compact 3-manifold obtained by

intersecting the complex algebraic surface
zlp+ 22q + z3r = 0

of Pham and Brieskorn with the unit sphere ]zl|2 + Iz2]2 + iz3|2 =1,
Here p,q,r should be integers > 2. In strictly topological terms, M
can be described as the r-fold cyclic branched covering of the 3-sphere,
branched along a torus knot or link of type (p,q). See 1.1 below.

The main result of this paper is that M is diffeomorphic to a coset
space of the form [I\G where G is a simply-connected 3-dimensional
Lie group and Il is a discrete subgroup. In particular the fundamental
group 7,(M) is isomorphic to this discrete subgroup Il C G. There are
three possibilities for G, according as the rational number p_1 1 q—1 +
o1 s positive, negative, or zero. In the positive case discussed in
Section 4, G is the unit 3-sphere group SU(2), and Il is a finite sub-
group of order 4(pqr)_1(p_1 +q_1 vl o 1)”2. (See Section 3.2.) In the
negative case discussed in Section 6, G is the universal covering group
of SL(2,R). The proof in this case is based on a study of automorphic
forms of fractional degree. In both of these cases the discrete subgroup
Il = 7,(M) can be characterized as the commutator subgroup I, I'] of a
certain “‘centrally extended triangle group’> I'C G. [See Section 3. This
result has also been obtained by C. Giffen (unpublished).] The centrally
extended triangle group 17 has a presentation with generators Y1'Y9: Y3

and relations
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i ==y = vy,

(Compare [Coxeterl.) It follows that M is diffeomorphic to the maximal

abelian covering space of the 3-manifold ['\G.

1 1

These statements break down when p”1 +q " +r ~ =1, However,
it is shown in Section 8 that M can still be described as a coset space
IT\G where G is now a nilpotent Lie group, and Il is a (necessarily
nilpotent) discrete subgroup. The proof is based on a more general fibra-
tion criterion. (Section 7.)

The author is indebted to conversations with J. -P. Serre, F. Raymond,

and J. Joel.

HISTORICAL REMARKS. The triangle groups were introduced by

H. A. Schwarz in the last century. [Three-dimensional analogues have
recently been constructed by W. Thurston (unpublished).] The study in
Section 5 of automorphic forms clearly is based on the work of Klein,
Fricke, Poincare and others. The manifolds M = M(p, q,r) and their
(2n—1)-dimensional analogues were introduced by [Brieskorn, 1966}. He
computed the order of the homology group H;(M; 7), showing that M has
the homology of a 3-sphere if and only if the numbers p,q,r are pairwise
relatively prime. From the point of view of branched covering manifolds,
this same result had been obtained much earlier by [Seifert, p. 222]. Those
1 1

+q T+ 71> 1 have long been studied by

algebraic geometers: Compare the discussion in [Milnor, 1968, §9.8] as

Brieskorn manifolds with p™

well as [Milnor, 1974]. Those singular points of algebraic surfaces with
finite local fundamental group have been elegantly characterized by
[Prill] and [Brieskorn, 1967/68]. Those with infinite nilpotent local
fundamental group have been elegantly classified by [Wagreich]l. For
other recent work on such singularities see [Arnol’d], [Conner and
Raymondl, [Orlik], {Saitol, and [Siersmal. The work of [Dolgacev] and
[Raymond and Vasquez] is particularly close to the present manuscript.
To conclude this introduction, here is an alternative description of

M(p, q,r). Recall that the torus link 1.(p,q) of type (p,q) can be
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defined as the set of points (z,z,) on the unit 3-sphere which satisfy
the equation

zlp + z:_,q = 0.
This link has d components, where d is the greatest common divisor of

p and q. The n-th component, 1< n<d, can be parametrized by setting

z; = e(t/p), z, = e((t+n+%—)/q)

for 0<t< pq/d, where e(a) stands for the exponential function e2mia,

Note that this link L(p,q) has a canonical orientation.

LEMMA 1.1. The Brieskorn manifold M(p,q,r) is homeomorphic
to the r-fold cyclic branched covering of S3, branched along a

torus link of type (p,q).

Proof. Let VC C3? be the Pham-Brieskorn variety zlp + 22q + z3r = 0,

non-singular except at the origin. Consider the projection map
(21722!23) > (21722)

from V-0 to C?—0. If we stay away from the branch locus le+ 22q= 0,
then clearly each point of C2_0 has just r pre-images in V. In fact
these t pre-images are permuted cyclically by the group Q of r-th roots

of unity, acting on V-0 by the rule
o : (21’22’7‘3) > (zl,zz,wzs)

for ! = 1. Thus the quotient space £ \(V—-0) maps homeomorphically
onto G2—0. It follows easily that V—0 is an r-fold branched cyclic
covering of C2 -0, branched along the algebraic curve zlp + 22q = 0.

Now let the group R* of positive real numbers operate freely on

V-0 by the rule

1/r

lI(ZI,Z',.,Z.‘)lv(ll/pzl,tl/qzz,t Z4)
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for t> 0. Since every R*-orbit intersects the unit sphere transversally
and precisely once, it follows that V—0 is canonically diffeomorphic to
R* x M(p,q,r). Note that this action of R* on V_0 commutes with the
action of .

Similarly, letting R* act freely on C? -0 by the rule t:(zy,2y)
(tl/pz1 ,tl/qzz), it follows that C%—0 is canonically diffeomorphic to
R* x S3. The projection map V-0 -C2-0 is R*-equivariant. There-
fore, forming quotient spaces under the action of RY, it follows easily
that M(p,q,r) is an r-fold cyclic branched covering of S% with branch

locus L(p,q). m (Compare [Durfee and Kauffmanl, [Neumannl.)

§2. The Schwarz triangle groups ¥ o3

This section will be an exposition of classical material due to
H. A. Schwarz and W. Dyck. (For other presentations see [Caratheodory],
[Siegell, [Magnus].) We will work with any one of the three classical sim-
ply connected 2-dimensional geometries. Thus by the ‘“‘plane’”” P we
will mean either the surface of a unit 2-sphere, or the Lobachevsky plane
le.g., the upper half-plane y > 0 with the Poincaré metric (dx? +dy?)/y?|,
or the Euclidean plane. In different language, P is to be a complete,
simply-connected, 2-dimensional Riemannian manifold of constant curva-
ture +1, -1, or O.

We recall some familiar facts. Given angles a,f,y with 0<a,B,y<wm,
there always exists a triangle T bounded by geodesics, in a suitably
chosen plane P, with interior angles a,, and y. Infact P must be
either spherical, hyperbolic, or Euclidean according as the difference
a+fB+y—n is positive, negative, or zero. In the first two cases the area
of the triangle T is precisely la+B+y —n!, but in the Euclidean case
the area of T can be arbitrary.

We are interested in a triangle with interior angles #/p, #/q, and
7/t respectively, where p,q,r> 2 are fixed integers. Thus this triangle
T = T(p,q,r) lies either in the spherical, hyperbolic, or Euclidean plane

. . -1 -1 -1 . s
according as the rational number p~ " + ¢~ +r1 = — 1 is positive, nega-

tive, or zero.
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DEFINITION. By the full Schwarz triangle group P 2*(p, q,1) we will
mean the group of isometries of P which is generated by reflections

01, 0,,03 in the three edges of T(p,q,r). We will also be interested in
the subgroup = C % of index 2, consisting of all orientation preserving

elements of 3.

REMARK 2.1. Before studying these groups further, it may be helpful to
briefly list the possibilities. Let us assume for convenience that p< gq<r
In the spherical case p_1 + q_1 +rl > 1, it is easily seen that (p,q,r)

must be one of the triples
2,3,3), 2,3,4), (2,3,5); or (2,2,1)

for some r> 2. The corresponding group 2(p,q,r) of rotations of the
sphere is respectively either the tetrahedral, octahedral, or icosahedral
group; or a dihedral group of order 2r. The area of the associated triangle
T can be any number of the form #/n with n> 2. In the Euclidean case

p_1 + q_1 sl =1, the triple (p,q,r) must be either

(213’6)! (214!4)’ or (373’3) .

For all of the infinitely many remaining triples, we are in the hyperbolic
case p~1 + q_1 + =1 < 1. The area of the hyperbolic triangle T can
range from the minimum value of (1 —271.3-1 —7_1)77 = /42 to values
arbitrarily close to #.

The structure of the full triangle group 2* = 2*(p, q,r) is described
in the following basic assertion. Recall that ¥ s generated by reflec-

tions o,,0,,03 inthe three edges of a triangle T C P whose interior

angles are #/p, w/q, and w/r.

THEOREM 2.2 (Poincaré). The triangle T itself serves as
*

fundamental domain for the action of the group X on the

“plane’ P. In othcr words the various images o(T) with

o . .
g ¢ $7 are mutually disjoint except for boundary points, and
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. ¥
cover all of P. This group %~ has a presentation with gener-

ators 0y,0,,0, and relations

and

(01(;'2)p = (0203)q = (03(;'1)r = 1.

Here it is to be understood that the edges are numbered so that the
first two edges e; and e, enclose the angle of #/p, while e, and e,

enclose the angle of 7/q, and e;, e; enclose n/r.

Proof of 2.2. Inspection shows that the composition ¢;0, is a rotation
through the angle 2r/p about the first vertex of the triangle T, so the
relation (0102)p =1 is certainly satisfied in the group 2.* The other
five relations can be verified similarly.

Let i denote the abstract group which is defined by a presentation
with generators 0, 0,,05 and with relations 8i2 =1 and (0, 52)p =
(8283)q = (6381 Y = 1. Thus there is a canonical homomorphism & + o
from i onto E*, and we must prove that this canonical homomorphism
is actually an isomorphism.

Form a simplicial complex K as follows. Start with the product
ﬁ x T, consisting of a union of disjoint triangles o x T, one such triangle
for each group element. Now for each o and each i=1,2,3 paste the
i-th edge of o x T onto the i-th edge of 88i x T. More precisely, let K
be the identification space of i‘. x T in which (0,x) is identified with
(Gai,x) for each 0 ¢ i, for each i=1,2,3, and for each x¢e;C T.

2. 1, we see that precisely two triangles are

Using the relation 51

pasted together along each edge of K.

Consider the canonical mapping i x T » P which sends each pair
(6,%) to the image o(x) (using the homomorphism 0 +~ o from i to
the group s* of isometries of P). This mapping is compatible with the
identification (0,x) = (581, x) for x eec; since the reflection o, fixes

e;. Hence there is an induced map
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f:K—»P.

We must prove that f is actually a homeomorphism.
First consider the situation around a vertex (¢,v) of K. To fix our
ideas, suppose that v is the vertex e, N e, of T. Using the identifi-

cations
(o,v) = (051,v) = (aalﬁz,v) = (3813231,v) e,

together with the relation (51 82)P =1, we see that precisely 2p triangles
of K fit cyclically around the vertex (,v). (These 2p triangles are
distinct since the 2p elements 0y,0,0,,0{0,0;,", (8152)p of S map
to distinct elements of 2*.) Now inspection shows that the star neighbor-
hood, consisting of 2p triangles fitting around a vertex of K maps
homeomorphically onto a neighborhood of the image point o(v) in P, The
image neighborhood is the union of 2p triangles in P, each with interior
angle #/p at the common vertex o(v).

Thus the canonical map f:K » P is locally a homeomorphism. But it
is not difficult to show that every path in P can be lifted to a path in K.
Therefore f is a covering map. Since P is simply connected, this im-
plies that f is actually a homeomorphism. The conclusions that i maps
isomorphically to the group 2*, and that the various images o(T) cover

P with only boundary points in common, now follow immediately. m

REMARK 2.3. More generally, following Dyck, one can consider a convex
n-sided polygon A with interior angles n/py,-+,7/p,. Again A is the
fundamental domain for a group = = 2 (A) of isometries which is gener-

ated by the reflections oy,':+,0, in the edges of A with relations

p.
o = (001, ' = 1

for all i modulo n. In fact the above proof extends to this more general

case without any essential change.



182 JOHN MILNOR

COROLLARY 2.4, In the spherical case p"1 + q_l +rl> 1,
the full triangle group 2*(p, q,r1) is finite of order 4/(p_1 +

-1 1 1 -1
r

q "+ o 1). In the remaining cases p~  +q  + <1

’

the group 2*(p, q,t) Is infinite.

Proof. Since the various images o (T) form a non-overlapping covering
*
of P, the order of X can be computed as the area of P divided by the

areaof T.m

Recall that X denotes the subgroup of index 2 consisting of all

orientation preserving isometries in the full triangle group Z . Setting
Ty = 0103, T3 = 0303, T3 =030
note that the product
T17273 = 01020293930,

is equal to 1.

COROLLARY 2.5. The subgroup 3(p,q,r) has a presentation

with generators 7,,7,,75 and relations 71p=72q= r3r=7172r3 =1.

Proof, This corollary can be derived, for example, by applying the

*
Reidemeister-Schreier theorem. [More generally, for the Dyck group de-
scribed in 2.3 we obtain a presentation with generators 7,,---,7, and

relations

P1 Py
7-1 - ...:rn =7'17-2...rn=1']

Details will be left to the reader. ®m

We conclude with three remarks which further describe these groups b

See for example [weir].
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REMARK 2.6. Using 2.2, it is easy to show that an element of the group
2 has a fixed point in P if and only if it is conjugate to a power of
7179, or 75. Hence every element of finite order in 2 is conjugate to
a power of 7,,7, or r5. Therefore the three integers p,q,r can be
characterized as the orders of the three conjugate classes of maximal
finite cyclic subgroups of £. (Caution: In the spherical case these

three conjugate classes may not be distinct. In fact in the spherical case,
since each vertex of our canonical triangulation of P is antipodal to

1

some other vertex, it follows that each 7.

i is conjugate to some rj_

where j may be different from i.)
Here we have used the easily verified fact that every orientation

preserving isometry of P of finite order has a fixed point.

THEOREM 2.7 (R. H. Fox). The triangle group 2(p,q,r) con-

tains a normal subgroup N of finite index which has no elements

of finite order.

[Fox] constructs two finite permutations of orders p and q so that
the product permutation has order r. The subgroup N is then defined as
the kernel of the evident homomorphism from X to the finite group gener-
ated by these two permutations. Using 2.6 we see that N has no elements
of finite order. m

Note also that N operates freely on P; that is, no non-trivial group
element has a fixed point in P. Hence the quotient space N\P is a
smooth compact Riemann surface which admits the finite group X/N as
a group of conformal automorphisms. To compute the Euler characteristic
x(N\P) of tkis Riemann surface, we count vertices, edges, and faces of
the canonical triangulation of N\P, induced from the triangulation of

2.2. This yields the formula

Y(N\P)  (p~lrq l+r 1 =1) order (E/N) .
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TR SR 1, it follows that the triangle

In the hyperbolic case p_1 +4q
group X D N contains free non-abelian subgroups. For N is the funda-
mental group of a surface of genus g > 2, hence any subgroup of infinite
index in N is the fundamental group of a non-compact surface and there-
fore is free.

Note that a given finite group ® can occur as such a quotient /N
if and only if ® is generated by two elements, and has order at least 3.
For if @ is generated by elements of order p and q, and if the product
of these two generators has order r, then 2(p,q,r) maps onto ®, and
it follows from 2.6 that the kernel has no element of finite order. As an
example, the triangle group 2(2,3,7) maps onto the simple group of
order 168. (Compare [Klein and Fricke, pp. 109, 7371 as well as [Klein,
Entwicklung ---, p. 369].) Hence this simple group operates conformally
on a Riemann surface N\P whose genus g =3 can be computed from
the equation 2—2g = 168(1—2"1 -3"1_771),

More generally let A be any discrete group of isometries of P with
compact fundamental domain. (That is, assume that there exists a com-
pact set K C P with non-vacuous interior so that the various translates
of K byelements of A cover P, and have only boundary points in
common.) Then A also contains a normal subgroup N of finite index
which operates freely on P. (See [Fox] and |Bungaard, Nielsen]. A much
more general theorem of this nature has been proved by [Selberg, Lemma 8].)
Again the Euler characteristic (N \P) of the smooth compact quotient
surface is directly proportional to the index of N in A. In fact, the
ratio ¥(N \P)/order (A/N) can be computed as a product x(BA)x(P)
where the rational number x(Bp) is the Euler characteristic of A in the
sense of [Walll, and where x(P) = 2 (~1)? rank Hn(P) is the usual Euler
characteristic, equal to 1 or 2. Now assume that A preserves orientation.

The quotient S = A\P can itself be given the structure of a compact
Riemann surface, even if A has elements of finite order. (Compare 6.3.)
In general there will be finitely many ramification points, say Xp,t XK €S,

Let ry,-=, 1~ 2 be the corresponding ramification indices. Then classi-
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cally the data (S; x;, ", %Xy; 1q,-*, 1) provides a complete invariant for
the group A. That is: a second such group A’ is conjugate to A with-
in the group of orientation preserving isometries of P if and only if the
Riemann surface S$"= A’\P is isomorphic to S under an isomorphism
which preserves ramification points and ramification indices. The triangle
group 2(p,q,r) corresponds to the special case where S has genus zero

with three ramification points having ramification indices p,q,r.

REMARK 2.8. It is sometimes possible to deduce inclusion relations
between the various groups 2(p,q,r) by noting that a triangle T(p,q, 1)
can be decomposed into smaller triangles of the form T(p’,q’,1"). For

example if p = q one sees in this way that
2(p,p,1) C Z(2,p,21)

as a necessarily normal subgroup of index 2. Similarly, taking p=r one
sees that

2(2,p,2p) C 2(2,3,2p)
as an abnormal subgroup of index 3. However, not all inclusions can be
derived in this manner. A counterexample is provided by the inclusion
3(2,3,3)C 3(2,3,5) of the alternating group on four letters into the alter-

nating group on five letters,

§3. The centrally extended triangle group I'(p,q,r)

As in the last section, let P denote either the Euclidean plane or
the plane of spherical or hyperbolic geometry. Let G denote the con-
nected Lie group consisting of all orientation preserving isometries of P.

Then we can form the coset space G/Z where
- 3%p,q0CG

is the triangle group of Section 2. Clearly G/X is a compact 3-dimensional
manifold. To compute the fundamental group 171(5/2) it is convenient to

pass to the universal covering proup G of G.
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DEFINITION. The full inverse image in G of the subgroup £ C G will

be called the centrally extended triangle group T" = 1'(p, q, 1).

Evidently the quotient manifold G/2 can be identified with G/,
and hence has fundamental group ,(G/Z) = 1",

To describe the structure of I', let us start with the isomorphism
G/C = G of Lie groups, where the discrete subgroup C = 771(6) is the
center of G. In the spherical case, where G is the rotation group SO(3),
it is well known that this fundamental group C is cyclic of order 2. In
the Euclidean and hyperbolic cases we will see that C is free cyclic.

Evidently 1, defined as the inverse image of X% under the surjection
G - G, contains C as a central subgroup with I'/C = X, [In fact one
can verify that C is precisely the center of 1'.] The main object of this

section is to prove the following.

LEMMA 3.1. The centrally extended triangle group 1" = I'(p,q,r)

has a presentation with generators y,,y,,y; andrelations y1p=

v =v3" = vy

Proof. We will make use of the following construction. Choose some
fixed orientation for the ‘“‘plane’” P. Given a basepoint x and a real
number 0, let _ —~

1, 0) < G
denote the rotation through angle  about the point x. Thus we obtain

a homomorphism :R 5 G which clearly lifts to a unique homomorphism

Tx

t, : R » G

X

into the universal covering group. Since T,(27) is the identity element

of G, it follows that the lifted element

rx(277) ¢ G
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belongs to the central subgroup C. We will use the notation c=r,(2m)eC.
In fact C 1is a cyclic group generated by c, as one easily verifies by

studying the fibration

G »P=gGys!

I

defined by the formula g - g(x). Here s! denotes the group 'r'X(R) CG
consisting of all rotations about x. In the Euclidean and hyperbolic
cases, since P is contractible, it follows that the fundamental group
771(51) = Z maps isomorphically onto nl(a) = C,

Note that this element rx(277) ¢ C depends continuously on x, and
therefore is independent of the choice of x.

Now recall that the subgroup X C G is generated by the three rotation:

where v,,v,,v; are the three vertices of T. It follows that the inverse

image T'C G is generated by the three lifted rotations

Y1 = rvl(2ﬂ/p), Yo = rv2(2ﬂ/q), Y3 = rv3(2ﬂ/r) ,

together with the central element c. Clearly
t
P =rl=vi=c.

Next consider the product y;y,y;. Since 747,75 = 1, it is clear that
Y1Y2Y3 belongs to C, and hence is equal to ck for some integer k.
We must compute this unknown integer k.

It will be convenient to work with a more general triangle, with arbi-
trary angles. In fact, without complicating the argument, we can just as
well consider an n-sided convex polygon A C P with interior angles

Here we assume that 0< a; <g. If 0. denotes the reflection

ay,,a i

0
in the i-th edge (suitably numbered), then aiz =1, and therefore

((ylu.‘!)(n,)‘(r.;) ((Tn_lo'n) ((Inal) =1.
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Lifting each rotation

00:,, =1, (2a;) ¢ G

i7i+1 vy i

to the element

Vi = rvi(Zai) e G,

it follows that the product Y1Y9 'V, belongs to the central subgroup C.-
Now as we vary the polygon A continuously, this central element
Y1 Yy must also vary continuously. But C is a discrete group, so
Y1 " ¥y must remain constant.
In particular we can shrink the polygon A down towards a point x,

in such manner that the angles ay,,a, tend towards the angles

n
By, B, of some Euclidean n-sided polygon. Thus the element
Yi = rv_(2ai) ¢ G tends towards the limit rx(2ﬁi), while the product
i
Y1 "y tends towards the product r, (283, +---4 28,). Therefore, using

the formula

Bl 4ot Bn = (n=2)7

for the sum of the angles of a Euclidean polygon, we see that the constant

product y; ---y, must be equal to
r,(n=2)2m) = "2 |

Finally, specializing to the case n =3, we obtain the required identity

Y1Y2¥Y3 = C.
Thus we have proved that " is generated by elements Y1:Ypr V3o

and ¢ which satisfy the relations

I
)’1p = qu =%Y3 “ ViYo¥z = C .

Conversely, if f‘ denotes the group which is defined abstractly by
generators ;/1,')\/2, §3, ¢ and corresponding relations, then certainlyAthe
element &el' generates a central subgroup é, with quotient ﬁ/C
isomorphic to % by Section 2.5. Thus we obtain the commutative

diagram
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-

onto onto

Q -— )
M —— v
R

f— q—

1

1.

In the Euclidean and hyperbolic cases, C is free cyclic, hence 6 maps
isomorphically to C, and it follows that f maps isomorphically to I'.

In the spherical case, since C is cyclic of order 2, we must prove
that &2 =1 in order to complete the proof. This relation can be verified
by a case by case computation. (Compare [Coxeter].) There is an alterna
tive argument which can be sketched as follows.

2 maps to 1 in the

To prove that &2 = 1, it suffices to show that &
abelianized group ['/[I',I']. For clearly ' is a central extension of the
form . .

1-¢c?251'-T 1.
Such a central extension is determined by a characteristic cohomology

class in Hz(l—'; C2). Consider the universal coefficient theorem
0 » Ext(H,1',c%) » H3(I';C?) > Hom(H,I",C?) » 0

[Spanier, p. 243]. The group H,I" is zero by Poincare duality, since the
finite group I' is fundamental group of a closed 3-manifold. Therefore
our extension is induced from an element of Ext(le, C2), or in other

words from an abelian group extension of the form
0-Cc2-A-HI->0.

Thus we obtain a commutative diagram

1 c? I I 1
0 c2 A H, 1" 0

with A abelian. Therefore, in the spherical case, the group c? gener-

ated by &2 meips injectively into the abelianized group /11
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But a straightforward matrix computation shows that ¢ maps to an

element of order m(p_l + q"1 o 1) in this abelianized group, where
m is the least common multiple of P, q,r. In all of the spherical cases

this product is 1 or 2, so 2.1 m

REMARK. Similarly for the Dyck group of Section 2.3 one obtains a central
extension with generators Y1, Yy and with relations

Y1 ==y, =c¢ and ylmyn::c""z.

COROLLARY 3.2, The abelianized group T'/[",T"| has order

lgr+pr+pa—parl = pgrlp™t+q~l+r 11,

Here we adopt the usual convention that an infinite group has ‘‘order”’

zero. Thus the commutator subgroup has finite index in I" if and only if
-1 -1
p +q

that the order of an abelianized group with n generators and n relations

rrl 41 To prove this corollary, we apply the usual theorem

is equal to the absolute value of the determinant of the nxn relation
matrix. Taking the three relations to be y1y2y3y1_p =1, y1y2y3y2—q =1,

y1y2y3y3"r =1, the relation matrix becomes

Ip 1 1

with determinant qr + pr + pq — pqr, as required. @

In the spherical case p"1 + q—l +rls 1, since I' has order
4/(p_1 +q_1 sl o 1) as a consequence of 2.4, it follows that the com-
mutator subgroup [1',T"] has order 4/(pgr(p~ '+ g l+r o2,

One case of particular interest occurs when p,q,r are pairwise rela-
tively prime. In this case the index i = |qr+pr+pq—pqrl of [I',I'] in

I is relatively prime to pgqr. Therefore, using 2.6, it follows that for any
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element y of 1’ which has finite order modulo the center C there exists
an element yi of I",I'] having the same finite order modulo [I°,I’] N C,
it then follows that the three integers p,q,r are invariants of the group
I",I']. Namely, they can be characterized as the orders of the maximal

finite cyclic subgroups of {I',I"] modulo its center {I",I"]1 N C.

§4. The spherical case p~ 1 +q !+ 1>1

This section gives a concrete description of the Brieskorn manifolds
M(p, q,r) in the spherical case. Since the conclusions are well known,
the presentation is mainly intended as motivation for the analogous argu-
ments in Section 6.

Let 1" be any finite subgroup of the group SU(2) of unimodular 2x2
unitary matrices, acting by matrix multiplication on the complex coordinate
space C2. Note that SU(2) acts simply transitively on each sphere

centered at the origin.
DEFINITION, A complex polynomial f(z) = f(z,,2,) is I'-invariant if

f(y(2)) = £(z)

forall y el and all ze¢ (2. Let H™! denote the finite dimensional

I’
vector space consisting of all homogeneous polynomials of degree n

which are ['-invariant. More generally, given any character of I', that

is any homomorphism

v:FsulctC =C-o

from T' to the unit circle, let H;:’X denote the space of all homogeneous

polynomials f of degree n which transform according to the rule

f(y(z)) = x(Nf(2) .

Note that the product of a polynomial in HF"X and a polynomial in Hin"p

belongs to the space Hln‘+m,xp. Thus the set of HF\'X for all n and ¥

forms a bigraded algebra, which we denote briefly by the symbol H;'*.
0,1

This bigraded algebra possesses an identity element 1 e HI'
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LEMMA 4.1. Let [1=[I",T"] be the commutator subgroup of T.

n,1 . .
Then the space HH of U-invariant homogeneous polynomials
of degree n is equal to the direct sum of its subspaces H;’"X

as Yy varies over all characters of T'.

Proof. Since every character of ' annihilates II, it follows that
b 71

HP‘X C HHn . On the other hand, since Il is normal in I, it follows

1 .
that the quotient group I'/Il operates linearly on Hﬁ’ . In fact, for each
[l-invariant homogeneous polynomial f and each y ¢ [' let fy denote
the polynomial
z + f((2)) .
(Thus I' acts on the right.) This new polynomial is also I-invariant
since 1
B)m = (Gmy” "Ny = fy

for m ¢ II. Clearly fy = fy” whenever y =y mod Il. Since I'/II is
1
finite and abelian, it follows that Ha’ splits as a direct sum of eigen-

spaces corresponding to the various characters of ['/Il. m

Now consider a homogeneous polynomial f ¢ HFJX for some n and y
According to the fundamental theorem of algebra, f must vanish along n
(not necessarily distinct) lines Ly Lrl through the origin in c2,
Given these lines, the polynomial f is uniquely determined up to a multi-
plicative constant. Evidently each element of the group I must permute
these n lines. Conversely, given n lines through the origin which are
permuted by I', the corresponding homogeneous polynomial f(z) of
degree n clearly has the property that the rotated polynomial f(y(z)) is

a scalar multiple of f(z) for each group element y. Setting

foy@)/f(z) = x()

we obtain a character x¥ of I' sothat fe le_’,’x.

Let us apply these constructions to the centrally extended triangle

group ' =1'(p,q,r) of Section 3; where p—l v q r~1> 1. Todo
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this we must identify SU(2) with the universal covering group G of
Section 3. In fact, SU(2) operates naturally on the projective space
P = PI(C) of lines through the origin in C2. or rather, since the central
element —I carries each line to itself, the quotient group G - SU(2)/{11}
operates on P, which is topologically a 2-dimensional sphere. Choosing
a G-invariant metric, we see easily that P will serve as model for
2-dimensional spherical geometry, with G as group of orientation preserv-
ing isometries and G = SU(2) as universal covering group.

Let k=2/(p ' +q7"
S = I'/i+1}. Then, by 2.6, nearly every orbit for the action of 2 on P

sz 1) denote the order of the quotient group

contains k distinct points. The only exceptions are the three orbits con-
taining the three vertices of the triangle T. These three exceptional

orbits contain k/p, k/q, and k/r points respectively.
k/p,
Let f, ¢ H[ X1

which vanishes on the k/p lines through the origin corresponding to the

, for appropriately chosen yy, be the polynomial

orbit of the first vertex of T. Similarly construct the polynomials

X2 k/r,)(3

k/q,
f2 ¢ HI‘ d and f3 € Hr

constant. We will need some partial information about these three

, each well defined up to a multiplicative

characters x;, X, and Xj3-

LEMMA 4.2. The three homomorphisms X;: I - UQ) con-

structed in this way satisfy the relation le = qu = x3r.

Proof. Let y’,--, ¥ €1’ be a set of representatives for the cosets of
the subgroup {*I} CT". Then to each linear form U(z)=a;z; +a,z, we

can associate the homogeneous polynomial
f(z) = €y (@) -+ Uy (2))

k,x
of degree k. The argument above shows that f ¢ Hy O for some Xo
Evidently this character \, depends continuously on the linear form g,

and hence is independent of f. Now specializing to the case where £(z)
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vanishes at the line corresponding to one vertex of the triangle T, we

see easily that le = qu = X3r =Xy ®

REMARK. The characters X; themselves can be computed by the methods
of Section 6.1. In fact, writing P1,Py,P3 in place of p,q,r, the charac-
ter xi(yj) is equal to e(-—k/2pipj) for i£j and to e(l/pj)e(—k/zpjpj)

for i=j.

We are now ready to prove the following basic result.

LEMMA 4.3. These three polynomials £y, f;, f; generate the
bigraded algebra Hlt'*. They satisfy a polynomial relation
which, after multiplying each f; by a suitable constant if neces-

sary, takes the form £,P + £, + f,f=0.

Proof. Let f¢ H?"X be an arbitrary non-zero element of the bigraded
algebra. Then f must have n zeros in P = PI(C). If one of these zeros
lies at the i-th vertex of the triangle T, then clearly f is divisible by
f;. If f does not vanish at any vertex of T, then it must vanish at some

point x ¢ P which lies in an orbit with k distinct elements. Choose

k,x
A # 0 so that the linear combination flp + )tfzq € Hy- 0 also vanishes
at x, and hence vanishes precisely at the points of the orbit containing x.
Then f is divisible by flp + )\f2q. Now it follows easily by induction on
the degree n that f can be expressed as a polynomial in the f;.
A similar argument shows that the polynomial f3r is divisible by

flp + )tfzq for suitably chosen A £ 0, say
£,5 = N(E,P + AL

Multiplying each fi by a suitable constant, we can put this relation in

the required form f;P+f,9+f,"=0.m
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REMARK. More precisely, one can show that the ideal consisting of all
polynomial relations between the f; is actually generated by f1p+f2q+f3r

Compare 4.4 below.

Now let V denote the Pham-Brieskorn variety consisting of all triples

(vl, v2,v3) ¢ C3 with vlp + v2q + vsr = 0. Evidently the correspondence

z +> (f;(2),f,(2), £5(2))
maps C? into V.
Let [l =[I",T'] denote the commutator subgroup of 1. Since every
character of I annihilates II, we have f,(r(2)) = £,(z) for 7 €ll. There-

fore (f;,f,,f;) maps the orbit space II\C? into V.

LEMMA 4.4, In fact, this correspondence [lz — (f1(2), £, (2), £5(2))
maps the orbit space [\ C? homeomorphically onto the Pham-

Brieskorn variety V.

Restricting to the unit sphere in Cz, we will prove the following

statement at the same time.

THEOREM 4.5. The quotient manifold 1I\S® or II\SU(2) is
diffeomorphic to the Brieskorn manifold M(p,q,r).

The orbit space II \S3 can be identified with the coset space
II1\SU(2) since SU(2) operates simply transitively on ss.

Proof. First consider two points z” and z” which do not belong to the
same Il-orbit. Choose a (not necessarily homogeneous) polynomial g(z)
which vanishes at z”, but does not vanish at any of the images m(z").

Setting
h(z) = g(m (z) elny(2)) - g7 (2))

where Il -{my,---, @ |, it follows that h is [l-invariant and h(z")£h(z").

Expressing h as a sum of homogeneous polynomials and applying 4.1, we
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obtain a polynomial f ¢ H?,’X for some n and y satisfying the same
condition f(z”) # f(«”). Finally, applying 4.3, we see that one of the f;
must satisfy f;(z") £ f,(z”). Thus the mapping (f;,f,,f3) embeds n\c?
injectively into V.,

Note that each real half-line from the origin in 2 maps to a curve
t - ((PE @), /98, @), /T, (2))

in V which intersects the unit sphere of c3 transversally and precisely
once. Therefore we can map the unit sphere of C? into M= M(p, q, r) by
following each such image curve until it hits the unit sphere, and hence
hits M. Thus we obtain a smooth one-to-one map from the quotient I\s3
into M.

But a one-to-one map from a compact 3-manifold into a connected
3-manifold must necessarily be a homeomorphism. Therefore nm\s3 maps
homeomorphically onto M, It follows easily that I\ ¢? maps homeomor-
phically onto V, thus proving 4.4.

Now let us apply the theorem that a one-to-one holomorphic mapping
between complex manifolds of the same dimension is necessarily a diffeo-
morphism. (See [Bochner and Martin, p. 179].) Since the complex manifold
IM\C?-0 maps holomorphically onto V-0, this mapping must have non-
singular Jacobian everywhere. It then follows easily that the mapping

N\S3 > M is also a diffeomorphism. ®

§5. Automorphic differential forms of fractional degree
This section will develop some technical tools concerning functions
of one complex variable which will be needed in the next section. Some
of the concepts (e.g., ‘‘labeled’’ biholomorphic mappings) are non-standard.
It is common in the study of Riemann surfaces to consider abelian
differentials (that is, expressions of the form f(z)dz) as well as quad-
ratic differentials (expressions of the form f(z)dzz). More generally, for
any integer k> 0, a differential (= differential form) of degree k on an

open set U of complex numbers can be defined as a complex valued
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function of two variables of the form
b(z,dz) = f(z)dzX ,

where z varies over U and dz varies over C.

To further explain this concept, one must specify how such a differ-
ential transforms under a change of coordinates. In fact, if g:U - U, is
a holomorphic map, and if $b,(zq,dzy) = £, (zl)dzlk is a differential on
U;, then the pull-back ¢ = g*(cﬁl) is defined to be the differential

b(z,dz) = ¢,(e(2), dg(@) = f,(e(2)) g(z) dz*

on U. Here g(z) denotes the derivative dg(z)/dz. This pull-back opera-
tion carries sums into sums and products into products.

We will need to generalize these constructions, replacing the integer k
by an arbitrary rational number a. There are two closely related diffi-
culties: If « is not an integer, then the fractional power dz% is not
uniquely defined, and similarly the fractional power .g(z)a is not uniquely
defined.

To get around the first difficulty we agree that the symbol dz is to
vary, not over the complex numbers, but rather over the universal covering
group € of the multiplicative group € of non-zero complex numbers.
Since every element of C hasa unique n-th root for all n, it follows
that the fractional power dz® is always well defined in c.

~.

REMARK. This universal covering group C is of course canonically
isomorphic to the additive group of complex numbers. In fact, the ex-
ponential homomorphism e(z) = exp(2riz) from C to C lifts uniquely
to an isomorphism ~ .~
P e:C »C

of complex Lie groups. The kernel of the projection homomorphism

C 5C s evidently generated by the image €(1).

We are now ready to describe our basic objects.
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DEFINITION. A differential (= differential form) of degree a on an open

set UC € is a complex valued function of the form

¢(z,dz) = f(z)dz®

~

where z varies over U and dz varies over C . Here it is understood
that the fractional power dz® is to be evaluated in E and then projected
into € to be multiplied by f(z). In practice we will always assume that
f is holomorphic, so that ¢ is holomorphic as a function of two variables.
Note that the product of two holomorphic differentials of degrees a and B
is a holomorphic differential of degree « + 3.

In order to define the pull-back g*(qS) of a differential of fractional

degree, we must impose some additional structure on the map g.

DEFINITION. By a labeled holomorphic map g from U to SH will be
meant a holomorphic map z +> g(z) with nowhere vanishing derivative,

together with a continuous lifting g of the derivative from C to C .

More precisely,

o

é:U >

must be a holomorphic function whose projection into C is precisely the
derivative dg(z)/dz. (Alternatively, a labeling could be defined as a
choice of one single valued branch of the many valued function

log dg(z)/dz on U.) Given two labeled holomorphic maps
g:U-U; and g :U; -U,,

the composition g;g:U > U, has a unique labeling which is determined

by the requirement that the chain law identity

(2,8) @) = g@)g, (&)

should be valid in C .

Now consider a labeled holomorphic map g:U - U, together with a

differential
¢1(z1, dzl) = fl(zl)dzla
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*
on U,. The pull-back g (¢;) is defined to be the differential

$(z,dz) = ¢,(g(2), g(z)dz)

on U. Note that this pull-back operation carries sums into sums and

products into products. Furthermore, given any composition

g
u--8.u —uU

2

of labeled holomorphic maps, the pull-back (g, g)*(¢2) of a differential
on U, is clearly equal to the iterated pull-back g*(g1 *(qﬁz)).

Let I" be a discrete group of labeled biholomorphic maps of U onto
itself.
DEFINITION. A holomorphic differential form ¢(z,dz) = f(z)dz® on U

is ['-automorphic if it satisfies
*
y () =¢

for every y ¢ I'. More generally, given any character x:1" > U(1)C c,

the form ¢ is called y-automorphic if

Vi($) = x0)¢

for every y. (Thus the I'-automorphic forms correspond to the special
case x = 1.) Note that a form ¢(z,dz) = f(z)dz® is y-automorphic if
and only if f satisfies the identity

f(@Ny(E@)" = xME)
forall y eI’ and all zeU.

Evidently the y-automorphic forms of degree a on U form a com-
plex vector space which we denote by the symbol A?’X. In this way we
obtain a bigraded algebra AF’*, where the first index a ranges over
the additive group of rational numbers and the second index x ranges
over the multiplicative group Hom(l", U(1)) of characters. This algebra
possesses an identity element I« A;).'l. It is associative, commutative,

and has no zero-divisor, 5o long as the open set U is connected.
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REMARK. The classical theory of automorphic forms of non-integer
degree is due to [Petersson]. (Compare {Gunning], [Lehner).) It is based

on definitions which superficially look rather different.

Suppose that we are given a normal subgroup of I.

LEMMA 5.1. If NC1' is a normal subgroup, then the quotient
['/N operates as a group of automorphisms of the algebra A:’l
with fixed point set Alt’l. If the quotient group 1'/N is finite

abelian of order m, then each A;’l splits as the direct sum
a

1
I which annihilate N.

of its subspaces A "X as y varies over the m characters of

The proof is easily supplied. (Compare 4.1.) m

COROLLARY 5.2, If NC1' is a normal subgroup of finite
1 .
index m, then every ¢ ¢ A% has a well defined *‘norm’’
1
(yl*q_’>) (ym*qS) € AFa’ . Here Y1 Yy are to be repre-

sentatives for the cosets of N in 1"

Again the proof is easily supplied. m

It will be important in Section 6 to be able to extract n-th roots of

automorphic forms.

LEMMA 5.3. Let ¢(z,dz) = f(z)dz* be a y-automorphic form.
If f possesses an n-throot, f(z)= f;(z)" where f, is holo-
morphic, then the form ¢, (z,dz) = f,(z)dz%/" is itsclf

X1 -automorphic for some character x, of I' satisfying xln_—x.

Proof. For any group element y, since the holomorphic forms ¢, and
y*(qﬁl) both have degree a/n, the quotient y*(d>1 )/d)1 is a well defined

meromorphic function on U. Raising this function to the n-th power we
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obtain the constant function y*(¢)/¢ = ¥(y). Therefore y*(qﬁl)/d)1 must
itself be a constant function. Setting its value equal to X;(¥), it is easy

to check that x, is a character of I' with x,"=x.m

As open set U, let us take the upper half-plane P consisting of all
z=x + iy with y > 0. Then every biholomorphic map from U to itself

has the form ,
zZ 2z = (gllz+g12)/(g212+g22)

where

is an element, well defined up to sign, of the group SL(2,R) of 2x2

real unimodular matrices. The derivative dz’/dz is equal to (B912 +899)”
It follows easily that the group G consisting of all labeled biholomor-

phic maps from P to itself can be identified with the universal covering

group of SL(2,R). This group G contains an infinite cyclic central sub-

group C consisting of group elements which act trivially on P. The

generator ¢ of C is characterized by the formulas
c(z) =z, ¢(z)="1), ¢@2)*=%a) e2mia i, .

A group X C G of conformal automorphisms of P is said to have
compact fundamental domain if there exists a compact subset KC P with
non-vacuous interior so that the various images o(K) cover P, and are
mutually disjoint except for boundary points. We will be interested in sub-

groups of G whose images in G = G/C satisfy this hypothesis.

LEMMA 5.4. Let 1'C G be such that the image F:I‘/(FF’IC)
in G operates on the upper half-plane P with compact funda-
mental domain. Then T is discrete as a subgroup of the Lie
group G, and the coset space I'\G is compact. This group

I' necessarily intersects the center C non-trivially.
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Proof. As noted in Section 2.7 there exists a normal subgroup NCI' of
finite index so that N = N/N N C operates freely on P. The orbit space
under this action, denoted briefly by the symbol N\P, is then a smooth
compact surface S of genus g > 2 with fundamental group
7, (S) = N = NC/C. Here NC denotes the subgroup of G generated by
N and C.

Since the group G/C operates simply transitively on the unit tangent
bundle T;(P) of P, it follows easily that the coset space (NC)\G can
be identified with the unit tangent bundle T,(S) of the quotient surface

N\P. In particular this coset space is compact, with fundamental group
NC = #,(T{(S)) .

Hence the abelianized group NC/[NC,NC] = NC/[N, N] can be identified
with the homology group Hl(T1 ).

It follows that N must intersect C non-trivially. For otherwise NC
would split as a cartesian product NxC with N=N/NNC = 7,(S).
Hence T,(S) would have first Betti number 2g + 1, rather than its actual
value of 2g.

(Carrying out this argument in more detail and using the Gysin sequence
of the tangent circle bundle (see [Spanier, p. 260] as well as [Milnor and
Stasheff, pp. 143, 130]), one finds that the kernel of the natural homomor-
phism from H,(T,(S)) onto H,(S) is cyclic, with order equal to the
absolute value of the Euler characteristic ¥(S) = 2—2g. Identifying these
two groups with NC/[N,N]and N/[N,N] = NC/[N,NIC respectively, we
see that this kernel can be identified with C/IN,N] N C. Therefore the
element c2~28 of C necessarily belongs to the commutator subgroup
[N,NICN)

Thus N has finite index in NC, so N\G is also compact, and it

follows that I'\G is compact. ®

REMARK. Conversely, if ['C G is any discrete subgroup with compact

quotient, then one can show that the hypothesis of 5.4 is necessarily
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satisfied. Such subgroups I" can be partially classified as follows. Re-
call from Section 2.7 that the image I'=-Tc/C is completely classified
by the quotient Riemann surface I"\P together with a specification of
ramification points and ramification indices. But I has index at most
2g—2 in the full inverse image ['C of F Therefore, for each fixed r
there are only finitely many possible choices for 1.

To show that automorphic forms really exist, we can proceed as follows
Again let ' satisfy the hypothesis of 5.4 and let N C 1" be normal of
finite index m, with N/N N C operating freely on P.

LEMMA 5.5. If a is a multiple of m, then the space Al‘i'l is

non-zero. In fact, this space contains a form ¢ which does not

vanish throughout any prescribed finite (or even countable) sub-

sct of P.

Proof. Recall that A;’l can be identified with the space of holomorphic
abelian differentials f(z)dz on the quotient surface S = N\P of genus
g > 2. By a classical theorem, this space has dimension g. Furthermore,
using the Riemann-Roch theorem, the space of abelian differentials
vanishing at some specified point of S has dimension g—1. (Compare
[Springer, pp. 252, 270].) Clearly we can choose an element i of this
g-dimensional vector space so as to avoid any countable collection of
hyperplanes. Now the norm ¢ = yl*(,/,)...ym*(,/,) € A;r:’l of Section 5.2
will be non-zero at any specified countable collection of points. Setting

)1 .
a = km, it follows that ¢k € AT_, has the same properties. B

The density of zeros of an automorphic form can be computed as
follows. We will think of the upper half-plane P as a model for the
Lobachevsky plane, using the Poincare metric (dx2+dy2)/y2, and its
associated area element dxdy/yz.

Again let 1'/1' 1N ¢ operate on P with compact fundamental domain.
Let y:1" > U(1) bea character of finite order. (The hypothesis that y

has finite order 1s not ernential, It is made only to simplify the proof.)
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LEMMA 5.6. If ¢ ¢ A(lzj’x Is a non-zero automorphic form, then
the density of zeros of ¢ is a/2m. More explicitly: the number
of zeros of ¢ ina large disk of Lobachevsky area a, cach
zero being counted with its appropriate multiplicity, tends

asympiotically to aa/2m as a -» o,

In particular it follows that a > 0,

Proof. Again we may choose a normal subgroup N of finite index so that
N = N/N N C operates freely on P. Furthermore, after raising ¢ to
some power if necessary, we may assume that the character ¥ is trivial
and that the degree a = k is an integer. By a classical theorem, the
number of zeros of a k-th degree differential in a compact Riemann surface
N\P of genus g> 2 is equal to (2g—2)k, where k is necessarily non-
negative. (For the case of an abelian differential f(z)dz, see for example
[Springer, pp. 252, 267]. Given such a fixed abelian differential, any k-th
degree differential on N\P can be written uniquely as h(z)f(z)kdzk
where h is meromorphic on N\P, and hence has just as many zeros as
poles.)

Since the quotient N\P has area (2g—2)27 by the Gauss-Bonnet

theorem, it follows that the ratio of number of zeros to area is k/27, as

asserted. B

SXIN .
REMARK. If ¢ £ 0 is a form in A;ﬂ’x C A?q X! , then it follows that the
number of zeros of ¢ in N\P is equal to (2g—2)a. In particular,
(2g—2)a is an integer. Thus we obtain a uniform common denominator

for the rational numbers a which actually occur as degrees.

The algebra of N-automorphic forms can be described rather explicitly

as follows. Let k be the order of the finite cyclic group C/N N C.

LEMMA 5.7. If the rational number a is a multiple of 1/k,

then, a1
dim Ay ™ Reg-2Dat 1—-¢g ,



ON THE 3-DIMENSIONAL BRIESKORN MANIFOLDS M(p,q,r) 205

with equality whenever a > 1. In particular, this vector space is
1

non-zero whenever a > =. On the other hand, if a is not a

multiple of 1/k, then A% - 0,

It follows incidentally that (2g—2)/k is necessarily an integer.

The following will be proved at the same time.

LEMMA 5.8. If a is a multiple of 1/k and a > g/(g—1), then
given two distinct points of N\P there exists a form in A;’l

which vanishes at the first point but not at the second.

Proof. For any form ¢ of degree a the identity
*
c ($) = e(a)

is easily verified. Thus if ¢ is N-automorphic and non-zero, with cch,
then it follows that e(ka) = 1. Hence a must be a multiple of 1/k.

Conversely, if a is a multiple of 1/k, then it is not difficult to con-
struct a complex analytic line bundle £% over the surface S=N\P so
that the holomorphic sections of €% can be identified with the elements
of A;’l. For example, the total space of £% can be obtained as the
quotient of PxC under the group N/N N C which operates freely by the
rule vi(z,w)  ((2),¥(z)"*w). Every holomorphic section z — f(z) of
the resulting bundle must satisfy the identity f((z)) = v(z)"*f(z) appro-
priate to N-automorphic forms of degree a. Note that the tensor product
£%e f'B can be identified with §a+'8.

To compute the Chern class cl(fa) we raise to the k-th tensor
power so that holomorphic cross-sections exist as in 5.5, and then count
the number of zeros of a holomorphic section as in 5.6. In this way we
obtain the formula

c,; (ENIS] = 2g-2)a .
Now let us apply the Riemann-Roch theorem as stated in [Hirzebruch,

p. 144}: For any analytic Ie bundle & over S,
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dim (space of holomorphic sections) > cl(f)[S] +1—-g.
Taking & = £% this yields

dim A% > Qg~2)a 1 1-g
as asserted.

To decide when equality holds, and to prove 5.8, it is perhaps easier
to use the older form of the Riemann-Roch theorem, as described in
[Springer] or [Hirzebruch, p. 4]. Choosing some fixed ¢ £ 0 in A;’l,
any element of A;’l can be obtained by multiplying ¢ by a meromorphic
function h on N\P which has poles at most on the 2g—~2)a zeros of
¢. More precisely the divisors (h) and (#) of h and ¢ must satisfy
(h) > (qS)—l. According to Riemann-Roch, the number of linearly indepen-
dent h satisfying this condition is > deg(¢) + 1 —g, with equality
whenever the degree (2g—2)a of (¢) is greater than the degree 2g—2
of the divisor of an abelian differential. This proves 5.7.

If we want this form h¢ to vanish at z” [or at both z” and z”l,
then we must use the divisor ($)"'z" [respectively )" 'z’z”1 in
place of (d))—l. A brief computation then shows the following. If the
degree (2g—-2)a — 2 of the divisor (d))z'_lz’_1 satisfies

2g~2)a -2 >2g -2,

,1
or in other words if a > g/(g—1), then the space of forms in A?\I

which vanish at z” [respectively at z" and z”] is equal to (2g—2)a—g
[respectively (2g—2)a—1—gl. Since these two dimensions are different,

there is a form which vanishes at z” but not z”. m

a, «
REMARK. More generally consider the vector space ANp where p is
an arbitrary character of N. Suppose that y = c) is an element of the

intersection N M C. Then the appropriate equation

(N = {@)p()
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takes the form f(z)e(ja) = f(z)p(cj). Evidently there can be a solution
f(z) £ 0 only if the rational number a and the character p satisfy the
relation .

e(ja) = p(ch)
for every ¢! in NNC, Conversely, if this condition is satisfied, then

the argument above can easily be modified so as to show that
. a,
dim Ay” > 2g-2)a 4 1-¢g,

with equality whenever a > 1.
In the next section we will need a sharp estimate which says that
““enough’ automorphic forms exist. To state it we must think of an auto-

morphic form ¢ explicitly as a function
Bz, w) = f(z)w®

of two variables, where z ¢ P and we C. Let the groups I'C G operate

freely on PXE. by the rule
gz, w) = (g(z), g2)w) .

With this notation, the statement that ¢ is [ -automorphic can be ex-

pressed by the equation

dy(z, w)) - @(z,w)

~

forall yel’, ze¢P, and weC .

THEOREM 5.9. With ' as in 5.4, two points (z’,w”") and
(z”,w”) of PxE. belong to the same I'-orbit if and only if
Pz, w) = p(z",w”) for every ['-automorphic form .

Proof. First consider the corresponding statement for the normal subgroup
;o v *,1

NCI' of Section 2.7. If (2, w") = $(2",w”) for every ¢ ¢ Ay note

that z° and z” belong to the same N-orbit. For otherwise by 5.8 there

. . 3,1 . . .
would exist a form » « Ay which vanishes at z” but not z”.
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Thus there exists v e N with v(z”) = z. Note that
#@E,w) = $(2"w") = $(z",w"))

1 ~ -
for every N-automorphic form ¢ ¢ A‘;' . Defining the element e(u) ¢ C

by the equation 1(z”,w”) = (z",w"€(u)), note that
d(z, w (W) = Pz, w)elau) .

Setting this equal to ¢(z’,w"), we see that e(au) =1 whenever ¢ is
non-zero at z". By 5.8, a can be any sufficiently large multiple of 1/k.
Therefore u must be a multiple of k, say u=nk. Hence the correspond-

Y is in N; completing the proof that (z’,w’) and (z”,w")

ing power c
belong to the same N-orbit. Infact ¢”%(z”, w") = (2", w").

To prove the corresponding assertion for I' we will make temporary
use of inhomogeneous automorphic forms, that is, elements of the direct
sum @A;'l, to be summed over a. Given points (z,w”) and (z”, w”)
not in the same I'-orbit, consider the m images yj(z',z”) where

Y1,° ¥y represent the cosets of N in I'. The above argument con-

1
structs forms qu € A;’ with
B W) £ by w) .

P 0,1 _ .
Subtracting the constant qﬁj(z yw”) e Ay = C from each d>j , we obtain
an inhomogeneous form which vanishes at (z”,w”) but not at yj(z’, w).
Now almost any linear combination ¢ of ¢;,--,¢ ~ will vanish at

(z”,w”) but not anywhere in the I'-orbit of (z°, w”). Hence the norm
* * a,l
Y=y (¢))’m (@) « @Ar

of Section 5.2 will vanish at (z”,w™) but not at (z,w”). Expressing ¢
as the sum of its homogeneous constituents, clearly at least one must

take distinct values at (z,w”) and (z’,w’). m
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1yl

§6. The hyperbolic case p~! + q~

The computations in this section will be formally very similar to those
of Section 4. However, automorphic forms will be used in place of homoge-
neous polynomials.

Let I be the extended triangle group 1'(p,q,r) of Section 3, with
1

p 1y q~ "+ r~1 <1 sothat 1" can be considered as a group of labeled
biholomorphic maps of the upper half-plane P. Recall that 1’ has gener-
ators yy,¥,,¥y3 which represent rotations about the three vertices of the
triangle T C P. With this choice of I’, the characters y which actually
occur for non-zero Y-automorphic forms can be described as follows. We
continue to use the abbreviation e(a) = e2mia

LEMMA 6.1. Let yx be a character of the extended triangle

group I'. If ¢ £ 0 isa y-automorphic form of degree a, then

x(yy) = e((k+a)/p)

where k is the order of the zero of ¢ at the first vertex of the
triangle T. The values x(y,) and x(y;) can be computed

similarly.

In particular, if ¢ does not vanish at the first vertex of T, then
x () = e(a/p).
Proof. Since vy - rv1(2n/p) is a lifted rotation through the angle 27/p,

the derivative j/l(vl) equals '€(1/p), hence the fractional power }'/l(vl)a

~

in C projects to the complex number e2"ia/p = e(a/p). Setting ¢(z,dz)

- f(z)dz%*, and substituting the Taylor expansion
f(z) = a(z—vl)k + b(z——vl)k+l + oo
in the identity

@Dy @ = x4 )(2)
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we obtain

a(e(1/p) 2 —v)e(a/p) + - = x(yaz —v )+ - .

Hence e(k/p)e(a/p) = x(y;) as asserted. m

Define a rational number s by the formula s7l=1 —p—l —q'1 1

Thus #/s is the Lobachevsky area of the base triangle T. Define a

character x, of I' by the formulas
Xo(r1) = e(s/p), Xo(yy) = e(s/Q), xoy3) = e(s/1) .
The necessary identities
Xo¥1P) = X002 = Xo03) = Xo(1Y2ys)

are easily verified.

COROLLARY 6.2. [f the automorphic form ¢ ¢ Ail—,'x does not
vanish at any vertex of the triangle T, then the degree a must

be a multiple of s, and the character y must be equal to
Xoa/s'

Proof. By 6.1 we have x(y,) = e(a/p), x(v,) = e(a/q), x(y3) = e(a/1).
Hence the relations

1P = qu = Vsr = Y1Y2Y3

of Section 3.1 imply that )((yl)p = )((yz)q = x(ys)r = e(a) must be equal to

XPOXGIXF) = e +a™ +r Ha) = el -s7Da) .

Therefore e(a/s) = 1, or in other words a must be a multiple of s. The

equation y = Xoa/s clearly follows. m

*l* - .
Now we can begin to describe the algebra Ar more explicitly.
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LEMMA 6.3. With 1',s, and Xo as above, the complex vector
8,X . . . .

space AF ® has dimension 2. This space contains one and

(up to a constant multiple) only one automorphic form which

vanishes at any given point of P.

Proof. We begin with the basic existence Lemma 5.5. For some a there
exists a form ¢ ¢ Al(i'l which is non-zero throughout any specified finite
subset of P. In particular we can choose ¢ to be non-zero on the three
vertices of T. By 6.2, the degree a of this ¢ must be a multiple of s,
say a = ks.

Let us count the number of zeros of ¢. Since the triangle T has

1_ q - ryr = w/s, it follows that a funda-

Lobachevsky area (1—p~
mental domain T U o(T) for the actionof I'/T'NC on P has
Lobachevsky area 27/s. But the number of zeros of ¢ per unit area is
ks/27 by 5.6. Therefore the number of zeros of ¢ in the fundamental
domain T U o(T) is precisely equal to k. [Here each pair of zeros z
and y(z) on the boundary of the fundamental domain must of course be
counted as a single zero. Note that ¢ does not vanish at the corners of
the fundamental domain.] In other words there are precisely k (not neces-
sarily distinct) zeros of ¢ in the quotient space F\P

Next note that this quotient space T\P can be given the structure of
a smooth Riemann surface. If we stay away from the three exceptional
orbits, this is of course clear. To describe the situation near the vertex
v, it is convenient to choose a biholomorphic map h from P onto the
unit disk satisfying h(vl) = 0. Then the coordinate w = h(z) can be
used as a local uniformizing parameter near v;. Since the rotation Y1

of P about v, corresponds to the rotation
hy,h™ (w) = e(1/p)w

of the unit disk about the origin, it follows that a locally defined holomor-
phic function of w is invariant under this rotation if and only if it is

o ) >
actually a holomorphic function of wl. Henee w!” can be used as local
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uniformizing parameter for the quotient surface I:\P about the image of
v;. The other two vertices are handled similarly. Note that a meromor-
phic function on F\P having a simple zero at the image of v, corre-
sponds to a I'-invariant meromorphic function on P having a p-fold zero
at each point of the exceptional orbit Iv,.

Topologically, this quotient T\P can be identified with the “‘double”’
of the triangle T. Hence it is a surface of genus zero. More explicitly,
following Schwarz, r \P can be identified biholomorphically with the
unit 2-sphere by using the Riemann mapping theorem to map T onto a
hemisphere and then applying the reflection principle.

Since I:\P is a compact Riemann surface of genus zero, it possesses
a meromorphic function with k arbitrarily placed zeros and k arbitrarily
placed poles. Starting with the non-zero form b € AF,S’I constructed
above, we can multiply by a I'-invariant meromorphic function h which
has poles precisely at the k zeros of ¢, and thus obtain a new form
= hep ¢ AIIES'I whose k zeros can be prescribed arbitrarily in 1'\P,

In particular we can choose i so as to have a k-fold zero at one point
of I:\P, and no other zeros. (To avoid confusion, let us choose this
point to be distinct from the three ramification points.) Then by 5.3 this
form has a k-th root ¢, ¢ AIS,’X for some character ¥, and by 6.2 the
character y must be precisely Xo- Evidently the form ¢y, has a simple
zero at just one point of F\P.

Xo

S’ . .
Similarly we can choose P A]1 which vanishes at a different

point of F\P. Then Wy andS 152 are linearly independent. A completely
arbitrary element ¢ # 0 of AI‘, 0
in "'\P, using 5.6. Choosing a linear combination Ay, +A,¢, which
vanishes at this zero, we see that the ratio /(A | +A,¥,) € A?:l repre-
sents a holomorphic function defined throughout I'\P, hence a constant.
Thus ¢; and ¢, form a basis for AIS"XO

precisely one 1-dimensional subspace consisting of forms which vanish

must have precisely one simple zero

, and this space contains

at any prescribed point of 1'\P. m
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* %
The structure of A1- can now be described as follows

LEMMA 6.4. With I'=T'(p,q,r) as above, the bigraded algebra

* k|
Al‘ 1s generated by three forms

S/p’Xl S/q,Xz S/r'X3
¢1(Al‘ , ¢>26Ar , ¢3(Ar

where x,X,, X3 are characters satisfying

P

x1P = x% = x3" - xg -

The automorphic form ¢>i has a simple zero at each point of the
orbit rvi , and no other zeros. These three forms satisfy a

polynomial relation (;Slp 1 <Z>2q + ¢>3r =0,

REMARK. The meromorphic function —¢1p/¢3r is the Schwarz triangle
function, which maps the quotient Riemann surface 1'\P biholomorphi-
cally onto the extended complex plane, sending the three vertices of T

to 0,1 and e respectively.

Proof of 6.4. To construct ¢; we use 6.3 to construct a form ¢ in

Als_:Xo which vanishes only along the orbit of v;. This form must have
a p-fold zero at v; by 5.6 or by the proof of 6.3. Since P is simply
connected, it follows that ¢ possesses a holomorphic p-th root ¢;.
Then ¢, is itself an automorphic form by 5.3. The rest of the proof is
completely analogous to the proof of 4.3. w

Let TT denote the commutator subgroup of I'(p,q,r). Then by 3.2,

1
5.1 and 6.4 the graded algebra A;[' is generated by the three forms

by by by

COROLLARY 6.5. The coset space II\G 1is diffeomorphic to

the Bricskorn manifold M(p, q,r).
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Proof. Let VC C3 be the Pham- Brieskorn variety z, P+ z,9 + 23 =0,
singular only at the origin. Since the three functions b1, by, b5 on
PxC satisfy the relation q_’)l + ¢>2 + q.’) = 0, and are never simul-
taneously zero, they together constitute a holomorphic mapping
(</>1 by, b3 ): Px( »V-0cC(C3 between complex 2-dimensional manifolds
Recall from Section 5.9 that the groups [ C G operate freely on Px C
by the rule g:(z,w) ~ (g(z), é(z) w). Setting z = x+iy and identifying
w with dz, this action preserves the Poincare metric Edz|2/y2= iw|2/y2.
In fact, G operates simply transitively on each 3-dimensional manifold
|w|/y = constant. Since Il is a discrete subgroup of G, it follows that
the quotient H\(PXE') is again a complex 2-dimensional manifold.
Since each ¢y is II-automorphic, the triple b1, by D4 give rise to
a holomorphic mapping . ~.
O II\(PxC)
on the quotient manifold. By 5.9, since the ®; generate AF['I, this
mapping P is one-to-one. Hence by |Bochner and Martin, p. 179], ®
maps [I\(PxC) biholomorphically onto an open subset of V-0, (It
will follow in a moment that the image of ® is actually all of V—0.)
Choosing a base point (zg,1) in Pxﬁ', map the coset space II\G
into the Brieskorn manifold M(p,q,r)=V N s5 as follows. For each
coset Ilg the image fD(Hg(zo, 1)) is a well defined point (z1,29,23)

of V—-0. Consider the curve

t o (1 P2y, t1 92,11 /%2 ) = gz, t1/5))

through this point in V-0, where t> 0. Intersecting this curve with

the unit sphere, we obtain the required point W(Ilg) of M(p,q,r). It is
easily verified that ¥ is smooth, well defined, one-to-one, and that its
derivative has maximal rank everywhere. Since II\G is compact while

M(p,q,r) is connected, it follows that ¥ is a diffeomorphism. ®

COROLLARY 6.6. The Brieskorn manifold M(p,q,r) has a
finite covering manifold diffcomorphic (o o non-trivial circle

hundle over a surface.
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Proof. Choosing N C 1 as in 2.7, it is easily verified that N \G fibers

as a circle bundle over the surface N\P.m
This corollary remains true in the spherical and nilmanifold cases.

CONCLUDING REMARKS. It is natural to ask whether there is a generali-
zation of 6.5 in which the group II is replaced by an arbitrary discrete
subgroup of G = SL(2,R) with compact quotient. It seems likely that

such a generalization exists:

CONJECTURE. For any discrete subgroup I'C G with compact quotient,

*,1 ) . .
the algebra AF of I'-automorphic forms is finitely generated.*

Choosing generators ¢, -+, ¢ for this algebra, it would then follow
from 5.9 that the k-tuple (b, -, ¢>k) embeds the complex 2-manifold
I'\(PxE') into the complex coordinate space ck 1tis conjectured that
the image in ck is of the form V-0 where V - Vl_, is an irreducible
algebraic surface, singular only at the origin, Intersecting this image VI‘
with a sphere centered at the origin, we then obtain a 3-manifold diffeo-
morphic to I'\G.

In general it is not claimed that Vl' embeds as a hypersurface. Pre-
sumably Vl, can be embedded in C3 only if the algebra Alt'l happens
to be generated by three elements.

Note that this surface Vl' is weighted homogeneous. That is, if each
variable z; is assigned a weight equal to the degree of ‘bj , then Vl‘
can be defined by polynomial equations f(z,":*,2y) = 0 which are homoge
neous in these weighted variables.

Not every weighted homogeneous algebraic surface can be obtained in
this way. Here is an interesting class of examples. Start with an alge-
braic curve S of genus g > 2 together with a complex analytic line
bundle & over S with Chern number c; < 0. Let V() be obtained
from the total space E(€) by collapsing the zero-section to a point.
Applying the Riemunn-Roch theorem to negative tensor powers M one
can presumably construet enouph holomorphic mappings V() - C toem-

) . . -k
bed V(&) as o werphted homopeneous alpebraic surface in some CR.
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CONJECTURE. The algebraic surface V(£) obtained in this way is
isomorphic to Vl-w for some discrete I' C G if and only if some tensor

power fk = ¢ ®...8¢ is isomorphic to the tangent bundle 7(S).

For each fixed S there are uncountably many line bundles ¢ with
negative Chern number. Only finitely many of these (the precise number
is k%2 for each k dividing 2g—2) satisfy the condition that the k-th

tensor power is isomorphic to 7(S).

§7. A fibration crilerion

In this section p,q,r may be any integers > 2.

LEMMA 7.1, If the least common multiples of (p,q) of (p,r)

and of (q,r) are all equal:

l.c.m.(p,q) - f.c.m.(p,r) = L.c.m.(q,1) ,

then the Brieskorn manifold M(p,q,r) fibers smoothly as a

principal circle bundle over an orientable surface. m

The precise surface B and the precise circle bundle will be deter-
mined below.

At the same time we show that the complement of the origin in the
Pham-Brieskorn variety le 4 z2q + zsr = 0 fibers complex analytically
as a principal C -bundle over the Riemann surface B. In other words
this variety V can be obtained from a complex analytic line bundle &
over B by collapsing the zero cross-section to a point.

One special case is particularly transparent. If p=q=r, then the
hypothesis of 7.1 is certainly satisfied. The equation 21p + 22p + Zsp: 0
is then homogeneous, and hence defines an algebraic curve B in the com-
plex projective plane P2(C). Clearly the mapping (z{,2,,23) = (z;:25:23)

fibers M(p, q,r) as a circle bundle over B,

Proof of 7.1. Starting with any values of p,q,r, let m denote the least

common multiple of p,q, and r. Then the group (" of non-zero complex
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numbers operates on the variety zlp + 22q + 23r = 0 by the correspondence

u:(zy,z,,23) + (um/lelum/quum/rZS)

for u# 0. Restricting to the unit circle |ul = 1 and the unit sphere
2 2 . . .

IZI[ + |z2§ + !2312 =1, we obtain a circle action on M = M(p, q, ).
Let us determine whether any group elements have fixed points in M

orin V—0. If
(um/pzl,um/qzz,um/rZS) = (21’22'23) eV-0,

then at least two of the complex numbers zy,z,,z5 must be non-zero,
hence at least two of the numbers um/p, um/q, a™/T must equal 1. If the
three integers m/p,m/q, m/r happen to be pairwise relatively prime, then
it clearly follows that u = 1.

Thus, if m/p,m/q, m/r are pairwise relatively prime, we obtain a
smooth free C  actionon V-0 restricting to a smooth free circle action
on M= M(p,q,r). Evidently M fibers as a smooth circle bundle over the
quotient space ST\ M = B, which must be a compact, orientable,

2-dimensional manifold. In fact, using the alternative description
B=C\(V-0)

we see that B has the structure of a complex analytic 1-manifold. (The
two quotient spaces can be identified since every C -orbit intersects the
unit sphere precisely in a circle orbit.)

Since an elementary number theoretic argument shows that m/p, m/q,
m/r are pairwise relatively prime if and only if the hypothesis of 7.1 is

satisfied, this completes the proof. m

To compute the genus of the surface B = SIA\M=C'\(V-0), we

describe it as a branched covering of the 2-sphere PI(C) by means of

the holomorphic mapping

{: (um/pz| , um/qzz,um/rzs) . (zlp:zzq) .
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Clearly f is well defined. A counting argument, which will be left to the
reader, shows that the pre-image of a general point of p! (C) consists of
precisely pqr/m points of B. Thus f is a map of degree pqr/m from
B to PY(C).

There are just three branch points in p! (C), corresponding to the
possibilities z; =0, z, =0, and z; = 0 respectively. The preimage
of a branch point contains qr/m, or pr/m, or pq/m points respectively.
Again the count will be left to the reader.

Now choose a triangulation of Pl(C) with the three branch points
(0:1), (1:0), and (-1:1) as vertices. Counting the numbers of vertices,
edges, and faces in the induced triangulation of B, we easily obtain the

following.

LEMMA 7.2, Let p,q,r be as in 7.1, with least common multi-

ple m. Then the surface B = S\ M has Euler characteristic

X(B) = (qr + pr+ pq— par)/m = pqr(p™ "+ q~ ' + 17! — 1)/m.

In particular the sign of x(B) is equal to the sign of p—1 +q_1 o
The genus g can now be recovered from the usual formula x = 2—2g.
Note that the genus satisfies g > 2, except in the four special cases
(2,2,2), (2,3,6), (2,4,4), and (3,3,3). (Compare Section 2.1.)

To determine the precise circle bundle in question, we must compute
the Chern class
c; = ¢(6) ¢ HA(B; Z)
or equivalently the Chern number cl(tf )IB] of the associated complex
line bundle &. (The Chern class c; can also be described as the Euler
class of &. Using the Gysin sequence ([Spanier, pp. 260-261], [Milnor
and Stasheff, p. 143]), one sees that H;(M; 7) is the direct sum of a
free abelian group of rank 2g and a cyclic group of order Icl(rf )IBIL)

To compute c; we consider the map

F: (21,22,23) I (zlp,z,zq)
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from V-0 to C2—0. Thus we obtain a commutative diagram

F

V-0 C2_-9

B £ PL(()

where the right hand vertical arrow is the canonical fibration (zy,29)
(z4 :zz) with Chern number —1, associated with the Hopf fibration
$3 .82,

This map F is not quite a bundle map, since inspection shows that
each fiber of the left hand fibration covers the corresponding fiber on the
right m times. To correct this situation we must factor V-0 by the
action of the subgroup

QcC

consisting of all m-th roots of unity. Thus we identify (z[,z,,z3) with

m/r23 for each w™ = 1, obtaining a new commutative

wm/pzl ,mm/qz2 , @
diagram

Q\(V-0) —F L0

B—— PL()
where F is now a bundle map. Since f has degree pqr/m, it follows
that the new C -bundle Q\(V—-0) » B has Chern number —pqr/m. But
this new bundle can be described as the C -bundle associated with the
m-fold tensor product £®---8¢ of the original complex line bundle ¢&.
Therefore ¢ has Chern number cl(tf B = —pqr/mz.

Recapitulating, we have proved the following.

THEOREM 7.3. If the hypothesis

m Poemdp,qy Pem(p,r) - lem(q,1)
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of 7.1 is satisfied, then the Brieskorn manifold M(p, q,1) fibers
as a smooth circle bundle with Chern number —pqr/m2 over a

Riemann surface of Euler characteristic pqr(p_1 + q"1 ol 1)/m.

The number pqr/m2 can be described more simply as the greatest
common divisor of p,q,r.

The negative sign of the Chern number has no particular topological
significance, but is meaningful in the complex analytic context, since ¢
is a complex analytic line bundle with no non-zero holomorphic cross-
sections.

Note that the Euler characteristic of B is always a multiple of the
Chern number of &. In general it is a large multiple, for it is not difficult

to show that the ratio satisfies
X(B)/c (¢)NBl = m1-p~' —q7' =) > m/6

in the hyperbolic case. Hence this ratio tends to infinity with m. There-
fore the genus of B also tends to infinity with m.

Here are two examples to illustrate 7.3.

EXAMPLE 1. Forany g> 0, the manifold M(2,2(g+1),2(g+1)) fibers
as a circle bundle with Chern number —2 over a surface of genus g.
Similarly, for any g > 1, the manifold M(2,2g+1,2(2g+1)) fibers as a

circle bundle with Chern number —1 over a surface of genus g.

EXAMPLE 2. The Brieskorn manifolds M(p, q,r) are not all distinct. For
example, M(2,9,18) and M(3,5,15) are diffeomorphic, since each fibers

as a circle bundle with Chern number —1 over a surface of genus 4.

CONCLUDING REMARK. If it is known that M(p, q,1) fibers as a circle
bundle over a surface, does it follow that the hypothesis of 7.1 must be
satisfied? The lens spaces M(2,2,r) with r>3 provide counter-
examples. These fiber as circle bundles with Chern number *r over a

surface of genus zero. (Presumably there is no associated analytic fibra-
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tion of V—0?) However, these are the only counter-examples. In the

1

cases p_1 +q "4 ! > 1, this can be verified by inspection. Thus we

need only prove the following.

lkr_1<l, if

LEMMA 7.4, In the hyperbolic case p_1 +q°
M(p,q,r) has the fundamental group of a principal circle bundle
over an orientable surface, then the hypothesis of 7.1 must be

satisfied.

The proof can be sketched as follows. First note that the fundamental
group of a principal circle bundle over an orientable surface, modulo its
center, has no elements of finite order. Now consider the fundamental
group II = lI(p, q,1) of Section 6. The center of Il is precisely equal to
1IN C., As noted in 2.6, an element of 1'/C DII/II N C has finite order
if and only if it is conjugate to a power of y;,y,, or y; modulo C. To
decide which powers of say y; belong to Il, we carry out a matrix com-
putation in the abelianized group I'/Il. (Compare Section 3.2.) Setting
p=Ll.c.m.(q,r), it turns out that the order k of y; modulo Il is given by

k = pu(l—p_1 —q-l—r_l) = —pu(mod p) .

Evidently the element ylk of Il belongs to 1IN C if and only if k is
a multiple of p, or in other words if and only if p is a multiple of p.
Thus II/Il N C has no elements of finite order if and only if

f.cm.(q,r) =0 (mod p) ,
and similarly

f.cm.(p,r)=0 (mod q) ,
f.cm.(p,q)=0 (mod 1) .

Clearly these conditions are cquivalent to the hypothesis of 7.1.
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§8. The nil-manifold case p~! +q~ ! i 1=1

As noted in 2.1, we are concerned only with three particular cases.
The triple (p,q,1), suitably ordered, must be either (2,3,6) or (2,4,4)
or (3,3,3). Clearly each of these triples satisfies the hypothesis of 7.1.
Hence by 7.3 the corresponding manifold M = M(p, q,r) is a circle bundle
over a torus. The absolute value of the Chern number of this circle bundle
is the greatest common divisor of p,q,r which is either 1, or 2, or 3
respectively.

But any non-trivial circle bundle over a torus can also be described
as a quotient manifold N/Nk as follows. Let N be the nilpotent Lie

group consisting of all real matrices of the form

1 a c
A=10 1 b,
0 0

and let Ny be the discrete subgroup consisting of all such matrices for
which a, b, and c¢ are integers divisible by k. (Ilere k should be a

positive integer.) Then the correspondence
A ~ (amod k, b mod k)
maps N/Nk to the torus with a circle as fiber. The first homology group
Hy(N/Nyi; 7) = N /IN, N

is isomorphic to 7@ Z & (Z/k), so the Chern number of this fibration

must be equal to *k. Thus we obtain the following three diffeomorphisms

M(2,3,6) = N/N,
M(2,4,4) = N/N,
M@3,3,3) = N/N, .

It must be admitted that this proof is rather ad hoc. I do not know whether

there exists a more natural construction of these diffeomorphisms.
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