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Abstract

Let Σ be a 3-dimensional oriented manifold and letK ⊂Σ be a knot. We assume thatΣ is an
integer homology sphere and(Σ,K) has a plumbing representation. We denote the cyclicn-fold
covering ofΣ branched alongK byΣ(K,n), and we assume that this manifold is integer homology
sphere as well. Ifλ denotes the Casson invariant, then we show thatλ(Σ(K,n))− n · λ(Σ) can be
computed from homological information only. More precisely, we compute in terms of an eta-type-
invariant associated with the isometric structure of the knot. 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction and the main result

If Σ is a 3-dimensional oriented manifold such thatH∗(Σ,Z)=H∗(S3,Z), we denote
its Casson invariant (see [1]) byλ(Σ). If K ⊂ Σ is a knot inΣ , then then-fold cyclic
covering ofΣ branched alongK is denoted byΣ(K,n). We would like to compute the
expressionλ(Σ(K,n)) − n · λ(Σ) in terms of homological invariants of the covering,
provided thatΣ(K,n) is an integer homology sphere as well.

In this note, if the group of coefficients of a homology group is not specified, then it
is C. SetX = Σ \ T , whereT is an open tubular neighborhood ofK, and letX̃ be
the infinite cyclic covering ofX determined by the natural homomorphismπ1(X)→
H1(X,Z) = Z. In particular,Z acts freely as the group of covering transformations of
X̃. Its generator 1Z induces the monodromy transformationt∗ :H1(X̃)→ H1(X̃). On
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the other hand, there exists a natural skew-symmetric non-singular cup product pairing
H 1(X̃, ∂X̃)⊗2 → H 2(X̃, ∂X̃) = C [9]. By the dualityH 1(X̃, ∂X̃) = H1(X̃), we can
consider its dualb :H1(X̃)⊗H1(X̃)→C. Moreoverb(t∗x, t∗y)= b(x, y) for anyx andy,
in particular, the systemI = (H1(X̃), b, t∗) constitutes an isometric structure. Notice also
that t∗ has no eigenvalue equal to one. The isometric structureI defines a flat hermitian
bundle over the circleS1 with hermitian form

√−1 · b and monodromyt∗. In particular,
following Atiyah, Patodi and Singer [2], we can define its eta-invariant. Actually, for any
integern with the property det(tn∗ − 1) 6= 0 (or equivalentlyH1(Σ(K,n))= 0), we define
η(I;n) in the following way. Consider the spectral decomposition(

H1(X̃), b
)=⊕

χ

(
H1(X̃)χ , bχ

)
provided by the operatortn∗ (i.e., (H1)χ is the generalizedχ -eigenspace oftn∗ ). Then the
eta-invariantη(I;n) is defined by the sum

∑
χ η(I;n)χ , where

η(I;n)χ =
{
(1− 2c) · signature(ibχ) if χ = e2π ic; 0< c < 1,

0 if |χ | 6= 1.

(In the above definition we used the fact thatχ = 1 is not an eigenvalue oftn∗ . For the
definition of η in the general case, see [14]. Actually, forχ 6= 1, η(I;n)χ is the eta-
invariant of Atiyah, Patodi and Singer associated with the circleS1 and the flat bundle
overS1 with monodromyχ and hermitian form ibχ .)

The main result of this note is the following:

Theorem 1. Assume that the pair(Σ,K) has a plumbing representation(or equivalently,
if (Σ,K) is a graph knot, in the sense of Eisenbud and Neumann’s book[5]). If then-fold
cyclic covering ofΣ , branched alongK, is integer homology sphere as well, then

λ
(
Σ(K,n)

)− n · λ(Σ)= 1
8

(
η(I;n)− n · η(I;1)). (∗)

In the plumbing representation we allow non-connected plumbing graphs as well, or
equivalently, we allow disjoint union of splice diagrams.

This shows that in the above cases the Casson invariant behaves as a secondary invariant
with respect to then-fold cyclic (branched) coverings.

Remarks.
(1) The above theorem gives in homological terms the Casson invariant of any cyclic

covering of S3 branched along a knotK ⊂ S3, which can be represented by
plumbing (or splice) diagram (sinceλ(S3)= 0).

(2) The formula from Theorem 2 shows that the functionn 7→ η(I;n) (n with det(tn∗ −
1) 6= 0) is periodic (cf. [14, Section 5]). Therefore, if(Σ,K) is a graph knot, then
n 7→ λ(Σ(K,n)) is quasi-periodic (i.e., is a sum of a linear function and a periodic
function).

(3) The relation(∗) makes sense even in the case of rational homology spheres (for the
left hand side, see generalization by Walker [26]). Hence, one can expect that it is
true even in that case.
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The first part of the proof of the theorem contains the reduction to the Seifert graph
case. The key steps of the proof are the relations (1) and (3) (proved in [6] and [14],
respectively). The first one relates the Casson invariant to the signature of the Milnor fiber
of a hypersurface singularity. The second one expresses this signature in terms of eta-
invariant, this is an index-theoretical result about the signature defect.

In Sections 3 and 4, we emphasize the arithmetical aspects. If a 3-manifoldΣ can be
represented by a splice diagram, then there is an arithmetical formula ofλ(Σ) in terms of
the weights (see, for example, [13]). In this paper we give a different set of relations.

In Section 3, we express the eta-invariantη(I;n) in terms of generalized Dedekind
sums [22,27] associated with the multiplicities of the plumbing graph of the pair(Σ,K)

(Theorem 2). This relation makes the connection between the Casson invariant, eta-
invariant and the Dedekind sums. In Section 4 we apply the Rademacher–Dedekind
reciprocity law in order to transform our relation into a deeper formula which describes
λ(Σ(K,n)) in terms of the combinatorics of the graph and Dedekind sums (Theorem 3).
Here we discuss also the particular case of algebraic knots(Σ,K). This makes the
connection with the signature of hypersurface singularities and the result of Mordell [10]
about the number of lattice points in a (three-dimensional) tetrahedron.

2. Proof of Theorem 1

In the case of integer homology spheres, the plumbing representation is equivalent to
the representation of(Σ,K) in terms of splice diagrams [5]. Since the latter one is more
concise, in this proof we prefer this representation.

Reduction to the irreducible case.Assume that the splice diagramΓ of (Σ,K) is not
connected:Γ is the disjoint unionΓ1 ∪ Γ2, whereΓ1 is connected and contains the
arrow corresponding to the knotK. This means thatΣ is the disjoint sumΣ1#Σ2, where
K ⊂ Σ1. Moreover,Σ(K,n) = Σ1(K,n)#Σ2# · · ·#Σ2 (n copies ofΣ2), hence by the
additivity theorem of Casson (see [1]):

λ
(
Σ(K,n)

)− nλ(Σ)= λ(Σ1(K,n)
)− nλ(Σ1).

On the other hand, the isometric structureI(Σ,K) associated with the pair(Σ,K) is
isomorphic to the isometric structureI(Σ1,K), hence the relation(∗) is true if and only if
it is true for connected diagrams.

In the sequel we assume that the splice diagramΓ of (Σ,K) is connected andn > 1.

The irreducible case. Call a weight on an edge ofΓ “near” or “far” according to whether
it is on the end of the edge nearest to or further from the (unique) arrowhead ofΓ

(representingK). We recall the following results. (In the following two facts we assume
thatΓ is minimal.)

Fact 1 [13]. The n-fold cyclic cover ofΣ branched alongK is an integer homology
sphereΣ(K,n) if and only if n is prime to all near weights inΓ , andΣ(K,n) is then
represented by the splice diagram obtained fromΓ by multiplying each far weight byn.
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Fact 2 [5, (11.2)]. (Σ,K) is a fibered knot if and only if the multiplicities of all nodes are
non-zero, or equivalently, all the near weights inΓ are non-zero.

These give the following:

Corollary 1. The irreducible graph knot(Σ,K) is fiberable if and only if there exists
n > 1 such that then-fold cyclic coverΣ(K,n) is an integer homology sphere. In
particular, we obtain the fiberability of(Σ,K) in the main theorem.

If F denotes the fiber ofΣ \ T → S1 (which is isotopic to the minimal Seifert
surface ofK), then X̃ ∼ F × R, hence:I = (H1(F ); 〈, 〉;h), where 〈, 〉 is the skew-
symmetric intersection form on the 2-dimensional manifoldF , andh is the monodromy
transformation of the fibration.

Notice that the graphΓ is not unique, but equivalent graphs [5, 8.1] give the same
invariantsλ andη, so we can choose (by [5, 8.1, Property 6]) a diagramΓ such that each
vertex has a degree less than or equal to three (see also [13, p. 60]).

Now, if we have a multilink(Σ ′,K ′(m)), represented by the graphΓ ′:

Γ ′′1

Γ ′′2

Γ ′: iHHHH
����

-ε (m) K ′ (ε =±1)

a
c

b

then we can consider its splice decomposition:

Γ ′′1

Γ ′′2

- (bm) K ′′1

- (am) K ′′2

(0)

(0)

iHHHHY
�����

-ε (m) K ′
a

c

b

and the splice diagram:

Γa,b,c(ε,m):

r
r i

HH
HH

����

-ε (m) K ′
a

c

b
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(Sometimes it is convenient to writea = a1, b = a2. Above, if Γ ′′i (i = 1,2) is only a
vertex, then the diagramΓ ′′i → (aim) is empty.)

Using the additivity of the Casson invariant under splicing, proved independently by
Akbulut and McCarthy [1], Boyer and Nicas [4] and Fukuhara and Maruyama (according
to [4]) (see also [13, p. 60]) one has:

λ
(
Σ ′(K ′, n)

)− nλ(Σ ′)= λ(Σ(a,b, c)(K ′, n))− nλ(Σ(a,b, c))
+

2∑
i=1

λ
(
Σ ′′(K ′′i , n)

)− nλ(Σ ′′i ).
On the other hand, by a simple Mayer–Vietoris argument, the isometric structure
I(Γ ′,K ′(m)) splits in the direct (orthogonal) sum

2⊕
i=1

I
(
Γ ′′i ,K ′′i (aim)

)⊕ I(Γa,b,c(ε,m),K ′(m))
(see, for example, [5, pp. 114–116]). Therefore, in order to prove(∗), it is enough to prove
it for diagramsΓa,b,c(ε,m), where(m,n) = 1 (cf. Fact 1), and the isometric structure is
provided by the fibration of the multilink structureK ′(m).

Using [5, 8.1, Property 2], we can assume thata > 0, b > 0, c > 0. Fact 2 gives that
a > 0 andb > 0. If c= 0, then(a, b, c)= (1,1,0) and (by the classification theorem of [5])
Σ is S3 and the link is trivially embedded. Hence both sides of(∗) are zero.

In the sequel assume thata > 0, b > 0, c > 0. By [5, 8.1, Property 1], we can assume
thatm> 0 as well. In the diagramε =±1 denotes the orientation class ofΣ , if we change
ε into −ε then in (∗) both sides will change their sign, so we can assume thatε = +1
(cf. [5, p. 119]).

Notice that the left hand side of(∗), applied for the diagramΓa,b,c(1,m) is independent
of (the multilink structure)m. In the following lemma we prove the similar fact for the
right hand side.

Let F be the fiber of(Γa,b,c(1,1),K(1)), b the intersection form,h the monodromy
operator, and setI = (H1(F, k), b,h). Then the fiber of the multilink(Γa,b,c(1,m),K(m))
is the disjoint unionF ∪ · · · ∪ F (m copies) and the corresponding isometric structureIm
is [5, p. 115]:Im = (H1(F, k)

⊕m,b⊕m,hm), wherehm(x1, . . . , xm)= (x2, x3, . . . , h(x1)).

Lemma 1. Assume thatm> 0, (m,n)= 1, anddet(hn−1) 6= 0. Thenη(Im;n)= η(I;n),
in particular:

η(Im;n)− n · η(Im;1)= η(I;n)− n · η(I;1).

Proof. Notice that the monodromyh has distinct eigenvalues hence, overC, the isometric
structureI decomposes in a sum of one-dimensional hermitian isometric structures [8].
Therefore, it is enough to verify the above equality for a hermitian isometric structure
I = (C, i,e2π ic), where 0< c < 1, andnc /∈ Z. In this case:

Im =
m−1⊕
j=0

(
C, i,e2π i(c+j)/m),
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hence:

η(Im;n)=
m−1∑
j=0

(
1− 2

{
n · c+ j

m

})
= 1− 2{nc} = η(I;n).

(Cf. (A.1) or Lemma 1 [23]. Above{x} denotes the fractional part ofx.) 2
Remark 1. It is not difficult to verify that for anyΓ andm> 0 one has:

η
(
I
(
Γ,K(−m));n)= η(I(Γ,K(m));n).

Indeed, the modificationm 7→ −m in the multilink structure provides the modification
(b, t∗) 7→ (−b, t−1∗ ) in the isometric structure. In particular,η(I(Γ,K(m));n) is indepen-
dent of the choice ofm ∈ Z \ {0}.

By Lemma 1, we can assume thatm = 1, i.e.,(Σ = Σ(a,b, c),K) is the Seifert knot
given by the diagramΓa,b,c(1,1), wherea, b, c are relative prime integers. Then-fold
cyclic coveringΣ(K,n) is exactlyΣ(a,b, cn) (where(a,n) = (b,n) = 1). Now, by [6,
(2.10)]:

8 · λ(Σ(a,b,N))= signatureσ of the Milnor fiber of the hyper-
surface singularityxa + yb + zN. (1)

Let Ia,b = (H,ba,b, ha,b) be the isometric structure associated with the knot(S3 =
Σ(a,b,1),Ka,b) (given by the diagramΓa,b,1(1,1)). Then (see, for example, [7])
(Σ(a, b,N),K) is theN -fold cyclic covering of(S3,Ka,b), in particular:

I
(
Σ(a,b,N),K

)= (H,ba,b, hNa,b). (2)

Now, by [14, (5.22)]:

σ(xa + yb + zN)= η(Ia,b;N)−N · η(Ia,b;1). (3)

Therefore:

8
[
λ(Σ(K,n))− nλ(Σ)]
(1)= σ(xa + yb + znc)− n · σ(xa + yb + zc)
(3)= η(Ia,b;nc)− ncη(Ia,b;1)− n

[
η(Ia,b; c)− cη(Ia,b;1)

]
= η(Ia,b;nc)− nη(Ia,b; c)
(2)= η(I;n)− nη(I;1).

This ends the proof of Theorem 1.2

3. The eta-invariant via the plumbing graph

In this section we compute the eta-invariantη(I;n) of the isometric structureI =
I(Σ,K) in terms of the combinatorial data of a plumbing graphG of (Σ,K).
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First, we introduce some notations. LetW be the set of non-arrowhead vertices ofG.
The knotK is represented inG by an arrow attached to the vertexw0 ∈W . LetV be the set
of vertices:V =W t{v0}, wherev0 is the arrowhead corresponding toK. For anyw ∈W ,
we denote byVw the set of verticesv ∈ V adjacent tow. Setδw = #Vw for anyw ∈W .
If δw > 2, thenw ∈W is called “rupture point”. The set of rupture points is denoted by
R. Let E be the set of edges (i.e., the set of non-ordered pairs(u, v), u, v ∈ V , such thatu
adjacent tov).

SinceΣ is a homology sphere,G is a tree. It is decorated by the Euler-numbers
ew (w ∈W). We recall that the plumbing construction provides a canonical orientation
of Σ , and an orientation ofK: K is a fiber of the oriented circle bundle corresponding to
w0.

Recall that anym ∈ H1(Σ \ K,Z)∗ defines a multilink structure of the pair(Σ,K)
(cf. [5, pp. 136–137]). IfM = Mv0 is the standard topological meridian ofK (i.e.,
l(M,K)= 1, wherel denotes the linking number), thenm(M)=mv0 (which sometimes is
denoted only bym) is the multiplicity of the knotK; and the map[S] 7→m([S]) is defined
bym([S])=m · l(S,K). For anyw ∈W letMw be an oriented fiber of the oriented circle
bundle (used in the plumbing construction) corresponding tow. Then the “multiplicity of
w” is:

mw =m
([Mw]

)=m · l(Mw,K). (3.1)

They satisfy the following relations: for anyw ∈W one has

ew ·mw +
∑
v∈Vw

mv = 0. (3.2)

Lemma 2. Let (Σ,K) andn be as in the introduction,G a plumbing graph of(Σ,K),
andm=mv0 =±1. Then one has:

(a) (n,mw)= 1 for anyw ∈R;
(b) (n,mu,mv)= 1 for any(u, v) ∈ E ; and
(c) if G is minimal(see, for example,[5]), thenmv 6= 0 for anyv ∈ V .

Proof. (a) The rupture points correspond to the Seifert components in a splice decompo-
sition. By the algorithm given in [5, p. 84]mw is a product of near weights. Now apply
Fact 1.

(b) Consider a chain{u1, u2, . . . , us} of G (i.e.,ui+1 ∈ Vui for i = 1, . . . , s − 1; δui = 2
for i = 2, . . . , s − 1) such that{u1, u2} = {u,v} andus ∈R. Let d = (n,mu,mv). Then
(3.2) applied for the nodesu2, . . . , us−1 gives thatd|mus . Therefored = 1 by (a).

(c) This follows from the fiberability condition; it is a reformulation of Fact 2 for
plumbing graphs. 2

In the sequel it is convenient to use the following classical notation:(
(x)
)= { {x} − 1

2 if x /∈ Z,
0 if x ∈ Z.
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Theorem 2. Let (Σ,K) be as above, andI its isometric structure. LetG be a plumbing
graph of(Σ,K) such thatmv 6= 0 for anyv ∈ V . Fix a multilink structurem with m 6= 0.
Letn be an integer such thatΣ(K,n) is a rational homology sphere. Then:

η(I, n)= 4 ·
∑
w∈W

Sw whereSw =
∑
v∈Vw

|mw|−1∑
k=1

((
kmv

mw

))
·
((

kn|m|
|mw|

))
. (∗∗)

Remark 2.
(a) Notice that by (3.1)Sw is independent of the choice ofm. (This fact is consistent

with Lemma 1 and Remark 1.)
(b) Equivalent graphs (with the propertymw 6= 0 for anyw ∈W) provide the same

expression
∑
w Sw , i.e., the operations described on page 140 in [5] do not alter the

right hand side of(∗∗).
(c) By (∗∗), the functionn 7→ η(I;n) is periodic.

Proof of Theorem 2. The relations (3.2) imply that forw with δw 6 2 one has
Sw = 0. Therefore, the right hand sideR(G,n) = 4

∑
w∈W Sw of (∗∗) is 4 ·∑w∈R Sw .

This shows thatR(G,n) is additive with respect to splicing. On the other hand, we
can repeat the additivity argument of the eta-invariant used in the proof of Theorem 1
(namely [5, pp. 114–116]). These, and Remark 2(a), imply that it is enough the verify
the identityη(I, n) = R(G,n) only for plumbing graphs corresponding to Seifert knots
(εΣ(a1, . . . , aδ),K(1)), wherea2, . . . , aδ > 0, a1 > 0, anda1 is the far-weight of the
edge which has the arrow corresponding toK.

If a1 = 0, thenai = 1 for i > 1 andη(I;n) = 0. But the multiplicity of the unique
rupture point is±1, soR(G,n)= 0 too.

In the sequel we assume thata1, . . . , aδ > 0. In the next paragraph we prove that the
caseε =−1 follows from the caseε =+1.

Indeed, if G({ew}w∈W ,K(1)) is the decorated plumbing graph associated with
(+Σ(a1, . . . , aδ),K(1)), thenG({−ew}w∈W ,K((−1)r)) is a possible decorated graph of
(−Σ(a1, . . . , aδ),K(1)), wherer is the number of vertices in the chain (strict) between
the rupture point and the arrow-head [11, (3.3)]. Ifm±v denotes the corresponding multi-
plicities for ε =±1, then by (3.2),m−v ∈ {m+v ,−m+v } for anyv ∈ V , and

m−u
m−v
=−m

+
u

m+v
for any(u, v) ∈ E .

ThereforeR(G(−ε), n) = −R(G(+ε), n). But η(I(−Σ,K);n) = −η(I(Σ,K);n) (be-
cause the change of the orientation provides the modification(b, t∗) 7→ (b, t−1∗ )). Hence
the reduction follows.

Now consider the knot(Σ(a1, . . . , aδ),K(1)). This is an algebraic knot (see, for
example, [5, p. 62]): there exist an analytic normal surface singularity(X , x) and an
analytic germf : (X , x)→ (C,0) such that(X ∩ Sr , f−1(0) ∩ Sr) is diffeomorphic to
(Σ,K), whereSr = ρ−1(r) for a sufficiently smallr > 0 and real analytic mapρ :X →
[0,∞) with ρ−1(0)= {x}.
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In the sequel we would like to apply the results of [14, Sections 5.16–5.22] and [15].
These are formulated for hypersurface singularities. In their proofs we used two
ingredients: the variation map associated with the germf is an isomorphism (over real
numbers), and the polarization properties of the limit mixed Hodge structure of the
vanishing cohomology off . In our new situation here,X ∩Sr =Σ is an integer homology
sphere, therefore the variation map off (which is equivalent to the Seifert form ofK ⊂Σ
by Alexander duality) is unimodular. On the other hand, all the polarization properties
of the mixed Hodge structure are valid in this case as well, see, for example, [25,17,
15]. (Actually, in our case the monodromy operator has no eigenvalues= 1, so the
limit mixed Hodge structure of the vanishing cohomology has the same nice polarization
properties as the limit mixed Hodge structure associated with degeneration of projective
fibers.) In particular, the results described in [15] and [14, (5.16–5.22)] are true for germs
f : (X , x)→ (C,0) as well, provided thatX ∩ Sr is a homology sphere.

Notice that det(t∗ − 1) 6= 0 and det(tn∗ − 1) 6= 0, hence (5.20–5.21) in [14] reads as:

η(I;n)= 2 ·
∑(

(nc)
)(
Σpλ,−(f )−Σpλ,+(f )

)
,

where the sum is over all eigenvaluesλ= e−2π ic (0< c < 1) of the monodromy operator;
and

Σpλ,±(f )= #
{
c: c is a spectral number off with λ= e−2π ic, (−1)[c] = ±1

}
.

On the other hand, the set of spectral numbers (or the characteristic numbers)Sp(f ) ∈
Z[Q] associated withf is computed from the plumbing graph (or equivalently from the
embedded resolution graph(X , f−1(0))) in [24,21]. Proposition 6.5 and Remark 2.11
of [21] give:

Sp(f )=
∑
e∈E

me−1∑
k=1

((
− k

me

)
+
(
k

me

))

+
∑
w∈W

mw−1∑
k=1

(∑
v∈Vw

{
kmv

mw

}
− 1

)((
1− k

mw

)
+
(
− 1+ k

mw

))
,

whereme = (mu,mv) for anye= (u, v) ∈ E . Since

m−1∑
k=1

((
kn

m

))
= 0, (3.3)

the contribution fromE is zero inη(I;n), and by a computation:

η(I;n)= 4 ·
∑
w∈W

∑
v∈Vw

mw−1∑
k=1

{
kmv

mw

}((
kn

mw

))
.

This is equivalent to(∗∗) because of (3.3).2
Remark 3. Assume that(Σ,K) is represented by a splice diagramΓ . Then the right
hand side of(∗∗) can be computed (without the construction of the whole plumbing
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graph) as follows [12]. We need for anyw ∈ R the multiplicities {mv}v∈Vw (modulo
mw). The rupture points of the plumbing diagram, which can be constructed by the
algorithm described in [5], correspond to the Seifert components ofΓ . If w ∈ R
corresponds to the Seifert component(Σ(a1, . . . , aδ); m1K1 ∪ · · · ∪mδKδ), thenmw =∑δ
j=1 a1 · · · âj · · ·aδmj , and the neighbor vertex corresponding to the edge marked with

aj (j = 1, . . . , δ) has a multiplicity, which is modulomw equal to(mj −βjmw)/aj , where
the numbers{βj }j satisfyβja1 · · · âj · · ·aδ ≡ 1 (modaj ).

4. The Casson and eta-invariant via generalized Dedekind sums

For arbitrary non-zero integersa, b, c, we consider the generalized Dedekind sum
(cf. [22,27]):

s(b, c;a)=
|a|∑
k=1

((
kb

a

))((
kc

a

))
.

Using this notation, Theorem 2 reads as:

Theorem 2′. With the choicem= 1 one has:

η(I;n)= 4
∑
w∈R

∑
v∈Vw

sign(mw) · s(mv,n;mw).

Now, we recall the famous generalization of the reciprocity law of Dedekind given by
Rademacher [22] (see also [27]). Ifa, b, c are strict positive, mutually coprime integers,
then:

s(b, c;a)+ s(c, a;b)+ s(b, a; c)=−1

4
+ a

2+ b2+ c2

12abc
.

Now, for anya, b andc with (a, b, c)= 1:

s(b, c;a)= s
(

b

(a, b)(b, c)
,

c

(a, c)(b, c)
; a

(a, b)(a, c)

)
.

Therefore, Rademacher’s result reads as:

Reciprocity Law. Let a, b, c be strict positive integers such that(a, b, c)= 1. Then the
following relation holds:

s(b, c;a)+ s(c, a;b)+ s(a, b; c)=−1

4
+ a

2(b, c)2+ b2(a, c)2+ c2(b, a)2

12abc
. (RL)

Using this, in the next theorem we express the eta-invariant in terms of Dedekind sums
with denominatorn.

Theorem 3. Let (Σ,K), I andn be as in the introduction. Fix a plumbing graphG with
a multilink structure given bymv0 = 1, such thatmw 6= 0 for anymw ∈W (e.g., takeG
minimal). Then, with the notations of Section3, one has:
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η(I;n)=−4
∑

(u,v)∈E
s(mu,mv;n)−

∑
(u,v)∈E

sign(mumv)+ n ·
∑

(u,v)∈E

(mu,mv)
2

3mumv

+ 1

3n

(
mw0 +

∑
w∈W

(n,mw)
2(−ew)

)
.

Proof. First notice that(mu,mv,n)= 1 for any(u, v) ∈ E (cf. Lemma 2b). Then:

η(I;n)= 4
∑
w∈W

∑
v∈Vw

sign(mwmv) · s
(|mv|, n; |mw|)

= 4
∑

(u,v)∈E
sign(mumv)

(
s
(|mv|, n; |mu|)+ s(|mu|, n; |mv|)).

Now apply (RL), and notice the following:∑
(u,v)∈E

m2
u(n,mv)

2+m2
v(n,mu)

2

mumv

= (n,1)
2m2

w0

1 ·mw0

+
∑
w∈W

∑
v∈Vw

(n,mw)
2m2

v

mwmv

=mw0 +
∑
w∈W

(n,mw)
2

mw

∑
v∈Vw

mv
(3.2)= mw0 +

∑
w∈W

(n,mw)
2(−ew). 2

Corollary 2. With the above notations, one has:

8 · [λ(Σ(K,n))− n · λ(Σ)]
=−4 ·

∑
(u,v)∈E

s(mu,mv;n)− (1− n) ·
∑

(u,v)∈E
sign(mumv)

+ 1− n2

3n
mw0 +

∑
w∈W

(n,mw)
2− n2

3n
(−ew).

Example. If Σ(K,2) is an integer homology sphere, then:

8 · [λ(Σ(K,2))− 2 · λ(Σ)]= ∑
(u,v)∈E

sign(mumv)+ 1

2

(
−mw0 +

∑
w∈W
mw odd

ew

)
.

Remark 4. η(I;n) even forn= 1 is important, because:

(−8) · lim
n→∞

λ(Σ(K,n))− n · λ(Σ)
n

= η(I;1).
(Notice that in the expression ofη(I;1) (in Theorem 3)s(mu,mv;1)= 0.)

The algebraic case. If (Σ,K) is algebraic (i.e., it is the link of the pair(X , f−1(0)),
where(X , x) is a normal surface singularity, andf : (X ,0)→ (C,0) is an analytic germ),
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then the embedded resolution graphs of(X , f−1(0)) provide nice plumbing diagrams. For
example, they satisfy:ew < 0 andmw > 0 for anyw ∈W (herem=mv0 = 1).

If X is smooth, thenΣ = S3 andK ⊂ S3 is the link of an irreducible plane curve
singularityf . LetI(f ) be its isometric structure (i.e.,I(f )= I(S3,K)). By [7],Σ(K,n)
is exactly the link of the singularity{f (x, y)+ zn}. By Theorem 1:

8 · λ(Σ(K,n))= η(I(f );n)− nη(I(f );1).
But, by [14], the right hand side of the last equality is exactly the signatureσ(f + zn) of
the Milnor fiber off (x, y)+ zn. In particular, we obtain:

8 · λ(link of f + zn)= signature off + zn. (∗∗∗)
This equality was proved by Neumann and Wahl in [13] and it was one of the leading
relations what the author wanted to understand.

Now, using (∗∗∗), all the results of [18] about the signature off +zN can be transformed
for the Casson invariant of the link of{f + zN = 0}.

Above, if f (x, y) = xa + yb, then the signature ofxa + yb + zn can be com-
puted by Brieskorn formula [3] from the number of lattice points in the tetrahedron
(0,0,0), (0,0, a), (0, b,0), (n,0,0). Now, if we apply for the graph ofxa + yb (which
has only one rupture point) the result of Theorem 2′, we obtain the number of these lattice
points in terms of Dedekind sums. This is exactly the famous Mordell’s formula [10] (for
details, see [19,20]).
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