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ABSTRACT

The work of Sullivan and Wall on surgery theory, as extended to the
topological case by Kirby and Siebenmann, showed the existence of an exact
sequence of pointed sets for the surgery theory of a compact oriented mani-

fold with boundary (M,3M) of dimension m > 6:

aam) > np o0 $ L (n 0n)

*
) Stop TOP

We address the problem of group structure in the surgery exact sequence
(*) and its extension to the left. When G/TOP 1is given the infinite loop

space structure arising from Quinn's theory of surgery spaces, it is shown:

Theorem: There is a long exact sequence of abelian groups and homomorphisms:

-> Lm+1(111(M)) > 5, (M,3M) ~ HO(M,GM;G/TOP) 8 Lm(nl(M))

TOP

where: @ 1is the surgery obstruction map.

Moreover, it is shown that this sequence is natural with respect to
induction and restriction for a covering projection of finite index, or more
generally, for oriented bundles with fiber a closed oriented manifold. A
corrected version of Siebenmann's periedicity theory for sTOP(M,BM) is also
obtained.

Finally, Dress induction and localization are applied to the surgery

exact sequence to prove:

Theorem: Suppose G is a finite group of homeomorphisms acting freely on
pair (M,3M). Let s(H) = sTOP(M/H,BM/H) for a subgroup H of G. Also

let C be a class of subgroups of G and A a subring of the rational

iv



INDUCTION THEOREMS v

numbers. Then the sum of the induction maps QHSC s(H) @ A~> s(G) 8 A is
surjective and product of the restriction maps S(G) @ A » nHeCs(H) QA is
injective in the cases:
1. C 1is the class of cyclic subgroups of G, A = Q.
2. C 1is the class of 2-hyperelementary subgroups of A, A =
z{1/3, 1/5,...3.
3. ﬂl(M) is finite, C 1is the class of p-elementary subgroups of G,
p odd, and A = 2{1/2].
4, nl(M) is finite, C 1is the union of the classes in 2 and 3, and

A= 2Z.

This memoir is a slightly revised version of the author's doctoral

dissertation (Princeton, 1979).
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INTRODUCTION

Let CAT be one of the categories DIFF, PL, TOP of smooth, piecewise
linear, and topological manifolds respectively. The work of Sullivan and
Wall on surgery theory as extended to the topological case by Kirby and
Siebenmann (see [KS], [Su 1], [Wa 1]) showed the existence of an exact se-
quence of pointed sets for a compact oriented CAT manifold with boundary

(M,3M), dim M =m > 6:

(*) (M,3M) > o, (M,0M) > Lm(ﬂl(M))

Scat CAT

where (M,0M) 1is the set of s-cobordism classes of CAT simple homo-

ScaT

topy equivalences N > M relative to 3M, {M,3M) 1is the set of normal

PCAT
cobordism classes of CAT nmnormal maps over M relative to 9M, and 6 is

the surgery obstruction map. Moreover, Lm+1(n1(M)) acts on the set

'sCAT(M,aM) and there is a long exact sequence of groups:

> sCAT((M,aM)><(A1,aA1»-+ o ((4,3M) x (AL, 5a1)) » L, (m, 00)

CAT

The set (M,3¥) can be identified with set [M,dM;G/CAT,*] of homotopy

“CAT
classes of maps into G/CAT. The space G/CAT is the homotopy fiber of the
natural map BCAT > BG where BCAT 1is the classifying spaces for stable
CAT bundles and BG 1is the classifying space for stable spherical fibra-
tions.

We address the problem of group structure in the surgery exact sequence
(*) and its extension to the left in the case CAT = TOP. We also comment

on the case CAT = PL. When G/TOP is given the infinite loop space structure

arising from Quinn's theory of surgery spaces, we show:

Received by the editors January, 1980.



2 ANDREW NICAS

Theorem: There is a long exact sequence of abelian groups and homomorphisms:

> L (1 (D) > s (0,0 > O, am56/108) & 1,_(n ()

TOP

where 6 1is the surgery obstruction.

Moreover, we show that this sequence is natural with respect to induction
and restriction for a covering projection of finite index, or more generally,
for oriented bundles with fiber a closed oriented manifold. A corrected
version of Siebenmann's periodicity theorem for sTOP(M,BM) ([ks, p. 2831
is also obtained.

Finally, we apply Dress induction and localization to the surgery exact

sequence to prove:

Theorem: Suppose G 1is a finite group of homeomorphisms acting freely on
the pair (M,3M). Let s(H) = STOP(M/H,BM/H) for a subgroup H of G.

Also let C be a class of subgroups of G and A a subring of the rational
numbers. Then:

I. The sum of the induction maps

2] s(H) &8 A~+» s(G) 8 A is surjective
HeC

IT. The product of the restriction maps
s(G) 8 A » nﬁeC s(H) @ A is surjective

in the cases:
1. C 1is the class of cyclic subgroups of G, A = Q.
2. C 1is the class of 2-hyperelementary subgroups of G, A =
z[1/3, 1/5,...1.
3. ﬂl(M) is finite, C 1s the class of p-elementary subgroups of G,
p odd, and A = Z[1/2].

4. ﬂl(M) is finite, C is the union of classes in 2 and 3, and A=2Z.
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An easy corollary of the theorem is:

Corollary: A simple homotopy equivalence f: N > M relative to 3N, nl(M)
finite, is homotopic to a homeomorphism relative to dM if and only if the
lifting f:t N> M of f to each covering M of M with ﬂl(ﬁ) 2-hyper-
elementary or p-elementary, p odd, is homotopic to a homeomorphisms

relative to oM.

Our discussion is organized as follows:

The theory of n-ads is briefly reviewed in Section 1 of Chapter 1. In
Section 2 A-objects in a category are defined and ordered simplicial com-
plexes and their geometric product are also discussed. Sections 3 and 4
contain an exposition of the homotopy theory of ‘A—sets which will be needed
in the sequel.

In Chapter 2 we begin be defining certain types of surgery problems in
Section 1. These will be used as the basic building blocks for the geometric
constructions of that chapter and of Chapter 3. Section 2 contains the
definition and a discussion of the surgery space Eq(B) and of the restricted
surgery space Eé(B) where B is a CW r-ad. The approach to surgery
spaces which we present is a modification of that due to Quinn in his thesis
[Q]. Let CAT denote one of the categories TOP or PL of topological and
piecewise linear manifolds respectively. In Section 3 we define the A-sets
(X,SOX) and N

(x,aox) for a CAT manifold r-ad X. (X,BOX)

SCAT CAT sCAT

is the A-set of homotopy CAT structures on X relative to BOX, and

NCAT(X,BOX) is the A-set of CAT normal maps over X relative to SOX.

Finally we show in Theorem 2.3.4 that (X,BOX) can be identified with

SCAT

the homotopy fiber over the O-component of the geometrically defined surgery

obstruction map F: N (X,BOX) > Ihxéox) (see definition 2.3.3) where

CAT
m=dim X > r+r and §;X is the (r-1)-ad obtained from X by deleting

the zero-th face, - BOX.
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In Section 1 of Chapter 3 we show that the surgery spaces Lq(B) for a
CW r-ad B determine a periodic {-spectrum L(B) with zero-th space
LS(B). The corresponding O~connected spectrum with zero-th space LS(B)O’
L(B) (1,...,®) in the notation of Adams [A], will also be of interest since
when B 1is a point ]I..S(B)o has the homotopy type of the classifying space
G/TOP. The notion of a surgery mock bundle is introduced in Section 2 and
the properties of these objects are discussed. This notion will be useful
because the cohomology theory with coefficients in the spectrum IW.(B) coin-
cides with the cobordism theory of surgery mock bundles and the group
HO(X;EAB) (1,...,@)) has a similar description. In addition, various
geometric maps such as the assembly map, which is the subject of Section 3,
and the induction and restriction maps of Chapter 4 are easily defined in
terms of surgery mock bundles.

Chapter 4 contains the construction of induction and restriction maps
at the A-set level for the various terms of the surgery exact sequence. In

*W(K,L) 1is defined for an

Section 1 a transfer map tr(p): yg(E,F) > Mg
oriented simplicial w-mock bundle p: E > K, F = p_l(L) (see definition
4.1.1). yg(E,F) and M%(K,L) are A-sets isomorphic to the function spaces
A(E’F;nh(3)0’¢) and A(K,L:Lq(B),¢) respectively and are described in
terms of surgery mock bundles (see definition 3.2.4). 1In the case p 1is a
triangulation of a covering projection of finite index, the transfer tr(p)
gives rise to a transfer map for the cohomology theory H*( ;L(B)) and also
for HO( 3;IL(B) (1,...,2)) which coincides with the cohomology transfer of
[A] or [Rsh]. 1If ES and Kk are oriented simplicial manifold s-ads and
p: E > K 1is an oriented O-mock bundles triangulating a covering projection

of finite index and p_l(aiK) = BiE i=0,...,8~2, then there is a commu-

tative square:
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a
MUE, B ) —— L, (§,[ED

g+

ltr(?) Lmq+e(|P|)
q
MHR,IK) 1Lq+e(<50|1<|)

where the horizontal maps are the assembly maps. In Chapter 5 it is shown
that the homotopy fiber of the assembly map is homotopy equivalent to the
A-set of homotopy TOP structures under the appropriate conditions. Hence
the induced map of homotopy fibers in the diagram above yields an induction
(|K|,30|K|). More generally, if p is an

map L, (p): S (IEI;aolEl) *> 5

TOP TOP

oriented simplicial w-mock bundle there is an induction map:

T (p): SpopCIELL30E]) > 5,0, (K], K] x (A¥,30%)) .

TOP

In Section 2 we show how to obtain restriction maps for surgery spaces
and for STOP( ). Suppose p: E*> B 1is a map of CW r-ads which is an
oriented topological bundle with fiber a compact oriented topological mani-
fold of dimension w such that p-l(aiB) = SiE i =0,...,¥=2. The pullback
with respect to p defines a transfer map for surgery spaces tr(p):

'Ih(B) > Lq+w(E)' This construction is due to Quinn [Q], and is based on
the geometricélly defined transfer of [Wa 1]. If B and E are also
oriented manifolds then the pullback defines a restriction map:

I*(p): STOP(B,BOB) - 8 (E,BOE). This map can also be obtained as an

TOP
induced map of homotopy fibers of the assembly map.

Chapter 5 begins with an exposition of the homotopy equivalence G/TOP
IB(pt)O of Quinn and Siebenmann. This equivalence endows G/TOP with an
infinite loop space structure since IB(pt)O is the zero-th space of the
spectrum IL(pt) (1,...,»). Let K be a triangulation of a compact oriented
PL-manifold s-ad with m > s +4. Assume for every subset c¢ of

{ls.c0,s —Z}BCK =N {BjK| j € ¢} 1is connected and non-empty. BOK may be

empty of disconnected. We then establish a homotopy commutative square:
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A
g"r(x,aox) — 1

T

F
Uxl,3y1k)  ——— . _(§,[K])

(aohq)

m+4T

Nrop

where A is the assembly map, F is the surgery obstruction map, and the
vertical maps are homotopy equivalences. The homotopy fiber of A, E(A),
which is a H-group (i.e., a homotopy associative H-space with a homotopy
inverse), is then homotopy equivalent to the hogotopy fiber of F which is

in turn homotopy equivalent to (|K|,80|K]). The homotopy sequence of

STOP
. . 4T . .
the homotopy fibration E(A) » M (K,BOK) > 1%r+m(80]K]), which is a long

exact sequence of groups, maps isomorphically to the homotopy sequence of

the homotopy fibration:

(IRl ag %D > NopCIK] 3, KD > T_(8, %))

Srop TOP

yielding a long exact sequence of groups:

(85KN> spopC K] ,a 1K) > #OCIK] 13 JR]5G/TOR) > L (m (8,K)) -

> Loatm TOP

This sequence is independent of the triangulation of M = |K]. Our analysis
also enables us to prove a corrected version of the periodicity theory of

Siebenmann [KS, p. 2831:

Theorem: Let M = |KI be as above. Then:
~ 4 b4 . .
1. STOP(M’BOM) = STOP((M,SOM)><(A »347)) if 3;M is non-empty.

2. if BOM is empty then there is an exact sequence of groups
0+ s (0 > s _(MxA*Mx38%) > L (1)
TOP TOP ’ 0

Since Lo(l) =2z, (M><A4,M><8A4) is isomorphic to (M) or to

Stop Srop

STOP(M) ® Z; moreover, both cases can occur.
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Using the results of Chapter 4, the surgery exact sequence is shown to be
natural with respect to induction and restriction for a covering projection
of finite index and, more generally, for oriented bundles with fiber a closed
oriented PL manifold. Finally, we comment on how to extend the above
results to non-~triangulable topological manifolds and how to make the PL

surgery exact sequence:
- sPL(M,aOM) > [M,BOM;G/PL,*] > Lm(ﬂl(aoM))

an exact sequence of groups and homomorphisms, M a PL manifold s-ad,
dim M > s +4.

In Section 1 of Chapter 6 the apparatus of induction theory, i.e.,
Green functors and their modules, is described. The properties of the trivial
Green functor and its modules are also discusseé. In Section 2 Dress
induction and localization are applied to the surgery exact sequence to

).

obtain our induction theorem for STOP(



1. PRELIMINARIES

1.1 N-ads

Notation: For a finite indexing set A let [[A]l denote the cardinality
of A.

Definition (see [Wa 1, Ch. 0]): Let 2n—1 be the category whose objects are

subsets of {0,1,...,n -2} and whose morphisms are the inclusion maps. Let

c be a subcategory of the category of sets and maps. A n-ad in C is an

n-1
>

intersection preserving functor 2 C.

If X is a n-ad, denote |X| = X({0,...,n-2}) and for a subset c

of {0,...,n -2} BCX = X({0y...,n =2} = ¢c). Observe that BCX
N {ajxl j € ¢} and hence |X| and BJ.X determine the n-ad X. The
notation (X;BOX,...,SH_ZX) will be used for the n-ad X. BCX is natu-
rally a (n - ||c||)-ad, also denoted by 3 .X:

Let {0,...,n=2} = ¢ = {i(0),...,i(k)} i(0) < i(1) < ... < i(k)

Then |acx! = 3.X, aj(acx) =3 L (iX = 3K N 3 (¥ -

A map of n-ads in C, f: X+ Y, is a morphism f: |X| > |Y[ which for
every subset ¢ of {0,...,n-2} restricts to a morphism BCX—> BCY. If
X is a n-ad then the (n~-1)-ad chX is obtained from X by omitting the
j-th face, an. Let M be a m-ad in C and N a n-ad in C. Suppose
that € 1is equipped with a suitable product, for example, the Cartesian
product when C is the category of sets and maps or of spaces and continuous

maps. MxN is the (m+n-1)-ad:

MxN)

(MxN;MxBON,...,MXBH_ m—2

MM XN, .8
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Let CAT denote one of the categories:
1. TOP of topological manifolds and continuous maps.

2. PL of piecewise linear manifolds and piecewise linear maps.

Definition: A CAT manifold n-ad is a topological n-ad M such that for
every subset ¢ of {0,...,n-2} M(c) is a CAT manifold with bounary
given by aM(¢c) = U M(b)! bc ¢, b #c}. BCM is allowed to be empty, the

empty set being viewed as a CAT manifold of any dimension. Note that

.

dim Iach = dim {M| - ||¢

1.2 A-objects

A-objects will be used extensively in the geometric constructions of

Chapters 2 and 3. The basic references on the subject are [RS2] and [RS3].

Definition: Let A be the category with objects An, the standard
ﬁ-simplex, n=0,l,... and whose morphisms are injective order preserving
simplicial maﬁs A" s A" A A-object in a category C 1is a contravariant
functor A + C. A morphism of A-objects is a natural transformation of

functors.

Equivalently a A-object X in C can be defined as a sequence of objects
X(k) k =0,1,... in C together with morphisms 3J,: X(k) » X(k-1)

0 <i<k satisfying aiaj =2 for i < j. The ai's are called face

§-1%
maps and the elements of X(k), in the case C 1is a subcategory of the
category of sets and maps, are called k-simplices. A morphism of A-objects
X > Y 1is a sequence of morphisms fk: X(k) » Y(k) such that fkaj =ajfk+1'
A-objects in the category of sets and maps are called A-sets.

Simplicial complexes are closely related to A-sets. Let K be a
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simplicial complex viewed as a collection of closed linear simplices lying in
R_. K 1is said to be ordered if the vertices of K are given a partial
order which induces a total order on the vertices of each simplex of K. If
K is ordered then it can be viewed as a A-set, also denoted by K, in a
natural manner: the k-simplices of the A-set K are the k-simplices of
the simplicial complex K ‘and the face maps are determined by the ordering
of K. An order preserving simplicial map f: K » L between ordered simpli-
cial complexes which is injective on each simplex of K 1is equivalent to a
A-map K + L, also denoted by f.

The geometric product of ‘two ordered simplicial complexes H and K,
denoted H ® K, is the ordered simplicial complex defined as follows: Let
HO = {v(i)| i € I} and KO = {w(j)l j € J} Dbe the vertex sets of H and
K respectively. The vertex set of H é K is HO XKO ordered lexico-
graphically. A typical r-simplex, o, or H QK has the form of =
((V(iO,W(jO)),...,(v(ir),w(jr))) where:

1. {v(io),...,v(ir)} and {w(jo),...,w(jr)} span a simplex of H

and K respectivelyandv(i0)<=,..,<=v(i_r) and w(j_0) <=, ..., <= w(j_r).
2. for every s, 0<s <r, (V(is),w(js)) is strictly less than

),w(js+1)) in the lexicographic ordering of 10 x&°.

(v(i

s+1

The space underlying H & K is ]HI x |K|. More generally the geometric
product can be defined for arbitrary A-sets but this will not be needed.
Let H, K, A, B be ordered simplicial complexes and f: H >~ B order pre-
serving simplicial maps which are injective on each simplex, i.e., f and

g are A-maps. The order preserving simplicial map £ 8 g: H®8 K> A8 B

defined on vertices by £ 8 g((v,w)) = ((f(v),g(w))) is clearly a A-map.
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1.3 The Homotopy Theory of A-Sets

We now discuss some of the homotopy theory of A-sets which will be

applied in subsequent chapters. Let An’k = A" - (int A" U int BkAn) viewed

as a simplicial complex with ordering induced from A",

Definition: A A-set X 1is said to be Kan if every A-map f: An’k + X

n,k > 0 extends to a A-map F: A" > X.

Equivalently, X is Kan if for every collection of n-1 n-simplices of X

x. je{0,...,n} j # k, such that 3.x, = 9

3 i%3 j—lxi for 1< j 1i,j # k,

J
exactly one n-simplex, v, for each n > 0 will be called a point subcom-

there exists a n-simplex x with ajx =x. j#k. Asub A-set of X with

plex of X. When X 1is Kan the homotopy groups of the pair (X,v) can be

defined in purely combinatorial manner:

ﬂm(X,v) = {x ¢ X(m)l aix =v

me1 i=20,...,m}/relation m >0 .

The relation is defined as follows: =x is equivalent to y if there exists

z € ¥(m+1) with Bmz=x, 3 z=y, d,z2z=v, for i=20,...,m-1l. This

m+l
is an equivalence relation and there is a natural isomorphism Hm(X,v) =
ﬂm(|X|,lv|) m > 0 where |X| is the geometric realization of X (see

[RS2, Ch. 61).

Remarks:
1. Relative homotopy groups can also be defined (see [Ma, p. 7] and
[Rs2, ch. 61).
2. The set nO(X,v) when viewed as an unbased set does not depend on
v and one writes no(x). nO(X) is called the set of path compo-

nents of X.
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3. Let (X,v) be a pointed A-set. The O-component of X, denoted

Xy» is the pointed A-set defined by:

XO(O) {x € X(0)| there exists yeX(1l) with 3y =% 81y'=v0}

X,(3)

{x e X(] 3x e Xy(Gi-1) k=0,...,j} j>1.

Face maps are obtained by restricting the face maps of X. Clearly XO is
Kan if X 1is Kan.
4. The Cartesian product of two A-sets X and Y is the A-set de-
fined by (X xY)(j) = X(j) xY¥(j) and with face maps Bk(x,y) =
(akx,aky). When X and Y are Kan |XxY| and |X|x|Y| are

homotopy equivalent (see [RS2]).

The following version of J. H. C. Whitehead's theorem is valid for

A-sets (see [RS2, Ch. 6]):
Theorem 1.3.1: Let X,Y be Kan A-sets and f: X> Y a A-map. Suppose
for every point subcomplex v of X ﬂj(f): ﬁj(X,v) > nj(Y,f(v)) is an

isomorphism for every j > 0. Then f 1is a homotopy equivalence.

By Remark 6.7 of [RS2] the previous theorem yields a criterion for an

inclusion of Kan A-sets to be a deformation retraction:

Proposition 1.3.2: Let X < Y be an inclusion of Kan A-sets and suppose

for each n,k every A-map f: An’k + Y with f(aAn’k) C X extends to a
A-map F: A" > Y such that F(akAn) C X, Then X CY 1is a deformation
retraction.

There is a notion of fibration for A-maps:

Definition 1.3.3: A A-map p: E + B 1is called a Kan fibration if given the
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following commutative square of A-maps:

n-k
A ——d
2
/\/,h P
A" -3 B

A A-map h: A" + E can be found making the resulting diagram commute. Equi-
valently p 1is a Kan fibration if for every collection of n (n-1)-simplices

xj je{0,...,n} j #%k of E with aixj = aj-lxi for i <j i,j #k and

for every n-simplex y of B with Biy = p(xi) i # k, there exists a

n-simplex x of E such that Bix =%, for i #k and p(x) =y.

Let X be a Kan pointed A-set. Denote the base point of X(j) by Vj.

Define pointed A-sets Ax and QX by:

n+l

(Ax)(n) = {o e X+ BN "0

i
<

(QX) (n)

[
<
=
4
Q>
—
a
I
<
-

{0 € X(n +1)| (80)n+1

The face maps of AX and QX come from the face maps of X and the base-

. point of (AX)(n) and (£X)(n) is wv__ .. AX 1is called the A-set of paths

n+l

on X originating at v and X is called the A-set of loops on X based
at v. Clearly AX and (X are Kan. Define p : (AX)(n) » X(n) by

pn(x) = 8n+lx. Then pn(ajx) = 8n+lajx = 8j8n+2x = ijn+1(x) j=0,00.,n+1.

Hence p: AX > X 1is a A-map.

Proposition 1.3.4: p: AX » X 1is a Kan fibration.

Proof: Let x5 € (X)(n-1) je {0,...,n} j #k with aixj =3 for

j-1%1

i<j i,j#k and let ye X(n) 3;y = p(xi) i # k. View the x;'s as

elements of X(n) and let X, =7 Then aixn+1 = p(xi) = anxi i# k.

Since X 1is Kan there exists x ¢ X(n+1) with aix = x; i # k. Clearly

n+l . .
(ao) X = X and thus x 1is an n-simplex of AX. p(x) = an+1x = x =y.
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If Z is a space, the singular complex of Z, denoted SZ, is the A-set
whose j-simplices are continuous maps from Aj into Z and whose face maps
are given by restriction to SkAj k = 0,...,j. The singular complex defines
a functor from spaces to A-sets; furthermore, if Z is a CW complex and
X 1is a Kan A-set then there are natural homotopy equivalences ¢(Z): SZ - Z
and Y(X): X = S]Xl (see [RS2]). The path space on a pointed space (Z,z),
denoted PZ, is the space of continuous maps from the unit interval to Z
h: I » Z such that h(0) = z. The path fibration e: PZ ~ Z is defined by

e(h) = h(1).

Proposition 1.3.5: Let X be a Kan pointed A-set. There is a commutative

diagram:

Qx| ——— Plx|] ——— [x]
/{L(x) TM(X) Tn(x)

x| ———— |AX| —-———l-ﬂ% Ix]

where the vertical maps are natural based homotopy equivalences

Proof: We mimic the proof of Lemma 5.1, p. 36 of [BRS]. Suppose Z is a
. . n n n+l

pointed space. The homeomorphisms (A xI)/A x0 > A 7, (to,...,tn;s) b

(sto,...,stn,l -s) n > 0 induce a natural isomorphism of A-sets

G(Z): ASZ » SPZ; furthermore, the diagram:

ASZ __§£22_9 SPZ

b b

sz —Eos gz

is commutative and G(Z) restricts to an isomorphism G'(Z): QSZ » SQZ.

L, M, N are defined as the composites:

LX) = QXD « |6' x| - o)

M(X) = o(p|X|) - Jes|xD] o A
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NX) = o(|X]) ¢ W) .

Since each of the maps on the right are natural based homotopy equivalences,

so are L, M, and N.

Let (X,x) and (Y.y) be Kan pointed A-sets and f: X - Y a base point

preserving A-map.

Definition 1.3.6: The homotopy fiber of £ over the basepoint y 1is the

pointed A-set, E(f), given by:

n+l

E(£)(n) = {(x,5) € X(m) x¥(n+1)| (3 )"y

1
]

Yo° fn(x) = an+ly}

Bj(x,y) = (Bjx,Bjy) (x,y) € E(£)(n) j =0,000,n .

The basepoint of E(f)(n) is (xn,y ). There is a pullback square of

n+l

basepoint preserving A-maps:

E(f) wee——a AY

1.3.7 lV lp

x —If 5 ¥

where U and V are the natural projections. Using the fact that X is
Kan and that p is a Kan fibration it is easy to verify that E(f) is Kan.

There is also the following fiber mapping sequence:

1.3.8 e > QE(E) —> X 0y B () Lo x S5y
where Rn(y) = (xn+1,y) y ¢ (QY)(n)
(Qf)n(x) = fn+1(x) x € (X)(n) .

Recall that in the category of pointed spaces and basepoint preserving
continuous maps the homotopy fiber, F(g), of g: (A,a) > (B,b) 1is defined

by the pullback diagram:
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F(g) ———> PB
J e

A —=> B

Applying the geometric realization functor to diagram 1.3.7 and using Propo-

sition 1.3.5, one obtains a natural based homotopy equivalence E(f) » F(]f]).

Proposition 1.3.9: There is a based homotopy equivalence QE(f) X E(Qf).

Proof: Observe that |[QE(f)| » QE(£)| ~ QF(|£|) and that [E(Q£)] 2

FCQE]) g,F(Q‘fl) and, furthermore, QF(|f|) and F(2|£f]) are homeomorphic.

Given a commutative square of A-maps of pointed A-sets:

X —F 5 ¥

1.3.10 La ib

X! ____E___> v

there is an induced A-map of homotopy fibers h: E(f) » E(g) defined by:
h (x,y) = (a_(®),b. () (x,y) € BE(E) ().

We now discuss the analog of H-spaces in the A-set category. Let
(Y,e) be a Kan pointed A-set. A H-structure on (Y,e) 1is a A-map
g: (YxY,(e,e)) » (Y,e) such that the maps g( ,e), gle, ): (Y,e) » (Y,e)
defined by g( ,e)(x) = g(x,e) and g(e, )(x) = g(e,x) are homotopic to
the identity. Note that |Y| is an H-space with homotopy unit |e| ana
multiplication given by the composite |Y| x|Y| n |¥x¥| —l§L> |Y|. The
triple (Y,e,g) 1is said to be homotopy associative if the H-space |Y| is
homotopy associative and a H-group if |Y| is a H-group (i.e., a homotopy
associative H-space with a homotopy inverse). A A-map f: (Y,e) +» (Y',e')
between two Kan A-sets with H-structures (Y,e,g) and (Y',e',g') is said

to be a H-map if |fl is a H-map. f will be called a H-homomorphism if
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f(g(x,y)) = g'(£(x),f(y)) for each n-simplex (x,y) of YxY.

In the case f 1is a H-homomorphism, a H-structure m: E(f) xE(f) -
E(f) is defined by m((x,y),(u,v)) = (gj(x,u),g3+1(y,v)) where (x,y) and
(u,v) are j-simplices of E(f). Note that the maps R: QY' =+ E(f),
V: E(f) > Y of 1.3.8 are H-homomorphisms where QY' has the H-structure
induced by the H-structure of Y', If diagram 1.3.10 is a commutative square
of H-homomorphisms, then the induced map E(f) > E(g) , is clearly a H-
homomorphism.

More generally, we have the following theorem concerning the H-space

properties of the homotopy fiber:

Theorem 1.3.11: Let (Y,e) and (Y',e') be Kan pointed A-sets with given

H-structures and f: (Y,e) = (Y',e') a H~maﬁ. Then if E(f) 1is the homo-

topy fiber of f over e':

1. E(f) is a H-space with the natural basepoint as homotopy unit.

2. The namps R: Y' > E(f), V: E(f) Y of 1.3.8 are H-maps.

3. If Y and Y' are homotopy associative and f 1is homotopy asso-
ciative with respect to given associating homotopies for Y and Y'
then E(f) 1is homotopy associative.

4, 1If in addition to the conditions of 3 above, ﬂO(Y,e) and no(Y',e')

are groups, then nO(E(f),*) is a group.

Proof: Recall that |ECE)] is naturally homotopy equivalent to F(|f|), the
homotopy fiber of If[ over the basepoint. 1 and 3 are then a direct conse-
quence of Theorem 1 and Theorem 15 respectively of [St]. 2 follows from the
definition of the H-space multiplication in F(|f|) in the proof of

Theqrem 1 of [St]. Assume the hypotheses of 4. The fiber mapping sequence

for f yields an exact sequence of pointed sets:

ﬂO(R) nO(V) no(f)
—— ﬂl(Y',e') — nO(E(f),*) —_— ﬂO(Y,e) —_— nO(Y',e’) .
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By 3 nO(E(f),*) is a monoid and by 2 the maps ﬂo(R) and ﬂO(V) are monoid
homomorphisms. 4 is a consequence of the following lemma with B = Im HO(V) =

ker ﬂo(f):

Lemma: Let A $ M R B > (0 be an exact sequence of monoids and suppose A

and B are groups. Then M is a group.

Proof: It is sufficient to show that each x € M has a left and right
inverse. Let x € M. Since b 1is surjective there exists y € M such that
b(y) = b(x)-l. Observe b(xy) =1 and thus a(z) = xy for some z € A.

Then ya(z—l) is a right inverse for x. Similarly =x has a left inverse.

Remark: The conditions of Theorem 1.3.}1 (4) are satisfied when Y and Y'

are loop spaces and f 1is a loop map.

We conclude this section with a theorem which will be useful in the

sequel:

Theorem 1.3.12: Let the following square be a homotopy commutative diagram

of Kan pointed A-sets:

(T,e) —is (1',e")

s !

(A,a) —E—>  (B,b)

Suppose (Y,e), (Y',e'), and f satisfy the hypotheses of Theorem 1.3.11 (4)
and that U and V are homotopy equivalences, Then there is a homotopy

equivalence of homotopy fibers E(f) + E(g).

Proof: Since homotopy equivalent maps have homotopy equivalent homotopy
fibers it can be assumed, without loss of generality, that the diagram above

is strictly commutative. Then by 1.3.10 theve is an induced map of homotopy
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fibers h: E(f) » E(g). The homotopy equivalences U and V impose H-
structures on A and B respectively so that (A,a), (B,b), and g satisfy
the hypotheses of Theorem 1.3,11 (4). The homotopy sequence of the homotopy

fibration E(f) - Y £ Y' maps into that of E(g) > A g B:

-e>n1(Y,e) —> ﬂl(Y',e') *¥>ﬂb(E(f),*) — ﬂO(Y,e) — ﬁo(y',e')
ln1<u) l¢1<v> Lﬂo(h) lno(u>‘ lno(v)
->n1(A,a) —> ﬂl(B,b) - nO(E(g),*) - ﬁO(A,a) - ﬂO(B,b)
By Theorem 1.3.11 (4) the two horizontal sequences are exact sequences of
groups and homomorphisms; furthermore, ﬂo(h) is a homomorphisms since h is
a H-map. Hence by the five lemma ﬂo(h) is an isomorphism. Similarly
ﬂj(h): nj(E(f),v) - nj(E(g),hiv)) is an isomorphism for any point complex v

and j > 1. The theorem follows from Whitehead's theorem (Theorem 1.3.1).

1.4 Function Spaces

Let (K,L) be an ordered simplicial pair and (X,Y) a A-set pair. The
function space A(K,L;X,Y) {8 the A-get whose j-simplices are A-maps
g: K@ Aj + X with g(L @ Aj) contained in Y and whose face maps are given
by restriction to K & akAj for k =0,.,.5j. A A-map f: (K,L) » (H,J)

between ordered simplicial pairs induces a8 A-map:

e, ACH,J3X,Y) > A(K,L;X,Y)  given by f#(g: He Al > X)=g(f & id).
A A-map h: (X,Y) > (W,Z) induces a A-map:
hyt AGK,L3X,Y) > AK,L5W,2)  given by h,(g: K @ A s X) =hg .

Remarks:
hemarxs
1. If (X,Y) 1is a Kan pair then A(K,L;X,Y) is Kan.

2, 1If the pointed A-set (Y,e) has a H-structure m: YxY > Y with
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homotopy unit e then A(K,L;Y,e) inherits a H-structure from Y by

means of the induced map

m
AR, L;Y,e) x AK,L;¥,e) = A(K,L3Y x ¥, (e,e)) —i> A(K,L;Y,e)

Given pointed spaces A and X and subspaces B of A and Y of X
containing the base points, let Map(A,B;X,Y) be the space of continuous
basepoint preserving maps (A,B) » (X,Y) with the compact-open topology.
Suppose (K,L) is an ordered simplicial pair with a basepoint k € L. Assume
that K 1is locally finite and that k is maximal in the ordering of the
vertices of K. The A-set SMap(|K|,|L|;X,Y), where S denotes the singular
complex, will be naturally identified with the A-set whose j-simplices are
continuous maps f: (|{K 8 Aj|;|L 8 Ajl,lk 8 Ajl) + (X;Y,*) and whose face
maps are given by restriction to |K ® akAjl k = 0y...5j. In the case
(K,L) is an unbased locally finite ordered simplicial pair we replace (K,L)
by (KU+,L U+) where + 1is a disjoint vertex ordered so that every

vertex of K precedes it.

Lemma 1.4.1: Let (K,L) be as above and let (Z,z) be a pointed space.

Then there is a natural homotopy equivalence:
A: Q SMap (|K|,|L|;2,2) ~ sMap (|K],iL];Qz,*) .

Proof: The A-map A is defined as follows: Let g: |K @ Aj+1| + Z be a
j-simplex of § SMap (|K],|L|;Z,z). Then Aj(g): |K a Aj| + QZ is the map
given by Aj(g)(x)(t) = g(tx + (1 -t)v) where x ¢ Ior[, T e K8 Aj
(identified with K ® aj+1Aj+1) and v 1is the vertex (k,vj+1) of
K@ Aj+l, and 0 <t < 1.

A homotopy inverse B for A is defined as follows: Let £: |[K 8 Aj| >
QZ be a j-simplex of SMap (|K|,|L|; Z,*). Every x ¢ |o|, where o is an

s-simplex of K @ AJ+1 not in K @ vj+1, can be uniquely expressed in the
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form x =tw + (L ~t)v' t #0, we¢e [0| N |K 2 3j+1AJ+1l, and v' ¢ |g| N

+1|'

for x as above and Bj(f)(x) =% for x € K@ Vie Then Bi(f) is con-

] v; Bj(f): K e AJ+1| + Z 1is the map given by Bj(f)(x) = f(w)(t)
tinuous and B 1is a A-map; furthermore it is readily verified that AB and

BA are homotopic to the respective identities.

Let (K,L) be as in Lemma 1l.4.1 and let (A,*) be a Kan pointed A-set.
A natural A-map u: QA(K,L;A,*) » A(K,L;QA,%) is defined as follows: let
f: K® AJ+1 + A be a j-simplex of QA(K,L;A,*) and let v denote the

vertex (k,vj ) of K8 AJ+1. If 0 1is a r-simplex of K 8 Al let gev

+1
be the (r+l)-simplex of K & AJ+1 spanned by ¢ and v where K @ A s
identified with K ® 8j+1AJ+1. Define uj(f): K8 Al > QA to be the A-map

by uj(f)(o) = f(gev).

Proposition 1.4.2: u 1is a homotopy equivalence.

Proof. Given a Kan A-set (B,b) there is a natural homotopy equivalence
n: A(K,L;B,b) + SMap(|K|,|L|;|B],|b]) given by nj(g: K8 Al »B) = lg].

There is a commutative diagram:

QA(K,L3A%) 5 qsmap (K|, |L]5]a], %) —2s sMap([k|,|L|;]0a],%)

} -

L
BR,LiOA,*) —Ry  sMap(|K|,|L]3]0a], *) —L> sMap(|K|,|L|;]0a],%)

L, is the homotopy equivalence induced by the homotopy equivalence L(A):

#
Qa| + Q|A] of Proposition 1.3.5. The A-map A is the homotopy equivalence
of Lemma 1.4.1. Then u 1is a homotopy equivalence since it is a composite

of homotopy equivalences.



2. SURGERY SPACES

2.1 Definitions

R~ will denote the set of sequences in the real numbers R (xo,xl,...\
.. . n+l . . . Gl
such that x; = 0 for all but finitely many i. R is included in R
by (xo,...,xn) > (xo,...,xn,O,...).

Let B be a topological r—-ad and q,] non-negative integers. The

objects of the next definition will be used extensively in the sequel:

Definition 2.1.1: A surgery problem of type (q,j) over B consists of the

following data:

1. Compact oriented topological manifold (j+r+2)-ads M and X of
dimension g +j embedded in Aj xR%C Aj xR for some s so that
M0 oA0 xRS =9 k= 0,05 ana M- (U] a0 c ine adxr®

and M has a normal microbundle in Aj xRS, Similarly for X.

2. A degree 1 map f: M > X of (j+r+2)-ads (see [Wal, Ch. 2]) such
that 8j+1f: 3j+1M - 8j+1X is a simple homotopy equivalence of
(j+r+l)-ads.

3. A TOP microbundle, n, over X and a map b: vy > D of micro-
bundles covering f where iy is a normal microbundle of M in
ijRS.

4. A continuous map of (j+r+2)-ads, called the reference map
h: X > (B xAj;B xaoAj,...,B xajAj,B xAj,BOB xAj,...,ar_zB xAj) such

that the diagram:

X L1 AJme

I |

Bxal —> Al

22
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commutes where 1 1is the inclusion and the unlabelled arrows are

the projections.

The notation M J; X lg B x A b,n will be used for a surgery problem of type
(g,j) over B as in the previous definition.

Let x = M — X — B x A b,n be as above. 3, x for k = 0,...,j will

k
denote the surgery problem of type (q,j-1) over B giyen by restriction

over the k-th face:

3, f 3,h ;
JM —— JX —— B x A b|akM,n|3kX .

Similarly, akx is the surgery problem of type (q-1,j) over the (r-1)-ad
BkB given by restriction over the (k+j+2)~th face for k =0,...,r-2, -x
is the surgery problem of type (q,j) over B obtained by reversing the
orientations of M and X.

Let Npc: Rs, s large, be a closed oriented topological manifold and

suppose N has a normal microbundle v If x 1is as above then xxN is

N
defined to be the surgery problem of type (q+p,j) over B given by:

Mx N 223y x oy By goad pra

where b' = bxid and n' 1is the microbundle nXxvy.

2.2 Surgery Spaces

Surgery spaces in the non-simple connected case were first constructed
by Quinn (see [Q]). 1In this section we will only consider the untwisted case.

Let B be a CW r-ad.
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Definition 2.2.0: The surgery space qu(B) is the pointed A-set defined

as follows:
ILq(B)(j) is the set of all surgery problems of type (q,j) over B.
The base point, denoted ¢j, is the empty surgery problem over B. The

face maps are the maps Bk k = 0,...,] defined in the previous section.

Let f: B, > B

1 2 be a map of CW r-ads. Composing f with the refer-

ence map of each simplex of ILq(Bl) yields a map of pointed A-sets ]Lq(f):
]Lq(Bl) - ]Lq(BZ)' ]Lq is a covariant functor from the category of CW
r-ads to the category of pointed A-sets. Orientation reversal and the maps
ak k = 0,...,r-2 (see Section 2.1) define natural basepoint preserving
A-maps -: ]Lq(B) > ]Lq(B) and 3, : qu(B) -> ]Lq_l(akB).

Disjoint union provides a natural H-structure for ]Lq(B). To be pre-
cise, let t € R and consider the map d(t) defined by d(t)(xo,xl,...) =
(t,xo,xl,...). If x=M~»> X~ B><Aj b,n is a surgery problem of type (q,])
over B then by applying idxd(t), where id: Aj > Aj is the identity, to
the ambient space in which M and X are embedded, one obtains in the
obvious manner another surgery problem of type (q,j) over B which will be
denoted by D(t)(x). Define a basepoint preserving A-map u: ]Lq(B) ‘X]Lq(B)-»
ILq(B) by uj(x,y) = D(0)(x) UD(1l)(y) where x and y are j-simplices
of ]Lq(B). The symbol "U" denotes the union of the underlying sets and
maps. The maps D(t) t = 0,1 ensures that this is a disjoint union. The
basepoin!: ¢, generated by the empty surgery problems over B, serves as a
homotopy unit.

Orientation reversal, the maps ak: ]Lq(B) > ]Lq_l(akB), and ]Lq(f)
where f£: By > B2 is a map of CW r-ads, are easily seen to be H-
homomorphisms with respect to the H-structure defined by y.

The properties of ILq(B) will now be investigated.

Proposition 2.2.1: ]Lq(B) is Kan.
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~1 . .
Proof: Let xj = Mj e Xj > B x A" bj’nj je{0,...,n} j#%k be acollec-

tion of n (n-1)-simplies of ]Lq(B) with aixj = 35-1"1 for i <3 1i,j#k.
Make the canonical identification of An_l with BjAn to obtain u =

M $ X —}—l-> B xAn’k b,n where M,XC /\n’k xR~ and so that u restricted to
BJ.An’kaClo is X, for j # k. By Theorem 3.3.2 u can be viewed as surgery
problem of type (g+n-1,0) over the (r+l)-ad Bx(An’k;aAn’k) with BOM‘

and 80X empty. The above "assembly'" process is explained in more detail

in Section 3.3. Let I be the unit interval and let the map g: An’kxI > A"

be a homeomorphism with g lAn’kXO the natural inclusion An’k > A" and
. '

g(aAn’kquAn’kxl)CakAn. Let X =MxT =23y 1 B 5 g, bt 0t

where h' = (idxg)(hxid), b' =bxid n' = nxv, where v is a normal

microbundle to I < Rl. View MxI as being embedded in A" xR” wvia g

with the manifold (n+r+2)-ad structure

aj(MxI)=ij0 je{0,...,n} j#k
9, (MxI) = 3 MxT U (u{ij1| j e {0,...,0} j #Kk})
an+j(Mx 1) = 8j+1MxI ix>1

and similarly for XxI. Then x is seen to be a surgery problem of type

(q,n) over B with Z}J.x=xj j # k. Hence the A-set ]Lq(B) is Kan.

Let s: AJ -> AJ+1

be defined by s(v) = (1/2)v + (1/2)vj+1 where vj+1
is the (j+l)-th vertex of Aj+1. Define a map eJ;I: ]Lq(B)(j) > (Q]Lq_l(B))(j)
as follows: Suppose x = M-> X h B xAj b,n is a surgery problem of type
(q,j) over B. Embed MC Aj xR” in AjH‘xRco using s and give M the
manifold (j+r+3)-ad structure obtained from the given manifold (j+r+2)-ad
structure of M by inserting an empty face in the (j+l)-th position, i.e.,
so that with the new ad structure aj+1M is empty. Similarly, do this for
X. Then eg(x) is the surgery problem of type (gq-1,j+l) over B given

by M—=>X -h—')BxAj”" b,n where h' = (id xs)h. Note that ei(x) €

(Q]Lq_l(B))(j). The e%'s define a A-map eq: ]Lq(B) > QLq_l(B).
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(B) is a homotopy equivalence, q > 1.

Proposition 2.2.2: eyt lﬁ(B) > th_l

Proof: View eq as an inclusion. By Proposition 1.3.2 it is sufficient to
show that every A-map f: ARK th—l(B) with f(BAn’k) C eq(nh(B))
extends to a A-map F: A“+qu_1(B) with F(BkAn)Ceq(]Lq(B)). F is
constructed by assembling the image of f as in the proof of Proposition
2.2.1, taking the product with the unit interval, and then giving what results
the appropriate (n+r+2)-ad structure. An expliéit homotopy inverse, dq:
th_l(B) > lq(B), for g can be constructed as follows: Each

y € Aj+1 - vj+1
t#£0, ve 8j+1Aj+1. Define the map wu: Aj+1 - vj+1 - Aj by

can be uniquely expressed in the form tv + (1 —t)vj+1

u(tv + (1 —t)vj+1) =v. Let x=M~x 2 Bxpl*? b,n be a j-simplex of
1. - j+41
Qlﬁ-l(B)' (ao) X = ¢0 implies h(X)C Bx (A Vj+1) and that
. . .
M,x ¢ (A%t - Vi) xK”. Then define (d);(x) tobe M —>X b sxad b,n
where h' = (idxu)h, and M and X are given the manifold (j+r+2)-ad
structure obtained by deleting the empty (j+l1)-th face and where M and X

are viewed as embedded in A7 xR by means of the map

.(AJ+1 - vj+1)><Roo > AJ+1><Rm(tv + (1 —t)vj+1,x) > (v,t,x).

If f£: B1 - 32 is a map of CW r-ads it is easily verified that
e Lq(f)= (th~1<f))eq' Also q commutes with orientation reversal and
the maps Bk k =0,...,r-2,

The disjoint union H-structure on nh_l(B) induces a H-structure on
th_l(B); furthermore, it is clear that eq is a H-homomorphism. In
general if K is a H-space then the multiplication on QK arising from
the loop spéce structure is homotopic to the multiplication on QK induced
by the H-space structure of K. So in particular, Proposition 2.2.2 implies
that (lh(B), disjoint union) is a H-group.

Orientation reversal coincides with the group inverse in homotopy:
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Proposition 2.2.3: ﬂj(—): ﬂj(nﬁ(B)’¢) > ﬂj(nﬁ(B)’¢) is the group inverse

for j > 0.

Proof: Let x = M > X » BxAJ b,n represent an element of “j(lh(B)’¢)'
Then aix is the empty surgery problem for i = 0,...,j. Take the product
of x with the unit interval to obtain a surgery problem y of type

(q,j+1) over B where MxI has the (n+j+3)-ad structure:

80(M><I) MU -M, Bi(M><I) is empty for i = 0,...,j+1,

il

Bi+1(M><I) (BiM) x I i>j+2

and similarly for XxI. Thus y is a homotopy (x U ~-x) % ¢j.
Now suppose that B is a CW r-ad such that for every subset ¢ of
{1,...,r=-2} BCB is connected and non-empty and ﬂl(ac|B|) is finitely

presented.

Proposition 2.2.4: For j+g-r > 5 there is a functorial isomorphism

Z}(E@(B)’¢) = Lq+j(n1(B)) where Lq+1(ﬂ1(B)) is Wall's algebraic L-group

of the group r-lattice ﬂl(B)-

Proof: Let L1 .(B) be the geometric surgery group defined by Wall in

q+]
[Wa 1, Ch. 9]. A comparison with Wall's definition (see [Wa 1, pp. 86-87])
shows that a j-simplex =x of Iﬁ(B) such that 3% # ¢j—1 for 1 = 0,...,]
is the same, after deleting the j+1 empty faces, as an object representing
an element of L1+.(B). Moreover, it is clear that Wall's equivalence
relation coincides with the homotopy equivalence relation in the definition of
é+j(b) and naturality in B 1is a

direct consequence of the definitions. The proposition now follows from

mi (L (B),0). Hence mi (L (B),0) = L

Corollary 9.4.1 of [Wa 1].



28 ANDREW NICAS

Proposition 2.2.5 (Periodicity): For q-r > 5 there is a natural homotopy

equivalence ek: lq(B) > nﬁ+4k(B) defined by taking products with the k-

fold Cartesian product of 2-dimensional complex projective space.

Proof: Let P = (CPz)k, the k-fold Cartesian product of 2-dimensional

complex projective space. The map 0, = Eq(B) > Eq+4k(B) is defined on
j-simplices by x » xxP (see Section 2.1). Gk is clearly a natural H-
homomorphism with respect to the disjoint union H-structure; furthermore,

k k = 0,...,r-2, and orientation reversal.

it commutes with the maps eq, K]
The proposition follows from Wall's periodicity theorem (Theorem 9.10 of

[Wa 1], Proposition 2.2.4 and Whitehead's theorem (Theorem 1.3.1).

Remarks:

1. The connectivity assumption on B in the two previous propositions
could be dropped if we were willing to consider fundamental
groupoids.

2. We have only considered the untwisted case in our discussion of
surgery spaces. There are difficulties with Wall's construction of
geometric surgery groups in the twisted case which have been

rectified by Farrell and Hsiang in [FHs].

Let B be a CW r-ad as in Proposition 2.2.4. A surgery problem of
type (q,j) over BM~+ x> B xAj b,n is said to be restricted if for every
subset ¢ of {0,...,j}:

1. BCX is connected.

2. ﬂl(ach): nl(acx) > nl(B><BcAj) is an isomorphism whenever acx is

non-empty.
The next definition is due to Siebenmann in the l-ad case (see [K]) and is

based on [{Wa 1, Ch. 9] and [Q];
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Definition 2.2.6: The restricted surgery space RA(B) is the A-set whose

j-simplices are restricted surgery problems of type (q,j) over B and

whose face maps are defined as for nh(B).

L&(B) is Kan. This is proved by the same argument used in the proof of
Proposition 2.2.1. The condition that the reference map of the assembled
simplex x of Proposition 2.2.1 induces an isomorphism_on fundamental groups
is a consequence of Van Kampen's theorem.

There is a natural inclusion E&(B) (- nh(B). The utility of I&(B) is

due to the following proposition:

Proposition 2.2.7: For g-r > 4 the natural inclusion i: lﬁ(B) > lﬁ(B)

is a homotopy equivalence.

Proof: Comparison with [Wa 1, Ch. 9] shows that no(ng(B» = Li(B) where

Li is defined in [Wa 1, p. 88]. Theorem 9.4 of [Wa 1] is then the statement
that my(i): ﬂO(nﬁ(B» > ﬂO(nﬁ(B» is a bijection. By an easy exténsion of
AWall's argument, one has that nj(i): nj(lﬁ(B),v) > “j(lh(B)’v) is a
bijection for. j > 1 and any point complex v. The proposition is then a

consequence of Whitehead's theorem (Theorem 1.3.1).
Remark: PL surgery problems could have been used in the place of TOP sur-

gery problems in the definitions of the surgery spaces to obtain A-sets

homotopy equivalent to the ones already defined.

2.3 Spaces of Homotopy Structures and Normal Maps

Throughout this section X C R* will be a compact oriented CAT

manifold r-ad of dimension n, where CAT = TOP or PL.
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Definition 2.3.1: A CAT normal map of type j over X relative to ¥
consists of the following data:
1. A compact oriented CAT manifold (j+r+l)-ad of dimension n+j
MC Aj xR , for some s, so that M f\akAj xR® = akM k=0,...,]
and M- (U{d M k=0,...,i}) C int ATxR®, and M has a cAT
normal microbundle in Aj xRS,
2. A degree 1 map f: M-~ XxAj of manifeld (j+r+l)-ads such that
aj+1f is a CAT 1isomorphism of (j+r)-ads.
3. A CAT microbundle, n, over XxAj and a microbundle map
b: vy T B covering. f where Vi is a normal microbundle of M
in ijRS.

The notation M + X xAJ b,n will be used for the object defined above.

The A-set (X,BOX), called the A-set of CAT normal maps over X

NCAT
relative to BOX, is the J-set whose j-simplices are normal maps of type j

over X relative to 30X and whose face maps arise from the (j+r+l)-ad

structure of each simplex (compare with Definition 2.2.1).

Definition 2.3.2: A CAT simple homotopy equivalence of type j over X

relative to BOX consists of:
1. A CAT manifold (j+r+l)-ad M of dimension n+j as in 1 of
Definition 2.3.1.
2. A simple homotopy equivalence f: M > X><Aj of (j+r+l)-ads such
that 3. .f 1s a CAT isomorphism of (j+r)-ads.

j+1

The A-set (X,BOX), called the A-set of homotopy CAT structures

SCAT
on X relative to aox, is the A-set whose j-simplices are CAT simple
homotopy equivalences of type j over X relative to BOX and whose face

maps are the obvious ones.

The definitions above are a modification of the definitions of Rourke,



INDUCTION THEOREMS 31

[Rol, and Quinn [Q]. Both NCAT(X,BOX) and SCAT(X’aOX) are Kan. "The proof

of this fact is similar to the proof of Proposition 2.2.1. Note that the

identity map X > X determines a basepoint for (X,BOX).

Scar

The geometric version of the surgery obstruction map can now be defined:

Definition 2.3.3: The surgery obstruction map is the A-map

F: NCAT(X,BOX) > Ih(GOX), n = dim X, given by:

P> Xx0d b,v) = M+ xxAI —lﬁiadoxXch b,v .

A comparison of definitions immediately shows that nj(F):

* .. . . .
ﬂj(NCAT(X,BOX), ) - nj(nh(aox),¢) coincides with the geometrically defined

surgery obstruction map of Wall (see [Wa 1, p. 107]).
The following theorem, which is stated for the 2-ad case in [KS], will
be important in the sequel. This result is due to Quinn (see [Q]) in a

weaker form.

' Theorem 2.3.4: Suppose that dim X > r +4 and for every subset ¢ of
{1,...,r-2} QCX is non-empty and connected. BOX is allowed to be empty or

disconnected. Then there is a homotopy equivalence (X,30X) - E(X,BOX)

Scar
where E(X,BOX) is the homotopy fiber of the surgery map F of Definition

2.3.3 over the basepoint ¢.

Proof: Assume X is embedded in RP where p 1is large compaed to n =

dim X. The connectivity assumption on X implies that F(NCAT(X,BOX))C
L'(§,%). Let h: AdxI» A"l be the embedding (v,t) - (1-t/2)v + (£/2)v; )

Then h(akAJ xI) ClakAJ+l k =0,...,j and h[AJ x 0 1is the natural inclusion

IR ALS

J+1A Note that the space I%(SOX) has ¢, the point complex of

empty surgery problems, as a basepoint. Define a A-map U: S (X,BOX) >

CAT

NCAT(X,aoX) by Uj(X) =M+ XxpA) b(x),n(x) where x =M k4 XxAl is a

j-simplex of S (X,aOX) and where the normal data b(x), n(x) is chosen

CAT
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inductively as follows: If Xq = M i X is a O-simplex of §
Vi be a normal microbundle of M in R® and choose a homotopy inverse g

for f so that (231f)_1 = Blg. Let n(x)

CAT(X,BOX) let

g*(vM) be the induced micro-
bundle and choose a microbundle map b(x): v > n covering f. If b(x) and
n(x) have been defined on j-simplices then for each (j+l)-simplex y use
the above procedure to construct normal data b(y) and n(y) while ensuring
that b(Biy) = b(y)[BiM and n(aiy) = n(y)| X:xaiAj. It is easily verified
that U is uniquely defined up to homotopy. Define a A-map V:

SCAT(X,BOX) > AH%((%X) as follows: Let x =M 3> X be a j-simplex of
SCAT(X,BOX). Then

V() = Mx1 fx3d, g pdp 2dxhy (SOXXAJ+1 b'(x), n'(x)

where n'(x) = n(x) xv., b'(x) = b(x) xid and vy is the normal microbundle
of IC Rl. MxI and XxAJ x I are viewed as being embedded in AJ+1 x R”

I,

via h and have the manifold ((j+1) + (r-1) + 2)-ad structures:

3, (X x A1) =Xx8kAJxI 9, (I = 3, Mx I k=0,...,]
=XxAI %0 =Mx0 k=j+1
=XxAJx1U30XxAJxI =Mx1Ug, MxI k=3 +2
- i - :
—ak_j_ZXxA x I —Bk_lMxI ki_]+3

Clearly (30)J+1Vj(x) = ¢0 and 3j+1vj(x) = FjUj(x)' Hence there is a com—

mutative square of A-maps:

U
(X,9) = Ny, g (X,300)

¥ Js

AL (8%) —B> 1! (5,%)

Scat

This yields a A-map S = (U,V): S (X,aOX) > E'(X,BOX) where E'(X,aOX)

CAT
is the homotopy fiber of F: NCAT(X,QOX) > ]Lé(aox) over the basepoint ¢.
It will now be demonstrated that S induces a bijection nO(SCAT(X,SOX)) >

nO(E'(X,QOX)). To avoid cumbersome notation, the details will be given in
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the case X is a manifold 2-ad (X,3X).

Injectivity of HO(S):

Let W, = M-+X 1i=0,1 represent two elements of HO(SCAT(X,QX)) and

suppose that for 1 = 0,1 S(wi) represent the same element in HO(E'(X,BX)).
Then there exists y € E'(X,3X)(1) such that Biy = S(wi) i =0,1. Expli-
citly, let y = (WX xAl, P £ Q ~» X><A2). Although the normal data has

been omitted from the notation, it is to be understood. ' Since y €

E'(X,3X)(1) it follows that:

3,P > 3,0 =W xxal

BZP > 83Q is a simple homotopy equivalence of 4-ads.
The condition 3.y = S(wi) i=0,1 gives
1 .
aiP > aiQ = VO(Wi) SiW + X xBiA =W, i=0,1
Note that P and BZP are connected and there is a commutative square:

™, (3,P) = ™ (X x 82A2)

! I

1 (®) —> 7 (xxs%)

where = indicates isomorphism.

The following version of Wall's T - 7 theorem will be used:

Theorem 2.3.5 (see [Wa 1, Ch. 4]): Let G: N- Y b,n be a CAT normal map

of wm-ads. Suppose dim Y > 6 and G aiN i=1,...,m-2 is a simple homo-
topy equivalence of (m-1l)-ads and the inclusion BOY C Y induces an isomor-
phism of fundamental groupoids. Then G 1is normally bordant relative to
BlN Ua... U Bm_zN to a simple homotopy equivalence of m-ads, the normal

bordism having a (m+2)-ad structure.

The theorem above implies that £: P + Q 1is normally bordant relevant to
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BOP U] 31P 0] 33P to a simple homotopy equivalence of 5-ads f': P' » Q.

3,P' = 3.P and £ 3.P' = £] 3.P for i =0,1,3. Note that =z =

3,1

32P' — 82Q = X><A1 is a l-simplex of 8 (X,3X) with Bix

CAT Yi

i = 0,1. Hence Y and W, Tepresent the same element in HO(SCAT(X,BX)).

Surjectivity of HO(S):

Let y = (M £ X, P L4 Q > X:xAl) represent an element of nO(E'(X,SX)). Note

that:

aoP and BOQ are empty, alP > alQ =f: M> X,
azP > azQ is a simple homotopy equivalence, and

n (3,P) = 1 (X) = 1 (KxpD) = 7 (P).

By Theorem 2.3.5 (the 7 -7 theorem) F: P+~ Q 1is normally bordant relative

azP to a simple homotopy equivalence of 4-ads F': P' » Q where BOP' is

empty. Hence there is a normal map:
G: W > (Qx[o,1/2]; Qx0, Qx1/2, 3,Qx[0,1/2], 3,0 x[0,1/2])

such that:

BOG = BOW > Qx0 =F: P>Q
81G=aIW+Qx1/2 =F'P'>Q
F[3,P xid
83G = B3W - BZQ x[0,1/2] = 32P x[0,1/2] ———————> BZQ x[0,1/2]

Let w = BlP' > 81Q. Note that alQ =X and that w 1is a O-simplex of
SCAT(X,aX). Attach at the level-1/2 and a normal bordism to Q which has

the form
31W><[1/2,1] > Qx[1/2,1] (obtinaed by a homotopy of F').

See Diagram 2.3.6. Give the resulting normal map T > § the following 5-ad

structure:
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9.W = 3,Px [0,1/2] (rear)
P!
BZP //
\k’ﬁ &
\
—_— |
9P >3, W P'x[1/2,1]

=P

/ A

/ /

T;BZW (front)
[ ¥

\ \
\

\
i
Qx0t Qx[0,1/2] ‘Qx‘, Qx[1/2,1] Qx1
! 1/2,

/
/

Diagram 2.3.6

aOT > aOS =F: P> Q

al'r > als = alp' x[1/2,1] »~ BZQX {0,1/2] = vo(w)

82T > azs = 32w+ alQXEO,l/ZJ

9,T >9,8 = 3,0 U 3,Px [1/2,11 U 8,Wx1~3,0x[0.1JUQx1

A reference maps S +> X><A2 is easily constructed giving T > S > X><A2 the
structure of surgery problem of type (m,2) over the 1-ad &X. Let

z = (82w > BlQX fo,1/2], T~> s~ X)(AZ). Then 2z 1is a l-simplex of
E'(X,3X) such that Boz =y and alz = S(w). This proves NO(S) is
surjective.

To show that §: S., . (X,3X) > E'(X,3X) induces a bijection

CAT

ﬂj(s (X,3X),v) > ﬂj(E'(X,B,X),S(v)) for all j > 1 and any point complex

CAT

v one employs a straightforward extension of the above argument together with

the following easy extension of Theorem 2.3.5 (the m -7 theorem):
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Theorem 2.3.7: Let G: N> Y b,n be a CAT normal map of (m+2)-ads with
dim Y > s+4, s > 2. Suppose for every subset ¢ of {0,...,s-2} such that
BCY is non-empty, the inclusion BCY + Y induces an isomorphism of funda~
mental groupoids nl(acY) + ﬂl(Y) and that for each j, s-1 < j < m+s-1,
ajF: ajN > an is a simple homotopy equivalence of (m+s-1)-ads. Then G

N to a simple homotopy

is normally bordant relative to 3_ Ny ... U 3

s-1 +s-2

equivalence of (m+2)-ads, the normal bordism having a (m+s+2)-ad structure.

By Whitehead's theorem (Theorem 1.3.1) the map S: S.,.(X,3X) > E'(X,3X)

CAT
is a homotopy equivalence. As a consequence of Proposition 2.2.7, the

inclusion E'(X,3X) + E(X,0X) 1is a homotopy equivalence. This proves

Theorem 2.3.4.



3. SURGERY MOCK BUNDLES AND ASSEMBLY

3.1 Surgery Spectra

Let B be a CW r-ad such that for every subset ¢ of {0,...,r-2}
BCB is connected and ﬂ1(8c|B|) is finitely presented. Define IL(B) =

{(A ,a : A QA n > 0} as follows:
n’“n’ “n -

n+1)I

Aess = Toj () k>0 j=0,1,2,3

For j =0,1,2 and k >0 is the map

e8-j:

is the composite

kit Bakei T Pyraiel

L -3 (B) > QIL7_J. (B) of Proposition 2.2.2 and’

8 84k+3

egfy: ]LS(B) > ]Lg(B) > Q]LS(B) where 61 is the periodicity map of Propo-
sition 2.2.5. Propositions 2.2.2 and 2.2.5 imply that IL(B) is a Q-spectrum.

8

It is clearly periodic with period 4. The spectrum L(B) gives rise to a
generalized cohomology theory defined by: Hl(x,y; L(B))= [X,Y;I]Li_r(B)i,M)“
where (X,Y) is a finite CW pair and q = r mod 4. By the periodicity of
I(B) there is an isomorphism Hq(X,Y;]L(B)) = Hq((X,Y) x (AP,BAP);]L(B)) for
p = 4m > O.

We will be mainly concerned with the case B = pt, where "pt" will be
used to denote the space consisting of one point. Note that IW(pt) is not a
O-connected spectrum since 1TO(IL8(pt),¢) = Lo(l) = Z, the infinite cyclic
group. The associated O-connected spectrum with zero-th space ]Ls(pt)o,
L(pt)(l,...,®) in the notation of Adams [A], will also be of interest since
it will be shown in Chapter 5 that ]Ls(pt)o has the homotopy type of the

space G/TOP.

37
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3.2 Surgery Mock Bundles

The notion of a surgery mock bundle is an adaptation of the mock bundle

idea of [BRS].

Definition 3.2.1: Let K be an ordered simplicial complex, B a CW r-ad,

and q a non-negative integer. A (q,B) surgery mock bundle over K,E,
consists of the following data:
1. Closed subspaces M and X of |K|xRP<C |K| xR~ for some P
2. Microbundles v over M and n over X.

3. A collection, denoted |€l, of continuous maps

vixhs x k|, b: v>n

where b 1is a map of microbundles covering f and if o0 is a j-
simplex of K and M_ =M NoxRrP, X, =X N o xRP, then |&|
restricts to a surgery problem of type (q,j) over B, denoted

by &(0):
M0 > XO + B x (o) bo,n0

where f_ = f|M6, h = hIXU, b, = beO, n_ = n|XG.

[¢)
Let L be a subcomplex of K. A (q,B) surgery mock bundle over X
relative to L 1is a (q,B) surgery mock bundle over K,f, such that for each

simplex ¢ of L &(o) 1is the empty surgery problem.
Recall that an ordered simplicial complex is said to be oriented if there

is a given function u from the simplices of K to {-1,1}. If T is a

j-simplex of K and 0 = 3,7 then the incidence number e(0,T) is defined

by:

e(o,1) = (-1)Xu(o)u(n).
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Now suppose X™ and Ym_1 are connected oriented manifolds with Y
included in the boundary of X . The incidence number e(Y,X) is defined by
comparing the given orientation of Y with the orientation of Y induced

by X:

e(¥,X) =1 if these orientations agree

-1 otherwise

Suppose in Definition 3.2.1 that the complex K 1is oriented. Then
is said to be an oriented (q,B) surgery mock bundle over K if for each
pair (o,T) where o0 1is a (j-1)-face of the j-simplex T, e(0,T) =
e(Xo,XT) = e(Mo’MT)' This is to hold for each component if X, or Mb is
not connected.

~£ 1is defined to be the oriented surgery‘mock bundle over K given by
reversing the orientation of each MT and XT. If L is a subcomplex of K

then the restriction of K to L, denoted E|L is defined in the obvious

manner.

Definition 3.2.2: An oriented (q,B) surgery mock bundle over K,f is said

to be special if for every j-simplex o of K £(0) is a j-simplex of

]Lq(B)0 where the subscript O denotes the O-component.
There is a notion of induced bundle for surgery mock bundles:

Definition 3.2.3: Let K and H be ordered simplicial complexes, g: H > K

a A-map, and & a (q,B) surgery mock bundle over K (notation as in
Definition 3.2.1). The pullback of § by g is the (q,B) surgery mock

*
bundle over H, denoted g &:

* * * * *
lggl =gM>gx->Bx|H| gb, gn

(& 0 (o)

%* % * *
(g > (gX) > Bx|of gb, gn
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is defined by the following pullback diagram of spaces and continuous maps:

* \i
gM —m> M

*
L L g b 1s the induced
* U .
gX ——> X microbundle map
* * *
l' L V{(V)>U(n)=¢gn
Bx u| 22XIEL gy k|

which restricts over each simplex ¢ of H to the pullback diagram:

v
*
(g M)O-——g-———> M

g (o)
b

%
CR —9 X (0)

| ,
B x |o| —jflf—hiL> E;Ig(o)l

Since g induces a simplicial isomorphism |o| + |g(o)], Vy and U are
*
homeomorphisms and hence (g £)(0) has the structure of a surgery problem

of type (q,dim g) over B.

If H and K are oriented with orientation functions w and w'
respectively, define a new orientation function for H by: p(g) =
w(o)w'(g(o)). Suppose & 1is an oriented surgery mock bundle, as above. Then
g*g is an oriented surgery mock bundle where (g*M)o is given p(o) times
the orientation induced by Mg(c) and the homeomorphism V0 and similarly
for (g*X)o.

The same considerations apply in the relative case and to special surgery
mock bundles.

We now investigate the problem of representing the cohomology theory
H*( 3IL(B)) in terms of surgery mock bundles. The following definitions will

be basic to our discussion.
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Definition 3.2.4: Let (K,L) be an ordered and oriented simplicial pair.

Then M%(K,L), called the A-set or oriented (q,B) surgery mock bundles
over K relative to L, is the pointed A-set defined as follows:
M%(K,L)(j) is the set of all oriented (q,B) surgery mock bundles over
K8 Aj relative to L ® Aj. The empty surgery mock bundle over K g Aj
serves as a base point. Face maps are defined by restriction over K g akAj

K = 0yeensfe

Using special oriented surgery mock bundles (see Definition 3.2.2) one
defines the pointed A-set gg(K,L) as in the previous definition. This
A-set will be used to obtain a geometric representation for
10C SLE)A, .. p)).

Let f: (K,L) - (H,J) be a A-map of ordered and oriented simplicial

pairs. Then f induces A-maps:

#

e wiw,a) » ML) and s pdm,n > MK,

. given by (f#)k(g) =(fp id)*g where & is a k-simplex of M;(H,J) or

gg(u,J) and id: A3 > Ad is the identity.
Remark: When B=pt the symbol "B" will be dropped from the notation above.

The disjoint union of two oriented (q,B) surgery mock bundles over K
relative to L 1is defined with the aid of the maps id xd(t): |K]| xR+
|K| xRt = 0,1 d(t)(xo,xl,...) = (t,xo,xl,...) essentially as in
Section 2.2. This operation provides a natural H-structure in M%(K,L) and
in gg(K,L) with the empty surgery mock bundle over K serving as the
homotopy unit. Note that if £: (K,L) » (H,J) is a A-map then the induced

#

maps f  are H-homomorphisms. Orientation reversal induces a natural
. * * * *
H-homomorphism Mﬁ > MB and Eé > MB'

If N'c RP is a closed oriented manifold and & is an oriented (q,B)
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surgery mock bundle over K relative to L then an oriented (q+n,B) sur-
gery mock bundle over K relative to L,E xN, is defined by taking Cartesian
products with N in the obvious manner (compare with Section 2.1). This
yields a natural H-homomorphism Mg(K,L) > Mg+n(K,L) and similarly a natural
. q q+n 2.k ,
H-homomorphism EB(K,L) > EB (K,L). When N = (CP”) , the k-fold Cartesian
product of 2-dimensional complex projective space, this map will be denoted
by Ok and will be called the periodicity map. ,
Let K be an ordered simplicial complex which is oriented with orienta-
tion function w. Let L be a subcomplex of K. The glue map
G: A(K,L;];q(B),¢) - Mg(K,L) .is the A-isomorphism defined as follows: Let
h: K g A » ]Lq(B) be a j-simplex of A(K,L;]Lq(B),d)). If ¢ is a k-
. i k k ©
simplex of K ® A’ let h(g) =M_~X > BxA b _,n_ where M ,X C A xR .
o] 0] oo ¢’ o
M0 and XO can be viewed as being embedded in |0 xR C-’K.aAJI xR*  for
each k-simplex ¢ of K » A? if 0 is identified with Ak using the
unique order preserving simplicial isomorphism Ak + g. Since h 1is a A-map

the union of h(o)'s for o € K 8 A) yields:
M>X->Bx|Ke Al bn  MXc|Kgal| xR

which restricts to h(g) over |g| xR . Reorienting each M0 and X0 using
w, one obtains an oriented (q,B) surgery mock bundle over K g Al relative
to L g Al which defines Gj(h). G is clearly a A-map.

Similarly there is a glue map:
6: A(GLITL (B),0) » My(K,L).

Both G and G have obvious inverses given by ""disassembling" a surgery
mock bundle into its component surgery problems. Hence G and G are
isomorphisms.

The A-sets A(K,L;lh(B),¢) and A(K’L;nh(B)0’¢) inherit H-structures
from Eq(B) and ]Lq(B)O respectively. Both are H-groups since Iﬁ(B) and

Eq(B)O are H-groups. It is clear that G and G are H-homomorphisms and
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that they are natural with respect to A-maps, i.e., if f: (K,L) =+ (H,J) is

a O-map then there is a commutative diagram:

. G q
3.2.5 A(H,J,qu(B),¢) —_— MB(H,J)

L o l K

BRI (B),4) s wlk,L)

and similarly for G. There is also a commutative square:

. G q
3.2.6 A(K,L,]Lq(B),q;) —> M(K,L)

L(Gk)# L@k q>5

. G q+4k
AL (B)50) —> My " (K,L)

K (B) and Ok are the periodicity maps defined by

taking Cartesian products with (CPz)k. By Proposition 2.2.5 Gk is a

where 0, : Eq(B) > nﬁ+4k

homotopy equivalence and thus (ek)# is also a homotopy equivalence. It

. *
follows ©O is homotopy equivalence. The analogous result holds for EB'

k
The natural inclusion 1i: ]Lq(B)O > I@(B) induces a H-homormorphism

is A(K,L;Eq(B)O,¢) > A(K,L;Ih(B),¢) and thus also a H-homormorphism

K yg(K,L) > Mg(K,L) which can be viewed as a natural inclusion. The map

j has the following properties which will be of interest in the sequel:

Proposition 3.2.7: Let (K,L) be an ordered and oriented simplicial pair.

Then
1. nk(j): nk(Mg(K,L),¢) > nk(Mg(K,L),¢) is an isomorphism for k > 1
and an injection for k = 0.
2. If in addition K 1is connected, there is an exact sequence of
groups:
m~(3)

0 —> no(ygﬂ(),q;) 25 TrO(Mg(K),d)) E— nomq(B),da)
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Proof: Let X be the A-group with X(j) = ﬂo(lh(B),¢) for all j and with
face maps BS: X(3j) ~ X(j-1) given by the identity map. Note that nO(X,*) =
nO(X,*) = ﬂo(ﬂh(B),¢) and that [X| is discrete. Define a A-map

p: lﬁ(B) +X by sending a j-simplex y of lq(B) to the equivalence class
of (Bo)jy. The homotopy fiber of p over the base point is easily seen to

be isomorphic to ]Lq(B)0 and so the sequence ]Lq(B)0 > Eq(B) + X is a

fibration sequence. Hence the sequence:
(*) A(K,L;]Lq(B)o,q)) > A(K,L;]Lq(B),q)) > A(K,L;X,*)

is also a fibration sequence (see Theorem 7.8 of [Mal). Let Y = A(K,L;X,*).
Then |Y| is discrete since ’X[ is discrete. The fiber mapping sequence

of 1.3.8 for (*) becomes:
(k%) e > OY » A(K,L;]Lq(B)o,(b) - A(K,L;Eq(B),cb) > Y.

The maps in the above sequence are all H-maps. Since |Y| is discrete QkY
is a point complex for k > 1. Hence applying Ty to (**) yields the first
part of the proposition. If K 1is connected and L is empty note that

Y = A(K;X) is isomorphic as a A-group to X since |X| is discrete.

Applying Ty to (**) then yields the second part of the proposition.

We now discuss the relationship between surgery mock bundles and the
*
cohomology theory H ( ;L(B)).
Let (K,L) be an ordered and oriented simplicial pair. For p >0

define groups mg(K,L) by:
3.2.8 P(R,L) = m.CTI(K,L),6)  p = j mod 4
b gt 0B i :

Since a l-simplex of M%(K,L) can be viewed as a cobordism of (q,B)
surgery mock bundles over K relative to L, mg(K,L) is the cobordism
group of oriented (8-j,B) surgery mock bundles over K relative to L.

There is a sequence of isomorphisms:
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113

3.2.9 mg(K,L) o AK, L L J.(B),dp) via the glue map G

8-
[|K|,|L|;[]Li_j(B)|,*] by [RS2, Ch. 6]

n

"

HP(|K], L] ;L(B))

In particular, 3.2.9 implies m;(K,L) does not depend on the ordering
or orientation of (K,L).

If f: (K,L) >~ (H,J) 1is a A-map between ordered and oriented simplicial
pairs, the induced homomorphism £P: mg(H,J) > mg(K,L) " is given by no(f#)
where f#: Mg_j(H,J) - Mg—j(K,L) has been defined previously and p = jmods4.
If f is an order preserving simplicial map which is not necessarily injec-
tive on each simplex, the induced homomorphism f*: m;(H,J) - m;(K,L) is
defined using the simplicial mapping cylinder of f (see [Sp, p. 1511): Let
(M,N) be the simplicial mapping cylinder of f and 1i: (K,L) =+ (M,N),

j: (1,J) » (M,N) the natural inclusions. Since j is a homotopy equivalence
no(j#) is an isomorphism. f* is given by f* = ﬂo(i#)no(j#)_l. It follows
from 3.2.9 that f* = H*(|f|) where H*(Ifl) is the induced map in the
cohomology theory H*( ;IL(B)).

Consider the commutative diagram:

3.2.10 MK, LL_ L (B),0) —S M§+1(K,L)
| (dgady
T
-1

RAK,LST (B ,9) L5 adx,1)

where 1y 1is the natural homotopy equivalence of Proposition 1.4.2,
dq+1: QEq(B) > 1@+1(B) is the homotopy equivalence defined in the proof
of Proposition 2.2., G and G—1 are the glue map and its inverse respec-

tively, and finally Zq is defined to be the composite. Zq will be called

the geometric suspension. Zq is a homotopy equivalence since it is a
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composite of homotopy equivalences.
It is readily observed that:
q ~ q 1 3 1 1
NO(QMB(K,L),¢) = ﬂO(MB(K 8 A,KgIAT UL 8 AT),P)

Define homomorphisms Sp: mp+1(K 8 Al,K 8 BAllJ Ls® Al) > mp(K,L) by:

]

(z, ) if p=j mod 4 j=1,2,3

p - "0"8-j

-1 . !
ﬂo(@l) “0(28) if p =0 mod 4

]
]

where Ol is the periodicity map of 3.2.6. Sp is an isomorphism since I
and © are homotopy equivalences. By 3.2.9 and the definition of the spec-
trum WL(B), S is seen to coincide with the suspension in the chomology
theory H*( sIL(B)). Thus we have shown that m; provides a geometric
representation for this theory. '

Similarly, HO( sIL(B) (1,...,2)) can be geometrically represented as a
cobordism group of special oriented surgery mock bundles (see Definition

3.2.2):
mg(K,L) = 7o (5 (K,L),0)

with induced homormophisms defined as for mg. As in 3.2.9 there is a

natural isomorphism:

Eg(K,L) = HO(IK|,|L|;I(B)(1,...,@))

3.3 Assemblz

In this section the notion of assembly is duscussed and the assembly
maps are defined. The assembly maps will be important in the sequel since it
will be shown in Chapter 5 that under appropriate conditions the surgery

obstruction map is given by an assembly map.
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Definition 3.3.1: Let K be an ordered and oriented simplicial s-ad. K

will be called an oriented simplicial manifold s-ad of dimension m if K
is a combinatorial triangulation of a compact oriented PL manifold s-ad

M* with BjM corresponding to the subcomplex 3jK of K j =0,...,8-2.

The next theorem, whose proof is postponed to the end of this section,

will enable us to define the assembly map:

Theorem 3.3.2 (Assembly): Let B be a CW r-ad and K be as in the above
definition. Suppose that & 1is an oriented (q,B) surgery mock bundle

over K:

MEx B ax|r| by

lg]
£(o)

M > X > Bx lo] LI

Let M have the (s+r)-ad structure:

BjM U {M0| o€ ajK} j = 0y0n.y8=2

m .
g 143M = U {am+1+iM0| o €K} i=0,...,r-1

and similarly for X.

Then M and X are compact oriented TOP manifold (s+r)-ads of
dimension m+q and f: M- X b,n is a degree 1 normal map of (s-r)-ads
such that as—lf is a simple homotopy equivalence of (s+r-1)-ads.

The definition below of the assembly map is an adaptation of Quinn's

definition in [Q]:

Definition 3.3.3: Let K be as in Definition 3.3.1 and let B be a CW

. vl . : .
r-ad. The assembly map A: MB(K,BOK) > 1ﬁ+m(Bx 601K|) is the A-map defined
as follows: Let £ be a j-simplex of M%(K,BOK), i.e., an oriented (q,B)

surgery mock bundle over K ® Al relative to aoK g AJ. By the previous
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theorem lFI has the structure of a surgery problem of type (q+m,j) over
the (s+r-2)-ad B><6O|K]. Then A is defined on j-simplices by Aj(g) =
|£]. Thus the effect of the assembly map on the surgery mock bundle { 1is
essentially to forget its simplicial structure and to view the total space

|g£] of E as a surgery problem.
Similarly there is an assembly map:
. me
A Mp(R,3.K) > ]Lq+m(B>< 50|1<|) .

Both A and A are clearly H-homormorphisms with respect to the dis-
joint union H-structures. In addition A and A commute with the
periodicity maps, i.e., there is a commutative diagram:

3.3.4 Mg“‘p(x,aoK) A5 (B x §4|K|)

q+m+4p

feg ,

q A
Mp(K,3,K) —> L (B x84[K|)

and similarly for A. @p and ep are the periodicity maps defined by taking
Cartesian products with (CPZ)p.
An inspection of the definitions also reveals that there is a commuta-

tive diagram:

q+l A
3.3.5 Mg (R,30K) —=> Ly, (Bx85|K])

Iz, Te,

A
M3 (K, 3 K) ~—=> Ly, (B 851K1)

where Zq is the geometric suspensis (see 3.2.10) and dq is defined in the

proof of Proposition 2,2.2.



INDUCTION THEOREMS 49

The remainder of this section will be devoted to the proof of Theorem
3.3.2.

Let K be a locally finite ordered simplicial complex, viewed as a col-
lection of closed linear simplices lying in R. If 0 is a simplex of K,

the following notation will be used:

B(o,K) = {u € K| ¢ is a face of yu}
B(0,K)(j) = {p € B(0,K)| dim y < dim 0 + j}
|B(o,K)[(j) = U {1 e B(o,K)(j)}

Observe that |B(o,K)|(®) is just |star(o,K)|, the geometric realization of

the star of o in K.

Lemma 3.3.6. Suppose q >0 and K is as above. Let B be a space and
{B(1)| T € B(0,K)} a collection of subspaces such that:

1. B(1) 1is a topological ball of dimension q +dim T.

2. If yu is a face of T then B(u) < 3B(1).

3. B(t) NB(t') =B(tN1T') for each T,T' ¢ B(0,K).

4. B =U {B(1)] T € B(o,K)}.

Then B is a homeomorphic to Eq><|star(0,K)| where EY is the

standard g-ball.

Proof: Let B(j) =V {B(T)l T ¢ B(0,K)(j)} and let P(j) be the proposi~
tion:
P(j): There exists a homeomorphism hj: Edx |B(,K) [ (§) » B(3)
such that hj(Eq><T) = B(1) for each T ¢ B(0,K)(j).

P(0) 1is obvious because B(o,K)(0) = {o}. Assume P(j) and let:

TeBo,K)dimT = j+1l+dim g

D(1) = U {p ¢ B(0,K)| u is a face of 71, dim p = j +dim o}

L}

D'(t) = U {B(W| n e d(1)} .
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D(1) 1is just the union of codimension 1 faces of T which contain ¢ and
thus D(t) 1is a ball of dimension j +dim ¢. It follows that Eq xD(1) 1is
a gq+j+dimo ball contained in 3EIx D). By the next lemma (Lemma 3.3.7)
D'(t) is a q+j+dimo ball contained in 3B(tT). Hence h: g4 xE(T) = D'(T)
extends to a homeomorphism H: E9xt1 > B(t). Doing this for each j+l+dimag
simplex of B(0,K) yields a homeomorphism hj+1 satisfying P(j+l). The

lemma follows by induction and from the fact that K is locally finite.

Lemma 3.3.7: Let the notation be as above. Suppose that T ¢ B(0,K) where
dim T = j+l+dim 6 and C(t) 1is a non-empty subcollection of the codimen-
sion one faces of T which have ¢ as a face. Let D = U {B(p)}| u e C(D)}.

Then D is a j+q+dim ¢ ball with D¢ 3B(1).

Proof: We use induction j.

Assertion (j): The lemma is true for j.
If j =0 then C(tr) = {0} and thus assertion (0) is obvious. Now induc~
tively assume assertion (j). Let T ¢ B(0,K) with dimT= j+2+dimg and
let C(T) = {01,...,0p} be a non-empty subcollection of the codimension one
faces of T which have ¢ as a face.

Claim (r): E(r) =U{B(o))| 1 <i<r} disa j+l+q+dimg ball.

This is obvious when r = 1., Inductively assume the claim for r.
E(x) NB(o_ ;) = U{Blo; No_ D 1<ig<r}.

Since ¢. and © are codimension one faces of T each o. Ng is a
i r+l i r+l

codimension one face of Ore1® By the induction hypothesis, assertion (j),

E(r) N B(o_ ,) is a q+j+dimo ball and clearly E(r) N B(0r+1) C E(r) N

r+l

Hence E(r+l)

3B(o E(r) U B(Or+1) is a q+j+dimg ball since the

r+1)’
union of two balls along a common face is a ball. By induction on r claim

(p) is true which proves assertion (j+1). The lemma follows by induction

on j.



INDUCTION THEOREMS 51

Proposition 3.3.8: Let K® be a simplicial manifold s-ad and X <:|K| xR

a subspace such that for each j-simplex o of K X(g) =X N (lol wa) is
a TOP manifold (j+r+2)-ad of dimension j+q with aiX(o) = X(Bio) 1=0,00.,]
and BiX(o) C (int|0|)><Rw for i > j. Then X is a TOP manifold (s+r)-

ad of dimension m+q. The ad structure of X 1is given by:

3,X xn(iaimxx“’) i=0,.00.,8-2

U{3_,1,;X(0)] ™ e K} i =0,...,r-1

as—1+iX = m+1l+

Proof: For simplicity assume s = r = 1. The conclusion is then X 1is a
TOP manifold of dimension m+q with boundary X given by 23X =
U {8m+1X(0)| o™ € K}. The general case of the proposition can be obtained

by induction on r and s.

Remark: If T 1is a k-simplex of K note that

ai(ak+1x(1)) = 93X N X(8iT) i=0,...,k

Suppose x ¢ X then x € X(0) with p = dim ¢ minimal. Since p is
minimal either x e int X(og) or x ¢ int 8p+1x(0). The second case occurs

if and only if x ¢ 9X.

Case 1. x ¢ int X(¢0). Since X(o) 1is a p+q dimensional manifold there
exists a (p+q)-ball B(0) € int X(o) with x ¢ int B(g). Let C(0) =
{B(o)}. Suppose the collection C(j) = {B(T)‘ T € B(0,K)(j)} has been
constructed so that the following is true:

1. B(1)C X(1) is a ball of dimension q + dim T

2. B(t) NB(t") =B(tNT') for 1,1’ e B(0,K)(j)

3. If T1' is a face of T then B(7')C 3B(1) N 3B(T) N X (1)
Let T e B(0,K) dimt = j+1+p and let D =U {B(u)| p is a codimension 1

face of T containing o}. Note that D C 3X(t) and that by Lemma 3.3.7
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D 1is a ball of dimension p+q+j. Since 3X(t) 1is collared in X(1) there
is a neighborhood B(t) of D in X(t) such that B(t) is homeomorphic to
DxI and B(t) N 3X(t) = D. Find such a B(1) for each (j+l+p)-simplex

in B(0,K). This yields a collection C(j+l) satisfying conditions 1 - 3
above. By induction we obtain a sequence of such collections C(j) j =
Oyeeeom-p. Lemma 3.3.6 implies that B = U {B(T)| B(t) € C(m-p)} 1is homeo-
morphic to E¥ x |star(c,K)| (Y is the standard q-ball). Since K" is a
conbinatorial triangulation of a PL manifold Istar(o,K)[ is a m-ball and
thus B is a (q+m)-ball. B is clearly a neighborhood of x in A and

X € int B.

Case 2. x ¢ int %+1X(0). Let F C int 8P+1X(o) be a (q+p-1)-ball with
x ¢ F. Since 3X(0) is collared in X(g) there is a neighborhood B(g) of
F in X(¢) such that B(g) is homeomorphic to FxI and B(g) N X(o) = F.
Proceeding as in Case 1, we obtain a neighborhood B of x in X homeo-
morphic to the (q+m)-ball Eq><¥star(c,K)] and such that x e 3B.

X 1is thus a manifold of dimension m+q with boundary X since each

point of X has a neighborhood of the appropriate type.

Let M be a compact connected orientable manifold with boundary. An
orientation for M 1is a choice of a generator for the infinite cyclic group
Hm(M,aM). This homology class will be called the orientation class and will
be denoted by [M]. If M is not connected then an orientation of M is
a choice of orientation for each component. If M = U M(j) 1is a disjoint
union of components then Hm(M,BM) =0 Hm(M(j),BM(j)) and [M] 1is defined
to be @ [M(j)]. If M is a manifold s-ad then the orientation class [M]
determines orientation classes [akM] € Hm_l(akM,aakM) k = 0,...,8-2 by

means of the map given by the composite:

3.3.9 H (M,3M) >~ H (M) >H (30 ,(3M,M) =@ H ,(3M,3(3M)
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where AM = U {3CMI [lel] = 23.

Proposition 3.3.10: Suppose in addition to the hypotheses of Proposition

3.3.8 that
1. K 1is an oriented manifold.
2. Each X(0) 1is oriented.
3. For every pair of simplices (o,T) of K with 0 a codimension

one face of T the incidence numbers satisfy:
E(o,T) = e(X(0),X(T)) .
Then X 1is an oriented TOP manifold (s+r)-ad.

Proof: By Proposition 3.3.8 X is a TOP manifold (s+r)-ad. Without loss
of generality it can be assumed that X 1is connected. Suppose s =1 = 1.
Then by considering the double of X along 23X we are reduced to the case
r =0, s =1. The case of general s,r can be reduced to the case above by

doubling along a face of X and by induction.

Let F(j) = U {X(0)] dim ¢ < 3}. Themn F(m) = X and the exact sequence

of the triple. (F(m),F(m-1),F(m-2)) yields:

0> H, (Fm),F(n-2)) > B, (F(m),F(n-1)) g (F(m-1) ,F(m=2))

m+q-1

Hm+q(F(m),F(m—2)) = X by the exact sequence of the pair (F(m),F(m-2)) and

Hi(F(i),F(i—l)) =9 Hj(X(O),BX(G)) by excision. The exact sequence

dimog=1

above becomes:

Ly

0+H (X))~ @ (X(T),9%(1)) ~—L> @ (X(0),3%(c))

. H .
m+q dim T=m m+q dim 0 =m~1 Hm+q-1

where ST is the map of 3.3.9.

Let [X(o)] ¢ Hm+q(X(0),8X(o)) be the orientation class, dim ¢ = m.

3.3.11 Define [X] = ) [X(o)] .

dim o =m
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3 _[X(a)]

3.3.12 3X) = Y4 som %

o e(ajo,o)[X(cj)] .

= Edim g=m z_‘j=0

Since K 1is a closed oriented simplicial manifold, every (m-1)-simplex
0 of K is the face of exactly two m-simplex T,7' of K; furthermore the
incidence numbers satisfy e(o,t) = -e(0,t'). Hence 3.3.12 implies that
o[X] = 0. 1t is easily verified that [X] generates ker 3 = Hm+q(X)' Hence

X is orientable with orientation class [X].

Proof of Theorem 3.3.2: We have |£] =M > X > Bx|K| b: v+ n. By

Proposition 3.3.10 M and X are oriented manifold (s+r)-ads of dimension
m+q. By 3.3.11 and the fact that each f_ has degree 1: £,[M] =

(fc)*[M(O)] =y [X(G)]‘= [X]. Hence f has degree 1. 1In

2dimU=m dim 0 =m

order to show that as_lf is a simple homotopy equivalence of (s+r-1)-ads

one uses induction on the skeleta of K and the sum theorem for simple

homotopy equivalences (see [C, p. 76]).



4. TINDUCTION AND RESTRICTION

4.1 The Transfer in Surgery Mock Bundle Theory

Let p: E > K be an order preserving simplicial map between ordered and

oriented simplicial complexes and let w > O.

Definition 4.1.1: p 1is an oriented simplicial w-mock bundle if:

1. For every j-simplex ¢ of K p_l(c) is an oriented simplicial
manifold (j+2)-ad of dimension j+w such that as unoriented
manifolds akp_l(c) = p_l(ako) k =05...,3.

2. For every j-simplex T of K if ¢ 1is a (j-l)-face of T then
elo,T) = e(p-l(o),p_l(T)) where the e( , )'s are the incidence
numbers.

Let p be as above, L a subcomplex of K and F = p_l(L). A transfer

+w

map tr(p): M%(E,F) > Mg (K,L) will now be defined: Suppose £ is a (q,B)

surgery mock bundle over E relative to F where B is a CW r-ad

[}

gl =M 5 xR Bule] bn

£(a)

B b
Mb > XG + Bxo c’nc
The transfer of  with respect to p, denoted tr(p)(£), is the (q+w,B)
surgery mock bundle over K relative to L given by:

1
4.1.2 lee( @) =M Ex % Bu|k| byn  where h' = (idxph .

For a j-simplex o of K, tr(p)(£)(g) 1is obtained as follows: Let
E’P_l(c) =N->Y¥ B><|p_1(o)| b|N, n|Y. Then by Theorem 3.3.2

1
(Assembly) x = N > Y § Bxo b|N, n|Y, where g' = (id x |p|)g, has the

55
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structure of a surgery problem of type (q+w,j) over B. Let

tr(p)(£) (o) = x.

Remark: We view E as being embedded in R". Let c¢: M+ K be the com-

posite |p|mhf where 7 is projection onto |E|. Then in 4.1.2 M is
viewed as being embedded in |K| xR by M~ |K| xR m > (c(m),m) €

IK|x|E| xR” € |K| xR” € |K| xR* and similarly for X.

The transfer defines a A-map tr(p): M%(E,F) - M§+W(K,L) given on a
j-simplex & by tr(p)jg = tr(p @ id)(f) where id: AJ > AJ is the iden=-
tity. tr(p) will be called the transfer with respect to p. Composition

with the inclusion E;(E,F) > Mg(E,F) yeilds a transfer map:

q+w

tr(p): MI(E,F) » MK, L)

Suppose that w = 0 and |pl: |E| > [Kl is a covering projection. At
least in this case it is possible to define a transfer map tr(p): gg(E,F) >
gg(K,L). Let £ be a j-simplex of gg(E,F). Then for any s-simplex <
of E.g(t) is an s-simplex of I@(B)O' Since for each 1i-simplex ¢ of
K, p_l(o) is a disjoint union of oriented i-simplices of E, we have
tr(p 8 id)(£)(o) 1is an i-simplex of Iﬁ(B)O' Hence the image of Ez(p)
defined in the previous paragraph lies in yg(K,L).

The transfer maps we have defined are clearly H-homomorphisms with
respect to the disjoint union H-structures; furthermore, they commute with
orientation reversal and the periodicity maps. The transfer is also func-
torial over pullbacks. This means that if p't: H~> J and p: E + K are
oriented simplicial w-mock bundles and g: E> H and f: K-> J are A-maps

so that the square:
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is a pullback square then the following square is commutative:

4.1.3 i) SR 43 (g
g# f#
tr(p) q+w

i) —=B1 ., M ()

This is a direct consequence of the definitions and the fact pullback squares
are composable. The corresponding relative version and the version for M%
are also valid.

It is easily verified that there is a commutative square:

(4.1.4  ad e s ale,n

i?tr(p) 'ltr(p)

smg‘l(K,L) —E s wlx,1)

where p: E+ K 1is an oriented w-mock bundle with F= p_l(L) and 3§ 1is the
geometric suspension defined by diagram 3.2.10.

Suppose p: i + X 1is a covering of finite index where X 1is a finite
polyhedron. Let t: [K] » X be a triangulation of X where K is an
ordered and oriented simplicial complex. The triangulation t can be canoni-
cally lifted to a triangulation t: |K| » ¥ of X so that there is a

simplicial map q: K+ K and a comutative square:

4.1.5 | —~» %
lqll p
k| —=— x

(see [Sp, p. 144]). 1In addition, K can be ordered and oriented so that

q: K+ K is an oriented simplicial O-mock bundle. From the transfer map
%~ * . ) %~

tr(q): MB(K) > MB(K) one obtains a homomorphism no(tr(q)): nO(MB(K),¢) ->

*
no(MB(K),¢). Then 3.2.9 and 4.1.5 combine to define a transfer homomorphism:
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Hj(Q;IKB)) > Hj(X;I&B)) which will temporarily be denoted by TRS(q). This
homomorphism does not depend on the choice of triangulation of X. Suppose
t': |L| » X 1is another PL compatible triangulation of X, i.e., there is

a PL homeomorphism g: |K| > |L| such that t' = tg. By Lemma 2.5 of [RS1]

there is a simplicial complex P containing K and L as subcomplexes and

a triangulation: T: (|P|;|K|,|L]) » (XxI;Xx0,Xx1) with T| |K| =t and
T| |L| = t'. T 1lifts to a triangulation T: (|P|;|K|,|L]) + (XxI;¥x0,Xx1)
with T| |R] =t and T| |L] = €'. Let q: R+ K, q': L1, and Q: B> P

be the corresponding simplicial covering projections. Consider the commuta-

tive diagram:

Hj(f{;]L(B)) -}‘B—S—(iL)Hj(X;E(B))
n
) Jo

Hj(}"( x IT3IL(B)) M)—) Hj(X x I;IL(B))

I I

wdximeey) R84 wix;nee))

where the vertical maps are induced by the maps X » XxI, X » £x1I,
y > (y,k) k =0,l. Note that I, = Hj(TNr)—1 and J = Hj(ﬂ) where 7 and
T are the projections. It follows that TRS(q) = TRS(q') and hence the
homomorphism which we have defined is independent of the triangulation of X.
The notation tr(p) will be used for this homomorphism.

Using E; in place of M; a transfer homomorphism: tr(p):
HOXL(B) (1,...,2)) » HOX;L(B) (1,...,®)) as above.

More generally, if p: Y > X 1is a map of polyhedra which can be trian-
gulated as an oriented simplicial w-mock bundle q: E » K then the transfer
tr(q): M;(E) > M;+W(K) induces a transfer homomorphism: tr(p): Hj(Y;IAB))+
Hj(X><Aw,X><aAw;IAB)). To see that this homomorphism does not depend on
the given triangulation of p one constructs, given another PL compatible

triangulation q': E' > K' of p, a triangulation of pxid: ¥YxI + XxI
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which restricts to the given triangulations of p on Yxi+Xxi 1i=0,1.
This can be accomplished by using the mock bundle subdivision theorem of
[BRS]. Then arguing as in the discussion which accompanies diagram 4.1.6
shows that tr(p) is uniquely defined.

In any cohomology theory, in particular H*( 3sL(B)), there is a transfer
defined for finite coverings of finite CW complexes (see [A] or [Rsh]). We
now show that this transfer, which we call the cohomology transfer, coincides
with our geometrically defined transfer. F. W. Roush has proved the follow-

ing theorem:

*
Theorem ([Rsh, p. 5]): In any cohomology theory U defined on the category

of finite CW pairs, there exists a unique map t, called the transfer, of
degree O defined on coverings of finite index .p: (X,A) > (Y,B), t: U*(X,A) >
U*(Y,B) satisfying the following axioms:
1. t 1is functorial over pullbacks.
2. t commutes with the coboundary operators for pairs or triples of
coverings.
3. t for the identity covering (X,A) + (X,A) 1is the identity.
4, TFor a covering which splits as a topological sum of subspaces each
covering the base, transfer for the total covering is the sum of

the transfers for the component coverings.

Roush's theorem implies that our geometrically defined transfer for
H*( sIL(B)), tr(p), agrees with the cohomology transfer: tr(p) clearly
satisfies axioms 3 and 4, axiom 1 follows from 4.1.3 and axiom 2 follows
from 4.1.4.

The transfer can also be defined with the aid of the Thom isomorphism.
In analogy with Chapter 2 of [BRS], the Thom isomorphism in the cohomology
theory H*( $IL(B)) can be easily described in terms of surgery mock bundles:

Let p: E(u) > K be a simplicial triangulation of an oriented r-block
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bundle u over K, with zero section s: K > E(u). Composition with s

defines a A-map:
T: MG(K) > MITT(E(W,E(W) (g 2 1)
Explicitly, let £ be a zero simplex of M%(K):
h h
|g] =M+ X > Bx|K| b,n and (1) = M% - XT % Bx1 bT,nT
Define TO(E) by
|T0(g)| “M-x B Bx |E(w)| b,n  h' = (idxs)h
hl
ToE)(0) = Moy = Xygy —7 Bxs(@) Bygyang(py By = (idxedh

and similarly for higher simplices of ,Mg(K). Then T induces an isomor-

phism:
T: B (K] 3L(B)) —> H TT(|E) |, |E@)|;L(B))

whose inverse is given by tr(p).

Now suppose c: X + X is a finite covering of finite polyhedra and that X
is embedded in X x int(A®) with normal block bundle V°. The geometrically
. * ~ * : I .

defined transfer tr(ec): H (X;IL(B) » H (X3;IL(B)) is seen to coincide with

the composite:

%
*)  HEGLEY I ETSEWLEWM;;LG) 5 B TS ®x (4%,50%) ;L(B)

DR T A 3Y)

where I 1is given by s-fold suspension (compare [BRS], p. 25). By the
appendix of [BeS] the composite (*) coincides with the cohomology transfer
of Roush, thus providing an alternate proof of the agreement of the geome-
trically defined transfer and the cohomology transfer.

Let p: (X,A) > (Y,B) be a finite covering of finite complexes. Since

the inclusion map of zero-th spaces ES(B)O < I%(B) extends to a map of
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spectra J: IL(B) (1,...,®) > L(B) (see [A, p. 145]) there is a commutative

diagram:

J
HO(X,A;]L(B) (1,... ,w))——#—> HO(X,A) ;IL(B))

lc' t
J

HO(Y,B;]L(B) (1,... ,w))._.#_> HO(Y,B;]L(B))

where the vertical maps are the cohomology transfers and the horizontal maps
are induced by J.
It is an easy consequence of our definitions that the diagram:

J
HO(X,A3IL(B) (1,...,2) —E5 10x,A;1(8))

lg_g(p) tr(p)

J

2O(Y,B;1L(B) (1,...,)) —2> 10(¥,B;L(8))

is commutative where the vertical maps are the geometrically defined trans-
fers. By Proposition 3.2.7 (1) the horizontal maps in the two diagrams above
_are injective. It has already been shown that tr(p) = t. Hence it follows
that tr(p) = t', i.e., tr(p) coincides with the cohomology transfer.

We now investigate the relationship between the assembly maps and the
transfer. Let p: E -+ K be an oriented simplicial w-mock bundle. Suppose,
in addition that E and K are oriented simplicial manifold s-ads with
3 = p‘l(ajK) for j = 0,...,5-2. Let dimE = e and dimK = k. Then
e =w + k and an inspection of the definitions reveals that there is a

commutative square:

A (E)
q
4.1.7 My (E,3E) ——> ]Lq+e(B><60|E])

tr(p) Eq+e(idx [p])

A
q+w q+w(K)
My (K9 K) —mmm> ]Lq+w+k(Bx 60|K|)

where éq(E) and Aq+w(K) are the assembly maps, id 1is the identity
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B > B, and I, (1d><|p|) was defined in Section 2.2. When w = 0 and
lp[ is a covering projection there is also a commutative diagram:

A (E)

4.1.8 Mi(E,3 E) ——s L (Bx3|E|)

l
L q+e (id x ]pl)
A (K)

MB(K 8,8 L, o Bx8GIED)

q+e

ltr(p)

The commutative square 4.1.7 induces a H-homomorphism of homotopy

fibers of the assembly maps over the basepoint ¢:
4.1.9 B (E)) > E(a_ (X)) .

Now let B = pt, @ = 4n > 5, dim K s+4 and suppose that for every
subset ¢ of {1,...,s-2} BCE and abK are conmnected and non-empty. BOE
and BOK may be empty or disconnected. It is proved in Chapter 5 (see

5.1.9 and 5.1.10) that there are homotopy equivalences:

4.1.10 E(A (E))
E(A

Ié

TOP({E[, o|E[) and

(®)) & Spop(CIKR] L3, [K] x (4%,00))  if w> 1

le

4n+w

Hence if w > 1, 4.1.9 and 4.1.10 define, up to homotopy, an induction map:

((]K|,30|K|)X(AW,BAW)) .

41,11 T(p): S pUE[L3,|E]) > 8

TOP TOP

If STOP( ) is given the H-structure imposed by the homotopy equivalences
of 4.,1.10 then I (p) is a H-map.

Similarly, if w =0 and |p[ is a covering projection we have, using

4.1.8 in place of 4.1.7, an induction map:

4.1.12 TP SpopCIE] B, IED) » so L (IR 8,IK]) .

TOP TOP
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4.2 The Transfer in the Theory of Surgery Spaces

Let p: E+ B be a map of CW r-ads with aiE = p—l(aiB) for
i=0,...,1~2. Assume that p 1is an oriented topological bundle with fiber
a closed oriented manifold of dimension w. The construction presented below

of the transfer map:
tr(p): I@(B) > 1ﬁ+w(E) is that of Quinn (see [Ql).

Let x =M> X+ Bxp? b,n be a j-simplex of lh(B), i.e., x 1is a surgery

problem of type (q,j) over B. Form the pullback diagram:

f—> % —>Exa’

J,U iv lp x id

M ——> X —> B x pY

Then x' =¥ > X > ExA? B, is seen to be a j-simplex of Ih+w(E) where
~ ~ * %* ~
b is the induced microbundle map b: U (v) » V (n) = n. Defining tr(p)jx =
1] > .
.x , we obtain a A-map tr(p): lﬁ(N) - Lq+w(E).
The transfer map is clearly a H-homomorphism and commutes with orienta-
tion reversal and the periodicity map. Recall that for j+q > 5

ﬂj(nh(B)’¢) =L (nl(B)) where Lj+q(ﬂ1(B)) is Wall's algebraic L-group

j+q
(see Proposition 2.2.3). If p 1is a covering projection of finite index
then the transfer ﬁj(tr(p)); nj(lh(B)’¢) > anLq(E),¢) coincides with the
algebraically defined restriction map: I*: Lj+q(n1(B)) > Lj+q(n1(E)) where
j+q>5 and I = ﬂl(P)-

Let p: H-+ K be a A-map between ordered simplicial complexes and B
a CW s-ad. Suppose that H and K are oriented simplicial manifold r-ads
of dimension m with p-l(aiK) = J;H i=0,...,r=2 and assume that

p|l: |H| » |K] 1is a covering projection of finite index. It follows from

the definitions that there is a commutative square:
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A (K)

q
4.2.1 M (K, 9 K) A L pm (Bx6olK])

|
p# Ltr(idx[p|)

| 2, ®
Mp(H,5 H) ——> L (B x 8p|H])

where the horizontal maps are the assembly maps and p# is the induced map

of Section 3.2. (Recall that p# is also constructed as a pullback.) There

is also a commutative square with Mg in place of gg. The square 4.2.1

induces a H-homomorphism of the homotopy fibers of the assembly maps over

the basepoint ¢:
4.2.2 E(éq(K)) -+ E(éq(H)) .

Now let B = pt, q = 4n > 5, dim K > r+4, and suppose that for every

subset ¢ of {l,...,r-2} acH and aCK are connected and non-empty. K

%
and aOH may be empty or disconnected. It is proved in Chapter 5 (see 5.1.9)

that there are homotopy equivalences:

4.2.3 E(a, (X)) S0 p(X,8,X) X = K| or |[H]

TOP

Then 4.2.2 and 4.2.3 define, up to homotopy, a restriction map:

4.2.4 I*(p): s (|K|,30|K]) + S (|H|,30|H|) .

TOP TOP

If STOP( ) 1is given the H-structure imposed by the homotopy equiva-

*
lences of 4.2.3 then I (p) is a H-map.

The restriction map for S ( ) can also be defined directly: Let

TOP
x =M> |K| xAd be a j-simplex of STOP(IKI,BOIKI). Form the pullback
diagram:
4.2.5 M — [H] x AJ

L LIp!.xid

M ——> |K] x Ad
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* -~ ] . »
and define 1 (p)jx =M~ |H| xA) giving a A-map

()t SpopCIRIL3GIRD > 8o (R ,3, [1])

TOP

Since the vertical maps in 4.2.1 are obtained as pullbacks and the homotopy
equivalences of 4.2.4 are natural with respect to pullbacks, it follows that
the two definitions of the restriction map agree up to homotopy.

More generally, let p: H > K be an order preserving simplicial map
which triangulates an oriented topological bundle with fiber a closed oriented
manifold of dimension w. Also suppose that H™Y and K™ are oriented
simplicial manifold r-ads with p-l(BiK) = BiH i=0,...,5-2. Let C be
the simplicial mapping cylinder of p and i: H > C, j: K+ C the natural

inclusions. Then there is a homotopy commutative diagram:

A (K) ’
q
4.2.6 MY(K,3K) . 1q+m(5o“‘|)

Tj#

ml(c,3,0) tr(|p|)

A
J} A (H)

Mli@,3 1) ——s 1L (8,18])

q+m+w

R

where the horizontal maps are the assembly maps. jJ is a homotopy equiva-
lence since j 1is a homotopy equivalence. Hence there is an induced map of
homotopy fibers: E(éq(K)) > E(éq(H)). When dim K > r+4, q = 4n > 5, and
H and K satisfy the O-connectivity conditions of 4.2.3, this yields a

restriction map defined up to homotopy:

4.2.7 ™ (p): SpopC1K1s3IKD) > 5. (Ju],a |H]) .

TOP

This restriction map can also be defined by the pullback construction of

4.2.5.



5. GROUP STRUCTURE IN THE SURGERY EXACT SEQUENCE

Notation: As in Chapter 1, SX will denote the singular complex of a space
X. Let P’ = (CPz)r, the r-fold Cartesian product of 2-dimensional complex

projective space.

The spaces G/CAT, CAT = TOP or PL, are defined to be the homotopy
fiber of the natural map between classifying spaces BCAT » BG (see [Wa 1],
Ch. 10). The following theorem of Quinn and Siebenmann relates G/TOP with

the surgery spaces E@(Pt)=

Theorem 5.1.1 ([KS, p. 2971): There are homotopy equivalences:

1. a(0,r): S(G/TOP) - ]L4r(pt)0 r>2.

2. a(k,r): S(Qk(G/TOP)) > 1L (pt) 4r+k > 5, k > 1.

Lr+k

Discussion: a(k,r) 1is defined to be the composite

5.1.2 s(2¥(e/10p)) B swap(2, (e/10R)) § N, (27 x 8% 2T x 20%)

I (\F
4rik
L, (Pt) k>0

SMap(Pr,Qk(G/TOP)) is identified with the A-set whose j-simplices are
. r k j.r k3
continuous maps: (P xA xA”,P x3A xA’) > (G/TOP,*) and whose face maps
are given by restriction to p* xAk'xapAJ for p=0,...,j. Similarly,
S(Qk(G/TOP)) can be viewed as the A-set whose j-simplices are continuous
maps (Ak xAJ,aAk XAJ) (G/TOP,*) and whose face maps are the obvious ones.
The A-map B takes a j-simplex u: Ak x Al > G/TOP of S(Qk(G/TOP)) to
r k 3 k i . . .
u where 1t P" xA xA” > A xA is the projection. F is the surgery

obstruction map of Definition 2.3.3 and for any space X A: X » pt 1is the

66



INDUCTION THEOREMS 67

unique map.
The A-map C 1is a special case of the following general construction:
Let M be a compact oriented topological manifold s-ad with m > s+4. We

inductively construct a A-map C(M,SOM): SMap(M,BOM;G/TOP,*) + N (M,QOM)

TOP
simplex by simplex using topological transversality. This map is constructed
in the PL case in [Rol, the main difference being that PL transversality
is employed in [Ro]. Explicitly: For each O-simplex wu: (M,BOM) + (G/TOP,*)
of SMap(M,BOM;G/TOP,*) use topological transversality to obtain a normal
map of s-ads x = (N = M b,n) relative to BOM representing u. Recall
that this is accomplished by obtaining a fiber homotopy trivialized topolo-
gical bundle over M,E, representing u and then making the collapse map

oL, T(£), where T(E) 1is the Thom space of £, transverse to

t: S
M & T(E) (this requires m > s+4). Let C(M,SAM)O(U) = X. Suppose C(M,aoM)
is defined on q-simplices q < j. For each (j+l)-simplex
u: (M><Aj+1,BOM><Aj+1) -+ (G/TOP,*) apply (relative) topological transvers-
ality to obtain a normal map x of type j+l over M relative to BOM
representing u and such that apx = C(M,BOM)j(apu) for p=20,...,j. Let
C(M,aOM)j+1(u).= x. Then by induction we obtain the A-map C(M,BOM).
C(M,BOM) is a homotopy equivalence. This is shown in the PL case in [Rol;
the TOP case follows by substituting TOP transversality for PL trans-
versality used in the argument of [Rol. Note that the definition of C(M,BOM)
involves an inductive choice for each j-simplex u of SMap(M,BOM;G/TOP,*)
of a normal map representing u. If C'(M,BOM) is a A-map obtained by
making different choices of representatives then (relative) transversality
can be used to construct a homotopy between C(M,BOM) and C'(M,BOM). Hence
C(M,BOM) is uniquely defined up to homotopy.

Returning to 5.1.2, the A-map C 1is given by C = c(p” xAk,Pr xBAk).

Then the map:

™ (a(k, )2 ﬂj(Qk(G/TOP,*) > 1 (T (PEL0))

4r+k
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is the surgery obstruction map ﬂk+j(G/TOP,*) > Lk+j(1) which by the compu-
tations of Kirby and Siebenmann (see [KS, p. 267]1) is an isomorphism when

k+j > 1 and the zero map when k+j = 0. In particular, the image of a(0,r),
r > 2, lies in n%r(pt)O' Theorem 5.1.1 then follows from Whitehead's
theorem.

The homotopy equivalence S(G/TOP) IB(pt)O of Theorem 5.1.1 (1) gives
G/TOP an infinite loop space structure since ]T,.B(pt)0 is the zero-th space
of the spectrum L(pt) (1,...,®) (see Section 3.1).

m

Let K~ be an oriented simplicial manifold s-ad, m > s+4. We will

now establish homotopy commutative squares:

4t é4
5.1.3 M (K,3,K) =5 ]L4r+m(60]K|)
Tv ) Ter r>2
F
NpopC K184 |K]) == T_(8,[K])
5.1.4 MR g ky hreky G KD
te %0 4tr+k+m: O
T ' 6. 4rek >5, k>1

k Ak F
NoopC (RT3 [KI) % (85,00%)) ==z (3,IK])

such that the A-maps V and V' are homotopy equivalences. In the dia-

grams above, er is the periodicity map obtained by taking Cartesian products
. r

with P . é&r and A4r+k

obstruction map (see Definitions 2.3.3) and the maps V and V' are the

are the assembly maps, F 1is the surgery

subject of the discussion below.

Let Qp be the Kan subcomplex of ]Lp(pt)0 whose j-simplices are
surgery problems of type (p,j) x=(M £ X > Aj b,n) such that £ 1is a
homeomorphism or x 1is the empty surgery problem. It is easily seen that
the base point ¢ of Ib(pt) is a deformation retract of Qp, in particular
Qp is contractible. Since I%r(pt)o is a H-space and Q4r is contrac-
tible, Theorem 5.1. (1) gives that a(0,r): (S(G/TOP),*) > (I%r(Pt)o’Q4r)

is a homotopy equivalence of pairs, r > 2. Hence the induced map
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a(O,r)#: A(K,d, K;S(G/TOP),*) ~ A(K’BOK;I%r(pt)O’Q4r) is also a homotopy
equivalence.

If X 1is a pointed CW complex let n(x): A(K,BOK;SX,*) >
SMap(lK!,BOIKI;X,*) be the natural homotopy equivalence given by n(x)j(f) =
6(X)|£f| where |f| is the geometric realization of f and ¢(X): [SX| > X

is the natural map. Define a A-map:

Wi A(K,0,K3S(6/TOR) ;*) > Ny (IR, 3, [K[)

TOP

by W= C(|K|,30|K])n(G/TOP). Then W is a homotopy equivalence since it is
a composite of homotopy equivalences.

Consider the following diagram:

A
1
5.1.5 MK AGKL, (pt) ,0) —=> L., (3. [K])

| l'
I id
v # A

. 2
A(R,IKSL, (P),Q, ) —=> L (rSO|K|)

m+4
a(O,r)#
A(K,BOK;S(G/TOP),#) 0
l" |

F
NropC K30 —=> 1(8, (kD)

In the above diagram A1 is the composite
& 4r A
B(R,BRSL, (pt)g, ) DM XK =L, (5 1K)

where G is the glue isomorphism and A is the assembly map. The A-map

A, is similarly defined. 6, is the periodicity map and the maps a(O,r)#

2
and W have been defined previously. I# is induced by the inclusion

I: (I%r(pt)0’¢) > (I%r(pt)O’QAr)' I# is a homotopy equivalence since I
is a homotopy equivalence of pairs, Q4r being contractible.

The top square in diagram 5.1.5 is strictly commutative. To see that

the bottom square in 5.1.5 is homotopy commutative, i.e., that Aza(O,r)#
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and GrFW are homotopic, observe the following:
. r r
First, Map(|K| xP ,80|K| x P’ ;G/TOP,*) = Map(lKI,BOIKhMap(P;G/TOP),*)

and there is a homotopy commutative diagram:

B
5.1.6 B(R,3 Kz S(G/TOP),*) —t 5 A(K,BOK:SMap(Pr;G/TOP),*)

|
n(G/TOP) ~Ln(Map(Pr;G/Top))
v % '
siap (|| ,3, k| ;6/ToP,*) —T—s sMap(|K| xP*,3 K| x P*;6/TOP, %)
|
c(|k],9,[k]) lF(IK[ x?",5, K| x )
v

r
(Ix],3,1x]) =GP )y ([KI><Pr,aOIK]><Pr)

Nrop TOP

where B: S(G/TOP) - SMap(Pr;G/TOP) is the map of 5.1.2, ﬂ* is induced by

the projection m: |K| xPT > |K|. Note that the composite of the maps in the

first column is W.

Second, let Q be the Kan subcomplex of NTOP(Pr) whose j-simplices
are normal maps of type j over P’, n= (M 5 p" xAj b,n) such that f 1is
a homeomorphism. Define the A-map G': A(K,BOK;NTOP(Pr),g) >

NTOP(IKI xPr,BOIKI x PY) by gluing together the image of a j-simplex
g: Ke Al >N

Ty of A(K,SOK;N (Pr),g) and then applying Theorem 3.3.2

rop(? TOP

(Assembly). There is a commutative diagram:

AF)

(T, ¢
(P1),0 —E—h A, KT, (p1),Q, )

G' ¢A2
(IK| r T ]Llprﬂn(ﬁ)F
xP7,90 K] xPF) —F—y m, (80 [K])

5.1.7 A(K,BOK;NTOP

Nrop hr+m

. r . ) r
where 1L, (MF:Np,(P7) > H%r(pt) is the map of 5.1.2 and m: [K| xP' + |K|
is projection.

Finally, there is a homotopy commutative diagram:
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4

5.1.8 A(K,BOK;SMap(Pr;G/TOP) »*) ——> A(K,3 KN (*"),0)

TOP
W’ G'

r IS
Npop IRl x P ,301K|><P )

where W' 1is the composite of the maps in the second column of diagram 5.1.6

and C = C(Pr): SMap(Pr,G/TOP) > N (Pr). Diagram 5.1.8 above is seen to be

TOP

homotopy commutative as follows: Construct a homotopy inverse

r r . r .
T: (JK| xP ,80|K|><P )~ A(K,BOK,NTOP(P ),Q) for G' using transver-

Nrop
sality: If x = (M £ K g AJ[ «P" b,n) is a j-simplex of

r r _ . ] r .
NTOP(|K|;<P ,BOIK]><P ) then the A-map Tj(x). Kg A > NTOP(P ) is

defined inductively by making £ transverse to |¢| x PF C |K 3 Aj] xPT for
each simplex ¢ of K g Aj. Then it is easily seen that TW' and C are
homotopic.

Now recall that the image of a(0,r) lies in ]Lar(pt)O and observe that
E4r+m(n)FHw = eer. Then combining diagrams 5.1.6, 5.1.7, and 5.1.8 we

obtain that the bottom square of diagram 5.1.5 is homotopy commutative.

-1 1

Let (I,) and W be homotopy inverses for the maps I and W

#
4t
r(pt)0’¢) > M (K,SOK)

#
respectively in diagram 5.1.5 and let G: A(K,E)OK;IL4

be the glue isomorphism. Define the A-map V by V = E(I#)_la(o,r)#w_l.

V is a homotopy equivalence since it is a composite of homotopy equivalences.
Diagram 5.1.5 then yields diagram 5.1.3. Similarly, using the maps aflk,r)

k > 1 we obtain diagram 5.1.4.

We now discuss group structure in nO(S (|K|,30[K|),*) and the surgery

TOP

exact sequence in the topological case.

Recall from Chapter 3 that the assembly map é4r: gér(K,aoK) >

1%r+m(60|K|) is a H-homormorphism with respect to the disjoint union H-

structures and that gér(K,aOK) and 1L m(GOIKI) are H-groups. Let

Lr+

E(éér) be the homotopy fiber of é&r over the basepoint ¢. For the remain-

der of this chapter it will be assumed that for every subset ¢ of

{1,...,8-2} SCK is connected and non-empty. QOK will be permitted to be
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disconnected or empty unless otherwise stated. By Theorem 2.3.4 there is a

homotopy equivalence (Jx},3 |Kl) + E(F) where E(F) 1is the homotopy

TOP

fiber of the surgery obstruction map F: N (|KI,BOIK|) > nh$60|K|) over

TOP
the basepoint ¢. Also recall that diagram 5.1.3 gives a homotopy commu-

tative square:

4
5.1.3 MR, K) —> ]Ll;_r+m(60|K|)
TV Te ' r> 2
r >
NoopC IRl 53 1K) —> T8, |K])

where V 1is a homotopy equivalence. By Proposition 2.2.5 the periodicity
map er is also a homotopy equivalence. Applying Theorem 1.2.12 to

Diagram 5.1.3, we obtain a homotopy equivalence:

5.1.9 E(a,,) —>S (I} ,3 |Kl)

TOP

Theorem 1.3.11 (4) implies that E(éAr) is a homotopy associative H-space
such that ﬂo(E(é4r),*) is a group. Then the homotopy equivalence of 5.1.9
imposes a homotopy H-structure on STOP(|K|,30{K|) such that

U TOP(IKI aolKl) is a group. It will be shown later that this group

structure is independent of the triangulation of M = [x

Notational Convention: The group ﬂ (|K|, !KI),*) will be denoted by

TOP

! Lo .
sTOP(lKl,30|K,) when it is conentient to do so.
Arguing as above with diagram 5.1.4 in place of diagram 5.1.3 we obtain

for 4r+k > 5 and k > 1 a homotopy equivalence:
5.1.10 E(A, ) — SpopC(IRI,3 (KD x (8%, 08%))
T 4rik TOP ’ -

By diagram 5.1.3 and the proof of Theorem 1.3.12, the homotopy sequence

of the homotopy fibration E(A ) > M "(K,3 K) > L ( oiK’) yielding a

4r+m

commutative ladder -- diagram 5.1.11:



INDUCTION THEOREMS 73

5.1.11
4t
. Mo (E(a, ) »%) > (M (R, 30K),0) > mp (T, 0|1<|) o)
l ln L ln0<er1)

where the top sequence is a long exact sequence of groups and homomorphisms
and the vertical maps are isomorphisms. V—1 and 9;1 are homotopy inverse
for V and Sr respectively.

If X is any compact oriented TOP manifold s-ad then it is a direct

consequence of the definitions that:

- 3 Al
J( TOP(X 3 x), ) = 0( TOP((x 9 X)x(A ,OA7)),*)

and

_ 3 gad
™, (pop(X,86K) %) = mo(S70n (6,330 x (a7 ,387)) %)

In addition a comparison with the definitions of [Wa 1], Chapter 10 shows

that the sequence

* *
TOP(X 3 X) ) > nO(NTOP(X,BOX), ) -~ no(ﬂhﬁéox),¢)
is precisely the surgery exact sequence of [Wa 1], p. 197.

By Proposition 2.2.4 nj(nhwér(solKl)’¢) = Lm+j(ﬂl(60|K|))- Let r =2
and recall the following from sections 2 and 3 of Chapter 3:
ﬂO(M?(K’BOK)’¢) = HO([K[,SO]KI;G/TOP) where G/TOP 1is the notation we are

using for the spectrum L(pt) (l,...,») with zero-th space ]LB(pt)0 A G/TOP.

Also

no 0,300,600 = HOCC[R| 30|k ]) x (7,507 56/108)

Remark: Proposition 3.2.7 (1) implies that for j > 1, ﬂj(M?(K’BOK)’¢) =

Trj(Mg(K,aoK),d)) = B0C(Ix] 3y K]y > (a1, 000y s (pe)) .

The commutative ladder 5.1.11 then yields:
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Theorem 5.1.12: There is a long exact sequence of groups and homomorphisms:

ce —> ((IK|,30|K!) x (aL,381)) —> HO((IKI,aOIKI) x(Al,BAl);ELEQE)

Stop

A
o IR — s (K] [K]) —> BO([K] 3, K] s6/T0P)

TOP
A
—> Lm(ﬂ1(60|K| ))

where A, corresponds to the surgery obstructign map under the isomorphism

of 5.1.11.

Remark: In contrast, suppose G/TOP is given the Whitney sum infinite loop
space structure. In that case it is known that the surgery obstruction
8: [|K|,80|K|;G/TOP] > Lm(nl(éolKl)) is not a homomorphism in general (see

[Wa 1, p. 110D).

The periodicity theorem for the group sTOP(]K',30|K[) will now be
derived. It will also be shown that this group is abelian.

In the special case that Z%K is non-empty, observe that
A(K,%K;]Lq(pt)o,q;)= A(K,BOK;]Lq(pt),q)) or equivalently I_’Iq(K,BOK) =Mq(K,80K)
since if K 1is connected and BOK is non-empty then the image of any A-map
f: (K g AJ,BOK g A > (Iﬁ(pt),¢) must lie in Eq(pt)o, the component of
Eq(pt) containing the basepoint ¢. yS(K,BOK) = Mq(K,BOK) implies that
E(éq) = E(Aq) where E(éq) and E(Aq) are the homotopy fibers of the
respective assembly maps over the basepoint ¢. The periodicity theorem of

Siebenmann ([KS, p. 283]) can now be recovered in the case SOK is non-empty:

Theorem 5.1.13: Let K be as above, BOK non-empty. Then there is a H-map

inducing a homotopy equivalence:

4 b
Spop 1Kl »3, 1K) v 8. o (K] x (4%,38™))
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Proof: For r > 1 there are H-maps inducing homotopy equivalences:

E(Ay (r1)) X STOP(IK[ ,aolxl) by 5.1.9
E(A Y s (K] ,5 IKI)X(A“ aa)) by 5.1.10
4T +4 -~ TOP ] > ot
Since E(éar+4) = E(A4r+4) when K 1is connected and SOK is non-empty, the

result follows.

Before proceeding to the case BOK is empty we show that

(‘KI,80|K|) is a loop space when 3,K is non-empty.

Stop 0

Recall from diagram 3.3.5 that there is a homotopy commutative square:

A
q
MI(K,B K) —y L (S [K])

T

QA
a0 00— on (s |k])
m+g-1""0

where the vertical arrows are homotopy equivalences. Since aOK is non-empty
* *

.and K 1is connected we can replace M by M and A, by A, 1in the
diagram above. Applying Theorem 1.3.12 to the resulting diagram yields a
H-map inducing a homotopy equivalence E(Qéq_l) E.E(éq)‘ By Proposition 1.3.9
there is a H-map inducing a homotopy equivalence E(Qéq-l) > QE(éq_l).

Letting q = 4r+l, r = 2 and applying 5.1.9 proves:

Proposition 5.1.14: Let K be as above and BOK non-empty. Then there is

a H-map inducing a homotopy equivalence:

1.,.1
sTOP((|Kl,aO|K|) x (A7,387)) QSTOP(|K|,30[K;)

Remark: Combining 5.1.3 and 5.1.4 we have a H-map inducing a homotopy

equivalence:

4 -
« sTOP(lx},aO|K|) " STOP(|K|,30|K}) 3K non-empty.
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Hence ([K|,30|K|) is an infinite loop space and in particular

STOP

STOP(]KI,BOIK]) is abelian when 3,K is non-empty.

Now suppose that BOK is empty. K can be viewed as an oriented simpli-
cial manifold (s~l)-ad by deleting the empty zero-th face. The corresponding

periodicity result for the group (IK[) is:

STop

Theorem 5.1.15: There is an exact sequence of groups:

0+ s_ (&)~ (k| x 8%, [K] x38%) > 1,(D).

Stop Stop

Since LO(l) = Z, the infinite cyclic group and the image of a homomor-
phism into Z is either zero or infinite cyclic we have the following
corollary:

Corollary 5.1.16: The group (]K[ X A4,[K| x8A4) is isomorphic to

Stop
(lx]) e z.

(|K]) or to

Stop Spop

ol

Remark: Let T be the n-torus and S" the n-sphere. Consider the

computations:

1. STOP(Tn X Ak,Tn xBAk) =0 n+k > 5 (see [KS, p. 275])
2. sTOP(Sn) =0 n>>5 (by the generalized Poincare conjecture) and
n_,4 .n 4 :
STOP(S xA,8 x3A7) =12 (using the surgery exact sequence).

Hence both possibilities in Corollary 5.1.16 can occur. As a

consequence Theorem C.5 of [KS, p. 283] is incorrectly stated.

Proof of Theorem 5.1.15: The fiber mapping sequence of éq: MS(K) »»ILm+é|Kl)

(see 1.3.8) maps by natural inclusion into the fiber mapping sequence of

Aq: MUK > n&wq(|K|) yielding a commutative ladder:
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— oM (®) —>on, ([K]) —>E@) — MIK) —> L. {IKD

o3 S | E Jid

— @) —» oL ([K]) —E@G) —> MiK) —> LAGISD

where j 1is the inclusion. Note that QA(K;E@(pt)O)= QA(K;Lq(pt)) or

equivalently QES(K) = QMq(K) since the image of any A-map:

F: (K & AJ+1,K o (80)J+1AJ+1) N (lh(pt),¢) must lie in Eq(pt)o, the

component containing the basepoint ¢, if K is connected. Hence Qi 1is
the identity. Let M, = nj(gq(x),¢), My = nj(Mq(K),(p), and L =

Lm+q+j(n1(|K|)). Then applying T to the diagram above yields a commutative

ladder of exact sequences:

*
M, —>1 ——BNO(E(éq), ) —> M, —> L,

lid \Lid lu . N lid

*
M —> L ——-)TTO(E(Aq), ) —> M) —> L,

Let gq = 8. By Proposition 3.2.7 (2) there is an exact sequence

A% -
(%) 0 —>M) —> M, —> Lo(l)

Hence j, 1is injective. A variant of the 5-lemma shows that u, must be

injective. A further diagram chase reveals that the cokernel of wu, injects

into the cokernel of j,. By (*) the cokernel of injects into Lo(l).

Ix

This yields an exact sequence:
0 —> ﬂO(E(éq),d)) —_— ﬂO(E(Aq),dJ) —>L,(1) .

The theorem follows from 5.1.9 and 5.1.10.

Remark: Theorem 5.1.15 also implies that (IKI) is abelian since

Stop

STOP(|KI xA4,|K| X3A4) is abelian.

We now show that the group structure of (|K|,80|K|) is independent

StoP
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of the triangulation of the PL manifold s-ad M = [Klm. For clarity this
will be proved in the case M 1is a closed manifold.

Let K' be another oriented simplicial manifold triangulating M.
Assume that the triangulations are PL compatible. By Lemma 2.5 of [RS1]
there is a triangulation P of MxI such that P restricted to Mx0 is
K and P restricted to Mx1 1is K'. Let 1i: K+ P and i': K'> P be

the inclusions. Consider the following commutative diagram:

8 A(R)
5.1.17 E(A(K)) > M (K) > L K]
N AS
U i 3°
8 A(P)
E(A(P)) > M (P) > L CP[5IK],[R']D)
W (i')# ‘ 31
N 8‘ éﬂK')
E(AR') M(K") >1_ (k')

where E(A( )) 1is the homotopy fiber of the assembly map A( ), i# and

ant

are the induced maps, 80 and 81 were defined in Section 2.1, and

U and W are the induced maps of homotopy fibers. Since 1 and i are

#

homotopy equivalences, i" and (i')# are also homotopy equivalences. To
see that Bk k = 0,1 are homotopy equivalences we use the following theorem

of Wall:
Theorem 5.1.18 ([Wa 1, p. 93]): For any CW n-ad X and 0 < k < n-2 there
is a natural exact sequence:
—s1l 6 X)-ji>L1 (6 x) —> .} (x)—al;Ll(ax)-——)
p+l 7k p+l Tk p+l P k
where L;+j(Y) = nj(lb(Y),¢) p+j > 5 and i, 1is induced by the inclusion.
Applying the theorem above with X = (|P|;|K|) and observing that i,

is an isomorphism since i: K~ P 1is a homotopy equivalence gives that

nj(lb(]Pl;[K|),¢) = 0 p+j > 5. Another application of the theorem with
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: 0, . .
x = (|pl,|k|,|K"|) shows that & : nj(1b+1(x),¢) ﬂj(nb(akx)’¢) is an

isomorphism for j > 0, p > 5. Thus 80 is a homotopy equivalence by White-

head's theorem and similarly for 81. By Theorem 1.3.12 U and W are

homotopy equivalences. Hence there is a H-map inducing a homotopy equiva-
lence E(é(K)) - E(é(K')). Then 5.1.9 gives a H-map inducing a homotopy

equivalence (Ik]) v 8. (|K']) and in particular a group isomorphism

sTOP
(x'.

TOP

(g = s

Stop TOP

Using the results of Chapter 4, it is now easy to show that the surgery
exact sequence of 5.1.12 is natural with respect to induction and restriction.

We first make the following:

Observation 5.1.19: Given a commutative square of basepoint preserving

A-maps of Kan pointed A-sets:

£

O &« ™

A
|
v
c —£5

the fiber mapping sequence of f (see 1.3.8) maps into the fiber mapping

sequence of g vielding a commutative ladder:

—> 1, (B,%) ——> 1 (B(£),%) ——> 7 (A,%) —> 71 (B,%)

l | | !

—_— nl(D,*) —_ nO(E(g),*) —_— nO(C,*) - ﬂO(D,*)

where E(f) and E(g) are the homotopy fibers of f and g respectively

over the basepoints.

Suppose that N and M" are compact oriented PL manifold s-ads
such that for every subset ¢ of {1,...,s~2} SCN and BCM are connected

and non-empty. 80N and BOM may be empty or disconnected. Also assume
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that m,n > s+4 .

Let p: N> M be a PL map with p-l(aiM) = BiN for i =0,...,8-2
which can be triangulated as an oriented simplicial w-mock bundle p': E » K
(see Definition 4.1.1). Note that n = m+w. An example of such a map p is
an oriented PL bundle over M with fiber a compact oriented PL manifold
of dimension w. When w = 0 we will assume that p 1is a covering pro-
jection. Applying Observation 5.1.19 and Theorem 5.1.12 to the commutative

square 4.1.7 with q =8 (or to 4.1.8 if w = 0) we obtain

Theorem 5.1.20: There is a commutative ladder of exact sequences:

0 .
—_—> sTOP((N,aON)) — H (N,aoN,G/TOP) ——»Ln(ﬂl(éoN))

|
ll*(p) ’ j/tr(p) I,
Ny

—> 575p (6,30 x (87,387)) —> HO((M,BOM) x (0,30") 56/T0P) —> L_(11, (8}0)

TOP

where I*(p) is induced by the induction map of 4.1.11 (or of 4.1.12 if

w=0) and p; = my(L_(p)).

Wﬁen w = 0 1t was shown in Chapter 4 that tr(p) coincides with the
cohomology transfer. For all w it was also shown in Chapter 4 that tr(p)
is independent of the triangulation of p. The same extendibility argument
used there or in 5.1.17 can be used to show that TI,(p) 1is independent of
the given triangulation of p.

Now suppose that p: N> M 1is a covering projection. Applying
Observation 5.1.19 and Theorem 5.1.12 to the commutative square 4.2.1, we

obtain

Theorem 5.1.21: There is a commutative ladder of exact sequences:
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0 .
—_— sTOP(M,aoM) —> 1 (M,BOM:G/TOP) —>L

ll*(p) Ho(p) lf*
v

0 .
—> 500p(Ns8M) —> H-(N,3 N;6/T0P) —> L (11, (8,M))

(ﬂl(éoM))

* . s *
where I (p) 1is induced by the restriction map of 4.2.4 or 4.2.5. p 1is
given by ﬂo(tr(p)) where tr(p) 1is the transfer in the theory of surgery

spaces (see Section 4.2). .

More generally, if p: N+ M 1is an oriented PL bundle with fiber a
closed oriented PL manifold of dimension w, then using diagram 4.2.6 in

place of 4.2.1 yields a commutative ladder of exact sequences:

0 .
—> 570 (M,051) —> B0 (11,3 M;G/TOP) —> L_(r, (5,(10)

STop

lI*(p) 8%(p) ll/tr(p)

0 .
—_ STOP(N,aON) —> H (N,aoN,G/TOP) —_— Ln(nl(sON))

*
where I (p) 1is the restriction map of 4.2.7 and tr(p) 1is induced by the
transfer in the theory of surgery spaces (see Section 4.2).

We close this chapter by making some comments on some extensions of the

theory hitherto developed.

1. In the topological case we have shown the existence of group structure in
the surgery exact sequence for triangulable manifolds.. As remarked by
Siebenmann ([KS, pp. 280-288]) the theory can be extended to non-triangulable
topological manifold s~ads X with dim X > s+4 by triangulating the total
space D of a stable normal disk bundle of X 1in Euclidean space and then
giving consideration to the corresponding assembly map for D. We will not,

however, pursue this in our discussion.

2. The surgery exact sequence can also be made an exact sequence of groups

and homomorphisms in the PL case, i.e., if M 1is a compact oriented PL
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manifold s-ad m > s+4, then there is an exact sequence of groups:
* .

This is accomplished as follows: The H-space structure on G/TOP arising
from the homotopy equivalence G/TOP ]1.8(pt)0 can also be described using
the characteristic variety theorem of Sullivan (see [J] for an exposition of
the characteristic variety theorem for surgery spaces). The characteristic
variety theorem for G/PL (see [Su 2]) provides a natural group structure
in [X,G/PL], for X a finite complex, and hence a H-group structure for
G/PL. The natural map 1: G/PL -~ G/TOP is then a H-map when G/PL and
G/TOP are given their characteristic variety H-space structures. Let K
be an oriented simplicial manifold triangulating M. Then the composite

i ) A,a(0,1)

A(K,3yK;8(G/PL) ,*) ———"——2> A(K,3K;8(G/TOP) ,*) ~————> 1L (SOIK[)

m+4T
is a H-map where Aza(O,r)# is the map of diagram 5.1.5. Call the compo-

site J. 1In analogy to diagram 5.1.3 there is a homctopy commutative square:

. J
A(K,d K;S(G/PL),*) —s ]Lm+4r(60[1(|)

I f

F
NPL(!KI,aOIKI) — 1Lm(60|1<[)

0

where the vertical maps are homotopy equivalences. Let E(J) be the homo-
topy fiber of J over the basepoint. By Theorem 1.3.11 (4) E(J) is a
homotopy associative H-~space such that wo(E(J),*) is a group. Theorem
1.3.12 implies that E(J) 1is homotopy equivalent to the homotopy fiber of

the surgery obstruction map F: NPL([K[,BO[K|) > Ih(60|K[) over the basepoint
which by Theorem 2.3.4 is homotopy equivalent to SPL([K|,80[Kl). The proof
of Theorem 1.3.12 also shows that the homotopy sequence of the homotopy

fibration E(J) - A(K,BOK;S(G/PL),*) > L r((‘SOM) maps isomorphically into

+4
the homotopy sequence of the homotopy fibration SPL(|K|,30]K!) >

NPL(|K|,30[1<|) > n,m(so[xp. As in the case of Theorem 5.1.12, this yields
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the exact sequence of groups (*).
The method above fails in the smocth case because of the lack of a

characteristic variety theorem for G/O. Thus there remains the unresolved:

Question: Is the surgery exact sequence in the smooth case naturally an

exact sequence of groups and homomorphisms?



6. INDUCTION THEOREMS

6.1 Algebraic Preliminaries

Given a finite group G, let G be the category whose objects are sub-
groups of G and whose morphisms H » K are triples (H,g,K) such that
g € G and gHg”1 is a subgroup of K. A morphism I: H~» K, I = (H,g,K)
can be thought of as the composite of the group homomorphism H - gHg_1 given
by conjugation by g followed by the inclusion homomorphism of gHg_1 into
K. Composition in G is defined by (XK,g',L)(H,g,K) = (H,g'g,L) and the
identity H > H is (H,e,H) where e is the identity element of G.

In this chapter Ab will denote the category of abelian groups. Suppose
M= (mm'): G> Ab is a pair of functors where m is covariant and m' is

contravariant and m(H) = m'(H) for all objects H of G. If I:H-~>K is

%
a morphism of G, the notation I, = m(I) and I = m'(I) and M(H)

It

m(H) = m'(H) will be used. I, is called induction with respect to I and

I* is called restriction with respect to 1I.

Definition 6.1.1: M: G -~ Ab as above is a Mackey functor if:

1. For any isomorphism I: H + K, I*I* is the identity M(H) + M(H).

2. For any inner conjugation I = (H,h,H) h eH I, and I* are the
identity M(H) - M(H).

3. The double coset formula holds: Let L and L' be subgroups of
the subgroup H of G. Suppose H has a double coset decomposition

H =1y {LgiL'] i=1,...,0} g; e H. Then:

-1, -1 *

),g. L") .

* n -1
(L,eaH) (L',E,H)* = 21=1 (LN (giL'gi ),e,L)*(L N (glL'gi i

Definition 6.1.2: Let M,N: G » Ab be Mackey functors. A morphism of

84
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Mackey functors f: M+ N consists of a collection of homomorphisms
f(H): M(H) > N(H) for each object H of G such that for any morphism

I: H> K in G there are commutative diagrams:

M) ——Es v wea) =By ye)

| * *
I*L Ve 1 T TI
k) 8 k) (k) =8y Nex)

If f: M> N is a morphism of Mackey functors then ker(f), coker(f),

im(£f), coim(f): G » Ab are the Mackey functors defined by:

(ker(£))(H) = ker(f(H): M(H) » N(H))
(coker(f))(H) = coker( " )
Gim(£))(H) = im( " D)
(coim(£))(H) = coim( " ) = M(H)/ker f(H)

where H 1is a subgroup of G. Induction and restriction maps are induced by
the commutative diagrams of Definition 6.1.2. The conditions of Definition
.6.1.1 are trivial to verify. The category of Mackey functors and their mor-

phisms is an abelian category in the obvious manner.

Definition 6.1.3: Let M: G > Ab be a Mackey functor. M is called a Green

functor if:
1. For each object H of G M(H) 1is a ring with unit and for each
merphism I of G I* is a ring homomorphism.
2. Frobenius reciprocity holds: For each morphism I: H > K and

vy ¢ M(H), x ¢ M(K) one has:

L(I'(x) +y) = x-L(y) and I(y-I () = I,(y) x .

A morphism of Green functors M > M' 1is a morphism of Mackey functors

f: M » M' such that for each object H of G f(H) 1is a ring homomorphism.
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Definition 6.1.4: Let M: G > Ab be a Green functor and N: G+ Ab be a

Mackey functor. N is said to be a left M-module if:
1. For each object H of G N(H) 1is a left module over the ring
M(H).
2. For each morphism I: H> K in G and v e M(H), x ¢ M(K),

y € N(H), z € N(K) one has:

I*(x v z) = I*(x) -I*(z) and '

LI (x) +y) = x I(y) and  L(veI(2) = L)z .

Now suppose M: G > Ab is a Green functor and N and P are left M-
modules. A morphism of Mackey functors f: N> P 1is a M-module morphism if
for each object H of G f(H) is a M(H)-module homomorphism. If f: N> P
is a M-module morphism then ker(f), coker(f), im(f), and coim(f) are M-
modules in the obvious manner.

The tensor product of an abelian group A and a Mackey functor
N: G » Ab is the Mackey functor N g A: G > Ab given on objects by
(N g AY(H) = N(H) g A and for a morphism I of G induction and restriction
are giQen by I, 8 id and I* g 1d respectively where id: A » A 1is the
identity. A morphism of Mackey functors f: N > P and a homomorphism of
abelian groups g: A + B induces a morphism of Mackey functors f g g:

Ng A->PgB given by (f g g)(H) = £f(H) » g.

If A is a ring with unit and M: G » Ab is a Green functor then M 8 A
is also a Green functor where multiplication in the ring (M g A)(H) 1is given
by (x & a)(y & b) = (xy) g (ab) where x,y ¢ M(H) and a,b € A and the

unit is 1 ® 1. In our application A will be a subring of the rational

numbers.

Remark 6.1.5: Suppose M 1is a Green functor, N is a M-module, A 1is a

ring with unit, and B is an A-module. Then N g B is a (M g A)-module
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where the action of (M A)(H) on (N g B)(H) is given by:
(mg a)*(nw b)) =(men) 8 (a-b) me M(H), n ¢ N(H), ae¢ A, be B

Clearly if g: B> C 1is an A-~module homomorphism then id % g: Ng B> Ng C

is a (M g A)-module morphism.

Given a finite group G, the trivial Green functor, triv: G+ Ab is
defined as follows: For every object H of G triv(H) = Z, the ring of

integers. If I = (H,g,K) 1is a morphism of €, the induction map I: Z » Z

is given by multiplication by [K: gHg—l], the index of gHg_1 in K, and the
*

restriction map I : Z > Z 1is the identity. The double coset formula follows

from the fact if L and L' are subgroups of H and H = Uy LgiL' is a

1

double coset decomposition then [H:L] = Xi [L; LN (giL'gz )]. The other

defining conditions are also trivially verified.

Proposition 6.1.6: Let {Hjl j=1,...,n} be a collection of subgroups of

the finite group H and let P be a (possibly empty) subset of Z (the
integers) consisting of primes. Suppose for each primé p dividing the order
of H and not in P, some Hj contains a Sylow p-group of H. Then the sum
of the induction maps: I = 2?=1 (Hj,e,H)*: 0§=1 triv(Hj) 8 Z[P] »

triv(H) g Z[P] is surjective where Z[P] is the subring of the rationals

generated by P.

Proof: Let p be a prime dividing the order of H and not in P. If p
divides each [H: Hj] then no Hj can contain a Sylow p-group of H con-
trary to hypothesis. This implies that the greatest common divisor of the
numbers [H: Hj] is equal to a product of primes in P (or equal to 1 if P
is empty). Thus there are m; € Z[P] such that Zj mj[H: Hj] = 1. Hence 1

is the image of I and the result follows.
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We now characterize those Mackey functors which are modules over the

trivial Green functor:

Proposition 6.1.7: Let N: G~ Ab be a Mackey functor. Then N is a module

over the trivial Green functor if and only if for each morphism I = (H,g,K)

1

* -
of G the composite T, I : N(K) » N(K) 1is multiplication by [K: gHg 1.

Proof: Suppose N is a module over the trivial Green functor. Then for

x ¢ N(X), 1 ¢ triv(H), and I = (H,g,K) we have:
* * . -1
I,T (x) = (LI (x)) = I,(1)+x = [K: gHg "Ix .

Conversely, let the action of triv(H) on N(H) be just the natural Z-

module action. The conditions of Definjition 6.1.4 follow directly from the
*

fact that I_T is multiplication by the index.

&

The following remark will be useful in Section 2:

Remark 6.1.8: Let N be a module over the trivial Green functor triv: G- Ab
and A a ring with unit. Suppose that N(H) is an A-module for each

*
object H of G and for each morphism I of G, I, and I are A-module

homomorphisms. Then N 1is a (triv g A)-module where the action of the ring

(triv 8 A)(H) on N(H) is given by:
(xg a)+y =x- (ay) x e triv(H), ae A, y ¢ N(H)
Note that x-+ (ay) = a(x+y) since the action of triv(H) 1is just the

natural Z-module action.

The propositions above together with the induction theorems of Dress in

[Dr] yield many useful exact sequences for modules over the trivial Green
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functor. Modules over the trivial Green functor can arise in the following

manner:

Proposition 6.1.9: Let f: M> N and g: N+ M be morphisms of Mackey

functors and suppose N is a module over the trivial Green functor. Then M
is a module over the trivial Green functor if one of the following is true:
1. f 1is a monomorphism.

2. g 1is an epimorphism.

Proof: Let I = (H,g,K) be a morphism of G. There are commutative

diagrams:

£(X),, g(K)

0 > M(K) > N(K) N(K) > M(K) > 0
| : l
J/w v v lw

0 > (k) —K2s §(k) Nk) 2Ky M) >0

* * e,
where V = LTI : N(K) > N(K) and W = LI : M(K) - M(K). By Proposition
6.1.7 V 1is multiplication by m = [K: gHg-l].

1. Suppose f 1is a monomorphism. Then
FE(RIW(x) = VE(RK)(x) = m £(K)(x) = £(K)(mx)

Hence W(x) = mx since £(K) 1is injective. Proposition 6.1.7
implies M 1is a module over the trivial Green functor.
2. Suppose g is an epimorphism. If x ¢ M(K) then g(K)(y) = x for

some y since g(y) 1is surjective. Then
W(x) = Wg(K)(y) = g(K)V(y) = g(K)(my) = mx .

Proposition 6.1.7 implies that M is a module over the trivial Green

functor.

Corollary 6.1.10: Let h: N > P be a morphism of Mackey functors where N
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is a module over the trivial Green functor. Then ker(h), im(h), and coim(h)

are modules over the trivial Green functor.

Proof: The corollary follows from Proposition 6.1.9 and the exact sequences

of Mackey functors:

0 » ker(h) + N > coim(h) > 0O and N -+ im(h) - O.

)

6.2 Induction Theorems for Stop

In this section Dress induction theory and localization are applied to
the surgery exact sequence in order to study the group sTOP(X,aOX) =
nO(STOP(X,aOX),*) of homotopy manifold. structures on the manifold s-ad X
relative to aOX.

We will need to discuss how a generalized cohomology theory gives rise
to Mackey functors:

Let (X,Y) be a finite CW pair and G a finite group acting freely
on the pair (X,Y) on the right. Let g ¢ G and H,K be two subgroups of
G sucﬁ that gHg_1 is a subgroup of K. Define the map p(H,g,K): X/H » X/K
to be the composite of the homeomorphism X/H - X/gHg—l, xH -+ (xg_l)(gHg-l)
followed by the covering projection X/gHg-1->X/K, x(gHg_l)->xK. Clearly
p{H,g,K) 1is a covering projection of finite index. If C is a spectrum and

*
H ( 3C) 1is the corresponding cohomology theory, define functors szg.->Ab

as follows:
Mj(K) = HJ(X/K,Y/K;E) for an object K of G

and if I = (H,g,K) 1is a morphism of G define homomorphisms I,: M(H) >

M(K) and I : M(K) > M(H) by:

6.2.1 I, = B (p(H,g,K)) and I = trd(p(H,g,K))
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where trd 1is the cohomology transfer of [Rsh] or [Al, defined for the

covering p(H,g,K) of finite index.

Proposition 6.2.2: For j > O, Mj: G > Ab is a Mackey functor.

Proof: The double coset formula for the transfer was proved by Roush

([Rsh, p. 89]). The other conditions of Definition 6.1.1 are easily verified.
Now suppose X" is a compact oriented manifold s-ad such that m > s+4

and for every subset ¢ of {1,...,s-2} acx is connected and non-empty.

3% is allowed to be empty or disconnected. Let G be a finite group of

orientation preserving homeomorphisms of the s-ad X which act freely on

X. We now define functors Sj’ bj’ Ej: E_» Ab . for j > 0.

Definition of sj: G > Ab:

For a subgroup H of G define sj(H) = nj(S (X/H,aOX/H),*). Let

TOP
I = (H,g,K) be a morphism of G. The map p(H,g,K) described previously is
a covering of finite index. The induction map of 4.1.12 then defines an

induction homomorphism T,: sj(H) > sj(K) and the restriction map of 4.2.4

*
defines a restriction homomorphism 1 : sj(K) > sj(H).

Definition of hj: G > Ab:
Let G/TOP denote the spectrum IL(pt) (1,...,0) with zero-th space
]L8(pt)O A G/TOP  (see Chapter 5). Then by Proposition 6.2.2 the functors

h: G >~ Ab given by
hy(8) = HOC(X/H,3 %/ x (a7 ,307) 36/T0P)

with induction and restriction defined by 6.2.1 are Mackey functors. Note

that if aOX is non-empty or j > 0 then

hJ.(H) = HO((X/H,aox/H) x (Aj,BAj);IL(pt)) .
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Definition of Ej: G > Ab:
For a subgroup H of G let Ej(H) = nj(ﬂhﬁ/H),¢). Then induction and

restriction are respectively defined by:
*
I, = nj(]Lm(p(H,g,K))) and I = nj(tr(p(H,g.K)))

where tr(p(H,g,K)) 1is the transfer map defined for I-spaces in Section4.2.
Recall that nj(nhxaoS/H),¢) coincides with the algebraically defined

L-group Lm j(nl((SOX/H)) of the group lattice nl(SOX/H) and the geometri-

+
cally defined induction and restriction maps coincide with the algebraically
defined induction and restriction maps. By [Dr, p. 302] the functors Lj
j > 0 are Mackey functors.

For any subgroup H of G the surgery exact sequence of 5.1.12
becomes:

A, A

6.2.3 =3 s;(M) —>h, () —h L, (M) —> ... —> s, () —> hy(1) S @

Since by 5.1.20 and 5.1.21 the surgery exact sequence is natural with

respect to induction and restriction, we obtain for a morphism I = (H,g,K)

of G. two commutative ladders:

A,
6.2.4  —> s;(H) —> h,(H) ——J>£._J.(H) —> ... —> 5 (H) —>h (B) —> L ()
ok, b L1
A,
—> 5;(K) —> b, (K) —H LK) —> ... = 5 (K) —> h(K) —> L (K)

A.
6.2.5 —>s.(H) —>»h.(H) —>L.(H) —> ... —> so(H) —> h(H) —>

j =
* *
o
A.

—> 5;(K) —>h.(K) —bgj(x) —> ..o =35 (K) —>h (K) —>

;¢ Ly ()
*

h b T

Ly (K)

Remark: Although we have not proved that the functors sj are Mackey

functors, all that will be needed is that they possess induction and restric-

tion homomorphisms compatible with those of hj and Ej’ as already demon-

strated.
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Diagrams 6.2.4 and 6.2.5 imply that the surgery obstruction map
Aj: hj > Lj j > 0 is a morphism of Mackey functors. Hence Uj =
coker (Aj+1) and Vj = ker (Aj) j > 0 are also Mackey functors and there

are short exact sequences:
6.2.6 0+Uj(H)-> sj(H)->Vj(H)—> 0

for each subgroup H of G; moreover, 6.2.4 and 6.2.5 imply that the se-
quences of 6.2.6 are natural with respect to induction and restriction for
morphisms of G.

Let C be a collection of subgroups of G and M: G + Ab a Mackey
functor. Suppose for each pair H,H' in C we are given a double coset

decomposition G = L)i HgiH'. The following notation will be used:

M(*) = M(G)
M(C) = OHEC M(H)
M(C xC) = O 4 . M(H f\(gH'g_l)) where for fixed (H,H') in CxC,

g runs over the double coset
representatives of H,H'.

There are homomorphisms:

I, : M(C) > M(+) and I*: M(+) > M(C)

* *
I, - J.¢ M(C xC) » M(C) and I -J :M(C)+ MCxC)

R * *
defined by I, = . (H,e,6), and I = m (H,e,G) .

* % = EH,H',g (1 f\(gH'g—l),e,H)* - (H fW(gH'g_l),g_l,H')*

- * - - %
=y, 0 gE'ET e, - 1N (gi'g g Y
H,H',g
The notational convention above can be reformulated more conceptually by

defining Mackey functors on the category of finite G-sets as done by Dress

in [Dr]. These definitions also make sense for the functors sj j>o0.
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The following theorem of Dress ([Dr, Proposition 1.2, p. 305]) will be

important to our discussion:

Theorem 6.2.7 (the Dress lemma): Let M: G+~ Ab be a Green functor and
N: G+ Ab a M-module. Suppose C 1is a collection of subgroups of G and

I.: M(C) » M(.) 1is surjective. Then there are exact sequences:

* * *
1. 0 > N(e) L sy =25 N0 .
1 1.-J

2. 0 b—— N(*) € N(C) “«—ne N(CXC) .

Given a Mackey functor N: G > Ab and a collection C of subgroups of

G define Ijim N(C) and 1jim N(C) by:

% %
lim N(C) = ker(I -J ) and 1lim N(C) = coker(I* —J*) .

<« >
The condition that I* induce an isomorphism N(G) - lim N(C) or that I,
induces an isomorphism lim N(C) > N(G) 1is equivalent respectively to the
exactness of sequence 1 or of sequence 2 of Theorem 6.2.7.
We now investigate the induction properties of the Mackey functors Uj
and Vj i>0 of 6.2.6.

The following lemma is implicit in Section 1 of [M1]:

Lemma 6.2.8: Let P be a set of primes and C a collection of subgroups of
the finite group G such that for each prime p not in P and dividing the
order of G some subgroup of G in C contains a Sylow p-group of G.

Let M.,:
J

theory H ( ;A) for a given free action of G on a finite CW pair (X,Y)

+ Ab j > 0 be the Mackey functors associated to any cohomology

* |

(see Proposition 6.2.2). Then there are exact sequences:

* * *
0 ——— ,() 8 2(P] —-——I—-——>MJ.(C) ® z[P] -—I——'—J——»Mj(cxc) 8 z[P]

Ty

I1,-J
0 & ;(*) ® 2[P] &1, (C) © 2[P] ei—-i—mj(Cxc) 8 z[P] .
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Proof: Let wj: G > Ab be the Mackey functor associated to stable cohomo-

topy theory. Madsen ([Ml, Section 1]) shows that w, is a Green functor,

0

where multiplication is given by the cup product, and the Mj are wy-

modules., Let H be a subgroup of G, t = (H,e,G), and n = [G:H]. By

[M1, p. 312], the map t*t*: wO(G) g 2[1/n] » mO(G) 8 Z[1/n] 1is an isomor-
phism. It easily follows from this fact and the hypotheses on C that the
sum of the induction maps mO(C) g z[P] » w0(°) 8 Z[P] is surjective. Noting

that Mj g 2[P] is a (wo g Z[P])-module, the conclusion of the lemma is

then a consequence of the Dress lemma (Theorem 6.2.7).

Proposition 6.2.9: Let A Dbe a subring of the rational numbers and C a

collection of subgroups of G. Suppose one of the following is true:

1. C = class of cyclic subgroups of G, A = Q (the rationals).

2. C = class of 2-hyperelementary subgroups of G

A=2 y = z[1/3, 1/5, ...].

(2

w
.
o]
i

class of p-elementary subgroups of G, p odd, A = Z[1/2].
4. C = union of the classes in 2 and 3 above. A = Z.

Then in cases 1-4, there are exact sequences, j > 0:

*

* %
I -
o——-———-—avj(-) 8 A-————-—)VJ-(C) B A—I—J—-yvj(Cxc) B A
I, L
0 e Uj(°) g A €— Uj(C) ® A & Uj(C xC) B A
*
Equivalently I induces an isomorphism Vj(G) > 1im Vj(C) and I, induces

an isomorphism 1lim Uj(C) > Uj(G)-

Proof: Recall that Vj = ker(Aj: hj > Ej) and that Uj =

coker(Aj h ). Since a subring of the rationals is flat as a

#10 P5e1 T L
Z-module, V. 8 A = (ker(A.)) 8 A = ker(A, s A) and U. 8 A = coker(A, , ®A).
j ] j i j*l
Note that for a subgroup H of G there is a short exact sequence,

natural in H, 0 > ﬂl(GOX) -> ﬂl(GOX/H) + H + 0 which comes from the homotopy
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sequence of the fibration X - X/H. The equivariant Witt ring of Dress,
[Dr], define a Green functor W: G » Ab. By Theorem 2.3 of [FHs] the functors
.Iij j >0 are W-modules. Theorem 2, p. 295 of [Dr] is precisely the state-

ment that the sum of the induction maps I, : W(C) 8 A > W(+) g A is sur-

"
jective in the cases 1-4. Hence by the Dress lemma (Theorem 6.2.7) there are
exact sequences in the cases 1-4:

* * %
6.2.10 0 ——>L()pA——5L(C)aa51(Cx0)nA

and
L TiJx
0 é—-———-Ej(') B A é—-—-——-Ej(C) g A 4———_[_._j(C><C) 8 A
For an early application of induction theory to L-groups localized away from
2 see [Th].
Lemma 6.2.8 yields exact sequences: as in 6.2.10 above with h 1in place

of L in the cases 1-4.

Consider the commutative diagram:

0 ————-}Vj(CxC)@A —————)Hj(CxC)EA

Then the rows and the second and third columns are exact. A straight-
forward diagram chase shows that the first column must be exact. There is

also a commutative diagram:
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Ej+1(C xC)BA ——->Uj(CxC) BA —> 0

\ ll*'J*

hj+1(C) B A —> }_J.+1(C) BA —> UJ.(C) BA —> 0

1
Vv l*

() 8A ~—> UJ.(‘)&A —> 0

L !
0

The rows and the first and second columns are exact. Another diagram
chase reveals that the third column must be exact. Hence Proposition 6.2.9

has been proved.

The induction properties of the functors ’sj j > 0 will now be exam-

ined. Recall that sO(H) =3 (X/H,BOX/H). We deduce the following

TOP

theorems:

Theorem 6.2.11: Let C be the class of cyclic subgroups of G. Then for
j>o0:

1. The éum of induction maps @ sj(H) g Q> sj(G) 8 Q@ 1is surjective.

HeC
2. The product of the restriction maps sj(G) g Q » THeC sj(H) B Q is

injective.

Theorem 6.2.12: Let C be the class of 2-hyperelementary subgroups of G.

Then for j > 0:
1. The sum of the induction maps gHeC sj(H) ® Z(Z) > Sj(G) B Z(Z) is
surjective.

2. The product of the restriction maps sj(G) B Z(2) > Tyeg sj(H) B Z(z)

is injective.

*
Proof of Theorem 6.2.11: For any spectrum B, H ( 3B) # Q is a direct sum

of ordinary cohomology theories. It is a well-known property of ordinary
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cohomology theory that if p: X > X 1is a covering of finite index of finite
connected CW complexes then restriction with respect to p followed by
induction with respect to p 1is multiplication by the index [nl(X):
p*nl(i)]. Hence by Proposition 6.1.7 hj B Q: G+ Ab is a module over the
trivial Green functor, triv: G - Ab. Corollary 6.1.10 implies that Vj 8 Q=
ker(Aj g Q: hj g Q » Lj g Q) 1is also a module over the trivial Green functor.
By Remark 6.1.8, Vj g @ is a (triv g Q)-module. Proposition 6.1.6 together
with the Dress lemma (Theorem 6.2.7) imply that the sum of the induction maps
I.: Vj(C) g Q ~ Vj(-) 8 Q@ 1is surjective where C is the class of cyclic
subgroups of G.

By Proposition 6.2.9 (1) the sum of the induction maps I,: Uj(C) 8 Q>
Uj(-) g Q 1s surjective. From the exact sequences of 6.2.6 tensored with
Q (which remain exact since a subring bf Q 1is flat as a Z-module) and

from the fact that these sequences are natural with respect to induction and

restriction one obtains a commutative diagram:

0 —> UJ-(C) gQ —> sj(C)&Q —> Vj(C) 8Q —»0

N N N

0 —» Uj(')@Q — sj(')EQ —> Vj(') 8Q —>0

where the rows are exact and the two outer vertical maps are surjective. A
diagram chase shows that TI.: sj(C) g Q » sj(-) 8 Q must be surjective, i.e.,

the sum of the induction maps s.(H) 8 Q -~ sj(G) B Q 1is surjective.

@
HeC 7]
This proves the first part of Theorem 6.2.11.

*
Claim: The product of the restriction maps I : Uj(') B Q> Uj(C) g Q is

injective where C 1is the class of cyclic subgroups of G.

Let Nj: G > Ab be the Mackey functor Nj = coim(Aj: hj - Ej)' There
are short exact sequences of Mackey functors:

é.+ where éj is induced
0 —> Nj+1 Lj+1 — Uj —_—> 0

+1

by Aj+l
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Since hj ® Q 1is a module over the trivial Green functor triv: G + Ab,

N. 8 Q= coim(Aj g Q: hj 8 Q > Lj ® Q) is also a module over the
j =

trivial Green functor by Corcllary 6.1.10. By Remark 6.1.8, Nj 8 Q is a
(triv ® Q)~-module. Proposition 6.1.6 and the Dress lemma (Theorem 6.2.7)

yield an exact sequence:

*
0 —> N()8Q <> Nj(©) 8Q —> N,(CxC) 80

By 6.2.10 there is also an exact sequence:

%
0 — L) 80 <> L(C)8Q —> L,(CxC) ®Q

Consider the commutative diagram:

A4 ~

0 —> N, () BQ —> }_j+1(')@Q —> UJ.(~)&Q

*
I
v v

0 —> Nj+1(C) g Q —> £j+1(C) 8 Q —> Uj(C) 8 Q

v W

0 —> N, (CxC)8Q —> L, 1 (CxC)eQ

The rows and the first two columns are exact. A diagram chase (see Lemma
* . o s . .
6.2.15) shows the map I in the third column must be injective, proving the

claim.

*
By Proposition 6.2.9 (1), I : Vj(') 8 Q Vj(C) B Q@ is injective. The

exact sequences of 6.2.6 yield a commutative diagram:

0 - U.(*) 8 Q —> sj(') 8 Q —» Vj(') gQ —> 0

lr I I

0 — UJ.(C)@Q —> sJ.(C)aQ —> VJ.(C)@Q —> 0

where the rows are exact and the two outer vertical maps are injections.
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*
Another diagram chase shows that 1T : sj(') B Q> sj(C) g Q must be injec-

tive, i.e., the product of the restriction maps sj(G) B Q- sj(H) B Q

THec

is injective. Hence the second part of Theorem 6.2.11 has been proven.

Proof of Theorem 6.2.12: If we could show that hj B 2(2) was a module over

the trivial Green functor then the proof of Theorem 6.2.11, with all modules

tensored with Z(2) in place of Q and Proposition 6.2.9 (2) substituted

for Proposition 6.2.9 (1), would provide a proof of Theorem 6.2.12.

Recall that hj(H) = HO((X/H,BOX/H) X (Aj,BAj);ELEQE) where G/TOP is
the spectrum IL(pt) (1,...,*) with zero-th space ILS(pt)0 % G/TOP. The work
of Taylor and Williams (see [TIW]) shows that the spectrum G/TOP localized
at the prime 2 is a product of Eilenberg;MacLane spectra. Hence

* . . .
H ( ;G/TOP) 8 Z 1s a sum of ordinary cohomology theories. It follows

(2)

that hj ] Z(2) is a module over the trivial Green functor.

Remark: 1In contrast, suppose G/TOP 1is given the infinite loop space
structure arising from the Whitney sum, denoted by (G/TOP)@. It is known
that the sgpectrum (G/TOP)Q localized at 2 is not a product of Eilenberg-

MacLane spectra (see [M21).

In order to obtain an analog of Theorem 6.2.12 for odd primes, our method
will require the additional hypothesis that the fundamental group of the

s-ad X 1is finite.

Theorem 6.2.13: Suppose the fundamental group of X 1is finite and let C
be the class of p-elementary subgroups of G, p odd. Then for j > 0:
1. The sum of the induction maps OHeC sj(H) gz[1/2] » sj(G) ez[1/2]

is surjective.
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2.  The product of the restriction maps sj(G) e z[1/2] »

Toec sj(H) g 2[1/2] is injective.

Proof: It is known that the torsion subgroup of the L-group of a finite
group consists only of 2-torsion (see [Wa2]). Hence the map id & j:
Ej(H) e z[1/2] » Ej(H) 8 Q is injective for each H where j: 2{1/2] + Q
is the inclusion. Consider the following commutative diagram of morphisms

of Mackey functors:

A. » Z[1/2]
by ® 2[1/2] oy L; s 2[1/2]
b ' c
A. 8 Q ¢
hj ® Q ——-J——————4> Ej ® Q

where b =id® j and ¢ = id 8 j, id: hj -+ hj, id: Ej > Lj are the
respective identities. It follows that there is an exact sequence of Mackey

functors:
0 > ker(b) > ker((A; & Q)b) b hie Q.

Let R be the Mackey functor R = im(b: ker((Aj 2 Q)b) » hj g Q). Note

L}

Vj g z[1/2] = ker(Aj e z[1/2]) ker((Aj ® Q)b) since c¢ is a monomorphism.

The exact sequence above becomes:
6.2.14 0 + ker(b) » Vj g z2[1/2] > R~> 0 .

Recall that hj 8 Q is a module over the trivial Green functor (see the proof
of Theorem 6.2.11). By Corollary 6.1.10 R 1is also a module over the trivial
Green functor. Remark 6.1.8 implies that R is a (triv 8 2[1/2])-module.
Proposition 6.1.6 and the Dress lemma (Theorem 6.2.7) imply that the sum of
the induction maps 1I,: R(C) ~ R(+) is surjective where C 1is the class of
p-elementary subgroups of G, p odd.

Recall from Lemma 6.2.8 and its proof that hj is a module over a Green

functor w: G > Ab (arising from stable cohomotopy theory) which has the
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property that I,: w(C) ®» Z[1/2] + w(+) ® 2[1/2] is surjective. By Remark
6.1.5 b =1id B j: hj g z[1/2] » hj 8 Q is a (ww zZ[1/2])-module morphism.
Hence ker(b) is a (w ® Z[1/2])-module and thus the Dress lemma (Theorem

6.2.7) gives that I, : (ker(b))(C) > (ker(b))(+) 1is surjective. The exact

sequence 6.2.14 yields a commutative diagram:

0 —> (ker(b))(C) —> Vj(C) g z[1/2] —> R(C) —>0

. b Lk

0 —> (ker(b))(*) —> Vj(') g 2[1/2] —> R(*) —>0

where the rows are exact and the two outer vertical maps have been shown to
be surjective. The usual diagram chase shows that I: Vj(C) g z[1/2] »
Vj(') g zZ[1/2] 1is surjective.

By Proposition 6.2.9 (3) the sum of'the induction maps
I.: Uj(C) g z[1/2] » Uj(-) g 2[1/2] is surjective. Then the exact sequences

of 6.2.6 give a commutative diagram:

0 —> UJ-(C) 2 2[1/2] — sj(C) g 2[1/2] —>VJ.(C) g z[1/2] —> 0

I L I

0 —>U,(+) 8 2[1/2] —> 5,(*) 8 2[1/2] —>V,(*) 8 2[1/2] —> 0

where the rows are exact and the two outer vertical maps are surjective.
Hence I,: sj(C) g 2[1/2] » sj(') g zZ[1/2] is surjective, proving the first
part of Theorem 6.2.13.

In order to prove the second part of Theorem 6.2.13 we will need the

following homological lemma:

Lemma 6.2.15: Suppose we are given a commutative diagram of morphisms in a

small abelian category:
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such that the rows and columns are exact. Then there is a monomorphism

ker(r) = ker(a") (and hence a monomorphism ker(r) - A").

Proof: By the full embedding theorem for small abelian categories it can be
assumed that the diagram above consists of homomorphisms of modules over a
ring.

Let x € ker(r). Since b 1is surjective b(y) = x for some y e B.
b'q(y) = rb(y) = 0. Thus q(y) = a'(z) for some =z ¢ A'. a'p'(z) =
q'a'(z) = q'q(y) = 0. Hence p'(z) € ker(a"). Define R: ker(r) » ker(a")
.by R(x) = p'(z), x and =z as above. To see that R is well-defined
suppose b(y') = x and q(y') = a'(z'). Since b(y-y') =0, y-y' = a(u)
for some u ¢ A. Then a'(z-z') = g(y-y') = qa(u) = a'p(u). Hence
z ~z' = p(u) since a' is injective. p'p(u) = 0 implies p'(z) = p(z').

R is clearly a homomorphism. If R(x) =p'(z) =0 then 2z = p(s)

for some s £ A. qa(s) = a'(s) = a'(z) = q(y). Thus a(s) =y because q

is injective., x = b(y) ba(s) = 0 and hence R 1is injective.

The lemma is used to prove the following:

*
Claim: The product of the restriction maps 1 : Uj(') g z[1/2] -

Uj(C) g 2[1/2] 1is injective.

Proof of the Claim: Let Nj: G > Ab be the Mackey functor
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Nj = coim(Aj: hj - Ej). There is a short exact sequence of Mackey functors:

l}.'.g.
L.
il 9P

0 —>N
j+1

—_— Uj —-> 0 where A, is induced by

i+l j+1

Aj+1: hj+1 > Ej+1' Consider the following commutative diagram of morphisms

of Mackey functors:

0

\'4
0 —-->NJ.+1 g z[1/2] -——>£J.+1 g z2[1/2] . -—-—)UJ. g z[1/2] ~—>0

lf=idsj

0——9Nj+1&Q ——%-_I_._jd@Q —éUjﬂQ —> 0

v v

Nj+1 B8 Q/(Z{1/2])‘-—>}_j+1 g Q/(z[1/21)
~

where the vertical columns come from tensoring with the exact sequence

0~ z[1/2] i Q + Q/(z[1/2]) » 0. The first and second rows are exact because
2[1/2] and Q are flat Z-modules. The first and second columns are exact
because the tensor product is right exact and because idw®j: £ﬁ+1 g 2[1/2] »
£j+1 g Q 1is a monomorphism (see the proof of the first part of Theorem
6.2.13). Applying Lemma 6.2.15 to the above diagram we obtain a monomor-
phism: ker(f) - Nj+1 g Q/(2[1/2]) where f = id & j. Recall from the proof
of Theorem 6.2.11 that Nj+1 8 Q 1is a module over the trivial Green functor.
Since Nj+1 8 Q> Nj+l g Q/(z2[1/2]1) 1is an eéimorphism, Proposition 6.1.9 (2)
implies that Nj+1 8 Q/(Z2[1/2]) 1is also a module over the trivial Green
functor. Proposition 6.1.9 (1) then gives that ker(f) 1is module over the
trivial Green functor, triv: G > Ab. By Remark 6.1.8, ker(f) is a

(triv ® Z[1/2])-module. From Proposition 6.1.7 and the Dress lemma (Theorem
6.2.7) we conclude that the product of the restrictions maps

T (ker(£))(+) » (ker(£))(C) is injective.

From 6.2.10 there is an exact sequence:
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* %
* I-J
0 —> L () wzl1/2] =5 1;(0) 82[1/2] ——> L, (CxC) 82[1/2] —> 0
Tensoring the above sequence with Q and identifying z[1/2] 8 Q@ with Q

via the isomorphism Z[1/2] 8 Q > Q a 8 b > ab, we obtain an exact sequence:

*
0—>1L;() 8 QL5 1(C) 8 Q —>L;(CxC) 8Q —> 0
Nj 8 Q, a module over the trivial Green functor, is a (triv ® 2Z[1/2])-module
by Remark 6.1.8. Proposition 6.6.6 and the Dress lemma combine to give an

exact sequence:

*
0 —>N,(*) 8Q—£->NJ-(C) 80 —>N,(CxC) 8 Q—>0
Then arguing as in the proof of the second part of Theorem 6.2.11 we obtain
* . - . .
that I : Uj(-) g Q ~ Uj(C) B Q is injective.
The exact sequence of Mackey functors: O - ker(f) - Uj gz{1/2] » Uj 8 Q

yvields a commutative diagram:

0 —> (ker(f))(*) -——>UJ.(-) g z{1/2] —->UJ.(-) 8 Q

K I )

0. —> (ker(£))(C) —> Uj(C) g Z[1/2] -—> Uj(C) B Q

The rows are exact and the two outer vertical maps have been shown to be
*
injective. A diagram chase reveals I : Uj(-) e z[1/2] ~» Uj(C) e 2[1/2] is

injective, proving the claim.

By Proposition 6.2.9 (3) the product of the restriction maps
*
I :V(e) g 2[1/2] » Vj(C) g 2[1/2] is injective. The exact sequence of 6.2.6

yields a commutative diagram:

0 _—7Uj(') g 2[1/2] — sj(-) e z[1/2] —9vj(-) g Z[1/2] —> 0

lI* ll* il*

0 — Uj(C) g 2[1/2] — Sj(C) g 2[1/2] — Vj(C) g z[1/2] —s 0
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where the rows are exact and, as demonstrated, the two outer vertical maps
*

are injective. The usual diagram chase shows that I : sj(-) g z[1/21 »

sj(C) g Z[1/2] 1is injective which is the conclusion of the second part of

Theorem 6.2.13.

Combining Theorems 6.2.12 and 6.2.13 we have

Corollary 6.2.16: Suppose the fundamental group of the manifold s-ad X 1is

finite. Let C be the union of the class of p-elementary subgroups of G,
p odd, and the 2-hyperelementary subgroups of G. Then for j > 0:

1. The sum of the induction maps @HEC sj(H) > Sj(G) is surjective.

2. The product of the restriction maps sj(G) > My

Csj(H) is injective.

A simple application of the corollary is:

Corollary 6.2.17: Let f: M > X be a simple homotopy equivalence of compact

oriented manifold pairs such that 3f is a homeomorphism. Suppose X is
connected, m > 6, and the fundamental group of X is finite. Then f is
homotopic to a homeomorphism relative to 93X if and only if for every

covering X of X with ﬂl(i) p-elementary, p odd, or 2-hyperelementary,

the lifting f: M> & of f is homotopic to a homeomorphism relative d¥.

Procf: The "only if" portion of the corollary is trivial. Let X be the

universal cover of X and G = nl(X). Then sO(G) = (X/6,%/6) =

Stop

sTOP(X,BX). Noting that £f: M > X 1is homotopic to a homeomorphism relative

to 3X 1if and only if f represents the zero element in the group
sTOP(X,BX), the result follows from Corollary 6.2.16 (2).

The corollary above generalizes to s-ads in the obvious manner.



BIBLIOGRAPHY

[A] J. F. Adams, Infinite Loop Spaces, Annals of Math. Studies 90
Princeton Univ. Press, 1978.

[BeS] J. C. Becker and R. E. Schultz, Equivariant function spaces and stable
homotopy theory I, Comment. Math. Helvetici 49 (1974), 1-34.

[BRS] S. Buoncristiano, C. P. Rourke, and B. J. Sanderson, A Geometric
Approach to Homology Theory, London Math. Society Lecture Note Ser.
18, Cambridge Univ. Press, 1976.

[C] M. M. Cohen, A Course in Simple Homotopy Theory, Graduate Texts in
Math. 10, Springer-Verlag, 1973.

[Dr] A. W. M. Dress, Induction and structure theorems for orthogonal
representations of finite groups, Ann. of Math., 102 (1975), 291-325.

[FHs] F. T. Farrell and W. C. Hsiang, Rational L-groups of Bieberback
groups, Comment. Math. Helvetici 52 (1977), 89-109.

[J] L. Jones, The nonsimply connected characteristic variety theorem,
Symposium in Pure Math., Stanford Univ. 1976, AMS (1978), 131-140.

[kS] R. C. Kirby and L. C. Siebenmann, appendices B and C of essay V,
Foundational Essays on Topological Manifolds, Smoothings and Triangu-
lations, Annals of Math. Studies 88, Princeton Univ. Press, 1977.

[M1] 1Ib Madsen, Smooth spherical space forms, Geometric Applications of
Homotopy Theory I, Proceedings, Evanston 1977, Lecture Notes in Math.
657, Springer-Verlag, 1978, 301-352.

[M2] 1Ib Madsen, Remarks on normal invariants from the infinite loop space
viewpoint, Symposium in Pure Math., Stanford Univ. 1976, AMS (1978),
91-102.

[Mal J. P. May, Simplicial Objects in Algebraic Topology, Van Nostrand,
Princeton, 1967.

[Q] F. Quinn, A Geometric Formulation of Surgery, Thesis, Princeton
Univ., 1969.

[Ro]l C. P. Rourke, The Hauptvermutung according to Sullivan, IAS mimeo-
graphed notes, 1967-1968.

[RS 1] C. P. Rourke and B. J. Sanderson, Block Bundles I, Ann. of Math. 87
(1968), 1-28.

[Rs 2] cC. P. Rourke and B. J. Sanderson, A-Sets I, Q. J. Math. Oxford Ser. 2,
22 (1971), 321-338.

[Rs 3] C. P. Rourke and B. J. Sanderson, A-Sets II, Q. J. Math. Oxford Ser. 2,
22 (1971), 465-485. )

107



108

[Rsh]
[sp]
[st]

[sul

[su 2]

[Tw]

[Th]

[Wa 1]

[Wa 2]

ANDREW NICAS

R. W. Roush, The Transfer, Thesis, Princeton Univ., 1971.

E. H. Spanier, Algebraic Topology, McGraw-Hill, 1966.

J. Stasheff, On extensions of H-spaces, Trans. AMS 105, (1962), 126-135.

D. P. Sullivan, Triangulating Homotopy Equivalences, Thesis,
Princeton Univ., 1966.

D. P. Sullivan, Geometric Topology Seminar, lecture notes, Princeton
Univ., 1967.

L. Taylor and B. Williams, Surgery Spaces: Formulae and Structure,
Algebraic Topology, Waterloo 1978, Lecture Notes in Mathematics,
Vol. 741, Springer Verlag, 1979, 170-195.

C. B. Thomas, Frobenius reciprocity of Hermitian forms, Journal of
Algebra 18 (1971), 237-244.

C. T. C. Wall, Surgery on Compact Manifolds, Academic Press, 1971.

C. T. C. Wall, Classification of Hermitian forms VI: group rings,
Ann. of Math. 103 (1976), 1-80.

Department of Mathematics
Brandeis University
Waltham, Massachusetts 02254



General instructions to authors for
PREPARING REPRODUCTION COPY FOR MEMOIRS

For more detailed instructions send for AMS booklet, “A Guide for Authors of Memoirs.”
Write to Editorial Offices, American Mathematical Society, P. O. Box 6248,
Providence, R. 1. 02940.

MEMOIRS are printed by photo-offset from camera copy fully prepared by the author. This means that, except for a reduc-
tion in size of 20 to 30%, the finished book will look exactly like the copy submitted. Thus the author will want to use a
good quality typewriter with a new, medium-inked black ribbon, and submit clean copy on the appropriate model paper.

Model Paper, provided at no cost by the AMS, is paper marked with blue lines that confine the copy to the appropriate size.
Author should specify, when ordering, whether typewriter to be used has PICA-size (10 characters to the inch) or ELITE-
size type (12 characters to the inch).

Line Spacing — For best appearance, and economy, a typewriter equipped with a half-space ratchet — 12 notches to the inch —
should be used. (This may be purchased and attached at small cost.) Three notches make- the desired spacing, which is
equivalent to 1-1/2 ordinary single spaces. Where copy has a great many subscripts and superscripts, however, double spacing
should be used.

Special Characters may be filled in carefully freehand, using dense black ink, or INSTANT (“rub-on’™) LETTERING may be
used. AMS has a sheet of several hundred most-used symbols and letters which may be purchased for $5.

Diagrams may be drawn in black ink either directly on the mode! sheet. or on a separate sheet and pasted with rubber cement
into spaces left for them in the text. Ballpoint pen is not acceptable.

Page Headings (Running Heads) should be centered, in CAPITAL LETTERS (preferably). at the top of the page — just above
the blue line and touching it.
LEFT-hand, EVEN-numbered pages should be headed with the AUTHOR'S NAME:
RIGHT-hand, ODD-numbered pages should be headed with the TITLE of the paper (in shortened form if necessary).
Exceptions: PAGE I and any other page that carries a display title require NO RUNNING HEADS.
Page Numbers should be at the top of the page, on the same line with the running heads.
LEFT-hand, EVEN numbers — flush with left margin;
RIGHT-hand, ODD numbers — flush with right margin.
Exceptions: PAGE 1 and any other page that carries a display title should have page number, centered below the text,
on blue line provided.
FRONT MATTER PAGES should be numbered with Roman numerals (lower case), positioned below text in same
manner as described above.

MEMOIRS FORMAT

It is suggested that the material be arranged in pages as indicated below.
Note: Starred items (*) are requirements of publication.

Front Matter (first pages in book, preceding main body of text).
Page i — *Title, *Author’s name.
Page iii — Table of contents.
Page iv — * Abstract (at least 1 sentence and at most 300 words).
*1980 Mathematics Subject Classifications represent the primary and secondary subjects of the paper. For the
classification scheme. see Annual Subject Indexes of MATHEMATICAL REVIEWS beginning in December
1978.

Key words and phrases, if desired. (A list which covers the content of the paper adequately enough to be useful
for an information retrieval system.)

Page v, etc. — Preface, introduction, or any other matter not belonging in body of text.

Page 1 — Chapter Title (dropped 1 inch from top line, and centered).
Beginning of Text.
Footnotes: *Received by the editor date.
Support information — grants, credits, etc.

Last Page (at bottom) — Author’s affiliation.

ABCDEFGHIJ—-AMS-898765432



	Scan 1
	pages i-iv and 1-108
	Scan 1
	Scan 2
	Scan 3
	Scan 4
	Scan 5
	Scan 6
	Scan 7
	Scan 8
	Scan 9
	Scan 10
	Scan 11
	Scan 12
	Scan 13
	Scan 14
	Scan 15
	Scan 16
	Scan 17
	Scan 18
	Scan 19
	Scan 20
	Scan 21
	Scan 22
	Scan 23
	Scan 24
	Scan 25
	Scan 26
	00000000Binder1.pdf
	Scan 1
	Scan 2
	Scan 3
	Scan 4
	Scan 5
	Scan 6
	Scan 7
	Scan 8
	Scan 9
	Scan 10
	Scan 11
	Scan 12
	Scan 13
	Scan 14
	Scan 15
	Scan 16
	Scan 17
	Scan 18
	Scan 19
	Scan 20
	Scan 21
	Scan 22
	Scan 23
	Scan 24
	Scan 25
	Scan 26
	Scan 27
	Scan 28
	Scan 29
	Scan 30

	000000Binder1.pdf
	Scan 1
	Scan 2
	Scan 3
	Scan 4
	Scan 5
	Scan 6
	Scan 7
	Scan 8
	Scan 9
	Scan 10
	Scan 11
	Scan 12
	Scan 13
	Scan 14
	Scan 15
	Scan 16
	Scan 17
	Scan 18
	Scan 19
	Scan 20
	Scan 21
	Scan 22
	Scan 23
	Scan 24
	Scan 25
	Scan 26
	Scan 27
	Scan 28
	Scan 29
	Scan 30

	00000Binder1.pdf
	Scan 1
	Scan 2
	Scan 3
	Scan 4
	Scan 5
	Scan 6
	Scan 7
	Scan 8
	Scan 9
	Scan 10
	Scan 11
	Scan 12
	Scan 13
	Scan 14
	Scan 15
	Scan 16
	Scan 17
	Scan 18
	Scan 19
	Scan 20
	Scan 21
	Scan 22
	Scan 23
	Scan 24
	Scan 25
	Scan 26
	Scan 27
	Scan 28
	Scan 29





