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1. INTRODUCTION

LETf be an analytic germ of a hypersurface singularity. The associated monodromy action
preserves the intersection form of its Milnor fibre. In this paper we study the corresponding
equivariant signatures. The guiding principle is the following. Write f as a composed
singularity f = p° ¢, where ¢ (resp. p) is an isolated complete intersection (resp. curve)
singularity; express the equivariant signature of f as the equivariant signature of p with
coefficients in a (non-degenerate) hermitian flat bundle; identify this with an index of the
signature bundle; and when the primary invariant (Chern class) vanishes, express it in terms
of the eta-invariant of the boundary (of the Milnor fiber of p) with coefficients in the
corresponding signature bundle. In the realization of this program, we have two basic
obstructions: The monodromy action of p (resp. f) is not compact (finite), and the mono-
dromy representation of ¢ (i.e. the candidate for the flat bundle), in general, is degenerate.
This second obstruction is solved by introducing the variation map of ¢. The variation
structure (i.e. the degenerate monodromy representation together with the variation map)
substitutes perfectly the non-degenerate representations. It turns out that the equivariant
signature can be expressed in terms of this variation structure and the geometry of the curve
singularity p. It has a sum decomposition, corresponding to the Jaco—Shalen—-Johansson (or
splice) decomposition of the link complement of p~*(0); each term is closely related to the
Seifert geometry of the components. (The structure of the fundamental group of the Seifert
components will remove the first obstruction too.) The primary invariant (here the first
Chern class) vanishes when the variation structure is abelian or the intersection form of ¢ is
definite. The basic application for the first case is the topological series; the coverings
exemplify the second case.

The equivariant signature has been computed only for a few families of isolated
singularities: curve singularities [15], quasi-homogeneous germs [20], suspensions [13].
This paper gives the variable term of the composed topological series (in particular for the
Yomdin’s series) (see Corollaries 5.4 and 5.11), and reduces the general case (see 5.1) to
a signature computation of a non-degenerate hermitian flat bundle over the r-punctured
2-dimensional sphere (for which there exists a clear algorithm [8]).
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The paper is organized as follows. Section 2 contains the definition of the isometric and
variation structures and our eta-invariants associated with them. In the next section we
state our general results about the (equivariant) signature of hypersurface singularities.
Their proofs can be found in section 4. The last section contains the applications, and some
connections with the limit mixed Hodge structures.

2. THE ETA-INVARIANT OF THE VARIATION STRUCTURES

2.1. Tf U is a finite-dimensional vector space then U* is its dual Hom¢(U, C). There is
a natural isomorphism :U — U** given by 6(u)(¢) = ¢(1). We denote by~ the complex
conjugation. If € Homc(U, U’), then @ € Homc(U, U’) is defined by @(x) := ¢(X), and the
dual ¢*:U* - U* of ¢ by ¢o*(Y) =y o o.

A C-linear endomorphism b:U — U* with b*of = eb(e = +1) is called e-hermitian
form on U. The automorphisms h:U — U with h*cboh = b form the orthogonal group
Aut(U; b). Any he Aut(U; b) determines a spectral decomposition (U; b, h) = @,(U,;
b,, h,), where U, is the generalized y-eigenspace of h.

Definition 2.2. The eta-invariant n,(h) is defined by the sum Y, n,(h),, where

(1 — 2¢)signb, if y=e¥™ 0<c<1

no(h)y = { —esign(b,(h, —h;Y)] if x=1

By convention, the signature of a ( — 1)-hermitian form b is sign b := sign(ib). In all our
cases  lies on the unit circle S'. For the sake of exactness, we can define 1, = Q provided
that y ¢ S'.

Notice also the similarity with the function 2((*)): R — R, used in number theory,
defined by 2((c)) = 0ifce Z, and 2((c)) = 1 — 2{c} if ¢ ¢ Z ({- } denotes the fractional part).

The above eta-invariant is a “good object” only for non-degenerate hermitian forms
b (i.c. when b is an isomorphism). In that case 5, can be interpreted as the n-invariant of the
signature operator of the circle twisted with the signature bundle of a hermitian flat bundle,
in the sense of [2] (cf. (3.4) and Lemma 4.11).

Definition 2.3. An ¢-hermitian isometric structure of the group G is a system
# = (U; b, p) such that b is an e-hermitian non-degenerate form, and p: G — Aut(U; b) is
a group endomorphism. Given a system .# and an element g € G, we define the eta-invariant

n(9) by n:(p(g))-

24. Any representation p:G — Aut(U) defines a left action of G on Hom(U*, U) by
g* @ = p(g)- . Then, by definition, a twisted-homeomorphism is a map V:G — Hom
(U* U) with V(gh) = p(g)° V(h) + V(g).

Definition 2.5. An ¢-hermitian variation structure of the group G is a system
¥ = (U; b, p, V) such that b is an ¢-hermitian (maybe degenerate) form, p is a representation
of G in Aut(U; b), V is a twisted-homeomorphism with respect to the left action of G via p,
and they satisfy the following compatibility conditions for any g € G:

@) 07 = V(9)* = — eV(g)° plg)*, and
(i) V(g)eb=plg)— I

In the sequel we identify U** and U by the map 4.
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Notice that if b is non-degenerate, then the variation structure ¥~ is completely
determined by the underlying isometric structure £ = (U; b, p) (use (ii)). As we will see, the
category of variation structures substitutes perfectly the category of isometric structures in
those cases when the geometric situation gives a degenerate hermitian form.

Definition 2.6. Let ¥ be an e-hermitian variation structure. Then for any g € G, p(g)
determines a spectral decomposition (U; b, p(g), V(g)) = @,(Uy; by, p(9),, V1(g),), where U,
is the generalized y-eigenspace of p(g).

The eta-invariant #,-(g) is defined by the sum Y, 7,-(g),, where

(1 — 2¢)signb, if y=e> 0<c<1
~sign[(1 + p(g); WV(g) ] if x=1

(In the last section we will use the notation n(¥"; g) = n,-(g) too.)

nV(g)z = {

Remark 2.7. If ¥ is a variation structure with non-degenerate b, and .# is the underlying
isometric structure, then for any g one has: #,-(g) = #,(g). To see this, use Definition 2.5(ii)
and the fact that for any non-degenerate b and he Aut(U;b) one has sign[b(h

—h™ )] =esign[(h —h~ )b~ 1]

LeEMMA 2.8. Let b be an e-hermitian form, p:G — Aut(U;b) a representation and
V:G - Homc(U*, U) a map. Define U := U* @ U, the map p°:G — Aut(U®) by

1 0 0 ¢
el — b = )
a (V(g) ,,(g)> and <1 b)

Then v~ =(U; b, p, V) is an e-hermitian variation structure if and only if #¢ = (U¢; b®, p°)
is an e-hermitian isometric structure. Moreover, for any g € G one has

1+-(9) = ns-(9)-

The proof is left to the reader.

2.9. In the computation of the equivariant signature we will need a more complicated
invariant too.

Let .# be an isomorphic structure of the group G, A€ S!, me N* and o, g € G such that
[p(o), pg)] =0. Let (U’; b, p'(0), p'(g)) be the direct summand of the system (U;b,

p(0), p(g)), where U’ is the generalized A™-eigenspace of p(o). Define A’ =/ p’(0)/A™ by
I+ %02 1Clml(p'(0)/A™) — 1), where

1 1/1 1
C;',m=—-—<——1>...<——n+l).
n! m\m m

For any real polynomial P one has P(p'(0)/A™* b = b P((p'(0)/A™)~ 1), hence
A’ e Aut(U"; b'). In particular, for any s € Z one has a well-defined invariant

ns(4; 0,m; g,5) := ny(p'(9)- (A4')).
2.10. In the following we define the corresponding invariant for variation structures.

Let ¥ be a variation structure of the group G, A € S*, m e N* and o, g € G such that og = go.
Let H be the free abelian (multiplicative) group generated by o and g in G. Then ¥~ induces
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on the generalized A™-eigenspace U’ of p(0) an abelian variation structure ¥~ = (U’
b, p, V') of the group H. Similarly as above, we define 4’ =T/ p’(0)/A™.
Now assume that ™ = 1. Then

reriy I 0
b “”‘(V(h) p'(h))

w1 0
<P (0)—<B, A,)

where B’ =3, (Clm(p'(0) — 1" V'(0).

Let H be the free abelian group generated by 6 and g. We regard H as a subgroup of
H by the identification (5)" = o. Then 5¢(5) = 7/p’*(0) and p*(g) = p'*(g) define a representa-
tion p¢: H — Aut(U’%; b'®). By Lemma 2.8, 5¢ comes from a variation structure ¥ = (U’;
b, 5, V) of the group H, such that its restriction to H is exactly ¥~ and j(6) = A4".

The above construction is compatible with the spectral decomposition of ¥~ with
respect to p'(g). Let @ ,(U,; b, py, V7) be this spectral decomposition of ¥”, @ ,A) and
@ 1171 the corresponding decompositions of 4’ and V.

For any s € Z define #,-(4; 0, m; g, s) = X, 15, ,, Where

for any he H, and

(1 — 2¢)sign b, if yF=e?™ 0<c<1
Ny, =< —esignby[py(g) (A4, — pilg) 1 (A4} ™°] if xA*=1, but Am#1 or y #1
—~ sign[1 + pi(g)~ " (41)~*1V1(95°) if P=1"=yx=1.

Consider also
oy J2(se) if A=e*¢and A" =1
n(m;s) = {0 ifAm 1L

LeEMMA 2.11. With the above notation, one has

Ny (4; 0, m; g, 5) = Nye(d; 0, m; g, 5) + signb-n(4; m; s).

The proof is left to the reader.

3. THE MAIN RESULT

3.1. Let ¢:(Z,0)—(S,0) =(C?0) be a “good representative” of an n-dimensional
isolated complete intersection singularity (ICIS) with discriminant space (A, 0) = (C?, 0).
Let * be a base point *€ S — A, and G = 7, (S — A, *). The cohomological information
about the Milnor fiber F is concentrated in the natural map H7(F) - H*(F) (we will work
only with complex coefficients). Denote U := H?(F). If we identify the group H"(F) with the
dual U* = Hom¢(U, C), then the above map can be identified with the hermitian intersec-
tion form b: U - U* (i.e. b(v, w) = [v A W). Therefore, b satisfies b* = ( — 1)"b. The mono-
dromy representation in the orthogonal group of b is denoted by p: G — Aut(U; b).

If b is degenerate, the isometric structure (U; b, p) is not sufficient to determine the
signature of a total space of a fibring with fibre F and monodromy representation induced
by p. The needed supplementary information lies in the variation map
V:G — Homc(U*, U) (defined by a fixed trivialization of @|;4:0% — (C2, 0)). It is remark-
able that the system ¥~ = (U; b, p, V) constitutes an { — 1)"-hermitian variation structure, in
the sense of Definition 2.5 (see [1, p. 11, Ch. 2]).
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3.2. Let p:(C? 0)—(C,0) be an analytic germ so that p = p}, where [ is a positive
integer and p,, is irreducible (cf. Remark 4.14).

Nir onal ic tn caomnutas the An\nuomonf ciona
\¢‘Il. sval 1o W UUlllyul\d LIV vijuivalialil oiglia

f=p-¢:(&Z,0)-(C0).

0,(f) is defined as follows. The monodromy defines a spectral decomposition
(@:H,+.1(F);b;) of the pair (H,.(F), b), where F is the Milnor fiber of f, and b is the
(hermitian) intersection form on H,, {(F). Then o,(f) := sign(i®*’b,).

Consider the splice diagram I'(p, A) of the multilink determined by p~1(0) U A = (C?, 0),
where the multiplicity of p~*(0) is /, and the other multiplicities are zero. Each node of the

diagram represents a Seifert component 3} (ay,...,dsSy,...,S,) with muitilink
(¥;Sy,...,8;my,...,m). Notice that the multiplicities m; can be determined from
I'(p, A) by the corre “p“ ing splicing conditions. (For the splice geometry, see [5].) Let M;
(resp. L;) be he top glcal standard meridian (resp. longitude) of the link component S;. In
the description of h_ eometry of ¥ the following numbers are helpful:

gi=a,03,...a/a;, i=1,...,r
r
m=3i.,mgq;
mi= —%;.mq;/a;, n;=gcdim,m)>0, i=1,...,r

Consider a set of integers (8)); so that Y., f;g; = 1. In particular, f;g; = 1 (modulo a,).
(Recall that a;, . . ., a, are pairwise coprime integers.) Let §; be so that §,g; + 6;a; = 1 and
i = mif; + md; = (m; — B;m)/a;.

Recall that the quotient £/S* = B of £ by its free S*-action is an r-punctured 2-sphere.

THEOREM 3.3. By the above notations, the equivariant signature ¢,(f) is a sum over the
nodes of T'(p, A): 6,(f) = Y.6.(Z, p), where
(a) For a Seifert component Z(a,. .., a,) (with m = m(X) as above) one has

0:(Z, p) = 0.(Z) + (— 1)"0(B, pJ)

where ¢,(Z) =signbY[_n(A; m; s;) (i.e. 0(X) is o(F)-times the contribution of the Seifert
component X in the equivariant signature o ;(p) of the curve singularity p); and o(B, p,) is the
signature of a flat bundle, provided with a non-degenerate hermitian form, over the r-punctured
2-sphere B = X/S*. The hermitian flat bundle is well-determined by the system (U; b, p, V), the
geometry of X, and the complex number A (see 4.7, 4.8 and Lemma 4.9). In particular, it can be
computed by Meyer’s method [8] (see the end of (3.4)).

(b) Assume that the variation structure over X is abelian (i.e. p(gh) = p(hg) and
V(gh) = V(hg) for any pair g, h € n(Z)). Then g,(Z, p) depends only on the restriction of the
variation structure over the tubular neighbourhoods of the link components {S;};. More
precisely,

02, 0) =Y 0y (4 LEMY m; LEM[ %, s;). (%)

i=1

3.4. In general, the relation (*) is not true, i.e. g,;(Z, p) cannot be computed only by the
“boundary information”. In order to explain this, we present in short the basic idea which
guided us to the results of this paper.

Assume that the flat bundle I" over (B, ¢B) (B as above) is given by a representation
Py 7 (B) = 0, where O = O(p, q) (resp. O = Sp(2p, R)). Then there exists a non-flat splitting
I'=T* @®T" in vector bundles on which the form is, respectively, positive and negative
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definite (resp. there exists a complex structure (I', J) on I'). Let ¢, be the first Chern class of
the signature bundle sign(I') =T'* — '~ (resp. sign(I') = (T, J)* — (I, J)). (For a suitable
construction, sign(I') is flat near the boundary, therefore ¢, has compact support.) Then by
(31, a(B, ps) = a(B, sign(I')) (here the first term is defined similarly as the signature in (4.4),
and the second term is the signature of B with coefficients in the signature bundle); and by

(2]

o(B, sign(')) = f ¢, — 4n(0B, sign(I'))
B

where the last term is the eta-invariant associated with the signature operator of 0B and the

signature bundle sign(I').

If the representation is abelian, then sign(I') has a flat realization; in particular ¢, = 0. In
this case, the above formula is equivalent essentially to the formula of (*). In general, the
obstruction for the validity of () lies in {c,.

On the other hand, for any non-degenerate representation pg, the signature o(B, pg) can
be computed essentially by the Wall’s formula [21] too. We identify (B, dB) with a two-
dimensional disc (with boundary) excepting (r — 1) open discs. This can be cut into r — 1
pieces Ay, ..., A,-;, so that the interior of any of them is diffeomorphic to the annulus
{ze C;1 <|z| < 2}. Since the signature o(4;, pg|4;) =0, by Wall’s formula ¢(B, pp) is
a sum of Wall’s-type correction terms (which can be explicitly computed by the representa-
tion). For the details, see [8]. (In fact, this ends the computational part of our results.)
Unfortunately, this algorithm, even in simple particular cases, can be very complicated. This
fact emphasizes the value of (*).

3.5. We can expect that the signature o(f) = ),;0,(f) has a simpler expression. Indeed,
one has the following theorem.

THEOREM 3.6. The signature o(f) is a sum 6(f) = Y nodes (X, p) over the nodes of T'(p, A),
where

(a) For a Seifert component Z, the term o(Z, p) is the signature of a hermitian flat bundle
over the Milnor fibre of Z. Its representation is the natural restriction of p*: G — Aut(U¢; b°),
which is provided by the variation structure ¥~ as in Lemma 2.8).

(b) If the variation structure above X is abelian, then

O(Z,0) = T ety (LTmMTim). (++)
i=1

In the sum Y. a(Z, p), the terms corresponding to a common edge determined by neighbour-
ing (abelian) nodes, cancel out.

3.7. Assume in (3.4) that the representation is symmetric and definite. Then the split
I'=T"* (or I' = I'")is flat; hence ¢; = 0. In particular, the signature can again be recovered
from the boundary informations. Our version is the following.

Addendum 3.8. Assume that the hermitian form b of the ICIS ¢ is non-degenerate,
symmetric and definite. Then ¢,(Z, p) (resp. o(Z, p)), for any Seifert component X, can be
computed by the formula (=) (resp. (= *). In particular, o depends only on the monodromy
representation over the boundary components of p~1(0).

Moreover, in this case, the result is true for arbitrary p (i.e. without the restriction p = p}).

The particular case of (branched) coverings will be discussed in (4.16).
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The next section contains the proof of the theorems and the addendum. In Section 5, we
present some particular cases and corollaries. The basic example is the Yomdin’s series. For
this, we prove a quasi-periodicity property too. In the case of variation structures given by
hypersurface singularities, we relate the eta-invariants to the Hodge-theoretical invariants.

4. THE PROOF OF THEOREMS 33, 3.6 AND 38.

4.1. It is convenient to replace the variation structure (U; b, p, V) of G with a non-
degenerate representation. This ¢an be realized geometrically as follows. Let F be a
2n-dimensional oriented real manifold with boundary 0F = — 8F (OF with inverse orienta-
tion). Using the fixed trivialization of ¢|.s, we construct ¢ = 2 U s2(F x S) with the natural
extension ¢°: Z¢ — (S, 0) such that ¢°|z, s is the second projection. We prefer to close (F, 0F)
with another copy F of F with inverse orientation. In this case, the extended fibre is
F¢ = F u 5 ( — F). Consider the maps:

B.: H'(F) - H"(F®), induced by the map F¢ — F determined by the identifications F — F
and F - F; and

B, : H*(F, F) > H"(F°), induced by (F¢, §) - (F¢, F).

Then (B, 8,): U* @ U — H"*(F°) is an isomorphism. By this isomorphism, the non-
degenerate intersection form b° (of F¢) on U* = U* @ U, and the monodromy representa-
tion p°: G — Aut(U*; b*) of G, induced by ¢°, is given by

. (0 (1) en 1 0
b —(1 b ), resp.p(g)—(V(g) p(g)> for any g€ G.

4.2. We choose an open tubular neighbourhood T of A — {0}, a base space S of ¢, and
& > 0 so that

p:(p X SHNS, p IS NS—T)-S; ={zeC:|z| =8}

is a topological locally trivial fibration (LTF) of pair of spaces. Denote 2 = p~'(S;) N S,
P=P—-T, ¥ =¢ (P), and ¥ = ¢~ 1(#°). Then (#, #")—> S} is a LTF with fibre
(F,, F;), (%,%") is a LTF over (2, #°) with fibre F and (%, %") - S} is a LTF with fibre
(E, E). Corresponding to the extension F¢ = F U ( — F), we have the corresponding spaces
(@, %"¢) and (E®, E*). The corresponding geometric monodromies of the fibrations p, po ¢,
and po ¢° act on F,, E, E¢, and E*. The intersection forms on the generalized eigenspaces
have the equivariant signatures o,(p), a.(@, p), 61(¢°, p) (resp. 6:(¢", p)). The signature of
F is denoted by a(F).

LEMMA 4.3.
(1) UA(¢’ p) = O-).((be’ p) + G'A(P)' G(F)s
(2) 0:(¢° p) = a:(¢", p).

Proof. (1) By Wall’s theorem [21, 8]: 6;(¢°, p) = 0:(¢, p) + o.(F x F) + 0:(K,, K;, K3),
where K; are kernels in W = H,(Z), for Z = 0F, x 0F. For simplicity, we assume that [ = 1.
Consider the natural inclusions k;:Z — Y; (i = 1, 2, 3), where Y, = F,x0F, Y, = 0F, x F,
and Y; = ¢ ~'(0F,). Then K, = ker k;,, where k;, : H,(Z) - H,(Y) is the induced map. It is
easy to see that K, = K, if n>2, and K; nK,; + K;nK;=K;n(K; + Kj) if n=1.
Therefore, in both cases ¢(K {, K5, K;3) = 0.

(2) follows by Novikov additivity and by the fact that 6(E® — E**) = 0. (Actually, when
n>2 then H,.(E° — E*) = 0; if n = 1 then the intersection form is trivial.)
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4.4. Consider the fibration p: #° — S; with fiber F,. The representation p® defines a flat
bundle on #°, respectively, on a fixed fibre F,. The twisted cohomology group
H'(F,, 0F,; p°) carries a ( — 1)**'-hermitian form

H'(F;, 0F;; p°) ® H'(F;, 0F;; p?) - H2(F;, 0F;; p* ® p°) » H'(F;, 0F;; C) = C

where the first map is the cup product and the second is the coefficient map induced by b°.
Since the representation is defined on the space #°, the monodromy action of p induces an
action m® on H'(F,, 0F,; p°). The corresponding equivariant signatures are denoted by

01(p°, p)- By a result of Meyer [8], 0:(¢", p) = ( — 1)"a:(p", p).

4.5. The geometric monodromy of F, can be obtained by pasting the monodromy maps
on the Milnor fibres F; of the Seifert components X along boundary circles. Therefore, by
the Novikov additivity we have 6,(p% p) = Y nodes 01(Fs, p°| Fz), Where the last term is the
equivariant signature of (H! (Fz, 0F;: p°| Fz); b%, mg) (defined similarly as a;(p¢, p) in (4.4)) of
the Milnor fibre of X with the induced representation (denoted by p°| Fz).

Moreover, again by the Novikov additivity, we can replace in each Seifert component
the boundary vertices into arrowhead vertices with zero multiplicity.

4.6. Let Z(ay,. .., a,) be a Seifert component with arrowhead vertices only and multi-
plicities (m,, ..., m,). Define q;,mj, f;,6; i=1,...,r) and m as in (3.2). A geometric
realization of X is

T={zeS¥ ' cC: Y ayz%=0; j=1,...,r —2; (ay); generic} .
i=1
The S!-action is given by t*(zy,. . ., z,) = (tz4,. . ., t%2,), q: Z — X/S' = Bis the quotient
map, and ¢:X =S, ¢(zy,...,2,)=27...2M"/|z]*. . .z]"| defines the Milnor fibration
with Milnor fibre Fy. The S*-action induces a regular m-fold cyclic covering Fz — B. The
monodromy of ¢ is the generator 1 of the covering transformation group Z,,.

Set d = ged(my,...,m,). Then F; has exactly d components, which are cyclically
permuted by the monodromy. If we replace m; by m;/d, then a;, q;, B, 6;(i = 1, . . . , r) remain
the same, but m (resp. s;) will change in m/d (resp. s;/d). Analysing the formula (*) with
respect to this modification (use Lemma 2.11 and (2.9)), we deduce that we can assume
d=1.

Set Gz = n,(Z, *) and H = n,(Fs, *). Then a part of the geometry of X is summarized in
the diagram with exact rows and columns:

0 0

i 1
0—H »7,(B)—Z, >0

T. Ta Tie O

0—H —Gy —Z +0

Tk, Tiom

z —7Z

i T

0 0

The m-covering induces the first row, the Milnor fibration the second row and the
S'-action the first column; o = k, (1) corresponds to a generic S'-orbit. Moreover, since
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S - X - B is topologically trivial, the exact sequence 0 -+ Z — Gy — n,(B) — 0 splits in
Gy = Z x n,(B). In particular, o is in the centre of Gs.

We will need an explicit description of the maps. A basic reference is [5]. Let T; be
a tubular neighbourhood of the special fibre S;, and choose the topological longitude L; and
meridian M; in T, The quotient T;/S! can be identified with one of the boundary
components ;B of B. Then ¢,(LYM})= — xm;+ ym; and q, (LTM!)=xq, — ya; €
7;(0;B) = Z. On the other hand, c,, is well-defined on the conjugacy classes [0;B] of G, and it
is determined by these values: ¢, (0;B) = §;. The S'-orbit o in 7 is represented by LM%,

The element LfM; % is a lift of [8;B], ie. q,(L¥M; %)= 1, € n,(d,B). Notice that
1, projects in 1, where 1 represents the monodromy transformation. Therefore,
P (LIM %) = — ;. Since ¥;s; = (1 — X,8:q:)m/];a; = O, the map s, : 7, (B) —» Z given by
S¢({0:B]) = — s; is well-defined.

The geometric meaning of s, is the following. A trivialization of $* - X — B is a map
r:B—X such that gor = 15 The relation r(3;B) = LfM; % gives the correspondence
between trivializations and sets of integers (f;); with Y ;Biq;=1. If r is given, then
S¢ = @y ol is induced by s = @ or. The map r, : 7, (B) = Gy, r(§) = g is characterized by:
g is the unique element so that q,(g9) = ¢ and @(g) = 5,(9).

4.7. The representation p¢|Z: Gy — Aut(U*®; b°) determines a flat bundle. The induced
flat bundle V on Fy is given by the induced representation p®|Fz. The quotient map
determines its direct image flat bundle R°(g|F:),V. The monodromy representation
p%:my(B) —» Aut((U% b°)®™) of this bundle is the following. Set § € 7, (B). Let g = r,(9) be its
lift as above. Denote n(g) = — s,(g§) — m-[ — s,(g)/m] and g = go'~ %@/ (where [-] is the
integer part). Then

P%(g) (u09 BN} um—l) = (pe(‘)g—)um—n(ﬁ)’ R ] pe(OQ)um—hpe(g)uO’ ] pe(g)um—n(é)—l)'

The monodromy m§ (which commutes with im(p$)), is given by
mg(an vy um—l) = (pe(o)um—l’ Ug, . . - um—Z)'
4.8. Using again Meyer’s result now for ¢¢ and q - ¢°, we obtain the isomorphism of the
following structures:
(H'(Fy, OFy; p°| Fy); bg, mg) ~ (H' (B, 0B; p); bs, (m§),,).

The monodromy (m3),. is induced by a bundle morphism m§ which is the identity on the
base B, and commutes with pg. Therefore, the representation splits in the orthogonal sum
®.(p5)a with

(p5)1: 7y (B) = (U% b°)$™ := {the generalized A-eigenspace of mj}.

Hence we have the following Lemma.

LemMma 4.9. If 4 is an eigenvalue of mg, then o,(Fx, p¢|Fz) = (B, (p3):)- For other values
of A, both terms are zero.

Since 6;(p) = Yrodes 1(Z) [15], we finished the proof of Theorem 3.3(a) (with the
notation p; = (p§),).

4.10. Consider the representation (pg);. Let #§ denotes the corresponding isometric
structure on B. Notice that if p¢|X is abelian, then (p$), is abelian too.
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Lemma 4.11. (Atiyah et al. [2] and Neumann [14]). Assume that the representation p*|%
is abelian. Then

(—=1yo(B,(ps)) = _Zl 1.54(0:B).

Therefore
0:(Z, p) = 6:(Z) + L} 1 154(0:B).

4.12. Let Uj. be the generalized A™eigenspace of p°(0). Then (U™ = {(x,
(AA) x,...,(A4) ™ 1x): x € U%,.}, where A = /p%(0)/A™. By this identification of (U9$™
with U$m, the form (b¢)$™ corresponds to m- bS». Moreover, if g = r,.(§) € Gy is a lift of § so
that @,(g) = s,(9), then (p5).(g) becomes (A4)™ %@ p°(g). Now, o is LM%, and [9;B] is
lifted in I; = L¥*M; % and the proof of the theorem can be finished by a straightforward
verification (cf. Lemma 2.11 and (2.9)).

This ends the proof of 3.3.

4.13. The proof of the Theorem 3.6 is similar to the one of Theorem 3.3. In this
non-equivariant case, ¢(Z, p) is the signature of p* over F,. Since F, n T; consists of n;
copies of the (m;/n;, m/n;)-cable of §;, the (b) part follows.

4.14. Remark. If p is an arbitrary germ (i.e. it does not satisfy the restriction p = p}),
then only Lemma 4.3(1) fails. More precisely, in Lemma 4.3(1) appears a Wall-type
correction term which depends on the global variation structure (i.e. it can not be localized
over the boundary components).

4.15. The proof of 3.8. In this case it is not necessary to replace p by p° because p is
non-degenerate. In particular, we do not need Lemma 4.3, therefore we can work with
arbitrary p (cf. Remark 4.14). Since p is definite, so is (pg);. Now apply [2] or [14].

4.16. Coverings. Consider a normal surface singularity (X, x) and a covering ¢:(X,
x) — (C?, 0), which is branched over A. Set X* = ¢~ !(§ — A). The exact sequence associated
with the non-ramified covering is 1 — 7, {X*) - n,(S — A) LC-1. Let|C | be the cardi-
nality of C,U = C'“! and b the natural hermitian form b(3.ae;, Y bje;) = Y ab;. Let
pc:C— Aut(U;b) be the regular representation of C. Then the representation
P (S — A) = G - Aut(U; b} is in fact the composition pcet. Therefore, we can apply
Addendum 3.8. By the above discussion, 7 and the splice geometry of I'(p, A) determine the
equivariant signatures.

5. APPLICATIONS

5.1. The interested reader can apply the main theorem in the geometric cases which
appear in {11].

For example, the (equivariant) signature of a hypersurface germ with one or zero-
dimensional singular locus can be determined as follows. Let f be as above. Take f; so that
the pair ¢ = (f, f,) forms an ICIS (take, for example, a generic linear function). Set
plc, d) = ¢, then f = po ¢. By our results, 6;(f) can be computed by the variation structure
of ¢ ( = polar variation structure of f) and by the splice geometry of the polar curve.
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5.2. The basic object of this section is the variable term of the topological series. Let
f=po¢ be a composed singularity such that ¢ is an ICIS and p = pj, where p, is an
irreducible curve singularity. Let f' = p’ o ¢ (where p’ = (p,)" and pj, is irreducible) be an
element of the topological series of composed singularities belonging to f[11]. By the very
definition, the splice diagram I'(p’, A) arises as splice of the diagram I'(p, A) and of another
diagram I'. By the first part of the theorem, the variable term o¢,(f’) — 0,(f) is a sum
Y. 0:(Z, p) over the nodes of I'. The representations and variations over these Seifert
components are induced by the abelian structure over the torus along with the splicing is
done. In particular, the variable term is given by the formula from the second part of the
theorem. In the case of the Yomdin’s series we give the explicit presentation.

5.3. Assume that f; is a germ with one-dimensional singular locus and the pair (f, f3) is
an ICIS. Let p(c,d) = c and p’(c, d) = ¢ + d°. The number a is so large that I'(p/, A), as
a splice of I'(p, A) and the Seifert diagram I' = I'(Z; a, 1, 1), satisfies the semi-algebraicity
condition [11]. Then the correction term o,(f; +f£) — a.(f;) is given by this Seifert
diagram I'(Z; a, 1, 1) with multilink structure (0, 1, 0), and the variation structure of ¢ above
the splicing torus.

Let & (resp. .# ) be the longitude (resp. the meridian) of A; = {¢ = 0} < A. Then the pair
%, M# generates Z? = m, (splicing torus). By the splice geometry, we can make the identifica-
tions M, = ¥, M, = 1;:, My = #. Since [M;]; generates H,(Z), using linking number
argument, we get Ly = A, L, = M, Ly = &.

We list the needed invariants:

moa g mom B & LIM% LMy
i=1 0 a 1 —-1 1 1 0 -1 M !
i=2 1 1 a 0 1 0 1 1 ) P LM
i=3 0 1 a —a a 0 1 0o 4! v a

and m = a, and 0 = L A°.

CoroLLARY 5.4. (The Yomdin’s series case). (1) Let ¥" = (U; b, p, V) be the variation
structure of ¢ = (fy, f2). Let & and M be the longitude and the meridian of {c = 0}. Then

o:.(f1 +f7)—au(f1) =
Ny (& LM, a; M, — 1)+ ny (A LM, a; 122, 1) + ny (4 LM, a, 471, 0).

(2) With the same notations,

o(fi +17) —o(f) = ny (L M) — a0y (M) — 0y (ZL).

5.5. Above we used 11,-(g 1) = — n4(g). In our expressions we preserved the multiplica-
tive notation of Z? = n, (torus); by this 1. denotes its neutral element.

ExaMPLE 5.6. Let f(zy, 22, 23) = 22 + 23; fa(21, 22, 23) = z3. Then (U; b) = (C; 0),

(M) = 1c and V(A) = — 1, and the variation structure induced on the subgroup gener-
ated by & is trivial (i.e. p(&) = 1¢c and V(&) = 0). Then V(.#*) = — a. Since 0,(f;) = 0 for
any A, one has g(z? + 23 + z%) = n(#°) — a-n(H#) = | — a,and 6;(z? + 2z + 25) = — L for

any A with 1 =1 but 4 # 1.

This example emphasizes the importance of the variation map: the intersection form is
zero, the monodromy representation is trivial, and the whole contribution comes from the
variation map.
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5.7. The invariants in the surface case. If f defines an isolated singularity, we denote by
1(4) the dimension of the generalized A-eigenspace U, ( f) of the monodromy (acting on H¢
(Milnor fibre)); . (1) denotes the maximal dimension of a positive (resp. negative) definite
subspace of (U,(f); ba(f)); uo(4) is the dimension of ker b,(f). Set

Mo = La tolA), By =2ty (A p=Ho+ e +H_.

Obviously, us{4) = 0 if 4 # 1; in particular, up = po(l}

Our theorems determine o( f; + f5) and ¢,(f; + %) in terms of the invariants of f; and
¥, On the other hand, the invariants u and u(1) can be computed by the zeta-function
formula (see [11, 18]) as follows:

pUfi +f5) = = 1+elfi) +a Lduf

O+ = — 1 +e(fy) + dimker(LH° — 1)

where e( f,) is the Euler-characteristic of the Milnor fiber of f, e, (f}) is the order of t — 1 in
the zeta function of f;, and {d;, uf}; are the usual local invariants of Sing f,” ' (0) (see (5.8)).

Now assume that f;,f5:(C3,0) > (C,0). Then u_(1)(f; +f5) =0 (see, for example,
[12]). Therefore, the invariants uo, 4+ and u_ can be computed from ¢, o4, u and u(1). In
particular, we obtain an expression of the geometric genus p(f; + f7') by Durfee’s formula
2p = u, + po [4]. Moreover, either by Laufer’s formula [7] p = K? + s — po + 12p, or by
the signature formula of Durfee [4], we obtain the behaviour of the resolution invariant
(K2 + s)(f; + f5)as well. (Here, for a given resolution, K denotes its canonical class and s is
the number of irreducible exceptional divisors.)

5.8. Localization. Since the geometric obstruction (for the triviality of the family
fi + f£) is concentrated in the singular locus & of f;”!(0), it is natural to express the
correction term in local data provided by the transversal singularities. In this subsection we
present this localization procedure in the case of the signature.

We recall the local invariants. Let &, . . . , &, be the irreducible components of &. The
topological degree of the restriction ¢|%:%;—A; = {c =0} is d;. The singular fiber
Fy=¢"10,d), (0,d) e SN A, has exactly Y!_, d; isolated singularities. If z; € &, — {0}, the
local Milnor fiber of the ICIS (¢~ 1 {¢(z)), z;) is denoted by (F;, 0F,). Set U; = H}{F;) and
uf = dim U,. The disjoint union Fy,. = { Ji_ {4, F; of the Milnor fibers of the singularities
on F, is invariant under the geometric monodromies m(&*.#”), (x, y € Z). The correspond-
ing algebraic monodromies on the homology group U, = ®}-; @ %, U, have the form

ploc('/”) = @;:lploc,i(‘/l{), ploc(g) = @E:xploc.i(’?)

0 L;

M; 0 I

ploc,i("”) = ". s ploc,i(g) =
0 M;
! I 0

where M,(resp. L;) are the horizontal (resp. vertical) monodromies. The horizontal mono-
dromy M;:U;- U, is, in fact, the monodromy of the transversal singularity at
z;€ &; — {0}. This latter one is an isolated singularity with ( — 1)"-hermitian variation
structure (U bi, M;, V;). This means that M; e Aut(U; b)) and V;e Hom(U}, U,) satisfies
P¥=(—1)"**M; 'V, and V;b; = M; — I. This can be considered a variation structure of
the group Z given by p(1) = M; and V(1) = V. Their direct sum {over i=1,...,¢
j = 19 M dl) is denoted by 1;/l‘oc = (Ulac; bloc; ploc(ﬂ)s I/loc)-
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We can construct a representative of the (global) geometric monodromy m(.#), acting
on F, which is trivial in a complement of a tubular neighbourhood of & — {0}. If
iy: Ul = U (resp. i*:U* - Up,) are induced by the natural inclusion i: F,,. = F, then
V(M) =i, Vi(#)oi*. The geometric monodromy of the longitude . induces a non-
trivial action on the boundary D = (}i_,{ J4., 0F;. This obstructs the splitting of the
variation operator V(%)

In the sequel, we replace ¥~ by its restriction to the group Z2, generated by .# and .%.

Consider the spectral decomposition @ ,u(Uy by, py, V) = ®,¥, of ¥ given
by the automorphism p(#); and similarly the decompositions ¥}, = @ 2% 10c,, and
ploc(g) = @xploc,x("g) given by p]oc("/{)-

Assume that y 5 1. Then (U; by, py(#), V(M) = Vioc,, and p,(£L) = p1oe(Z),. Since
b, is non-degenerate, V(&) = (p1oc(£) — 1), byoe. . In particular, the structure ¥}, , can
be extended to a structure of the group Z? by ¥,.(#), = V(£),. So, the global variation
term C,(a) = n(L M%), — a-n(H), — n(L), is equal to the local variation term C,,., ()
(defined by the similar formula).

Assume that y = 1. If the local transversal singularities are non-degenerate, then
the variation term associated with y = 1 vanishes. In the general case, notice that the
middle term of C;(a) is local: #(.#), = #(¥ec,1; #). Consider the spectral decomposition
Y1 = @,7,, given by p(£) (we do not have a local equivalent of this). Then, if 4 # 1, then
(¥ 1,0, LMY — (V71,25 L) = 0. So the real obstruction in the localization procedure is
the term n(v", : L M) — (V1,15 L)

LeEMMA 5.9. Let ¥v" = (U; b, p, V') be a variation structure of the group G, and consider
g, h € G so that p(g) — I and p(h) — I are nilpotent. Then there exists ay > 0 such that n,-(hg®)
is a constant, provided that a > a,.

Remark 5.10. Let ¥~ be as above and g € G so that p(g) — I is nilpotent and ¥(g) is an
isomorphism. Then for any a > 0, 7(g°) = #(g). But, in Lemma 5.9, in general, a, cannot be
equal to 0. For example, assume that ¥ (g) is an isomorphism and #(g) # 0. Then for any
ao >0 and h = g~%, by the above remark, n(hg®) = [sign(a — ao)] - n(g).

Proof of Lemma 5.9. Let P(z) be the polynomial

(z—1 z2z—-1)(z—-2)
T 3

where p(g) =1+ N. Now, V(hg®)= V(h) + p(h)V(g*) = V(h) + p(h)P(a)V(g). Define
Vih,g;2) = V(h) + p(WP(2)V(g) and SV(h,g;z) = V(h,g;2) + (— 1)"* 1 V(h, g; 2)*. Then,
for any m € Z, the set {z|sign SV(h, g; z) = m} is an algebraic constructible, in particular,
there exists a, such that n(hg®) = sign SV (h, g; a) is constant, provided that a > a,.

P(z)=z+z N2g---

COROLLARY 5.11. There exists aqo so that if a > ay one has

a(fl +f2a)_0(f1)= Z [r’(ﬁoc.x;yﬂa)_a'n(%oc,x;*’”)_n(Vloc,z;y)]

X (M)oe # 1
"a'n(ﬁoc,l;ﬂ)+ C(Vi,l;g,"’l) (***)

where C(¥1,1; &, M) =lim,, , n(¥1,1; L M) — n(¥1.1; L) is a constant independent of a.
In particular, o (f; + f3') — 6 (fy + f5°) can be expressed in local terms.
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If the local transversal singularities are non-degenerate, then the last two terms in the
above formula vanish.

Example 5.12. The constant C, , = C(¥} ; &, .#), in general, is not zero. Let
filx, p,2)=x>+y>+ Axyz (A#0) and fo(x,y,z) =z Then o(f;)=0 [6] and o(f;
+ ff)= — 3a+ 3. The transversal type is 3A4,; in particular, p,,.(.#)} is the identity.
Therefore, on the right-hand side of (**#), the sum is zero, #(¥7... 1; .#) = 3 and the constant
Ci1=3

5.13. The (quasi-)periodicity. By the monodromy theorem (i.e. the eigenvalues are roots
of unity), and by Lemma 5.9, we obtain the following Corollary.

COROLLARY 5.14. a(f; + f#) is a sum of a linear function and some periodic functions. The
periods are given by the eigenvalues of py, (A ).

This corollary generalizes the corresponding result for the suspension case, conjectured
by Brieskorn, Durfee and Zagier, and proved by Neumann [13].

The behaviour of the equivariant signature is even more regular. Fix 4. Consider an
integer ¢ = ¢(4, #) > 0 so that A° = 1 and the semisimple part of p(.#) satisfies p(H# )5 =
1y. By Corollary 5.4(1), we obtain the following result.

CoOROLLARY 5.15. o;(f; +f51™) = a,(fy + f5) for any n > 0.

Similar results are true for the equivariant Milnor numbers, too. By [11, 18] we get
wa(fi +f£1™) = wa(fy +f5) for any n > 0. This shows that if the corresponding mono-
dromies are diagonalizable, then the A-components of the variation structure are iso-
morphic, provided that 1 # 1

Vi + 7= (i +fh

In other words, increasing a, the A-components will not be “thicker”. The variation
structure is growing by the appearance of new components which become more and more
disperse. This phenomenon can be exemplified easily on the A,.,-singularities
z? + 23 + 25, described in Example 5.6.

We expect that this “telescopic phenomenon” is true, in general, even at the deeper level
of mixed Hodge structures.

5.16. The connection with the mixed Hodge structure. Let f be an isolated singularity.
Similarly as in (3.1}, we construct its { — 1)"-symmetric variation structure ¥°(f) =
(U; b, p, V) defined on the group Z. This is essentially given by p(1) = M, = the algebraic
monodromy, and V(1) = ¥, = variation map. Since ¥} is an isomorphism, it determines the
whole structure. In fact, it is equivalent to the real Seifert form.

The variation structures of Z with V(1) isomorphism are classified [12]. In the following,
we recall briefly the indecomposable elements for which the eigenvalues of p(1) are on the
unit circle.

5.17 ([12]). Let J,:C*— C* be the k-dimensional Jordan block with diagonal en-
tries = 1.

For i€ S! — {1}, we have, up to isomorphism, exactly two indecomposable ( — 1)-
hermitian variation structures with p(1) = 1J;:

Wi+ D) =(CY b, AL (WD — (b))
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where b, is characterized by (b, );; = 0if i +j <k, and (b, ),; = £i™™ %" (This sign
convention has Hodge theoretical motivation; in fact, it is related to the polarization
formula, see (5.21)).

If 2 = 1, again, there are exactly two indecomposable ( — 1)"-hermitian variation struc-
tures (up to isomorphism) with p(1) = J, and with ¥ = V(1) isomorphism. These structures
are degenerate with one-dimensional Ker(b). They are

¥+ 1)=(CO 1, £i"") ifk=1
W+ 1) =(CB., I, L) ifk>2

where bY is characterized by (B, ), ;= 0if i +j <k + 1 and (B4, ), , = +i " 7**2.

5.18. An isometric structure consists of a non-degenerate hermitian form (U;b)
(b* = ( — 1)"b), and a representation p: G — Aut(U; b). If G = Z then the structure (U; b, p)
is given by the pair (b, p(1)). In this case the indecomposable ones (with the same eigenvalue
restriction as above) are [9]:

IX(+1)=(C5 b, 4iJ,) where AeS', k=1

Any isometric structure can be extended to a variation structure by V(g) = (p(g) — )b~
(By this, If( + 1) can be identified with #7%( £ 1), provided that 1 # 1.)

5.19. The following notation will be helpful: s(1) =0if A# 1 and =1if 1 =1. The
signatures of the corresponding forms are:

1 _1k+l+s(l}
sowt(+ )= + T

1 +(_ 1)k+1
xT 2 5 Y

2

c(l5(£ )=+

Set 1 = 2™ with 0 < ¢ < 1. Then, by a verification,

1+(__ 1)k+l

+ ( - 1)k+1+s(/l)
> .

, (52 1) = i(l—ZC)1 3

n#WE(+£1;1) = +(1—2)

If v =(U;b,p, V) is a variation structure of Z, and ae N*, then we define another
structure a*¥~ = (U; b, a*p, a*V') of Z by a*p(1) = p(a) and a* V(1) = V(a). By these nota-
tions, a* ¥ %(+ 1) = #%(+ 1), and for 1 # 1 one has a*#%(+ 1) = wk(+ 1)if 2* # 1,
and a*#°%(+ 1) = I*( + 1) if A* = 1. Therefore,

. _ nwka(+1);1) fA=1o0r #1
(£ 1) a) = {n(li‘( +1;1)  if A°=1and 4 #1.

5.20. Denote by p24(f) (where r = p + ¢ — n — s(4) = 0) the dimensions of the primit-
ive spaces of the mixed Hodge structure of the germ f [19]. Consider the invariant
pp;. + (f) = Y(— 1y%p%% where the sum is over the pairs (p,q) such that r=p +
q — n — s(4) satisfies (— 1)’ = + 1. Obviously, this can be derived also from the spectral
pairs.

The definition of the spectral pairs is as follows.

Let h?¢ be the Hodge numbers of f; in particular, B4 =Y, op™ "' (p+q=n

+ 5(A)). Then the collection of the spectral pairs Spp(f)e N[Q xN] is

Spp(f) = % Mo Tim " (@, w).
)

(a,w
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If we forget the weight filtration, then the information of the equivariant Hodge filtration is
codified in the spectral numbers:

Sp(f) =) «aeN[Q] (the sum over the spectral pairs («, w)).

(For the definition of the spectral pairs and the spectral numbers, see [19, 17].)
It is remarkable that the invariant Tpp, . is a spectral number invariant. Indeed,
consider

Zp., + (f) = #{c|c is a spectral number with e"?"* =41 and (— 1))! = + 1}
and Zp;(f) = Zps, - (f) — Zps, + (f). Then Zp;(f) = Zpp,, + (f) (see, for example, [12]).

5.21. The connection between the Hodge structure and the variation structure is given
in the relation [12]

Vifh= @ PPN (- D).
2n>p+gzn+s

By (5.19) and (5.20) one has

Zpp,, +(f) if A#1
Zpp,,-(f) f A=1

In particular, o; is a spectral number invariant for A # 1.

In order to compute the eta-invariants, fix A = e~ 2" (notice the negative sign in the
exponent) with 0 < ¢ < 1. Then by (5.19) and (5.20), n(¥"(f); 1) = — (1 — 20)Zpp,, + (f).
On the other hand, n(¥"(f); @), = L p2in(a*# ' 1( — 1)% 1) and by (5.19),

Uz(f)={

(¥ (f)a)= ~MZ_: Zppa,-(f) = ¥ (1 =2{ca})Zpp; +(f).

1 A 1
At orA=1

3.22. The suspension case; Let f:(C", 0) > (C, 0) be an isolated singularity. Consider
f1:(€C**1,0) > (C, 0) defined by f(z, z,+1) = f(2). Set f, = z,+, and ¢ = (f;,f,) as above.
The singular locus of the ICIS ¢ is £ = {z = 0}, and the discriminant locus A contains only
one irreducible component A = A,, which is smooth. In particular, G = Z and .¥ = 0. Since
a(f,) =0, Corollary 5.4(2), for suspensions, gives

o(f+ze1) =n(V(f)a) —an(V(f)1).

(This can be derived also from the Sebastiani-Thom-type formula of the spectral pairs [16].)

The term n(¥"(f); 1) is — X ,(1 — 2¢)Zp,(f), which is a spectral number invariant of f.
On the other hand, the term Zpp;, _ in #(¥"(f); a) can be computed only by the spectral
pairs. From this reason, if the monodromy operator of f has an even-dimensional Jordan
block with eigenvalue 4 # 1, but with A° = 1, then the correction term depends essentially
on the block structure of the operator.

Example 5.23. Set f; ;.m.»:(C?, 0) = (C, 0) defined by
Setmn =y = X3 = x> ((y + x3)? = x> ((x =y = P (x + yH)2 =y,

Then the spectral numbers of f_; _;,;,; and f_, ;._; ; are the same, but the spectral pairs
are different [17]. In the first case one has spectral pairs ( — 4, 2) and (4, 0), and in the
second case (—#%,1) and (3, 1), whereas the other pairs are the same. Therefore, the
decompositions of the variation structures (Seifert forms) are: in the first case one has
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w2 ,(— 1), and in the second case #'L,(+ 1)@ # L ,( — 1), whereas the other indecom-
posable structures are the same. Take a = 2. Then ¥ ,,_, , ., Zpp, _ in the first case is
= — 1 and in the second = 0. In particular, 6 (f-; -1.1.1 +22) =0 (f-1.1.-1,1 + 22) + L.

5.24. The equivariant signature ¢;(f + z4, ,) (4 # 1) depends only on the spectrum of
f + 254, (see (5.21)), which can be computed by the spectrum of £ Therefore, a,(f + z5+1)
(4 # 1)is independent on the block structure of the monodromy of f. (In particular, for any
ag,and A # lonehas o,(f-; —1.1.1 +2°) =06:(f-1,1.-1.1 + 2%)

On the other hand, by Corollary 5.4(1), the following relation holds:

o(f+zh41)= — Z Zpp,, - (f).

Ae=1
A1l
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