
ON SIMPLY CONNECTED 4-MANlFOLDS 

This paper will apply various known results to the problem of classifying simply 
co:niJ.ected 4-manifolds as to homotopy type_ A complete classification is given for 
those manifolds with second Betti number < 7, and a fairly good picture is obtained 
for. the general case. But the problem is by no means solved. 

The first section states results from the theory of quadratic forms. The author is 
indebted to O. T. O'Meara for assistance in the preparation of this section. 

In §2 the quadratic form of a 4k-manifold is defined, and elementary properties 
are verified. 

In §3 it is shown (as a corollary to a theorem of J. R. C. Whitehead) that the 
homotopy type of a simply connected 4-manifold is determined by its quadratic 
form. The main problem is thus to decide whether or·not a ·given quadratic form 
actually corresponds to some simply connected 4-manifold. 

A subsequent paper will study the more general problem of classifying 2n-mani
folds which are (n - I)-connected as to homotopy type. 

§1. Quadratic forms 
Theorems I and 2 of this section will summarize known results concerning the 

classification of quadratic forms with determinant ±l over the ring of integers. 
It ",ill be convenient to define2 a quadratic form of rank r over an integral 

domain D as a pair (A, cfo) consisting of a free D-module A of rank r, and a non
singular, symmetric, bilinearpairingp : A X A ~D. Two forms (A, cfo) and (A', p') 
are equivalent if there is an isomorphism of A onto A' which carries p' onto p. If D 
is .contained in a larger integral domain D', note that every quadratic form over D 
gives rise to a quadratic form over D'. 

Given a basis (al , ... , a .. ) for A, the form is completely described by the sym
metric matrix IIcfo(ai , aj )lI. This section will only be concerned with quadratic forms 
over the integers such that this matrix has determinant ± I. 

We will say that a form is of type I (properly primitive) if some diagonal entry of 
its matrix is odd. If every diagonal entry is even, then the form is of type II 
(improperly primitive). Thus (A, cfo) has type I if and only if p(a, a) takes on odd 
values. 

The index T of a form is defined3 as the number of positive diagonal entries minus 
the number of negative ones, after the matrix has been diagonalized over the real 
numbers. 

1 The author holds an Alfred P. Sloan fellowship. 
S This is compatible with the usual definition providing that 2 #- 0 in D. 
3 Topologists have called T the "index," although "signature" is the classical term. 
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.As examples, consider the quadratic forms corresponding to the following three 
matrices 

2 100 0000 
1 2 1 0 -1 000 
0 121 0000 

T=C 0)U=e 1
) V= 0 012 1000 

o -1, 1 0 o -1 0 1 2 100 
0 000 1 2 1 0 
0 000 o 1 2 1 
0 000 ,0012 

The first has type I and index 0; the second has type II and index 0; while the 
third has type II and index S. 

Two forms have the same genus if they are equivalent over the p-adic integers for 
every prime p, and if they are equivalent over the real numbers. (Oompar6 [S] 
p. 106-107.) 

THEOREM 1. The rank '1', the index 7, and the type (10'1' II) form a complete system 
of invariants for the genus of a quadratic form over the integers with determinant ± 1. 
A given rank, index and type actually occur if and only if the following three conditions 
are satisfied: 

(1) rand 7 are integers with 
-'1'<7<'1', 7='1' (mod 2); 

(2) for forms of type II, 7 = 0 (mod 8); 
(3) for forms of type I, '1' > O. 
The following is an immediate consequence. 
OOROLLARY. Every such form has the same genus as a form with matrix 

diag (1, .•• , 1, -1, .•• , -1) or ±diag (U, ..• , U, V, ••• , V). 
A form is called definile if 7 = ±r. Otherwise it is indefinite. 
THEOREM 2. Two indefinite forms with determinant ± 1 are equivalent if and only 

if they have the same genus. This is also true for definite forms, providing the rank 
is <8. 

(This theorem would definitely be false for definite forms of rank >9. For example 
the two positive definite 9 X 9 matrices diag (1, ••• ,I) and diag (V, 1) represent 
forms (A, cP) and (AI, cP') of the same genus. These forms are not equivalent since the 
equation cP(a, a) = I has eighteen solutions, while cfo'(a', a') = 1 has only two 
solutions. ) 

PROOF OF THEOREM 1. Let fl,j2 be two forms with determinant ±1 having the 
same rank, index and type. Thenfr is equivll'lent to f2 over the p-adic integers, p 
odd, by Oorollary 36b of (S]. They are equivalent over the real numbers since they 
have the same index. Therefore (see [8] p. 39) we have 0oo(fl) = 0oo{f2)' which 
implies that 02(fr) = 02(f2)' Now by Theorems 15 and 36 or [S], fl is equivalent to f2 
over the 2-adic integers. Therefore fr and f2 have the same genus. 

NEOESSITY OF OONDITIONS (1), (2), (3). Oonditions (1) and (3) are trivial. If 11 
has type II then Theorem 33a of[S] implies that fl is equivalent to diag (U, ••• ,U) 
over the 2-adic integers (making use of the fact that ±3 are not 2-adic squares). 
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Therefore the Gauss sum (see [2]) of fl modulo 8 is positive. Now the criterion (8) 
of [2] implies that 'T = 0 (mod 8); which proves condition (2). 

The sufficiency of conditions (1), (2), (3), is an easy exercise, using the forms 
mentioned. in the Corollary. This completes the proof of Theorem 1. 

PROOF OF THEOREM 2. For definite forms of rank <8, this result is due to 
Hermite [6] and Mordell [12]. (For further discussion s;;-O'Connor and Pall [14].) 
For indefinite forms of type I, the result is due to Meyer [10]. 

For indefinite forms of type II the proof will be based. on a theorem of Eichler 
([4], [5]). We may assume that r > 4, since the cases r = 0,2 are easily taken care of. 

Eichler considers a fixed quadratic form (V, 'IfJ) over the rational numbers Q. 
A lattice L in V is a finitely generated subgroup of maxintal rank. The norm neLl 
is the fractional ideal generated by all -f'IfJ(x, x) with x E L. A lattice is maximal if 
no properly containing lattice has the same norm. Two lattices are similar if one 
iscarried onto the other by a similarity transformation of V. An appropriate 
concept of genus is defined. . 

Eichler's theorem ([4] Satz 3) can be stated as follows. Two maximal lattices 
having the same genus, in an indefinite vector space (V, 'IjJ) of rank >4, are similar. 

To apply this theorem note that any free abelian group A can be considered as a 
lattice in the vector space V = A 0 Q. A quadratic form (A, cfo) gives rise to a form 
(V, 'ljJ). If (A, cfo) is of type II then it can be verified. that the lattice A is always 
maximal. 

This implies that if (A, cfo) and (A', cfo') are indefinite quadratic forms of type II 
and rank >4 which have the same genus, then they are "similar," in the sense that 
(A, cfo) is equivalent to (A', ccfo') for some constant c. Clearlyc must be ±l. If'T =F 0 
then c must be +1, which completes the proof in this case. 

For 'T = 0 the above argument shows that (A, cfo) is equivalent to the form with 
matrix ± diag (U, ... , U). Since U is equivalent to -U, this completes the proof. 

§2. The quadratic form of a 4k-manifold 
All manifolds considered are to be closed and connected. A manifold M" is 

oriented if it is orientable, and if one generator 'V E Hn (M") is distinguished; integer 
coefficients being understood. We will say that oriented manifolds M~, M~ have the 
same oriented homotopy type if there is a homotopy equivalence f : M~ --+ M~ with 
f *('1'1) = '1'2' 

To every oriented 4k-manifold is associated its quadratic form (B2k(M4k), cfo); 
where Bi(X) denotes the "co Betti group" Hi(X)/(torsion subgroup); and where4 

cfo(x, y) = (x U y, 'V). 

Clearly manifolds with the same oriented homotopy type have equivalent 
quadratic forms. 

LEMMA 1. The quadratic form of an oriented 4le-manifold has aeterminant ± 1. 
PROOF. (Compare Seifert and Threlfall [17] p, 252.) Consider the co Betti groups 

BIo, B"-lo of an oriented manifold M". The bilinear pairing cfo : B" X B-1I. --+ Z 

• Here (oc, f3) denotes the Kronecker index of the cohomology class oc and the homology class f3. 
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defined by 4>(x, y) = (x u y, v) has a determinant which is well defined up to sign. 
Choose a basis Yl' ••. , y .. for. En-h. By the Poincare duality theorem (as stated in 
[20] p. 119-120) the cap product with v defines an isomorphism of Hn-h(M"'} onto 
Hh(Mn). Therefore the elements Yi n v(i = 1, ... , r) form a basis for the Betti 
group E h. Choose a dual basis {Xi} for Eh. Then the identity (Xi U Yj) n v = Xi n 
(Yi n v) implies that CP(Xi' Yi) = (Xi' Yi n v) = (jw Therefore the determinant 
equals ±1. 

By a sum of two oriented n-manifolds Mt, M~ will be meant an oriented n-mani
fold M~ + M~ obtained as follows. (Compare Seifert [16].) «hoose smoothS closed 
n-cells ef eMf, i = 1,2, with boundaries ef and interiors ef. Choose a homeomor
phismf2 et---+e~ of degree -1. Now let Ml + Mz be the manifold obtained from 
M~ - e~ and M~ - e~ by matching the boundaries e~ and e~ under the homeomor
phism f. This manifold has an orientation compatible with that of M~ and M~. 

The sum of two quadratic forms (A, cp) and (A', 4>') will mean the form 
(A ED A', 'P) where 1/1«x, x'), (y, Y'» = 4>(x, y) + cp'(x', y'). 

LEMMA 2. The quadratic form of a sum of two oriented manifold8 is naturally 
isomorphic to the sum of their quadratic formB. 

The proof is not difficult. (Compare [U] p. 400.) 
The index or type of a manifold M4k will meau the index or type of its quadratic 

form. 
LEMMA 3. A differentiable manifold M4k which i8 (2k - I)-connected has type II 

if and only if its Stiefel- Whitney class W 2k i8 zero. 
PROOF. Clearly M4k has type II if and only if the homomorphism 

Sq2k : H2k(M4k, Z2) ---+H4k(M4k, Z2) 

is zero. The conclusion now follows from Wu's formulas for the Stiefel-Whitney 
classes. (See [22].) 

REMARK. In dimension 4 the following alternative interpretation holds. A 
differentiable, simply connected manifold M4 has type II ifand only if, for every point p, 
the open manifold M4 - p i8 parallelizable. The proof is not difficult. 

§3. Simply connected 4-manifolds 
In order to simplify the proofs in this section we assume that all manifolds 

considered are triangulable. 
THEOREM 3. Two oriented, 8imply connected 4-manifold8 have the 8ame oriented 

homotopy type if and only if their quadratic formB are equivalent. 
PROOF. Whitehead has shown ([21] Theorem 2) that the homotopy type of a 

finite, simply connected 4-dimensional polyhedron X is determined by the cohomo
logy rings H*(X, Zk)' k = 0, 1, 2, ... ; together with certain coefficient homomor
phisms, Bochstein homomorphisms, and Pontrjagin squares. If H*(X,Z} has no 
torsion, then all of this structure is clearly determined by H*(X, Z). 
Jr'at~ply connected 4-manifold, the Poincare duality theorem implies that 

6 By "smooth" we mean that for some neighborhood U of ei the pair (U, iii) is homeomorphic 
to the pair consisting of euclidean n-spa.ce R'" and the unit baJI in R"'. 
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there is no torsion. Furthermore the integral cohomology ring is completely described. 
by the quadratic form. Therefore the quadratic form determines the homotopy 
type. Using Theorem 3 of [21] we see that the quadratic form actually determines 
the oriented homotopy type. 
, , In view of Theorems 1, 2 and Lemma 1 this implies: 

COROLLARY 1. The oriented homotopy type of a simply connected 4-manifold is 
determined by its second Betti number r, its index T and its type, I or II; except possibly 
in the case of a manifold with definite quadratic form of rank r > 9. 

(Note that the Betti number, index, and type are subject to the restrictions 
given by conditions (1), (2), (3) of Theorem 1.) 

REMARK. The well·known classification of 2-manifolds is somewhat analogous to 
the description given by Corollary 1. Define the type of a surface to be II or I 
according as it is orientable or not; and let r denote the I-dimensional mod 2 Betti 
number. (That is r is the dimension of H 1(M"', Z2) over Z2') These two invariants 
characterize the surface, and are subject to the following relations: (1) r is a non
negative integer; (2) for surfaces of type II, r = 0 (mod 2); and (3) for surfaces of 
typel, r> O. 

The most familiar examples of simply connected 4-manifolds are the product 
8 2 X 8 2 and the complex projective plane P ",(a). Let P 2(0) denote the comple:& 
projective plane with reversed orientation. The matrices of the corresponding 
quadratic forms are U; (1)., and (-1) respectively. (Here U and V will denote the 
same matrices as in §1.) The following is a consequence of Corollary 1 and Lemma 2. 

COROLLARY 2. A simply connected 4-manifold of type I has the homotopy type of a 
sum of copies of P 2( 0) and P 2( a); except possibly when its quadratic form is definite 
of rank >9. 

(For example, the sum P 2(0) + (82 X 8 2) must have the same homotopy type 
asF2(0) + P2,(O) + P2,(O). The author does not know whether these two manifolds 
are homeomorphic. However, it is interesting to recall that the surface P 2(R) + 
(81 X 81) is homeomorphic to P 2(R) + P 2(R) + P 2(R}.) 

COROLLARY 3. A simply connected 4-manifold of type II with index zero has the 
homotopy type of a sum of copies of 8 2 X 8 2• 

Corollaries 2 and 3 take care of an possible homotopy types with Betti number 
l' < 7. The discussion could be completed very neatly if we could give an example 
.of a simply connected 4-manifold with quadratic form V. However the following 
theorem asserts that such Ii. manifold would be rather pathological. 

THEOREM OF ROHLIN [15]. If a differentiahle simply connected 4-manifold has 
type II, tlwn its index must satisfy 

T = 0 (mod 16). 

(Instead of T = 0 (mod 8) as in Theorem 1.) This restriction ofRohlin applies also 
to combinatorial6 manifolds, since Cairns has proved ([3]) that every combinatorial 
4-manifold possesses a differentiable structure. 

6 By a combinatorial manifold we mean a. manifold in the sense of Newman [13] and 
Alex:ander [1]. 
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The following example, suggested to the author by Hirzebruch, shows that the 
case T = 16 can actually occur. Let M4 be any nonsingular algebraic surface of 
degree 4 in P 3(0). Then M4 is simply connected, has second Betti number 22, index 
-16, and has type II. 

(Exactly the same description would hold for the Kummer surfaces, studied by 
Spanier in [I8J. The relationship between these two examples might be interesting 
to study.) , 

PROOF. According to a remark of Lefschetz ([9] p. 57), M4 is simply connected. 
Let oc denote the canonical generator of H2(Pa(C», and let i : M4 -+PaCC) denote 
the inclusion map. Since M4 has degree 4 we have 

Furthermore7 the Chern class of the normal bundle of M4 is 1 + 4i*(oc). Recall that 
the Chern class of PaCC) is (I + OC)4. The Chern class 1 + c1 + c2 of M4 can now be 
computed by the product theorem. Solving the equation 

we obtain 

Since the Stiefel· Whitney class W 2 of M4 is eqnal to c1 reduced modulo 2, Lemma. 
3 implies that M4 has type II. The Euler characteristic of M4 is equal to (c2, y) = 24, 
which implies that the middle Betti number r equals 22. Finally the formulas 

imply that T = -16; which completes the proof. 
We conclude by asking several questions. The basic question of which quadratic 

forms are actually represented by simply connected 4·manifolds appears very diffi
cult. However the following easier version would still be interesting. Which genera 
of guadratir; forms are represented by differentiable, simply connected 4-manifolds? 
The first unanswered case of this is the following. Does there exist a differentiable, 
simply connected 4-manifold of type II with index 16 and Betti number 16 ~ A positive 
answer to this question would imply that every genus compatible with the Rohlin 
theorem actually occurs. 

Another interesting problem would be the following. Which genera are represented 
by simply connected non-singular algebraic surfaces? 

1 The basic reference for the following discussion is Hirzebruch [7J pp. 66-73, 85. See also 
Steenrod [19] p. 212. 
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