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Introduction

The torsion of a cellular (simplicial) complex was introduced in the 30s by W. Franz
[29] and K. Reidemeister [90] in their study of lens spaces. The lens spaces L(p, q)
(p fixed) have the same fundamental groups and thus the same homology groups.
However, they are not all homeomorphic. They are not even homotopically equivalent.
This can be observed by detecting some below the radar interactions between the
fundamental group and the simplicial structure. The torsion captures some of these
interactions. In particular, it is able to distinguish lens spaces which are homotopically
equivalent but not homeomorphic, and moreover completely classify these spaces up
to a homeomorphism. This suggests that this invariant is reaching deep inside the
topological structure.

What is then this torsion? What does it compute? These are the kind of ques-
tions we try to address in these notes, through many examples and various equivalent
descriptions of this invariant.

From an algebraic point of view, the torsion is a generalization of the notion of
determinant. The most natural and general context to define the torsion would involve
the Whitehead group and algebraic K-theory as in the very elegant and influential
Milnor survey [72], but we did not adopt this more general point of view. Instead we
look at what Milnor dubbed R-torsion.

This invariant can be viewed as a higher Euler characteristic type invariant. Much
like the Euler characteristic, the torsion satisfies an inclusion—exclusion (a.k.a. Mayer—
Vietoris) principle which can be roughly stated that for any topological spaces A and
B we have

Tors(A U B) = Tors(A) + Tors(B) — Tors(A N B)

which suggests that the torsion could be interpreted as counting something.

The classical Poincaré—Hopf theorem states that the Euler—Poincaré characteristic
of a smooth manifold counts the zeros of a generic vector field. If the Euler-Poincaré
characteristic is zero then most vector fields have no zeroes but may have periodic
orbits. The torsion counts these closed orbits, at least for some families of vector
fields. As D. Fried put it in [34], “the Euler characteristic counts points while the
torsion counts circles”.

One of the oldest results in algebraic topology equates the Euler-Poincaré char-
acteristic of simplicial complex, defined as the alternating sums of the numbers of
simplices, with a manifestly combinatorial invariant, the alternating sum of the Betti
numbers. Similarly, the R-torsion can be given a description in terms of chain com-
plexes or, a plainly invariant description, in homological terms. Just like the Euler
characteristic, the R-torsion of a smooth manifold can be given a Hodge theoretic
description, albeit much more complicated.
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More recently, this invariant turned up in 3-dimensional Seiberg—Witten theory, in
the work of Meng—Taubes ([68]). This result gave us the original impetus to understand
the meaning of torsion.

This is a semi-informal, computationally oriented little book which grew out of
our efforts to understand the intricacies of the Meng—Taubes—Turaev results, [68, 115].
For this reason a lot of emphasis is placed on the Reidemeister torsion of 3-manifolds.
These notes tried to address the author’s own struggle with the overwhelming amount
of data involved and the conspicuously scanty supply of computational examples in
the traditional literature on the subject. We considered that at an initial stage a good
intuitive argument or example explaining why a certain result could be true is more
helpful than a complete technical proof. The classical Milnor survey [72] and the
recent introductory book [117] by V. Turaev are excellent sources to fill in many of
our deliberate foundational omissions.

When thinking of topological issues it is very important not to get distracted by the
ugly looking but elementary formalism behind the torsion. For this reason we devoted
the entire first chapter to the algebraic foundations of the concept of torsion. We give
several equivalent definitions of the torsion of an acyclic complex and in particular,
we spend a good amount of time constructing a setup which coherently deals with the
torturous sign problem. We achieved this using a variation of some of the ideas in
Deligne’s survey [18].

The general algebraic constructions are presented in the first half of this chapter,
while in the second half we discuss Turaev’s construction of several arithmetically
defined subrings of the field of fractions of the rational group algebra of an Abelian
group. These subrings provide the optimal algebraic framework to discuss the torsion
of a manifold. We conclude this chapter by presenting a dual picture of these Turaev
subrings via Fourier transform. These results seem to be new and simplify substantially
many gluing formule for the torsion, to the point that they become quasi-tautological.

The Reidemeister torsion of an arbitrary simplicial (or CW) complex is defined in
the second chapter. This is simply the torsion of a simplicial complex with Abelian
local coefficients, or equivalently the torsion of the simplicial complex of the maximal
Abelian cover. We present the basic properties of this invariant: the Mayer—Vietoris
principle, duality, arithmetic properties and an Euler—Poincaré type result. We com-
pute the torsion of many mostly low dimensional manifolds and in particular we explain
how to compute the torsion of any 3-manifold with b1 > 0 using the Mayer—Vietoris
principle, the Fourier transform, and the knowledge of the Alexander polynomials of
links in S3. Since the literature on Dehn surgery can be quite inconsistent on the
various sign conventions, we have devoted quite a substantial appendix to this subject
where we kept an watchful eye on these often troublesome sings.

The approach based on Alexander polynomials has one major drawback, namely it
requires a huge volume of computations. We spend the whole section §2.6 explaining
how to simplify these computation for a special yet very large class of 3-manifolds,
namely the graph manifolds. The links of isolated singularities of complex surfaces are
included in this class and the recent work [75, 76] proves that the Reidemeister torsion
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captures rather subtle geometrical information about such manifolds. We conclude
this chapter with some of the traditional applications of the torsion in topology.

Chapter 3 focuses on Turaev’s ingenious idea of Euler structure and how it can
be used to refine the concept of torsion by removing the ambiguities in choosing the
bases needed for computing the torsion. Turaev later observed that for a 3-manifold
a choice of an Euler structure is equivalent to a choice of spin®-structure. After we
review a few fundamental properties of this refined torsion for 3-manifolds we then
go on to present a result of Turaev which in essence says that the refined torsion of a
3-manifold with positive b is uniquely determined by the Alexander polynomials of
links in S° and the Mayer—Vietoris principle.

This uniqueness result does not include rational homology spheres, and thus offers
no indication on how to approach this class of manifolds. We spend the last part of
this chapter analyzing this class of 3-manifolds.

In §3.8 we describe a very powerful method for computing the torsion of such
3-manifolds, based on the complex Fourier transform results in Chapter 1, and an
extremely versatile holomorphic regularization technique. These lead to explicit for-
mule for the Fourier transform of the torsion of a rational homology sphere in terms of
surgery data. These formule still have the two expected ambiguities: a sign ambiguity
and a spin® ambiguity. In §3.9 we describe a very simple algorithm for removing the
spin® ambiguity. This requires a quite long topological detour in the world of quadratic
functions on finite Abelian groups, and surgery descriptions of spin and spin® struc-
tures, but the payoff is worth the trouble. The sign ambiguity is finally removed in
§3.10 in the case of plumbed rational homology spheres, relying on an idea in [75],
based on the Fourier transform, and a relationship between the torsion and the linking
form discovered by Turaev.

Chapter 4 discusses more analytic descriptions of the Reidemeister torsion: in
terms of gauge theory, in terms of Morse theory, and in terms of Hodge theory. We
discuss Meng—Taubes theorem and the improvements due to Turaev. We also out-
line our recent proof [83] of the extension of the Meng—Taubes—Turaev theorem to
rational homology spheres. As an immediate consequence of this result, we give a
new description of the Brumfiel-Morgan [7] correspondence for rational homology
3-spheres which associates to each spin® structure a refinement of the linking form.

On the Morse theoretic side we describe Hutchings—Lee—Pajitnov results which
give a Morse theoretic interpretation of the Reidemeister torsion. We barely scratch
the Hodge theoretic approach to torsion. We only provide some motivation for the
¢ -function description of the analytic torsion and the Cheeger—Miiller theorem which
identifies this spectral quantity with the Reidemeister torsion.

* % %
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Notations and conventions

e For simplicity, unless otherwise stated, we will denote by H, (X) the homology with
integral coefficients of the topological space X.

e For K = R, C, we denote by Kg( the trivial rank n, K-vector bundle over the space
X.

oi:=./—1.

e u(n) = the Lie algebra of U(n), su(n)= the Lie algebra of SU(n) etc.
072y =7Zso:={neZ; n>0}.

e For all integers m < n we setm, n := Z N [m, n].

e For any Abelian group G we will denote by Tors(G) its torsion subgroup. We will
use the notation Z,, := Z/nZ.

e If R is a commutative ring with 1, then R* denotes the group of invertible elements
of R.

e Also, we will strictly adhere to the following orientation conventions.

e If M is an oriented manifold with boundary then the induced orientation of M is
determined by the outer-normal-first convention

or (M) = outer normal A or (0M).

o If F — E —» B is a smooth fiber bundle, where F and B are oriented, then the
induced orientation of E is determined by the fiber-first convention

or (E) =or (F) nor (B).
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Chapter 1
Algebraic preliminaries

§1.1 The torsion of acyclic complexes of vector spaces

The notion of torsion is a multifaceted generalization of the concept of determinant of
an isomorphism of vector spaces. We begin with a baby example to give the reader a
taste of the ingredients which enter into the fabric of torsion, and of the type of issues
it addresses.

Example 1.1. Suppose that Uy and U, are finite dimensional real vector spaces and
S, T: Uy — U are two linear isomorphisms. If we take into account only the vector
space structures then we could consider S and 7' to be equivalent, i.e. there exist
A; € Aut(U;),i = 0, 1, such that

T = AgSAT". (1.1)

Suppose now that A; C U;, i = 0,1 are lattices and S, T are compatible with
them, i.e. S(A1) C Ao, T(A1) C Ag. We could then ask whether there exist
A; € Aut(A;) C Aut(U;), i =0, 1, such that (1.1) holds. We can easily construct an
invariant to show that S and T need not always be equivalent in this more restricted
sense. Consider for example the finite Abelian groups

1(S) = Ao/S(A1), I(T) = Ao/ T(Ay).

If S isequivalent to 7 then |1 (S)| = |1 (T)| and we see that the quantity S — |1 (S)]|is
an invariant of this restricted equivalence relation. It is very easy to compute it. Pick
Z-bases of A;,i = 0, 1. We can then identify S and T with integral matrices and, up
to a sign, |/ (S)| and |1 (T)| are the determinants of these matrices.

The torsion tackles a slightly more general question than this. This generality
entails several aspects, all motivated by topological issues. First, instead of lattices in
real vector spaces we will work with free modules over a commutative ring R. Instead
of the field of real numbers we will work with a field K related to R via a nontrivial ring
morphism x : R — K. If F is a free R module then F ® , K is a K-vector space. The
role of the groups Aut(A;) we will played by certain subgroups of Autg(F), which
act in an obvious way on F' ®, K. Finally, instead of morphisms of R-modules we
will consider chain complexes of R-modules. O

We will begin our presentation by discussing the notion of torsion (or determinant)
of a chain complex of finite dimensional vector spaces. In the sequel, K will denote
a field of characteristic zero. A basis of a K-vector space will be a rotally ordered
generating set of linearly independent vectors.
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Suppose f : Uy — Uy is an isomorphism of n-dimensional K-vector spaces.
Once we fix bases u; = (Ui 1,...,u;,) of U;, i = 0,1, we can represent f as an
n X n-matrix

A = A(uo, u1) € GL,(K),

and as such it has a determinant det A € K*.

Suppose additionally that 2 is a group! acting linearly on U;, i = 0, 1. We denote
by Fr(U;), the set of bases of U;. There is an obvious right action of 2 on Fr(U;),
and we will denote by [u;]g the A-orbit of u; € Fr(U;),i =0, 1. If we change u; by
elements in 2,

up — u; - g,

then the matrix description of f changes according to the rule

A= A(uy, up) — Auig1, uogo) = (w1g1/u1) "' A(uogo/uo), (1.2)

where for any u, v € Fr(U) we denoted by v/u the matrix describing the base change
u— v,

v=u-(v/u), (@/v)=@/Mm""
Also, we set
[v/u] := det(v/u)
det2 = {[ug/ul; g €A, u € Fr(Up) UFr(Uy)}.

Observe that det 2l is a subgroup of the multiplicative group K*. In particular, the
determinant of A changes by an element in the subgroup det(2() C K*.

Definition 1.2. The correspondence
(ug, uy) — 1/det A(uy, ug) € K* — K*/ det(20)

defines an element in K*/ det(2() which depends only on the -orbits of u;,i = 0, 1.
We denote it by
TS, [wolst, [wr]a)

and we call it the forsion of the map f with respect to the 2-equivalence classes of
bases u, v. O

To ease the presentation, in the remainder of this section we will drop the group
from our notations since it introduces no new complications (other than notational).

Observe that an isomorphism f : U; — Up can be viewed as a very short acyclic
chain complex

0—>U1L>U0—>0.

Untuitively, 2 is the group of ambiguities. All the vectors in the same orbit of 2 are equal partners and
in a given concrete setting there is no canonical way of selecting one vector in a fixed orbit.
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The notion of torsion described above extends to acyclic chain complexes of arbitrary
sizes. Suppose that

n B — ¢
Q::O—)CnL)Cn_l—lw--LCo—)O

is an acyclic complex of finite dimensional K-vector spaces. Fix bases ¢; of C;.
Because C is acyclic there exists an algebraic contraction, i.e. a degree one map

n:Ci— Cip
such that

on+no = 1c.
(See Appendix §A.1.) Set 7§ = nan.

Exercise 1.1. (a) Prove that 7 is an algebraic contraction satisfying 72 = 0.

(b) Show that if n2 = 0 then = 7. O

Consider the operator
a+n:C— C.

It satisfies
@+ =97 +79 =1,

so that it is an isomorphism. Moreover, with respect to the direct sum decomposition
Cc= Qeven ©® Qodd
it has the block form
~ 0 To
9+ n= |:T10 0 ] ’ TOl : Qodd - geven’ TlO :geven - Qodd'
We deduce that T79 is an isomorphism of vector spaces and T161 = Tp;. We can define
~ -1
{.T(g, 9) = T(a + m, [geven]’ [Qodd]) = det(a + n: Qodd - Qeven)
= det(a + ﬁ : Qeven - godd )

We need to be more specific about ¢4y and ¢,.,. If we denote by 2m 4+ 1 (resp. 2v)

the largest odd (resp. even) number not greater than the length of C then

Codd = Com1U---UezUer, Copop =C20U---Uer Ucyo. (1.3)

Proposition 1.3 ([19]). det(d+7: Cpep — C

—even —0

ad ) is independent of the choice of 1.
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Proof. Suppose 19, 11 are two algebraic contractions. Set 7 := ny —no, 7y = no +11.
Observe that 70 = —an and 1, is an algebraic contraction of C. Moreover

ks = (1 + A + s17) = e + sGG3ne + 0,07) + 52727,
We set T; := 0 + 1, and 7)) = j_s|s=0ﬁt+s = 791, + n,;07. Derivating? the identities
ﬁ[z =0, 9 +no=1,

we deduce that
~ Ay A A A/ At
77[’7: = _ntntv ant = _77;8-
This shows that T;/), = —#/T;. Using the identity 7,> = 1 we obtain

Tis =0+ Nigs = T + 50, = T (1 + sTiiy).

To prove that det(7; : C,,o, = Coqq) i independent of ¢ it suffices to show that
tr(Ttﬁ;: Qeven g geven) =0.
Observe that
Tiyy = (Mndne + M, d7) + 99 =: A+ B.
Since A(Cy) C Cyy2, we deduce tr(A) = 0. Next, consider the filtration C,., D
kerd D Imd D 0. Observe that BC,,,,, C Imd and B acts trivially on ker 9. This
shows that tr B = 0 and completes the proof of the proposition. O

Definition 1.4. The quantity T(C, ¢) is called the torsion of the acyclic complex C
with respect to the bases c. O

Observe that if ¢’ is another basis of C then using (1.2) we deduce

T(C. ¢) = T(C. o) [ 1€} /i1 V" (1.4)
i=0

Convention. When the complex C is not acyclic we define its torsion to be 0.

We can alternatively define the torsion as follows. Choose finite, totally ordered
collections b; C C; of such that the restriction of 0 to b; is one-to-one for all i, by = ¥,
and

dab;11 U b; is a basis of C;. )

(This condition uses the acyclicity of C.) Now set ¢ := @®;¢;, and define the torsion
of C with respect to the bases ¢; by

T(C. [elo) = [ [1@bi+0bi /el € K*/ det(). (1.5)
i=0

2The derivatives are understood in the formal sense, as linearizations.
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The relationship between these two definitions is very simple. Let us first introduce
a notation. If X is a basis of a vector space U, and u is a vector in U, then the
decomposition of u along this basis will be denoted by

U= Z(ulx)x.

xeX

Given collections b; as above we define a contraction  : C — C,

Ciou= Y (udb)db+ Y (ulp)b' — Y (u|db)b € Ciy1.

beb[+1 b/Eb,‘ bebl‘+1
We define ¢; = db; ;1 U b;. Then

T(C, ) =det(d +n: (C Coven) = (Cogqs Coaa)) = 1.

—=cven?’ =even

The equality (1.5) now follows by invoking the transition formula (1.4).
We present below another simple and effective way of performing concrete com-
putations.

Proposition 1.5 ([38, 1101).> Suppose C is an acyclic complex of finite dimensional
K-vector spaces. Denote by £ the length of C, fix a basis ¢ of C and denote by D; the
matrix of the linear operator

d: Ci+1 — C,’

with respect to the chosen bases. Set
n; ;= dimg C;, s; :=dimgker(d: C; - C;_1).
Assume there exists a T-chain, i.e. a collection
[Si,Di); Si cTong, si =18l i =0,1,...,¢—1, D;: Kni+17%i+1 — K5}

such that the matrix D; obtained from D; by deleting the columns belonging to S; 1
and the rows belonging to 1,n; \ S; is quadratic and nonsingular (see Figure 1.1).

Then
-1

T(C. o) =[] det( D D",
i=0
where
Vi = |{(x,y) el xZ;1<x<yxel,n\S§, ye S,-}|.

3This result has a long history, going back to A. Cayley [12].
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Liniyr \ Sit1

Rip] = Si4] =

Figure 1.1. Visualizing a 7-chain.

Proof. Let
C; = {Ci,ly ey Ci,ni}-
Define
bi :=A{cij; j & Si}
where the above vectors are arranged in the increasing order given by j. The bases b;
satisfy the condition () and moreover,

[8b;+1b;/ci] = (—1)" det(D). o

Example 1.6 (Algebraic mapping torus, [33, 34]). A useful operation one can per-
form on chain complexes is the algebraic mapping torus construction, [33]. More
precisely, suppose (C, d) is a chain complex of K-vector spaces, ¢ is a basis of C and

[:C€—C

is a chain morphism, i.e. a degree zero map commuting with 0. The algebraic mapping
torus of C with respect to f is the chain complex

(T(f),0r),  T(f:=Ck ® Cg-1,

Cy Cr_1 u a A1—-1) u
obf: & — @ , — .
Cr_1 Cr_n v 0 —0 v

The bases ¢ define bases T'(¢) in T (f), unique up to ordering. Assume det(1 — f) €
K*. Then the map

0 0
n:T(x = T(Hrr1, n=
a-5n-"ro
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is an algebraic contraction, and the operator

a + n: T(f)()dd = Codd @ Qeven - T(f)CVCIl = Qeven @ Qodd

is given by
9 a-57
d+n=
 a-Hnt -a |
9 a-n71[1-sa-pn
__(l—f)_‘ o | [0 1
We conclude
T(T(f), T(e) = £det, (1 — f): € — €)' =+ (1) (1.6)

where the s-determinant det, and the s-zeta function 2 (1) are discussed in §A.2. O

§1.2 The determinant line of a chain complex

We want to offer yet another interpretation for the torsion, in terms of determinant
lines, [18, 23, 38, 53]. This has the conceptual advantage that it deals in a coherent
way with the thorny issue of signs. Assume again that K is a field of characteristic
zero.

Definition 1.7. A weighted K-line is a pair (L, w), where w is an integer called the
weight, and L is a one-dimensional K-vector space L together with a linear action of
K* on L of the form

KfxLs{tu)—txu:=tY uecl

An isomorphism of weighted lines (L;, w;), i = 0, 1, is a an isomorphism Lo — L
which commutes with the K*-action. O

Example 1.8. Suppose V is K-vector space of dimensiond. Then the one-dimensional
space A4V is naturally a weighted line of weight d. The pair (A?V, d) is called the
determinant line of V and is denoted by Det(V'). The trivial line equipped with the
weight w-action of K* will be denoted by (K, w). By definition Det(0) = (K, 0). O

We can define the tensor product of two weighted spaces (L;, w;),i =0, 1

(Lo, wo) ® (L1, w1) = (Lo ® L, wo + wy).
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The dual of a weighted line (L, w) is the weighted line
(Low) ™= (LF, ~w).
We can organize the collection of weighted lines as a category where

if wg # wy
Hom((Lo, wo), (L1, w1)) = . 4
Hom(Lg, L1) if wy = wy.

Remark 1.9 (Koszul’s sign conventions). We would like to discuss an ubiquitous but
quite subtle problem concerning signs. Suppose (L;, w;),i = 0, 1, are weighted lines.
The tensor products

U=Ly®L;, and V=L;® Loy

are not equal as sets but are isomorphic as vector spaces. We will identify them, but
not using the obvious isomorphism. We well use instead the Koszul transposition

Yror,: U=V, L@l — (=DH™o%1e ® L.

Similarly, given a weighted line (L, w), we will identify the tensor product (L, w) 1 ®
(L, w) with Det(0) using in place of the obvious pairing, the Koszul contraction
Trz: (L, w)~ ' ® (L, w) — Det(0) defined by

LOL"S (u,u*) — u* Ju:= (DY@ D20* y)y e K,

where (s, ¢): L* x L — K denotes the canonical pairing.
Note that (L~™")~! £ L but we will identify them using the tautological map

10 L« (L7H™L

The identifications Y, r,, Try and 1, are compatible in the sense that the diagram
below is commutative.

TL,L—1

el o1 S 15
(L™ QL —— L®L —— L7'®L

Det(0).

Finally note that Lo ® (L1 ® L) # (Lo ® L1) ® L, but we will identify them via
the tautological isomorphism

Lo® (L1 ®Ly) — (Lo® L) ® Ly, Lo ® (61 ®£2) = (Lo ®£1) ® La.



§1.2 The determinant line of a chain complex 9

The tautological identification (Lg QL™! VAN Ly '& Lfl is compatible with the
above rules in the sense that the diagram below is commutative.

(Ly '&LTH®(Lo®L1)

(Lo®L1) " '&(Lo®L1) (Ly'®Lo)(LT'®Ly)
m Lo ®Trr,
Det(0) .

To simplify the presentation we will use the following less accurate descriptions of
the above rules.

Lo®Li= (D" Li®L;, L'&L=(-D"""D2Det(0), (L™ H'=L
(Lo®L)®Ly=Lo® (L1 ®Ly), (Lo®L)'=Lg' &L

Two weighted lines U, V are said to be equal up to permutation, and we write this
U =, V, if there exist weighted lines (L;, w;),i = 1, ..., n and a permutation

o:{l,...,n} > {1,...,n}
such that

—n

—
U= ®i:1Li’ V = L(p(,)
We denote by T = T, the composition of Koszul transposmons whichmaps U to V.

We can generalize the Koszul contraction to the following more general context.
Suppose for example that (L;, w;),i = 0, 1, 2, 3, are weighted lines. Then define

Tr:U =L ®LE®L®Lo®Ly > V=L ®Ly® L3,
Ul @ uf @ ur @ ug @ uz > (=12 (uf Jug) - up @ us ® u3.

This contraction continues to be compatible with the Koszul transpositions in the
following sense. For any permutation ¢ of the five factors

Ly, L§, Lo, Lo, L3
we get a new line Y, (U) equipped as above with a trace
Tr: Tp,(U) -V
and the diagram below is commutative

U4>T(U)

N
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Example 1.10. Suppose that L;,i = 0, 1 are weighted lines with the same weight w
andu € L, '& L1 is anontrivial element. Then u defines an element in Hom(Lg, L1)

ug— u _luy.
If u =ug ® u; then
u_lug = (—l)w(w+1>/2(uz’;, uouy. O

Ifw, =6 ez Wj is a finite dimensional Z-graded K-vector space then its deter-
minant line is the weighted line

—

Det(W) = ®j€Z Det(W_;)V’.
Its weight is the Euler characteristic
X(W) =Y (=1)/ dim W;.
J€Z
For example, if W = Wy & W; & W5, then
Det(W) = Det(W>) & Det(W;)~! & Det(Wp).

To perform numerical computations we need to work with richer objects, namely
based vector spaces and based weighted lines. All the tensorial operations on vector
spaces have a based counterpart. The dual of a based vector space (W, w) is the
based vector space (W*, w*), where w* denotes the dual basis. The dual of a based
weighted line (L, w, 8) is the based weighted line (L, w, 8) ™' := (L*, —w, 8*) where
8* denotes the basis of L* dual to §,

(6%,8) = 1.
We can define the ordered tensor product of based weighted lines
(Lo, wo, 80) ® (L1, w1, 81) = (Lo ® L1, wo + wi, 80 A 81).

To any based vector space (W, w) we can associate in a tautological fashion a based
weighted line (Det(W), dim W, det w). If

W, w) = P Wy, wy)
nez

is a based graded vector space, the associated based determinant line is
(Det(W), x(W), detw) = ®(Det(W_”), dim W_,. det w_n)(—l)n‘

Given two based weighted lines (L;, w;, 6;),i = 0, 1,and amorphism f: (Lo, wo) —
(L1, wy) we define its torsion to be the scalar (51| f|59) € K uniquely determined by
the equality

f(80) = (811 f180)81.
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Example 1.11. Suppose W =
space, dy, := dimg W,. Define

nez, Wn is a finite dimensional Z-graded K-vector

Det., (W) := (X) Det(W_2,), Det_ (W) := (X) Det(W_2,1).

nez nez

Det, (W) = Det (W) ® Det_ (W)~ =, Det(W).
For example, if W = Wy @ W; & W, then

Det, (W) = Det(W>) ® Det(Wy) & Det(W;) ™!

= (=) Det(W) = (—1)%% Det(W,) ® Det(W;) ™' & Det(Wy). O

We have the following important result.

Proposition 1.12. Suppose

O—>A1>C—g>B—>0

is a short exact sequence of finite dimensional K-vector spaces. Then there exist
natural isomorphisms

Trfe: Det(A) ® Det(C)~! & Det(B) — Det(0),

and
dets: Det(A) ® Det(B) — Det(C).

Proof. Fix anisomorphism/: C — A@® B such that the diagram below is commutative

L e . p— .9

A
IA{ h 1p
A

c A®B B 0.

0

0

‘We obtain an isomorphism

-1
Det(4) & (Det(A) @ Det(B)) ™' & Det(B) "% ' Det(4) & Det(C)~! & Det(B)
which is independent of the choice 4. Define Try, ¢ as the composition

Trre = Trolf ® g 17,
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ie.
Det(A) & (Det(4) & Det(B)) ™' & Det(B)

[f®gl]k \

Det(A) ® Det(C)~! & Det(B) 5 Det(0),
where the map
Tr: Det(A) & (Det(A) ® Det(B)) ™' & Det(B) — Det(0)
is the Koszul contraction. By taking tensor products we obtain an isomorphism
Det(A) ® Det(C) " & Det(B) &® Det(C) — Det(C),

and if we take the Koszul contraction on the left hand side we obtain another isomor-
phism

Det(A) & Det(B) <— Det(A) & Det(C) ™! & Det(B) & Det(C)
The definition of dety,, is now obvious. O

Proposition 1.13. Suppose (C, 9) is a finite dimensional chain complex. Then there
exists a natural isomorphism

dety: Det(Hy(C, d)) — Det(C).

Proof. We have short exact sequences
0 — Rit1(G=1Imdis1) — K;(=kerd;) > H;(C,d) — 0,

and
O%KiCi)Ci—a)Ri—)O.

Using Proposition 1.12 we have isomorphisms
det D" Det(Riy) Y & Det (H;(C, )" — Det(kp) ",

and _ . | |
det! ;" : Det(K)) ™V & Det(R) D" — Det(cH "

By taking tensor products we obtain isomorphisms

U; := Det(Rix) ™" & Det (H; (€, 9)) ™" & Det(R) ™Y — Det(c))"',
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and S
[detd]: ) Un — Det(O).

Taking the Koszul contractions of the pairs (R; l R;) in the left-hand-side we obtain
an isomorphism
Tr: L — Det(H.(C, 0)).

Then detj is the unique isomorphism which renders commutative the diagram below.

L
e
Det(H*(Q, 3)) ’"*ae*t;"** Det(C). O

Definition 1.14. The inverse of the above isomorphism is known as the Euler isomor-
phism and will be denoted by Eulc = Eulc ;). m|

Example 1.15. Consider the elementary complex

0‘—)C1=Vﬂ—>V=C0—>0.
Then the Euler isomorphism
Det(V)~! & Det(V) — Det(0)

coincides with the Koszul contraction. This simple fact lies at the core of the remark-
able compatibility between the Euler isomorphism and the various Koszul identifica-
tions, and keeps in check what Deligne called in [18] “le cauchemar de signes”. O

Example 1.16. Suppose that (C, ¢, 9) is a finite dimensional acyclic complex. We
can choose as in the previous section linearly ordered finite collections b; C C; such
that the restriction of d to the span of b; is one-to-one, and the linearly ordered set
ob; 1 U b; is a basis of C;. We then get a basis

BTy -l
8= A (detdbiyy Adeth;) ™" A (detdb; Abi_) TV A+ € Det(O).

The Euler isomorphism maps Det(C) to Det(0), and the basis é to the canonical basis
(=1)Y of Det(0), where

2 1B |(1Bi | + (= 1))
=3y . .
i=1
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Exercise 1.2. Prove that the isomorphism dety , constructed in the above proposition
has the following compatibility properties.

(a) Consider the elementary acyclic complex
05> 0=C<>K=C > K=Cy— 0.

Then det,  is the tautological isomorphism Det(K) — Det(K).
(b) Consider the commutative diagram

fo 80

0 Ag < Co By 0
0 Ao /i Cq ! By 0

in which the vertical arrows are isomorphisms. Then the diagram below is commutative

N detzy, go
Det(Ag) ® Det(By) —— Det(Cp)

Jdet a®det B dety

~ dety) ¢
Det(A1) ® Det(B1) Det(Cy). o

Exercise 1.3. Show that for any short exact sequence of vector spaces

0-A%BLc—o,
and for every s, t € K* we have
detsq 18 = sdimAFdimCdetaylg. O
Exercise 1.4. Show that for every r € K* we have

Eulc .5 = t*Eulic 5, ¢ =) (=1)"n(dim C, — dim H,(C)).
nez O

Suppose now that (C, ¢, d) is a based acyclic complex. Det(C) is a based weighted
line with basis det ¢. Since

Det(H.(C, 9)) = Det(0).

we deduce that Det(H,(C, d)) has a natural basis, 1.
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Proposition 1.17.
T(C,¢) = (—1)"(1|Eulc| detc).

where v is defined as in Example 1.16.

Exercise 1.5. Prove the above equality. O

When K = R we can be even more explicit. More precisely, fix Euclidean metrics
on each of C;. Then, as explained in §A.1, we can explicitly write down a generalized
contraction (Definition A.7), i.e. a degree one map

n: Cr — Cr

suchthat n?> = 0and P = dn+nd = (3 +n)? is a projector onto a perfect subcomplex
with the same homology as C. More precisely, we can choose 1 of the form

n=Gi*+A)"lo*

where A = (9+9*)2, and i is the natural inclusion i : ker A — C. The formal Hodge
theorem shows that ker A = H,(C). Consider the linear operator

kodd 0 i kodd
ker Aodd @ Coyen — ker Aeven @ C 44, |:ce(:/en:| > [iodd Be_":nn . C;en .

We thus get an isomorphism

Det ker Agdq ® Det( ) — Detker Aeyen ® Det(C )

Ceven
This yields the isomorphisms

Det ker Aogq ® Det; (C) — Detker Aeyen,
and

I: Dety (C) — Det(ker Aoggq) ' ® Detker Aeyen — Dets (Hi (C)).

Up to a permutation, this is the Euler isomorphism. More precisely, we have a com-
mutative diagram

Det, (C) —— Det,(H,(C))
T T

Det(C) . Det(H,(C)).
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§1.3 Basic properties of the torsion

The torsion behaves nicely with respect to the basic operations on chain complexes.
Consider first a short exact sequence of chain complexes

0 (A.94) > (C.oc) & (B.9g) — 0.
Using Proposition 1.12 we obtain canonical isomorphisms
dety, . € Det(A,) ® Det(B,) — Det(C,),

and thus an isomorphism

detf @::_OO(Det(An) & Det(B,)) ™" — Det(C).
Now observe that
@ion:_oo(Det(An) & Det(B,)) " =, Det(4) & Det(B).
We get an isomorphism
dets.: Det(A) ® Det(B) — Det(C)
compatible with the Koszul permutation identifying the two weighted lines,

Det(A) ® Det(B), @ion:_oo(Det(An) & Det(Bn))(_l)n ‘

On the other hand, we have a long exact sequence

A H A B HNO) S HB) S Hy (A >

We can regard this sequence as an acyclic complex which we denote by H (A, B, C).
The Euler isomorphism of this acyclic complex induces an isomorphism

Eulya,B,c): Det(H(A, B, C)) — Det(0).

Taking the tensor product of Det(H (A, B, C)) with Det(H,(C)) and then applying
the Koszul contraction to the pair

Det(H(C)~!,  Det(Hy(C))
we obtain an isomorphism

H(detyg): Det(Hx(A)) ® Det(H.(B)) — Det(Hy(C)).
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Proposition 1.18. The diagram below is commutative.

R dety
Det(A) ® Det(B) —— > Det(C)
EulA®EulBl Eulc (17)
H(detyy)

Det(H(A)) & Det(H.(B)) — Det(H.(C)).

To better understand the meaning of the above result suppose we fix bases a, b, ¢
of A, B and respectively C, and bases [a], [b], [c] of H.(A), H.(B) and respectively
H,(C). We assume that

c=f@ub, g@)=b.

We can now identify Euls, Eulg, Eulc with scalars in K*. H(detf,¢) can also be
identified with a scalar, the torsion of the acyclic complex H (A, B, C). Then (1.7)
implies

Eulc Ty ¢y =t Euly-Eulp . (1.8)

Exercise 1.6. Prove (1.7) and (1.8). m]

The above result implies immediately that the torsion is multiplicative with respect
to direct sums. More precisely, we have the following elementary, but extremely
versatile result.

Theorem 1.19. Consider a short exact sequence of based acyclic complexes of K-
vector spaces

0> Aa) > (oS B.b -0,

such that
c=f@ub, g®)=hb.

Then H(detfg) =1,
(detgldetf,gl deta ® detlg) =41,

and
(1| Euly | deta) - (1] Eulg |detb) = (1| Eulc | detc) - (det c|det/gla & b).

In particular,
J(C,0)=xT(A,a)-T(B, D).
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For any chain complex (C, d) and any k € Z we denote by (C[k], ) the degree
shifted complex defined by

C[k]i = Ci+k7 Vi € Z.

Observe that .
Det(C[k]) =) Det(C)™"",

and we have a commutative diagram

Det(C[k]) _ Koszul | (Det(g))(il)k
Eulc(i) JEulél)k
K 1 —1)k
Det (H*-i-k@)) = (Det H*(Q))( K :

Given a chain complex

(€, 0) = ED(Cj, )

JEL
of K-vector spaces we can form its dual C~ defined by

Ci = CZ; :=Hom(C-;, K),

and whose boundary maps are the duals of the boundary maps of C. We have a
commutative diagram

) Eul.— & Eulc R
Det(C™) ® Det(C) = Det (H.(C™")) & Det (H,(C))
k} /
Det(0).

In particular, if C is acyclic, and ¢ is a basis, then

J(C,0-T(C ,¢c) =1, (1.9)
where ¢, = c¢*,. Suppose now that the field K is equipped with an involutive
automorphism

e: K— K.

Example 1.20. If K = C we can take ¢ to be the complex conjugation. If K = Q(z),
the field of rational functions in one variable, then the correspondence ¢ +— ¢~ ! induces
such an involution. O
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The e-conjugate of a K-vector space V is the vector space V = V¢ which coincides
with V as an Abelian group while the scalar multiplication is given by

KxV>s(@Q,v) > e)v.

We denote by e = gy : V — V* the tautological bijection. A linearmap A: U — V
tautologically induces a linear map A®: U® — V°.
An e-pairing between the K-vector spaces U, V is a bilinear map

(o,): U x V& > K.

Observe that such a pairing induces a K-linear map

T: VS = U* vi> (o).

The K-pairing is called perfect (or a duality) if the induced K-linear map

T:VS—>U*"
is an isomorphism. If U, V happen to be Z;-graded
uv=zUsoU-, V=V,.0V_
then the duality is called supersymmetric if the operator T is supersymmetric, i.e. it
is either purely odd, T (Vi) = UZ, or purely even, T(V{) = UX. Correspondingly,
a supersymmetric duality can be even or odd. We will denote by v the parity of a
supersymmetric duality.

Consider the length n chain complexes of C = @ _(C; and D = 697:0Dj of
K-vector spaces with ambiguities 2. A chain complex pairing is a pairing

(o,o): Cx D > K
such that the induced map 7 is a degree zero morphism between the chain complexes
T: D" — C [n].
Observe that such pairings are supersymmetric with respect to the natural Z,-gradings
on the chain complexes. The parity of the pairing is the same as the parity of n- the

length of the chain complexes. A pairing is called perfect if the induced morphism is
an isomorphism. We have the following immediate result.

Proposition 1.21 (Abstract duality theorem). Suppose

(,): Cx D" - K
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is a perfect pairing of acyclic complexes of length n. Then the following diagram is
commutative:

Det(D) —2° - pet(H°) — =L per(cy- V"

1\
Eulp Eulé_l)

d * - d T* n
Det(H,(D)) — - Det(H,(D")) ~—— Det(H,(C )"

In particular, if C is acyclic and c is a basis then the equality (1.9) implies

)n+1

e(T(D, [d)) = T(D", [d]) = £T(C, [eD V",

whered = T~ (c™).

§1.4 Some generalizations

The notion of torsion can be defined in a much more general context than the one
discussed above. We refer the reader to [19, 72] for a more in depth study. We will
need only a mild generalization of the ideas developed so far.

Often, instead of complexes of vector spaces over a field K one encounters com-
plexes C of free modules over an integral domain R. Denote by K the quotient field
of R. An R-basis of C canonically induces a K-basis of C ®g K. The torsion of C
(with respect to some R-basis) is, by definition, the torsion of the complex C ®r K
with respect to the induced basis. There is no canonical choice of R-basis and thus we
must consider any two of them equivalent. This ambiguity is encoded by the group
A = GL(C, R) of automorphisms of R-modules. This group acts transitively on the
set of R-bases and thus the torsion is well defined as an element of K/R*, where R*
denotes the multiplicative subgroup of invertible elements of R.

Suppose more generally that R is only a commutative ring with unit, and ¢ : R —
K is a nontrivial morphism from R to a field K. If C is a chain complex of free
R-modules, then we can form the complex of K-vector spaces

£<p =C Ry K.
Then a R-basis of C defines a K-basis of C?, and we define
THC,¢) :==T(C?, ).

Suppose R is a quasi-field, i.e. a commutative ring with 1 which decomposes as
a finite direct sum of fields of characteristic 0
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Denote by ¢; the natural projection R — K;. Suppose C is a chain complex of free,
R-modules. A R-basis ¢ of C induces a K;-basis of C¥ and as above we obtain a
torsion

TY(C, [ela) € K/ det2A U {0}.

The direct sum

P74 (C. [ela) € (&K;)/ det A
j=l1

is an element in R/ det 2 — the space of orbits of the determinant action of 2 on R.

We can further extend the class of coefficient rings to include the quasi-integral
domains, i.e. the commutative rings R with 1 such that the associated ring of fractions
Q(R) (i.e. the localization with respect to the prime ideal of zero divisors) is a quasi-
field

O(R) = ®jK;.

Denote by ¢j: R — K; the natural morphism. If C is a chain complex of free,
R-modules then, by definition, its torsion is the direct sum

T(C.9) =P TY(C.") € Q(R)/ det 2.

J

Let us observe the following simple fact.

Proposition 1.22. Suppose R is a quasi-integral domain of characteristic zero, K is
a field of characteristic zero and ¢ : R — K is a nontrivial morphism. If C is a chain
complex of free R-modules then

@(T(Qv ')) =T (gv °).

§1.5 Abelian group algebras

In this section we want to describe a few special features of the group algebras of
finitely generated Abelian groups since they will play a central role in topological
applications.
Suppose H is a finitely generated Abelian group. It can be non-canonically de-
composed as
H = Fy & Tors(H),

where Fy denotes the free part of H, Fy = H/Tors(H). Denote by Q(H) the ring
of fractions of the group algebra Z[ H].

Proposition 1.23. Z[H] is a quasi-integral domain of characteristic zero.
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Proof. Let us first consider the two extremes, Tors(H) = 0, or Fg = 0.

o If Tors(H) = O then H = Fy, and if rank H = n, then Q(H) is the field of rational
functions in » variables with rational coefficients.

o If Fy = 0, sothat H = Tors(H ), then Q[ H] is a semisimple, commutative algebra,
and thus decomposes as a sum of fields; see [55]. In particular, Q[ H] = Q(H).

In general we have

QIH] = Q[Tors()[F] = @ K[ Frl,

where the summands K; are the fields entering into the direct sum decomposition of
Q[Tors(H)]. Thus,

Q(ZIH)) = Q(H) = DK (Fn).

Each of the above summands is a field of rational functions in n = rank (H) variables.
O

Example 1.24. If H is finite cyclic, then the fields in the decomposition of Q[ H] are
all cyclotomic fields. We illustrate this on the special case when H is a finite cyclic
group of order n > 1,

H :{l,x, ...,x"_l}.

Then
QIH] = Q[t]/¢" = D).

The decomposition in Q[¢] of " — 1 into irreducible factors is (see [55])

" —1=]] a0,

dln

where @, denotes the m-th cyclotomic polynomial

o,(1)= [ ¢=¢") ¢ =¢n=exp@ri/m).

(r,m)=1

Thus Q[#]/(¢#" — 1) decomposes as a direct sum of cyclotomic fields

QIH] = QUul/(" — 1) = @ QUrl/ (@4 (1) =: D) Fa.

d|n d|n O

Remark 1.25. Since every finite Abelian group H is a direct sum of cyclic groups we
deduce inductively that all the fields K; in the decomposition

QIH] = PK;
J
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are isomorphic to subfields of C. The natural projections 77; : Q[H] — K; c C
induce group morphisms
it H— C*.

These are known as the characters of H and determine the harmonic (Fourier) analysis
on H. An element f € Q[H] can be regarded as a function

f:H— Q.

Its components 7 ( f) are determined by the Fourier transform of f. We refer to §1.6
for more details. O

The natural morphism Q(H) — Q(Fg) induced by the projection
w:H — Fyg = H/Tors(H)

is called the augmentation map, and we will denote it by aug. It has a natural right
inverse

aug™! : Q(Fr) — Q(H),

1 -1
Fys fr>— Y h  (y:=Iz""0)] = |Tors().
H (=1

SetJ = aug’l(l). Observe that
aug~ ! (aug(q)) = ¢J, Vg € Q(H).

The ideal of Q(H) generated by J will be denoted by (J). It is the kernel of aug. The
above identity shows that, as a ring, the ideal (J) is isomorphic to the field Q(Fg).
From the identity 32 = J we deduce the following consequence.

Corollary 1.26. The map
Q(H) — keraug, x> x —xJ
is a surjective morphism of algebra. Moreover the element
1:=1-7 € ker aug

is the identity element in the subalgebra ker aug.

Following Turaev [111], we define a family of subrings % (H) C Q(H), k =
0,1,2,... as follows.
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A. If rank(H) > 1 then
No(H) :=Z[H],
M (H) =1{q € Q(H); (1 —h)q € M_1(H),Vh € H}.
Roughly speaking, 91 (G) consists of all solutions in x € Q(G) of the linear system
(1—g)*x € Z[G], VgeG.
B. If rank(H) = 0 then
Ny(H) =keraug C Q(H), Vk=0,1,....

Observe that
No(H) CM(H)C--- CM(H)C---.

We set
N(H) = lim Ny (H),
k— 00

S :=vyJ= Z ueZ[H), vy =|Tors(H)|.
ueTors(H)

Proposition 1.27 ([111]). Let H be a finitely generated Abelian group of rank > 1.
(a) Ifrank(H) > 2 then Y (H) = Z[H],Vk =0,1,2,....
(b) Suppose rank(H) = 1. Denote by t a generator of F := H/ Tors(H) and set
T = aug_l(t). Then
x € W(H) = Z[H] + GZ[H](1 — )~
Proof. (a) It suffices to prove N (H) = No(H). The equality is obvious if H is
torsion free. Suppose now Tors(H) # 0. Any x € Q(H) decomposes uniquely as

xi=X+xt

where

Yaug(x), x+:= (1 —J)x.

X :=70x = aug™
Suppose x € Q(H) is such that
(1—-h)x € ZIH], VYhe H.
Observe that aug(x) € 9 (H/ Tors(H)) = Z[H/ Tors(H)] so that

X = aug’laug(i) e JZ[H].
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By summing over & € Tors(H) we deduce

vgxt =vg(1—Jx = Z (1 —h)x € Z[H].
heTors(H)

We conclude that x € Q[H] and thus we can write

X = thh,

hes

where S C H is a finite set and x;, € Q. Since H is infinite we can find 2y € H such
that S is disjoint from kg + S. Then

ZIH] > (1 — ho)x = th(h — hoh).
heS

This shows x;, € Z.
(b) Again, the conclusion is obvious when H is torsion free. Set
N,.(H) = Z[H] + Z - SZ[H](1 — T)7*.

We will first prove the equality
N =N,

Next, using induction, we will establish the general identity
N =M, k>2.
Pick T € H such that aug(t) =t <= T = Jt. Since
(1-030-1)"'=30-T)1-T)""'=73
we deduce
JM-T)"'=31-0"" <= 60 -NF=601-0F Vi

We can now prove that 9 C M, Vk > 1. Indeed, if x € 9, h € Tors(H) and
m € Z then
1-ht"E6=(6-1"6)=601-T"),

so that
(1—-ht")x € ‘Jt;cfl =Mr_1.

To prove the reverse inclusion, consider x € 9 (H). Then

aug(x) € My (H/ Tors(H))
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so that
1
x = Jx = aug laug(x) € JZ[t] + IZ[r1(1 — 1) F = —SZ[H](1 - 7).
VH

Summing the congruences (1 — h)x € _1(H) over h € Tors(H) we deduce

vgxt € M_1(H) = Z[H] + SZ[H](1 — T)~* D,

Thus !
x e —(Z[H1+GZ[HI1 - T)7%)
VH
and
(1—h)x € ZIH] + 6Z[H](1 — )" %D vheH.
We write

xt=A, ¥=6B1-1)7~
‘We need to consider two cases.

A.k = 1. In this case
1 1 - -1 1 -1
x> =Ae —Z[H], x=6B(l—1) " € —GZ[H](1—-1)" ",
VH VH

and we can write

A=Z( Z am,uu>f’", B=Z( Z bm,uu>tm.

meZ ucTors(H) meZ ucTors(H)

b= bmu
u

Set

Then B
6GB=6 met’".
m

Denote by oy, (resp. ) the image of a,, , (resp. by)in Q /7. Observe that
VeBm =0 =vHa, .
Since (1 — u)6& =0, Yu € Tors(H) we deduce
1—-—uwx=0—-u)A e€Z[H], YuecTors(H) < omy = %mu, (1.10)

Yu,v € Tors(H), Ym. Denote by «;, the common value of &, ,, u € Tors(H) and
by k,, the integer 0 < k;,, < vy such that
ki

— =, inQ/Z.
VH
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Define

ki 1
K = —1" ¢ —GBZ[H].
3 been ¢ Loz

Vv
m H

The identities (1.10) can be rephrased in the following compact form,
A —GK e Z[H].
On the other hand, the identities
-1t €eZ < apt1 —tm + Bm+1 =0, Vm

can now be rewritten
61 —-1)K + 6B € 6GZ[H]

so that

x=(A-6K)+6(B+(1-DK)1 -1 € Z[H]+ SZ[H|(1 — 1)~ =N,.

B.k > 1. Set
S:=1{h € H; apb, # 0}.

Then if hg € H is such that S N (ho + S) = @ and we conclude as in part (a). m|

The above proposition has the following immediate consequence.

Corollary 1.28. Suppose that H is a finitely generated Abelian group. Denote by
1: H — N(H) the natural morphism. If P, Q € YU(H) then

P|Q < P|Q@(h)—1), VYheH.

Example 1.29. Suppose H = Z & G where G is a finite Abelian group. Denote by ¢
the generator of Z. Then

1 1
T=0t=—6t=[— t, N =|G
N (NE g>, |G|
geG

The group algebra Q[ H] is isomorphic to the ring of Laurent polynomials

QIH] = QIGIIt, ™1 = P Kle, 171,

Then
MNH]=Z[H]+6Z[T, T, 1 -17)""]. O

The correspondence H +— 91(H) is functorial. More precisely we have the
following result due to V. Turaev.
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Proposition 1.30 ([111]). Every epimorphism
f:H — H

induces a morphism of Q-algebras f; : M(H1) — YU(H2) such that the diagram
below is commutative. f
H —— H

N(H) -—---> N(H).

Proof. fy is defined as follows. Observe first that f induces a morphism
fs 1 ZIH1] = Z[Hz] — N(H>).

If rank(H;) > 2 then we set f; = f.. If rank(H) = O then f; denotes the restriction
of f, to ker aug C Q[H,].

When rank(H;) = 1 the definition is a bit more intricate. Denote by ¢ a generator
of Fy, = Hj/Tors(H), choose T € H; an element projecting to ¢ and set T :=
aug~ ! (). We claim that there exists an unique X = Xy € DN(H) such that

Xfu(t—=1)=Xfi(T-1) = fi(G1), Xfi(h—1)=0, Vh e Tors(Hy). (1.11)
Uniqueness. If X, X’ are two solutions of (1.11) then
X —-X)filu—1)=0, Vue€H.
Since f : Hy — H; is onto we deduce from Corollary 1.28 that X — X' = 0.
Existence. Any element u € H decomposes uniquely as
u=ht*, heTy, kel

Then
[(BD) fiu — 1) = fu(S1ht — G1) = £ (T1) fu(zX = 1).

Thus
fx(@ = DI fe(w — 1) fu(&1), VYu € H;.

Since f : Hy — H; is surjective we deduce from Corollary 1.28
fo(r = DI f(G1)  in N(H).
Thus, there exists X; € 91(H>») such that

[:(61) = Xy fulr = D).
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We then set
Xy = X1 £:00D).
Finally, define f; = fi on Z[H] and

[(GU(T - DY = X o

Remark 1.31. If H; B} H; i Hj is are epimorphisms of Abelian groups then
(f20 f0)g = (f2)z 0 (f)z.

Thus the correspondence G +— U(G) defines a covariant functor from the category
of finitely generated Abelian groups with epimorphisms as arrows to the category of
commutative (Q-algebras. We refer to the next section for a more geometric description
of the morphism f; in terms of Fourier transform. O

Example 1.32. Suppose f is the natural projection Z — Z,, = Z/(nZ). Then

~ -1 _ -l — _l - AN n_
NZ)y =ZIt, ¢, (1 =071, ‘IK(Z,,)_(I n;S> Zls], s"=1.

Then f; is determined by

A 1 .
l>1=0-7), t—>0=%s 3= (1—— J).
(1-7) (1—7T)s s n;;s

Observe that
t—Dr (- -=7I).

The inverse of (1 — s) in the algebra ker aug with unit 1=1-7Jis (see [81] or §1.6)

~

1 -1 (L 0

(1—s) —<2— @0,

()
k=1

and ((x)) is denotes Dedekind’s symbol

0 xeZ
(@)= {x—LxJ—% x € R\ Z.

where

(Lx] := the largest integer < x.) m|
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§1.6 Abelian harmonic analysis

When studying the torsion of a 3-manifold one is often lead to solving linear equations
of the form ax = b, where a, b belong to the group algebra C[G] of a finitely generated
Abelian group G. When G has torsion elements the ring Z[G] has zero divisors and
thus the above equation may have more than one solution. Finding the annihilator of a
givenelementa € C[H]isnever an easy job due to the complexity of the multiplication
operation in this algebra. This complexity is only artificial and magically disappears if
we perform a simple but extremely versatile trick, namely taking the Fourier transform
of the above equation. In the Fourier picture the above equation simplifies dramatically
to the point that it can be solved explicitly.

The versatility of the Fourier transform can be very clearly seen in the very simple
description of the rings 91(G) and morphisms f; introduced in the previous section.
These rings are essentially described in terms of linear equations in the ring Z[G].
More precisely, 91(G) is obtained by adjoining to Z[G] certain solutions x € Q(G)
of the family of linear equations linear equations

(1-gf-x=f geG, feZlGl

The Fourier transform fits these equations like a glove. The goal of the present section
is to explain in detail these claims.

Suppose G is a finitely generated Abelian group. We denote by g the counting
measure on G, ug({x}) = 1, Vx € G. The group algebra C[G] can be thought of as
the vector space Co(G, C) of continuous, compactly supported functions f: G — C
equipped with the convolution product. More precisely, if §;: G — C denotes the
Dirac function concentrated at g € G,

1 ifx=g¢g

) =
¢ () 0 ifx #g,

then the correspondence C[G] — Cy(G; C) is given by
CIGle A=) aggr> A() = Y _agd(+) € Co(G,C).
geG geG
The convolution product on Cy(G, C) is given by

(fox f)(@) =) f(g—Mmg(h).

heG

We denote by G = Hom(G, U(1)) the Pontryagin dual of G, i.e. the group of charac-
ters. Gisa locally compact topological group, and we denote by i the Haar measure
on G normalized so that Qg is the counting measure if G is finite and ng = do if
G = S!. The Fourier transform is a linear isomorphism

F: L%(G, ug) — L*(G, fg)
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defined by
o0 = (f0) = fG f@x@®dug(e), VxeG.
Its inverse is described by the Fourier inversion formula
|
fig(G)

If f € Co(G,C) then f € C(G, C) and

f(g) =

/Gf(x)x(g)d/lc(x), Vf e Co(G,C).

Fx800=f00-800. VYfgeCo(G,0), xeh.
The Fourier transform produces a morphism of C-algebras
(CIG], +, %) — (C(G,0), +,-), A A4,

where “ - denotes the pointwise multiplications of functions.

Remark 1.33. Inapplications it is convenient to consider the holomorphic counterpart
of the Pontryagin dual. Thus, if G is a finitely generated Abelian group, we set

G := Hom(G, C*).

We will refer to the elements of G as holomorphic characters. Note that GcG.G
is an union of complex tori of dimension rank(G). Given a function f € C[G] we
define its complex Fourier transform by

fO0=Y_f@x (9. Vxed.

geG

Observe that the restriction of the complex Fourier transform to G is the usual Fourier
transform. o

We want to discuss in detail a few concrete situations relevant in topological
problems.

1. rank(G) = 0. We denote the group operation multiplicatively. For any x € G we
denote by R, C S the range of . R, is a finite cyclic group. The integration along
the fibers of x : G — R, produces a linear map

x«: CIGl = C[Ry], [ [

More explicitly,

flay= > f(e. Vf:G—>Q aeR,.

x(g)=a
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When  is the trivial character 1 then

1= aug(f).

Observe the following identities

fOO=Y" ff@-a f)=aug(s),

aERy

N(G) = {f € QIG]; f(1) =0}.

We conclude that a function f: G — C is completely determined by the functions
f* R, —C, Vy €G.

In the special case f € Q[G], the components of f with respect to the decomposition
of Q[G] as adirect sum of fields are all amongst the elements of fX € Q[R, ]. Thus, in
order to understand the components of f we need to understand the Fourier transform
of f.

The Fourier transform of §; is the constant function 1 on G. The Fourier transform
of the idempotent J (with respect to the convolution product) is the Dirac function

511@—)@

concentrated at the origin. This is an idempotent with respect to the pointwise multi-
plication. In particular, the function 1 — J can be interpreted as the identity element
on the algebra of functions f: G \ {1} - C.

We have seen that if ¢: Gy — G is an epimorphism of finite Abelian groups
there is an induced morphism

or: MN(Go) — N(Gy).

We want to present a description of this morphism using Fourier analysis.

Let éf = G; \ {1},i =0, 1. The Fourier transform maps 1(G;) isomorphically
onto a subring ‘31(@,-) of the ring of functions G,- — C consisting of functions vanish-
ing at 1. We will identify this subring with a space of continuous functions G;k — C.

The epimorphism ¢ induces a monomorphism (;3 : G1 — Gy and thus a pull-back map

¢*: C(G§,C) — C(G,C).

Proposition 1.34. The following diagram is commutative.

N(Go) —— C(65.C)

o

N(G1) —— C(G*, C).
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Proof. The morphism ¢; is the restriction of the integration-along-fibers map
¢s: C[Go] — C[G]
to the augmentation ideal, ker augg,. Since

augg, (¢«(f)) = augg,(f), Vf € C[Go]

we deduce that ¢, (ker augg,) C ker augg,. The proposition follows from the more
general statement

P 0 F =TF oy
Indeed for every x € 6}1 and f € C[Go] we have

¢* (N0 = FBO0) = (£,00) = Y f@d00@) = Y f(@)x($(2)

8€Go 8€Go

=3 (X f@)ien= Y e.(NENEE) =T o (/).

81€G1 ¢(9)=81 81€G1 O

Example 1.35. Suppose that the finite Abelian group G is equipped with a nondegen-
erate, symmetric, pairing

q:GxG—>Sl, (u,v) = q(u,v) =1 u-v.
In this case we have a natural isomorphism
G—>G, g g=q(g.*).
Observe that
Re:=Ry, =G/gt, gt:={ueG; q(gu)=1€eS').

The element f¢ := (& € Q[Rg] can be alternatively described by

fE@y= " fw.

u-g=uo O

2. rank(G) = 1. In this case there exist isomorphisms G = Z & H where H is finite.
Then . .

G=s'xH.
More invariantly, H is the torsion subgroup of G, and if 1: H — G denotes the

inclusion map, the subgroup § ' Gcanbe identified with the kernel of the dual map
1: G — H. This kernel is the component of 1 € G.
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To define the Fourier transform we need to have a way of identifying the elements
in 9U(G) with functions on G. Such an identification requires a bit of additional
data. Fix an orientation 0o on G ® R. This is equivalent to choosing an isomorphism
G/ Tors(G) = Z. This induces an epimorphism

deg =deg,: G — Z.
Fixt € G suchthatdegt = 1. Thisdefines asplitting G = Z@® H, and an identification
N(G) = ZIG, &(1 — 1) '].

Using the formal equality
1

==

n>0

we can identify the element G(1 — 1)~ ! with the function

1 if deg,(g) = 0

G — 7, =
o o (8) {0 if deg,(g) < 0.

More generally, we can identify & - (1 — t)~* with the function

—k
G > . e,
g1 @e(®) (dego+ g)

where deg; = max(deg,, 0). Define the Novikov ring A, (G)
Ao(G) :=={f: G — Z; 3C € Rsuchthat f(g) =0if deg,(g) < C}.

The multiplication in this ring is again the convolution product which is well defined
due to the support constraint on the functions in this ring. We have an injective
morphism

N(G) = Ao(G), [ fo,

uniquely determined by the requirements

ZIG15 )  Peg =P > Py € Ao(G), Po(g) =Py,
geCG

and
S -1 Gy kwo k- *wp .
—————
k
This morphism depends on o, but not on the choice of ¢ such that deg,t = 1. We
denote by N, (G) the image of this morphism. Note that a function f € N, (G) need

not have a compact support. In fact, the function w, is not even L' with respect to the
discrete measure on G.
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The characters of G have the form
X =e @, @E H, ep(t") := ", 0 <6 < 2m.

If f € LY(G, ug) then

Foo =Y @@ =Y (3 ronmam)e .

geG neZ heH

In particular, if 65, : Z@® H — C denotes the Dirac function concentrated at (0, &) € G
then

5100 =%, S0 =xMh), I = ﬁ > xh).
heH

3 is an idempotent in the algebra of continuous functions G — C. One can check
1mmed1ately that J is the characteristic function the identity component of G. If we
set T = J x ¢ then

T(x0) =800I

T is a function on G supported on the identity component §! < G where it is equal
to .
T®O)=e".

The Fourier transform extends in a natural way to the ring N, (G), but its range will
contain distributions on G of a special kind. We begin with the simplest situation.

A. Tors G = 0. Fix an orientation 0 on G ® R. In this case there exists an unique
t =t, € G such that deg, t = 1. We also have an identification

C* 3 G :=Hom(G,C*), z+ x,, x:()=z.

Denote by M(C*) the field of meromorphic functions on C*. To each function f €
Co(G, C) = C[G] we associate its complex Fourier transform f: G — C which can
be identified with a Laurent polynomial in M(C*),

fO) <= D f@MHz", x() =z

nez

Observe f = f||z|:1. The Fourier transform F: Co(G, C) — C(S!, C) is completely
determined by algebra morphism

Fo: CIG] > f > f € M(CH.

To understand the obstacle we face when trying to extend the Fourier transform to N,
we only need to look at a simple example. Observe that

u()=1—-0=1-z"1eMCT".
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This has an inverse in the ring M(C*). However, its restriction to the circle |z] = 1 is
not invertible in the ring C (S I, C) because u(1) = 0. This degeneracy can be detected
working directly with the Fourier transform.

We have identified (1 — #)~! with the function w, which does not have compact
support, and it does not belong to L' (Z). Its Fourier transform is no longer a function
on S, it is a distribution &, described by

2 .
(@0, @) = Z/O e(@e"do, Ve e CF(S',O).

n>0

The above sum is convergent because
2 .
’/ (p(@)e_'”ede‘ — 0™, asn— oo, Vk > 0.
0

Observe that )
(&0, €M) =2 (™).

However, this distribution can be suitably identified with the boundary value* of the

holomorphic function 1/u(z) = (1 —z7H~! = sz € J. More precisely, we have
the following result. (For more information on this type of distribution we refer to

[37].)

Proposition 1.36.

2
(wo, @) = lim ¢(©)

———_df, Ve e CX (S, C
1 Jo u(re'e) 4 0 ( )

so that
W = }@(1/u)l|z\=r

in the sense of distributions. Moreover (1 — e Y., = 1inthe sense of distributions,
i.e. @ is indeed a distributional inverse of the smooth function u(¢) = (1 — ¢,

I¢] =1

Proof. For simplicity, we write o instead of w, since we will be using the same
orientation throughout the proof below. Observe that if ¢ is constant, ¢ = c, then
2w .
(@, c) =2mc = lim cu(re®ydo.
N Jo

Thus, it suffices to prove that

2
(&, ) = h\rr}/ u(rép)do, Ve:S'— C, ¢(1) = 0.
r 0

4We are indebted to Brian Hall for this observation
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Observe that @
re
Ky (&) :=u@rdel) = ¢ 1<l =1.
Since ¢ (1) = 0 we deduce from the dominated convergence theorem that the series
of L'(S!) functions

D oo™, gl=1.
n=0

converges in the L!-norm to

(&)

Ko(©) = 1= T

I¢] =1

Thus 2
@w=£ Ko(e?)p(6)do

and we need to show that

2
lim (K, () — Ko(e'?) )p(6)do = 0.
™ Jo

This follows easily from the dominated convergence theorem.
To prove that & is the distributional inverse of u(¢) we need to show that for every
smooth function ¢: S! — C we have the identity

27
@mw=f 0 (e)do.
0

Since u (1) = 0 the above arguments show that
2w . . . 4 .
@m@zf mm%wﬁww%:/ ¢(e'”)do
0 0
because Ko(eie)u(eie) =1. m|

Every element f € 91(G) can be uniquely written as

PO
f= Gy

o P(t) € Z[t, 171

Arguing as above we deduce that the Fourier transform of f, is the distribution fa €
D’(S"), with singular support concentrated at 1 € S! defined by

fo := lim —P(Z_l)
C TN (1= zmhE
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Definition 1.37. The complex Fourier transform of a function f € N,(G) is by
definition the unique meromorphic fungtion F,(f) on C* whose restriction to S \ {1}
coincides with the Fourier transform f, of f. O

In view of the above discussion we deduce that

Jfo= |51$190(f).

The complex Fourier transform maps the ring 91(G) to a space of meromorphic func-
tions on G via the composition
N(G) 2 Ny (G) i> M(C*) := meromorphic functions on C*.

We denote by I, (G) the image of J1(G) via the complex Fourier transform J,.
Observe that .

No(G) = Z[z, 27" 1 —2)7 1],
where z is the function y +— x(#,). Similarly, we can defined the (real) Fourier
transform on 91(G)

NG) > f > fo:= lim Fo(fli=r € D'(S")

where the limit is in the sense of distributions as in Proposition 1.36.
We want to describe the dependence of these construction on the choice of orien-
tation 0. Denote by 7+ the unique element in G such that deg, , (+) = 1. Set

ui=~1-1t)=(1-1-" e NG).

For every x € G we set z+ = x(t+), so that z_ = 1/z4.

1 1
(1/uo)(x) I_erl =z

=TF o(1/u_o)(x).

This shows that the complex Fourier transform of 1/u is a meromorphic function on G,
independent of the orientation o. Thus the complex Fourier transform is a morphism

N(G) — M(G)

independent of the orientation. We denote its range by N(G).

The situation with the real Fourier transform is a bit more subtle. In this case the
range of the real Fourier transform consists of distributions on G. Tobeable to identify
the space of smooth functions on G with a subspace> of the space of distributions on
G we need to have an integration, i.e. an orientation on G. This s equivalent to fixing
an orientation o on G.

The following proposition summarizes the facts established so far.

5We do not want to get into a discussion about densities as in [42].
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Proposition 1.38. Suppose rank(G) = 1, Tors(G) = 0. Then an orientation o on
G®R defines isomorphisms G <— 7, G <« S! c C*, G «— C*, andN(G) «<—
No(G). The (real) Fourier transform on Z|G] C No(G) extends to a map

NG) = No(G) = D'(SY), [ fo

whose range N, (G) is a space of distributions on S' with singular support concen-
trated at 1 € S' which are solutions of certain division problems.

The complex Fourier transform on Z|G] extends to a morphism of algebras
F: NG) — M(G) independent of o such that

fo|sl\{1} = 9(f)|sl\{1}-
We denote by N(G) the range of the complex Fourier transform.

Suppose G = Z, and o is the natural orientation. Denote by 7 the natural projection
7w : Z — Z,. We know that it induces in a natural way a morphism

s N(Z) — N(Zy).

We would like to give a very intuitive definition of this morphism using the Fourier
transform. Note that v induces an inclusion

ﬁ:Zn—>ZES1

The Fourier transform of 91(Z,) is a ring ‘JI(Z ) of functions 2 on Z such that
h(1) = 0. This can be naturally identified with the ring of functions on the subset
Z* Z \ {1}. We can use p to pullback the functions on S! to functions on Z,,, and

more generally, we can pullback to ZZ the distributions in 91(Z). We thus have a map

7% ND) — C(Z;, C), NZL) > D> Dy,
Note that if ® e ‘.TI(Z) is the distributional restriction of the holomorphic function
d € N(Z), then y
d>|22 = d>|2;
where the above restriction exists classically, not just as a distribution.

Proposition 1.39. The diagram below is commutative.

NZ) —— N(Z)

N(Z,) —— (@, 0).



40 1 Algebraic preliminaries

Proof. Note first that

mi(f) = (1= xm(f), VfeCltt ]

(* = convolution product) while 3 ((1 — H Y is uniquely determined by the division
problem
(@ =0"Hxl-n=1-7.

If f =Y ez f()t) €Clt,t7 '], and £" =1, ¢ # 1, then
Fomyp) (@) =F (A =T)xme(f)) = (1 = 81(2)) T (H©) (01(5) =0)

=Y m(HEF =)D fj+ ke = @) =2 (@)

k=1 k=1jeZ
Set V :=m,((1 —1)~") € M(Z,). Then V(1) = 0 and
VO =¢H=0=58), V" =1
We conclude that if ¢ # 1 we have
V) = 1/u®) = o).
This concludes the proof of Proposition 1.39. O

Example 1.40. The Fourier transform of 73 ((1 — 1)~ 1) is the function

v =1’ 7!
ColE AL

On the other hand, the Fourier transform of the Dedekind symbol
Ap:Zy — Q, kmod nZ— A, (k) = ((k/n))

is (see [88, Chap 2, Sec. C])

Ao =1 o
G EEE
We conclude that 1
V=§(1—’J)—An. O

B. rank(G) = 1, Tors(G) # 0. Set H := Tors(G), F := G/H and

6=ZheZ[G].

heH



§1.6 Abelian harmonic analysis 41

Fix an orientation 0 on G®R. Then G = Hom(G, C*) is an union of one-dimensional
complex tori, and the orientation o defines an orientation on G, and thus identifies the
identity component of G with C*,

A function f € N,(G) has noncompact support, but has temperate growth, and
thus it has a Fourier transform as a temperate distribution. Denote by 91, (é) cD (G)
the Fourier transform of N, (G).

Since Sg (x) = x(g) we conclude that 31 is the constant function 1 on G and

SO =8 = x(h).

heH heH

We set K, := ker x|g and we deduce

1= xim =1
0 otherwise.

SO =Ky Y«

a€Ry

Fix t € G such that deg,t = 1. & = 7 is the characteristic function of the

1
N H]
identity component of G, so that the Fourier transforonf Go-(1—1)FeN,(G)is
a distribution supported on the identity component of G. Via the isomorphism

Z®H— G, (n,h)— ht",

which identifies the identity component of G with S!, this distribution is defined by
the limit

! . |H]|
st zlim —————.
NI (1= =izt

We deduce that A - .
N (G) :=No(G) = Z[G] + No (F).

Arguing as in part A we obtain a complex Fourier transform F: 91(G) — M(G)
which is independent of the orientation o, such that for every f € 91(G) we have

folé\{l} = 5t(f)|é\{l}-

Observing that we have a diagram
G
N
F A

we can represent the range 9(G) of the complex Fourier transform as a sum of
the space of Laurent polynomials on G with a space of holomorphic functions on
G \ {1}, supported on the identity component of G. To simplify the presentation we
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will denote the Fourier transform of g € 91 by f. Suppose now that ¢: G; — G, is
an epimorphism of Abelian groups and rank(G1) = 1. It induces a monomorphism

¢: Gy — G.
This induces by pullback a morphism
¢*: NG1) — NG2).

Arguing as in the proofs of Propositions 1.34 and 1.39 we deduce that the following
diagram is commutative

NG1) —— NG

o o*
T g

MN(G2) —— N(Gy).

3. rank(G) = 2. Setr := rank(G), H = Tors(G), F := G/H. Then F is an
r-dimensional torus which can be identified with the identity component of G.

In this case M(G) = Z[G], and thus ‘ﬂ(é) = FOG)) C C(é, C). More
precisely, M(G) coincides with the subring generated by the Fourier transforms of the
Dirac functions §,. Observe that

8.0 =x(g), VxeG.

The complex Fourier transform is defined in the obvious way.
Arguing as before we deduce that if ¢: G — G is an epimorphism of Abelian
groups, rank(G1) > 2, then the diagram below is commutative

NG —— NG
¢nl }3*
NG ®C —— N(Ga).
The above analysis has the following elementary consequence.

Corollary 1.41. (a) Suppose G is a finitely generated Abelian group of positive rank,
and f € YUG). Then the complex Fourier transform of f is holomorphic on G \ {1}.
If moreover rank(G) > 1 then the complex Fourier transform of f is holomorphic
onG.
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(b) Suppose that «: G — H is an epimorphism of finitely generated Abelian
groups. This induces an injection &: H < G, and for every f € M(G) we have



Chapter 2
The Reidemeister torsion

We now begin in earnest our topological journey. In this chapter we present the basic
definitions and facts concerning the Reidemeister torsion of a CW (or simplicial)
complex. We have decided that it would be more profitable to the reader to limit to
an acceptable minimum the foundational arguments, and instead present many, and
diverse examples which in our view best convey the reason why a particular fact could
be true. The reader interested in filling in our deliberate foundational gaps can consult
the classical survey [72] of J. Milnor, or the recent monograph [117] by V. Turaev.

§2.1 The Reidemeister torsion of a CW-complex

Suppose X is a compact metric space and S(X) is a finite CW-decomposition of X.
Set H := H{(X).

Remark 2.1. To eliminate any ambiguity, let us mention that for us a CW-decompo-
sition is a filtration of X by closed subsets

XO cxM oo x™ ...
such that there exist homeomorphisms
(Jp x D"UX"D) /)~ x™

in which J,, is a finite set, D" denotes the closed n-dimensional ball, and ~ denotes
the equivalence relation defined by an attaching map

Q. Jy x 0D" — x =D,

The set X ™ is called the n-skeleton of X. The components of X "\ X =1 are called
the (open) n-cells. We denote by S, (X) the set of n-cells. An orientation of a cell
o € S,(X) is a choice of an isomorphism

H,(o,00;7Z) — 7. ]

Consider the maximal Abelian cover 7: X — X of X , that is the cover of X
defined by the Hurewicz morphism

(X)) — H.
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We can view X as a quotient X = X/H.
The CW-decomposition of X canonically defines a chain complex C(X) of free

Abelian groups,
CxX)= @ Hilo.do).
n geS,(X)
By orienting the n-cells and ordering S, (X) we obtain bases of this chain complex.
We will refer to these as geometric bases. The ambiguities in fixing such bases are
encoded by the action of the group

Sk (X
GX = l_[ ng(x) X sz( )
k>0

where G denotes the group of permutations of a set S. The CW-decomposition of X
lifts to a CW-decomposition S ()A( ) of X which, as a Z-module, is generated by all the
lifts of the cells in S(X). Denote by C (X) the associated chain complex. The group
H can be identified with the group of deck transformations of X — X and as such it
acts on C ()A( ). Hence, C ()A( ) has a natural structure of free Z[ H]-module.

We can obtain Z[ H]-bases of C ()A( ) as follows. Fix a basis ¢ of C(X). Choose a
lift & of each oriented cell « of ¢. We obtain the following Z[ H]-basis ¢ of C (X).

c:={a; axec,)

This construction is not unique, for two reasons. Firstly, the choice ¢ depends on a
re-ordering, and a change in orientations. Secondly, the lifts are not unique. These
ambiguities can be gathered in the group

QlZG)(Xl_[ l_[ H.
k>0 aeSk(X)

Observe that
detA=+H — (Q(H),), QH):= QUZ[H)).

Definition 2.2. The torsion of the chain complex C ()2' ) of free Z[ H]-modules with
respect to the above 2-orbit of Z[ H ]-bases is called the Reidemeister torsion of S(X)
and is denoted by T(S(X)), (or Tx when the CW-structure is clear from the context).
It is well defined as an element of Q(H)/ &+ H. |

Notation. If x,y € Q(H) thenx ~ y <= 3Jh € H, 3¢ = +1: x = €hy.

If Y C X is a subcomplex of X then we can define the relative torsion as follows.
First form the chain complex of Z[ H]-modules C (S ()A( , Y )) associated to the CW-pair
()A(, )}), Y i=n! (Y). Next, choose a basis ¢/ Y of the relative complex C(S(X, Y)),
and then lift it to a Z[ H ]-basis of S(X, ¥) of the form

c/Y ={a; a e SX)\ SM}.
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As before, the ambiguities of this construction form a group 2 and
detA=+H — (Q(H), ).

The torsion T (S (}A( , I?), [e/Y]s) is well defined as an element of Q(H)/ = H which
we denote by Tx y.

If R is an integral domain and ¢ is a morphism Z(H) — R then we can form the
complex of free R-modules

CY(X,Y) :=C(S(X, 1)) ®, R.

The cell decomposition of X provides us as above with natural choices of bases in this
complex. The torsion will be an element

TYy € K/ +o(H),

where K is the field of fractions of R. Using Proposition 1.22 we deduce that if
char(K) = 0O then
TYy =9Txy).

Remark 2.3. A morphism ¢: Z[H] — R defines a system of local coefficients R,
on X and the homology of the complex C(S (X, 7)) ®g R is canonically isomorphic
with the homology of (X, Y) with coefficients in the local system R, (see [17, Chap.
51, [102] or [121, Chap. VI]).

In dealing with the gluing properties of the torsion it is perhaps more convenient
to adopt this new point of view because, as explained in [17, ibid], the homology with
local coefficients satisfies the same set of defining axioms the ordinary homology. O

Example 2.4 (The circle). Suppose X is the circle S with the natural CW-decompo-
sition consisting of a single O-cell «tg, and a single 1-cell 1. Then H = H; (S 1.7)=0.
We write it multiplicatively, and we denote its natural generator by . The group Z
actson X =R by translations

" x =x+n.

Define
a=0, a =]I0,1].

In C(X) we have
9 = (1) — (0) = (¢t — Da&o, dd =0.
This shows C (X) is acyclic. Define

A

co={&}, c1={a}, bo=9, by={a}.
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Then
[0b1bo/col = (t —1), [bi/e1] =1
so that
T~ =D ~x" — )7 e Q) /(#0). O

Example 2.5 (The two-dimensional torus). Suppose X is the torus 72 equipped with
the CW structure consisting of

e One O-cell .
e Two 1-cells B, B».
e One 2-cell y.

with attaching maps described by the classical diagram in Figure 2.1.

B1

B1

Figure 2.1. The CW-structure of a 2-torus.

Observe that X = R? and H = Z2 with (multiplicative) generators #; and . We
choose the bases c¢; as follows.

eCco = {& =(0) e Rz}.
eci =] =1x{0}CR? pp={0)x I CR%I=]0,1]}
OCZ={)9=IXICR2}.
Inspecting Figure 2.1 we deduce
9a =0,
0f1 = (n =D, 3pr = (- D@,
97 = (1 =) — (L —1)ha.
Now choose A
by ={p}, bi={p1}, bo=1V

Then
[ba/exl = 1. [@b)bi fer] = det [_(}1__%3) (ﬂ = (0 - 1),
[(3b1)bo/col = (11 — 1).
We conclude that

~ ~ ny njz
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Example 2.6 (The higher dimensional tori). Suppose X is the n-dimensional torus
X = R"/7Z". Denote by t; the generators of the (multiplicative) group H := Z" =
m1(X). They determine a basis (¢;) of the (additive) group Z". For each ordered
multi-index I =1 <i| < --- < i} <n we set

e =ej, N---Nej, € INV/S
The universal Abelian cover is R" — R"/Z" and
Cr(X) = Z[H] ®7 A*H.
The monomials {e;; |I| = k} determine a Z[1;, tj_l]—basis (ey) of Cy ()A() defined by
e ={(x1,....x0) €[0,11"; x; =0V, & I}.

We use the wedge product to introduce a Z,-graded Z[ H ]-algebra structure on C (}A( ).
The boundary operator A A
d: C(X) = C(X)

is then more than just a morphism of Z[ H ]-modules. It is an odd derivation uniquely
determined by the conditions

deyg =0, de =t — ey, i=1,...,n.

Equivalently, it can be defined as the contraction with the formal vector field
T := Z(tk — 1eg.
k

Fix an element u € H, and form the Koszul map
Ky: Ck(}?) — C/H_l(f(), W UAw.
For simplicity we let # := e;. Observe that
dle1 Ae) et Ade= (1 —11)e
so that, if we define
n: CX) = CX), o @ —D e ro

then dn +na = 1. Hence 7 is a contraction of the complex C ()A( ). Asin §1.1 we form
the operators
D=0+n.

The torsion of C ()A( ) is then

Tx ~ det(D: C

—even

(X) = Coa(X)).
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Set L, := Z". We have produced a sequence of operators
Dy: AL, @z ZIL,] — AL, ®7 ZILy]

such that det(D;,) = t(T"). If we write L,+1 = L, ® Z - ey+1 then we obtain
decomposition

AevenLnJrl — AevenLn @AOddLn Aenit, AOddLn+1 — AOddLn @AevenLn Aenil.

Using these splittings we obtain the following block decomposition for Dy, 1
D, x
Dl’l+1 - |: 0 Dn } )

D,=09+n: A°YL, ®Z[L,] = A%"L, Q Z[L,].

where

Since D, ﬁn = 1 we deduce
det(Dp+1) =0, Vn>1.

Thus
Trn ~1, Vn>1. O

The above identity is a consequence the following more general principle.

Example 2.7 (The torsion of S! x X, X-finite cell complex). Denote by 7 both the
natural morphism
Hi(S' x X) — Hi(Sh,

and the induced map
Q(H(S' x X)) — Q@) = Q(H1(S).

Then X
Ty~ (= DT I

Observe that ‘J';’, . x canbe computed using the coverRx X — § !'x X. The associated

cell complex has a Z[t]-module structure. More precisely

C(R x X) = C(R) ®z C(X),

where C (R) is the chain complex of Z[t]-modules discussed in Example 2.4,

0— 7111 % 711 — o.

Then
Ci(R x X) =Zltley ® Cy_(X) ® Zltlep ® Ci(X),
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with basis
e1 ® Sk—1(X) Uep ® Si(X).

The boundary operator 9: C, (R x X) — C,_;(R x X) acts according to the pre-
scriptions

der®ar—1) =1 —1)eg @ o_1 — e; ® dox, (eo ® ox) = eg ® k1.
Define the morphism of Z[¢]-module

n:Cr Rx X) = C (R x X),

ey ® ok—1 — ; e1 ®ok—1, €1 ok 0.

-1
Observe that n°> = 0 and én + né = 1, i.e. n is an algebraic contraction. Then
=det(d + 11 Coen(® x X) = Coyq(R® X)).

T
SixX even

With respect to the bases
e ® So(X)Ue1 @ S1(X)Ueg ® S2(X)U - --

of C

—=even’ and

e1 @ So(X)Uep ® S1(X)Uer ® $2(X)Uep @ S3(X)U -+
of C 44 the operator 9 4 n has the description

ng columns 7 columns 7, columns

norows (¢t — 171 —0 0
ni rows 0 -1 0

ny rows 0 0 (t—1D"!

where nj := #S5,(X). We deduce

By = (= D7 SR ) g0 :
Example 2.8 (The torsion of a product). The computations in the above example gen-
eralize as follows. Suppose X and Y are compact CW-complexes. Denote by 7 both
the natural map

H{(X xY)— H{(X),
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and the induced morphism

Q(H (X x Y)) — Q(H(X)).

Then
TE oy =T, 2.1)

To prove this consider the Abelian cover of X x Y induced by 7. It coincides with
X x Y, where X is the universal Abelian cover of X. Denote by (C(X ), 80) the chain
complex of Z[H;(X)]-modules generated by the CW-decomposition of X. Then
the chain complex of Z[ H; (X)] modules corresponding to the CW-decomposition of
X x Y has the form

(C(X x ¥),8) = (C(X), &) &z (C(Y), dy).

where the hat”over the ® signs signifies that we are taking a graded tensor product.
Suppose for simplicity (C (X), do) is acyclic and denote by 7 an algebraic contraction.
Now define

h:Cp (X xXY)— C(X xY)

by the equality

(6 ®8) = (16) ® 34,
for every cell 6 of ):( and every cell 6 of Y. This morphism is an algebraic contraction
of the complex C(X x Y). Now order the cells of Y

81,02, ...

as in (1.3) such that
dim §; > dim 8i+1-

Using the decomposition

geven/odd(f( X Y) = @Qui ()N() & 81',

where v; + dim §; = even/odd, we deduce that the operator
I+7: Copen(X X ¥) = Cogq(X X Y)
has lower triangular form, and the i-th diagonal element
C,(X)®85—>C, (X)®

has the form 3 1y

(90 + 1) .
Formula (2.1) is now obvious. We refer to [31, 34, 35] for more information about the
torsion of a fiber bundle. m]
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Example 2.9 (The torsion of lens spaces). The lens space L(p, g) is defined as the
quotient
L(p,q) = §*/o14,
where for (r, p) = (s, p) = 1 we denote by ¢, ; the action of cyclic group Z, on
$*:={(z1.22) € C% |zl + |22 = 1}
defined by the rule
¢ ors (21,22) = (721, 22), VP =1,

The maximal Abelian cover of L(p, ¢) is the sphere S3. To compute the torsion of
the lens space L(p, g) we first need to produce a Zp,-equivariant CW-decomposition
of §3. For j € Z,, define

E) ={(’.0) € 5},

Ej = {(e”,m esh 7 << M}
14 V4

Ef ={Gz1,s¢) € 8% 1€10,11) = {(z1,5¢)) € C; s € R, V]nl> +s2 =1},

2w j 2r(j+1
E} = {(21,12) €S’ 7] sargzy < L}

Each E ]k is homeomorphic to a closed k-ball, and the collection
k
{Ej }0§k§3,jeZp
forms a Zp-equivariant decomposition of § 3. Set
k._ k
¢j = Int(Ej ).

We orient the cells inductively over k such that, taking into account the orientations,

we have
p—1
2 _ 1
dcj =) c,
i=0
and
r_.0 _ .0 32 2
8cj—cj+1 Cjs BCJ—C]_H cj-
Observe that
k _ k _ ko k _
e ¢j = ¢ k=0,1 and ¢ Cj = Ciig k=2,3.
Hence
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and

dej = (¢ = D). 9¢] = (" = Dej,
where r - ¢ = 1 mod pZ. Suppose K is a field and ¢: Z[¢] = Z[Z),] — Kis a
nontrivial ring morphism. Set ¢ := ¢(¢) and CY = Cu(S? ®y K. Observe that

k
C{=K-c5, k=0,...,3.
This shows the chain complex CY is acyclic and an elementary computation yields
¢ -1 -1
‘J’L(p’q)'v(l—t) (1=~

Observe that if we choose a different generator s of H; (L (p, q)) defined by s7 = ¢
we have
Tf(p’q) ~ 1 =sD) N1 -5 O

The torsion of a CW-complex depends on the CW-structure. The following result
states this more precisely. For a proof and more details we refer to [16, Chap. IV] or
(72, §71.

Theorem 2.10 (Combinatorial invariance of torsion). The torsion Tx y is invariant
under subdivision of the CW-pair (X, Y).

It is known that any compact smooth manifold admits C'-triangulations, and any
two have a common finer subdivision (see [72, §9] for more details). This shows that
we can define the torsion of a smooth manifold using C!-triangulations and the result
will be independent of triangulations. In other words the following true.

Theorem 2.11. The torsion of a compact smooth manifold is a diffeomorphism in-
variant.

Remark 2.12. The absolute torsion Tx of a simplicial complex X is known to be
a topological invariant of the cellular complex X; see [13]. However, the relative
torsion T,y is not a topological invariant; see the beautiful paper [69] or Remark 2.62,
page 105. O

From the exact homology sequence of a pair and the multiplicativity of the torsion
we deduce the following result.

Theorem 2.13. Suppose (X, Y) is a CW-pair, K is a field and ¢ : Z[H1(X)] — Kis
a ring morphism. If j denotes the inclusion induced morphism

J: QH1(Y)) — Q(H (X))
and either ‘J'{} # 0 or ‘J';o; # 0. Then

© P | qeoj
Ty Tx,y Ty 7.
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If f: X — Y is a cellular map then we can form its mapping cylinder
My = (X x [0, 1JUY)/{(x, 1) = f(x)}.

Y is a strong deformation retract of My and in particular, Hy(My) = H;(Y). We
define the torsion of f by the equality’

‘Tf = TMf,X S Q(HI(Y))

If f is a homotopy equivalence then Hy(X) = H;(Y) so the torsion of f is also an
element of Q(H;(X)). In general, the torsion of a homotopy equivalence may not
be ~ 1. However, we have the following fundamental result of J. H. C. Whitehead
([16, 19, 72]).

Theorem 2.14. If f is a simple homotopy equivalence then
Tr~1.

We will not present a formal, geometric definition of the notion of simple homotopy.
We only want to mention a typical example of such homotopy: the collapse of a simplex
onto one of its faces (see Figure 2.2). In general, a simple homotopy is a composition
of such elementary collapses.

Figure 2.2. Elementary collapse.

For example, a 3-manifold with boundary equipped with a simplicial decomposi-
tion is simple homotopy equivalent to a 2-dimensional simplicial complex.

Using Theorem 2.13 and 2.14 we deduce that if two cellular complexes X, Y are
simple homotopy equivalent then

Tx ~Ty.

IThe torsion of the pair (Mf, Y) is known to be trivial, ~ 1 (see [72, §7]).
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Example 2.15 (The solid torus). The inclusion S! < D? x S, p — (0, p) is a
simple homotopy equivalence so that the torsion of a solid torsion is identical to the
torsion of a circle

Tpayst ~ (t — H~L O

Using the multiplicativity property of the torsion and the Mayer—Vietoris sequence
we deduce the following consequence.

Theorem 2.16 (Gluing Formula). Suppose X1, X» are subcomplexes of X such that
X=X,UXy and X1NX, =Y.
Suppose K is a field and ¢ : Q[ H{(X)] — K is a ring morphism. Let
J: QHI(Y)) » Q(Hi1(X)), jk: QUHI(X) - Q(HI(X)), k=12
denote the inclusion induced morphisms. If ‘J'ff °J % 0 then
TE T~ TN TR,

Example 2.17 (The torsion of fibrations over a circle). We follow closely the presen-
tation in [33]. Suppose

is a smooth fiber bundle over S!, with compact, closed, connected, oriented fiber F.
Fix a Riemann metric on X such that 7 is a Riemann submersion. 7 defines a gradient
flow which covers the canonical rotational flow on S! (with period 277). We denote
by h: X — X the time 27 -map of this flow. It induces a map

u=hlp: F=n'0)—>7'Qr)=F

known as the geometric monodromy of this fibration.

Fix a cellular structure on F and a cellular approximation ' of the monodromy
map p and form the mapping torus X’ of u’. One can show (see [33, 49]) that the
torsion of X is equal to the torsion of X" and we will compute the torsion of X’. The
group Z acts on C (7 ~1(F); Z) by

t(k,o) =(k+1,0),
so that we have the isomorphism of Z[¢, t~1]-modules

Co(@ N (F); Z) = Cu(F,Z) @ Z[t, t7'].
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The natural projection 7 : X’ — S' defines an infinite cyclic cover

7 X > X,

T

the pullback of exp: R — R/27iZ = S! via w. The space X’ has a natural CW-
structure which lifts to a CW-structure on the cover X’,. The cellular chain complex
C«(X!; Z) has a structure of Z[t, t~!]-module given by the actions of the group of
deck transformations of X/, and can be described as the algebraic mapping torus of
the morphism of Z[z, t~!]-cellular complexes

plo =1 Cu@\(F); Z) — Co(@N(F); 2),
(k,0) = (k+ 1,1 (0)) = t(k, /(o))

Using the identity (1.6) in Example 1.6 we conclude that

T(Cu(Xpp3 2)) ~ Lul0),

where £, (7) is the s-zeta function of the induced morphism u, on the Z,-graded
vector space H,(F, R). The map m induces a morphism H := H{(X) — Z and thus
a morphism

7: Q(H) — Q@).

The last equality can now be formulated

‘T)j(r ~ fu(t)-

We refer to [33] for a description of the whole torsion of X. The final result is however
not so explicit.

To understand how much information about the torsion of X is contained in the
above equality we need to understand H;(X, Z). This homology can be determined
from the Wang exact sequence, [121, Chap. VII], which is a consequence of the fact
that the chain complex C,(X; Z) is the algebraic mapping torus of C. (F') with respect
tO s,

— Mk s 1- *
s HU(F) =2 H(F) —2 H0 25 B (R 2
‘We obtain a short (split) exact sequence
0 — coker(1 — uy) - Hi(X) > Z — 0.

The linear map H;(X) — Z has a simple geometric interpretation: it is given by the
integral of the angular form

1 *(d)
w:=—mx
2
along a cycle ¢ € Hi(X). Note that if

det((1 = pus): Hi(F) — Hi(F)) 0,
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then H{(X) has rank 1. In this case we have

T~ Gu().

If F happens to be a Riemann surface of genus g then, using the computations in §A.2

we deduce
qaug det(l —tHi(n))
X (1-1?

Example 2.18 (The torsion of connected sums). Suppose Nj and N; are two closed,
oriented, triangulated, smooth 3-manifolds such that

ri :=rank H{(N;) >0, i=1,2.
We want to prove that

Tn#n, =0,

i.e.
H (N1#N>; Ky) #0,

where K is an arbitrary field entering into the decomposition of Q(H1 (N 1#N2)), T
denotes the natural projection

Q(H1(N1#N2)) — K,

and K, denotes the corresponding local system of coefficients. We will follow an
approach we learned from Frank Connolly. We refer to [110, §4.3] for a different
proof of a slightly weaker result. Set N := N1#N»,

G; = Hi(N;), G:=H(Ni#Ny) =G ® Gy.

Let M; denote N; with a small open disk D; removed and 7; : ]\7,- — N; denote the
universal Abelian cover of N;. Set

M; == (M)).

Finally denote by S the 2-sphere M; N M> C N. The universal Abelian cover N of
N is obtained as follows.

e Fix a lift b,' of D; to Ni,i = 1, 2 we can identify BMi >~ G; x §? so that
(G x My) = (G1 ® G2) x 82 = 8(Ga x My).

For (g1, g2) € G1 x G2 we denote by dg, A;Ii the component of 8]\;11' labelled by g;.

e Glue G x Mz to G x M 1 along the boundary using the identifications (see Fig-
ure 2.3). ) )
{g1} X g, Mp ~ {g2} X 3¢, M1.
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(1.1)
(1.1
(1.2)
@.1) .
@1
3.1
2.2)
(1.2)
(3.1)
2.2)
(3.2)
(3.2)

Figure 2.3. Covering a connected sum.

Suppose K is one of the fields entering into the decomposition of Q(G). The
discussion in §1.5 shows that K is the field of rational functions in | + r, variables
with coefficients in some finite extension of Q. In particular, since r; > 0 this shows
that the monodromy groups

M; =Rangen;, m :=G; — G — Q(G) LK

are infinite, so that the coverings of M; and N; defined by the morphisms 7; are infinite,
thus noncompact. Since M; is an open 3-dimensional manifold we deduce

H3(M;; Ky;) = H3(Ni; Ky;) = 0. ()

We deduce similarly that
H3(N; K;) =0.

The Mayer—Vietoris sequence for the homology with local coefficients (see [17,
Chap. 5]) now implies

0 — Hy($;K) —> Hy(M1; Ky)) @ Ha(M2; Kyy) &> Hy(N; Ky ) — Hi(S; K).
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Since § is simply connected we deduce that the last group is trivial and the first is
isomorphic to K. We thus have a short exact sequence of K-vector spaces

0> K— H(M;Ky) @ Hy(My; Kyy) - H2(N; Ky) — 0. (%)

The middle part of (%) can be determined from the long exact sequence of the pair
(Ni, M;):

0 — H3(N;, M;; Ke) — Hy(M;; Ky,) = Hy(N;i; Ky)) = Ho(Nj, Mi; Ko) —
Using excision we deduce
0 — H3(D;, $;K) = Hy(M;; Ky,) > Ho(Ni; Ky,) = Hao(Dy, S5 K) = 0. Geskex)
The sequence () implies
dimg H>(N; Ky) = dimg Hy(My; Ky)) + dimg Hy (M2; Ky,) — 1,

while () implies
dimg Hy(M;; Ky;) > 1,

so that dimg H>(N; K;) > 1. O

§2.2 Fitting ideals

We interrupt for a little while the flow of topological arguments to discuss some basic
algebraic notions needed to go deeper inside the structure of torsion.

Let R be a Noetherian integral domain and denote by K its field of fractions.
Suppose T: U — V is a morphism of free R-modules

UZRP, VZRL

Choosing bases in U and V we can represent 7 by a ¢ X p matrix with entries in R,
and we denote by /1(T) C R the ideal generated by the entries of 7. Clearly /1 (7T) is
independent of the chosen bases of U and V. Equivalently, this means that I;(7) is
invariant under elementary row and column operations on 7. T induces morphisms

ART: AFU — AFV,
and we set
I(T) = LL(A*T) Cc R.

In more concrete terms, I (7T') is the ideal generated by all the k x k minors of 7.
Observe that
R=LHADLHT)DL(T)D---
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and
L(Th & 1) D Ii(Th) + I (Tr), IL(T-Tp) C Ii(Ty) - Ik (T2), Yk, Ti,T>.

Suppose
U KN V>-M-—>0

is a presentation of the finitely generated R-module M. Let g = rank V,r = rank U.
Then g is the number of generators, while r is the number of relations of this presen-
tation. Assume r > g. Define

Fi(T) := Iy_(T).

Any other presentation can be obtained from the above by performing a succession of
elementary transformations described below, [92].

1. Change bases in U and V.

2. Replace U, Vby R U and R® V and T by 0 & T, where 0 denotes the trivial
map R — R.

3. The reverse of 2.

4. Replace U by R® U T by T o my, where my denotes the natural projection
ReU — U.

5. The reverse of 4.

Clearly the ideal Fj(T) is invariant under these elementary transformations. This
shows it is an invariant of the module M. It is called the k-th Fitting ideal, of M and
is denoted by Fi(M). Observe that

FM)CcFM)C---CFWM)C---.

Fo(M) is called the order ideal of M and is denoted by O (M). In case M admits a
presentation in which there are fewer relations than generators then we set O (M) =

0).
If R happens to be factorial then we define the order of M, ord(M) € R/R*, as
the greatest common divisor of the elements in Fo(M).

Example 2.19.
0 if0<k<g

BB =1k ik >q

Example 2.20. Suppose G is the Abelian group generated by e1, e2, e3 subject to the
relations
e1t+ey+e3=0, 2e —er+3e3=0, e =3e3.
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Then it admits the presentation
3.4 3
77 ->7Z—-G—0

where A is the 3 x 3 matrix

1 2 1

1 -1 0

1 3 -3
The order ideal is the ideal generated by | det(A)| = 13. It coincides with the order
of the group. In particular, ord(G) = £13 € Z/ £ 1. O

Example 2.21. Suppose M = R/I, I C R is an ideal of R. Then O(M) = I.
Indeed, if / is generated by n elements, then M admits a presentation

R"L>R—>M—>O

so that
OM)=L(L) =1. O

Example 2.22. Suppose M = Z,. Then
Fo(M)=nZ, Fi(M)=2Z. O
Proposition 2.23. Suppose M can be generated by q elements. Then
(anng(M))? € D(M) C anng(M) := {r € R; r - M = 0}.

Proof. Letxy, ..., x4 be generators of M. If ay, ..., ry € anng(M) then we can form
a presentation of M containing the relations

aixj =0, i,j=1,...,q

which proves the first inclusion. To prove the second inclusion, consider a g x g-
matrix of relations between the x;’s. Then, det(A)x; = 0, thus proving the second
inclusion. O

Corollary 2.24. Suppose R is a Noetherian integral domain. If M is a submodule of
a free R module then O (M) C anng(M) = 0.

For a proof of the next result we refer to [55, XIX,§2].
Proposition 2.25.

F,(M &M") = Z F,(M")Fs(M").

r+s=n
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Corollary 2.26.

Fr (M@ R?) =0, Vk <q, Fy(M®R7)=9M).

Example 2.27. Suppose R = Z and
M=Zy & @ Ln, nglng-1l---In1.

Set N :=ny...ng. Then

N N
Fo(M) =NZ, h(M)=—2Z,...,Fp-1(M) = ——7Z, Fxt(M) =Z.
ni Nk—1

ny...ng— O

Example 2.28 (The elementary invariants of a matrix). Suppose R = Z[t, t~!]. Any
matrix A € SL,,(Z) defines a R-module structure on Z"

pt,t™ Y u:=pA, A" Yu, Vp@,t™Y)eR, uel
We denote this is R-module by (Z", A). It admits the presentation
R TA R A Ay o,
where f4 is the map

R'=7"®zR— 17" Y it/ — Alii;.
i

Denote by g; € Z[t] the elementary invariants of A (see [55, XIV, §2]), i.e. the monic
polynomials uniquely determined by the conditions

gklgi—1l---lq1, pa() :=det(t — A) =q1...qx,
such that, as a Q[#]-module, (Q", A) is isomorphic to the direct sum of cyclic modules
k
@". 4) = P QIrl/(g)).
j=1
(Observe that gy is the minimal polynomial of A.) We deduce

FoZ" A) = (pa®), FI(Z", A) = (”;‘f’)

PA(I))’”“
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§2.3 The Alexander function and the Reidemeister torsion
Assume R is a Noetherian, unique factorization domain with 1 and
(Q,B)ZO—> Cg—)Cg_l — ~-—>C1 —)Co—)()

is a chain complex of finitely generated R-modules. We define the Alexander function
A(C) to be zero if ord(H,- (Q)) = 0 for some i. Otherwise, we set

¢ i+1
AC) = [Tord(H:(0) ™.
j=0

Example 2.29 (The circle revisited). The ring Z[t, t~1] is the localization of a fac-
torial Noetherian ring and so itself must be factorial and Noetherian. Consider the
complex of Z[t, +~11-modules discussed in Example 2.4,

C: 0 C =2t "> co=2t, 71— 0,
where ¢ is the multiplication by (¢ — 1). Then
H(C) = Z[t,t7'], ord(Hi(O)) ~ 1,
Ho(C) = ZI[1,1~"1/(1 — 1),
so that (see Example 2.21)
ord(Ho(C)) ~ (r — 1).
Thus A(C) ~ (r — 1)~ L. o

Example 2.30. Suppose U is a torsion module over R = Z[t, t~'] which is free as
a Z-module. We deduce that the rank of U over Z is finite, say r. The polynomial ¢
defines an automorphism

A e Auty(U) =SLWU)=SL(r,Z), uwrst-u.
Then, according to Example 2.28 we have
ordg -1y U ~ pa(r) 1= det(t — A). m]
Supposs: (X, Y) is a compact CW-pair. Set H := H{(X), F = H/Tors(H),

denote by X — X the universal (maximal) Abelian cover of X, and by aug: H — F
the natural projection. We can form the complex of Z[ F']-modules

C™M8(X,Y) = C(S(X), S(Y)) ®aug Z[F]. (2.2)
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Z[F1] is Noetherian and factorial so the Alexander function of this complex is an
element in Q(F), well defined up to multiplication by a unit in the ring Z[F]. We
denote this Alexander function by A(X, Y) and we will refer to it as the Alexander
function of the pair (X, Y). The next result, due to Turaev, generalizes the computation
in Example 2.29.

Theorem 2.31 ([33, 73, 111]). If (X, Y) is a compact CW-pair then
Tyy ~ AKX, Y) € Q(F).

Remark 2.32. The above result is similar in spirit with the classical Euler—Poincaré
theorem which states that the Euler characteristic of a simplicial complex is equal to
the Euler characteristic of its homology. In the above theorem, T%"8 is defined in
terms of a simplicial (CW) decomposition while the Alexander function is defined
entirely in homological terms. O

Proof. We follow the approach in [111]. This theorem is a consequence of the
following abstract result.

Lemma 2.33. Suppose R is a Noetherian, factorial ring of characteristic zero, K is
its field of fractions and

C: 0-Cp,—>Cy—1—>--—>C1—>Cyp—0
is a chain complex of free R-modules, equipped with a basis ¢ such that
rankg H.(C) =0, i.e Hy(C) = Tors H,(C).
Then

T, [e)=¢ Hord([-[j (g))(—l)”l’
j=0

where ¢ is a unit of R.
Proof. Denote by J; the cokernel of 9;1: Ci+1 — C;, and by A; the matrix describing
di+1: Ciy1 = G

with respect to the basis ¢. Setn; := dimg C; ® Kand r; := dimg A; ® K. We have
an exact sequence
0— H;(C) = J; = Ci_y,

and since C;_ is free we deduce that Tors H; (C) = Tors(J;). Hence,

O(H;(C)) = O(Tors(J;)) => ord(H;(C)) = ord(Tors(J;)). (2.3)
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On the other hand, observe that if By; is any nonsingular square submatrix of Ay; of
order rp;, 0 <i < |[(m — 1)/2], then there exists an unique t-chain

{(509 50)9 L] (Sm—ly ﬁm—l)}
such that f)zi = Bjy;. Thus
det Dy; = det(By;) € O(Tors(J2)). (2.4)

If we write T(C, ¢) as an irreducible fraction x/y, we deduce from Proposition 1.5
that y y
x/y= Hdet D»; 11/ det Dy;
i>0
Since the ro; X rp; sub-matrix Bp; in the equality (2.4) is arbitrary, we deduce that the
denominator y of T divides a/l the generators of [ ;- O (Tors (JQ,')) because they are
all of the form [ [,. det Bo;. Hence

TC, o) - [[9(Tors(4a) € [ ][O (Tors( it 1)).
i>0 i>0
The opposite inclusion
TC, o) - [[O(Tors(aiy1)) € [ [ O(Tors(J2))
i>0 i>0
is proved in a similar fashion. By writing 7(C) = x/y, x, ¥y € R we deduce
x - [[O(Tors(o)) = y - [ [ O(Tors(Jai11)).
i>0 i>0

Replacing 9 — ord, and using (2.3) we deduce
x - [Tord(Ha(©)) ~ y - [ ord(Hait1(C)).

i>0 i>0
so that .
T(C) ~ [T ord(H; )V,
j=0
where we recall that ~ denotes the equality up to multiplication by a unit of R. O

Definition 2.34. Suppose X is a finite CW-complex of dimension < 2 and denote by
F the free part of H(X), F := H{(X)/ Tors(H{(X)). The Alexander polynomial of
X is by defined by the equality

A(X) ~ ord(H; (C*™9(X))) € Z[F]

where C948(X ) is defined as in (2.2). O
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Theorem 2.35 ([110, 111]). Let X be a finite CW-complex with x(X) = 0 having
the simple homotopy type of a finite two-dimensional cell complex. Then

Tx € M (H1(X))/ £ Hi(X),

and
A(X) if bi(X) =2

aug
‘IX

2B oo =1,

where in the second line t denotes a generator of the free part of H1(X).

Proof. We can consider X to be a finite two-dimensional cell complex with a single
zero-cell. Denote by m the number of 2-cells which we label by

Myeouos by
Since x (X) = 0 the number of 1-cells is m + 1 and we label them by
o, 01, ..., Uy

Set H := H;(X) and denote the maximal Abelian cover by X — X. Thelx (m+1)-
matrix with entries in Z[ H] representing the boundary operator

9: C1(X) = Co(X)

has the form
[lo—1 & —1 - &y—1],

where ¢; denotes the element of H determined by the cell ¢;.
The boundary operator d: C2(X) — C1(X) is represented by a (m + 1) x m,
matrix D. Now choose

b, =1{t1,....tw}, by ={lo,....¢n}\ {4}
where £y is such that ék # 0 € H. Then
A(X) - (€ — 1) ~ det D,

where Dy is the matrix obtained from D by deleting the row corresponding to the
cell £;. Thus
(1—-hnTx eZ(H), YheH.

Using Proposition 1.27 we deduce that Ty € 91 (H). The second part follows imme-
diately from Theorem 2.31. We leave the details to the reader. O
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§2.4 The Reidemeister torsion of 3-manifolds

The smooth, oriented manifolds are very special topological spaces and this special
structure is reflected in their Reidemeister torsion as well. We will discuss in some
detail the simplest nontrivial situation, that of 3-manifolds.

One important distinguishing characteristic of an oriented manifold is the Poincaré
duality. J. Milnor has shown that this phenomenon has a Reidemeister torsion coun-
terpart; see [70].

Consider a smooth, compact, oriented n-dimensional manifold M. (We do not
exclude the possibility that 0 M # (J.) We assume M is triangulated and we denote by
C(M) the corresponding simplicial chain complex. Denote by C”(M, 3M) the dual
cellular chain complex [67, §5.3], and by (e, «) the natural Poincaré pairing

(,9): C)_ (M, dM) x Cx(M) — Z, k=0,...,n.

More precisely, if o is a k-simplex of M and D (o) denotes is dual (n — k)-polyhedron
then
1 ifo=n

(D(@). m) = 0 ifo #n.

Set H := H{(M), and denote as usual by M — M the universal Abelian cover. The
simplicial decomposition of M induces a simplicial decomposition (6) on M. This
produces a dual cellular decomposition (D(&) ) This is equivariant in the sense that

D(h-6)=h-D(), V&, heH.

C (M ) has anatural structure of Z[ H ]-module. Using the involution ¢ of Z[ H] induced
by the automorphism & — —#h of the additive group H we obtain a conjugate Z[ H ]-
module C¢(M). The equivariance of 6 — D(&) shows that the Poincaré pairing
extends to a Z[ H ]- bilinear pairing

(s, 9): C*(M) x C5(M) — Z[H].

Set F := H/Tors (H). Q(F) is the field of rational functions in the variables tq, .. ., tp
(b := b1 (M)), and is equipped with the involution ¢ defined by #; tl._l. We get
complexes

CaugM) := C(M) ®z1) Q(F),  Cyg(M) := C*(M, IM) @711 Q(F),
and a Q(F)-bilinear e-pairing
Chug (M. 9M) x C5 (M) — Q(F).

~aug

The Poincaré duality implies that the complex C” computes the homology of the pair

(M, M) (with various twisted coefficient systems) and the above pairing is perfect.
Using the abstract duality result in Proposition 1.21 we deduce

&(Tu ") - (Tar.am)

(_l)dimM-H

(2.5)
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In particular, if M is a 3-manifold then
e(Tar®) ~ Tapam- (2.6)

If moreover x (M) = 0 (which means that either d M is empty or it is an union of tori)
then we deduce from the short exact sequence of the pair (M, d M) that

aug __ qaug
‘IM “TM,{?M’

because Ty ~ 1. Thus, if x (M) = 0 we have
e(Ty'®) ~ Ty . 2.7)

More generally, if K is one of the fields in the decomposition of Q(H) and 7w : Q(H) —
K denotes the natural projection, then the involution & on Q[ H] descends to an invo-
lution on K we deduce that if T, € K\ {0} then

e(Twm) ~ MM
In particular, if we (non-canonically) regard Ty, as a function Ty, : H — Q, then the
above duality statements can be rephrased as

Tw(h) ~ Ty (h™")
meaning there exist e = e(M, dM) = +1 and hy € H such that

Tu(h™" = €Ty (hhy), Vh € H. (2.8)

Example 2.36. The smooth 3-manifolds with boundary admit cell decompositions
which are simple homotopic to 2-dimensional cell complexes and thus they are covered
by Theorem 2.35. Suppose M is the complement of a knot K «— 3, M = §3\ K.
Then H{ (M) = Z and

Tu ~ Ty ® ~ Axc(0)/(1 = 1),

where Ag(t) is the Alexander polynomial of §3 \ K. The duality (2.7) is equivalent
to

Agc(t) ~ Agc(t™h).

The polynomial Ay (¢) is usually referred to as the Alexander polynomial of the knot K .

More generally, if X <> $3 is a link with n > 2 components, then the torsion of
its exterior is an element in the group algebra Z[Z"] called the Alexander polynomial
of the link. We refer to Appendix §B.1 on methods of computing the Alexander
polynomial of a knot or link in S°. O

Exercise 2.1. Suppose X < S>isasplitlink, i.e. there exists anembedded % — 3,
disjoint from %, such that each component of $3 \ §? contains at least one component
of K. Prove that the Alexander polynomial of X is trivial. (Hint: Use the same
strategy as in Example 2.18.) O



§2.4 The Reidemeister torsion of 3-manifolds 69

The Reidemeister torsion of a closed 3-manifold has special arithmetic properties.
The next result, due to V. Turaev, summarizes some of them. Later on in §3.6 we will
discuss more refined versions of these arithmetic properties.

Theorem 2.37 ([110, 111, 114]). Let M be a smooth, closed, oriented, three-manifold.
Then
Tu € Ma(H(M))/ = Hi(M)),
and
AM) if by(M) =2

Tt~ Gty D =1

0 if b1(M) = 0.

The original proof of this theorem can be found in [110] and is based on a clever
use of the gluing formula (see also [112]). For a more elementary approach, based
on the definition of torsion, we refer to [114]. Corollary 1.41 implies the following
result.

Corollary 2.38. Suppose M is a 3-manifold, possibly with boundary, and let G =
H{(M). If by(M) > O then the complex Fourier transform of the torsion of M is
a holomorphic on G \ {1}. If biy(M) > 1 then the complex Fourier transform is a
holomorphic function on G.

The following result generalizes the classical fact stating that the sum of the coef-
ficients of the Alexander polynomial of a knot in 3 is £1.

Theorem 2.39 (Alexander formula). Suppose M is an oriented 3-manifold such that
bi(M) =1,r :=|Tors HH(M)|. Then |Ap(1)| =r.

Proof. Set H := H{(M), F: H/Tors(H) = Z. We will consider only the special
case when oM # (. (For example, M is the complement of a knot in a rational
homology sphere.) For the general case we refer to [112].

In this case M is simple homotopy equivalent to a 2-dimensional CW-complex
X with a single 0-cell. We can assume that the closure of a one-dimensional cell is
a circle which describes a generator ¢ of . We denote this circle by Y. From the
multiplicativity properties of the torsion we deduce

Ay =T3¢ -1) =Ty,

The chain complex C**8(X, Y) of Z[H] modules is very simple. It has no cells in
dimensions other that 1, 2 and the torsion is given by the determinant of the boundary
map

3: C, (X, Y) > "X, Y).
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If m denotes the number of 2-cells of (X, Y') then we canregard 9 as am x m matrix with
entries in Z[z, t~1]. We will write 3(¢) to emphasize this. The matrix d(1) := 9(¢)|¢=1
is the boundary map

Cr(X,Y) — Ci1(X,Y),

and
|Ap(1)] = |detd(1)| = |H (X, Y)| = |Tors H (M)]. o

Remark 2.40. The above argument can be significantly strengthened. More precisely,
suppose M 1is a closed oriented 3-manifold without boundary such that b1 (M) = 1
which is equipped with a CW decomposition. Fix an orientation of Hj(M, R) and
choose a generator ¢ of the free part of Hy (M) compatible with the above orientation.
Fix ordered bases ¢y of the cellular complex Cy (M), k = 0, ..., 3. The Alexander
polynomial of M depends on these bases and we will denote this dependence by
Ap(t;©).

The Poincaré duality on M induces a canonical orientation on H, (M, R) so that
the canonical Euler isomorphism

Eul: DetC,(M) ® R — Det H,(M,R)
can be identified with an real number
e(c) € {£1}.
Then one can show (see [114, Thm. 4.2.3]) that
€@ Ay (1;¢) = | Tors Hy (M, Z)].

We will have more to say about his issue later on in §3.5. O

§2.5 Computing the torsion of 3-manifolds using surgery
presentations

One of the most efficient methods for computing the torsion of a 3-manifold is based
on the following surgery formula due V. Turaev.

Theorem 2.41 (Surgery Formula, [111]). Suppose K = K U---UXK, is an oriented
link in the interior of a compact, oriented 3-manifold X such that x (X) = 0. Denote
by Ux a tubular neighborhood of X in X. Then the natural morphism

o Hi(X \ Ux) — Hi(X)
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is an epimorphism and

n

oy (Txvuge) = Tx - [ (1 = 1%G0), (2.9)
i=1

where ag: M(Hi(X \ Ux)) — N(H((X)) is the morphism induced by a described
in §1.5.

This result is an application of the multiplicativity property of the homological ex-
act sequence of the pair (X, X \ Ug). For more details about surgery we refer to
Appendix §B.2.

Exercise 2.2. Prove Theorem 2.41. O

In applications it is much more convenient to use the Fourier transform of this formula.
Set G = H{ (X \ Ug) and H = H{(X). The morphism « induces an injection

a: H— G
while the element [K;] € H defines via the Fourier transform a function
[Ki]: H—> C., [X]1(x)=x(Ki]). VYxeH.
The surgery formula can now be rewritten as
n —
& (Txvoy) = Tx - [T (1 = 133). (2.10)
i=1

The formulation (2.10) has one major advantage over the formulation in (2.9). More
precisely, the product in (2.10) is the pointwise product in the algebra of complex
valued functions on A and the zero divisors of are given by the functions which are
zero at some point of H. On the other hand, the zero divisors of the group algebra
C[H] are much harder to detect. From (2.10) we deduce

&*(ﬁ'X\UX(X)) @ T _
. ——r— o~ if [T, (1 = x(KiD) #0
Tx(x) = Hi:l(lfx([ﬂfi])) ! @2.11)
? if TTi=y (1 = x(%:D) = 0.

We can sometime fill in the question mark above using the following simple observa-
tion.

Lemma 2.42. Suppose b1 (X) > 0 and the homology clasAses K11, ..., [K,] have
infinite orders in H\(X). Then (2.11) uniquely determines Tx.
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Proof. Set H = Hom(H, C*). The complex Fourier transform Tx of Ty is holomor-
phic on H \ {1} if »1(X) = 1, and in fact holomorphic on H if b1(X) > 1. If the
homology classes [K;] have infinite orders in H for all i = 1, ..., n then the zero set

z:={xenuy [T0-x"axi) =0}

i=1

is an analytic subvariety of H \ {1} of positive codimension. This implies that H \Z
is dense in H. The function Ty is unambiguously defined on H \ Z by (2.11), and
admits an unique holomorphic extension to H \ {1}. O

In the remainder of this section we will describe through examples how the above
results work in concrete applications.

Example 2.43 (Trivial circle bundles over Riemann surfaces). Suppose X = S' x
Y., where X, is an oriented Riemann surface of genus g. We will consider separately
three cases.

1. g =0, X = S! x §2. Then X is obtained by gluing two solid tori along their
boundaries via the tautological identification. This shows that H(X) = Z and using
the surgery formula we deduce

Ty =01—-1"2
2.g=1,X= T3, In this case we have
‘IX ~ 1.

3. g > 2. For simplicity we consider only the case g = 2. The manifold S' x ¥ can
be obtained from two copies of §' x T using the fiber connect sum operation. More
precisely, consider two copies Yi, ¥ of the complement of a tiny open disk D C T2
and set

X;=S5"x7.

Then
T3=D x S'UX;,

and the inclusion induced morphism «: H{(X;) — Hj (T3)isan isomorphism. From
the surgery formula (2.10) we deduce that

Ix, ~Tp3-(1—=1)~ (1 —=1),
where ¢ denotes the homology class carried by the fiber. We have the decomposition

X=S'xH=XUXs, Xo:=X NX=T2
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Denote by j;: Hi(Xx) — Hi(X), k = 0, 1,2, the inclusion induced morphisms.
The Mayer—Vietoris gluing formula implies

TR Txy ~ T4 TR = (1 -0 2.12)
This shows j, # 0. We conclude that j,Tx, = 1 and
Ty = (1 —1)>.
For Riemann surfaces of genus g we have
Tsiys, ~ (0= D*72

This is in perfect agreement with the computations in Example 2.7. O

Example 2.44 (Nontrivial circle bundles over Riemann surfaces). Consider a degree
£ circle bundle
Sl Ny > ¥

over a Riemann surface of genus g > 0. N, can be obtained form Ny using the
following procedure.

e Remove a tubular neighborhood U of a fiber of Ny so that U = S' x D? and set
V:=Ny\UZS!x (T\ D?.
e Orient dU using the obvious diffeomorphism
AU = 9D* x S".

Observe that the above diffeomorphism produces a canonical basis of H;(dU) and
hence an identification with Z?. Similarly, orient 3V using the obvious diffeomor-
phism

AV Za(x\ D) x S

This diffeomorphism produces a natural basis of H1(dV) and thus an identification
with Z2. As in the previous example we deduce

Ty ~ (¢ — 1)2873

where ¢ denotes the homology class carried by the fiber.

e Glue back U to V using the attaching map

To obtain more explicit results we need to rely on the Mayer—Vietoris sequence.
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Denote by « the natural morphism «: H (V) — Hi(Ng), and set G = Hj(Ny).
Denote by B the natural morphism H;(U) — Hj(N,). First, notice that Hy(Ny) is
torsion free, of rank 2g and H, (V) is torsion free of rank 2g, so that we can split the
following short exact portion off the Mayer—Vietoris sequence

ey, W) 4,
0> H((TH =5 @ —— Hi(Ny) — 0.
H(V)
Denote by ¢y, c; the natural generators of T2, and by ¢, x1, ..., xp¢ the natural gener-

ators of H1(V) (so that ¢ corresponds to the fiber and the x;’s generate Hy (X \ D?)).
Also, denote by y the natural generator of H;(U). Finally, denote by Iy and respec-
tively Iy the morphisms

Iy: HHQU) - Hi(U), Iy: H(dV) — H((V).
In terms of the above generators we have
Iy(c1) =0, Iy(c2) =9, Iy(c)=0, Iy(c2)=y.
Then j,; =1y o F[l,jv = Iy, so that
Jvica—0, c—y.
Since Fz_l = I'y we deduce
Juicar —ci —Lea— —Lyp, Q.

Using the bases {c1, c2} in H,(T?) and {yi @, x1,..., x4} in HI(U) @ H1(V) we
deduce that j;; @ jy has the (2g 4+ 2) x 2-matrix description

A=| 0 0], (2.13)

Denote by A the sublattice of Z2812 generated by £¢, y + ¢. Since ker(8 — ) = A
we deduce

a@) =0 and k:=By)=alp) .

Re-label ¢ := a(¢). ¢ generates the torsion part of Hj(N,) which is a cyclic subgroup
of order |£|. Moreover, k = ¢~! and using (2.11) we deduce

(7@ — 1) if x(p) # 1

? if x(¢) = 1.

‘j'Ng ) ~
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Observe that Lemma 2.42 is unapplicable in this case since ¢ is a torsion class. When
g = 0, then N, can be identified with the lens space L(1, —£), and the only character
x such that x (¢) = 1 is the trivial character. In this case H|(N;) is a torsion group,
and we have (see Theorem 2.37 of §2.4)

Ty, (1) = 0.

To complete the determination of Ty, for g > 0 we will rely on a twisted version of
the Gysin sequence.

Consider a nontrivial character x : H;(N;) — S! such that x (¢) = 1. The usual
Gysin sequence of the fibration N, — X implies that x factors through the morphism
7.t Hi(N¢) — Hi(X), i.e. there exists a nontrivial character ¥ : H{(X) — S! such
that the diagram below is commutative:

Hy{(N¢)

The induced map yx : Z[H;(N¢)] — C defines a system of local coefficients on N,
which we denote by C,. Since x factors through the morphism m, we deduce that

it defines a system of local coefficients on the total space X of the associated disk
bundle. We denote this induced local system by C;. Using the Poincaré duality we
deduce that we have isomorphisms

Hi(X, Ne; Cy) = HYH(X, C;) = HYH(2, C;) = Hi—2(3, C3).
The homological long exact sequence of the pair (X, Ny) can now be rewritten
o= Hi(Ng, Cy) — Hi(2,C5) » Hp2(X,C5) — -+ - (2.14)

Set by (x) = dim¢ Hi (X, Cy) and e(x) = bo(x) — b1(x) + b2(x). Then e(x) is
independent of x and we have

e(x) =e(1)=2—-2g, Vy.

On the other hand, when x # 1then bg(x) = b2(x) = 0. This can be seen as follows.
The 0-th cohomology space is naturally identified with the space global sections of
the locally constant sheaf Cj. Since y is nontrivial there are no such sections. Hence

bo(x) =0, Vyx # 1.
On the other hand we have a Hodge—DeRham duality

A H*(2,Cy) x H'(3,Cz-1) — H*(Z,0)
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so that
ba(X) =bo(x ) =0, V¥x#l.
Thus bo(x) = ba(x) =0,Vx # 1 and since e(x) = 2 — 2g we deduce

bi(x)=2—-2g, Vx#1.

Using this information in the fragment k = 1 of the sequence (2.14) we deduce that
we have a surjection
H{(N¢, Cy) — Hi(Z, Cy).

In particular, if g > 1 we deduce H;(N¢, K, ) # 0 so that in this case

Tn,(X) =0, Yx #1, x(p) = 1.

When g = 1 then Hy(N¢, C,) = 0 and from the sequence (2.14) we deduce

Ty () ~ 1.

Later in Example 2.57 we will explain how to extend the above technique to the more
general case of Seifert manifolds. For a different approach we refer to [31, 35]. We
also want to refer to [34, §1,2] where it is explained how to obtain information about
the torsion of the total space of an arbitrary fiber bundle. O

It is known (see [41, 92, 96]) that any 3-manifold can be obtained from s3 by an
integral Dehn surgery on an oriented link in S3. A description of a 3-manifolds as a
Dehn surgery on a link is known as a surgery presentation of a 3-manifold and it is a
very convenient way of operating with 3-manifolds. Many topological invariants can
be algorithmically read off a surgery presentation. We will spend the remainder of this
section explaining how to obtain almost complete information about the Reidemeister
torsion using surgery presentations. For the very basics concerning Dehn surgery we
refer to Appendix §B.2 which we follow closely as far as the terminology and the
orientation conventions are concerned. For a more in depth look at this important
topological operation we refer to [41, 92, 96].

Suppose K = X U--- UK, is an n-component oriented link in S°. We denote by
E the complement of a tubular neighborhood U of K <> S°. Then E is an oriented
3-manifold with boundary. Moreover, H{(E) is a free Abelian group of rank », and
the collection of oriented meridians

{mi; i=1,...,n}

defines an integral basis. We denote by A; the canonical longitude of K; < §3
oriented such that
Ai-pi =1,
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where the above intersection pairing is defined using the canonical orientation of 9 E
as boundary of E. H|(0E) is a free Abelian group of rank 2n and the collection

is an integral basis. Set
tij = Lk(X;, X)) = Lk(X;, X)),

where Lk denotes the Z-valued linking number of two disjoint knots in S>. Then the
inclusion induced morphism

j: Hl(aE) g Hl(E)

is described in the above bases by

Wi iy ki b
kti

We perform an integral Dehn surgery on this link with coefficients d= (dy,...,dp) €
Z". The attaching curves of this surgery are

ci=dipi +r;, i=1,...n.
Denote resulting manifold by M. The natural morphism
o: Hi(E) — H| (M3, 7)

is onto, and leads to the following presentation of H{ (N, Z)
Hi(3E) D spangfe;; i = 1,...,n} =% Hi(E) - Hi(M3) — 0,

¢i = dipi + Zﬂkiuk-
ki

We denote by P = Pj; the symmetric n X n matrix with entries

Lty i FE
Pi=Na iri=.

The above presentation can be rewritten in the computationally friendly from
Pi
7" — 7" - Hi(M3) — 0. (2.15)

The cores of the attaching solid tori define homology classes in M ; which for simplicity
we denote by k;. Algebraically, these homology classes are the images via o of
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K; € H(E),i =1,...,n,where K; = jA;, and A, € H|(E) are homology classes
determined by the conditions

/ . .
Aj-ci:8ij, i,j=1,...,n.

For example, we can pick

)»;- = —Uj.
To compute the torsion of M; we use the following consequence of Turaev’s surgery
formula Theorem 2.41.

Corollary 2.45.

oy (Te) ~ T - [ [ = k), (2.16)
i=1

where oy : ‘J‘((Hl(E)) — ‘JI(Hl (MJ)) is the morphism induced by o described in
§1.5.

As explained before, it is convenient to use the Fourier transform trick described
in §1.6. To ease the presentation we set

G := H|(E), H = H{(Mj).
Then «: G — H is an epimorphism, and by passing to duals we get an injection
a: H— G.

We can thus view H asa subgroup of G. The Fourier transform of Tz isa ( generalized)
function T on G, and the Fourier transform of U'MJ is a (generalized) function ‘J'MJ

on H. Then (2.16) becomes the linear equation
n
Teo0 =T, 0 - [J(1 - 2(Kn). ¥x e A= 6. 2.17)
i=1
The homology classes k; € H are represented by the vectors
Ki = —u; ceG=7".

For each x € H we set xi ‘= x([ui]), where [u;] := a(u;) € H. We can now
rewrite (2.16) as

n
TeOs - ) = Taa; Ot ) - [ [(1 = x0)- (2.18)
i=1

The next example will illustrate the strengths and limitations of the above surgery
formula.
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Example 2.46 (Surgery on the Borromean rings). Consider the Borromean rings de-
picted in Figure 2.4. Denote by E the complement of this link. This link has the
property that any two of its components are unlinked unknots. Hence ¢;; = 0,
Vi, j = 1,2,3. However, this link is nontrivial since its Alexander polynomial is
(see [8])

Te ~ (1 — D2 — D(usz — 1).

Xy

X2

Figure 2.4. Surgery on the Borromean rings.

Set M = M 3,0,0). Note that j has the simple form
Wi = i, A= 0.
The attaching curves of this surgery are
c1=3u1+ A1, c2=2Xi, c3=2A3.

We can pick
Kiy=—pn1, Ky=-—p2, Kz=-—us.

The first homology group of M has the presentation

73 L 73 o Hy (M) = 0
where P is the 3 x 3 matrix

P=

S O W
S O O
o O O

Thus H = H{(M) = 73 & Z? with generators [1], [12], [13]. We deduce

H=U;x(S"Y?, Uy:={zeC" " =1},
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and (2.18) becomes
1= D0 = DOG =D ~ TG x2, )01 = x0) (1= x2)(1 = x3),
VX1, x2. x3 € S, x13 = 1. We deduce
TuGt e ) ~1, Va#lL x#l xs#l

Fix x1 # 1. Then ‘j’M (X1, x2, x3) is a Laurent polynomial in x3, x3 so that we deduce

Tm(xis x2, x3) ~ L, VYxi, x2. x3, x1 # L.

We notice that the surgery formula contains no information about ‘j’M(l, X2, x3). This
is the Fourier transform of ‘J';Iug , which according to Theorem 2.37 is the Alexander
polynomial of M. O

Motivated by Lemma 2.42 we isolate a special class of surgeries.

Definition 2.47. A closed 3-manifold M satisfying b; (M) > 0 is said to admit a

nondegenerate surgery presentation if there exists an orlented link XK =K, U---U
X, C §3, and surgery coefficients d € 7" such that if M = ;> and all the homology
classes k; have infinite orders in H;(M3). m]

The nondegenerate surgeries can be easily recognized using the following elemen-
tary algebraic result.

Proposition 2.48. Consider an n-component oriented link X — S3, and _a vector
d e 7" Set G := H(S? \ K). The surgery defined by the coefficients d is non-
degenerate if and only if for everyi = 1, ..., n there exists w; € Hom(G, Z) such
that

(Wi, Pjuj) =0, Vj=1,...,n, and (w;, u;) # 0.

Exercise 2.3. Prove Proposition 2.48. O

The proof of the following result is a simple exercise in Kirby calculus ([115,

§3.8]).

Proposition 2.49. Any 3-manifold M withbi (M) > 0 admits a nondegenerate surgery
presentation.

Example 2.50. To fix the “deficiency” of the surgery described in Example 2.46 we
slide K over K. The link and the surgery coefficients change as indicated in Fig-
ure 2.5. This surgery is nondegenerate and produces the same 3-manifold as the
surgery in Example 2.46. The new problem we are facing is the computation of the
Alexander polynomial of the new link. We leave the quite unpleasant computation to
the reader.

O
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INC

X2
X3

Figure 2.5. The effect of a Kirby move.

The above discussion shows that we can compute the torsion of any 3-manifold
with b1 > 0 provided we have a way to compute the Alexander polynomials of links in
S3. There are algorithms for computing Alexander polynomials of links (see e.g. §B.1
and the references therein), but this may not always be a pleasant task. We will take up
this issue again in the next chapter and explain how to extend the above consideration
to rational homology 3-spheres.

Example 2.51. We want to illustrate the above observations by computing the Reide-
meister torsion of the 3-manifold obtained by Dehn surgery on the two component link
depicted in Figure 2.6. The torsion of the complement E of the link is the Alexander
polynomial of this link which was computed in [26] and is

Agc(pr, o) = (1 — i+ pD((1 = 2m1) — wipna@ — pu1)).

The linking number of these two knots with the orientations indicated in the figure is
Lk(XK1, X)) =2.

Figure 2.6. A two-component link.
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We perform a (4, 1) surgery on this link, and we denote by M the resulting
3-manifold. The group H = H{(M) admits the presentation

p
Fy = spany(cy, c2) —> Fo = spang (w1, u2)—H — 0,

-[47]

Ki=—-pneb, Ky=-—upek.

where

Also,

Using the MAPLE procedure ismith we obtain
10 0 1 0 -1
[oo]=orr o[V ] e[V

This means that the bases {Vc¢y, Vea} in Fy and {U 'y, U= o) diagonalize the
presentation matrix P. The coordinates of | and p, in the new basis are

— 0 — !
"1 L M2 S
We denote by g the generator in H. We deduce that

k1=_g7 k2=2g7

so that both these homology classes have infinite orders. In other words, this surgery
is nondegenerate. Let x € H \ {1}. The surgery formula (2.17) becomes

A=x+x)- (=20 = x*x2C—=0) ~TuG - A= xHa - x?»

so that .
A=x+xDA+ ) ~ TGO =01 +x)

which implies

1—x+x2

Exercise 2.4. Compute the torsion of the 3-manifold obtained from the Dehn surgery
depicted in Figure 2.5. O
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§2.6 Plumbings

In this section we want to describe a special yet large class of 3-manifolds, and then
outline a method for computing their torsions. These 3-manifolds, known as graph
manifolds, or plumbings, play an important role in the study of isolated singularities
of complex surfaces. They are all obtained by gluing elementary pieces of the form
S! x ¥, where ¥ is a surface with boundary. We begin by describing a combinatorial
method of cataloging these manifolds.

Start with a graph G. We denote by V the set of vertices and by E the set of edges.
The edges are oriented. We do not exclude the possibility that the graph has tails?.
We denote by T the set of tails, so that T N E = (). Multiple edges connecting the
same pair of vertices or loops are also allowed. For each edge e we denote by v (e)
the final/initial point. For each vertex we denote by E ff the set of outgoing/incoming
edges, and by T), the set of tails at v. Set E, = Ef UE, ,deg, v = |E;—L|, ty = |Tyl,
and degv =deg, v+deg v +1,.

A decoration of G is a function

I': E— SLy(Z), e+ T'(e).

A weight on G is a function g: V — Zx¢. Denote by C the 2 x 2 matrix

c=[ 1)

Suppose (G, V, E, T, g, I') is a weighted decorated graph. We construct a 3-manifold
with boundary as follows.

e Associate to each v € V a Riemann surface ¥, with deg v boundary components.
Fix a bijection between the components of 0%, and E, U T,,. Set M, := § x>,
and denote by ®, the fiber of this trivial fibration over %,,.

e For each v € V and each e € E, fix an orientation preserving diffeomorphism
between the component d, M,, of M,, and the oriented standard torus ®, x 9, X,.

e For each edge e € E glue the torus d.M,_() to the torus d.M,, () using the
orientation reversing diffeomorphism which is described by the matrix C o I"(e) with
respect to the oriented bases

([ae z:v,(e)]v [®v,(e)])v ([862v+(e)]9 [®v+(e)])
of H1 (aeMUi(e)).

After the above identifications we obtain an oriented 3-manifold with |7’ | boundary
components. We denote it by M (G) and we will say that M is a generalized plumbing
described by the weighted decorated graph G. G is also known as the plumbing graph.

2A tail is an arc with one boundary component a vertex of the graph, while the other is free.
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This is related to the traditional plumbing construction described in [46, §8] where
the decorations have the special form

F(e):j:Pm,n::j:[ " li|=j:Tnd>Tm,

mn—1 n

0 1 10
o[ 0] n=[l0] wez

To see this, note that
-10 01 -1 0
CP’"’”:[—n 1][1 O:||:—m 1]’

and the expression in the right hand side is exactly the description of the attaching
map in [46, p.67]. Observe also that ®2=—-land T, 0T, = m4ns Ym,n € 7.

Despite its name, the generalized plumbing construction does not produce more
manifolds that the usual plumbing. To see this we will describe a few simple methods
of simplifying the combinatorics of a decorated graph G which do not affect the
topology of M(G). Assume for simplicity that there are no tails.

IfG(V, E, {M,}, ') is a weighted, decorated graph we define its conjugate with
respect to a subset S C E to be the graph Gs(V, Eg, S, Ts) such G has the same
edges as G but the ones in S have opposite orientations while the others are unchanged.
Moreover

where

) T, ifecE\S
Is(e) =
CT;Cc ifeecs

Observe that CT,,'C = T,, and CPHZ’LC = Py -

Proposition 2.52. For any weighted decorated graph G(V, E, {M,}, I') and any sub-
set S C E the generalized plumbings M (G) and M (G ) are diffeomorphic.

Exercise 2.5. Prove the above proposition. O
Figures 2.7 and 2.8 represent pairs of conjugate weighted decorated graphs de-
scribing in one instance a circle bundle over a Riemann surface and in the second

instance a simple plumbing.

0 Ty g 0 T, g
o— >0 = O=— —o

Figure 2.7. A degree d circle bundle over a Riemann surface of genus g.
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80 P 81 81 Pum 80
o—>0 o—>O

Figure 2.8: Plumbing a degree m bundle over a Riemann surface of genus gg with a degree n
bundle over a genus g1 Riemann surface.

Suppose (G, V, E, g, I') is a decorated graph and vy is a vertex of G of genus 0
as depicted in Figure 2.9. The concatenation of G at vy is the decorated graph G,
obtained via the transformation of the graph G depicted in Figure 2.9. It consists of
replacing the two edges at vg decorated by '+ by a single edge connecting the two
neighbors of vg by a single edge decorated by I' - I'_. The following result is now
obvious.

Proposition 2.53. The manifolds M(G) and M(G,,) are diffeomorphic.

1

G “ov— o Vo T
o e e 1
\ ,l 4 \ [ N 1
AN 8 =0 \ N "

,l

1

P \‘

’ ~ U

v
Gt sov— Iyl Vg ooy

Vo Po- ¢

Figure 2.9. Concatenation.

To proceed further we need the following algebraic result.

Proposition 2.54. Denote by & C SLy(Z) the semigroup generated by the matrices
P, n,m e L. Then

6 = SL(Z).
Proof. Since ®> = —1 we deduce that —1 = ®2 € &. In particular
P l=_—des.

Observe next that

1

0

Sz[(l) }]szfleei and s—lz[

—1 2p+
| }:fb Pf1,71 e ®.

Thus & contains the semigroup generated by {1, S, S~!, &, ®~!} which coincides
with SL;(Z) (see [100, Chap. VIII]). ]
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The above proposition implies that by applying the concatenation trick several
times we can transform any decorated graph into one in which all the decorations are
of the form P,,jf’ ,»- Thus any manifold which can be obtained by a generalized plumbing
can also by obtained by a traditional plumbing.

Figure 2.10. A sphere with several holes.

Any compact, oriented Riemann surface, possibly with boundary, can be decom-
posed into Riemann surfaces of genus zero of the type depicted in Figure 2.10. We
have thus proved the following result.

Corollary 2.55. Any generalized plumbing is diffeomorphic with a regular plumbing
of circle bundles over Riemann surfaces of genus zero.

When the plumbing graph has no loops> the combinatorics of the problem simpli-
fies somewhat in the case of usual plumbings of circle bundles over spheres. First, we
no longer have to keep track of the genera of the vertices, since g(v) = 0, for all v. A
decoration can now be identified with a pair of integers m 4 (e), and a sign €(e) = *+1
so that

[(e) = €(e) T, ®Ty_

Due to the equality CP,;LC = P, m we deduce from the conjugation trick that the
orientation of the edge e is irrelevant. The decorated graph of a plumbing can be
simplified by performing the changes indicated in Figure 2.11.

£Pu.n
° P
')
3y
— o
m + n

Figure 2.11. Describing a regular plumbing.

Define the Chern number of a vertex to be

ci1(v) = Z m_(e) + Z m4(e).

ecEy ecE}

3These correspond to selfplumbings and lead to quite subtle phenomena; see [37].
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The decorated graph then describe plumbings of circle bundles of degree ¢ (v) over
spheres, according to the undecorated graph. In the left-hand-side Figure 2.12 we

0 + 0 -2 + =2
o ——— ¢ o————o
e 1]
+ + + +
—1 + —1 +
o —
0 —1 1o -2 -2

Figure 2.12. Plumbing —2-bundles over spheres.

have the decorated graph describing a plumbing of bundles over spheres. Each vertex
has Chern number —2. The usual graphical representation of this plumbing (defined
in [46, §8]) is shown in the right-hand side of Figure 2.12. In general, we will drop the
numbers m (e) attached to the edges of the graph, and we replace them with numbers
c1(v) attached to the vertices. From now own, we will use only this description of
plumbings over spheres. We will refer to this plumbing description as the usual,
regular, traditional etc. If additionally, all the edges have the same sign + we will no
longer indicated it on the plumbing graph.

A usual plumbing diagram can be transformed so that the resulting manifold does
not change. For more details on this calculus with plumbings we refer to [78].

To compute the torsion of a plumbing we need to produce a surgery description
of such a 3-manifold. Fortunately there is a simple way to do this. We follow closely
the prescriptions in [37, 78]. Assume for simplicity that there are no loops®*.

~om +/— n/

Figure 2.13. Surgery description of plumbings.

First, mark edges ey, . . ., e;, of the graph G so that the graph obtained by removing

4We can eliminate them by concatenation.
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the marked edges is a connected tree. Now replace each vertex v of the graph G with an
oriented unknot K, with surgery coefficient c; (v). If two vertices vy, vy are connected
by a (marked or unmarked) edge of G, then locally link K, to K,, away from the
other components as in Figure 2.13 so that the local linking between these to unknots
is equal to the sign along the edge connecting them. If the vertices v1 and vy are
connected by several edges we have to perform this local linking procedure several
times. The unknots K,; will be transformed into two unknots with linking number
equal the signed number of edges between v; and v;.

Next, for every marked edge e; introduce an unknot K; with surgery coefficient 0
which links the unknots corresponding to the vertices of e; as in Figure 2.14. For exam-
ple, the plumbing described in Figure 2.12 has the surgery description in Figure 2.15.

Qo

Figure 2.14. Simulating the cycles of the plumbing graph.

_ZQ"\

Figure 2.15. A circular plumbing of —2-spheres.

Exercise 2.6. Show that the surgery presentation in Figure 2.15 is nondegenerate in
the sense of Definition 2.47. O

The determination of torsion via surgery descriptions has one computational limitation:
it requires the computation of Alexander polynomials of links with many components
and crossings which often can be a very challenging task. However, the links involved
in plumbings are quite special, and if the combinatorics of the plumbing graph is not
too sophisticated they can be obtained quite easily using the following simple facts.
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Proposition 2.56. (a) If the link X' is obtained from the link X by adding an additional
component C which is the meridian of a component X; of X then

Ager ~ (i — 1) - Ax. (2.19)

(b) (Seifert-Torres formula, [98, 109].) Denote by X' the link obtained from the
link X =X U--- UK, by adding a component X, 1 which is a simple closed curve
on the boundary a thin tubular neighborhood of X,, of the form pk, + qu,, p # 0.
Then

Agor (s ooy Hng1) = Asc(ts vy i tng ) (TP ppgr — 1), (2.20)

where T = []}_, ,ufﬁ £; = Lk(X;, X,11). Moreover, if X" denotes the link obtained
from X' by removing the component X,, then

TP —1
T-1"°

Aj(//(/"l“lv L) :u'l’l—17 Mn—H) = AfK(Ml7 cec Mn—l’ Mll’l)) . (221)

Exercise 2.7. Prove, without relying on (2.19), that the Alexander polynomial of the
link depicted in Figure 2.16 is ~ (1 — ), where i denotes the meridian of the middle
component. (Hint: Find a simple CW-decomposition of the exterior of this link, or
use the Fox free calculus in §B.1.) m|

—~

LY

Figure 2.16. A simple link.

Exercise 2.8. Prove the identity (2.19). (Hint: Fix a tubular neighborhood U; of X;
containing C. This allows us to regard the exterior of K as a subset of the exterior
of X’. Now use the Mayer—Vietoris theorem coupled with the computation in the
previous exercise.) O

Exercise 2.9. Prove (2.20) and (2.21). O

Exercise 2.10. Use (2.21) to compute the Alexander polynomial of the (3, 5)-torus
knot depicted in Figure 2.17. O

If the graph G of a plumbing is a (connected) tree, all its edges are positive, and
K = (Ky)yev is its associated link, then an iterated application of the trick (2.19)
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Figure 2.17. A MAPLE rendition of the (3, 5)-torus knot.

produces the equality

n
Toage ~ [ (o — DE (2.22)
i=1
Things get much more complicated when the plumbing graph has cycles. In our
next examples we want to describe how to compute the torsion for simply connected
plumbing graphs and for the simplest non simply connected plumbing graphs.

Example 2.57 (The torsion of Seifert manifolds. The case b1 > 0.). Consider the
star-shaped generalized plumbing graph depicted in Figure 2.18. The center of the
star has genus g. All the other vertices have genus zero. All Seifert manifolds can be
described by such star-shaped plumbing graphs, with possibly more than three rays
(see [46]).

Applying the concatenation trick we obtain the simpler generalized plumbing de-
scription at the bottom of Figure 2.18 where I', I'2, '3 € SL,(Z). Denote the result-
ing manifold by M = M (g, I'1, ', I'3). Let H := H{(M). To compute the torsion
of M we use the surgery formula in Theorem 2.41. First we need to find a presentation
of H.

Denote by ¥ an oriented Riemann surface of genus g with 3 boundary components.
Then G := H{(S' x £)hasa presentation

G ={p,b1,b2,b3,c1,...,C28; b1 + b2+ b3 =0}

where ¢ denotes the homology class carried by the fiber S', by, by, b3 denote the
cycles carried by the boundary components of X, and ¢y, ..., ¢z form a symplectic
basis of 1-cycles obtained by capping the boundary components of . The boundary
of S! x ¥ consists of three tori, and the manifold M is obtained by filling them with
solid tori U;, i = 1,2, 3, attached according to the prescription given by I'y, I'p, I's.

Suppose
r,~=[p" xi], i=1,23.
qi Vi



§2.6 Plumbings 91

b3

by
by
+
+ + by + +

a3 ap ay ag ¢y C] €2 c3

[¢]

I3

Iy I

[¢]

Figure 2.18. A star-shaped plumbing.

We obtain the following presentation of H
H = {p,b1,by,b3,c1,...,c20; b1 +b2+b3 =0, —p;ib; + qip = 0}.

The cores of the attaching solid tori U; define the homology classes K; represented
by —x;b; 4+ yip. If we denote by 7 the natural projection G — H we deduce

7 (Tsing) = Tu - (1= KD — K2)(1 — Kp).

This implies
3
w1 =% =Ty ([T = e"5).
i=1
To see how this works in practice we consider the special case g = 1 and

45
r1=r2=r3=[3 4]

Identify the free Abelian group generated by by, by, b3, ¢ (in this order) with Z*, and
the free Abelian group generated by by, by, b3, ¢, c1, c2 with 7°. Then H admits the
presentation

748 P70 "o,
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where
1 -4 0 07
1 0 -4 0
1 0 0 —4
P= 0O 3 3 3
0O 0 0 O
(0 0 0 0]

We now use MAPLE’s ismith procedure to reduce P to the Smith normal form

P=USV,
where
100 0] [ 3 3 -5 4 00
0100 2 2 —4 3 00
S'—0040 U= 3 2 -5 4 00
1000 36|’ T =24 —15 39 =32 0 0 |’
000 O 0 0O 0 0 10
| 000 0 | . 0 0 0 0 01
and
1 0 —-32 =32
01 —18 —17
V=100 -7 -8
00 1 1
We deduce that
H = 22@24@236.
We denote by ey, . . ., eg the new basis of Z given by the matrix U ~!. Then e3 generates

the Z4-summand, e4 generates the Zse-summand. The vectors es, e determine an
integral basis of the free summand of H. They are images of the basis vectors c1, ¢z €
H{(T?). The coordinates of ¢ in the new basis are given by the fourth column of U
and we see that ¢ = 4e4 in H. From the first three columns of U we read the following
equalities in H.

by =e3+ 12e4, by =2e3 — 15¢e4, b3z = e3+ 3ey.
Thus K; = —5b; + 49 = —5b; + 16e4 and we deduce
K|{ = —e3+28e4 = —e3 — 8eq, Ko = —2e3+ 19¢4, K3 = —e3+ e4.
We obtain the following equation in Z[H ]

(1—eD? =Tl —e3'e?®) (1 —eded?) (1 — e en).
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The characters of H have the form x = p¢z1z2, p° = §36 =1,z1,22 € S!. When
we Fourier transform the above equation we obtain

(1=¢™ =Tu(p, ¢, 21, 201 = peH (1 = p*¢ ') (1 = pd),
Vp4 = ;36 =1,Vz1,22 € S!. Observe that
4.17= -4 mod 36, 4-8=—4 mod 36,
so that if we set
wo=wo(x)=¢"", w1 =) =p
= (x)=p¢", w3=w3(x)=p"",
then a)g = a)‘lL = w‘z‘ = a)g and

3

-owp®=T]0-o).

k=1

Note that the functions a)é , wj, i = 1,2,3 are precisely the Fourier transforms of
@, [K;l € Z[H], i = 1,2, 3. We conclude

(o)’ if [, (1 —w) #0
. Tantont=ay i [l —w) #
Tm(p, ¢, 21,22) ~ (2.23)

2 if [T_,(1—w;)=0.

To resolve the ambiguity in the last equality we will analyze in greater detail the gluing
process. Set X := S! x . We have an inclusion

#:H<— G, G=H(X).

The functions a)g, wi: H— S',i = 1,2, 3 are restrictions of functions on G, namely
the Fourler transforms of ¢, [K;] € Z[G]. We will contlnue to denote these functions
on G by the same symbols as their restrictions to H.

Suppose x € H is a character such that wi(x) = 1, for some i = 1,2, 3. Then
a)é( x) = 1. We now regard x as a character of G with the property x (¢) = 1. In other
words, x factors through a character y of H{(X). As in Example 2.44, the character
x determines a local coefficient system on ¥ which we denote by K;. We can now
use the Kiinneth formula for homology with local coefficients, [6], to conclude that

H (X, Ky) = Ho(S', C) ® Hi (T, Ky).

The groups H, (%, Kj) can be easily determined since X is simple homotopy equiv-
alent to a wedge of circles (see Figure 2.19).
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C1

2

Figure 2.19. A cellular Morse decomposition of the torus with three holes.

More precisely, Hy (2, Ky) is determined by the based chain complex

Ci(c1,c2, b1, b2) 2 Co(w) - 0, 9c¢c; =(z; — Dv, 9b; = (B; — v, (2.24)

where z; = x(ci), Bi = x(bi), i = 1,2. If we set br(x) = dim¢c Hx(Z, K3) and
e(x) = bo(x) — bi(x) + ba(x) then

e(x) =3, by(x)=0,

1 ifx =1

POO=10 ity 21,

We deduce that if y # 1 then
dim¢ Ho(X, K,) = dim¢ H3(X,K,) =0,

dime Hy (X, Ky) = dime Ha (X, K,) = 3.

The manifold M decomposes as an union X U U, where U denotes the union of
the attached solid tori U;, i = 1,2, 3. Denote by V the overAlap of these two parts,
V =X NU. V is an union of three tori, 71, T2, T3. Fix x € H \ {1} such that

(1 —w100)(1 — 2200)(1 — w3(x)) = 0.

Set
Li={1<i<3; wi(x) =1}



§2.6 Plumbings 95

We distinguish two cases.

1. |I,] < 3. The character x induces a local coefficient systems on each of the
parts X, U;, Tj, i, j = 1,2,3, in the above decomposition of M. Moreover, the
local coefficient system induced by x on 7; is trivial if and only if i € I,. This
follows from the fact that along both K;, and the attaching curve of the Dehn gluing
of U; the character y is equal to one. These two curves form a basis of Hy(7;). The
Mayer—Vietoris sequence has the form

0— H3(M, KX) — H)(V, KX) — H)(X, KX) — Hy(M, KX) — ..
Now observe that
dimc Ho(V,Ky) = |I| < 3 =dim H(X, K,).

This forces H(M, K, ) # 0 so that ‘j’M()Z) = 0 whenever |, | < 3.

2. |I;| = 3. Inthis case the Mayer—Vietoris sequence implies that H, (M, K,) = 0so
that ‘j’M( x) # 0. To compute the torsion we use the more refined version (1.8) of the
multiplicative property of the Mayer—Vietoris sequence. The Mayer—Vietoris sequence
for the homology with local coefficients defined by x reduces to three isomorphisms

0— Hi(V,K)) g H (U, Ky) @& H(X,K,) -0, k=0,1,2, (2.25)
where ¢ is the direct sum Fl_l ® Fz_l ® F;l @ j,and
J: He (V. Ky) — Hi (X, Ky)

is the morphism induced by the inclusion V < X. We need to fix cellular structures
on U, V, X, M such that the attaching maps I'; are cellular. On the other hand, as
explained in [72] on smooth manifolds the choice of cellular structure is irrelevant
as far as torsion computations are concerned, and we may as well work with cellular
complexes simple homotopic to the original choices. Next, we need to pick bases in
H (U, K,), H(V,K,), H (X, K, ). Denote by di(x), k =0, 1, 2, the determinants
of the isomorphisms (2.25) with respect to these bases. The cellular structureson X, U,
V, and the bases in the corresponding homologies produce via the Euler isomorphisms
scalars
Eulv, EulU, Eulx S K;k(

The generalized multiplicative formula now implies that

da(x)do(x)
di(x)

Letus now explain how to carry out the computations. Observe first that the restrictions
of the local coefficients system to V and U are trivial. The spaces Hy(U), Hy(V') have

Euly -Euly = + Euly Ty (%) -
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canonical bases and since Hy(X, K, ) = 0 we deduce dy()x) = 1. Next observe that
H(U) = 0 and H,(V) has a canonical basis induced by the orientation.
We denote by C the complex defined in (2.24) and by D the trivial complex

O—>D1=(C—0>D0=C—>O

describing the homology of the fiber of X. We use the based complex C & D to
compute the twisted homology of X. As basis of H{(XZ, K, ) we choose

{b1, by, (1 —z2)c1 + (z1 — Dz}

A quick look at Figure 2.20 shows that (1 — z2)c1 + (z1 — 1)ca = by + by + b3. As
basis of H>(X, K,) we choose

{b1 x @, by x ¢, b3 X ¢}.

22C1

o, O

by A

b3

AV

€1
Figure 2.20. The twisted homology of the torus with three holes.

We deduce that d;(x) = 1. We now choose {b;, ¢} as basis of H{(T;),i = 1, 2, 3.
Since
-1 _ | 4 =5
I = [—3 4

¢ (i) = =39 @ b; € Hi(U;) ® Hi(X, Ky),
d(p) =49 ®0€ H(U;) ® H(X,K,).

we deduce that

We conclude that di(x) = +43. Ttis easy to check that Euly; = 1 and Euly = +1.
It remains to compute Euly. This can be done using the based complex

0> A=Ci®D;1 —> A1 =Co®D1)d Ag = (C1 ® Dg) — Cop® Dy — 0.
Concretely, this is the torsion of the acyclic based complex

0— H(X,Ky)) - A ® Hi(X,K;) - A1 ® Hy(X,K,) = Ap — O,
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where Hy (X, K, ) is identified with a subspace in A;. A simple computation shows
that this torsion is 1. Hence A
Tu(o = +4.

To determine the torsion we need to use the inverse Fourier transform,

Tu= X TuGh Tut = Y Tule oz wptiim).
heTors(H) pA=r30=1
The surprising thing about the above formula is that a priori it is not immediately
clear that the inverse Fourier transform will produce an integer valued function. We
will present below an elementary argument proving this arithmetic fact directly. In
the process we will shed additional light on the algebraic structure of the torsion of a
3-dimensional Seifert manifolds.

The correspondences x +> w;(x) define morphisms I:I[ — S i =1,2,3.
We denote by G; the range of the morphism w;, and by Z; its kernel. Observe
that Zyg := Z; N Z> N Z3 coincides with the identity component of H Denote by
Iz: H — C the characteristic function of the subset Z; — H. Set

3
fir H—>C, filp.t,z1,20) =Y of =4Iz, i=123

k=0
Observe that
1-of .
Ty if w; #1
fitx) =
0 if w; = 1.

This shows that
Tu() = fiG0) - 20 - f5(x) £41z, Vx € H.

Denote by ¥ ~1[«] the inverse Fourier transform. We get

3
Tv=[]F""A
k=1

where the above product is the convolution product on C[H]. Now observe that the
Pontryagin dual of G; can be naturally identified with a torsion subgroup of H, more
precisely the cyclic subgroup generated by [K;].

Fz1 = Lk,
Next observe that
F o1l = e3¢, = [K1] € Z[H],
Fw2] = e3e;” = [K2] € Z[H],
F w3l = e3 - es = [K3] € Z[H].
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Hence
3

Ty = ]i[([l(j] —423:[19#) + ﬁ4(
£=0 =

j=1 =

[K;1°).
j=1 0

The sign ambiguity can be resolved using the Casson—Walker—Lescop invariant of M,
[58], but we will not get into details. m]

Consider a generalized plumbing given by the circular decorated graph at the top
of Figure 2.21. Such plumbings arise naturally in the study of cusp singularities (see
[45]). Using the concatenation trick we see that this graph is equivalent with the
one-loop graph at the bottom of Figure 2.21. This 3-manifold fibers over S!, and
the monodromy is § = I',...T";. Equivalently, this is the mapping torus of the
diffeomorphism S: T2 — T2. We will denote it by Ms. Given this very explicit

description of Mg we will adopt a direct approach.

ry...ILIN

Iy I'
Figure 2.21. An arbitrary circular plumbing.

Example 2.58 (The torsion of circular plumbings). Denote by A the standard lattice
in R2. We view S as an automorphism of A and we denote by A s the sublattice

Ag = (1= 5)(Ao).
From the Wang exact sequence we deduce that we have a short exact sequence

0—> Aog/As > HH(Ms) - Z — 0.
Now we need to distinguish three cases.

1. Sis elliptic, i.e. | Tr S| < 1. There are very few such elements in SL,(Z) and the
manifold My is very special. More precisely My is finitely covered by a 3-dimensional
torus so that it admits a flat metric. Moreover its diffeomorphism type belongs to a
very short list of Seifert fibrations over S (see [97, p. 443]). In particular, it can be
alternatively represented by a simply connected plumbing graph and the computation
is an iterated application of the Mayer—Vietoris principle which we leave to the reader.
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2. S is parabolic, i.e. | Tr S| = 2. For example the plumbing in Figure 2.12 leads to

. 1 4
S:Pl,lz[ol .

In this case My is an S!-bundle over a torus (see [97, p- 470]) and its Reidemeister
torsion is 1.

3. S is hyperbolic, i.e. |Tr S| > 3. In this case det(1 — S) # 0, i.e. rank Ag =
rank(Ag) = 2. Fix a splitting of H = H| (M)

H=Gs®7Z, Gs=Ao/As.

Observe that S(As) C Ag so that S induces an action on R? /A s which commutes
with the action of the deck group Ag/A s of the cover

Yo :i=R%/Ag 5> R%/Ag =: %. (2.26)

We have an explicit description of the universal Abelian cover Mg of Ms. More
precisely 5
Mg =R?/Ag x R.

The action of (g, n) € Gs @ Z = H on My is given by
(u,n)-(x,t) =(S"(g-x),t+n) = (g -S"x,t+n), V(x,t) € ]RZ/AS x R.

Denote by 0 < d|da, didy = | det(1 — §)|, the elementary divisors of the sublattice
Ag. Fix a Z-basis {ey, e} of Ag such that {d e, d>e;} is a basis of Ag. We denote
by Sp the matrix representing S with respect to this basis,

and set B := 1 — Sp. Then
didy =|detB|=|TrB|=12—TrSy| = |(a — 1) + (d — 1)|,

and d; = ged((a — 1), b, ¢, (d — 1)). Denote by D the 2 x 2 matrix diag(d;, d>) and
set

a Z—zb

~ 1

So:= D" 'SyD = € SLy(Z).
d—lc d
dp

The diffeomorphism S of X is described by the matrix Sp. It is covered by a diffeo-
morphism § of g described by the matrix So. S commutes with the action of the
deck group Gg. Note that we can identify G s with a subgroup of R?/A g and as such
it acts on X by translations.
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Fix n € Z-¢ and denote by Fix, the fixed point set of §": £9 — Xy. For any
x € Fix,, the diffeomorphism S defines a permutation of the fiber 7 ! (x) of the cover
(2.26). This fiber is an orbit of the action of G5 on Xg. Since S commutes with this
action of G g we deduce that there exists g, € Gg such that

S"i =g %, Viemx '().
Following [32, 33] we define the twisted Lefschetz index of S"
L(s"y= ) L(S",x)gx € ZIGs],
x€Fix,

where L(S", x) denotes the local Lefschetz index of the fixed point x of S”. More
precisely
L(S", x) = sign(l — S7) = sign(2 — Tr §j) =: €.

It is convenient to write
L(S") = )" Lg(S"g.
g€Gs
Observe that
L,(8" = LL(S‘" —9).
¢ G|

The homeomorphisms S" and §" — g of Xg are homotopic and using the Lefschetz
fixed point theorem we deduce

L(S"—g)=L(S") =2 —Tr(S}) =2 — Tr 2.

Hence |
L(S") = L(§")Js, Jg=— . 2.27
(8 = L(5"Is. Ts = o g (2.27)

Define the twisted Lefschetz zeta function

¢($) = exp(Y LS ) e QUGS (2.28)

n>0

The results in [32, 33] show that the Reidemeister torsion of My is equal to the above
twisted zeta function. To obtain a more explicit description we introduce a new variable

T :=7Jgt.
Since 3% = Js in Q[Gs] we deduce that

T" = jstn.
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We can now rewrite (2.28) as
. LT
&) = exp(g) L(S")—) € QIGSIITI!

As shown in Appendix §A.2 the last expression simplifies to

. det(1 —TSy) 1—(TrS)T +T> T2 —2T +1+ 2 —TrSo)T
(S = 2~ 2 - 2 :
1-T7) 1-7) 1-T)

If we now recall that |Gg| = |det(1 — Sp)| = |2 — Tr S| = |2 — Tr S| and we set
Ss=) geGg & We can now rewrite the last equality as

A ) Ss
iTMS =¢(S)=1+4sign2-"Tr S)m
The last quantity belongs to the ring 92 (H; (My)) as predicted by Theorem 2.37. O

Remark 2.59. The computational examples presented in this section conspicuously
avoided plumbings defining rational homology spheres, i.e. 3-manifolds with finite
H;. These plumbings graphs are trees, and all the vertices have genus zero. In the
next chapter we will deal with this issue in great detail and explain an algorithm for
computing the torsion of any rational homology 3-sphere. O

Exercise 2.11. Compute the Alexander polynomial of the link in Figure 2.22, and
then compute the Reidemeister torsion of the 3-manifold described by the surgery
presentation indicated in this figure. Compare with the computation in the previous
example. O

Figure 2.22. A non-simply connected plumbing.
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§2.7 Applications

As mentioned in the introduction, the torsion captures rather subtle topological inter-
actions. We will illustrate the strength of this invariant by presenting the classifications
of the 3-dimensional lens spaces.

Recall that L(p, g) is defined as the quotient

L(p,q) =S /014
where for (r, p) = (s, p) = 1 we denote by ¢, ; the action of cyclic group Z, on
$*:={(z1.22) € C% |z1]* + |22f* = 1}
defined by the rule
¢ ors (z1,22) = (21, 8% 22), VeP =1,

Observe that
L(p.q) = 8% /okqr, V(p.k) = 1.

This shows immediately that 771 (L(p, q)) = Zj, so that the integer p is a homotopy
invariant of the lens space. The lens spaces

Lp,q), 1=qg<p, (pg)=1

have identical fundamental groups and homology so these classical invariants alone
do not suffice to distinguish them.

Theorem 2.60 (Franz—Rueff-Whitehead, [30, 94, 120]). Two lens spaces L(p, qo)
and L(p, q1) are homotopically equivalent if and only if

go = £0%q; mod p (2.29)
for some £ € 7.

Proof. We denote the homotopy equivalences by ~~.
Step 1.
q1 = £l?qo mod p = L(p,q0) = L(p.q1)

For every integers ki, k2 such that (p, k;) = 1 define map f, ,: $3 > 83 by
fi(z1,22) = (|z1l(1_k‘)zlf‘, Izzl(l_kZ)zlﬁz)-
Observe that f has degree k&7, and it is equivariant, i.e.

fkl,kz (C Or,s (z1, Z2)) = { Okyr.kos (z1, 22).
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This shows that fi, x, induces a map

[fkl,kz]: S3/<>r,s - S3/<>k1r,k2s

of degree kik. Fix a point p € S3 and a small ball B centered at p such that
gkom BNB=0,Y0 <k < p. Set

p—1
U= U Ck Or,s B.

k=0

We can equivariantly modify f, &, in U to change its degree by any multiple of p.
Suppose for simplicity that g; = £2g9 mod p. Denote by rq the inverse of go mod
p- The map fo ¢4,r, 18 (01,49 ©e,24,)-€quivariant so that it induces a map

[fe.eqirol: L(p,qo) — L(p,q1).

We can arrange that deg f¢ ¢4,r, iS any number congruent to Equro = 1 mod p.
In particular, we can arrange so that it has degree 1. Thus f; ¢4, induces an iso-
morphisms H.(S?) —> H,.(S>). Using the Hurewicz and Whitehead’s theorems we
deduce that f is a homotopy equivalence.

Clearly, [ f¢,¢4,r,] induces an isomorphism between fundamental groups. Since
i (L(p, qgi)) = 71(83%),i =0, 1,k > 2, and the morphisms

[fe.eqirods: T (L(p, q0) = 7k (L(p, q1))

coincide with the morphisms ( f¢,¢g,ro)+: k(S 3) — 71 (S?) which are isomorphisms
we deduce from Whitehead’s theorem that f is a homotopy equivalence.
Step 2.

L(p, q0) = L(p,q1) = qo = ££7q1 mod p.
To see this we will use the linking form of L(p, q) (see the classical but very intuitive
[57, Chap. V] or [99, §77] or the more formal [5, p.366] for details). This is a
symmetric, bilinear map

Apq: Hi(L(p, @) x Hi(L(p,q)) - Q/Z

defined as follows. Pick ¢,d € Hi(L(p, q)) represented by smoothly embedded
circles then pd bounds a 2-chain D which we can represent as an embedded surface
with boundary pd. Denote by ¢ - D the (signed) intersection number of ¢ and D and
set

1
Apg4(c,d) := —c- D modZ.
p

Up to a sign, the linking form is a homotopy invariant of the lens space. In fact, we
have (see [99] or Example B.8)

Ap g (ku, ku) = —k*>q/p mod Z,
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where u is a generator of H1(L(p, q)). If L(p, q0) =~ L(p, q1) the linking forms must
be isomorphic. Thus there exists generators u; of Hy(L(p, g;)) = Zp, i = 0, 1 such
that ug = fu in Zj, and

qo/p = Ap,qo(uo, uo) = :IZAp,ql (Luy, buy) = ﬂ:ﬁqu/p mod Z. O

Since £2 is not a quadratic residue modulo 5 we deduce
L5, 1) £ L(5,2).
On the other hand, since 2 is a quadratic residue modulo 7 we deduce
L(7,1)~L(7,2).
The reader can verify easily that two lens spaces L(p, g;), i = 0, 1 such that
g0 ==%xgq1 or gog1 ==+1modp

are homeomorphic. We can thus parametrize the homeomorphism classes of lens
spaces by pairs (p, ¢g) such that

l<qg<p/2, (pg)=1 (2.30)

In this list, some spaces are homotopically equivalent, e.g.L(7,1) >~ L(7,2). We
will show that no two lens spaces in this list are homeomorphic. In fact, we have the
following result.

Theorem 2.61 (Reidemeister—Franz [29, 90]). If (po, qo) and (p1, q1) satisfy (2.30)
then

TL(po.go) ~ TL(pr.qy <= (Po,q0) = (p1, q1)-

Proof. The implication <= is obvious. Conversely, if Ty (py.q0) ~ TL(p1,q) then
clearly po = p1 =: p. We have to show that if there exist r € Z, —p/2 <r < p/2
and € € {£1}

1-A-¢")=e"1-0)A—¢™), V¢l =1
then go = ¢1. The above identities are equivalent to
L= g% = eg"(1-¢™)

for all ¢? = 1. Assume for simplicity that » > 0. This implies that the polynomial of
degree < p
P(x) = ex" T4 — x90 — ex” 4 1.

has p distinct roots. This implies r = 0, ¢ = 1 and go = q. O

The last result implies that the Reidemeister torsion distinguishes the homeomor-
phism types of the homotopically equivalent spaces L(7, 1) and L(7, 2).
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Remark 2.62. The Hauptvermutung (Main Conjecture) asks if two homeomorphic
simplicial complexes are necessarily combinatorially equivalent. The answer is known
to be positive for manifolds of dimension < 3. In a very beautiful paper [69], J. Milnor
has shown that the Hauptvermutung is false in dimensions > 6. More precisely he
considered the manifolds with boundary

X1 :=LT,1)x D", Xa=L(7,2)x D", n=3

and then defined Y; as the (simplicial) space obtained from X; by adjoining the cone
on dX;. He showed that the simplicial spaces Y; are homeomorphic but not com-
binatorially equivalent. The relative Reidemeister torsion captures the finer com-
binatorial structure. Surprisingly, the absolute torsion is a fopological invariant (see
[101, 13]) and thus it is blind to the combinatorial structure. A few years later, R. Kirby
and L. Siebenmann (see [101]) have constructed topological manifolds violating the
Hauptvermutung. O



Chapter 3
Turaev’s refined torsion

In the previous chapter we have defined the torsion of a cell complex X as an element
of QUH (X))/ + Hi (X).

In the beautiful paper [113], Vladimir Turaev has explained the / H; (X) ambiguity
of the torsion in terms Euler structures. In the special case of 3-manifolds, these Euler
structures are equivalent to spin®-structures. In other words, the Reidemeister torsion
of a 3-manifold is rather an invariant of a spin® structure. In this chapter we will
survey these results of Turaev. We assume the reader is familiar with the basic facts
concerning spin and spin® structures on smooth manifolds, as discussed for example
in [37].

§3.1 Combinatorial Euler structures

Suppose X is a connected, finite simplicial complex. Denote by | X| the associated
topological space, and by X’ the first barycentric subdivision of X. For each simplex
o of X we denote by [o] its barycenter. Form the 0-chain

ex =) (=D)"™7[o] € Co(X").

oeX

If | X| were a compact, oriented manifold without boundary then, according to [43],
ex would be the Poincaré dual of the Euler class of X. Observe that x (X) = 0 implies
that ey is a boundary.

Definition 3.1 (V. Turaev, [113]). Suppose x (X) = 0.
(a) An Euler chain on X is a singular 1-chain ¢ € C1(|X|) such that

dc = ex.

(b) Two Euler chains ¢, ¢’ are called homologous if the chain ¢ — ¢’ is a boundary.

(c) A combinatorial Euler structure is ahomology class of Euler chains. We denote
by Cul. (X) the set of combinatorial Euler structures. m]

A special case of Euler chain is a star-shaped 1-chain (suggestively called spider
by Turaev), consisting of a center O € |X|, and paths from O to [¢] for dim o even
and paths from [o] to O, for dim ¢ odd (see Figure 3.1). One can prove easily that
any Euler structure is homologous to a spider. If Y is a subcomplex of X such that
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Figure 3.1. A spider.

x (X, Y) = 0 then a relative Euler structure is a singular 1-chain c in | X| such that

dc = ex)y = Z (—dimo[4.

ceX\Y

We can define similarly a homology relation between relative Euler structure and
obtain a space Cul.(X, Y).
The first homology group H := H;(X) acts on €ul, (X, Y) in a natural way

ker o x 871(ex) 5(z,c)r—>z-c:=z+c.

This action is clearly free and transitive so that Gul; (X, Y) is an H-torsor.

Denote by | X| the universal Abelian cover of |X|. |X| is equipped with a triangu-
lation X. A family F of simplices of X is called fundamental if it defines a Z[ H] basis
of the simplicial chain complex C (}? ) viewed in a natural way as a Z[H]-module.
Equivalently, this means that each simplex of X is covered by exactly one simplex
inJ.

Fix O € |X|, and 0 e |}~( | above O. If c is a spider with center at O, then any path
y of ¢ admits an unique lift y in 1X| starting at O. The family of endpoints of the lifts
7 are the barycenters of a fundamental family. Conversely, if ¥ C X is a fundamental
family, then any collection of paths y starting at 0, and ending at the barycenters of
the simplices in & is the lift of a spider, whose homology class is independent of the
choices of 7. We can thus identify! the space of combinatorial Euler structures on X
with the set of fundamental families of X.

One can prove that if X is a subdivision of X then there exists a natural H-
equivariant isomorphism

Cul(X) — Cul(X).

IThe idea of using spiders to construct Z[ H]-bases goes back to Reidemeister [91]. See [102] for a
particularly nice presentation.
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Exercise 3.1. Prove the above claim. O

Since any two piecewise smooth triangulations of a smooth manifold have a common
subdivision, the above considerations unambiguously define the space of combinato-
rial Euler structures on a smooth manifold.

In the next section we will present a different description of the notion of Euler
structure on a smooth manifold where the combinatorial structure does not intervene.

§3.2 Smooth Euler structures

Suppose X is a compact, oriented, m-dimensional manifold, possibly with boundary.
We assume that the space of components of Y is decomposed into two disjoint parts
(possibly empty) and we write this X = 01 X U d_X. It is convenient to think of X
as an oriented cobordism between the two distinguished parts 01 of its boundary (see
Figure 3.2).

_X 9+X

Figure 3.2. An oriented cobordism.

Definition 3.2 (V. Turaev, [113]). A smooth Euler structure on (X, 0+ X, 0_X) is a
nowhere vanishing vector field V on X pointing outwards on d4 X and inwards on
0_X. m|

By the Poincaré—Hopf theorem we deduce that smooth Euler structures exist if
and only if x (X, 9+ X) = 0.

Two smooth Euler structures V, V' are called homologous if there exists a closed
m-dimensional ball D C Int M such that the restrictions of V and V' to M \ Int D
are homotopic as nowhere vanishing vector fields pointing outwards along d+ X and
inwards along d_ X. (The homotopy can behave arbitrarily along d D.) One can verify
easily that this is an equivalence relation. We denote by €ul(X, 9. X) the space
of homology classes of smooth Euler structures on this oriented cobordism. When
d_X = ) we write simply Euly(X, 0X).

It is useful to compare the relation of being homologous with the stronger relation
of being homotopic. Consider a cellular decomposition of (X, d X) which has a single
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m-dimensional cell. Given two nonsingular vector fields V, V', the first obstruction
to them being homotopic is given by an element (see [103])

V/V € H"((X, 94 X) x (I,01); 1 (S" 1)
PD
~ H" (X, 0,X) = Hi(X,0_X),

where PD denotes the Poincaré duality. This obstruction vanishes if the vector fields
are homologous. If this happens, there is still a secondary obstruction

§'(V, V') e H" (X, 3:X) x (1, d1); wm (™))
= H"™(X, 04 X; mu(S™h)),

where
0 m=2
a(S" H=1Z m=3
Zo m >4,

The above discussion shows that we have a well defined map
/ Culg (X, 04 X) x Culg (X, 04X) > Hi(X,0-X), (U,V)—U/V,

which describes the first obstruction to U being homotopic to V. This operation
satisfies a few elementary properties. (Below we will think of H;(X,d_X) as a
multiplicative group.)

U/V=1< = U=V. (E1)

u/vy-(V/iw)=U/w. (E2)
Vh € Hi(X,0X), VV € Cul(X,0,X),

Jaunique U € Culy (X,0+X) suchthath =U/V. (E3)

We will denote by & - V the unique element U postulated by (E3).
We have thus obtained a free and transitive action of H; (X, d— X) on Cul (X, 04+ X),

Hi(X,0-X) x Culy (X,0+X) > (h, V)= h-V € Cul; (X, 0+ X).

In particular, if X = {J, the spaces of combinatorial and smooth structures on
(X, 04 X) must be isomorphic. A little bit later we will prove that there exists a
canonical isomorphism between these two spaces of Euler structures. We want to
present an explicit description of the action of Hj(X) on Guly(X, 0+X). Assume
0_X =@,sothat 0+ X = 9_X.

Consider an element &7 € H (X, Z), and an Euler structure represented by a vector
field U. Choose an oriented, simple closed curve ¢ representing 4 and denote by N
a tubular neighborhood of £ < Int X. Thus N = D"~ ! x S! where ¢ = {0} x S!.
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S1 acts in an obvious way by rotations on N, and we denote by R the infinitesimal
generator of this 1-parameter group of rotations on N. Also, we denote by v the
obvious extension to N of the (origin pointing) radial vector field on D" ~! to a vector
field on N. (Think of v as the gradient of the function dg(x) = dist, (x, £) where both
the distance and the gradient are computed using a Riemann metric g. This shows that
the choice of v is unique up to a homotopy.) Modulo a homotopy we can assume that

U=-R onN.
Assuming D" is the disk of radius 7 define

U on X \ Int N
" |cos)R +sinGr)¥  on Int N,

where r: D"~! — R denotes the radial distance. We call this operation the Reeb
surgery along h. In Figure 3.3 we tried to illustrate the differences between the flow
of U, on the left, and the flow of V, on the right. Then V/U = h € H’"_I(X, 0X; 7).
To see this notice that given any smooth (m — 1)-cell o of (X, dX) we get a map

fo8"h = "L flga =V flga =U

such that deg(f) = #(£ N o). The degree of the map f is precisely the obstruction to
deforming V|, to U|, keeping V|5, fixed.

9

SR

(
(

Figure 3.3. Reeb surgery.

Remark 3.3. In dimension m = 3 there are countably many possibilities of framing
N = D? x S§', and any two differ by a sequence of Dehn twists. Thus the choice R
may not be canonical. However, any two such choices will be homotopic as nowhere
vanishing vector fields on D? x S' because the only possible obstruction lives in
H?(S' x D?; Z) = 0. Thus the Reeb surgery operation is a well defined operation on
homology classes of Euler structures. O
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Let us observe that the involution U +— —U on the space of vector fields induces
a bijection
Culy (X, 04X) — Culy (X, 0_X).

We will denote this bijection by U > U, and we will call this map the conjugation of
Euler structures When X is closed the above bijection defines an involution on Eul(X),

Culy(X) 2 e > ¢ € Culg(X).
For every ¢ € Culy(X) we set
c(e) :=¢/e € H(X).
Proposition 3.4. If ¢ € Culy(X) is represented by the nonsingular vector field U

on X then c(e) is the Poincaré dual of the Euler class e(UY) € H" (X)), where
m = dim X, and U~ denotes the (m — 1)-plane sub-bundle of T X orthogonal to U.

Proof. Fix a CW-decomposition of X with a single m-cell. Denote by S;(U~) the unit
sphere bundle of U L and by S1(T X) the unit sphere bundle of TX. Set Uy = U
and denote by V a section of S (U 1y over the (m —2)-skeleton. The section V defines
a natural homotopy (see the left-hand side of Figure 3.4)

U:[-1,11x X" = §|(TX), (t,x) > Ui(x), Uz = Usx,

connecting U_ to U inside the plane spanned by U and V.

Figure 3.4. PD c(¢) = e(U™1).

Suppose o is an (m — 1)-cell of X with attaching map f: 90 — X =2 and set
Y = X"=2 U; 0. Then both Uy extend to Y. Set

S={-1}xoU[-1,1]x 00 U{l} xo =t A_1UAgU A;.

Fix a trivialization of T X over o so that we can view U as constants maps ¢ — S~
and V|3, asamap V: do — S 2, where we identify $™~2 to the Equator on §" !
perpendicular to U. Now define (see right-hand side of Figure 3.4)

U:t on A:H
U on Ap.

H:S— s 1=
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Observe that deg H is precisely the obstruction to extending the homotopy U over the
o,l.e.
deg H = (PD(¢/?), 0 ) = (PD(c(e)), 0 ).

On the other hand, H is homotopic to the suspension £V of the map V : do — S 2.
By Freudenthal suspension theorem [5, 44] we deduce

degV =degXV =deg H.
Now observe that deg V' is precisely the obstruction to extending V over o, i.e.
deg V = (PD(c(e)), o).
This concludes the proof of the proposition. O

Theorem 3.5 (Turaev, [113]). Suppose X is a compact, oriented, smooth, m-dimen-
sional manifold (possibly with boundary) equipped with a smooth triangulation

(K, L) «— (X, 3X).
Assume x (X, 0X) = 0. Then there exists a natural Hy(X)-equivariant isomorphism
o: Cul. (K, L) — Culy(X, 0X).
This isomorphism is compatible in a natural way with the barycentric subdivisions.

Proof. We will describe only the construction of p. For simplicity, we will do this
only in the case X = ¢J. First we need to introduce a bit of terminology.

Consider a line segment [«, 8] C R™ which we can assume to be of length 3.
Denote by V the set of points in R situated at a distance < 1 from this segment but
at a distance > 1 from its endpoints o and §; see Figure 3.5. We denote by D,

indgy =1

Figure 3.5. A special vector field near a 1-dimensional simplex.

(resp. Dg) the closed disk of radius 1 centered at « (resp. ). We set By := Dy NV,
Bg := Dg NV (see Figure 3.5).
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A special vector field near this segment is by definition a nowhere vanishing vector
- - — .
field # on V such that u = o on dV \ (By U Bg). A special vector field defines a
map

i(x)

1
ga: By — R S
Jue (x)]
which is constant on d B,. We can regard g, as a continuous map By /3By — S™ L.
As such it has a degree which we denote by indg g . We can define indg o i in a
similar fashion. Observe that

indy g +indg ¢ = 0.

Clearly, for every n € Z we can find a special vector field v, near [«, B] such that
indg, g Uy = n.

Denote by K’ the first barycentric subdivision of the triangulation K. For each
simplex o of K we denote by [o] its barycenter. If § = ([oo], [01],...,[0p]) is a
simplex of K/, (0 <01 < -+ < op are simplices of K) then define a vector field V;
on Int S by

Vi) = ) k)xx)(oj] = x).
O<i<j=p
Above, Ag(x), A1(x), ..., Ap(x) denote the barycentric coordinates of x € IntS.
These vector fields define a flow on K we will refer to as the Stiefel flow. The vertices
of K’ coincide with the stationary points of this flow (see Figure 3.6).

Figure 3.6. The Stiefel flow on a 2-simplex.

For any 1-dimensional simplex ([og], [o1]) of K’, the vector field V; is special
near this segment. Moreover, we have

ind{g}. [0y} V1 = 0.

Surround every vertex [o'] of K’ by a tiny open ball D (o). For every edge ([o0], [01])
of K’ we denote by T (09, 01) as

T (09, 01) := (tubular neighborhood of ([og], [01])) \ (D(ao) U D(al)).
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Suppose now that

£= ) &0, 0100, [01])

op<0]

is an Euler chain. We can find a nowhere vanishing vector field V: on K \ | D(o)

such that the following hold.

o<K

e V¢ is special near each segment ([oy], [01]) , 00 < o1, and

ind[).(0y] Ve = &(00, 01).

e Outside the union of tubes | J T (09, 01) we have

o0<0]
Ve = V1.
We will show that V¢ extends to a nowhere vanishing vector field on K. This is
equivalent to the fact that the induced map
Ve: dD(o) — S"!
is homotopically trivial, i.e.
d(c) := deg(Vs: dD(0) — S™7 ') =0.

Set
do(o) := deg(Vi: dD(o) — §™71).

In [43] it was shown that do(o) = (—1)%™?_ (This identity is intuitively clear in
Figure 3.6.) Observe that

d(0) =do(0) + »_(indg, Ve —indoy Vi) + Y _(indg,y Vi — inds., V1)

o<n n<o
= (D 4 (Yo=Y em.o).
o<n n<o
On the other hand
Yo nimler =0 = Y (Y sm.0) = Y o, )lo]
o o n<o o<n

from which it follows that d(c) = 0, Vo < K. Thus V¢ extends to a nowhere
vanishing vector field on X. The correspondence

E§—~> Ve

establishes the isomorphism postulated in Theorem 3.5. O

In the sequel we will frequently switch between combinatorial and/or smooth Euler
structures so that we will drop the subscripts ¢ and s in Eul, /.



§3.3 U(2) and Spin©(3) 115

Remark 3.6. (a) One can define a notion of Euler structure which combines both
the combinatorial and the differential combinatorial aspects. If X is a closed, com-
pact, oriented smooth manifold such that x (X) = 0, then following [49], we can
define an Euler structure as a pair (V, ¢) where V is a smooth vector field on X with
nondegenerate zero set v~1(0) and ¢ is a smooth 1-chain such that

dc = v~ (0)

where the zeros of v are weighted by the Poincaré—Hopf signs. The notion of isomor-
phism is defined in an obvious way.

(b) One can give a combinatorial description of the conjugation of Euler structure.
Suppose X is a smooth, closed oriented manifold such that  (X) = 0. Fix a smooth
triangulation of X so we can identify X with a polyhedron. Suppose the Euler structure
e is represented by the Euler chain ¢ € C1(X). Then the Euler structure ¢ is represented
by the Euler chain

= Z (_l)dim00+dim0'1 <UO, O,l> + (—l)dimXC.

00 <01

If we think of combinatorial Euler structures in terms of fundamental families of
simplices in the universal Abelian cover, then we can give an even simpler description
of this involution.

Suppose F is a fundamental family representing the Euler structure ¢. Then the
Euler structure ¢ is represented by the fundamental family F , were F consists of the
cells dual to the cells in F. For proofs of these facts we refer to [113, Appendix B]. O

§3.3 U(2) and Spin°(3)

V. Turaev observed in [114] that the space of smooth Euler structures on 3-manifolds
can be identified with the space of isomorphisms of spin® structures. This identi-
fication has its origin in some low dimensional representation theoretic “accidents”
which we will be discussed in the present section. In the following section we will
explain in detail the connection between spin structures and smooth Euler structures
on 3-manifolds.

Recall that

Spin‘(n) = Spin(n) x U(1)/Z,, Z, ={(, 1), (-1, —1)} C Spin(n) x U(1).
In dimension 3 we have an isomorphism Spin(3) = SU(2), and the natural map
SUQ2) x S 5 (T, z) — zT € U(2)

descends to an isomorphism Spin®(3) = U(2).
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We want to discuss several facets of this isomorphism. We denote by u(n) the Lie
algebra of U(n), su(n) the Lie algebra of SU(n) etc. We begin by presenting a more
explicit description of the morphism U(2) — SO(3).

Consider the adjoint representation

Ad: UQ2) — Aut(u(2)).

The diagonal U(1) < U(2) is the center of U(2) and thus «(2) splits into irreducible
parts

u2) =u(l) ® (u(2)/u(l)).

We denote by Adp: U(2) — SO(3) the morphism induced by the above representation
of U(2) on the real 3-dimensional space u(2)/u(1).

More explicitly, the space u(2)/u(1) can be identified with the orthogonal comple-
ment of §,u (1) inside u(2). This complement is precisely su(2). A matrix A € su(2)
has the form .

A:|:lx .Z] xeR, zeC.
—z —ix
From this description we get a natural decomposition su(2) = R @ C. The rep-
resentation Ady associates to each unitary frame f := (f;, f,) of C? a matrix

Ado(}) € Aut(su(2)) as follows. If

u; .
fi= [J] wivvi € C g+ lu =1, i =1,2,
1

uiuy + vivp = 0.
so that
f= [“1 ”2} cUQ),

vl v

then Ado(f) acts on su(2) by

Ado(f)-[i_xz _Z} }.[ix z }}*

ix —z —ix

| ur uz ix z iu; v
- v U2 —Z —ix L_tz v_z
i((Jut? = [ua)x + 29m(u1iinz)) (w11 — uzt2)x + U102z — usv1z

* *
Observe that if
> u —v
f= |: a :| e SU®2)

v
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then
. i(Ju? — |v]?)x — 2iTm(uvz) 2iuvx + u?z — 9%z
- 1X Z . ]x* i

|: —z —ix i| - . .

In particular,
S Ti o 3 (u® = %) Ui

Ado(f) [o _.] = 2i

itv —1(ul> = P

Let us point out that the matrix which appears on the right hand side of the above equal-
ity is precisely the quadratic term which enters into the formulation of the Seiberg—
Witten equations.

The above description of the morphism U(2) +— SO(3) is obviously coordinate
dependent. We will now present a coordinate free description of this isomorphism.
Suppose now that V is a real, 3-dimensional, oriented, Euclidean vector space. Ob-
serve first that, as an SO(V)-module, V is isomorphic to the adjoint representation
of SO(V) on its Lie algebra. (This is a purely 3-dimensional phenomenon.) This is
given by the correspondence

Vovi Xy := (@ xs) €so(V). (3.1
Above, “x” denotes the cross product. It can be alternatively defined by
u X v:=x(unv),

where * is the Hodge operator. By fixing a nonzero vector T € V we determine several
things.

e A subgroup G, C SO(V), the stabilizer of T with respect to the tautological action
of SO(V) on V. G, is a maximal torus in SO(V) so that G, = S'. The Lie algebra
of G is generated by the infinitesimal rotation X, in (3.1).

e An action of G; = S! on the orthogonal complement V; of 7 in V. Thus, V; is
equipped with a complex structure J, and a Hermitian metric

(u, v) == (u,v) —i(Ju, v),

where (e, ») denotes the Euclidean (real) inner product.

Now form the space
V. =R®VZR&R-1)0V, =Ca V.

Vy is equipped with a complex structure and Hermitian metric which depend on .
We will construct a representation

¢r: U(Vy) = SO Rt & V;) = SO (V)
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as follows. Define a vector space isometry

) -0 (- ¢)
IV —>su(Vy), Rt@V:> (@, ¢)—
_<>.¢ —1if - e

IfT e U(VT) then ¢, (T') € SO(V) is defined by the commutative diagram

. Ady(T) .
su(Ve) — su(Ve)

@ (T)
Vv —— V.

More explicitly, if
| 21 (e ¢2) _ .
T.—[d)l 22 }, Zle(ca(pleva
then
t (212 = Ig2)t +23m(z16, o)

—it (2191 — 22¢2) + 21220 — (¢1, )2

Let us point out a confusing fact. We have produced two U(2)-representations on
R @ V. The first one is the tautological representation

0: UCo® V;) — Aut(Ca Vp),
and it is a complex representation. The second one is
10 ¢,: UR) - Aut(Rep V),

and it is real. The first representation is the complex spinor representation of Spin©(3)
and has (infinitesimal) weights {6, 62}. The second representation is precisely the
adjoint representation and its complexification has weights {0, 0, £(6; — 61)}.

We have thus shown that a choice of an unit vector t € V canonically defines a
complex structure J; on R & V and a morphism

UReeV,J;) = SOV).

Let us point out another low dimensional accident.
Denote by Herm(V') the space of hermitian structures on V := R @ V compatible
with the natural orientation. More precisely,

Herm(V) ={J e SOR® V); J> = —1}.
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Denote by eq the vector 1 & 0 € R @ V. One can check that the map

Herm(V) > J +— Jeg € S1(V) = unit sphere in V,
is a bijection. We denote its inverse by

Si(V)>t+— J; € Herm(V).
The complex space V, is precisely (V, J;). Moreover, ¢ is a morphism
@r: UV, J;) = SO(V).
Finally, we want to explain why the map between classifying spaces
7: BUQ2) - BSO(3)

induced by the morphism Adgy: U(2) — SO(3) is a homotopic fibration with homo-
topic fiber BS'. We will prove a more general result.

Lemma 3.7. Suppose

1<—>H<—>(A}£>G—»l

is an extension of compact Lie groups. Then the induced map between the correspond-
ing classifying spaces

B¢: BG — BG

is (homotopically) a fibration with homotopic fiber BH .

Proof.? Denote by EG — BG (resp. E G — Bé) the universal (classifying) G-
bundle (resp. G-bundle). The natural projection

EG x EG — EG

is naturally G—equivariant, where G acts on EG via ¢ and diagonally on EG x E G.
We thus have a map

BG = (EG x EG)/G — EG/¢(G) = BG.

One can check easily this is a fibration with fiber E G/H = BH. O

2] am indebted to Stephan Stolz for this simple argument.
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§3.4 Euler structures on 3-manifolds

Suppose X is a smooth, compact, oriented 3-manifold. Assume for the purpose of
this preliminary discussion that 9 X = . Then €ul (X) is an Hj(X)-torsor. On the
other hand, the space Spin®(X) of isomorphism classes of spin structures on X is an
H?(X)-torsor. By Poincaré duality we have

Hi(X) = HX(X)

which shows there exist bijections Eul (X) — Spin“(X). In this subsection we will
construct one such canonical bijection. This will require a fresh look at spin® structures.
As we have explained in the previous section, Spin©(3) = U(2) and

SO@3) =U@2)/u),

where U(1) lies inside U(2) as the diagonal subgroup. We denote by Adg: U(2) —
SO(3) the ensuing morphism.

Definition 3.8. Suppose X is a finite cell complex and P — X is a principal SO(3)-
bundle. We define a spin® structure on (X, P) as a pair (F,«) where F — X is a
principal U(2)-bundle over X, and « is a surjective, U(2)-equivariant map

oa: F— P.
where U(2) acts on P via the morphism Adg: U(2) — SO(3). O

The notion of isomorphism of spin®-structures is obvious. We will denote by
Spin€(X, P) set of isomorphism classes of spin¢ structures on X.

To obtain a homotopic theoretic description of Spin®(X, P) we need to use the
classifying spaces B SO(3) and B U(2). The morphism U(2) — SO(3) induces a
map

7: BUQ2) - BSO(3)

which is a homotopic fibration with fiber BS I~ CP*® = K(Z, 2). Since the fiber is
2-connected there is only one obstruction to the lifting problem below.

BU(Q2)

/

/
/
/

’

X T) BSO(@3).

It is given by a three dimensional integral class, the third Stiefel-Whitney class
Wi(f) € H 3(X,Z). Two such lifts will be homotopic once they are homotopic
over the two skeleton. The obstruction to homotopy is given by a single primary
obstruction in H>(X, Z). We obtain the following result, very similar in spirit to
J. Milnor’s characterization of spin structure in [71].
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Proposition 3.9 (Gompf, [40]). Suppose X is a compact CW-complex, and P — X
is a principal SO(3)-bundle. Denote by X &) the k-skeleton of X. A spin®-structure
on P is a U(2) structure on P|y@) which extends to P|x@).

Two spin®-structures (F;, a;), i = 1,2 on P are isomorphic if and only if the
restrictions of Fj to the 2-skeleton of X are isomorphic as U(2)-bundles. Moreover,
the group H*(X, 7) acts freely and transitively on Spin°(X, P), i.e. Spin®(X, P) is
naturally an H*(X, Z)-torsor.

Suppose Y < X isasubcomplex, P — X is aprincipal SO(3)-bundle on X, and s
is a homotopy class of sections of P|y. Then P defines an SO(3)-bundle [P] — X/Y.
We define a spin® structure on P relative to (Y, s) to be a spin€ structure on P induced
by a spin® structure on [P] via the natural projection X — X/Y. The notion of
isomorphism is the obvious one.

We can provide a more geometric description of the notion of spin® structure.
Denote by V the rank 3 real vector bundle P x, R3 where p: SO(3) — Aut(R?)
is the tautological representation. Any nowhere vanishing section t of V defines a
spin‘-structure on o; on P as follows.

e Form the rank 2-real vector sub-bundle V; < V spanned by the vectors orthogonal
to 7. We orient V; using the convention

or(V) = (t) Aor(V;).

We have thus equipped V; with a U(1)-structure.
e Form the oriented, rank 4 real vector bundle

VTZR@V;K®<I>@V‘[-

The above decomposition equips V. with a complex structure defining a principal
U(2)-bundle Fy = Fr(Vf) — X. As explained in §3.3, the vector field t defines a
lift

¢r: Fr(V;) > Fr(V) = P

which is the spin® structure associated to the vector field t. We denote it by o;. The
associated bundle of complex spinors is the complex bundle V; and it has determinant
line bundle V;. We denote it by det(o) = det(o;). Observe thatif h € H 2(X) and
o € Spin“(X, P) then

det(h - o) = det(o) + 2h, (3.2)

where
HZ(X) x Spin‘(X, P) > (h,0) +> h -0 € Spin“(X, P)

denotes the action of H'(X) on Spin€(X, P), and we have used the identification
between complex line bundles on X and H?(X) given by the (integral) first Chern
class.

The discussion at the end of §3.3 shows that a choice of spin€ structure is equivalent
to a choice of a nowhere vanishing section of 7 X. Two choices of such sections lead
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to isomorphic spin®-structures if and only if they are homotopic over the two skeleton
of X.

Exercise 3.2. Formulate and prove the counterparts of the above statements for rela-
tive spin® structures. O

In the special case when X is a closed, oriented three manifold such that x (X) = 0,
and V = T X we deduce that the correspondence

nowhere vanishing vector field t on X — o; € Spin“(X)

induces a bijection
Eul(X) — Spin°(X), e+ o..

Proposition 3.4 implies that
PD c(e) = det(o,).

The above discussion also shows that the above map is H?(X, Z)-equivariant.

Finally, we can equivalently describe a spin®-structure as an element u € H?(Fry),
Fry := the principal bundle of oriented orthonormal frames of 7' X, whose restriction
to each fiber is a generator of H 2(SO(3)) = Z,. The correspondence between these
two descriptions is clear.

A nowhere vanishing section t of 7 X defines a trivial complex line sub-bundle of
the rank two complex vector bundle 17t := (t) & T X. We thus obtain a trivial U(1)
sub-bundle of F = Fr‘;z. We then construct the line bundle

T

Lo:=F — F/U(l) = Fry.

Then the class u := ¢1(L;) € H?(Fry) restricts to the generator on each fiber.
In terms of the second interpretation, the action of H 2(X,7Z) on Spin€(X) has the
description
x-u=mnyx+u, uecH*Fry), x e H (X),

where wy: Fry — X is the natural projection. (The above action of H 2(X) on
H?(Fry) obviously preserves Spin®(X) C H>(Fry).)

The group of orientation preserving diffeomorphisms of X induces a natural action
on €ul (X), and thus an action on Spin€(X).

The case of 3-manifolds with boundary deserves special consideration. Suppose
X is a compact, oriented 3-manifold with boundary 0X a union of 2-tori. Let us
now point out the remarkable fact that the tangent bundle of a torus S has a canonical
framing induced by an arbitrary diffeomorphism

$:S— S'x sl

Exercise 3.3. Prove that the homotopy class of the framing of 7'S described above is
independent of the diffeomorphism ¢: § — S x S!. O
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The restriction of the SO(3) bundle 7X to the boundary dX has a canonical
trivialization induced by the outer normal section

D:0X — TX|px,

and the canonical framing of 70 X. We can thus define spin® structures on X relative to
9 X and the above canonical framing of 7' X|3x. The notion of relative spin® structure
can be given a more geometric description.

Fix for convenience a Riemann metric ¢ on X and denote by 7z the unit outer
normal. Recall that R denotes the trivial real line bundle over a (generic) space.
Observe that the rank 4- vector bundle

Vor=R®TX)lhx = (R (n)) & TIX,

is canonically a trivialized U(2)-bundle. We denote by Jy the complex structure on
Vo. A relative spin structure is then a U(2)-structure J on V := R @ T X together
with an isomorphism ¢: V]yx — Vp. Two relative spin® structures o; = (J;, ¢;),
i = 0,1 are called isomorphic if there exists an isomorphism &: (V, Jo) — (V, J1)
which makes the following diagram commutative.

@
(V, Jo)lax (V, J)lax

T~

Vo, Jo).

The space Spin€ (X, 0 X) of isomorphism classes of relative spin® structures is naturally
an H2(X, 3X)-torsor. We have an obvious H2(X, 3X) map

Cul(X, 0X) — Spin°(X, 0X), er> o(e),

which must be an isomorphism. The group of orientation preserving diffeomorphisms
of (X, 0X) acts naturally ul(X, d X), and thus on the space of relative spin®-structures
as well.

For any 0 = (V, J) € Spin°(X, dX), the determinant line bundle det(o)|yx is
equipped with a canonical nowhere vanishing section so that we have a well defined
class

c1(det(0)) € H*(X, 3X).

The identity (3.2) shows that the map
c: Spin“(X, 9X) — H*(X,3X), o> c(o):=c(deto)
is one-to-one if H%(X, 3X) has no 2-torsion.

Example 3.10. Suppose X is the solid torus S' x D?. The relative spin¢-structures
o on X are uniquely determined by

c(o) :=ci(deto) € HX(X,dX) = H;(X) = Z.
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Denote by (7, 8) the polar coordinates on D? and by ¢ the angular coordinate on § L
Consider the nowhere vanishing vector field V on X defined by

V(r,0,¢) :=cos(mr/2)d, + sin(mr/2)0,.

The vector field sin(;rr/2)d, —cos(rrr/2)d,, is a section of v+ which vanishes transver-
sally exactly along the core of the solid torus. Thus, if oy denotes the relative spin®
structure determined by V then

coy = £[C] € H1(X)

where [C] denotes the oriented core, i.e. the cycle S! x {0} € X. We deduce that for
any spin® structure o € Spin®(X, 0 X) we have

c(o) =02n+ Dlc], neZ.

The canonical spin® structure on the solid torus is the spin® structure o¢ay uniquely
determined by the condition
c(ocan) = —[C]. |

Example 3.11. Suppose
X=IxS'xS$', 1=[-11]

We can regard it as a trivial cobordism between 9_X := {—1} x T? and 3, X :=
{1} x T?. The longitudinal vector field 3, induces a canonical spin® structure oy €
Spin“(X, 0+ X).

On the other hand, we can regard X as a 3-manifold with (disconnected) boundary
dX. The space Spin®(X, dX) is an H;(X) = Z>-torsor. Since H|(X) = H*(X, 3X)
has no 2-torsion we deduce that the map

Spin‘(X, 0X) 3 0 — ci(det(0)) € H*(X,0X) = Z

is one-to-one. Hence, in this case a relative spin®-structure is uniquely specified by
the associated determinant line bundle.
Observe first that the image of Spin®(X, dX) in Z? via the above map is

e+22, FelZ’
We claim that € = 0. To see this, frame T X using the moving frame
(e1, ez, €3) := (9, dg1, 9p2).
Now define I'g € Vect (X) by

To(t,0",6%) = sin(7rt/2)eq + cos(t/2)e;.
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Clearly I'g points outwards on d X. Moreover, the vector e> defines a nowhere vanish-
ing section of (I'g). This shows that the relative spin¢ structure induced by I'y has
trivial determinant and thus & = 0.

We will denote by oq the spin® structure induced by I'g and we will refer to it as
the trivial spin® structure on the trivial cobordism. O

The vector field I'g constructed in the above example has the following obvious
universality property.

Lemma 3.12. Suppose X is an oriented 3-manifold with boundary an union of tori.
Fix a tubular neighborhood U of 0X — X of the form [—1, 1] x 0X oriented such
that 0, is the outward pointing longitudinal vector field. Then any nowhere vanishing
vector field V pointing outward on 0 X is homologous to a vector which coincides with
g along U.

Fix a tubular neighborhood U of dX as in the above lemma. Suppose V is a
nowhere vanishing vector field on X which is equal to 9; along U. Define the vector
field V by

_ |-v inx\U

~|re inU.
This operation induces an involution

Cul(X, 0X) —» CGul(X,0X), ere.

Proposition 3.13. Ler e € Cul(X, 0X). Then
e=c(o(e))-¢e
i.e. c(o(e)) =c(e/e).
Exercise 3.4. Prove the above result. O
The conjugation operation on Euler structure translates to an involution
Spin‘(X, 0X) — Spin°(X,dX), o+ 0.

Suppose now that a closed, oriented 3-manifold X is decomposed into two, manifolds
with boundary by an embedded torus (or union of tori) X,

X=XoUX;, 8X;=(-D'y, i=0,]1.
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Fix a tubular neighborhood U of ¥ < X which is orientedly diffeomorphicto I x X.
Enlarge
Xi—> X =X;Ulx%, i=0,1

Any nowhere vanishing vector field V; on X i which points outwards on X i can be
assumed to coincide withT'oon U =1 x £ C X;,i =0, 1. Thus

Vo=V1 onlxizﬁoﬂ)?l,
so that we can form the glued vector field on X
V= Vo#V1.
It is easy to see that this induces a map
#: Cul(Xo, 0X0) x Cul(Xy,0X1) — Cul(X).

This pairing is not necessarily injective and/or injective. We will refer to this pairing
as the gluing operation.

§3.5 The Reidemeister—Turaev torsion of Euler structures

Suppose X is a connected, finite simplicial complex such that x (X) = 0. Fix pg € X.
Set H := H{(X) and denote by

JT:X—)XE)A(/H

the universal Abelian cover. Fix pg € X covering po.

Pick now an Euler structure ¢ € €ul (X) which we can represent by a spider s
centered at po. s admits a unique lift to a spider § on X centered at po. The O-chain 5
depends only on the homology class of the spider s, i.e. only on the Euler structure e!
Every point ¢ € 35 is the barycenter of a simplex ¢, of the triangulation of X induced
by the triangulation of X. It is clear that if g1 # ¢ then ¢, and ¢,, do not cover the
same simplex of X. This means that the collection

c. = {1 q €94}
is a geometric basis of the Z[ H]-module C (}2' ), and we can now define
Tx .o = TCX), €, po) € QUH)/ £ 1.

The +£1 is due to the multiple choices of orderings/orientations of c. Moreover, since
x(X) = 0 we can see that Ty . 5, is independent of po. Thus, we can use the notation
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Tx,.. We will call it the Reidemeister—Turaev torsion of the Euler structure e. Observe
that
Txne~h-Tx. VYheH, eeCul . (X).

Above, “~” denotes the equality in Q(H)/ £ 1.

This refined torsion was defined in terms of a simplicial structure on X. One can
prove, much like in the un-refined situation, that this torsion is invariant in an obvious
sense under subdivisions and simple homotopy equivalences. For details we refer to
[113, §3,4].

One can get rid of the =1 ambiguity by ordering and orienting the simplices of X.
A choice of ordering and orientations on ¢ clearly induces an ordering and orientation
on any lift ¢,. An equivalence class of orderings and orientations of the simplices of
X is completely determined by an orientation of the homology space H, (X, R). This
can be seen using the Euler isomorphism

Eul: Det(C«(S(X)) ® R — Det(H.(X, R)).

We define a homology orientation on a simplicial complex X to be a trivialization of
the determinant line Det; H, (X, R). Fix ahomology orientation o. For any geometric
basis ¢ of C,(X) we define as in Remark 2.40.

€(c, 0) = sign Eul(det(c)) € Det(H,(X, R)) = R.

If ¢ is a geometric basis of C,(X) and s is a spider representing a fixed combinatorial
Euler structure ¢, then we get a geometric basis §5 of the Z[H;(X)]-module C, ()2 )
which covers ¢. We use this basis to compute the torsion, and we define the sign-refined
torsion of (X, ¢) to be

Tx.e.0 i= €(c, 0)T(Co(X), &,).

This quantity is independent of the geometric basis ¢. The relative Reidemeister—
Turaev torsion is defined in a similar way (see [113, 117]).

§3.6 Arithmetic properties of the Reidemeister—Turaev torsion
of 3-manifolds

This section is a refinement of §2.4 where we proved several arithmetic properties
of the torsion of 3-manifolds. We take-up this subject again, emphasizing the new
aspects due to the sign, and spin®-refinements introduced in the previous section. For
more information, and details we refer to [114, 116] which served as our main sources
of information.

Denote by X the collection consisting of triplets (M, o, 0) satisfying the following
conditions.
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e M is a compact, smooth, oriented 3-manifold, possibly with boundary consisting of
an union of tori.

e o € Spin°(M, aM).

e 0 is an enhanced homology orientation. This means that if b1(M) # 1, then o
is an usual homology orientation, and if b1 (M) = 1, then o is an orientation of the
one-dimensional real vector space H; (M, R).

We denote by %T the subfamily of X™ consisting of manifolds with positive by.
Remark 3.14. A closed oriented 3-manifold admits a natural homology orientation
defined by the Poincaré duality. Similarly, the complement of an oriented link in a
rational homology sphere admits a natural homology orientation (see [116, §3]) for
details. In the sequel if an admissible manifold is either closed or it is the complement

of a link in a rational homology sphere we will tacitly assume it is equipped with the
natural orientation, unless indicated otherwise. O

For (M, 0,0) € XT we denote by Ty.5.0 € Q(Hy(M)) the sign refined Reide-
meister—Turaev torsion of the pair (M, d M) and the Euler structure o. It satisfies the
following properties.

TMhoo X hTpmeo, heH (M), o€ Spin“(M,dM), (3.3)
where we recall that ~ denotes equality up to a sign. In particular
M0 TMg,0 = ¢(6/0) T 0,0 = (@) Tt .00 (3.4)

We can be much more precise about the signs in the above formula. More precisely,
we have (see [113, Appendix B], [116, Appendix 3])

TMoo = (=10 Ty, o = (=) ()71 Ty, . (3.5)

Example 3.15. We have defined the canonical spin® structure o¢an on the homologi-
cally oriented solid torus Z = D? x S! with axis K = {0} x S! by the equality (see
Example 3.10)

c(0can) = K~ € Hi(Z).

The torsion of the canonical spin® structure o¢yy is then
Ty~ (1—K)™ . O

Remark 3.16. Suppose M is closed (and equipped with the canonical homology ori-
entation). We denote by Spin(M) the space of isomorphism classes of spin structures
on M. It is naturally an H 1 (M, Zy)-torsor. There exists a natural map

Spin(M) — Spin“(M), Spin(M) > € — o (¢) € Spin°(M).
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Its image consists exactly of the fixed points of the involution o + ¢ on Spin®(M).
For every spin structure € on M we set

‘IM,e = TM,U(S) € Q(H).
The symmetry properties (3.4) and (3.5) imply
Tue =Tume, Ve Spin(M).

When M is a rational homology sphere the map € +— ¢ (¢) is an injection. O

To list the other properties of the sign-refined Reidemeister—Turaev torsion we need
to discuss separately several cases. Let M, o, 0) € X+, and set H := H;(M).

A. b1 (M) = 2. We already know that Ty .0 € D2[H] (see §2.4).

B. b1 (M) = 1. Here we distinguish two subcases.

B.1. oM = (. We already know that Ty , € D (H) (see §2.4). We can be much
more precise. The orientation o on H;(M, R) defines a bijection H/ Tors H — Z,
and thus a surjection

deg,: H — Z.

Fix an element T € H such thatdeg, T = 1. As in §1.5 we set

Gu:= Y heZH]
heTors(H)

Then (see [114, §4.2])

deg,(c(o0)) +2

5 A-T)'6y -1 -T)"26y € Z[H]

‘:TM,O' +

Suppose that 0 = o (€), € € Spin(M). Then deg,(c(¢)) = 0, and the above equality
takes the form

TM,E,O - GH GZ[H]

(T —1)?
Set deg, := max(deg, 0), and define

Wy =) deg}(h~h =
heH

T
WGH € Q(H), 71?/1,6 =Tme— Wy

Observe that )

Wy = Wy
which implies that 71?/1, . 1s an element of Z[ H] symmetric with respect to the conju-
gation in Z[H]. We will refer to 71?/1, . as the modified Reidemeister—Turaev torsion



130 3 Turaev’s refined torsion

of M. It is independent of the orientation of Hj(M, R) For reasons which will be-
come apparent in §4.1, we will refer to Wy, as the wall crossing term defined by the
orientation of Hi (M, R). Thus

Titeo = Thpco + Wit (3.6)
We set
AMeo=(10=T)YTpeco € Z[H]

As our choice of notation suggests, one should think of A ¢, as a refined version
of the Alexander polynomial of M. This intuition agrees with the identities in Theo-
rem 2.37. We deduce from the equality (3.6) that

AMeo=(1=T) Ty +T6.
If we take the Fourier transform of the above equality we deduce
Apr.e(1) = | Tors H|

which is precisely the Alexander formula.

B.2. 9M = S' x S'. In this case M can be viewed as the complement of a knot in
a rational homology sphere. An orientation of the knot induces a natural homology
orientation. In this case Hy(M) = 0 for k > 1 and the homology orientation defines
as above a surjectiondeg, H — Z. Choose an element T such thatdeg, T = 1. Then
(see [114, §4.2])

Tvoo— (1 —T)'6Gy € Z[H]. (3.7)

In particular, this implies Ty, € 911 (H) as established in Theorem 2.35.

C.b1(M) =0. Thus 9M = ( and we know that Tys » € 91(H). In terms of Fourier
transform this means that .
Tme(1)=0.

This time Ty » ¢ Z[H] but the torsion still has some extra arithmetical properties.
More precisely, if o is the canonical homology orientation, then (see [114])

IMo,00(8 = D(h —1) = —lkpy (g, h) modZ, Vg, he H (M), (3.8)

where lky . Hi(M) x H (M) — Q/Z is the linking form of the rational homology
3-sphere M.

Observe that if (M, o, 0) € X, then any orientation preserving diffeomorphism
f of M induces a new enhanced homology orientation f*o and a new spin® structure.
Define €(f) € £1 by the equality f*o = e€(f)o. Then

Tu, o, fr0 = €(F)e(f /o) f(TM,o,0)- (3.9)
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§3.7 Axiomatic description of the Reidemeister—Turaev torsion
of 3-manifolds

Denote by X the collection consisting of pairs (M, o) satisfying the following condi-
tions.

e M is a compact, smooth, oriented 3-manifold, possibly with boundary consisting of
an union of tori. We will refer to such a manifold as admissible.
e o € Spin°(M, IM).

We denote by X; the subfamily of X consisting of manifolds with positive b;.
We summarize the results established so far. The Reidemeister—Turaev torsion is an
invariant

Xs5WM,0) > Ty € QHI(M))/ 1

satisfying the following properties.
Axiom 0. Integrality.

H] if oM =
Tyg e | R D o e Spin® (M. aM).
M[H] if aM # 0,

Axiom 1. Topological invariance. The map
Tye: Spin (M, dM) — N[H]/ £1, o+ Ty,

is Hy(M)-equivariant, and moreover, if f: M — M’ is an orientation preserving
diffeomorphism then

Tu, pror = c(f*0/0) fiu(Tarr o).

Axiom 2. Excision. Suppose M is an admissible 3-manifold,and L = L1 U---U L,
is an oriented link in M such that [L{], ..., [L,] have infinite orders in H;(M). (In
other words, M is the result of a nondegenerate Dehn surgery.) Denote by Z; a small,
open tubular neighborhood of L; < M and set

n

E :=M\(Uzi).

i=1

Denote by o; the canonical spin¢ structure on the solid torus. Then, the elements
(1 — [L;]) are invertible in ‘ﬁl(Hl (M)) (cf. Lemma 2.42 in §2.5), and for every
o € Spin°(E, 0E) we have

is(Teo)
[T (1= 1Li1)

TM otto#.. o, ~
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where i : Hi(E) — Hj(M) denotes the inclusion induced morphism.

Axiom 3. Normalization. Suppose L — S3 is a link with at least two components.
Denote by E the exterior of E. Then for every o € Spin®(E, d E) the torsion T 4 is
a representative of the Alexander polynomial of the link E, i.e.

TEo ~ AL,

where we recall (see page 45) that ~ denotes the equality in 9 (H)/ + H, while ~
denotes the equality in 9 (H)/ £ 1.

Suppose H is a finitely generated Abelian group of rank > 1. In §1.5 we have
identified 9, (H) with a ring of functions

f:H—Z

with semi-infinite support, with multiplication given by the convolution product. For
every f € Z[[H]] we can define

supp(f) :={h € H; f(h) # 0}.
Observe that if (M, og) € X we define
supp(M) := {U € Spin°(M, dM); o :=h-0g, h € suppTMygo}

= {O’ € Spin°(M, aM); 0 € supp(‘J'M,g)}.

Clearly, supp(M) is independent of the initial choice op € Spin®(M,dM). The
group I"ys of isotopy classes of orientation preserving diffeomorphisms of M preserves
Spin®(M, dM) and Axiom 1 implies that supp(M) is 'y, invariant. This is a very
powerful restriction when b1 (M) > 2 because in this case

‘TM,a € Z[H]
so that supp(M) is a finite I"ys-invariant subset of Spin®(M, dM).

Theorem 3.17 (Uniqueness Theorem; Turaev [115]). If E1, & are two invariants on
X1 satisfying the above axioms then

]
]

1~

2.

Proof. Let us first observe that if H is a finitely generated Abelian group of rank > 1
then an element U € (H) is trivial if and only if there exists a non-torsion class &
such that

(1—-mnU =0.

Define as above suppg, (M) C Spin“(M, dM) for any admissible M and set

Y = ((M.,0) € X3 B1(M,0) ~ E2(M, )},
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Y :={(M,0) € X1; B1(M,0) ~ Eo(M,0)}.

Clearly ) C 9.
The normalization axiom implies that )’ contains the complements of links in §3
with at least two components. Moreover, the H|(M)-equivariance implies

(M, 0) €9 (respectively ) <= (M, o’) € Q) (respectively 9)),

Vo' € Spin©(M, dM). For this reason, we will say that M € 2) (or ") if (M,0) €
(or )’ ) for some o.

Since any admissible 3-manifold can be obtained by a nondegenerate Dehn surgery
we deduce from the excision axiom that )’ contains all the admissible manifolds. At
this point however, it is not even clear that J) # (. The uniqueness theorem is
equivalent to the equality )’ = 2) whose proof will be carried out in several steps.

Stepl. I x S' x §' €.
Step 2. D> x S' € 9.
Step 3. If K1, ..., K;,, m > 2 are disjoint unknots in $3 such that

Lk(K1,Kn) £0, Yi=2,....m

then the exterior of the link L = U; K; belongs to ).

Step 4. The exterior of any weakly trivial link in S° in ). (A link is called weakly
trivial if its components are unknots.)

Step 5. The exterior of any link in S3 is in 9).
Step 6. ' = 92).

The proof of Step 1 is based on the observation that I x §' x S! is the exterior E
of the Hopf link in S3. Moreover, using Axiom 3 we deduce supp g, (E) consists of a
single o; € Spin®(E, d E) which must be I g-invariant. There is only one such Euler
structure, namely the trivial one constructed in Example 3.11. Using Step 1 and the
excision axiom we deduce that if K denotes the core of a solid torus X = D? x S!
then

(1=K E1(X) ~ Ei(X \ K) ~ E2(X \ K) ~ (1 - [K]) Ea(X),

so that
(1-[KD)(E1(X) £ E2(X)) =0, Ei(X) € M(Hi(X)).

Thus E1(X) ~ E3(X), and this completes Step 2.

Step 3 follows by induction on the number m of components. The case m = 1
is covered by Step 2. We assume the claim is true for k < m and we prove it for
links with m components. Denote by E the exterior of a link L = (J/L, L; with m
components such that Lk (L1, L;) # 0,Vj # 1. Let us first show that E;(L) # 0.
Denote by M the complement of L; in S3. Then we can regard E as the complement
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of Lo U---UL, in M. Since Lk(Ly, L;) # 0 we deduce that L; determines a
nontrivial homology class in H{(M). If E1(E) = 0 then the excision axiom would
imply E1(M) # 0 which we know is not the case.

Fix o9 € Spin“(E, 0E). Since E € ), there exists g € H;(E) such that

E1(E,00) = egEr(E,00), &==l1.
From the H(FE)-equivariance we deduce
Ei(E,0) =egEy(E,0), VYo €Spin°(E,dE).

g is uniquely determined by the above equality since E1(E) # 0. Denote by u; an
oriented meridian of L;. The cycles u; form a basis of H{(E) and thus we can write

m
ki
g=[]w' ke
i=1

We can now conclude by gluing back to E the tubular neighborhood of L;,i > 1, we
have removed and then using the excision axiom. We get a link with fewer components
to which we apply the induction hypothesis to conclude

ki=0, Vj#i

Step 4 follows from the excision axiom and Step 3. Step 5 follows from Step 4 using
the excision axiom, and the fact that given any link L <> S3 there exists a disjoint
link K < S such that the exterior of K U L is diffeomorphic to the exterior of a
weakly trivial link; see Lemma 3.18 below. Finally, Step 6 follows from Step 5 using
the excision axiom and the fact that any admissible 3-manifold can be obtained by a
nondegenerate Dehn surgery. O

Figure 3.7. Two spanning disks with different piercing properties.
Lemma 3.18. For any link L — S there exists a disjoint link K — §> such that
the exterior of K U L is diffeomorphic to the exterior of a weak link.

Proof. Present L by a link diagram. We can transform L into a weak link L’ by
switching certain over/under- crossings into under/over-crossings. In fact, we only
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need to do this at self-crossings of the components of L. At each such crossing ¢
consider a small unknotted circle C; bounding a small disk D, pierced twice by L.
We choose Cy so that D, is pierced in the same direction; see Figure 3.7.

The circle C,; represents a nontrivial element in § 3\ L. We denote by K the link
formed by all these unknotted circles. Clearly K U L’ is trivial. Also it is clear that the
exterior of K U L is diffeomorphic to the complement of K U L’ because the change
of an over/under-crossing to an under/over-crossing can be performed by a Dehn twist
of the complement of C; localized on the fattened spanning disk. O

Remark 3.19. In concrete problems, the most difficult to deal with is the normal-
ization axiom because the Alexander polynomial of a link is computationally very
involved. Fortunately V. Turaev has indicated in [112, §4] an elegant way to bypass
this difficulty.

Denote by £ the family of links in 3 and for each L denote by A(L) its Alexander
polynomial. To prove that

E(S3\L)=A(L), VLeg

it suffices to know that E(S> \ unknot) = A(unknot) and that 2(S3 \ L) changes
exactly as the Alexander polynomial when the link L is subjected to some elementary
universal transformations which can be described by certain universal Dehn surgeries
on §3 \ L. Thus the difficulty in proving that an invariant coincides with the refined
Reidemeister—Turaev torsion boils down to computing that invariant in the for the
complement of the unknot in S> and to proving a few surgery formulz. O

By design, the above approach cannot deal with rational homology spheres due
mainly to the excision axiom. In §4.1 we will outline an uniqueness statement of
a totally different nature, which involves additive gluing formulae, but only closed
manifolds satisfying b1 < 1. For now we are content to do the next best thing, that
is to explain how to compute the torsion of a rational homology 3-spheres relying on
surgery presentations.

§3.8 The torsion of rational homology 3-spheres. Part 1.

Suppose N is a rational homology 3-sphere described by the Dehn surgery on the
oriented link X = X U --- U X, C S3 with rational surgery coefficients

7:(171/6]1,71771/‘111)6@”’ QI >07 (phql):l, Vl:l?an

We denote by E the complement of this link, and we set G = H|(E), H = H{(N).
We denote by u; € G the meridian of K;, oriented by the condition

Lkg (K, i) = 1.
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The manifold N is obtained from E by attaching n solid tori which we denote by
Zi,...,Zy. The meridians p; determine homology classes u; € G, and [p;] in H.
The collection {[w;]}1<i <, generates H, while the collection {11;}1<;<, is an integral
basis of G. We thus have a natural isomorphism G = Z". In particular G ® R = R"
is equipped with a natural Euclidean inner product which we denote by (e, ¢).

The linking matrix of the link is the n x n symmetric matrix L with entries

0 — Lkg: (X, X;) if i # j
Yo ifi=j.
For any vector X € Q" we denote by Dj the diagonal matrix

D; = diag(xy, ..., xp).

We form the symmetric n x n matrix

P :=LD; + Dj. (3.10)
More explicitly, its entries are
qjlij ifi#]
Pij = o .
Di if i = j.

Define
Py = PD;‘ =L+ D;.

Note that Py is a symmetric matrix with rational coefficients. As explained in Appendix
§B.2, det P # 0, and in fact |H| = |det P|. Moreover the linking form of N is
completely determined by the inverse of Py, in the sense that

ley (i), (1)) = —(Py ' i, ) mod Z.
Choose vectors @, ,5 € 7" such that
pibi —qiai = 1.
Moreover, if g; = 1 we choose («;, ;) = (—1, 0). Form the matrix
K :=L-Dg+ D,. (3.11)

The matrix K has the following interpretation. Denote by w: G — H the natural
projection. The cores of the attached solid tori Z; determine homology classesk; € H,
i = 1,...,n. The columns of K define elements K1,..., K, € G. Then (see
Appendix §B.2)

ki:nKj, i:l,...,n.
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Forevery S C 1,n := {1, ...n} wedenote by Eg the manifold obtained by performing
the surgery only along the knots K;,i € S := 1, n\ S. Equivalently, Ey is the exterior
of the link in N determined by the cores of the attaching solid tori {Z;; i € S}.

We set Gs = H{(Es). Thus N = Ey and H = Gg. Observe that to every
inclusion §; < S, there corresponds a projection G5, — Gg,, and an inclusion
G 5 < GSZ. In particular we get a projection 7g: G — Gg, and an injection
is: H < GS, VS. From the identity

D[-,*DE —D;Dz =1

we deduce that
PD; — KDz = 1.

In particular, this implies that
ginsKi = —msui € Gs, Vi€ S. (3.12)

When § = {j} we set Eg := Ej, Gg := G, we denote the projection G — G; by
7j, and the injection H < éj by i;.

Definition 3.20. A surgery presentation of a rational homology sphere is called non-
degenerate if for any i # j the homology class 7 K;, has infinite order in G;. O

Here is an algebraic criterion for recognizing nondegenerate surgeries.

Lemma 3.21. The following statements are equivalent.
(i) The surgery is nondegenerate.

(ii) The matrix P is nondegenerate, i.e. every off-diagonal element of P~ is
nontrivial.

Proof. (i1) = (1). We argue by contradiction. Suppose there exist ip 7 jo such that
the class j, K;, has finite order in Gj,. The equality (3.12) implies that 7,1, has
finite order in G;. Then there exists n € Z* and v € Z" such that

Vo =0, npjg=P-0 & v =nP . (3.13)
Thus, the coordinates of i := %T) are given by the io-th column of P~!. Since P is
nondegenerate we deduce that vy # 0, Yk # io. This contradicts the condition vj, = 0

proving that (ii) = (i). The implication (i) = (ii) is proved in a similar fashion. O

Exercise 3.5. Prove that any rational homology 3-sphere can be described by a non-
degenerate Dehn surgery. O
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Definition 3.22. Suppose G is finitely generated Abelian group. Two meromorphic
function fi, f> on G := Hom(G, C*) are called t-equivalent, and we write this f] ~
J> if there exists go € G and € = =1 such that

[0 = ex(8) (), Yx € G\ (f; (00) U f5 1 (00)). O

Suppose now that the surgery presentation (3.10) is nondegenerate. Then G is
a complex n-dimensional torus, and the complex Fourier transform of the torsion
of E is a holomorphic function ‘j'E (x) on G. Observe that for every g € G the
complex Fourier transform of g viewed as element in Z[G] is the holomorphic function
G > X 8,(x) = x(g)~! € C*. The complex Fourier transforms of 1 — K; € Z[G],
1 <i < n, are the holomorphic functions on G,

x> 1=8g,(0) =1—x(Kn~".

Sincerank Gg = |S|, we deduce that the space of representations G s := Hom(Gg, C*)
is an union of complex tori of dimension |S| and, according to Corollary 2.38, the com-
plex Fourier transform of Jg; is a holomorphic function ‘j'E s(x)on Gs \{1}. Since the
elements msK;, i € S have infinite orders in G s we deduce from the surgery formula

Theorem 2.41 and Lemma 2.42 that ﬁ“ES is t-equivalent to the unique holomorphic
extension of the meromorphic function

Te(x)
[Ties(1 — x 1K)

Let x € H \ {1}. Since the collection {[Kl], el [K,,]} generates H there exists j
such that x ([K;]) # 1. We deduce from the surgery formula Theorem 2.41 that

Gs\{l}3 x

Tn(x) ~ Te, (i), Vx e H\{1).

1— x(K;D™!
The above observations show that for nondegenerate surgeries, the computation of
the torsion of E; simplifies considerably. We have thus proved the following surgery
formula.

Theorem 3.23. Suppose that the rational homology 3-sphere N is described by a
nondegenerate Dehn surgery on an oriented link X = KU - -UX,. Set E := S3\ K,
G := H\(E), H := H|(N), G := Hom(G, C*), and define K; by (3.11). Denote
by 7 the natural surjection G — H. Its dual 7 is an embedding H < G. Then
the complex Fourier transform of Tg is a holomorphic function on G \ {1}, and the
meromorphic function

Te(x)
[T, (1 — x~Y(K}))

is regular at the points x € H \ {1} — G. Moreover if we set Fp(1) = 0, then the
restriction of Fp to H is t-equivalent to the Fourier transform of the torsion of N.

Fp(x) =
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Letus now explain how to use the above theoretical result in concrete computations.
For each x € H \ {1} we set

Sy = lis x(TK;) # 1).

Pick i € §,. Then x belongs to Gi \ {1}. The group G is an union of complex tori,
and we denote by T, ; the connected component containing . More precisely there
exists w; € Hom(G, Z) such that

Ty i = {t *u; x; t € C*},
where3
(t %, x)(@) = 1~ Wiy (B), VieC*, U eG.

We think of w; as a row vector, and of u; as column vectors. Observe the following.
If we set zj := x(uj), and nj := (W;, p;), and g = >j vilj € G then

8,00 =[]z 8eltna, x)=[]r"7z] =" 8,(x). (3.14)
J J

The weight w; is determined as follows. G; is an Abelian group of rank 1. Then its
dual éi := Hom(G;, Z) is a free Abelian group of rank 1 which injects in Hom(G, Z).
Then w; is nontrivial integral multiple of one of the two generators of Hom(G;, Z) <
Hom(G, Z). More explicitly this means that

(wi, P;) #0, (w;, Pj) =0, Vj#i,
where P; denotes the j-th column of the presentation matrix P. If we consider the
basis e/ € Hom(G, Z), _
(e, i) =14/,
we deduce that there exists k € Z* such that
J)izk-niei-P_l, Vi,

where n; is the least common multiple of the denominators of the entries on the i-th
row of P~!. In other words w; € Z" \ {0} must be an integral multiple of the i-th row
of P~!. We see that ¢ > ¢ *y, X 18 a complex curve inside G; which passes through
x att = 1. Hence

i Tet u, x)
(1 — X(K,-)—l) t—1 Hj;éi(l — t(wi,Kj)X(Kj)—l)

We can write the above equality in a more symmetric form. Namely

Fp(x) =

. Te(t %4, X)
eSS, — F =1 —
1 €90y P(X) 11_13 1_[](1 _ l(wi’Kj>X(Kj)_l)

3Pay attention to the negative sign in the definition of Iy, -

, VYmeZ*. (3.15)
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We can improve this formula, to take into account all i € S,. More precisely, the
above argument shows that for every weight w € Hom(G, Z) \ {0} such that

we have

: im — TE@ w20
Mies, (1= x(K0™1) =1 e, (1= ¢0)

Fp(x) = (3.17)

Definition 3.24. (a) A weight w € Hom(G, Z) \ {0} satisfying (3.16) is called admis-
sible for .

(b) We will refer to the process of computing Fp () described in (3.17) as regu-
larization along an admissible weight. O

Remark 3.25. (a) The function Fp determines the Reidemeister—Turaev torsion of N
only up to a sign and spin® structure ambiguity. Later on in §3.9 and §3.10 we will
explain how to remove these ambiguities.

(b) The nondegeneracy condition is a technical assumption which we use only
because it simplifies considerably the final appearance of the surgery formula. In the
recent preprint [116], V. Turaev has established very general surgery formula which do
not require the nondegeneracy condition. As one can expect, for degenerate surgeries
they involve many more terms then our (3.17) and are computationally more complex.

O

Before we present several concrete computations based on the above formula, we
want to describe an important class of nondegenerate surgery presentations which
arises in singularity theory.

Proposition 3.26. Suppose P is an n x n matrix with rational entries satisfying the
following conditions.

(i) P is symmetric and negative definite.
(ii) Every off-diagonal element is non negative.
(iii) For any collection S & 1,n, there existi € S and j € S such that pij > 0.

Then the matrix P is nondegenerate.

Proof. Denote by ey, ..., e, the canonical basis of Q". We define an order relation

on Q"

ﬁ=§ uieile:E vie; < u; >v;, VYi=1,...,n.
i i
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We will first prove that if # is a vector such that Pu > 0 then u < 0. We write
i=da—b, abeQ, a-b=0,Vi
Then
0 < (Pi,a) = (P(a—b),a) = (Pd,a) — (Pa,d) < (Pd, d).
On the other hand
(Pc_i, b) = Zpijaibj > 0.
i#]

Hence we conclude that {Pa,a) = 0, and since P is negative definite we deduce
a=0.

We can now prove that form every i # j we have (P le;, ej) #0. Set f :=
P~ le;. Then

Pf=e =0

so that f < 0. We will prove that
fi=(f.¢)=(P 'eie)) <0, Vj.
We argue by contradiction. Define
S:={jel,n fj <0}#0.

If S # 1,n then we can find iy € S such that Digjo > 0 for some jo € S. Then

fig = (f’ eio) =0.

0<(Pf.ei) =) pjiofi < Piojo i <O-
J#io

This completes the proof of the proposition. O

We will now focus exclusively on a very special class of surgery presentations,
namely rational plumbings along trees. Consider a connected tree (G, V, E) whose
vertices weighted by rational numbers r, = p,/qy, v € V. Asin §2.6, we associate to
such a weighed graph the 3-manifold M (G, r) described by a surgery on an oriented
link X = K C §3 defined as follows.

e There is a bijection between the vertices of G and the components of X, v — X,,.

e All the components are unknots.

o If u,v € V are connected by an edge then the sublink {K,, K,} is the Hopf link.
Otherwise these two components are unlinked.

e The surgery coefficient corresponding to XK, is ry.
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When all the surgery coefficients are integral we re-obtain the surgery description
of the usual plumbings. The plumbing matrix Po(G) = Py(G, F) is defined by

Lk(X,,X,) ifuz#v

Puv Pu/qu if u=v.
Set P(G,r) = D - Po(G, 7). Observe that the matrix Py(G) coincides with what
we called Py = L + Dy, and P (G, F) coincides with the presentation matrix asso-
ciated to the surgery. We say that the weighted graph (G, r) is nondegenerate if the
associate surgery it describes is nondegenerate. Note the following consequence of
Proposition 3.26.

Corollary 3.27. Suppose that the plumbing matrix Py(G, r) is negative definite. Then
the presentation matrix P(G,F) = DL + Dj is nondegenerate.

Plumbings defined by negative definite matrices arise naturally in the resolution
of isolated singularities of complex surfaces.

We can use the slam-dunk operation in [37, §5.3] to transform one weighted graph
to an equivalent one. This operation is described in Figure 3.8, where n is an integral
surgery coefficient. We have the following elementary fact whose proof is left to the
reader.

Figure 3.8. Slam-dunk.

Proposition 3.28. Ifthe weighted tree (G', ¥') is obtained from (G, ¥) by a slam-dunk,
and Py(G, ¥) is nondegenerate or negative definite, then so is Py(G’, ).

Exercise 3.6. Prove Proposition 3.28.

We illustrate the above theoretical facts on a concrete example.

Example 3.29 (A plumbed rational homology 3-sphere). Considered the 3-manifold
M described by the plumbing in Figure 3.9.
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2 X 2
2 X2
X2

Ko

Figure 3.9. A plumbed rational homology 3-sphere.

In this case the matrix P is

with determinant 48 so that M is a rational

2/3

~1/3

1/6
1/6

~1/3
| —1/3

-1/3  1/6 1/6 —1/3 —1/3

-1/3  2/3 1/6 —1/12 —1/12
—1/3  1/6  2/3 —1/12 —1/12 |

(31001 17

131100

P 012000

1010200

100020

| 10000 2]
homology 3-sphere. Its inverse is

2/3 —1/3 —1/3 1/6  1/6
(3.18)
1/6 —1/12 —1/12  2/3  1/6
1/6 —1/12 —1/12  1/6  2/3

so we see that the surgery is nondegenerate. Invoking the MAPLE procedure ismith we
deduce that H := H{(M) := Z4 ® Z12,

P:=UDV,
where
(10000 O 0 0 0 0 0 17]
01000 O 1 0 O 0O 0 -3
00100 O 0 -1 1 2 1 0
D=loo0o010 0" YS|-1 0 0 1 0o 3
00004 O -2 0 0 2 1 5
100000 12 ] | 14 2 -1 —19 -1 —43 |
The above decomposition of P defines a new integral basis ey, . .., eg, and the coor-

dinates of y; in this new basis are given by the entries in the j-th column U; of U.
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es defines a generator of the Z4 summand, while e¢ defines a generator of the Zj;-
summand.

The manifold M can also be described as a Dehn surgery on the link depicted in
Figure 3.9. Using the formula (2.22) on page 90 we deduce that the torsion of the
complement E of this link is

Te ~ (1 — D*(u2 — 1?2,

where p; denotes the meridian of the component X; of this link. Denote by E the
complement of this link, and by G its first homology group. In this case, the matrix
K is —1. For every x € G = Hom(G, C*) we set

gi=x(e), zi=xu)eC’ i=1,...,6
The Fourier transform of the Alexander polynomial defines the holomorphic function
Te@ = (7' = D' = D2

Note that if y € H then gi=1forl <i <4. Weset (u, v) := ({5, gg) € C* x C*.
Observe now that u* = v'? = 1. Then z; = ¢Yi and
(U= a2 = 22, (U =2, Vs =yt

§U4 — uzv—l9 — MZUS, §U5 — uv_l, §U6 — MUS.

We conclude that for x € G.

@' =DX' =D, L@ —-D@-1D
6 =2 % ——g T
[T=1(1 —z)) [T=3Gz =D

Recall that this means that for every spin® structure o on M, there exist ky € 7% and
& = %1 (independent of o) such that

Ty (x) ~ Fp(x) =

FuoGO =ex (W) Fp(x). Vx € A\ {1},

The value of Fp at x is obtained by regularization along a y-admissible weight. We
consider a special case.

Suppose for example that the character y is such that v™' = 1 = v, but u? # 1.
Thenu? = —land z; # 1,ie. 1 € Sy. Then

§U1 =_1’ §U2=U2=1, §U3= ,
vs Us Us L. (3.19)
é‘ - 17 C —I/t, ; _— l/l, u = :I:l.

We use the surgery formula (3.15) with the admissible weight w described by an
integral multiple of the first row of P~!. We take

J) = (47 _37 17 17 _23 _2) = (wls N w6)7 w; = (w7 Ml)
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o @Mz =D -1

) — t2w| +2wy

Fp(t x5
Pt *q X RS J6,:3(t—wjzj_1)
_ 1 (=D -1
T T DT = D = D = 1)
; B3t + D@ -1

PG D@ = D@2 =1y

We conclude 3

—1*

In Example 3.49 on page 162 we explain how to determine the vector l?a for a particular
spin‘ structure. O

lim Fp(t *5 x) = —
t—1

There is one important lesson to be learned from the above example. It is possible
that different characters of H may not have a common admissible weight, and thus
the computation of F'p for these characters may require regularizations along different
weights. If however the plumbing graph has arich symmetry the computations simplify
considerably. We will describe below one such class of surgery presentations which
arises in the study of isolated quasihomogeneous singularities. In this case a miracle
happens. We can find a weight which is admissible for all characters!

Example 3.30 (Seifert fibered rational homology 3-spheres). Consider the surgery
presentation in Figure 3.10. It describes a Seifert fibered rational homology 3-sphere.

We assume
Vv ﬁ
Li=—) — <0
2o,
i=1
since this condition arises naturally in the study of the singularities and guarantees the
nondegeneracy of the surgery presentation.
Using the surgery trick (2.19) on page 90 we deduce that the Reidemeister—Turaev
torsion of the exterior of this link is

Agc ~ (o — 1)V

We denote by N the 3-manifold obtained by the surgery in Figure 3.10, by E the
complement of the link, and we set G := H(E), H := H{(N). Then H admits the
presentation

(i =01, v gy =1, wfpul =1, i=1,...,v).  (3.20)
We now pick integers (p;, gi),i = 1, ..., v such that

aiqi — Bipi =1,



146 3 Turaev’s refined torsion
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Figure 3.10. Surgery presentation of a Seifert fibered rational homology sphere.

and set as usual K = ,u [LO The central surgery coefficient is integral and we have
Ko = “o . Later on we will be more specific about the choices p;, g;. For each
x € Hom(G, C*) we set

Zi=x"Nw), G=x"NK) =z ieli={1..., v}
If x € H then (3.20) implies
w=¢" u=¢f viel, (3.21)
For every x € H we define its support to be
Sy =i el & #1).
Lemma 3.31 (Support lemma). Let x € PAI\{I} suchthat x (o) = 1. Then |Sy | > 2.

Proof. Since the classes K; generate H we deduce S, # #. Suppose |S,| = 1, say
Sy = {1}. Thus §; = 1, Vi # 1. The relations (3.21) imply that
1=¢", Viel,

i

The equalities z; = ;l-ﬁ " together with the relation z; ...z, = 1 imply ;{3 ' = 1. Hence

{{){1 — é‘lﬂl —
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Since ged(aep, B1) = 1 we must conclude that {; = 1 as well. This contradicts the
condition S, # ¥ and concludes the proof of the lemma. m|
Suppose now that x € H\ 1. We distinguish two cases.
1. z9 # 1. Using (3.21) we conclude that §; #= 1,Vi =0, 1, ..., v. We deduce
(ZO _ 1)1}—2
[Ti—i(1=¢&)

2. zp = 1. Using the Support Lemma we deduce |S,| > 2. Assume {1,2} C S,, i.e.
{1 # 1, & # 1. We want to choose a weight w € Hom(G, Z) \ {0} satisfying the
conditions (3.16). In this case these conditions take the form

Fp(x) =

woBi +wia; =0, Vi>2.

where w; := w(w;). In other words w; = —%wo. Observe that for every i > 2 we
have
- pibBi wo
ni == (W, K;) = wog; + piw; = wolgi — —) = —.
o o
Let o = lem (aq, ..., ay). We set wg = —a so that n; = —%. Using (3.17) with

(w, K1) = a%, (W, K») = o%, we deduce

FpGo) = lim — 00 =L (3.22)
t—1 [T, (1 = gir/%)

O

Remark 3.32. (a) Observe that the surgery formula (3.22) holds in both cases zg = 1
or zo # 1. In other words, the weight we have constructed is admissible for all the
characters! This formula, first appeared in [75], where it plays a central role in the
proof of some conjectures arising in singularity theory. For a complete and explicit
description of the limit in the right hand side of (3.22) we refer to [76].

(b) The rational function in the right-hand-side of (3.22) also appears in [77] under
an algebraic-geometric guise. More precisely, in that paper it is proved that this rational
function (of ¢) coincides with the Poincaré series of associated to the graded ring of
regular functions on the singular, quasihomogeneous, affine surface associated to the
plumbing in Figure 3.10. This similarity played an important role in [76]. It would
be interesting to know if there is a deeper connection between these two apparently
unrelated incarnations of this rational function. O
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§3.9 Quadratic functions, spin® structures and charges

The surgery formule we have developed so far have one drawback. They produce the
torsion up to a sign and a spin® structure ambiguity. In this section we will describe
several methods of keeping track of the spin® structures when working with surgery
presentations.

The first method of keeping track of spin® structures is algebraic in nature. To
present it we need an algebraic digression.

Definition 3.33. Suppose H is a finite Abelian group. A quadratic function on H is
a function ¢ : H — Q/Z such that the map b = b, : H x H — Q/Z defined by

HxH>(x,y) b(x,y) :=qxy) —q(x) —q(y) € Q/Z

is a bilinear form b: H x H — Q/Z. We say that g is a refinement of b.

A quadratic form is a quadratic function ¢ satisfying g(nx) = n’q(x) for all
x € H,n € Z. In this case we say that g is a quadratic refinement of by .

Given a bilinear form b on H we denote by £2°(b) the set of refinements of b and
by Q(b) the set of quadratic refinements. Clearly Q(b) C Q°(b). O

Note that if x € H and g € Q°(b) then x + g € Q°(b). Conversely, if g1, g2 €
$€(b) then g1 — g» € H. This shows that we have a free and transitive action

H x Q°(b) — Q°(b), HxQM)> (x,q) > x +q.

In other words, 2°(b) is a H-torsor.

Suppose now that M is a rational homology sphere, H := H;(M). We set
(M) = Q(Ikys). The identity (3.8) on page 130 implies that the sign refined
Reidemeister—Turaev torsion defines a map

Qtors - Spln (M) - Q“(M), o+ dtors(0)

by setting
drors(0) (h) = TM,U,U()(I) - ‘IM,G,U() (h) mod Z,

where 0 is the canonical homology orientation.

The linking form lky produces an isomorphism H — H, and thus we can regard
Spin€(M) as an H-torsor via this isomorphism. The map ¢ is then a H- equlvarlant
bijection. This fact suggests an algebraic encoding for spin® structures. A spin®
structure is completely determined by the refinement qors (o) of lkyy.

In [7], Brumfiel and Morgan have constructed another H -equivariant bijection
diop: Spin®(M) — Q°(M) which we now proceed to describe. Fix a spin® structure
on M. Then (see e.g. [37, §5.7]) there exists at least one simply connected spin®
4-manifold (M ,0) such that M = M (as oriented manifolds) and o = &|a ae Set
c(6) :=ci(deto) € H*(M, Z) so that ¢;(deto) = @)y -
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~ ~ PD ~
Let L := H?*(M,dM) = H,(M), and denote by Q the intersection pairing
Q:LxL—>1Z Q) =(xUy[M3IM]).

Since M is a rational homology sphere the intersection pairing Q is nonsingular, i.e.
the natural map Ip: L — L := Hom(L, Z) induced by Q is an injection. Observe

v . PD A A
that L = H2(M) = H,(M, dM. We have a short exact sequence

o ~ 2 ~
L3 - HXM)=H - 0.

For every X € L we denote by [X] its image 1n H. Set v := |H|. Observe that for
every X € L we have v¥ € Io(L) so that I, 0 (vx) € L. The intersection form Q
defines a nonsingular pairing

v v

O:ixi—>Q O0GH=- 0I5 ), 15 (v3)
We say that Q is the dual of Q. Then
ey ([5], [¥]) = —Q(%, y) modZ, V¥, ¥ € L.
A vector k € L is called characteristic if
(k,x) = Q(x,x) mod2, VxelL.

A characteristic vector « defines a quadratic function

1, .
ge: H = Q/Z, (8D = =5 (0. %) + 0¥, ¥)) mod Z

Exercise 3.7. Prove that g, is well defined, i.e.

[%1] = [¥2] = (Q(K 1)+ QL %)) = (Q(x, %) + Q(¥2, ¥2)) mod Z. O

The quadratic function ¢, is a refinement of lky;. The element ¢(6) is character-
istic, and we set

diop(0) = Gc(5)-
Lemma 3.34. The refinement qop(0) is independent of the choice (M ,0).
Proof. Suppo§e (Mi, 61),i = 0, 1 are two simply connected, oriented, spin©-manifolds

such that 9(M, 6;) = (M,o0),i =0,1. Form as above L;, Q;, and k; := c(0y),
i =0, 1. Denote by — M the manifold M equipped with the opposite orientation, and
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by Q7 the intersection form on Ly = H 2(—My, —9M; Z) induced by the opposne
orientation. Then Q" = — Q1. Form the closed spin“-manifold M : Mo Uum M1

The spin® structures 6; on (= 1)’M glue up to a spln structure & on M. Set L :
H?*(M, Z) and denote by Q the intersection form on M. We have the 1dent1ﬁcat10ns

L = {(%, %) € Lo ® L1; [¥o] = [¥1]}.

and . 5 5
Q0=(Qo®—-01l;.

The cohomology clas§ Kk = ci(deto) € L is a characteristic element of Q and
Kk = (ko, k1) € Lo® Lq. .

Fix an element & € H and elements X; € L; such that & = [x;],7 = 0, 1. These
elements define x = (X, X1) € L. Then

1. )
9o () = g (1) = 5 (Q(&, x) + O(x, x)) = 0 mod Z,

since k is a characteristic element of Q. |

Proposition 3.35. The map qop: Spin“(M) — Q°(M) is H- -equivariant.

Proof. Let o € Spin®(M) and (M, &) as in the definition of duop- Set k 1= cy(det o).
Recall that Spin°(M) is a H-torsor via the isomorphism H = A ,h = xp =
lkpyr(h,e). Let x € H and h € H such that X = xn. Wecan find X € L such that
h = [x]. Then

(M,h-0)=3(M,%-6), c1(¥-6)=2%+«.
Clearly qtop(h “0) = Xn+ qtop(g)- O

In §4.1 we will prove that qiop = diors. NOw we want to provide a different,
intrinsic description of qop(€), € € Spin(M).

Let us first recall that according to Milnor [71], any spin structure on an oriented
vector bundle E of rank r > 3 over a compact CW-complex X is described by an
extension to the 2-skeleton of X of the framing (trivialization) over the 1-skeleton
defined by the orientation. Two such extensions define isomorphic spin structures if
and only if they are homotopic. In particular, if X is a compact oriented 3-manifold,
and E = T X, we deduce that a spin structure on X is defined by a framing* of T'X.
Two framings define isomorphic spin structures if and only if they are homologous, i.e.
they are homotopic outside a three-dimensional ball. We will thus label spin structures
by homology classes of framings of the tangent bundle.

4Here we have implicitly used the condition 7 (SO(n)) = 0, Vrn > 2 which implies that any framing of
T X outside a 3-ball extends to a framing of X everywhere.
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To proceed further we need to recall another simple fact. Suppose E is an oriented,
real vector bundle of rank > 3 over S'. There are two homotopy classes of framings
of E. Of these two there is a trivial one described as follows. Extend E to an oriented
vector bundle £ over the 2-dimensional disk D. A framing of E is trivial if it can be
extended to a framing of E. We associate two each framing F of E — S'its parity,
denoted by [F | € Z,, by declaring the parity of the trivial framing to be 0. Note that
two framings i’[, i =1,2,0on E; — §; induce a framing F{ & F; on E{ & E; and

[F) & Fy] = [F1]+ [F2].

We can extend the notion of parity of framings of to bundles over § ! of rank < 2 using
the stabilization trick. More precisely if F is a framing of a real, oriented 2-plane
bundle E — S!, then we define its parity as the parity of the induced framing on
R* @ E where R=the trivial real line bundle, s > 2. In this case the condition [F] = 0
implies that there exists a gauge transformatlon g: 8! — SO(2) = S! of even degree
such that the induced framing F=F. g of E extends over the disk bounding S'.
Because of this fact, when speaking of even framings of a 2-plane bundle over S!, we
will always understand framings which extend over the disk.

A spin structure on S is equivalent to a homotopy class of framings of its stable
tangent bundle, 7, S! = R® @ T'S!, s is an arbitrary integer > 2. The canonical spin
structure corresponds to the canonical framing of the stable tangent bundle.

Suppose now that M is a rational homology 3-sphere, H := H;(M), and € €
Spin(M). Fix aframing F ;,, of T M which induces this spin structure. Fix i € H\{1}.
We represent i by an oriented knot K < M. The chosen framing of T M defines a
distinguished class of framings of the normal bundle v of K — M. We will refer
to these framings of vk as even with respect to the spin structure €. They are defined
as follows Equip the stable tangent bundle ;K = R* & TK of K w1th the tr1V1a1
framing F k- Any framing F of vk defines two framings F K D F and F u of
R® @ T M|k via the isomorphisms

REOTK)Dvk =R '@ (RO TM|x).

Then the framing F of VK if called even with respect to the spin structure € if the
stable framings F u and F u are homotopic, that is

[F,] = [Ful.

Suppose now that Zg is a tubular neighborhood of K < M. We can identify Zg
with the unit disk bundle of vk . If we represent a framing F,, of v as an orthonormal
pair of sections (f, f,), then the first section traces an oriented simply closed curve
on dZk. We will denote it by F,(K).

Lemma 3.36. The Q-valued linking number Lk (K, FV(K)) of K and ﬁ'v(K) is
independent mod 27 of the even framing F \,, and the homology class of H.
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Exercise 3.8. Prove the above result. O

We have thus obtained a map

Spin(M) x H 3 (¢, H) > i, (€)(h) = —LkM(K F »(K)) mod Z,

-

F, = some framing of vg which is even with respect to €.

Proposition 3.37. For every € € Spin(M) the map
H 3 h > qp(e)(h) € Q/Z
is a quadratic refinement of lky;. Moreover
Grop (€) = Gop (€).

Proof. First qf all, let us recall that (see [37, Thm. 5.7.14]) that there exists a spin
4-manifold (M, €) with the following properties.

e (M, é) = (M, ¢).
e M is obtained by attaching 2-handlebodies { Hy, . . ., Hy}to the four-ball D*.

Denote by A; the co-cores of the handlebodies. These disks define a generating
family [A;] of Hz(M , oM ), and their boundaries trace oriented knots K; — M,
which define a generating family of H;(M). Denote by Q the intersection form on
H?*(M) and by Q its dual on Hom(H2(M), Z) = Hy(M, dM).

Since M has the homotopy type of a 2-dimensional CW-complex we deduce that
spin structure € on M defines a framing F of TM. We denote by 7 the unit outer

normal along aM, and by F M a framing of TM defining the spin structure €. The
condition dé = e signifies that, for each surface ¥ in M with boundary on 9 M, the
frammg i@ Fy of TM |57 €xtends over ¥ to a framing homotopic to the é-framing
of TM |x.

Denote by »; the normal bundle of A; <> M , and by v; the normal bundle of
K; — M. Observe that T, K; = T;A;|g,. Denote by F k; the trivial framing of
Ty Aj|k,. The framing of v; Which is even with respect to the spin structure €, is the
framlng F such that the framing FM|K , and the framing (TA Ik, FK ) ® (v;, i",-)
on T M |k, are homotoplc Since the framing F. i1l k; extends over A; we deduce that
[F i1=0,1ie. F; ; extends (modulo an even degree gauge transformation) to a framing
of ﬁl’ .

Fix a pair of orthonormal sections (f;, g;) defining the framing F ;. Extend f;
to a nowhere vanishing section j‘i of D;. Denote by f;(K;) the pushforward inside
M of K; along the normal vector f;. Define }”(Ai) in a similar fashion. Clearly
AN fi(Ai) = (). This last condition implies (see e.g. the proof of [20, Proposition
A31]) that 5

Lky (Ki, fi(Ki)) = —=0(A;, Ap).
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This shows

1. .
Gtop(€)(Ki) = = Lk (K, f;(K;)) mod Z = —EQ(Ai, fi(Ap) modZ

| =

O(A, f:(A)) ModZ = quop(e)(Ki), Vi O

N =

The above result suggests a simple way of cataloging the spin structures on a
rational homology 3-sphere M. It goes as follows. Fix a generating set S C H, and
represent each s € S by a knot K; C H. Then we can describe a spin structure €
on H by indicating the framings of the normal bundle of each K which ar even with
respect to the spin structure €. In the remainder of this section we will explain how
to use this simple strategy to produce surgery descriptions of the spin structures on a
rational homology spheres. We begin with a topological digression.

Suppose now that M is an oriented 3-manifold with boundary ¥ = 9 M. Given a
spin structure € on X we can define a relative Stiefel-Whitney class

wa(M, €) € H*(M, dM; 7).

This class is the obstruction to the existence of a spin structure € on M such that
9€ = €. We will identify wy (M, €) via the Poincaré—Lefschetz duality with an element
in H1(M, Z,). Observe that the spin structures on a surface ¥ can be equivalently
described by homotopy classes of framings of the stable tangent bundle 7 X.

Example 3.38. Suppose M = { x %, I = [0,1], and ¢; are spin structures of
TM|(yxx defined by framings F; of TM|;xs = T;X. We denote the relative
class

w2 (M; €0, €1) € HI(M, Z) = H(X, Z)

by (€1, €p), or 8(f’ 1, F 0). It can be alternatively described as follows. These two
framings define a map g: M — SO(3) with the property

Fi=Fg-g
We obtain an element
g«: Hom( Hi(M), H|(SO(3))) = Hom(H{ (M), Z>) = H'(Z, Z»).
Then g, is the Poincaré dual of § (i’ 1 F 0), that is
(gx, ¢) = 8(F1, Fo) - c mod2Z, Ve e Hi(Z). o
We have the following immediate result
Proposition 3.39. Suppose M is a 3-manifold with boundary ¥. Denote by

Jot Hi(2,Zp) — H((M, Z>)
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the inclusion induced morphism. If €;,i = 0, 1, are two spin structures on ¥ then
w2 (M, €1) —wa(M, €9) = j,(3(€1, €0)).
On a torus S there are four spin structures
{ec: ¢ € Hi(S, Zy)},
where € is the unique spin structure on with the property
(S, €0) # 0 € Q™.

Equivalently, € is the spin structure induced by the canonical framing of 7'S defined at
page 122. In particular, the tangent bundle of an union X of 2-tori admits a canonical
framing which we will denote by €y. For every c € H (2, Z,) the spin structure €,
is the unique spin structure on X such that

8(ec, €0) = c. (3.23)

Example 3.40 (Spin structures on the solid torus). Consider the solid torus Z = §' x
D?. Setx =[S! x {1}] € H1(3Z), and . = [{1} x dD?] € H{(3Z). It has a natural
spin structure €, induced by the obvious embedding of Z into the Euclidean space
R. Equivalently, €, is the spin structure on the solid torus induced by the unique
spin structure on the handlebody D? x D?. This defines a spin structure €, on the
torus 0Z. We will refer to it as the Euclidean spin structure. We want to compute
8(€e, €0) = 6(€g, eg) € Hi(0Z, Z»).

We denote by F the framing of R @ 79 Z which induces the spin structure € on
0Z. We define F, in a similar fashion. Choose g: dZ — SO(3) such that

Fo=F, g
Define g, € H'(3Z, Z,) as in Example 3.38. Then a little soul searching shows that
(ger 1) = [Folu] + [Fell =1,

and
(g, A) = [Felh ]+ [Folpal = 1.

This shows that 6(1779, ﬁ‘o) = @ + A mod 2Z so that €, = €;.4,.
Using Proposition 3.39 we deduce that for every « € H{(dZ, Z;) we have

w2 (Z, €x) = jolk —A — @) = jok +A.

Thus €; extends to a spin structure on Z if and only if k = A +nu mod2,n € Z. O
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Example 3.41. Consider the solid torus Z = S'x D2 Setir = [S'x{1}] € H1(32),
and u = [{1} x aD* € H1(32). If f is a framing of the normal bundle of the axis of
solid torus, then the curve on 9 Z traced by the first vector in f carries the homology
classnu + A, n € Z. The integer n is called the degree of the framing, and completely
characterizes its homotopy class.

A spin structure € on Z induces a spin structure € on dZ. In particular, it has the
form ¢,k € H{(0Z, Z»). Since € extends over Z we deduce that x has the form

K =neu + A mod 2.

We claim that the framings of the normal bundle of axis K of the solid torus which
are even with respect to the spin structure € are exactly the framings of degree n =
n, mod 2. To prove this fact we need to verify this statement for a single spin structure.
We will do this for the Euclidean spin structure €, defined in Example 3.40. Denote
by F.a framing of 7 Z which induces the Euclidean spin structure é,. In this case

S(€e, €0) = A + o mod 2.

We have to show that the framings vk which are é,-even must have odd degrees.
Observe that framing F y of the normal bundle vk of K < Z which is even with
respect to €, is determined by the condition [i?’ 1= [i’ ¢] = 0. The canonical framing
[I_;’ can] Of vk given by the direct product description S !'x D? has degree 0, and parity
[ﬁ‘ can] = 1. Thus F, must have odd degree. O

Suppose now that M is a 3-manifold whose boundary ¥ = dM is an union of
tori. Fix a relative spin® structure o € Spin®(M, dM). As explained on page 122,
the canonical framing of T X defines a section s, of deto |y, and we have a relative
Chern class

c(o) = ci(deto, so) € H*(M,dM) = H(M).

The following result follows immediately from the description of a relative spin®
structure in terms of the canonical framing of the tangent bundle of a torus.

Proposition 3.42.
c(o) = wy(M, €y) mod 2.

Exercise 3.9. Prove the above result. O

Suppose K = K; U --- UK, is an oriented link in S3. Denote by Z; an open
tubular neighborhood of X;. The exterior of the link is

E:=S3\Ozi,

i=1



156 3 Turaev’s refined torsion

and set G := Hj(E). 0F has n boundary components which we denote by 0; E,
i =1,...,n. Denote by u; and X; the meridian and longitude of X; oriented such
that

Ap i =1,

where the intersection product is defined in terms of the orientation of d Z; as boundary
component of E. Asin §3.8 we define the linking matrix of X to be the n x n symmetric
matrix L with entries

g = LR XK) i
Y o ifi = j.

We denote the inclusion induced morphism H{(0E,Z) — Hi(E,Z) by j. j, will
denote the similar morphism for Z,-coefficients. The images ju; of the meridians
define a basis of G, and thus an isomorphism G = Z". Since there is no danger
of confusion we will write u; instead of ju;. Denote by é € G = Z" the vector

(1,...,1) =), ui. Then

JAhi = Zﬁki,uk = Le.
kti

We have the following result.

Proposition 3.43.
n n

wa(E €0) = ) jo(ui + 1) =Y xiwi € Hi(E.Zo), xj =1+ i mod2.
i=1 i=1 ki

Proof. E is equipped with a natural spin structure €, induced by the embedding
E < S3. Itinduces on each boundary component exactly the Euclidean spin structure
described in Example 3.40. Using the computations in that example we deduce

0€ = €y,

where

n
ko= (i +%) mod2 e H'DE, Zy).

i=1

Using Proposition 3.39 we deduce

w2 (E, €0) = wa(E, €0) — wa(E, 3€,) = joko = € + Lé mod 2. (3.24)
O

Remark 3.44. For a different proof of this result we refer to [116, Lemma 1.3]. O



§3.9 Quadratic functions, spin® structures and charges 157

Consider the spin structure € = ¢, on d E labelled by an elementx € H(0E, Z,).
The above identity coupled with Proposition 3.39 implies

wy(E, ) =0 < k —Kp €kerj, & jrk =¢é+ Le mod?2. (3.25)
Suppose we perform a Dehn surgery on this link with rational surgery coefficients

7 e Q" r, = pi/qi where g; > 0, (pi,qi;) = 1,Vi = 1,...n. We denote by Z; the
attaching solid tori, by M = Mj; the 3-manifold obtained by this surgery, and by H

its first homology group, H := H{(M). Set p = (p1, ..., pn)s 4 = (@1, ..., qn)-
For every ¥ € Q" we denote by D; the diagonal matrix

Dy = diag(ry, ..., ).

Then H admits the presentation

P b4
G—>G—»H—O0,

where P is the n x n matrix
P:=L-D;+ Dj. (3.26)

The axes of the attaching solid tori Z; define homology classes in M which we denote
by k;. Here is how one can determine them.
For each i we choose a pair of integers («;, ;) such that

piBi —aigi=1, o =q;+ i =1mod?2 (3.27)

If g; = 1, i.e. the surgery coefficient r; is integral, then we set o; = —1, 8; = 0. The

2 x 2 matrices
Pi @ .
I, .= , 1i=1,...,n,
l |:Qi ,31}

define the attaching maps of the Dehn surgery. Note that the entries in the i-th column
of P are the coordinates of jI';u; with respect to the natural basis in G. We set

K; = j(Tixi) = aipi + Bi Zgjil/vj €G.
J#
Then k; = m(K;), Vi. We denote by K the matrix

K:=L- DE + Dg. (3.28)

Note that the entries in the i-th column of K are the coordinates of K;. Then

Kz:ZK,'.
i
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A spin structure € on M induces spin structures on é.x; on E and €; on Z; with the
property that

Ti€iloz, = €extlo Ex -

We write @,‘|3Zi = € gext|8,-E = € where ¢;, k; € H1(0Z;, Zy). Set

k =i € HIQOE, Zn),

i
S0 that €ex¢|gg = €,. The homology classes ¢;, k; satisfy the compatibility conditions
ki = e,

Since €., extends over Z; we deduce
ci =Ai+uipi € H'(0Zi, Zo), uj € Zs.
Since ¢,, extends over E we deduce that
Joki = jo(ui +4i), Vi
We conclude that
Joliituipi) = jo(ni+ri) < Kituij(pipi+qiri) = jo(ni+ri) € GRLy,

foralli. If wesetu = ) ; ujiu; € G we can rewrite this in the more compact form

- - - - 3.25) . .
Ke+ Pu=e+ Le mod2(=)12/co=]2/c mod 2. (3.29)
The next proposition summarizes the above observations.

Proposition 3.45. Let M, P, K as above. Every spin structure € on M can be de-
scribed by a vector u € 7 satisfying

Pi+ Ké = é+ Lé mod 2. (3.30)

Conversely, every vector u € 7" satisfying the above condition determines spin struc-
ture on €(u) on M. Moreover, for every 1 < i < n, the curve (A; + ujjt;) C 9Z;
defines a framing of the normal bundle of the core of Z; — M which is even with
respect to €(ii).

The correspondence described in Proposition 3.45 can be further refined. Every
relative spin® structure o on E is completely determined by its characteristic class
c(o) € G. We can write R

cloy=u", veZ

Proposition 3.42 and 3.43 imply that is V is, in the terminology of [116], a charge, i.e.

V=¢e+Lemod2 <= V= j,kp mod2. (3.31)
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From now on, we will freely identify the spin® structures on E with charges. For every
m m)'l

m € Z" we denote by u™ € Z[G] the monomial p'" ... ™.
E is equipped with a natural homology orientation (see [116]), and if Ty  is the
sign-refined torsion of E corresponding to the spin® structure o then (see (3.5))

Taco 7y = ()" 1 Taeo (1, - - s ) (3.32)

The attaching solid tori are equipped with canonical spin® structures and we get a
surjection

72 Spin°(E, dE) — Spin°(M), Spin°(E,dE) 5 v — v e Spin°(M).

The above correspondence is equivariant in the sense that if o1, o are two relative
spin® structures on E, 03 = g - 01, § = u* € G, then

1. . o
5(1)2 —v1) =1, v =mn(g v

Moreover

c@M)y =) [ ;" =7 (u"59). (3.33)
i
Observe that two charges vy, v, induce identical spin structures on M if and only if
1.
E(Vl — 1) € Im(P).

An integral characteristic vector of the surgery presentation (see [37, Def. 5.7.19]) is
a vector ¢ € Z" such that, for all i,

pi = pici + Y_Lijejq mod2 <= P& = Djé mod2. (3.34)
J#
Proposition 3.46. Suppose o is a spin® structure on E with charge V. Then the

following conditions are equivalent.

(i) The spin® structure v

on M is induced by a spin structure.

(ii) There exists a it € 7" such thatVv = Ké + Piu.

(iii) There exists an integral characteristic vector ¢ € Z" such thatii = ¢ + €
satisfies V = P(ii) + Keé.
Proof. gi) — (ii) The spin® structure oy is induced by a spin structure iff c(oy) = 1,
iff 7(u" K€ =1¢e H,iff v — Ke € Im(P).

(ii) == (iii) Suppose there exists # € Z" such that

v=Ke+ Pu.
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We want to prove that # — é is an integral characteristic vector. Since v is a charge
V—¢=Le mod2.
We then have the following mod 2 equalities.
P(u—¢€é) =v—Keée— Pée=¢+ Le— Keée — Pe

(use the identities (3.26), (3.28))

=¢+ Le+ L(D; + D;)é + Dzé + Dje.
At this point we recall the conditions (3.27) which imply

D;é =¢é mod?2, (Dj + Dj)é = ¢ mod 2.

We deduce that

Pu—e) = Dlgz mod 2,
i.e. (4 —€) mod?2 is a characteristic vector, proving the desired implication. The
implication (iii) == (ii) is trivial. O

We denote by Char p the space of integral characteristic vectors, and set Char% =
Char p mod 2. We denote by Np the space of charges v such that the spin® structure
vM on M is induced by a spin structure. We have a natural equivalence relation on
Np

- o - - L. .

V| ~ V) = v{” = vé‘/[ <~ E(w — vz) € Im(P).
Assume now that M is a Q-homology sphere. Then for every v € Np the element u
postulated in Proposition 3.46(iii) is unique

b— Ké=Pii & ii=P"'(—Ké),
and thus we have a well defined bijection
Wp:lpP&BICharp—)Np, EI—)KE+P(}+E)=(K+P)E+PE.

Lemma 3.47. W = Wp descends to a bijection

Wp: Chary — Np/ ~ .

Proof. Since M is arational homology sphere, the above spaces of equivalence classes
are finite, so it suffices to prove only that ¥ descends to a well defined injection.
Clearly if ¢; = ¢, mod 2 there exists X € Z" such that ¢; — ¢; = 2. Then

1 - - - - -
E(WP(CZ) —W(é1)) = P = Wp(c1) ~ Vp(cr).
The opposite implication Wp(¢1) ~ Wp(¢2) = ¢; = ¢ mod 2 is proved similarly.0

A priori, this identification could depend on the choice of a, /§ satisfying (3.27).
‘We now prove that this is not the case.
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Lemma 3.48. The correspondence
W=, 5 Charp - Np/~.
is independent of a, E satisfying (3.27).

Proof. Suppose we have two pairs (&', B and @", B") satisfying (3.27). Then there
exists a vector k € Z" such that

D&//:D;-DI;—{—D&H, D =D,;~D(}+DB,.

BN

Moreover,
D&// — D&// = (D"// — D’E,) = 0 mod 2.

Since (p;, gi) = 1 we deduce that all the components of k must be even so that

ko = 112 eZ"

0= 5 .
Suppose X € Charp. Then
Wy jr(¥) — W 5/(¥) = L(Dgy — Dg)é + (Dgr — Dyr)é
=LD;- Dg? + Dy - DI;E =LD;- D]gz + Dj Dy - é.
Set iig = Dy, é. We can rewrite the above equality as
Wy jr(X) — Vg 5/(¥) = 2(LDg + Dp)idg = 2Pil.

This proves that
\II&//”E//(.)_C’) ~ \'IJ&/’B/()-C:) in NP,

and completes the proof of the lemma. O

In view of Proposition 3.45 we can identify Np/ ~ with the space of spin structures
on M,
®: (Np/ ~) — Spin(M).

We have thus proved that the surgery presentation P of the rational homology sphere
M produces an explicit, canonical identification

Ep: Charh > (Np/ ~) > Spin(M).

The Euclidean spin structure on S! x D? is the restriction of the unique spin structure
on the handlebody D? x D?. We deduce form the computation in Example 3.41 that
the above identification is precisely the identification described in [37, §5.7] between
the space Char%) and the space Spin(M) of spin structures on M.
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There is a simple way to represent the integral characteristic vectors on a surgery
diagram using colors,? or on the plumbing graph, using ¢’s and o’s. If ¢ € Charp
then the components of X corresponding to ¢; = 1 mod 2 will be colored in black,
and the corresponding vertex of the plumbing graph will be indicated by o, while the
components corresponding to ¢; = 0 mod 2 will be colored in grey and the corre-
sponding vertex of the plumbing graph will be indicated by a (grey) . As explained
in [37, §5.7], the colors of the vertices left after a slam-dunk stay the same. We define
a surgery spin diagram to be a surgery diagram with a characteristic vector indicated
by coloring of the vertices by the rule explained above.

-2 -2 -2 —(n+1)/n
— — - - — - — - = °
(a)
-~ 1
) -2 -2 —(n+1)/n

7777777 = 0
CR J

Figure 3.11. The two spin structures on the boundary of the A, plumbing, n = 1 mod 2.

Consider for example the boundary of the A,-plumbing. Its associated plumbing
graph is a“bamboo” of length n which can be iteratively slam-dunked to a single point
with surgery coefficient —(n + 1)/n as in Figure 3.11.

Suppose n + 1 is even. The boundary of this plumbing has two spin structures
corresponding to the two characteristic vectors ¢y = (0, ...,0),¢; = (1,..., 1). The
first spin structure is depicted Figure 3.11 (a), and the second is depicted in Figure
3.11 (b). On the right hand side we depicted the equivalent diagrams obtained after
iterated slam-dunks.

The importance of the above abstract results to torsion computations is best grasped
on a concrete example.

Example 3.49. Consider again the plumbed rational homology sphere discussed in
Example 3.29, page 142. We continue to use the same notations as in that example.
We have

31001 1
131100
p_|012000
~l010200
100020
(10000 2|

S0 =the spin structure extends over the corresponding handle, whence the full grey disk, o = the spin
structure does not extend over the corresponding handle, whence the holed black disk.
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In this case we can choose K = —1. A vector ¢ € Z° is characteristic iff the following
mod 2 equalities hold:

=ctc+cs+ce

=c1+c+c3+ca

= 02

= C].

SO = =

Hence ¢ = (0, 0, c3, c4, 5, cg) Where ¢3 + ¢4 = ¢5 = ¢¢ = 1 mod 2. In particular
the vector ¢p = (0,0, 1,0, 1, 0) is characteristic. Denote by €( the associated spin
structure. It is depicted using e’s and o’s in Figure 3.9. A charge on the complement
of the plumbing link K which induces this spin structure is

[(5+17]
541
242

2
242
2

Vo= (K + P)e + Pcy =

Denote by oy the relative spin® structure on E corresponding to V9. We deduce that
there exists ¢ = &1 and k € Z* such that

TE.0o = 5 (1 — D (12 — 1),

where the vector & is uniquely determined by the condition (3.32)

nF T = D2y = D% = T — D2 - D2
This means L
piuy? = p* " — k=(3,3,2,1,2, ).
Thus
TE.op = 13 a3 tapshe(p1 — 1) (2 — 1)
As in Example 3.29 suppose now that x € H is such that v = 1 but 2 # 1. Then

Tut,eo () = ex ™ (13 nap3maniie) lim Fp(t 5 X).

3
-3 _-3_-2~_—-1_-2_-1
= —€2,72, 23 224 25 Zg w1
‘We now use the identities (3.19) to conclude that
3u
(u—1)%

Observe that the last equality confirms the symmetry relation

Tat.eo(X) = €

Tat.co 00 = Tt (X)»
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expected for the torsion associated to a spin-structure. We are left with one last
ambiguity, the sign ¢. In the next section we will explain how to remove it. O

§3.10 The torsion of rational homology 3-spheres. Part 2.

The identity (3.8) of §3.6 can be used to remove the sign ambiguity in the surgery
formula of Theorem 3.23. We will explain how to achieve this for a special class
of rational homology spheres, namely those described by a nondegenerate, rational
plumbing along trees. We will follow closely the strategy in [75, Appendix A].

Consider a tree I', and denote by V its set of vertices. For each vertex v € V we
denote by d, its degree. As in §3.8, page 141 we associate to I" a link

Kr = (va)veV

whose components are unknots. Denote £ = Er the exterior of this link, and by
L the linking matrix of this link (or equivalently, the incidence matrix of I'). Set
G := H{(E).

Define 8 = 8- C QV as the set consisting of all possible choices of surgery
coefficients 7 = (r, = py/qv)vev S0 that the corresponding presentation matrix

P =P:=LD;+ Dj
is nondegenerate. We need to fix a convention. In the sequel we will assume that
gy >0 and gcd(py,qy) =1, VYveV.

Suppose 8 # . In this case & is an open subset of QV. For every 7 € § we denote
by Mj; the rational homology sphere obtained by Dehn surgery along I' with surgery
coefficients 7. We denote by Z, the solid torus attached to the boundary of the v-
component of Xr. We set H = H; = H{(M5), and we denote by 7: G — H the
natural projection. Set v := |det P| so that |H| = v.

For each 7 fix @, E e ZV asin (3.27) of §3.9, page 157, and then define a V x V-
matrix K = K5 as in (3.28)

K = LDB + Dg.

The equality DﬁDE — D; Dz = 1 implies

PDs—KDj=1 and KDj—PDg=1L.
The v-th column of K, which we will denote by K, defines homology class j (ot ity +
BvAy) in G, which we will continue to denote by K. Its image in H is the homology
class of the axis of the attaching solid torus Z,.
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Fix a relative spin® structure o on E, . Using the surgery trick (2.19) on page 90
we deduce that there exists ey € {1} and k, € Z" such that

Teo = eru's [ TG — D"

veV

Define the meromorphic function

oy (¢ (o) — 1)
[Toev(1 = x 1K)

Fp=Fr;: G --»C, , G = Hom(G, C*).

Theorem 3.23 states that Fp is holomorphic near each x € I:I;, and there exists
e(T", 7) = %1 such that

Tt to100 = (0, x5 ) Fp (x). (3.35)

Above we have denoted by [0 ] the spin® structure on M induced by . The ambiguous
ky can be determined using the strategy outlined in the previous section.

To determine the sign &(T", 7) note first that it depends continuously on 7. Thus by
slightly changing the surgery coefficients we can arrange that H; contains elements
of order > 2. Since the curves K, define a generating subset of H we deduce that
there exists at least one vg € V such that 7 K, has order > 2 in Hz. Write Ty [5] as
a function

Tu: H— Q.

Using the identity (3.8) on page 130 we deduce
Im() = Tmu(Kyy) — Tm(h) + T (hKyy) = — lkpy (Ko, h) mod Z.

Using the Fourier inversion formula, and (3.35) we deduce that for every h € H we
have

% /Fp(x)(l — x N (Ku) (1 = x (1)) = lkp1 (K, h) mod Z, (3.36)
X

for all h € H, where Z/x denotes summation over all the nontrivial characters of H.

The nontrivial terms in the above sum correspond to characters x € H such that
x(@Ky) #1,ie. vg € Sy, where as in §3.8 S, denotes the support of the character
x . Denote by X the set of such characters.

The integral pasis (fy)yey of G defines a natural Euclidean inner product (e, ) on
G ® Q. Define £y € G = Hom (G, Q) by

(K()v /’LU) = (/’Lvoa Pilﬂv), Yv e V.
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More intuitively, 50 is described by the vo- -th row of P~ I There ex1sts a positive
integer vg such that Im(ﬁo) 1 ZV Set wy = voﬁo, so that Wy € G. For simplicity
we set

my = (Wo, o), ky 1= (Wo, Ky).
From the identity PDz — K Dj = 1 we deduce

—qvky = my — voByduy,, (3.37)

where §,,, denotes the Kronecker symbol. The weight w is admissible for all the
characters in X, and thus we can perform the regularization along this weight for all
the characters in X¢. Using (3.15) we deduce that for every x € Xo we have

Moy (™ x " (o) = 1)
Moey(1 = fox=1(K,))

Denote by Eg the manifold obtained from Er attaching only the solid tori E,, v # vg.
Set

Fp(x) = lim . Yx € Xop. (3.38)

Gy = H\(Ey,Z), So:= Y  geZlGol
gETors(GUO)
As explained in §B.2 we have
Tors(Gy,) = (KUO)J‘ = {h e H; lky(h, K,,) =0}
so that
I Tors(G )| = — 1~
ors =— = —.
v ordy (Ky,) )
Set GUO = Hom(G,,, C¥), évo = Hom(Gy,, Z), and denote by Ggo the identity
component of GUO. The complex Fourier transform of &y is

. v [T if x e GY
So(x) = [Tors(Gyy)| - Lgo (X) = — -
Y0 Vo |0 if x & GUO

We have a natural projection 77y, : G — G, and thus inclusions G,, < G, évo —
G. The weight wy generates the image of G, < G. There exist exactly wo
isomorphisms Ggo — C*, and the weight w fixes one such isomorphism. Via this

isomorphism, the tautological action of égo on G, can be written as
C*x Gy 2 (t, x) = xs =1k, X € Gy-
Define Ry, : Gy, \ {1} — C by
Ry (0 = (1= x ' (Kug)) Fp ()

-1 N l)dv—l
— -1 v _ 1 dvo—l Hv#vo (X (/“LU)
(X (/’L O) ) Hv#vo(l _ X_I(Kv))
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Up to a sign, this is the complex Fourier transform of the torsion of Eg, and thus it is
a holomorphic function.
Fix g € Gy, such that (wo, g) = 1. According to (3.7) in §3.6 there exists

A € Z[Gy,] and ¢ = %1 such that R, is the complex Fourier transform of A+¢& =% 1 €
91 (Gy,)- Hence

Ry O(1— x71©) —AGO(1 — x H©) = 6o (x)
We deduce

1% lim Ry (1,)(1 — £) = lim (1 — £) ("% l)dofl l—[ ("™ — l)dt—l
g— = lim —1) = lim(1 — u v .
vo i1 0T 1—1 v C(I—tk)

0

Thus the sign ¢ coincides with the sign of the limit on the right hand side. To determine
this sign it is convenient to introduce the following notation. If f(¢) is a meromorphic
function of the complex variable ¢ then the notation f(¢) ~ e(t —1)",e = £1,n € Z,
signifies that the function g(¢) = (+ — 1)™" f(¢) is holomorphic in a neighborhood of
1, g(1) e R, eg(1) > 0. Observe that

(™ — D* ~ sign(m)*(r — D
Since the plumbing graph is a tree we deduce

Z(av —2) = —2 x Euler characteristic of [ = —2.

v

This identity shows that if m,, = 0, then R,,(1;)(1 — ) would have a pole of order
dy, — 1 att — 1. Since this function has a limit at # = 1 we deduce that when m,, = 0
we must have dy, = 1, in which case the term (x -1 (M) — l)dUO ~! has no contribution
to the torsion. Hence, if we set sign(0) := 1 we deduce that for every v € V we have

"™ — D% ~ sign(my)® e — DR

Moreover, for v # vy we have

3.37
(1 — %) ~ —sign(k)(t — 1) O sign(my) - (¢ — 1).
‘We conclude that

Ryy(17) ~ (="~ —sign(my) [ | sign(k)® ™2 = €(vo). (3.39)
veV

Thus

A

So

Ry (x) = A + E(UO)T—I@‘
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Set A := A(1 — g) 4+ €S € Z[G,,] and A(t) := A(1,). Note that

A
RU()(X) = 1 (X)

A V
— =2 A = —.
- x" g W G(UO)VO

The equality (B.4) in Appendix §B.2, page 224, implies

-~ 1 . 1
lkM(KU()ag) = <E07g> mod Z = _<w07 g) modZ = —.
Vo 0]

In particular, since the order vy of K, is > 2 we deduce
lerr (K. ) # — tar (K oy, g) mod Z. (3.40)

Using (3.36) we deduce

N ! 1
e)5 lim D Ry (x) (1 = x:(8))= 5 mod Z. (3.41)
be
To compute the expression in the left hand side we need an algebraic digression.

Lemma 3.50.

1 ’ ~ 1 .
— . P =——P1 dZ, 3.42
| vl (x1) H| (1;) mo ( )

forall P € Z[Gy,], t € C*.
Proof. Denote by po: Gy, —» H the natural projection. We can then write

P= > punhg". pneQ

neZ
heTors(Gvo)

For every x € H we have

POo= Y. punX®@othg"Ni".

nez
heTors(GUO)
Now observe that |
/
— x(Po(hg")) = —— mod Z
|H| ~— |H |
xeH
The equality (3.42) follows by summing over 4 and n. O
Observe now that
A(x) A(x)
Ryy() = ———F——=x(@———
o 1—x"(g) x(g) —1
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so that A
Ry OO (1 = x(8)) = —x(©)A(X).
Since A € Z[Gy], Lemma 3.50 implies

1 / 1 ~
=D Ru)(1= x:(0)= ~ LA
X

Hence

e()A(1) _ e(F)e(vo)
=T

1 /
e(F)~ lim Xxj Ry ) (1 = x:(9))=

Using (3.40) and (3.41) we deduce

e(F) = e(@) = (=)0~ " sign(myy )0~ [T sign(k,)%~2, (3.43)
PES)

Remark 3.51. (a) If Py := L + D5 is negative definite then Proposition 3.26 implies
my < 0, Vv and ky, = —my/q, > 0 for all v # vg. In this case we conclude that
e(r) = e(vg) = 1. This agrees with the conclusions in [75, Appendix A].

(b) A priori € (vg) depends on vg but formula (3.43) shows that this is not the case.
If P is not negative definite it is not clear why such a fact should be true. Take for
example the plumbing matrix

16 5 1

_ —1 5 10 2
P=|1-31], pl=| & 10 2
1 2 7

0 15 -3 7 %

This corresponds to the plumbing

2 -3 5
e—— o —— oo,

For example
€(vy)) = —sign(16/37) sign(5/37) sign(—1/37) = 1,
€(vp) = —sign(—10/37) sign(5/37) sign(2/37) = 1.
€(v3) = — sign(7/37)% sign(—1/37) = 1. o

Exercise 3.10. Suppose P is given by an integral, negative definite plumbing. Prove
that the quantity

dyy =1 dy—2
W (v0) 1= my, l_[ méy
PES)
is independent of the vertex vo. O
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The following result summarizes the facts proved so far.
Corollary 3.52.

‘de’-"’[U] = Sign((Pilﬂvm Mvo) ) H(Mvo, Pilﬂv)du_z)

v

R —1 . 1 dy—1
wx ey TR )T

(1= x"1(Kv))

vo an arbitrary vertex of I'. In the above formula the inner product (fLy,, P luy) is
equal to the vyv-entry in the matrix P~

For example, the correct sign for the torsion computed in Example 3.49 in §3.8 is
determined by inspecting an arbitrary row of the matrix P~! in (3.18).

Suppose v corresponds to the first row of P~!. Note that the only terms that matter
correspond to odd degree vertices v of the plumbing graph such the corresponding
entry (,uvo, P luy)is negative. We deduce

€(vo) = —sign(2/3) - sign(—1/3) sign(—1/3) sign(—1/3) = 1.
If vy corresponds to the second row then
€(vg) = —sign(2/3) sign(—1/3) - sign(—1/3) sign(—1/3) = 1.

In our next example we illustrate how to compute the sign refined Reidemeister—Turaev
torsion a rational homology sphere relevant in singularity theory.

)
) -p/(p—1) —2/ V1
V3\ .

-2

Figure 3.12. The Dy -plumbing.

Example 3.53 (The D,, plumbing.). The D,, plumbing is described in Figure 3.12(a).
It consists of n > 4-vertices. The vector (0, ..., 0) is characteristic, and we have
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indicated this in the figure. After several slam-dunks it can transformed to the equiv-
alent spin surgery diagram in Figure 3.12(b), where p = n — 2, and we have also
indicated the result of the slam-dunks on the characteristic vector. More precisely
the new characteristic vector is also the trivial vector. Assume for simplicity that 7 is
even. We denote by M the boundary of this plumbing and define H and G as before.
We denote by € the spin structure described by the above characteristic vector.

The plumbing matrix is

-2 1 1 p-1 —-4p -2p =2p 4-4p
po— 1 -2 0 0 P—lzl —2p —p—-2 —p —2p+42
’ 1 0 -2 0 ’ 4 -2p —-p -—-p-—-2 2p+2

1 0 0 =—p —4 —2 -2 —4

Since det P = 4 we deduce H = Zy4, Z» & Z,. When p is even we have
HZ=7,® 7,

H is generated by w1, 12, 13, (4 subject to the relations

1 2
=ul,  ni=ponzpa.

o= p3=p3, upo
from which we deduce that £; = 1, and H is generated by the elements of order two
W2, 3. As for the matrix K we canchooseo; = —1,8; =0,1 <i <3,asa = p+1,
Ba = —p (recall that o4 and B4 must satisfy the congruences (3.27) on page 157) so
that
-1 0 0 -—p
0-1 0 0
0 0 -1 0
0 0 O0p+1
Then

. o (ot =1y
Fre IS P (X (1) .
Me(X) =ex  (n )Hj(l 3 (KD)

Corollary 3.52 shows that the sign ¢ = 1. The monomial ,u’; is determined using the
arguments developed in §3.9. We can choose the trivial vector as integral lift of our
characteristic vector. The corresponding charge is

V= (K+ Pe=(-2,-2,-2,-2).

The exponent k is determined from the equality
I _ 7.3 _T_n,2
T e N (e R Ve e

sothat 2k = (0, —2, —2, —2),i.e. k = (0, —1, —1, —1). Hence, forevery x € H\{1}
we have

(x~Yun) — 1)
(1= x (D) (1 = xu2)) (1 = x ) (1 = x(wuz?™h)

Tat.e(X) = x (apt3pia)
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where the expression in the right hand side should be interpreted in the regularized
sense, using admissible weights. In this case, the first row of 4P~ produces such
an admissible weight w. The character x is completely determined by the complex
numbers z; := x(u;) = £1,i = 2, 3, 4. Instead of x we will write (22, z3, z4). Set
w; = (W, u;). Since w1 = woruzps = 1 € H have

Th.eGO =i D
= lm
M.e{X r—1 (1 _ Z_w222)(1 _ t—w323)(1 _ t—pw1+(p+l)w4Z;(p+l))

. (1747 —1)
= lim
=1 (1 = z226%P) (1 — 23627) (1 — z41%)

There are exactly three possibilities.

o7y =1:
; - (= —1) P
-1, =1 _r
Tue (=1 L. 1) fgr}(l-f—tz”)(l—l-tzl’)(l—t“) 4
.Z3=1:
Fore(=1.1,—1) = I () _
M T = A U (1 -2 (1 +14 ~ 2
o7 =1:
Fore(l, =1, —1) = I () _ !
T e (e () T Y
Hence . A
_pr _pt
TM,e(l)—4(4+1>——16 .
Similarly,
_ ! _Yop 1, N_ p
iTM,e(m—4;7M,e(x>x<uz)—4( J 2+2>_ e
_! __p 1 1\ P
‘TM,e(m)—ZXX:‘TM,e(X)X(Ms)—4( 4+2 2) T

1 _1/p 1 1\ p-4
er,e(m)—4;TM,E(x)x<u4)—4(4 5 2)- —

The above computations have an interesting topological consequence. On the manifold
M there are four spin structures {¢;; i =1, ...,4},

€1 =€, € = Ui €], l:27374
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If f is an orientation preserving diffeomorphism of M such that f*(e1) = ¢;, then we
would have

Tme(1) =Ty (1) = Ty e ().

The above computations show that this is possible if and only if €; = €1, so that the
spin structure €] is a fopological invariant of the oriented manifold M! The same is
the case for 4.

We denote by I"ys the group of components of the group of orientation preserving
diffeomorphisms of M. I'j; acts on Spin(M), and the above computations show that
€1, €4 are fixed points of this action. Moreover these computations suggest that €3, €3
might belong to the same orbit of I'3s. The exercise below shows that this is indeed
the case. O

Exercise 3.11. (a) For each spin structure ¢;, i = 1, 2, 3, 4 indicate a characteristic
vector representing it.

(b) Describe an orientation preserving diffeomorphism f of M such that

f*éz = €3. 0



Chapter 4
Alternative interpretations of the Reidemeister torsion

The Reidemeister torsion of an admissible 3-manifold can be given various equivalent
interpretations. It is the goal of this final chapter to sketch three analytic methods of
describing this invariant: gauge theoretic, Morse theoretic, and Hodge theoretic.

§4.1 A gauge theoretic interpretation: Seiberg—Witten invariants

Consider (M, o, 0) € X. Recall that this means that M is an admissible 3-manifold,
o is a (relative) spin® structure, and o is an enhanced homology orientation. The
attribute enhanced signifies that when b1 = 1, the space H; (M, R) is oriented as well.
We set H := H{(M), and we denote by S, the associated bundle of complex spinors.

If oM # () we attach a semi-infinite cylinder [0, c0) x dM, and we equip the
ensuing noncompact manifold M with a metric £ which coincides with the cylindrical
metric

dr® + g

on the cylindrical end, where g denotes a flat metric on a torus. Observe thatif 0 M # 0
then the vector field V coincides with 9, along the cylindrical end.

The Seiberg—Witten equations depend on an additional deformation parameter.
This is a co-closed 1-form 1 on M with the following properties.

P1. The restriction of 5 to the cylindrical end is nontrivial, z-covariant constant and
harmonic. As such it defines a cohomology class n|gy € H LM, R).

P2. If oM # () and by (M) = 1 then

nlam € Im(H' (M, R) — H'(9M,R)) \ {0}.

The configuration space of the Seiberg—Witten theory is
eo = F(So) X -A(ﬁ

where A, denotes the space of hermitian connections on the complex line bundle
deto :=detS, — M. When dM # ¢, so that M is noncompact, we require

/ |FalPdv(g) < oo, (E)
M
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where F4 denotes the curvature of A. Observe that PD(c|(deto)) = c(o0).

Every A € A, defines a symmetric Dirac operator 4 : ['(S;) — ['(S5). A
finite energy monopole is a configuration C = (¢, A) € C, satisfying (E) and the
Seiberg—Witten equations

Day =0

. 1 (SW)
c(xFa +1in) = 39(¥),

where g () € End(S,) is defined by

1
T(Se) 3 ¢ > (¢, ¥)¥ — 5|¢|2¢ e I'(Sy),

and ¢: A*T*M — End(S,) denotes the Clifford multiplication “oriented” by the
condition
c(dvy) = —1.

The group of gauge transformations
Gy 1= C™ (M, S")
acts on the configuration space by

s xCs 2 (r,.C=W,A)— (y-v,A—=2dy/y) € Cs.

It transforms monopoles to monopoles. The quotient C, /&, is equipped with a natural
(Sobolev type) metric. We denote by 9, C C, /B, the set of orbits of monopoles.

M, is a compact subset of C, /B, and its infinitesimal deformations are described
by an elliptic complex of index 0. For any ¢ and a generic n these deformation
complexes are acyclic showing that 901, is a finite set. By fixing ahomology orientation
of H.(M,R) we can associate a sign €(C) = %1 to any orbit [C] € DM, (see [68])
and define

swy(o,0,8,n) 1= Z £(C).

[CleMt,

At this point we need to discuss separately three cases.

A. by > 1. A cobordism argument shows that swy, (o, 0, g, 1) is independent of the
choices (g, n). We denote this common value by swy; (o, 0), and we refer to it as the
Seiberg—Witten invariant' of (M, o, 0). It has the following properties.

e swy (o, 0) = O for all but finitely many o’s.

o If OM = () then swy (o) = swy (o), Vo.

'When working on closed manifolds, the homology orientation is the tautological one and we will not
include it in the notation of the Seiberg—Witten invariant.
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For every o we can form the element

SWiro0 € ZIH], SWyoo= Y swyu(h™'o, 0)h.
heH

Note that for every hp € H we have
SWt.hpo,0 = hoSWpr,6,0.
Moreover, when 0M = J
SWuo = c(0)SWis = c(0)SW 0.
In this case for any spin structure € we have det(o (¢)) = 1 so that
SWito©) = SWio(e)-
For simplicity we set SWys ¢ := SW1 o(e)-

B. b; = 1. This situation is a bit more delicate. We discuss separately the two cases
oM = and OM # 0.

B.1. aM = @. Fix a metric g. The enhanced homology orientation defines an
orientation on H ® R. Choose a harmonic 1-form wg which induces the chosen
orientation on H ® R, and |wgll;2(,) = 1. Note that this orientation also produces a
surjection

deg =deg,: H — H/Tors(H) = Z.

We identify H2(M) with H via the Poincaré duality, and for every complex line bundle
L — M, we set
deg L := deg(PDc(L)).

For o € Spin®(M) denote by P (g) the space of co-closed 1-forms 7, such that

w, (o, n) = / (n — 27 x c1(deto)) A xwy # 0.
M

The wall
W = {n € Ps(g); w(o,n) =0}

decomposes P, (g) into two chambers

P o(8) = {n € Ps(g); Fwa(o,n) > O}.

For generic n € P,(g) we denote by swys (o, 0, n) the signed count of (o, g, n)-
monopoles. It is known that

swy(o,0,n) =swy(od,0,n),
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swy (o, 0, n) = 0 for all but finitely many o’s, and
swy (o, 0,n1) =swy (o, 0,12),
if wy (0, n1) - we (o, n2) > 0. We set
swiy (0, 0) = swy (0, 0,7),

where +w, (o, n) > 0. The wall crossing formula (see [61]) states that

1
stAC[(a, 0) —swy,(0,0) = 3 deg(deto).

We define
SWitoom= Y _ swu(h™ o, mh € Z[H],
heH
SWiioo= D swh(h™'o)h € ZI[H]].
heH

Suppose we pick ogp = o(€), where € is a spin structure, and n = 5 such that
/ 10 A *wg is a very small positive number. Fix T € H such that deg(T) = 1. We
deduce that

wo(h™! - oy, no) >0 <— /M No A *we > —2mdeg, h <= deg,h >0

Hence

(& m0) €P,_y (&) <= deg,(h) <O.

We can rephrase the wall crossing formula in the more compact form using the wall
crossing term Wj, introduced in §3.6. More precisely

00,0

_ &uT
SWAtl,a(e) =SWu o). + Z deg™t(h Y = SWp.o(e),n0 + —(1 vk
heH
where
deg” = max(deg,0), Sy = » heZH].
heTors(H)
Observe that
SWot o =W oy = Wit = SWito(6).ng € ZIH] @.1)

is a topological invariant, independent on the orientation 0 on H ® R, which satisfies
the symmetry condition

—
SW(/)\/I,(I(e) =SWi1 o)

and the equivariance property

SW(I)VI,o(hOe) = hOSWS)V[ Vho € Torsy(H).

,o(€)’

We will refer to SW?VI o) A8 the modified Seiberg—Witten invariant of M associated
to the spin structure €.
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Example 4.1 (The Seiberg—Witten invariants of ' x §2). Suppose M = S! x §2,
and g is the Cartesian product of the round metrics on S! and $2. The scalar curvature
of g is a positive constant so. H; (M) is generated by the fiber S!, and thus M carries
a natural enhanced homology orientation 0. We denote by wg = d¢ the angular form
along S!. It defines a generator of H'(M, R) which is positive with respect to the
above enhanced homology orientation. wq is a harmonic 1-form. After a possible
rescaling of the metric gy we can assume it has LZ-norm 1. Choose 79 = cwg where
¢ is a very small positive number.

Note that for every spin® structure o we have deg(det o) € 27Z. For every n € Z,
we denote by o, the unique spin€ structure on M such that deg(det o,,) = 2n. Observe
now that

Pr(g) ifn<0
no € (4.2)
P, (&) ifn>0.

We want to prove that for any n € Z there are no (o,, go, no)-monopoles so that
swy(on,n0) =0, VneZ
Indeed, suppose C = (¥, A) is a o,,-monopole. Using the first equation in (SW) we
deduce @iw = 0. The Weitzenbock formula now yields
Ay A S0 1
(VE'Vi + Zlﬁ + EC(FAW =0.

The second equation in (SW) implies

1
c(Fa) =c(xFy) = Eq(w) — c(in).

Hence

S0

4
Taking the L2-inner product of the last equality with v, and then integrating by parts
we get

Ak A 1 . 1 _
(V94 + 2 = Seling) + 79 ) =0.

Ayg2, %2 1. . Lo a _
[ (9497 + 10 = S etimr ) + 6l *)duw =0,

Since 9 = cwp and 0 < ¢ « 1 we deduce that all the terms in the above equality
must be zero so that ¥ = 0. Using this information in the second equation of (SW)
we deduce

i c c
FA:—i*T]0:>—/ FA/\*C{)OZ—/ wo N kW) = —.
27 Ju 27 Ju 2

Hence
Zn/ ci(detoy,) A xwy = c.
M
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This equality is impossible when

0 < ¢ < min{27{ci(detoy,), wo) 23 n € Z\ {0}},
which confirms our claim. We deduce that

swy(on,n9) =0, Vn.
Using (4.2) we conclude that
swi (0n) = swy(o.mo) =0, V¥n <O0.

The wall crossing formula implies that for all n > 0 we have

swi(0n) = n + swy,(0n) = n + swy,(0n, n0) = n.

Now interpret H;(M) as a multiplicative group, and denote by 7 the generator of H
satisfying deg T = 1. We deduce

_ T—! T
SWL,G() = ZSWL(O_”)Tn - ZnTn = ZHT "= (1 _ T71)2 - (1-T7)%

nez n<0 n>0
O

B.2. dM = T?2. Using the orientation of H; (M, R) we can choose a cycle ', €
H{ (M, Z) inducing the positive orientation on 1-dimensional real space Hj(M, R).
For each Riemann metric g pick a harmonic 1-form w, on M such that along the
end [0, 00) x dM the restriction wgl|;xyy converges exponentially as t+ — oo to a
nontrivial harmonic 1-form on 0 M and

/ we = 1.
Iy

The space of parameters (g, ) decomposes into
fP;t = {(g, swg +¢@); s >0, ¢ € QA (M), d*¢ =0, ¢ has compact support}.

Then one can show that swy, (o, g, n) is independent of (g, n) € P. We denote this
common value by swj(,, (0). swy,(0) is defined similarly. Now define

SWiy: Spin“(M, 0M) — ZIIH\(M)]l, o+ Y swi(h lo)h.  (sw)
heH (M)

This is an Hj(M)-equivariant map and (see [68])
SWi (o) € Mi(H1(M)), Vo € Spin“(M, dM).

21f oM # () then the homology orientation on H, (M, R) induces an orientation of H{ (M, R) which
will be the one we choose.
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Example 4.2. (a) ([3, 80]) If M is the total space of a degree d circle bundle over a
Riemann surface ¥ of genus g then for any spin® structure ¢ on M we have

swy (o) ~ (1 —1)%7% € Z[H{(M)]

where ¢ denotes the homology class of the fiber.
(b) If Ny and N, are closed, oriented 3-manifolds such that b1 (N;) > 1 then

SWN | #N, = 0. O

The above examples and the computations in §2.1 suggest that the Reidemeister
torsion and the Seiberg—Witten invariant sw ;s could be related. We have the following
more accurate statement.

Theorem 4.3 (Meng—Taubes [68], Turaev [115]). The Seiberg—Witten invariant swyy,
b1 (M) > 0, satisfies the Axioms 1-3 in §3.5 and thus coincides with the Reidemeister—
Turaev torsion (up to a sign).

Remark 4.4. For a general outline of the proof (based in essence on gauge theoretic
gluing results) we refer to [68, 115]. As explained in Remark 3.19, the proof reduces to
proving surgery formula for the Seiberg—Witten invariant of admissible 3-manifolds,
and verifying that in the simplest case of a solid torus this invariant equals the torsion,
(1 —1)~!. This is very easily deduced from the surgery formulz, and the computation
in Example 4.1.

Most of the analytical work needed to prove the gauge theoretic surgery results can
be found in the recent paper [108]. The topological counterparts of these analytical
gluing formula which are required in the proof can be found in [112].

D. Salamon outlines in [95] a different, more geometric approach in the special
case of 3-manifolds which fiber over S'. In [21] S. Donaldson describes yet another
approach to the case b| = 1 of Meng—Taubes theorem based on Topological Quantum
Field Theory. This approach was recently extended to any b; > 0 by T. Mark in [66].

O

Exercise 4.1. Assuming that the Seiberg—Witten invariant satisfies the excision for-
mula in §3.7, prove that in the case of the canonical spin® structure on the solid torus
Z = S' x D? itis equal, up to a sign, with the Reidemeister—Turaev torsion. O

We can eliminate the sign ambiguity in Theorem 4.3 at least when b1 (M) = 1
and 0M = . In §3.6 we defined the modified Reidemeister—Turaev torsion of closed
3-manifolds such that b1 (M) = 1 by the equality

The =Tue— Wy € Z[H], Ve € Spin(M). 4.3)

We observed that
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Proposition 4.5. Ifby(M) =1 and OM = { then
SWi . =Tme €€ Spin(M).
Proof. We have an equality
SWi o =2Tne < WY+ Wi) =Ty + W)
To prove that the correct choice of signs is “+” we argue by contradiction. Suppose
SWi e =—Tue.
Then this implies that
Tue — Wi = —SWY, —2Wy ¢ Z[H]

which contradicts (4.3). O

Remark 4.6. We see that we can remove the sign ambiguity in the case b1 (M) =1,
dM = ) by relying on the wall cross formula for the Seiberg—Witten invariant and the
structural equality (3.6) for the torsion. It is natural to expect that we could similarly
remove the sign ambiguity in the case b1 (M) = 1, dM = T?, by using the structural
identity (3.7) and an as yet non existent wall crossing formula for the Seiberg—Witten
invariants of M. Things are more delicate in this case. Lim’s proof in [61] of the wall
crossing formula in the closed case does not extends to the cylindrical end situation for
a simple reason. In the noncompact case the Fredholm property of a partial differential
operator is not decided by the symbol of the operator alone, as is the case in the closed
case. For manifolds with cylindrical ends this is decided by global objects which are
no longer invariant under lower order deformations of the operator. O

Proposition 4.7. If M is a closed, homologically oriented 3-manifold such that
b1 (M) =1 then

~ — 1
Th(D) = SWy (1) = SA% ().

where Ay € Z[[T'/?, T~1/2]] denotes the symmetrized Alexander polynomial of M
normalized such that Ay (1) = | Tors(Hy (M))].

Proof. Set H := Hj(M) and

Gu:= Y  heZlH].
heTors H

The projection deg,: H — Z defined by the homology orientation o induces the
augmentation morphism

aug: Z[[H]] — Z[[t,t~']].
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Fix T € H such that deg, T = 1. The symmetrized Alexander polynomial Ay is
uniquely determined by the condition

2 AM(T)

Tye =T ,

for some k € Z. Using Theorem 4.9(a) we deduce

Tk/z AM(T)

(1——T)2 = aug SWy; = aug SW?W + aug (Spuy)

T
(1-T)>

= aug SWY, + |T0rS(H)|m-
We conclude that
T2 Ay (T) = (T = 2+ T~ aug SW,(T) + | Tors(H)|.

The symmetry of SWo implies SW‘I)VI(T) = SW?VI(T_I), and since Ay, satisfies a
similar symmetry we conclude k/2 — 1 = 0. Hence

Ap(T) = (T =2+ T~ Haug SW4,(T) + | Tors(H)|.
Differentiating the above equality twice at T = 1 we deduce
A7 (1) = 2aug SWy, (1) = 2SW°(1). O
Remark 4.8. Observe a nice “accident”. Suppose M is as in Proposition 4.7. Then

Wy =6y ZHT_H.

n>1

Formally

Wi (1) = éM(l)Zn = | Tors(H)| )

n>1 n>1

= | Tors(H)[£(=1) = —élTorS(H)I,

where ¢ (s) denotes Riemann’s zeta function. In particular

SWy 1) =8SW,, (1) + Wy (1) = 5 () — EITors(H)I.

The expression in the right-hand-side is precisely the Casson—Walker—Lescop invariant
of M, [58]. O
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C. Suppose now that b1 (M) = 0, i.e. M is a rational homology sphere. Fix o €
Spin®(M). In this case the signed count of (o, g, n)-monopoles depends on (g, 1) in a
more complicated way. To produce a topological invariant we need to add a correction
to this count. For simplicity, we describe this correction only when n = 0.

The line bundle det 0 = det S, admits a unique equivalence class of flat connec-
tions. Pick one such flat connection A, and denote by © 4, the Dirac operator on S,
determined by the twisting connection A,. We denote its eta invariant by 7 gir (g, ).
Also, denote by 7ion(g) the eta invariant of the odd signature operator determined
by g. Finally define the Kreck—Stolz invariant of (g, o) by

KS(g,0) =4n4ir(g, 0) + nsign(g)'

Define the modified Seiberg—Witten invariant of (M, o) by

swi; (o) = %KS(g, o)+ swy (o) € Q.

As shown in [61], the above quantity is independent of the metric, and it is a topological
invariant. Set
SWi 5 =Y swi(h~'o)h € QIH].

heH

If o = o(¢€) we have

SWi

To establish a relationship between the Reidemeister torsion and the Seiberg—
Witten invariants for rational homology spheres we need to define a more sophisticated
modification of the torsion.

Suppose b1 (M) = 0. We denote by CW s € Q the Casson-Walker invariant of
M (see [58, 118] for more information about this invariant) and define

<0
) == SWM,U(G)'

L0 (€

1
Thte =The = 5 CW O

Observe that n’é(l) = aug‘Iﬁ,‘,’E = %lHl CW = Lescop invariant of M (see [58,
p. 80]).

We we will refer to the quantities ‘Jf‘),,  forby (M) = 0, 1the modified Reidemeister—
Turaev torsion of M. The Seiberg—Witten invariant and the modified Reidemeister
torsion are related. More precisely we have the following result.

Theorem 4.9. (a) [60, 65, 85]. §V\V(j)‘,,(1) = "I\R,[(l) ifby(M) = 0.
(b) [81]. SWOM = ‘J?,I if M is a lens space.’

3We have to warn the reader of a sign convention in [118, Prop. 6.2], where the lens space L(p, q)
is defined as the p/g-surgery on the unknot. However, the lens space L(p, q) as defined in §2.7 is the
— p/q-surgery on the unknot, [37, p.158], [46, p. 65-66].
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Part (b) of the above theorem can be slightly strengthened to
SW?V, = ‘J'R,I, if M is a connected sum of lens spaces. 4.4)

This equality follows from the vanishing of the torsion under connected sums, the
additivity4 of the Casson—Walker invariant, and the additivity of the Kreck—Stolz
invariant.

Theorem 4.10 ([83]).
SWiy =Ty

for any rational homology 3-sphere M.

Outline of the proof. The first temptation would be to prove an extension of the
Uniqueness Theorem 3.17 which is limited to manifolds satisfying b1 (M) > 0. There
is however a major obstacle.

The Uniqueness Theorem 3.17 involves invariants of admissible manifolds with
boundary, and for such manifolds the functional set-up for the Seiberg—Witten equa-
tions requires perturbation parameters satisfying the nondegeneracy condition P2 de-
scribed at the beginning of this section. If we glue along their boundaries two manifolds
M;,i =0, 1,suchthatb(M;) = 1,0M; = T2, aiming to produce arational homology
sphere N = Mo#r2 M1, then we would have to use perturbation parameters v; match-
ing along the boundaries. These would produce a non-exact closed 2-form xvo# * v
on N which would contradict the condition b{(N) = 0. Thus, whatever uniqueness
statement we would attempt to prove, it cannot involve the torsion of manifolds with
boundary.

On the analytical side, the way out of this quandary is to work with a different
class of allowable perturbations, the compactly supported ones. This creates a serious
problem. It substantially changes the structure of the deformation complex for the
Seiberg—Witten equations on manifolds with boundary. Its index will no longer of be
zero, as desired. However this choice of perturbation is forced upon us, and cannot
be avoided. We must renounce all the analytical achievements in [68, 108] and prove
new gluing formule.

All is not lost. The analytical results in [62, 65, 85] can produce gluing results
for the modified Seiberg—Witten invariant, albeit much weaker than the ones in [108].
These new formula for the Seiberg—Witten invariant do not involve manifolds with
boundary.

On the topological side, one has to renounce the multiplicative gluing formulae
discussed so far and use additive ones [116, §6]. We outline below some the difficulties
of this approach and the method we propose to get out of trouble.

We denote by Dy, the difference S Wg,[ — ‘J?,, Proving the equality of these two
invariants is equivalent to showing that Dj; = 0. At this point the harmonic analysis in
§1.6 comes in extremely handy. For example, the Marcolli-Wang result [65] translates

4This follows from the very general surgery results for eta invariants in [52].
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into BM(I) = 0, for all rational homology spheres. The true nature of the surgery
formule is best displayed in the Fourier picture. To explain the gist of these formule
consider a 3-manifold N with 5; = 1 and boundary T2. N can be thought of as the
complement of a knot in a QH S. Pick two simple closed curves ¢y, ¢ on dN with
nontrivial intersection numbers with the longitude A € H{(ON, Z).

By Dehn surgery with ¢; as attaching curves we obtain two rational homology
spheres M1, M, and two knots K; < M;,i = 0,1. Let H; := Hi(M;,Z), G :=
H{(N,0N;Z). Denote by j the inclusion induced morphism H;(dN) — Hj(N).
The knot K; determines a subgroup K l.l C H;, consisting of the characters vanishing
on K;. These subgroups are naturally isomorphic to the group of characters y of
Hi(N) with the property that the composition

Hi(ON) -1 H (N) L C*
is trivial (see §B.2). We thus have a natural isomorphism
I Kf‘ — Kj‘.

Putting together the gluing formula in [62, 65, 85] and the additive gluing formulaz
in [116, §6] we get a gluing formula for Dy, of the form?

(A, ¢2) Doty (X) = (ks e1)Digy (F(0) +1GIK,  Vx € Ki

where (s, ) denotes the intersection pairing on H{(dN,7Z), and K is a universal
correction term which depends only on the divisibility mo of the longitude and the
SL; (Z)-orbit of the pair (c1, cz) with respect to the obvious action of this group on the
space of pairs of primitive vectors in a 2-dimensional lattice (see §B.2). We will thus
write Jpn:[¢1.co]- and call the triplet (mo; [c1, c2]) the arithmetic type of the surgery.
The results of [85] prove that

Kiiler.e2 =0, Vler, el

We call surgeries with mg = 1 primitive, and the surgeries with trivial correction
term, admissible. 'We denote by R the class of rational homology spheres M such
that Dy; = 0. Both the family of admissible surgeries and the family R are “time
dependent” families, and during our proof we gradually produce larger and larger
classes of surgeries/manifolds inside these families.

The class fR is closed under connected sums and certain primitive surgeries. Using
this preliminary information and basic Kirby calculus one can show® that all homology
lens spaces belong to PR. As a bonus, we can include many more arithmetic types of
Dehn surgeries in the class of admissible surgeries.

5The reader should compare this description of the surgery formula with the ones in [65, 85] to truly
appreciate the amazing simplifying power of the Fourier transform.
6] learned this fact from Nikolai Saveliev.
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Loosely speaking, the homology lens spaces have the simplest linking forms. We
take this idea seriously and define an appropriate notion of complexity of a linking
form. The proof then proceeds by induction, including in X manifolds of larger and
larger complexity. This process also increases the class of admissible surgeries, which
can be used at the various inductive steps. Such a proof is feasible if we can produce
a large supply of complexity reducing Dehn surgeries. Fortunately, this can be done
using elementary arithmetic. We refer for more details to [83]. O

Using Theorem 4.10 we can now establish a relationship between the maps qors
and qqop introduced in §3.9.

Proposition 4.11.
Qtors = Ytop-

Proof. Since both maps are H -equivariant it suffices to prove that qop(€) = qors(€)
for some spin structure € on M. Using Theorem 4.10 we deduce that

Grors (€) (h) = 1(KS(e) KS(h-€)) modZ, VheH.

To compute qop(€) consider a simply connected spin four-manifold (M , €) such that
(see [37]) .
O(M,é) = (M, e).

Next, choose h € HZ(M, 7Z,) such that [ﬁ] = ;llaM € H is the Poincaré dual of h,ie.
[A1() = Tkpg (h, +).

Set 6y, :=h - €.

Fix a metric g on M and extend it to a metric g on M which is a product near
the boundary. Denote by Sh the Z-graded of spinors associated to oy. Extend the
flat connection A, on det o to a connection A, on det S+ We get in this fashion an
operator ‘P, on Sh. Using the Atiyah—Patodi—Singer index theorem [2] for P, and the
signature operator on M we deduce

P |
Y Pl(M g+ QM(h,h)=5ndir(he,g) mod Z,
and : :
% m(,@—§%MM=§M@mMZ
Thus 1 1
SKShe) = Eé (fz,fz)—gsign(M) mod Z.
Hence

dhons () = - (KS@©) = KS(h - €)) mod Z = —%QM(}Q, h) mod Z = quop(€)(h). O
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Remark 4.12. While the book was in print, F. Deloup and G. Massuyeau have given
a purely topological proof of Proposition 4.11. For details we refer to their preprint
math.GT/0207/188. This result plays a key role in the investigations in [75]. O

§4.2 A Morse theoretic interpretation

The Reidemeister torsion resembles in many respects the Euler characteristic. Accord-
ing to the classical Poincaré—Hopf theorem, we can interpret the Euler characteristic
as counting stationary points of smooth vector fields.

In the early 80’s, D. Fried [33, 34] has shown that the Reidemeister torsion of
a smooth manifold X can too be interpreted as counting closed orbits of nowhere
vanishing Morse—Smale vector fields, i.e. gradient vector fields associated to smooth
maps X — S without critical points (see also [28] for earlier results of this nature).
M. Hutchings and Y. Lee have recently extended Fried’s result to any generic map
a: X — S!. The goal of this subsection is to formulate this result and loosely explain
it. For details and proof we refer to [49] which served as our main source of inspiration.
For different approaches we refer to [47, 48, 87].

Suppose X is a closed, compact, oriented, smooth manifold such that x (X) = 0.
Fix a Riemann metric g on X and a smooth function

a: X — S!

such that the pair (o, g) is admissible, i.e.

e The critical points of « and the closed orbits of Va are nondegenerate.

e The ascending and descending manifolds of the critical points of « intersect transver-
sally.

A closed orbit of Vo is a nonconstant map

u: St x
such that
du W)
— = —AVa(u
dt

for some positive constant L. Two orbits are considered equivalent if they differ
by a reparametrization. We denote by O the set of equivalence classes of closed
orbits. Each equivalence class of closed orbits u determines an unique homology
class [u] € H{(X).
The period of a closed orbit u is the largest positive integer p such that u factors
through a p-fold covering
st s, 7z 7P,
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Equivalently, the period is the largest positive integer p such that
1
—[u] € Hi(X).
p

A closed orbit u defines a return map

¢u: (1(0) )" — (iO))",

where ( u(0) )L denotes a neighborhood of the origin in the orthogonal complement of
1(0) in T, 0y X. The orbit is called nondegenerate if

det(1 — D¢,) # 0.
In this case we define the Lefschetz sign
e(u) := signdet(1 — D¢,,).
The function « defines a cohomology class
® =Wy = %f*(de) e H\(X, Z).
Define the Novikov ring
A = {s =Y snh € ZI[HI(X)]]; VC € R, #{h, sp #0, w(h) < C} < 00},

and the zeta function of o

. e(u)
lo i= exp(% p(u)[u]> € Agy.

It is not a priori clear that ¢, is a Laurent series with integral coefficients. This follows
from the equivalent description (see [34, 48, 95])

ba = l_[ (1 - (—1)1'7([14])[u])(—l)io([u]),

ue®*

where @* denotes the set of primitive orbits (period 1), i jo([u]) denotes the number of
real eigenvalues of the return map in the intervals (—oo, —1) and respectively (—1, 1).

The Morse—Novikov complex associated to @ and g is a chain complex (C, 9) =
(C(a; g), 0) of free A,-modules defined as follows (see [47, 84, 86] for more details).

o Cy is the free Ay module generated by the critical points of f of index k. Denote
by X the universal abelian cover and by & the induced smooth function

a: X — R.
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Choose a lift £ € X of any critical point x of f. Each such lift is a critical point
of &. Then the collection {x; ind(x) = k} is a Ay-basis of C;. A choice of Euler
structure uniquely specifies such a lift. Here, we prefer to think of an Euler structure
as a 1-chain y on X such that

ay — Z (_l)md(x)x
Va(x)=0
e The boundary map d: Cy — Ci_ is defined by
=Y (5
ind (y)=k—1

where

(=Y (x,y-h

heH(X)
We denote by 7, (ar) the torsion of the Novikov complex (C(a, g), 9), To(x) €
Q(Ay)/=E. Denote by i, the natural morphism

Q(H (X)) = Q(Ad).
We have the following result.

Theorem 4.13 (Hutchings—Lee, Pajitnov [49, 87]). For any admissible pair («, g)
and for any Euler structure o we have

g (T(X,0)) = log(0) := L Tg(a, 0).

For a proof of this result we refer to [47, 48, 49, 66, 87]. The strategy is easy
to describe. One constructs a homotopy equivalence between (C(«, g), d) and the
cellular chain complex of X with coefficients in A,. This is not a simple homotopy
equivalence, and its torsion is precisely the zeta function of the flow determined by «.
The theorem is then a consequence of the multiplicativity properties of the torsion.

We will however sketch an argument of M. Hutchings [47] showing that the above
identity follows immediately if we assume I, ¢ is a topological invariant. More pre-
cisely, we have an apparently weaker result.

Theorem 4.14 ([47, 87]). Theinvariant 1, ¢ depends only onthe class wy € HY(X, 7).
We will show, following [47], that
Theorem 4.14 — Theorem 4.13.

The proof will be carried out in two steps.
Step 1. Theorem 4.13 is true when wy = 0, i.e. « lifts to amap f: X — R. In this
case ¢y = 1 and the result is classical; see [72, Sec.9] or [86].

Step 2. Reduce the general case to Step 1. This can be achieved immediately using
the following technical result, [47, 87].
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Lemma 4.15 ([56]). Fix an Euler structure o on X and a smooth map o: X — S!.
Then there exist a metric g on X and a smooth map f: X — R such that

e The pairs (o, g) and (B = a + exp(if), g) is admissible.
e The vector field V& B has no nontrivial periodic orbits.

e There is a canonical isomorphisms of chain complexes
(C(f,8),0) ® Ao — (C(B, 8), 9).

Proof. The result is obviously true when « is homotopically trivial. Thus we only
need to consider the case when w, # 0 € H'(X,Z). By eventually perturbing o
within its homotopy class we can find a metric g so that («, g) is admissible. Pick a
smooth function £: X — R. We look for f of the form n&, where n is a very large
positive integer. This assumption will guarantee the existence of a bijection between
the zeroes of V f and

VB, =nVf + Va,

and the corresponding stable and unstable manifolds of these vector fields. Let us now
show that for large n the vector field V g,, will have no nontrivial periodic orbits.

We argue by contradiction. Suppose that for every n >> 0 there is such an orbit
¥n. We denote by 27s, € 2w Z its principal period. Then [y, ] has infinite order in
H\ (X, Z) since

27T Sy
/ dB, = / |dB,|?dt >0, (B, := B} (d0) = 2mwp,).
n 0

In fact, since wg, = wy € H 1(X, Z) there exists ¢ > 0 such that

(dBu, lynl) = c, Vn.

Isolate the critical set Crit(f) of f in a tiny neighborhood U, consisting of geodesic
balls of radii » > O centered at the critical points of f. We denote by L = L, the
minimum distance between two distinct components of U,. Denote by A, , the part
of the path y,, outside U, and by u,_, the part inside U,. Foreach 0 < r < 1 we can
find N = N(r) > 0 such that

Crit(8,) c Uy, Vn > N(r).
An.r and [, consist of the same number of components
Mrks  Mnrks k=1,...,v(n).

We label the components so that (i, follows A, . Using the Morse Lemma for
% Bnlu, we deduce that the length of each component of u, , is O(r). We need to
distinguish several cases.
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Uy

Figure 4.1. A periodic orbit.

Case 1. The path vy, intersects several of the components of U,; (Figure 4.1). We
reparametrize

Y (1) == yu(t/n)
so that |
Vo =V, :=VE+ ;Van.

Assume first that A, - has no “loops”, i.e. components which start and end at the same
component of U,. We deduce that there exists C > 0 such that

1 1
inf |dX, ()] > inf |VE + —Va| > Cr — —.
X\U, n Cn

Hence

oz/nds;:/A

v(n)

1
= Z{/ <|d)‘n,r,k|2 - _g(d)\n,r,k: dOl)) + / g(dés dﬂn,r)ds} (*)
k=1 Anrk n Mn,rk

> clL 1 2 =C 2 L L,
> v(n) (r(r_a)_r)— \)(I’l)(—r +r r_ﬁ>

If we now choose

1
|d)\n,r|2 - ;g(d)”n,r’ da)ds + / g(dé:’ d//vn,r)ds
Mn,r

n,r

O<r <L,

C
n > max (N(r), m),
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we obtain a contradiction in (¥).

If A, contains “loops”, we can shortcut them away, by connecting the initial
point and the final point of such a loop by a geodesic segment inside U,. We obtain
a new closed path y,, which is tangent to V, outside U,. This leads as above to a
contradiction.

Case 2. y, intersects a single component of U, so that ), , consists only of loops.
Suppose the component of U, in question is a ball of radius r centered at the critical
point xg of f. We assume r is considerably smaller than the injectivity radius Ry of
X at xo,

0 <r < Ry.

Let us observe that y,, cannot be included in any contractible open set of X because it
carries a nontrivial homology class. Thus, one of the components, say A, , 1, must go
out of the geodesic ball of radius Ry/2 centered at xp, and in particular

Ro
length(Ap 1) > >

Now form a closed path p, by joining the endpoints of 1, . 1 by a path of length O (r)
inside U,. The equality
/ dés =0
Vn

leads as in the previous case to a contradiction. This concludes the proof of the lemma.
O

Remark 4.16. The Meng—Taubes—Turaev theorem in the previous section shows that
the Morse invariant [, of a closed 3-manifolds coincides with the Seiberg—Witten in-
variant. At this moment there is no proof which directly identifies these two invariants.
However, the work of C.H. Taubes, [104, 105, 106, 107], on the invariants of (degen-
erate) symplectic manifolds suggests one explanation. We consider for simplicity the
case when X is a 3-manifold which fibers over a circle

J
F——X

ln
Sl

where F is a compact, oriented Riemann surface of genus g. We can find a metric gg
on X such that wg := 7*(d6) is harmonic. Then the 4-manifold

M:=S'xXx

is symplectic. Indeed, if d¢ denotes the angular form on the component S' of M and
g :=dg? + go then
W :=do A wy + *g,00
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is a symplectic form.

The Seiberg—Witten invariant of M coincides with the Seiberg—Witten invariant
of X. On the other hand, the closed trajectories y : S' — X of the gradient flow of
7, which contribute to the Morse invariant I; lead to symplectically embedded tori

lxy:Slel—>SlxX.

According the work of Taubes, the Seiberg—Witten invariants of M count precisely
such tori. The equality between the Seiberg—Witten invariant and the Morse invariant
of X implies that the correspondence

closed orbits of the gradient flow — symplect tori — monopoles

is in some sense a bijection. The work of Taubes explains why the second arrow above
is a bijection. The work of D. Salamon [95] offers strong evidence that the first arrow
is a bijection as well.

§4.3 A spectral interpretation: the Ray-Singer analytic torsion

Like the Euler characteristic, the Reidemeister torsion too has a Hodge theoretic in-
terpretation. Suppose X is a closed, connected, compact, oriented, smooth manifold
of odd dimension n = 2m + 1.

A morphism p: 71 (X) - S I defines a pair (L,, A,) consisting of a hermitian
line bundle L, — X and a flat hermitian connection A, on it.

We denote by QF(L) the space of smooth L-valued degree k-differential forms
on X, i.e. sections of the bundle L ® AXT*X. Since A is flat we obtain a co-chain
complex

0— QL) - Qi) X ... 4 Qr iy — 0.
For consistency reasons, we will think of it as a chain complex
(C(p), ), Cri=" ML)

This is an infinite dimensional complex.

Suppose (C(p), 9) is acyclic. We would like to define a notion of torsion for
this complex. Clearly the definitions we have used so far are useless. However, the
formula (A.1) in §A.1 will provide a way out of this trouble.

A Riemann metric g on X induces a Hermitian metric on *(L) and Laplacians

Aj(p) = diyda +dadl: @/ (L) — Q/(L).

The equality (A.1) shows that, provided we can make some rigorous sense of det A; (p),
then we can define the torsion of this complex by the equality

'L'( )2 . l_[] odd det(AJ(p))J
P77 Tk cven det(Ax(o))F
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Since the operator A; is elliptic, selfadjoint and positive, its possibly nonexistent
determinant ought to be positive. We can pass to logarithms and obtain

1 n
loglt(p)l = 5 3 (=1 klogdet Ai(p).
k=0

If A were a positive symmetric matrix, then we would have

logdet A = Z log A (6 (A) = the spectrum of A, multiplicities included)
r€a(A)

=S X 1) =~ e AT,
reo(A)

Using the classical formula
o0
T()A™ = f e Mdr
0
we can further write

d 1 * s—1 —tA
logdet A = ——|s=0| =—— t°" " Tre '2dt ).
ds Ir'es) Jo

Fortunately, the last expression makes sense in infinite dimensions as well. We have
the following result, going back to H. Weyl.

Theorem 4.17 ([39], Chap. 1). Suppose A is a second order, selfadjoint, positive,
elliptic operator on a closed, compact Riemannian manifold (X, g) of dimension n.
Then, the operator e ' is of trace class, the integral

o0
/ 5 Tre 2 dt
0

converges for all s € C |s| > 0, and the function

s = —— [ o Tre
A(S)_F(S) A t re t

admits an extension to C as a meromorphic function with only simple poles located at
s = # j=0,1,2,.... Inparticular, if n is odd, then £ (s) is analytic at s = 0.

Thus we can define the Ray—Singer analytic torsion of the acyclic representation
p:m(X)—> S !

1 n
RS(p) = RSx(p.8) = 5 Y _(~1*kel, ) 0). (4.5)
k=0

The above heuristic argument suggests that exp(RS(p)) is a natural candidate for the
torsion of C(p).
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Example 4.18 (The analytic torsion of the circle). Suppose X = S!. All the lines
bundles on S! are trivial. The flat connections on the trivial bundle C — X are
parameterized by a € R mod Z. Given a € [0, 1) we can form the connection

V¢ =d —iado: Q°(C) - QY(C)
with holonomy
Pa(t) = exp(2rwia),

where ¢ denotes the canonical generator of 77y (S b,
We have two Laplacians

Ag(a) = Aj(a) = Ag: CT(C) — CT(O),
dz d d )2

+2i—+d’=(-i——a

Ag =2 (
4 do? do do

with identical spectra
m=m—a); n=0,1,...}.

We see that the representation p, is acyclic if and only if @ = 0. The eigenvalue 1,
has an one-dimensional eigenspace generated by e, := exp(nfi). The zeta function
of A, is

1 1 1
LA, (8) = Z n—a)> = Z m+1—a)* + Z (n+a)*

nez n>0 n>0

=¢(@2s;1—a)+¢(2s5a),
where ¢ (s; a) denotes the Riemann—Hurwitz function, [122, Chap. XIII]. Thus

RS(pa) = —= | (¢@s;a) +£(2s51 —a)

Pa) = 2dss=o;“ s;a) + ¢(2s; a
=—('0;a)+¢'(0; 1 —a).
To proceed further we need the Lerch identity [122, §13.21],
1
¢'(0;a) =logT(a) — 3 log(2m).
Thus
RS(pa) = —log T(@TI(1 — a) + log27) = — log(

sin(na)) + log(2m)

. 1
= —log(2sin(wa)) = log (m)

We now interpret the holonomy function ¢ +— p,(¢) as a character of H(S 1) so that
the last identity can be rephrased as

exp(RS(pa)) = |25 (pa)|’- o
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The identity proved in the above example is no accident. In fact, we have the
following remarkable results.

Theorem 4.19 (Ray—Singer, [89]). Suppose (X, g) is a compact, oriented Riemann
manifold and p is a nontrivial character of H\(X). The quantity RSx(p, g) is inde-
pendent of the metric so that it is a topological invariant of the pair (X, p).

Theorem 4.20 (Cheeger—Miiller, [4, 9, 14, 74]).

exp(RSx (p)) = [Tx (p)[.

(Observe that the +t" multiplicative ambiguity of Tx does not affect the value of
[Tx (0)].)

We refer to [22, 23] for a more conceptual interpretation of these results in terms of
metrics on determinant lines. Also, we want to mention that the proof in [4] directly
identifies the Ray—Singer analytic torsion to the Morse theoretic description of the
torsion.



Appendix A
Algebra

§A.1 Formal Hodge theory

Suppose K is a field of characteristic # 2.

Definition A.1. A formal metric on a K-vector space V is a bilinear, symmetric, map
g:VxV->K
such that the induced map
Dg:V—>V* v gv,»).

is an isomorphism. Dy is called the metric duality. A metric K-vector space is a
K-space equipped with a formal metric. O

If T is a linear operator between two metric K-spaces

T: (Vo, go) = (V1, g1)

then its formal metric adjoint is the operator

T%: (Vi, g1) — (Vo 80)
defined by the commutative diagram

:
Vi —— v,

| e

« I *
Vi — W

where T* denotes the adjoint.
If (V, g) is a metric K-space and U C V is a subspace, then the orthogonal
complement U~ of U in V is defined in the usual fashion.

Lemma A.2. Suppose (V, g) = (o, +) is a metric K-space, and U — V is a metric
subspace, i.e. the restriction of g to U is a metric. Then

Unut=0 v=U+U"t



198 A Algebra

Proof. Denote by i the inclusion U < V. The equality
Uunut=0
follows from the fact that U is a metric subspace. Thus
U+Ut=UeU*.

If v € V then
ity eU, v—if(w)eU™ .

Indeed, the statement i¥(v) € U is tautological. The second follows from
(w—i*),u) = (v,u) — (v, i@w) =0,Yu € U.

Thus
v=i'(v)+ @w—itw) e U+ UL O

Corollary A.3. If U is a metric subspace of a metric space V and i denotes the
inclusion U — 'V then i* is the orthogonal projection onto U. Moreover, there exists
a natural isomorphism

ut=zv/u.

Proposition A.4 (Formal Hodge theorem). Consider a length n chain complex of fi-
nite dimensional K-vector spaces

(C.0): 05Cr>Co>.m b cy—o.

equipped with formal metrics (s, ) such that both Range(d) and ker(d) are metric
subspaces. Then there exist natural isomorphisms

Hoad(C, 8) — ker(d +8°: C

Coaa > C )

—cven

and
Heyen(C, 3) — ker(a + 3111 C

Leven ™ Qodd)'

Proof. Using the above corollary we deduce
H.(C,0) = Range(a)L Nkera.
Suppose u € ker(d + 8%). Thus

0= 9% u + (0%')? = 8%3u
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so that
(0u, dv) =0, V.

Thus
du € Range(d)*.

Since Range(a)J- N Range(d) = 0 we deduce du = 0. Thus
u € ker(0 + aﬁ) — du=0"=0.
The condition du = 0 implies u € ker @ while the condition 3*u = 0 implies that
Yo 0= (8%u,v) = (u, 9v) <= u € Range(d)*

so that
ker(d + 8%) C Range(a)J‘ Nkero.

The opposite inclusion is immediate. O

Corollary A.5. Suppose (C, ) is an acyclic complex of K-spaces. Then there exists
an algebraic contraction.

Proof. Fix a formal metric on C such that both Range(d) and ker 0 are metric sub-
spaces. Since the complex is acyclic, we deduce from the formal Hodge theorem
that

I3+ C—>C

is an odd isomorphism. In particular, the even map
A= (0 + 0% = 00" +9%9
is a selfadjoint isomorphism which commutes with 9. The map
n:= AP
is a contraction satisfying 7% = 0. O

The last results admits the following generalization.

Corollary A.6. Assume (C, 0) is a finite length chain complex of finite dimensional
K-spaces. Then there exists a subcomplex X C C which is perfect i.e.

X C kerao,

and also an algebraic deformation retract. The last condition means that there exist
maps
p:Ck—> Xi, 1n:Cj — Cjyqi
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such that
poi=1x, l—iop=0an+nd, n*=0

where i denotes the inclusion X — C. In particular, i induces an isomorphism

iv: X — Hi(C, ).

Proof. Pick aformal metric on C such that both ker d and Range 9 are metric subspaces.
Define
X :=ker(d + 0%) = (Range ) Nker d.

X is a metric subspace and we can define
p:i=i".

Corollary A.3 now implies p o i = 1y.
Set
A= (30" +8%9) and J:=ii’ 4+ A.

The finite dimensionality of the complex implies that J is selfadjoint, invertible, com-
mutes with d and for every x € X we have

Jx = x.

The last equality implies
Jii* = J7hik = it
Now define
n:= J 1o,

Then
m+no=J'aA=7"'U-ii=1-J"Ni' =1—-ii" O

Definition A.7. A generalized contraction of a chain complex of K-vector spaces
(C, 9) is a degree one map
n: Cr — Crt1

such that »> = 0, the chain morphism
P = (0n +no)

is a projector (P2 = P) and Range(P) is a perfect subcomplex. O

According to Corollary A.6, every finite dimensional complex of vector spaces
admits a generalized contraction. Observe that any contraction of a necessarily acyclic
complex is a generalized contraction.

Suppose now that (C, 9) is an acyclic complex of finite dimensional K-vector
spaces and c is a basis of C. It determines a canonical metric g = g(c) on C by
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requiring that ¢ is an orthonormal basis. Suppose moreover that ker d is a metric
subspace of (C, g(c) ). Then

T(C,c) =det (3 +n: C

—even

S Cor) ni= AT

‘We deduce
T(C)* = det((@* + n")(@ + n): Copen > C

—=even )
=det (9%9 + A7239": Coven = Ceven)
To compute this determinant we decompose
C = K; ® Bj,
where
Kj =ker(d: C; > Cj_1), Bj =K;" =Range(d*; C;_1 — C)).
Observe that the Laplacian is compatible with these splittings, i.e.

A(Kj) C Kj, A(Bj) C Bj,

and
Alg, =09, Alp, = 9.

Set
kj = det(AlK_i), bj = det(AlBj), 5j = det(Ach) = kjbj.

Using the decompositions
Coen=Bo®K2®B, D ---

we deduce that 3*9 + A~239* has the diagonal block decomposition

A 0 0 ...
) 0 A b o ...
%0 + A™790* = 0O 0 A

Thus

Now observe that since d induces bijections Bj — K;i1 and 9* induces bijections
Kj+1 — Bj we have

bj = det(8%9: Bj — Bj) = det(3*: Kjy1 — Bj)det(d: Bj — Kyy1kji1)
= det(99*: Kjt1 = Kjt1) = kj11,



202 A Algebra

so that

7(cy = Hicen i
- nj odd 0j
and _
8jt1 i>0 0j+1-2i
bjbj+1 = 8j+l — bj+1 = hens — bj+l — g’
bj [Tiz08j-2i

where §y = 1 if k < 0. If n > 0 denotes the length of the chain complex (C; = 0,
Vk > n and C,,—1 # 0) then we deduce

8}1—]{
T(C ¢ = kewnd% = (A1)
j odd 8]'

The terms on the right hand side depend on the metric g(¢). Let us point out that this
formula holds for any metric, not just g(c).

§A.2 Determinants and zeta functions

Suppose K is a field of characteristic # 2, U is a finite dimensional K-vector space,
and A: U — U is an endomorphism. The characteristic polynomial of A is defined
by

pa(t) :=det(t — A).
Using the identity

det(1 — A) = Z(—l)j Tr(A’ A), (A.2)
j=0

where A/ A denotes the linear map AU — A/U induced by A, we deduce
. . —1\J )
pa®) =1 det(1 — 1714y = 1MV 7 (—) (a7 4).
Jj=0

The characteristic polynomial is intimately related to the zeta function of A, defined
by

Za(s) ;= exp(z Tr(A”)%).

v>1

We define {(A) := ¢4 (1) so that, formally
Sa(s) = ¢(sA).

To explain the relationship between {4 and p4 we use the elementary identity

—log(1 — (as)) = Z (az)” — ﬁ = exp(z (az)"),

v>1 v>1
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which implies that

r

_ 1 -1y _
Cals) = det( — s A) = At = a0

If we denote by S¥V the k-th symmetric power of a vector space V, then for every
endomorphism B: V — V we have

1 _ k

Hence
ta(t) =Y tFu(skA)).
k=0
If U is a superspace, U = Uegyen @ Uodd, and A is an even endomorphism

A= Aeven @ Aodd

then we can define the s-characteristic polynomial

det(t — Aeyen)
det(r — Aogd)

We deduce that for any even endomorphism A of U we have

—1\/ _ k
ﬁA(r>=rX<U>(Z<71) tr(AfAevea)(Z(}) tr(S"Aodd)), (A4)

J=0 k=0

pa(t) =dets(t — A) ==

where the Euler characteristic of U is the s-trace of the identity map 1y
x(U) :=trg 1y := dimg Ueyen — dimg Upqq.
There is a super-version of the zeta function

;:A(t) = exp (Ztrs(A”)%),

v>1
where trg denotes the s-trace. We then have the identities

1 . det(1 — tAodd)

Ea™Y) - pat) = 1Y) = Eal) = -
B pan = = B0 = e = Ty O
Using (A.2) and (A.3) we deduce
ea = (o Tr(s Aeen)) - (D (=177 Tr(A Acao))
k>0 j=0 (**)

d
_ Z 4 (Z(_l)] Tr(AjAodd) . TI'(Sd_jAeven))'

d=0  j=0
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If X is a compact, closed, oriented smooth manifold and f: X — X is a smooth map,
then its Lefschetz number is

L(f):= trs(f*: H. (X;R) - H.(X; R))

The celebrated Lefschetz fixed point theorem states that (see [57, VIIL5]) if all the
fixed points of f are nondegenerate, i.e.

8 (f) = det((l —df): Ty X — TXX) #0, Vf(x)=x

then

L(f)= Y L(fx)

xeFix(f)

where the local Lefschetz number L(f, x) is defined by

L(f, x) = signé,(f).
The zeta function of f is defined by
ko
&0 = exp() —L(H).
k>1

Using the identities (*) and (**) we deduce

det (1 — 1 Hoaa(f))
det (1 - tHeven(f))

Lr(t) =

d
= (Z<—1>J‘ Tr(A7 Hoaa (f)) - Tr(597 Heven))-

d>0 j=0

The last sum can be expressed in terms of the symmetric powers of X. S” X is defined as
the quotient of the Cartesian product of X” modulo the natural action of the symmetric
group S”. Then (see [63])

Hoaa(S"X) = @) A/ Hoaa(X: R) ® $" 7 Heyen (X R),
jodd

Heven(S"X) = @ A Hoaa(X: R) ® §" 7 Heyen(X: R).
J even
Hence

d
LS f) =Y (=1 Tr(A) Hoaa(f)) - Tr(S'™/ Heven (f))

Jj=0
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so that
gty =Y LS f).

If for example X is a Riemann surface of genus g, then Hy(f) = Ha(f) = 1. If
we denote by A € Sp,,(Z) a symplectic matrix representing H;(f) then we deduce

det(1 —tA)

gr () = a-12

§A.3 Extensions of Abelian groups

In this section we survey some basic facts concerning extensions of Abelian groups
needed in surgery theory. We will denote by T the rational circle (Q/Z and, for any
Abelian group A we will denote by A its dual

A := Hom(A, T).

Suppose A and C are Abelian groups. An extension of A by C is a short exact sequence
of Abelian groups
0->A—B—>C—0.

Two extensions 0 - A — B; — C — 0,i = 0, 1 are isomorphic if there exists an
isomorphism f: By — Bj such that the diagram below is commutative.

0 A By C 0
IAL fJ lc[
0 A By C 0.

We denote by Ext(C, A) the set of isomorphism classes of extensions.

Proposition A.8 ([64]). (a) The correspondence Ext(C, —) is a covariant functor from
the category of Abelian groups to the category of sets.

(b) The correspondence Ext(—, A) is a contravariant functor from Abelian groups
to sets.

Consider the group morphisms
VAZAGBA—>A, arl®ar— a+ap

and
Ac:C—->CohC, cr—chec.
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Given two extensions E; € Ext(C, A)
E: 0O>A—>B —-C—0, i=0,1

we can construct in the obvious fashion Eq @ E| € Ext(C & C, A & A). The Baer
sum of the two extensions is

Eo+ E; := VAAL € Ext(C, A)

where VfA*& is the composition

A* vA
Ext(C®C, A® A) —> Ext(C, A ® A) —> Ext(C, A).

Proposition A.9 ([64, 93]). The Baer sum introduces a structure of Abelian group on
Ext(C, A). The trivial (zero) extension is the split extension

0->A—>ABC—~C—0.
Moreover, for any short exact sequence of Abelian groups
0O>X—->Y—>Z->0
and any Abelian group A we have the exact sequences
0 — Hom(Z, A) — Hom(Y, A) — Hom(X, A)
2, Ext(Z, A) — Ext(Y, A) —> Ext(X, A) —> 0
and
0 — Hom(A, X) — Hom(A,Y) — Hom(A, Z)
—%, Ext(A, X) —> Ext(A,Y) — Ext(A, Z) —> 0.
Example A.10. Since Z is a projective Z-module we deduce that every extension
0-C—->B—->7Z—0

is split so that Ext(Z, C) = 0 for any Abelian group C. O
The next result is particularly relevant in topology.

Proposition A.11. Suppose C is a finite Abelian group. Given
A C—>T:=Q/Z

we define
Cro={qeQ®C; rA(c) =q modZ}.
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(a) The sequence E; defined by
0>2Z5C5C—0

is exact, where 1 is induced by the inclusions 7. — Q @ 0 — C,, while 1 is induced
by the natural projection Q ® C — C.

(b) The correspondence  : C = Hom(C, T) — Ext(C, Z) defined by
C 3 i E; € Ext(C,Z)

is a group isomorphism.

Proof. Part (a) is obvious. We will show that the correspondence in part (b) is a
bijection. For simplicity we will confine ourselves to the special case when C is a
cyclic group of order N.

Fix a generator ¢ of C. Given an extension £ € Ext(C, Z)

0—-Z—->B—->C—0

we can find by € B which maps to r. Then Nbp maps to 0 € C so that there exists
m € Z — B such that
Nby = m.

(Abusing notations we can write bg = m/N.) Now define
Ap: C — T, kt+ km/N modZ.

The morphism Ag does not depend on the choice of the generator ¢ and the element
bo € B mapping to . We have thus constructed a map

¢: Ext(C,Z) - Hom(C,T), E— Ag.
‘We let the reader check that
Ey,=EFE < Yo¢p=1,

and
AE, =A & ¢oy =1 O

The result in the above proposition allows us to determine Ext(C, F) where F is
a free Abelian group of rank m. More precisely, we have a natural isomorphism

Ext(C, F) — Hom(C, Fg/F)
where Fg := F ® Q. A morphism A C > Fg/F = F @ T defines the extension

C; :={(q,c) € (Fp) ® C; Ac) = g mod F}. (A.5)
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Example A.12. Consider the inclusions iy : 7 > 7% k=1,2, given by the matrices

4 0 20
wee[10] mef20]

These lead to the Abelian extensions
0722 72 5 7, >0,

and B
07275 7, ®7Zr — 0.

The first extension is given by the morphism
A Zs — (T2, 1 (1/4,0)
while the second is given by the morphism
A Z2 x 77 —> (T)?, (1,0) = (1/2,0), (0,1) — (0, 1/2).

More generally, if G is a finite abelian group which admits a presentation

05> F- S5 F5G6-0
then this extension is classified by a morphism
G — Fo/F.
This can be easily describes as follows. Consider the inverse
Al Fy — Fo.
Observe that A~V (A(F)) = F C Fg so that we have an induced map
G =F/(AF) — Fg/F.

It is precisely the classifying map of the presentation. The map G — Fg/F is clearly
an inclusion. Conversely, every inclusion

G — Fg/F

produces a (class of) presentation(s) of G.
It is perhaps instructive to see how this works in a concrete situation and to point
out a confusing fact. Suppose F' = Z" and A is described by an n x n matrix

AeJ-:E ajjei, i,j=1,...,n,
i
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where e; denotes the canonical integral basis of Z". Suppose
=Zaz{jei’ a,{j €eQ i,j=1,...,n
i

Set G := Z"/AZ", and denote by [¢;] the image of ¢; in G. Then the morphism
G — T" corresponding to the extension

07" 7" 5 G0

is described by
a/lj
[ej] — mod Z.
/

a, j

The right-hand-side of the above equality is the j-th column of A™!.

In topological applications the map G — T" is described by n characters of G.
Since the dual G embeds in the dual of Z" it is customary to describe the map G — T"
as a vector consisting of n characters of Z". In this case they are

=0, h), kile]) =aj; modZ, i, j=1,....n

In other words, A; is the character of Z" described by the i-th row of AL 0O



Appendix B
Topology

§B.1 How to compute the Alexander polynomial of a knot

In this section we will survey a few methods of computing the Alexander polynomial
of aknot. As testing ground for each of these methods we will use the trefoil knot (see
Figure B.2). For details and proofs we refer to [27, 92].

The Alexander polynomial of a knot K C S is determined by the universal
Abelian cover of its complement Xx := S\ K. By Alexander duality we have
H := H|(Xg, Z) = Z and we denote by X k — Xk the universal Abelian cover. Set
R := Z[t,t~']. The homology group H; ()A( K, Z) has a natural R-module structure
induced by the deck transformations of the covering Xx — Xk.

The ring R is a unique factorization domain and the Alexander polynomial is by
definition .

AK = ordR(H1 (X[()).

It is an element of R uniquely determined up to a multiplicative term X, k € Z. To
concretely compute A g we need to produce a presentation

SR—>G§—>H1()2'K)—>O

where R and & are finitely generated free R-modules. We will present two algorithms
for producing such presentations.

1. Seifert matrices. Consider an oriented Seifert surface ¥ C S° such that 9% = K
and a small tubular neighborhood Nk of ¥ — $3. Then Nk \ X consists of two
components which we label N Ij{E (The orientation of X allows us to canonically label
these components with 4 or —.)

¥ is a genus g surface with boundary § I and thus H; (T, Z) = Z24. Fix a set of
generators xi, ..., xp¢ of this homology group represented by embedded circles. By
pushing the circle x; into N; we obtain a circle )cl.+ . The Seifert matrix is the 2g x 2g
matrix Vx with entries defined by

v;j := Lk(x;, x;r).

Lk(K1, K7) denotes the linking number of two disjoint knots and can be computed
using the sign rules in Figure B.1. We refer to [59, 92] for more details.)
The matrix Ag (t) := V,{ — t Vi is called an Alexander matrix of the knot K and

provides a presentation of H ()A( K, 7Z)

70722 A 70 128 S H (R, Z) — 0.
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A K2

K,
Linking = +1 Linking = —1

Figure B.1. Sign rules for linking numbers.

In particular, we have
Ag(t) ~det Ag ().

Example B.1. Consider as promised the case of the trefoil knot. In the second diagram
in Figure B.2 we can clearly visualize a Seifert surface for the knot. It is obtained by
joining two disjoint disks by three twisted bands. This Seifert surface has genus one
and in Figure B.2 we describe a set of generators of Hj.

Figure B.2. Two equivalent diagrams for the trefoil knot.
The “+4” and “—" signs in this picture fix the orientation of this two sided surface.

It is clear that x, and xf“ do not link so that vp; = 0. As for the other entries of the
Seifert matrix, they are described in Figure B.3. Thus

=04

A(t):[t_ll t:’l}, A~ —t+1=

so that

(t®— D@ —1)
(2= -1
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Xii_ x;_
X1 b %)
Linking = —1 Linking = —1
X1
xy
Linking = 1

Figure B.3. Computing a Seifert matrix for the trefoil knot.

The formula we have just obtained is a special case of the more general description of
the Alexander polynomial of a (p, ¢)-torus knot (see [96]). The trefoil is a (2, 3)-torus
knot. O

2. Fox free differential calculus. R. Fox has developed [24, 25, 26, 109] an algebraic
machinery of determining a presentation of the Z[z, t~1]-module H, (}A( k) once a
presentation of the knot group w1 (Xg) is given.

Suppose we are given a finite presentation (xi, ..., X,; Ry, ..., Ry) of a group
G. Then there exist natural Z-linear maps

D1, ..., Dy,: ZIG] — Z[G]
uniquely determined by the requirements
D.1 =0, Dix; =5,’j

De(u - v) = Do +uD.v, Vu,veG.

We can form the Jacobian of the presentation which is the n x m matrix J = J(x;; r;)
with entries in Z[G] described by

Jij = DiR;.
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If H denotes the abelianization of G, H := G/D(G), D(G) := [G, G] then we
get a natural morphism v : Z[G] — Z[H] and correspondingly, an n X m matrix
J = ¥ (J) with entries in Z[H]. The transpose of J defines a presentation the
Z[H]-module D(G)/D?*(G) ® Z[H],

Z{HI" — Z[H]" — D(G)/D*(G) ® Z[H] — O.
Suppose now that G is the fundamental group of the complement of a knot K < §3
G=Gg :=m(Xyx), Xx=S5\K.
If we are given a presentation of G g with n generators and m relations then
H = H(Xx) £Z, D(G)/D*(G) = H(Xg),

where as before, X k — Xk denotes the universal Abelian cover. In this case we de-
note by Jx the abelianization of the Jacobian matrix J. Then the Alexander polynomial
is the greatest common divisor of the set of (n — 1) x (n — 1) minors of J; see [27] or
[59, Chap.11] for more details. Equivalently, and more invariantly, we can define the
Alexander polynomial as a generator of the first Fitting ideal F (H; (}2' K)®Z[t, 171
which admits a presentation given by the transpose of Jg. Using Proposition 2.25 we
deduce that Fy (M) = Fo(H;(Xk)).

One can obtain a presentation of G g (called the Wirtinger presentation) from the
diagram of K as follows.

o Orient the knot and mark the undercrossings in the order given by the orientation. We

have thus divided K into n oriented arcs xp, . .., X, each connecting two consecutive
undercrossings.
e Gk admits a presentation with xp, ..., x, as generators and one relation for each

undercrossing, as described in Figure B.4. We can drop any one relation and still obtain
a correct presentation. It is clear that all the generators of the Wirtinger presentations
are mapped by the abelianization map into the generator ¢t of Hj(Xg) = Z.

A

)Cj xj
Xi X;
Y
Xk Xk
)Cj = X} XiXk—1 )Cj = X}—1X{ X[

Figure B.4. Wirtinger relations.
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Example B.2. We consider again the trefoil knot. From the top of Figure B.2 we read
the following presentation

: -1 ~1 ~1
(X1, X2, X3; X2 = X3 X|X3, X3 = X| X2X], X] = X, X3X2).

Observe that only two generators are important since x3 = x| Txax1. We seta = x;
and b = x, so that x3 = bab~!. We obtain the equivalent presentation

(a,b; a =baba"'b~', b=abab 'a™") < (a, b; bab = aba)

If we set
R = baba'b"'a™!

then
D4R = Dy(baba™'b=YY—(baba"'b~"Ya~! = D,(bab)—baba~'—baba"'b'a"!

= Dy(ba) — baba™' — baba='b~'a™' = b — baba™" — baba~'b"'a"!
DyR = Dy(baba™'b™') = Dy(baba™") — baba='b~! = Dy(bab) — baba™'b~"
= Dy(ba) + ba — baba='b~' =1+ ba — baba~'b~".
By passing to abelianization we get
D,R=t—1>—1, DyR=1+4+1t>—1

so that
Jk=[—(*—14+1) 2—t+1].

This shows Ag (1) ~t2 —t + 1. O

Remark B.3. The Fox free calculus works in the more general case of links with
several components as well, with very few but obvious changes. The Wirtinger pre-
sentation is obtained in the similar fashion, and we obtain a presentation of m;(Xg)
with the same number v of generators and relations. A generator g of this presentation
will represent in H1 (X k) the same homology class as the meridian of the component
of the link to which g belongs. As in the case of knots, any relation can be dropped
from the presentation. We obtain an exact sequence of Z[ H ]-modules

ZIH) -5 ZIH) — Hi(Xk) & Z{H]
from which we deduce that

ord Hi (Xx) = Fi(H(Xk) ® Z[H]). O
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3. Conway’s skein relations. The Alexander polynomial of a knot is uniquely
determined by the manner in which it changes when the crossing patterns of a diagram
are changed; see Figure B.5. A formula describing such a change is called a skein
relation. The Alexander polynomial of a knot K satisfies the symmetry property

Ag(t) ~ Ag .

Any polynomial Q € Z[t,t~'] is equivalent to a polynomial P € Z[t'/? 1~1/?]
satisfying P(t) = P(t~'). The polynomial P is unique up to a sign. E.g., the
polynomial (1 — 1) ~ t1/2 — =12 ~ =12 _+1/2,

A XX

Ly L_ Lo

Figure B.5. Changing the crossing patterns.

Remarkably, any oriented link L determines a polynomial Ay (t) € Z[t'/?,1=1/?]
uniquely determined by the following conditions (see [59, Chap8]).

AL = AL,
Aunknot (1) = 1.
and the Conway’s skein relation (see Figure B.5)
AL ) =A@ =@ = t')AL,0).

When L is a knot, Ay is equivalent to the Alexander polynomial. We see that this
algorithm picks up a canonical representative for the Alexander polynomial of an
oriented knot. This is called the Conway normalized Alexander polynomial.

Example B.4. We want to compute the (Conway normalized) Alexander polynomial
of the trefoil knot, oriented as in Figure B.2. Look at the top crossing in the first
diagram of Figure B.2. In the conventions of Figure B.5 itis a L. The corresponding
L _ represents the unknot while L is the Hopf link H depicted in Figure B.6.

Ax() = 1= "2 =2 Ah ).

The crossing in the left hand side of Figure B.6isa L. Changingittoa L_ transforms
H into a pair of unlinked unknots, while the move Ly — L transforms the Hopf
link to an unknot. Since A;_(¢) = 0 we deduce

Ag(t) = @12 =112
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Figure B.6. The Hopf link.

so that
Ak =1+ 22 =1+~ =1+ 1. O

§B.2 Dehn surgery and linking forms

The existing literature on Dehn surgery can be quite confusing, especially as far as
the various sign conventions are concerned. For the reader’s convenience, we have
decided to include several useful facts concerning this important concept, paying
special attention to the many orientation conventions.

Suppose M? is a rational homology 3-sphere, K < M? is an oriented link in M3
with components X1, ..., X,, U = U;"zl U; is a small open tubular neighborhood
of K and

My :=M\U.

Set T := 9U and H,(X) := H,(X, Z) for any topological space X.
1. The homology of My as an extension of Hy(M). Since
Hy(M) = H'(M)=0
we deduce from the long exact sequence of the pair (M, My) that
0— Hy(M,My) > H(My) > HH(M) - H(M, Mx) — 0.
Using excision we can rewrite
0— Hy(U,T) — Hy(Myx) — Hi(M) — H,(U,T) — 0.
The long exact sequence of the pair (U, T') now implies
Hy(U, T) = ker(H\(T) — H{(U)) = Z"

and H(U,T) = 0. Moreover ker(Hl(T) — Hl(U)) admits a natural basis ;i =
(41, - .., tm) consisting of meridians. More precisely, u; is the generator of

ker(H1 (T7) — H, (U]))
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such that
Lky (pj, Xj) =1

where Lk, is the (Q-valued linking number of two disjoint embedded circles. Denote
by Z{ji) the free Abelian group generated by the meridians. We thus have a short
exact sequence

0— Z(i) = 72" 5 Hy(Myx) — Hy(M) — 0,
where
Jj: Hi(T) - Hi(Mx)

is the inclusion induced morphism. As explained in Appendix §A.3, it defines an
element

ric € Ext(H; (M), Z™) = Hom(H; (M), T™).
We claim that
m
hac(e) =Y My (Ki, )i € QUi /ZAL), Ve € Hi(M),
i=1

where
lky: HHM) x HH(M) — T

is the linking form.
To see this, denote by v the order of H1(M). If c € H{(M) is represented by an
embedded circle C C My then

vC = ijuj € Hy(My)
j
and thus
. k:
2 (C) =Y Ly,
x(©) =) 2
On the other hand
Iy (C,K;) = IZkLk (Wi, Ki) = ki dZ
ML, l_; : j M\ j, l)—l/VmO .
J

Using the description (A.5) in §A.3 we deduce that

Hi(Mx) = {(@,c) € Q" x H{(M); aj =1lky(Kj,c) modZ, Vj e 1,m}. (¥
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2. The morphism j: Hi(T) = Hy(dMx) — Hi(Ms). We use the exact sequence
of the pair (My, T) and we deduce

0— H3(Mx,T) — Hy(T) - Hy(My) — Hy(My, T)

— H(T) % Hi(Msx) — Hi(Mx. T) )
— Hyo(T) - Hy(My) — 0.

To deal with the relative homology we use excision
Hy(My, T) = Hyo(M, U)
and then the long exact sequence of the pair (M, U),

0— Hy(M,U) - H;(U) - H; (M)
— H{(M,U) - Hy(U) »> Hy(M) — 0.

We deduce that
Hy(Mx, T) = ker(H1(U) — Hi(M)) = 7"
and that the boundary map
Hy(Myc, T) — Hy(U)
is 1 — 1. The above morphism factors through the inclusion induced map
12 H(T) — H(U)
so that the morphisms
Hy(My.,T) — H|(T) and kerj C H((T) 5 Hy(U)

must be 1 — 1. Using the sequence (**) we deduce that Hy(My, T) = ker j so that

1(ker j) = ker(H;(U) — Hi(M)). (B.1)

If we denote by (K) C H;(M) the subgroup generated by the components of the link
X we deduce that we have the short exact sequences

0— 1tkerj) — Hi(U) —> (K) =0
and
0— Hi(M)/(X) > H(M,U) - 2"~ Zker(Hy(U) — Ho(M)) — 0.

Hence,
Hi(My, T) = H\(M)/(X) @ 2",
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and
coker j = H{(M)/{X). (B.2)

3. Longitudes. Suppose X is a link with a single component, i.e. a knot. If M is not
an integral homology sphere there is no canonical way of choosing an integral basis
of H;(T)(Z Z?). On the other hand, there is a natural way of choosing a (Q-basis of
H{(T) ® Q. A longitude is a generator A of

ker j = ker(H(T) — H(Mx))

such that i - & > 0 where u denotes a meridian and the intersection product is defined
with respect to the orientation of 7' as boundary of U. Denote by r the order of X in
H{(M). From the identity (B.1) we deduce that . = rX in H; (U). In particular, this
implies ¢ - A = r. Moreover, since A bounds in the complement of K we deduce that
Lky (A, X) = 0.

We can now conclude that any homology class ¢ in H{(T) is uniquely determined
by a pair (o, n) € Q x Z satisfying the conditions

ni=p-c < 1(c) =nK e H(U),

and
1
o :=—(c- LX) Lky(c,K) =nlky (K, X) modZ.
r

As an element of Hy(T'; Q) the cycle ¢ has the decomposition
n
c=au+ —A.
r

Using the above basis of H(T'; Q) we can identify the inclusion H;(T) — H{(T; Q)
with the inclusion G < Q? where G is the additive subgroup of Q? defined by the
conditions

1
G={(0.2) Q-2 a=nlky(X %) modZ}.
r r
Observe that the longitude A need not be a primitive element in H (7). Indeed,
1
“reG & n=—, nlkyX. K eL.
m m

If we write v
lky(X,X)y=-, 0<v<r,
r

then the above conditions become

r V
) _€Z9
m m

so that we can choose m = (r, v) (:=(g.c.d.(r, v)). Hence

A=, r)Ag, Aroe€ H(T).
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Remark B.S. We would like to discuss a rather subtle point. The pair (r, v mod rZ)
was determined by the order and the self-linking number of K. We would like to show
that the same information is algebraically encoded by the pair of cycles u, A € Hi(T).

The Abelian group F := H(T) is free of rank two, and in order to perform
concrete computations we need to choose Z-bases. This is involves non-canonical
choices, and thus we need to be able to separate the invariant quantities from those
which are not. Clearly, the coordinates of © and A with respect to some Z-basis are
not invariant quantities. The determination of numerical invariants of the pair (i, A)
boils down to a group theoretic problem.

Describe the space O of orbits of the group & = Aut(F) acting diagonally on
the space P C F x F of pairs of linearly independent vectors.

Observe that 7 := (u, A) € F x F, and the orbit

{(Tw,Tr); T € 6}

corresponds to the different choices of bases of F. A pair 7 = (e1, e2) € & defines
an injection
jﬂ:Z2—> F, (ny,ny))— nier +nse;.

The extension .
072 F— Gy:=F/jz(Z} — 0

is a complete invariant of the orbit (& - ). It is completely characterized by the group
G, and the characteristic element

x € Hom(Gy, T?) = Ext(G, Z?).

In our special case, 7 = (u, 1), G is a cyclic group of order r, namely the cyclic

group generated by the knot X < M. The last statement implicitly assumed the

existence of a canonical generator. This is indeed the case. Pick as generator the

unique vector k € F N {xu + yA;x,y € [0, 1]} such that u - k = 1. Geometrically,

k is the vertex of the Newton polygon of the cone s + tA, s, > 0, closest to .
The characteristic element yx is given by the pair of characters x1, x2 € G

xX1XK)=1/reT, xx2K) =lkyX,X)=v/reT.

This can be seen easily using the Z-basis (i, «) of H{(T). Inparticular, A = —vu+rk.
O

4. The morphism j: Hy(T) — H;(My) revisited. Denote the components of K
by X, a small, open tubular neighborhood of X; by U;, the meridian of X; by ; and
the longitude of X; by A;. Finally, denote by r; the order of X; in H{(M).

Observe that if i # j we have

Elj =T LkM(:K,', :KJ) = LkM()\.i, JCJ) €.
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Since A; bounds in My, we deduce we deduce that we have the following equality in
Hi(Mx) _
A= Z E{,uj.
J#
Using (*) in 1. on page 217 we deduce
Hi(Mg) = {(3; ajpj, ) € Qi) x Hi(M); a; = lky(c, K;j) mod Z, Vj}.

Using the description of H1(7T) in 3., we deduce that the morphism j acts according
to the rule

. n; n;
Jiojuj+ r—f)»i +—><01ij + r—l Zef/is, nifKi>
! bossi

= (s + 0 Y Lo (K, Ko, mid), i j=1,...m.
SFEI

The natural map H;(Mx) — H{(M) is given by

(ZO(j/Lj,C) = C.
J

5. Mayer-Vietoris interpretation. The Mayer—Vietoris sequence associated to the
decomposition M = U U My leads to the Abelian group extension

0 — 72" = 1Ty 2L H\(T) @ H| (M) — Hy(M) — 0. (B.3)
This extension is classified by a linear map
HM)— H(T)QT.

Arguing as in 1. we deduce that this classifying map is given by

e Y lky(Kj. o)pj € H(T) @ T.
j

6. Dehn surgery. The manifold M can be described as a quotient space
U Ug, My

where fo: 8U — d My is an orientation reversing diffeomorphism. Given any orien-
tation preserving diffeomorphism

?:(717---,ym), yj:an—>80j
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we can form a new manifold
My :=U | Mx
fooy
called the Dehn surgery determined by y. Clearly the diffeomorphism type of M

depends only on the isotopy type of . We denote by I the group of these isotopy
classes. Observe that

I = [[SLH(T))).
j=1

We denote by Iy the subgroup of I' consisting of diffeomorphism which extend to U.
It is not difficult to see that M; depends only on the orbit yolyel/T.
The set of orbits ['/ I'g can be identified with the set of m-uples

m
¢ = (61,6‘2, ...,Cm) € l_IHl(Tj)
j=1

such that ¢; is a nontrivial primitive element of H;(7}). A diffeomorphism y belongs
to the orbit labelled by ¢ if and only if
y(i) =¢ = v =cj.

For this reason, the Dehn surgery determined by ¥ is often denoted by M.
Using the bases (u;j, A;) of Hi(Tj; Q) we can write

i
¢j =i + r—{x,-, aj = nj ey (X;, ;) mod Z. ()
J

It is often convenient to identify ¢; with the pair of numbers («;, n;). These are known
as the surgery coefficients. When M is an integral homology sphere then the surgery
coefficients (o, n) are both integers. In this case the (o, n) surgery is traditionally
referred to as the «/n-surgery. Furthermore, if n = 1 then the surgery is called
integral. Two natural question arise.

A. Describe the homology of Mz in terms of the homology of M, invariants of the link
K < M andc.

B. Describe the linking form of Hi(Mg) in similar terms.

7. The homology of M;. Arguing exactly as in 1., we obtain the extension
0 — Z{j) 25 Hi(Mg) — Hi(Mz) — 0

or, equivalently,

0 — 7@ —> Hy(My) — H)(Mz) — 0.
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Using the description of j in 4. we deduce that Hj(Mz) is the quotient of Hj (M)
modulo the subgroup generated by

(aiMi +n; ZLkM(JCj, Kij, niKz’)-
J#
If we form the m x m matrix P (X, ¢) with rational entries
_ {n,- Lk (5, %)) j #i
Pji = . .
Ol,' J = l’
we deduce that M is a rational homology sphere if and only if
det P(X, ¢) # 0.

We consider two extreme situations.

a. M is an integral homology sphere. Then P = P (X, ¢) defines a presentation of
H(M3),

0— 2" Loz 5 H(Mz) - 0.

Alternatively, Mz can be given the Mayer—Vietoris description

0 — H\(T) ~2I% H\(T) & H)(My) — Hi(Mz) — 0.

b. X is consists of a single component, m = 1. Set« := o, n := nj etc. @ and n
are constrained by
o =nlky (X, X) modZ.

Then

H\(M.) = H{(Mx)/Z(c)
={(tp, y) € Q{u) x Hi(M); t = lky (v, X) mod Z}/Z{apn + nK).

8. Linking theory on Hy(M;). We will again consider two cases.
a. The manifold M is an integral homology sphere. In this case Hj(Mz) admits a
presentation of the form
> X.c S
0 — Z(i) ~5% 70y — Hy (M=) — 0.

According to the computations in Example A.12, this extension is classified by the
map

Q= P(X, )" ZGi)/ PLAL) — Qi) /Z(ja).
On the other hand, according to the computation in 1., page 216, this classifying map
can be described in terms of the linking theory on Hi(Mz). We denote by [K;]z the
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homology class of the core of U; in Hi(Mz). These classes define via the linking
form of M; a vector of n characters of Hj(Mgz) which classifies the above extension.
Moreover, we have

lkep:([Kilz, [u;]) = Qij mod Z, Vi, j, (B.4)

where Q 1= (Q;;) = P~!, thatis
Pl =" Qiji.
i

If we denote by (s, +) the natural inner product on Q(u) defined by (u;, ;) = 8;j,
then we can write

Qij = (i, P~ ).
If we are “lucky enough”, so that [K; ]z generate Hi(Mz), then the above trick allows
us to determine the linking form of Mz. In fact, this is not a matter of luck.

Proposition B.6. Suppose that the surgery coefficient of X; is % so that

P(X, ) = (pij)i<i,j<n

where
qj Lky (K;i, Kj) ifi #j
pij = .
Di if i = j.
Then the classes j; generate Hi(Mg), and we have the equalities
qilXKile = —pi  in Hi(Mg), Vi.

Moreover,
Uens; (i 1) = —qi(this P_luj) mod Z.

Proof. The Dehn surgery is described by a family

m
) .
P =y € [[SLQ. D), y,~:=[§f, ﬂ%], piBi —ajqi = 1.
j=1 s

These matrices describe the attaching rules
mi v j(ci) = j(pipi +qiri) =bi = piti +qi Y _ ik,
J#

li = jaipi +Biri) =ki == o + B Zﬁij,uj,
J#i
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where m; (resp. l;) denotes the meridian (resp. the longitude) of the i-th attaching
solid torus and

Eij =LkM(fK,', fK,) e 7.

The group H;(M;) is the quotient of Z{j1) modulo the lattice spanned by the vectors
b;. Using the identities

piBj —ajgj =1
we deduce

Bibi — qiki = i
which shows that —g;[X;]z = [u;] in H;(MZ). The second statement in the proposi-
tion follows from the identity

—qi%j = —qi ey, ([K; 1, []) = tear-([1i], [j]) mod Z. mi

Remark B.7. Denote by Py the symmetric matrix defined by

ey ifi#
pij = Bifi= ]

Then P (X, ¢) = Py-diag(qi, ..., qn), and the (i, j)-th entry of the symmetric matrix
P lis q,'Q,'j, that is
(is Py i) = —qi (i, P~ 1)),

The linking form of Mg is completely characterized by P, ! via the equalities,
T (s i) = — (i, Py ' 1)) o

Example B.8. The arguments in the proof of the above proposition can be easily
grasped in the following simple situation. Suppose X is a knot in M := S>. The
Dehn surgeries on K are determined by a pair of relatively prime positive integers
(p, q). If K is the unknot in 3 then the (p, ¢) surgery on K produces the lens space
L(p, —q). Denote by A and u the longitude and respectively the meridian of K such
that u - A = 1. The complement M is a solid torus and p is its core. u is a generator
of Hj(My). The characteristic curve of the (p, q) surgery is pu + gA.
The first homology group of the manifold M/, := M, admits the presentation

0— Zp 2> Zj = Hy(My) — Hi(Mp;q) — 0.

We deduce that H; (M) ,) and the generator  of Hj(My) induces a generator of
Hi(Mp,4). Moreover, according to Example A.12 the above extension is classified
by the map

Zp, — T, 1 modpZ+> 1/p modZ.
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If we now denote by [+],/, the class in H{(M),,) determined by a closed curve « we
deduce

lkM,,/q([:K]p/qv [M]p/q) =1/p.

Since [u]p/q 1s a generator of Hy(M),,) we can write
[X1p/qg = x[ulp/g, X € Z mod pZ.

Now observe that the gluing map y of this Dehn surgery is described by a matrix

_[pa
y._[q IB]GSL(LZ)

-1 _ ,3 —O
Y _[—q P]'

The meaning of the entries of this matrix are given by the attaching rules

with inverse

wrc=pu+qgre HH(OMyx), K=rr ap+ pre H(dMyx).
Since A = 0 € H{(My) deduce from these rules that

(Klpsq = alilp/q-

Since dety = pB — ag = 1 we deduce o = —g~' mod pZ. Hence

lkwm,, (_qil[/‘]p,qa (nlp.g) =1/p,

so that
lkMﬂ/q ([M]p/q’ [M]p/q) = —q/p modZ. O

b. I has only one component but M may have nontrivial homology. In this case it
is wiser to treat M and M, “democratically”, as equal partners. These two manifolds
have something in common, the 3-manifold with boundary My. This notation does
not respect our “democracy rule” and we will set N := My.. The Dehn surgery process
can now be described as attaching the solid torus

U :=S' x D?

to the boundary dN so that the curve pt x dD? is attached along a primitive curve
n € Hi(0N). We denote the resulting closed manifold by N,,. (In the old notations
M =N,)

As an aside, note that the homologies of N and d N contain no information about
the homology sphere M. This is determined by an additional internal data, namely the
homology class in Hy(T) carried by the meridian of the knot. We can loosely rephrase
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this by saying that the homology groups of N have no idea about the manifold M.
There is however one element in H; (T') which carries this information.

As the complement of a knot in a rational homology sphere, the manifold N has
several special topological features we would like to single out and rephrase in a
language which makes no mention of M.

Observe first that b1 (N) = 1. Moreover, the boundary map

Hy(N,dN) — H(3N)

is injective (see 2., page 218). Its image is a rank one subgroup of H;(dN) generated
by the longitude A. This subgroup is isomorphic to the kernel of the morphism

Jj : H(0N) — H{(N).
A need not be a primitive element of Hy(dN) and we can write
A =mory, mo >0, g € H(ON) is primitive.

At 2. we have shown that H{ (N, dN) is a torsion group. Using the Universal Coeffi-
cients Theorem we obtain the split exact sequence

0 — Ext(H(N,dN),Z) — H*(N,3N) — Hom(Hy(N, dN), Z) — 0.
The Poincaré duality now leads to the isomorphisms

Hi(N) = H*(N, dN) = Hom(H»(N, dN), Z) & Ext(H, (N, dN), Z)
>~ Hom(Ha(N, dN), Z) & Hom(H; (N, dN), T).

This isomorphism is most conveniently expressed in intersection theoretic terms. De-
note by H{ (N) the torsion part of H;(N). The above isomorphisms implies that we
have a nondegenerate linking pairing

lky: Hf(N) x H(N,oN) — T.
We obtain a bilinear map
lky: HF (N) x HF(N) > T, Iky(c1, c2) = lky(c1,i(c2))

where i denotes the morphism H{(N) — H{(N,dN). This is a symmetric, yet
possibly degenerate form. If we identify Hy(N, dN) with ker j = Z{A) C H{(ON)
we see that we have a map

L: H(N) - Hom(Z()\),Z) =7 <= Lk: H(N) X Z{.) —> Z

which can be described geometrically as the linking with A. A bounds a chain A in N
and we define

L(c) = Lky(c, 1) := #(cN A), Ve e Hi(N).
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Observe that
L(jz) =A-z, Yz e H{(dN),

where the dot denotes the (skew-symmetric) intersection pairing on H;(dN) defined
using the orientation on O N as boundary of N. The subgroup jH(dN) C H(N) is
mapped by L onto the subgroup moZ C Z. We obtain a short exact sequence

0 — HI(N) =ker L — H{(N) —> Z — 0.
Any o9 € H{(N) such that Lk(og, A) = 1 produces a splitting of the above sequence
H\(N) = H{ (N) & Z{oy).
Moreover, any element ¢ € Hj(N) determines a morphism
¢ =lky(c, —) € Hi(N, IN).
The element c is completely determined by the quantities
¢! € H{(N,9N), n(c) :=Lky(c,») € Z.
More precisely, we can write ¢ = [¢] + ¢*
[c] =n(c)og, ' :=c—]c].
Define ¢* € Hom(H(N, 0N), Z) @ Hom(H (N, dN), T)
*=[cl*+ ¢, [e]* :=Lky(c,—), F =Ilky(c",-).

The correspondence ¢ «<—> c¢* is precisely the Poincaré duality.
Before we continue this line of thought we want to present a guiding example
which will provide some intuition behind the above abstract constructions.

Example B.9. Suppose N is the complement of a knot X in a rational homology
sphere M. Denote by r the order of X in H{(M). (If H{(M) = O wesetr = 1.)
Since the linking form on M is nondegenerate there exists a knot X# C M such that

1
Lky (X, X% = =.
r

Then

Hi(N) =Z{(o,c) e Q x Hi(M); o = lkpy(c, K) mod Z}.

The pair (1/r, K*), which corresponds to the homology class in N carried by the knot
¥, can be taken as a generator of the free part of H;(N). We will denote this class
simply by K*. Observe that it corresponds to the choice o9 € H;(N) explained in the
preceding discussion. The torsion part of H;(N) is isomorphic to

{(O, c)eQx HH(M); lkyy(X,c) = O} ~ Kt = kerlky (K, —): Hi{(M) = Z,.
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We have seen in 2., page 218, that
Hi(N,dN) Z H(M)/{X).
The linking form on M induces a nondegenerate pairing
kerlkp (K, —) x Hi(M)/(X) — T.
This is precisely the nondegenerate linking
lky: Hi(N)® x H(N,dN) — T.

The curve A € H1(dN) which generates ker j can be uniquely written as mgAo where
Ao is primitive. If we set

; = lhy (X, K)
then mo = (v, r). Thus mg can be determined from A and r using the equality
A=,
where d N is oriented as boundary of N. We can describe
Hi(IN) > z = ap @ gx, o = nlky (X, K).
The morphism j has the form
op + g — (o, nX) € Hi(N).

Suppose we have chosen wy € H{(N) such that Ay - wg = 1. There is no unique
choice but each such choice can be represented as

no nov
wo =aon + —A, ay— — € Z.
r r
The equation Aqg - wg = 1 implies
rag = mo
so that mo nov
— = — modZ.
r r
If we write
v =movy, r=moro, (vo,70) =1
we deduce !
nov
— =0 mod Z

ro ro
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so that :
novyp = 1 modroZ, ag= —
ro

and |
Jwo = <—M n05<>, Jro = (0, rgX). a
mo

We can finally explain what do we need to know to compute how the linking form
of a rational homology sphere changes by performing a Dehn surgery along a knot.

Suppose N is the complement of a knot X in a rational homology spheres Nj.
W € H{(N) is a primitive curve such that

r:=x-u>0.

Fix k € dN such that ¥ - © = 1. We can assume that Dehn surgery is given by the
identification
S' x 9D* — BN,
st X pt — K, ptx8D2|—>;L.

If O denotes the center of D2, we denote by X the image of S' x O in N, u- Atl. we
have shown that we have an extension

0 — Z{u) - Hi(N) - Hi(N,) — 0
classified by the morphism
Ikn, (X, —): H(Ny) — T.
We have the following result.
Proposition B.10. The linking form of N, is completely determined by the following

data.

Ij. n,c € H(ON) such thatk - n = 1.

I,. The Abelian groups H{ (N ), Hi (N, 0 N) and the morphism j: H (0N) — H{(N).
Fix a generator A ofker j and setr = A-u,k =X -k. Fix A € Hy(N, ON) such that
dA = \anddenote by mg the positive integer such that A = mo,gwhere g € H{(ON)
is a primitive class.

I3. The Poincaré duality linking pairing

lky: H{(N) x H(N,dN) — T.

I4. A cycle o9 € H{(N) such that og - A = 1. Algebraically, this is equivalent to
choosing a splitting
H{(N) = free part & torsion part.
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Is. A positive integer ro and a cycle
n
v=au+ —A € H(ON)
r

such that
roop — jv =0¢€ H{(N).

Remark B.11. The preceding discussion and Example B.9 show that these data are
completely determined by the homological properties of the pair (N1, K). In other
words, the computation of the linking form of a rational homology sphere can be
determined by performing only homological computations. This is certainly not the
case for the Reidemeister torsion which is not a homotopy invariant. O

Proof. Using I and I, we can now determine
Hy(Ny) :== Hi(N)/{jwr)
and thus the canonical extension
proj C oy~
0 — Z{u) > Hi(N) —> H{(N)/{ju) = Hi(N,) — 0.

The element X € H;(N,,) is the image of jx in H1(N)/{ju). The above extension
completely determines the morphism

lkN#(fK, —): Hi(N,) — T.

Observe that H[ (N) embeds in H{(N,) = H{(N)/(ju) as the kernel K, of this
morphism. We can now produce an isomorphism

H\(Nyu)/(X) — Hi(N,9N) = H|(N)/Range j

by going up-and-down along the diagram below (with exact diagonals)

~
.

Range j )

Hi(N)
proj

Hi(Ny) H{(N,dN)

/

Hy(Nw)/(X)

Using I3 we now obtain the nondegenerate pairing

lkn, : Ky x Hi (N /(K) — T.
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In particular, this implies we can now compute all the pairings of the form lky,, (u, v)
where u, v € H{(N,) and at least one of them is in K,.

To complete the determination of Ik, we will need to use the following elementary
results.

Lemma B.12. Suppose X* € H, (Ny) is such that
Ik, (X, X*) =1/r eT.
Then for all u, v € H{(N,) we have

lky, (X, u) = @, lky, (X, v) = @, 0<n(),nw) <r

uo :=u —nw)X*, vy :=v—n@X*e Ku
and
e, (u, v) = e, (1o + n ()X, vo + n(0)KF)
= lky, (1o, vo) + Uy, (n(v)uo + n()vo, K*)+n@n () ey, (K*, K*).

The above result shows that in order to determine lky, we need to find the self-
linking number lky,, (K*, K*) for some solution K* of the equation

Ik, (X, X*) =1/r eT.

The cycle op € H{(N) described in I4 descends to a solution [og] € H{(N)/Z{u) =
Hi(N,) of above equation. We can now represent the cycle v of Is as a linear com-
bination

n
v=oau+ —A
r
so that
rroog =rjv =rap +nk =nk =noA.

Thus

n n

lkn, (00,00) = — (0 NA) = —. o
rro rro

The proof of the above proposition explicitly describes an algorithm for computing
the change in the linking form under a Dehn surgery. As our next example will show,
the concrete implementations of this algorithm can be computationally demanding.

Example B.13 (Surgery on M := L(24,23)). Fix a generator g, of H{(L(24, 1)) =
Zo4 such that the linking form ¢ has the description

Xy
, =——2¢eT.
q(xgo, y8o) o
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Fix a knot Ky in this lens space representing 4g, in homology. Denote Uy a small
(open) tubular neighborhood of Kpin M, and by g its meridian oriented such that

Ao - o = 6,

where the above intersection pairing uses the orientation on dUqy as boundary of
N := M \ Uyp. Thus ord (X) = 6 and

16 4 2

—=——=——€T.

24 6 3

The kernel of j: H{(dN) — H;(N) is generated by acurve A € H{(dN). According
to Remark B.5 we can choose a basis of H(7T) so that 1 has the coordinates (0, 1)
while A has the coordinates (6, 4). Then

Q(g{()v fKO) = -

Cc
H(N) = { (@no. cgo) € Quo) x Zaa(go): @ = —2 modZ}.
Thus
H{(N) = kerlky (Ko, —) = 6Zra = Zalug := 6g).

Similarly
H{(N,dN) = Hi(M)/(Xo) = Za(vo),

where vo denotes the generator defined as the image of g in H{(M)/(Xp). Then

1
lew (o, vo) = et (680, 80) = — 7

This equality produces I3. Observe that

1

lkM(—gO, fKo) = 6

Thus og := (1/610, —8o) € H1(N) solves I4.

A nontrivial Dehn surgery on Xy is described by a primitive curve u € H;(dN)
such that  # wo. Suppose u = (1,0) := —%M + %A, i.e. we perform a (—2/3, 1)-
surgery. Then we can choose « := (0, 1) = pg. Observe that

2
= <— guo,xo =4go> € Hi(N), jk)=(1,0) e Hi(N).

Hence H{(N,) is defined by the extension
2n c
0— —?,4ng0 s nel r—>{(o¢,cg0);o:-l-geZ}—>H1(NM)—>O.

More explicitly, observe that we have the direct sum decomposition

Hi(N) = Z{og) ® Z4(ug := 6g),
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and we can write ju = —409. We conclude that
Hy(Ny) = Zaoo) & Za{uo).

The extension

(-400,0)
-

0—7Z 7D Ly — Zyoy @ Zgug — 0

is classified by the character

1
X 1 Ziyog X Zgug — T,  x(op) = T x (o) =0.

The cycle jk = 609 @ ug € Hy(N) projects to the cycle
K =200 Dug € Hi(Ny),
and we have
lkn, (X, 00) = x(00) =1/4,  lkn, (X, uo) = x(uo) =0.

We deduce that
kerlky, (X, —) = Za(uo).

Now observe that op € H1(N) descends to a generator of Hi(N,)/(X) = Z4. It must
therefore descend to a generator of

H{(N,0N) = H{(N)/Range j.

We have identified H{ (N, dN) = H{(M)/({Xo) with the cyclic group of order 4 with
generator vq induced by g, € H;(M). Observe that g lifts to —op € H(N). Thus
the isomorphism

Za(oo) = Hi(Ny)/(X) = Hi(N, IN) = Za(vo)
can be concretely described by the correspondence op — —vo. We conclude that the
pairing
lky,: kerlky, (K, —) x Hi(N,)/(X) — T
has the form

X
Iy, (xug, yoo) = — lky (xug, yvo) = Ty'

Hence the pairing
lkn, : kerlky, (X, —) x Hi(N,) —> T

is given by
1 1
lky, (uo, 00) = 7 lky, (wo, uo) = lky, (o, X — 200) = —3

Since 409 = — ju we deduce that lky, (00, 09) = 0. Summarizing all of the above

we deduce
ay+bx ax

4 2

lkn, (auo + boo, xup + yoo) = mi
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So far we have discussed only Dehn surgeries which produce rational homology
spheres. We want to spend the rest of this section discussing the remaining case.

Suppose N is homeomorphic to the complement of a tubular neighborhood of
a knot in a rational homology sphere M. Set T := 0N. Orient T as boundary of
N. Denote by A € H;(T) a longitude, i.e a generator! of the kernel of the inclusion
induced map H{(T) — H;(N). Denote by mg the divisibility of A, i.e. mq is the
positive integer such that A = mgig where A is a primitive element of H(T).

For any primitive class ¢ € Hy(T) denote by N, the closed three-manifold obtained
from N by Dehn surgery with data c. If A - ¢ # 0 the three-manifold N, is a rational
homology sphere. When ¢ = A¢ the three-manifold N, is a rational homology
S x §%. We denote it by Ny. We want to describe the homological invariants of N
in terms of the homological invariants of N. Denote by U the solid torus we attach to
N to produce Ny. Note that

H3(No) = H3(No, N) =7, 0= H (U, T)= H;(Nog, N)

and B
H)(N) =0, H)(No, N)=EH,(U,T)=7Z.

As generator of Ho(U, T') we can take the disk D,, spanning the meridian. The long
exact sequence of the pair (Ng, N) now implies

0 — Hy(Ny) = Hy(U, T)(=EZ) — H;(N) — H;(No) — 0.

Since the generator D, of Hy(U,T) goes to the torsion class j(o) € Hi(N) we
deduce that the image of H,(No) in Hz(No, N) is generated by mo[D,,]. Moreover,
we have a short exact sequence

0— (jro) » Hi(N) - H{(Ng) — 0. (B.5)

where (jAo) denotes the cyclic group of order m( generated by jXo.

Consider now the long exact sequence of the pair (No, U). Denote by A €
H) (N, dN) arelative 2-cycle bounding A. Observe that H>(N, dN) = H,(No, U)is
generated by A. Since Hy(U) = 0 we deduce

0 — H>(Ng) —> Hr)(N,0N) = Z{A) —8> Hl(U) — H{(Ng) — H{(N,dN) — 0.

The connecting morphism 9 is trivial because A = A = mou — 0 € H; (U) so that
we obtain an isomorphism

Hy(No) = Hy(N,dN) = Z{A),
and a short exact sequence

0 — Hi(U) — Hi(Nyg) - H{(N,dN) = coker j — 0. (B.6)

I There are two generators, and a choice can be determined by fixing an orientation.
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We denote by Ko the homology class in H;(No) carried by the core of U and by i
the inclusion induced morphism ig: H;(U) — Hj(Np). Hence

H{(N,9N) = Hi(No)/(Ko).

The extension (B.6) defines a character of H; (N, d N) which, in view of the Poincaré
duality on (N, dN), can be identified with the linking by a torsion element in Hy (N).
Using (B.5) we deduce that this is given by the linking with A¢. Note also that X is
not a primitive class. It has divisibility my.

Dualizing the sequence (B.6) we deduce

1 — H{(N.9N) — H(No) -5 H(T) — 1

—
Restricting the second map to the identity component of H; (Np) we obtain a surjection

I~ gy, K=
S' = Hi(No)ia > HiIU)ig =S .

Since the linking number of j(Xy) and A (in N) is mo we deduce that the map i§< is

—

an mg-cover. Denote by z the coordinate on H; (U), and by T the coordinate on the
identity component of Hj(Ng). The above map is described by z = T™0.
Dualizing the sequence (B.5) we obtain the short exact sequence

1 > H(No) > H/(N) > Uy, — 1, (B.7)

where U,,, is the group of mo-th roots of 1. Restricting to the identity components we
deduce . -
H1(No)ia = H1(N)ig-

Denote by ﬁx the Fourier transform of the Reidemeister torsion of X. The surgery
formule have the form
TN, - ixTy = ‘J’Nlm). (B.8)

Observe now that since H is an Abelian group of positive rank the augmentation map
aug: Map(H, C) — Map(H/ Tors(H), C)

is precisely the integration along the fibers of H — H/Tors(H). If f is the Fourier
transform of f € Map (H, C) then the Fourier transform of aug(f) is the restriction
of f to the identity component of H.

If we now further restrict the surgery formula (B.8) to the identity component of

Hi{(Np) and then take the inverse Fourier transform we deduce

T (DA = T"0) ! ~ TH(T).



§B.2 Dehn surgery and linking forms

Recalling that
TVT) ~ A1 - T) 7,

where Ay (T) denotes the Alexander polynomial of N, we conclude

An(T)
(1=T)(1 —Tmo)’

TheS (1) ~
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This is & state-of-the-art introduction to the work of Franz-Reid
meister, Meng-Taubes, Turaey, and the author on the concept torsion

nd its generalizations. Torsion is the oldest topological (but not with
respect to homotopy) invariant that in its almost eight decades of
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theory better than any abstract general result. Many examples
nd techniques never appeared in print before, and their ehoice is often
ongoing current research on the topology of surface

This book is addressed to mathematiciar
wan to become comfo
be sible to grad
Gnventdeot algebr:

with geometric interests who
ble users of this versatile invariant. It should
ate students who are familiar with the fun-
ic topology taught in a first y

ISBN 311017383 2

www.deGruyter.com




	de Gruyter Studies in Mathematics
	Introduction
	Notations and conventions
	Contents
	Chapter 1 Algebraic preliminaries
	Chapter 2 The Reidemeister torsion
	Chapter 3 Turaev’s refined torsion
	Chapter 4 Alternative interpretations of the Reidemeister torsion
	Appendix A Algebra
	Appendix B Topology
	Bibliography
	Index

