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A FUNCTIONAL EQUATION FOR THE LEFSCHETZ ZETA
FUNCTIONS OF INFINITE CYCLIC COVERINGS WITH AN
APPLICATION TO KNOT THEORY

AKIO NOGUCHI

ABSTRACT. The Weil conjecture is a delightful theorem for algebracieties
on finite fields and an important model for dynamical zeta fiams. In this pa-
per, we prove a functional equation of Lefschetz zeta fanstior infinite cyclic
coverings which is analogous to the Weil conjecture. Apmythis functional
equation to knot theory, we obtain a new view point on thepmedity of the
Alexander polynomial of a knot.

INTRODUCTION

The Lefschetz zeta function is one of the dynamical zetatfons. Dynamical
zeta functions are developed in order to study the numbexed fioints or periodic
points. These zeta functions are motivated by the Weil abmje. Therefore,
studying dynamical zeta functions is usually modeled afeil conjecture.

On the other hand, dynamical zeta functions are useful imgédc topology.
For example, if you fix a map to a geometrical one, it can beedlt topological
invariants (e.g.[15.18.19,16]). That is, a property of a tggital invariant can be
regarded as a property of the dynamical zeta function.

Grothendieck (after the works of Weil and Serre) observed tthe Weil con-
jecture should be the consequence of a certain good cohggntileory, which is
called the Weil cohomology, and in particular the functioequation should be
derived from the Poincaré duality of the cohomology (sedice 1.2). In this
paper, we prove an analogous functional equation of Lefgcteta functions by
following his idea, and apply it to knot theory. To do that, eve to resolve the
following two problems:

(1) the infinite cyclic covering of a knot compliment is a noompact odd-
dimensional manifold but the Weil cohomology requires teredimensional
Poincaré duality, and

(2) this manifold has the boundary, so we need to deal withelagive version
of Poincaré duality (Lefschetz-Poincaré duality).

The answer of the first is Milnor’s duality theorem for infeityclic coverings
[19]. The device for the second is the Lefschetz zeta fundiiw the boundary,
which is defined in Definitiof]9. With those tools, the follmgitheorem is proved
in Sectior 2.
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Theorem. Let M be a compact connected manifold of dimensiowhich may
have a boundaryM, and M an orientable infinite cyclic covering of/ with
dim H,(M;Q) < oco. Letf : (M,0M) — (M,dM) be a proper contin-
uous map with degre@ =# 0 with respect to the compact support cohomology
HD(M,0M;Q). If nis odd, then the Lefschetz zeta functigrand ¢ font Satis-
fies the following functional equation:

Cr(1/A2)? 2 (r(2)?
Crronr(1/A2) Criont(2)”

wherey is the Euler characteristic af/.

In the Main theorem, the Lefschetz zeta function for the lolauy is essential.
However, it is usually easy to compute it. In section 3, welapipe functional
equation to knot theory. Computing directly the Lefschettazfunction for the
boundary, we obtain the following well-known theoremli[22].

Corollary. The Alexander polynomiak x (z) of a knotK is reciprocal.

This corollary implies that the reciprocity of the Alexamdeolynomial of a
knot is a special case of the functional equation of Lefsclzeta functions for
infinite cyclic coverings. Formally, the reciprocity of tiidexander polynomial
was interpreted as symmetry of the covering transformatidtowever, not only
covering transformations but also more general maps havensyry, and those
symmetries are realized in the functional equation. Thaihis functional equation
would be useful in studying the symmetry of a knot.

The covering transformation of the infinite cyclic covesngays an analogous
role to the Frobenius automorphism in this paper. The siityladetween the Lef-
schetz zeta function and the Reidemeister torsion (alséleander polynomial)
was first pointed out by Milnoi [19] and studied by some otmeestigators from
many viewpoint. For example, Franks [6] studied the Lefscheta function of a
flow on S which is associated with a knot, and as a result he reprovedeiti-
procity of the Alexander polynomial. We also refer to Moitals article [20] for
some other analogies with Iwasawa theory.

Grothendieck also studiegtadic cohomology theory to approach the Weil con-
jecture. That immediately asks whetheadic (co)homology theory is also helpful
for knot theory. The answer is given inJ21]. Theadic coefficient Alexander
module is helpful to investigate what the zeros'nf (z) mean.

The first section is a preliminary section. In secfiod 1.1 reall the Lefschetz
zeta function. In sectioh~1.2, we review the Weil conjectule section_LB, we
recall a duality theorem for infinite cyclic coverings of nifafds. This theorem
was obtained by Milnor([19]. The proof of Main Theorem is ircsen[d. We
prove this theorem, using the duality of infinite cyclic comgs in place of the
Weil cohomology’s duality. In sectiod 3, we apply the fuoctal equation of the
main theorem to knot theory.
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1. PRELIMINARIES

1.1. Dynamical zeta functions. Dynamical zeta functions are types of zeta func-
tion which have been developed in order to study the numbéxed points and
periodic points of a map. The most fundamental dynamical fzetction is defined
by Artin and Mazurl[1]. This zeta function is called the Artifiazur zeta function,
and contains all the information about the numbers of fixeidtpdor iteration.
While the Artin-Mazur zeta function counts the periodicrgeigeometrically, the
Lefschetz zeta function counts them homologically.

Definition 1. Let M be a manifold withdim H.(M,Q) < oo, andf : M — M
a continuous map of/. ThelLefschetz zeta functias defined by

()= 320,
n=1

where
dim M

Af)= D2 (S1) Te(fus - Hi(M; Q) — Hi(M; Q)
is the Lefschetz numt;:r) gf.

The Lefschetz zeta function has some better properties tti@i\rtin-Mazur
zeta function. Not all Artin-Mazur zeta functions have acsly positive radius
of convergence, but Lefschetz zeta functions always havés Means that the
Artin-Mazur zeta function is a ‘formal function’, but the fsehetz zeta function
is always a function. Moreover, the Lefschetz zeta functeoalways a rational
function. (Artin-Mazur zeta functions for Axiom A diffeomphisms are rational
functions [15].) This rationality is a remarkable propesty that Lefschetz zeta
functions can be related to characteristic polynomialbe(proof is written in[[283]
for example.)

Proposition 2. The Lefschetz zeta function admits a rational expression
dim X -
Cr(z) = ] det(ld —zfu) 0",
i=0
whereld is defined as the identity map. In particular, it is alwaystaoral func-
tion.

Remark 3. Since we use homology with rational coefficients, homologyugs
can be replaced by cohomologies.

1.2. Weil conjecture. Our theorem is an analogy to the Weil conjecture. In this
section we recall the Weil conjecture and related topiosflyri
The congruence zeta function arises from the study of thebeurof solutions
of a congruence
f(z1,...,2,) =0 mod p,
wherep is a prime andf(x1,...,x,) is a polynomial of integral coefficients. It
is natural to look for solutions not only in the prime figig but also in all of its
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finite extensiond,~. Abstracting this idea to algebraic varieties, the congcee
zeta function of algebraic variety is defined as follows.

Definition 4. LetF,, be a finite field withg elements and” a algebraic variety of
dimensionn defined overF,. LetF,~ be the extension field df, of degreem
andN,,, the number off,~-rational points ofl”. Then the functiorZ (u, V') of u
defined by

= N,
Z(u,V) = —y™
(V) = e 3 S
is called thecongruence zeta functiasf the algebraic variety’.

The congruence zeta functidf{u, V') has the following properties. These prop-
erties were conjectured by Well [25] and finally proved by ibeé [4]. But this
theorem is still called the Weil conjecture.

Proposition 5 (Weil conjecture) If V' is a nonsingular projective variety ovér
thenZ(u, V') has the following properties:

(1) Rationality Z(u, V') is a rational function in.

(2) Functional equationZ(u, V') satisfies the functional equation

1
2o V) = g™ PuXZ(u, V),

where the integey is the Euler characteristic of V.
(3) Riemann hypothesisZ (u, V') can be factored as

2n
Z(u, V) =[] Pi(w) =",
=0

whereP; (u) = [T, (1 — a{u) anda!” is satisfiega!” | = ¢*/2.

Now let us review how the Weil conjecture was solved. Wetiatly suggested
the possibility of usung the Lefschetz fixed point formulaaggproach the Weil
conjecture[|2B]. It means that the congruence zeta furstiam be interpreted as
the Lefschetz zeta function of the Frobenius action. (Imnwaé this, he should get
credit for the definition of the Lefschetz zeta function.)

The next, inspired by works of Serre, Grothendieck fornadahe cohomology
theory which is required to realize the Weil conjecture, ahhis called Weil coho-
mology (see below), and studied the étale cohomology tweslizing the Weil
cohomology[[¥]. Actually, his étale cohomology proved thectional equation.

Definition 6 (Weil cohomology) Let K be a field of characteristic 0. A contravari-
ant functorV. — H*(V) is called aWeil cohomologwith coefficients inK if it
has the following three properties:

(1) Poincate duality. If n = dim V, then a orientation isomorphisi#?" (V') =
K exits and the cup produdi’ (V) x H?*"~J(V) — H?"(V) = K induces a
non-degenerate pairing.

(2) Kunneth formula For anyV; and V; the mappingH* (V1) @ H*(V,) —
H*(V} x V3) defined bya ® b +— Proji(a) - Proj;(b) is an isomorphism.
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(3) Cycle mapLet C’ (V) be the group of algebraic cycles of codimensjam
V. There exists a fundamental class homomorphi8thN D : C7(V) — H? (V)
for all j which is functorial, compatible with products via the Kiatim map, and
sends a 0-cycle to its degree as an elemed{ Bf(V).

The Weil cohomology was modeled after the classical cohogytheory of
smooth compact varieties over the complex numligré\ctually, in this case the
cohomology theory satisfies the condition of the Weil cohtmmgn

The expository articled [13, 117] are helpful to see how thel \éghomology
derives the Weil conjecture. The point is that the even-dsimnal Poincaré dual-
ity derives the functional equation. (In view of this, Wijs functional equation
in [27] might have been already known in Grothendieck’s gcbj However his
computation is helpful in this paper.)

1.3. Duality theorem for infinite cyclic coverings. To prove functional equa-
tions, we need an even-dimensional Poincaré duality. IBuirtfinite cyclic cover-
ing of a knot compliment is three dimensional and apparesidkys not admit the
functional equation. However Milnol_[19] proved a dualityebrem, which look
like even-dimensional Poincaré duality for odd-dimenalamanifolds. In this sec-
tion, we give a brief review of this duality.

Let M be a manifold. Thenfinite cyclic coveringof M is defined as covering
spaceX which is determined by some homomorphism of the fundameyntalp
71(X) onto an infinite cyclic group. These spaces have two ends.

Let N, and N/, be neighborhoods of two endsand¢’, and{N, U N/} be
directed. The direct limit of the Mayer-Vietris sequence:

. — H'"™Y(M,N,nN.) 5 H'(M,NyUN!) —
H(M,Ny)® H(M,N.) — ---,
prove that the connecting homomorphism
0*(=1imd*) : H'H(M) — He, (M)

cpt

is an isomorphism. This isomorphism is essential.
From the Poincaré duality theorem for an orientedimensional manifold, the
cup product
Ut Hiy (M) x H"(M,0M) — HZ(M,0M) = Q
provides a non-degenerate pairing. By the above argumertiawe the following.

Proposition 7 (Duality theorem for infinite cyclic coverings [L9])Let M be a
compact connected-dimensional manifold with boundary, ard an orientable
infinite cyclic covering ofM. If H,.(M;Q) is finitely generated ove, then the
cup product:

Ut HIZY(M;Q) x H' (M, OM;Q) — H""Y(M,0M;Q) = Q

provides a non-degenerate pairing.
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Remark 8. In original paper,M is assumed to be triangulated. However, from
the study of Kirby and Siebenmarin_[12], it is not necessamnuak pointed out in
[La[a.

2. FUNCTIONAL EQUATION FOR INFINITE CYCLIC COVERINGS

In this section, we prove our main theorem, replacing thePiecare duality
of the Weil cohomology with Milnor’s duality theorem (Pragiton[d). However,
only one problem remains. We need to deal with the relativsior of Milnor
duality because the infinite cyclic covering has the boundgor that reason, we
introduce other Lefschetz zeta functions in this sectiogfifition[d). After that,
we prove the following theorem.

Theorem. Let M be a compact connected manifold of dimensiowhich may
have a boundaryM, and M an orientable infinite cyclic covering af/ with
dim H,(M;Q) < oco. Letf : (M,0M) — (M,dM) be a proper contin-
uous map with degrea # 0 with respect to the compact support cohomology
Hcpt(M OM;Q). If n is odd, then the Lefschetz zeta functigrand ¢ floi7 Satis-
fies the following functional equation:

Cf(l/)\Z)2 — \X» 2x Cf( ) ,
Cf\@]\?[(l/)‘z) Cf|8M( z)
where(, 51 (2) is the restricted Lefschetz zeta function to the boundarylefi-
nition[), andy is the Euler characteristic of/.
In particular, in the case wher@M = (), we have
l5s) = B3 (2)
(cf. Propositiorb).

We define two other Lefschetz zeta functions (cf. Definifidn These zeta
functions let us use the property of the Lefschetz numbettseiproof of the Main
Theorem.

Definition 9. Let (M, A) be a pair of manifolds witklim H,.(M, A; Q) < oo and
dim H,(A;Q) < 0. Letf : (M, A) — (M, A) be a continuous map. Thelative
Lefschetz zeta functida defined by

re. - ArOl(fn) n
C l( )= pnz::l TZ )

where A"l (f) = SSEOM(—1)i Te(f.; © Hi(M, A;Q) — Hi(M, A;Q)). The
restricted Lefschetz zeta functionAais defined by

A"
Cf\A _ eXpZ f| n

whereA(f|A) = U A1) Te((f|A). : Hi(A; Q) — Hi(A;Q)).
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Lemma 10. If two of the three homology groups..(M;Q), H.(A; Q) andH . (M, A; Q)
are finite dimensional, then all three Lefschetz zeta fonstiare defined and sat-
isfy the following relation:

Cr(2) = CFU(2) x (ppal2).
Proof. We can see that(f) = A™(f) 4+ A(f|A), which follows from the exact
sequence:
O (A 2 Hy(x) D H(x,A) D
From the definitions, we can see tlfatz) = C}Ol(z) x Cpa(z)- O
We need some formulas to prove the main theorem.

Lemma 11 ([27]). Let (, ) : V x V' — Q be a non-degenerate pairing of the
Q-vector spaces with dimension Let\ € Q\ {0}, andf : V — V,g: V' =V’
be endmorphisms such that
(f(@),9(y)) = Mz, y)

forallz € V,y € V'. Then

(1) (det f)(det g) = A",

(2) det(Id —gt) det f = (—=1)"\"t" det(Id — f / At).
Heret is an indeterminacy.

Proof. SinceA € Q \ {0}, f andg are isomorphisms, and their inverse maps
f~1,¢7! exist. The equatiorz, \g~*(y)) = (f(z),y) means that the dual map

f* — )\g_l.
Hence we obtain

det f = det f* = det \g~* = \"/det g.
Similarly, we have
det(Id —gt) det f = det(Id —gt) det(Ag™!)
= (—1)" X"t det(Id —g~ 1 /t) = (—=1)"A"t" det(Id — f /\t).
O
Proof of the main theorerrLet f* : H*(M;Q) — H*(M;Q)andf, : H*(M,0M;Q) —

H*(J\Zl, OM; Q) be the induced homomorphisms fof By the naturality of the cup
product and Propositidd 7,

FUN ) VR ) = fi @ uy)
= Az Uy)
is a non-degenerate pairing and satisfies the condition win&11. Recall that
the degree\ is with respect to the compact support cohomoldgy,, (M, 0M)

and the connecting homomorphisth : H"~Y(M,9M) — HZ(M,0M) is an
isomorphism.
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By using Propositiofl2 (or Remalk 3) and Lemima 11-(2),

|
—

n

1 *1 1)t
¢r(55) = IT [detid — /2]
o =0
n—1 i+1
1 (=1)
_ [(—)\z) b det (Id — £7~12) det f*l]
=0
(b; : i-th Betti numbey
n—1 . n—1 .
— (=A2)X [T [det(id —£m==12)] "D < I [det 70
=0 =0
n—1
n—1 _1)k+1 (1) n-1 PR
— (—A2)X [H [det(ld folz)}( : ] < I [det £
k=0 i=0
Lo A ]CVT T wip (-1
=(—\z) [Cf (z)} X H [det f*]
=0
In the same way, we obtain
grd( -) = (A [ (2)] H det fi] V"

By the assumption, is odd and using Lemniall1-(1), we get

)

i
L

= (=2 [ ()G ] [det 4] 1:[ det 1+

n—1

[dtfﬂ ( 1)t H [detf*" e 1}( 1)k+1

|Hu::]

3

= )P [0 ()]

=

=0 k=0
. n-l it+1
— ()\2)2 Crel( )C ( ) % H detf detf*" i— 1]( 1)
) i=0
n—1

= 0o [ @] < I ]

I
> ()

= ()G (=)¢r(2)] A
= N2 {C}el(z)ﬁf(z)} .

From LemmdID, we complete the proof.
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3. APPLICATION TO KNOT THEORY

The Alexander polynomial is one of the most important irear$ of knots. In
this section, we apply our Main Theorem to the infinite cycawvering of a knot
complement and reduce the functional equation to the regiyrof the Alexander
polynomial.

Let & c S be an oriented (tame) knal a tubular neighborhood d&, and
put X = 3\ Int N. The infinite cyclic covering ofX, i.e. the covering associated
with the kernel of the abelianization homomorphism{X) — Hi(X) = Z, will
be denoted byX ... By the theory of covering, the infinite cyclic grodp = (¢)
acts onH;(X,), where generatot is chosen to be the positive linking number
with oriented knotK'.

Identifying the integral group ring difl with the ring of Laurent polynomials
Z[tTY = Z[t,t7'], Hi(Xo) is a finitely generated[t*']-module. Similarly,
H,(Xo; Q) is a finitely generate®[t*']-module.

Let M be a module over a commutative riffJ A finite presentatiorfor M is
an exact sequence

F B2 M—o,

whereE andF are freeR-modules with finite baseg:, . .., e, } and{ f1,..., fu}.
If «is represented by am x n matrix, then the matrixd is apresentation matrix
for M.

By adjoining rows of zeros if necessary, we may supposeAhatm x n with
m > n. Then ther-th elementary ideadf M is the ideal inR generated by all the
(n—1i+1)x (n—1i+ 1) minors of A.

Definition 12. Ther-th Alexander ideabf an oriented knof( is r-th elementary
ideal of Z[t*']-module H; (X, ). Ther-th Alexander polynomial of{ is a gen-
erator of the smallest principal ideal @ft*'] which contains the-th Alexander
ideal. The first Alexander polynomial is called thdexander polynomiaand is
denoted byA k (¢).

Proposition 13 ([14]). Let K be a knot inS® andt : X, — X, be the covering
transformation ofX,,. Then

(1) H1(X; Q) is a finite-dimensional vector space over the fi@ldand

(2) the characteristic polynomial of the linear map H;(Xoo; Q) — H1(X0; Q)
is, up to a multiplication of a unit oR[t*!], equal to the Alexander polynomial of
K.

Lemma 14. Let K be a knot inS® andt : X, — X be the covering trans-
formation of X . Then the Alexander polynomidl x (z) and the Lefschetz zeta

function satisfy the relation:
1 2t AK(Z_l)
an 1—2z

G(2) =

where the Alexander polynomial is normalized/®g (z) = ag+a1z+-- -+ apz"
with aga,, # 0, andb; (= n) is the first Betti number o .

Y
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Proof. H;(X.) = 0 for i > 2 (see [8]). From the Propositioh$ 2 ahd 13, we
complete the proof. d

From this lemma, Main Theorem implies the following well kmotheorem([2R2]
and alsol[2. 16, 18, 24] .

Corollary. The Alexander polynomia\  (z) of a knotK is reciprocal, i.e. Ak (z) =
P AR (27,

Proof. Proposition[IB-(1) means thaf,, satisfies the requirement for the main
theorem. In our conditior) X, = S* xR. Therefore, we can see ﬂf%xoo(z) =
1. Applying Main Theorem to Lemmiall4, the proof is completed. O

Remark 15. From this corollary, we can rewrite the relation of Lemimh $4tse
following:
. 1 AK(@

o) = AT
This implies that the Alexander polynomial of a knot consaal the information
about the Lefschetz numbe#s¢™) of the covering transformations.
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