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1The definite quadratic forms
in eight varinbles with determinant unity ;

By L.-J. MORDELL,

Let

L]
L) S = 2 W pailpl's (ttra==eyy)

ALY

be ¢ positive definite quadratic form with integer coefficients and
determinant

{21 A={enll

We consider the special case when A =1, Itis well kaown thatthen
there is for each value of nZ9 exaclly one class of nonequivalent
forms, narmely
(4) N2

(1] X

This result was given by Hermite (*) for 3<a <8 but his proof for
n=17,8 was vitiated by a numerical error. Stoulf, however, has veri-
fied the result for n = 7. Minkowshi (*) proved in 882 that the result
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be €7 2 B o s €] =+ %,
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was false for n =28 by giving an improperly primilive form of
determinant unity. Dickson () credits him with having corrected the
error of including n = 8. They have both apparently overlooked a
simpler form of determinant unity given by Korkine (*) and Zolota.
refl in 1893, in connection with their theory of extreme forms, namely,

(&) E £E 4 (E .r,.) — Py = A,
v L

Some recent arithmetical work on the representation of quadratic
forms as sums of squares of linear forms with integer coefficients, in
which Mr. Chao Ko and myself have becn interested, sugyesied the
desirabiliy of investigating the class number for forms in eight
variables with determinant unity. Theré is no theoretical difficuby
attached to finding it by the method of Hermite, but a great deal of
arithmetical work is involved. This can now be avoided by muking use
of two deep theorems in the theory of quadratic forms recenly
published. I prove the following

Ticoney, — There are exactly two classes of forms in eightvariables
L)

of determinant unity, namely the properly primitive class E.‘ri, and the

L] [ ]
- - - w 1) ’
improperly primitive cluss ‘\._"a:; -+ (2 a:,,) — 2T Ty — 2Ty Ty
1 1

The first theorem used is that £{x) is equivalent toaform in which
(3} 4y ? m-

where %, =104/3, »;= 64, 7,=250. This is given by Blichfeldt (*),
but Hofveiter (*), also gave the valueof %,. The second theorem is due
to the latter and states that if the equality sign in (5) holds for n =0,

(%) History of the Theory of Numbers, 3, tn3, p. 135,

(1) Mathemaiische Vunalen, 6, 1873, p. 361-389,

(?) Methemeatische Zetisehrift. 30, w3i. p. =13,

(%) Monatsheft far Huthematil: und P'hysik, b1, 1633, p. 13g-152
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then Jf(.r) is equivalent to the form
Y « & 2

(6) \'V; [Z.rﬁ-;— ( E m,.) —_—d A — u.:',.:.] .
1 LA A

For A =3, this can be written as

' t $ <
() “ (-r.+ glra+rotar -r.l) -+12 (a'g-&- 3 (Fet -r.+-r=\)

o\ (A o\ 3
4= .2y L'—lJ-‘ -+ ..--‘+.-'.t'. Bl A I-l.l‘,, -+ ,'.l' 5

| may note that by using this result and proceeding rather diffe-
rently than herein, Mr Ko lias at the same time as myself proved that
there is one class of properly primitive forms in eight variables with
determinant unity.

L

let
{41 FF{r) =2 Apilpd.
where
19) An=]landl (rys=m3,....n)
elc.,

be the adjoint form of f(z).
It is easy lo see Lhat if any a,,. or A,, is equal to unity, then both
[ ]

[ix), F(r) are equivalent to Zx',"., since Lhe class number for th:e

]
definite form of seven variables with determinant unity is one. We
seek now the definite forms /() with determinant A =1. Fram (5),
.I_-": . .
we may assume #,,$v230, i. c. m,,=1, 2, and nced only consider
#,, =2, llence .
(Y = (G b gl S eV e (el
where
gly=bo i+ abdpare- L

Now the determinant of g(.2) is 2* A f27=2064, and hence we may
suppose g(z) equivalent to a form in whick b,, < v2r2r < 4.
Then on replacing 2, by @7 - br,. we may suppose a,,=0,1. But

'
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if by =0, 1,2, o |
’ | -. - aln=.l;(“?:+ ":u)ﬁ g' e
and so ay,=1. Hence we need only consider byy=13, and thena,,=1,
and ™ Y ' :
“Axy= :‘u:f+ 2,y 3TT 4 26 (2 T3+, .. ) -+ az,(a,zr,;t-. N X P
Take now the part A(x), not involving terms 2,, ,, of the adjoint
form of f{x). lis determinant is

LUTERUT]

|:\== 3.

Hey My

Hence k(z) is equivalent to a form in which a3, $V64 = 2, and we
need only consider the case a,;= 2. Then A(x) is equivalent to the
extreme form (7). We now apply & linear transformation in only the
six variables 3, . ... &, transforming A(z) into (7), with, however,
voriables =,, %,, ..., and this leaves unaliered the three terms
227 + 22,2, 227 in the new f(z). Let theadjoint form of the new
[(x) have k(z), say, for the part independent of z,. The determinant

‘of K(z)is
u =, A=} Al (ro3=2,3,....8.
~ 'We can now construct #(x) knowing its determinant 2 and(7)the
part independent of z,, say. From (7), on permuling the variables
it must take the form

1 E : ' g
4 (-"l + . (w42, Z 40 + ’-'1-"-'1) -+ % (-'1-'|+ ;(“’a"" gyt g} + cr"l)

i 1 = 3 o
-+ E (::-’,--l- u T+ t.-,.z.,) -+ E(m“'-'- T )+ ryxl,
r=3.'!: 5
whete the ¢'s are constant. From ils determinant, ¢;= ; Also the
. coefficients of z,x, ctc., must be even integers. Hence (all mod 1),

e, 020, aG, B, N -1 {(r=3, 4, 5)

1 3
ey + ;(c,+f:|+r;)+ ?'G.Eo,

=u,

ac} + and e e+ i+ ?-lc=+

ol e

’
s
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Hence 3c,=o0 and since 2¢c,=o0(r=1, 2, 3, 4, 3), the last two
equations show that ¢,= 1/3, where | is an integer 3£ 0 mod 3. By
replacing &s by £, — 7.2, we may take ==k 2.
Since c;=c¢,=c,=0 or _5. we may, on replacing x,, z,, . by
x,— ~aT: elc., suppose that

rez=o =0, ney

I
wherec=ouor .

The first givesc, %= ;Eo. Then ¢,==% ; and on replacing &, 2,

1 1
by z, — M, ele., we have e, = L E= !nnd

{1) k()= =n (.r, - :.t [T A U I k| })-
1

-+ (.r,+ 3 [P S A SR I .r,_))-

o 1o\ 3 a \' a
-+ Z (-l‘.--'— ;.‘l’.) +.;l(.'f‘¢ 5-"1) +3'.l"g.

r=3hLa

We can take - ;-:.s otherwise on replacing x, by — a, a, by
— &, — (XT3 T, + T+ T, — 3, ), we gel h(z) again. The last terms
of k() can be writlen also as (a.':+ %x, "+ ; i3,

Next the case ¢y =¢,=¢,= i is impossible since

'( '-l-t:)—3 and ey i !
FleknTa =4 T

\We must now construct F(x) of determinant unity knowing k(=)
the part given by taking z,=o. Interchange the role of z,, z,, and
80 we must have

1
F(z})= a (.r. + ; (&34 &y By ey ) rf,.r,.)

1 3
+ 2 (.'r,-i- 2 (= 2 4 =+ 1) + :I,.r,)

[ ]
+2 :r+'-.r+d.17 ‘-l-l(.-: -+ dyar, )+ dyx?
r 2 T Lttt | a b} kAad § "y

r=3

where the d’s are constants.

r
+
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FFrom the determinant of IF(x), d,= é
From the coefficients of z,z, etc., we have (alt mod 1)

ad,=o, addy=o, d, 4+ dy+dr=0 (r=3,45,6),

ofy - i(rf;+ iy d4d))=u,
¢
a4 :ul;+2 o} - idf -+ '-: o= u.
I‘rom the latter, on multiplying by 2, since «} = (d, 4+ d,)* ctc.,
d, is an integer which on putting ir; =x; — A;x, can be taken as o,
Also2di+ 24+ i =o0, i. e. we can lake d, = &, dy=o0o0ord, =0,

f’,= g'

The first leads ww d,=d, = d, = d, = ; which does not satisfy the

last equation but one above. Thesecond lcads to dy=d, =d, == :
and gives the self-adjoint form

- 1 u

(19} Fl»y= = (.:.-| -+ ;(.r,-{- By Xy Yy ))
1 1
+2 (.r,-i- ;(.r,+ O R I e :r,))

N ¢ | L | 1
= ) T, - o — 07 e = a?
( r o v+ 3 .) -+ 3 3 - . 4

L

=858

IS Ll 2
o N

= }_' af (2' .t',-) — Ly == 2
s

1

This proves the result on interclianging the role ,, ', and noting
that this and the previous interchange of x,, x; give u transformation
of determinant unity, !t is of interest to note that all the forms (11)
or (4), (10) and (7) have been given by Korkine (4) and Zolatareflas
extreme forms in 8, 7, 6 variables respectively.




