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Homology Groups of a
Simplicial Complex

A fundamental problem of topology is that of determining, for two spaces,
whether or not they are homeomorphic. To show two spaces are homeomorphic,
one needs to construct a continuous bijective map, with continuous inverse,
mapping one space to the other. To show two spaces are not homeomorphic in-
volves showing that such a map does not exist. To do that is often harder. The
usual way of proceeding is to find some topological property (i.e., some property
invariant under homeomorphisms) that is satisfied by one space but not the
other. For example, the closed unit disc in R? cannot be homeomorphic with
the plane R?, because the closed disc is compact and the plane is not. Nor can
the real line R be homeomorphic with R? because deleting a point from R
leaves a disconnected space remaining, while deleting a point from R* does not.

Such elementary properties do not carry one very far in tackling homeo-
morphism problems. Classifying all compact surfaces up to homeomorphism,
for instance, demands more sophisticated topological invariants than these. So
does the problem of showing that, in general, R* and R™ are not homeomorphic
if n#m.

Algebraic topology originated in the attempts by such mathematicians as
Poincaré and Betti to construct such topological invariants. Poincaré introduced
a certain group, called the fundamental group of a topological space; it is by its
definition a topological invariant. One can show fairly readily that a number
of familiar spaces, such as the sphere, torus, and Klein bottle, have fundamen-
tal groups that are different, so these spaces cannot be homeomorphic ([Mu],
Chapter 8). In fact, one can classify all compact surfaces using the fundamental
group ([Ma], Chapter 4).

Betti, on the other hand, associated with each space a certain sequence of
abelian groups called its homology groups. In this case, it was not at all obvious
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that homeomorphic spaces had isomorphic homology groups, although it was
eventually proved true. These groups can also be used to tackle homeomor-
phism problems; one advantage they possess is that they are often easier to com-
pute than the fundamental group.

We shall begin our discussion of algebraic topology by studying the homol-
ogy groups. Later on, we shall deal with other topological invariants, such as
the cohomology groups and the cohomology ring.

There are several different ways of defining homology groups, all of which
lead to the same results for spaces that are sufficiently “nice.” The two we shall
consider in detail are the simplicial and the singular groups. We begin with the
simplicial homology groups, which came first historically. Both conceptually
and computationally, they are concrete and down-to-earth. They are defined,
however, only for particularly “nice” spaces (polyhedra), and it is hard work to
prove their topological invariance. After that, we shall treat the singular homol-
ogy groups, which were introduced as a generalization of the simplicial groups.
They are defined for arbitrary spaces, and it is immediate from their definition
that they are topological invariants. Furthermore, they are much more conve-
nient for theoretical purposes than the simplicial groups. They are not as read-
ily computable as the simplicial groups, but they agree with the simplicial
homology groups when both are defined.

A third way of defining homology groups for arbitrary spaces is due to
E. Cech. The Cech homology theory is still not completely satisfactory, but
Cech cohomology theory is both important and useful. It will appear near the
end of this book.

SIMPLICES

Before defining simplicial homology groups, we must discuss the class of spaces
for which they are defined, which is the class of all polyhedra. A polyhedron isa
space that can be built from such “building blocks™ as line segments, triangles,
tetrahedra, and their higher dimensional analogues, by “gluing them together”
along their faces. In this section, we shall discuss these basic building blocks; in
the next, we shall use them to construct polyhedra.
First we need to study a bit of the analytic geometry of euclidean space.
Given a set {a,, - . - ,a,} of points of RY, this set is said to be geometrically
independent if for any (real) scalars z;, the equations
Zz,-=0 and zt,.a,.=0

i=90 i=0

imply that z,=1¢, = - - - =1,=0.
It is clear that a one-point set is always geometrically independent. Simple

algebra shows that in general {@os - - - ,a,) is geometrically independent if and
only if the vectors
a, — Qg - -+ @ — %

are linearly independent in the sense of ordinary linear algebra. Thus two dis-
tinct points in R" form a geometrically independent set, as do three non-collinear
points, four non-coplanar points, and so on.

Given a geometrically independent set of points {g, - - - ,a,}, we define the
n-plane P spanned by these points to consist of all points x of R" such that

n
X = Z t"a,‘,

i=0

for some scalars #; with ¥t, = 1. Since the a; are geometrically independent, the
1, are uniquely determined by x. Note that each point g; belongs to the plane P.
The plane P can also be described as the set of all points x such that

x=a,+ 2 t(a; — a,)

i=1

for some scalars 2y, - - - »ls> in this form we speak of P as the “plane through &,
parallel to the vectors a; — a,.”

1t is elementary to check that if {aq, - - - ,a,}is geometrically independent,
and if w lies outside the plane that these points span, then {w.g, - - - ,a,} is geo-
metrically independent.

An affine transformation T of RVis a map thatis a composition of transla-
tions (i.e., maps of the form T(x) = x + p for fixed p), and non-singular linear
transformations. If T is an affine transformation, it is immediate from the defi-
npitions that T preserves geometrically independent sets, and that T carries the
plane P spanned by g, - - - 1% onto the plane spanned by T4, - - - ,Ta,.

Now the translation T(x)=x—a carries P onto the vector subspace
of R having @, — Go, - - - 1@a — G0 85 a basis; if we follow T by 2 linear trans-
formation of R" carrying @, — &, - - - ,a, — 4, to the first n unit basis vectors
6, ... R RY, we obtain an affine transformation S of R such that S(a,) =
0 and S(a;) = & for i > 0. The map S carries P onto the plane R* X 0 of the
first n coordinates in R™: it is thus clear why we call P a “plane of dimension

n* in RY.

,a,} bea geometrically independent set in RY. We

Definition. Let {do, - - - . e
,a, to be the set of all points x of R

define the n-simplex o spanned by 4o, . - -
such that

Zz,.=1

i=0

n
x = Z t,a;, where

i=0




and 1, = 0 for all i. The numbers [; are uniquely determined by x; they are
called the barycentric coordinates of the point x of ¢ with respect t0 &, . - - ,@,-

Example 1. In low dimensions, one can picture a simplex easily. A 0-simplex
is a point, of course. The 1-simplex spanned by g, and a, consists of all points of
the form

x=1ta,+ (1 — Na,

with 0 < ¢ < 1; this just the line segment joining g, and a,. Similarly, the 2-simplex
o spanned by a,, a,, 4, equals the triangle having these three points as vertices. This
can be seen most easily as follows: Assume x # &,. Then

2
x= ta, = ha+ (1 = WE/Na + G/Na)

i=0

where A = 1 — 1,. The expression in brackets represents a point p of the line seg-
ment joining @, and a,, since (1, + t,)/A=1land /A= Ofori= 1,2

Thus x is a point of the line segment joining g, and p. See Figure 1.1. Con-
versely, any point of such 2 line segment is in o, as you can check. It follows that ¢
equals the union of ail line segments joining a, to points of a,a; that is, o i1s 2
triangle.

A similar proof shows that a 3-simplex is 2 tetrahedron.

a;

Figure 1.1

Let us list some basic properties of simplices. The proofs are elementary
and are largely left as exercises.

Throughout, let P be the n-plane determined by the points of the geometri-
cally independent set {a,, . . . a,}, and let o be the r-simplex spanned by these
points. If x € o, let {;(x)} be the barycentric coordinates of x; they are deter-
mined uniquely by the conditions

and Z t;=1.

n
x=Zt,-a,.
i= i=0

The following properties hold:
(1) The barycentric coordinates t;(x) of x with respect to a,, ..
continuous functions of x.

..a, are

(2) o equals the union of all line segments joining a, 1o points of the sim-
.,a,. Two such line segments intersect only in the

plex s spanned by a,, . .

point g

Recall now that a subset 4 of RV is s2id to be convex if for each pair x,y of

points of A, the line segment joining them lies in A.

- ' (3) ¢ is a compact, convex set in R™, which equals the intersection of all

convex sets in R” containing a, . . . @,

(4) Given a simplex o, there is one and only one geometrically indepen-

dent set of points spanning o.

The points Gy, - - - ,d, that span o are called the vertices of o; the number 7 is

called the dimension of ¢. Any simplex spanned by a subset of {ag, - . . ,a.} is
called a face of ¢. In particular, the face of o spanned by a,, - .. .4, is called the

' face opposite a,. The faces of o different from o itself are called the proper faces

of o; their union is called the boundary of ¢ and denoted Bd o. The interior of ¢

is defined by the equation Integ = o — Bd o the set Int ¢ is sometimes called

an open simplex.

Since Bd o consists of all points x of o such that at least one of the bary-
centric coordinates 7;(x) is zero, Int ¢ consists of those points of ¢ for which
t.(x) >0 for all i. It follows that, given x € o, there is exactly one face s of ¢
such that x € Ints, for s must be the face of o spanned by those a; for which
t,(x) is positive.

(5) Int o is convex and is open in the plane P; its closure is o. Further-
more, Int o equals the union of all open line segments joining a, to points of
Int s, where s is the face of ¢ opposite a,.

Let us recall here some standard notation. IfxisinR*and x = (x;, . - - Xa)s

then the norm of x is defined by the equation

=[S ]

i=1
The unit n-ball B* is the set of all points x of R* for which x|l < 1, and the unit
sphere S” ~ ! is the set of points for which lxll = 1. The upper hemisphere E%™ '
of S~ ! consists of all points x of $* ~ ! for which x, = 0; while the lower bemi-
sphere E~.~ ' consists of those points for which x, = 0.
With these definitions, B° is a one-point space, B' equals the interval
[—1,1], and S°is the two-point space {=1,1}. The 2-ball B? is the unit disc in R?
centered at the origin; and S* is the unit circle.
: (6) Thereisa homeomorphism of o with the unit ball B" that
"onto the unit sphere S* .
We leave properties (1)—(5) as exercises, and prove (6). In fact, we shall
prove a stronger result, which will be useful to us later.
Recall that if w € R%, a ray & emanating from w is the set of all points of
the form w + tp, where p is a fixed point of R* — 0 and ¢ ranges over the non-
negative reals.

carries Bd ¢




Lemma 1.1. Let Ubea bounded, convex, open set in R let w € U.

(a) Each ray emanating from w intersects Bd U = U — U in precisely
one point.

(b) Thereis a homeomorphism of U with B" carrying Bd U onto S

1. Verify properties (1)-(3) of simplices. (Hint: 1f Tis the affine transformation
carrying g, to 0 and g, 10 €, then T carries the point

Proof. (a) Given a ray R emanating from w, its intersection with U is x = z 1.4
convex, bounded, and open in ®. Hence it consists of all points of the form ; =0 o
w + 1D, where ¢ ranges over a half-open interval [0,a). Then R intersects
U — U in the point x = w _+ ap.

Suppose A intersects 7 — U in another point, say y. Then x lies between w 2. Verify property (4) as follows:

and y on the ray R. Indeed, since y = w + bp for some b > a, we have (a) Show thatif x € o and x % do, - - - -4, then x lies in some open line seg-
ment contained in ¢. (Assume 7 >0.) )
(b) Show that g, lies in no open line segment contained in ¢, by showing that if

a°=tx+(1—1)y,wherex,yeaand0<t<1,thenx=y=ao.

to the point (Z,, . - - g5 .o J0).]

x=((1—)w+ 1ty

i

where t = a/b. We rewrite this equation in the form
w=(x—t)/(1 =1

Then we choose a sequence y, of points of U converging to y, and we define

3. Verify property (5)-
4. Generalize property (2) as follows: Let o be spanned by . - - - @ Let s be the
face of ¢ spanned by 4, - - - % (where p < n); and let ¢ be the face spanned by

— (x — _ Qpsrr- - Ba Then ¢ is called the face of & opposite s.

w, = (x =1y /(1 =B * (a) Show thato is the union of all line segments joining points of s to points of
2, and two of these line segments intersect in at most a common end point.

(b) Show that Int¢ is the union of all open line segments joining points of Int s
to points of Int .

5. Let U be a bounded open set in R*. Suppose U is star-convex relative to the
origin; this means that for each x in U, the line segment from 0 to x lies in U.
(2) Show that a ray from 0 may intersect Bd U in more than one point.

*(b) Show by example that U need not be homeomorphic to B".

See Figure 1.2. The sequence w, converges to w, so that w, € U for some n. But
then since x = tw, + (1 — DYm the point x belongs to U, because U is convex.
This fact contradicts our choice of x.

.
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§2. SIMPLICIAL COMPLEXES AND SIMPLICIAL MAPS

Complexes in RY

Figure 1.2

‘ - I R . . s s BN

_(b) Assume w = 0 for convenience. The equation f(x) = x/ lx] defines \ SuChl)t;{:?non. A simplicial complex K in R is a collection of simplices In R

cqntmuous map fof R — 0 onto S*~ 1. By (a), frestricts to 2 bijection of B4 U )

with "~ ‘l. Since Bd U is compact, this restriction is 2 homeomorphism; (1) Every face of a simplex of Kisin K.

let g : S" ! — Bd U be its inverse. Extend g to a bijecti :B"—U i

c & he li . end g to a bye :clan B U by lettl.ng (2) The intersection of any two simplexes of K is a face of each of them.

map the line segment joining 0 to the point u of S linearly onto the line
segment joining 0 to g (). Formally, we define Example 1. The collection K, pictured in Figure 2.1, consisting of 2 2-simplex and
' : its faces, is 2 simplicial complex. The collection K, consisting of two 2-simplices
G(x) = { lllg x/ <l x 11; x i g’ with an edge in common, along with their faces, is a simplicial complex; while the
nx=75 collection K; is not. What about K.,?
Continuity of G for x # 0 is immediate. Continuity at 0 is easy: If M is 2 bound The following lemma is sometimes useful in verifying that a collection of
for ||g(x)ll, then whenever llx — ol < &, we have IG(x) — G@I <Ms. O simplices is a simplicial complex:

L \




K
Kl K_v_ 4
i: Ks

Figure 2.1

Lemma 2.1. A collection K of simplices is a simplicial complex if and
only if the following hold:

(1) Every face of a simplex of K is in K.
(2") Every pair of distinct simplices of K have disjoint interiors.

Proof. First, assume Kisa simplicial complex. Given two simplices ¢ and
7 of K, we show that if their interiors have a point x in common, then o = 7. Let
s = o N 7. If s were a proper face of ¢, then x would belong to Bd ¢, which it
does not. Therefore, s = o. A similar argument shows that s = 7.

To prove the converse, assume (1) and (2'). We show that if theseto N 7
is nonempty, then it equals the face o’ of ¢ that is spanned by those vertices
by, . . . b, of ¢ that lie in 7. First, o' is contained in ¢ N 7 because ¢ N 7 is con-
vex and contains b, . . . ,b,,. To prove the reverse inclusion, suppose x € ¢ N 7.
Then x € Ints N Int?, for some face s of ¢ and some face ¢t of 7. It follows
from (2') that s = ¢; hence the vertices of s lie in 7, so that by definition they

are elements of the set {b,, .. ..b,}. Then s is a face of &', so that x € ¢, as
desired. O

It follows from this lemma that if o is a simplex, then the collection consist-
ing of o and its proper facesis a simplicial complex: Condition (1) is immediate;
and condition (2') holds because for each point x € o, there is exactly one face s
of & such that x € Int s.

Definition. If L is a subcollection of X that contains all faces of its ele-
ments, then L is a simplicial complex in its own right; it is called a subcomplex
of K. One subcomplex of K is the collection of all simplices of K of dimension at
most p; it is called the p-skeleton of K and is denoted K. The points of the col-
lection K@ are called the vertices of K.

Definition. Let |K| be the subset of RY that is the union of the simplices of
K. Giving each simplex its natural topology as 2 subspace of R", we then topolo-
gize |K| by declaring a subset A of |K| to be closed in |K| if and only if 4 N o is
closed in o, for each o in K. It is easy to see that this defines a topology on K|,
for this collection of sets is closed under finite unions and arbitrary intersec-
tions. The space |K| is called the underlying space of K, or the polytope of K.

A space that is the polytope of a simplicial complex will be called a poly-

-

.

i

hedron. (We note that some £OPOIOZISTS TESE1VE > twssms == = s < -
i1e simplicial complex.) o
A In gegeral, the topology of |K| is finer (larger) than the topology l\K ] ml;ler
its as a subspace of R If A is closed in |K| in the §ubspace topology, then
A = B N |K| for some closed set B in RY. Then B Nois f:lf)sed in o for each o,
soBN|K|=A4is closed in the topology of |K|, by definition. . nd 3) How-
The two topologies are different in general. (See .Exan.'xples 2 ;n_ 1 How
ever, if K is finite, they are the same. For suppose Ii{ is finite and . ;f clos !
K I.,Then A Noiscloseding and hence closed 1n R". Because A is the union ©

; RN
finitely many sets A4 N o, the set A also1s closed in R".

Example 2. Let K'be the collection of all l-simplic&_s in R of .the f.orm [m,m -if- 1},
where m is an integer different from O, along ‘fmh all simplices of t.he ll.om'x
(1/(n+1), 1/n) forn a2 positive integer, along with all faces of these simphices.

Then K is a complex whose underlying space equals R as a set but not as a topologi-

cal space. For instance, the set of points of the form 1 /nis closed in K | but not in R.

Example 3. Let K be the collection of 1-simplices 03, 0z, - - - anlg the“zv;rfll‘;f,;
where o; is the 1-simplex in R? having vert'ices 0 and (1.,1 /0). See Figure bdc en
K is a simplicial complex. The intersection of K| 'thh the opehn }Jara1 i are
ey | x> 0} is closed in |K |, because its intersection w1thz egc 51mpbee)::a ﬁse 2
single point. It is not closed in the to?OIng IK | derives from R?, however,

+hat topology it has the origin as 2 limit point.

Figure 2.2

We prove some elementary topological properties of polyhedra.

Lemma 2.2. IfLisa subcomplex of K, then \L| is a closed subspace of
\K\. In particular, if ¢ € K, then o is a closed subspace of Kl

Proof. Suppose 4 is closedin |L|. If s is a2 si-mplex of K, then o ?L ‘ILl ;s t:;
union of those faces s; of o that belong to L. -Smce Ais <.:losed in |L}, _en o
A N s;is closed in s; and hence closed in o. Since A n g is the? ﬁ‘r}?f unio
the sets 4 N s;, it is closed in ¢. We conclude tha.t A is closed in {K|.

Conversely, if B is closed in |K|, then B N 0 15 closed ?n o for each o € K,
and in particular for each o € L. Hence B N |L| is closed in il. B

Lemma 2.3. A mapf: |K] — X is continuous if and only if f | ¢ is con-
tinuous for each o € K.

—————E




Proof. If fis continuous, so is f | o since ¢ 1s a subspace of K. Conversely,
suppose each map f | o is continuous. If C is a closed set of X, then ey n
o = (f]4)~1(C), which is closed in ¢ by continuity of flo. Thus f7Y(C) is
closed in |K| by definition.

Definition. If X is a space and if € is a collection of subspaces of X whose
union is X, the topology of X is said to be coherent with the collection &, pro-
vided a set A is closed in X if and only if 4 N Cis closed in C for each C € CIt
is equivalent to require that U be open in X if and only if U N Cis open in C for
each C.

In particular, the topology of |K| is coherent with the collection of sub-
spaces g, for o € K.

The 2nalogue of Lemma 2.3 holds for coherent topologies in general; a map
f:X— Y is continuous if and only if | C is continuous for each C € €.

Definition. If x is 2 point of the polyhedron |K|, then x is interior to pre-
cisely one simplex of K, whose vertices are (say) 4o, - - - ,4,. Then

x = Z tiah

i=0

where 1; > 0 for each i and Z¢; = 1. If v is an arbitrary vertex of K, we define
the barycentric coordinate z,(x) of x with respect to v by setting z,(x) = 0 if v
is not one of the vertices a;, and 1,(x) = t;if v = a;.

For fixed v, the function z,(x) is continuous when restricted to a fixed
simplex o of K, since either it is identically zero on o or equals the barycentric
coordinate of x with respect to the vertex v of o in the sense formerly defined.
Therefore, ,(x) is continuous on |k}, by Lemma 2.3.

Lemma 2.4. |K| is Hausdorff.

Proof. Given x, # x,, there is at least one vertex v such that r,(x,) #
t,(x,). Choose r between these two numbers; then the sets {x]1,(x) <r}and
{x | 2,(x) > r} are the required disjoint open sets. [J

Lemma 2.5. If K is finite, then |K| is compact. Conversely, if a subset 4
of |K| is compact, then A C IK,| for some finite subcomplex K, of K.

Proof. If K is finite, then |K] is a finite union of compact subspaces g, and
hence is compact. Now suppose A is compact and A does not lie in the polytope
of any finite subcomplex of K. Choose 2 point x, € A N Int s whenever this set
is nonempty. Then the set B = {x,} is infinite. Furthermore, every subset of B is
closed, since its intersection with any simplex o is finite. Being closed and dis-
crete, B has no limit point, contrary to the fact that every infinite subset of a
compact space has a limit point. U

.

=

Three particular subspaces ol A] GIC vares dees o
properties of |K|. We mention them here:

Definition. If v is a vertex of K, the star.of v in K, de.not?d by fS}( u{hz
sometimes by St(v.K ), is the union of the interiors of htho::ss:dm;:;c?fz Kt
Tts ¢ St v, is called the ¢ star .
as a vertex. Its closure, denoted St v, 1sc2 .
iagevunion of all simplices of K havingv as a vert?x, and is the pglyt%p:n g«fei
subcomplex of K. The set Stov — St is called the link of vin K and 18

Lk v. See Figure 2.3.

Lkvg

L "

Lk vy

Yo

L

Figure 2.3

Lkvy

The set St v is open in |K|, since it consists of all points x of |K| such that

y > 0. Its complement is the union of all simplices of K that do not have v

;vs( z vertex: it is thus the polytope of 2 subcomplex of K. The set lkuvis a%so thi
polytope of a subcomplex of K; it is the intersection of St v and the complemen

of St v. The sets Stv and St v are easily seen to be path connected; the set Lk v
need not be connected, however.

is sal ite if each ver-
it - olicial complex K is said to be locally finite if eac
Defintion. & o ‘ ices of K. Said differently, a com-

£ K belongs only to finitely many simpl : -
;ZXOK is locallgy finite if and only if each closed star St v is the polytope of 2 fi

nite subcomplex of K.

Lemma 2.6. The complex K is locally finite if and only if the space IK| is

locally compact. N
e K is locally finite. Given x € |K|, it lies in St v for some

Proof. Suppos .
vertexr v gf K. S;;nce St v is a compact set, |K| is locally compact. We leave the

converse as an exercise. (]

Simplicial maps
Now we introduce the notion of
another.

a “simplicial map” of one complex into




Lemma 2.7. Let K and L be complexes, and let f : K® — L be a map.
Suppose that whenever the vertices Us, - . . ,U, of K span a simplex of K, the

points f(vo), - . - . f(v,) are vertices of a simplex of L. Then f can be extended
10 a continuous map g : |K| — |L| such that

X = Z o, = gx= z t.f ()

i=0 i=0

We call g the (linear) simplicial map induced by the vertex map f.

Proof. Note that although the vertices f(Us), - - - ».f (v,) of L are not nec-
essarily distinct, still they span a simplex 7 of L, by hypothesis. When we “col-
lect terms” in the expression for g(x), it is still true that the coefficients are
noq-negative and their sum is1; thus g(x) is a point of 7. Hence g maps the
n-simplex ¢ spanned by U,, . ..,U, continuously to the simplex 7 whose vertex
set is {f @), - - - »f (WAL

The map g is continuous as a map of ¢ into 7, and hence as 2 map of ¢ into
|L|. Then by Lemma 2.3, g is continuous as a map of |K| into |L|. O

We remark that the composite of simplicial maps is simplicial: Suppose
g:1K|—|Ll and k:|L|— |M| are simplicial maps. By definition, if x = Z #;0;
(where the v; are distinct vertices of ¢ € K), then g(x) = Zt,g(v)- o

Now this same formula would hold even if the v; were not distinct, so long
as (0o, - - . »U,} is the vertex set of a simplex of K. For example, suppose

n
X = z t,-v,',

i=0

where t,=0 for all i and 27, = 1; and suppose that v, = v, and the vertices
Uy, - . . ,U, are distinct. Write

x =t + 1)V + LUy + - - - + LUs
then by definition

g(x) = (zo + tl)g(uo) + tzg(vz) + - - + tng(vn)

= Z t.g(,).

i=0

Applying this remark to the present case, we note that even though the vertices
2(v,), - - - ,g(v,) of L are not necessarily distinct, the following formula holds:

h(g(x)) = h(Z1:g(@)) = Zt:h(g()-
Therefore & o g is a simplicial map, as claimed.

Lemma 28 Suppose f:K®— L is a bijective correspondence such
that the vertices U.,...,v, of K span a simplex of K if and only if

—

© f(o),----f(vy,) span @ simplex of L. Then the inaucea simpucia: rmup

g:1Kl— |L| is a homeomorphism.

The map g is called a simplicial homeomorphism, or an isomorphism, of K
with L.

Proof. Each simplex ¢ of K is mapped by g onto 2 simplex 7 of L of the
same dimension as ¢. We need only show that the linear map h : v — o induced
by the vertex correspondence f~* is the inverse of the map g: o — 7. And for

that we note that if x = Z1;0;, then g(x) = 2t.f (v;) by definition; whence

h(g() = hEnf @) = 26/ (@)

== zt,’v; = X. D

Corollary 2.9. Let AN denote the complex consisting of an N-simplex and
its faces. If K is a finite complex, then K is isomorphic to a subcomplex of A
for some N. ,

Proof. Let vy, .. ..U~ b€ the vertices of K. Choose a,, - - - ,ay to be geo-
metrically independent points in R", and let A" consist of the N-simplex they
span, along with its faces. The vertex map f(v;) = a; induces an isomorphism
of K with a subcomplex of A". O

General simplicial complexes

Our insistence that a simplicial complex K must lie in R" for some N puts a
limitation on the cardinality of K and on the dimension of the simplices of K.
We now remove these restrictions.

Let J be an arbitrary index set, and let R’ denote the J-fold product of R
with itself. An element of R is a function from J to R, ordinarily denoted in
“tuple notation” by (X.)a ¢ ;- The product R’ is of course a vector space with the
usual component-wise addition and multiplication by scalars.

Let E’ denote the subset of R’ consisting of all points (X.)aes such that
x, = 0 for all but finitely many values of a. Then E/ is also a vector space under
component-wise addition and multiplication of scalars. If ¢, is the map of J into
R whose value is 1 on the index « and 0 on all other elements of J, then the set
{e. |« € J} is 2 basis for E’. (It is not, of course, a basis for R’)

We call E’ generalized euclidean space and topologize it by the metric

lx ——y| = max{lxa—yc”asl'

Everything we have done for complexes in R" generalizes to complexes in
E’. The space E’ is the union of certain of its finite-dimensional subspaces—
namely, the subspaces spanned by finite subsets of the basis e laeJd 1. Each
such subspace is just a copy of R" for some N. Any finite set {d,, . - - ,a,} of
points of E’ lies in such a subspace; if they are independent, the simplex they
span lies in the same subspace. Furthermore, the metric for E’ gives the usual




topology of each such subspace. Therefore, any finite collection of simplices in
E’ lies in a copy of R” for some N. All that we are really doing is to allow
ourselves to deal with complexes for which the total collection of simplices
cannot be fitted entirely into any one R¥. Conceptually it may seem more com-
plicated to work in E’ than in R", but in practice it causes no difficulty at all.

We leave it to you to check that our results hold for complexes in E/. We
shall use these results freely henceforth.

Let us make one further comment. If K is a complex in R", then each
simplex of K has dimension at most N. On the other hand, if X is a complex in
E’, there need be no upper bound on the dimensions of the simplices of K. We
define the dimension of K, denoted dim K, to be the largest dimension of a
simplex of K, if such exists; otherwise, we say that K has infinite dimension.

EXERCISES

1. Let K be a simplicial complex; let ¢ € K. When is Int ¢ open in [K|? When is &
open in |K|?

2. Show that in general, St v and St v are path connected.

3. (a) Show directly that the polyhedron of Example 3 is not locally compact.

(b) Show that, in general, if 2 complex K is not locally finite, then the space |K|
is not locally compact.

4. Show that the polyhedron of Example 3 is not metrizable. [Hinz: Show that
first countability axiom fails.}

8. If g: |1K| — |L] is a simplicial map carrying the vertices of o onto the vertices of
7, show that g maps some face of o homeomorphically onto 7.

6. Check that the proofs of Lemmas 2.1-2.8 apply without change to complexes in
E’, if one simply replaces R" by E’ throughout.

7. Let K be 2 complex. Show that |K| is metrizable if and only if X is locally finite.
[Hint: The function

d(x,y) = lub|t,(x) — 2,(3)]

is a metric for the topology of each finite subcomplex of X.]

8. Let K be a complex. Show that |K| is normal. {Hint: If A4 is closed in |K| and
if f:.4— [0,1] is continuous, extend f step-by-step to 4 U |K"|, using the
Tietze theorem.]

9. Let K be a complex in RY. Show that |K/| is a subspace of R if and only if each

point x of |K| lies in an open set of R" that intersects only finitely many sim-
plices of K. Generalize to E’.

10. Show that the collection of all simplices in R of the form [1/(n + 1), 1/n] for n
a positive integer, along with their vertices, is a complex whose polytope is the
subspace (0,1] of R.

S
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§3. ABSTRACT SIMPLICIAL COMPLEXES

In practice, specifying a polyhedron X by giving 2 collection_of simplices whose
union is X is not a very convenient way of dealing with specific polyhedra_. One
quickly gets immersed in details of analytic geometry; it is messy to spe;c:fy all
the simplices and to make sure they intersect only w.hfan they should. It is much
easier to specify X by means of an “abstract simplicial complex,” a notion we

now introduce.

Definition. An abstract simplicial complex is a collection & of finite non-
empty sets, such that if 4 is an element of &, so is every nonempty subset of 4.

The element A of & is called a simplex of &% its dimension is one less than
the number of its elements. Each nonempty subset of A is called a face of 4.
The dimension of & is the largest dimension of one of its simplices, or is infinite
if there is no such largest dimension. The vertex set V/ of & is the union of the
one-point elements of §; we shall make no distinction between the verte.x veV
and the O-simplex {0} € §. A subcollection of § that is itself a complex is called
2 subcomplex of §. _ _

Two abstract complexes § and T are said to be isomorphic if there is a
bijective correspondence f mapping the vertex set of & to the vertex set of T
such that {a,, . . . ,a,} € & if and only if {f(a,), - - - St e T

Definition. If X is a simplicial complex, let V be the vertex se.t of K. Let
be the collection of all subsets {aa, - ,a,,} of V such that the vertices a,, - - . ,4,
span a simplex of K. The collection % is called the vertex scheme of K.

The collection % is a particular example of an abstract simplicial complex.
It is in fact the crucial example, as the following theorem shows:

Theorem 3.1. (a) Every abstract complex & is isomorphic to the vertex
scheme of some simplicial complex K. o ‘ .

(b) Two simplicial complexes are linearly isomorphic if and only if their
vertex schemes are isomorphic as abstract simplicial complexes.

Proof. Part (b) follows at once from Lemma 2.8. To prove (a.), we pro-
ceed as follows: Given an index set J, let A be the collection of all simplices In
E’ spanned by finite subsets of the standard basis e, } for. E.TIt isj easy to see
that A’ is 2 simplicial complex; if ¢ and 7 are two simplices of A”, then Jthelr
combined vertex set is geometrically independent and spans a simplex of A’. We
shall call A’ an “infinite-dimensional simplex.” .

Now let & be an abstract complex with vertex set V. Choose an index set
J large enough that there is an injective function fVv— {6‘3}‘." 5. (Let J = Vif
you wish.) We specify a subcomplex K of A’ by the condition that for each



(apstract) simplex g, ...,a,} € &, the (geometric) simplex spanned by
f(a), ..., f(a,)istobein K. It is immediate that K'is a simplicial complex and

& is isomorphic to the vertex scheme of K; f is the required correspondence
between their vertex sets. [

i

Definition. If the abstract simplicial complex § is isomorphic with the
vertex scheme of the simplicial complex X, we call K 2 geometric realization of
§. It is uniquely determined up to a linear isomorphism.

Let us illustrate how abstract complexes can be used to specify particular
simplicial complexes.

Example 1. Suppose we wish to indicate a simplicial complex X whose underlying
space is homeomorphic to the cylinder S' X I. (Here I denotes the closed unit
interval [0,1].) One way of doing so is to draw the picture in Figure 3.1, which
specifies K as a collection consisting of six 2-simplices and their faces. Another way
of picturing this same complex X is to draw the diagram in Figure 3.2. This dia-
gram consists of two things: first, 2 complex L whose underlying space is a rectan-
gle, and second, a particular labelling of the vertices of L (some vertices being given
the same label). We shall consider this diagram to be a short-hand way of denoting
the abstract complex § whose vertex set consists of the letters a,b,c,d, e, and f, and
whose simplices are the sets {a, f, d}, {a, b, d}, (b, ¢, d}, {c, d, €}, {a, ¢, €}, {a, e, 1l
along with their nonempty subsets. Of course, this abstract complex is isomorphic to
the vertex scheme of the complex K pictured earlier, so it specifies precisely the

same complex (up to linear isomorphism). That is, the complex X of Figure 3.1is a
geometric realization of §.

a Figure 3.2
Figure 3.1

Let f: L'” — K be the map that assigns to each vertex of L the correspond-
ingly labelled vertex of K. Then f extends to a simplicial map g : |L| — |K|. Because
the spaces are compact Hausdorff, g is a quotient map, or “pasting map.” It identi-
fies the right edge of |L| linearly with the left edge of |L|. And of course this is the
usual way one forms a cylinder from a rectangular piece of paper—one bends it
around and pastes the right edge to the left edge!

Example 2. Now suppose we begin with a complex L and a labelling of its vertices.
Consider for instance the same complex L with 2 different labelling of the vertices,
as in Figure 3.3. Just as before, this diagram indicates a certain abstract complex &,

a

7

L
g\ @
K

i i tric realization of §. As before, t_he

“’h"?e simfPlIl{CCS frr: ca:dlf:tlh;:tlit:saf??‘}; we consider thz? linear simlc)ilicxal

Vemcef |°| — le th:? assigns to each vertex of L the correspondingly labelle l\;?r-

mapgt in, g is a quotient map; in this case it identifies th'e left edge of ILl 1 1;-

tex of K. Aiam" ght edge of |L|, but with a twist. The space Kl is the one we ca 3t;,

gh?ll':z:; t:a:ld? :gcan be pictured in R® as the familiar space indicated in Figure 3.3.
¥ H

le 3. The torus is often defined as the quotient space obta?n;,d frox::sf r;z(t:t;

f:gl':ll;y m.aking the identifications pictured in I;i.gure 3};4.;1“\:«3 :;s c;: ::;us ruct 2
lving space is homeomorphic to the ) ) :

?Omplex‘:’ hglsxz z?:;;ﬁ ign l1)-'igure 3.5. You can check that th.c resulting _qu;)n:lr::
lr:x:g :fs 1Lg(mto the geometric realization of this diagram carries out precisely

identifications needed to form the torus.

d

Figure 3.3

A

Example 4. Some care is required in general to mak_e sure that. thtea :::ne:: ;x:;lg
doesp not carry out more identifications than one wishes. For ins g 3 zlmt may

fhink that the diagram in Figure 3.6 determines thg tﬁsé:y: ;he:e:s yo;I The

quotient map in this case does more than paste opposite eag g s

see if you examine the diagram more closely.

a b ¢ a a b 3 a
) s d e J
d L d d
h e
€ i J
a b ¢ a a b ¢ e




For example, the bounda
ubcomplex of L, but the boun

lex; let f
Lemma 3.2. Let L be a comp:ex,
g: 1L} — IK| be the associated pasting map- LetL
S';tppose that whenever v and w are Vvertices of
(1) vand w belong to L.
2) Stv and St w are disjoint.

h

a b ¢ 2

Figure 3.7

Then dim g(o)

Example 5. The diagram in Figure 3.7 indicates an abstract 1 R . ;
£ £ act comp.ex whose un nd o, must be disjoint simplic

derlying space is called the Klein bottle. It is the quotient space obtained from th
rectangle by pasting the edges together as indicated in Figure 3.8. The resultin
space cannot be imbedded in R’ but one can picture it in R? by letting it “pass .

The proof is easy and
through itself.”

‘Jemma, |L] is a polyhedral region in the plan
the region.

' A
. ‘\I
) I B{j ’BO - ’ 1. The projective plane P is defined as the spa
| - identifying x with —X for each x € S*
(2) Show P?is homeomorp
with —x for each x € S
(b) Show that the labelled complex L o

whose space is homeomorphic to P

Figure 3.8

ry of the rectangle L p
dary of the rectangle

— dimo for all 0 € L. Furthermore, if g
es belonging to L.

i exercise. In the usual
Il e or RV, and |L,| is the boundary of

hic with the space obtained from

ictured in Figure 3.51s a full
pictured in Figure 3.6 is not.

be a labelling of its vertices; let
L, be a full subcomplex of L.

having the same label:

(ay) = g(o'z)» then o,

applications of this

EXERCISES

ce obtained from the 2-sphere S*by

B* by identifying x

f Figure 3.9 determines a complex K

We now describe more carefully the process indicated in preceding exam-
ples: Given a finite complex L, a labelling of the vertices of L is a surjective

function f mapping the vertex set of L to a set (called the set of labels). Corre-
sponding to this labelling is an abstract complex § whose vertices are the labels

and whose simplices consist of all sets of the form {f(v,),...,f(v,)}, where

Uy - - - .U, Span a simplex of L. Let K be a geometric realization of &. Then the 5 2
vertex map of L'” onto K'® derived from f extends to a surjective simplicial map d ¢
g: 1Ll — |K|. We say that K is the complex derived from the labelled complex L, Figure 3.9

and we call g the associated pasting map.

Because |L| is compact and |K| is Hausdorff, g maps closed sets to closed
sets; thus g is a closed quotient map. Of course, g can in general map a simplex
of L onto a simplex of K of lower dimension. For instance, g might collapse all

(c) Describe the space determined by the

labelled complex of Figure 3.10.

of L to a single point. We are more interested in cases where this does not occur.
We are particularly interested in situations similar to those of the preceding

examples. We now state a lemma giving conditions under which the general
“pasting map” g behaves like those in our examples. First, we need a definition.

Definition. If L is a complex, a subcomplex L, of L is said to be a full sub-
complex of L provided each simplex of L whose vertices belong to L, belongs to

Figure 3.10




§4. REVIEW OF ABELIAN GROUPS

a c b
a Yl b
equals the trivial group). And fis an epimorphism if and only if the cokernel ot
f vanishes; in this case, f induces an isomorphism G/ker f=H.
b d 2 £ i J
Figure 3.11 Figure 3.12 Free abelian groups
An abelian group G is free if it has a basis—that is, if there is a family
a 4 c 2 b g, s of elements of G such that each g€ G can be written uniquely as a
T 2 finite sum
¢
d d d e 7 J . g= sn.g..
c % with n, an integer. Uniqueness implies that each element g, has infinite order;
? a b ¢ p that is, g, generates an infinite cyclic subgroup of G.
Figure 3.13 Figure 3.14 | More generally, if each g € G can be written as a finite sum g = zn.g..
gure bt not necessarily uniquely, then we say that the family {g.} generates G. In

particular, if the set {g.} is finite, we say that G is finitely generated.
£ n elements, say &, - - - 8> then it is

If G is free and has a basis consisting 0
easy to see that every basis for G consists of precisely z elements. For the group

G/2G consists of all cosets of the form
(Zag) + 26,

es that the group G/2G consists of precisely 2°

where ¢, = 0 or 1; this fact impli
elements. The number of elements in a basis for G is called the rank of G.
It is true more generally that if G has an infinite basis, any two bases for G

have the same cardinality. We shall not use this fact.

A crucial property of free abelian groups is the following: If G has a basis
{g,}, then any function f from the set {g,} to an abelian group H extends
uniquely to 2 homomorphism of G into H.

One specific way of constructing free abelian grou
a'set S, we define the free abelian group G generated by S to be the set of all
functions ¢:S—Z such that ¢(x) # 0 for only finitely many values of x; we
add two such functions by adding their values. Given x € S, there is a charac-

teristic function ¢, for x, defined by setting

_joif y # X,
¢:(7) = {1 if y==x

a basis for G, for each function ¢ € G can be

2. Describe the spaces determined b
y the labelled complexes in Fi -
3. Prove Lemma 3.2. B

4. Let S be a set with a i i
partial order relation <. A standard i i
: e 2 2 : =. techn -
:In:atorm 1fs to associate w1‘th S the abstract complex § whose ve;t%::l;er:o txll;l
Suments o S ax-1d whose sm'.xplices are the finite simply-ordered subsets of ;
ppose one is given the partial order on {a,, . . . ,a,} generated b, ing
Suppose , y the following

a, =< a,=<a,=a,; a=<a=<a;
a4 =6 =4y a, < a,.

Describe a geometric realization of §.
ps is the following: Given

In this section, we review some ri
h , esults from al i
speq‘gcany,. O hout abelian sroups, algebra that we shall be using—
e write abelian groups additively. Then O denotes the neutral element

and —g denotes the additive inverse i
of g. If n is a positive inte
ger, then ng ~ ;
The functions {6, | x € S} form

denotes the n-fold
We denoteczlhes;'r:ui :-f integ i gg a;d (—n)g denotes n(—g).
e . . . .
numbers by C. gers by Z, the rationals by Q, and the complex written uniquely as 2 finite sum
¢ =2Zn, 9,
Homomorphisms where n, = ¢(x) and the summation extends over all x for which ¢(x) # 0.
We often abuse notation and identify the element x € S with its characteristic

function ¢,. With this notation, the general element of G can be written uniquely

as a finite “formal linear combination”
¢ = 2n,Xx,

If f : G— H is a2 homomorphi i

f rphism, the kernel of f is th -

. ; e subgrou !

g; ot:e 1;17]%? Gof f ‘15 the subgroup f(G) of H, and the cokernel of ?’is tll:)léf qugc:i)eﬁt
p ). We denote these groups by ker f and im f and cok f, respec- \

tively. i o
ively. The map f is 2 monomorphism if and only if the kernel of fvanishes (i.e
o of the elements of the set S.




. .

If G is an abelian group, an element g of G has finite order if ng = 0 for Conversely, suppose G} is a family' O_f abelian gr 0’;21?5' a;d :z::;:::
some positive integer n. The set of all elements of finite order in G is a subgroup . as above. Then jg is @ monomorphism. ur ,
T of G, called the torsion subgroup. If T vanishes, we say G is torsion-free. A hen G is their direct sum.
free abelian group is necessarily torsion-free, but not conversely. (

If T consists of only finitely many elements, then the number of elements in

homomorphisms jg and g
if the groups j.(G,) generate Gt ‘ .

Proof. Suppose G = ® G,. We define j; to be the inclusion homomor-
\\% .

i i = e G, for each a; and let 75(g) =
T is called the order of T If T has finite order, then each element of T has finite phism. To define ;, write g = Ega‘, whe;:e Ea € G for each o imed bomo
order; but not conversely. gs- Uniqueness of the representation of g S 5
mﬂ%cl:sx;ier the converse. Because 7, °© j. is the identity, j, is i?jéctive 1gand -_zrta
j lement of G can be writ-
i - ective). If the groups j.(G.) generate G, every ¢ : - writ
isexslugsec am;xcrzitgsumgz jigi), by hypothesis. To show this representation 1S

Internal direct sums

Suppose G is an abelian group, and suppose {G.}. . ;is a collection of sub-
groups of G, indexed bijectively by some index set J. Suppose that each gin G
can be written uniquely as a finite sum g = Zg,, where g, € G, for each a.
Then G is said to be the internal direct sum of the groups G,, and we write

G = ®a¢JGa-

If the collection {G,} is finite, say {G.} = {G,, . . . ,G,}, we also write this direct
suminthefoomG =G, ® - - - ®G,.

If each g in G can be written as 2 finite sum g = Zg,, but not necessarily
uniquely, we say simply that G is the sum of the groups {G.}, and we write
G = =G, or, in the finite case, G = G, + - - - + G,. In this situation, we also
say that the groups {G,} generate G.

If G = =G, then this sum is direct if and only if the equation 0 = 2g,
implies that g, = 0 for each a. This in turn occurs if and only if for each fixed

index «ag, one has
6.n( 3 6.)=lo

a® ag

ynique, SUppose
Eja(ga) = Eja(g;) M

Applying 75, We se€ that g; = 8- O

‘Pirect products and external direct sums

Let {G,}. ., bean indexed family of abelian groups. Their direct product
ala¢

j . 1,,,G,is the group whose underlying set is the cartesian product of the sets
; a € a

ion is component-wise addition. Their external di-

G.. and whose group operat idit 1 )
c i i oduct consisting of all tuples (€acrs
_rect sum G is the subgroup of the direct procu S ks the e

i lues o
that g, = 0, for all but finitely many va ) : 0
se?::lentaong )) The group G is sometimes also called the weak direct product

roups G- . ) ) ]
> th';hge relition between internal and external direct sums 18 described as fol

i i {G.}. Then for each
: G is the external direct sum of the groups G,

?w:r.esdue%ioesz .G — G4 to be projection onto the Sth factor. And we del;fme
i . G,—G byﬂletting it carry the element g € G; to the tuple (g,).c » WHere
5t

i = g. Then 7 cj,=0fora¢;3,and

= 0. for all o different from B,and gs = & L :
iﬂ o' ais the identity. It follows that G equals éhe internal direct sum of the
S s G' = i.(G,), where G;is isomorphic t0 G-
gmu“ll,‘shf; thej;(otic?ns of internal and external direct sums are closely related.

. . - .
The difference is mainly one of notation. For this reason, we customarily us
the notations

In pa1{'ticular, if G = G, + G,, then this sum is direct if and only if G, N
G, = {0}

The resemblance to free abelian groups is strong. Indeed, if G is free with
basis {g,}, then G is the direct sum of the subgroups |G.}1, where G, is the infi-
nite cyclic group generated by g,. Conversely, if G is a direct sum of infinite
cyclic subgroups, then G is a free abelian group.

If G is the direct sum of subgroups {G,}, and if for each a, one has a homo-
morphism f, of G, into the abelian group H, the homomorphisms {,} extend
uniquely to 2 homomorphism of G into H.

Here is a useful criterion for showing G is a direct sum:

G=6G®.--©G, and G=@G,

i i i lying on the context to make
denote either internal or external c_hrect sums, rel ¢ .
tccl’eai which is meant Gf indeed, it is 1mportant‘). With this notation, o;xe can ﬁfrc:r
instance express the fact that G is free abelian of rank 3 merely by wntng
=ZOLOL . ] _ . '
¢ if G, is a subgroup of G, we say that G, 15 2 direct Sun.nnam-l in G if there 1'5f
a snbgrt;up G. of G such that G = G, @ G,. In this case, if H;is 2 subgroup O
G, fori= 1:2, then the sum H, + H; is direct, and furthermore,

G G, G

=0 —.

H®H, H, H

Lemma 4.1. Let G be an abelian group. If G is the direct sum of the sub-
groups {G,}, then there are homomorphisms

jg:GB—>G and Tﬁ:G_’G‘g

such that =, o j, is the zero homomorphism if o« # B, and the identity homo-
morphism if a = B.




In particular, if G = G, ® G;, then G/G, = G.. Proof. Let S be a finite set of generators g} for G; let F bedthe tre}el abe-
Of course, one can have G/G, == G, without its following that G = G, ® Gy; {ian group on the set S. The map carrying each g; 10 1t_self extends ;o a %1;;10-

that is, G, may be a subgroup of G without being a direct summand in G. For morphism carrying F onfo G.Let Rbe th'e kernel of this homomorphism. 1hen

instance, the subgroup nZ of the integers is not a direct summand in Z, for that F/R = G. Choose bases for F and R as in Theorem 4.2. Then

would mean that F—F&..-®F,

Z=nZl®G,

for some subgroup G, of Z. But then G, is isomorphic to Z/nZ, which is a group
of finite order, while no subgroup of Z has finite order.

Incidentally, we shall denote the group Z/nZ of integers modulo r simply
by Z/n, in accordance with current usage.

where F; is infinite cyclic with generator €;; and
R=4F®- - - @4, F®F. .9 - @F,.

We compute the quotient group as follows:
FIR = (F/4F® - - - ®F/uF)@(Fsr® - @ F.).

Thus there is an isomorphism

f:G—Z/u®- - SZ/t)B(ZD - - - e 7).

up Z/1,® - - - ©
Parts (2) and (b)

The fundamental theorem of
finitely generated abelian groups
The torsion subgroup T of G must be mapped_ to the subgro
‘Z/1, by f, since any isomorphism preserves torsxon.subgroups.
of the theorem follow. Part (c) is left to the exercises. O

This theorem shows that any finitely generated abelian group G can be

written as a finite direct sum of cyclic groups; that is,
G=Z®- - - e2)SZ/t,® - - - e Z/t,.

There are actually two theorems that are important to us. The first is a
theorem about subgroups of free abelian groups. We state it here, and give 2
proof in §11:

Theorem 4.2. Let F be a free abelian group. If R is a subgroup of F, then
R is also a free abelian group. If F has rank n, then R has rank r < n; further-

more, there is a basis e,, . . . e, for F and integers t,, . .. ,t, with ;> 1 such
- withz,> 1and 7, fe,l- - - | 2,. This representation is in some sense 2 “canoni-
¢ - - .
(1) hier, oty - -8, 15 @ basis for K. cal form” for G. There is another such canonical form, de'nved as follqw:. i
@ tlnl- - - |4, that is, 1, divides 1; ., for all . Recall first the fact that if m and n are relatively prime positive Integers,

then
The integers t,, . . . ,t, are uniquely determined by F and R, although the basis

e, .. -,e, is not. Z/m®Z/n=Z/mn.

be written as a direct sum of cyclic

finite cyclic group can
It fellows that ey A0 ol b Theorem 4.3 then implies that for

groups whose orders are powers of primes.
any finitely generated group G,
C=(@Z® - 028 (Z/a,®- - ©Z/a)

f a prime. This is another canonical form for G, since
rrangement), as we

An immediate corollary of this theorem is the following:

Theorem 4.3 (The fundamental theorem of finitely generated abelian groups).
Let G be a finitely generated abelian group. Let T be its torsion subgroup.

(a) Thereisa free abelian subgroup H of G having finite rank 8 such that where each a; is a power 0

G=H®T . . the numbers a; are uniquely determined by G (up to 2 rea
(b) There are finite cyclic groups T, . .. ,T,, where T; has order t;> 1, shall see
such thatt, 1 t,] - - - |1, and : )

T=76o-- -@T,.

(c) The numbers Band t,, .. .,t, are uniquely determined by G. EXERCISES

1. Show that if G is 2 finitely generated abelian group, every subgroup of G is

T mber B is cal i pumbe . N .
e o cotcions o1 G. Noi ek of the Fece dtian finitely generated. (This result does not hold for non-abelian groups.)

called the torsion coefficients of G. Note that g is the rank of the free abelian
group G/T = H. The rank of the subgroup H and the orders of the subgroups
T, are uniquely determined, but the subgroups themselves are not.

2. (a) Show that if G is free, then G is torsion-free: )
(b) Show that if G is finitely generated and torsion-free, then G is free.




(c) Show that the additive group of rationals Q is torsion-free but not free.
[Hint: 1f {g,} is 2 basis for Q, let B be fixed and express gz/2 in terms of
this basis.]

3. (2) Show that if m and n are relatively prime, then Z/m@Z/n is cyclic of
order mn.
) f6G=2Z/ 18 & Z/36, express G as a direct sum of cyclic groups of prime
power order.
(c) fG=Z/28 Z/4OZ/3OZ/3O Z/9, find the torsion coefficients of G.
@IEG=Z/15& Z/20©Z/18, find the invariant factors and the torsion
coefficients of G.

4. (a) Let p be prime; let b,,..-,b, be non-negative integers. Show that if
6= @/p®E/pre- - -eZ/r’

then the integers b; are uniquely determined by G. [Hint: Consider the
kernel of the homomorphism f; : G — G that is multiplication by p'. Show
that £, and f; determine b,. Proceed similarly.]

(b) Let p,, ... ,pn be 2 sequence of distinct primes. Generalize (2) to a finite -

direct sum of terms of the form (Z/( p,-)")""‘, where b, = 0.

(c) Verify (¢) of Theorem 4.3. That is, show that the betti number, invariant
factors, and torsion coefficients of a finitely generated abelian group G are
uniquely determined by G. ,

(d) Show that the pumbers ¢; appearing in the conclusion of Theorem 4.2 are
uniquely determined by Fand R.

§5. HOMOLOGY GROUPS

Now we are ready to define the homology groups. First we must discuss the no-
tion of “orientation.”

Definition. Let o be a simplex (either geometric or abstract). Define two
orderings of its vertex set to be equivalent if they differ from one another by an
even permutation. If dim ¢ > 0, the orderings of the vertices of o then fall into
two equivalence classes. Each of these classes is called an orientation of 0. (If ¢
is a O-simplex, then there is only one class and hence only one orientation of 0.)
An oriented simplex is 2 simplex ¢ together with an orientation of ¢.

If the points U, - . - ,Up 3¢ independent, we shall use the symbol

Us-.-Up

to denote the simplex they span, and we shall use the symbol
[0 - - - 0]

to denote the oriented simplex consisting of the simplex v, . - . Up and the equiva-
lence class of the particular ordering (Ve - - - »Up)-

OCCASIONALLY, WM wity wvsswmess oo ' )
single letter such as o to denote either 2 simplex or an oriented simplex.

Example 1. We often picture an orientation of a 1-simplex by drawing an arrow
on it. The oriented simplex vy, p,} is pictured in Figure 5.1; one dra_ws an arrow point-
ing from U, 10 Uy. An orientation of 2 2-simplex is pictured by 3 circular arrow. The
oriented simplex [V, 0101 18 indicated in the figure by drawing an arrow in th.e
direction from U, t0 U; 10 Uz You can check that {v,, V2> Vo) 20d v, Vo _u,] are m_dx-
cated by the same clockwise arrow. An arrow in the counterclockwise direction

would indicate the 0 itely oriented simplex. ) )

Similarly, the ol:g;sted simplex [, Vs V20 U,) IS picturec‘l‘ l?y drawing 2 sp:ra.l
arrow, as in the figure. The arrow in this picture is called 2 right-hand screw™; if
one curls the fingers of the right hand in the direction from v, to U, 10 Uz, the thumb
points toward v,. You can check that {ve, Uz, Vs v}], and each of the :)ther ten
orderings equivalent to these two, also give rise to right-hand screws. A “left-hand

screw” is used to picture the opposite orientatio?. . _ .
These examples illustrate that our definition of orientation agrees with the

intuitive geometric notions derived from vector calculus.

V3
- N
V2
/vl
V2
v
v Yo Vo 1

Figure 5.1

Definition. Let K be a simplicial complex. A p-chain on K is 2 function ¢
from the set of oriented p-simplices of K to the integers, such that:

Q1) clo) = —c(¢")if cand o' are opposite orientations of the same simplex.
(2) clo)=0 for all but finitely many oriented p-simplices o-

e add p-chains by adding their values; the resulting group is den.oted C,(K)
and is called the group of (oriented) p-chains of K. Ifp<Oorp> dim K, we let
C,(K) denote the trivial group.

If ¢ is an oriented simplex, the elementary chain ¢ corresponding to ¢ is the
function defined as follows:

(o) =1,
c(e) = —1 if o' is the opposite orientation of o,
c(r) =0 for all other oriented simplices 7.

By abuse of notation, we often use the symbol o to denote not-only a simplex, or
an oriented simplex, but also to denote the elementary p-chain ¢ cor}-eSpo?ldmg
to the oriented simplex o. With this convention, if o and o' are opposite orienta-




What about the ith terms for
one has

tions of the same simplex, then we can write ¢’ = —a, because this equation
holds when ¢ and-¢’ are interpreted as elementary chains.

Lemma 5.1. C,(K) is free abelian; a basis for C,(K) can be obtained by '
orienting each p-simplex and using the corresponding elementary chains as

a basis. In the second expression, one ha

Proof. The proof is straightforward. Once all the p-simplices of X are
oriented (arbitrarily), each p-chain can be written uniquely as a finite linear
combination

¢ = Zn;0;

of the corresponding elementary chains o;. The chain ¢ assigns the value #; to
the oriented p-simplex ¢;, the value —n; to the opposite orientation of ¢;, and
the value O to all oriented p-simplices not appearing in the summation. [

one has

The group C,(K) differs from the others, since it has a natural basis (since
a O-simplex has only one orientation). The group C,(K) has no “natural” basis
if p > 0; one must orient the p-simplices of K in some arbitrary fashion in order °

to obtain a basis. The geometric content of th

the versions of Green’s, Stokes
Corollary 5.2. Any function f from the oriented p-simplices of K to an
abelian group G extends uniquely to a homomorphism C,(K) — G, provided

that f(—0o) = —f (o) for all oriented p-simplices . [ Example 3. Consider the 1

apply the operator 4, to this 1
Definition. We now define a homomorphism
951 G(K) = C, - 1(K)

called the boundary operator. If ¢ = [v,, ... ,vp] is an oriented simplex with
p > 0, we define

8,85 (19,01, 02,03

4
(*) apo' = ap[vm LR ,Up] = Z(—l)‘ [vo’ LR :i}i’ ... ,UP],
i=0

where the symbol 5; means that the vertex v, is to be deleted from the array.
Since C,(X) is the trivial group for p < 0, the operator 4, is the trivial homo-
morphism for p < 0. :
N Yo
We must check that 8, is well-defined and that §,(—0) = —d,0. For this
purpose, it suffices to show that the right-hand side of (*) changes sign if we
exchange two adjacent vertices in the array [u,, .. .,v,]. So let us compare the
expressions for

3,ves - - UL 4 gy -1 00,) and 0, [v0 - - - 304 100y - 150, )

For i # j, j + 1, the ith terms in these two expressions differ precisely by a 0

sign; the terms are identical except that v; and U; + ; have been interchanged.

each vertex appears as the in

S

(=D 05— 003U+ 15w 20
-+ (—1)j+l[- -eaUj - 15Ujs

(—1Y [0 1aBj e 1sUjpVj e 2 - -

+ (=1 b s Bpe )

Example 2. Tor a 1-simplex, we compute 3,[ve, 0] = v, — U,

_ And for a 3-simplex one has the formula

i=jand i=j+ 1?7 In the first expression,

y

ﬁj+‘,uj+2,...].

y

Comparing, one sees these two expressions differ by a sign.

For a 2-simplex,

az[vo’vnvz] = [UI’UZ] - [onuz] -+ [Un,U,].

a;[Uo,anpU:] = [u,,v,,v,] - [00702”‘)3] + [U°’v1’v3] - [U,,U,,Dz].

ese formulas is pictured in Figure 5.2. If you remember
*. and Gauss’ theorems you studied in calculus, these

pictures should look rather familiar.

~chain 8,[ve,0,,u;] pictured in Figure 5.2. If you
-chain, you get zero; everything cancels out because

itial point of one edge and as the end point of an-
other edge. You can check that a similar cancellation occurs when you compute

vy~ v

V1

V3

Yo




The computations discussed in Example 3 illustrate 2 general fact:

Lemma 5.3. §,_,°09,=0.
Proof. The proof is straightforward. We compute

4
3, -10,[00r - --,0,] = Z (—1)¥8, -4V - - - sBir - - - 50,]
i=0

= S D=Ly

j<i

+ Z(—l)"(—l)"“[. R SO S X

j>i

The terms of these two summations cancel in pairs. [

Definition. The kernel of @,: C,(K) — C, i
,:C, — C, _ ;(K) is called the
p-cycles and denoted Z, (I{) (for the German Pwolrd “Zyklus™). The ﬁ;ig gtf"
5 C, 1 (K)— C,.(K) is called the group of p-boundaries and is denoted
,(K). By the preceding lemma, each boundary of a p + 1 chain is automati-

pert

cally a p-cycle. That is, B,(K) C Z,(K). We define
H,(K) = Z,(K)/B,(K),
and call it the pth homology group of K.

Let us compute a few examples.

ga;ndzlrey f,f Consider tht; c:lmplex K of Figure 5.3, whose underlying space is the
2 square wi ges e,, &;, €, ,. The group C,(K) is free i

. . : , €3, €3, abelian of

raxlzk 4; the general 1—.cham ¢ is of the form Zn;e;. Computilng 8,¢, we see thartl ict)s

:;o‘::sc:;: atthe yertex ;) 1is.f n, ;1- n,. A similar argument, applied to the other vertices
cis a cycle if and only if n, = n, = n, = n,. One concludes th i

show: _ > . at Z,(K

infinite cyclic, and is generated by the chain e, + €, + &; + &, Since there Ia(re)r:;

2-simplices in K, B,(K) is trivial. Therefore,

H(K)=Z,(K) = Z.

€3

s

ey ” v

Figure 5.3

€4

€1

Figure 5.4

.- Example 5. Consider the complex L of Figure 5.4, whose underlying space is a
square. The general 1-chain is of the form Zn;e;. One reasons as before to conclude
that this 1-chain is 2 cycle if and only if #, = My, By = Mes and n, = n, — m,. One can
assign values to n, and n, arbitrarily; then the others are determined. Therefore,
“ZAL) is free abelian of rank 2; a basis consists of the chaine, + € — € obtained by
taking n, = 1 and n, = 0, and the chain e, + e, + &5 obtained by taking 7, =0 and
n;= 1. The first equals 3.0, and the second equals 9,0, Therefore,

H,(L) = Z,(L)/B:(D) = 0-

Likewise, H.(L) = 0; the general 2-chain m,o; + myo, is a cycle if and only if

my=nm = 0

These examples may begin to give you 2 feeling for what the homology

mean geometrically. Only by computing many more examples can one

to “see” what a homology class is. Our hope is that after you get a feeling
11 begin to believe what is at the

for what homology means geometrically, you wi
¢ far from clear—that the homology groups of 2 complex K actually

send only on the underlying space IXl.
Now let us consider another example. It involves 2 complex having more
an those in the preceding examples. In general, as the number of

the group of bound-

"nlices increases, calculating the group of cycles Z,and
ort-cut some of these calculations by

ries' B, becomes more tedious. We can sh
yvoiding calculating these groups and proceeding directly to a calculation of the

_homology groups H,- -

We deal here only with the groups H,(K) forp> 0, postponing discussion
group H,(K) to §7.

We need some terminology.

We shall say that a chain ¢ is carried by 2

complex L of K if ¢ has value O on every simplex that is not in L. And we say
at two p-chains ¢ and ¢ are homologous fe—c =0, ,d for some p + 1
¢hain d. In particular, if ¢ = 8,4 .d, we say that ¢ is homologous to zero, 0T

mply that ¢ bounds.

n Figure 5.5, whose underlying

Example 6. Consider the complex M indicated i
space is a square. Instead of computing the group of 1-cycles specifically, we reason




€9 . ¢q

M g3 M
g4 ) $ e N & <
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. Figure 5.8
Figure 5.5 Figure 5.6 Figure 5.7

2. Consider the complex M pictured in Figure 5.7; it is the union of three triangles
‘ and a line segment. Compute the homology groups H, (M) and H,(M )-

. 3. A l-dimensional complex is called 2 tree if i.ts l-dimensiona: homology van-
ishes. Is either of the complexes pictured in Figure 5.8 a tree:

isting of the proper faces of a 3-simplex. Compute

as follows: Given a 1-chain c, let a be the value of ¢ on ¢,. Then by direct computa-
tion, the chain

¢, = ¢ + 8,(as,)

has value O on the oriented simplex e,. Intuitively speaking, by modifying ¢ by a
boundary, we have “pushed it off e,.” We then “push ¢; off ¢,” in 2 similar manner,
as follows: Let b be the value of ¢, on e,; then the chain

¢ = ¢; + 9;(bo)

4. Let K be the complex cons
H,(K) and H,(K).

&. For what values of i is it true that

H.(K") = H,(K)?

i i i i jented p-simplices of K to
“§ hain” on K is a function ¢ from the oriente! i ‘
A oers ouc = —c(¢') if s and o’ are opposite orientations of the

e LB e o g = O for all but finitely many ori-

me simplex. We do not require that c(o) for 2 ] I <
:ted simr;lices. Let C2(K) denote the group of infinite p-chains. It is abelian,

put it will not in general be free.
(:) Show that if K is locally finite, then one can define 2 boundary operator

i Co (&) — CP-a(K)
and Lemma 5.3 holds. The resulting groups

has value O on the oriented simplex e,. It also has value 0 on e, since e, does not
appear in the expression for 8,0.. Now letting d denote the value of ¢, on e,, one |
sees that

¢ = ¢, + 8.(dss)
has value O on ¢, and on e, and on ¢,. We have thus “pushed ¢ off” all of ¢,, e,, and
e,. Said differently, we have proved the following result:

Given a 1-chain ¢, it is homologous to a chain c, that is carried by the subcomplex

of M pictured in Figure 5.6. |
s , by the formula used earlier,

HZ(K) = ker 87 /im T

based on infinite chains. )
R and whose vertices are the integers.

Now if ¢ happens to be a cycle, then ¢, is also a cycle; it follows that the value
of ¢, on the simplex e, must be 0. (Otherwise, dc, would have non-zero value on the
center vertex v.) Thus every 1-cycle of M is homologous to a 1-cycle carried by the
boundary of the square. By the same argument as used before, such a cycle must be
some muitiple of the cycle e + ¢, + €, + & And this cycle bounds; indeed, it
clearly equals 3(s, + 0, + 0, + o,). Thus H,(M ) = 0, as expected.

The fact that H,(M) = 0 is easy; one sees readily (as before) that Zm;o; isa
cycle if and only if m; = 0 for all i.

Note that the homology groups of M are the same as the homology groups
of the complex L of Exampie 5. This fact lends some plausibility to our remark (yet
to be proved) that the homology groups of 2 complex depend only on its underly-
ing space.

are called the homology groups bas
(b) Let K be the complex whose space 1s
Show that

H(X)=10 and HY(K)=LZ.

smolices consist of the sets {im.m},

$ be the abstract complex whose s1mp : ¢ ]

- i:: —m}, and {m, — miforall positive integers m, along with their faces. If K is
a g;ometric realization of &, compute H,(K) and Hj (K)-

§6. HOMOLOGY GROUPS OF SURFACES
EXERCISES
1. Let & be the abstract complex consisting of the 1-simplices {v,, v}, oo .-

{0, - sV}, 10,00} and their vertices. If K is a geometric realization of &, com-
pute H,(X).

i i he cycle
K i i hen the chain group C (K) has finite rank, sot
o e o anite. k. Then H,(K )pis finitely generated, sO that the

~group Z,(K also has finite ran . . ;
iﬁ(néa:f;!(na% theorem of abelian groups applies. The bettl number and torsion




coefficients of H,(K) are called, classically, the betti number of K and torsion
coefficients of X in dimension p. The fact that these numbers are topological
invariants of |K| will be proved in Chapter 2.

In former times, much attention was paid to numerical invariants, not only
in topology, but also in aigebra and other parts of mathematics. Nowadays,
mathematicians are likely to feel that homology groups are the more important
notion, and one is more likely to study properties of these groups than to com-
pute their numerical invariants. Nevertheless, it is still important in many situa-
tions to compute the homology groups specifically—that is, to find the betti
numbers and torsion coefficients for a given space.

One of the greatest virtues of the simplicial homology groups is that it is in
fact possible to do precisely this. In §11 we shall prove a theorem to the effect
that, for a finite complex K, the homology groups are effectively computable.
This means that there is a specific algorithm for finding the betti numbers and
torsion coefficients of K.

In the present section, we shall compute the betti numbers and torsion
coefficients of the compact surfaces. The techniques we shall use may seem a
bit awkward and ad hoc in nature. But, in fact, they are effective on a large
class of spaces. In a later section, when we study CW complexes, we shall re-
turn to these techniques and show they are part of a systematic approach to
computing homology groups.

(2) If d is a 2-chain of L and if 3d is carried by Bd L, then d is a multiple

of the chain Zo;.

 Proof. The proof of (2) is easy.
then ad must have value O on e. It follows t
it does on ;. Continuing this process, we see that d ha

‘ i 2-simplex o;. - . )
;WGTYT: l;:;t:d(l), wepproceed as in Example .6 of 'the preceding sgcuor; ‘Gltve:nz
{-chain ¢ of L, one “pushes it off” the 1-s1mp.hc&s, one at a umel. 1r§; ne

hows that ¢ is homologous to a 1-chain ¢, -carned by the subcomp e); pg: ur ;
“in Figure 6.2. Then one shows that ¢, is in turn homologous to a -::h al::a ‘ ;
_garried by the subcomplex of Figure 6.3. Fmally, one notes that1 mIt fenows
where the original chain cis a cycle, then the chain ¢, 1s also a cycle. It fo

that ¢, must be carried by Bd L, for otherwise ¢, would have 2 non-zero coeffi-
z -
ent on one or more of the vertices U, ... ,Us ]

If o; and o; have an edge ¢ in common,
hat d must have the same value on o;
s the same value on

vs Vs

V1

Convention. For convenience in notation, we shall henceforth delete the
dimensional subscript p on the boundary operator ,, and rely on the context to
make clear which of these operators is intended.

Figure 6.2 Figure 6.3

Theorem 6.2. Let T denote the complex represented by z.he labelled rec-
tangle L of Figure 6.4; its underlying space is the torus. Then:

\ H(N=1L8Z and H,(T)=1Z.

ient each 2-simplex of L counterclockwise; use the induced orientation of
¢ 2-simplices of T; let v denote their sum. Let

w, = [ab] + [bicl + [al,

z, = [a,d] + [d,e] + {e,al.

~ generates H,(T) and w, and z, represent a basis for H,(T).

We shall compute the homology of the torus, the Klein bottle, and several
other spaces that can be constructed from a rectangle L by identifying its edges
appropriately. Thus we begin by proving certain facts about L itself.

Lemma 6.1. Let L be the complex of Figure 6.1, whose underlying space
is a rectangle. Let Bd L denote the complex whose space is the boundary of the
rectangle. Orient each 2-simplex o; of L by a counterclockwise arrow. Orient
the 1-simplices arbitrarily. Then:

(1) Every 1-cycle of L is homologous to a 1-cycle carried by Bd L.

a b c a

<D
d
@b £ e g\;
32 .
a b < a

Figure 6.1




Proof. Let g:|L| — |T] be the pasting map; let 4 = g(IBd L|). Then 4 is Theorem 6.3. Let S denote the complex represented by the labelled rec-
homeomorphic to a space that is the union of two circles with a point in com- ; rFi ;:e.6 6. its underlying space is the Klein bottle. Then

mon. (Such a space is called 2 wedge of two circles.) Orient the 1-simplices of T gle of Figure 55

arbitrarily. Because g makes identifications only among simplices of Bd L, the HES) =19 Z/2 and H,(S) =0
arguments we gave earlier in proving Lemma 6.1 apply verbatim to prove the
following:

The torsion element of H,(S) is represented by the chain z. and a generator
for the group H, (S) modulo torsion is represented by Wi, where

w, = la,b] + [b,c] + lc.al,
z, = la,d] + [d,e] + [e.al.

(1) Every 1-cycleof T is homologous to a 1-cycle carried by A.
(2) Ifdisa2-chainof T and if ad is carried by A, then d is a multiple of ¥

However, in the complex 7, two further results hold:

(3) If cis a 1-cycle of T carried by A, then c is of the form nw, + mz,.

A S|

The proof of (3) is easy, given the fact that A is just the 1-dimensional v<r =
complex pictured in Figure 6.5. The proof of (4) is similarly direct: It is clear \ n TN ‘ d
that 3y has value O on every 1-simplex of T not in 4. One checks directly that it 4 .
also has value O on each 1-simplex in A. The elementary chain [a,b], for in- m‘
stance, appears in the expression for da, with value — 1 and in the expression for
do, with value +1, so that dv has value O on [a,b]. (See Figure 6.4.)

Using results (1)—(4), we can compute the homology of T. Every 1-cycle of
T is homologous to a 1-cycle of the form ¢ = nw, + mz,, by (1) and (3). Such a
cycle bounds only if it is trivial: For if ¢ = ad for some d, then (2) applies to

show that d = pv for some p; since v = 0 by (4), we have ¢ = d = 0. We
conclude that

(3]
—

Figure 6.6

i Let 4 = g(IBd L}); as before,
- Letg:|Ll— |S| be the pasting map : :
it Z:‘\){edge ofgtwo circles. Orient the 2-simplices of S as before; let v be their

Orient the 1-simplices of S arbitrarily. Note_ that_ 4] z.md 2) olf t};:) pr:z
m proof hold; neither involve the particular identifications on the dl.llil
. Because A is the wedge of two circles, (3) holds as well. The final condition

t, however; one has 9y = 22:- ) )

E‘g’;nequation follows by direct computation. For examgle, {a,b) appears in
with coefficient —1 and in o, with coefficient + 1, while [a,d] appears In
: d go, with coefficient + 1. . ]
é;:; th:;e facts together, we compute the homology of S: Ever):1 1 ;:yclﬁ_
S is homologous t0 2 cycle of the form ¢ = nw, + Mz, by (1) an ( );nz
ad for some d, then d = py by ) whence dd = 2pz;. Thus m¥, + mz,
1ds if and only if m is even and n is zero. We conclude that

H(TY=1Z®Z
and the (cosets of the) 1-cycles w, and z, form a basis for the 1-dimensional
homology.

To compute H,(T), note that by (2) any 2-cycle d of T must be of the form

pv for some p. Each such 2-chain is in fact a cycle, by (4), and there are no
3-chains for it to bound. We conclude that

H(T) =1,

and this group has as generator the 2-cycley. O

H(S)=2®Z/2.

€
cle z represents the torsion element, and w, represents a gencrator of th
1

infinite cyclic group Hi(S)/T:(S)-
- '\"i‘z :gggu%:%f(S )1, note tlhat any 2-cycle d of S must be of the form py by

2): $ince py is not a cycle; by (4), we have

Figure 6.5 H,(S)=0. ]




) b r 1 Theorem 6.5. Let P* P* be the connected sum of two projective planes.
’ n
= d H,(P*# P*) =0.
f " H(PP#P)=ZOZL/2 an 5 (
) : L as before, with an
e ’ ent P? # P? by the same rectangle 3 .
ik o rﬁpr:)selli In this case, the complex 4 = g(|Bd L|) is again
B e crcles. L 1 “ ing across the top edge”
’ ’ ’ ’ the wedge of two circles. Let w, be the l-ck)llcli: ftru:im;g B e e im he
: - “running down the le g .8,
Figure 6.7 d let z, be the l-cycle “running

ractions indicated. Conditions (1) and (2) of Theorem 6.2 hold. Conditions

) and (4) are the following: ‘
(3) Every 1-cycle carried by A is of the form nw, + mz,.

(4) oy = 2w, + 22, o
’ te H,? Some
t H.(P*# P?) = 0. But how can one compu 17

therilscri:z:l;;aWe :ifant to compute the quotient of the group G having w,
' ;n gs basis, by the subgroup H generated by 2(w, “+ z,). Fc?r th,}s pu}—pose;
W n;ed to chéose bases for the two groups that are comp':';tlzb)lei i;.;nc:;
‘ lian groups (Theorem 4.2). In tat e,
c theorem on subgroups of free abe: m 42 L e
29 what is needed: we need to choose w;, + z, to .
ﬁu;ansé ;erze. Can we do this? Of course; {w,,w, + 2z} w.111 serve as a banshfmt
« just as well as {w,,z,} does. (One can express eact_l set in terms of the ot er:

= w.oand z, = (—(w,) + (W, + z,).) If we use this basis for G, computation
- 1 1=

Theorem 6.4. Let P* be the complex indicated by the labelled rectangle of
Figure 6.7; its underlying space is called the projective plane. Then

H(P)Y=12Z/2 and H,(P*) =0.

Proof. Let g:|L| —|P? be the pasting map. Let 4 = g(|Bd L)); it is
homeomorphic to a circle. Let v be as before; let

z, = [a,b] + [b,c] + [c,d] + [d,e] + [e,f] + [f,al.

Conditions (1) and (2) hold as before. The additional results, which are easy to
verify, are the following:

(3) Every l-cycle carried by A is a multiple of z,.
(4) 0y = —2z,.
From these facts, we conclude that
H(P)=1Z/2 and H,(P*) = 0.

The non-zero element of H, is represented by the cycle z,, O

H, (P*#P*) =ZDZ/2,

ator of
the torsion element is represented by w, + z,, and w, represents a gener;

ﬂd {Gﬁ’e remark that w, is not the only cycle representing a generator of H,/T,.
e cycle z, does just as well; so does the cycle 2w, + 3z, as well Ce;ls mazl);
For iz,,w, + z,} and {2w, + 3z, w, + z,} are other bases for G, as y

can check.) O

Definition. The connected sum of P? with itself is defined as the space
obtained from two copies of the projective plane by deleting a small open dis¢

from each, and pasting together the pieces that remain, along their free edges.
We denote this space by P? # P2

The space P*# P* can be represented as a quotient space of a rectangle,
obtained by pasting its edges together in the manner indicated in Figure 6.8,
(Note that if you cut the rectangle along the dotted line C, you have two projec-
tive planes with an open disc removed from each, as indicated in the figure.)

)3
The astute reader might notice that the answers here are the same as fo

e Klein bottle. This is no accident, for the two spaces are in fact homeomor-
Shic. Figure 6.9 indicates the proof.
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(it is 2 standard theorem that every COMPACT SUTTACE 15 UULLICULLIE pras~

1o one of the spaces in the following list:
Sz; Xths'-‘; YHsz""

homology groups are topological
tations of this exercise that no

out B;}I(x n;W wei have worked enough examples that you should be able to com-
e the homology groups of the general compact surface. Wi i

. . We le -
putation to the exercises. ave this com
(See [Ma].) Once we have proved that the
invariants, it then follows from the compu
two of these surfaces are homeomorphic.]
5"Compute the homology of T # P2 To which of the surfaces listed in Exercise 4
must it be homeomorphic? Can you construct the homeomorphism?

6. (2) Compute the homology in dimensions 1 and 2 of the quotient space indi-

cated in Figure 6.12. We call this space the «5.fold dunce cap.”
(b) Define analogously the «J.fold dunce cap” and compute its homology.

7. Compute the homology of the space indicated in Figure 6.13.

8. Given finitely generated abelian groups G, and G,, with G, free, show thereis a
finite 2-dimensional complex K such that |K| is connected, H,(K) = G,, and

H,(K) = G..

EXERCISES

1. Let w, and z, be the cycles on the Klein bottle pictured in Figure 6.6. Show that
w, + z, represents a generator of the infinite cyclic group H, (S)/T.(S).

2. The connectet.i sum Tif T of two tori is obtained by deleting an open disc from
each of two disjoint tori and gluing together the pieces that remain, along their
poundanes. It can be rgpresented as a quotient space of an octagonal region
;nltéxe(splalfxe.by xzakmg identifications on the boundary as indicated in Figure

.10. itting this octa, ine gi i wi i
510 O ;) g gon along the dotted line gives two tori with open discs

(2) Construct a complex K whose underlyi i
_ ying space is T # T by an appropriat
vertex-labelling of the complex L pictured in Figure 6.11. pproprate
(b) Compute the homology of T # T in dimensi ]
3 ions 1 and 2 by following the
pattern of Theorem 6:2. Specifically, let 4 be the image of Bd L undegr the
quotient map; .then A is a wedge of four circles. Orient each 2-simplex of L
cqunterclockwxse; let v be the sum of the correspondingly oriented sim-
plices of K. Show first that every 1-cycle of K is homologous to one carried '
by A;;l—l‘-hfn sfhow ct:hat every 2-chain of K whose boundary is carried by A is
a multiple of v. Complete the computation by analyzi
ried by A4, and by computing &v. g yring the l-eycles car

Figure 6.13

§7. ZERO-DIMENSIONAL HOMOLOGY

We have not yet computed any sero-dimensional homology group. In this sec-
:on_ we shall show that this group has 2 simple topological interpretation that
makes its computation trivial:

. We prove the following theorem:

Figure 6.10 - Fi .
gure 6.11
) Theorem 7.1. Let K be a complex. Then the group H,(K) is free abelian.

{u,} is.a collection consisting of one vertex from each component of |K|, then
ye homology classes of the chains v, form a basis for H,(K).

Proof. Stepl. Ifv and w are vertices of K, let us define v ~ wif there is

3. Fepro;;e:x; the 4-fold connected sum P? # P? i P* # P? by an appropriate label
ing of the compiex L i i in di fons
\ ) ing of p of Figure 6.11. Compute its homology in dimensions
4. (a) Define the n-fold connected sum X,

I 4 =T%#...-8&8Tof tori
®) its homology in dimensions 1 and 2. of torl, and compute
Define the n-fold connected sum ¥, = P* & j |
¢ .= - - - # P? of projecti
and compute its homology in dimensions 1 and 2. projective planes

Qyy - - - > Qs

vertices of K such that v = 4o and w = a,,and @;a; , ;152 1-simplex of K for




) — Z be the surjective homomorphism genneu vy
1 for each vertex U of K. Thenif cis a 0O-chain, €(c) equals the sum of

yalues of c on the vertices of K. The map ¢ i‘si galleti arlx1 a_ugn‘l:’:t:;ig:en:;g ?:1:
-ust noted that €(3d) =0 if d is a 1-chamn. .
d “bnmo‘we illoa;; éroup of K in dimension 0, denoted H,(K), by the equation

F,(K) = ker ¢/im 8,

each i. This relation is clearly an equivalence relation. Given v, define \ Definition. Lete: Co(K

C = UfStwlw~ul.

We show that the sets C, are the components of ix|.
Note first that C, is open because it is 2 union of open sets. Furthermore,

o

Second, we show C, is connected, in fact, path connected. Given v, let
w ~ p and let x be a point of St w. Choose a sequence a,, . . - ,a, of vertices of » > 0, we let I?,(K) denote the usual group H,(K).)
K, as before. Then the broken line path with successive vertices a,, . . . ,4,,X lies
in C,: For a; ~ v by definition, so that Sta; C C,, and in particular, the lin¢
segment a;a; ,  lies in C,. Similarly, the line segment a,x lies in St a,, which i
contained in C,. Hence C, is path connected.

Third, we show that distinct sets C, and C, are disjoint. Suppose x is 4
point of C, N C,. Then x € St w for some w equivalent to v, and x € St w' for
some w' equivalent to v’. Since x has positive barycentric coordinates with
respect to both w and w’, some simplex of X has w and w' as vertices. Then ww'
must be a 1-simplex of K, so w ~ w'. It follows that v ~ V', so that the two sefs
C, and C, are the same. )

Being connected, open, and disjoint, the sets C, are necessarily the compo-
nents of |K|. Note that each is the space of a subcomplex of K; each simplex of
K (being connected) lies entirely in one component of K. ’

The relation between reduced and ordinary homology is as follows:

 Theorem 7.2. The group H,(K) is free abelian, and
H,(K) ® Z = Hy(K)-

V ] i ted, let {v,} consist
/ ¢&) vanishes if K| is connected. If \K| is not connectea, .

éﬂ: from each component of IK|; let a, be a fixed index. T}z{en I?)w
¢classes of the chains Uz — Ua, for a # o, form a basis for Hy(K)-

\?mo/ i it i 0-chain of the form
nof. Given a O-chain ¢, 1t 1S hon_lologous to a :

.z nfv . and the chain ¢’ bounds only if n, = 0 for all . Nowif c € ke:]-J €
: (c)c :e(c’) = (Snw,) =21, =0 If |K| has only one component, this
. "éat ¢ =01 |K |ahas more than one component, 1t implies that ¢’ 15 2

mati ins v, — Us- O
Step 2. Now we prove the theorem. Let {v,} be a collection of vertices mbination of the 0-cha .

containing one vertex v, from each component C, of |K|. Given a vertex w of K,
it belongs to some component of |K|, say C,. By hypothesis, w ~ v,, so ther
is 2 sequence @, . . - ,@, of vertices of K, as before, leading from v, to w. Th
1-chain

EXERCISE

¢:G— Zbean epimorphism. Show that

belian group and let
1. (a) LetGbeana g O

G has an infinite cyclic subgroup
G = (ker®) D H.
v:Z—G such that ¢ o ¥ is the identity;

[aovax] + [anaz] + -+ [an— l’an]

has as its boundary the O-chain a, — @, = w — v,. Thus the O-chain w is ho
mologous to the 0-chain v,. We conclude that every chain in K is homologous t
a linear combination of the elementary 0-chains v,,.
We now show that no non-trivial chain of the form ¢ = 2 n,v, bounds
Suppose ¢ = dd for some 1-chain d. Since each 1-simplex of X lies in 2 uniqu
component of |K|, we can write d = = d,, where d, consists of those terms of
that are carried by C,. Since 3d = X 34, and ad, is carried by C,, we concludi
that ad, = n,v,. It follows that n, = 0 for each a. For let ¢: C(K)—1Zhb
the homomorphism defined by setting ¢(v) = 1 for each vertex v of K. The
€(3[v,w]) = e(w —v) =1 — 1 = 0 for any elementary 1-chain [v,w]. Asar
sult, €(dd) = 0 for every 1-chain 4. In particular, 0 = €(dd,) = e(n.v,) =n,
g

[Hint: Definea homomorphism
let H=im¥.]

= 0, then
{b) Show that if ¢ : Go(K

) — Z is any epimorphism such that ¢ o 9,
H(K) = (ker ¢)/(im 8,) ® Z.

§8. THE HOMOLOGY OF A CONE

e compute the homology of the n-simplex and of its boundary. A conve-
: way of doing this is t0 introduce the notion of a cone.

on. Suppose that K is 2 complex in E’, and w is a point of E’ such

For some purposes, it is convenient to consider another version of 0-dimen- ;
’ i 1 ne
each ray emanating from w intersects |K| in at most one point. We defi

sional homology. We consider that situation now.




S

| Given K, we note that any two cones w * K and z* K ove.x"i K are 1sont1§r;
ohic. The vertex map that carries each vertex of K to itself and carries w
e - . . - K.
duces an isomorphism of w * K with z * . o
‘ ‘Note also that for a complex K in R", there may be no point w in R s%ch
that the cone complex w * K can be formed. However, we can always cori::, fl;

asa complex in RY X 0 C RV * . then the pomtlw =(0,...,0,1) €

imi i lex in E°.

il do. A similar remark applies to a comp ) _ . §
v ggaw we compute the homology of a cone, and show tha_t it vanishes in posi
ve dimensions. For this purpose, we shall introduce a certain bracket operation

t will also be useful later.

the cone on X with vertex w to be the collection of all simplices of the form
wa,...a, where g,...a, is a simplex of X, along with all faces of such sim:
plices. We denote this collection w = K.

We show that w * K is a well-defined complex, and it contains X as a su
complex; K is often called the base of the cone.

First we show that the set {w,aq,, . . . ,ap} is geometrically independent: If
were in the plane P determined by aq,, . . . »a,, we could consider the line seg-
ment joining w to an interior point x of ¢ = g, . . . a,. The set Int o, being open
in P, would contain an interval of points on this line segment. But the ray from
w through x intersects |X]| in only one point, by hypothesis. .

We now show that w * X is a complex. The simplices of w * X are of thres
types: simplices q,...a, of K, simplices of the form wa,. . -a,, and the
simplex w. A pair of simplices of the first type have disjoint interiors because
is 2 complex. The open simplex Int(wa,. . . a,) is the union of all open line seg-
ments joining w to points of Int(a,. . . a,); no two such open simplices can inte
sect because no ray from w contains more than one point of |K|. For the same
reason, simplices of the first and second types have disjoint interiors. ‘

Definition. Let w * K be a cone. If 0 = [a,, .. -,a,] is an oriented simplex

K, let [w,o] denote the oriented simplex [y,a.,, ...a) of wrK. ]Thls (;tie;
an is well-defined; exchanging two vertices in the array [4,, . . - ,1 1a, .;esu
nging two vertices in the array [w.a,, - - - .a,}. More generally, 1

¢, =ZIno;

a p-chain of K, we define
\4 = E n‘- [W,D’ ,-].

Example 1. If K, is the complex consisting of the simplex ¢ = v, .. . v, and its. [wrcp)

faces, then K, = v, * K, where s is the face of ¢ opposite y,. Thus every simplex of

s then K, =0, bracket operation is 2 homomorphism carrying C,(K) into C, ., (w * K).
positive dimension is a2 cone. .

. ula:
Example 2. 1f K is the complex in R* consisting of the intervals [n,n + 1] X 0 e compute readily from the boundary form
the x-axis and their vertices, and if w is a point on the y-axis different from th
origin, then w * X is the complex illustrated in Figure 8.1. Although |K] is a sul

space of R, |w « K| is not a subspace of R (See Exercise 9 of §2.)

G — W if dime=0,
dlw,a] = ¢ — [w,86] if dimo>0.
s leads to the following more general formulas:
alw,c,] = ¢y — e(co)w,
dlw,c,] =c¢c,— fw,oc,] if p> 0.

?f&eorem 8.2. Ifw=*K is a cone, then for all p,
I.{’,(W * K) = 0.

Figure 8.1 | | | .
- seneral, a complex whose reduced homology vanishes in all dimensions 1s
be acyclic. N

i in dimension O, because
Proof. The reduced homology of w* K vanishes in '
+ K| 1{ connected. Consider the case p > 0. Let z, be a p-cycle of w=* K; we
w that z, bounds. Let us write

Zp = Cp -+ [W,dp_ l]7

One particularly useful consequence of the cone construction is the fol-
lowing:

Lemma 8.1. LetUbea bounded convex open set inR*; let w e U, IfKis

a finite complex such that |K| = U — U, then w + K is a finite complex such

that lw+ K| = U. . , .

¢, consists of those terms of z, that are carried by K, and 4, _ , is a chain
»

Proof. 1t follows at once from Lemma 1.1 that each ray emanating fro X. We show that

w intersects |K| in precisely one point, and that U is the union of all line seg-

—_ = 0;
ments joining w to points of |[K]. O zp = 8lw.c;]




then our result is proved. By direct computation,
z,—d[wel=¢c,+[wd,_,] —¢, + [w,dc,]
= [w,e,_,],
where e, _, =d,_, + dc, is a chain of K. Now since z, is a cycle,

0= ep-l—e(ep—l)w if p=l,
= ,

-1—[wde,_,] if p>1.
Now the portion of this chain carried by X is

therefore, e
conclude that

€ -1 (4
z, — d[w,c,] = [w,e,_;] =0,
as desired. O

Theorem 8.3. Let o be an n-simplex. The complex K, consisting of ¢ a

its faces is acyclic. If n >0, let 2"~ ! denote the complex whose polytope
Bd g. Orient 0. Then H,

chain do; furthermore, H,(Z" ') = 0 Jori#n—1.

Proof. Because K, is a cone, it is acyclic. Let us compare the chain grou

of X, and 2* 7 !; they are equal except in dimension 7:

an an -1
Cn(Ke) - Cu— I(Ka) _...
o,

—=C, (=223

- G(K) >z

I I
=G Y —Z.

s

0

It follows at once that H, (2" - = I.{,-(K,) = 0fori+# n — 1. Let us comput

the homology in dimension n — 1. First take the case n > 1. One has

H, ,(Z"")=2Z,_,(Z""), because there are no n — 1 boundaries,
=kerd, _,
= im d,, because H, _,(K,) = 0.

Now C,(K,) is infinite cyclic and is generated by o. Hence im 4, is cyclic and i

generated by 6,0; it is infinite because C, _ 1(X,) has no torsion.

The argument for n =1 is similar, except that J,_, is replaced by
throughout. [

EXERCISE

1. Let K be a complex; let w, * K and w,
intersect only in |X].

(a) Show that (w,*K) U (w,*K) isa complex; it is called a suspension of K

and denoted S(K).

_]=0. W&

-1(Z" ") is infinite cyclic and is generated by th

* K be two cones on X whose polytopes

/(b) Using the bracket notation, define ¢: C,(K)— C, +1(S(K)) by the

equation
¢(cp) = [Wo,(f,] - [WI,C’].

Show that ¢ induces 2 homomorphism
by s H (K) = Hy o1 (SK))-

3 Show ¢, is an isomorphism when K consists of the proper faces of 2
*

2-simplex.

We will see later that ¢, is an isomorphism in general (see §25).

§9. RELATIVE HOMOLOGY

f the applications of
i beomplex of the complex K. In many o ;
I{;lfsac;:\"enier?t to consider what are called the relative homology
&fIK modulo K,. We introduce them briefly here and compute some
tponing a more complete discussion to Che'lpter 3. )
p;ssvabcomplex of the complex K, then the chz-un group C,(Ky) ca; e
to be a subgroup of the chain group C,(K) in tl::d na;;: c\:saz.f Ié);.
i in on K, (that is, a function on the oniented sImplce o)s
!5; tf)h:l x~::hain c:rf K by letting its value be zero on egch o?en_te;ltg
i i bination of orie
in K,- When we write ¢ asahnear?om- €
z:fnl‘z l::'e r:eed merely to “con;ider” these simplices as belonging to

r to “consider” ¢, as a chain of K.

S5

group C,(K)/C,(K,)

. the quotient
on. If K, is a subcomplex of X, the q and is denoted by

the group of relative chains of K modulo K,

i 1 i the
is free abelian. Indeed, if we onen.t .
G for C,(K), the subcollection consisting

K, is a basis for C,(K,). Then the quotient
” (K,) is free, for it has as basis all cosets of the form

{0'.-} =0;+ CP(K")’

i implex of K that is not in K. o o
fminfl-:ry gperator 3:C,(K))— C, - (K,) is just the restnctxor; ofh th:
operator on C,(K ). We use the same S¥mb01 to deno'te b9td t esa
isms, when n’b confusion will result. This homomorphism induces

C,(K.K) — C, -1 (K.Ko)




of the relative chain grou i
ps, which we also denote by 4.
the equation 8 o 8 = 0. We let Y 0 s Delore, 1t b

Zp(K7Ko) = ker a : Cp(K5KD) - Cp - I(KsKo)’
Bp(K9K0) =imad: Cp + I(K’Ko) - Cp(K’K0)7
H,(K.K) = Z,(K.K,)/ B,(K.Ko).

These groups are called, respectively,

modulo K,.
Note that a relative p-chain, which is a coset ¢, +

if and only if dc, is carried by
only if there is a p + 1 chain d,

C,(K,),isa relative

+, of K such that ¢, — 3d, 4, is carried by
Example 1.

infinite cyclic. It follows that
H(KK)=0 for i#n,
H(KK)=Z.

Example 2. LetK

for H,(K,v) by choosing one vertex f
s Tom each com

component containing v. Then H,(K,v) = I:I.,(K). ponent of Vil aeher tha
It is not hard to show that

ixaample 3. LLet K be the complex indicated in Figure 9.1, whose underlying sp
square. Let X, be the subcomplex whose space is the boundary of the square,
2-chain Em;fr; represents 2 relative cycle of K modulo K,
Since there are no boundaries in dimension 2,

is easy to see that the
and only if m, = m, = m, = m,.

H(KK)=1Z

and t‘r: chain ¥ = Zo; represents a generator.
e showed in Example 6 of §5 that any 1-chain ¢ of K is homologous

1-chain ¢, carried by K, U ¢,. Now if ¢ represents a relative 1-cycle (so that &

)/ o

NZIAN
2

Y

Figure 9.1

. ? the group of relative p-cycles, the gro &
relative p-boundaries, and the relative homology group in dimensiongp ‘:)I;

K,. Furthermore, it is a relative boundary if 2

Let K consist-of an z-sim i
plex and its faces; let X, be the set of prop
faces of K. Then the group C, (K, K,) vanishes except when p =o n, in which car::i

be a complex and let K, consist of a si
¢ ngle vertex v of K. U
the results of §7, one sees readily that H,(K,v) is free abelian; one obtains a bs

H,(K.v) = H,(K) for p > 0; see the exercises.

= 0C 1S AI50 Ldiitvw vy <s0m =°
is actually carried by K,.

H ,(K,K.,) =0.
je 1 lends some plausibility to the

ing this computation with that of Examp
oved) that the relative homology groups are topological

We conclude that

arried by Ko), 96

must be zero, whence ¢,

zample 4. Let K be the complex indicated in Figure 9.2. Its underlying space
i5 called an annulus. Let K, denote the 1-dimensional complex whose space is the
aion of the inner and outer edges of K. We compute the homology of K modulo K.
First, H (K, K,) = 0 because the relative chain group itself vanishes in dimen-

1an 0. To compute H, and H,, one first verifies three facts:
() Ifcisa 1-chain of K, then ¢ is homologous 10 2 1
ried by the subcomplex M pictured in Figure 9.3.
ise. If d is any 2.chain of K such

(ii) Orient each 2-simplex of K counterclockw
that a4 is carried by M, then d = mvy, where ¥ is the sum of all the

oriented 2-simplices of K.
;e 0

-chain of K that is car-

s

(i) @ is carried by Ko

A
-]

= Ko

>/-_

Figure 9.3

Figure 9.2

be the oriented 1-simplex
of K modulo K, because
is relatively homologous
bounds. For supposé
carried by M, whence
K,, by (iii), so that

follows: Let &

The computation then proceeds 2as
&d in Figure 9.2; then e, represents a relative 1-cycle
.. lies in K,. It follows from (i) that any relative 1-cycle {c}
a2 multiple of le,}. Furthermore, 10 such relative cycle
. 3d is carried by Ko, for some 2-chain d of K. Then dd is
@i}, d = my for some integer 7. But ad = mady is carried by

. 0. We conclude that

H,(K.Ko) = Z,

generator.
d (iii), shows that

d the relative cycle & represents 2
A:similar argument, using (ii) an

Hz(K,Ko) =1Z,

esents a generator.

and the relative cycle v repr
ze the relative homol
e quotient space X=

ogy group H,(K,Ko) as repre-
|K|/|K,| obtained by collapsing

Students often visuall
the homology of th




1et K be 2 complex whose underlying space is the Mobius band; let K, be its
“edge.” Compute H,(K) and Hi(K, K,). [Hinz: See Example 2 of §3. Here the
‘“edge” consists of the line segments ab, be, cd, de, ef, and fal

Show that if K is a complex and v is a vertex of K, then Hi(K, v) = H,(K) for

all i. [Hint: Carels needed when i = 1.]

Describe Hy(K,Ko) in general.
ed by a labell

8, Let |K| be the torus, represent
K, be the subcomplex represented by the top ed
H{(K,K,). (See Figure 6.4: |k, is the union of the line segments ab, b, and ca.)
1etKbea 5.dimensional complex; let o be a 2-simplex of K: let K, be the sub-

~ complex whose space is k| — Into. Compute H; (K. K,)-

|K,| to a point p, modulo that poi i

point p, me point. Assuming X is homeomorphic t
firon (so its simplicial homology is defined) this is in fact corr?;:tlcbuc‘: 2hp01yh
is nol'; eas;;l.l (See Lemma 70.1 and the exercises of §39 ) , ° P

oughly speaking, the relative homolo '
. , t gy group H,(K,K;) d d
;h.e pa.rt 9f K lying outside or on the boundary of K,; i‘t’ “igngzessr)g; saorrtﬂz:f
ying inside K,. We express this fact formally in the following theoren’;'
Theorem 9.1 (Excision theorem). Le
t .

plex. Let U be an open set containe);i in |KoIl< ::C?l ctc;zmpllle(x' fet Kf’ be a subcg o e e, Con e
of a subcomplex L of K. Le ’ at |K| — U is the polyto ge of the rectangle. Compute
i . (K. t L, be the subcomplex of K whose polyto

— U. Then inclusion induces an isomorphism Yo

H,(L,L,) =H, (K,K,).

Ve think of (lLl ll«,l) as having bee:
’ n formed by “excisi »
set U from |K| and |K,|. See Figurf o4 by “excising away” the op

*§10. HOMOLOGY WITH ARBITRARY COEFFICIENTS

one further version of homology that we shall mention here, although
not study it in detail until Chapter 6. It arises when one introduces an
2ry abelian group as «coefficient group.”

G be an abelian group. Let Kbea simplicial complex. A p-chain of K
Fcients in G is 2 function ¢, from the oriented p-simplices of Kto G

shes on all but finitely many p-simplices, such that

4 — —
¢, (¢) = c,(0)
| & are opposite orientations of the same simplex. Two chains are added

ding their values. The resulting group is denoted C,(K; G).
ge G,weusego to denote the elementary

¢ is an oriented simplex and if

whose value is g on g, —g On the opposite orientation of ¢, and 0 on all
oriented simplices. In this notation, g(—9¢) = (—g)o, where —o as usual
& with the opposite orien 11 the p-simplices of X,

, tation. If one orients 2
each chain ¢, can be written uniquely as 2 finite sum
Cp = Zg:0;

K:G) is the direct sum of subgroups iso.

M.

v

o

)

MR

Figure 9.4

Proof. Consider the composite map ¢,
C,(L) — C,(K) — C,(K)/ C,(Ko),

which is inclusion followed b; jecti i
y projection. T. jecti
C,(K,) bas s < all o {P.}Jf n lgen ¢ is surjective, pecause C, (X}
Shoen s, Th kbas cosets io;} for ¢; not In K,, and L contains all such si
.. The kernel of ¢ is precisely C,(L,). Thus ¢ induces an isomorphis

C,(L)/ G, (Ly) = C,(K)/C,(K,),

for all p. Since the boundary o i .
t - - - %
oo it T (L. Ty = B, zK,;I){'e:;? or 55 preserved under this isomorphism, i

This elementary fact has some useful consequences we shall consider later

ementary chains. Thus C,( morphic

_épe for each p-simplex of K.
'ﬁe boundary operator é: C,(K; H—C,.- JKG) s defined easily by the
3(go) = g(90)

8 is the ordinary boundary, defined earlier. As before,
Z,(K;G) to be the kernel of the homomorphism

8:C,(KG) — C, - (K;G),

A

3o 9 = 0;and we

EXERCISES

1. Let K be the complex pi N
pictured in Fi . o w
pute H;(X) and H;(K,K,). igure 9.2; let K, be its “outer edge.” Com

__,(K;G) to be its image, and
H,(K:G) = Z,(K:G)/B,(K:G).




These groups are called, respectively, the cycles, boundaries, and homology of
with coefficients in G.
Of course, one can also study relative homology with coefficients in G. Ti
details are clear. The groups in question are denoted by H,(K.K,;G).
We are not going to do much concerning homology with general coefficien
for some time to come. But you should be aware of its existence at an ear
stage, for it is often useful.

*§11.THE COMPUTABILITY OF HOMOLOGY GROUPS

have computed the homology groups of some familiar spaces, such as the
d the Klein bottle. Now we ask the question whether one
fact compute homology groups in general. Fox: f.‘mite cqmplexes, the an-
affirmative. In this section, we present an explicit algorithm for carrying
tion.
&;s:? x:rlz‘u:rove a basic theorem giving 2 “pormal f9rm” for hf)mc?mor-
s of finitely generated free abelian groups. The proof is con.structlve in na-
One corollary is the theorem about subgroups of -free abelian groups tl.lat
ted earlier as Theorem 4.2. A second corollary 15 2 theox:em concerning
ard bases for free chain complexes. And a third cqrollary gives our desired
ithm for computing the homology groups of 2 finite complex.
st. we need two lemmas with which you might already be familiar.

Example 1. One group that is frequently used as a coefficient group is the gra
Z/2 of integers mod 2. Let us calculate the homology of the torus and the Kle
bottle using these coefficients. The argument given in §6 goes through essen
unchanged to show that

H(T:Z/2)=Z/202Z]/2,
H(T,Z/2) = Z/2.

For the Klein bottle S, the argument goes through but with some changes. One . b
the results " Yemmal1l.l. Let Abea free abelian group of rank n. If B is a subgroup

H(S:Z/2) =Z/20Z/2, then B is free abelian of rank r =1
H,(S:Z/2) = Z/2. erality assume that B is a subgroup of

ithout loss of gen
Proof. We may Wi & . X Z. We construct 2 basis for B as

nfold direct product Z* =Z X - -

k]

For with Z/2 coefficients, the basic 2-chain v, which is the sum of the 2-simpli
of S, has boundary zero. (In the group Z/2, one has 2 = 1 + 1=0)

Note that homology with Z/2 coefficients is inadequate to distinguish betw
T and S.

%+ 2" — Z denote projection on the ith coordinate. For each m =n,
be the subgroup of B defined by the equation

B,=BN(Z X0).

Example 2. Let us compute the homology of the torus and Kiein bottle using .
= 0 for i > m. In particular,

rational numbers Q as coefficients. The same arguments as before apply, but
end results are different. For the torus, one has

H(T:Q) =Q&Q, H(T:Q=Q
For the Klein bottle, one has
H(S:Q=Q  H(S$5Q) =0.
For with Q coefficients, the cycle z, bounds the chain % 1.

s, B,, consists of all x € B such that ,(X)
Now the homomorphism

‘ amiBn—Z

B onto a subgroup of Z. If this subgroup is trivial, le-t x,, = 0; other-

ch“;se x,, € B, so that its image 7,(X,.) generates this sut.agroup. We

+ that the non-zero elements of the set {x,, - . - »X,} form a basis for B.

First, we show that for each m, the elements Xy, . - - »Xm generate B,. (Then,
cular, the elements X;, . . ., X, generate B.) It is trivial that x, generates

B,: indeed if d is the integer ™, (x,), then

X, = (d’07 LI ’0)

| B, consists of all multiples of this element.

Assume that X,,..-,Xn -1 generate Bn_u let
_(x,) for some integer k. It follows that

ﬁ'm(x - kxm) = Oa

EXERCISES

1. Compute the homology of P* with Z/2 and Q coefficients.

2. Show that homology with Q coefficients suffices to distinguish among S*
the connected sums P2# ... # PPand T# ... # T.

3. Let S be the Kiein bottle; compute the homology of $ with Z/3 and Z}
coefficients.

x € B,. Now 7,(X) =

4. Compute the homology of the k-fold dunce cap with Z/n coefficients and wi
Q coefficients. (See Exercise 6 of §6.)

5. Let (K,K,) be the pair consisting of the Mobius band and its edge. Comp
H(K,K,;Z/2) and H,(K,K,;Q). (See Exercise 2 of §9.)

x — kx,, belongs to B, _ - Then
x—kxm=klxl+ et +km—lxm—l

the induction hypothesis. Hence X,, . - - -X,, generate By,




ement of J. In general,

Second, we show that for each m, the non-zero clements in the this fact is trivial if 8 is the smallest el

{X,.. . .,x,} are independent. The result is trivial when m = 1. Suppose it tr
for m — 1. Then we show that if
NX, + - F AKX, = 0,
then it follows that for each i, A; = O whenever x; # 0; independence follow!
Applying the map =, we derive the equation
AT m(Xy) = 0.
From this equation, it follows that either A,, = 0 or x,, = 0. For if A,, # 0, th
x,(x,) = 0, whence the subgroup x,(B,) is trivial and x,, = 0 by definitio
We conclude two things:

pendent. Again,

AeyXoy + -0 - Ao X, + ApXp = 0,

where a; < 8. Applying 7g, We se€ that
= 0. We conclude that

As before, it follows that either As=0o0rx,
’ As=0 if X #0,

NgXoy + - - = F A Xo, = 0.
= 0 whenever x, # 0. O

A,=0 if x,#0,

”

M+ - s A X =0

The induction hypothesis now implies that A,,

We now prove our basic theorem. First we need

a definition.

The induction hypothesis now applies to show that for i <m,
Definition. Let G and G' be free abelian groups with bases a,, . - . ,d, and

..a.,, respectively. Iff:G—G'isa homomorphism, then

f(aj) = i xija;

i=1

A=0 whenever x,#0. O

For later use, we generalize this result to arbitrary free abelian groups:

Lemma 11.2.. If A is a free abelian group, any subgroup B of A is fre of freative o the

ue integers A;. The matrix (Ay) is called the matrix
bases for G and G'.

Proof. The proof given for the finite case generalizes, provided we assu
that the basis for A is indexed by a well-ordered set J having a largest eleme
(And the well-ordering theorem, which is equivalent to the axiom of choice, te
us this assumption is justified.)

We begin by assuming A equals a direct sum of copies of Z; that is, 4 eq
the subgroup of the cartesian product Z’ consisting of all tuples (n,), . ; su
that n, = O for all but finitely many c. Then we proceed as before.

Let B be a subgroup of A. Let B consist of those elements x of Bsucht
#,(x) = O for « > B. Consider the subgroup 7g(B,) of Z; if it is trivial defi
x,; = 0, otherwise choose X, € B s0 75(X;) generates the subgroup.

We show first that the set {x, | a = B} generates B,. This fact is trivia
B is the smallest element of J. We prove it in general by transfinite inducti
Given x € By, we have

Let G and G' be free abelian groups of ranks n and m, re-
letf:G— G bea homomorphism. Then there are bases for G and

h that, relative to these bases, the matrix of f has the form

]

w5 (X) = kwp(Xy)

for some integer k. Hence mz(x — kX,) = 0. Consider the set of those indices b.=1and blb,]- - - | b,
for which 7, (x — kx,) 0. (If there are none, x = kx, and we are throug - '

All of these indices are less than 8, because x and x,; belong to B,. Furthermg is matrix is in fact uniquely determined by £ (although the bases involved
this set of indices is finite, so it has a largest element v, which is less than 8. } 1t is called 2 normal form for the matrix of f.

this means that x — kx, belongs to B,, whence by the induction hypothes . -

x — kx, can be written as 2 linear combination of elements x, with each a < oof. 'We begin by choosing bases in G and G’ arbitrarily. Let A be the
Second, we show that the non-zero elements in the set {x, | « < g} are in of f relative to these bases. We shall give shortly a procedure for modify-




ing these bases so as to bring the matrix into the normal form described. It is

wh < |a..|. Signs do not matter here; g and r may be either positive
called “the reduction algorithm.” The theorem follows. O here 0 < |r| < |a;|. Signs do n er here; g y po:

. or negative. We then replace (row k) of 4 by (row k) — g(row i). The result is
to replace the entry a,; in the kth row and jth column of 4 by a,; — qa; =r.
e value of a for this new matrix is at most |rl, which is less than a(4).

A similar argument applies if g;; fails to divide some entry in its row.
Finally, suppose a; divides each entry in its row and each entry in its col-
_ymn, but fails to divide the entry a,,, where s # { and t # j. Consider the fol-
fowing four entries of A:

Consider the following “elementary row operations” on an integer matrix A:
(1) Exchange row i and row k.
(2) Multiply row i by — 1.

(3) Replace row i by (row i) + g(row k), where g is an integer and k # i.

Each of these operations corresponds to a change of basis in G'. The first

TR
corresponds to an exchange of a;and a;. The second corresponds to replacing g
a!by —a.. And the third corresponds to replacing g; by a; — ga;, as you can
readily check. a;---a,

There are three similar “column operations” on A4 that correspond to changes
of basis in G. '

We now show how to apply these six operations to an arbitrary matrix 4 so
as to reduce it to our desired normal form. We assume A is not the zero matrix,

gémase a; divides a,;, we can by elementary operations bring the matrix to the
form where the entries in these four places are as follows:

Q- - - Gy
since in that case the result is trivial. !
Before we begin, we note the following fact: If ¢ is an integer that divides . :
each entry of the matrix 4, and if B is obtained from A4 by applying any one of 0---a,+la,

these elementary operations, then ¢ also divides each entry of B. f we then replace (row i) of this matrix by (row i) + (row s), we are back in

the previous situation, where g;; fails to divide some entry in its row.

The reduction algorithm Step 2. At the beginning of this step, we have a matrix 4 whose minimal

% divides every entry of A.

Apply elementary operations to bring a minimal entry of A4 to the upper left
corner of the matrix and to make it positive. Because it divides all entries in its
and column, we can apply elementary operations to make all the other en-
in its row and column into zeros. Note that at the end of this process, the
ntry in the upper left corner divides all entries of the matrix.

One now begins Step 1 again, applying it to the smaller matrix obtained by
the first row and first column of our matrix.

Given a matrix 4 = (a;) of integers, not all zero, let « (A) denote the sma
est non-zero element of the set of numbers |a;|. We call a; 2 minimal entry of
if la;] = a(A).

The reduction procedure consists of two steps. The first brings the ma
to a form where a (A) is as small as possible. The second reduces the dimensiol
of the matrix involved.

Step 1. We seek to modify the matrix by elementary operations so as
decrease the value of the function «. We prove the following: . . L.
Step 3. The algorithm terminates either when the smaller matrix is the

matrix or when it disappears. At this point our matrix is in normal form.
only question is whether the diagonal entries b,, . . . ,b, successively divide
another. But this is immediate. We just noted that at the end of the first
cation of Step 2, the entry b, in the upper left corner divides all entries
ye matrix. This fact remains true as we continue to apply elementary op-
. In particular, when the algorithm terminates, b, must divide each of
L ouby.

A similar argument shows b, divides each of b,,...,b,. And so on.

1t now follows immediately from Exercise 4 of §4 that the numbers
b, are uniquely determined by the homomorphism f- For the number / of
o entries in the matrix is just the rank of the free abelian group f(G) C
And those numbers b; that are greater than 1 are just the torsion coeffi-
t,, .. ..1, of the quotient group G'/f(G).

If the number a(A) fails to divide some entry of A, then it is possible to di
crease the value of a by applying elementary operations to A; and conversel;

The converse is easy. If the number a(A4) divides each entry of A, then
will divide each entry of any matrix B obtained by applying elementary o
erations to A. In this situation, it is not possible to reduce the value of a
applying elementary operations. ‘

To prove the result itself, we suppose a;; is a minimal entry of 4 that fz
to divide some entry of A. If the entry g, fails to divide some entry 4,; in §
column, then we perform a division, writing .
%i_g+ L,
a; a;




belongs to B,. It is a subgroup of C,, and is called the group of weak boundaries.
Clearly

Applications of the reduction algorithm

Now we prove the basic theorem concerning subgroups of free abelian
groups, which we stated in §4. B,CW,CZ,C G,
(The second inclusion uses the fact that C, is torsion-free, so that the equation

=8, 1d, , y implies that d,¢, = 0.) We show that W, is a direct summand

Proof of Theorem 4.2. Given a free abelian group F of rank n, we know
from Lemma 11.1 that any subgroup R is free of rank » < n. Consider the
inclusion homomorphism j: R— F, and choose bases a,,...,a, for R and
e, ...,e, for F relative to which the matrix of j is in the normal form of the
preceding theorem. Because j is 2 monomorphism, this normal form has no zero
columns. Thus j(a;) = b.e;fori = 1,...,r, where b;=1and b,| b,| - - . | b,.
Since j(a;) = a,, it follows that b,e,, ... ,b,e, is a basis for R. O

» Eonsider the natural projection
' Z,— H,(€) — H,(6)/T,(®),
where 7,(C) is the torsion subgroup of H,(€). The kernel of_ this projection
B W, :herefore, Z,/W,= H,/T, The latter group is ﬁmte.ly generated
grsion-free, soitis free. f ¢, + W,,...,c, + W,1sa basis for Z,/W,,
d,,....d, is a basis for W, then it is straightforward to .check that
iiiCod,y, . . . ,d,1s a basis for Z,. Then Z, = V, @ W,, where V, is the group
ith basis ¢,, . . . ,Cy-
Step 2. Suppose we choose bases ¢, . ...¢, for C,, and ¢, ... ,e, for
_ relative to which the matrix of 8,: C,— C, -, has the normal form

Now we prove the “standard basis theorem” for free chain complexes.
Definition. A chain complex @ is a sequence

d
.—»Cpﬂia&’,cp_",c

p_l—i..-

of abelian groups C; and homomorphisms 4;, indexed with the integers, such

that ép © 3,43 =0 for all p. The pth homology group of @ is defined by the e - - € Eui- - €
equation . 1

H,(€) = ker 9, /im 3 e | b 0

' =kerd,/imd,, . i ] o
If H,(@) is finitely generated, its betti number and torsion coefficients are called . .
the betti number and torsion coefficients of € in dimension p. ’ e, |0 b,
Theorem 11.4 (Standard bases for free chain complexes). Let {C,, 3,} be a €+
chain complex; suppose each group C, is free of finite rank. Then for each p 0 0
there are subgroups U,, V,, W, of C, such that o
C,=UoV,ew, T .
? Pk i b;=1and b, |5, - - | b,. Then the following hold:

where 8,(U,) C W,_, and 8,(V,) =0 and 3,(W,) = 0. Furthermore, there
are bases for U,and W, _, relative to which 8,:U,— W, _, has a matrix
the form

...,e, is a basis for Z,.

..,ejis a basis for W, _,.

n 4

, = Z ae;, then d,c, = z a;b;e.

i=1 i=1

where b, = 1 and b, | b,| . - - | b,
Proof. Step 1. Let

e (1), we note that since b; # 0, the p-chain ¢, is a cycle if and only if
Z,=%kerd, and B,=img,,,.

fori=1,...,l. Toprove (3), we note thatany p — 1 boundary d,c, lies

Let W, consist of all elements ¢, of C, such that some non-zero multiple of ¢, the group generated by b,e;, . . ., byej; since b; # 0, these elements are inde-




(1) The rank of £, eqUaLs LUC LuuiUs s &ve .

pendent. Finally, we prove (2). Note first that each of e, ...,e; belongs to
(2) The rank of W, _, equals the number of non-zero rows.

W, _ ,, since b;e; = de;. Conversely, let

14
m
— ’
1= E d;e;

i=1

(3) There is an isomorphism
W,_1/By-1 = Z/b,®Z/5,® - - - @Z/b,.

Then c, _ , satisfies an equation of ] . .
P = Thus the normal form for the matrix of 8,: C, — C,.,givesus the torsion

be a p — 1 chain and suppose ¢, _; € W, -1
— 1; they are the entries of the matrix that are

the form ‘ mal -
coefficients of K in dimension p
: ) greater than 1. This normal form aiso gives us the rank of Z,. On the oth.er
A -1 = 0,6 = Z a:bie; hand, the normal form for 8,.1:Cpe1 ™ C, gives us the rank of W, The dif-
= ference of these numbers is the rank of Z,/ W,—that 1s, the betti number of K
for some A # 0. Equating coefficients, we see that \d; = O for i > [, whence in dimension p. O

d, = 0 for i > 1. Thus el,...,e is a basis for W,_1

Step 3. We prove the theorem. Choose bases for C,and C, _, asin Step 2.
Define U, to be the group spanned by e, .. ..€r; then

C,=U,®Z,

(4

Using Step 1, choose V, so that Z, = V,® W,. Then we have a decomposition
of C, such that 4,(V,) =0 and 8,(W,) = 0. The existence of the desired bases

for U, and W, _, follows from Step 2. O

Note that W,and Z, =V, © W, are uniquely determined subgroups of C,.
The subgroups U, and V), are not uniquely determined, however.

EXERCISES

algorithm is not needed if one wishes merely to com-

1. Show that the reduction c
pute the betti numbers of a finite complex K; instead all that is needed is an
algorithm for determining the rank of a matrix. Specifically, show that if 4, is

the matrix of 3, : C,(K y—C, (K ) relative to some choice of basis, then

8,(K) = rank C,(K) — rank 4, — renk 4, . x

2. Compute the homology groups of the quotient space indicated in Figure 11.1.

[Hinz: First check whether all the vertices are identified.}

Theorem 11.5. The homology groups of a finite complex K are effectively : 3. Reduce to normal form the matrix
computable. s 6 4
{4 -1 4} .

4 8 4

Proof. By the preceding theorem, there is a decomposition
C(K)=U,® v,ew,
where Z,=V,©® W, is the group of p-cycles and W, is the group of weak
p-boundaries. Now
H,(K)=Z,/B, =V,® (W,/B) = Z,/w,)e (W,/B,).

The group Z,/W, is free and the group W,/B, is 2 torsion group; computing
H,(K) thus reduces to computing these two groups.

Let us choose bases for the chain groups C,(K) by orienting the simplices
of K, once and for all. Then consider the matrix of the boundary homomor-
phism 4, : C,(K Y—C, (K ) relative to this choice of bases; the entries of this
matrix will in fact have values in the set {0,1,—1}. Using the reduction aigo-
rithm described earlier, we reduce this matrix to normal form. Examining Step
2 of the preceding proof, we conclude from the results proved there the follow-

ing facts about this pormal form: Figure 11.1




§12. HOMOMORPHISMS INDUCED BY

i - 2. i , the left side of (*) vanishes be-
SIMPLICIAL MAPS Case 2. dim7 =<p — 2. In this case, the

cause f(U,), - - -.f(vy) are not distinct, and the right side vanishes because
| for each i, at least two of the points f (V). - - - S ). fWisa)s - ,f(v,) are
 the same.

Case 3. dimr = p — 1. In this case, we may assume the vertices so or-

im@muﬂm=fmxmw@¢“qﬂ%nmmmmvnmmamgua
(*) vanishes. The right side has only two non-zero terms; it equals

£, f @), - - - f @] — [ @)@ --of W)1-

Since f(v,) = f(v,), these terms cancel each other, as desired.

If fis a simplicial map of |X]| into |L|, then f maps each p-simplex ¢; of X onto
simplex ; of L of the same or lower dimension. We shall define 2 homomo
phism of p-chains that carries 2 formal sum Zm;o; of oriented p-simplices
K onto the formal sum =m;7; of their images. (We delete from the latter su
those simplices 7; whose dimension is less than p.) This map in turn induces
homomorphism of homology groups, as we shall see.
As a general notation, we shall use the phrase

“f: K — L is a simplicial map” . '
The homomorphism f, carries cycles to cycles, since the' equation dc, = 0
plies that afs(c,) = f:(3¢,) = 0. And f, carries boundaries to boundaries,

the equation ¢, = od, . , implies that f,(c,) = f4(3d, + D = 8fi(d, 4 1)-
hus f; induces 2 homomorphism f,, : H,(K) — H, (L) of homology groups.

to mean that f is a continuous map of |X| into |L| that maps each simplex of
linearly onto a simplex of L. Thus f maps each vertex of K toa vertex of L,
it equals the simplicial map induced by this vertex map, as defined in §2.

Definition. Let f: K — L be a simplicial map. If v,. ..y, is a simplex
K, then the points f(v,), - - . ,.f (v,) span a simplex of L. We define a homomo
phism f, : C,(K) — C,(L) by defining it on oriented simplices as follows:

filves - - -50,)) = {[f(vo), s f @)1 if f (W), - - - . f (v,) are distinct,

Theorem 12.2. (a) Let i:K—K be the identity simplicial map. Then
-HAK) — H,(K) is the identity homomorphism.

' (g) Let f:‘}(—*L and g:L— M be simplicial maps. Then (gof)e =

', s f,; that is, the following diagram commutes:

0 otherwise. H,(K) (g°f)s H,(M)
This map is clearly well-defined; exchanging two vertices in the expressi fx / e
[ve, - - - ,0,] changes the sign of the right side of the equation. The family H.(L)
homomorphisms { S ], one in each dimension, is called the chain map induced r

the simplicial map f. Proof. It is immediate from the definition that i, is the identity and

o f); = g °fp as you can check. The theorem follows. O

Properly speaking, one should use dimensional subscripts to distinguish thes
homomorphisms, denoting the map in dimension p by (1), 1 G, (K) — C(
Normally, however, we shall omit the subscript, relying on the context to ma
the situation clear, just as we do with the boundary operator 4. '

In a similar vein, we shall use the symbol 8 to denote the boundary ope
tors in both K and L, in order to keep the notation from becoming cumbersom
If it is necessary to distinguish them, we can use the notations dx and 4,.

This theorem expresses what are called the “functorial properties” of the
ed homomorphism. This phrase will be defined formally !ater when we
_categories and functors. For the present, we point out simply that the

H, assigns t0 each simplicial complex an abelian group, and the opera-
assigns to each simplicial map of one complex into another, 2 homomor-
m of the corresponding abelian groups. Because (a) and (b) hold, we say
(H.+) is 2 “functor” from the “category” of simplicial compl'ex&s and sim-
‘maps to the “category” of abelian groups and homomorphisms.

Lemma 12.1. The homomorphism f, commutes with 3; therefore f i \ . -th
duces a homomorphism f, : H,(K) — H,(L). Lemma 12.3. The chain map f; preserves the augmentation map ¢ there-

, it induces a homomorphism f, of reduced homology groups.
Proof. We need to show that

* ofy([ve, - . - ,0,)) = fy(@ve, - - -, U, ])-
Let 7 be the simplex of L spanned by f (), - - - ,f (v,)- We consider various

Proof. Letf:K—Lbe simplicial. Then ef, (v) = 1 and e('v) = 1 for each
x v of K. Thus ¢ o f; = ¢ This equation implies that f, carries the kernel of
{K) — Z into the kernel of ¢, : Co(L) — Z, and thus induces 2 homomor-
H,(K)— H,(1). O

Je 1. Consider the complexes K and 7 indicated in Figure 12.1. Their un-
spaces are the circle and torus, respectively. Now H(K)=1Z; let us

Case 1. dim7=p. In this case, the vertices f(v,),--.,f(v,) are d
tinct and the result follows at once from the definitions of f; and 4.
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use the cycle z indicated in the figure as a generator. Similarly, H,(T) = Z © Z; let
us use the cosets of the cycles w, = [4,B} + [B,C] + [C,A4] and z, = [4,D] +
[D,E] + [E,A] as a basis.

Now consider the simplicial maps:

(2) — f,(2); we let Dz equal the sum of all the 2-sir_nplices of L, oriented
apriately. You can check that this 2-chain does the _]Ol'). .

1In general, it is awkward to define D just for cycl_es, since .that requires us
compute the group of cycles. What proves more satisfactory is to define D as

f:a— 4 g:a— A4 h:a— A4
homomorphism on the entire chain group, because then one can define D one

T e - nléx at a time. How might that procedure work in the present example? It is
=P e I irly clear how to proceed. Given a vertex v of K, we define Dv to be t-he edge
d—D d—4 a—G L that leads from f(v) to g(v), as indicated in Figure 12.3. And given -the
e—F e—E e—G oriented 1-simplex o of K, we define Do to be the sum of the two oriented sim-

s that are heavily shaded in the figure, which form one side of the prism.
/=E /=P S proceed similarly for the other simplices of K. Since z is the sum of the

You can check that fi(z) is homologous to z,, that g;(z) equals w, — z,, and tha
ky(z) is homologous to w, — z,. Thus g, and k, are equal as homomorphisms ¢
1-dimensional homology. They are also equal on 0-dimensional homology.

just as before, and 3Dz = g,(z) — f(2), as desired.

In general, a given homomorphism can be induced by quite different sim
plicial maps, as the preceding example shows. This fact leads us to consider th
general question: Under what conditions do two simplicial maps induce the
same homomorphism of homology groups? Answering this question involves az
important technique, one we shall use many times. So we begin by explainin,
the underlying motivation.

Given simplicial maps f,g: K — L, we wish to find conditions under whic}
f4(z) and g;(2) are homologous for each cycle z € Z, (K). Said differently, we
want to find conditions under which there is a function (commonly called D)
that assigns to each p-cycle z of K, a p + 1 chain Dz of L, such that

oDz = g,(z) — £,(2).

Let us consider an example in which this is possible. Suppose K is
boundary of a triangle, and L consists of the sides of a triangular prism, as pi¢
tured in Figure 12.2. Suppose fand g are the simplicial maps that carry X o
the two ends of the prism, respectively. If z is the 1-cycle generating H, (K),
indicated in the figure, it is quite easy to find a 2-chain Dz whose boundary i

(Do) = gy(o) — fy(0) — D(d0).

ted edges of X, the chain Dz will be the sum of the oriented 2-simplices of

One can ask what sort of formula holds for dDc when ¢ is an arbitrary
The answer is clear from the definition. Given the oriented sunp%ex o, we
e 3Do = g;(c) — Dv — f;(0) + Dw; see Figure 12.3 for verification.



This same formula holds for the other simplices of K, as you can check.

This formula expresses the crucial algebraic property of the homomor-
phism D. It is the formula at which we were aiming; we make it part of the fol-

lowing definition.

Definition. Let f,g: K — L be simplicial maps. Suppose that for each p,

one has a homomorphism
D:C,(K)— C,.1(L)
satisfying the equation
D + Do = g — fy-
Then D is said to be a chain bomotopy between f; and g,.

We have omitted dimensional subscripts in this formula; the following dia-

gram may make the maps involved clearer:
Cp + 1 (L)

Dp 1ap+l

(fa)»
C,(L
(g4), 3 )

G (K)

g

P
G, - 1(X)
With subscripts, the formula becomes
ap+ le + Dp- !ap = (g#)p - (-f#)p'

This formula is more precise, but messier. We shall customarily omit dimen:

sional subscripts.

The importance of chain homotopies comes from the following theorem

Theorem 12.4. If there is a chain homotopy between f; and g,, then t
induced homomorphisms f, and g,, for both reduced and ordinary homology,

are equal.
Proof. Let z be a p-cycle of K. Then
g(2) — fy(z) = 8Dz + D3z = Dz + 0,

50 g,(z) and f,(2) are in the same homology class. Thus g.(zh) = £.dzD,

desired. O

We still want to find conditions on two simplicial maps f and g under wh

the induced homomorphisms f, and g, are equal. We have reduced this pr
lem to the problem of finding conditions under which one can construct a ch

‘homotopy between f; and g;. Here is one set of conditions under which tis 1s

possible:

. Definition. Given two simplicial maps f, g * K— If, these maps are said to
be contiguous if for each simplex v, . . . U, of K, the points

FICA NS L CAN-{CH N {CP)

span a simplex 7 of L. (The simplex 7 may be of any dimension from0to2p + 1,
nding on how many of these points are distinct.)

Roughly speaking, this condition says that f and g are “fairly c_:lose”; one
2n move the simplex f (o) to the simplex g(o) across some possibly larger
simplex 7 of which both are faces.

;Theorem 125. Iff,g:K— Lare contiguous simplicial maps, then there
. @ chain homotopy between fy and g.

\Praof. The argument we give here is a standard one; you should master it.
_Foreachsimplexo = Uo. - -Up of K, let L(o) denote the subcomplex of L con-
¢ of the simplex whose vertex set is {f @), - - - S (0,) W), - - - 2w}
its faces. We note the following facts:

(1) L(o) is nonempty, and H,(L(s)) = 0 for all .

2) If 5 is a face of o, then L(s) C L(o)-

For each oriented simplex o, the chains fy(¢) and g,(0) are carried
by L(0).

these facts, we shall construct the required chain homotopy D :C,(K)—
L), by induction on p. For each o, the chain Do will be carried by Lga).
p = 0; let v be a vertex of K. Because f; and g, preserve augmentation,
gy — f(0)) =1— 1 = 0. Thus g (v) — f(v) represents an element of
uced homology group H,(L(v)). Because this group vanishes, we can
{-chain Du of L carried by the subcomplex L(v) such that

3(Dv) = gy (V) — f; (V).

+ Dav = dDv + 0 = g(v) — £,(v), as desired. Define D in this way

vertex of K.
suppose D is defined in dimensions less than p, such that for each

s nlex s of dimension less than p, the chain Ds is carried by L(s),and

aDs + Das = g,(s) — [ (s)-

Vaa oriented simplex of dimension p. We wish to define Do so that
s the chain

¢ = gy(0) — fy(0) — Do




Note that cis a well-defined chain; Ddo is defined because do has dimension

p — 1. Furthermore, ¢ is a cycle, for we compute
3¢ = dgy(0) — (o) — 8D(30)

= 3g;(0) - af#(”) - [g#(ad) "f#(ad) — D3(d0)],

applying the induction hypothesis to the p — 1 chain do. Using the fact that |

dod= 0,weseethatac=0.
Finally, we note that ¢ is carried by L(o): Both g (o) and f;(o) are carried AT
(0

by L(o), by (3). To show Dés is carried by L(¢), note that the chain do is a sum
of oriented faces of o. For each such face s, the chain Ds is carried by L(s), and Figure 12.4
L(s) C L(o) by (2). Thus Dds is carried by L(0). ,
Since ¢ is a p-cycle carried by L(o), and since H,(L (¢)) = 0, we can .
choose a p + 1 chain Do carried by L(cs) such that
aDo = ¢ = g;(0) — f;(0) — Déo.
We then define D(—0) = — D(c). We repeat this process for each p-simplex o L e .
] , . . T . 3 this case, it is immediate that f, map
of K; then we have the required chain homotopy D in dimension p. The theorem | uced map (also denote d£)
fi: C(KK) — C,(L,Ly)-

follows. O
Some students are bothered by the fact that constructing the chain
ould be happier if there were 2, map commutes with and thus induces a homomorphism

homotopy D involves arbitrary choices. They W
definite formula for D. Unfortunately, there is no such neat formula, because
y » / £ H (KK — Hy(L.Lo)-

basically there are many possible chain homotopies between f; and g, and there

is no reason for preferring one over the other.
To illustrate this fact, let us consider the preceding proof in 2 particular e homology.

case. At the first step of the proof, when v is a vertex, the chain Dv is in fact
uniquely determined. Since Dv is to be a chain carried by L(v), then necessarily L e
efinition. Let f.8: (K.Kp) — (L,L,) be two simplicial maps. We say

.v,of K,

bv =0 if f@) =g g are contiguous as maps of pairs if for each simplex & = Vo -
v = [f(),g@)] if f@)#*zg@)-

In the first case, L(v) is a vertex; and in the second case, it consists of a I
simplex and its faces. ‘
But at the very next step of the proof, choices can arise. Let ¢ = vw be

1-simplex, and suppose the points £ (v), f (W), g(v), g(w) are all distinct, so th
span a 3-simplex 7, as indicated in Figure 12.4. The chains Dv and Dw a eorem 12.6. Let f, g (K,K) — (L,L,) be contiguous as maps of pa

indicated in the figure. How shall we define Do? There are two obvious choi here is forallp a homomorphism

for a 2-chain Do whose boundary is the 1-chain gy () — filo) — Dijg picturss , D:C, (KK — C, (L, L)

in Figure 12.5. One choice would consist of the front two faces of 7, oriented
f the back two faces, appropria ot 3D + Do = gz — fo- It follows that f and g, are equal as maps of

indicated; the other choice would consist O
oriented. There is no reason to prefer one choice to the other; we must sim homology groups.

choose one arbitrarily.
v " The chain homotopy D con

&\

We often express this by the phrase
“f (K,Ko) ™ (L,L,) is 2 simplicial map.”
S CP(KQ) into C, (L), so that one has an

functorial properties stated in Theorem 12.2 carry over immediately to

f(Uo), vt ,f(U,),g(Uo), L ,g(UP)
L, and if o € K,, they span 2 simplex of L,.

irs.

structed in the preceding proof auto-

ly maps C,(K,) into G, + J(Ly). For if o € Ky, the complex L(o) is by
2 2 subcomplex of L,. Given d, the chain Do is carried by L(o); there-
‘maps C,(K,) into C, + ;(Lo)- Then D induces the required homomor-

the relative chain groups.

Application to relative homology

Let K, be a subcomplex of K, and let L, be 2 subcomplex of L. L
f:K—Lbea simplicial map that carries each simplex of K, into 2 simplex ¢




EXERCISES

1. Check the assertions made in Example 1.

2. Consider the complex K indicated by the vertex labelling in Figure 12.6, whose
underlying space is the torus. Although this complex is slightly different from
the one considered earlier, the computation of the homology of the torus re-
mains the same. Let vy be the sum of all the 2-simplices of X, oriented counter-
clockwise; then v generates H,(K). The cycles

w, = [a,b] + [b,c] + [c,a} and z, = [a,d] + {d,e] + [e.a]

(¢) Let g be the simplicial map agreeing with fon the vertices of K except that
g(r) = C. Compute g,.

(d) Let  agree with g on the vertices of K except that & (x) = A. Compute A,

8. Let f,g: (K,K,) — (L,L,) be simplicial maps. Show that if f and g are contigu-

ous as maps of K into L, and if L, is a full subcomplex of L, then fand g are
contiguous as maps of pairs.

generate H, (K).

(2) Define simplicial maps f, g, k, k of K with itself such that §13. CHAIN COMPLEXES AND ACYCLIC CARRIERS

ta—a ra—a h:a—d k:a—
d ¢ g Many of the definitions and constructions we have made within the context of

b—d b—e b—p b—q inphcxal complexes also occur in more general situations. We digress at this
c—e c—b c—9q c—d int to discuss this more general context. We shall use these results many
d—c d—d d—d d—u es later on. Proofs are left as exercises. -

e—b e— e e —d e—b First we define the algebraic analogues to our chain groups. (We men-

_tioned them earlier in §11.)

(b) Compute the values of f,, g4, k,, and k, on the homology classes {w,}, {z,}; ] .
Definition. A chain complex € is a family {C,,d,} of abelian groups C, and

and {v}.
hemomorphisms
b
r m n T o d ap : Cp - Cp -1
y p 4q d exed with the integers, such that 8, d, ,, = 0 for all p.
I3
: u : v If C,= 0 for p <0, then € is said to be a non-negative chain complex.
¢ ¥ € is a free abelian group for each p, then @ is called a free chain complex.
W X
¢ 6 ¢ a H,(@) =ker3,/im3d,.,,
Figure 12.6 called the pth homology group of the chain complex €.

If @ is a non-negative chain complex, an augmentation for € is an epimor-
ne: C,— Z such that € o 3, = 0. The augmented chain complex {G,¢!} is the
complex obtained from @ by adjoining the group Z in dimension —1 and
1g ¢ as the boundary operator in dimension 0. The homology groups of the
sted chain complex are called the reduced homology groups of the origi-
hain complex €, relative to the augmentation e. They are denoted either
B c}) or H,(@). It follows readily that H,(€) = H,(€) for p # 0, and

H,(C) = H,(C)DZ.

3. Use the complex in Figure 12.6, but with the letters d and e on the right-hand
edge reversed, to represent the Klein bottle S. Let w, and z, be as before.
(a) Define a simplicial map f: § — S such that f, ({w,}) = {z,}.

(b) Show there is no simplicial map g: S — § such that g, ({z,})) = {w,}.

4. Let K be the torus, as in Exercise 2; let ¥ be the 2-cycle indicated there. Let
be the complex consisting of the proper faces of the 3-simplex having vertices
A, B, C, D; and let v’ be the 2-cycle 3[4,B,C,D] of L.
(a) Show that any map of the vertices of K to the vertices of L induces a sim

plicial map of K to L.
(b) Let f be the simplicial map carrying mand r to 4, pto B, b and u to C, ané
all other vertices to D. Compute the induced homomorphism f, : H,(K) =
H,(L), in terms of v and +'. ‘\

the exercises.)

An arbitrary chain complex D is said to be acyclic if H,(D) = O for all i.

icular, the augumented chain complex {@,¢} is acyclic if H;({G,el) =
=0 for all i, or equivalently if H,(€) = Z and H;(@) = 0 for i # 0.




Definition. Let@ = {C,,9,}and €' = {C.,8;} be chain complexes. A chain
mapo:C—C'isa family of homomorphisms

¢P:CP-—'C;

in maps and chain homotopies. The preceding formula, for instance, then
assumes the more familiar form 8'D + D3 =¥ — ¢

Definition. A chain map ¢: @ — @' is called a chain equivalence if there
i a chain map ¢’ : @' — @ such that ¢’ o ¢ and ¢ o ¢’ are chain homotopic to
¢ identity maps of @ and @', respectively. We call ¢’ a chain-homeotopy in-
10 .

such that 8, e ¢, = &, -1°9 for all p.

A chain map ¢: € — @' induces 2 homomorphism

(¢*)p : Hp(@) - Hp(@')' . - . .
] ~ We list several properties of chain homotopies; proofs are left to the
Furthermore, the following hold: ccices.

(1) The identity map i of @ is a chain map, and (i), is the identity map of
H,(@).

2 f¢:6—C and ¢ : @' — @ are chain maps, then ¥ o ¢ is a chain
map, and (¥ ° O)s = Vi © Op-

If {@,¢} and {@;¢'} are augmented chain complexes, the chain map ¢ : € — €' is
said to be augmentaﬁon-preserving if € o ¢y = ¢ If we extend ¢ to the (—1)-
dimensional groups by letting it equal the identity map of Z, then ¢ is called 2
chain map of augmented chain complexes. It follows that an augmentation-
preserving chain map ¢ induces a homomorphism ¢, 1H, (@)~ H,(€') of re-
duced homology groups.

) Chain homotopy is an equivalence relation on the set of chain maps
from € to €' '

2) Composition of chain maps induces a well-defined composition oper-
ation on chain-homotopy classes.

(3) If p and Y are chain homotopic, then they induce the same homomor-
phism in homology.

4) If ¢ is a chain equivalence, with chain-homotopy inverse ¢', then ¢,
and (¢'), are homology isomorphisms that are inverse to each other.

If¢:6—€ and  : @' — @ are chain equivalences, then y o ¢ is a

 chain equivalence.

Example 1. The chain complex .
Now we investigate what all this means in the special case of augmented

G(K.K,) = {C,(K.K).8,} omplexes.

defined in §9 is called the oriented chain complex of the simplicial pair (K,K,)- It
both free and non-negative, but, in general, it does not bave an augmentation. {
example, in Example 4 of §9 the entire group C,(K,K,) vanishes, so there can be ni
surjective map Co(K,Ko) = Z.) If K, is empty, then the complex €(K,2) = e(K)
has a standard augmentation, defined by e(v) = 1 for each vertex v of K, as Wi
bave seen.

ma 13.1. Let € and @' be non-negative chain complexes. Let
> - @' be chain maps; let D be a chain homotopy between them. Sup-
and @' are augmented by € and €', respectively. If ¢ preserves augmen-
so does . If we extend ¢ and § to be the identity in dimension —1, and
D to be zero in dimension —1, then D is a chain homotopy between the
1 chain maps.

If ¢, € C,, we have
0Dc, = o (co) — (<)

Example2. ff:K—L is a simplicial map of simplicial complexes K and L, then
fyisan augmentation-prserving chain map of @(K) into @(L). However, in gen
there exist augmentation-prserving chain maps ¢: €(K) — @(L) that are not m
duced by simplicial maps. ~

dc, = 0. Then

0= ¢ (3Dc,) = € 6(co) — €' ¥(c) = elc) — €Y (c),

Furthermore, we have in dimension O the equation

Definition. If ¢, ¥ : € — @' are chain maps, then a chain homotopy of ¢
¥ is a family of homomorphisms

D,:C,—Cpus
such that De(c,) + 3D(c,) = o(co) — ¥ (c)s
‘ 3,+1D,+ Dy o198, = Y, — ¢, {¢,) = 0, and we have in dimension — 1 the equation
for all p. ¢ (D) =¢(1) —¥(1)

th sides vanish. Thus D is 2 chain homotopy between the extended

Henceforth we shall normally omit subscripts on boundary operators 2 &







A homomorphism f : C, — C, is said to be carried by & if f(o7) belongs to the

g-dimensional group of the subchain complex &(s2) of €', for each a. 13.5. Ifw* K is a cone over the complex K, then w * K is acyclic

 ordered homology.

Theorem 13.4 (Acyclic carrier theorem, algebraic version). Let € and €'
be augmented chain complexes; let @ be free. Let @ be an acyclic carrier from
@ to @', relative to some set of preferred bases for @. Then there is an augmen-
tation-preserving chain map ¢ @ — @' carried by ®, and any two such are
chain homotopic; the chain homotopy is also carried by ®.

Proof. Define

D:C,w*K)—C,,.,(w*K)
= 0:by the equation

D((vo, - - -»0,)) = (W,00, - - - ,1,)-

that it is irrelevant here whether any of the v; are equal to w. Let ¢, €
w = K). We compute ’

Proof. The proof of this theorem is just a jazzed-up version of the preced-
ing proof. The requirement that the restriction of ¢ give an augmentation for
& (o) means that ¢ must map the O-dimensional group of this chain complex
onto Z: this corresponds to the requirement in the earlier version that &(o) be

a;D = — ¢
nonempty for alle. O Co = Co — € (€)W,

8, +1Dc, = ¢, — D3,c, if p>0.

Application: Ordered simplicial homology lemma follows: If ¢, is a cycle and p >0, then ¢, = §,,,D¢,; if ¢, is a
] tying in ker ¢’, then ¢, = 9;Dc,. O ’

The algebraic version of the acyclic carrier theorem may seem unnecessar
ily abstract to you. But it is indeed useful. Let us give one application now; it i
a theorem that we will use later when we study singular homology. This
rem involves 2 new way of defining the simplicial homology groups, using
dered simplices rather than oriented simplices.

Let K be a simplicial complex. An ordered p-simplex of Kisap + 1 tu
(Ves - - - 5Up) of vertices of K, where v, are vertices of 2 simplex of K but need
be distinct. (For example, if vw is a 1-simplex of K, then (v,w,w,v) is an
dered 3-simplex of K.) '

Let C,(K) be the free abelian group generated by the ordered p-simpli
of K: it is called the group of ordered p-chains of K. As usual, we shall iden
the ordered p-simplex (v,, - - - ,U,) with the elementary p-chain whose value i
on this ordered simplex and O on all other ordered simplices. Then every
ment of C,(K ) can be written uniquely as a finite linear combination, with:
tegral coefficients, of ordered p-simplices. We define 9, : C,(K) — C, _ (K
the formula

em l;&.6. Choose a partial ordering of the vertices of K that induces
ordering on the vertices of each simplex of K. Define ¢ : C,(K) —
by letting !

é([ve, . .. ,0,]) = (e, - - - ,1,)

0, < - - - <u, in the given ordering. Define y : C,(K) — C,(K) by the
on

(e W) = [wo,...,w,] ifthew;are distinct,
0 otherwise.

and \are augmentation-preserving chain maps that are chain-homotopy

gs a subcomplex of K, then ¢ and  induce chain maps of the relative ‘
iplexes that are chain-homotopy inverses.

proof is an application of the acyclic carrier theorem; it is left as an

I4
6;(00, ... ,UP) = Z (=1 (Vos--+sVis - - - ,v,).
i=0 : 1
pws from this theorem that oriented and ordered homology are iso-
a rather “natural” way. To explain what we mean by “naturality,”

consider how a simplicial map acts in ordered homology.

Then g, is a well-defined homomorphism; and one checks as before
3,008,,,=0.

’ 'I!he chain complex €@'(K) = {c(X ),6;,} is called the ordered chain coz
of K. It is augmented by defining €' (v) = 1 for every vertex v of K. Alth
much too huge to be useful for computational purposes, this chain comp
sometimes quite convenient for theoretical purposes. Its homology is, su
ingly enough, isomorphic to the simplicial homology of X, in 2 natural wa
outline a proof of this fact, leaving the details to you. ,

.{é;! Let f: K — L be a simplicial map. Define f;: €'(K) — €' (L)

Fil@os - - - 50,)) = (S o), - - - .S ().

check that f, is a chain map, easier in fact than in the oriented case,




for we need not worry whether of not vertices are distinct. Ciearty Jy proovs -~
augmentation. If f maps K, t0 L,, then f§ induces 2 chain m2p

fi: @ KK)™ €'(L,Lo)

and 2 corresponding homomorphism in homology-

Theorem 13.7. Let (K.Ko) — (L,L,) be a simplicial map- Let ¢ and ¥
be as in the preceding theorem. Then the following diagram commutes:

(K, Ko L HAL.LD

[ 2
1€ (KK 2 HA(@ (L.LD)-

Similarly, &« o fo =fuoOx

Proof. One checks directly from the definition that ficv=v¥° fi- Th
the diagram already commutes on the chain level, s0 it commutes on the homol-
ogy level as well. It is not true that oofi=Jio® since ¢ depends on 2 particu
lar ordering of vertices. However, because @, is the inverse of ¥, it is true that

¢*°f: =f;=°¢*’

Topological Invariance of the
Homology Groups

the preceding chapter, we defined a function assigning 10 each simplicial
wulex K a sequence of abelian groups called its homology groups. We now
that these groups depend only on the underlying topological space of K.
he way to approach this problem is to study continuous maps of one
hedron t0 another, and what such maps do 0 the homology groups- We
(See the exercises of §7.) Conclude that {@,¢} is acyclic if and only if H,(€) show that 2 continuous map Bkl —Llof polyhedra induces, in a rather natu-
infinite cyclic for p = 0 and vanishes for p * 0. : OmemOT.P}.llsm h,:H p(K) —H (L). of th.e Pomozlgy groups of :the
5. Check properties (1)-(5) of chain homotopies. Only (2) and (5) require car 1wﬁiggb:‘?ggzlgi‘y‘?;:ﬁug2::310%3 this induced homomorphism
1t turns out that when hisa homeomorphism of topological spaces, then h,
an isomorphism of groups. The topological invariance of the simplicial ho-
gy groups follows.
¢ is not hard to see intuitively why there should be such an induced homo-
shism, If one thinks of a homology classas2 geometric object, it seems fairly
onable that its image under h should be 2 well-defined homology class. A
od loop on the torus T, for instance, is mapped by h:T— Xinto 2 closed
in X. But 10 make this idea algebraically precise requires some effort.
We already know that a simplicial map f:1K | — |L! induces 2 homomor-
ps. This chapter is devoted to showing that an arbi-
continuous map h can be approximated (ina suitable sense) by a simpli-
map f, and that the resulting induced homomorphism depends only on the

k&, not on the particular approximation chosen.

EXERCISES
1. If {@¢ isan augmented chain complex, show that H_,(@) =0 and
H(C)©Z = H(®)

3, Prove (2) of Theorem 13.3.

4. Consider Example 1 of §12. Show that although the maps & and h are not
tignous, there is nevertheless 2 chain homotopy between &y and h,, as follo
(a) Define an acyclic carrier ® from K t0 L carrying both g and h;.

(b) Define 2 specific chain homotopy between & and h, that is carried by
(c) Define2 chain map ¢ @(K)— é(L) carried by & that is not induced
simplicial map; define a chain homotopy between ¢ and Ay

5. Check the details of the proof of Theorem 13.4.

6. Prove Theorem 13.6 as follows:
(a) Show ¢ and Y are augmentation-preSerVing chain maps, and show that ¥
equals the identity map of e(K). 4
(b) Define an acyclic carrier from €' (K)o € '(K) that carries both ¢ o ¥ 2
the identity map-




