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Abstract: Given ~ degree one normal map and ~ closed manifold o ne can 

form the ir p r oduct . The result is ~nother degree o ne normal map . In 

this paper we cal~ulate the surgery obstruction of the product in terms 

of the obstruction o f the ~riginal normal map and invariants of the 

c l osed manifo ld provided that the latter IS simply connected. The resul t 

depends o n the ~ongruence class m~dulo 4 of the dimension ~f the closed 

manifold. Let us call that dimension d. If d is congruent to 2 or J 

modulo 4 then the r esult i ng product has zero surgery obstruction. If d 

is congruent to 0 modul O 4 then the Obs truc t ion of the product is the 

or ig inal obs t ruction mult iplied by the index of the c l osed manifold. If 

d is congruen t to 1 modu1~ 4 then the obst r uc ti on of the product depends 

o nly o n the or i ginal obst ruction and on the de Rham invariant of the 

closed ma ni fold. We give an example of the last type where the resulting 

product obstr uction is non zero. 
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INTROIUCTION 

The first product formu l a for degree one normal maps was used by 

Sullivan in his analysis of the Hauptvermutung for simp l y connected 

manifolds. He wanted to treat the Kervaire invariant for normal maps 

between two dimensional manifolds by high dimensional techniques. To do 

this he proved, using a geometric argument, that crossing with ¢p2 pre­

serves the Kervaire invariant. The analogous statement is obvious for 

the signature obstruction. This four-fold ~geometric periodicity· formed 

in fact, one of the corner-stones for his geometric analysis of the homo_ 

topy theory of the "universa l classifying space~ in surgery theory, G/PL. 

Wall general i~ed this to normal maps between nonsimply connected manifold • . 

He showed, by a geometric argument, that crossing with qp2 preserves the 

nonsimply connected surgery obstruction , [15J. 

The first general product formula is a consequence of the rnultip lica-

tivity of the signature for c l osed, oriented manifolds: 

I[M X L) I(M)·I(L). 

From this it follows that if f: Mn ~ Nn is a degree one normal map with N 

simply connected, and if Lt is a c losed, oriented, simply connected mani-

fold, n + t • O{4), then 

(H) (surgery obstruction of f x ILl M X L ~ N x L) .. 

(s urgery obstruction of f) . I (L) 

(The surgery obstruction of f x ~ is k[ I (M x L) - I (N X L)).) (H) is 

also valid for n + t • 2(4) where the surgery obstr uction in dimension 

4k + 2 is the Kervaire invari ant [111. There are es~entially two~ypes or 

proof of this tormula (as well as all other product formulae): a geometric 

proof and a homotopy theoretic proof. 

The geometric one has its origins in the idea of Rourke and Sullivan 

[11] that one can give an a -priori, geometric calculation of the Kervaire 

obstruction for a norma l map. A-priori means calculating the obstruction 
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HI"" 'Iint .utvery. Ge?metric means using special cycle representatives 

'u, hlllll"D9Y ol .... s to calculate the "extra quadratic information" on the 

~ ••• I.I ,imenllona l homology,which in turn algebraically determines the 

Kt'V'~11 oba truction. In their ~ase, the special cycles are manifolds 

wI o n. half the dimension of the normal map, which are immersed by using 

'ho bunCIle in formation of the normal map. The 1l/2-quadratic form "is the 

ft~~t of double points of the immersion. One then proves the product 

"r~ul. for the Kervaire invariant of f x ILl M x L ~ N x L by uaing 

, ... uat cycle. in M x L and examining their double points. Thus the 

".10111 18 red\Jced to that of proving II "local product formula" for the 

".iuet of immersed cycles. 

The next child in the lineage of geomet r ic product formulae is the 

,.".ulltion by Sul l ivan and the author, ( 9], of the product for normal 

~,. bltween Z¥K - manifolds. The ideas and techniques follow those of the 

.'V'.O.lullivan c losely. The cru~ ial case is odd dimensional. The a­

,r~.ri, ,eometric information provided in the odd dimensions by the bundle 

•• , 11 , .et o f embedded manifolds equipped with nowhere zero normal 

",1i., Uaing these one obtains a "quadratic refinement " of the linking 

" a.1no on the torsion subgroups. This refinement determines, in a purely 

'1,ob,a1o manner, the surgery obstruction. In a product situation, the 

,fOllll11 i. again reduced to that of proving a "loca l product formula" (but 

'hi. t ime, for the product of an immersed manifold with an embedded mani­

r81. with normal field). 

1n both theae situations one makes use of two fortuitous facts 

rlr.t, ,11 the algebraic information needed is quadratic in nature and~ 

~hor .fOte aubtle only at the prime 2, whereas it is only at the prime 2 

11 ,1, only after ignoring odd multiples) that one can asaume that all 

" V" ll' ata a1ngular submanifolds. Secondly, the structure theorem for 

f\..,t tely Vlnerated abelian groups allows one to contro l the effect on 

I III .Qul homology of surgery. 
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The main ~e.ult of this pape~ i. to calculate the sU~ge~y obstruction 

of the p~oduct of a non-simply connected no~mal map and a c losed, simply 

connected manifold. If f: Mn ~ Nn is a degree one normal map with surge~y 

obstruction o(f) £ Ln(nl(N», and if Lt is a closed, oriented, simply 

connected manifold, then o(f x lL) E Ln+L(n l (N» is =alculated in terms of 

o(f) and homological invariant. of Lt. The idea is to use the bundle 

information, a. in the two previous instances, to give quad~atic ~efine-

ment s of the linking and inte~section pai~ings (this time over the funda-

mental group) and to uae the.e refinements to furnish an a-priori, geome_ 

t~ic calculation of the surgery obstruc tions. The fact mentioned above 

concerning quadratic torms, the prime 2, and representability of homology 

c lasses localized at 2 by manifold. ia germane to this discussion, too . 

However, the result. concerning the effects of surgery on the kernel g~oups 

have no general analogue fo~ nonsimply connected normal maps. This makes 

a gene~al a-priori definition of the surgery obstruction difficult. The 

problem is avoidad by ••• uming that all the kernel modules have the 

abstract properti •• Of abelian groups. On the basis of this assumption, 

we give an a-priori, veometric descriptio n of the algeb~aic forms which 

determine the aurgary obetruction. 

While this asaumption does not hold in general, any product situation 

can be tailored into a product situation in which it is valid. Once we 

have the description, WI need only p~ove the "local product formula" which 

evaluates the torms on product cycles in H x L in terms of invariants of 

i ts factors. Our re.ult. ar •• ummari~ed in the following theo~em 

Theoreml Let L be. c losed, oriented, simply connected manifold, and 

let f; Hn • Nn 
be a d.;raa on. normal map with f/aH; ~ ~ bN a homotopy 

equivalence. Denot. by I(Lt ) the signature of L if L • 0(4), and by 

d(LL) the de Rham invariant it t • 1(4). These a~e both invariants of the 

homology of L together with it. Poinca~e duality pairings. Denote by 



t., .hl 'WI"I~ o~truction of f in Ln(n1(N), and by 0(£ x lLI the 

,.,~ '-'.,waclon ot t X lL in Ln+t(n1 (N)). Then 

0 fo< , • 2, 3(4) 

alt )( ILl "1 a(f)- I(L) 
fo< , • 0(4) 

~Ido{f)} ' dlLI fa< , . 1 (4) 

~ Lk+1{n) ia a natural homomorphism for all k and n 

.. (It' • 0 for all x £ Lk Inl • 

••••••• d in term. of groups instead of elements, this theorem says 

Ih' homomorphi.~ induced by crossing norm31 map. with manifold. 

11 III. 0 it t. 2 or 3 (4), and. 

., Ihe following diagrams commute 

Ln (n) * 04t 

~ Id $:I signature 

Ln ln ) ®:;£ .. 

Lo(n) ~ ° 4t+l 

t'd '!> de Rham inv. 

> 

.. 
> 

Ln (,,) ~ ~2 If :;0 

Ln+4t (n) 

t= 
Ln ln ) 

Ln+4t+l (nl 

t= 
Ln+llnl "" 

fhl. tnlorlm qiv •• a complete formula for the effect on surgery 
~ 

'''.,uollon. Of cro.ling with a limply connected manifo ld except for the 

... , _hi' , i. not known in general. It does show, however, that the 

'"'V ~" •• lbl. invariant. of the simp ly connected manifold which can come 

.Mve. un" vani.lh, then the .urgery obstruction of the product is zero. 
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~ is known to be zero (i.e. the de Rham invariant has no effect) in many 

c ases . But for 01 (N) - Z, with the generator an orientation reversing 

loop (this situation is denoted {Z,-ll, ~ induces an isomorphism: 

• 1 
ttl: L J (lIZ, -) ---""" L4 (Z; -) • 

Thi s gives an example in which c rossing with an odd dimension manifold 

does not annihilate the surgery obstruction. The theorem and the calcul a -

tion of ~ are also valid if we begin with a normal map which i s a simple 

homotopy equivalence on the boundary and compute the surgery obstructions 

The first general product formula of this type was announced by 

Williamson in {16J for the cas. of an odd dimensional normal map crossed 

with an even dimensional manifold. The result is the same as the one we 

obtain in the case (i ••• multiplication by the signature). It seems from 

the Sketch of the proof given there that Williamson had in mind an 

argument similar to oura. Using the idea of crossing with Sl, Shaneaon, 

[12J, extended Williamson ' s argument to the case of crOSSing any normsl 

mSp with an even dim.naional manifold. This gives results only about 

• surgery obstruction. in L.(nl not in L.(ol, however. 

This paper can be outlined as follows. Chapters I and II show that 

the usual analysis of simply connected surgery--using intersection and 

linking pairing. both to study the effect of low dimensional surgery and 

to find the obstruction to doing middle dimensional s urgery--remains valid 

in the nonsimply connected ca •• , if the kernel modules have the abstract 

properties of abelian groups . The remainder of the paper demonstrat~s 

that in the product situation the kernel module~ have these properties. 

It also evaluates the pairings which determine the surgery obstr uction. 

lThis calculation is a 
Kervaire invariant and 

reinterpretation of the connection between the 
the signature described in [ 9), see also [8). 
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MIfI IM,lic itly, section 1 . 1 sets up the notation (we follOW Wall's 

(1 11). and recapi tulates aome of the fundamental theory of {IS) 

the assumption that all the kernel modules 

abelian groups. Normal maps with this 

•••• rn.l modules are called nice , normal maps. We prove that 

1ft'.' ._act .equence of the usual univeraal coefficient theorem is 

in In. contex t of such kernel modules. Fr om that we prove that 

••• non_lingular linking and i ntersection pairings on the kernel 

•• in t he simp ly connected case, whiCh capture all o f Poincare 

The.e pairings form the basis for the analysis of the e ffect of 

All i s the complete anal~ue of the simply connec ted case . 

'n •• etion 1.3, we calculate the effec t of low dimensiona l sur gery 

normal map . Here we gener a lize the theorem in the simply 

~I"" caae th a t one can do the surgery until the only non zero kernel 

1n the ~middle dimensi on M While keeping traek of the kernel 

nice, normal map 

In .. l 2 n-l . III ... N ,up t o normal bordl.sm , by f'; M' ... N such that 

i '# n 

1 • n 

thlt the self_linking onTorll:n(f) i s unchanged. In the even 

c a .e , we replaco f; M
2n ... N2n 

by f ' ; M' ... N such that 

i " n 

1 • n 

Inlersection pairing on Kn(f)/Tor is the origina l one. 

In .,c ti on 11. 1 we use the ana lysis in chapter I and the Rourke-
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Sullivan immersed cycle idea to give a geometric , a-priori definition ot 

the surgery obstruction in L2n {n) (or L;n(n» for an even dimensional, 

nice, normal map fl M2n 
> N2n The idea is to define the self_intersec_ 

ticn form, \.If' on Xn{f) thus prQducing a triple (Xn{f)/TOr,)"lIf) before 

dOing the l~ dimensional surgery . The element this triple determines in 

• L2nlrd (':Ir L2n (n)) is the wall surgery obstruction for f. To prove thil, 

we use the results of section 1.3 to replace f by an f' with o(f) - o(t') 

ancl Kn(f') - lI:n(f)/Tor without disturbing the ). or \.I-form. The argument 

is completed by showing that lif on '\(f)/Tor agrees with Ifall ' s II-form 

for lI:n(f ' ). 

In section 11.2 we give the a-priori definition of the surgery 

obstruction in t he odd dimensions. Here our formalism differs from wall'l. 

2n_l 2n-l 
Associated to a nice normal map, f; M ~ N ,we find a triple 

(Tor Kn_l(f),t,qf); t is the non singular linking pair ing, 

t: Tor Xn_l{f) x Tor Xn _l (f) ~ ;;Z ~ A, and qf is an a-priori, geometri ­

cally defined quadratic refinement of t· qf is algebraically determined 

on the odd toraion by t . On the two-torsion, we uae cycles which are 

embedded submanifold, with nowhere zero normal fields coming from the 

bundle data. The normal field allows us to push the submanifolds off 

themselves to gain the ~extra factor of 2~ required to define qf' We 

then sketch a proof that this triple algebraically determines the Wall 

surgery obstruction-_though we do not make use of this in the sequel. 

In sec tion II.) w. d iscuss when the triples defined in 11.1 and 11 . 2 

• determine the zero surgery obstruction in Ln(n) (or Ln{n». Fo the 
~ 

even d imensional case (G , ).,\,L) determines 0 in L2n (n) if and only if 

there is a Msubkernel M Xc G. (That is a submodule K of G with 

)./K X K - 0 , II/X - 0, and ~d().)X + (G/x). an isomorphism .) This is just 

Wall's condi ti on . For the odd dimensional case, (Tor Xn_l,t,qf) deter-

mines ° in L2n _1 (nl, if and only if there is a resolution 



..... "n-l ~ Fn_l~ Tor )(n-l (fl - >-0 

a pairing 

• and qt in an appropriate sense, so that 

we change from non-simply connected surgery theory 

, .10 •• d, limply connected manifolds . We Itudy algebraic 

. , ,h.ir Poincare duality intersection and linking pairings. 

interest us: the signature, in the case ot symmetric 

~lirin91 (4k-manifoldsl, and the de Rham invariant, in the 

.11 ..... ~tric linking pairings (4k + l-manifolds). 

proof of our product formula. In section 

.hew 'hit it fl M2n ~ N2n is a degree one normal map, then 

{I:'.'IL' 

for , • 2,3(4) 

et t )( lLLl .. f or , • 0(41 

for , • 1 (4) 1£ d(L) .. O. 

•••• 'Ibli.h a -local product formula~ which evaluates the pairings 

~~Idratic refinements in a product situation . Then, the results 

1 and II are applied to this formula in order t o prove the 

" "n ••• urne t ie n-connec ted and that Kn tf) is a free .... -module 

n·",·. ln9ular intersect ion pairing, Af ' and a ~-form, ~f. The 

",·,dul.s tor t )( lLL are K {fl ~ H. (LL). The intersection and n , 

1." lrln",_ sre the tensor product of those on H,,(Ll with Af. If 
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~fxl Ix e yl .. ~f(xl' (y.y), 
L 

I f t • 3(4), or if t • 1(4) and tly,y) .. 0, then 

qfxl Ix"" y} .. ~f(x} e t(y,y). 
L 

This leads t o the following two results. If, . 0 (2) and I(L'} .. 0, then 

let K ~ HL/2(L)/Tor be a subkerne l . We can use 

Kn(f} $ K~Kn(fl ~ HL/2(L)/Tor .. Kn+
t
/ 2 (f x lL)/Tor as a subkernel to 

show a(f x ILl " O. If t • 1(2) and dILl .. 0, then there is a prcx:iuct , 
resolution for Tor Kn+ (t-1)/2 (f x lL) (I!!! Kn (f) $ Tor H It-1)/2 IL ). This 

product resolution admit8 a pairing i nt o ~ ® A whiCh "lifts" the linking 

pairing and its quadratic refinement, and is non-8ingular. This proves 

a ( f x lL) - O. There i, a slight twist here in that the pairing is not 

always the tensor product of ~ f with a pairing on a resolution for 

Tor H(t_l}/2IL) in cas. t • 1(4). This is a consequence of the fact that 

tly,y) is not identically zero in this case. When dlL) - 0 though, t(y,y) 

is zero for enough elements y (for at least ! of 
2 

aame generating 8et) 

to allow a proof that the pairing is non-singular. By a simple additivity 

argument, we go from the above t wo results to the statement of the main 

theorem in the case of an even dimensional normal map crossed with any 

closed, orineted, simply connected manifold , 

The case of an odd dimensional normal crossed with any closed, orien-

ted, simply connected manifold is dealt with in sections IV.2 and IV . 3. 

When conSidering an odd dimensional normal map, we first do surgery unt il 
• 

21'1-1 21'1-1 f: M .. N is (n- 1) connected. Then, we cut out a regular neigh_ 

borhood, U, of a union of n-1 sphere8 lSi ) which generate Kn_l( f). We can 

assume that U is homotopy equivalent to a wedge bf spheres and that 

flUI U .. D2n- l c..,.N. Let MO be M - u, and let NO be N - D. All the 

kernel modules for f: MO .. NO are zero except for 

x11 



_11 fr.a baled A-modules. We let Lt be a simply connected mani-

IIQnaturl or de Rham invarian t is 0, and we form the product 

" r pai r l HO x L '" NO X L. This map is not a homotopy equiva-

thl boundlry . In terms of either a resolution for 

(L') with itl non- l ingular pairing, or a subker nel in 
II· '" ,. 

oanonical normal bordism, W, of the norma l map on the boundary 

homotopy equivalence. We Itudy the question of doing surgery 

L. 

normal map Which is a homotopy equivalence on the 

A Itudy of the kerne l modules of this normal map reveals that 

pr lld uct' at Kn (M
O

' /I) or Kn_l (MO l with groups asaociated to the 

L. The problem i s once again reduced to a ~local product 

'h i l time , however, things are complicated aomewhat by the 

W l' not a product. We show, in the end, t hat it ia a lways 

'0 do lurglry ~n thia map to make it a homot opy equivalence of 

'nil i.av .. the ~other side M
• 

W U U x L~ 02n-l x L. 

"orMl l map into a s i mply connected manifold and i s a h omotopy equi­

~ h. boundary. If (2n - 1 + t ) is odd, then we can automatica lly 

on thil normal map relative to ita boundary. I f (2n - I + t ) i, 

th. only obltruct ion is the signature or ~rvaire invariant . 

'hi' obitruc t ion with the signature or Kervarie invaria~ 
N • L. Th. lattar vanishes by the product formula for these 

. nap •• r V w. eonlider the example of normal maps of mani fo ld. with 

,roup zt and generator or ientation reversing. We identify 

.~'h 1V3 by thl Klrvaire invariant a long a codimenlion one aub-

xiU 



manifold d ual to the generator of "1. We identify L4(~, -1 with ~2 as 

follows . Take a codimension one submanifold dual to the generator of "1 

and make the normsl map a homotopy equivalence there. Then cut the map 

open along this manifold to obtain a normal map between or iented manifolds 

which is a homotopy equivalence on the boundary. Take the signature 

obstruction of this and reduce modulo 2 . With these descriptions the 

connection bet~en the Kervaire invariant and signature of (9J ia easily 

translated to; qll L
J 

(:r., -) .~ L. (7lo, -) is an isomorphism. 

The suthor wish •• to thank L' institut des Haute" Etudes Seientlfiques 

for their hospitality during the preparation of this psper, especially 

Mme Martin and Mm. Caban.s for their expert assistsnr.e snd typing, snd 

alao Ms. Kate March who prapared the final manuscript for publication. 
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A ,aODUCT FORMULA FOR SURGERY OBSTRUCTIONS 

CHAPIER II Preliminariea 

Throughout thia paper we Wile the notation and 

The purpoae of thia aection ie to aet up thia notation 

01 the lIore ilD.portant reaulta which we rely upon. A 

ft.,..l Map or, normal map for abort, ia a diagraM 

1 , v. , 

(" f 1" (Mn, ttln) ) ,,,,, .. ) , 
bf (I,t), (M,aM) .. (N"H) or by fl M .. N. Sere M and If 

1 11 a deg:r .. one map of paira1 and f b a bundle map 

!h1l force. r t o be fiber homotopy equivalent to vB' A ""II,. _tw.en two normal opa ia juat a nOnlal up into N x I 

'.0 .nd. h the two given ncmnal mapa . 

'" alte~aie.lly defined groupa, L~(n) and Ln(n), depending 

INI the relidue of n Modulo 4. If fl Mn .. .,., ia a ai.ple 

(or hOlllotopy equivalence) on the bow.Sary, then 

'l'hh el.ent h the only obatruction to replacing.~ f 

" Whiah 1. normally bordant to f re l ative ttl and which ia 

~ .. 'on equivalence of pair. (a hcaaotopy equivalence of paira), 

'w.'her.ore, all el~ta in L~(n) (or Ln(nll are aurgery 

'he editOr May 23, 1977 and, in revised fOrll, NOY. 21. 1977. 
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2 JCtiN W. MORGAN 

obstructions of a normal map. Thua. to study L:(w) or Ln(w) it suffices 

to study normal maps in dimensions greater than or equal to 5, and con-

versely. Throughout this paper we aaaume that all our normal maps are of 

dimension at leaat S. The process of building the nOrlllal bordisru frOlll 

f to a .imple homotopy equivalence, or, in fact, any ~r. highly 

connected nomal map is .urgery. 

We denote the integral group ring 1l{w) by A. We equip n vith an 

orientation homomorphism VI w • (~ 1), and A with a canonical anti-

Por n - 2k , 

Ln tty) and L: In) are defined aa followa. Pom the salli-group under ortho­

gonal direct aum of triples (G,~,~) such that 

1) G is a free A ... odule (with a simple equivalence claaa of base • 

• in the case of L2k (w»7 

2) ~I G X G -+ A is 

a) A-linear in the aec0nc2 variable, 

b) ~b: . y) _ (_l)k ~(y,x), and 

c) ad(~)1 G. Do. (G,A) ia an isomorphi .. (aimple iaomorphi .. 
A 

• in the caae of L2k (n» 7 · -) 3) ~ I G -+ Ok - AI( v - (-1) v satiafiea 

0) .--I' (x) + (-1) ~ (x) - 1{x,x) in A, 

b) ~ Ix + y) - ~ (x) - ~ (y) _ [1{x,y)) in~, and 

c) 101 (xa) - i ~ (x)a for a € A' 

• L2k (n) or L2k (n) i. the a •• ociated Grothendieck gro~ modulo one re .~ionl 
~ 

hyperbolic foma are set equal to zero. A triple (G.), ,~) ia hyperbolic 

if there i. an i.omorphi •• frOlll it to a direct sum of copies of 

: ) •• (x) _. (y) _ 0) • 

• In the ca.e of L2k (n) this isomorphisa muet be • aimpb isomorphi .. of 
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based A-modules. Wall proves that a triple (G,~,~) determines 0 ~n 

L2k (n) if and only if it has a subkerne1. A subkerne1 is a free subm~ql 

K ~ G on which ~ and ~ vanish identically and such that 

ad(~): K ~ Hom(G/K,A) is an isomorphism. 

be equipped with a basis so that ad(~) is a simple isomorphism of based 

A~odu1es. Given such a subkerne1, K, (G,~,~) is actually isomorphic to 

a hyperbolic form. 

A normal map f: M2k ~ N2k determines an element in L2k (n l (N» if 

fl aM is a homotopy equivalence, and in L;k (n l (N» if fl aM is a simple 

homotopy equiva)ence. 

If f is a normal map, then f*: Hi(MIA) ~ Hi (NIA) is always onto. 

We denote the kernel of f* on Hi by Ki(f). If flaM is a homotopy equi­

valence, then one can do surgery to make Ki(f) cO for i ~ k (i.e. 

f*: Hi (MfA) ~ Hi (NIA) an isomorphism for i ~ k). Furthermore, one can 

make ~ (f) a free A-module. ~: ~ (f) x ~ (f) ~ A is the usual intersec­

tion pairing (over the fundamental group) of middle dimensional cycles. 

To define ~(x,y) one takes based, oriented, simply connected cycles, 

Xk ~ M and yk ~ H, representing x and y. By a slight shift of yk we 

can insure that Xk and yk intersect only in isolated points where two 

k-simplices meet transversally. Associated to such a point p is • 9 • p p 

The. measures the usual compatibility of p 

orientations when the local orientation at the base point is moved out 

along a path in yk to p, whereas 9 i8 the class of any loop beginning at 
p 

the base point traveling in X to p and returning in Y to the base 

point. ~(x,y) - E 'p gp' To define ~, the se1f-intersect ron 
points of 
intersection, p 

form, we use the bundle map f covering f 
\. 
to immerse a sphere repre-

senting any x E ~(f), Sk~H2k. Then ~(x) is the self intersection 6~; 

this sphere. It is defined by making the immersion have only tran8V t "1 ' 

double points, associating to each double point [. 9 ] (; Ok· ' aDd a8dfriO A: .. pp 
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oyer the double points. The group element 9
p 

is defined by starting at 

k the base point, moving out along the s to the double point, switching 

sheets, and coming back to the base point along sk. The Ip measures the 

sign of the two oriented, intersecting sheets when the local orientation 

at the base point is pushed out to the double point alon9 the second half 

of the path. 

Sk 

-- -
<-local orientation 

--...... ______ ----"s=--baS8 point 

If fl~ i8 II simple homotopy equivalence, then the chain complex 

for f, C.(f), has II ge~tric basis. Poincare duality is II simple 180-

morphism in this basis. If Ki ell - 0 for i ~ k, and ~(fl is free, then 

C.(f) induces II simple equivalence cIa •• of basis on ~(f). (the one with 

the property that choosing cycl •• representatives for the basis defines 

II simple chain homotopy equivalence ~(f) • C.(f ». With this ba.~~ 
~(f), the adjoint of ~ i. a simple homotopy equivalence 

~(fl + Hom
A 
(~(fl,AI - ~(f)*. The c Ia •• in L2k(~) of the triple 

(~{f),~,~) 18 the surgery obstruction of f, if fIlM. 18 a homotopy 

equivalence. Equipping ~ (f) with it. bu18 and taking the triple in 
l 

the surgery obstruction, if f1 JM 18 a .imple homotopy 
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equivalence. 

For n c 2k + 1, Ln(w) and L~(w) are defined by considering subkerneis 

in the standard hyperbolic form. Let Ht denote the hyperbolic form: 

2) 

3) ~ (e . ) .. 0 .. ~ (f. ) • 
1. 1. 

Then, an element in Ln(w) is determined by a subkernel K c Ht' and an 

element in L~(w) is determined by a based subkernel in Ht • The algebraic 

relations which tell when a subkernel determines the zero element in 

L (w) or LS(w) are complicated and do not concern us here. n n 

A normal map f: M2k- l + N2k+l determines an element in L2k+l (w) or 

s L2k+l (w) as follows. We can do surgery until Ki(f) .. 0 for i < k. Let 

(S~, ... ,S~) be dis jointly embedded k-spheres representing a generating 

set fQr Rk(f). We can assume that f maps tubular neighborhoods of these 
I 

spheres to a fixed disk in N. cut out the union of the interiors of 

these tubes (denoted U) from M, as well as the disk from N. 

2k+l fl 2k+l MO --7 NO the normal map restricted to the complements. 

Denote by 

The 

bundle map f provides trivializations of the normal tubes around the 

S~'S' Thus, it gives a homeomorphism aU ~ sk x sk, and hence, a 

natural geometric A-basis for Rk(flaU) .. Rk(flaMo)' This basis gives an 

isomorphism of (Rk(flaMo)'),'~) with the hyperbolic triple, He The image 

0+ Rk+l(fIMo,flaMo) 1 Rk(flaMo) is a subkernel if flaM is a homotopy 

equivalence, and is a based subkernel if fl aM is a simple homotopy 

equivalence. The basis again comes from the geometric basis for C*(fIMo)' 

This is the subkernel, or based subkernel, whose class in L2k+l (w) or 
s . 

L2k+l (w) is the surgery obstruction a(f). 

l' 
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Section 1.2 - Nice! normal map.. The main restriction on the homology 

and cohomology groups of a closed, oriented n~anifold Nn 18 that they 

must satiafy Poincare duality : 

i __ lln..,IM"I--+ H (M;~ > "n-1 (M,z) • 

This duality isomorphism can be re-interpreted via the universal coeffi-

cient theorem completely in terms of the homology groups. It says I 

11 there are non~ingular -intersection pairings-

• (Hi (M,2;/'l'areion) $ (II . (M,~trorsion)~ z, and n-, 

2) there are non .... ingular -linking pairings-

Toraion "1 (M:Z) $ Toraion 8 n_1 _1 (M:Z)~ lIZ • 

(Non....aingular meana. in each ca.e, that the a.sociated adjoint. to thea. 

pairings are isomorphisms.) 

If f r Nn 
-+ Nn 18 a degree 1 map between oriented manifolds with 

£1 aMn
: aMn 

.. alf a homotopy equivalenee, then f., Hi (H::!) ... Hi (N , 2Q 

i a onto and we denote by Ki (fl the kernel of this homomorphism. Likewi •• 

f.: Hi (N~Z) + ~ (M~~ is injective. and we denote its cokernel by xi (f) • 

poincare duality holds also for these groups, and again it can be re-

interpreted. to say that the groups 1<i (f) admit non .... inqular linking and. 

intersection pairings. In fact. these pairings playa central role in 

the analysis of simply-eonnected surgery. see (6). 

In this section. we will develop an analogue of this for the kernel 

groups of a degree one normal map between non-simply connected. manifolds 

with coefficients in the group ring of the fundamental 9l'oup, A • Z{TI'll. 

The first problem is that of the structure of the undez:lying ke rnel 

modules, Xi (f~A) - ~r f.: Hi (MIA) + Bi(NIA) ' These can have complicated 

structure as A-modules. We solve this problem by assuming all kernel 
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.odules in question have all the ab.tract. algebraic properties ~f 

finitely generated abelian group • • In particular we assume that ~ilf'A)' 

denoted Xi (f). a finitely 

generated free .... ~ule. The torsion .ubgroup. Tor Xi (fl. is ! "/fIli ,,. 

The quotient Xi (f f .... ,/Tor Xi If) is a fr .. ,,-module. The main result of 

this section i. that for degree one normal maps with such kernel modules 

there are non-singular inter.ection and linking pairing. generalizing 

(1) and (2) above. '1'h18 18 proved by establhhil1CJ the unhena! coeffi­

cient theorem short exact aequence relating Xi (fl and ~ ef) . In calcula­

ting obatruetiOl)s to perfondng aurgery to produce a aimple hOlllOtopy 

equivalence. it is necea.a:ry to work with A-baaed chain complexe.. At 

the end of thia .ection we discuss chain compl~ models for the chains 

representing the kernel models. 

Definition 1.2.11 X is a nice ,,-module if and only i f it i. i.omorphic 

to a finite direct sum of copies of A + and copie. of Alni A for ni € at • 

One type of nice ,, __ odule i. p. S A, for P a fr_ finitely generated 
• " A 

A __ odule and A a finitely generated abelian group. The toraion sub-

group of a nice A-module xJ denoted Tor X, 18 the aubgroup of x € X such 

that n · x - 0 for SOftIe n £ at - (0). Tor X ia a nice J.-IIlod.ule. and I</lor X 

i. a finitely generated free J.-module . 

Definition 1.2.21 A normal lQSp fl Mn ~ Nn is • nice normal lQSp if 

1) f.l"'l (H) ~ "1 (N) 18 an homorphiam. 

2) fl~h aM" 1)N 18 a homotopy equivalence , and 

3) Xi (f) 18 • nice A-module for aU i. 

If fl Mn ~ Nn is • normal map satiafying property 1) above, then 

there are intersection pairings 

... 
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The •• are defined by takinq based, oriented .iaply connected eycle. xi and 

yn-i in M
n repr ••• ntinq x € Xi (f) and y € "n-1 (f). we make the •• inter­

sect transversally and count the intersection point. in ~"l exactly 

a. described in .ection 1. i 1.+1 1+1 
If X ia the boundary of C • then C 

C'+l .. .J'I-i ;. a ba.ed 1-h"n 'n Mn .~ bo"-' , th hand T A ....... WIIO.. .... .... ary., on • one 

, ... -, 
X • T • and on the other o. This prove. that the pairing is well de-

1. (n-1)--
fined, (compare (15), page 45). It aatiafies y . x - (-1) (x.y). 

It ia ~bilinear, A-linear in the .econd variable, and ... -anti -linear in 

the first variable. Henee, it irXIue •• II. ,,-module homomorphism 

• 
M(·), K,ltl---+Hom Ix . (f) .... 1 - K ,(f)., A n_1. n-

If Xi (f) and "n-1 (f) are nice ... ~odul •• , then x.y - 0 if either 

x ( Tor Xl (fl or y C Tor "n-1 (f), since II ha. no integral torsion. In 

this ca •• we cOnAider the interaeetion pairing •• a ~.p 

and iu adjoint a . a A-hcaollorphi_ 

M(o)1 K,(f)/'l'or~HOIII (It . (f)/'l'or.J.). 
An-I. 

Wh.n the module. It
i 

(f) ar. nic.. there are linking pairing. on the tor.ion 

.ubqroupal 

Which. a. we .hall •••• are defined .iMilarly. By a r •• olution ~a nice, 

O~A~F-4'l' ----+- O. 
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~Ixi) • niYi for 

i.caorphi.m 

Given a r.solution 

Such a resolution i. equivalent to giving an 

• 

a chain realization of it is a collection ot baa." cycles (~l in H, the 

universal cover of H, representing the image under Pi of the ba.i. for 

, {- i +l} Fi and based chains, Cj in M 

Ai with the free A-modules on the 

Given resolutions 

-.. 

with tC j • njY j • we identity 'i and 

(Yjl and (CjJ, respectively. 

auch that the cycle. in que.tion are diajoint in H (which i. generically 

the caae), then we can calculate intersection. exactly a. before to give 

hOlllOrllOrphiama 11 f '1 x "'n-1-l ~ A and 12 f Ai x F n-i-l ~ A· we define 

IfF i X ' n-1-1 ~ Q ~ A by 

I(x,y) • .!. 
m 

-1 
11 (x,CPn_i_l (my». 

U.ing the inter.ection of the (i+l)-chains and (n-i)-chain., we .ee that 

(0) 
i 1 -1 

I(x.y) • (-1) p' U 2 Ct,i (px).y». 

£' Tor Kilf) x Tor Kn_i_l-----.)o- Q/Z 411 A' 

Thi. map i. A-linear in the .econd variable and A anti-liq.a~ fin ~~ 

first (aa are I, 11, and 12'. 

• 

-.., 
I 
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~ 1.2.2 1 ., The pairing 11 Tor Xi (f) x Tor Kn_i _1(f) ~ av-. Ai. 

independent of the resolutions and chain reallz_tion-. 

bl Given resolutions and chain realizationa for Tor Xi (f) and 

Tor K
n

_
i

_
1 

(f), i ~ . n-l-1, it ia po •• ible by moving the cyeles 

of dt.enai on (n-i-l) t o reali ze any pairing 

for Which the following hold, 

1) I 18 A-linear in the •• cond variable and A-anti-linear in 

2) 11_\ x F
n

_1 _1 and 11Ft x A
n

_1 _1 take values in ZZ; • Ir.. and 

3) I induc.. t. 

The proof i. a standard exercise in thl" theory of chain., and i. 

left to the reader. 

corollary; We have a well-defined linking pairing 

" 'tor Xi (f) x Tor Kn_1_1 (f) ---lJo.. 1I/'& '" /1" 

and ita adjoint Which ia • homomorphi.m 

ad(l) I Tor K,(fl---' Hom (Tor K ,,(f),1IS ~ AI. 
A n- -

We will show that if fl Nn ~ Nn i •• nice normal map, then both the 

inter •• ction and linking pairing. ara nonaingulat. i •• • their adjoint. 

,,-chain complexes who •• homology i. nice. Thia ia the analogue of the 

usual univer.al coefficient theor_ for chain coalple:xe. over the integer •• 

Addinq Poincare duality to this re.ult qiv •• a proof of the non-ainqular-

tiy of the intersection and linking pairing •• 

~ I.~.3, If (C.,I) i. a ,,-chain complex with each Ci a free ,,-module, 
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Ci = 0 for i < 0, and Hi (C*) a nice A-module for all i, then the module. 

of cycles Zi c Ci and boundaries Bi +l c Ci are stably free. 

~: The proof goes by induction using the short exact sequences 

O~Zi~Ci~Bi~O , 

and 

The only point worth mentioning is that if Zi is stably free and 

Hi = e A/niA, ni E Z, then we construct 

o ------+- Bi +l ~ Z i~ Hi - ---,.- o 

t· 1 t· t 
O~e niA~eA ·--+-e AlniA~O. 

We can make ~ onto by adding free summands to Bi +l and Zi' Then, 

ker ~ - ker ~I is stably free. Hence, so is Bi +l • 

Proposition I.2.4 (Universal Coefficient Theorem): If (C*,&) is a free 

A-chain complex with Ci - 0 for i < 0 and with Hi (C*) a nice A-module 

for all i, then there is a short exact sequence of A-modules. 

Consequently, Hi is a nice A-module, and Tor Hi is isomorphic to 

Hom (Tor H. l'~ ~ A)· A 1.-

i The map H ~ Horn (H . ,A) is given by evaluation of a cocycle ~pre­
A 1. 

sentative on a cycle representative. The map Hom (Tor H. 1,;/Z ~ A) ~ Hi 
A 1.-

is defined as follows. Let~: Tor H. 1 ~ ~/~~ A is a A-homomorphism. 
1.-

Define Zi_l~ Zi_l to be the cycles of finite order in homology. Zi_l is 

stably free and in fact Zi_l ~Zi_l e Hi_l/Tor. Since Zi_l is projective, ' 

~ can be lifted to give a commutative diagram V' 
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o~1'~z;r-~TOF-I-0 

0_& ~ A-I e A- G!/Z ~ 11----+-0 

The compo8ition C
i 

l B1..!..lA i8 a coeycle whose cohomology clus h inde­

pendent of the choice of ; . The ••• ociation ~ + [it I i. IS A-nomomor ­

ph1em HOlD" (Tor Hi_l'~ e A) ~ Hl , 

Th. sequence 

ia exact. The proof of this ia the lame •• the proof of the usual univer-

.al coefficient theorem which uses only the fact that the module. of 

cycles and boundaries are projective. 

Theorem 1.2.51 If £1 Mn 
+ Nn ia • nice noraal map. then 

1) 

2) 

M{'}I K,(f)/Tor~HOID (K ,(fl/Tor,Al, and 
A n-

Acl(lll Tor K. (f)_Hen (Tor x 'l(t) ,A) are isomorphislU. 
I. "n- -

~en the adjoint of either the interaection pairing or linking pairing 

ia an hOlllorpbi8111 we .ay that the pairing h non-singulu:.) 

!!:22!: According to (15), p. 25, the chain complex for f, C.(f), 

•• tiafi •• Poincare duality: n (H) , Xn-1
(f) ~ Xi If). Thus we have 

------... - Xi (f),---.... Ki (f)/Tor ----- 0 

l~ J" 
Sine. Poincare duality between the dlQplicial chaina for aome triangula--

tion of M and the cellular cochain. on the dual c ell decOIIIpOaition ia 

given by the interaection matrix ~twe.n .~plic •• and dual cella, the 

above Poincare duality iaonorphi ••• are the .... a. adjoint. to the 
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linking and intersection pairi~s defined on these modules. 

Corollary I.2.6: Suppose i ~ n-i-l. There are resolutions 

and 

and chain realizations of them such that the maps induced by geometric 

intersection of chains 

and 

are non-singular pairings. 

Pick any isomorphism Tor Kn_i_l(f) ~ $ A/n.A and let 
j J 

13 

o ~ An_i _l ~ Fn_i _l ~ Tor Kn_i_l(f) ~ 0 be the resolution corresponding 

to it. There is a natural isomorphism of Hom (h/n .A~(II/Z all A) with A/n .A· 
A J J 

Thus we have 

Tor K. (f) 21 Hom (Tor K . l(f),(II/lLaIIA) ~ Hom($ A/n.A.,(I/71~.M) 21 ~ A./n.II .• 
1 A n-1 - J J J J J 

Use this isomorphism to induce a resolution for Tor Ki(f). An algebraic 

map lifting the linking pairing, . I: FiX F n-i-l ~ (I ~ A can be taken to 

be the diagonal matrix unde~ the natural bases 

The induced pairings Ii and I2 are both given by the identity matr~. .. 

Lemma 2.2 implies. that I comes from some chain realizations of hi • 

resolutions. 

To calculate surgery obstructions in LS(w), we must work wt d 
n 
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A-chain complexes instead of just homology groups. Because of this, we 

introduce the notion of a nice ",-chain complex. 

Definitionl A nice ",-chain compl ex is one which 1s isomorphic to a direct 

S~ of finitely many complexes of the form (0 ~ II ~ o j and 

(0'" " ~A'" 0) for n € 71". 

The homology of a nice ",-chain complex ta a nice ",-module. In fact, 

there are canonical isomorphisms Tor Hi ~ ~ h/njA and HlITor ~ $ II for 

any nice II -complex. 

~ 1.2,'71 Let {c.,a} be a free ,,-cha in complex with only finitely 

many non zero homology modul es each of which is nice. For any collec­

tions of isomorphisms Tor Hi (e., • $ A/njA and Hi (C.'!Tor _ $ A. there 

is a homotopy equivalence of a nice ",-<:lomplex with c. inducing theBe 

isomorphisms. If c. ia a baa.d A-complex, then all mapa of nice 

",-complexes realizing a fixe4 .et of isomorphisms have the same 

Whitehead tor.ion. 

~l The first half of the lenuaa is straightforward. Given two such 

maps realidng the same set of isomorphisms we will find a sequence of 

maps connecting them. Bach term in the sequence will differ from its 

predecessor either by chain homotopy or by adding multiples of one basis 

element to another. Thus, all maps in the sequence will have the same 

Whitehead tarsion. First on the generators corresponding to Tor Hi' 

since the maps are tre same on homology there is a chain homotopy connect­

ing them. On the generators corr.sponding to HiITor, the maps dif.jer by 

a torsion element and a homology. Thus by adding multiples of the torsion 

generators to the free generators and performing another chain homotopy 

we can make the maps agree here. Lastly on the chains which give the 

relations in Tar Hi' their boundaries are the same, and hence their 

differences are (i+l) cycles. By adding multiples of the (i+l) torsion 
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and tree generators and perfoming a chain homotopy we can .. alt. -ttl_ .. -.... 
agree here &lao. 

o.tinition I.2.SI Let (c.,.) be a baaed, tree A-chain comple~ aa abov •• 

,. baai. for H.(C.)!Tor and an iaamorphism Tor H.(C.) ~ e A/njA is called 

a baaed structure for B. (C.) if any (and therefore all) mapa of a nice 

A-compl~ onto C. realizing theae iaamorphi ... are aimple homotopy 

equivalencea. 

Detinition 1.2.91 Let fl Mn ~ Nn be a nice normal map which ia a aimple 

homotopy equivalence on aM. Than, C.{f) haa • aimple equivalence clasa 

of baaes, and hence X. (f) haa a baaed atruc:ture. We .ay that f ia 

a-nice if it haa a baaed atructure 150 that 

1) the interI5ection pairinga have adjoints which are simple isomor­

phiama, and 

2) the linking pairinga lift to interaection .apa on the re801utions, 

II Pi x Pn- i - l • ~. A 150 that ad(I) 1 Ai ~ P~-i-l is a simple 

i.omorphiam tor i ~ n-i-l. 

~I 1) Por any nice normal map, 2.6 i.plies that there ia a nice 

A-complex upping in by a h08lOtopy equivalence .0 that 1) and 2) 

are aatiafied. 

2) The argument in 2.7 showa that it ia slwaya po.sible to .. a~ 

the chaina giving the relationa in Tor K
n

_
i

_
l 

are diajoint trom 

the i-cycles. 

Section 1.3 - Low dimensional aurqery. Let tl Mn .. rfi be an a-nice normal 

.. p. We prove that we can do surgery to produce a normal hardislll from 

f to a highly connected normal map while keeping track of the kernel 

aodulea and their baaed a tructure. The reaulta of this section are 

accumulated in the following theorem. 
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bordan t to ttt H' ..... N such thatl 

1) if n - 2 •• 1, then Xi (fl) - 0 for i ~ a , X.lt') - Tor K.(f) .a. 

module with baaed structure, and the linking pairing on X.{f') 

equals that on Tor x.(t); 

2) if 
r r 

n _ 2a, then Xi (t') - 0 for i ~ ., X.lf') - X.(fl/Tor e A ~ A 

.8 baaed A-modu l •• , and the intersection pairing on X.(f'l ia 

given by 

o • 

o o 

• • 

with ~f the origina l intersection pairing on Ks(fl/Tor. 

3) If f is nice instead of a-nice. then II and 2) above are true if 

the conditions on tha b •• ed structure are omitt ed. 

the kernel group. in the middle di.ension8. The extra re.ult here ia the 

possibility of keeping track of the module. and pairing.. This will l.ad 
" 

ua to • priori definitions of the surgery obstruction for an .-nice or 

nice normal map. All the proof. will be given for an .-nice normal map. 

Each .tep is valid for a nice normal .ap if all references to the baaed 

.tructure ia omi. tted. 

Proposition 1.3 .11 Let fl Nn ..... Nn be an l-connected, a-nice, no 1 map. 

i < t¥J. We c an do .urgery to produce a normal bordi.1I 01 wn+l .. Nn~X I 

frOll f to f'l M' .. N auch that f ' i. a .-nice nomal _p and 

{ K.(f) • ~ i. n - i 

K.(f·) - T:r Ki If) , -i . -n - ., 
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M always, the equal sign _ans .s moc1ules with based structure. 

~I Let {xl •.••• xrl be tha alements in Ki (f) which fOrG the baaia for 

Xi (f)!Tor. We raaliza the xi by di a j ointly e~e4 apharea. (S~ •... ,s!), 

by general poaition. Uaing the fact that Ki (f) - ~i+l(N,") these spherea 

bound 
i+l di aka D
j 

• N. We usa thes. diaks to give a trivialization of 

i 
"MIS. ("x _ana the .table norul bundle of tha x.) Such 

trivializationa give tha embedded spharea trivialized normal bundles. 

Let GJ wMI 
• N x I be the traca of aurgery along theae .pherea. That is 

Wi." X I U (Oi+l x on-i U ••• U o!+l x On-l) where the handle. 

i+l n-i 
(OJ x 0 J ara added along the .sphares. 

Denote the corea ot the handles union the sphere. cro.a I by 

~i --- -. --
lS- • 

Wa have tha ahort exact .equence of chain group. with 0 Whitehea4 

(.) 

,nil the re.ulting long axact aequence of kernel groupa . 

AA a baaed ch.sin complex C.(G,t) ia aiaple hOMOtopy equivalent to the 

ohain complex with Ci +l - A(dl ••••• dr ) and all other module. equ.sl zero. 

Thia, then. i. alao K.(G.f). 
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{

,, (f) 

K.., (0) -

Tor Xi (f) 

• ~ i 

Let C. ~ C.lt ) be • nice A-complex ••• ociated to the baaed a tructure. 

FrOlll sequence '*' we 8ee that a nice A-compleJII for C. (G) ia obtained by 

deleting the fr_ .~nd. corr •• ponding to Xi (f)/'l'or lren C.' Thld, the 

above isomorphiam i •• a module. with baaed structure. 

O~C.(f') ~ C.(O) __ C.IO,f') ---+-O, 

and the resulting l ong exac t aequence 

C.IO,f') ia aiJQple h catOtopy equivalent to the chain ccaplex concentrated 

in di.enaion (n-i) and with Cn_
i 

• A(di •••• , d;,. Thus, K.(O,f') i. zero 

exc ept for. - n - 1 where it i. A1di, .•• ,d;,. The map 

K
n

_
i 

(0) • Xn_iIO,f') ia identified with the adjoint of the intersection 

•• p Kn_i(f) • (Xi (f)/Tor)". This •• p ia • aimple isomorphi •• , and thus 

X
n

_1 (f') - O. The chaine of 41 .. n810n (n-i) in the r •• olution for 

Tor Xn_i_1(fl can be ••• ume4 disjoint from the spherea on which we did 

aurgery. Thua, they persiat to M' to 9ive a chain r.alization for 

Tor Xn_i_l(f'). (Thia is automatically true for the chain realizations 

for Tor K.(f) • < n - i-i.) Thus 

( ,,(f) · ~ i, n - i 

K. (f') _-<' Tor Ki (f) · -i 

I 
l · • - n 

- i 

as modules with baaes structure. All the intersectio n pairing8 and link-

inq pairing8 for ~(f') 6gr .. with the8e for K.(f). Consequently, f ' i8 

a nice normal /lIlIIp. 
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We turn now to the case of surgery to kill a torsion sUbgroup. 

Proposition 1.3.2: Let f: Mn ~ Nn be an s-nice, normal map which is 

i-connected for i < [n;l] and with Xi (f) - Tor Xi (f). We can perform 

surgery on f to produce a normal bordism from f to f' with f' an 

s-nice normal map and 

X.(f) for · ~ i, i + 1, n - i - 1 

0 for · -i 
X ... (f') - r 

Xi (f) e A for · .. i + 1 

Xn_i_l(f)/Tor e A 
r for i - 1, · -n -

as modules with based structure. 

~: There are resolutions for Tor Xi(f) and Tor Xn _i _1 (f) 

and 

which have chain realizations with chain intersections inducing simple 

isomorphisms 

and 

We can assume the basis for Fi is realized by dis jointly embedded spheres 

with trivia1ized normal bundles (S~, ... ,S;) ~ M', as before. Let the 

basis for A . be realized by chains (C1i +l , ••• ,ci +l ) with aC. - nj S1j·• Let 
1 '. r J 

the chain realization for the resolution of Tor Kn_i_l(f) be chains 

( _~-i) n-i-l 
Yj and cycles (Zj ) with aYj - njZj' 

Let G: wn+l ~ Nn X I be the trace of surgery on these spheres, with 

f': M' ~ N the result of the surgery. Let the handles added, union the 
, 

spheres cross I in M X I, be (d1 , ••• ,dr ) with their dual handles 

(di,···,d;). 

From the short exact sequence for the pair (G,f), 
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and the a •• ociated long exact aequence 

.• , -..;.. x,..(f) -----+ x,.. (G)_x...IG,fl~X._llf) -r . . • 

ve ••• that 

• ~ 1, i + 1 

X. (0) - • - i 

Aa modul •• with ba ••• s tructure •• 

The splitting of 

18 given by the chain realization for "1' Namely, the baaia el_nt 

&j C Ai goes to cycle (- Cj U njdjl 1n w. 

The long exact eequence for the p6ir (0. f') 1. 

Since the cycle repre.entativ •• which give a baaic for Xn_i _1 (fllTor and 
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."0 the (Z~-1-1J lie disjoint fr~ the spher •• on Which we did surgery. 

'~IY persist to for. cyel •• in Kn_i_1(f'). This give. a Map 

1AIWa' The map A(di •••. ,d;> ~ Kn _
i

_1 (f') haa imag. contained in the 

&alt. of F n-1-1' The map is 

p. 
i 

ad (I) -\. 
An_i_lc:.........,... Fn_i_l~xn_l_1 (f'). 

"M' of Claltll1 The chain intenection \'lap betveen the {Y
j

) and the 

.".1'" on which _ do surgery define. ad (X), "n-1-1 + F!. If we cut out 

t"k. around the inter •• ctiona of the Y
j 

with the spher ••• then the Yj 

,lOvld •• a homology in H' from njZj to ad(l) ([Y j ). 

Me have now shown : 

x.. (fl • ~ i. i + I, n _ i-I 

o • • i 

Ki +1 (tl $ "i 

Kn_1 _1 (f)/,!,or e F n-1-1 • • n i-I 

"W\Klture except in d1aell8ion n - i -I. 

1 •• 8imple isomorphism, it ia alao true in this dimension. Under the 

.,littinga given above ~f.1 K1+1 (f ' ) x Kn_i_1(f') + A ia given by the 

Utl'1Jc 

whe r e lot h the original pairing for f. This h proved by looking .t 

'he cyele repre.ent.tive. we h.ve given for the various cl...... All 

other intersection .nd linking pairing. are lmCh.nged (except of cour.e 
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for £r Tor Ki (fl x Tor Kn_i_l(fl ~ Q/Z $ Al. Thua f' is an 8-ni~ no~al 

map. 

'!'his Hga-nt aha calculates the eff~t of surgery to kill 

Tor K
n

_l tfl for fl ,,2n + N2n • Since the ana_r fa a little differen t, 

we .tate it as a separate propo.ition. 

Proposition 1.3.3, Let fr "2n + N2n 
be an a -nice, nor.al ~ap Which ls 

In-l) connected. and with Tor Kn _
l 

(f) - X
n

_l Ifl. We can do aurgery to 

produce a noraal bordiam for f to f' auch that f' i_ .-nice and 

• " n 

• _ n 

a. balled ... _odule.. '!'he inter.ection pairing on Kn (f') i. given by the 

matrix 

" 0 • 

0 0 -I 
n 

• (wl)n+li • n 

!!22!' '!'his is proved by the argUHnt uaed in 3.2. The difference is 

that both A
n

_
l 

and Fn are added to Xn(f O
). The cycle repre.entative. 

allow ua to calculate the ~trix of intersectiona. 

NOte that the fint lor factor, the one corre.pondir'M1 to Fn' fa 

generated by cycle. lying geoa.etrically in N. In H, they are tonion 

cyeles. 'l'hua. they bave zero intersection with any class in MO lIih~b i. 

ba.ologoua in W to a class lying in N. 

Su.dng up, we bave .hown the following. 

Theorem 1.3.4, If fl Mn ~ Nn is an a-nice, normal map, then we can perw 

fonl surgery to prodl,lCe a normal bordi_ froll f to f'l Mon + Nn such 

tha. 

r 
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if n .. 2. + 1, then Xi(f') .. 0 for i "., K (f') .. Tor K (f) .. • • 
aodule. with ba.e •• tructure, and the linking pairing on K.(f·) 

equal. that on Tor K.(f); and 

b) if n .. 2., then Ki (f') .. 0 for i ~ ., K.(f') .. 

~ r r K. (f), ~or e" 11)" a. based modules, and the inter.ection 

pairing on X. t f ') i. equal to 

'f 0 • 

0 0 -I 
n 

• (_1)n+l1n • 

with I n a simple isomorphism. 

c) If f: Mn • Nn i. a nice . normal map . then a) and b) are true 

after omitting the reference to based structures . 

• 
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CHAP'I'ER III An !,-priori Definition of the Surqery Obstruction 

Section 11.1 - ca.e I - The even dimensions . Now we turn to the problem 

of calculating the surgery obstruction of a nice, or a- nice, normal ~p 

before we actually do the surgery to make it highly connected. We will 

• find (G,l,~) satisfying the properties to define an element 1n L2n (n' 

••• ociated to an a-nice, normsl map fl lol
2n ~ H2n. This triple will be 

geometrically defined without ."lRing that t ia .highly connected. By 

doing surgery, we show that this triple determines the usual wall surgery 

• obstruction, ¢(f) E L2n (n). Deleting the parts of the discua.ion dealing 

with the baaad structure, produce •• triple (G,l,~1 ••• ociated to a nice 

nomal map and proves that it give. the Wall surgery in L2n (nl. Let 

fl M2n .... tln 
be an a-nice surgery probl_. covered by the bundle map 

Our tint que .. for the fr .. " module G ts Xn(f)/'l'or. It h 

equipped with a buts and already haa a pairing ).1 Kn(f)/'l'or x Kn(f)/Tor 

• " which aatiafiea 

1) ). ia " linear in the •• cond variable, 

21 A i. non- .ingular, and 

3) A(x,y) - (_l)IIA(y,X). 

Ad(A) i. a simple isomorphism. To enhance (Xn(f)/'l'or,A) ao that it 

defines an element in ~n(") a .~ fO:r1ll; - is required, ~; Kn(f)/Tor. On 

- AI(~ - (_lIn ~J. The ~-form comes tr~ the geometric self-interaeet~n 

number for any element in Xn (f), uaing the Roume-Sullivan idea of 

immeraed c ycles. For the prototype of thia arq~nt see (II). 

If vR 7 M2n is a based in:merdon of a simply connected manifold 

(i.e. V actually immersea in M2n and the projects dawn). then there ia 

a self-intersection number for this i~rsion. aa deacribed in aection 1. 
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It i . an i nvariant of the regular homotopy claa. of the immeraion. 

The aelf intersection ~fl Kn{f) ~ On is defined by using the bundle 

map 1 to pick out a reqular homotopy class of immersed sUbmanifold. 

representinq x £ Kn(f). Fir. t, we note that it i . s ufficient to define 

1.1 f (rx) for r odd. This f ollows because 

1) 

2) 

s a an abelian qroup On has no odd tors ion, and 

2 
I"'f(rx) .. r I"'f(x) for r £ 2t. 

Por s ome odd inteqer r, rx £ Kn(f) .. Hn+l(N,M) is represented by a 

relative bordiam element 

v" • • M 
o f j, 'w r 
.... 1 I - ii • 

see (3). 

Given such a (v,w,~,.) representing rx, then the bundle 

~w - .*(c) reduces to an n-di~n.ional bundle over ~+l (.ince W ia 

homotopy equivalent to an n-complex). Any such reduction induce. by 

restric tion a reduction of ~v - ~*"ii' But an n-dimensional reduction of 

this bundle is equiValent to an i_raion of v"<>"'"+' M, (5) , homotopic to ~ . 

Define I"'f{rx) to be the self-intersection of v"~ M f or any immersion 

obtained from a reduction of ~w - .*(c)· 

Proposition II.l.ll I"'f(rx) is well defined independent of all the choice. 

above. 1.1 f (u) iii! divisible by r2 in On .(and thus uniquely divisible by 

r is odd). 

.. tisfies 

1) I"'f{x.a) -~ (x)a tor a £ A, 

2) 1.1 f(x+y) .. 1.1 fix) +llf(Y) + ).(x,y) in On' and 

3) 1.1 fIx) + 
n - .. ).(x,x) (-1) I'" fix) in A' 

rt 
Wit' By 1.3.4 we can do aw:qery on f to make Ki(f) .. 0 for is. n - 2 . 
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This does not change Kn(f) or the intersection fora on Kn(f)/Tor. If r·x 

ia represented by (v,w,~,.), we can do the low dimensional surgery away 

from the image of V" .. M2n. "11 geometric informa.tion required to define 

~(rx) i. unchanged, and ~ (rx) calculated before surgery equals ~ (rx) 

calculated after surgery. Thus, it suffices to prove 11.1.1 for normal 

map. which are (n-2) connected. Since n*(X,Y) - H.(X,Y) for 

• ~ (connectivity of (X,Y) + 3), for a (n-2) connected normal map all 

X E Kn(f) are represented by (V,W,~,.) as above and any two representa­

tiv •• (V,W.~,.) and (V',W',(JI',.') are bordant by some 

Tn+l • • • x I 

1 J1x i. 
un+' I , N x I 

Let ,n be s r.eduction of YV - cp* ("R) induced by the first representative. 

- -Ext.nd this to a reduction of Y'l' - •• ("R) to an n-dimensional bundle, . 

This is possible since H.(T,V) - 0 for * > n. 

of Yv ' - ~'.(~) to "~no 

-n , IV' gives a reduction 

- n and C' to immerse V' 

in H, then the self-intersection. of V and v' in H agree . 

~I 
-n C give. an immer.ion of T into M X I connecting the •• two 

i ... rsions of V and V'. T'T is a l-manifold who.e boundary. on the 

one hand, ia 0 and, on the other, is (self-intersection of v) - (.elf-

intersection of V') • 

- n USing,' as above to immerse v' gives the s~e aelf-inter-

section as using any reduction induced from a reduction of YW' - .'.(,). 

~I (S.e, for example, (11), and 19J chapter 5. ) 

We have V' 4ii bounding W' ~N and W·...t:N. (W · _ 'l'U - w) and two 
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immersions of V'~M induced from bundle reductions of vW' - t'*(C) 

vW" - t"*(~), respectively. The induced reductions over V' clearl,y .;~ 

as (n+l) reductions since V' is an n-complex. Thus together they de fin_ 

n+l 
a reduction of vW'UW" - (t' U .")*(~) to an (n+l) bundle 1) 

W' 

n+l 
1) 

CL--3 
V' Woo 

The difference of the two bundle reductions over v,n is an element in 

[Vn,Fn] where Fn is the fiber of BSO(n) ~ BSO. TT. (Fn) - 0 for i < nand 
1. 

n is even 

n is odd. 

Thus 

n is even 

n is odd. 

It is easy to identify the difference of the two n-dimensional reductions 

as the obstruction to a section (a section mod 2 if n is odd) of the 

(n+l) -dimension bundle 1)n+l over W. The bundle 1)n+l is an oriented 

bundle over an oriented (n+l)~anifold. If (n+l) is odd, it has a .eation, 

Thus, the two reductions agree in this case. If (n+l) is even, then the 
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difference of two reductions .a an element in ~ i. Wn+l(~n+l). A 

reault of Atiyah, [11, aay. that the Them apace of the bundle (vL - ~) 

over a elaaed, oriented manifold L ia Sp.ni.r~it.h •• d dual to" the 

Thom apace of y over L. This impIi •• that wn+l(YL - y) - vn+l1yl •••• 

19). In our caa., then wn+l(~) - wn+l1vW'uw. - It' u .-)·rl 
- v n+l (It' U • ·l·~) . Sine8 (. being the ilIIage bundle for a degree one 

normal qap, ia fiber homotopy equivalent to Y~n ( ... (2) the Wu rela­

tions imply vn+l (Y~n) - 0 ( ••• (17J). This prove. that the two reduc-

tiona agree and, hence, give the lame value for ~9(X)' 

If "'. normal map t i. highly connected, then 101 f (x) io defined: for 

all x. Th. M:gument qivan on page 46 of [15) prove. that in this ease 

it .ati.ti~. 1), 2), and J) of 11.1.1. In the ca •• of. non-highly 

connected nOl"lllill map t, I' f(rx) ia _11 defined geOlMtrically for SOllll! r. 

In a~~ition, if we Make the .ap highly connected than the ~-form is 

unchanged. Hence, ~t(rx) is ~iversible in On by r2, since it i. unchanged 

by surgery and is equal to r2 ~ (x) atter surgery. If we define 

1 
~t(x) • 2I1t(rx) in the non4li9hly connected case, then this ,,_forlll 

r 
agrees with the veaa.trically defined one after wa make the map highly 

connected. Consequently it aatiafies 11.1.1,1), 2), and 3). 

~I In the end we have a ~etin1tion of "f before doinq surgery. We 

anly need to do surgery to ahow that it ia well defined and aatisfies 1), 

2), and 3). 

-1 If we partition the elements of ft" ftl(N) into (9i ,gi l , 

whera 9i ~ 9~1, ti .. t~l and w(ti ) .. (_lIn, and si .. s~l and 

:on,.. 

), (x,x) .. 2:J ),9i '9i + (-l)~(9ihgi .g~l J + L 2),t
i 
·ti , 

9 i ti 
and 

"I 
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!-I (x) 

where 'i = 0 or 1. Thus, the only new algebraic information contained in 

!-I(x) is the ~2 coefficients of those elements which are their own 

inverses and which act by (_1)0+1 on the orientation of N. All the 

coefficients, 'i' except the coefficient of the identity element are 

determined by intersection data in the universal cover. The coefficient 

of the identity is the only one that requires the immersion idea. 

Now we wish to use II.l.l to define !-If: Kn(f)/Tor ~ On which, 

together with the intersection pairing, will define an element in LS(n). n 

Unfortunately, !-If may not vanish on Tor Kn(f). In fact, there are simply 

connected examples where it does not. However, if !-IflTOr Kn(f) is 0, 

then by II.1.l, it does indeed define a map !-If: Kn(F)/Tor ~ On' 

For the kernel groups encountered in proving the product formula, 

Ilf will vanish on the torsion. We make the following 

Assumption: i.I f vanishes on Tor Kn (f) • 

Thus we now have an a priori surgery obstruction assigned to f, 

Theorem II.1.4: a) If f: m2n ~ N2n is an s-nice normal map, then it 

is normally cobordant to f': M' ~ N such that f' is s -nice and 

1) K*(f') Q 0 for * ~ n, 

2) Kn(f') = Kn(f)/T.or as based modules, and 
j • 

3) the geometrically defined A and Il forms for f' and f aqr •• , 

If f is a nice normal map, then the above is true after ignoring th. 

bases. 

. 2n 2n 
We use I.3.4 to replace f: M ~ N by f': M' ~ N ,such ' ~ 

1) f' is s-nice, 
, .l.ll 



30 JOIN W. HORGAN 

2) Ki (f') .. 0 for i Jl n, and 

3) Kn(t')" Kn(fl/ToX' e,.,r It A
r 

•• baaed ........ odul ••• 

The first ,.,r factor in Kn(f') ia ~n.rated by cycl •• lying geometrically 

in K and representing torsion c Ia •••• in H.(M'A)' Sinee the Il-form ia 

geoaletrically defined, 101 f and Il f' take the same val ... on th ••• cycl ••. 

By our ••• lnption, 1"'£ vanish.s on th", nence, 80 does I'f" 

The intersection for. on Kn(t'l ia given by the matrix 

" 0 • 

0 0 -I 
n 

• (-1) MIl 
n • 

with In .. ai.ple hOlllOrphb ... According to (15), thacu:_ 5.2, sphere. 

r repr •• enting a baaia for the first II _factor can be diajointly embedded 

with trivial normal bundl... The same analyaia •• in 1.3.1 shows that 

the r.sult of performinq aurgery on the •• cl ••••• ia to produce an a-nice 

1) Xi (f-) .. 0 for i ~ n 

2) KnIt·) .. Kn(f)/Tor •• baaed MOdules, 

3) the interaection for.a on Kn(f·) and Kn(f)/Tor are equa L and 

4) lit- - lit' 

!!2!!.' We have II; choice tor the cycle. :repreaenting the a.cone! A
r 

factor. 

are chain. giving a 

ba.i. for A
n

_
l 

in the r •• olution 0 ~ An _l + Pn- l + Tor Xn_l(f) ~ O. By 

choo.ing the Ai correctly, we can .ake thi. f.ctor a .ubkarnel of the 

A r $ A r al.o. Then _ could do .urgery on it. Low d1.m~.ional .urgery 

followed by thi. would give a normal bordi.~, w, fro. f to f- a. above 

with K (W,l) .. K ,(f) an iacaorphiam. 
n n-

Theorem II.l .51 If fl Mln ~ N2n i. an a-nice normal ~ap, then the triple 
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{Knlf)/Tor'~'~f } determines the wall surgery obstruction of f in 

L;nln). If fI H2n ~ N2n is a nice normal map, then the triple 

{ Knlf)/Tor,~,~ }, where Knlf)/Tor h aa no distinguished basis, determine s 

the aurgery obstruction of f in L2n (n). 

" 

~I Aaaume that Xi If) - 0 for i ~ n, and that Xnlfl is free. Our ~ 

pairing and Wall's agree by definition. 

self-intersectiona. The immeraions of the spheres come fro. a triviali-

zation of their stable normal bundles. These trivialization are provided 

~ust an example of our general procedure and hence define. the .ame 

~-form. Wall defines the ba.is for Knlf·) by using the baaes chain 

complex C. If-). Our definition of the basi. of Xn If·) ia that ill COld. 

from the bas.s of a nice A-chain cOlUplex aimple homotopy equivalent to 

C.lf). Hence, the bases are simp le equivalent. This shows that for (n-l) 

connected normal maps: wall' s triple and our triple agru . Applying 

11.1.4 gives a proof of the theorem. 

!21!l If ~f does not vanish on Tor Knlf), then it i. still possible to 

give an a -priori d.scription of the surgery obstruction. One uses 

Knlf), ~, and ~ on all of Knlf) to produce a triple which define • 

• alf) in L2n (n) or in L2nln). 

Section 11.2 - Cue II - The odd dimension •• In this section we 9i 

an a priori definition of the s\lrgery obstruction of an (s -) nice nonaal 

lIap between odd. di_nsional .anifolds. Just a. the ca.e of even d1_n-

lIional .enifolds is a generalization of the work of [11] on the Kervair. 

invariant , the odd diP:lenllional cas. is a generalization of the work of
i .If" 

sections 5 and 6 of [9] on odd dimensional nOXlQal lQaps between 
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.... n ...... nifold •• 

The form II f used in the even dimensions is replac:ecS in this ca8e 

by IS quadratic refinement , qf' of the middle dimensiona l linking pairing. 

It ia defined similarly to the ~-forn. The e.tra information again cone. 

frOlll the bundle map. This t1ae it produce. <::1 ..... of (n-1) dimensional 

reduction. of the stable nor..l bundl •• of In-I) •• nifold • .appinq i nto 

2n-l the dOClli&in, K Such reduction. are equivalent to eabedding8 of the 

(n-ll-manifolda together with nowhere zero normal f1elda. It ia these 

noclllal fields Which a llow us to pueh the (n-l)-manifolds off themselves 

and &gain an extra factor of 2 in the value of linking pairing. (e.g. 

l(x,x) ia _11 defined in G/2. fV)t IJ/lt uainq the nOnlal field). This 

extra factor of 2 18 recorded in the quadratic refin8lllent of linking qf" 

Again the fact that the n~ infornation, qt' i. quadratic in nature 

and thu. delicate only on the tvo tor. ion is important. We will again 

pre.ent the argument only tor s_nioe normal mapa. neleting all refer­

ences to the based atructure tran.torms this ugUHnt into one valid 

tor nice, normal mapa. 

Let fl M2n- l ~ N2n - l be an .-nice, normal .. p. By aection 1.2, 

there i. a pairing 

.&1 Tor Xn_l (t) x Tor Kn_l (f)-+~. II. 

It has the following properties. 

II.2.0. 

a) It i. A-linear in the .econd variable. 

b) 

c) Ad(,,) , Tor Xn_1(fl ~ Hom
A 

(Tor Kn_1(f),I/Z. A) i. an 

i.omorphi ••• 

... .. 
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where A
n

_
l 

and F
n

_
1 

are baaed A-modu1ee and in theae baaea ~ ie the 

4iagonal matrix 

o 

n
i 

£ Z - (0). 

o 

To eee that t(x,Y) -
n - n-1 n-1 

(-1) t(y,x) let Vx anc! Vy be band, simply 

connected, c!isjoint cycles in H representing x and y. Let 

• 
nV -lIC and 

1 x x 

n-l 
(-1) n

2 
C ·V 

x y 

Thus 

o-'!"" v ' C 
n

2 
x y 

n-1 -(_1) n
2 

(V 'C ) • 
y x 

n-1 -• t(x,y) + (-1) t(y,x) moe! Z. 

'1'he aurgery obstruction is determined by Tor K l(f), J., and the -quadl:a­
n-

tic refinement- of t, qfl Xn_1(f) ~ Q/Z" On' The map qf eatisfies 

II.2.!. 
b) n -

Qf(x) + (-1) qf(x) - J.(x,x) in II/.E" A' 

c) qf(x'a) - aqf(x)a for a" A' 

d) Qf(x) haa a representative a " II S A such that a _ (_I,nC. 
~ 

There is a map ~l On ~ A defined by cp«all - a + (_l)na. It induce .. 

a map 1" fPl ~"On ~ 'lIZ ~ ". II.2.l b) lMIans that 
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t (x,x) 

where t 
'i 

q(x) such 

and 't. , are in 11,1.& and 1 8. 115 in ZV2~ \1,1'.&. , 
that t(x,x) _ q(x)..- (_ 1l n q(x)- implies that 

Using properties 11.2.1 a)-d) for qf we see that 

"L: 

" 

n -, 
(q '9, + (-1) W(9,)'Q ,g.) 

91 91 1. 

't in II/&. In On It IJ/Z, , 
lq '9

1
• t ,g . • Thus 

91 91 1. 

where 

, .. 
llI i 1 

The existence of 

all the ts are O. 
i 

't . , 
and the new info~ation in q(x) ia the division of tt by 2 in \lIZ. Thia , 
ia always po.aibia in exactly two way •. Tor Kn_1(fl e T2 $ Todd where 

T2 ia the nice aul:moc!ule of .~.nt. of order III power of 2, anr;1 Todd is 

the nice 8ubmodule of el.menta of odd order. 

~ 11.2.21 Any quadratic r.fin~.nt, Q2' on T2 satisfying 11.2.1 .)-4) 

above has It unique extenaion to q 

n.2.!. 

on all of Tor K ,(f) atill .ati.fying n-

!!£2!.r If rx - 0 for r £ &. then 0 - q(rx) - r
2
q(x). Hence, i x E Todd:' 

the q (x) is of odd order in 1J/'lL • A' In IJj'1L there is III unique wai' to 

divide an element of od~ or~.r by 2 so that the result is also of od~ 

order. Thus q (x) must be thh unique 1 't (x,x) ~ which is of odd order. 
ti i 

This proves that for x £ Todd' q(x) can have at most one value, 

~ ,(x,x)~. It is easy to show that this indeed gives a form qodd satis­

fying 11.2.1 a)-d). For an arbitrary x £ Tor Xn_l(f) we write 
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• - x2 + xodd and define q(x) - q21x2) + qodd(xodd" Sinee t(x2 ,xodd) - 6 
t hia ia the unique .. ten.ion of q2 .atisfying 11.2.1. 

On T2 qf is not deterlllined by II.2.1 al'd the linking pairing,.t. If 

• C T
2

, then there ia • relative bordislll element representing x, 

Vn
- 1• ----'.'--~~ M 

~n ! 
wn ___ --"'-_~ N 

If. (V) - x. 1'bia follows .ince Kn_l (fl 

• Bn(N,M), and 0n(N,M) ~ BnIN,M) ia onto two toraion. Given auch a repre­

a.ntative for x, we will define qf1x). Take any (n_l)-dimenaiona1 reduc­

tion of "'w - •• «() . Restrict it to given an (n-l) reduction of 

..,V - cp. ("H) • Thill ia equivalent to an embedding V 4 R' al'd a nowhere zero 
• 

normal field • of.., (CP), [S]. We can aaaUlle that the projection of V 

into H ia an embedding wi th normal field . 

oopy of V along the field c in H. Sinee CP.(V) _ x, aome multiple 

of V bound. a chain C
v 

in M, te
v 

_ r·V. Let 

1 _ -(C ·v ) 
2r v c 

!h.orem II.2 . JI a) qf(x) defined i. indepel'dent of all the choices made. 

qfl Tor Kn_llt) ~ (II~ lSI On satiafies II.2.l a)--d) . 

b) 
2n-1 2n-1 

Furthermore, we can do surgery on fl M ~ N to produce 

an a-nice normallllap t ' l H' ~ N with Ki (f') - 0 for i '" n - 1, and 

K
n

_
1 

(f') - Tor K
n

_
l 

If) as modules with ba.ed atructure, in allCh 

a way that the .t and q fOrlU8 are unehanged . 

c) If f ia a nice nOI1llal map. then so ia f' and a) and b) are true, 

after omitting all refereneea to the based structure. 

,,) 
U22l1 b) and c) follow immediately frOlll II.2 .6 and the fact that all low 
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dimensional Burgeries can be do ne in the c~plement of the geometric data 

which define l and qf' (The spheral on which we do surgery to kill 

Xn_1(f)!Tor do not by general position mis. the chains of dimension n 

used to calculate t and qf' But, the argument in 1.2.7 shows that we 

can assume this by choosing our chains correctly.) 

2n-l 2n-l Suppo.e that we have d ona surgery until ft M + N satisfies 

n-l .-1\ b). If:x £ Kn_1(f), then any two representatives for x, (V ,W' ,ttl •• ) 

n-l' n' 
and (V ,W .CP',t') are bordant by aome 

Tn ii "r:x', 

• 

l 
un+' i :> N x I 

Given ~-l embedded in M2n - 1 with !II normal field, tl extend this to 

an immersion ot Tn in M x I with normal field. Restricting to the other 

boundary l=O!aponent of '1' 
n-l' 2n-l 

91v •• an embedding V ~M with nor.al 

field, .'. 

Clailll 11.2.41 If W8 lUIS the •• two embedded manifolds Vc.jIoM and V',+M 

with normal field., 4 and .' , a. above to calculate qf(x), then they 

give the .ame value. 

(*) 

-- --- ~\ -r .,- -----

Mx, 

, , , ' .. T :--...... ~/ / . 

U rT U -C ).T -
V • 

T 

, V' 
2r cv " .' 

, 
-c 'V 2r v • 

+ .1 T'T 
2 • 
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Here T.T is the geometric se lf-intersection of T and T. Since iT • • • 
ia the image of a closed cycle in M x I and si nce the intersection of 

closed c ycles in" x I is zero. the left hand side of (.) ia 0 in Q ~ A' 

Thus we have 

o • Lc 'V 2r V , 
in Q ~ A. 

T'T - s IT) + (-1)";(Tf where sIT) ia the geometric self-intersection of 
• 

T. sIT) is an element in On and is defined exactly as self-intersection 

., 

of closed. immersed manifolds. For this. it is important that the boundary 

of T be embedded. 

Th1,l.l ! T·T ili 

n--
InOn• s IT) - (-1) sIT). Hence in On' T'T, _2s(T). 

2 • 
This proves that 

1 1 
II/Z ~ On 0 • hCV"

V
;' 

- -c 'V in 2r V I .. 
1 _ L c 'V in !lIZ $ On' 2r Cv, .v;. 2r V • 

Gl!1!!!. 11.2.5; Using any normal field for V' induced from a bWldle reduc-

i10n of vw' - .'.{ and using the normal field I' for V· as above give the 

.~. value for qf(x) • 

.lIa2f.1 Let W· - -T U -W and • • , W· .. M be ; U •• Then,,' is induced 

.rom a reduction of vW• - .-*f oyer w-. We compare the difference of these 

two normal fields. For n even, the fields are homotopic. For n odd, 

' heir difference is an integer which, reduced modulo 2, is 

A, in 11.1. 4 this is equal to 

whioh, in turn, is o since is fiber homotopy equivalent to Y,rn-l' 

!hUl, our two fields used in defining qf(xl differ by an even integer. But 

\hI yahe of qf (x) in Q/,& "* an depends only on the homotopy clan of the' 



38 JooN If. MORGAN 

nor~al field modulo 2. This proves qf(x) ia well defined. It ia e.aily 

seen to satisfy 11 . 2.1 a) and c) on all of T. The proof of 11.2. 5 ia 

completed using the following proposition . 

Proposition II.2.6J n-l 2n-l 
If V is embedded in M with n01:1ll81 field , 

induced frog bundle data covering a normal map (as in the definition of 

C· V • 
Proof I We can •• sume that all n1 aheeta of C come into V fro. the 

direction -I, and that, except at ita boundary C ia transverse to v. 

• 

• V 

• 

/ 

" " 

We shift c transverse to V (It •• pinq ,C (bed) by moving • • 
of V in the (n-l) dill'lenaional bundle perpendicular to • 

&(cl-nV. 
• 1 • 

the n
1 

copiee 

. -1 
in "'YeN' C 

We 8e8 that .-1 
Sine. C extends to a bundle c ·v - c·v + n,~ {c). • • 

_-1\ n-1 
- IIK , X(C l-O,&nd trans-thus C ·v - CoV. Now shift C •• • 

vera. to C without moving ,C or IIC • We have • ~ 

o - II (e·c ) _ rc·v - (_l)nrv •V • • • 
r(C.V .--- - (-1) c ,vl 

• • -r(C·Y (-1) n c·v ). 
• • 

Thus, 



A PRODOCT FORMULA FOR SURGERY OBSTROC'I'IONS 

c.y _ (_l)n C:V-. , , 

,property II.2.1 d) follow8 immediately 8ince qf(x) .. 1,1 C·YJ in 
n, ' 

n- 1 
(-1) q (lC) .. -(c .y + 

f 2n
l

-Y , 
(-1) n c:v-) .. ....!....(2C .y ) 

Y. 2nl Y • 

• _,_ C ·V () , .. " x,x • 
ftl Y , 

Thi. give. 11.2.1 b) and complet •• the proof of 11.2.5. 

.. 

Though th: relation betw.en the triples (Tor Kn_l(f)I"lqf) and Wall' • 

• urgery ob.truction qrOup8 ia not required in the sequel/til. inclu:le a 

ak.tch of the following. 

Theorem 11.2.7: a} (Tor Kn_l(f) ,l,qf) deter.inea the Wall aurgery 

obstruction in L2n_l (w) if f i. nicef 

b) If f i8 s_nice, th.n (Tor Xn_l(f},t,qf) together with the free, 

based re8olution of Tor X ,(f), det.rminea the Wall aurg.ry 
n-

• obstruction in L2n_l (n). 

(S.e (15) page 56 for the d.finition of the odd wall groups.) 

Sketch of Proof: Let a , ,"". be a natural generating aet for Tor X ,(f) , n-

Stel2 I. 3{"ij J, "ij f: tr. auch that 

l) nj"ij - (-1) n n
i 

Cl
ji 

') 
1 
n

i 
0ij .. t(ai,a j ) 

d) 
1 

2n
i 

Clli .. qf(ai ) in 1I/'lZ $ On' 

Step III Let Ha _l .. tr.(el •••• ,.t,fl, ••• ,f,) equipped with the interaection 

n-l and ae lt-intersections of the (-1) aymmetric hyperbolic form. Par ~~ 

collection of (Cl
ij

) a. in atep I, define Xc Hn_l to be the baaed ~. t, 
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, 
{Dlel + L Ql jfj •• • • ,nte

t 
j_1 

K~Hn_l ia a baaed aubkernel. For any choice o t (oijJ a. in step I, 

the cIa .. 
, 

x determine. in LSn_l(w) ia the aurgery obstruction of f. 

The .ain point in the proof of this ia to shaw any .at of (Oij) aa in 

stap I ia realized a. the chain interaection _trill for ... et of eaWedded 

n-l n-l n 
apher •• with trivial normal bundl •• (81 •.••• St ) and chaina Ci with 

n-1 tel. niSi • r see propoaition 11.3.3 for a proof of thi • • 

Section 11.3 - Porma repr •• ,ntipg the trivial obatruction. In section. 

11.1 and 11.2 W! gav! geo.etrlcally defined algebraic pairing • ••• ociated 

to .. aurgery prabl .. fl Mn •• n, and showed that th ••• pairings algebrai­

cally detaraiDed the aurgery Obstruction alf) E L!(n1(K». In this •• c-, 
tian, V! examine Which algebraio pairing_ deter.1ne the 0 .l.~nt i n Lnlnl. , .. 
we find nece •• ary .nd .~ttlcl.nt .19abraic condition. in q.naral for a 

peirilli to ddina the 
I 

for thh c •••• 

.aro al ... nt . Since our algabraic pairing. for 

II.J.l, Evan dt.an.l00al 9 •• a, n _ 2kl Let (G,~,~) be a. in section 4. 

n 

It datar.!nes 0 in it and only it there h a basad submodule X c= G 

such that 

1) ~IJC X X_O, 

2) ~IX - 0, and 

J) Ad(l) , X· Bom
A 

(qIK,A) i. a .t-ple isa.orphi ••• 

It G i. not baaed, than (G,l.~) d.tarminea zaro in ~n(tt) it and only it 

there i. a fr ... ub.pace X~ 0 .uch that 1), 2) , and J) (with ~.imple · 

dele tad) hold. 

r 

I 
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Such a subspace, K, is called a subkerne1 for (G,A,~). 

that the existence of such a K c: G is necessary and sufficient for (G'), 'fllo~ 

to be 0 in L2k (n) (or L;k(n» see [15), page 47. 

In the odd dimensional case our formalism is different from Wall's. 

We develop a necessary and sufficient algebraic condition on the linking 

pairing and its quadratic refinement for doing surgery on a nice (or 

a-nice) normal map to produce a homotopy equivalence (or simple homotopy 

equivalence). We prove that the condition is sufficient by actually doing 

the surgery, not by making an algebraic connection with Wall's formalism. 

As with ~he analysis of surgery on torsion classes outside the 

middle dimension, here also the analysis is made in terms of a based 

A-resolution for Tor Kn_1 (f) 

0 '~An_l~Fn_1~Tor Kn_1 (f)----+-O. 

we study the chain intersection pairing which induces a map 

r: F n-1 x F n-l---+QI ~ II 

which resolve,~ the linking pairing and its quadratic refinement on 

Tor Kn_l(f). The key property to be able to do surgery is that 

IIA 1 X F 1 ~ ~~ II be non-singular. In the case of linking between n- n-

different modules we found that it was always possible to pick resolutions 

eo that the chain intersection map is ~n-singu1ar. In the case of self-

linking, this is not always possible, and the inability to do it is the 

obstruction to performing surgery on a odd dimensional, nice, normal map 

to produce a homotopy equivalence. 

The first step is to find out what properties the chain intereection 

map has, and then to show that any algebraic map with these properties can 

be realized as the intersection pairing of an appropriate set of chains 

and cycles. Finally, we show that surgery is possible when 

I: An _l X Fn-l ~ II is non-singular. 
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Let fa M2n- 1 ... "2n_l be an a-nice normal map with 

.&1 Tor )(n-l (f) x Tor )(n-l If) ... ~. " the inte;nection pairing and 

'f' 
0+ 

Tor K
n

_
1 
If) .. 

A .t F ~ 
n-l n-l 

<lIS • On the quadratic refi~"nt. Let 

Tor )(n-l(£) .. 0 be the based A-re.olution of Tor Kn_1(fl. 

If t 1. a nice, normal .. p pick any re.olution for Tor )(n-ll£). In 

., o 

o 

SUPpo •• in ad~ition. that our nor.al map ia (n-l) connected. Then, we can 

find. chain r •• li~.tlon of the re.olution such that each element in Pn _1 

h represented by an -.bedc1ed eulxllanifold equipped with normal field 

.-, 
• € Fn_l~ (z ,IZ>' and each el-..nt of An_l ia repre.ented by an 

n-chain with correct bound:arYI a • An_r c:. w. denote by z· the copy of 

Z pu.hed off alonq the normal fie14 'z' Let a - j-l IN%I) and deflne 

Pr9pO!itlon 11.3.21 

II",,",) _ A(e ,z') N a 2 • 

to a A- map 

1) I 1 ..... -linear in the .~ond variable and A_nti_linear in the 

fir.t, 

2) I(x,y) _ (_I)nI (y,x)-, 

3) III "n-l X Pn-l'" z. AI;"- IJ. A, 

4) I inchlCe. the linking pairing on Tor K
n

_
1 

(f) in that I(x,y) 

h a repre .. ntative for J. <tD (x) ." (y)). an(l 
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5) I induces Qf on Tor Xn_l(f) in that! I(~,~} in I ~ A i. a 

repre.entative for Qf~(~)' 

I&22!I 1), 3),4), and 5) follow innediately from the definitiona,2) i • 

• eonsequence of 11.2.6 . 

We al.o need a eonver •• to this whieh tell. U8 that all .uch algebraic 

pairing. are realized by the interaection. of appropriate chain. and 

oycle •• Thi. conver.e i. the analogue of lemma 1.2.2 in the .iddl. 

Proposition 11 .3.31 2n-l 2n-l Let fl M • N be an (n-1) connected, .-nice, 

n011ll81 !IIap with Kn_l (fl - Tor Kn_l (f) and with pairing. l and qf and 

re.olution o. "n-l • Fn_l ! Tor Xn_l(f) .0 a. before. We call 

(El, ••• ,Er ) the ba.i. for Pn - l and .uppoae [nl&l, ••• ,nr&r) i. the ba.i. 

for An_I' For any pairing II Pn- l x Fn_1 • I. A aatiafying 11.3.1, 1) -

5) there are di.joint1y ealbedded .pheres with trivialized normal bundle. 

eocaing from the bund1. map covering f 

and 
n 2n-l manifolda C
i 

• M 

a) (S~-IJ - ~(&i)' 

b) niSi - aCi in H, and 

(S~-~M2n-1J 

cl if we denote 5; the · pu.h off- of Si along the fir.t nor.al field 

of the trivialization of it. noraal bundle, then 

in I. A • 

Proofl 
n-l n-l 

.pherea (S I , ••. 'Sr ) with trivial 

normal bundle We have two 

pairing. 
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satisfying II. 3.2. I is the one we want, and I' is the o.ne produced by 

the spheres we have. We will modify the spheres until I - I'. By condi-

tions 1 and 2, it suffices to have 

By 4, I(Z.,Z.) - I'(z . ,z.) E Z ® h' Moving S. through an isotopy which 1.) 1.) ) 

intersects Si transversally in ±g E h and misses all other Sk' and adjoin-

ing n. copies of the track of this isotopy to C . changes I'(z.,z.) by ) ) 1. ) 

±9 and leaves all other I'(Zk,Zt) unchanged (except I'(Zj'Zi»' Bya 

sequence of these changes we can make I(Zi'z ,) = I'(z . ,z.) for i < j. ) 1.) 
. n-l,... 2n- l . Changing the embedd1.ng S. -? M with normal f1.eld c. by a regular 

) ) 

homotopy with normal field extending 'j and with self intersection n in 

2n-l 1 n M x I changes - C .·5. by n + (-1) n. 
nj ) ) 

By condi~ion 5) of 11.3.1 we know that t I(zi,zi) = t I'(zi,zi) in 

~~ ® On' A straightforward, algebraic calculation shows that if an 

1 n -element, a E ~ ® h satisfies 2 a • 0 in ~/~ ® h and a = (-1) a , then 

a a n + (_l)n a for some n E A. Applying this to I(zi,zi) - I'(zi,zi)' 

n-l one shows that by varying the embedding of Si by a regular homotopy we 

can make I(zi,zi) • I'(Zi'Zi)' 

The change in the chain realization required to make I' = I was done 

entirely by homotopies of chains. Thus, if the original chain realization 

induced a simply homotopy equivalence with C* (f) ., then the new chain 

realization does also. 

Theorem 11.3.4: Let f: M2n- l .. N2n- l be an s,-nice (nice) normal map. 

If Tor Kn_l(f) admits a resolution 0" An_l .. Fn_l .. Tor Kn_l(f) .. 0 with 

a pairing I: Fn_l x Fn_l .. ~ ® h satisfying 11.3.2 and with 

II: An_l x Fn_l .. h non-singular, then f is normally bordant to a simple 

homotopy equivalence (homotopy equivalence) • 
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U2a(1 We can auUlIe that f 18 (n-l) connected and. that Kn _l (f) 

• Tor Kn_l(f). Embed diajoint apherea 
n-1 2n_l 

Si ~M which repreaant tha 

n n-l 
in M with ICi - niSi 

""t normal bundle 

Tbere are chaina C~ 
n-l 

of each Si ia triviali~ed by the bundle data covering 

I. Denote by S;, a copy of 5
i 

pu.hed off along the fir.t vector in the 

U!vialitation of the normal bundle. By II.l.l we can chao.e the eJllbedded 

'phtre. 80 that Ci·Sj - I(niZi'Zj)' 

Let GI ~n .. N
2n- l X I be the trace of .urgery along the (S~-l). and 

1' 1 M' .. N be the ·other end- of W. From the exact sequence of the pair 

(a, t) _ find that 

K.(O) _ {o 
n-l 

• ~ n 

• - n. 

~"' the basia for Kn(O) are (~l U nldl.···.-ct U ntdt where d j ia the 

n-l 
Undle added along S j • 

,,(G,t') _{O 
r· n-l 

• ~ n 

• _ n. 

(At_tn, thi. 18 an iaoalorphialQ of baaed modulea.) The long exact aequence 

If the pair (G.f') 18 

"po! of clat., The .ap Kn(O) .. Kn(O.f') t. the adjoint of the tnter ... _ 

'~on map 1<n(G) x Kn(O,f) .. A. The element a1 C An _l i. rapr ••• nted " 

n-l 
oOt U n i 'd1 , and. Zj f: Pn-l ia repreaented by dj U Sj X I' , • 
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intersection &i'Zj - -C i .Sj - -I{&i,Zj)' 

Since ad(ll) ia a simple isomorphism, f' ia a .~pl. ha.otopy 

Baaed toraion ,,-ftodulea come equipped with a simple equivalence cIa •• 

of ahort free rellOlutiona and tbua we can view a baaed toraion module .a 

the homology of a baaed chain caaplex. Conaequently it Uk •• aena. to 

•• y that. ahort exact sequence of baaed torsion ,,-modules ha. trivial 

Whiteh.ad torsion. 

Theore. II.3.5f 
2n-l 2n-l Suppose f. M • N ia an e-nice (nice) normal map. 

If there ia • nice aubmodule T~Tor Kn_lll) on which L and qr vanis h 

identically and 80 that 

T ~ Tor Itn_1 (l) -",.~,,, T. 

ia • ahort exact sequence with trivial Whitehead torsion, then it ia 

po.aible to do surgery on f to.ake it ~ simple homotopy equivalence 

(hOCllOtopy equivalence). W. call such. aulxnodula T'" Tor Kn_
1 

If) • 

aubkernel. 

Proof. We can u.".. that Xi If) - 0 for i ~ n - 1 and that 

Kn_1(f) - Tor(Kn_l(f» . Let A • F • T be the based free resolution for 

Find in. ide M2n- l di.jointly imbedded 

As before we can arrange that 

0-1 (s . ) repre.enting the , 

o Vi, j. Thia 1e 

because "IT X T - 0 and qtlT - O. Now do surqe:r;y on the •• sphere •• 

01 ~n. N X I be the trace and f'l M' -+ N be the "other end", 

~I 

x.(O) - r. • ;. 0 - l,n 

· -0 - 1 as based A module •• 

· -0 

T. 
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K.(t') - D. 
• _ n 

*,.n_l,n 

!!m.1 The exact sequence for (0,1") hi 

But the intersection A X F .. II is identically O. Thu. Kn(f') _ A and 

K
n

_
l 

(f') sits in an exact sequence 

In "2n_l the generating .et tor T* i. repre.ented by di.jointly 

uWedde4 .pherea of diMn.sion (n-l), (Si)' We can choo.e the sphere •• 0 

n 2n-l n n-l 
that niSi bound. a chain Ci in" with Ci'C j - lij' The sphere. 5i 

.it naturally in H' and C~-(neighborhood Ci ,Si) is a hOlDOIOCJY in H' fran 

niSi to the basi. for P*. Thi. proves that Kn_l(f') _ A*. The inter­

section pairing- K
n

_l (f') x Kn(f') .. II i. the natural non-.inqular one 

.7 

Surqery on the basi. for A* • K
n

_
l 

(f') produces a noraal bor~U .. trca 

f' to a simple ho.otopy equivalence, (.e. 1.3.4). 

. ...... 
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CHAPTER III I The Index and the de Rham Invariant 

In this chapter we study the homology of closed , oriented simply 

connected manifolds. In the spirit of the previoua sections, we concen-

trate on that part of the hOlllolOtlY whic h is paired with itself by Poincare 

duality, i.e. 
2k 2k+l 

~ (L )/Tor and Tor ~ (L ) . We analyse these self-

pairings algebraically and find two invariants of interest--the index in 

the case of symmetric intersection and the de Rha= invariant in the case 

of skew_symmetric linking. Both these invariants are classical, and the 

index, in particular, has been lauch studied. In the case of linking 

pairings we alao discusa chain realizationa for the pairinga. 

Theora. 111.11 If k ia odd, then the intersection pairing 

H
k

(L2k)/'l'or <JI ~(L2k)/'1'or .. :&i. akev-s)'lllllletric and non-singular over Z. 

Algebraically it is isomorphio to a direct Sl,D of (z 19 Z , ( 0 
_1 

1 
0) } . 

~I That the pairir'19 i. akw symmetric an(J non-singular is c luaical. 

The algebraic cla •• ification of .uch pairings is straightforward, s.e 

[9] • 

If The pairing 

ia ayawetric and non-singular. Let r be the r.n)t of Fk(L), and 1 d 
~ 

be the rank of a ldXiaal subapace Jt <=+ Fk(L) on which the pairing vanishes. 

The number d i. independent of the maximal sub.pace cho.en, and the 

pairing tF,.) 4ecoll\~ea a. 

where (A, .j • e(S 19 o 
Z, (1 1» 

• 

(A,') ~ (8,') 

and (B,·) i. ± definite. The signature of 
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(F,') ia de tined to be:t rk B depending on where B is :t definite. The 

signature is an additive invariant under orthogonal direct S\D, se. (7). 

theorem 111.21 If k is even, then the signature of L2k is zero if and 

only if there is a aatiafyinq 

1) '1 X • It vanishes, and 

2) ad(·) 1 X. (Pk(L)/X). ia an iaomorphi ... 

The signa ture of the pairing is called the index of L, I(L). 

Theorem 111 .31 If 2k + 1 • 3(4), then the linking pairing 

ia non-singular and aymmetric. Thua it admita .. -reaolution-. That ia 

there is a free abelian group P, an epiAorphi_ P .: Tor ~ (L 2k+l), and a 

I 
aymmetric pairing P S P • mauch that 

1) II (ker ".) • P tun value. in Z, 

2) I(X,y) - ,(".(x),,,.(y» lDOdulo Z. and 

3) M(I) induc •• an iaONorphiam Ker 'II' .. p. - Bca(P,~. 

~I Given any free abelian group .. ppinq 2k+l onto Tor ~(L ) there is 

a pairing satisfying 1) and 2). The crucial property ia 3). That auch a 

reaolution exista fol lowa fr~ (14). theor~ 6. 

Theorelll IlI.41 If 2k + 1 • 1 (4), then the linking pairing 

Tor ~ (L) • Tor ~ (L) .. ~ ia non-ainqular and akew-a~tric. Thia 

only.eana ,(x,x) i. of order 2. In fact ,(x,x) - (Vk(vL),X) € ~2 c m~ 

Tor ~ (L) ia isOlQorphic to A fJ A fJ ,&12 Where , - 0 or 1. The pairing is 

• "r~t ._ of p,'rin •• (~ :>n:rln $ :r,In, and m on '0./'_ 

~I All this fo llows frOll. the .tandard alqebraic clauification of 

• 
that is needed is that 

modulo 2t' 1 

.~-,. 

1 
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The .lenlent • t: 3;1'2 1. the de Rhara Invariant of the pairing and. of the 

manifold L2k+l. It i. denoted dIL). 

on the chain level 4 haa the following consequence. If dlL) .. 0, 

k k k+l k+1 
then there are cycl •• (zl ••••• z2r) and chains (e l •••• ,c2r ) with 

ni +e .. n1 • 2) 

3) the cycle. (Zi) induce an ll10a.0rphha 
2r w 
e .... 01s .... Tor ~ ILl. and i_' 

4) there are pu.hed off copi •• of Zi ,Zi with the chain intersection 

_trix given by 

o C" . 

(-~l .:) 

o --
nr 

• 

Both the de Rhlllll invariant and the index aN bordism invariants. If 

• 4k .4k+l .. a , then the kernel of (6
2k 

(Kl/Tor .... H2k (W)/Tor) provide. a 

subspace It with (·)M!X. It .. 0, and. MI'M): K .... (H
2k

(M)/Tor + J(») •• ~ 
~ 

iaonorphiam. Thi. impli •• I(M) .. O. The de Rham invariant of L4k+1 i. 

where v
2k 

is the 2kth Wu cl ....... (9), ( ,;v
2k

, (Z~kl>.l¢ZiJ. IZi~ EZ/2ZJ . 

There is also a direct paineac' 
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duality proof that the de Rh_ invariant of a boundary i. O. The de 

Rham invariant i. Jaultipl1cative vith respect to the index: 

{

d(L).' (H) 

d(L" x Mil). I(L) ~d(M) 

" • I, •• 0(4) 

t.O, •• 1(4) 

otherwi.e 

There i. a 5~anifold of de Rham invariant 1. Let CI qp2 • qp2 be 

complex conjugation. Then "5. qp2 X I/{ (X,O) _ (c(X),l)} has 

" 

H
2

(M.5) .2Z/2. Thus d(M5) .1. M5 is not s1~ly connected ("l.:IQ, but 

"'e can do a one du.ensional surgery to replace M
5 

by a simply connected 

Jaanifold x 5 • x 5 is diffeomorphic to 5U(3)/S0(3) and haa de Rh&la 

invariant 1. 

2 a:P is the .implest ex_pIe of a 1Mnifold of index 1. 

• • 
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CHAPTER IV: The Product Formula 

Section IV.I - Even dimensional normal mapa. We are now in a position to 

apply the analysis in chapter 1 through III to prove our produce formulae. 

Given a normal map fl Nn • Nn 
with flaM a simple homotopy equivalence (or 

homotopy equivalence). and a closed, oriented simply connected lIUUlifold 

L", we can tom !II nev normal map 

• 

The surgery obstruction of f x ~'G(f X ILl E L~'("l(N» 1. easily seen to 

depend only on the obstruction oil) E L~(nl (N) and the cIa •• of L i n 

oriented bordi.m. nt' Furthermore, o(f x ~) ia additive in both of the •• 

factors. Thus, this proce •• of cro •• ing with a closed, simply connected 

manifold induces homomorphisms 

.nd 

By a product formula, we .ean an explicit formula for • •• • and 

Theorem IV.I.II al If t. 2(4) or 3(4). then wi Ln(n) * 0t ~ Ln+,(n) 

and .81 L!(nl .0". L!..,ln) are O. 

b) if t • 0 (4), then there h a natural ~riodicity ide·ntificaUon 

5 
Ln+.£ (n), see [lS) . 

With these identifications both wand w· are multiplication by 

the index of L • Thus, for instance 
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L! (n) 
• 

~ L!hd • r:', • 

j-
L! (n) 0'" - ., L! (n) 

cOl:llfDutes 

c) If l • 1(4) then there are maps 

and 

• Both illl tJI and illl tJI consist of ele.ent of order .s 2. 

and 

'l'hua _ ... that the only invariant. of a ailllply connected, closed: 

_nifold which appear in the product formulae are the. index and the de 

RhlllD invariant. Both of theae are algebraic invarianta aaaociated to the 

dual pairinga on the homology in the ndcklle dimension. 

In this .ection we prove this fOrlllula if _ .tart wi th an even 

dimensional aurgery prObl_ and cro •• it with any closed, ailltply connected 

manifold. In the next two .ection. we deal with odeS elilllensional aUX"9ery 

problem. c ro •• any closed, simply connected manifold. 

We begin with a normal lIap (f,b
f

) I We do 

aurgery on (f,b f ) until Ki (f) - 0 for i ~ n and Kn(f) - 0 a free A­

module (with a d.lllple equivalence cla.a of baaes if fl aM ia a s!aple ~ 

homotopy equivalence). 0 hu .. non __ ingular intersection patting 

,. 
~I G X 0 ~ A (I n fact if flaM is a aimple homotopy equivalence . , than 

Ildh.) I 0 ~ Hen (O,A) is a dtllple iaomorphbla . l and a a.lf intersectiQJI . .a_. , 
,.~ 

~ 
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determines in L2n (nl (N» (or (L~n(nl») is the Wall surgery obstruction 

of (f,bf ). We denote this element a(f). For simplicity, we deal only 

with the case when fl~ is a simple homotopy equivalence, and we are 

calculating the surgery obstruction of the product in L! (n). The obvious 

deletions of references to based structures is all that is required in the 

other case. 

Cross with Lt. By this we mean form the normal map 

We denote this normal map by f X lL ' Restricted to a (M x L) II: ~ XL, it 

is a simple homotopy equivalenoe. The first step in evaluating a(f x lL) 

is to calculate ,th. kernel module. and their pairings. 

I: Ki(f X lL) • K (f) e Hi (L) as A-module with based structure. n Z -n 
(This follows from the KGnneth the.orem, since K (f) is free.) , n 

II: The inter.ect~on pairings Kn+i(f x lL)/Tor x Kn+t-i (f x lL)/Tor 

~ A are equal to ~t e 'L' Here, 'L, represents the usual inter­

section pairing in L. 

III: The linking pairings, t: ,Tor Kn+i(f x lL) x Tor Kn+t_i_l(f x lL) 

~ (<1/14 e A are equal to ~f e t L • Here tL is the usual linking 

pairing in L with values in <1/'11: • 

III follows by taking product cycle and chain representsions. For 

i ~ t - i - 1 let 0 .. A ... Fi .. Tor H. (L) ~ 0 and 
l. l. 

o .. An_i _l ~ F n-i- l ~ Tor Hn_i _l (L) .. 0 be integral resolutions. We can 
«;Ii 

assume that the chain intersection maps Ai e Fn_i_l~~ and 

'n-i-l An_i _l e Fi • ~ are non-singular. The tensor product of Kn(f) with 

these resolutions are resolutions for Tor K*(f x lL)' From III it 

follows that the tensor product pairings ~f e «;Ii and Af e «;In-i-l lift the 
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linking pairinga. Theae are obviously aimple iaoaorphism.. Thia together 

with I and II provea that f x IL is an a-nice normal map. 

We now begin the calculation of off x ~). It i. divided into the 

ca.e t i. even and the caae t ia odd. 

Subeasel t ia even, t _ 2k. 

IV.1.2t Since f X IL ia a-nice, we need only calculate A
txIL and II fxl 

L 

£.!!i!!1 The II-form for f x IL vaniahea on 1(n(t) ~ Tor f\(L) and on the 

quotient 1(n (f) lID Hk (L)/Tor it ia determined by 

II fxl Ix • y) - II fix) • (y.y) . 
L 

~I The proof conaiata of a local product fO:r1aula. Given 

x ~ y £ 1(n(f) • Hk(L), we represent x by an i~raed aphere Sn~M with 

trivial nor_l bundle (the normal bundle reductiona comea trORl a reduction 

of (v n+l - •• C) lor aOnte .1 D
n+l ... N). we take thh i.m!oeraion to have 

D 
only transversal double point.. We represent aome odd multiple of y by 

a manifold -I ... L2k. By the Whitney trick, we embed ~c.. L2k. (It k _ I, 

then L - S2 and there is no HI' If k _ 2, the L is bordant to 

2 2 ±(<<P , .•• , «P ) and a generating set of 82 ia represented by eNbedded tvo 

apheres.) Sn x yk is then iMmeraed in M x L representing x • y (or some 

odd lIIultiple). 'l'hia is an -appropriate i_raion- up to reqular homotopy 

lor calculaing II (x lID y) since the bundle reduction comes frOCJ one over 

Dn+l x yt. we lIIuat shilt thia immersion within its regular homotopy ~asa 

until it has only transverse double points. As it aits now, above each 

double point of Sn~M, there is a double copy of -I in L2k. • Shift one of 

theae copies transverae to the other in the L2k factor. We get • 

XIV(Y~ L» points above each double point of Sn. 

- aee that IIfxl (x 11& y) - IIf(x), (y.y). 
L 

. " 
Since XCv(YC-+L)) .. Y'Y, ., 
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If k • l12}, or k • 0(2) and I(L2k ) - 0, then there 1s in Hk(L)/Tor 

II aell-annihi lati ng subspace X with Ad('L): K ~ [(Hk(L)/TorI/K)* an 

iaomorphilm. By the product formulae for "f 1 and ~ txl ' we aee that 
x L L 

they both vanish on Knll) 41) K c.".Kn+k(f)( lL" AlIO, 

Applying Il.J.1 showl that the surgery obstruction for f x lL 18 zero in 

5 
L2n+2k 1n). 

If IlL) I' 0, then Llk _ a(ap2 x ••• X «1'211 hu 0 index where II _ IlL). 
, v-

1t/2 times 

Thus the aurglry obatructlon o(t x lL-a(¢P2x .• ,X¢p2)1 - 0 or 

~(l x ILl - a o (f x 1¢p1x ••• x«p21. Thua to complete the prool of the 

product formula for 

it suftie.. to ahow that the aurglry obatruction of f x 1«p2 equals that 

of f. Thi. ia juat wall'. ~rlodicity calculation. Sinci 82 (<<p2) - ~ 

and the interaection pairing La given by the matrix (I), the above calcu-

lationa of the ). and II forma for f x la:p2 show that they are identical 

to the ). and II forma for f. Hence, the obstructions are the same. 

Subcaae , _ 2k + 1: Here we muat calculate t and qrxl on 
L 

Tor 1<n+k(f x lL) - 1<n(f) • Tor H,,(L). We have already a_n that 

t(x dD y,x' @ y') - },f(x,x') dD t(y,y') in A @(Jj'R... Since we know t. it 

auffice. to 

Tor H t (L) • 

calculate qfX1
L 

on el.-.nt. of the form x * y € J<n(f) dD 

Thia is our aecond local product formula. 

P' f (x ,x l I E' Qnis diviaible by 2. To aee this 
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let w £ A be any element which projects to ~f(xl in On' Then 

__ t(x,xl .. w + (~1)n; i n A' In On (lflx,xll" ( .. I -+ ((_lIn;) .. 2( .. 1. 

t.t (t It(x,xll denote any element in On with the property that 

2{i "tlX,xll .. ("tlx,xll. It; ia a rational n~r then 

[t ltlx,xll 8; £ On S g/.E ia independent of our choice of (t "tlx,xll. 

For it 2a .. 2b .. ("Ix,x)] in On then 

(a S rIa) - (b. rIa) .. la - b) • rIa .. 2(8 - bl • r/2a .. O . 

• 
in 0n+k+l ~ g/Z if " • 3(4) 

in 0n+k-+l ~ \lIZ'. if " • 1(4). 

~I If t • 3(4), then 0n+k-+l .. On' and by the above discussion 

1 (i "t(x,x») • t(y,y) is well detinttd • 

• 
~I Thia calculation i* purely algebraic. Recall that qtxl Ix ~ y) is 

L 
the unique element in 0n+k-+l 8 !I/Z which 

1) ia ot odd order and 

2) satisfies qfxl (x • y) 
L 

n+k-+l 
+ (-1) qtxl (x lID y) .. tlx dill y,x • yl. 

As we have seen ,,(x. y,x 8 yl .. 
L 

"f(x,x) lID tly.y). If t • 1(4), then 

"Iy,y) is of order 1 or 2. When y is odd torsion it ~ust be O. Thus 

,Ix. y, x • y) .. o. .. 0 when t • 1(4) and 

is odd torsion. 

n+k+l -
If 2k -+ 1 e 3(4), then "tlx,x) .. (-1) "flx,xl. Thus 

(1] n+k+l[l j- ~ i "t(x,x) • t(y,y) + I_I) 2' "tlx,x • tly,y) .. "t(x,x) 8 t(y,y) .. 

ttxl Ix 
L 

• y,x.y). From the note tollowing 11.1.3 on the structure ot 

y 

,,(x,x), one ia of odd order when t(y,y) ia. 

Propoeition IV.l.3 1 If x • y i. ot order a power of 2, then 
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L 
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1 . [2 ~f(x,x)] ~ t(y,y)] E 0n+k+l ~ 1lI/~ if 2k+l • 3(4) 

J.I. f (x) ~ t .(y, y) E 0n~ 11/2 .. 0n+k+l ~ 11/2 C-r0n+k+l ~ 1lI/~ 

if 2k+l IE 1(4). 

!.Q!!.: On ~ :1j12 ... 0n+k+l ~ 11/2 by definition. Since :1j12"-\J/~ we have a 

map On ~ :1j12<:+0n+k+l ~ 1lI/lk 

~: In this case, the calculation is geometric and more delicate. We 

may assume, however, that x is represented by an immersed sphere 

Sn~M2n with ctrivial normal buncSle, and that y is represented by an 

embedded manifold jl ,tc:...,..L2k+l with rY .. a~+l. Pick (arbitrarily) a 

nowhere zero normal field , tor Y in L. This gives a normal field 

for sn X ,td--+- M2n X L 2k+l • Thh normal field comes from the product 

bundle reduction ,n X , of the normal bundle of sn x Y in M X L. (Here 

C is the perpendicular to the normal field , of Y in L.) Conse-

quently, it is a correct normal field to calculate qfxl(x ~ y). Unfor­
L 

tunately, Sm X ~ is not embedded in M X L. Our first step is to change 

this immersion by a regular homotopy (carrying along the normal field) 

until it is embedded. Near .ach double point of Sm~M we have two sheets 

P+ and P intersecting transversally in a point d. 

Above the double point there i8 a double copy of the manifold,t. Push 
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the copy ot Y
k 

above P + up the nox.al field •• 2 units at d and daap 

out the puah above the rest of P + 

--
","- ---- -1- ---- -r ----

.N 
+ 

Doing thh near each double point produces an embedding of 

sn x ~M x L - with nomal Ueld. We c an extend the Ulbedding 9 to. 

_p 91 5" X 101' + M X L. 

We must intersect thh with g'l Sn xy>. " X L ..mere .' i. the 

re.ult 0' a •• 11.11 p~h along the ooroa1 field • 'r~ ., Pir.t ._h 

sn x • in the M direction alo"9 a normal field , for S~ M. (Recall 

that v (Sn_ HI " trivial.) During thh shift p x ' a::we. through 

I X 101' <:-,10- 1 X L to p' X W • 

...---...." 

x 

Conaequently, the boundary of sn X 101' does not interaect g' (Sn X y) durinq 

the Shift, an4 thu.. the intersection n\Dller (S° X 101') 'g'(Sn X Y) 1. 

unchanged. Near each double point, d , there are two points pI and p2 

in M Where the end point. of y interaect the original inneraion Snd-+-M • 
• 

t •• 
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The 

of 

-

only places where Sn 

1 2 L above p and p 
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x W oan intersect g'(Sn x Y) are in the copies 

Above pl we have 

with intersection W,Y·, Above p2 we have 

W , / 
I I 

. I I 
-- t: - -, ..... ' 

t r' .... . 

original 
Y 

and intersection W·y' + r(x(,k» where ,k is the subbundle of 

... (yk~L2k+l) normal to •• Let gd be the element ·of A associated to 
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the double point d when we order the sheets so that p+ i. fir.t and p_ 

is second. The intersection associated to pl i. 9d '{W'Y') C A, and the 

2 n - k intersection a.sociated to p is (-1) 94 '[W,Y' + r xl' »). The total 

intersection is 

and hence 

(.) 

dOl.lble points 

• 

* y) .. 
40uble point • 

• 

Case A: 2k + 1 • 3 (4) • 

Here k is odd and hence ,;(,k , " 0. and 0n+k+l - On 

n -

Thu. if a € A. 

then la) * rls .. (-1) ( aJ ~ rls in 0n+k+l ~ ~/Z. Bence 

qfx l (x * y) .. L L double points 

• 
- L 

40uble points 

• 
- [ 

double poinu 

• 

1 
(ir(9d 

n-+ (-1) 9d )'{W'Y'») 

1 
('2(9d + 

n- 1 
(-1) 9d)' ;(W'Y')1 

.. [~~s(X,x») • t(y,y). 

~; 2k + 1 • 1(4). 

Here k is even. n-
In 0n+k+l' la. rIal" -{ (-II a. rlsl. In thia 

• 

., ? 
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n- 1 k 1-1) 9d $ 2 xl, )] 
double pointa 

• 
1 • 

Since 2 x Ie ) h of order 2 in~. this .um h equal to 

[ 
L (_l)n+k+19d] • t x(,k)l 

dOubled point. 

1 • 
-"f(xl • 2 xl, ) € Qn+k+l $ ~ - On I&~. 

f: 11/& Vben 

and we 

bave already a •• n that via Spanier~hitehead duality the latter ia 

(Vk("K),I~] ) - l(Y.Y) • ~2c....,..1I/7l. This complete. our local product 

formula. 

We are nov in a poaition to analy •• the queation of exiatence of a 

re.olution for l and qfXl •• required by IV.3 . 5. Firat _.~ 
L 

l - 2k + 1 • 3(4). Then, by 111.3. there i •• re.olution 

and a ayaMtric pairing II P
k 

• P
k 

.. II lifting the linking pairing on 

Tor ~·(L) auch that II' ~ • P
k 

.. Z 18 non-.ingular. We have a 

re.olution 

Clai.llli The pairing ). 1& II (Kn(f) • Pk ) X (Knlfl 1& Pk ) .. II. $11 utiane. 

:II.3.2. 1)-5) a.nd 

i. a .i~le i.~rphi.~. 

Proof. That).. II aatl8fie. :II . 3.2 follCN. iJa..ediately from the previoua 
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calculation for "' and qf x ~. That it i. non-dngular i. obvio\&ll • • ~ 

This prove. IV.I.I in the ca.e -' • 3(4). 

.. 

If "' - 4Jt + I and d(L"') - 0, let T c.,.Tor B2k (L2lt+l ) be a aubgroup sm 
which the linking pairing vanishe. and with the following aequence being 

oxact 

The nice sul:nodule Kn (f) • T c....Tor Hn+2k. (f x ~) b a .ulIkerna!. Thi. 

follow. from IV.l.2 and IV.l.3. Theorem 11 .3.5 implies that a(f x ~) - O. 

Let XS 
be the .imply connected manifold of de Rham invaz:ient 1 

• in chapter 3. Define ~I Ln(n) • • Ln+l rn) (or 41' Ln (n) • Ln+l (n» by 

cro •• ing any normal map with x 5• If d(L4k+l ) _ 1 , then 

L' _ L _ x 5 x ,(ctp2 x •• • x ctp2)1 ha. de Rham invariant equal to O. Thus 
V ._1 

•• 

a(f x ~.) - O. Hence a(f x ly,) - a(f x 1 5 2 2)' The letter 
X x (ctP X • • • X1rP ) 

Ob.truction i. equal by periodicity to a(f x 1 5) Which i. Q)(o(f». 
X 

Thi. prove. that in general a(f x l4k+l) - Q)(o(f» odeLl. 
L 

Stetion IV.2 - Odd diIMneional nortllal lIIap. cro •• even di_neional raani-

~. In this .ection we prove theorem rv .1.1 in the ca.e 

(fl M2n- l • N2n- l ) x L2",. We cannot arrange that f haa only one non-

~ero kernel group. In.tead we follow Wall and divide f into two normal 

map. with boundary each with only one non-~ero kernel group. we do 

.urgery on one of the piece. cro.. L until the map here i. a aillply 

homotopy equivalence of pair.. Then we coneider the other piece cro.~ L 

and do surgery on it relative to What we have already done on ita 

boundllrY. 

If fl H2n- l • a 2n- l is a degree one normal map with flaM a .t-ple 

homotopy equivalence, then we can do .urgery on f .0 that K* (fl - 0 

for * S n - 2. Let (xl ••••• x,) ~ Kn_l(f) be. generating .et. Repreeent 
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n-1 the.e c 1 ..... by diajointly embeMed apherea 8
1 

=+ M with triviallzed 

nor.al bundle •• 

covering f.) 

(The normal bundle. are trivialized by the bundle data 
i 

Let ..ll. S~-l x on be II tubular neighborhood of then 
i_I 

2n-l 
spherea and let U - D U Ji S~-l x D

n .a in the diagr ... below '_1 

2n-l 2n-l 
We can ••• ~ ff U" D • and that tl (M-U) I M _ U .. N - D • Let 

M - U be MO and N - oan-l be NO' The fact that aU haa the structure of 

/. n-l n_l 
, 51 x s tell. us that X.(fl'U) ia 0 tor * ~ n - 1 and that 

'-1 i 
(Kn_l(flaU).~,~) ia isomorphic to the hyperbolic for. e Alel,fi " with 

'-1 
),(81 ,8 j ' - ),(£1'£j' .0, ),(81 ,f j , - 61j, and ~(.i) - j.I (fi , • O. The 

element 81 i. the cl ... of 51 x (pt) and £1 ia the cl ••• of the dual 

sphere. The kernel sequence for the pair (MO , aU) ia trivial except for 

w. can a •• ~ that xn(KO,au) ia free. It provide. II batJed lIiIubiternel in 

the hyperbolic form )(n_llau). The class of this subkerne1 determines the 

surgery obstruction of t • in L2n_l (n
l 

(N». see 115) page 56. We denote 

the above sequence of free baaed kernel groups 

1 
The pairing- ~ X X

A 
.... h is non-a1ngular. (In fact the adjoint of ). ia 

a simple isomorphism.) 

Our _thod of proof is to aSS\De that the index of L is 0 and 

then do surgery on f x lL I NO x L .... NO X L to produce a simple homotopy 

equivalenc e of pairs. 
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simple homotopy equivalence 

~ ~w I 

". X L 
"-----U 

X L NO~ D2n- l x L 

2n-l After having done this we will have to do surgery on W U U x L ~ D x L 

relative to it. boundary. Since this is a normal map between simply 

connected odd dimensional ~anifolda, we can perfor. the surgery and re-

place the map by a homotopy equivalence. 

This will prove that when I(L2
£) _ 0 then o(f x lL) • O. The co.­

plete product formula, o(f x lL) _ o(f) ·I(L), then follows easily from 

this and the fact that o(f x 1 2) _ o(f). To prove the product for~uls 
OP n 

in Lh(n) simply delete all reference to the based structure. 

Proposition IV . 2.11 Suppose £1 p2~ ~ 02m is an s-nice normal ~ap and 

III Tor X.(f) • am vanishea. Then (Jiven a sublternel S c::: I(III(f)/Tor there is 

a noraal bordia~ FI W • a x 1 fro. f to a aimple homotopy equivalence 

with 

1) 1(. (W) and I(.(W,,) nice, ..... II - modules, 

2) K*(W,P) _ o for * ~m. 2, 

,) K* (W,P ... K*_l (p) a based ls0m0rphis~ for * " m, and with 

4) Kat+l (W,p) ! KIII(P) • based isonorphism onto S c K.(p)/Tor. 

Proof, The low dill:lensional surgery a. described in 1.3 producea a bordi •• 

frOIl , to " Surgery along a 

• 
for S c::: Kn(f)/Tor and a baaia for the second II

r 
factor .s d.acribed in 

• note following 11.1.4 then produce the required normal bordis~ frO. 
• 

• suple homotopy equivalence . 
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Let f: M2n- l ~ N2n- l be a degree one normal map which is a simple 

homotopy equivalence on~. Let L2t be a closed simply connected manifold 

whose signature is O. We will prove that a(f x lL) - O. First do surgery 

on f until Ki(f) - 0 for i ~ n - 2. Now split f into 2 problems 

f: MO ~ NO and f: U ~ D2n- l as described at the beginning of this section. 

2n-2 2t 2n-2 L2t. The analysis of IV.l applies to fl&U x lL: au x L ~ &D x 

It tells us that this i8 an s-nice normal map with Ki «flaU) x lL) -

Ka ~ Hi_n+l(L). The linking and intersection pairings on these kernel 

groups are the . tensor product of the pairings on Ht(L) with the inter­

section pairing on Ka' The quadratic form vanishes on 

Tor Kn+t_l(flaU x lL) ' Lit SL~Ht(L2t)/Tor be a subkernel for the inter­

section form. Ka ~ SL i. a .Ubkernel of Kn+t_l(flaU X lL)/Tor. Let 

2n+2t F 2n-l 2.e ' W ~ aD x L x I be the normal bord1sm of flau x lL to a simple 

homoto~r equivalence •• in IV.2.l. Form V = MO X L X I U W x I ~ 
collar 

(NO x L) x I. on aU x L 

I 

w 
• 1 

M x L I 

I 

Th ' , 1 bo d' t f 1 t 1 x2n+2t-l N L 1S 1S a norma r ~.m rom x Loa norma map g: ~ 0 X , 

(X - MO X L u W). The ~p 9 re.tricted to ~X is a Simple homotopy 

equivalence. We have the exact sequence of the pair (MO x L u. W,MO ~ L). 

This implies that 

~ H*_n (L) *.sn+t- 2 

* H*_n+l (L) *~n+t+l. 



A PRODUCT FORMULA FOR SURGERY OBSTRUCTIONS 

On these modules the intersection and linking pairings are the tensor 

product of A: ~ X KA ~ A with the pairings on H.(L). Also near the 

middle dimension we have short exact sequences 

In both cases the submodule KA ~ H.(L) is represented by product cycles 

in MO x L. Both sequences are split. Cycles representing 

~ ~ S c Kn+ L (; ) and ~ ~ H L-l (L) c Kn+ L-l (g) are of the form 

x x z U P ~ MO X L U W 

67 

where X is a relative cycle in (Mo,aU): Z is a cycle in L: and P is 

a relative cycle in W whose boundary is ax x Z 

From these descriptions it follows easily that g is an s-nice normal 

s 
map. Hence 0' (g) E L2n+2L_l <tTl (N» is determined by Tor Kn+L- l (g) to-

gether with its linking pairing and quadratic refinement. We have a 

short exact ,sequence 

(.) O~KA ~ Tor H (L)~ Tor K 1 (g)-----+ K ~ Tor H l(L)-O. L n+L- , ~lt L-

The linking pairing and quadratic refinement vanish on KA ~ Tor H,(L). 

The reason is that a ~ t E KA ~ Tor H,(L2L) is represented by a product 

cycle in MO X L c MO X L U W. If sn-l~Mo represents a and yL~L2L 

represents t, then Sn-l X Y C+MO X L represents. a ~ t. .Any normal .field 

for yL in L2L is' an appropriate normal field to calculate q(a ~ t) since 

it will extend over Dn X Y. (Such a normal field exists since y'.y' • 0 . ) 
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With these choic •• it ia clear that q( a 6D t) .. O. Thus the exact sequence 

(*) is of the tOrl'll 

T~ Tor X + '(')-'i •• ~'~T'. 1. n ,-

with qlT .. O. Theorem 6.5 implies that qlg) .. O. 

w. do .~gery on q relative to 911("0 x L U W) to make 9 a 

aimple h~otopy equivalence of pair •• 

Ae we remarked earlier aurgery on the ·other ald.- relative to ita 

boundary, W U 
2n_l 

~ X L. D X L, 1. alvay. po •• ible. In the end we have 

constructed a normal bordiaN for f X ILl M X L. N X L to • aimple homo­

topy equivalence. Consquently, ¢(f x 1 2,' .. 0 if IIL2'> .. O. 
L 

Section IV.l - Odd dimen.ional normal map ero •• odd dimensional manifolds. 

In this section ve eon.ider the laat ca •• of the product formula. We 

show that if dIL2,.l, .. 0 then Gil X ILl M2n- 1 x L2t+1 • N2n- 1 x L2t+l, 

.. O. The qeneral fornul. a. c lat.ed in IV.I.l then follows •• sily by 

additivity. 2n-l 
Aa in section IV.2 Q do surgery in f, H ... 

Xi (f) - 0 for i < n - 1, then we split f into f, "0 ... NO and 

ft U'" D2n-l. First we show that if d(L
2i+l) _ 0, then we can ass~ 

that Tor Hi(L) has a subkernel. This then provides a subkernel for 

fl ilU x L. 

~ IV.3.11 Let L2 £+1 be a closed oriented manifold. 

a) If 2i + I • 1(4) and dlL) _ 0, then there is a subgroup 
~ 

T ~ Tor H£(L) on wh ich the linking pairing vanishes and so that 

the following sequence is exact. 

b) If 2£ + 1 • 3(4), then L i. bordant to a manifold L' so that 

there i. a subgroup T ~ Tor Ht(L') as in a). 
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~I a) follOWs immediately from 111.4. In case b) we know that there~ 

h a short exac t sequence 

• 0 _ A ____ F ~Tor Ht(L)~ O 

and a s~etric pairing , 
.!., 

Which refines the linking pairing. In addition II A ~ F + Z is non-sin­
•• 

9ular. We use the matrix 11 A. A + Z to build a plUllbinq diagram of 2_ 

.pheres. The resulting 4 dimensional manifold. W. haa a boundary ,1'1' with 

HI (,1'1' ) - Tor Ht (L) and with the negative linking pairing . Take awx. a:~r and do 

two dimensional surgery to make it simply connected . (Here 4r + 3 _ 21 + 1.) 

Cal l the result x21+1 . Let L' ,. x f L. Since X bounds , Land L' .!!re 

bordant. The linking pairings on Tor Ht{ V) has a decomposition 

The diagonal copy of Tor Ht(L') provides the required subspace T. Since 

L and L' are bordant cdf x ~) - o(f x lL')' Thus for calculating sur_ 

gery obstructions we can always assume that if d(L2t+l ) _ O. then such 

'I' C Tor Ht(L) exist. 

Let fl M2n- l 
+ N2n- l i. a degree 1 normal map. As in section Iv.2. 

we do surgery on f to make Ki (f) _ 0 for i ~ n - 2, and let 

fOI M~n-l + NO' fl : U + n2n- l 
be as before. We will do surgery on 

to mllke this normal lIIap a simple homotopy equivalence (a88uminq 

d(L2t+l) _ O) i This surgery will be well adapted to this sUbkernel . To 

prove such surgery is possible requires some analysis of i~.rsions of 

m-dimensional JVk~anifolds in 2m-l dimensional manifolds. 

Let fl p2m-l + R21D.~1 be an s-nice degree I normal map and let 
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1. \/p .... ~ ~ the bundle a.ap cover Lng f . Suppose T c Tor K ,If) ia a 
0-

aul¥.ernel with generating .at {t l , •• o,tr ) with the order of ti being n1 • 

There are relative ZVnt-bordiam elementa ~,~l) ~ (P,R), representing 

tho.e ti who •• order ia • power of 2. 

Lemma IV. 3 .2, The but'U. data can be used to hoers. x7 into P 80 that 

'Xi n (Xi - ,Xi) ia empty. 

!!:22!1 Reduce Y
eYi 

- 11)*' to an (n-1) plane bundle over 6~. Thi s inducell 

on -----.,_ "~,_'-p2m_1 w,th , f' ,. Ar th t th .......-.. • ...,. A . -c....,. • nor.a e • • range a e n i 

sheets of x CCQe oll aXi a101'19 -,. Let aXi be a c.opy ofaxi pUllhed off 

Since q((aX,'J) • 0, ~ have f-('Xi·X . ) - 0 in ~ SO"", n, ' 
ThUll we can defor. 'Xi be II r~u1ar hOl'lOtopy (whic.h intersects ,Xi) to 

Now we extend the embedcUng of 'Xi to 

'1'0 do this consider Y
i

, Which ill Y
i 

cut 

open along IY
i

, and Xl Which is Xi cut open along exi. The boundary of 

- - - I'l' Yi , ,Y!, 1. Xi U 1=1 'Yi' We have • reduction of \I 
y. , - cp*~ to an (111-1) 

n, 
plane bundle oyer -#l 6Yi · To utend the embedding of .Xi~P to an 

1Dnera!on of Xi' we muet extend thh bundle reduction over an of ii' n, 
The obetruc:tiona to d01n9 this Ii. in H-(Yi, JUL 6Yi1 ".'SO(N)/50(m-11». 

jo' 
If j and X az:8 cOnMct.cS and aimpJ:( eonnected (aa _ c an and do "BUlle), 

then all these cohomology vro~a vanish. 

The re.ulting ~rsion of x7 in p2~-1 haa 0 algebraic inter sec­

tiona with aXi' ThUll be defoming it we can make 'Xi n Xi -_. 
If _ 

_ .JII ...... 2111-1 have auch an immeraion Xi P with 

aelf_interaection of the i..eraion 111 a union of c ircle a whoae preimages 

in Xi mi.s axi, There are two t~s of cireles __ tho.e whos. preilllag.s 

are two circles and tho •• Whoa. pr.imav. i. one circle. We call eompo-

nents of the seconeS t~ doubly covarad circlea of aelf_interaection. Any 

auch circle must be of order two in "1 (p2 .. -l) and ita effect on the 
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. ( )m-l orientat10n must be -1 • 

Define ~(Xi) to be the sum, in Om' of the classes determined by the 

doubly covered circles of self-intersection. Notice that each circle 

represents an element of order 2 in Om' 

Theorem IV.3.3: a) If ni is even then ~ (Xi) depends only on 

b) 

[Xi] E Km(f;(lVni)[~l(R)]), not on the particular immersion 

chosen. We can deform Xi to remove all the doubly covered 

circles of self-intersection if ~(Xi) = O. 

If n . is odd and we have an immersed IVn1.-manifold X. as above 
1 /1 1 

then we can defo~ Xi by regular homotopy to remove all the 

double covered circles of self-intersection. 

~: First suppose for n. either even or odd we have made ~ (X.) ~ O. 
1 1 

This means that the doubly covered circles of self-intersection {S~}~ 1 
1 1-

can be paired up (Sl,S2),(S3,S4)"'" (St_l,St) so that the two circles 

in each pair represent the same element in ~l(P), The following con­

struction allows us to cancel each of these pairs. Pick points 

P2i-l E S2i_l and P2i E S2i' Order the two sheets near each of these 

points and connect P2i-l to P2i by an arc on each sheet, A and B. 

-1 
The loop A*B bounds a 2 disk in P since S2i_l and S2i represent th~ 

same element in ~l (P). Pushing a neighborhood of B across the disk palt: 

A changes the self-intersection by replacing S2i_l and S2i 

circle of self-intersection whose pre image in X is two circles. 

II 
I 
I 
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A 

There is another description of ~ which is useful in proving a) 

and b). consider the immersion of Xi in P as · an immersion into 

P X (O)~p X i. In P X I 4eform Xi by a regular homotopy relative to 

eXi until it is in general position. Take its geometric self-intersection 

in the usual sense in Om' Thi. i. also ~(Xi)' The point is that circles 

of self-intersection whose pre images are two circles can be pulled apart 

in P X I by simply .hifting the map in the I factor near one of the com-

ponents of the preimage, ror doubly covered circles this process does 

not work, and in fact when we put the immersion in general position we are 

left with one point of .elf-intersection for each doubly covered circle. 

The element in Om as.ociated to such a point is the group element repre­

sented by the original circle in wl(P), 

Suppose a E Km(f,(ZVni ) [wl(R)]) for ni even, and suppose 

_JU 2m 1 m<>'4- 2m .. l .~ . . .x ~ P - and Z P are -v ni bordl.sm elements representl.ng a. We 

do surgery on f: p 2m .. l ~ a2m- 1 to make f(m-l) connected. This will not 

change ~(X) or ~(Z), but in the new manifold X and Z became bordant. 

Let w"""l .. p 2m- l X I be the bordhm between them. Consider this boidism 
• 

2m-l ~ 
as one in P X I X I who •• Bochstein ew . is forced to lie in P X (0) 

X I. The argument in the proof of proposition 11.1.1 shows that we can 

immerse W into P X I X I connecting the immersions of X and Z in P X I. 

eW becomes an immerse4 bordi.m in P X (0) X I connecting 

eX ~P X (0) X (0) with 6Z~P X (0) X (1). The difference 
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eZ'.Z - eX'.x - 0 + (_l)ma where 0 ~ am ia the .elf-interaection of 

eWi in P x I. Since both terms on the left are 0 it followa that 

0+ (-1)TQo: - O. Now we are in a poaition to cOlllpare II (X ) and II (Z). We 

break the arguaent into :l caa es. 

II If Ow i a embedded in P x (o ) X I, then II (X) - II (Z ) . 

!!:22!1 The aelf_interaection of W i. a one lIanifold who.e bound&ry ia 

the aelf-i ntersection of Z in P x I minus the •• If_interaection of X 

inPXI. ThuslI(Z ) -1I(X l -0 • 

• 
II. OW - OX X I i .... ned in P x t o} x t. Then II (Zl - II (X l 

~I In light of ca •• I, II (z l 8gree. with the aelf-inter.action of the 

f ollowing manifold 

.Jo - 9- D -

" 
JnX 

(J 0 
P x (-1,0) P x [0,1) 

Clearly, thi •• elf-interaection i. II (Xl 

Since II (eW ) muat be of order 2 i n am' if ni ia even the II (X) -
II (Z ) • Thia provea IV.l.l, a. If n

i 
is odd, then II (Z ) - II (X) + II (OW l. 

TO compl.te the proof of IV.l.l,b, it auffic.a to ahow that given a nice 

i _raion X ",",,- p2m- l that there ia a regular homotopy of it to another 

nice i~raion of X into p2m-l ao that the r.a triction of the regular~ 

homot9PY to OX given an t.meraion OX x I~p2m-l x I with a.lf-int.r­

aaction any preacribed 0 f: O. with the property that 0 + (-1)-0 - o. '1'0 

do thia we take a r89ular homotopy of ex x I .......". p2m-1 x I with aelf-

intereection the preae.igned 0 E am' By homotopy extenaion, ..... ex·tend .. I' 

thie to a r89ular homotopy of X. If a + (_l)ma - 0 in A, then the neW 
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immersion w~ll have the property that aX'oX - O. Thus there ia a further 

deforaation of it relative to aX which produce. an immer8.ion with 

ax n (x aX I - •. 

Th. next proposition ia the kay one of doing the correct type of 

surgery in fl ,U )( L
2j+1 ... ,D )( L2 ,+1. 

Proposition IV.3 •• , Let fl p2m-l ... 02m-l be an I-nice norma l map. sup-

po •• that T c Tor K._l(l) ia • aubkarnal with natural g8nerating •• t 

{tl' •••• t
r
}. Suppose further that tor each ti whoa. order ia even we 

have a nice i~r.ion x7~p2m-l with tXt repre.enting ti and ~ (Xi) _ O. 

Then there ia a normal bordiam P, W'" R x I from F to. limple homotopy 

equivalence such that, 

') K.(W) and K. (W,P) au ba.ed, nice A _odul ••• 

2) K.{W,P) • o for * ~ . + " 
3) K. (w,p) • K.._l (p) 1. bu.d ieomorphism for * .s.m-l, and + a 

4) 1(1II'W,P) 1 )(",_1 (P) 10 a aimpla isomorphism onto K 1 (F)/Tor e T. m-

!!£2!1 By :1.3.5 _ can produce a nor .. l bordhlll V'" R )( I frOfQ f to 

f'l p' ... R aatiafying I), 2), and 3) above. In addition K.(V,P) l Xm_l(P) 

i. a ai_pIe i.omorphi.1II onto X ,(P)/Tor . The kernel group. X.lf ' ) all m-
vani.h except for XIII_l(f') which il ilomorphic to Tor X._l(t). To com-

plete the propolition WI llluat oon.truct a norlllal bordillll frolll f' to a 

li~le homotopy equivalence, QI V' ... R )( I .0 that X.(V' ,P') il 0 for all 

• ~ _, and KIII(V',P') ! ~-l(P') i. a .imple i.amorphi.1II onto T. 

Let A ... F ... T be a ba.ed reeolution for T with the ba.i. for 

being (El, / •• ,Er ). Repre.ent the &i by diljointly embedded .pherel 

s~-le-.p,. The normal bundle. of the ••• pherel are trivialized by the 

bundle data covering f'. Thul 

there are i-.r.ed manifold I ~ __ P' with "'i - niSi. By the HurewicE 

theore. _ can take each Xi to be a Iphera with holee. Each of thele ie 

i_reed by the bundle data covering the nonnal map. The nonnal bundles 
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are thu. trivialized by a trivialization extending the ones for the Si' 

By hypothesis we can choose the Xi eo that ~(XiJ - O. Since the linking 

pairing and ite quadratic refinement vaniah on T, we can deform the Xi 

by regular homotopy (moving the Si) until eXi'Xj _ 0 for i ~ j and 

eXi 'Xi - 0 (aee 11.3.3). Once this is accompliahed we can deform the Xi 

relative to their boundariea so that eXi n Xj - _ for i ~ j and 

eXi n (Xi - exi) - _. Since ~ ((Xi) - 0, we c an in addition suppose that 

the aelf-interaectiona of each Xi are circ lea whoae preimagea in Xi - eXi 

are two circles . 

It ia time now to remove the remaining aelf_inter.ections and inter-

sectiona of the Xi' For thia we need embedded spherea with trivial normal 

bundles S~C+P ' ao that , 
i ~ j 

i _ j 

These apheres represent elementa in Km_l(f') which project via i * to the 

canonical generating set for T*. Vaing an argument as in 11.3.3 we can 

arrange the deaired intersectiona. Consider now a circle of intersection 

of Xi with Xj ' we deform the intersection in Xj until it bounds a slll811 

2 disk in the Dm normal to Sj at the point Sj n 

a neighborhood of the circle of interaection i n 

X
j

• We can asaume that 

i 0-1 S"S' x DO Xi a D x _ j 

S' 
j 

~. 
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-/ 

This change. the homotopy cIa •• of Xi but not it. homology e la •• or the 

fact that it 1. immersed with trivial normal bundle compatibly with the 

bundle data. It also remove. one circle of intersection. 

The argument to remove the circl •• of •• If-intersection 1. exactly 

the same (once we know that their preimag •• are two circl •• not one). In 

the end we have the Xi dhjointly embedded with trivial normal bundle 

compatibly with the bundle data. 

Do surgery on the s~-~p , 2m-I. 
, 

Let W ~ R X I be the resulting 

normal bordiafl, and fM 1 p ... R be the "othel: encl " , By II.3.S 

{ 0 · ~ • - I,m 

K.(f'" - A* · -• _ 1 

A · -m. 

pushed out to the boundary of the handle along a normal field, and x; ia 

Xj with a nei¢tborhooc1 of IX:) removed. The.e cycles are immeraed .~r ••• 

Once we push the nj capt.. of dj _put they beCOIIIe embedded with normal 

bundle. which are trivlallzed by the bundle data. 

NOW do surgery an th •••• pher •• , Note that the.e .phere. are ~ 

dimensional in p2m-l, Noneth.l •••• we have man.ged t o find them di.jointly 

embedded with trivial norma l bundle.. Since they form a ba.i. for X.(f·) 

.urgery on the.e provides a normal bordi.l'II fran f - to a .imple homotopy 
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equivalence. The union of this with the previous normal bordism from f 

to f~ is the normal bordism required in IV.3.4. 

IV.3 •. 5: Suppose, under the hypothesis of 10.4, that _ have embedded 

m_l m-l 
cycles Zl ""'Zr in P which represent those elements in the generat-

ing set Which are of order a power of 2. If each Zi is equipped with a 

normal field • by the bundle data ao - 0 for 

all i and j, then in the bordism W constructed in IV.3.4 the Zi bound 

disjointly embedded manifolds~. The embeddings of the ~ are compatible 

(relative to the Zi) with the bWldle data of the normal map. 

Proof of IV.3.51 Given a set of diajointly embedded cycles with normal 

fi.1d. Z'i-1_ p2m-l whi -h t t . 1 i" ,p) th i --. • represen orS10n c assea n n
m

_ l ere s a 

well defined chain intersection matrix. Namely let 

sheets of Ci leave Zi along the negative direction of the normal field 

form Ci'Z
i 

for i ~ j and Ci'Zj' This matrix of intersections depends only 

on the position of the Zi and their normal fields not on the choice of the 

Ci · 
2m-12m I Once we have done surgery to make fl P ~ R - highly connected 

the Zi will be bor:dant, in P x I, to spheres. Use the bundle data to 

immersion the bordisma r:elative to the Zi in P x (o). Pipe all the inter­

section and aelf-intersection pointa off the P x ( I) end. This will give 

111-1... 2m-l 
up spheres Si ~ P • The chain intersection pairing that they 

generate will agree with the one for the Zi ' Thus if the Zi generate the 

o intersection .-1 pairing BO will the Si • If the Zi are a partial generat-

iog set for: T we complete the set of spheres in P x (I) to a full ~ 

keeping the chain interGection pairing trivial. Once we have such .ph,r.s
j 

we might have to Ghift the oneG of odd order before doing surgery., .1 I. 

r:equir:ed in IV.3.4, but we can leave the oneG of even order fix~' .1 ThlW \ 

the S~-l which are bordant in M x I to the 

handlea added in doing the aurgery. 

. -1 
Zi 

, 
boWld the core. ot tb. 

Let f be a nor mal map f , (p2m, <l P) " (R, <l R) a nd a an e lement in ~(., ' ) 

• 

II 
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which ia represented by a relative bordiam element 

with eY • , y U x. 
+ OX 

(x", ox"') --"'+- (P, ,p) 

~ t, 
(y ,y) t I (R, ,R) , , 

SUppo •• that the bundle I116p cove:dnq f . ,. 
Then we can reduce "'y _ . .. { to an III-plane bundle over Y and reduce 

(\ly - •• ~) t (aY - xl to an (m-l) plane bundle. Restricting to X thb 

.~ ,. 
9ives an inune~ion x ........ p and a novpl field for .Xc......aP. (Of course, 

gene rically the immerdon of aX into aP h an embeddinq.) The normal 

field for aXe.. aP automatically extends over the i_eraion x ....... P. we call 

such an immersion which When restricted to the boundary ia an embedding 

with a normal fie ld compatible with the bundle data. It ia in this aena. 

that 
m_l 2111.-1 

we .ay that Zi ~p bound diajointly embedded manifolds ~c+.,jra 

with the embedding compatible with the bundle data. 

2m 2n-1 
If we have tWQ normal map. fil (Pi , aPi ). (Ri,tRi) i - 1,2 which 

agree on the boundary, then we can glue them together to form a normal ~p 

fl U f21 Pl U P2 + Rl U R2 , Suppoae we have elmenta ai £ Km(fi,filtPi) 

which are reprelented by immersed relative bordism elements ~,t~) 

(p . ,ap . ) compatibly with the bundle data, and that the embedding. , , 
t~c.. tP i are the lIIame and have the lIIame normal field, The union 

Wl U - W2~Pl U P2 illl immer llled by the bundle data and thUlli i. correct 

for cal culating the ael f-intersection of the c las. i t represents. 

NOW we are ready to construct a normal bordiam from 

f x ~; aU x L2J.+l + an x L to a simple homotopy equlvalence (when 

d(L2 J.+l) _ 0). By IV.J,l we can assume that there illl a subgroup 

T c: Tor H (L2J.+l) 

• so that 

T ~Tor 
.. 

H (L) --.!..- T* • 
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is exact. The map f x lL: ~U x L ~ ~D x L is an s-nice normal map. [~. 

kernel groups are K ® H*(L), and the pairings are the tensor product of 
~ :IZ 

the intersection pairing on K and the usual linking and intersection 
~ , 

pairings on H*(L). Thus K .. ® T c....>-Tor K 1 (f X lL) is a submodule on 
.. n- +t 

which the linking pairing vanishes and the following sequence is exact and 

has 0 Whitehead torsion: 

By rv.l.3 and rv.l.3 the quadratic refinement of the linking pairing also 

vanishes on K~ "® T. To be able to invoke rv.3.4 there is one more condi­

tion we must check, namely that there is a lifting of Ka ~ T into 

Kn+t(f X lL:~/ZQ which is in the kernel of the self-intersection form. 

This is proved using the following lemma. 

~ IV.3.6: Let xt+l ! L2t+l be a ~k manifold mapping into L2t+l. 

Suppose (ex).x E O(k). Then there is an immersion of X in L homotopic 

to the original map. This immersion is an embedding on eX and has only 

circles of self-intersection whose preimages in X - eX are two circles. 

~~ Shift the map on eX to an embedding and make the k sheets of X 

come off of ex in some direction, (-,). Let et be a complement to c in 

VeXcL • Let eX' be a copy of eX pushed out to &v eXCL along -c. 

denote a fiber of v eXCL • The cycle keX' + (eX.X)st in &(v eXcL) bounds' 

in L - int veXcL • Thus it's intersection with itself is o. If t E 0(2), 

this tells us that 

Since (eX·X) E O(k) it follows that x(e) E 0(2). By changing the class'~ 

of the section c we can change X (e) by any multiple of 2. Once we' 'rri~eA 

x(e) = 0, it follows that eX·X = O. If t E 1(2), then x(e) is automat~ .~j 
I i .S: 

ca'lly 0 whatever the section we choose. By varying the section we! can 
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change 6X'X by any mUltiple of k. We choose the section that makes 

6X,X = O. Now that both x(c) and 6X,X are zero, we try to extend the 

immersion of 6X over all of X. It is more convenient to view the pro-

blem as a relative problem for a manifold with boundary. Let X be X 

cut open along the k-sheets of OX. We have reduced (vX - .*vL) to an 

L-plane bundle over ~X. To complete the immersion over all of X it is 

necessary and sufficient to extend this bundle reduction over all of X. 

The obstruction to doing this, if t • 0(2), is x(c). Thus such an exten-

sion exists in the case. If t • 1(2) then the obstruction is an element 

in 312. It is calculated by taking an (L+l) plane reduction of 

(VX - t*vL ), and taking the ob.truction to extending the section given in 

the boundary over all of X. Thi. latter obstruction is an integer, and 

we are interested only in it. re.idue class modulo 2. Such a bundle 

reduction corresponds to an immer.ion of X into L x I extending the 

given embedding of a Xc:..,.L x (0). The obstruction to extending the 

section is equal modulo 2 to [x).(x). But all such homological intersec-

tions are 0 in L X I. Thu. the extended immersion of X into L exists. 

Since OX.X = 0 we can deform X by regular homotopy until 

OX n (X - OX) =~. Then all .elf-intersections will be circles. If 

2k + 1 ~ 3(4), then all the.e ciroles must have preimages which are two 

circles. (The reason is that "l(L) - (e) and thus does not contain any 

elements, s, with wl(s) • (-1 ).) If 2k + 1 E 1(4), then there can be 

such doubly covered circle •• 2r+l 4r+l . . Let s ~ II be any ~mmers~on whose 

normal bundle is the complement to a section in Ts2r+l' 

If we stabilize the immeraion by adding one factor of III to the 

range, then the immerSion, when ahifted into general position, has normal 

bundle T 2 1 and hence has an odd number of double points. By the 
S r+ 

argument in IV.3.2 we see that the original immersion s2r+l~1l4r+l must 

have had an odd number of circles of self-i.ntersect~on whose pre image in 

S2r+l was a single circle. By taking connected sum with such an immersion 
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we can c hange the nlDber of s uch cir cles in XIl:+l"'-L211:+l (II: .. 2r) until it 

is even . once the number of these circles i. even we can cancel th~ in 

pair. as in IV.3.3. 

Corollary 

a minimal generating set for the two torlion subgroup of T. There are 

immer.ed 7¥ni~anifold. as in J .6 xf+l •.•.• X;+14L2t+l with eXi repre­

aenting ti and with exi·xj .. _. 

~I By IV.3.6 we find the ~ersed (x:+l ) . Since the linking pairing 

• restricted to T is zero. we can deform the Xi until eXi n Xj .. _.i ~ j. 

Propoaition IV.J.SI There is a normal bordism FI W + aD x L2t+l from 

f )( ~ I aU x L + an )( L to a aimple homotopy equivalence so that 

1) x*(w.a)" 0 for * 2. n + t + 1. 

2) 

3) Xn+t(W.a) + Xn+t_l('U x L) han homorphi8ll'l onto 

X, ~ (Ht(L)/Tor ~ T). 

~I Ac:cording to IV.3.4 we need only find S C Xn+t (aU x L: ~) so 

• that e I S + X, e T anc.1 III S .. O. Since the image of I.' ia 2 torsion any 

l ifting of X, * (odd torsion) will suffice . 

For the lifti ng on the 2-toraion we pick 2Vni-manifolda a. in IV.'.7. 

These croa.ed with a geometric baaia for K, for a generating .et for an 

n-1 appropriate S . The product of the S 4,U with the immersion ''\. 

x~+l~L2t+l ia an immer.ion compatible with the bundle data and , 
appropriate for calculating the ae lf_interaection function . The ,rod~ 

immeraion i. regularly homotopic to an embedding. This u.e. tA. f. 
n-1 

that S ~'U has a normal field. (In fact ita normal- bundle 

ized.) For a circle t+l 2t+1 of self-interaections of Xi in L 
• 

slightly in the directiOn of this normal field in the IU4Qe" 
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pre image circles in Xi' 

G 
Now form MO x L X I U W X I -+ NO X L X I 

I 

W 

I 

Let g be the result of this surgery. g: MO X L U W -+ NO X L. The exact 

kernel sequence of the pair shows that 

• .sn+t- 2 

The classes of the form KA ~ H.(L) are represented by product cycles in 

MO X L1 the one. ot the torm .Ka ~ H.(L) are represented by relative pro­

duct cyoles in~O X L uni on wi th relative cycles in 'W. Both the last 

two sequences are split. Al l this implies that the pairings remain the 

obvious t~nsor produQt pairinq. , and thus the map is an s-nice normal 

map. Clearly, l(A ~ Ht+l/Tor 4 Kn+t (g)/Tor is a subspace on which the 

intersection pairing vaniah... If the quadratic function vanish.s also, . 
then it is a subkernel. '1'0 oaloulate the value of the quadratic function 

n-l on (x Q?i y) we represent x by S C+ MO and y (or some odd multiple) 

by yt+~ L2t+l. Since the product of these two immersions is regularly 

homotopic to an embedding, q(x ~ y) • O. Consequently, KA Q?i H,+l/Tor is 

a subkernel. 

Before we can apply 11.3.1 we must know that the quadratic function 
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vanishes on the torsion sUbnodule of Kn+,(9)' Par KA ~ Tor ",+1 (L) thi_ 

follows from the arg1MMnt that showed qP<A ~ 8,+1 (L)/Tor is zero. The 

aubn:lodule ~ ~ T is somewhat more delicate. Of course we need only con­

sider 2 torsion classes. Let t
l

, ... ,t
r 

€ T be the sub.et of the genera­

tor. of T which have order a power of 2. Then in L2,+1 we bave 

t+l ,+1 
~ni -manifolds Xl ,'" ,Xs 

Let 'Xi be a copy of ' Xi pushed out along the noraal field. Let 

( n-l n-l l 51 ," .,52r be the geometric bads for 1(n_l (aU). Here the inter_ 

sections of the 5i are all empty .-1 except for 52i _l 
.-1 

n 52i ' i-I, ... ,r, 

which is one point of transverse intersection. We have a family of dis­

jointly embedded cycles {S~~:l x aX j, 5~i x 'X; }~_l.;'l' They represent 

the part of the natural 9'!nerating aet for the aubkernel 

K 1 <aU) ~ T 4Tor X 1 (fl aU x IL) which is of order a paver of 2. By 
n- n+t-

. n+t 2n+2, 
IV.J.S they bound diajointly embedded man1folds Zi,j in w- • The 

normal fielda over 52i _l x aXj and 52i x ax ; extend over the Zi,j' 

A representative for a c lass in xn+tu.o X L U w) Which projecta to 

a ~ tj in Ka ~ Tor H,IL) is given by the following conatruction. 5uppose 

aa - I: "i[5 i ]. Pick an immersed nlanifold V: .... M~n-l whoee boundary is 

g80nletrically I: ~iSi' Then Va x 'Xj~ MO X L represents a ~ ti € Xa ~ T. 

The self-intersections of this immersion are the self interaectiona of 

Va croaaed with axj. The aelf-interaections of Va are one manifolda. 

Since ,x~ c.,..L2,+1 has two linearly independent normal fields we can 

remove all the self-i ntersections by deformation along these normal 

fields in L2'+1. The boundary of the immersion after it ia shifted to be 

an embedding ia a linear combination ~ 

where the various copies ofaXj have been ahifted along a noraal field • 

for aXj so that they are all diajoint. Each individual Si x IXj bound. 
.... , 

w. If we have several parallel copies of 5i x aXj in . " ... '" 
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a(v X &X.) then they will bound parallel copies of Z .. (since the normal 
a J 1,J 

field S . X &X. extends over Z. j)' The union 
1 J 1, 

V a 
\' 

X &Xj U ) >.. z . . 
L, 1 1, J 
i 

thus is an immersed cycle in MO x L U W which represents an element in 

Tor Kn+L(f X lL) which projects to a ~ tj E ~ ~ T. As we have noted 

this union is a correct immersion for calculating the value of the qua-

dratic form. The above argument shows that it is regularly homotopic to 

an embedding. Thus the quadratic form vanishes on this element. Since 

these elements are in7br Kn+t(g) , the intersection of any two of them 

is O. Thus the quadratic form vanishes on a torsion module that classes 

of this type generate. Since we have already seen that the form vanishes 

on KA ~ Tor HL+l(L2t+l) it follow, that it vanishes in all of Tor Kn+t(g). 

Applying II.3.1 we aee that we can perform surgery on 

relative to its boundary to mue it a simple homotopy equivalence. We 
J 

are left to do surgery on the other side 

W U U X L---D X L 

relative to its boundary. The obstruction to doing this is an index 

(if n + L E 0(2» or a Kervaire obstruction (if n + L 5 1(2». It agrees 

with the index or Kervarie obstruction of the original product 

By the product formula for these 

simply connected obstructions, thia obstruction is zero. Thus we can do 

surgery on W U U X L ~ D X L relative to its boundary to make the map a 

simple homotopy equivalence. Putting these two normal bordisms together 

gives one form f X lL: M X L ~ N X L to a simple homotopy equivalence. 

Thus u(f xl) = 0 if d(L2t+l) • O. The general result, IV.l.l, then 
L2L+l 
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follows for any product by the same additivity argument given at the end 

of section IV.l. 

,.j. 
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CHAPTER V, An Example 

The missing information i n the product formula in chapter 4 is a 

calculation of the maps Lns (TT) LS () ~ n+l TT • All 

we have shown about this map is t ha t every element in its image is of 

order 1 or 2. In this secti on we wi ll prove that ~ is not always zero . 

In fact we will Show that cp I 1.3 (., - ) ... L4 (71; -) is an isomorphism 

~: Z12 ~ZV2. By cross i ng with 8 1 one can produce, from this example , 

examples for every n where cp l Un (TT) ~ Ln+l(TT) is non-zero, (or 

s s s 
~ : Ln(TT) ~ Ln+l(TT) is non zero). However, all examples we know where 

~ is non-zero are der i ved trom this one. For instance, we know no 

orientable example where cp ~ O. The example we give here is just a rein-

terpretation of a result in ( 9] about Z/2-manifolds in the language of 

non-simply connected surgery. 

First we descr ibe the group. U3 (Z,-) and L4(~'-)' and show how to 

determine the surgery ob.truQtion of a normal map between such manifolds. 

A (~-) manifold 1. a manifold MN wh i ch admits a simply connected, closed 

submanifold (6M)n-l such that the normal bundle of 6Mn- l in Mn is trivial 

and such that Mn - (6MX( -1 , 1» i. a s imply connected oriented manifold 

with oriented boundary 6M U 1M . It follows that TTl(M) = ~ and that the 

generator reversee the orientation . 

Let f: M4n+3 ... N4n+3 be a degree one normal map with N a (~, - ) 

manifold. Put f transver.e to aN c..,. N and get the restricted map 

fl: OM ~ ON. This normal map ha. a Kervaire invariant, [2), in ~2 which 

by a relative version of the above oons truction is seen to be an invariant 

of the normal bordism clae. of t he origi nal (Z,-) normal map. Suppose it 

vanishes. We can then assume t lOM is a homotopy equivalence. Let f: M ... N 

be the normal map obtained by "openi ng up" f along OM and ON. It is a 
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normal map between aimpl y connected manifolds which is a homotopy equi~ , 

valence on the boundary. Since the dimenaion of N ia congruent to 

3 modulo 4 we can perform aurgery on f relative to fl6M to produce a 

homotopy equivalence of paira. Thia provea that if the ~ervaire invariant 

of f along 6N ia zero, then f ia normal bordant to a homotopy equiva­

lence. Converaely, if f: M4n+3 • N4n+3 ia a homotopy equivalence between 

(1L, -) manifolds, then one uaea codimenaion 1 aurgery techniques see (4) 

and 118) to prove that it ia deformable to a homotopy equivalence of 

pairs fl (M,6M.) .. (N, GN). Thus if ,,(f) _ 0, then the Kervaire obstruction 

of f along ~N ia zero. 

This gives an injection L3 (&,-1 .. ~2. To see that it is onto let 

~4k+2 .. S4k+2 be the basic noraal map of ~ervaire invariant 1, see ( 6) . 

~4k+2 is the plumbing of two tangent disk bundles of s2k+l whose boundary 

is coned off 

2k+l 2k+l , I , U cone (boundary) 

, # , 

The normal map 0 admits an orientation reversing homeomorphiam h. The 

map h switches the two copies of ,2k+l and is extended by coning 

the cone on the boundary . On the aphere h is the suspension of the 

homeomorphism induced by h on t (, I ,) (which is 8n S4k+l). We form 

~ X I/h 0 X lib) S x I/h. 

This ia a degree one norlllBl map of ~-manifolds whose ZV'2 obstruction 

J 
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hi . 

4k 4k 
Let 91 X ~ Y be a de9~ee one normal map between (z,-I manifold •. 

Put 9 transveraal to tV <:.,)o.Y. 
4);-1 

Since ty 1. simply connected we can 

do surgery on 9-1(6Y)~'Y to produce II. homotopy equivalence. 

Let 9f X ~ Y be the ~opened up~ normal gap after we have made 9 

9 1 9-1 (6Y) ~ tV a homotopy equivalence . Since 9 i. a homotopy on the 

boundary, there 1 -ia an integral obatruction ijiI(X) - I(Y)], to finding a 

normal bordiam relative to IX from 9 to a homotopy equivalence. Let 

1 - -o(g) € ZV2 be Sil(X) - I(V)] reduced modulo 2. Suppo •• hi X' • Y i. 

-1 another normal map with hlh (IY). tY a homotopy equivalence and 

hi x' + Y the ~opened up. map . If 9 and h are normally bordant by 

HI W + Y X I, then shift H relative to I" to be transver8e to IY x I, 

and let z4k be H-I(lY x 1). Clearly W ia a bordi.~ relative to the 

boundary f rom X t o Z U X' u Z. Sinc e Z4k ~ eY x I is a degree one nor_ 

~al map which is a homotopy equivalence on the boundary, the signature 

of Z i e divisible by S. Thus :(I(X') - I(X» • 0(2). This proves 

that ~(g) £ ZV2 is an invariant of the noraal cobordis. class of g . 

If a(gJ - 0 in Z12. then ~e can create a normal bordism from 9 

HI W ~ Y X I ao that H-IC'y x I) ~ eY x I is a homotopy equivalence on 

both ends and so that the signature of H-I(ey x I) is - f(I(X) - I(Y». 

Let h: X ' ~ Y be the other end of this nonaal bordinl. Sinc e 

equivalence. 

Conversely. if 9' is normally bordant to a homotopy equivalence, 
~ 

then by c odimension I techniqUtl •• (IS), we can make 9' a homotopy equi-

valence of pair. , and thus this 3V2-invariant ~(9') ia O. 

The main theorem that we need from (9) is the following. 

~ (19) - theorem 6.1 case 1) I If fl M4k+2 ~ N4k+2 is a nor.al map 

between c loaed simply connect~ manifolds and L4t+l is a closed manifold, 
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then the index of any normal bordism of f x lL: M X L ~ N x L to a homo­

topy equivalence is 4· a (f) ·d(L) in Z18Z. Here, a(f) is the Kerva1re 

obstruction of f in ~2, and deL) is the de Rham invariant of L 
{ I j 

in 

~2. 

Theorem V.l: 
s s s 

ql L3 (~-) ~ L4 (7l, -) is an isomorphism. 

E!.£!2!: 4k+3 4k+3 
Take f: M ~ N to be any normal map representing the non-

zero element in L~ (7l, -) • 
s 

To calculate ql , we must cross with any closed, 

simply connected manifold L5 with d(L 5) = 1. First put f transverse 

to &N, and call &M the preimage. Opening up along &N and OM gives 

f: M ~ N. cr~ssing with L 5 gives f x lL: M x L ~ N x L. This map is 

not a homotopy equivalence on the boundary. If W is any normal bordism 

from 6M x L ~ OM x L to a homotopy ' equivalence, then I(W) e 4(8). 

s 
According to our description of L4 (7l,-), 

1 -a(f x lL) = (a[I(W U M x L u W) - I(N x L)J}mod 2. By the Novikov 

additivity formula for the index and the fact that I(M x L) 

1 - (I = 0, we have a(f x lL) ~ {a[2 I(W)]}mod 2 a a[2.4]}mod 2 ~ 

OW &MXL MXL OMDL W 

1=4 I = 0 I = 4 

, , 
k-________________ ~ 

hOmotopy 
equivalence 

I o 

N x L 

s 
This proves ql is an isomorphism. 

I (N x L) 

1 mod 2. 

homotopy 
equivalence 

. II 
t· 
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