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1. Introduction

The well-know Hirzebruch formula says that for 4k-dimensional orientable com-
pact closed manifold X the following equation holds

sign X = 2°5(L(X), [X]), (1)

where sign X = sign(H?*(X, C), U) is the signature of nondegenerate quadratic
form in the cohomology groups H?*(X, C), defined by U-product,

_ 1j/2
LXy= U th(t;/2)

is the Hirzebruch characteristic class defined by formal generators ¢; by
or(ty, ..., t,) = cp(cTX).

There are different ways to generalize the Hirzebruch formula mainly for non-
simply connected manifolds. Namely, let X be a closed orientable nonconnected
manifold and let 7 = m;(X), fx: X — Bm be the canonical mapping defined up
to homotopy which induces the isomorphism of fundamental groups ( fx).: w1 (X)
— 1. Consider a finite-dimensional representation p: 71 — U(N). Then one can
consider the cohomology groups H?*(X, p) with the local system of coefficients
induced by the representation p. Then the U-product induces a nondegenerate
quadratic form in this group. The signature of this form we shall denote by
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sign, X = sign(H*(X, p), V).

It is easy to check that
sign, X = 2*(L(X)ch f{&”, [X]), )

where £p is the vector bundle over B, induced by the representation p.

In spite of both left-hand side and right-hand side parts of formula (2) coinciding
with that of (1), this generalization might be useful for further generalizations.
Namely, one can at least construct the right-hand side of formula (2) for more
general representations of fundamental group 7.

1.1. INFINITE-DIMENSIONAL REPRESENTATIONS

Let C*[r] be a C*-group algebra of the group 7. Any unitary representation of the
group 7 can be uniquely extended to a representation p of the algebra C*[x]. Put
A =1Imp, p: C*[n] — A.

By £” we denote the vector bundle over Bz with the fiber A, whose transition
functions are induced by the action of the group 7 on the algebra A by the repre-
sentation p. The vector bundle §” forms the element of the K-group §” € K4 (Bm).
Now we can write the right-hand part of formula (2):

? = 2% (L(X)cha f3&°,[X]) € Ka(pt) ® Q. 3)

The left-hand part of the formula can be calculated as a symmetric signature (see
[1]) of the manifold X by replacing of rings, induced by the representation p, so
we obtain the so-called generalized Hirzebruch formula (see [2])

sign (X) = 2*(L(X)chy 3£, [X]) € Ka(pt) ® Q.

1.2. FINITE-DIMENSIONAL ASYMPTOTIC REPRESENTATIONS

There is a class of vector nonflat bundles which can be defined by so-called al-
most representations. They are so-called almost flat bundles (see [3]). Namely, the
mapping o: w — U(n) is called e-almost representation with respect to a finite
subset F, if the following relations hold:

o(g_l) = (7(g)_1 forallg en
and
lollr = sup{llo(gh) —o(g)o(h)| : g, h, gh € F} <e.

It is more convenient to include the almost representation into a sequence, which
is called the asymptotic representation. Namely, let 0 = {o}} be a sequence of
er-almost representations. The sequence o is called the asymptotic representation
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of the group 7 (with respect to a finite subset F' and to a sequence {n;}), if the
following relations hold:

lim g =0 and klim sup{|lox(g) —ox+1(g)ll : g€ F Cw} =0.
—00

k— 00

Then, using the asymptotic representation, the vector bundle &, over the mani-
fold X and the signature sign_ (X) can be constructed in a canonical way (see [8]).
So we receive again a variant of the Hirzebruch formula

sign, (X) = 2*%(L(X)ch&,, [X]) € Q.

1.3. SMOOTH VERSION OF THE HIRZEBRUCH FORMULA

The left-hand side of the Hirzebruch formula (2) is described in terms of the combi-
natorial structure of the manifold X. There is a smooth version of this expression as
well. Namely, consider the de Rham complex of differential forms on the manifold
X with values in the flat vector bundle £7:

0—> Qo(X, &) -5 Qi (X, &%) -5 - -5 QuX. £7) —> 0. @)

It is well known that the cohomology groups of the de Rham complex (4) are
isomorphic to the cohomology groups H* (X, £”).

Then the U-product is induced by external product of differential forms, so the
Hermitian form which defines the Poincaré duality can be determine by

(w1, wy) = /wl A ws. (5
X

On the other hand, using a Riemannian metric on the manifold X, (w;, w;), the
Poincaré duality (5) can be determined as a bounded operator *: (w;, w;) = fZX WA
xwy, where x: Qu(X) — Q,_x(X). Put @ = i***Dx. Then ada — d*; o = 1.
Let

QT (X) =Ker (@ — 1); Q7 =Ker (o + 1).
It is evident that
(d +d" QT (X)) C Q (X).
Consider the elliptic operator
D =(d+d):Q"(X) > Q (X).

Then we have D = sign(X). Using the Atiyah—Singer index formula for the elliptic
operator, we have

index(D ® §) = 2*(L(X)ch§, [X]), (6)

for arbitrary vector bundle £ over the manifold X.
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1.4. COMBINATORIAL VERSION OF THE HIRZEBRUCH FORMULA

Similar to smooth version (6), one can put the question about construction the right-
hand side of formula (6) using combinatorial terms. If the bundle & is induced by
a representation of the fundamental group s, then the combinatorial version of
the Hirzebruch formula is reduced to formulas (1)-(3). All of them require certain
restriction on the bundle &: the vector bundle & should be flat in the case of classical
representation and should be almost flat in the case of asymptotic representation.

The aim of the paper is to construct proper combinatorial objects which can
imitate the Poincaré duality in the general case when the vector bundle £ is arbitrary
bundle over the manifold X. The idea of such construction was formulated in the
paper by Gromov [7] and goes back to the construction of the Poincaré complexes
and the so-called symmetric signature, which were considered in [1] and [2] (see
also [6], p. 18).

Here we construct a new algebraic category, which is called almost algebraic
Poincaré complexes. This category has all the necessary properties for constructing
invariants of the signature type for combinatorial manifold with a local coefficient
system induced by fibers of a vector bundle & over the manifold.

We show that any compact closed combinatorial manifold has a sufficient fine
simplicial subdivision, which, in a natural way, induces an almost algebraic Poin-
caré complex. The signature of the latter can be used as the left-hand side part of
the Hirzebruch formula (6). In particular, this formula in some sense gives a new
construction for rational Pontryagin classes using only local combinatorial data on
the combinatorial manifold X.

In the case when the vector bundle £ is induced by a classical representation,
the correspondent almost algebraic Poincaré complex coincides with the alge-
braic Poincaré complex from [1], and its signature coincides with the signature
of cohomologies with the correspondent local coefficient system.

In the case of asymptotic representation, the almost algebraic Poincaré complex
can be constructed from the universal algebraic Poincaré complex over the group
algebra of the fundamental group 7 of the manifold X using the procedure of the
change of rings. The signature of the almost algebraic Poincaré complex in this
case equals the image of symmetric signature of the manifold X under the change
of rings. Of course, we obtain the same Hirzebruch formula as in [3, 4].

Part of the results of this paper appear as a result of fruitful discussions with M.
Gromov during the visit of the author to IHES (France) in autumn 1997 and 1998
and is based on the idea by Gromov [7] how to generalize the construction of the
author [1] on the case of nonflat bundles. In essence, this work was done jointly
and only because of the exceptional correctness of M. Gromov, his name is absent
from the list of authors of the present work. In any case, the author considers it to
be his duty to express his thanks to M. Gromov.
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2. Economic Description of Algebraic Poincaré Complexes
Consider a ring A with unit and with unital involution ,
* =1, 1" =1, (AMh2)* = ASAT.
Let C be a left A-module. Denote by C* the adjoint module

C* = Hom, (C, A),
A L s)r*, peC* xeC, reA.

If f:C; — C, is a morphism of left modules, then the adjoint homomorphism
f*:C; — Cj is defined by the formula

* ef *
F @) E ga(f(). ¢ €Cs x1 € Ch
Let gc: C — C** be defined by the formula

Ge() @) L (@), xeC, ¢ eC.

The adjoint homomorphism g/: C*** — C*, evidently is inverse to the homomor-
phism gc+, i qc+ = ¢+, that is the diagram

*
CF** ac C*
ch* / 1cx

C*

is commutative. In the case when the module C is free or at least projective, then
the homomorphism ¢¢ is an isomorphism that allows us to identify the modules C
and C**.

Let us give an economic description of algebraic Poincaré complexes as a graded
free module equipped with a boundary operator and an operator of Poincaré duality.
Consider a chain complex of free A-modules C, d:

C = @Ck, d = @dk, di:Cp — Cp_y
k=0 k=1

and a homomorphism of Poincaré duality
D:C*— C, degD =n,

defining the diagram

d d> d
Cy «— C; «— ... < ¢,

TDO TDI TDn
d* d*_ d¥

* n * n—1 1 *
& o, &



10 A. S. MISHCHENKO

such that the following conditions for the boundary operator and for the Poincaré
duality operator hold:

di1di =0,
di Dy + (=D)'Dyydi i, =0, (7)
Dy = (—=D)*"Op*

More of that, assume that the homomorphism of Poincaré duality induces an iso-
morphism in homologies. Under this condition, the triple (C, d, D) is called an
algebraic Poincaré complex. This definition was used by author in [1] and allows
the construction of algebraic Poincaré complexes o (X) for arbitrary triangulation
of a combinatorial manifold X, setting o (X) = (C, d, D), where C = C,(X; A) is
the graded chain complex of the manifold X with a local system of coefficients in-
duced by the natural inclusion of the fundamental group 7 = 7 (X) into its group
ring A = C[r]. d is the boundary homomorphism and

p=@ni D=1+ o)),

where ()[X] is the intersection with the fundamental cycle of the manifold X.
Put

F, =i**"VDy. (8)
The diagram
Co <& ¢ &8,
TFO TFI TFH (9)
d;zk d:z:l dik
Cir «<— Cr | <— -+ <— C}

satisfies more natural conditions for commutativity of the diagram and adjointness
for operators

diFi + B df ., =0,

nn-—1)

Fo=(=1) 2z F",. (10)

The operator F still induces an isomorphism in homologies. Really, the com-
mutativity condition (7) gives
0 = di D+ (=)' Drdy_y
— dkik(k_l)Fk + (_1)k+1i(k—l)(k—Z)Fk_ld’j_k+l
= "D Fe + Foadi ).

From the adjointness condition (7) we have

ik(k_l)Fk — (_1)/{(}1—/{)1'()1—/{)(11—/(—1)F’;k_k
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that is
Fo= (=)' DRE:

Thus put

F = EnB F,
k=0

F:C*— C, degF =n.

Hence, shortly an algebraic Poincaré complex can be described as a graded free
A-module C, a bounded operator d of degree —1 and an Poincaré duality operator
F:C* — C of degree n, such that

d*=0, dF+Fd* =0,
F* = (=1)'»D2F H(F): H(C*,d*) - H(C,d).

So we have

n = 4k, F*=F,
n=4k+1, F*=F,
n=4k+ 2, F*=—F,
n =4k + 3, F*=—F.

Now consider the so-called cone of the operator F, that is the acyclic complex with
respect to the sum of differentials d and F and summary grade of the bycomplex

9):

Ci &)
H, H, H3
0 «— Cy <— & <« ® <«
* *
Cn Cn—l
C C
H k Hyj41 k+1 Hyyo
«— fan) < B < ... (11)
* *
Cn—k+1 Cn—k
H,_, Cn—l H Cn Hot
“— B < P «—C«—0
* *
C2 Cl
or
H, Hy Hy Hi41 Hi42 H, Hynt1
O<—A0(—A1 < .- <_Ak<_A2k+1 < - (—nAn (n—An_H (—0,
(12)
where

A =Ce®C, 4, (13)
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di Fry )
H, = ( .
0 d)j—k+2

In other words, the complex (13) is a bygraded A-module

n+1

A=@Pa=c+c,
k=0
and the boundary operator H is defined by the matrix

d F
(3 1)

Consider a special case for n = 4/. In this case the operator F has even degree
and, hence, the operator H has odd degree. Then the diagram (11) looks as follows:

Ci &)
H; Hy Hj
0 «— Cyp «<— @ <«— p <«—
Cn Cn—l
Cy Cai
Hy Hyq1 Hyjip
d — P <— .- (14)
Capi Cy
C,_ C
Ho, "1 og, " Hyp
«— D <«— D <«— Cy ~— 0,
G Ci
that is
H Hy Hy Hyqy Hyyo Hy Hajqy
0<—A0<—A1 < - (—Azz <—A21+1 < - <—A4]<—A4]+1 ~—0.

(15)
Consider the decomposition of A into the sum of even and odd components:
A= Aey D Aodds Aey = Cey @ ngd’ Aodd = Codda @ C::V-

Then both d and F also decompose into homogeneous components

dey: Aey — Aoad, dodad: Aodd —> Aev,
Feoy: Aoy — Aey, Fodd: Aodd —> Aodd-
Evidently

A;dd = Aev’ Al Aodd’

ev =
and the operator H has the following matrix form:
Cev C;v

0 d
H., = (d* Fev ):Aev: b —- &b :Aodd:AZV,
e odd C*dd Codd
o
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o di Ct, Ce
Hoqq = A = & - B =An=A%.

dodd 0 Coud Ciy

Thus we receive the following exact sequence
Hev Hyqq Hev Hyqq Hev
C— Aoy AL — Ay — AL — -,

which can be split.
Let

ACV :B()@Bl’ AZV :BSGBBT

13

(16)

(17)

be the decomposition of the free module A, into the direct sum of two projective

summand such that By = ker H,, .
This decomposition, generally speaking, is not unique but
B} = Ann(By), B = H, /By, Bi = H}, /B;.

v

Then the matrix H., has the following form:

O ev
HCV = (0 (; )

Since the operator Hy is selfadjoint, H}, = H., , we have

0 0 .
H*’V:(o ﬂ) pr=>

Whereas the sequence (16) is exact, we have
Bf =1Im Hey =Im Bey = Ker Hogq -

Hence, the matrix of the operator Hygq has the following form:

Q 0 .
Hoad =< Sd 0), a” = a.

Thus, we receive two selfadjoint isomorphisms

ﬁCV:Bl - Bikv aOdd:Bg - BOa

which are defined functorially, that is independently from the choice of decompo-
sition of the module Ay , into direct sum (17). Consider the direct sum of S, and

Qodd -

S = ﬂev @ aodq: (B & Bg) =M > M*"= (B1 & Bg)>k

Clearly, the module M = (B; @ By)) is free. Hence, the selfadjoint isomorphism
S: M — M* defines an element [M, S| from Hermitian K -theory for the ring A:

sign(C, d, D) = [M, S] € K} (A).

(13)
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3. Algebraic Poincaré Complexes over C*-Algebras

In the case when the algebra A is a C*-algebra, formula (18) for calculating the
symmetric signature of an algebraic Poincaré complex, can be significally sim-
plified. Let M be a free (finite generated) A-module and let S: M* — M be a
selfadjoint isomorphism. Let (eq, ..., ey) be a free basis in the module M.

By using a scalar product in the spaces Cy, we can identify the space C; with
the space Cy,

d)ki C;{k g Ck. (19)

Then the formally adjoint operator d;’ can be identified with the adjoint operator
with respect to this scalar product.

Then, by definition (13), the space Ay = Cy@DC,_k41 isisomorphic to A, ;11 =
C,—x+1 Cy by the isomorphism Ty: Ay — A, 41, which is defined by the matrix

0 1
ne (0 1)
Then the operator Hj, in the complex (12) satisfies the condition

H = TeHy_j 2T

Put
n+1

A=P A=A © A
k=0

where

2 2
Aey @ Ao, Aodd = @ At
k=0 k=0

Put
n+1 n+l1
H:@Hk:A%A, T:@Tk:AaA.
k=0 k=0
Then

H(Aev) C Aodd, H(Aodd) C Aev s
T(Aev) C Aodd, T(Aodd) C Aev .

It is clear that
H*(Aev ) C Aodd s H*(Aodd ) C Aev .

Since the complex (12) is acyclic, the operator H + H* is isomorphism. The
operator G = T H 4+ HT keeps the space A, invariant. Put

Gev =G|, 1 Ac = Aey. (20)
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It is clear that the operator G, is self-adjoint and inverse. More of that, since
Aoy = @D _, Cr =, we can check that Goy =d +d* + F.
We can also check that

[C,d +d* + F] =sign(C,d, D) € K} (A). 1)
Similar formula in different situation was considered in [5].

For example, for complex numbers (that is, when A = C) for a proper choice
of basis in the space C = @);_, Ci the operator d has the following matrix form:

0 0 d
d=10 o0 o],
0 0 0

the operator d being invertible.
Then the operator F has the following matrix form:

Fii  Fy Py

F=|F, Fn 0
Fi5 0 0

and ciF13 + F31J* = 0. Hence

F Fyy  d+ Fy
d+d*+F = Fia Fx 0
d* + Fi3 0 0

Therefore

sign(d + d* + F) = sign(Fy,) = sign(H(F)).

4. Almost Acyclic Complexes

Now and below, all linear spaces are assumed to be finite-dimensional over the
complex numbers field supplied with a Hermitian structure. Then any linear oper-
ator

Fil —> (22)

is automatically bounded, that is || F|| < oo.
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We shall consider grade linear spaces C = @;_, C;, usually the gradation
will be considered modulo 2, which can be determined by an involutive opera-
tor :C — C, 1 = (—1)'. Let us define the so-called («, A)-almost chain
complex.

DEFINITION 1. The pair (C, d):
(C.d): Codc & &g, (23)
is called (&, A)-almost chain complex if it satisfies the following conditions:
ldll < A, l1d?] < e

The operator d is called the differential of the almost chain complex (C, d). The
pair (o, A) measures the difference of the almost chain complex from the chain
complexes. Further, without loss of generality, we assume that A > 1 (‘large’
variable) and 0 < o < 1 (‘small’ variable).

Starting from a given pair («, A), we shall construct new pairs as functions from
the first one: (o, A") = F(«, A), where the pair of functions F = (F;(«, A), F;(A))
is chosen from a class of so-called admissible functions ¥ . By definition, the
function I = (F;(a, A), F;(A)) is called admissible, that is FF = (F;, F;) € F,
if F;(A) is a polynomial with positive coefficients of the variable A and its pos-
itive rational powers A" and the function F(«, A) is a polynomial with positive
coefficients of variables A and « and their positive rational powers A", o"> with
the addition property F;(x, A) = 0, when o = 0. Similarly, one can define the
admissible functions of the group of ‘small’ variables «; and the group of ‘large’
variables A ;.

Now we define the almost chain homomorphism of almost chain complexes.

DEFINITION 2. The homomorphism
f: ¢V —c? (24)

from (o;, Aj)-almost chain complex (C M dMY to (ay, Ap)-almost chain com-
plex (C @ d@) s called (3, A3)-almost chain homomorphism if f is the graded
operator such that

1 2
Il < Az, 1 fdY —d®? fIl < .
On the homogeneous summands this means that the following diagram is almost
commute
d(l) d(l) d(l)
cV L=V - o & e
lzfo e lzfl e el lf”'
cy < c?P &£ o & c®

Usually, we shall assume that (a3, A3) = F (o1, ap; A1 Ay) for an admissible func-
tion F'.



THEORY OF ALMOST ALGEBRAIC POINCARE COMPLEXES 17

Consider the cone of the mapping (2), that is the new complex

Cone(f) =CcV @ Cc?® (25)
with differential
D: Cone(f) — Cone(f) (26)

defined as the matrix

dm f
D:(o —WJ'

It is clear that the pair (Cone(f), D) is (a4, Ag)-almost chain complex if the
Hermitian structure is defined as the direct sum of Hermitian structures. The vari-
ables (o4, A4) can be expressed by the formulas

A4=A1+A2+A3, oy = o +ay + o3.

This means that there is an admissible function F € ¥ such that (a4, Ay) =
F(ay, az, a3; Ay, Az, A3).

DEFINITION 3. We shall say that (o, A)-almost chain complex (C,d) is
F-almost acyclic if there is an admissible function F(«, §, A) € F such that the
following condition holds: if ||dx| < d||x||, then there is an element y such that

Iyl < F (A x|l 27)
lx —dyll < Fs(a, 8; A)llx]|. (28)

Since ||dx|| < Allx]| the second inequality of (16), we can replace for stronger one:
[x —dyll < Fs(o, min{3, A}; A)[lx].

Hence, we can choose as an admissible function F € ¥ such that all monomials
with nontrivial powers of § have the same power 6", 0 < r < ry < 1 for any
sufficiently small number ry.

Definition 3 can be loosened by considering only x with the condition || x|| = 1.
Indeed, if ||x|| = O, that is x = 0, the condition of Definition 3 holds automatically.
Let x be any element with condition ||dx|| < §|x]|. Put z = x/|x||. We have
lldz|| < 8 = 8]|z]|. Therefore, there is an element u such that

lull < Alz|l = A,
ldu — z|| < Fy(a, §; A)||z|| = Fy(e, §; A),

or

X
du — —
flx]|

‘ < Fy(a, 85 A).
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Hence, putting y = ||x||u, we have

Iyl = llxll - flull < Aflx]l,
ldy — x|l = lld(llxl[u) — x| < Fy(e, 85 Al x]|.

Finally, we can loosen the conditions of Definition 3 in the following way:

DEFINITION 4. We shall say that (o, A)-almost chain complex (C,d) is
F-almost acyclic if there is an admissible function F(«, §; A) € ¥ and positive
real number k such that the following condition holds: if ||dx|| < §|x]|, then there
is an element y such that

Iyl < Fi(A)llx]l, (29)
lx —dy|l < Fy(a, 8 A) x|~ (30)

Following Definition 3 (or 4), we can ask what does an F'-almost exact sequence
of almost homomorphisms mean. For example, the sequence

0—>C —->c-tc, >0

of almost homomorphisms is called F-almost exact if, as the chain complex, it is
F-almost acyclic (¢, A)-almost chain complex.
Definition 3 is justified by the following theorem:

THEOREM 1. Let (C,d) be an F(«, §; A)-almost acyclic complex with

Fy(or. Va: A) + (F(A)(AF, (o v A) + Va))'* < 1. (31)

Then the operator d + d* is invertible. More of that, the norm of the inverse
(d 4+ d*)~" is estimated with number B such that

1 1
Fi| o, A—+ — A 32
(a,/a+ . )+ (32)
1 1 1\\?
+<F,(A)<AFs(a, a—i—AE—i—E;A)—i- a+A§)) < 1.

Proof. Consider an element x such that
I(d + d*)x|| < 3llx]l. (33)
We have
I(d? + dd™)x|| < Ad|x]).
Hence

ldd*x|| < [ld*x]| + [(d* + dd*)x]| < alx|| + As||x||
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and so
I(dd*x, x)|| < (@ad)llx|?
or
ld*x|l < Voo + A8 ||x]|.
From (33), we obtain
ldx|| < (Ve + A5 + 8)||x]I.
From the conditions of acyclicity, for some element y we have that

lx —dyll < Fs(a, Va + Ad +8; A) x|, (34)
Iyl < Fr(A) x|l 35)

Hence,

ld*x — d*dy| < AF,(ot, Voo + A8 + 8; A)||x],
or

Ild*dyll < Fi(A)(AF,(a, Vo + A + 8; A) + Vo + A8 ) ||x ||
and so

ldyll < (Fi(A)(AF,(a, vV + A8 + 8; A) + v + A5 ) IIx]!.

From (34), we have

lxll < ((Fz(A)(AFS(a, Vo + AS +5; A) + m»l/z_{_
+ Fy(o, Vo + AS; A)) |1x].

Thus, we have

((Fi(A)(AF (o, Vo + A8 + 83 A) + Vo + AS) )1/2+
+F(a, Va + A; A)) > 1. .

The inverse statement also holds:

THEOREM 2. Let (C, d) be a (a, A)-almost chain complex and assume that the
operator d + d* is invertible and ||(d + d*)"'|| < F;(A) for some admissible
function F € ¥ . Then there is an admissible function F' € ¥, which does depend
only on the choice of F and does not depend on the complex (C, d) and (C, d) is
F'(«, 8; A)-almost acyclic complex.
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Proof. Let x be an element such that ||dx| < d]/x]|. Since d + d* is invertible
operator, for some element y we have

x=d+d)y, |yl < F@A)]x].
Therefore

ldd*y|| < lldx|| + |d*y]| < (@F(A) + 8)||x|.
Hence

ld*yIl < v/ (@Fi(A) + 8) Fi(A)||x|.

Thus, we have

lx = dyll < Fi(A)va +8F(A)|xl,

Iyl < Fi(A) x|l m]
THEOREM 3. For any admissible function F € ¥, there is an admissible func-
tion F' € ¥ such that for any F-almost exact sequence

O—>C1—>C—>C2—>O (36)

of (o, A)-almost complexes and (a, A)-homomorphisms such that

]l < A, il < A
lidy —di|l < a,
ljd = d2jll < e,

the following properties hold:

(1) If (Cy, dy) and (C,, d>) are F(«a, 8; A)-almost acyclic chain complexes, then
(C,d) is F'(a, §; A)-almost acyclic chain complex.

2) If (Cy,dy) and (C,d) are F(a,§; A)-almost acyclic chain complexes, then
(Cy, dy) is F'(a, 8; A)-almost acyclic chain complex.

3) If (Cy,dy) and (C,d) are F(a,§; A)-almost acyclic chain complexes, then
(Cy, dy) is F'(a, 8; A)-almost acyclic chain complex.

Proof. Let x € C, ||dx]|| < §||x]||. Then | jdx| < Ad|lx|. Hence
ld2jxll < lljdxll + [(d2j — jd)x|l < (A8 + ) llx].
Since (C», d») is an almost acyclic complex, there is an element y € C, such that
Iyl < Alljx]l < A%|lxll,
ldy — jx|| < Fy(e, A8 +a; A)lx|l = F (e, 8; A)llx]].
Since sequence (2) is F-almost exact, there is an element z € C such that

Izl < Allyll < A% x|,
ljz — yll < Fy(a,0; Ayl < Fi(e, 0; A)A?||x]|.
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Then
Ilj(dz — )| = Iljdz — jxI
Idsjz — jxIl + (daj — jd)z
allzll + lldajz — dayll + llday — jx|
allzll + Alljz — Il + F} (e, 8; A)lx]|
a A’ |x|| + A®Fy (e, 0; A)|x|| + F, (o, 85 A)|Ix]|
F2(a, 8, A)|x]|.

INCINCIN NN

From F-exactness of sequence (2), again there is an element u € C; such that

lull < Alldz — x|l < A(lldzll + Ix]) < AA® + D|lx|;
liu +dz — x| < (a F?(a, 8A)%;A)I|dz—xll
— X

d _
< F<a FO(a, 5: A) x|l . A) ldz — x| ]

ldz — x [lxl

d —
_ F;3>(a,3, ldz x||; A>”x”
llx]]

< FP(a,8, A%+ 1; A)lxl| = FP (. 8: A)|x]|.

Then
Idiul| < |ldiu —d(dz — x)|| + lld*z]l + |ldx]|
< AFP(a, 8: A)|lx|| + a A [lx]| + 8|x|;
lidyull < lldiu] + [|Gidy — di)u]
< FOa s Al = AV 85 Az dul

Again from almost exactness, we have that

Idyu| < F<a F(a, 8; A) ”ﬂlx”” )ndlun

diu
- Fs(oe, FO@, 8 o) )” el
il ) I

d
_ Ff(a,S; I 1u”,A>||x||
llxl

< Fl(a, 8 A(A° 4+ 1), A)lx|
< F/(a,8; A)lx]|.
From the acyclicity of (Cy, di), we have that there is an element v € C such that

vl < Alfull;

ldyv —ull < < FOt(a, M)H A)nun
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or
lidyv —iull < F( F 7 (a, 6A>:: :: )nun.
Hence,
ldiv — iu|| < ||div — idyv| + |lidyv — iul|
<Aa+AF (a FP(a, 8; A):: :: ))llull.
Thus

ld(z —iv) — x| < ||div —iu|| + |liu —dz + x||
<Aa+AF (a FPD(a, 8; A) :: :: ))lluIH—
+ F®(a, 8; A)llx||

(AoH—AF (a FP(a, 8; A):: :: ))%n |+

+ F(a, 8 A)llx|

s (it A
< FOa, 8; A)||x]|.

Also, we have that

Iz — v < A%|x|| + A*(A® + Dlx| = F(A)|Ix]|. 0

THEOREM 4. Let C = @ Ci;j be a bigraded complex with two almost differ-
entials dy, dy of degrees correspondmgly (1,0) and (0, 1), did, + drd;, = 0. Let
d=d +d, If (C,d, is an F;(«, §; A)-almost acyclic chain complex, then (C, d)
is also an F](a, §; A)-almost acyclic chain complex for the proper admissible
function F'.

Proof. The restriction of the differential d; to a homogeneous summand C; =
&b j=« Cij also gives an Fy(«, §; A)-almost acyclic complex. Hence, we can apply
Theorem 3. O

COROLLARY 1. In particular, if (C,d) is an Fy(«, §; A)-almost acyclic chain
complex, then the new complex (C @ Ci,d ® 1) is also an F;(a, §; A)-almost
acyclic chain complex.

Let Cone(f) denote the F (o, A)-almost chain complex defined by formulas
(15) and (16).
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COROLLARY 2. Let (C,d) be an («, A)-almost chain complex and 1: C — C
be an identical homomorphism. Then the cone Cone(l) is an F;(a, §; A)-almost
acyclic chain complex.

THEOREM 5. If Cone(f) and Cone(g) are F(a, A)-almost acyclic chain com-
plexes, then Cone(gf) again is an F'(«, A)-almost acyclic chain complex for the
proper admissible function F' € ¥, which does not depend on the choice of
complexes Cy and homomorphisms [ and g.

Proof. Let the differentials of the complexes Cone( f), Cone(g) and Cone(gf)
be Dy, D, and D, correspondingly. We have

(b f _ (4 & _ (4 &f
Dl_(o —d1>’ D2_<0 ~a,) P=\o 4 )

Consider a vector z = (i? ) such that || Dz|| < §]|z||. This means that

ldsx3 + gfxi|l < é8llzll, ldixi |l < 8llzl.
Then
lda fxill < [l fdixill + 1(fdi — daf)xll < (A + )|z

Put z, = < f;l ) Hence

d z
D2 (20) || = H( ¥+ 8/ 3 ) H <260+ 4+ 2.
dy fx; lz2]l

Since the Cone(g) is almost acyclic complex, there is a vector u = (Z; ) such that

ull < Allz2l,
Z

lzo — Doul| < F (a, 2(6(1+ A) +a)H; A) lz2ll < F (e, 85 A) |z
2

or
I3 — dsus — gus || < FP (e, 85 A) |zl
I fx1 + daus|| < FV(, 85 A)|z]l.

Consider the vector z; = (l;f ) We have

Dz = (dzuz‘fol)‘

—dix

Izl
IDiz1ll < FP (e, 83 Azl + 811zl = FP(a, 8; A)—|lz1 .

izl
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Again, from the almost acyclicity of the Cone( f), there is a vector v = <Z? ) such
that

vl < Allzill,

Z
nm—Dwn<mcnﬂ%m&AﬂULA)mn=ﬂWm&AWﬂ,

Izl

that is

lus — davy — foill < FO(a, 85 A)llz,
lx1 +divi || < FO(a, 85 A)|z]l.
Let

w— <M3 —i—gvz).
%t

Then

B _ (% —dsuz —dsguy — gfv
. Dw = ( X1 +d1v1 )

We have
X3 — dzuz — dz3gva — gf 1|
< llxs — dauz — guall + [|guz — dsgvy — gf vl
< llx3 — dsuz — gua|| + Alluz — dava — furll + lldzgva — gdava||
< FV (e, 85 Allzll + F2 (e, 85 A)llzll + ezl
< FPa, 8 Alzll;

and
lx1 4+ dior|| < FP (@, 85 A)llz]l.
Together, we have

Iz — Dw| < F¥(a, 8; Azl + FO (o, 8; A) ||z = FO(a, 8; Azl O

5. Almost Algebraic Poincaré Coplexes

The definition of almost algebraic Poincaré complexes is given in a way similar to
the definition of algebraic Poincaré complexes from Section 2. Namely, let (C, d)
be a («, A)-almost chain complex

czéci, d:@di, d*>=0
i=0
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or
Codc & &g,
It is convenient to use the grading operator
nC—C,  n'=n =1 nf, =D

Then we have dn 4+ nd = 0 or, in general, for the homogeneous homomorphism &
of degree k we have £n = (—1)*nE.

DEFINITION 5. The F(a,§; A)-almost algebraic Poincaré complex of formal
dimension 7 is the pair M = ((C, d), D), where (C, d) is the («, A)-almost chain
complex, that is d is the homogeneous homomorphism of the dimension —1 such
that |d?|| < « and D:C* — C is the homogeneous homomorphism of the

dimension n

c, < ¢

[0, I
d* dx

dy d,
<L <& Cn

To
*
d;

Cir «— Cr, < -+ «— C}
such that

D]l < A, IDd* +dDn| < a, D* = Dn"*. (37
The second condition of (3) means that if d* = nd*, then the homomorphism

D:(C*,d*) — (C,d) is an («, A)-almost chain homomorphism.
More of that, we require that the cone Cone(D) should be the F'(«, §; A)-almost
acyclic chain complex.

It is evident that the new complex (—M) = ((C, d), —D) also is an F(«, §; A)-
almost algebraic Poincaré complex (with ‘opposite orientation’). This operation is
called changing the orientation of the almost algebraic Poincaré complex.

There are two operations in the class of almost algebraic Poincaré complexes —
the direct sum and tensor product. The construction of the direct sum is evident.
For construction of the tensor product, we should consider two F'(¢, §; A)-almost
algebraic Poincaré complexes M, = ((Cy,d;), Dy) and M, = ((Cy, d>), D»),
general by of different formal dimensions n; and n,. Then consider the almost
chain complex

C=0CQC0C, d=di®1+n ®d, n=mn®mnmn (38)
and the homomorphism

D:C* - C, D=(D;®D)((=D)"m®1,13n), (39
where

tm,m) = 3L+ 0+ 12— mmn).
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THEOREM 6. There is an admissible function F' € F such that the pair M =
((C,d), D), defined by formulas (3) and (21) is an F'(«a, §; A)-almost algebraic
Poincaré complex.
Proof. First of all we shall check that (C, d) satisfies the properties of the (c«, A)-
almost chain complex. We have
> = (d®1+m@d)d 1+ ®d)
= i@+ Qd; +dim @dy +md ® d
=di®l+1®d;.
Therefore [|d?| < 2c.
Now we shall check that D satisfies condition (3). Previously, we checked that
(=D"m 1L, 1®n)df ®1) = ([df @n)¢((=D"n &1, 1 ® ).

Really, we have
A1+ D" @1+ 1®@m+ (—D"n @ n)(df @ 1)
=@ DA 1 —(=D"m®1+1®n — (=1D)"n Q@mn)
=d;®n)3(1QL+(=D"n@1+1®@n+ (—D"n @ n).

Similarly, we have

(=D"m1L,18n)(0®dy) =((—=D"n &d;)(=D)"n ®1,1®n)
and
(=D"m L, 1®n)d ®1) = (di ®)¢((=1)"n1 @ 1,1 ® na),
(=D"mL 1m0 Qd) = (=" @d)¢((=D)"n &1, 1 @ na).
Now we have
Dd* 4+ dDn
= (D1 @ Dy)i(di ® 1 +m ®dy)+
+(di®@1+n ®@d)(D1 ® Dy)¢n
= (D1 ® Dy)(df @ m + (=)} ® &)+
+(di @1+ n ®@dr)(D; ® Dy)ng
= (D1 ®@ D))} @ m + (=" @ dy)+
+(di ®1+n ®@dr)(D; ® Dy)n)¢
= ((Did} ® Damy + (—=1)""'D; ® D,d3)+
+ (d1 D1 @ Doy + mDimy @ daDama))§
= ((Did} ® Damy + (—1)""'D; ® D2d3)+
+ (diD1n1 @ Dana + (=1)"' Dy @ dyD212))¢
= ((D1d{ +diDyn1) ® Danp)¢+
+ (=1)""(Dy ® (D2dy + dy Dym2))¢.
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Hence

| Dd* + d Dy
< NIDyd; +di Dy - 1Dall - ¢ 1| + 1 Dads + daDama | - 1Dy - 1€
< 2aA = Fy(a; A).

Finally, we should prove that the Cone(D) is an F'(«, §; A)-almost acyclic
chain complex. The homomorphism D is the F(«; A)-almost chain complex
D: (C*, d*) — (C,d), where d* = —d*n.

We shall split the homomorphism D into a composition of two homomor-
phisms:

Cr=CRC5CI®0, 5090, =C,
where
B2:D1®1, BIZ(1®D2)§, D:BloBz. (40)
Define the almost differential
d:Cf®Cy — CI®C,
as
d=md; @1+ (—1)"n ®d
Then
Id*l = I(mdf @ 1+ (=D"'m @ d)*) || = lImdimd; ® 1+ 1@ d; || < 20,

ld B> — Bad|
=di®1l+m®d)(D;®1) — (D1 @ D(md; @ 1+ (=D"'n @ do)||
=diDi®@1+mD; ®dy) — (Dymd; @1+ (=1)""Din; @ dy)||
<|diDy @1 —=Dimdy @ 1| + ImDy ® dy — (=1)"' D1y @ da||
= ||d\ Dy — Dimidf| < a.
Also, we have
1B1d* — dB|
= (1 ® D)¢n(df ® 1 +midy)—
—(md{ @1+ (=1)"n ®@dy)(1 ® D¢ ||
= (1 ® Dyn(df @ ma + (=1)" @ d3)¢ —
— (mdy @ Dy + (=1)"'n @ da D)< ||
= |(md{ & Dy + (=1)""n; ® Danady)s—
— (mdi @ Dy + (=1)"'n @ da D)< ||
= [(=1)""m ® Damd; — (=1)"'n @ dr D5 |
= [|Dymd;y — da Dyl < a.
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Thus we can apply Theorem 5. For this, we should prove that both homomor-
phisms (40) induced almost acyclic chain complexes Cone(B;) and Cone(B;).
Consider the first complex Cone(B)):

CreC 25 Cr e G,

The differential of the Cone(B)) is defined by the matrix

_(d B
o= (o )

_ (md @1+ ()" ®d; (1® Dy)¢
0 n(di @ 1+m ®d3)
- (mdf‘@)l 0 )+((—1)"'771®d2 (1®D2)§>
0 md; @ m 0 1 @ nads

_(mdiet 0,
0 md; ® n,

+(1 0) <(—1)”‘m ® dy (1® Dy) )(1 0)
0 ¢ 0 (=D"n ® nad; 0 ¢
— L+K.

Here
K — (1 0)((—1)"‘771®d2 (1 ® Dy) )(1 0)
0 ¢ 0 D" ®nd; J\0 ¢

- (0 ¢)n (o ?)

kK = (CV'med (@D )
0 (=1D)"m & md;
_ 1®d (1® Dy)
- (19 o)
A= (C((—l)”‘m, 12) 0 )
0 E((=D"m, (=D"m) J-

Therefore, K defines the differential of an F;(«, §; A)-almost acyclic chain com-
plex since the Cone(D») is an F;(w, §; A)-almost acyclic chain complex. Thus, by
Theorem 4, the cone Cone(B)) is an F,(«, 8; A)-almost acyclic chain complex.

Consider the second complex Cone(B;): CT ® C; 2 C, ® C, = C. The
differential of the Cone(B,) is defined by the matrix



THEORY OF ALMOST ALGEBRAIC POINCARE COMPLEXES 29

d B
G2 = (o —3)

_ d®l+n®d Di®1
0 —md; @1 —(=1)"n ®dy
_ d®l1 DI®1 n n Qd 0
0 —nldik (24 1 0 —(—1)’11)71 ®d2
= K+ L,
where
K — d®1 Di®1
B 0 —mdik®l ’
I = n ®ds 0
0 —-=D"med )’
KL+ LK =0.

Hence, by Theorem 4, the cone Cone(B;) is an F|(«, §; A)-almost acyclic chain
complex. a

DEFINITION 6. Let
M, = ((Cy,dy), D) and M, = ((Cs,d>), D)

be two F(a, §; A)-almost algebraic Poincaré complexes, generally of different for-
mal dimensions n and n,. Then the pair M = ((C, d), D), defined by formulas (3)
and (21) is called the tensor product and we note M = M| Q M,.

In similar way, we define an almost algebraic Poincaré with boundary.

DEFINITION 7. An F(a, §; A)-almost algebraic Poincaré complex with bound-
ary of the formal dimension n + 1 is a triple ((C, d), (Cy, dy), D), where the pairs
(C,d) and (Cy, dp) are (a, A)-almost chain graded complexes, the inclusion on
the direct summand i: Cy — C is an (o, A)-almost chain homomorphism that is
lidy — di|| < a.Let j: C — C/Cj be the natural projection and let k: C/Cy — C
be the bounded operator which is left inverse to the projection j on the orthogonal
supplement (i (Cp))*. Finally, let [: C — C, be the orthogonal projection. Put
d = jdk which is («, A)-almost differential on C/Cy. Let D: C* — C be the
homogeneous homomorphism of the formal dimension n 4+ 1 such that

Ij(Dd* +dDn)| <o  D*= D" (41)
Assume that the homomorphisms
jD:C* — C/Cy, Dj*: (C/Cy)* — C (42)

induce F(«a,§; A)-almost acyclic chain complexes on the cones Cone(jD) and
Cone(Dj*).
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Definition 7 gives the following diagram:

0> ¢ > ¢ L c/e— 0
vy o v 43)

0 - (C/Cpy* L5 ¢+ 5 cr —o.

Remark. The second condition in (3) is implied from the first one for sufficiently
small o, but we prefer to avoid additional difficulties in our considerations.

LEMMA 1. Let M = ((C,d), (Cy, dy), D) be an F(«a, §; A)-almost algebraic
Poincare complex with boundary of the formal dimension n 4+ 1. Put

Dy = I(Dd* + dDn)l*, Dy: C; — Co.

Then the pair ((Cy, dy), Do) is an F'(«, 8; A)-almost algebraic Poincaré complex
(without boundary) of the formal dimension n for some admissible function F' € ¥
which does not depend on the choice of M.

Proof. It easy to check that il + kj = 1. From (3) we have ||(Dd* 4+ dDn) j*||
< o. Hence

|Dd* 4+ dDn — i Doi™||
< |Gl + kj)(Dd* +dDn — i Doi*)(I*i* 4+ j*k*)||
< il(Dd* + dDn)l*i* — ili Doi*I*i* || + 2c
= |lil(Dd* +dDn)l*i* —ilil(Dd* + dDn)l*i*I*i*|| 4+ 2« = 2.
In the diagram (43) we can substitute the right space C/C for the homotopy
equivalent one Cone(i) = C & Cy:
CeCy
v/
0> ¢ — ¢ L c/co - 0 (44)
Dj* /! TD ’/‘ JjD
0 — (C/Cy* < cr ¢, — 0.
Then the diagram

c L Cone(iy=CoC,
TDJ'* ) Tﬁ 45)
(C/Cy)* 1> C*

() = (8)

with
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is almost commutative, hence it can be completed to the exact sequence
0 — (C,d) > (C®Cpd) — (Cod) — 0
for T fo
0 — ((C/Co)*,=d*n) = (C*,—d*n) — (Cj,—djn) — 0,

where

;o B _(d 0
y _(07 1)5 dc_ (O d())

Hence, to prove that the Cone(Dy) is almost acyclic, it is sufficient to check that
the middle homomorphism g induces an almost acyclic cone.
Consider the following almost commutative diagram with exact rows:

0 = (Co®Codo) L&Y (cocyd) Y8 (c/co,d) — 0

To Tﬁ TJ'D (46)
0 — 0 O (¢ —drp) -5 (¢t —d'p) — 0,

where

- (do —1
d0_<0 do).

The first and third terms in diagram (46) form almost acyclic cones. Hence, the
middle terms also are almost acyclic. O

Denote dM = (Cy, dy). We shall say that almost algebraic Poincaré complex
dM is bordant to zero. In the common case, consider two almost algebraic Poincaré
complexes M; and M, of formal dimension n. We shall say that these two almost
algebraic Poincaré complexes are bordant if there is an almost algebraic Poincaré
complex with boundary W of formal dimension n4-1 such that 0W = M, @ (—M,).

LEMMA 2. Let My, M, be two almost algebraic Poincaré complexes with bound-
ary of formal dimension —n + 1. Let f:0M, — 0M, be an almost isomorphism
such that = also is almost isomorphism. Then the so-called ‘connected sum’
M = (M, & My)/{x ~ f(x)} also is an almost algebraic Poincaré complex
(without boundary) of formal dimension n + 1.

This new almost algebraic Poincaré complex M is denoted by M = M; Uy M,.
More generally, there is an analog of the connected sum for almost algebraic
Poincaré complexes with boundary.

LEMMA 3. Let M, M, be two almost algebraic Poincaré complexes with bound-
ary of formal dimension n + 1. Assume that the following splitting holds:

oM = M UM, OM> = My U M,
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and there is an almost isomorphism f: M, — My,. Then the ‘connected sum’
M = (M) & My)/{x ~ f(x)} is an almost algebraic Poincaré complex with
boundary of formal dimension n 4+ 1. More of that, the boundary M also is the
connected sum

OM = My, Uy My, where fo = flom,=om,, -

The bordism relation clearly is an equivalence relation for a proper choice of ad-
missible functions. More of that, the bordism relation is compatible with operations
of the direct sum and tensor product. Namely, we have the following lemma:

LEMMA 4. Let My and M, be two almost algebraic Poincaré complexes. If
dMy = 0, then M| ® M, is an almost algebraic Poincaré complex with boundary
oM; ® M,.

In the common case, M| ® M, is an almost algebraic Poincaré complex with
boundary

oM @ M) = (M @ My) Uy (M ® dM>),
where

f: oM Q@ oMy — IM, ® IM,
is identity.

For the construction of an invariant similar to the signature, we shall introduce
a class of elementary almost algebraic Poincaré complexes.

DEFINITION 8. The almost algebraic Poincaré complex
M =((C,d),D), C=EPC,
k=0

of formal dimension 7 is called an elementary almost algebraic Poincaré complex
if Cx = 0, except one or two middle dimensions. In the case n = 2k the ele-
mentary algebraic Poincaré complex coincides with an algebraic Poincaré complex
considered in [1]. In the case of n = 4k for sufficient small o, the homomorphism
D: C3, — Cy is an invertible selfadjoint operator. Hence, put sign(M) = sign(D).
In the case n = 4k + 2, the homomorphism D:C7, | — Cu is an invertible
skew-adjoint operator. Therefore put sign(M) = sign(i D).

LEMMA 5. Any almost algebraic Poincaré complex M is bordant to an elemen-
tary almost algebraic Poincaré complex M, for a proper choice of the admissible
function F € F which does not depend on the choice of, M for a given formal
dimension n.

This lemma allows us to define the signature for an arbitrary almost algebraic
Poincaré complex for a proper relation between « and A.
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DEFINITION 9. Let M be an almost algebraic Poincaré complex of formal di-
mension » and let M, be an elementary almost algebraic Poincaré complex which
is bordant to M. If n = 2k, then put sign M = sign M,. In the case n # 2k we put
sign M = 0.

The following statement justifies the definition:

LEMMA 6. Definition (9) is correct in that it does not depend on the choice of
elementary almost algebraic Poincaré complex M, which is bordant to M.

Thus we obtain the signature function defined on the classes of bordant almost
algebraic Poincaré complexes, which satisfies the following natural conditions:

LEMMA 7. The following relations hold:

sign(M; ® M») = sign(M,) + sign(M>),
sign(M; ® M,) = sign(M;) - sign(M,).

6. Construction of an Algebraic Poincaré Complex Associated with a
Combinatorial Manifold Equipped with a Vector Bundle

Let X be a compact oriented combinatorial manifold of dimension » and let V
be a vector bundle over — X. The vector bundle V is determined by a continuous
projector-valued function P(x), x € X. This means that there is a trivial vector
bundle N, N = X x C" and a continuous projector-valued mapping

P:XxCV— XxxchV. (47)
Let us fix a simplicial structure on the manifold X. Denote this by

nei(X) = max#{t: o Nt # 0},
oCX
and
s(X) = min(diam(o)).
oCX

LEMMA 8. There is a number L > nei(X) such that for any ¢ > 0 there is a
simplicial subdivision Xy on the manifold X such that s(Xs) < ¢, nei(X;) < L.

For arbitrary simplex o = (ay, ay, - .., ax), denote by x (o) its central point o,

k

1
x(o) = Zn+ laj.

j=0
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Assume that the simplicial structure is sufficiently fine such that, for any simplex o
and for any of its face t, we have the inequality

[P(x(0)) = P(x(D)]| < e.

Denote by (C(X, N), d) the chain complex with coefficients in the trivial vector
bundle N:

CX,Ny=Ccx)®c", d=d@cV.

Then the projector-valued function (47) induces the projector P in the space
C(X,N):

P(c®v) =0 Q® P(x(o))v, veCY.

Let us define the almost chain complex (C (X, vV, P), dy p) by:
C(X,V,P)=Im P, dy ;= PdP.

Let D: C*(X) — C(X) be the Poincaré duality homomorphism on the manifold X.

By extending it to the chain complex with coefficients in the trivial vector bundle
D=D®C":C*(X,N) - C(X, N),

we obtain the algebraic Poincaré complex ((C(X, N), d), D). Then the almost
algebraic Poincaré complex is defined as:

Dy 5:C*(X,V,P) > C(X,V, P),
D"/’IB = PDP.

Still, the pair ((C(X, vV, P), dy p), Dy p) determines the almost homomorp-
hism of almost chain complexes. '

In order to have that the pair ((C(X, vV, P), dy p), Dy p) determines the almost
algebraic Poincaré complex, one should check that the cone defined by the homo-
morphism Dy 5 makes up an almost acyclic complex. The following statement
answers this question.

THEOREM 7. Consider an oriented combinatorial manifold X and a vector bun-
dle V defined by a projector-valued function, P. Then there are such numbers L
and & > 0 that, if the simplicial structure on the manifold X satisfies the conditions
nei(X) < L, diam(X) < ¢, then the pair

M(X,V,P)=(C(X,V,P),dy ), Dy p)

is the F (g, L)-almost algebraic Poincaré complex for the proper admissible func-
tion F € & which does not depend on the choice of simplicial subdivision on the
manifold M.
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If X5 is a fine subdivision with the condition nei(Xs) < L, then the almost alge-
braic Poincaré complex M (X, Vv, f_’) is bordant to the almost algebraic Poincaré
complex M (X, vV, P).

If P’ is another projector-valued function, which defines the same vector bundle
V, then there is a number &, < ¢ such that for a simplicial subdivision X5 with
conditions nei(Xs) < L, diam(X;) < &y, the almost algebraic Poincaré complex
M(Xs, V, P) is bordant to the almost algebraic Poincaré complex M (X, vV, P).

Finally, the following formula similar to the Hirzebruch formula holds:

sign(M(X, V, P)) = 2*(L(X)ch(V), [M]). (48)

Proof. In reality, we need to prove the statement of the Theorem for the more
general case of manifolds with boundary.

Firstly, notice that the manifold X can be decomposed into a finite family of
handles. Each handle is homeomorphic to an n-dimensional cube I" = I x [ x
.-+ x I. Therefore, it is sufficient to prove that the theorem is true for unit interval
I and to apply Lemma 4. Thus, the complex M (I”, V, P) is the almost algebraic
Poincaré complex with boundary. Hence, due to Lemma 2, the sphere S" with the
vector bundle V induces an almost algebraic Poincaré complex. Further, we apply
Lemma 3 for gluing the manifold with boundary by the handles.

Thus, the function sign M (X, V, P) in reality is a function on the bordism group

sign: Q(U BU(n)) > Z 49)

To prove the analog of the Hirzebruch formula, it is sufficient to check some
algebraic properties of the function (49): namely, additivity with respect to a non-
connected sum of manifolds, additivity with respect to a direct sum of vector
bundles and multiplicativity with respect to a Cartesian product of manifolds and
tensor product of vector bundles.

All these properties follow from Lemma 7.

Thus, we should check formula (48) only in the case when X = T? is the two-
dimensional torus and V is the Hopf bundle over the two-dimensional torus. In this
case, there is a simple description of the Hopf bundle.

LEMMA 9. There is an asymptotic representation p of the fundamental group
mi(T?) = Z x Z such that the correspondent vector bundle V, over the torus T?
has a nontrivial first characteristic Chern class.

Therefore, it is sufficient to check formula (48) for the vector bundle Vp induced
by the asymptotic representation p. This case is the direct consequence of the
general Hirzebruch formula for asymptotic representations (see [2, 8-10]), and
the fact that the signature sign(M (X, Vp, }3)), defined above, coincides with the
image of the symmetric signature of the nonconnected manifold for the asymptotic
representation p.
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Really, let p = {p,} be an asymptotic representation of the fundamental group
m = m(X, xo) of the manifold X with fixed point xy € X. Let us fix a simplicial
subdivision on the manifold X and a polygonal curve y, for each vertex a € X
which connects the initial vertex xy with the vertex x. Consider the chart atlas
U = {U,}, compounded with the star of vertices U, = star(a). Then, on the
intersection of two charts U,,,, = U,, N U,,, let us consider an ‘almost transition
function’

1°

(paoal = pk(gaoal)’ ga0a1 = Vao . (aO, al) : ya_ll €.

This means that the bundle V,, is defined by the transition functions wﬁoal(x),
X € Ugyyaq,, such that

| @agar — Vo, Nl = &1 — 0.

There is a construction that is equivalent to (48) for the almost algebraic Poin-
caré complex. Namely put

C(X, Vo) = P Vo, (x(0)),

where x(o) is the central point of the simplex o. Let a(o) be a vertex of the
simplex o. Then the bounded operator d is defined by the formula

d: Vpk(a) — @ Vpk(aj),

gj
d= @(_ 1)j(pa(0)a(a_/-),
J

where o is the jth face of the simplex o.

Similarly, one can construct the Poincaré duality operator D.

One can also check that this new definition gives the almost algebraic Poincaré
complex

(C(X,V,),d, D), (50)

which is bordant to (48).

On the other hand, the complex (50) is the tensor product of the universal alge-
braic Poincaré complex of the manifold X, supplied with a simplicial structure and
a asymptotic representation p. O
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