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TueoreM 5. Ifk=q—1, 07 k= (g—1)[2, then fi(2)
has no zeros inside the unit circle. If k = o, then fo(2) has the
algebraic zero 2 = 0y and all its possible other zeros are irans-
cendental.  In all other cases, the zeros of fi(z) are algebraic
n-mbers, and there are an infinity of them inside the unit circle.

In a similar way, the generating function of integers
with more than one missing digit, or with a missing
sequence of digits can be investigated.

Manchester University, England.

LATTICE POINTS IN A TETRAHEDRON AND
GENERALIZED DEDEKIND SUMS
By L. J. MorbpELL
Let p, g be two positive integers prime to each other.
One form of the reciprocity formula for the so-called
Dedekind sums is given by the
THEOREM

d q
23N+ ZE(E)) = (¢4 -2)-0

Here ((X)) = X—[X]~3, X not an integer,
=:0 X an integer.
Various proofs have been given by Rademacher, Rade-
macher and Whiteman, Re’dei and myself. For references
see[1]. I have shown that the theorem isthe particular

case f(x¥) = « in the evaluation of

(G5 (2)

where fis a polynomial and the summation is extended
over those integer sets (x,y), i.e. lattice points, lying in
the triangle '
x
Z’+.2)9- <I g (3)
This method suggests the extension of the formula (1) to
a setof n positive integers p, ¢, 7, 5;...no two of which
have a common factor. The results, however, now take
a different form. Take n =g and write

s - T ZHCD)

o<cx<p,0<y<y,

Denote by N;(p, ¢, r) the number of lattice pbints in the
tetrahedron
0<X<P0<I< T OKILTO0< %

2%
[J+ q+ r< 1. (5)
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42 L. J. MORDELL

Write for shortness S;, N;. Then we have the
THEOREM.

S+ No= dpar+1y gr+1 Zp—t%z qu_,_I . jbgf 2, (6)

the summation referring to p, q, 1.

A formula will also be found for n = 4.

1. The method of proof shows that forn> 4, the
formula for §, will depend upon the number of lattice
points in sections of an n-dimensional tetrahedron defined
by

A< Sx/p<a+t1
for a number of values of A < n—1.

The function ((X)) has some well-known properties.

It is an odd periodic function of X, and so

(=X)) = —((X)), ((X+1)) = ((X)).
Also
(EN+H(X+1p)+o A+ (X (p=1) ) = (£ X)).  (7)

2. Werequire a formula for N;. One is given by

JaZ J
o N, = Z (Lﬁ R ] I )([p+q+r] 2), (8)
where the summatlon is taken over
o< <p, 0 y<g, 0Kz<, (9)
and the accent denotes the omission of the term
X _—_}J = z = Q.

For from (9), 0 < ;—l—f})—l—; <3, and those lattice points

for which

o< 242 1,
b qr

contribute each 2 to the sum, and each of those for which

X, 9,2
1< 4245 ¢
CSpTTr <3

contribute zero. There are no lattice points with
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p+y+— =1 or 2.
We write (8) as
2No= ¥ (E-3/2—((E))) (E-5/a—((E))), (10)

where F — f-}—zq—l—f. Hence

y
2V; = A+ B+C,
say, where
A=,§22(E‘3/2) (E=5/2), B= _q >: (E—~2) ((E)),
C= ¥ (B (11)

summedv over (9).

Hence
At15/q = 3 (E-3/2)(E—5/2).

Multiplying out and summmg 32°, $xy, sx, we have, 5

now denoting 3 ,
bra,r

15_2 —I)<P>(2 gr+z4pq(ﬁ)(l) 1)(9)(g—1)7

—4/23(p) (ﬁ—r)q/ﬁ+15 parla=s1% por—si gr+3% qrjp
+33p9r—33(p+9)r+33(r) - —23pqr+239r+15/4 pgr,
and so
=2 per+i39r+33p4+3 3 grjp—15)y. (12)

Clearly we can include x = y = 7z = 0 in the summations
for B and Cin (11). :

Next for B. From (7) on summing for J, Z2in turn,
we have :

2 5(G+E+8))= 25((5+7))= Z"((W))

s1nce 7y runs through a complete set of remdues mod ¢.

par—1

so 3 (G =3 ((2)),

44
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44 L. J. MORDELL

since grx+rp y+pgz runs through a complete set of residues
mod pgr. The sum is

Fagr—1
z (pqr—'j ) = 0-
Hence B= —2 S,. (13)
Finally
par—1 par—1

S5 E) T

61,2 52 (pOr—1) (b97) (2qu—1)——~ (pgr—1) (par)

+3(pgr—1)
- (MT—16)3[);2;17417—I)__(ﬁqg—l)%l (pgr—1)
| = =t
Hence we have the required formula
2 N, = Lpar+isaridspg 635 T4

3. For the four dimensional result, let N, denote
the number of lattice points in ”
x<17,0<)'<q, 2L, 0L WS,
x '

o<+++<
r 9

where no two of D, q 7, S have a common factor. Write

= 2 Z 5((55))-

P gy, 8, &= 1
We consider now

Szx,y,z;w([; ;)_l—rh] >< p q+r+}] )

where the summation is taken over the lattice points L
given by
OLAKCY, 0L I< G ORI OQWS
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with the exclusion of x=y=2z=w =o.

Here 0<p+;+ + < 4.
The points L with

w
o<ttt T
say N, in number, and each of those with

J
<+++—4
3<p%7

say, N’ in number, contribute 2 to S. Hence
S=2 (N,+N").
Let N” be the number of the points L satisfying
0 <;+$+§+§~”< 1, )z = O.

Then excluding these, we have a 1-1 correspondence
between the remaining ones in JV, and those in N given by
x+x' =p, y+y =g, 2+ =1, wtw =s.

Hence N, = N'+N” and S = 4N, —2N".
Now N = NS+ N+ N+ N7,
where N”, denotes the number of the lattice points L
when exactly r of the variables equal zero. Clearly

N = pz (p—1), N/ =o,
LGy 7y S
also

M= s (=) (-0
since there are (F[?—I)(q—l) solutions of

0<x<p, 0<Y< g Xptylg<2
and there is a 1I-I correspondence between those in
x/p+y/g < 1 and those in x/p+y/q >1 given by x+x" = p, y+

¢ =g¢q. Finally N\"= = Ni(p, q, r), and soS=4N,
P, 1S
—QME.H(.I’—I)— p (1)—1)(9—1) 2 3 N 5,4,7). (14)
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Next we split Sinto three sums, say 4’, B’, C*, correspond-

ing to 4, B, C but now a fourth variable w/s also occurs.
We find 4’+15/4
(p—1)(p)(2p—1)qrs -
> U Y (B (p-1) () s
_4 (/’ qrs 15 _x(p=1)(2p—1)grs
Z L 1= 2, 6p

+z%(ﬁ—1)( —I)rs— 22(1)—1)«175
+ 15 pqrs[4 = pqrs[12+ 3 rs+2grs/ (6ﬁ)~

Next B’ = --2§,.
Finally
rars—1
— _ 2 _ 1
= 2 (e=B)P= | pams—dg
This gives
_ grs ‘
S = 6?q7S+%2ﬁq 4+Z +6Mrs 25,

Hence on substituting for A; from (6) in (14),

,4N4+2S4'+21; qzr ) Ss(p) q, 7) - 22(]7——1)—}-2(‘1)——1)(q—-.1) |

+izpqr+irz(qr+rﬁ+ﬁq)+%z<ﬁ+q+r)

V4
62(97 TIJ_I_ ? )+62pqr
+—Mrs+ %2/)4*629” +5 ;q“.

= ~pqrs+2%21)5;-&%2})—22 +§I’2pqr

3 (577 6%y el e
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A NOTE ON FERMAT’S CONJECTURE
By PauL Turan

1. The classical conjecture of Fermat, unpoved so
far, asserts that the equation
2741 =2z (1.1)
is unsolvable in positive integers if ¢ is a fixed integer
>3. The history of the (few) attempts, which mean a
a progress however slight in this direction, is well known.
In this paper, which does not claim to be in this category,
we try to modify the problem in a rather plausible way
and to give by some quite elementary considerations the
first steps in this trend which can be certainly superseded
by applying more powerful devices.

2. In what follows we restrict ourselves to the case
when ¢ denotes an odd prime; the general case can be
reduced easily to it. Denoting by R, (¥) the number of
solutions of (1.1) with

I <x<‘N: I <.7<Na 1<z, (xa))) =1, (2'1)
the proof of Fermat’s conjecture would result :
R,(N)=o forall ¥ > 1.
Now the question arises: what can be proved actually by
way of an upper estimate for R, (N )? I shall show the
following

THEOREM. If ¢, ¢z, ... denote quanlities depending only

upon q, we have '

b2
Ry(N) < eV log =T . (2.2)
Replacing the second half of the argument by a

well-known but somewhat lengthy one, (2.2) could be
improved to |

_a
R, (N) < e, N log' V. (2.3)
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