THE ALGEBRAIC CONSTRUCTION OF THE NOVIKOV
COMPLEX OF A CIRCLE-VALUED MORSE FUNCTION

ANDREW RANICKI

ABSTRACT. The Novikov complex of a circle-valued Morse function f : M — St
is constructed algebraically from the Morse-Smale complex of the restriction of the
real-valued Morse function f : M — R to a fundamental domain of the pullback
infinite cyclic cover M = f*R of M.

Introduction.

The relationship between real-valued Morse functions and chain complexes is
well understood. The Morse-Smale complex of a Morse function f : M — R
on a compact m-dimensional manifold M is defined using a choice of gradient-
like vector field v satisfying the transversality condition, to be a based f.g. free
Z[my (M)]-module chain complex CM3 (M, f,v) with

rankz[ﬁl(M)]Ci]wS(M7fvv) = Cz(f)

the number of critical points of f with index ¢, and the differentials defined by
counting the downward v-gradient flow lines in the universal cover M of M. The
pair (f,v) determines a handlebody decomposition on M with one i-handle for each
critical point of index ¢

m

M=|JJDxD",

1=0¢;(f)
and the Morse-Smale complex is the cellular chain complex of M
CME(M, f.v) = C(M)..

The relationship between circle-valued Morse functions f : M — S' and chain
complexes is more complicated, and not so well understood. A lift of f to the
pullback infinite cyclic cover M = f*R is a real-valued Morse function f : M — R
on a non-compact manifold, so traditional Morse theory does not apply directly.
The methods developed (by Novikov, Farber, Pajitnov, the author and others)
to count the critical points of f use the structure of the fundamental group ring
Z|m1(M)] as a Laurent polynomial extension of Z[r1(M)], as well as a completion
and a localization of Z[my (M)]. For any map f : M — S with M and M connected
the ring Z[m1(M)] is the a-twisted Laurent polynomial extension

Zim(M)] = Z[m(M)]alz,27"] = Zmi(M)]al2][z7"]
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with o : 71 (M) — 71 (M) the monodromy automorphism and
az = zala) (a € Z[m (M)]) .

The completion

— .

Z[m(M)] = Z[m(M)]a((2)) = Z[mi(M)]al[2l][z""]

is called the Nowikov ring of Z[m(M)]. Let ¥ be the set of square matrices in
Z|m1(M))alz] C Z[r(M)] which become invertible in Z[m; (M)] under the aug-
mentation z +— 0. The noncommutative localization X~1Z[mr;(M)] of Z[r(M)]
(in the sense of Cohn [C]) is a ring with a morphism Z[m(M)] — L~ Z[m (M)]
such that any ring morphism Z[m(M)] — R which sends ¥ to invertible matrices
in R has a unique factorization Z[r(M)] — X71Z[m (M) /—>_\R The inclusion

Z[mi(M)] — Z[m)] sends ¥ to invertible matrices in Z[my(M)], so there is a
natural ring morphism X ~1Z[r(M)] — Z[m (M)].

A vector field on a manifold M is a section of the tangent bundle of M
v M—T M -

The gradient of a Morse function f : M — R is a section of the cotangent bundle

Vf = (0f/0x;)) : M — 1y = U Homg (737 (), R)
xeM

with zeros the critical points of f. A vector field v : M — 7, is 'gradient-like’ for
f if there exists a Riemannian metric 8 : 7oy = 74, on M such that

Bov = Vf : M—=1y.
A v-gradient flow line 7 : R — M satisfies

V(@) = —v(v(t) € T (4(1)) -

The limits

Jim () = p, lim () = geM
are critical points of f. For every non-critical point x € M there is a v-gradient
flow line v, : R — M (which is unique up to scaling) such that ~,(0) = x € M.
The unstable and stable manifolds of a critical point p € M of index i are the open

manifolds " )
W (p,v) = {ze M| lim (1) =p;},
W2(p,v) = {z e M| lim 7,(t) = p}

which are diffeomorphic to R?, R™~% respectively. Let GT(f) denote the space
of all gradient-like vector fields v for f which satisfy the Morse-Smale transver-
sality condition that for any distinct critical points p,q € M the submanifolds
W(p,v), W3(q,v) C M intersect transversely. For v € GT(f) and critical points
p,q € M of index 7,7 — 1 there is only a finite number of v-gradient flow lines
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v : R — M which start at p and terminate at ¢, and choosing orientations there is
obtained an algebraic number n(p, q) € Z.

A circle-valued Morse function f: M — S L lifts to a real-valued Morse function
f: M — R on the infinite cyclic cover M = f*R. Let GT (f) be the space of all
vector fields v on M which lift to a gradient-like vector field ¥ on M satisfying the

transversality condition, so that v € GT(f).

Novikov [N] and Pajitnov [P1] used the completion Zm@] to construct geo-
metrically for any circle-valued Morse function f : M — S' and v € GT(f) a based
f.g. free Z[m (M)]-module chain complex CN°?(M, f,v) such that

Nov — .
rankZ[m(M)]C'i (M, f,v) = ci(f)

with ¢;(f) the number of critical points of f with index i. As in the real-valued case
the differentials are defined by counting the v-gradient flow lines in the universal
cover M. Moreover, there is a chain equivalence

—

CNO’U(M,f7fu) ~ C’(M;Z[Tfl(M)])

with

C(M; Zlm(M))) = Z[m1(M)] @zjx, () C(M)
the Z[m)]—coefﬁcient cellular chain complex of M , for any C'W structure on M.

Pajitnov [P2,P3,P4] constructed for any Morse function f : M — S! a C%-dense
subspace GECT (f) C GT(f), such that for v € GECT(f) the coefficients in the
corresponding Novikov complex CN°V(M, f,v) are rational, in the sense that

CNOU(Ma f7 U) = Z[Trl(MH ®E—1Z[7r1(M)] CPaj(Ma f,U)

for a based f.g. free X ~1Z[r(M)]-module chain complex CF% (M, f, v), with a
chain equivalence

CPY (M, f,v) ~ C(M;X 'Zm (M)]) .

(Strictly speaking, CF% (M, f,v) was only defined for abelian (M), when the
natural ring morphism X ~'Z[m(M)] — Z[m(M)] is injective, but this was for
algebraic convenience rather than out of geometric necessity.)

For a Morse function f : M — S! which is transverse regular at 0 € S* the lift

f: M — R is transverse regular at Z C R, and the restriction to a fundamental
domain is a Morse function

fv o= F1 © (MyiN,Ny) = T (140}, {1}) — (I: {0}, {1})

with ¢;(fn) = ¢;(f) critical points of index 4, and N7 a copy of N. Every v € GT(f)

lifts to v € GT(f), and vy =T| € GT (fn) determines a handlebody decomposition

My = NxIUCJ U D' x D™
1=0c¢;(f)
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with one i-handle for each index ¢ critical point of f. Given a CW structure on N
with ¢;(N) i-cells use the handlebody structure on My to define a CW structure
on My with ¢;(N) + ¢;(f) i-cells. (In practice, the CW structure will be the one
determined by a Morse function N — R). The inclusion g : N — My induces an

inclusion of based f.g. free Z[m (M)]-module chain complexes
g : C(N)—= C(My)

with N , M, ~ the covers of N, My induced from the universal cover M of M. Write
the inclusion of N7 in My as h: N — My, and note that in general Ny = h(N) is
not a CW subcomplex of My. A chain approzimation for h is a Z[r; (M )]-module
chain map

h : C(N1) = aC(N)— C(My)
in the chain homotopy class induced by the map h : N — My as given by the
cellular approximation theorem. For any choice of chain approximation h Farber

and Ranicki [FR] defined algebraically a based f.g. free ~1Z[r;(M)]-module chain
complex CFR(M, f v, h) such that

Tanszlz[m(M)]OiFR(M» [, h) = Ci(f)
as a deformation of the X 71Z[r; (M)]-coefficient Morse-Smale complex
CMS(MN, fN, UN, Z_1Z[7T1(M)]) = E_IZ[TU(M)] ®Z[7r1(ﬁ)] OMS(MN, fN, UN)

with a chain equivalence

CT(M, f,0,h) ~ S7'Z[ry (M) @i, (ary) C(M)

—

There is also a Z[m1 (M )]-coefficient version

—

CTR(M, f,0,h; Z[mi (M) = Zfmy (M)] @510y ary) CTR(M, f,0,h) .

Cokernel Theorem 6.6. The chain complex of [FR] is isomorphic to the cokernel
CFR(M, f,v,h) = coker(¢)
of the morphism of based f.g. free X~1Z|m1(M)]-module chain complexes
¢ = g—zh : STIC(N)ulz, 27 = B71C(Muy)alz, 271]
which is a split injection in each degree. [

The expression C¥ (M, f,v,h) as a cokernel makes it possible to prove invari-
ance results such as :
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Invariance Theorem 6.7. Let f : M — S' be a Morse function, and let v €
GT(f). For any regular values 0,0" € S, CW structures on N = f~1(0), N’ =
f~Y0") and chain approximations

h : aC(N)— C(My), ¥ : aC(N') = C(My)

there is defined a simple isomorphism of based f. g. free ¥~ Z[my(M)]-module chain
complexes

CFR(M, f,v,h) = CFE(M, f v, b)) . O

Here, simple means that the torsion of the isomorphism is in the image of
{£m (M)} C Ki(27Z[my (M)]).

Given f: M — S', v € GT(f) and a CW structure on N = f~1(0) C M we
shall say that a chain approximation

R . aC(N) = C(My)

is gradient-like if it counts the v-gradient flow lines in the universal cover M. (The
precise definition is given in 6.8).

Isomorphism Theorem 6.10 For v € GT(f) with a gradient-like chain approxi-
mation h9"* there are basis-preserving isomorphisms

CNO’U(M, f7 U) ~ CFR(M, f7v,hg7”a;z[7r/1(]\\4)]) y
CPU (M, f,0) = CFR(M, f,0,h9) . O

Pajitnov [P3] (Theorem 7.2) showed that every v € GT(f) is C°-close to v97 €
GECT (f) with a gradient-like chain approximation h9"* : C(N) — C(My). A
similar construction was obtained by Hutchings and Lee [HL]. In fact, Cornea and

Ranicki [CR] prove that every v € GT (f) admits a gradient-like chain approxima-
tion AI"?.

The plan of the paper is as follows. §1 is purely algebraic in nature, concerning
the chain homotopy properties of the algebraic mapping cones and cokernels of
chain maps. The glueing properties of the Morse-Smale complex CM5 (M, f,v) are
described in §2 for finite unions, and in §3 for infinite unions. §4 gives a brief
account of the Cohn localization. §5 deals with the cokernel and infinite union
construction of chain complexes over a twisted polynomial extension A,[z,271] for
any ring A with automorphism o« : A — A, the localization ¥71 A, [z, 27!] and the
Novikov ring A, ((2)) = Aa[[z]][27!]. The Cokernel, Invariance and Isomorphism
Theorems are proved in §6.

The remainder of the Introduction is an outline of the proof of the Cokernel,
Invariance and Isomorphism Theorems in the special case when f, : m (M) —
m1(S1) is an isomorphism, so that

m(M) = {1}, ZIm(M)] = Z[z,27'],
2_12[7?1(]\/[)] = (1—|—2Z[z])_1Z[z,z_1],
Z[m (M) = Z((z)) -



The Novikov complex of a Morse function f : M — S! with respect tov € GT(f)
is the based f.g. free Z((z))-module chain complex

C = CN"”(M,f,v)
with

do = Ci = Z((2))"Y) = Cimy = Z((2))" D 5 5> n(3,9)7

q

where n(p, 2/q) is the algebraic number of T-gradient flow lines in M from a critical
point p € M of index i to a critical point § € M of index i — 1, using the transver-
sality property of v to ensure that these numbers are finite. Here z : M — M is
the generating covering translation parallel to the v-gradient flow of f.

_ z
M E
7 zN zMn N My 271N 2~ My 272N
lZfN In 2N
R [ ® ® ®
—1 0 1 2

If 0 € St is a regular value of f the Morse function

fx o= Tl + (MysN,27IN) = T (1{0}, (1) — (1 {0}, {1})

has ¢;(fn) = ¢;(f) critical points of index i. Each critical point p € M of f can
be regarded as a critical point p € My of fn. For v € GT(f) the Morse-Smale
complex of fy with respect to vy € GT (fn) is the based f.g. free Z-module chain
complex

CY3(My, [x,vn) = F

with
dp « F; = 27V 5 Fy = 2990 55> " n(5,9)
q
where n(p, q) is the algebraic number of vy-gradient flow lines in My from a critical
point p € My of index ¢ to a critical point § € My of index 7 — 1.

The Novikov complex CN°V(M, f,v) = C counts the v-gradient flow lines which
start at a critical point p € 27 My C M and terminate at a critical point § €
My C M with k < j. The Morse-Smale complex CM3(My, fx,vn) = F only
counts such flow lines with 7 = £ = 0. In order to construct C' from F we glue
together an infinite number of copies of an ’algebraic fundamental domain’ which
gives an algebraic picture of the way the vy-flow lines enter My at z='N and either
die at a critical point of fy in My or exit at V.
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As above, given an arbitrary CW structure on N = f~1(0) with ¢;(N) i-cells
use the handlebody decomposition

My = NXIUO | o' x D™,
=0 c5(f)

to give My a CW structure with ¢;(N) 4 ¢;(f) i-cells, one for each i-cell of N and
one for each i-handle of (My; N,z71N). The cellular chain complex of My is of
the form C(My) = E with

0 dp

where

D = C(N), F = C(My,N xI) = CM3(My, fx,vn) ,
D; = 7&W) B = 7,6i(N)+ci(f) ,F = Zci(f)’

Let h : D — E be a chain approximation for the inclusion h : z™'N — M, with
components

hr
The cellular Z[z, z~1]-module chain complex of M is the algebraic mapping cone

C(M) = C(g—zh:D[z,27'] = E[z,271]) .

The chain complex of Farber and Ranicki [FR] was defined to be the based f. g. free
¥~ 17|z, z71]-module chain complex

CFR(M, f,v,h) = F
with
df = dF-I-ZhF(l—ZhD)_lC : ﬁz = Z_lFi[Z,Z_l] _>ﬁz‘—1 = E_lFi_l[z,Z_l]

a deformation of X71F[z, 271]. The inverse of 1 — zhp is defined over the Novikov
ring Z((z)) by

(1—zhp)™" = 1+ zhp +2*(hp)* + 2°(hp)* + ...
so the induced Z((z))-module chain complex is
CFR(M, £,0,Z((2))) = Z(()) @5 12020 1) CFROM, fy0,h) = F
with

dﬁ = dF+ZZth(hD)j_lc . FZ = Fz((z))_)Fz—l = Fl_l((z))

j=1
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The chain approximation h is an algebraic model for the T-gradient flow across a
fundamental domain (Mpy; N, 2=t N) of M. The formula for dz is interpreted in §5
as the generating function for the number of flow lines in M of prescribed length,
with hr(hp)?~tc counting the flow lines which start in My and terminate in 27 My,
crossing the j walls N, zN, ..., 2 "' N between the adjacent fundamental domains
MN,ZMN,...,ZjMN.

The algebraic treatment in §1 of cokernels of chain maps will be used in §6
to prove that the inclusions F; — Y ~1E;[z, 27!] induce the isomorphism of the
Cokernel Theorem 6.6

CTR(M, f,v,h) = coker(¢)
with
¢ = g—zh:X7'D[z, 27 = 7 E[z, 271 .
A chain homotopy k : h ~ I’ : aD — E determines an isomorphism of ¥ 717Z[z, 271]-
module chain complexes

coker(¢) = coker(¢')
(Proposition 5.3) giving the isomorphism of the Invariance Theorem 6.7
CFR(M, f,v,h) = coker(¢) = coker(¢)) = CFE(M, f,v,h)
in the special case N = N’. The general case is proved by an algebraic treatment
of handle exchanges (Proposition 5.4).
For a gradient-like chain approximation
hgra
h9™* = ( B«a> : OéDi %El = DZEBFl
W

the algebraic numbers of T-gradient flow lines between critical points of f : M — R
are given by

(P, q)-coefficient of dr : F; — F;_ T
n(p,2’q) = (P, q)-coefficient of K% *(h%*) ~lc: F; — Fi_y ifj >0
0 if <0

for any critical points p,q € My of fy with index 7,7 — 1 respectively. It follows
that for any —oo < j < k < oo the Morse-Smale complex of the real-valued Morse
function

fN[j7k] = fl :
(MN[jak];Z_jsz_kN) = 7_1([]7k]a{]}7{k}) = (U ZeMNQZ_jNVZ_kN)
l=—k
— (7, k] {7}, {k})

CMS(MNU; k]7 fN[j7 k]va[j7 k])

—j
= (Y #Fidp+2hG (L4 2h5 "+ + 2T (G e
t=—k
—J —J
= coker(g—zhgmz Z 2D — Z ZZE) .
l=—k+1 =—k
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Passing to the direct limit as k — oo gives the Morse-Smale complex of the proper
real-valued Morse function

fali,o0) = FI : (Mylj,00),0Mylj,00)) = T ([j,o0), {4})
= ( U ZKMszijN)ﬁ([j}oo)v{j})

{=—00
to be
CM5 (My[j, 00), fnj, 00), vn[j, 0)) = 1%@ CMS(Myj, K], fnld, k], onld, k])

—j —j
= coker(g — zh9" Z 2D — Z zéE) .
f=00

{=—00

Passing to the inverse limit as j — —oo gives the Isomorphism Theorem 6.10 for
the Novikov complex, with a basis-preserving Z((z))-module isomorphism

CNOU(M, f,'U) = LLHCMS(MN[.% OO)7fN[ja OO)7UN[j’ OO))

> coker(g — h?"* : D((2)) — E((2)))
= OFR(M, f, 0,07 Z((2)))

The geometric differential in C' = CN°Y(M, f,v) is just the algebraic differential in
F = CFR(M, f,0,h97% 7((2))), with

de(P) = > n(p,79)2'g

q jEZ

= (dr+)_#hE (g ) @)

j=1
= (dp +zh% (1 — 2zh5 ") " Le) (D)
_ df(ﬁ) cF; | = 7ci—1(f) ,
so that there is also a basis-preserving ¥~ 17Z[z, 2~ !]-module isomorphism
CF(M, f,v) =2 CFR(M, f,v,h9") .
The projection
p: COLZ((2) = Cg— =k : D((2)) — E((2)))
— coker(g — zh?™ : D((2)) — E((2))) = CN°(M, f,v)
pieces together T-gradient flow lines in M from their intersections with the translates

2 My C M (j € Z) of the fundamental domain My ; p is a chain equivalence with
torsion

m(p) = Y () (1= 2hE": Dil(2)) » Dil(2)))
=0

= [Ldet(t— =g s D) = Ditz)) "
1=0

e W(Z) C K1 (Z((2))) = Ki(Z) ® Ko(Z) ® W(Z)
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with /W(Z) = 1+ zZ][[z]] under multiplication. The kernel of p corresponds to the
closed orbits of the v-gradient flow lines in M, which avoid the critical points of f
and so do not contribute to the Novikov complex, and which are counted by the
torsion of p.

I am grateful to Andrei Pajitnov for valuable suggestions for improving the
preprint version of the paper.

1. Cones and cokernels.

The Novikov complex of a circle-valued Morse function f : M — S! will be shown
in §6 to be isomorphic to the cokernel of a chain map constructed from the Morse-
Smale complex of a fundamental domain for the infinite cyclic cover M = f*R of M;
the algebraic mapping cone of the chain map is a cellular chain complex of M. This
section is accordingly devoted to the relationship between the algebraic mapping
cone and the cokernel of a chain map. The algebraic mapping cone is a chain
homotopy invariant. The cokernel is not a chain homotopy invariant, although
it is a homology invariant. The main novelty of this section is the introduction
of an equivalence relation on chain maps called ‘chain isotopy’, which is stronger
than chain homotopy, and is such that the cokernels of chain isotopic maps are
isomorphic. The chain map with cokernel the Novikov complex depends on a choice
of chain map in a chain homotopy class; a different choice will give a chain isotopic
chain map, with isomorphic cokernel.

Let A be a ring. The algebraic mapping cone of an A-module chain map
o:D—FE

is the A-module chain complex C(¢) defined by

_\i—1
de(g) = (déi ( le (b) : C(9)i = Ei®Dis1 = C(¢)ic1 = Ei1® Dy .

The natural projections
p: C(¢)i = E; @Dy — coker(¢: D; — E;) ; (z,y) — [2]

define a chain map

p : C(¢) — coker(o) .

Proposition 1.1. For an injective chain map ¢ : D — E the natural projection
p: C(¢) — coker(¢) induces isomorphisms in homology

p« @ H.(C(¢)) = H,(coker(¢)) .

Proof. The short exact sequences of A-module chain complexes

0—>F—C(p) = D1 —0
0— D5 E — coker(¢) — 0
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induce long exact sequences in homology, which are related by a natural transfor-
mation

.. — H{(D) > H(B) — H,(C(¢)) —= H,_1(D) — ...

.. —> H;(D) 2+ H(E) — H; (coker(¢)) —= H;_1(D) — ...
It now follows from the 5-lemma that the induced morphisms p, are isomorphisms.

As usual, a chain homotopy between chain maps ¢,¢' : D — E
0:¢ ~¢ : D> E
is a collection of A-module morphisms 6 : D; — E; ;1 such that for each ¢
¢ —¢ = dgb+60dp : D; — E; .

Chain homotopic chain maps have isomorphic algebraic mapping cones:

Proposition 1.2. A chain homotopy 0 : ¢ ~ ¢ : D — E determines an isomor-
phism of the algebraic mapping cones

1= (g V) o).

If D, E are based f. g. free then I is a simple isomorphism.
Proof. By construction. [J

In general, the cokernels of chain homotopic chain maps are not isomorphic (or
even chain equivalent). The following relation will be convenient in dealing with
cokernels of chain maps, in order to avoid this problem.

Definition 1.3 A chain isotopy between chain maps ¢, ¢’ : D — E
v p~¢ D E

is a collection of A-module morphisms v : F; — E;;1 such that

(i) for each i
¢ = (1+dp +dp)d : Di— E;,

defining a chain homotopy
Yo i~ ¢ D E,

(ii) each

is an automorphism. [

O
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Proposition 1.4. Chain isotopy is an equivalence relation on chain maps.

Proof. Reflexivity: every chain map ¢ : D — FE is isotopic to itself by 0 : ¢ ~ ¢.
Symmetry: for any chain isotopy ¢ : ¢ ~ ¢’ : D — FE define a chain isotopy

Y~ 1 ¢ ~ ¢ by
Y~ = —(1+dp¥ +¢dg) 'Y : E; — Eiqq,

with
1+dpy +9¢ dp = A+dgp+pde)™' : E; = E; .

Transitivity: for any chain isotopies ¢ : ¢ ~ ¢, V' : ¢/ ~ ¢’ : D — FE define a
chain isotopy ¢ : ¢ ~ ¢" by

'QDN = ¢+1/1/(1+dE¢+7/)dE) : Ei_>Ei+1
with

1—f—dE¢H+1/}NdE = (1+dE¢/+1/J/dE)(1+dE¢+@/JdE) B, > F; . O

Isotopic chain maps have isomorphic cokernels:

Proposition 1.5. A chain isotopy ¢ : ¢ ~ ¢’ : D — E determines isomorphisms
of chain complezxes

0= (5 ) @),
r = [L+dg +vds] : coker(d) — coker(¢)
and @ chain homotopy
s 1 rp =~ p'q : C(¢) — coker(¢)
with p: C(#) — coker(), P/ : C(¢) — coker(¢') the projections.

Proof. The isomorphism ¢ is a special case of 1.2.
The isomorphism 7 is given by the morphism of exact sequences

D ¢ E coker(¢) ——=0
N\1+dE¢+¢dE >~
D ¢ E coker(¢') —0

The A-module morphisms
s 1 C(@)i = E;®Diy — coker(¢' : Dipy — Eig1) 5 (z,y) = [¢(2)]
define a chain homotopy

st plq : C(9) = coker(¢)
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in the diagram

C(¢') —— coker(¢') . O

Definition 1.6 An embedding of chain complexes is a chain map ¢ : D — E such
that each ¢ : D; — FEj; is a split injection. [

Proposition 1.7. Let ¢ : D — E be an embedding of A-module chain complexes.
(i) The natural projection p : C(¢p) — coker(¢) is a chain equivalence.

(ii) If each D;, E;,coker(¢ : D; — E;) is a based f.g. free A-module, then p is a
chain equivalence with torsion

oo

7(p) = Y _(H)'7(&) € Ki(4)

=0

where 7(&;) € K1(A) is the torsion of the short exact sequence of based f.g. free
A-modules

E 0 D; ¢ E; coker(¢: D; - E;) ——=0 .

(iii) If v : ¢ ~ @' : D — E is a chain isotopy then ¢' : D — E is also an embedding.
With bases as in (ii), and the isomorphism given by 1.5

r = [L+ds¢+ydp] : coker(¢) = coker(¢)

has torsion

(r) = Y ()'(r(&) — (&) € Ki(A) .

1=0

Proof. (i) Extend each ¢ : D; — E; to a direct sum system

¢ J
Di—— E, —— F,
e k

with F; = coker(¢ : D; — E;). Let
c = €dEk’ : FiﬁDi—l R dF = jdEk : Fi—>Fi_1,

so that there is defined an isomorphism of chain complexes (¢ k) : E/ — E with
f— dD ¢ . [ . . / f— . .
dp = . B = D;®F, > E_ | = Di_1®F_, .
0 dr

The chain map p : C(¢) — F = coker(¢) is given by
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The chain map g : F' — C(¢) defined by

g = (k> : Fi—=C(¢); = Ei® D

is such that
pg =1: F—=F,h:gp=>~1:C(p)—C(d)

with h the chain homotopy

e O

Thus p: C(¢) = F, g : F — C(¢) are inverse chain equivalences.

(ii) Immediate from the O-dimensional case, which follows from the sum formula

7(f9) = 7(f) +7(9)-

(iii) By the chain homotopy invariance of torsion, the sum formula, the identity

7(q) = 0 with ¢ as in 1.5 and (ii)

m(r) = 7(p') —7(p) +7(q)

)= 7(p)

(=)' (&) - Z(—)%(&-) € Ki(4). U

(2

2 A
SRS

I
\]

I
.Mg

-
Il
=

Proposition 1.8. Let E be an A-module chain complex of the form

dg = (dD C) B, = D;®oF, -FE;,_ 1 = D,_19F;,_1.

0 dp

Let ¢ : D — FE be a chain map, with

O

(i) If each ¢p : D; — D; is an automorphism then

(a) ¢ is an embedding of chain complezes.
(b) The chain complex F defined by

ds = dp — ¢r(dp)~te : By = F; > Fiy, = F_,

is such that the inclusions F; — FE; induce an isomorphism of chain com-

plexes
F = coker(¢) .

(¢) The natural projection p : C(¢) — coker(¢) is a chain equivalence.

chain complexr K defined by

A — ( dp 0 )
(-1)'¢p  ¢pdp(ép)~*
Ki = Di 1®D; - K;_1 = Dj_2®D; 1

The
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(i.e. the algebraic mapping cone of the isomorphism of chain complezes

ép : D = (D;,dp) — (Di,¢pdp(¢pp)~?t)) is contractible, and fits into an
exact sequence

0— K —C(¢) P, coker(¢) — 0

with
K; = Di1®&D;—C(¢); = Dioi@®D; B E; ;
(il?,y) = ($7y7¢F(¢D)_1(y)) .

(d) If D, F are based f. g. free the natural projection
p : C(¢) — coker(¢) = F

is a chain equivalence of based f.g. free A-module chain complexes with

torsion
(p:C(9) > F) = —7(K) = =} (=)'r(ép: Di = D) € Ky(4) .

(ii) Given a chain homotopy of chain maps
0 :¢~¢ : D FE

with ¢p, ¢ : D; — D, automorphisms write

0
0 = (9?) : Di_>Ei+1 = Di+l@Fi+l .

The morphisms defined by

b = (gﬁig;j 8) . B, = D;®oF, B = D;®F,

are such that

¢ = (1+dgy+vdg)p : D; — E; .
Thus if each 1 +dgy +yYdg : E; — E; is an automorphism there is defined a chain
1sotopy of embeddings
Y~ ¢ D E
and as in 1.5 there is defined an isomorphism
r = [1+dgy+1dg] : coker(¢p) = coker(¢') .

Moreover, if D, F' are based f.g. free the isomorphism

r+ F = coker(¢) = coker(¢') = F’
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15 simple, with

7(r) = > (=)'(7(¢p : Dy = D) — 7(¢ : Dj = Dj))
=0
= 0¢€ Kl(A) .

Proof. (i) (a) Each ¢ : D; — E; is a split injection.
(b) It is clear that the inclusion F' — E induces a chain map F' — coker(¢). The
A-module morphisms

(_¢F(¢D)_1 1) B, = Do F, — F;, = F;
induce the inverse chain isomorphism coker(¢) — F.

(c¢) Immediate from 1.7 (i).
(d) Apply 1.7 (ii), noting that the short exact sequence

<¢D> 1
& :0—> D; N/ D, & F, (Z¢r(9p) " 1) F 0
has torsion

(&) = —7(¢p : D; = D;) € K1(A) .

(ii) It follows from
(7 &) () = ()
0 ClF ¢E
c
dr

: D - FEi_1 = Di_1®F;_4,
() (3 - (5
oy OF

dp
that

(1+dey +¢dg)d = (((1) (1)>+(d67 ch> <Z§EZ§§:1 8)

If 1+dgy+dg : E; — E; is an automorphism then ¢ : ¢ ~ ¢’ : D — E is a chain
isotopy, and by 1.7 (iii)

112

Tri F2F) = Y (-)(r(&) - 7(&))

= Z(_)i(T(CbD :D; = D;) —7(¢p : D; — D)) € K1(A) .

=0
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Now there is defined an isomorphism of short exact sequences

(ebp) 1
51‘ 00— DZL DZ‘EBFi (_¢F(¢D) 1) ﬁl—>0
/ 1 +dE¢ +¢dE r
(¢P) / / \—1
& .0 D, ) paR (=dr(dp) ™ 1) [

so that R R
T(T:Fi—>FiI) = T(1+dE1/)+7,DdEZE¢—>E¢) GKl(A) .

The chain complex automorphism 1+ dgv + ¢dg : E — FE is chain homotopic to
1:F— F, so

r(r:F—F) = Z(_D%(Wﬁi_)ﬁi/)
i=0
= Y (-1)'7(L +dpy +dp : E; > E))
i=0
= T(1+dE¢+1/)dE3E_>E)
=7(1:E—E) = 0€ K{(A) . -

The formula ds=dp — ¢r(¢p)~tc: F; — F;_; was first obtained in [FR,2.3].

2. The Morse-Smale complex CM3 (M, f,v).

This section recalls the properties of the Morse-Smale complex CM3 (M, f, v) of
a real-valued Morse function on an m-dimensional cobordism

f o (M;N,N") — (I;{0},{1})

with respect to any v € GT (f).

Definition 2.1 The Morse-Smale complex of f : M — R with respect to v € GT (f)
is the based f. g. free Z[r;(M)]-module chain complex CMS (M, f,v) with

(i) rankzpx, (v CMS (M, f,v) = ¢;(f), with one basis element p for each critical
point p € M of index i, corresponding to a choice of lift p € M,
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(ii) the boundary Z[m; (M )]-module morphisms

d : CMS(M, fv) = Z[m (M) = CMS(M, f,0) = Z[m (M)]5— )
Py n(p,a)d

q

with n(p, q) € Z the algebraic number of v-gradient flow lines in M joining
ptogqg. O

A Morse function on a cobordism
f o (M;N,N') — (I;{0},{1})
and v € GT (f) determine a handlebody decomposition
M =NxIulJ W
1=0¢;(f)

with ¢;(f) i-handles h* = D x D™ ", Given a CW structure on N with ¢;(N)
i-cells e C N let M have the CW structure with

ci(M) = ci(N)+ci(f)

i-cells: there is one i-cell e* x I C M for each i-cell ¢’ C N, and one i-cell h* C M
for each critical point of index i. Let M be the universal cover of M, and let N, N’
be the corresponding covers of N, N’.

Proposition 2.2. The Morse-Smale complex CMS (M, f,v) is the relative cellular
chain complex of (M, N x I)

CMS(M, f,v) = C(M,N x1I) .

Proof. See Franks [Fr]. O

Definition 2.3 Given a Morse function f: (M; N, N') — (I;{0},{1}), v € GT (f)
and CW structures on N and N’ write

D =C(N),D = C(N'),E =C(M), F =CM5M,fv) = C(M,NxI).

(i) The cellular chain complex of M is of the form

dE — dD ¢ : EZ = DZ@F1—>E’L—1 - Di—l@Fi—l
0 dp

for a birth chain map c: F,y1 — D, that is
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(ii) The natural map g : N — M is the inclusion of a CW subcomplex, inducing
the embedding

0
A crossing chain approrimation
h:CN)=D—CM) =E
is a chain map induced by the inclusion A : N’ — M — in general this is not the
inclusion of a C'W subcomplex, so the construction requires the cellular approxi-

mation theorem, and the CW structures only determine a chain map h up to chain
homotopy. The components of

9 = (1) : O(N) = D—C(M) = E.

h:(mO:lX%E::&@E
are such that

dphp + chr = hpdp: : D; —D;_1,

thF = hFdD/ : D; — Fi—l
defining a death chain map

hF : D> F
and a survival chain homotopy
hDZChFEO:D/%D*_l. O

Remark 2.4 For a Morse function
fo (M;N,N') — (1;{0}, {1})
with v € GT(f) there are 4 types of v-gradient flow lines, which we shall call
a, 3,7, 0, corresponding to the 4 morphisms
dp : F, —> F,_4 , C FZ'—)Difl, hrp : D;—)FZ, hp : D;—)DZ,

as follows :

(a) complete: « starts at an index 4 critical point p € M and terminates at an

index 7 — 1 critical point ¢ € M.
(b) birth: g starts at an index ¢ critical point p € M and terminates in N.

(c) death: v starts in N” and terminates at an index ¢ critical point p € M.
(d) survival: § starts in N” and terminates in N.

C hF
D:CW)\\\F\\\ gl D' = C(N')
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A crossing chain approximation h : D’ — E corresponds to the flow lines which
start in N/, i.e. those of death and survival type. Pajitnov [P4,84] obtained an
analogue of the cellular approximation theorem for the gradient flow : for any
Morse function f : M — S! with regular value 0 € S! it is possible to choose
v € GT(f) and handlebody structures on N and N’ such that

(i) every survival v-gradient flow line in M which starts in an i’-handle of N’

ends in an i-handle of N with 7 <4/,

(ii) there is a finite number of rel @ homology classes of survival flow lines as in
(i) with i =¢' — 1,

(iii) there exist dg,c, hp as in 2.3 which actually count the flow lines of type
a, 3,7, and hp counts the rel 0 homology classes of survival flow lines ¢ as
in (i),

(iv) the function which sends y € M\ Crit(f) to the endpoint ®(y) € NUCrit(f)
of the flow line of f which starts at y

O : M\Crit(f) - NUCrit(f) ; y— @(y)
restricts to a function
N'N®Y(N) = NN®(N') ; o' — &(a')
which is a partially defined map N’ — N inducing the ’partial chain map’
hp : D' = C(N') = D = C(N).

(See also Hutchings and Lee [HL]). O

We shall now express the Morse-Smale complex CM® (M, f,v) of a Morse function
f o (M;N,N") = ([0,2];0,2) (v e GT(f))

which is transverse regular at 1 € [0,2] in terms of the Morse-Smale complexes
CMS (M, f',0"), CMS(M", f",0v") of the restrictions

=01 (MGNCNT) = f7H([0,1]:{0}, {1}) — ([0, 1] {0}, {1}) ,
ffo=fl s (MYN'NT) = N2 {1){2)) = (1,255 {1}, {2))

using choices of CW structures for N, N, N” and crossing chain approximations

K . C(N') = C(M'), ' : C(N") = C(M") .

M/ M//

N/ N/l
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If f7 (resp. f) has ¢;(f’) (resp. ¢;(f")) critical points of index i then f has
ci(f) = alf)+ealf’)

critical points of index 1.

Terminology 2.5 Write the various chain complexes, birth, death, survival and
crossing chain approximations for (f’,v") and (f”,v") as

D = C(N), D' = C(N"), D" = C(N"),
E =CM), E' = M),
F/ — CMS(M/ f/ 1)/) F// — CMS(M// " 1)//)

/
dE/ = (dD ¢ ) : E; = DZ@F;%Ez—l = Di—l@Fi/—17

0 dp
dp c’ 1" / 7 7 ’ 7
dpr = 0 dpn) ° Ei = Dok, —E_, =D, OF_,,

Define the chain complexes F, E by

/ 2
dF _ (dF/ hF/C ) . Fz — Fi/@Fi/l N Fi—l — F,L‘,fl @F;Ll ,

0 dF//
dp ¢ R
dE = 0 dF/ h'/F’ C”
0 0 dF//

E’i = Dz ) FZ/ @FZH — Ei—l = Dz’—l &) Fi/—l @F;/_l s
and let

hp

c: F—D, 1, h = (hF

) . D" - F
be the chain maps defined by

c = (d Wpd") : F, = F/eF'—D;_,
hD = hID ll/)/ : Dgl—>DZ’,

h/ hl/
hF: (}]’T‘L;/D/> D;/%FZ:FZ/@FZH |:|
F//

Proposition 2.6. (i) The Morse-Smale complex of
f=rfuf”: (M;NN" = (M;N,N)YUM";N',N") - ([0,2];{0},{2})
with respect to v =v"Uv"” € GT(f) is the algebraic mapping cone

CMS(M, f.v) = Cla: Flyy — F)
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of the chain map a : F]' | — F' defined by

a: Fly = 2mM)) o U) 5 F o= 2m (M) 5= >0 > n(pugug

q u€mi(M)

with n(p, uq) € Z the algebraic number of v-gradient flow lines in Mjoim’ng pE M
touge M.

(ii) For any death chain map h, : D' — F' of (f',v") and any birth chain map
" Fl = D" of (f',v") there exists a chain homotopy

b:a~ hpd : F/\j = F

such that

(a) b determines a simple isomorphism

1=y T) @ = L0 5 F = i),

(b) eI : CMS(M, f,v)s41 — D = C(N) is a birth chain map of (f,v),
(c) the cellular chain complex of M s

C(M) = C(cl)
and there is defined a simple isomorphism
1ol : E—C(M),

(d) (1®I)h: D" =C(N) — C’(M) is a crossing chain approximation for (f,v),
with components a death chain map

h'- b, £ bh'L,,

D;/ - CMS(Ma fav)’i = Fi/ D Fi//
and a survival chain map

((1@I)h//)p = hp = th Ib/ : l);/—>l)Z

Proof. (i) This is a direct consequence of the construction of the Morse-Smale
complex (2.1).

(ii) Use the handlebody decomposition of M (resp. M’, M"") determined by (f,v)
(resp. (f',v"), (f”,v")) to extend the CW structure on N (resp. N, N’) to a CW
structure on M (resp. M', M"). The existence of a chain homotopy b : a ~ hpc is
immediate from the observation that a and h’ ¢’ are both connecting chain maps
for the triad of CW subcomplexes M D M’ D> N

0: F/\y = C(M,M)yy »C(M',N) = F'
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which is unique up to chain homotopy. Property (a) is just an application of 1.2.
The composite of cellular approximations to the inclusions N — M"”, M" — M
is a cellular approximation to the inclusion N — M, giving (b),(c) and (d). O

Remark 2.7 Cornea and Ranicki [CR] obtain a sharper version of 2.6 : for any
Morse map

f=ruf: (M;NN" = (M;N,N)YUM';N',N")— ([0,2]; {0}, {2})

and v = v’ Uv"” € GT(f) there exist Morse maps

F:M=>R,g: N = f1(1)>R
and O € GT(f), w € GT(g) such that
(a) (f,7) agrees with (f,v) outside a tubular neighbourhood of N’
ffIl—el4¢e = NNx[1—el+ecM

for some small € > 0.
(b) (f,v) restricts to translates of (g, w)

(f,)
(

)
<)

)

| = (g1, wy) + N x{l+¢/2} =R,
| = (9—,w-) : N'x{l1-¢/2} =R

)
)

(-

=

with . _
Crit;(g+) = Crit;(g) x {1 +¢€/2},
Crit;(g—) = Crit;(g) x {—€¢/2} ,
Crit;(f) = Criti—_1(g4) U Crit;(g—_) U Crit;(f) .
(¢c) The v-gradient flow lines are in one-one correspondence with the broken
v-gradient flow lines i.e. joined up sequences of v-gradient flow lines which
start at critical points of f” and terminate at critical points of f.

~

(d) The Morse-Smale complex of (f,v) is of the form

dpr hlp 00

[0 —dp 0 0
OMS(M,f0) 0 1 dp
0 0 0 dpn

CMS(M, f,3) = F/©Dj_, & D, F/
— CMY(M, f,3) = F__,®Dj_,®Dj_ & F/,

(3

d

with D" = C(N’, g, w), giving choices of 'gradient-like’ crossing chain ap-
proximations h’, h” such that the chain homotopy in 2.6 (ii) is

b =0:a >~ hpd :
= CMS(M// " ’UH)—>F/ , = CMS(M/ f/ U,) 1
(i.e. @ = h/p ") and the simple isomorphism
I : CM5(M, f,v) = Cla) = F = C(hc")
is the identity. 0
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3. The proper Morse-Smale complex.

The construction of CMS (M, f,v) applies just as well to a proper real-valued
Morse function on a non-compact manifold :

Definition 3.1 Let (M,0M) be a non-compact manifold with compact boundary
and a proper real-valued Morse function

[+ (M, 0M) — ([0,00),{0}) ,
and let v € GT(f). The proper Morse-Smale complex CMS(M, f,v) is defined
exactly as in the compact case, with

(i) CM5(M, f,v) the based free Z[r;(M)]-module generated by ~;(f), the set
of critical points of f with index 1,
(ii) the boundary Z[m (M )]-module morphisms are given by

d . CM3(M, f,v) = ZmOOP) = CMF(M, f0) = Zm(M)] )

P > n(pugug

’(; uem (M)
with n(p, uq) € Z the algebraic number of v-gradient flow lines in M joining
p to ugq.
O

Given a proper Morse function f : (M,0M) — ([0,00),{0}) and a gradient-like
vector field for f and a CW structure for OM let M have the CW structure given
by the handle decomposition

m
M =oMxIul]Jn.
=0, (f)
The expression of 2.6 for the Morse-Smale complex of the union of two Morse
functions on adjoining compact cobordisms will now be applied to obtain an iso-
morphism between the Morse-Smale complex CM* (M, f,v) and the relative cellular

chain complex of (M, M)
I : CM5(M, f,v) = C(M,0M) .
Terminology 3.2 For j =0,1,2,... let
flil = f1 -
(MEENGLNG +1]) = 7400+ 0k U+ 1) = (g + 0 g {7+ 1)

be the Morse functions on compact cobordisms given by the restriction of f.

M M) MI1] M[2)
f oM = N[0] N1 N[2] N3]
lf[O] Lf[l] lf@]
[O, oo) ° ° . °



25

The inclusions
glj] = N[j] = M[j], hlj] : N[j+1] = M[j]

induce embeddings of based f.g. free Z[m; (M )]-module chain complexes

gli] = C(N[j]) — C(M]j])
and chain maps
hlj] © C(N[j+1]) = C(Mj]) .

Write

Bj+1) = (hfi[[jfiﬂ) Dlj+1] > Elj] = Dljle Rl O

Proposition 3.3. Let f : (M,0M) — (]0,00),{0}) be a proper Morse function,
and let v € GT(f).
(i) The cellular chain complex of (M,0M) is of the form

C’(]/\\/f,aﬁ) = coker(g —h: ZC —>ZC’

7=0

a based free Z[m (M)]-module complex with basis the images of the basis elements

in Yy C(M[j],]v[j]), and may be expressed as

j=0
dro)  hrell] heohppel2] heghophopgcls)
0 dpp hrpcl2] hrphppcl3]
deitomn = 0 0 dria hr(c[3]

 Cy(M,0M) = Y F[k] = Cima(M,0M) = > Fi_q[j
k=0 7=0
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(ii) The Morse-Smale complex of (f,v) is of the form

dCMS(M,f"U) ==
dones (o), £10],v[0)) M50, 1] MS00,2] M50, 3]
0 dons (), £1),0[1)) M51,2] MS1, 3]
0 0 dews (), fi2) o) €0 [2,3]
. CMS M f; ZcMS ]’U[I{I])
— CMY(M, fv) = Y CMY (M), flj],vli])
7=0
with

Mg k] - CME(MK], FIK], lk]) — G (M), £5),0[]) (7 < k)

counting the v-gradient flow lines in the universal cover M which start at an index
i critical point of f[k] and terminate at an index i — 1 critical point of f[j].
(iii) There exists an isomorphism of chain complezes

I : CMS(M, fv) = C(M,0M)

of the form
= 1+ ) ol 5] = CM(M. fv) = Y Filjl > (M 0M) = ) Flj
3'<j J=0 3=

Proof. (i) The exact sequence
0= > C(N[j]) g-h ZC ) = C(M,0M) —

is just the chain level Mayer-Vietoris sequence for the union
M = Mleven] U MJodd]

with
Meven] = U Ml[j] , M[odd] = U My

j even ; odd

The matrix formula for coker(g — h) is a direct application of 1.8 (i) (b) with

¢ =g-—h = (1__hi;D> D= E = Dok,
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noting that each

1 —hpg 0

0 1 —hpy ... o o
L=hp = o | B =X RN = E= ) Rl

. ) ) _ =0 =0

is an automorphism, with inverse

E;, = ZFi[j]_)Ei = ZFi[j]-

(ii) By construction.
(iii) For k = 1,2,... define the Morse function

k k
£l0,k] = Uf[j] = fl + M[0,k] = UM[J'] = fH0 K] = [0,k]

and assume inductively that there is given an isomorphism

1[0, k] : CMS (M0, k], f[0, k], v[0,k]) = C(M]0,k], M)
of the form
I[0,k] = 1+Z‘b[j’,j] :
CM¥ (M0, K], [0, K],v[0,K]) = 3 Filj] = Ci(M[0,K],0M) = 3~ Fi[j'].

Now apply 2.6 (i) to the Morse function
fl0,k+1] = f[0,k]U f[k] :
M[0,k+1] = M[0,kJUM[k] = [0,k+1] = [0,k]U [k, k+1],

extending I[0, k] to an isomorphism I[0,k + 1] of the same form, and pass to the
direct limit to obtain an isomorphism

I =l I0,k] : CM(M, f,v) = lim CM¥(M[0, k], £[0, K], [0, k)
k k

— C(M,0M) = liy C(M[0,k],0M) .
k

of the form
I =1+ bl 4. O

J'<g
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4. The Cohn noncommutative localization.

We refer to Cohn [C] and Schofield [Scho] for general accounts of the localization
Y71R of a ring R inverting a set ¥ of square matrices. The natural morphism
R — Y7!'R has the universal property that a morphism of rings R — A which
sends ¥ to invertible matrices in A has a unique factorization

R—Y'R— A.
The Gerasimov-Malcolmson normal form expresses every morphism of f.g. free
¥ ~! R-modules
¢ : XIR" 5> RIRP
as a composite
¢ = folg : IR 5 2R 5 2T IR™ 5 wTIRP
(nonuniquely) for some R-module morphisms
f:R"—RP o: R"R",g: R"—>R"
such that o is ¥~! R-invertible.
Proposition 4.1. (Sheiham [Sh,3.1]) Given a ring morphism ¢ : R — A let ¥ be

the set of all square matrices in R which become invertible in A.
(i) The ring morphism € extends to a ring morphism

e : Y'R A
(ii) An endomorphism of a f.g. free ¥~1 R-module
¢ : ¥R XT'R"
is an automorphism if and only if €(¢) : A™ — A™ is an A-module automorphism.
Proof. (i) By the universal property of R — L !R.
(ii) It is clear that if ¢ is an automorphism then so is €(¢).

Conversely, suppose that €(¢) is an automorphism. Express ¢ in the Gerasimov-
Malcolmson normal form

¢ = foolg : TT'R" > T'R"
for some R-module morphisms
f:R"—R",0: R"—R",g: R"—>R™

such that e(o) : A™ — A™ is an automorphism. The R-module endomorphism
defined by

g o
is A-invertible, since the induced ¥~! R-module endomorphism
_ gb _f 1 0 . —1 n m —1 n m
9—(0 o o-lg 1 YT (R"eR™) - X (R"®R™)

is A-invertible. Thus 6 : S7Y(R" & R™) — Y~ 1(R" @ R™) is a ¥~! R-module
automorphism, and hence so is ¢. [

o — (0 _f> .  R"®R™ — R" @ R™

In the application of Cohn localization in §5 below

e : R = Auz] > A; 2—0.
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5. Polynomial extensions.

The relationship between the algebraic mapping cone and cokernel worked out
in §1 will now be applied to the algebraic situation arising from a circle-valued
Morse function f : M — S'. The actual application to the Novikov complex
CNov(M, f,v) will be carried out in §6.

Definition 5.1 Let A be a ring with an automorphism «: A — A, and let z be an
indeterminate over A such that

az = za(a) (a € A) .

(i) The a-twisted Laurent polynomial extension of A

Az, 271 = Z JA = Aulz, 271

j=—c0

is the ring of polynomials Y. a;2/ (a; € A) such that {j € Z|a; # 0} is finite.
j=—00

(ii) The a-twisted Novikov completion of Ay[z, 271

k
4a((2)) = L%Z FA = Aql2]l[z7]

S} .
is the ring of formal power series > a;z’ (a; € A) such that {j < 0]a; # 0} is
j=—00

finite. O

Given an A-module B and j € Z let 2/ B be the A-module with elements z7x
(x € B) and

a(Zz) = Zdd(a)r, e+ = H(x+2) (a€ Ax,z’ €B).

The induced A, [z, 271]-module is then given by
Aulz, 27 ®a B = Balz,2z7'] = Z B .

For any A-module C and k € Z the A-module morphisms 2/ B — z¥C' are given by
TG0 2B = RO e 2R0(x)
with 6 : B — C a morphism of the additive groups such that

O(ax) = o (a)f(x) €C (a € A,z € B) .

We shall write 2~ !B as aB.
For a f.g. free A-module B and any A-module C every A,[z, z~!]-module mor-

phism
¥ ¢ Balz, 271 = Calz, 27
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is given by

oo o0

v = Z zjq/)j : Z 2Py Z Z zj+k1/)j(xk)

Jj=—00 k=—o0 Jj=—00 k=—o0

with ¢; : B = 2/C A-module morphisms such that {j € Z|; # 0} is finite.
Similarly, every A, ((z))-module morphism

¥ ¢ Ba((2)) = Cal(2))

is given by
DD DD I DR D 1Y
j=—00 k=—o00 j=—0o0 k=—00
with {b\j : B — 29C A-module morphisms such that {j < 0| 12}\]- # 0} is finite.

Definition 5.2 Let X 71A,[z,27!] be the localization of A,[z,z~!] inverting the
set ¥ of square matrices in A, [z] C Au[z, 271] which become invertible in A under

the augmentation
€t Auz] 2 A 2 0. O

2B E P

2D D 271D =aD 272D

Proposition 5.3. Let D, E be f.g. free A-module chain complexes, and let g :
D — E, h:aD — E be A-module chain maps such that

g = (1) : Di—FE; = D;®F;,

h = (hD) : OéDZ—)El = Dl@Fz,
hr

dp = (dD C) By = DioF;,—FE,_1 = Di_1®F;_1.
0 dp

Given bases for D, F let E have the corresponding basis.
(i) The X71D4[z, 27 ]-module morphism

¢ = g—zh : 2 'D,[z, 27 = ST E, [z, 271
18 an embedding, the natural projection
p: C = C(p)—>C = coker(¢)

18 a chain equivalence, and the inclusions F; — F; induce an isomorphism

I
Q)

F
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with F the SY Az, 2~ ']-module chain complex given by
d;; =dp+zhp(l — th)*lc :
Fi = S F)alz, 27 = Foy = 7 (Fisy)alz, 271

Ifa 18 given the basis determined by the bases of D, F' and the isomorphism F=C
then

rp:C~C) = — Z(—)%u — zhp : Y NDulz, 27 = 7N D))alz, 27 Y)
€ Ki(X 7 Az, 27Y) .

(ii) An A-module chain homotopy
k:h~Hh:aD—-FE
determines a ¥t A, [z, 27 t]-module chain isotopy
Vv p=g—zh ~ ¢ = g—zh : Dz, 27 ] = ST E, [z, 27
and simple isomorphisms of ¥~ Ay[z, 27 t]-module chain complexes
C>C,FxF Cx=(C
where C' = C(¢), C" =C(¢') etc., with
r(C=C) = 0 K1 (X Az, 27Y)
r(C=C") = i(—)@f(l —zhp : ZTH(Di)alz, 27 = ETHDy)alz, 271)
i=0
S (1 = sty s S Dyl B (Dl
i=0
= 0€ K1 (X7 ALlz,27Y)) .

(iii) Let {D(k)}, {E(k)}, {F(k)} be the inverse systems of A-module chain com-
plexes defined by

) k
D(k) = Dulz,27"/ > #D = > 2D,
j=k+1 j=—00
0o k
E(k) = Eulz,27"/ Y #E = Y ZE,
j=k+1 j=—00

F(k) = coker(g — zh: D(k) — E(k))
with structure maps the natural projections

D(k) > D(k—1), E(k) = E(k—1), F(k) = F(k—1) .
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The short exact sequence of inverse systems of A-module chain complezes

—zh

0= D) = E(k) — F(k) — 0

induces a short exact sequence of the inverse limit A, ((z))-module chain complexes
—zh
0= limD(k)’ = lim E(k) — lim F(k) — 0

k k k

with
LiTmD(k) = Da((2)) L%HEUC) = Ea((2)) -

Moreover, the inclusions F; — E; induce isomorphisms

Aa((2)) ®@s-14,4[2,2-1] F = lim F'(k) .
k

Proof. (i) Immediate from 1.8 (i), since
. (bD . 1-— ZhD
o= (o) = ()
E_I(Di)a[za 2_1] — E_I(Ei)a[za Z_l] = 2_1(Di S Fi)a[z7 2_1]

with
¢p = 1—2zhp : E_l(Di)a[z, z_l] — E_l(Di)a[z,z_l]

a X7t A, [z, 27 -module automorphism.
(ii) Write the A-module chain homotopy k : h ~ h' : aD — E as

k = (IZD) caDy = By = Diy1 @ Fiqpq,
F

so that

h hp\ _ (dp ¢ kp kp ) , - . )
(h%)_<hF> _ (o L))+ (32 )do - aDi> B = Dia F
Define a X1 A,[z, 27| chain homotopy

0 : ¢~ ¢ : X 'D,z,27 ] = ST E [z, 27
by
0 — HD o —ZkD
o HF o —Zk'F
N7 Di)alz, 27 = BTN Eip)alz, 27 = 2THDig1 @ Fipa)alz, 271
As in 1.8 (ii) the X714, [2]-module morphisms
w . 91)((}51))_1 0 . —Z]{?D(l—ZhD)_l 0
N 9F(¢D)71 0 N —ka(l —ZhD)il 0

ST EDalz] = TTHDi @ Falz] = 27N (Ealz] = S7H(Ds @ Fi)al2]



are such that
¢ = (1+deyp+vdg)p : D—E.

The Y71 A,[z]-module endomorphism

_ (10 dp ¢\ (—zkp(l—=zhp)~t 0

n —Z]CD(l—ZhD)_l 0 dp c
—Z]{?F(l—ZhD)_l 0 0 dr

D STHE)ol2]) = 2THEo[2]
has augmentation an A-module automorphism
6(1+dE¢—|—1/1dE) =1: FE,— FE;,

so that
L+dey +vdp : 7Y E)o|2] = S7HE)[2]

is a ¥~ A, [z]-module automorphism by 4.1, and v defines a chain isotopy
Vi p o~ @ s NTIDL] = T EL 2] .
Define the isomorphisms

~ (o ) o=@ = ).
r = [1+dg+dg] : C = coker(¢) — C' = coker(¢')
as in 1.5, with ¢ simple. By 1.8 (ii) and (i)

m(r) = 7(p: C~C)—7(p': C" =~ ")

(iii) The A-module chain map
o(k) = g—zh : D(k) — E(k)

is of the type considered in 1.8, with the components of

o) = (5200)) + Dy > BW: = Do (R,

)
)

33
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given by
1 —ZhD 0
0 1 —ZhD
op(k) = 1o 0 1
k k
D(k); = Y #D —D(k); = > 2D;,
j=—o0 j=—00
0 —ZhF 0
0 0 —ZhF
or(k) = 1o o 0
koo koo
D(k); = Y 2D —Ek); = Y ZE;.
j=—00 j=—00

As in 1.8 ¢p(k) is an automorphism, with inverse

1 ZhD 22(hD)2
0 1 ZhD
op(k)™" = |

0 1
Z 2 D; — D(k Z 2D,
j=—o00 j=—o00

and the chain complex F (k) defined by

dF ZhFC ZQhFhDC

. 0 dr zhpc
dﬁ(k) = dr — ¢r(k)pp(k) ¢ = 0 0 dF

Z AF, — F(k Z JF,

j=—00 j=—00

is such that the inclusions F(k); — F(k); induce isomorphisms
k k

The identification imD(k) = D4((z)) is immediate from the identifications
k

k
D(k) ZzJD —-D(k-1) = ZzJD Zz”xJH szxj.

j=—00 j=—00 j=—00 j=—00
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Similarly for

WmB(k) = Ea((2)) . bmF(k) = F.

The short exact sequence of inverse systems
¢

0— D(k)-E(k)— F(k)—0
determines an exact sequence of the inverse and derived limits

—zh

0 limD(k)’ = lim E(k) — lim F(k) — im"D(k) — ... .
k k k k
Since the structure maps D(k) — D(k — 1) are onto the derived limit is
im'D(k) = 0
k

and the inverse limits actually fit into a short exact sequence

0— L%nD(k)i L%nE(k) — L%nF(k) -0

as required, with ¢ = g — zh. Alternatively, identify coker(¢) = F by a direct
application of 1.8 (i). O

The following result on algebraic handle exchanges will be required in §6.

ET E~ aEt

D D’ oD aD’

Proposition 5.4 Let D, D', ET, E~ be f.g. free A-module chain complexes, and let
gt :D—-E" ¢ :D —-E ,ht: D <E" h :aD—E"

be A-module chain maps such that

gt = ((1)) . D; = Ef = D;oF’,

g = <O) Dy —=E = D;@F ",
h-l—

Rt = ( 2) . D - Ef = D;®F",
hF

h™ = (hg) : aD; - E; = D,®F,
hF

_ (dp ct .ot ) + , _ , +
dg+ = B = Di®oF" —-FE,1 = D 1®F" |,
0 dF+ ¢ ¢ g

dg- = (™ ¢ ) . B = DieF >E , = Dl &F .
0 dF* 4 7 1 4 2
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Given bases for D, D', F*,F~ there are now defined two collections of data as in
5.8
(9:D— E,h:aD - E,F), (¢ : D' — E' b :aD' — E' | F')

with
dD C
dp = B = Di®oF;, - FE,_1 = Di_1®Fi_1,
0 dp
+
dp = (dF+ hpe ) : F, = FfeoF —-F_,=F",0F_,

0 dp-
c = (¢t hic): F, = FFoF —D;1,

0
hD = hBhB : OdDi—>Di,

hihp, PR
F

and

/
dy = (7 ¢ ) . B = DeF E, = D ®F
0 dp

dp+ 0 _ _
dF’ = <h;,c+ dF) : Fi, — F;"@Fz —>Fil—1 = Fz‘—tl@Fifl7

d = (hpet ¢ ) F = Fj@F;—>D;_1,

g = (é) . D> E = D& Fl

by = hph}, : aD,— D},
h+
hp = ( _F+) : aD} - F = FraoF, .
hphp
The cokernels of the corresponding embeddings of the based f.g. free 1A, [z, 271]-
module chain complexes
¢ = g—zh : 271D, [z,27 = 27 E, 2,271,
¢ = g —zh : TD 2,27 = ST E [z, 271

are related by an isomorphism of the based f.g. free X7t Ay [z, 27 t]-module chain
complexes

I : coker(¢) = coker(¢')

which sends basis elements to 2° (basis elements), with § = 0 or 1.

Proof. Use 5.3 to identify

—

coker(¢p) = F, coker(¢)) = F
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with ', F” the based f.g. free =14, [z, 271]-module chain complexes defined by

d;; = dF+th(1—th)_1c :

F\Z’ = E_I(Fi)a[Z,Z_l] _>F\i—1 = Z_I(Fi—l)a[zﬂz_l]’
ds, = dp + zhp(1— zhlp) 7'
F = ST F)ale, 27 = F_y = S7YF_)alz, 271

(2

Define an isomorphism of based f.g. free ¥ 71 A,[z, 27!]-module chain complexes

I:ﬁ%ﬁ’

I :F =Y (FreF )z 1= F = S Y EF e F )alz271

(xt,27) = (2, 227) . 0

6. The Novikov complexes CN°(M, f,v), CP% (M, f,v), CFE(M, f,v, h).

This section starts with a review of the geometric constructions of the Novikov
complex CNV°?(M, f,v) and the Pajitnov complex CT% (M, f,v) of a circle-valued
Morse function f : M — S* with respect to v € GT (f). Then the proper real-valued

Morse function -
f: M= ffR—>R

is used to identify the Novikov complex with the inverse limit of the proper Morse-
Smale complexes

CNov(M, fv) = L%nCM%M(k),f(k),v(k))

of the proper real-valued Morse functions
— ——1
f(k) = fl + M(k) = f [~k,00) = [~k,00) (k = 0)

with v(k) = ©|. This is followed by a review of the algebraic construction of the
chain complex CTE(M, f,v,h) of Farber and Ranicki [FR]. Finally, all this is put
together to prove the Cokernel, Invariance and Isomorphism Theorems already
stated in the Introduction. In particular, for v € GT (f) with a gradient-like chain
approximation h9"® there exist basis-preserving isomorphisms

CNU(M, f,v) = CFR(M, f,0, b9 Z[m (M)]) |
CPI(M, f,v) = CTR(M, f,v0,h9") .
The infinite cyclic cover of M determined by f: M — S is
M = f*R = {(x,y) EMXR’f(Q?):[y] ESl} ’

with

f:M->R; (r,y) =y .
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The generating covering translation
z: M—M; (z,y) — (z,y — 1) .

is parallel to the downward v-gradient flow (and so acts from right to left, or rather
from top to bottom). Assume that M and M = f*R are connected, so that

7T1<M) = Wl(M) XaZ

with

a = zo » m(M)— m (M)

the monodromy automorphism. The group ring of w1 (M) is the a-twisted Laurent
polynomial extension of Z[m (M)]

Zlm(M)] = Z[m(M)]alz,27'] .

Write the Novikov ring of Z[m1(M)] as

— . .

Zm (M)] = Z[m(M)]a((2)) = ZmD]all][z7"] -

Definition 6.1 ([N], [P1]) The Novikov complex CN°V(M, f,v) of a Morse function

f: M — St with respect to v € GT(f) is the based f.g. free Z[m;(M)]-module
chain complex with

(i) rankz[m)}CiN"” (M, f,v) = ¢;(f), with one basis element p for each critical

point p € M of index i, corresponding to a choice of lift p € M
(ii) the boundary Z[m; (M )]-module morphisms are given by

— Cl(f) — Ci—l(f)
d: CYUM, fv) = ZIm(M)] = CXP(M, f,v) = Zr (M) ;

P > n(pugug

/(; uemy (M)

with n(p,uq) € Z the algebraic number of v-gradient flow lines in M from
p to ug. [
Let X7Z[m (M)] be the localization of Z[mr;(M)] defined in 5.2.

Definition 6.2 (Pajitnov [P2,P3,P4))
For a Morse function f: M — St and v € GECT(f) the Novikov complex is of the
form

CNo(M, f,v) = Zmi(M)] @170, (ary CTY (M, f,v)

with the Pajitnov complex CP% (M, f,v) a based f.g. free X~ 1Z[m (M)]-module
chain such that

ranks 1700, () Cf 7 (M, f,0) = e(f) . O

From now on it will be assumed that 0 € S? is a regular value of f, with inverse
image a codimension 1 framed submanifold

N = fTH0)c M™
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Thus f : M — R is transverse regular at Z C R, and cutting M along N gives a
cobordism

(My;N,27'N) = T (1;{0},{1})

which is a fundamental domain for M

with a Morse function

fn = fl : (My;N,z27'N) = (I; {0}, {1}) .

z
M 2 My My 2 1My
f zN N z7IN 272N
lZfN LfN lz_lfN
R ° ° ° °
-1 0 1

Proposition 6.3 The Novikov complex of a Morse function f : M — S' with
respect to any v € GT (f) is the inverse limit

CNU(M, fov) = L%HCMS(M(k)»f(k),v(k))

of the Morse-Smale complexes of the proper real-valued Morse functions

k

— — 1 .
Fk) = JI « M(k) = [ [-koo) = |J #/My [~k 00)
j=—00
on the non-compact manifolds with boundary
— 1 k .
(M(k),0M(k)) = [ ([~k,00),{=k}) = ( |J #/Mn,2"N)
j=—00
with respect to the projections
R+l
CMS(M(k+ 1), f(k+1),0(k+1) = C( | My, 21N)
j=—00

k+1 k
= C( | #My, "' My) = C( | My, 2PN) = CYS(M(k), f(k), v(k)) .
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Proof. Identify

CY (M fv) = B CMSO(R), F(R), o(k)

using the expression of the Novikov ring as the inverse limit

—

Z[m (M)] = LiTmZ[m (M)]a(k)

of the Z[my (M)]-modules

Zm(M)a(k) = Y ZZm(M)] C Zni(M)] = Z[m(M)lalz,27"]

j=—o0

with respect to the natural projections

Zmy (M) (k + 1) = Z[my (M Z ;20 Z a; 20 .

J=—00 Jj=—00

As before, let f : M — S have ¢;(f) critical points of index i. The real-valued
Morse function

fv = fI + (Mn;N,27'N) = (1;{0},{1})

has ¢;(fn) = ¢;(f) critical points of index i, and as in §2 there is a handle decom-
position

My = Nx1ul ] Jn.
i=0¢;(f)
Let N have a CW structure with ¢;(N) i-cells e C N and let My have the
corresponding CW structure with ¢;(N) i-cells of type ¢! x I € M Uy and ¢(f)

i-cells of type h* C M. Let M be the universal cover of M, and let M N N be the
corresponding covers of My, N. The inclusion g : N — My induces an inclusion of
the cellular Z[r;(M)]-module chain complexes g : C(N) — C(My). The inclusion
h: 2 'N — My induces a Z[r; (M)]-module chain map h : aC(N) — C(My).

N —g> My - 1IN

Now M = My /(N = z71N) has a CW structure with
¢i(M) = ci(f) + ci(N) + cioai(N)

i-cells.
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The following terminology will be used in dealing with the cellular chain com-
plexes associated to the fundamental domain (My; N, 271 N) of M.

Terminology 6.4 As in 2.3 write
D = C(N) , E = C(MN) s F = CMS(MN,fN,UN) = C(MN,NXI),

dp = (dD C) B = DioF, - E,_1 = D 1 ®F_.
0 dp

The inclusions
g:N—>M,h:z2'N>M

induce chain maps
1

h = (hD) caD; - E; = D;®F,. O
hr

Definition 6.5 ([FR]) Given a Morse function f : M — S! with regular value
0€ S veGT(f), achoice of CW structure for N = f~1(0) C M, and a choice

of chain approximation h : aC(N) — C(My)
CFR(M, f,v,h) = F
be the based f.g. free ¥ 71Z[r; (M )]-module chain complex given by

ﬁi = Z_lci(Mij\?)a[zvz_l] = E_IZ[Wl(M)]Ci(f)a
d;: =d —f—ZhF(l—ZhD)ilC : ﬁz—> i—1 - O

)

C(My ,N)

Cokernel Theorem 6.6. (i) The inclusions F; — S7'Ci(My)alz,27Y] induce a
basis-preserving (and a fortiori simple) isomorphism of based f. g. free X1 Z[m1 (M)]-
module chain complexes

CFR(M, f,v,h) = coker(g— zh: SCO(N)alz, 271 — Z_lC(MN)a[z, 27 .
(ii) The natural projection

p : COM;S ' Z[r (M) = C(g—zh: SIO(N)alz, 27 — Z*IC’(MN)Q[Z,ZA])
— CFR(M, f,v,h)

is a chain equivalence of based f. g. free ¥~ Z[m(M)]-module chain complexes with
torsion

T(p) = —Z(—)iT(l—th:z:-loxN)a[z,z—l]ez—lcma[z,z—ll)

€ Ki(X 7 Z[m (M) .
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Proof. This is a direct application of 5.3 (i). [

Invariance Theorem 6.7 Let f : M — S be a Morse function, and letv € GT(f).
For any regqular values 0,0" € S', CW structures on N = f=1(0), N’ = f=1(0')
and chain approximations

h : aC(N) = C(My), h' : aC(N') = C(My)

there is defined a simple isomorphism of based f. g. free ¥~ Z[m1(M)]-module chain
complexes
CPR(M, f,0,h) = CPR(M, f,0,h') .

Proof. The case 0 = 0/, N = N’ is given by 5.3 (ii). So assume 0 # 0’ € S!, and

let I*T, I~ C S! be the two arcs joining 0 and 0’. The restrictions of (f,v)
(ff0") = (fo)] « (MTN,N') = f7HIT5{0},{0'}) — (I3 {0},{0'}) ,
(f7v7) = (f,v)] « (MT5N',N) = f7HI75{0'},{0}) = (I~ {0'}, {0})

are Morse functions with gradient-like vector fields such that

(vaUN) = <f+,U+)U(f_,U_) :
(My;N,z7'N) = (MT;N N U (M7 N, N) — ((0,1]; {0}, {1}) ,
(fN’7UN’) = (f_,’l)_>U(f+,U+) :
(MN’;Nlaz_lN/) = (M_vN/7N)U(M+aN7N/) _>([071L{0}7{1}) :
Use the handlebody structure on (M*; N, N') (resp. (M ~; N’, N)) determined by
(fT,v") (resp. (f~,v7)) to extend the CW structure on N (resp. N’) to a CW

structure on Mt (resp. M ~). The inclusions of CW subcomplexes g™ : N — M ™,
g~ : N’ — M~ induce inclusions of subcomplexes

gt : D =C(N)=Et =CM"),g : D =CN)=Et =CM).

Cellular approximations to the inclusions h™ : N — M™*, h™ : 271N — M~ induce
chain maps

ht . D = C(N)=Et = CM*),h : aD = aC(N) > E~ = C(M").

A direct application of 5.4 gives a simple isomorphism of based f.g. free X =1Z[mr (M)]-
module chain complexes

CFR(M, f,v,h) = coker(g — zh) = CFR(M, f,u,h/) = coker(¢’ —zh'). O

Definition 6.8 A crossing chain approximation & : aC (N) = C (M N) is gradient-
like if for any critical points p,qg € My of fy : My — R with index 4,7 — 1 the
algebraic number of v-gradient flow lines in M joining p to z7q is
(p, q)-coefficient of dp : F; — F;_4 ifj=0
n(p,27q) = { (p,q)-coefficient of hp(hp)!~‘c: F; — F;_y if j >0
0 if j<0.
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A gradient-like chain approximation h will be denoted by h9"¢. [

Remark 6.9 (i) Pajitnov [P4] proved that for any Morse function f : M — St and
v € GECT (f) there exists a handlebody structure on N with a gradient-like chain

approximation h9"% : aC(N) — C(]TI/N) (cf. Remark 2.4).

(ii) Cornea and Ranicki [CR] prove that for any Morse function f : M — S! and
v € GT (f) there exists a CW structure on N = f~1(0) with a gradient-like chain
approximation h9"® by showing that there exist Morse functions f’ : M — St
g: N — R with v' € GT(f"), w € GT (g9) such that

(a) (f',v") agrees with (f,v) outside a tubular neighbourhood of N
€€ = Nx[-eelCM

for some small € > 0.
(b) (f’,v') restricts to translates of (g, w)

(flavl)| = (.g+7w+) i N x {6/2} — Sl\{o} )
(f )] = (9-,w) + N x{—¢/2} = S"\{0}
with
Crit;(g4+) = Crit;(g) x {€/2} ,
Crit;(¢9—) = Crit;(g) x {—€¢/2},
Crit;(f") = Crit;—1(g+) U Crit;(g—) U Crit;(f) .
(c) The v-gradient flow lines are in one-one correspondence with the broken
v'-gradient flow lines i.e. joined up sequences of v'-gradient flow lines which

start and terminate at critical points of f.
(d) The Morse-Smale complex of (T,@' ) is of the form

o, —dp 0 O
CMS(M7f 76/) = ((Di—l @Di@Fi)a[zwz_l]a 1_Zh%ra dD c )
—zh§* 0 dr
for a gradient-like chain approximation h9"¢, with

D = CMS<Nagaw) ) F = CMS(MN7fN>UN) etc.

(e) The cellular chain complex of the universal cover My (or rather the cover
of My induced from the universal cover M of M) is

E = C(My) = (Di@Fi,(dé) di))'

(This is the circle-valued analogue of Remark 2.7). Thus the algebraic mapping
cone of the Z[m (M)]-module chain map

. gra
(b = (1 ZZ?QL ) : Da[zvz_l]%Ea[sz_l]
—zh
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is the Morse-Smale complex of (7, v): M —R
c(¢) = CMS(ALT V)
and the cokernel of the induced X ~!Z[mr;(M)]-module chain map is
coker(X7'p: 7D, [z, 27 = T E, [z, 27Y)) = CFR(M, f,v,h97%) .
The kernel of the projection
K = ker(p:X7'C(¢) — coker(X71¢))

is an algebraic model for the closed orbits of the v-gradient flow. As in 1.8 (i) (c)
identify

. dp 0
# = L= (1 g (i — s
Ki = YYD 1©Dy)alz, 27 = Kiy = SN Di_o® Di_1)alz,271] .

(iii) In applying 2.6 and 3.3 to f : M — S, v € GT(f) with a gradient-like chain
approximation h9"% the Morse-Smale complexes of unions of copies of a Morse
function

fv + (My;N;27'N) — (1; {0}, {1})

and vy € GT(fn), the chain homotopy b in 2.6 and the higher chain homotopies
b[j,7'] in 3.3 are 0. In particular, the Morse-Smale complex of the proper real-valued
Morse function

0 0
TT= U =T M= | A My = T0,00) 5 [0,00)

k=—00 k=—00

is given as a based free Z[m; (M )]-module chain complex by

0 0o
CMS(M—F’?'F’@—F) _ ( Z ZkFi,dF+szh%ra<h%"a)j_1c) ‘
k=—oc0 71=1

The coefficients of A% “(h%“)’~tc count the v-gradient flow lines which start at an

index ¢ critical point of M , cross j translates of NcM , and terminate at an index
1 — 1 critical point of M. [J

Isomorphism Theorem 6.10. Given a Morse function f : M — S* with regqular
value 0 € S, v € GT(f), a choice of CW structure for N = f~1(0) C M, and
a choice of chain approzimation h : «C(N) — C(My) there is defined a simple

isomorphism of based f.g. free R-module chain compleres with R = Z[mi(M)]
(resp. X71Z[m (M)

I, CNU(M, f,v) = CFR(M, f,v, h; Z[m (M)
(resp. I : CP(M, f,v) = CT™(M, f,v,h)) .
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For a gradient-like chain approzimation h9™® : aC(N) — C(My) the simple iso-
morphisms Ipera are basis-preserving.

Proof. By 6.3 the Novikov complex is the inverse limit

CNov(M, f,v) = L%nF(k:)

of the inverse system
F(k) = CM5(M(k), f(k),v(k))
of the Morse-Smale Z[m;(M)]-module chain complexes of the proper real-valued

Morse functions

k
f) = JI = (M(k),0M(k) = ( |J #/My,2"N) = ([=k,00), {=F}) .

j=—00
By 3.3 there is defined an isomorphism of inverse systems
In(k) : F(k)— coker(g — zh : D(k) — E(k))

with
k k

D(k) = > ZC(N), E(k) = Y ZC(My).

j=—o00 j=—o00

The inverse limits are given by 5.3 (iii) and 6.3

L%HD(/f) = C(N)a((2)) L%HE(’?) = C(Mn)a((2))
with

L%ncoker(g —zh: D(k) — E(k)) = coker(g— zh: L%lD(k) — L%lE(k))

= coker(g —zh: C’(N)a((z)) — C(MN)a((Z)))
CTR(M, f,v, 1 Zfm (M)]) .

112

Define Ij, to be the induced isomorphism of inverse limits
I = lmI(k) : CNU(M, f,v) = lim F(k)
k k

= L%ncoker(g — zh: D(k) — E(k)) = CFR(M, f,v,h; Z[m (M))) .

For a gradient-like chain approximation h9"® 3.3 gives basis-preserving identifica-
tions

dray = degpy 5+ 2 P he(hG") e
j=1
F(k)i = > ZCi(My,N)— F(k)i.1 = Y 2/Ci1(My,N)
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(as in 6.9 (iii)). Passing to the inverse limit as k — oo gives

doxonans = dogiry )+ 27 (")
j=1

CNov(M, fv) = Ci(My,N)a((2)) = CNP(M, fv) = Cim1(My,N)a((2))

so that -
Inora = CNOU(M, f,v) = CTR(M, f,v0,h9"% Z[m (M)))

is a basis-preserving isomorphism, with zero torsion. There exists a chain homotopy
h ~ h9 : aC(N) — C(My)
so that by 5.3 (ii)

L —

7(Ip) = 7(Ipora) = 0€ Kq1(Zm (M)]) .
Similarly for X71Z[r; (M)]-coefficients. [
Remark 6.11 (i) The formulae given by 6.7 and 6.10

7(p: C(M; 27 Z[m (M)]) — CFP99 (M, f,v))
= — Z (1 = 2h%* : S7L0UN) o[z, 271 = BTN o [2,271)

€ Ky (X' Zm (M)]) |

7(p : C(M; Z[my (M)]) — CNY(M, f,v))
_ —Z ir(1 = 2h %% : Ci(N; Z{my (M)]) — Ci(N; Z[my (M)]))

€ Ky(Z[m (M))])

are generalizations of the formulae of Hutchings and Lee [HL] and Pajitnov [P5],[P6]
counting the critical points of f : M — S*, the (-function of the closed orbits of the
gradient flow (corresponding to h%;*) and the Reidemeister torsion of M. Schiitz
[Sch1],[Sch2] extended these formulae to the closed orbits of a generic gradient flow
of a closed 1/—f_(£m using Hochschild homology and a chain equivalence of the type
p:C(M;Z[r (M)]) — CNov(M, f,v).

(ii) See Chapters 10,14,15 of [R] for the splitting theorems for the torsion groups
K, (Z[m)]), K1 (X71Z[r1(M)]) in the case a = 1 (which extend to the case of
arbitrary «, Pajitnov and Ranicki [PR]) and for the expressions of the torsions
7(1 — zhp) in terms of (noncommutative) characteristic polynomials. For any ring
A the classical Bass-Heller-Swan splitting

Ki(Alz,271) = K1(A) ® Ko(A) ® Nily(A) @ Nily(A)
generalizes to splittings
Ki(S7'Alz,27Y)) = Ki(A)® Ko(A) @ Nilg(A) & V(A) |
K1 (A((2))) = Ki(A) @ Ko(A) @ Nilg(4) ® V(A)
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with V(A) C K, (A((2))) the image of the multiplicative group of noncommutative
Witt vectors W(A) = 1+ zA[[z]], and V(A4) € K1(S'A[z, 271]) the image of the
subgroup of the noncommutative rational Witt vectors W (A) C /W(A) generated
by 1+ ZA[ZL (In [R] it was claimed that the natural surjections W(A)*® — V(A4),

W(A)® — V(A) are isomorphisms, but an explicit counterexample was constructed
in [PR]). The torsions of the chain equivalences p, p are such that

~

7(p) € V(A) C K1(X7 A[z,a]) , 7(p) € V(A) € K1 (A((2)))

respectively, with A = Z[m1(M)].

(iii) The natural map 1Az, 271 — A((2)) is injective for a commutative ring
A, since in this case X1 A[z, 271] is just the localization of Alz, z7!] inverting all
the elements of type 1 + az € A[z,27!] (a € A). Sheiham [Sh] has constructed
an example of a noncommutative ring A such that X=1A[z,271] — A((z)) is not
injective.

(iv) Farber [F] extended the construction of Farber and Ranicki [FR] to obtain an
algebraic Novikov complex for a closed 1-form, but did not relate it to the geometric
Novikov complex. [
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